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ÅéóáãùãéêÜ

• Ç Èåùñßá ôùí ÐéèáíïôÞôùí ìåëåôÜ öáéíüìåíá ôá ïðïßá õðüêåéíôáé óå

ôõ÷áéüôçôá Þ ãéá ôá ïðïßá áäõíáôïýìå íá ðåñéãñÜøïõìå ôç óõìðåñéöïñÜ

ôïõò ìå óõãêåêñéìÝíïõò íüìïõò

• ÔÝôïéá öáéíüìåíá ìðïñïýìå íá ôá áíáãÜãïõìå óå ðåéñÜìáôá ðïõ

ïíïìÜæïõìå ðåéñÜìáôá ôý÷çò

• Ðáñáôçñþíôáò üôé ç åðáíÜëçøç ôÝôïéïõ åßäïõò ðåéñáìÜôùí êÜôù

áðü óõãêåêñéìÝíåò óõíèÞêåò ìáò äßíåé êÜðïéá ðëçñïöïñßá ãéá ôá

áðïôåëÝóìáôÜ ôïõò (óôáôéóôéêÞ êáíïíéêüôçôá) ðñï÷ùñÜìå óôç ìåëÝôç
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ôïõò ðñïóäéïñßæïíôáò êáôÜëëçëïõò êáíüíåò.

ÅéóáãùãÞ óôéò Ðéèáíüôçôåò 2



[Oñéóìüò]: Ðåßñáìá Ôý÷çò åßíáé Ýíá ðåßñáìá óôï ïðïßï äåí éó÷ýåé ç ó÷Ýóç

áéôßïõ-áéôéáôïý.

Ðáñáäåßãìáôá:

1. Ñßøç åíüò íïìßóìáôïò äýï öïñÝò

2. Ñßøç åíüò æáñéïý

3. Ñßøç äýï æáñéþí

4. Áñéèìüò ñßøåùí åíüò æáñéïý Ýùò üôïõ åìöáíéóèåß ãéá ðñþôç öïñÜ ç

Ýíäåéîç \6"
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5. Ç áðüóôáóç ôõ÷áßáò âïëÞò áðü ôï êÝíôñï åíüò ìïíáäéáßïõ êýêëïõ

6. Ï ÷ñüíïò æùÞò åíüò chip óå þñåò

7. Ôï ýøïò (óå cm) ìéáò öïéôÞôñéáò ôçò ó÷ïëÞò èåôéêþí åðéóôçìþí ðïõ

åêëÝãåôáé ôõ÷áßá
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[Oñéóìüò]: Äåéãìáôéêüò ÷þñïò åíüò ðåéñÜìáôïò ôý÷çò êáëåßôáé ôï

óýíïëï ôùí äõíáôþí áðïôåëåóìÜôùí ôïõ ðåéñÜìáôïò. ÓõíÞèùò ôï óýíïëï

áõôü ôï óõìâïëßæïõìå ìå Ù.

Ôá ðáñáðÜíù ðåéñÜìáôá ôý÷çò Ý÷ïõí ôïõò áêüëïõèïõò äåéãìáôéêïýò

÷þñïõò áíôßóôïé÷á:

1. Ù = {ÊÊ; ÃÃ; ÊÃ; ÃÊ}

2. Ù = {1; 2; 3; 4; 5; 6}

3. Ù = {(1; 1); (1; 2); : : : : : : (6; 6)}
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4. Ù = {1; 2:3; : : : ; : : :}

5. Ù = {x : 0 ≤ x ≤ 1}

6. Ù = {x : 0 ≤ x ≤ ∞}

7. Ù = {x : 150 ≤ x ≤ 180}
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Äåéãìáôéêüò ×þñïò:

• Ï Äåéãìáôéêüò ÷þñïò ðïõ ðåñéÝ÷åé ðåðåñáóìÝíï áñéèìü óôïé÷åßùí Þ ôï

ðïëý áñéèìÞóéìï êáëåßôáé Äéáêñéôüò.

• Ï Äåéãìáôéêüò ÷þñïò ðïõ ðåñéÝ÷åé ìç áñéèìÞóéìï ðëÞèïò óôïé÷åßùí

êáëåßôáé Óõíå÷Þò.

Óçìåßùóç: Ïé äåéãìáôéêïß ÷þñïé ôùí ðáñáäåéãìÜôùí 1, 2, 3, 4 åßíáé

äéáêñéôïß. Ïé ôñåéò ðñþôïé áðïôåëïýíôáé áðü ðåðåñáóìÝíï áñéèìü

óôïé÷åßùí ï ôÝôáñôïò áðü áñéèìÞóéìï ðëÞèïò. Ïé äåéãìáôéêïß ÷þñïé ôùí

ðáñáäåéãìÜôùí 5, 6 êáé 7 åßíáé óõíå÷åßò.
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[Oñéóìïß]:

• ¸íá õðïóýíïëï ôïõ äåéãìáôéêïý ÷þñïõ åíüò ðåéñÜìáôïò ôý÷çò êáëåßôáé

åíäå÷üìåíï

• Ôï åíäå÷üìåíï ðïõ áðïôåëåßôáé áðü üëá ôá äõíáôÜ áðïôåëÝóìáôá, äçë.

ôï Ù êáëåßôáé âÝâáéï

• Tï åíäå÷üìåíï ðïõ äåí ðåñéÝ÷åé êáíÝíá áðü ôá áðïôåëÝóìáôá ôïõ

äåéãìáôéêïý ÷þñïõ, äçë. ôï ∅, êáëåßôáé áäýíáôï

• Aõôü ðïõ ðåñéÝ÷åé Ýíá óõãêåêñéìÝíï áðïôÝëåóìá êáëåßôáé óôïé÷åéþäåò.

ÅéóáãùãÞ óôéò Ðéèáíüôçôåò 8



Óçìåßùóç: ÓõíÞèùò ôá åíäå÷üìåíá ôá óõìâïëßæïõìå ìå êåöáëáßá

ãñÜììáôá, ð.÷. Á, Â, Ã. ÁíáöÝñïõìå ìåñéêÜ åíäå÷üìåíá ðïõ áöïñïýí

ôá ðáñáäåßãìáôá 1-7 ÷ñçóéìïðïéþíôáò ôá óôïé÷åéþäç åíäå÷üìåíá ðïõ ôá

áðïôåëïýí, êáèþò êáé ôéò áíôßóôïé÷åò ðñïôÜóåéò ðïõ ôá ðåñéãñÜöïõí.

1. ¸óôù ôá åíäå÷üìåíá

• Á = {ÊÊ; ÊÃ; ÃÊ},
• Â = {ÊÃ; ÃÊ};
• Ã = {ÃÃ; ÊÃ; ÃÊ},
• Ä = {ÊÊÊ} êáé
• Å = Ù.
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Ìðïñïýìå íá äéáôõðþóïõìå ôá åíäå÷üìåíá Á, Â, Ã, Ä êáé Å ìå ëüãéá

ùò åîÞò:

Á=\åìöáíßæåôáé ôïõëÜ÷éóôïí ìßá êåöáëÞ",

Â=\åìöáíßæåôáé áêñéâþò ìßá êåöáëÞ",

Ã=\åìöáíßæåôáé ôï ðïëý ìßá êåöáëÞ",

Ä=\ ôï áäýíáôï åíäå÷üìåíï" êáé

Å=\ôï âÝâáéï ãåãïíüò".

2. ¸óôù ôá åíäå÷üìåíá Á = {1; 3; 5}, Â = {3; 6}; êáé Ã =
{3; 4; 5; 6}.
Ôá Á, Â, Ã, ìðïñïýìå íá ôá äéáôõðþóïõìå ùò åîÞò:

Á=\ åìöáíßæåôáé áñéèìüò ðåñéôôüò",
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Â=\ åìöáíßæåôáé áñéèìüò äéáéñåôüò ìå ôï 3" êáé

Ã=\ åìöáíßæåôáé áñéèìüò ìåãáëýôåñïò Þ ßóïò ôïõ 3".

3. Á = {(1; 1); )(2; 2); (3; 3); (4; 4); (5; 5); (6; 6)},
Â = {(1; 6); (2; 6); (3; 6); (4; 6); (5; 6);
(6; 1); (6; 2); (6; 3); (6; 4); (6; 5)},
Ã = {(1; 1); (1; 2); (2; 1); (2; 2)}.
Ôá Á, Â, Ã äéáôõðþíïíôáé ùò åîÞò:

Á=\:åìöáíßæåôáé ï ßäéïò áñéèìüò êáé óôéò äýï ñßøåéò",

Â=\ åìöáíßæåôáé ôï 6 áêñéâþò ìßá öïñÜ",

Ã=\ ïé áñéèìïß åßíáé ìéêñüôåñïé Þ ßóïé ìå ôï 2".
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4. ¸óôù ôá åíäå÷üìåíá:

Á=\ áðáéôïýíôáé ôï ðïëý 10 ñßøåéò ôïõ æáñéïý Ýùò üôïõ åìöáíéóèåß ôï

6",

Â=\ áðáéôïýíôáé áêñéâþò 12 ñßøåéò",

Ã=\ áðáéôïýíôáé ôïõëÜ÷éóôïí 5 ñßøåéò" êáé

Ä=\ åìöáíßæåôáé ôï 6 óå Üñôéï áñéèìü ñßøåùí.

Ôá Á, Â, Ã, Ä áðïôåëïýíôáé áðü ôá åîÞò óôïé÷åßá ôïõ äåéãìáôéêïý

÷þñïõ:

Á = {1; : : : ; 10},
B = {12},
Ã = {5; 6; : : : ; : : :}, êáé
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Ä = {2; 4; 6; : : : ; 2ê : : : ; }.

5. ¸óôù ôá åíäå÷üìåíá:

Á=\ ç âïëÞ áðÝ÷åé áðü ôï óôü÷ï ôï ðïëý 1/3",

Â=\ç âïëÞ áðÝ÷åé áðü ôï óôü÷ï ôïõëÜ÷éóôïí 2/3" êáé

Ã=\ ç âïëÞ áðÝ÷åé áðü ôï óôü÷ï ðåñéóóüôåñï áðü 1/4 êáé ëéãþôåñï

áðü 3/4".

Óôçí ðåñßðôùóç áõôÞ ôá Á, Â, Ã ìðïñïýí íá ðåñéãñáöïýí ùò åîÞò:

Á = {x : 0 < x < 1=3}, Â = {x : 2=3 ≤ x < 1}, êáé
Ã = {x : 1=4 < x < 3=4}.

6. ¸óôù ôá åíäå÷üìåíá:
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Á=\ ôï chip æåé ôïõëÜ÷éóôï ÷ßëéåò þñåò",

Â=\ ôï chip æåé ðåñéóóüôåñï áðü 1500 þñåò êáé ëéãüôåñï áðü 5000

þñåò" êáé

Ã=\ ôï chip æåé ôï ðïëý 10000 þñåò".

