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Let X be a complex Banach space, and let t —» T(¢) (IT(t)l < 1, t = 0) be a
strongly continuous contraction semigroup (on X) with infinitesimal generator A.
This paper proves that

1024 10*
lAxll* < TllxllsllA“xH, lA4%x)* < 7|\xHZIIA“x||2,

43" < 192[1x]l 11 4%x]1°

hold for every x € D(A*). Inequalities are established also for uniformly bounded
strongly continuous semigroups, groups, and cosine functions. © 1996 Academic
Press, Inc.

1. INTRODUCTION

Edmund Landau [6] initiated the following extremum problem: The sharp
inequality between the supremum-norms of derivatives of twice differen-
tiable functions f such that

£ < allfIg (+)

holds with norm referring to the space CI0, «].
Then R. R. Kallman and G.-C. Rota [3] found the more general result
that inequality

Il Ax)|? < 4llx|| Il 4% (1)

holds for every x € D(A4?%), and A the infinitesimal generator (i.e., the
strong right derivative of T at zero) of + — T(¢) (¢t > 0): a semigroup of
linear contractions on a complex Banach space X

280

0022-247X /96 $18.00

Copyright © 1996 by Academic Press, Inc.
All rights of reproduction in any form reserved.



LANDAU’S TYPE INEQUALITIES 281
Z. Ditzian [1] achieved the better inequality

lAx]I* < 2[lxI 1| 4%x] (2)

for every x € D(A?%), where A is the infinitesimal generator of a group
t > T@) (IT()| = 1, t € R) of linear isometries on X.

Moreover H. Kraljevic and S. Kurepa [4] established the even shaper
inequality

4
| Ax||* < §||x|I [ A2x]| (3)

for every x € D(A?), and A the infinitesimal generator (i.e., the strong
right second derivative of T at zero) of ¢t — T(¢) (¢ > 0): a strongly
continuous cosine function of linear contractions on X. Therefore the best
Landau’s type constant is 5 (for cosine functions).

The above-mentioned inequalities (1)-(3) were extended by H. Kraljevic
and J. Petarit [5] so that new Landau’s type inequalities hold. In particular,
they proved that
243|

8

l4x|l® < P4, 1A% < 24]xl ]| 4% 1. (1)

hold for every x € D(A®), where A is the infinitesimal generator of a
strongly continuous contraction semigroup on X, Besides they obtained
the analogous but better inequalities

9
Il Ax]® < §||x||2||A3xII, 14%xI° < 3llxll | A%x® (2")

which hold for every x € D(A%), where A is the infinitesimal generator of
a strongly continuous contraction group on X. Moreover they got the set
of analogous inequalities

81 72
lAx]® < %IIxIIZIIASXII, l4%x]* < oz Il 4%]? (3"

for every x € D(A%), where A is the infinitesimal generator of a strongly
continuous cosine function on X.

In this paper, we extend the above inequalities (1')—(3’) so that other
Landau’s inequalities hold for every x € D(A*), where A is infinitesimal
generator of a uniformly bounded continuous semigroup (resp. group, or
cosine function).
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2. SEMIGROUPS

Let ¢ — T(¢) be uniformly bounded ([|T()|l < M < «, ¢ > 0) strongly
continuous semigroup of linear operators on X with infinitesimal genera-
tor A, such that T(0) = I (:= Identity) in B(X) := the Banach algebra of
bounded linear operators on X, lim, ,7(¢)x = x, for every x, and

o T(t) -1
Av=lim———x (= T'(0)x) O

for every x in a linear subspace D(A) (:= Domain of A4), dense in X [2].
For every x € D(A), we have the formula

T(t)x =x+ [ T(u)Axdu. (5)
0
Using integration by parts, we get the formula
ft(fuTvAZxdv)du=ft(t—u)TuA2xdu. (6)
o \o 0
Employing (6) and iterating (5), we find for every x € D(A4?) that
T(t)x=x+tAx+fl(t—u)TuA2xdu. (5")
0
Similarly iterating (5'), we obtain for every x € D(A*) that

t? t3 1
T(t)x =x + tAx + EAzx —+ €A3x + Eft(t - u)sTuA4xdu. (5")
0

THEOREM 1. Let t —» T(t) be a uniformly bounded (||T(1)|| < M < o,
t > 0) strongly continuous semigroup of linear operators on a complex Banach
space X with infinitesimal generator A, such that A*x # 0. Then the following
inequalities

