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Jèmata pou ja melethjoÔn

Pr¸th enìthta:

• Stoqastikèc diadikasÐec - genikèc ènnoiec

• DiadikasÐec Markov

• ExÐswsh Master

DeÔterh enìthta:

• H diadikasÐa RTP (tuqaÐoc thlègrafoc)

• ProsomoÐwsh thc exÐswshc Master

• ParadeÐgmata markobian¸n diadikasi¸n



TrÐth enìthta:

• DiadikasÐec Markov me allag  f�shc

• To prìblhma qrìnou pr¸thc dièleushc

• Di�qush

Tètarth enìthta:

• ExÐswsh Fokker-Planck

• TuqaÐoc perÐpatoc kai efarmog  tou sth prosomoÐwsh
Monte-Carlo

• Kbantik  prosomoÐwsh Monte-Carlo



1. Stoqastikèc diadikasÐec - Genikèc ènnoiec

Stoqastik  metablht  X ⇒ TuqaÐa sun�rthsh YX(t) = f(X, t)

An t = qrìnoc tìte: stoqastik  diadikasÐa

Topojet¸ntac gia X mi� apì tic dunatèc timèc thc x ⇒ ulopoÐhsh
thc diadikasÐac Yx(t) = f(x, t)

Sullog  apì ulopoi seic ≡ stoqastik  diadikasÐa

An PX(x) h puknìthta pijanìthtac thc X tìte:

< Y (t) >=
∫

Yx(t)PX(x) dx

h mèsh tim  tou megèjouc Y



OmoÐwc kai gia tic an¸terhc t�xhc ropèc:

< Y (t1)Y (t2)...Y (tn) >=
∫

Yx(t1)Yx(t2)...Yx(tn)PX(x) dx

Sun�rthsh autosusqètishc:

κ(t1, t2) =<< Y (t1)Y (t2) >>

me:

<< Y (t1)Y (t2) >>=< (Y (t1)− < Y (t1) >)(Y (t2)− < Y (t2) >) >

St�simh stoqastik  diadikasÐa:

< Y (t1 + τ)Y (t2 + τ)...Y (tn + τ) >=< Y (t1)Y (t2)...Y (tn) >

tìte: < Y > anex�rthth tou qrìnou t !!!



H ierarqÐa twn puknot twn pijanìthtac

H puknìthta pijanìthtac gia thn YX(t) na p�rei th tim  y th
qronik  stigm  t dÐnetai apì th sqèsh:

ρ1(y, t) =
∫

δ(y − Yx(t))PX(x) dx

H sunduasmènh puknìthta pijanìthtac to Y na p�rei th tim  y1

th qronik  stigm  t1, y2 th qronik  stigm  t2,...,yn th tn ja eÐnai:

ρn(y1, t1; ...; yn, tn) =
∫

δ(y1 − Yx(t1))...δ(yn − Yx(tn))PX(x) dx

Qrhsimopoi¸ntac autèc tic sunart seic mporoÔme na broÔme mèsec
timèc:

< Y (t1)...Y (tn) >=
∫

y1y2..yn ρn(y1, t1; ...; yn, tn) dy1dy2..dyn



'Apeirh akoloujÐa apì puknìthtec pijanìthtac me tic idiìthtec:

• ρn ≥ 0

• ρn summetrik  se antallag  zeug¸n yk, tk me yl, tl

• ∫
ρn(y1, t1; y2, t2; ...; yn, tn) dyn = ρn−1(y1, t1; y2, t2; ...; yn−1, tn−1)

• ∫
ρ1(y1, t1) dy1 = 1

Oi sunart seic ρn mac epitrèpoun na upologÐsoume ìlec tic dunatèc
anamenìmenec timèc tou Y =⇒ kajorÐzoun pl rwc th stoqastik 
diadikasÐa YX(t) (Kolmogorov).



H stasimìthta miac stoqastik c diadikasÐac èqei sunèpeiec:

• Oi sunart seic puknìthtac pijanìthtac èqoun thn idiìthta:

ρn(y1, t1; y2, t2; ...; yn, tn) = ρn(y1, t1 + τ ; y2, t2 + τ ; ...; yn, tn + τ)

• H sun�rthsh autosusqètishc:

κ(t1, t2) =< Y (t1)Y (t2) > − < Y (t1) >< Y (t2) >

eÐnai sun�rthsh mìno tou sqetikoÔ qrìnou t2 − t1 diìti:

< Y (t1)Y (t2) >=
∫

y1y2 ρ2(y1, t1; y2, t2) dy1dy2

'Omwc
∫

y1y2 ρ2(y1, t1; y2, t2) dy1dy2 =
∫

y1y2 ρ2(y1, t1+τ ; y2, t2+τ) dy1dy2

kai epilègontac τ = −t1 paÐrnoume:

< Y (t1)Y (t2) >=
∫

y1y2 ρ2(y1,0; y2, t2 − t1) dy1dy2

�ra κ(t1, t2) = κ(t2 − t1).



