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Summary. SA. CHAPLYGIN (1904) considered a two-dimensional adiabatic
potential flow of a perfect gas the equation of which was transformed to a
linear mixed type equation. F.G. TRIcomI (1923), F.I. FRANKL (1945),
M. H. PROTTER (1953), §. NocILLA (1957), C. FERRARI (1959) and most of
the recent workers in the field of mixed type boundary value problems have
restricted their attention to the Chaplygin equation: K(y)-u,+u,,=0,
K€ C*(-) and not considered «the generalized equation»:

K(y)u,tu,+r(xy)u=f(xy) when K=sgn(y):

discontinuous and 7: =non-trivial (# 0). In this paper I consider the gene-
ralized case afore-mentioned and establish well-posedness in the sense that:
there is at most one quasi-regular solution and a weak solution exists. This
boundary value problem of Tricomi-Bitsadze-Lavrentjev type is important
in fluid dynamics.

The Tricomi-Bitsadze-Lavrentjev problem

Consider
*) Lu=K(y) tot+u,+1(x,y)-u=f(xy)
K=sgn(y):=1,y>0; =-1,y<0; =0,y=0,

7€C(-), feC() .

Consider a mixed domain D which is a simply-connected region and
contains the parabolic arc of degeneracy: A’A with endpoints:

A'=(=1,0), A=(1,0)

(*) The American College of Greece, Athia Paraskevi, 15342 Attikis, Greece. This research
work was done during my visit at Dipartimento di Matematica, Universita di Torino and at Istitu-
to per le Applicazioni della Matematica e dell’Informatica of the Consiglio Nazionale delle Ricer-
che, Torino, [taly.
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and has boundary

G:=0G=g,UgU g,
with boundary curves:

g,: piece-wise smooth «elliptic arc» for y > 0 connecting points: A’, 4,
g,: characteristic for y < 0 emanating from point A4:

X Y
jdng Vv—=K-dy, or gyx=y+1,

1 0
g,: characteristic for y < 0 emanating from point A ":

x ¥y
g dx= —S N-K-dy, or gz.x=-y—1.
] 0

Denote
D, elliptic region:
D,: hyperbolic region:
with boundary

={(x,y)eD, -1 <x<1,y>0],
={(x,y)€D, —1<x<1,y<0

Gl.=3D1=gl U (A ’A)

G2:=3D2=g2U g:;U (AA’) :

A :(119L__,

X
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Then
D=D,U D,U (A’A)=D,;U D,U (AA4") .
The above mentioned two characteristic curves g,, g intersect at the

point P=(0,—1) in D,.
7 Assume now boundary condition

i u=0 on gUg.
The Tricomi-Bitsadze-Lavrentjev problem, or problem (TBL): con-

sists in finding a function u = u(x, y) which satisfies equation (*) and boun-
dary condition (**).

DEFINITION 1. A function u=u(x, y) is a quasi-regular solution of Pro-
blem (TBL) if
i) ueC*(D) N C(D),

ii) the integral

1
g (-)-ds exists,
=

iii) Green’s theorem is applicable to the integrals

SS u-Lu-dxdy, ” u,.-Lu-dxdy, H u,-Lu-dxdy,
D D D

iv) the boundary integrals which arise exist in the sense that:
the limits taken over corresponding interior curves exist as these in-
terior curves approach the boundary,

v) u satisfies equation (*) in D, and

vi) u satisfies boundary condition (**).
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Uniqueness Theorem
Assume the afore-mentioned domain D C R?, and the conditions:
(R)): r=0 on g

(Ry): x-1)-dy—y-dxz0 on g

2«7+ x—1)14+y1,20 in D
(Ry): {

r+(x=1)-1,=<0 in D,

The Problem (TBL) has at most one quasi-regular solution in the mi-
xed domain D.

To prove this theorem we apply the b, c energy integral method sepa-
rately in D,, D, because K is discontinuous. First, we assume u;, u,: two
quasi-regular solutions satisfying Problem (TBL). Then claim that
u=u,—u,=01in D. To do it I need to show that =0 on g,. Second,
investigate

0=J(‘7=2-£j(b-ux+c-uy)-Lu-dxdy, i=1,2,

i

where

y in D
b=x—-1 in D, c= :
o in D,.

Then employ Green’s theorem and prove that all integrals are non-
negative. Finally apply a classical maximum principle.

Preliminaries
Denote
a= (o, ), o,0>0, |a|=a+a,
p=(x, y)€R?, g=(%, 7)ER?, (p,q)=x-X+y-J ,

pt)t:x['qycq’ qrx :x".c(]y"(xz i
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0 0
Dy=—, Dy=—, (D*u) (p)=(D{"' D3?u) (p)
ax oy

for sufficiently smooth functions u=u(p).
Consider adjoint equation

[*] L*w=k(y) wutw,+1065) u=[f(x),
where

L*(=L): formal adjoint operator of L.

Note: In general, if:

2 2
Lu= Z a;(p)-D;Dju + E a;(p)-Diu+a(p)-u,
Li=1 i=1
then

2 2
LYw= E D;Dj(a;(p)-w) — E Di(ai(p)-w)+a(p}-w .