((ts)2 + (sr)’ + (rt)z) + s2(rt — sr — st)
tsr(t —s)(s —r)

lAx|l < [ M

ts + sr +rt tsr .
+——|llxll + M| A%,
tsr 24

(7)
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42 < 2 M(tr2 +sr% + 135 + 1) +s(rt—s?)  t+s+r "
x|l < x
tsr(t —s)(s—r)
ts +sr+rt 4
— 1A%l (7)

12

(s +sr+rm)—s> 1 tts+r o
M + = llxll + MT”A xll, (7")

A%l <6
4% tsr(t —s)(s—r)

hold for every x € D(A*) and for every t,s,r € R"=(0,2), 0 <t <s <r.

THEOREM 2. Let t — T(t) be a uniformly bounded (|T(¢)|| < M < oo,
t > 0) strongly continuous semigroup of linear operators on a complex Banach
space X with infinitesimal generator A, such that A*x # 0. Then the following
inequalities

32

| Ax|* < a1 g, (my, my)llxl® 1 4%xll, (8)
4

| 4%x|* < §M2g2(m1, m,)llxll 4%, (8")
8

| A%* < §M3g3(m1, my) x|l A%x]°, (8")

hold for every x € D(A*), and for some m;, m, € R*, m, > m; > 1, where

gi(my, my) = (mym,)

2
M(M% + (mym,)” + mg) +mi(m, — mym, — my)
mym,(my — 1)(m, — my)

3

m, +mym, +m,

b
mym,

2
g&(my,my) = (my + mym, + m,)

M(m% + mym% + my + mz) + ml(m2 - m%)

X
mym,(m; — 1)(m, — my)

2
1+m, +m,

m;m,
o (my+mum, + my) —m? 1
gs(my,my) = (L +my +my)" | M — —
mym,(m; — 1)(m, — my) mym,
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THEOREM 3. Let t — T(t) be a strongly continuous contraction
TNl < 1, t = 0) semigroup of linear operators on a complex Banach space
X with infinitesimal generator A, such that A*x # 0. Then the following
inequalities

, loa o
il < —— Il 4%, (9)
104
A%l < ==l A%, (@)
1A% < 19211xll A%, (@)

hold for every x € D(A*).
Proof of Theorem 1. In fact, formula (5”) yields the system

6Ax + 31%4%x + 1A% = 6T (1)x — 6x — [' (¢ —u)°T(u) A*xdu
0

6sAx + 3s°A%x + 5343x = 6T (s)x — 6x — fs (s — u)’T(u) A*xdu
0

6rAx + 3r2A%x + r®4%x = 6T(r)x — 6x — /r(r — u)°T(u) A*xdu.
0
(10)
The coefficient determinant D of system (10) is
D = 18tsr(t —s)(s —r)(r —1). (11)

It is clear that D is positive because of the hypothesis 0 <t <s <r.
Therefore there is a unigue solution of system (10) of the form

|6 =) T(0)x = ()’ (r = )T(s)x + (15)°(s = )T (r)x

Ax tsr(t —s)(s —r)(r—1)

ts +sr+rt r _ .
e —fOKl(t,s,r,u)T(u)A xdu, (12)
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(sr)(r? =s))T(t)x + (tr)(r* — >)T(s)x
tsr(t —s)(s —r)(r—1)

B (ts)(s2 — )T (r)x
tsr(t —s)(s —r)(r—1)

t+s+r

A’x =2 [

x|+ [(Ky(t,s,riu)T(u) Axdu,  (12')
0

tsr

4o = [(sr)(r - )T(t)x — (r)(r —)T(s)x + (ts)(s — )T (r)x

tsr(t —s)(s —r)(r—1)
1

ts_rx} - j(;rK3(t,s,r;u)T(u)A4xdu, (127)

where

(sr)’(r = s)(t —u)’ = (r)’(r — t)(s —u)°
Gtsr(t —s)(s —r)(r—1)
(ts)’(s — ) (r —u)°

6esr(t —s)(s —r)(r—1)’

—(tr) (r—1t)(s — u) + (ts) (s —1)(r— u)