Éóïäýíáìç äéáôýðùóç åßíáé:

A = {x : x ≥ 1000},
B = {1500 < x < 5000} êáé
Ã = {x : 0 < x ≤ 10000}.

7. Á = {x : 165 ≤ x},
B = {x : 160 ≤ x ≤ 170}.
Ðñïöáíþò ôá Á êáé Â äéáôõðþíïíôáé ùò åîÞò:
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Á=\ç öïéôÞôñéá Ý÷åé ýøïò ìåãáëýôåñï Þ ßóï ôùí 165 cm " êáé

Â=\ ôï ýøïò ôçò öïéôÞôñéáò êõìáßíåôáé ìåôáîý ôùí 160 cm êáé 170

cm".
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Óôç äéáôýðùóç åíäå÷ïìÝíùí ðïëëÝò öïñÝò åìöáíßæïíôáé åêöñÜóåéò üðùò,

ôïõëÜ÷éóôïí, ôï ðïëý, áêñéâþò, áðü ... Ýùò, ïé ïðïßåò åßíáé

éóïäýíáìåò ìå óõãêåêñéìÝíåò ìáèçìáôéêÝò öüñìåò, üðùò öáßíåôáé êáé áðü

ôá ðáñáðÜíù ðáñáäåßãìáôá.

1. Eíùóç äýï åíäå÷ïìÝíùí, Ýóôù Á, Â, åßíáé üëá ôá óôïé÷åßá ôïõ Ù ðïõ

áíÞêïõí óå ôïõëÜ÷éóôïí Ýíá áðü áõôÜ. Óõìâïëßæåôáé ìå Á ∪ Â.

2. ÔïìÞ äýï åíäå÷ïìÝíùí, Ýóôù Á, Â, åßíáé üëá ôá óôïé÷åßá ôïõ Ù ðïõ

áíÞêïõí êáé óôá äýï åíäå÷üìåíá. Óõìâïëßæåôáé ìå Á ∩ Â Þ áðëÜ ùò

ÁÂ.
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3. ÎÝíá êáëïýíôáé ôá åíäå÷üìåíá Á, Â áí Á ∩ Â = ∅.

4. ÓõìðëÞñùìá ôïõ åíäå÷ïìÝíïõ Á ùò ðñïò ôï Ù åßíáé ôï óýíïëï ðïõ

ðåñéÝ÷åé üëá ôá óôïé÷åßá ôïõ Ù ðïõ äåí áíÞêïõí óôï Á. Óõìâïëßæåôáé

ìå Á′ Þ Ác.

5. ÄéáöïñÜ ôïõ óõíüëïõ Â áðü ôï Á åßíáé üëá ôá óôïé÷åßá ôïõ Á ðïõ äåí

áíÞêïõí óôï Â êáé óõìâïëßæåôáé ìå Á-Â. Åßíáé

Á− Â = {! ∈ Ω : ! ∈ A; ! äåí ∈ B}
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Óçìåßùóç: ¸óôù ôá Ýíäå÷üìåíá Á, Â êáé Ã ìå äåéãìáôéêü ÷þñï Ù. É÷ýïõí

ïé áêüëïõèåò ó÷Ýóåéò

1. Á′ = Ω− Á

Á− Â = Á ∩ Â′

2. Áíôéìåôáèåôéêüôçôá:

Á ∪ Â = Â ∪ Á A ∩ B = B ∩ A

3. Ðñïóåôáéñéóôéêüôçôá:

Á ∪ (B ∪ Ã) = (Á ∪ Â) ∪ Ã
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Á ∩ (B ∩ Ã) = (Á ∩ Â) ∩ Ã

4. Åðéìåñéóôéêüôçôá:

Á ∪ (Â ∩ Ã) = (Á ∪ Â) ∩ (Á ∪ Ã)

Á ∩ (Â ∪ Ã) = (Á ∩ Â) ∪ (Á ∩ Ã)

5. Ôáõôïôéêüôçôá:

Á ∪ ∅ = Á; Á ∩ Ω = Á
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6. Óõìðëçñùìáôéêüôçôá:

Á ∪ Á′ = Ω; Á ∩ Á′ = ∅; Ω′ = ∅

∅′ = Ω; (Á′)′ = Á

7. Êáíüíåò De Morgan

(Á ∪ Â)′ = Á′ ∩ Â′; (Á ∩ Â)′ = Á′ ∪ Â′
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ÁîéùìáôéêÞ Èåìåëßùóç ôçò Ðéèáíüôçôáò

A. ÊëáóéêÞ Ðéèáíüôçôá:

Ç ðñþôç áîéùìáôéêÞ èåìåëßùóç ôçò èåùñßáò ðéèáíïôÞôùí ïöåßëåôáé óôïí

Laplace (1812) êáé óôçñßæåôáé óôïí ïñéóìü ôçò êëáóéêÞò ðéèáíüôçôáò ðïõ

Ýãéíå áðü ôïí De Moivre (1711) êáé Ý÷åé ùò ÝîÞò:

• ¸óôù Ýíá ðåßñáìá ôý÷çò ôïõ ïðïßïõ ï äåéãìáôéêüò ÷þñïò Ù åßíáé

ðåðåñáóìÝíïò êáé êÜèå óôïé÷åéþäåò åíäå÷üìåíï, äçë. êÜèå óôïé÷åßï ôïõ

Ù åßíáé åîßóïõ ðéèáíü ëüãù Ýëëåéøçò åðáñêïýò ëüãïõ ãéá ôï áíôßèåôï
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• Ç ðéèáíüôçôá åíüò åíäå÷ïìÝíïõ Á óõìâïëßæåôáé ìå P(A) êáé éóïýôáé

ìå ôï ðçëßêï ðïõ Ý÷åé áñéèìçôÞ ôïí áñéèìü ôùí óôïé÷åßùí ôïõ Á êáé

ðáñáíïìáóôÞ ôï óýíïëï ôùí äõíáôþí áðïôåëåóìÜôùí ôïõ ðåéñÜìáôïò

ôý÷çò, äçë. ôïí ðëçèéêü áñéèìü ôïõ Ù

P(A) =
N(A)
N

=
N(A)
N(Ω)

• Áöïý ï äåéãìáôéêüò ÷þñïò Ù åßíáé ðåðåñáóìÝíïò, ï ÷þñïò åíäå÷ïìÝíùí,

ÝóôùA, óõìðßðôåé ìå ôï äõíáìïóýíïëï ôïõ Ù, ôï ïðïßï óõìâïëßæïõìå

ìå D (Ω) êáé áðïôåëåßôáé áðü üëá ôá äõíáôÜ õðïóýíïëá ôïõ Ù

• Ï Laplace êáèüñéóå ôá ðáñáêÜôù áîéþìáôá, ôá ïðïßá âáóßæïíôáé óôçí
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êïéíÞ ëïãéêÞ, ôá áðïôåëÝóìáôá ðåéñáìÜôùí êáé ôç äéáßóèçóç. Ç P(A)
åßíáé ìßá óõíïëïóõíÜñôçóç ðïõ ðëçñåß ôá áêüëïõèá áîéþìáôá:

{ Åßíáé:

P(A) ≥ 0; ãéá êÜèå Á óôï D (Ω)
{ P(Ω) = 1
{ Åßíáé:

P(A ∪ B) = P(A) + P(B)
ãéá êÜèå A, B óôï D (Ω) ðïõ åßíáé îÝíá ìåôáîý ôïõò (Á∩B = ∅)

ÅéóáãùãÞ óôéò Ðéèáíüôçôåò 23



B. ÅìðåéñéêÞ Ðéèáíüôçôá:

Ïé üðïéåò äõóêïëßåò ìå ôïí ðñïçãïýìåíï ïñéóìü áßñïíôáé êáôÜ êÜðïéï

ôñüðï ìå ôï ïñéóìü ôçò ðéèáíüôçôáò ðïõ Ýäùóå ï Von Mises (1928), ï

ïðïßïò äéáôõðþíåôáé ùò åîÞò:

¸íá ðåßñáìá ôý÷çò åðáíáëáìâÜíåôáé í öïñÝò êÜôù áðü ôéò ßäéåò áêñéâþò

óõíèÞêåò êáé Ýóôù üôé óå êÜèå ðåßñáìá ðáñáêïëïõèïýìå áí åìöáíßæåôáé

Ýíá óõãêåêñéìÝíï åíäå÷üìåíï Á. ÕðïèÝôïíôáò üôé ï áñéèìüò åìöáíßóåùí

ôïõ Á åßíáé �í ç ðéèáíüôçôá ôïõ Á ïñßæåôáé áðü ôç ó÷Ýóç

P(A) = lim�→∞
��

�
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äçë. ç ðéèáíüôçôá ôïõ åíäå÷ïìÝíïõ Á åßíáé ç ïñéáêÞ ó÷åôéêÞ óõ÷íüôçôá

åìöÜíéóÞò ôïõ.

Óçìåßùóç: Åßíáé öáíåñü üôé ôá áîéþìáôá ðïõ Ýèåóå ï Laplace

éêáíïðïéïýíôáé.

ÐñïâëÞìáôá: Ðüóåò öïñÝò ìðïñïýìå íá åðáíáëÜâïõìå Ýíá ðåßñáìá ôý÷çò

êÜôù áðü ßäéåò áêñéâþò óõíèÞêåò?
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Ã. ÁîéùìáôéêÞ Èåìåëßùóç ôçò Ðéèáíüôçôáò:

Ôï 1933, ï Ñþóïò ìáèçìáôéêüò Á. Kolmogorov ðáñïõóßáóå ôçí

áîéùìáôéêÞ èåìåëßùóç ôùí ðéèáíïôÞôùí ðïõ áßñåé üëåò ôéò áäõíáìßåò ôùí

ðñïçãïýìåíùí ó÷åôéêþí ïñéóìþí.

¸óôù Ýíá ðåßñáìá ôý÷çò ìå äåéãìáôéêü ÷þñï Ù. Ãéá êÜèå åíäå÷üìåíï Á

(Á ⊆ Ω) õðïèÝôïõìå üôé Ýíáò áñéèìüò P(Á) ïñßæåôáé êáé éêáíïðïéåß ôá

åîÞò ôñßá áîéþìáôá:

• P(A) ≥ 0 ∀Á

• P(Ω) = 1
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• P(∪∞n=1An) =
∑∞

n=1 P(An),
ãéá üëá ôá åíäå÷üìåíá Ái; Aj, ôÝôïéá þóôå Ái ∩ Aj = ∅, i; j =
1; 2; : : :, äçë. îÝíá ìåôáîý ôïõò.
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Ðñüôáóç: Éó÷ýïõí ïé ó÷Ýóåéò

• P(A′) = 1− P(A); ∀A ∈ A

• Ãéá ïðïéáäÞðïôå åíäå÷üìåíá Á, Â éó÷ýåé ç ó÷Ýóç

P(A′B) = P(B)− P(AB)

• Ãéá ïðïéáäÞðïôå åíäå÷üìåíá Á, Â éó÷ýåé ç ó÷Ýóç

P(A ∪ B) = P(A) + P(B)− P(AB)
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• Åßíáé

P(A) ≤ 1; ∀A ∈ A

• ÔÝëïò, ç ðéèáíüôçôá P(.) åßíáé áýîïõóá óõíïëïóõíÜñôçóç, äçë. áí

Á ⊆ Â, ôüôå P(A) ≤ P(B)
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ÐáñÜäåéãìá

¸íá áìåñüëçðôï íüìéóìá ñß÷íåôáé 2 öïñÝò. ¸óôù ôá åîÞò åíäå÷üìåíá:

Á=\ áêñéâþò ìßá öïñÜ åìöáíßæåôáé (Ê)".