• 'Etsi mporoÔme na orÐsoume to qrìno aposusqètishc:

tκ =
1

κ(0)

∫ ∞
0

dt |κ(t)|

• Oi st�simec stoqastikèc diadikasÐec parousi�zoun
ergodikìthta !!!:
Mèsh tim  se diaforetikèc ulopoi seic thc diadikasÐac (sul-
log ) ≡ Mèsh tim  sto qrìno gia mia ulopoÐhsh se �peiro
qrìno

< F (Y (t)) >=
∫

F (y)ρ1(y) dy = lim
T→∞

1

T

∫ T

0
F (Yx(t)) dt

• IsqÔei ìti an tκ peperasmèno h diadikasÐa eÐnai ergodik 



Upì sunj kh puknot tec pijanìthtac

H puknìthta pijanìthtac ρ1|1(y2, t2|y1, t1) eÐnai h upì sunj kh
puknìthta pijanìthtac to Y na p�rei th tim  y2 th stigm  t2
an eÐqe th tim  y1 th qronik  stigm  t1

⇓

Apì ìlec tic ulopoi seic Yx(t) epilègoume autèc pou pern�ne apì
th tim  y1 th qronik  stigm  t1. Apì autèc h uposullog  pou
qarakhrÐzetai apì ulopoi seic pou pern�ne apì th pÔlh y2, y2 +

dy2 th qronik  stigm  t2 dÐnontai wc:

ρ1|1(y2, t2|y1, t1) dy2

Profan¸c isqÔei:
∫

ρ1|1(y2, t2|y1, t1) dy2 = 1

GenÐkeush:

ρl|k(yk+1, tk+1; ...; yk+l, tk+l|y1, t1; ...; yk, tk) =
ρk+l(y1, t1; ...; yk+l, tk+l)

ρk(y1, t1; ...; yk, tk)



2. DiadikasÐec Markov

H stoqastik  diadikasÐa gia thn opoÐa oi upì sunj kh puknìthtec
pijanìthtac gia k�je sÔnolo n diadoqik¸n qronik¸n stigm¸n
t1 < t2 < ... < tn èqoun thn idiìthta:

ρ1|n−1(yn, tn|y1, t1; ...; yn−1, tn−1) = ρ1|1(yn, tn|yn−1, tn−1)

lègetai diadikasÐa Markov.

Oi markobianèc diadikasÐec perigr�fontai pl rwc apì tic dÔo
sunart seic: ρ1(y1, t1) kai ρ1|1(y2, t2|y1, t1)

Pr�gmati:

ρ3(y1, t1; y2, t2; y3, t3) = ρ2(y1, t1; y2, t2)ρ1|2(y3, t3|y1, t1; y2, t2)

opìte

ρ3(y1, t1; y2, t2; y3, t3) = ρ1(y1, t1)ρ1|1(y2, t2|y1, t1)ρ1|1(y3, t3|y2, t2)

Basik  idiìthta: ρ1|1(y2, t|y1, t) = δ(y1 − y2)



Par�deigma diadikasÐac Markov: kÐnhsh Brown

Endiafèrousa perÐptwsh → sun jhc diaforik  exÐswsh:

ẋ = f(x)

'Estw x(t0) = x0. Tìte x(t) = φ(x0, t − t0). MporeÐte na deÐxete
ìti h x(t) ikanopoieÐ ton orismì diadikasÐac Markov me

ρ1|1(x, t|x0, t0) = δ(x− φ(x0, t− t0))

H parat rhsh aut  genikeÔetai kai gia dianusmatikì mègejoc ~x.

Sumpèrasma: K�je nteterministik  diadikasÐa eÐnai kai diadikasÐ-
a Markov !!! (lÐgo idiaÐterhc morf c ....)



Sqèsh Chapman-Kolmogorov

Anafèrame thn idiìthta:

ρ3(y1, t1; y2, t2; y3, t3) = ρ1(y1, t1)ρ1|1(y2, t2|y1, t1)ρ1|1(y3, t3|y2, t2)

Oloklhr¸nontac wc proc y2 paÐrnoume:

ρ2(y1, t1; y3, t3) = ρ1(y1, t1)
∫

ρ1|1(y2, t2|y1, t1)ρ1|1(y3, t3|y2, t2) dy2

Diair¸ntac me ρ1(y1, t1) katal goume sth:

ρ1|1(y3, t3|y1, t1) =
∫

ρ1|1(y3, t3|y2, t2)ρ1|1(y2, t2|y1, t1) dy2

Gnwst  wc sqèsh Chapman-Kolmogorov (CK).

H CK ikanopoieÐtai apì th ρ1|1 k�je diadikasÐac Markov.

'Etsi k�je markobian  diadikasÐa y1, t1; y2, t2; ...; yn−1, tn−1 −→ yn, tn

sp�ei se apl� b mata:

y1, t1 −→ y2, t2 −→ ... −→ yn, tn

Statistik  anexarthsÐa diadoqik¸n bhm�twn



An mia markobian  diadikasÐa eÐnai st�simh tìte isqÔei:

ρ1|1(y2, t2|y1, t1) = ρ1|1(y2, t2 + τ |y1, t1 + τ)

Epomènwc epilègontac τ = −t1:

ρ1|1(y2, t2|y1, t1) = ρ1|1(y2, t2 − t1|y1,0)

Dhlad  h puknìthta pijanìthtac met�bashc ρ1|1 exart�tai mìno
apì th diafor� qrìnou t2 − t1.