Lj=1 i=1
Assume adjoint boundary conditions
[*4] w=0 on g Ug,.
Denote

W2 (D)y=W™%D)={u(p):p € D, u(p)€ L*(D), D*u(p)e L*(D),
| <m]:

the Sobolev space with inner product

(4, Whn= (1 W) 0y = (8 W2+ Y, (D1, DW) 2

la)=m

and norm

L2
o _— 2 o 2
el =Nl = (nunmﬁ Y D uuLz(m) .

la| =m
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Also denote

D(L)={ueC*D):u=0 on g U gy},

W3(D, bd) = D(L)‘ : closure of D(L) with norm I-1l, ,

-1l

D(L*)={weC*(D):w=0 on g U g},

Wi(D, b*d)=D(L*)| : closure of D(L*) with norm Il-I,,

15

or equivalently

W3(D, b*d)=[w € W3(D):(Lu, w)o=(u, L*w),
for all wue€ W;(D, bd)} .

DEFINITION 2. A function u=u(p)€ L*(D) is a weak solution of Pro-
blem (*) and (**) if

{f, who={u, L*w), forall weWiD,b*d).
CRITERION. A necessary and sufficient condition for the existence of

a weak solution of Problem (*) and (**) is that the following a-priori
estimate

(AP) Iwly <= C-IL*wl,, C:=const. >0
holds for all we W3 (D, b*d), or
[AP] Iwl,< C-IL*wl, , C:=const. >0,
where
Iwli= S‘jwz-dxdy < Ej(w2 + wf_-l— w})-dxdy=Ilwlt

(121, p. 79-80).
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Existence Theorem
Assume the afore-mentioned domain D C R?, and the conditions
[R]: r=0 on g

[R,]: x+1)-dy—y-dx=0 on g

1
5-1r+2-(x+1)-7,&2-):-73,+§—-p“l =-6"<0 in D,

[R;]: i
3‘T+2'(X+l)'1'x+§‘,u,i =-6P<0 in D,
[Rs]: 1-2-43:¥*26,>0 in D,

where i, pa, pa:=const. > 0.
Then a weak solution exists for Problem (TBL).

PROOF. We apply the a*, b* c* energy integral method separately in D, [, and
use adjoint boundary conditions [**].

Denote
M*w=a*-w+b* - w,+c* - w,, where
1 y il’l Dl
[c] a*=——, b*=x+1, c*= [
4 0 in D,

Then employing Green’s theorem we get

JE = ”Z-M*W-L*wdxa’y

D,

i

= I{% 4 I% g J g 0% 4 gD = 1,2,

where
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A% = S(Ag"-wf2-B*-wx-wy+A;"-wf)-dx-dy,
Dl

Jf”*=§a Bf-w?-ds, Jﬁ”*=§c B%-ds ,

fg”*:% * (w, w,)-ds i;1,2, such that
A= Qif* DT~ E -7 — (0% 5, 482 ) (K G+ )
AF==2:a*-K=b}-K+(c*'K),, A}=-2a*+bf-c},
B* =b3} +c¥-K (:=0 by considering choices [c] above),
B¥=(b*-vy+c*-wy)- 1,
Bf=2-a*w-(K-wovi+w,v)—(K-af vi+ak r) w

Q*=(b* v, —c* py) K- w24+ 2-(b*-vy+c* K- p))-
Wy Wy (= B* v 0% py) - i
From

(\/ﬁ-aJ——};-wJ) 20, ¥>0

we get

1
p-a*+-—-b*=2-la-bl, p>0.
7

Therefore
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Jh e 52.|M*W-L*w|-dxdyg
‘DE
SS [2-|a*w|-|L*W|+2-|b*-w,| +2-|c*-w,|]-
D;
-dxdygg [[M-(a*-w)z—f—:-(L*w)z]—%
I

D;
¥ uz-(b*-wx)%—l-—-(L*w)z}
H2

+ uj-(c*-wy)2+l-(L*w)2” -dxdy ,

H H3
or
155 ” [ (@) WP+ (0%) (W) s (¥ (w, )] -dxdly
P +C2IL*wliZ
where
I I 1
Cy= +—+— =const. > 0, g, u,, pyst=const.> 0.
1 15) M3
But it is clear from conditions [R,] — [R,] that
Jix, Jox gl >0, or JUEZ [0k §=1, 2,
Therefore
I*+ 1+ < “ 1+ @) Wt iy (0%)%+ (W) >+ iy~ (c¥)*-
. -(w,)2]-dxdy + C}- I L*wl3,
or

(Ilm* = le-(a*)z-wz-dxdy) T [Izm*_ H (a(0*)? - wi+

i i

+py-(c¥)? w))-dxdy] = CE-IL*wliE
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or

Hﬁl-wz-a’xdy+ H(Bz-wf+63-w§)-dxa’y < CHIL*wlZ

D, D,

i i

where
'81:/1’1':_#1‘(0*)2, 52=A§"—M2‘(b*)2, By=A%—ps-(c*)? .
From conditions [R,] — [R;] we get that
C3-lwl?= C?-IL*wlZ, or Iwl, < C-IL*wl, ,
where
C=C/Cy:=const. > 0, C;,Cyi=¢const.> 0,
completing the proof of the «-priori estimate [AP] and therefore (from
Criterion above) the proof of the Existence theorem.
To elucidate more the fact that J{*, J{V*, Ji0*: = 0it is enough to
show that the following conditions hold on G:
(R, T) b¥*-dy—c*-dx=0 on g,
(b*+c*V-K)-r=0 on g,
(R,T) b*—c*t v-K =0 on g,

*,K
@t N—K —af+—
4-(—K)

4

=0 on g.
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