Â=\ ôïõëÜ÷éóôïí ìßá öïñÜ åìöáíßæåôáé êåöáëÞ (Ê)".

Ã=\ äåí åìöáíßæåôáé ç Ýíäåéîç ãñÜììáôá (Ã)".

Ä=\ åìöáíßæïíôáé 2 êåöáëÝò Þ ôï ðïëý ìßá öïñÜ åìöáíßæåôáé ç Ýíäåéîç

êåöáëÞ (Ê)".

Å=\ åìöáíßæåôáé ôï Â Þ ôï Ã".

Æ=\ áí óõìâáßíåé ôï Â, ôüôå äåí óõìâáßíåé ôï Ã".
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ÈÝëïõìå íá õðïëïãßóïõìå ôéò ðéèáíüôçôåò ôùí ðáñáðÜíù åíäå÷ïìÝíùí.Êáô'

áñ÷Þí ðñÝðåé íá ðñïóäéïñßóïõìå ôï äåéãìáôéêü ÷þñï ôïõ ðåéñÜìáôïò

ôý÷çò. Åßíáé Ù = {ÊÊ; ÃÃ; ÊÃ; ÃÊ} êáé ôá óôïé÷åßá ôïõ åßíáé

éóïðßèáíá áöïý ôï íüìéóìá åßíáé áìåñüëçðôï.

Ï ÷þñïò åíäå÷ïìÝíùí A ðïõ áðïôåëåßôáé áðü üëá ôá äõíáôÜ õðïóýíïëá

ôïõ Ù åßíáé:

A = {{KK}; {ÃÃ}; {KÃ}; {ÃÊ}; {ÊÊ; ÃÃ};
{ÊÊ; ÊÃ}; {ÊÊ; ÃÊ}; {ÃÃ; ÊÃ}; {ÃÃ; ÃÊ};
{ÊÃ; ÃÊ}; {ÊÊ; ÃÃ; ÊÃ}; {ÊÊ; ÃÃ; ÃÊ};
{ÃÃ; ÊÃ; ÃÊ}; {ÊÊ; ÊÃ; ÃÊ}; {Ù}; {∅}}
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Tá åíäå÷üìåíá ãéá ôá ïðïßá åíäéáöåñüìáóôå áðïôåëïýíôáé áðü ôá åîÞò

óôïé÷åéþäç åíäå÷üìåíá:

Á = {ÊÃ; ÃÊ};
Â = {ÊÃ; ÃÊ; ÊÊ};
Ã = {ÊÊ};
Ä = {ÊÊ; ÊÃ; ÃÊ; ÃÃ};
Å = {Â ∪ Ã} = {ÊÃ; ÃÊ; ÊÊ};
Æ = {ÊÃ; ÃÊ}:
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¢ñá ïé áíôßóôïé÷åò ðéèáíüôçôåò åßíáé

P(A) = P({ÊÃ; ÃÊ} = 2=4;
P(B) = P({ÊÃ; ÃÊ; ÊÊ}) = 3=4;
P(Ã) = P({KK}) = 1=4;
P(Ä) = P({ÊÊ; ÊÃ; ÃÊ; ÃÃ}) = 1:

Áðü ôç ó÷Ýóç (5), äçë. ôï ðñïóèåôéêü èåþñçìá Ý÷ïõìå:

P(E) = P({Â ∪ Ã}) = P(B) + P(Ã)− P(BÃ) = 3=4 + 1=4 −
1=4 = 3=4:

ÔÝëïò, ç ó÷Ýóç (4) ìáò äßíåé:

P(Z) = P(BÃ ′) = P(B)− P(BÃ) = 3=4− 1=4 = 2=4:
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ÂáóéêÝò Áñ÷Ýò Áðáñßèìçóçò

• Áñ÷Þ ôïõ Áèñïßóìáôïò:

¸óôù ôá óôïé÷åßá {á1; : : : ; áí} êáé áò õðïèÝóïõìå üôé ôï ái ìðïñåß

íá åðéëåãåß êáôÜ êi; i = 1; : : : ; í, Ýôóé þóôå êÜèå åðéëïãÞ ôïõ ái

áðïêëåßåé ôçí ôáõôü÷ñïíç åðéëïãÞ ôïõ áj ãéá i 6= j. Ôüôå ìðïñïýìå

íá åðéëÝîïõìå ôï á1 Þ ôï á2 Þ ... Þ ôï áí êáôÜ ê1 + ê2 + ê3 + : : :+ êí

ôñüðïõò.

• Áñ÷Þ ôïõ ÃéíïìÝíïõ:

¸óôù ôá óôïé÷åßá {á1; : : : ; áí} ôá ïðïßá ìðïñïýí íá åðéëåãïýí êáôÜ

êi; i = 1; : : : ; í, Ýôóé þóôå ãéá ôçí êáèåìßá áðü êi åðéëïãÝò ôïõ ái
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õðÜñ÷ïõí êj ôñüðïé åðéëïãÞò ôïõ áj ãéá i 6= j. Ôüôå ìðïñïýìå íá

åðéëÝîïõìå ôï á1 êáé ôï á2 êáé ôï ... êáé ôï áí êáôÜ ê1 × ê2 × ê3 ×
: : :× êí ôñüðïõò.

Ðáñáäåßãìáôá

1. Óå ìßá åñãáóôçñéáêÞ Üóêçóç óõììåôÝ÷ïõí 10 öïéôçôÝò êáé 5 öïéôÞôñéåò.

Ìßá óõãêåêñéìÝíç åñãáóßá ðñüêåéôáé íá åêôåëåóôåß áðü Ýíáí öïéôçôÞ Þ

ìßá öïéôÞôñéá. ÕðÜñ÷ïõí 10+5=15 ôñüðïé ãéá íá åêëÝîïõìå ôï Üôïìï

ðïõ èá äéåêðåñáéþóåé ôçí åñãáóßá. Áí ãéá ôç óõãêåêñéìÝíç åñãáóßá

áðáéôïýíôáé Ýíáò öïéôçôÞò êáé ìßá öïéôÞôñéá, ôüôå õðÜñ÷ïõí 10×5 =
50 äõíáôÜ æåõãÜñéá ãéá ôçí äéåêðåñáßùóç ôçò åñãáóßáò.
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2. Ãéá íá ðÜìå áðü ôçí ÁèÞíá óôçí Åðßäáõñï Ý÷ïõìå 3 äõíáôïýò

ôñüðïõò,åíþ ãéá íá ðÜìå óôïõò Äåëöïýò 2 äõíáôïýò ôñüðïõò. ÕðÜñ÷ïõí

3+2=5 äõíáôïß ôñüðïé ãéá íá ðÜìå óôçí Åðßäáõñï Þ óôïõò Äåëöïýò.

Áí ìåôÜ ôçí Åðßäáõñï Ý÷ïõìå 2 ôñüðïõò ãéá íá ðÜìå óôï Íáýðëéï, ôüôå

Ý÷ïõìå 3× 2 = 6 ôñüðïõò ãéá íá ðÜìå áðü ôçí ÁèÞíá óôï Íáýðëéï.

Áí ìåôÜ ôïõò Äåëöïýò Ý÷ïõìå 2 ôñüðïõò ãéá íá ðÜìå óôï ÷éïíïäñïìéêü

êÝíôñï ôïõ Ðáñíáóóïý, ôüôå õðÜñ÷ïõí 2× 2 = 4 ôñüðïé ãéá íá ðÜìå

áðü ôçí ÁèÞíá óôïí Ðáñíáóóü.
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• ÌåôÜèåóç: ¸óôù üôé Ý÷ïõìå í äéáêåêñéìÝíá óôïé÷åßá ôá ïðïßá èÝëïõìå

íá ôá äéáôÜîïõìå ìå åíáí äéáöïñåôéêü ôñüðï. Ãéá ôï ðñþôï óôïé÷åßï

õðÜñ÷ïõí í äõíáôïß ôñüðïé, ãéá ôï äåýôåñï í-1, ãéá ôï ôñßôï í-2 ê.ë.ð.

ãéá ôï í-ïóôü 1 ôñüðïò. Áðü ôçí ðïëëáðëáóéáóôéêÞ áñ÷Þ Ý÷ïõìå üôé

õðÜñ÷ïõí óõíïëéêÜ

í · (í − 1) · (í − 2) · : : : · 1 = í!

äõíáôïß ôñüðïé.

• ÄéáôÜîåéò: ¸óôù ôþñá üôé èÝëïõìå íá äéáôÜîïõìå ôá ê óôïé÷åßá áðü

ôá í, ìå ê<í. Ôüôå õðÜñ÷ïõí í ôñüðïé ãéá íá ðÜñïõìå ôï ðñþôï, í-1

ãéá ôï äåýôåñï, ê.ë.ð. êáé í-(ê-1) ãéá íá ðÜñïõìå ôï ê-ïóôü. Áðü ôçí
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ðïëëáðëáóéáóôéêÞ áñ÷Þ Ý÷ïõìå óõíïëéêÜ

í · (í − 1) · (í − 2) · : : : · (í − ê + 1) = (í)ê

äõíáôïýò ôñüðïõò. Ïé äéáôÜîåéò áõôÝò êáëïýíôáé äéáôÜîåéò ôùí í

óôïé÷åßùí áíÜ ê êáé óõìâïëßæïíôáé ìå ôï (í)ê. Áí ê=í, ôüôå Ý÷ïõìå

ìåôÜèåóç üëùí ôùí óôïé÷åßùí.

{ Ðáñáäåßãìá: Ç ÄÞìçôñá, öïéôÞôñéá ôïõ Ãåùëïãéêïý ÔìÞìáôïò,

äéáêñßíåôáé ãéá ôçí ôÜîç ôçò. Ç ÄÞìçôñá èÝëåé íá ôïðïèåôÞóåé óå Ýíá

ñÜöé 10 âéâëßá áðü ôá ïðïßá 5 åßíáé ó÷åôéêÜ ìå ãåùëïãßá, 2 ìå ÷çìåßá,

1 ìå çëåêôñïíéêïýò õðïëïãéóôÝò êáé 2 ìå ìáèçìáôéêÜ Ýôóé þóôå ôá

âéâëßá ôçò êÜèå åéäéêüôçôáò íá åßíáé ìáæß. Ðüóïé äéáöïñåôéêïß ôñüðïé
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ôïðïèÝôçóçò õðÜñ÷ïõí;

Ôá 5 âéâëßá ãåùëïãßáò ìðïñïýí íá ôïðïèåôçèïýí êáôÜ 5! ôñüðïõò,

ôá 2 ôçò ÷çìåßáò êáôÜ 2! êáé üìïéá ôá õðüëïéðá. Åöáñìüæïíôáò ôçí

ðïëëáðëáóéáóôéêÞ áñ÷Þ Ý÷ïõìå 5!×2!×1!×2! = 480 ôñüðïõò.