Sth sunèqeia ja qrhsimopoioÔme suqn� to sumbolismì:

ρ1|1(y2,∆t|y1)



AlusÐdec Markov

JewroÔme ìti h diadikasÐa perièqei metab�seic se di�kritec
qronikèc stigmèc: tk = kτ me k = 0,1,2, ...,∞

EpÐshc jewroÔme ìti k�je qronik  stigm  ti h stoqastik  metabl-
ht  mporeÐ na p�rei èna di�krito sÔnolo tim¸n: y1, y2, ..., yM , ....

Tìte P1(n, k) ≡ h pijanìthta h stoqastik  metablht  Y na p�rei
th tim  yn (n = 1,2, .., M) th qronik  stigm  tk

H antÐstoiqh upì sunj kh pijanìthta ja eÐnai: P1|1(n2, k2|n1, k1)

An h diadikasÐa eÐnai st�simh ⇒ alusÐda Markov. An M peperas-
mèno ⇒ peperasmènh alusÐda Markov.



Se analogÐa me tic suneqeÐc diadikasÐec ja isqÔei:

P1(n, k + 1) =
M∑

m=1

P1(m, k)P1|1(n, k + 1|m, k)

H pijanìthta met�bashc: P1|1(n, k + 1|m, k) orÐzei to pÐnaka
met�bashc Q̂(k):

Qn,m(k) = P1|1(n, k + 1|m, k)

Gia st�simh diadikasÐa:

P1|1(n, k + k0 + 1|m, k + k0) = P1|1(n, k + 1|m, k)

kai epilègontac k0 = −k:

P1|1(n, k + 1|m, k) = P1|1(n,1|m,0)

O pÐnakac met�bashc den exart�tai apì th qronik  stigm  k



O pÐnakac Q eÐnai par�deigma stoqastikoÔ pÐnaka me tic idiìthtec:

• ta stoiqeÐa tou pÐnaka eÐnai mh arnhtik�

• k�je st lh dÐnei �jroisma 1

Lìgw thc deÔterhc idiìthtac profan¸c o Q̂ èqei èna aristerì
idiodi�nusma:

(1 1 1 ... 1)Q̂ = (1 1 1 ... 1)

me idiotim  1. H grammik  �lgebra tìte mac lèei ìti up�rqei kai
dexÐ idiodi�nusma (antÐstoiqo thc ρ1(y)):

Q̂




q1
q2
.
.
.

qM




=




q1
q2
.
.
.

qM






'Ena arqikì di�nusma pijanìthtac:

~P1(0) =




p1(0)
p2(0)

.

.

.
pM(0)




exelÐsetai qronik� me to nìmo:

~P1(k) = Q̂k ~P1(0)

To zhtoÔmeno stic markobianèc alusÐdec eÐnai o prosdiorismìc
thc kat�stashc:

lim
k→∞

Q̂k ~P1(0)

kai eidik¸tera poièc arqikèc sunj kec odhgoÔn se:

lim
k→∞

~P1(k) =




q1
q2
.
.

qM






'Askhsh 1: MeleteÐste th dunamik  thc N = 2 markobian c
alusÐdac ! (PÐnakac)

'Askhsh 2: DeÐxte ìti h exÐswsh Chapman-Kolmogorov ikanopoieÐ-
tai apì th:

ρ1|1(y2, t2|y1, t1) =
1√

2π(t2 − t1)
exp

[
−(y2 − y1)

2

2(t2 − t1)

]

me t2 > t1 kai y ∈ (−∞,∞).

An ρ1(y1,0) = δ(y1) tìte h prokÔptousa diadikasÐa eÐnai men
markobian  all� mh st�simh! EÐnai h gnwst  diadikasÐa Wiener.



'Askhsh 3: BebaiwjeÐte ìti h stoqastik  diadikasÐa me:

ρ1(y1) =
1√
2π

e−
y21
2

kai:

ρ1|1(y2, τ |y1,0) =
1√

2π(1− e−2τ)
exp

[
−(y2 − y1e−τ)2

2(1− e−2τ)

]

eÐnai kai markobian  kai st�simh. EÐnai h gnwst  diadikasÐa
Ornstein-Uhlenbeck.

Proteinìmenec ergasÐec-melètec: (i) KÐnhsh Brown, (ii) DiadikasÐ-
a di�spashc



Genikèc parathr seic gia markobianèc diadikasÐec

• O qarakthrismìc �markobian � gia mia diadikasÐa qrei�zetai
prosektik  qr sh. Proupojètei ìti h basik  idiìthta:

ρ1|n−1(yn, tn|y1, t1; ...; yn−1, tn−1) = ρ1|1(yn, tn|yn−1, tn−1)

isqÔei gia k�je n.

• Gia k�poia dianusmatik  stoqastik  diadikasÐa opoiad pote
probol  thc eÐnai kai aut  stoqastik  diadikasÐa. An ìmwc
h diadikasÐa eÐnai kai markobian  tìte h idiìthta aut  den
metafèretai stic probolèc.

