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Distance to singularity and ssv - 1

• Let M ∈ Cn×n, det(M) 6= 0 (w.l.g.). Define ∆ ⊆ Cn×n:

∆ = {diag[δ1Ir1, . . . , δsIrs,∆s+1, . . . ,∆s+f ] :

δi ∈ C,∆s+j ∈ Cmj×mj ,1 ≤ i ≤ s,1 ≤ j ≤ f}

where
∑s
i=1 ri +

∑f
j=1 ri = n.

• Define the “structured distance to singularity” of M :

r∆(M) = min{‖∆‖ : ∆ ∈ ∆,det(I −∆M) = 0}

and the “structured singular value” of M :

µ∆(M) = r−1
∆ (M)
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Distance to singularity and ssv - 2

Problem has applications in:

• Robust control: Structured distance problems to stability,

controllability radius, etc.

• Numerical Analysis: Structured condition number, approximate

GCD of polynomials, pseudo-spectra of operators, etc.

Example: Suppose that a(s) and b(s) are monic relative-prime

polynomials with ∂a(s) = m and ∂b(s) = n. What is the minimal

magnitude perturbation in their coefficients such that the perturbed

polynomials have a common root?
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Distance to singularity and ssv - 3

Define Sylvester matrix:

Rm,n(a, b) =



1 αm−1 αm−2 · · · α0 0 · · · 0
0 1 αm−1 · · · α1 α0 · · · 0
... ... . . . . . . . . . . . . . . . ...
0 0 · · · 1 αm−1 · · · α1 α0
1 βn−1 βn−2 · · · β0 0 · · · 0
0 1 βn−1 · · · β1 β0 · · · 0
... ... . . . . . . . . . . . . . . . ...
0 0 · · · 1 βn−1 · · · β1 β0


Then:

(a, b) co-prime ⇔ Rank(Rm,n(a, b)) = m+ n

4



Distance to singularity and ssv - 4

“Perturbed” Sylvester matrix:

Rm,n(a, b) +



0 δm−1 δm−2 · · · δ0 0 · · · 0
0 0 δm−1 · · · δ1 δ0 · · · 0
... ... . . . . . . . . . . . . . . . ...
0 0 · · · 0 δm−1 · · · δ1 δ0
0 εn−1 εn−2 · · · ε0 0 · · · 0
0 0 εn−1 · · · ε1 ε0 · · · 0
... ... . . . . . . . . . . . . . . . ...
0 0 · · · 0 εn−1 · · · ε1 ε0


and hence the uncertainty in this case has “structure”. Hence

original problem is equivalent to the computation of a s.s.v:
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Distance to singularity and ssv - 5

Theorem: Define γ = max{ |δ0|, . . . , |δm−1|, |ε0|, . . . , |εn−1| } and
γ∗ = min{γ : (a, b) have a common root}. Then,

γ∗ =
1

µ∆(−ZR−1
m,n(a, b)Θ)

where

∆ = {diag(δm−1In, . . . , δ0In, εn−1Im, . . . , ε0Im)}

Θ =

(
In · · · In On,m · · · On,m
Om,n · · · Om,n Im · · · Im

)

Z′ =
(

(Z0
nm) · · · (Zm−1

nm ) (Z0
mn) · · · (Zn−1

mn )
)

and

Zknm =
(
On,k+1 In On,m−k−1

)′
for k = 0,1, . . . ,m− 1.
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Distance to singularity and ssv - 6

• In general, the computation of µ∆ is a non-convex NP-hard
problem.

• To compute upper bound first note that:

µ−1
∆ (M) = min{‖∆‖ : ∆ ∈ ∆,det(I −M∆) = 0}

= min{‖∆‖ : ∆ ∈ ∆,det(M−1 −∆) = 0}

≥ min{‖∆‖ : det(M−1 −∆) = 0}

= ‖M‖−1

so that µ∆(M) ≤ ‖M‖.