ÁëëÜ äåí åßíáé ìüíï áõôïß! Ìå ðïéÜ óåéñÜ èá ôïðïèåôçèïýí ïé

ïìÜäåò (åéäéêüôçôåò); ÕðÜñ÷ïõí 4! ôñüðïé. ¢ñá õðÜñ÷ïõí óõíïëéêÜ

480 × 24 = 11520 ôñüðïé ãéá íá ôïðïèåôÞóåé ç ÄÞìçôñá ôá

âéâëßá ôçò ìå ôïí ôñüðï ðïõ åðéèõìåß.

• ÄéáôÜîåéò ìå ÅðáíáëÞøåéò: ¸óôù ôá óôïé÷åßá {á1; : : : áí} ôá

ïðïßá èÝëïõìå íá ôá äéáôÜîïõìå áíÜ ê åðéôñÝðïíôáò åðáíÜëçøç ôïõ

ßäéïõ óôïé÷åßïõ. Ðüóïé åßíáé ïé äõíáôïß ôñüðïé; Ãéá íá åðéëÝîïõìå ôï
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ðñþôï Ý÷ïõìå í ôñüðïõò, ãéá ôï äåýôåñï åðßóçò í ôñüðïõò ê.ë.ð. Áðü

ôçí ðïëëáðëáóéáóôéêÞ áñ÷Þ Ý÷ïõìå üôé õðÜñ÷ïõí

í · í · : : : · í = íê

äõíáôïß ôñüðïé.

{ Ðáñáäåßãìá: Óôç ñßøç åíüò æáñéïý 3 öïñÝò Ý÷ïõìå äéáôÜîåéò ìå

åðáíáëÞøåéò ôùí 6 óôïé÷åßùí (1, 2, 3, 4, 5, 6) áíÜ 3. ¢ñá õðÜñ÷ïõí

63 = 216 óôïé÷åéþäç åíäå÷üìåíá. Ìå ôïí ôñüðï áõôü áðïöåýãïõìå

ôç äéáäéêáóßá êáôáãñáöÞò ôïõò ðïõ åßíáé áñêåôÜ åðßðïíç. Áò

õðïëïãßóïõìå ôçí ðéèáíüôçôá ôïõ åíäå÷ïìÝíïõ Á=\êáé óôéò 3 ñßøåéò

åìöáíßæïíôáé äéáöïñåôéêÝò åíäåßîåéò". Ôï åíäå÷üìåíï Á áðïôåëåßôáé
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áðü ôüóá óôïé÷åßá üóåò åßíáé ïé äéáôÜîåéò ôùí 6 óôïé÷åßùí áíÜ 3 ÷ùñßò

åðáíÜëçøç, äçë. (6)3 = 6 · 5 · 4 = 120. ¢ñá P(A) = 120
216, ìå

ôçí ðñïûðüèåóç üôé ôï æÜñé åßíáé áìåñüëçðôï.

• Óõíäõáóìïß: ¸óôù üôé Ý÷ïõìå ôá óôïé÷åßá á1; : : : ; áí êáé èÝëïõìå íá

åðéëÝîïõìå ê ÷ùñßò íá ìáò åíäéáöÝñåé ç óåéñÜ ôïõò áëëÜ ðïéÜ åßíáé ôá

óôïé÷åßá ðïõ åðéëÝãïõìå. Óõìâïëßæïõìå ôïõò óõíäõáóìïýò áõôïýò ìå(
í

ê

)
, ðïõ êáëåßôáé äéùíõìéêüò óõíôåëåóôÞò êáé Ý÷ïõìå ôç ó÷Ýóç

(
í

ê

)
=

(í)ê
ê!

=
í!

ê!(í − ê)!
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ìå 0! = 1 åî ïñéóìïý.

{ Ðáñáäåßãìá: Áðü 10 öïéôçôÝò êáé 7 öïéôÞôñéåò ðüóåò åðéôñïðÝò

áðïôåëïýìåíåò áðü 2 öïéôçôÝò êáé 3 öïéôÞôñéåò ìðïñïýìå íá

äçìéïõñãÞóïõìå;

Áðü ôïõò 10 öïéôçôÝò ìðïñïýìå íá åðéëÝîïõìå ôïõò 2 êáôÜ

(
10
2

)
äõíáôïýò ôñüðïõò ïé ïðïßïé èá óõíäõáóôïýí óýìöùíá ìå ôçí

ðïëëáðëáóéáóôéêÞ áñ÷Þ ìå ôïõò

(
7
3

)
äõíáôïýò ôñüðïõò åðéëïãÞò
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ôùí 3 öïéôçôñéþí áðü ôéò 7. ¢ñá Ý÷ïõìå óõíïëéêÜ(
10
2

)
·
(

7
3

)
=

10!
2!8!
· 7!
3!4!

= 1575
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ÄåóìåõìÝíç Ðéèáíüôçôá

¸óôù åíá êïõôß ðåñéÝ÷åé 6000 chips áðü ôá ïðïßá 2000 êáôáóêåõÜæïíôáé

áðü ôçí åôáéñåßá × êáé ôá õðüëïéðá áðü ôçí åôáéñåßá Õ. Åßíáé ãíùóôü üôé

ôá ðïóïóôÜ ôùí åëáôôùìáôéêþí chips ôùí åôáéñåéþí × êáé Õ åßíáé 10%
êáé 5% áíôßóôïé÷á. ÅêëÝãåôáé óôçí ôý÷ç Ýíá chip êáé äéáðéóôþíåôáé üôé

åßíáé åëáôôùìáôéêü. Íá õðïëïãéóèåß ç ðéèáíüôçôá íá ðñïÝñ÷åôáé áðü ôá

chips ðïõ ðáñÜãïíôáé áðü ôçí åôáéñåßá ×.

Áò ïñßóïõìå ôá åíäå÷üìåíá:

Á=\ôï chip êáôáóêåõÜæåôáé áðü ôçí ×",

Â=\ôï chip êáôáóêåõÜæåôáé áðü ôçí Õ" êáé

Ã=\ôï chip åßíáé åëáôôùìáôéêü".
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Åýêïëá õðïëïãßæïíôáé ïé ðéèáíüôçôåò

P(A) = 2000=6000 = 1=3,
P(Â) = 4000=6000 = 2=3 êáé

P(Ã) = 400=6000 = 4=60.

Ôþñá áò åîåôÜóïõìå ôï åíäå÷üìåíï ÁÃ=\ôï chip åßíáé åëáôôùìáôéêü

êáé ðñïÝñ÷åôáé áðü ôçí ðáñáãùãÞ ôçò ×". Ç ðéèáíüôçôá áõôïý ôïõ

åíäå÷ïìÝíïõ åßíáé

P(ÁÃ) = 200=6000 = 2=60

.
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¸óôù üôé åðéëÝãïõìå Ýíá chip êáé åßíáé åëáôôùìáôéêü. ÈÝëïõìå íá

åîåôÜóïõìå ôçí ðéèáíüôçôá ôï chip íá Ý÷åé êáôáóêåõáóôåß áðü ôçí

×. ¸÷ïõìå, üôé ç ðéèáíüôçôá ôïõ åíäå÷ïìÝíïõ Á|Ã ãéá ôï ïðïßï

åíäéáöåñüìáóôå åßíáé 200/400 áöïý óôá 400 åëáôôùìáôéêÜ ôá 200

ðñïÝñ÷ïíôáé áðü ôçí åôáéñåßá ×. Ðáñáôçñïýìå üôé

P(A|Ã) = 200=400 =
200=6000
400=6000

=
P(AÃ)
P(Ã)

:
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[Oñéóìüò]: H äåóìåõìÝíç ðéèáíüôçôá åíüò åíäå÷ïìÝíïõ Á äåäïìÝíïõ

åíüò åíäå÷ïìÝíïõ Â óõìâïëßæåôáé ìå P(A|B) êáé äßíåôáé áðü ôç ó÷Ýóç

P(A|B) =
P(AB)
P(B)

; P(B) > 0:

[O]: Áðü ôïí ðñïçãïýìåíï ïñéóìü ðñïêýðôåé ç áêüëïõèç ó÷Ýóç ðïõ

êáëåßôáé ðïëëáðëáóéáóôéêüò ôýðïò

P(AB) =


P(B)P(A|B) áí P(B) > 0
P(A)P(B|A) áí P(A) > 0
0 äéáöïñåôéêÜ .
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ÐáñáôçñÞóåéò:

• Ç äåóìåõìÝíç ðéèáíüôçôá ðëçñåß ôá áîéþìáôá ôïõ Kolmogorov, äçë.

1. P(A|B) ≥ 0; ∀A; B ∈ A
2. P(Ù|B) = 1; ∀B ∈ A
3. P(∪∞n=1An|Ã) =

∑∞
n=1 P(An|Ã); ∀Ai; Aj : AiAj = ∅; i 6= j

• Áðü ôá ðáñáðÜíù áîéþìáôá ðñïêýðôïõí ïé ó÷Ýóåéò

1. P(A′|B) = 1− P(A|B)
2. P(A ∪ B|Ã) = P(A|Ã) + P(B|Ã)− P(AB|Ã)
3. P(A′B|Ã) = P(B|Ã)− P(AB|Ã)
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• Áêüìá, éó÷ýåé ç áêüëïõèç åíäéáöÝñïõóá ó÷Ýóç

P(Á|Â)
P(Â|Á)

=
P(AB)=P(B)
P(AB)=P(A)

=
P(A)
P(B)

ÐáñÜäåéãìá

¸íá áìåñüëçðôï íüìéóìá ñß÷íåôáé 2 öïñÝò. ¸óôù ôá åíäå÷üìåíá

Á: ç Ýíäåéîç êåöáëÞ åìöáíßæåôáé ôïõëÜ÷éóôïí ìßá öïñÜ,

Â: óôçí ðñþôç ñßøç åìöáíßæïíôáé ãñÜììáôá

Ä: óå êÜèå ñßøç åìöáíßæåôáé äéáöïñåôéêÞ Ýíäåéîç.