• IsqÔei ìmwc kai to an�podo: mia mh markobian  stoqastik 
diadikasÐa mporeÐ na entaqjeÐ se mia markobian  uyhlìterhc
di�stashc



3. ExÐswsh Master

Ac jewr soume t¸ra th perÐptwsh pou h stoqastik  metablht  Y

paÐrnei timèc apì peperasmèno kai diakritì sÔnolo {y1, y2, .., yM}
all� o qrìnoc exèlixhc thc diadikasÐac paÐrnei suneqeÐc timèc.
Tìte ja isqÔei:

P1(n, t + ∆t) =
M∑

m=1

P1(m, t)P1|1(n, t + ∆t|m, t)

OrÐzetai o rujmìc metabol c tou P1(n, t):

∂P1(n, t)

∂t
= lim

∆t→0

P1(n, t + ∆t)− P1(n, t)

∆t

Qrhsimopoi¸ntac th prohgoÔmenh sqèsh paÐrnoume:

∂P1(n, t)

∂t
= lim

∆t→0

1

∆t




M∑

m=1

P1(m, t)P1|1(n, t + ∆t|m, t)− P1(n, t)






∂P1(n, t)

∂t
= lim

∆t→0

1

∆t

M∑

m=1

P1(m, t)
[
P1|1(n, t + ∆t|m, t)− δn,m

]

O qeirismìc thc pijanìthtac P1|1(n, t + ∆t|m, t) jèlei idiaÐterh
prosoq  diìti:

• gia m 6= n èqoume met�bash

• gia m = n den èqoume met�bash

An wn,m(t) eÐnai o rujmìc met�bashc m → n th qronik  stigm  t

tìte se t�xh ∆t paÐrnoume:

P1|1(n, t + ∆t|m, t) = δn,m(1−∆t
M∑

l=1

wl,m(t)) + wn,m(t)∆t



opìte gia m = n:

P1|1(n, t + ∆t|m, t) = 1−∆t
∑

l,l 6=m

wl,m(t) = 1−∆t
∑

l,l 6=n

wl,n(t)

pou eÐnai h pijanìthta na mhn èqoume met�bash th stigm  t. 'Etsi
h arqik  exÐswsh gr�fetai:

∂P1(n, t)

∂t
= lim

∆t→0

1

∆t

M∑

m=1

P1(m, t)[δn,m(1−∆t
M∑

l=1

wl,n(t))

+wn,m(t)∆t− δn,m]

katal gontac sthn exÐswsh Master:

∂P1(n, t)

∂t
=

M∑

m=1

[P1(m, t)wn,m(t)− P1(n, t)wm,n(t)]



Me parìmoio trìpo brÐskoume ìti kai h pijanìthta P1|1, upojè-
tontac qronik  omoiogèneia, akoloujeÐ antÐstoiqh exÐswsh Mas-

ter:

∂P1|1(n, t|m)

∂t
=

M∑

l=1

[
P1|1(l, t|m)wn,l(t)− P1|1(n, t|m)wl,n(t)

]

pou ousiastik� apoteleÐ th diaforik  diatÔpwsh thc CK sqèshc

AjroÐzontac thn exÐswsh wc proc n brÐskoume:

∂
∑
n

P1|1(n, t|m)

∂t
= 0

H kanonikopoÐhsh
∑
n

P1|1(n, t|m) = 1 diathreÐtai sthn exÐswsh

Master



4. H diadikasÐa tuqaÐou thlegr�fou RTP

Ja melet soume thn pio apl  diadikasÐa Markov me dÔo dunatèc
katast�seic n = 0 kai n = 1 (Random-Telegraph-Process).

JewroÔme gnwstì ìti: w1,0 = a kai w0,1 = b (stajerèc pou
metr¸ntai se [qrìnoc](−1))

ParadeÐgmata tètoiwn susthm�twn:

• Anex�rthta spin 1
2 se jermikì perib�llon

• 'Atoma pou diakumaÐnontai jermik� metaxÔ jemeli¸douc kai
pr¸thc diegermènhc st�jmhc

• 'Enzuma se qhmikì perib�llon pou palindromoÔn metaxÔ en-
erg c kai anenerg c kat�stashc



Oi exis¸seic Master gia to sÔsthma autì eÐnai:

Ṗ1|1(0, t|m) = bP1|1(1, t|m)− aP1|1(0, t|m)

Ṗ1|1(1, t|m) = aP1|1(0, t|m)− bP1|1(1, t|m)

Qrhsimopoi¸ntac th kanonikopoÐhsh:

P1|1(0, t|m) + P1|1(1, t|m) = 1

katal goume sthn apl  exÐswsh:

Ṗ1|1(0, t|m) = −(a + b)
(
P1|1(0, t|m)− b

a + b

)

me lÔsh (qwrizìmenec metablhtèc):

P1|1(0, t|m) =
b

a + b
+ Cme−(a+b)t

H stajer� Cm prosdiorÐzetai apì tic arqikèc sunj kec:
P1|1(0,0|0) = 1 kai P1|1(0,0|1) = 0



Me parìmoio trìpo qeirizìmaste thn exÐswsh gia th P1|1(1, t|m).
H pl rhc lÔsh gr�fetai:

P1|1(0, t|0) =
1

a + b

(
b + ae−(a+b)t

)