Btsr(t —s)(s —r)(r—1)
(ts)’(s — 1) (r — u)®
6tsr(t —s)(s —r)(r—1)’

(sr)(r2 — s2)(t —u)® — (tr)(r* — 2)(s — u)’

sr(t —s)(s —r)(r—1t)
(15)(s% — 2)(r — u)®
Btsr(t —s)(s —r)(r—1)’

—(tr)(r* = t*)(s —u) (ts)(s? —t )(r—u)

3sr(t —s)(s —r)(r—1)
(ts)(s? —tz)(r—u)
3esr(t —s)(s —r)(r—1t)’

t<uc<s,
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(sr)(r —s)(t —u)’ — (r)(r — 1)(s — u)®
tsr(t —s)(s —r)(r—1)
(1) (s — 1) (r — u)®

‘ +tsr(t—s)(s—r)(r—t)’ Osust
T =) (=) (s —u)? + (1) (s — 1) (r — u)° L
tsr(t —s)(s —r)(r—1t) ' -
(ts)(s—t)(r—u)3 <u<r

tsr(t—s)(s—r)(r—1)’

It is obvious that K, = K,(¢,s,r;u) =0, i = 1,2,3, for every u € [0, r]
(0 <t <s <r), and that the following equalities

r tsr r ts +sr+rt r t+s+r
j;)Kldu—ﬂ, /;)szu—T, fOstu—T,

(13)

hold. Note that (12)-(12") hold because the identities

(sr)2(r —s) — (tr)2(r — t) + (1s)(s — 1)
=(t—s)(s—r)(r—1t)(ts +sr+n),
—(sr)(r? —s?) + (tr)(r? —1%) — (ts)(s* — 1?) (14)
= —(t=s)(s—r)(r—t)(t+s+r),
(sr)(r—=s) = (r)(r—1) + (ts)(s — 1)
=(t—=s)(s—r)(r—1)

hold.
Therefore from formulas (12)-(12"), (13), and the triangle inequality, we
get inequalities (7)—(7"). This completes the proof of Theorem 1.

Proof of Theorem 2. Setting
s = myt, r = my,t, my, >m; > 1, t>0 (15)

in (7)—(7"), we obtain the following inequalities

1 1 1
”Ax” Sal? +b1[3, ”Azx” Sazt_z +b2t2, ||A3)C|| Sagt—a +b3[,

(16)
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2
[ (mf + (mym,)” + m%) +mi(m, — mym, — my)
a, =M

mymy(my — 1)(m, — my)

+

m; +mm, + m,
llxll,
mym,

my

b, =M
! 2

m
21 4%],
4

(m5 + mym5 + my + my) + my(m, —m})

=2|M
“ [ mymy(m; — 1) (m, — my)

1+m, +m,

+ llxll,

mym,

m, +mm, +m
b, = M— 122 el

(m, + mym, + m,) —m?
a, = 6| M—— 2 _* -+ Ixll,
mym,(my — 1)(m, — my) mym,
1+m; +m,

by = M———| A%x||.
3 2 A%l

Minimizing the right-hand side functions of ¢ of (16), we get the sharper
inequalities

. 256 . , 256
|Ax|l" < —adb,, | A%xl" < 164563, || A%|* < —a3b3. (17)
27 27
But
M 2
ajb, = ﬂgl(ml,mz)llxll3 A%, a3b} = Egz(ml,mz)lellz | A%x]?,
and
3
azb3 = ¥g3(m11 m,)|lx| 1| A%x]|°.

Therefore from (15)-(17), we obtain inequalities (8)-(8"). This com-
pletes the proof of Theorem 2.
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Proof of Theorem 3. Taking M = 1, we have

gi(my, m,) = 8g (my, my), g,(my,m,) = 4g; (my, m,),
ga(my,my) = 2g3+(m1,m2),

where

my(1 + my + m§ — my — mym,) r

g1 (my,my) = (mlmz)[ m,(m, — 1)(m, — my)

. | 1+ my,+m)—mi ?
g (my,my) = (my + mym, + my) )

my(my — 1)(m, —my,)

1+m,—m }

83 (my,my) = (1 +my + my) [mz(ml “1)(m, —m,)

Hence inequalities (8)—(8") are written, as

., 256 .
Il Ax]|" < 21 & (my, my)llx|I” | A%l (18)
16
| A2%x|* < ?(g';(ml,mz)IIXII2 | 4%x|1?, (18"
16
| A3x|* < ?gé’(ml, my) x|l || A%x®, (187)

for some m;,m, € R*: m, > m, > 1.
All functions g = g (m,,m,), i = 1,2,3, attain their minimum at the
same m,, m,: m; = 2 + 2, m, = 3 + 2y/2, so that

min g (m,, m,) = 108 = min g3 (m,, m,),  min g; (m,, m,) = 625.