• To tighten bound define:

D = {D = D∗ > 0 : D∆ = ∆D ∀∆ ∈ ∆}

Then for any D ∈ D, ∆ ∈ ∆: D1/2∆ = ∆D1/2.
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Distance to singularity and ssv - 7

• Hence:

µ−1
∆ (M) = min{‖∆‖ : ∆ ∈ ∆,det(I −M∆) = 0}

= min{‖∆‖ : ∆ ∈ ∆,det(I −MD−1/2∆D1/2) = 0}

= min{‖∆‖ : ∆ ∈ ∆,det(I −D1/2MD−1/2∆) = 0}

= µ−1
∆ (D1/2MD−1/2) ≥ ‖D1/2MD−1/2‖−1

• We then have relaxation bound:

µ∆(M) ≤ min
D∈D

‖D1/2MD−1/2‖ := µ̄∆(M)

Since:

‖D1/2MD−1/2‖ ≤ γ ⇔ γ2D −M∗DM ≥ 0

the computation of µ̄∆(M) now reduces to a convex
programming problem.
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Reducing the duality gap: µ̄∆ − µ∆ (1)

• Solve: µ0 = minD∈D ‖D1/2MD−1/2‖ and let Do be a minimizer.

• Re-define: M ← µ−1
0 D

1/2
o MD

−1/2
o so that: µ̄∆(M) = ‖M‖ = 1.

• Let M ∈ Cn×n have (ordered) SVD:

M = UΣV ∗ =
(
U1 U2

)( Im 0
0 Σ2

)(
V ∗1
V ∗2

)
where Σ2 := diag(σm+1, . . . , σn), σm+1 < 1.

• Theorem: Let M = U1V
∗

1 + U2Σ2V
∗

2 with

U1 =



A1
...
As
E1
...
Ef


, V1 =



B1
...
Bs
H1
...
Hf


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compatibly partitioned with ∆. Let:

∇M = {diag(P η1 , . . . , P
η
s , p

η
s+1Im1, . . . ,p

η
s+f−1Imf−1,0mr)

: η ∈ Cm, ‖η‖ = 1}

where

P
η
i = Aiηη

∗A∗i −Biηη
∗B∗i , p

η
s+j = η∗(E∗jEj −H

∗
jHj)η

Then:

µ∆(M) = µ̄∆(M) ⇔ 0 ∈ co(∇M)

• Note: Multiplicity of largest s.v. of M is m = 1⇒ 0 ∈ co(∇M).

Therefore assume that m > 1.



Reducing the duality gap: µ̄∆ − µ∆ (2)

• Consider perturbation matrix ∆ ∈ Cn×n:

∆ =

(
∆11 ∆12
∆21 ∆22

)
, ∆11 ∈ Cm×m

• Solve, or at least calculate upper bounds:

φ1 := max{ρ(V ∗1 ∆U1) : ∆ ∈ B∆} ≤ φ̄1 ≤ 1

φ2 := max{‖V ∗1 ∆U1‖ : ∆ ∈ B∆} ≤ φ̄2 ≤ 1
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Reducing the duality gap: µ̄∆ − µ∆ (3)

Then:

r∆ = µ−1
∆ (M)

= min{‖∆‖ : ∆ ∈ ∆,det(I −∆M) = 0}

= min{‖∆‖ : ∆ ∈ ∆,det(I −∆UΣV ∗) = 0}

= min{‖∆‖ : ∆ ∈ ∆,det(I − V ∗∆UΣ) = 0}

= min{‖∆‖ : ∆ ∈ ∆,det(Σ−1 − V ∗∆U) = 0}

≥ min{‖∆‖ : ρ(∆11) ≤ φ̄1‖∆‖, ‖∆11‖ ≤ φ̄2‖∆‖,det(Σ−1 −∆) = 0}

:= r̂∆(M) := µ̂−1
∆ (M)
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Reducing the duality gap: µ̄∆ − µ∆ (4)

• µ̂∆(M) can can be obtained analytically and µ̂∆(M) ≤ µ̄∆(M).