P1|1(1, t|1) =
1

a + b

(
a + be−(a+b)t

)

P1|1(0, t|1) =
b

a + b

(
1− e−(a+b)t

)

P1|1(1, t|0) =
a

a + b

(
1− e−(a+b)t

)

Lìgw thc stasimìthtac thc diadikasÐac up�rqei to ìrio:

lim
t→∞ p(0) =

b

a + b
; lim

t→∞ p(1) =
a

a + b

AntÐstoiqa h st�simh mèsh tim  eÐnai:

< n >=
1∑

n=0

np(n) = p(1) =
a

a + b



H st�simh tim  gia th sun�rthsh autosusqètishc prosdiorÐzetai
apì:

< n(t)n(t′) >=
∑

n,n′
nn′P2(n, t;n′, t′)

kai:

< n(t) >=< n(t′) >=
a

a + b

IsqÔei ìmwc:
∑

n,n′
nn′P2(n, t;n′, t′) = P2(1, t; 1, t′) = P1|1(1, t− t′|1)P1(1)

Opìte:

κ(t− t′) =
ab

(a + b)2
e−(a+b)(t−t′)



Me qrìno aposusqètishc:

tκ =
1

a + b

⇓
H diadikasÐa RTP eÐnai ergodik 

H prosomoÐwsh thc dadikasÐac mporeÐ na gÐnei qrhsimopoi¸ntac
pl joc ulopoi sewn   parakolouj¸ntac mia ulopoÐhsh gia meg�-
lo qronikì di�sthma.

Sun jwc ta zhtoÔmena megèjh eÐnai h mèsh tim , h sun�rthsh
autosusqètishc kai o qrìnoc aposusqètishc.



ProsomoÐwsh thc diadikasÐac RTP

Skopìc: EÔresh thc akoloujÐac qrìnwn t1, t2, ..., tN stouc opoÐouc
mia ulopoÐhsh thc diadikasÐac parousi�zei metab�seic metaxÔ
n = 0 kai n = 1.

'Estw ìti h diadikasÐa xekin�ei me n = 1 gia t = 0.

An gia 0 ≤ t < t1 h ulopoÐhsh thc diadikasÐac paramènei sto n = 1

tìte:

P1|1(0, t|1) = 0

H exÐswsh Master gia autì to di�sthma eÐnai:

Ṗ1|1(1, t|1) = −bP1|1(1, t|1)

Me arqik  sunj kh P1|1(1,0|1) = 1 h lÔsh eÐnai:

P1|1(1, t|1) = e−bt



H pio p�nw lÔsh ekfr�zei th pijanìthta se qrìno t na mh prag-
matopoihjeÐ met�bash sto n = 0.

H pijanìthta aut  h met�bash na gÐnei sto di�sthma t1 ≤ t ≤
t1 + dt1 eÐnai:

ρ(t1)dt1 = P1|1(1, t1|1)− P1|1(1, t1 + dt1|1)

Dhlad  h katanom  tou qrìnou pr¸thc met�bashc t1 dÐnetai wc:

ρ(t1) = −
(

d

dt
e−bt

)

t=t1
= be−bt1

'Askhsh DeÐxte ìti h sqèsh:

t1 = −1

b
ln(1− r1)

ìpou r1 tuqaÐoc arijmìc omoiìmorfa katanemhmènoc sto [0,1)

par�gei qrìnouc t1 katanemhmènouc sÔmfwna me th ρ(t1)



Me parìmoio sullogismì upologÐzoume to qrìno deÔterhc met�bashc
t2 (antikat�stash tou b me a):

t2 = t1 −
1

a
ln(1− r2)

SÔnoyh algìrijmou prosomoÐwshc thc diadikasÐac RTP:

• Epilog  arqik c kat�stashc t0 = 0, n = 1 kai deÐkthc algo-
rijmikoÔ b matoc m = 0

• Epilog  r1, r2 kai upologismìc qrìnwn met�bashc:

t2m+1 = t2m − 1

b
ln(1− r1)

t2m+2 = t2m+1 −
1

a
ln(1− r2)

• Metabol  tou deÐkth m → m + 1 kai epistrof  sto deÔtero
b ma an t2m+2 < tN (alloi¸c diakop ).



Katal goume sthn akìloujh ulopoÐhsh thc diadikasÐac:

n(t) =

{
1 ; t ∈ [t2m, t2m+1)
0 ; t ∈ [t2m+1, t2m)

m = 0,1, ..,
N

2

Apì thn opoÐa upologÐzoume th mèsh tim  kai th sun�rthsh au-
tosusqètishc wc:

< n >= lim
T→∞

∫ T

0
n(t) dt

kai:

κ(τ) =< n(t)n(t + τ) > − < n >2= lim
T→∞

∫ T−τ

0
n(t)n(t + τ) dt− < n >2

'Askhsh Epilègontac a = b = 1 kai N = 10000 gr�yte prìgramma
ulopoÐhshc tou anwtèrw algorÐjmou. SugkrÐnate ta apotelès-
mata sac me thn analutik  lÔsh.