(19)

Therefore inequalities (18)—(18") and minima (19) yield the even sharper
inequalities (9)—(9”). This completes the proof of Theorem 3.

3. GROUPS
Let t+ - T(¢t) be a uniformly bounded (|T(t)|<M <x, t€R=

(—,)) strongly continuous group of linear operators on X with in-
finitesimal generator A. It is clear that analogous inequalities (as those in
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the aforementioned Theorems 1-3) hold for every ¢,s,r € R™= (—x,0),
t<s<r<ao.

Case . s <0 <t <r.Denote
s = myt, r = myt, m,; <0, m, > 1, t>0, (15)
and
x; = 6tAx, x, = 3t?4%x, xy = *A%x, (20)

as well as
t 3 4
a=6T(t)x — 6x — f (t —u)'T(u)A*xdu,
0
b =6T(myt)x — 6x — fmlt(mlt —u)°T(u) A*xdu
0
=6T(myt)x — 6x — m‘llft(t — u)*T(myu) A*xdul,
0
¢ = 6T (myt)x — 6x — [ (myt — u)*T(u) A*xdu.
0

Then system (10) takes the form
X, + X, +x3=a, mx, +mix, + mix; =0,
m,x; + mix, + mix; = c. (10")

Solving system (10"), we find the unique solution

(mlmz)z(mZ —my)a — m%(mz -1)b+ mi(ml —1)c

BT mym,(my — 1)(m, — 1)(m, — my) (21)

B —(mym,)(m3 — m?)a + my(m3 — 1)b — my(m} — 1)c ,
2T mymy(my — 1)(m, — 1)(m, — my) (2t

_ (mymy)(my —my)a — my(m, — 1)b + my(m; — 1)c ,
e mymy(my — 1)(m, — 1)(m, — my) - &)

THEOREM 4. Let t — T(t) be a uniformly bounded (|T(¢)|| < M < oo,
t € R) strongly continuous group of linear operators on complex Banach space
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X with infinitesimal generator A, such that A*x # 0. Then

2 2 2
(mymy)" +mi +m5 —my +mm, —m,

Il < [M mym,(my — 1)(m, — 1)

+

my, + mym, + m, 1
llxll—
m;m, t

mm,) (1L +m, —mm, +m
+M( 1m5)( 1 1M, 2)||A4x||t3, (22)
24(my — 1)(m, — 1)

, +my +m,
A%l < 2(M + 1){ - lxll—
mym, t

M 41142 ,

5 (= (my + mymy & my) ) A%, (22")

2
my +mm, +m, —m;,

Ax|l < 6| M - xll—
: : mymy(my, — 1)(my —my)  mym, l” ”ts

—m2m, — mym, + mym? + (mym,)? + m? + m} .
+M llA%xlle,
dm,(my — 1)(my — my)

(22")
hold for every x € D(A*), for every t € R*, and for some m, € R,
m, € RY,
m;
my,+ 1’
THEOREM 5. Let t — T(t) be a contraction (|IT(1)|| < 1, t € R) strongly

continuous group of linear operators on complex Banach space X with
infinitesimal generator A, such that A*x # 0. Then the following inequalities

—(my+1)<m < — m, > 1.