Íá õðïëïãéóèïýí ïé ðéèáíüôçôåò:
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P(A|B); P(B|A); P(Ä|A); P(Ä|B):

Ï äåéãìáôéêüò ÷þñïò ôïõ ðåéñÜìáôïò ôý÷çò åßíáé

Ù = {ÊÊ; ÃÃ; ÊÃ; ÃÊ}

êáé ôá åíäå÷üìåíá ðïõ åìöáíßæïíôáé åßíáé:

Á = {ÊÊ; ÊÃ; ÃÊ};
Â = {ÃÃ; ÃÊ};
Ä = {ÊÃ; ÃÊ};
ÁÂ = {ÃÊ};
ÁÄ = {ÊÃ; ÃÊ};
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ÂÄ = {ÃÊ}:

Áðü ôïí ïñéóìü ôçò äåóìåõìÝíçò ðéèáíüôçôáò Ý÷ïõìå

P(A|B) =
P(AB)
P(B)

=
1=4
1=2

= 1=2 < P(A) = 3=4

P(B|A) =
P(AB)
P(A)

=
1=4
3=4

= 1=3 < P(B) = 1=2

P(Ä|A) =
P(ÄA)
P(A)

=
2=4
3=4

= 2=3 > P(Ä) = 1=2

P(Ä|B) =
P(ÄB)
P(B)

=
1=4
2=4

= 1=2 = P(Ä) = 1=2:
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ÁíåîÜñôçôá Åíäå÷üìåíá

[Oñéóìüò]: Ôá åíäå÷üìåíá Á, Â êáëïýíôáé áíåîÜñôçôá áí

P(A ∩ B) = P(A) P(B):

[O]: Ôá åíäå÷üìåíá {Á1; : : : ; A�} êáëïýíôáé ðëÞñùò áíåîÜñôçôá áí êáé

ìüíï áí

P(Ai1Ai2; : : : ; Air) = P(Ai1)P(Ai2); : : : ; P(Air);

∀{i1; : : : ; ir} ∈ {1; 2; : : : ; �}; r = 2; 3; : : : ; �; äçë. ãéá üëïõò ôïõò

äõíáôïýò óõíäõáóìïýò ôùí í äåéêôþí áíÜ r.
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ÐáñáôÞñçóç: Áí ôá Á, Â åßíáé áíåîÜñôçôá, ôüôå

P(A|B) =
P(AB)
P(B)

=
P(A)P(B)

P(B)
= P(A)

êÜôé áíáìåíüìåíï, áöïý ç ðñáãìáôïðïßçóç ôïõ åíäå÷ïìÝíïõ Â äåí

åðçñåÜæåé ôï Á.

ÐáñÜäåéãìá (óõíÝ÷åéá) Óôï ðñïçãïýìåíï ðáñÜäåéãìá åßäáìå üôé

P(Ä|B) =
P(ÄB)
P(B)

=
1=4
2=4

= 1=2 = P(Ä) = 1=2;

ðïõ óçìáßíåé üôé ôá åíäå÷üìåíá Ä, Â åßíáé áíåîÜñôçôá. Ðñïöáíþò ôá
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åíäå÷üìåíá Á, Â, Ä äåí åßíáé ðëÞñùò áíåîÜñôçôá.

[O]: Ìéá áêïëïõèßá ðåéñáìÜôùí ôý÷çò, Ýóôù {�1; : : : ; �n}, êáëåßôáé

áíåîÜñôçôç áêïëïõèßá ðåéñáìÜôùí Þ äïêéìþí áí ãéá ïðïéáäÞðïôå åíäå÷üìåíá

{A1; : : : ; An} ôÝôïéá þóôå ôï Ai; i = 1; : : : ; n íá óõíäÝåôáé ìå ôï

ðåßñáìá �i; i = 1; : : : ; n éó÷ýåé ç ó÷Ýóç

P(A1 ∩ A2 : : : ; : : : ;∩An) = P(A1)P(A2) : : : P(An):

ÐáñÜäåéãìá: ¸óôù ôï ôõ÷áßï ðåßñáìá ôçò ñßøçò 2 æáñéþí êáé ôá åîÞò

åíäå÷üìåíá:

Á=\Ç ðñþôç Ýíäåéîç åßíáé 1 Þ 2 Þ 3"
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Â=\Ç ðñþôç Ýíäåéîç åßíáé 3 Þ 4 Þ 5"

Ã=\Ôï Üèñïéóìá ôùí äýï åíäåßîåùí åßíáé 9"

Åßíáé ôá Á, Â, Ã áíåîÜñôçôá;

Ï äåéãìáôéêüò ÷þñïò åßíáé:

Ù = {(1; 1); (1; 2); : : : ; (6; 6)}

êáé ãéá ôá åíäå÷üìåíá Á, Â, Ã, ÁÂ, ÁÃ, ÂÃ, ÁÂÃ Ý÷ïõìå

Á = {(1; 1); : : : ; (3; 6)}
B = {(3; 1); : : : ; (5; 6)}
Ã = {(3; 6); (4; 5); (5; 4); (6; 3)}
AB = {(3; 1); : : : ; (3; 6)}
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AÃ = {(3; 6)}
ÂÃ = {(3; 6); (4; 5); (5; 4)}
ABÃ = {(3; 6)}:

¢ñá ïé ðéèáíüôçôåò åßíáé

P(A) = 18=36;
P(B) = 18=36;
P(Ã) = 4=36;
P(AB) = 6=36;
P(AÃ) = 1=36;
P(BÃ) = 3=36;
P(ABÃ) = 1=36:
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Ðáñáôçñïýìå üôé:

P(AB) = 1=6 6= P(A)P(B) = 1=4;
P(AÃ) = 1=36 6= P(A)P(Ã) = 1=18;
êáé

P(BÃ) = 1=12 6= P(B)P(Ã) = 1=18;
áëëÜ:

P(ABÃ) = 1=36 = P(A)P(B)P(Ã):
¢ñá ôá åíäå÷üìåíá Á, Â, Ã äåí åßíáé ðëÞñùò áíåîÜñôçôá.
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Èåþñçìá ÏëéêÞò Ðéèáíüôçôáò: ¸óôù ìßá äéáìÝñéóç {Á1; : : : ; A�} ôïõ
äåéãìáôéêïý ÷þñïõ Ù êáé Ýíá åíäå÷üìåíï Â ∈ A. Éó÷ýåé ç ó÷Ýóç

P(B) = P(A1)× P(B|A1) + P(A2)× P(B|A2)

+ : : : + P(A�)× P(B|A�):

Èåþñçìá Bayes: ¸óôù üôé éó÷ýïõí üëåò ïé õðïèÝóåéò ôïõ èåùñÞìáôïò

ïëéêÞò ðéèáíüôçôáò. Ôüôå

P(Ai|B) =
P(Ai)P(B|Ai)∑�
i=1 P(Ai)P(B|Ai)

i = 1; : : : ; �:
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ÐáñáôÞñçóç: H ðéèáíüôçôá P(Ai|B) êáëåßôáé åê ôùí õóôÝñùí

ðéèáíüôçôá (a posteriori) óå áíôßèåóç ìå ôçí P(B|Ai) ðïõ êáëåßôáé åê

ôùí ðñïôÝñùí ðéèáíüôçôá (a priori).

ÐáñÜäåéãìá: ¸óôù üôé Ýíá ôåóô áßìáôïò ðïõ ãßíåôáé ãéá ôçí áíß÷íåõóç

ìéáò óðÜíéáò áóèÝíåéáò åßíáé áðïôåëåóìáôéêü ìå ðéèáíüôçôá 0,99 ãéá üóïõò

ðÜó÷ïõí. Ôï ðïóïóôü ôùí ðáó÷üíôùí Ý÷åé åêôéìçèåß óå 1 Üôïìï óôá 1000.

¸íá Üôïìï åêëÝãåôáé óôçí ôý÷ç êáé õðïâÜëëåôáé óôï ôåóô. Ðïéá åßíáé ç

ðéèáíüôçôá ôï ôåóô íá åßíáé èåôéêü;
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Ôõ÷áßåò ÌåôáâëçôÝò

ÅéóáãùãéêÝò ¸ííïéåò

• ÌÝ÷ñé ôþñá Ý÷ïõìå ìåëåôÞóåé ôá ðåéñÜìáôá ôý÷çò ÷ñçóéìïðïéþíôáò ôïí

äåéãìáôéêü ÷þñï êáé ôïí ÷þñï åíäå÷ïìÝíùí

• ÐïëëÝò öïñÝò ïé äåéãìáôéêïß ÷þñïé äåí ðåñéãñÜöïíôáé ìå áñéèìïýò ðïõ

ìáò åßíáé ðåñéóóüôåñï åý÷ñçóôïé áðü ìáèçìáôéêïß Üðïøç

• Ãéá ôï ëüãï áõôü ìðïñïýìå íá ïñßóïõìå ðñáãìáôéêÝò óõíáñôÞóåéò ìå

ðåäßï ïñéóìïý ôïí äåéãìáôéêü ÷þñï

• ÁõôÝò ïé ïé óõíáñôÞóåéò åßíáé ãíùóôÝò ùò ôõ÷áßåò ìåôáâëçôÝò
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Ðáñáäåßãìáôá

1. Áò èåùñÞóïõìå ôï ôõ÷áßï ðåßñáìá ôçò ñßøçò åíüò íïìßóìáôïò ôñåéò

öïñÝò. ¸óôù ç ô.ì. Õ ï áñéèìüò ôùí \Ê" ðïõ åìöáíßæïíôáé.

2. Áò èåùñÞóïõìå ôï ôõ÷áßï ðåßñáìá ìéáò áêïëïõèßáò ñßøåùí åíüò

íïìßóìáôïò Ýùò üôïõ åìöáíéóèåß \Ê" Þ íá óõìðëçñùèïýí í ñßøåéò.

¸óôù ç ô.ì. × ï áñéèìüò ôùí áðáéôïõìÝíùí ñßøåùí.

3. ¸óôù ôï ôõ÷áßï ðåßñáìá ôçò ñßøçò 2 áìåñüëçðôùí äéáêåêñéìÝíùí

æáñéþí. Ïñßæïõìå ôç ô.ì. × ùò ôï Üèñïéóìá ôùí åíäåßîåùí.
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[Oñéóìüò]: Ìßá óõíÜñôçóç ìå ðåäßï ïñéóìïý ôï äåéãìáôéêü ÷þñï åíüò

ðåéñÜìáôïò ôý÷çò êáé ðåäßï ôéìþí Ýíá õðïóýíïëï ôùí ðñáãìáôéêþí

áñéèìþí, äçë.



X→ R

êáëåßôáé Ôõ÷áßá ÌåôáâëçôÞ (ô.ì.)