ProsomoÐwsh thc diakrit c exÐswshc Master

'Estw ìti gnwrÐzoume ta wn,m sthn exÐswsh:

∂P1|1(n, t|m)

∂t
=

M∑

l=1

[
P1|1(l, t|m)wn,l(t)− P1|1(n, t|m)wl,n(t)

]

kai eÐnai anex�rthta tou qrìnou t.

OrÐzoume tìte:

Wn =
∑
m

wm,n

san th pijanìthta egkat�leiyhc thc kat�stashc n an� mon�da
qrìnou.

SÔmfwna me ta ìsa eÐpame pio p�nw o qrìnoc paramon c sth
kat�stash n ja eÐnai:

∆t = − 1

Wn
ln(1− r)



Met� apì qrìno ∆t ja pragmatopoihjeÐ met�bash n → m. O
trèqwn qrìnoc eÐnai tìte:

t → t + ∆t ; tn = tn + ∆t

ìpou tn eÐnai o sunolikìc qrìnoc paramon c sth kat�stash n.

Epeid  up�rqoun polloÐ dunatoÐ proorismoÐ epilègoume thn kat�s-
tash k an�loga me th summetoq  thc (wk,n) sto �jroisma Wn. Sth
pr�xh brÐskoume:

Rn = Wnr

me r omoiìmorfa katanemhmèno sto [0,1).

Katìpin afairoÔme diadoqik� apì to Rn ta di�fora wm,n:

Rn → Rn − wm,n

An gia k�poio m = j to prokÔpton Rn gÐnei arnhtikì tìte jew-
roÔme ìti ulopoi jhke h met�bash n → j kai h nèa kat�stash
eÐnai h j.



Epanalamb�noume thn ìlh diadikasÐa mèqri o trèqwn qrìnoc na
p�rei th tim  Tsim.

K�je parathr simo megèjoc ja dÐnetai apì sqèsh tou tÔpou:

< f(n) >=
1

Tsim

∑
n

fntn

ìpou

Tsim =
∑
n

tn

To sq ma autì onom�zetai algìrijmoc Gillespie

'Askhsh Gr�yte prìgramma ulopoÐhshc tou algorÐjmou Gillespie

jewr¸ntac san metablhtèc eisìdou ta wm,n. Gia oikonomÐa mn mhc
apofÔgete thn apoj keush twn tn upologÐzontac met� to deÔtero
b ma < f >→< f > +fn∆t kai kanonikopoi¸ntac sto tèloc: <

f >→ <f>
Tsim

!



6. 'Alla paradeÐgmata markobian¸n diadikasi¸n

A, X dunatèc katast�seic enìc atìmou   morÐou metaxÔ twn opoÐwn
epitrèpontai metab�seic:

A ⇀↽ X

Upojèseic

• Omoiogen c katanom  twn atìmwn sto q¸ro

• To suntriptikì posostì twn atìmwn brÐsketai sth kat�stash
A (A-dexamen )

• O arijmìc atìmwn sth kat�stash X mporeÐ na p�rei tic timèc
N = 0,1,2, .. me stoqastikì trìpo



• JewroÔme ìti h pijanìthta met�bashc eÐnai an�logh tou ar-
ijmoÔ twn atìmwn sthn antÐstoiqh arqik  kat�stash kai oi
epitreptèc metab�seic eÐnai: N ↔ N ± 1

'Etsi èqoume:

WN+1,N = k1A ; WN−1,N = k2N

Gia aplìthta ja jewr soume sth sunèqeia: k1 = k2 = k

H exÐswsh Master se aut  th perÐptwsh eÐnai (pÐnakac):

∂p(N, t)

∂t
= kAp(N − 1, t) + k(N + 1)p(N + 1, t)− k(A + N)p(N, t)

Teqnikì trik: IsodÔnama mporoÔme na upojèsoume ìti h metabl-
ht  N paÐrnei timèc sto (−∞,∞) all� P (N, t) = 0 gia N < 0.



Profan¸c ja isqÔei:

d

dt

∑

N

P (N, t) = 0 ⇒
∑

N

p(N, t) = 1

Me parìmoio trìpo mporoÔme na upologÐsoume kai thn < N >=∑

N

Np(N, t) katal gontac sth sqèsh:

d

dt
< N >= k(A− < N >)

me lÔsh thn:

< N > (t) = A + (< N > (0)−A)e−kt

kai asumptwtik  (st�simh) tim : < N >s= A.



Gia thn epÐlush thc exÐswshc Master paÐrnoume:

∂p(N, t)

∂t
= J(N − 1, t)− J(N, t)

ìpou:

J(N, t) = kAp(N, t)− k(N + 1)P (N + 1, t)

Sth st�simh perÐptwsh:

∂p(N, t)

∂t
= 0 ⇒ J(N − 1, t) = J(N, t) = J

Gia N = 0 paÐrnoume:

∂p(0)

∂t
= J(−1)− J(0) = −J(0)

afoÔ J(−1) = 0. Sth statik  perÐptwsh:

J(0) = J(N) = 0 ∀N



H prohgoÔmenh idiìthta mac odhgeÐ sto apotèlesma:

p(N + 1) =
A

N + 1
p(N)

opìte:

p(N) =
AN

N !
p(0)

kai epomènwc Poisson katanom  gia to N sth st�simh f�sh:

p(N) =
< N >N

N !
e−<N> ; < N >= A



Algìrijmoc prosomoÐwshc thc diadikasÐac:

• Arqik�: t = 0, N = A. O rujmìc egkat�leiyhc aut c thc
kat�stashc ja eÐnai WN = k(A + N)

• Upologismìc tou antÐstoiqou qrìnou:

∆t =
− ln(1− r)

WN

• Qronik  exèlixh: t → t+∆t kai apoj keush tou qrìnou para-
mon c sth kat�stash N : tN = tN + ∆t

• Epilog  r kai eÔresh tou RN = WNr

RN < A ; N → N + 1, WN → WN + k

RN ≥ A ; N → N − 1, WN → WN − k



• An t < Tsim tìte epistrof  sto deÔtero b ma (Tsim = proepi-
legmènoc qrìnoc prosomoÐwshc). Alloi¸c,

• Upologismìc twn pijanot twn:

p(N) =
tN
t

'Askhsh: Efarmog  tou algorÐjmou gia A = 20 kai Tsim = 10000.

'Askhsh: Exet�ste th perÐptwsh X ⇀↽ Y me X kai Y metablht�.
IsqÔei profan¸c: NX +NY = A. DeÐxte ìti se aut  th perÐptwsh
h st�simh katanom  eÐnai h duwnumik  !!



Ta pr�gmata den eÐnai p�nta ìmwc tìso apl�!!

'Ena par�deigma apì th bioqhmeÐa: Suzeugmènec antidr�seic

'Ena ènzumo mporeÐ na brejeÐ se dÔo katast�seic:

s = 0 (anenergì) kai s = 1 (energì)

Sthn energì kat�stash katalÔei thn antÐdrash: A ⇀ X ìpou A

eÐnai to upìstrwma kai X eÐnai to proiìn.

To proiìn X anex�rthta apì th kat�stash tou enzÔmou diasp�tai
aujìrmhta A ↽ X.

AntÐdrash Michaelis-Menten



H stoqastik  diadikasÐa afor� thn exèlixh tou plhjusmoÔ tou
proiìntoc X kai thn kat�stash tou katalÔth s. H basik  posìth-
ta eÐnai h pijanìthta ps(N, t) o katalÔthc na eÐnai sth kat�stash
s kai o plhjusmìc tou proiìntoc N thn qronik  stigm  t.

O rujmìc met�bashc s = 0 se s = 1 eÐnai a. En¸ h antÐstrofh
met�bash èqei rujmì b.

H exÐswsh Master gia th pijanìthta p0(N, t) eÐnai:

∂p0(N, t)

∂t
= bp1(N, t)− ap0(N, t) + k [(N + 1)p0(N + 1, t)−Np0(N, t)]

En¸ gia th p1(N, t) eÐnai:

∂p1(N, t)

∂t
= ap0(N, t)−bp1(N, t)+k [(N + 1)p1(N + 1, t)−Np1(N, t)]+

A [p1(N − 1, t)− p1(N, t)]



Oi exis¸seic gia tic katast�seic tou katalÔth

AjroÐzontac tic anwtèrw exis¸seic wc proc N paÐrnoume:

∂P0(t)

∂t
= bP1(t)− aP0(t)

∂P1(t)

∂t
= aP0(t)− bP1(t)

me:

Ps(t) =
∑

N

ps(N, t)

Dhlad  o katalÔthc akoloujeÐ mia RTP diadikasÐa



Oi exis¸seic gia th kat�stash tou proiìntoc

AjroÐzontac tic arqikèc exis¸seic metaxÔ touc paÐrnoume:

∂p(N, t)

∂t
= k [(N + 1)p(N + 1, t)−Np(N, t)]+kA [p1(N − 1, t)− p1(N, t)]

ìpou:

p(N, t) = p0(N, t) + p1(N, t)

Prìblhma Gia to proiìn den paÐrnoume kleist  exÐswsh !!!

'Opwc sto prohgoÔmeno par�deigma brÐskoume th < N >:

d < N >

dt
= −k < N > +kAP1(t)

H P1(t) eÐnai gnwst  apì thn epÐlush twn RTP exis¸sewn.

⇓
EpilÔsimo to prìblhma qronik c exèlixhc thc mèshc tim c < N(t) >



Gia th st�simh kat�stash brÐskoume:

P1 =
a

a + b
; < N >= AP1 =

Aa

a + b

'Omwc gia th p(N) se autì to ìrio den up�rqei kleist  morf .

⇓
Prèpei na lujeÐ h akrib c exÐswsh Master

Se aut  th perÐptwsh h prosomoÐwsh eÐnai h mình diajèsimh mè-
jodoc epÐlushc



Prin per�soume ston algìrijmo prosomoÐwshc ac doÔme mi� pros-
eggistik  antimet¸pish

Paradoq  aposÔzeuxhc

ps(N, t) = Ps(t)p(N, t)

Me antikat�stash sthn exÐswsh gia to p(N, t) prokÔptei:

∂p(N, t)

∂t
= k [(N + 1)p(N + 1, t)−Np(N, t)]+

kAP1(t) [p(N − 1, t)− p(N, t)]

To P1(t) mporeÐ na upologisteÐ apì th antÐstoiqh exÐswsh thc
RTP diadikasÐac.