., 256 -

[l Ax|I" < Efl(ml,mz)ﬂxﬂ [IA*x|l, (23)
16

|l A2%x|* < ?fz(ml,mz)IIXIIZIIA“xIIz, (23"
16

| 4%x)* < ?fg(ml, my) x|l |A%x®, (23")

hold for every x € D(A*), and for some m, € R™, m, € R*,
m,

m,+ 1’

—(my,+1) <my < — m, > 1,
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where

mym,

fi(my,mz) = ((ml “D(my - 1)

4
) 1+ my —mm, +m,),

1+m, +m, 2 )
m,,m,)=|—7— m, + mm, + m ,
fz( 1 2) mym, ( 1 1M 2)

fa(my, my)
3
_ (1+m, — mz)(—mfm2 — mym, + mym3 + (mymy)° + mi + m‘Z‘)

(mlmg)((mZ —1)(m, - ml))4
THEOREM 6. Let t — T(t) be a strongly continuous contraction
(TN < 1, t € R) group of linear operators on a complex Banach space
X with infinitesimal generator A, such that A*x # 0. Then the following
inequalities

5 4
Axl® < 10(5) el A%, (24)
4% < ?nxuz A4, (24)
54133
43" < 1025—36||x|| | 4%, (24")

hold for every x € D(A*).

THEOREM 7. Let t — T(t) be a strongly continuous contraction
(TN < 1, t € R) group of linear operators on a complex Banach space
X with infinitesimal generator A, such that A*x # 0. Then the following
inequalities

32 m5

20 3
—— Il [ 4%, (25)

| Ax||* < m
(my —1

16
A2 < el A%, (25')

A

16 miy(L + m3)’
O (myh 1)
hold for every x € D(A*), where

| 43| < llxll 11A%xI®, (25")

7 + 57

My, =
20
2
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Proof of Theorem 4. In fact, from (20) and (21)-(21"), we get

I
_ [ Gmamy)*(my = m)T(1)x = mi(m, — DT (myt)x
mym,(my — 1)(m, — 1)(m, — my)

mi(my — 1)T(myt)x
mym,(my — 1)(my — 1)(m, — my)
(mymy)*(my = my) = mb(m, = 1) + mi(m, = 1) ) 1
t

mym,(my — 1)(m, — 1)(m, — m,)

(mlmz)z(mz —my)T(u)

_[L (t—u) (6m1m2(m1 - 1)(m, — 1)(m, — m,)

m%(mz - 1)m11T(m1”)

- 6mym,(m; — 1)(m, — 1)(m, — my)

1
— (26)

m%(ml — 1ym;T(m,u)

A*xdu
6mym,(m; — 1)(m, — 1)(m, — my)

_ ( —mymy(my — mi)T(t)x + my(ms — 1)T(myt)x
mymy(my — 1)(my — 1)(m, —my)
my(mi — 1)T(m,t)x
mymy(my — 1)(my — 1)(m, —my)
~ —mymy(ms — mi7) + my(mj — 1) — my(m? — 1)x)£

mym,(my — 1)(m, — 1)(m, — my) 2

~

ot 8 _mlmZ(mg - mf)T(u)
[fo (t—u) (3m1m2(m1 —1)(m, — 1)(my, — m,)
my(m5 — 1)miT(myu)

3mymy(my — 1)(m, — 1)(m, — my)

1

ml(mf - 1)mgT(m2u) )AAXdult_Z’ (26’)

 3mymy(my — 1)(m, — 1)(m, — my)
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_ 6(m1m2(m2 —my)T(t)x —my(m, — 1)T(myt)x
mym,(my — 1)(m, — 1)(m, — m,)
my(my — 1)T(m,t)x

mymy(my — 1)(m, — 1)(m, — my)

_ mymy(my —my) —my(my — 1) +my(my — 1) )i
mymy(my — 1)(my = 1)(m, —my) £

t 3 mymy(my, —my)T(u) — my(m, — 1)m‘1‘T(mlu)
[fo (=) ( iy (my = D) (m, — 1) (1, — my)

my(my — 1)ym3T(m,u) )A“xdul 1
3

—. (26")
mym,(m; — 1)(m, — 1)(m, — my)
But it is clear that the following identities
2

(mym,)"(my —my) — m%(mz -1)+ mf(ml - 1)

= (my — 1)(m, — 1)(m, — my)(m; + mym, + m,),
—mym,(my — mi) + my(mj — 1) — my(mi — 1)

= —(my — 1)(m, — 1)(m, —my)(1 + my +m,),
—mymy(m5 — mi) + m,(m5 — VYmj — my(mi — 1)mj

= —mym,(m; — 1)(m, — 1)(m, — my)(my + mym, + m,)

hold. Applying these identities and formulas (26)—(26"), we obtain inequal-
ities (22)—(22"). This completes the proof of Theorem 4.