• Calculation of φ1 (φ̄1): Since

φ1 = max
∆∈B∆

ρ(V ∗1 ∆U1) = max
∆∈B∆

ρ(∆U1V
∗

1 )

:= max
∆∈B∆

ρ(∆M0)

= µ∆(M0)

this is a ssv problem of reduced rank.

• Calculation of φ2 (φ̄2): Use convex relaxation (LMI):

φ2
2 = max

∆∈B∆
‖V ∗1 ∆U1‖2 ≤ min

D∈D,D−V1V
∗

1≥0,γI−U1
∗DU1≥0

γ = φ̄2
2

• Lemma: φ2 = φ̄2; infD∈D ‖D1/2MD−1/2‖ = 1⇒ φ2 = φ̄2 = 1.
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Sequence of relaxation problems

General problem:

γ∆11
= min{‖∆‖,det(Σ−1 −∆) = 0,∆11 ∈ ∆11}

where:

• ∆11 = {δ ∈ C : |δ| ≤ φ},0 ≤ φ ≤ 1 (m = 1)

• ∆11 = {0m×m}

• ∆11 = {∆11}, ‖∆11‖ ≤ 1,1 6= λ(∆11)

• ∆11 = {∆11 : ‖∆11‖ ≤ 1,1 /∈ λ(∆11)}

• ∆11 = {∆11 : ρ(∆11) ≤ φ1, ‖∆11‖ ≤ φ2}

13



Breaching the convex bound

Theorem: Let 0≤ φ̄1≤ φ̄2≤1. Then

µ̂−1
∆ := min{‖∆‖ : det(Σ−1 −∆) = 0, ρ(∆11) ≤ φ̄1‖∆‖, ‖∆11‖ ≤ φ̄2‖∆‖}

= min
{
γ > 1 : ‖f (γ,Ψ)‖ = σ−1

m+1

}
where: f (γ,Ψ) = (γI −Ψ)(γ−1I −Ψ)−1 and

Ψij =


0, j < i
φ1, j = i

−
(
φ1
φ2

)j−i−1 φ2
2−φ

2
1

φ2
, j > i


Also: (i) φ̄1 < 1⇒ µ∆(M) < 1 and µ̂∆(M) < 1 (ii) µ∆(M) = µ̂∆(M)

iff ∃∆ ∈ ∆ s.t.

V ∗1 ∆U1 = µ̂∆(M)W ∗ΨW,

for unitary W . �
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Note: Ψ is Toeplitz upper triangular. For example, if m = 4,

Ψ =


φ1 α β γ
0 φ1 α β
0 0 φ1 α
0 0 0 φ1


with

α =
φ2

2 − φ
2
1

φ2
, β = −

φ1

φ2

φ2
2 − φ

2
1

φ2
, γ = (

φ1

φ2
)2φ

2
2 − φ

2
1

φ2

Note: The calculation of µ̂∆(M) is a 4m× 4m e-value problem. Set

a = am+1, and Ψs = Ψ + Ψ∗. Then a = ‖(γI −Ψ)(γ−1I −Ψ)−1‖ ⇒

det

γI −


0 I 0 0
0 0 I 0
0 0 0 I

a2I − a2Ψs (a2 − 1)Ψ∗Ψ Ψs


 = 0

Hence µ̂−1
∆ is the smallest real e-value larger than one of a 4m× 4m

matrix.
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P2: Quadratic Integer Programming problem

• QIP Problem has the form:

γ := max{x′Qx : x ∈ {−1,1}n}

where Q = Q′ of mixed inertia in general.

• This needs 2n (or 2n−1) function evaluations which grows

exponentially in n.

• Classical NP-hard problem with many applications in Control,

Statistics, Graph Theory (“max-cut”), etc.
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Example: Max-cut problem 1

(Maximum Capacity = 15
Given a graph defined by:

• Vertex set V = {1,2, . . . , n}
• Edge set E = {(i, j) : i, j ∈
V, i 6= j}.
• For S ⊆ V capacity is num-

ber of edges connecting a

node in S to a node not in

S.