ÐáñáôçñÞóåéò:

• Ïé ôõ÷áßåò ìåôáâëçôÝò óõìâïëßæïíôáé ìå êåöáëáßá ãñÜììáôá, åíþ

ïé óõãêåêñéìÝíåò ôéìÝò ôïõò ìå ìéêñÜ, äçë. ×; Y; Z; : : : êáé

× = x; Y = y; Z = z; : : :

• ÓõíÞèùò ãñÜöïõìå R× ãéá ôï ðåäßï ôéìþí ôçò ×, ðïõ ìðïñåß íá åßíáé
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Ýíá õðïóýíïëï ôùí ðñáãìáôéêþí áñéèìþí Þ üëïé ïé ðñáãìáôéêïß áñéèìïß

• Áðü ôïí ïñéóìü åßíáé öáíåñü üôé óå êÜèå óôïé÷åéþäåò åíäå÷üìåíï {ù}
ôïõ äåéãìáôéêïý ÷þñïõ Ù ç ôõ÷áßá ìåôáâëçôÞ áíôéóôïé÷åß Ýíáí áñéèìü

• Ðáñáôçñïýìå üôé äéáìåñßæåé ôïí äåéãìáôéêü ÷þñï Ù óå îÝíá ìåôáîý ôïõò

õðïóõíüëá, ôá ïðïßá áðïôåëïýí üëïí ôï äåéãìáôéêü ÷þñï Ù

• ¸ôóé ãéá ìßá ôõ÷áßá ìåôáâëçôÞ êáé óõãêåêñéìÝíï {÷}, ïñßæïõìå ôï

åíäå÷üìåíï Á÷, äçë.ôçí áíôßóôñïöç åéêüíá ôïõ {÷}, ùò ôï õðïóýíïëï

ôïõ Ù ãéá ôá óôïé÷åßá ôïõ ïðïßïõ ç ôõ÷áßá ìåôáâëçôÞ × ìáò äßíåé ôçí
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ôéìÞ {÷}. Åßíáé

Á÷ = {ù ∈ Ù : X(!) = �}

• Åßíáé öáíåñü üôé

Á÷ ∩ Ay = ∅ áí÷ 6= y êáé ∪÷∈R A÷ = Ù

• Ôï íÝï ÷þñï åíäå÷ïìÝíùí ôïí óõìâïëßæïõìå ìå B
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[Oñéóìüò]: ¸óôù ç ôõ÷áßá ìåôáâëçôÞ ×, ôï ðåäßï ôéìþí ôçò RX

êáé ôï óýíïëï åíäå÷ïìÝíùí ôçò B. Ç ðéèáíüôçôá PX(·) åßíáé ìßá

óõíïëïóõíÜñôçóç ðïõ ïñßæåôáé áðü ôç ó÷Ýóç

PX(B) = P[X−1(B)]; ∀B ∈ B:

H ðéèáíüôçôá áõôÞ êáëåßôáé êáôáíïìÞ ðéèáíüôçôáò ôçò ôõ÷áßáò

ìåôáâëçôÞò ×.

ÐáñáôçñÞóåéò:

1. Ç óõíïëïóõíÜñôçóç PX(·) üðùò ïñßóôçêå ðáñáðÜíù ðëçñåß ôá

áîéþìáôá ôïõ Kolmogorov
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2. Ç ôñéÜäá (RX;B;PX(·)) êáëåßôáé ÷þñïò ðéèáíüôçôáò ôçò ôõ÷áßáò

ìåôáâëçôÞò ×

ÓõíÝ÷åéá ôïõ ðáñáäåßãìáôïò 1: ¸÷ïõìå üôé

RX = {0; 1; 2; 3}

êáé

B = {{0}; : : : ; {3}; {0; 1}; : : : ; {2; 3}; {0; 1; 2};
: : : ; {1; 2; 3}; {0; 1; 2; 3}; {∅}};
äçë. ôï óýíïëï åíäå÷ïìÝíùí B áðïôåëåßôáé áðü 24 = 16 åíäå÷üìåíá,

üóá åßíáé ôá äõíáôÜ õðïóýíïëá ðïõ ìðïñïýìå íá êáôáóêåõÜóïõìå áðü ôï
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óýíïëï RX . Áò õðïëïãßóïõìå ìåñéêÝò ðéèáíüôçôåò ìå âÜóç ôï óýíïëï
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åíäå÷ïìÝíùí B

P({0; 1}) = P({ÃÃÃ; KÃÃ; ÃKÃ; ÃÃÃK})
= 1=2

P({0; 1; 2}) = P({ÃÃÃ; ÃÃÊ; ÃÊÃ; ÊÃÃ;
ÊÊÃ; ÊÃÊ; ÃÊÊ})

= 7=8

P({0; 2; 3}) = P({ÃÃÃ:ÊÊÃ; ÊÃÊ; ÃÊÊ; ÊÊÊ})
= 5=8
...
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[O]:¸óôù ï ÷þñïò ðéèáíüôçôáò ôçò ôõ÷áßáò ìåôáâëçôÞò × (RX ;B; PX(·)).
Ç óõíÜñôçóç

F(x) = P(X ≤ x);∀x ∈ R

êáëåßôáé áèñïéóôéêÞ óõíÜñôçóç êáôáíïìÞò ôçò ôõ÷áßáò ìåôáâëçôÞò

× (cumulative distribution function).

[Θ]: ¸óôù ï ÷þñïò ðéèáíüôçôáò (RX ;B; PX(·)) ôçò ôõ÷áßáò

ìåôáâëçôÞò × êáé ç áèñïéóôéêÞ óõíÜñôçóÞ ôçò F(x). Éó÷ýåé ç ó÷Ýóç

P(� < X ≤ �) = F(�)− F(�)

ãéá êÜèå á,â ∈ R ìå á ≤ â:
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Éäéüôçôåò ôçò ÁèñïéóôéêÞò ÓõíÜñôçóçò ÊáôáíïìÞò

1. 0 ≤ F(x) ≤ 1 ãéá −∞ < x < +∞

2. Åßíáé áýîïõóá óõíÜñôçóç, äçë.

F(x1) ≤ F(x2) ∀x1; x2 ìå x1 ≤ x2

3. Éó÷ýïõí ïé ó÷Ýóåéò:

F(−∞) ≡ limx→−∞F(x) = 0;

êáé

F(+∞) ≡ limx→+∞F(x) = 1
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ÐáñÜäåéãìá: ¸óôù ôï ôõ÷áßï ðåßñáìá ôçò ñßøçò åíüò áìåñüëçðôïõ æáñéïý

êáé × ç Ýíäåéîç ôçò ñßøçò. Ôüôå RX = {1; : : : ; 6}. Ç áèñïéóôéêÞ

óõíÜñôçóç êáôáíïìÞò åßíáé: F(x) = 0;∀x ≤ 0; F(1) = 1=6;
F(x) = 1=6;∀x < 2; F(2) = 2=6;
F(x) = 2=6;∀x < 3; F(3) = 3=6;
F(x) = 3=6;∀x < 4; F(4) = 4=6;
F(x) = 4=6;∀x < 5; F(5) = 5=6;
F(x) = 5=6;∀x < 6; F(6) = 6=6 = 1;
F(x) = 1;∀x ≥ 6:

Ç ãñáöéêÞ ðáñÜóôáóç ôçò F(x) åßíáé Ýíá êëéìáêùôü ãñÜöçìá ìå óçìåßá

áóõíÝ÷åéáò óôá óçìåßá
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{1; 2; 3; 4; 5; 6}.
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ÄéáêñéôÝò Ôõ÷áßåò ÌåôáâëçôÝò

[O]: Ìßá ôõ÷áßá ìåôáâëçôÞ, Ýóôù ×, åßíáé äéáêñéôÞ áí ôï ðåäßï ôéìþí ôçò

áðïôåëåßôáé áðü ðåðåñáóìÝíï Þ ôï ðïëý áñéèìÞóéìï ðëÞèïò óôïé÷åßùí. Ãéá

ìéá äéáêñéôÞ ôõ÷áßá ìåôáâëçôÞ ìå RX = {x1; x2; : : : ; } ç óõíÜñôçóç

f(x�) = P(X = x�); x� ∈ RX

êáëåßôáé óõíÜñôçóç ðéèáíüôçôáò(distibution function) ôçò ôõ÷áßáò

ìåôáâëçôÞò ×.

H óõíÜñôçóç ðéèáíüôçôáò f(xê) éêáíïðïéåß ôéò åîÞò ó÷Ýóåéò:

• f(x�) ≥ 0; � = 1; 2; : : :
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• f(x�) = 0; ∀x� ∈ RX

•
∑∞

�=1 f(x�) = 1

ÐáñÜäåéãìá: ¸óôù ç ôõ÷áßá ìåôáâëçôÞ × ìå RX = {1; : : : ; �}.
ÕðïèÝôïõìå üôé

f(x) = cx; x = 1; : : : ; �; üðïõ c óôáèåñÜ

ÐïéÜ åßíáé óôáèåñÜ c; ÐïéÜ åßíáé ç ðéèáíüôçôá

P(X ≤ �); � < �;
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Áðü ôç ó÷Ýóç (3) Ý÷ïõìå
�∑

x=1

cx = 1;

ç ïðïßá ìáò äßíåé

�∑
x=1

cx = c

�∑
x=1

x = c
�(� + 1)

2
= 1

Þ

c =
2

�(� + 1)
:
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ÅðïìÝíùò ç óõíÜñôçóç ðéèáíüôçôáò Ý÷åé ôç ìïñöÞ

f(x) =
2

�(� + 1)
x; x = 1; : : : ; �:

êáé

P(X ≤ �) =
�∑

x=1

x
2

�(� + 1)
=

2
�(� + 1)

�(� + 1)
2

:

Aðü ôá ðáñáðÜíù Ý÷ïõìå üôé ç ðëÞñçò ìïñöÞ ôçò áèñïéóôéêÞò óõíÜñôçóçò
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êáôáíïìÞò åßíáé

F(x) = 0; ∀ x ≤ 0

F(x) = P(X ≤ x) =
2

�(� + 1)
×

[x]([x] + 1)

2
; x < �

F(x) = P(X ≤ x) = 1; ∀ x ≥ �:

üðïõ [x] åßíáé ôï áêÝñáéï ìÝñïò ôïõ x.
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Óõíå÷åßò Ôõ÷áßåò ÌåôáâëçôÝò

[O]: Ìßá ôõ÷áßá ìåôáâëçôÞ × êáëåßôáé óõíå÷Þò áí ç áèñïéóôéêÞ

óõíÜñôçóç êáôáíïìÞò F(x) = P(X ≤ x) åßíáé óõíå÷Þò óõíÜñôçóç

ôïõ x ãéá üëá −∞ < x <∞.

[O]: ¸óôù ìßá óõíå÷Þò ôõ÷áßá ìåôáâëçôÞ. Ç f(x) = dF (x)
dx

êáëåßôáé

óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò (probability density function) ôçò

ôõ÷áßáò ìåôáâëçôÞò ×.