Proof of Theorem 5. In fact, from inequalities (22)—(22") we get

1 1
| Axll < a;f — + b t3, | A%x|l < af - + by t?,
t t
3 + 1 +
| A°x|l < aj P + bJt, (27)
where
mym,
af =2 llxll,

(my —1)(m, — 1)
B (mym,) (1 + my —mm, + m,)
- 24(my — 1)(m, — 1)

by llA%xll,
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1+m; +m,
a; = (—4)———— I«
mym,

by = — E(ml + mym, + m,)||A%xl|,

g —1prtmaTme
: ml(mZ - 1)(’"2 - ml) '

2 2 2 2 4
—mim, — mym, + myms + (m;m,)" + ms5 + m2|

| A%xll,

bt =
: dm,(m, — 1)(m, — my)

and new identities
mym,(my —my) + my(m, — 1) + my(my — 1)
= (my — 1)(my + mym, + m, — m3),
mym,(my —m,) + my(m, — Vym{ + my(m; — )ym;
=my(m, — l)(—m%m2 — mymy + mymi + (mymy,)’ + mi + mg)

Minimizing the right-hand side of (27), we find
256
| Ax|* < 7(aff(b;), | 421" < 16(as )*(b7)?,
L. 256
[ A4%]" < 7(“3 )(bs)", (28)
where
+\3( p+ 8
(a)(b7) = afl(mlva)’
N2/ 7 42 1
(a3)(by)" = §f2(m1,m2),

3 3
(a3 )(bs)" = Efs(mlvmz)-

Therefore inequalities (28) yield inequalities (23)—(23"). This completes
the proof of Theorem 5.

Proof of Theorem 6. Setting m, = —1, we get min f,(—1,m,) = 10(3)*
at m, = 5. Hence f,(—1,5) = 1, f;(—1,5) = 5*(13)® /2°3* Therefore from
formulas (23)-(23") and m; = —1, m, = 5, we get inequalities (24)—(24").
This completes the proof of Theorem 6.
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Proof of Theorem 7. In fact, min f(—1,m,) = fy(—1,m,,) = m3,(1 +
m3,)%/(m%, — 1*, where m,, = /(7 + V57 ) /2 (= root (> 1) of equa-

tion mj — 7m3 — 2 = 0). We have

TE R -
=4 My) =3 -
8 (my — 1)
Therefore from formulas (24)-(24"), and m, = —1, m, = m,,, we obtain

inequalities (25)—-(25"). This completes the proof of Theorem 7.

Case 1. r<s<0<t Denote s=mt, r=myt, my=m< —1,
m, = —1,¢t> 0. From (21)-(21"), we have

m?(m + 1)a — m*(m — 1)b — 2¢
X, =

2m(m? — 1) ’
atb
Xp = 5
—m(m + 1)a —m(m — 1)b + 2¢ 29
¥a T 2m(m? — 1) ' (29)

Therefore from (29) and (20), we obtain

—m*(m +1)T()x+m*(m -)T(—t)x+2T(mt)x 1 |1
Ar= 2m(1 —m?) m )?’
¢ o m*(m + V)T (u) —m?*(m — 1)T(—u)
* fo (£ =u) [ 12m(1 — m?)
2m*T(mu) | | 1
Tt |4 xdu)?, (30)
. T(t)x+ T(—t)x 1
Ax = 2( 2 —x)[—z
¢ s T (u T(—u . 1 ,
—([O(z—u) %Axdu)t—z, (30")
s [mim+D)T()x +m(m — )T (—t)x —2T(mt)x 1 |1
Ax=6 2m(1 — m?) +Ex)t_3
¢ o —m(m + 1)T(u) —m(m — 1)T(—u)
* fo(t—u) [ 2m(1 — m?)
2m*T(mu 1
ﬁ A4xdu t_3 (30")
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Thus from formulas (30)—(30”) we get
2

L Axl < — i AN TN 31

< —t |- %,

m+1 24(m+1) | (31)
1 1

4] < Alell; + —llavl?, (31)

, m 1 1m(l+m?
4% < 12— lxll5 + - ——5—
1-m t 4 1-m

Minimizing the right-hand side of inequalities (31)—(31"), we find

lA%le.  (317)

