BULLETIN OF THE
INSTITUTE OF MATHEMATICS
ACADEMIA SINICA

Volume 12, Numbar 1, March 1903

ON THE TRICOMI PROBLEM WITH TWO
PARABOLIC LINES OF DEGENERACY

BY

JOHN MICHAEL RASSIAS*®

Abstract. Tricomi and, to the best of my knowledge, all of the
recent research workers have worked the Tricomi problem only with
one parabolic line of degeneracy. The problem with more than one
parabolic lines of degeneracy becomes more complicated. In this paper
we present one of thesse cases with two parabolic lines of degeneracy
and establish a certain uniqueness theorem by applying the classical
energy integral method in R?®, Finally we mention certain remarks
connecting this work with Frankl's condition, or Protter's condition,
and the “non-characteristic® problem.

Consider equation.

(%) Lu=y:(y=1) * ttes + u,;, =0,

where (») is elliptic for ¥ > 1, and y << 0, hyperbolic for 0 <y <1,
and parabolic for ¥y =0, and ¥ = 1. Assume D is a simply connected
domain of R?* bounded by an “elliptic” simple curve I'y which
emanates from the points A,(0, 1) and B(1, 1) and lies in the
upper plane ¥ > 1, by an “elliptic” simple curve I which emanates
from the points A;(0, 0) and Bi(1, 0) and lies in the Jower plane
Y <0, and by the following “real” characteristic surves of (*) which
lie in the region Gy = [(x, ¥) : x>0, 0<y <1} c R

ra(=A:P|):.r=—j:’;/'v-(1—7)-dv
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The Tricomi problem in R}

If we consider equation (%) in D c R* then the Tricomi problem
consists in finding a function ¥ = %(2, y) which satisfies equation
(x) and the following boundary condition:

/=0

o) (FeU Ts) U V (I U T3)

A UNIQUENES THEOREM. Assume the above-mentioned domain
D c R* and the star-likedness conditions:

(S1): redy—(y—1)dzc =20 on I
(S2): zedy—y-dr>0 on I

Thene the Tricomi problem (%), and (*x) has at most one quasi-
regular solution u.



19847 TWO PARABOLIC LINES OF DEGENERACY 53

Proof. We apply the classical energy integral method and use
(#+), and (8:) (F=1,2). At first, we investigate the integral
expression: ([1]—[5])

0 T=2ff G-utcou)-Lu-deay,
where b, and ¢ are chosen as follows:

(2) b=2, c=y—1 in Gi={(x,9): x>0, y>1} C R?,
(3) b=z ¢=0 in Gy and _
4) b==x c=y in Gi={(z,¥):2>0, y<0] c R™.

Then we consider the following identities:

Ky=v-(y—1)
20K ¢« 4sth:: = (DK - “'.): —b: K - u,
2+ Ugttyy = 2(b - Ugti,) — 2by sty — (b wl)e + bsuil,
2K Uy ther = 2(cK s t4y)e — (K + 142),
’ + (eK), » uy — 2¢4 Kuq u,,
2 uyuy,=(C 1), — ¢y Uy

(5)

By substituting these identities into (1) and applying Green's
theorem we get: -
0= [[ [— Kb+ (cK),1 -4 ,
6) — 2(Kee + by) «usuy, + (b — cy) *» 4, dr dy

- L L] . 1 — L 1 L]

+ fwi( 26 Usthy + K ocotir —c-uy) - dx
.+ (Bb - ul —b-uy + 2Kc - u s u4,) - dy]

Therefore, (#), (8i) (6=1, 2), (2)'-(4), (5), (6), énd the maximum
principle ([1]1—[5]) imply ¥ =0 in D. In fact, if K(¥) =y(¥ —1)
and if

Glusz, 4,) = [—Kbs + (cK);] - 1
— 2(Kcs + b;) s U U, + (bs — c,v) ’ u:'

in D, then

fj;‘Q"(u,, %,) + dz dy > 0,

because
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Qus, %)) =[(y — 1Dy — 1] - i

in Gy, and (y—1) 2y —1) >0 in G..

Similarly,

f./;; é(“:, u,} s dr dy = 0,
because

Qus, 4,) = [y 2y —1)1-u
inG;,and ¥y« (2y —1) >0 in G,. Finally,

f'/;’ Q(us, #,) - dzx dy >0,
because

Qus, u,) = [y(1—y)] - 4t + u}

in Gs, and ¢y « (1 —y) >0 in G;. On the other hand, if v = (v, 3)
iS an outer normal vector on the boundary 6D of D, and if

Q(us, uy) = (Kb+v,— Kc * v;) * 44z
+(—b'ﬂl-l-c"!’:)‘u:‘f'z(KC'D:‘i‘b'fJ:)'ﬂgu,

on the boundary 6D = (Fy U 'y UT:) U (U I't U Ty), then

»Qlus, u,) < ds 20,

revry
because
Qus, u)) =N*o(bevi+cv:)(K + 0} +1})
onI'vClobevy+cro;200n FyU Iy (by (8:), 1 =1, 2),
K=y (y—-1)>0 on I'e U I,
and
us: =N -9, #,=N-915

(by (%x)): N = normalizing factor. Similarly,
Jrury Qs #5) « ds =0

because

Qus, 4,) =NEe(zopy)« (Ketl4+1) =0
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on I'tU T3 K«vl+ v:=0 (by the geometrical structure of I's and
I's), and &: =N « vy, 4, = N - vy (by (#+)): N = normalizing factor,
Finally

cQ(us, 4y) +ds>0

rwry

because

Que, u,)) =2+ [(K +v)) * 1z + (—11) s sy + (2 + 1) + 4 u,]
opn MU, K=y (g—1)<0onI'tUTI;, 2>0o0on U I vy<0
on 'y U I'; and

T K-v Zy .
! et e (Kol +2) =0 on I'tU Iy
X - 0g -2t

(That is, all the principles minors of the matrix of representation
of @ are non-negative definite).

ReEMARKS. If we apply the techniques of the above theorem
then it is easy to work the case:

[‘] L“:y-(y-—-l)'M(”)‘“sz‘i‘“Jy:O;

where M (y) is a continuously differentiable non-negative function
of y. However, if we consider the case when [I': and I'; are any
two noncharacteristic curves such that

Kvi+vi>0 op Iz U.T

we establish corresponding results without any difficulty. Finally,
if we work the above theorem by applying Frankl’'s choice, or the
more general one by Protter we don't need to assume conditions
(S;) (=1, 2) or any other condition on K(y) for the case of (%),
but we do need to assume additional conditions on K (y) (i e.
Frankl's or Protter’s) for [*].
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