Áðü ôïõò ðáñáðÜíù ïñéóìïýò Ý÷ïõìå ôéò áêüëïõèåò ó÷Ýóåéò:

• F(x) = P(X ≤ x) =
∫ x

−∞ f(t)dt; −∞ < x <∞
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•

P(� < X ≤ �) = P(X ≤ �)− P(X ≤ �)

=
∫ �

∞
f(x)dx−

∫ �

∞
f(x)dx

=
∫ �

�

f(x)dx

• Ç ó.ð.ð. Ý÷åé ôéò åîÞò éäéüôçôåò:

{ f(x) ≥ 0;
∫∞
−∞ f(x)dx = 1

{ P(X = x) = P(x ≤ X ≤ x) =
∫ x

x
f(t)dt = 0
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{ Áõôü Ý÷åé ùò óõíÝðåéá ôç ó÷Ýóç

P(� ≤ X ≤ �) = P(� < X ≤ �) = P(� ≤ X < �)

= P� < X < �)

=
∫ �

�

f(x)dx

= F(�)− F(�): (1)

ÅéóáãùãÞ óôéò Ðéèáíüôçôåò 80



ÅéäéêÝò ÊáôáíïìÝò
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Bernoulli

¸óôù ôõ÷áßï ðåßñáìá ìå Ä.×. Ù, üðïõ åíäå÷üìåíï Á ìå: Á+Á'=Ù

(äéáìÝñéóç ôïõ Ù), üðïõ ôï Ýíá ðáñéóôÜíåé ôçí 'åðéôõ÷ßá' (å) êáé ôï Üëëï

ôçí 'áðïôõ÷ßá' (á). Èá êáëåßôáé äïêéìç Bernoulli, ìå:

P({å}) = p

êáé

P({á}) = q = 1− p = 1− P({å}):

[Ï] ¸óôù × ï áñéèìüò ôùí åðéôõ÷éþí óå ìéá äïêéìç Bernoulli. Ç êáôáíïìÞ

ôçò äßôéìçò ô.ì. × êáëåßôáé êáôáíïìÞ Bernoulli ìå ðáñÜìåôñï p. Ç
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óõíÜñôçóç ðéèáíüôçôáò åßíáé:

f(x) = P(X = x) = px(1− p)1−x; x = 0; 1

êáé ç óõíÜñôçóç êáôáíïìÞò

F(X) =


0; −∞ < x < 0;
q = 1− p; 0 ≤ x < 1;
1; 1 ≤ x <∞.
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Ç ìÝóç ôéìÞ åßíáé:

ì = Å(×) =
1∑

x=0

xpx(1− p)1−x = p;
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êáé ç äéáóðïñÜ:

ó2 = V (X) = E[(X − ì)2] =

=
1∑

x=0

(x− p)2px(1− p)1−x

= p2(1− p) + (1− p)2p

= p(1− p):
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Bionomial {Bin(,p)}

[O] X: ï áñéèìüò ôùí åðéôõ÷éþí óå ìéá áêïëïõèßá í áíåîÜñôçôùí äïêéìþí

Bernoulli ìå ðéèáíüôçôá åðéôõ÷ßáò p,

Pi({å}) = p

Pi({á}) = q = 1− p; i = 1; 2; ::::; í:

óôáèåñÞ óå üëåò ôéò äïêéìÝò. Ç êáôáíïìÞ ôçò × êáëåßôáé äéùíõìéêÞ ìå

ðáñáìÝôñïõò í êáé p.
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Ç óõíÜñôçóç ðéèáíüôçôáò åßíáé

P(X = x) =
(
í

x

)
px(1− p)í−x; x = 0; 1; 2; :::; í;

üðïõ (áðü ôï äéþíõìï ôïõ Íåýôùíá)

í∑
x=0

f(x) =
í∑

x=0

(
í

x

)
pxqí−x = (p + q)í = 1:
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Ç óõíÜñôçóç êáôáíïìÞò åßíáé

F(X) =


0; −∞ < x < 0;
[x]∑
ê=0

(
í
ê

)
pê(1− p)í−ê; 0 ≤ x < í;

1; í ≤ x <∞.
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[È] Ç ìÝóç ôéìÞ åßíáé

ì = Å(×) =
í∑

x=0

xf(x)

=
í∑

x=0

x

(
í

x

)
pxqí−x

= í

í∑
x=1

x

(
í − 1
x− 1

)
pxqí−x

= íp

í−1∑
y=0

x

(
í − 1
y

)
pyqí−1−y

= íp:
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êáé ç äéáóðïñÜ åßíáé:

V (X) = E[(X)2] + E(X)− (E(X))2;
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üðïõ:

Å[(×)2] =
í∑

x=0

(x)2f(x)

=
í∑

x=0

x(x− 1)
(
í

x

)
pxqí−x

= í(í − 1)
í∑

x=2

x

(
í − 2
x− 2

)
pxqí−x

= í(í − 1)p2
í−2∑
y=0

x

(
í − 2
y

)
pyqí−2−y

= í(í − 1)p2:
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Óõíåðùò:

ó2 = Å[(×)2] + Å(×)− (Å(×))2

= í(í − 1)p2 + íp− (íp)2

= íp(1− p):
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Geometric {G(p)}

[O] X: ï áñéèìüò ôùí äïêéìþí ìÝ÷ñé ôçí ðñþôç åðéôõ÷ßá, óå ìéá áêïëïõèßá

í áíåîÜñôçôùí äïêéìþí Bernoulli ìå ðéèáíüôçôá åðéôõ÷ßáò p,

Pi({å}) = p

Pi({á}) = q = 1− p; i = 1; 2; ::::; í:

óôáèåñÞ óå üëåò ôéò äïêéìÝò. Ç êáôáíïìÞ ôçò × êáëåßôáé ãåùìåôñéêÞ ìå

ðáñáìÝôñï p.
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Ç óõíÜñôçóç ðéèáíüôçôáò åßíáé

P(X = x) = p(1− p)x−1; x = 1; 2; :::;

üðïõ

∞∑
x=1

p(1− p)x−1 = p

∞∑
x=1

(1− p)x−1

= p
1

1− (1− p)
= 1
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Ç óõíÜñôçóç êáôáíïìÞò åßíáé

F(X) =
{

0; −∞ < x < 1;
1− q[x]; 1 ≤ x <∞.

Áõôü âãáßíåé áðü

F(x) = P(X ≤ x) = P(X ≤ [x]) = 1− P(X > [x]);

üðïõ

P(X > [x]) =
∞∑

k=[x]+1

pqk−1 = pq[x]
∞∑

k=[x]+1

qk−([x]+1)
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= pq[x]
∞∑
i=0

qi = pq[x] 1
1− q

= q[x]:

ÅéóáãùãÞ óôéò Ðéèáíüôçôåò 96



[È] Ãéá ôç ìÝóç ôéìÞ Ý÷ïõìå

ì = Å(×) =
∞∑
x=1

xf(x)

=
∞∑
x=1

xpqx−1

= p

∞∑
x=1

xqx−1
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åíþ ãéá ôç äéáóðïñÜ V (X) = E[(X)2] + E(X)− (E(X))2, Ý÷ïõìå:

Å[(×)2] =
∞∑
x=2

(x)2f(x)

=
∞∑
x=2

x(x− 1)pqx−1

= pq

∞∑
x=2

x(x− 1)qx−2:
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Ìå ðáñáãùãÞóåéò ôçò
∞∑
x=0

qx = (1− q)−1 ðáßñíïõìå

∞∑
x=0

xqx−1 = (1− q)−2;

∞∑
x=0

x(x− 1)qx−2

= 2(1− q)−3

Oðüôå, ç ìÝóç ôéìÞ ãßíåôå

ì = p

∞∑
x=1

xqx−1 =
p

(1− q)2 =
1
p
:
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åíþ

Å[(×)2] = pq

∞∑
x=2

x(x− 1)qx−2 =
2pq

(1− q)3 =
2q
p2 ;

ïðüôå ç äéáóðïñÜ ãßíåôå

ó2 = Å[(×)2] + Å(×)− (Å(×))2

=
2q
p2 +

1
p
−
(

1
p

)2

=
q

p2:
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[È:] ¸ëåéøç ìíÞìçò:

P(X > k + r|X > k) = P(X > r); k; r = 0; 1; 2; :::
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[Að.]

P(X > k + r|X > k) =
P(X > k + r; X > k)

P(X > k)

=
P(X > k + r)
P(X > k)

=
1− F(k + r)

1− F(k)

=
qk+r

qk

= qr = 1− F(r)

= P(X > r):
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♦ Ìå áêñéâþò ôïí ßäéï ôñüðï ïñßæåôå ç ÃåùìåôñéêÞ êáôáíïìÞ ãéá ôïí

áñéèìü Y ôùí áðïôõ÷éþí ìÝ÷ñé ôçí ðñþôç åðéôõ÷ßá.

g(y) = P(Y = y) = P(X = y + 1) = pqy; y = 0; 1; 2; ::::
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Uniform {U(a,b)}

Ç áðëïýóôåñç óõíå÷Þò êáôáíïìÞ. Åê÷ùñåß ßóåò (ïìïéüìïñöåò)

ðéèáíüôçôåò óôá óôïé÷åéþäç áðïôåëÝóìáôá åíüò ôõ÷áßïõ ðåéñÜìáôïò. ÁõôÜ

äåí åßíáé óçìåßá, [P(X = x) = 0 ãéá êÜèå x ∈ R], ç åê÷þñçóç ôçò

ðéèáíüôçôáò ãßíåôå óå äéáóôÞìáôá êáé åßíáé áíÜëïãç ôïõ ìÞêïõò ôùí.