32
| Ax||* < ahl(m)IIJcll3 [1A4%xll, (32)
| A%x|* < ?IIJCII2 | A%x|I?, (32')
%21 < ()l LA, (32')
where
hy(m) = —m—54, h3(m)=M, m < —1.
(m+1) (1 —m?)
First, minimizing A,(m), m < —1, we get m = —5. Then inequal-

ities (32)—(32") (with m = —5) are the same as the inequalities (24)—
(247). Finally, minimizing hy(m), m < —1, we obtain m =m, =
- \/(7 +v/57) /2. Then inequalities (32)-(32") (with m = m,) are the
same as the inequalities (25)—(25").

4. COSINE FUNCTIONS

Let t — T(¢) (¢ > 0) be a uniformly bounded (|[T()|| < M < %, t > 0)
strongly continuous cosine function with infinitesimal operator A, such
that 7(0) =1 (:=identity) in B(X), lim, 7()x =x, Vx, and A4 is
defined as the strong second derivatives of T at zero,

Ax = T"(0)x (33)

for every x in a linear subspace D(A), which is dense in X [5].
For every x € D(A), we have the formula

T(t)x=x+f0t(t—u)T(u)Axdu. (34)
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Using integration by parts, we get from (34) the formula

[O’(t —u)(fou(u - U)f(u)du) du = %/O‘(z —0)3f(v) dv, (35)

where f(v) = TvA%x. Note the Leibniz formula:

%([:(u —0)"f(v) du) = n(fou(u —0)" () dv). (36)

Employing (35)-(36) and iterating (34), we find for every x € D(A?)
that

T(1)x =x + ﬁAx + —[ (t — u)’T(u) A2x dx. (34")

Similarly iterating (34) we obtain for every x € D(A4*) that

t2 4 6

t t 1
T(t)x=x+ gAx + —Azx + aA3x + —f (t —u) T(u)A*xdu.

(347)

THEOREM 8. Let t — T(t) be a uniformly bounded (|T(¢t) < < M < o=,
t > 0) strongly continuous cosine function on a complex Banach space X with
infinitesimal generator A, such that A*x # 0. Then the following inequalities

( )2 + (sr)2 + (rt)? + s2(rt —sr—st)  ts +sr+ 1t
| Axll < 2 llxll
tsr(t —s)(s —r) tsr
+ M——||A* 37
20160“ x, (37)
(ts> +sr? + 1% +t%r) +s(rt —s?) t+s+r
| A%x|| < 24| M [l
tsr(t —s)(s —r) tsr
s+sr+rt
— 1A%, (37)

1680



298 JOHN M. RASSIAS

(ts+sr+m)—s> 1
4% < 720{ M + —|llxll
tsr(t —s)(s —r) tsr

t+s+r
+ MT||A4X||, (377)

hold for every x € D(A*), and for every t,s,r € R*,0 <t <s <r.

THEOREM 9. Let t = T(t) be a uniformly bounded (||T(1)|| < M < <,
t > 0) strongly continuous cosine function on a complex Banach space X with
infinitesimal generator A, such that A*x # 0. Then the following inequalities

32
| Ax|l* < 3505 g (my, my) x| 1l A%xl, (38)
| A%x||* < EEEgAJZgz(nqp’nz)HxHZ|L44x”2a (38")
3 4 40 3 4 3 ”
A" < —1029M gs(my, my)llx|l 1A%, (38")

hold for every x € D(A*), and for some m;, m, € R*, m, > m; > 1, where
g; = g(my, m,) are the same as those g;, i = 1,2,3, in Theorem 2.

THEOREM 10. Let t — T(t) be a strongly continuous contraction
TN <1, t = 0) cosine function on a complex Banach space X with
infinitesimal generator A, such that A*x # 0. Then the following inequalities

1024
| Ax||* < 315 xll® 1| A%, (39)
400
| A%x]|* < 4—9||x||2 | A%x]I%, (39"
| A%l 880| []A%x]® 39"
Al < o2 Il 1l A%x]°, (39")

hold for every x € D(A*).
Proof of Theorem 8. In fact, setting ¢(> 0) instead of ¢%in (34”), we get
2 3

t t
T(Wt)x=x+ —Ax + —A*x + — A3
(Vi)x=x+7 227 T 7077

1 t 7 4 "
+Mfof(\/? — ) T(u) A*x du. (34")
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Formula (34") yields
25201Ax + 2100%4%x + T6A%
— 50407 (V7 )x — 5040x — foﬁ(\/? — u) T (u) A*x du
2520sAx + 210s%A%x + 75°4%x
— 50407 (Vs )x — 5040x — ff (Vs — u) T(u) Axdu (10)
25207Ax + 210r24%x + 7ri4%x
— 50407 (V7 ) x — 5040x — [f (Vr =)' T(u) A*x du.