• Max-Cut problem: Find

S ⊆ V with maximum ca-

pacity

17



Example: Max-cut problem 2

• Define adjacency matrix:

Qij = 1 if (i, j) ∈ E

= 0 otherwise

• Specify cut by vector x ∈ Rn:

xi = 1 if i ∈ S

= −1 otherwise

• If (i, j) ∈ S, 1− xixj = 2. Hence capacity:

c(x) =
1

4

n∑
i=1

n∑
j=1

(1− xixj)Qij

• Thus max-cut can be formulated as: min{x′Qx : x ∈ {−1,1}n}.
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QIP: Convex relaxation - 1

• Let D = diag(D), D −Q ≥ 0. Then for all x ∈ {−1,1}n:

x′Qx = x′Dx− trace(D)︸ ︷︷ ︸−x′(D −Q)x+ trace(D)

= −x′(D −Q)x+ trace(D) (x2
i = 1)

≤ trace(D) (D −Q ≥ 0)

• This results in the convex relaxation:

γ = max{x′Qx : x ∈ {−1,1}n, Q = Q′}

≤ min{trace(D) : D = diag(D), D −Q ≥ 0}

:= γ̄

• Let Do be the (unique) optimal solution and define V such that

R(V ) = Ker(Do −Q), V ∗V = Ir. If r = 1 duality gap is zero.
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QIP: Convex relaxation - 2

• Solve RRQIP problem:

γr =
1

n
max{x′V V ′x : x ∈ {−1,1}n}

Then: γ = γ̄ ⇔ γr = 1.

• Provided γr < 1,

γ < γ̄ − n(1− γr)λ+(Do −Q) < γ̄

where

λ+(Do −Q) := min
{i:λi(Do−Q)>0}

λi(Do −Q)

• Note that Rank(V V ′) = r < n (typically r � n).

• Reduced-rank problem has complexity O(nr) and can be solved
efficiently using theory of zonotopes, hyperplane arrangements
and linear programming [Avis, Fukuda].
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General characteristics of method - 1

xxx

• µ-problem:

µ−1 = min
∆∈∆,det(I−∆M)=0

‖∆‖

is NP-hard.

• Formulate and solve dual:

Get (µ0, Do) s.t.

min
D∈D

‖D1/2MD−1/2‖

M ← µ−1
0 D

1/2
o MD

−1/2
o

xxx

• QIP problem:

γ := max
x∈{−1,1}n

x′Qx

is NP-hard

• Formulate and solve dual:

Get (γ̄, Do) s.t.

γ̄ = min
D=diag(D),D−Q≥0

trace(D)

s.t. D = diag(D), D−Q ≥ 0
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General characteristics of method - 2

xxx

• Sufficient condition for zero

duality gap: µ = µ̄ if m :=

null(I −MM∗) = 1.

• Duality gap can be

breached if we can solve

a rank-m µ problem (or

get a bound less than 1):

max∆∈B∆ ρ(∆U1V
∗

1 )

• Improved bound obtained

via the solution of an eigen-

value problem of dimension

4m× 4m.

xxx

• Sufficient condition for zero

duality gap: γ = γ̄ if r :=

null(Do −Q) = 1.

• Duality gap can be

breached if we can

solve a rank-r QIP

problem of the form

γr = 1
nmaxx∈{−1,1}nx

′V V ′x.

• Improved bound can be ob-

tained by calculating the

eigenvalues of a symmetric

matrix.
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Conclusions and Open Issues

• Development of efficient algorithms for low-rank µ problems.

• Exploit similarities in solutions. Can method be generalized to a

large class of problems involving convex relaxations (e.g. new

class of primal/dual algorithms)?

• Can approach be combined with probabilistic relaxation

methods?
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