Áí × ïñéóìÝíç óôïí Ù, ìå ðåäéï ôßìùí [a; b], a < b, ôüôå

P(x1 < X < x2) = c(x2 − x1); a < x1 < x2 < b;

üðïõ c óôáèåñÜ. ÈÝôïíôáò x1 = a x2 = b, êáé

P(a < X ≤ b) = P(a ≤ X < b) = 1;
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ôüôå

c =
1

b− a
:

Ç óõíÜñôçóç êáôáíïìÞò åßíáé

F(X) =


0; −∞ < x < a;
x−a
b−a ; a ≤ x < b

1; b ≤ x <∞;

Ç óõíÜñôçóç ðõêíüôçôáò åßíáé

f(X) =
{ 1

b−a; a ≤ x ≤ b

0; áëëïý;

ÅéóáãùãÞ óôéò Ðéèáíüôçôåò 105



[O] X: ô.ì. ìå ôçí ðéï ðÜíù óõíÜñôçóç ðõêíüôçôáò. Ç êáôáíïìÞ ôçò ×

êáëåßôáé ïìïéüìïñöç óôï äéÜóôçìá [a,b].
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[È] Ãéá ôç ìÝóç ôéìÞ Ý÷ïõìå

ì = Å(×) =

b∫
a

xf(x)dx

=
1

b− a

b∫
a

xdx

=
[

x2

2(b− a)

]b
a

=
b2 − a2

2(b− a)
=

a + b

2
:
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åíþ ãéá ôç äéáóðïñÜ V (X) = E(X2)− (E(X))2, Ý÷ïõìå:

Å[×2] =
1

b− a

b∫
a

x2dx

=
[

x3

3(b− a)

]b
a

=
b3 − a3

3(b− a)
=

a2 + ab + b2

3
:
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Oðüôå ç äéáóðïñÜ ãßíåôå

ó2 = Å(×2)− (Å(×))2

=
a2 + ab + b2

3
−
(
a + b

2

)2

=
(b− a)2

12
:

[Ð×:] Ôñáßíï öôÜíåé óå óôáèìü êÜèå 10', áñ÷ßæïíôáò óôéò 5ð.ì. ¢í åðéâÜôçò

öèÜóåé óå ÷ñüíï ïìïéüìïñöï óôï äéÜóôçìá [7:20,7:40], ôüôå ðïéÝò ïé

ðéèáíüôçôåò íá ðåñéìÝíåé (á)ôï ðïëõ 4' (â) ôïõëÜ÷éóôïí 7'.
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Åóôù × ï ÷ñüíïò áöéîçò óôï äéÜóôçìá [7:20,7:40]. Ôüôå ç × å÷åé

U(0,20), ìå óõíÜñôçóç êáôáíïìÞò

F(X) =


0; −∞ < x < a;
x
20; 0 ≤ × < 20
1; 20 ≤ x <∞;

êáé óõíÜñôçóç ðõêíüôçôáò

f(X) =
{ 1

20; 0 ≤ x ≤ 20
0; áëëïý;

(á) Åíäå÷üìåíï Á: åðéâÜôçò ðåñéìÝíåé ôï ðïëý 4' = åðéâÜôçò öèÜíåé óôï
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óôáèìü óôï äéÜóôçìá [7:26,7:30] Þ óôï äéÜóôçìá [7:36,7:40]. ¢ñá

P(A) = P(6 < X ≤ 10) + P(16 < X ≤ 20)

= [F(10)− F(6)] + [F(20)− F(16)]

=
[

10
20
− 6

20

]
−
[

20
20
− 16

20

]
=

2
5

(â) Åíäå÷üìåíï Â: åðéâÜôçò ðåñéìÝíåé ôï ôïõëÜ÷éóôïí 7' = åðéâÜôçò öèÜíåé
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óôï óôáèìü óôï äéÜóôçìá [7:20,7:23] Þ óôï äéÜóôçìá [7:30,7:33]. ¢ñá

P(Â) = P(0 < X ≤ 3) + P(10 < X ≤ 13)

= [F(3)− F(0)] + [F(13)− F(10)]

=
[

3
20
− 0

20

]
−
[

13
20
− 10

20

]
=

3
10

:
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Normal {N(ì; ó2)}

[O] X: ô.ì. ìå óõíÜñôçóç ðõêíüôçôáò

f(X) =
1

�
√

2�
exp

{
−(x− �)2

2�2

}

êáëåßôáé Êáíïíéêç ìå ðáñáìÝôñïõò ì êáé ó, üðïõ −∞ < ì < ∞ êáé

ó > 0.
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[Ó] Óçìåéþíïõìå üôé Üí z = x−�
�

êáé u = z√
2

∞∫
−∞

f(x)dx =
1

�
√

2�

∞∫
−∞

exp
{
−(x− �)2

2�2

}
dx

=
1√
2�

∞∫
−∞

exp
{
−z2

2

}
dz

=
2√
�

∞∫
0

exp
{
−u2} du = 1;
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áöïý áðü ôï ïëïêëÞñùìá ôïõ Euler

∞∫
0

exp
{
−u2} du =

√
�

2
:

ÅöáñìïãÝò:

• óöÜëìáôá (ãíþóôç êáé þò êáôáíüìç óöáëìÜôùí)

• ðëçèõóìéáêÜ ÷áñáêôçñéóôéêÜ (âÜñïò, ýøïò)

• ðïëëÝò Üëëåò êáôáíïìÝò (äéáêñéôÝò êáé óõíå÷åßò) ìðïñïýí íá

ðñïóåããéóèïýí áðü ôçí êáíïíéêÞ
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• Üèñïéóìá êáé ìÝóïò üñïò ìåãÜëïõ áñéèìïý ðáñáôçñÞóåùí áêïëïõèåß

êáôÜ ðñïóÝããéóç êáíïíéêÞ (Ê.Ï.È.)
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[È] Ãéá ôç ìÝóç ôéìÞ, áöïý z = x−�
�
⇒ x = � + �z, Ý÷ïõìå

Å(×) =

∞∫
−∞

xf(x)dx

=
1

�
√

2�

∞∫
−∞

x exp
{
−(x− �)2

2�2

}
dx

= �
1√
2�

∞∫
−∞

exp
{
−z2

2

}
dz + �

1√
2�

∞∫
−∞

z exp
{
−z2

2

}
dz

= � + �
1√
2�

[
exp

{
−z2

2

}]∞
−∞

= �:
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Ãéá ôç äéáóðïñÜ Ý÷ïõìå:

V (X) =
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êáé èÝôïíôáò z = x−�
�

êáé ïëïêëçñþíïíôáò êáôÜ ðáñÜãïíôåò:

V (×) = �2 1√
2�

∞∫
−∞

z2 exp
{
−z2

2

}
dz

= �2 1√
2�

[
z exp

{
−z2

2

}]∞
−∞

+�2 1√
2�

∞∫
−∞

exp
{
−z2

2

}
dz

= �2:
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Standard Normal {N(0; 1)}

[O] ÅÜí èÝóïõìå ì = 0 êáé ó2 = 1, ôüôå

ö(z) =
1√
2�

exp
{
−z2

2

}
; −∞ < z <∞

üðïõ Z = X−�
�

. H êáôáíïìÞ ôçò ô.ì. Æ êáëåßôáé ôõðïðïéçìÝíç êáíïíéêÞ

Í(0; 1).
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Ç óõíÜñôçóç êáôáíïìÞò åßíáé

Ö(z) =
1√
2�

z∫
−∞

exp
{
−t2

2

}
dt; −∞ < z <∞

ç ïðïßá åßíáé ðéíáêïðïéçìÝíç.

[È]: Ö(z) = 1− Ö(−z):

[Áð]:

Ö(−z) =
1√
2�

−z∫
−∞

exp
{
−t2

2

}
dt =

1√
2�

∞∫
z

exp
{
−u2

2

}
du
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åÜí èÝóïõìå t = −u.
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ÅðïìÝíùò:

Ö(z) + Ö(−z) =
1√
2�

z∫
−∞

exp
{
−t2

2

}
dt

+
1√
2�

∞∫
z

exp
{
−u2

2

}
du

=
1√
2�

∞∫
−∞

exp
{
−t2

2

}
dt

= 1
ÅéóáãùãÞ óôéò Ðéèáíüôçôåò 123



¢ñá: Ö(z) + Ö(−z) = 1.

[È] ¸óôù × áêïëïõèåß äéùíõìéêÞ ìå ó.ð.

f(x) =
(
í

x

)
px(1− p)í−x; x = 0; 1; 2; :::; í;

üðïõ p = 1 − q. Ôüôå, ãéá ìåãÜëï í (èåùñçôéêÜ í → ∞) éó÷ýåé ç

ðñïóÝããéóç

f(X) =
1

√
ípq
√

2�
exp

{
−(x− íp)2

2(√ípq)2

}
:
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♦ Ïðüôå:

P(a ≤ X ≤ b) ' Ö

(
b− íp
√
ípq

)
− Ö

(
a− íp
√
ípq

)

[Ð×] ¸óôù × ' N(�; �2). Íá õðïëïãéóèåß ç ðéèáíüôçôá ç × íá áðÝ÷åé

áðü ôï ìÝóï ê = 1; 2; 3 ôõðéêÝò áðïêëßóåéò .
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¸÷ïõìå z = x−�
�

, ïðüôå

P(|X − �| ≤ k�) = P(|Z| ≤ k)

= P(−k ≤ Z ≤ k)

= Ö(k)− Ö(−k)
= 2Ö(k)− 1:

ÅéóáãùãÞ óôéò Ðéèáíüôçôåò 126



Áðü ðßíáêåò Ý÷ïõìå Ö(1)=0.8413, Ö(2)=0.9772 êáé Ö(3)=0.9987. Ïðüôå:

P(|X − �| ≤ �) = 20:8413− 1 = 0:6826

P(|X − �| ≤ 2�) = 20:9772− 1 = 0:9544

P(|X − �| ≤ 3�) = 20:9987− 1 = 0:9974

[Ð×] ¸óôù äåßãìá í-áôüìùí áðü Ýíá ðëçèõóìü ãéá ôçí åêôßìçóç ôïõ

ðïóïóôïý p ôùí áôüìùí ðïõ ðëÜó÷ïõí áðü ìßá áóèÝíåéá. (á) Ðïéü ôï í

Ýôóé þóôå ôï ðïóïóôü áõôþí ðïõ ðÜó÷ïõí áðü ôçí áóèÝíåéá íá äéáöÝñåé

áðü ôï ðñáãìáôéêü ðïóïóôü p êáô' áðüëõôç ôéìÞ ëéãüôåñï áðï 1 % ìå
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ðéèáíüôçôá 95 %. (â) ¢í p ≤ 0:03 (óðÜíéá áóèÝíåéá) ðïéü ôï í?

(á) X ï áñéèìüò ôùí áôüìùí ìå ôçí áóèÝíåéá. × ' Bin(í; p), êáé ôï
æçôïýìåíï ðïóïóôü åßíáé ×

í
. Ïðüôå:

P

(∣∣∣∣Xí − p

∣∣∣∣ ≤ 0:01
)
≥ 0:95:

×ñçóéìïðïéüíôáò ôçí ðñïóÝããéóç áðü ôçí êáíïíéêÞ
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P

(∣∣∣∣Xí − p

∣∣∣∣ ≤ 0:01
)

= P

(
−0:01 ≤ X

í
− p ≤ 0:01

)
= P

(
−0:01í
√
ípq
≤ X − íp
√
ípq
≤ 0:01í
√
ípq

)

' Ö

(
0:01í
√
ípq

)
− Ö

(
−0:01í
√
ípq

)

= 2Ö

(
0:01í
√
ípq

)
− 1
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ïðüôå ç óõíèÞêç ðáßñíåé ôç ìïñöÞ

2Ö

(
0:01í
√
ípq

)
− 1 ≥ 0:95⇒ Ö

(
0:01í
√
ípq

)
≥ 0:975:

Áðü ðßíáêåò: Ö(1.96)=0.975, ïðüôå

0:01í
√
ípq
≥ 1:96⇒ í ≥ 38416pq:

Ç óõíÜñôçóç pq = p(1− p) = p− p2 ìåãéóôïðïéåßôáé üôáí p = 0:5.
Ïðüôå

í ≥ 38416(0:5)(1− 0:05) ' 9604:
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(â) ¢í p ≤ 0:03, ôüôå pq = 0:03(1−0:03) = 0:0021, êáé óõíåðþò

í ≥ 38416(0:0021) ' 81:
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