The coefficient determinant D* of system (10’) is
D* = 3704400tsr(t — s)(s — r)(r — t)(= D/205800). (11"

It is clear that D* > 0 because 0 < ¢ < s < r. Therefore there is a unique
solution of system (10’) of the form

B (sr)’(r = $)T(Vt )x — (r)*(r — )T (Vs )x
Ax—Z( tsr(t —s)(s—r)(r—1)
(ts)°(s — )T (Vr)x ts + sr+ 1t
sr(t—s)(s —r)(r—1)  r
—f‘/r_lq(t,s,r;u)T(u)A"xdu, (40)
0
) —sr(r? — s*)T(Vt )x + tr(r® — t*)T (Vs )x
Ax—24( tsr(t —s)(s—r)(r—1)
ts(s? — t*)T(Vr)x t+s+r
T -) -1 &
+f‘/;K§(t,s,r;u)T(u)A4xdu, (40"

sr(r— s)T(\/;)x —r(r— t)T(\/;)x + ts(s — t)T(\/;)x
tsr(t —s)(s —r)(r—1t)

Ax = 720(

1 —
_ _ \/r + . 4 "
mx) fo K& (t,s,r;u)T(u)A*xdu, (40")
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where

(sr)z(r - s)(\/; - u)7 - (tr)z(r - t)(\/; - u)7
2520tsr(t —s)(s —r)(r —t)
(5)°(s = )(r —w)’
2520tsr(t — s)(s —r)(r —1t)’
_(tr)z(r - t)(\/g - u)7 + (ts)z(s - t)(\/;7 - u)7
2520tsr(t — s)(s —r)(r —1t) '
(5)°(s =) (r —w)’
2520tsr(t — s)(s —r)(r—1t)’

sr(r? —s?)(Vt — u)7 — (tr)(r* = t*)(Vs — u)7

210tsr(t — s)(s —r)(r —1t)
ts(s? — t2)(Vr — u)7
210tsr(t — s)(s —r)(r — 1)’

—tr(r? = ?)(Vs — u)7 +1s(s2 — 2 (Vr — u)7

210tsr(t — s)(s —r)(r — 1) '
ts(s? — t2)(Vr — u)7
210tsr(t — s)(s —r)(r — 1)’

sr(r—s)(Vt — u)7 —ur(r—t)(Vs — u)7
Ttsr(t —s)(s —r)(r—1)
ts(s —t)(Vr — u)7
Ttsr(t —s)(s —r)(r—1t)’
—tr(r—t)(Vs — u)7 +s(s — 1) (Vr — u)7
Tisr(t —s)(s —r)(r —1t) '
ts(s —t)(Vr — u)7
Tisr(t —s)(s —r)(r—1t)’

Vi <u < Vs,

Vs <u<vr.
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Note that K > 0,i=1,2,3, for every u € [0,Vr] (0 <t <s <r) and

y tsr v ts + sr +rt
[7Kf du= C K A= ——
0 20160 0 1680
‘/FK+d _t+s+r 13’
[ K du = (13)

From (40)—(40"), triangle inequality, (13’), (15) and similarly as in the
previous Section 2 on semigroups, we get inequalities (37)—(37"). This
completes the proof of Theorem 8.

Proof of Theorem 9. From (15) and (37)—(37") and similar calculations
as in Section 2 on semigroups, we find inequalities (38)—(38"). This
completes the proof of Theorem 9.

Proof of Theorem 10. Setting M = 1, using (38)—(38"), and minimizing
g:(my, m,), i = 1,2,3, as in Section 2 on semigroups, we obtain inequali-
ties (39)—(39”). This completes the proof of Theorem 10.
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