Sth st�simh kat�stash isqÔei:

P1 =
a

a + b
;

∂p(N, t)

∂t
= 0 ⇒ p(N) =

< N >N

N !
e−<N>



Algìrijmoc prosomoÐwshc

1. Gia t = 0 epilog  p.q. s = 1 kai N = [< N >]. EpÐshc ja eÐnai
W (s = 1, N) = b + k(A + N).

2. Qronikì b ma:

∆t = − ln(1− r)

W (s = 1, N)

Qronik  exèlixh: t → t+∆t. Katagraf  tou qrìnou paramon c
sth kat�stash N : tN → tN + ∆t

3. Prosdiorismìc tou: R(s, N) = rW (s, N)

4. R(s, N) → R(s, N)− kN . An R(s, N) < 0 tìte:

N → N − 1, W (s, N) → W (s, N − 1) = W (s, N)− 1

kai sunèqeia sto b ma 6.



5. (a) Gia s = 0 met�bash s = 0 → s = 1 me:

W (s = 0, N) → W (s = 1, N) = W (s = 0, N) + kA + b− a

kai sunèqeia sto b ma 6.

5. (b) Gia s = 1: R(s, N) → R(s, N)− kA. An R(s, N) < 0 tìte:

N → N + 1, W (s, N) → W (s, N + 1) = W (s, N) + 1

alloi¸c:
s = 1 → s = 0 kai

W (s = 1, N) → W (s = 0, N) = W (s = 1, N)− kA + a− b

6. An t < Tsim epistrof  sto b ma 2 alloi¸c upologismìc tou
p(N) = tN

t



'Askhsh:

ProspajeÐste na upologÐsete th katanom  p(N) qrhsimopoi¸ntac
prìgramma pou ulopoieÐ ton pio p�nw algìrijmo. MeleteÐste th
sumperifor� gia di�forec timèc twn paramètrwn a, b kai k !

Parathr seic: Ja parathr sete ìti gia a, b À k ta arijmhtik�
apotelèsmata plhsi�zoun ta analutik� pou prokÔptoun apì th
paradoq  aposÔzeuxhc. Pr�gmati se aut  th perÐptwsh oi metab�-
seic:

s = 0 ↔ s = 1

gÐnontai polÔ piì gr gora apì ìti h antÐdrash:

A ⇀↽ X

⇓
Qwrismìc klim�kwn qrìnou ⇒ IsqÔei h aposÔzeuxh



7. Markobianèc diadikasÐec me allag  f�shc

Ja parameÐnoume jematik� stic diadikasÐec tou tÔpou pou ex-
et�same sthn enìthta 6.

Nèo stoiqeÐo: Mh grammikìthta!

Antiproswpeutikì sÔsthma:

A + X ⇀↽ 2X

ParadeÐgmata: autokatalutikèc qhmikèc antidr�seic, dunamik 
plhjusm¸n, energeiakèc metab�seic se mh grammik� ulik�.



'Estw N o plhjusmìc sth kat�stash X. Oi rujmoÐ met�bashc
N → N ± 1 ja eÐnai:

WN,N+1 = k1
AN

V
; WN,N−1 = k2

N(N − 1)

V

ìpou V eÐnai mi� ektatik  par�metroc ètsi ¸ste ta WN,N±1 na
eÐnai ektatik� megèjh!

Gia par�deigma V ja mporoÔse na eÐnai o ìgkoc tou sust matoc.

Profan¸c h WN,N−1 eÐnai an�logh twn trìpwn epilog c dÔo swm�twn
apì ta N sth kat�stash X. 'Enac par�gontac 2 èqei aporrofhjeÐ
sto k2.

H exÐswsh Master tou sust matoc ja eÐnai:

∂p(N, t)

∂t
= k1

A

V
(N − 1)p(N − 1, t)− k1

A

V
Np(N, t)+

+k2
N(N + 1)

V
p(N + 1, t)− k2

(N − 1)N

V
p(N, t)



OrÐzoume th ro  pijanìthtac J(N, t):

J(N, t) = k1
A

V
Np(N, t)− k2

N(N + 1)

V
p(N + 1, t)

opìte h exÐswsh Master gr�fetai:

∂p(N, t)

∂t
= J(N − 1, t)− J(N, t)

Gia na èqoume stasimìthta:

J(N, t) = J(N) = J ; J(0) = 0 ⇒ J(N) = 0 ∀N

Epomènwc gia th st�simh kat�stash ja isqÔei:

p(N + 1) =
k1A

k2(N + 1)
p(N)

Me lÔsh:

p(N) =
1

N !

(
k1A

k2

)N−1

p(1) ; N ≥ 1



Qrhsimopoi¸ntac th kanonikopoÐhsh
∞∑

N=1

p(N) = 1 kaj¸c kai ìti

A À k2
k1

paÐrnoume:

p(1) ≈ k1A

k2
e

k1A
k2 ; p(N) =

< N >N

N !
e−<N> ; < N >=

k1A

k2

'Omwc sth st�simh f�sh up�rqei mi� akìmh lÔsh:

p(N) = δN,0

h opoÐa ja apodeiqjeÐ shmantik  sth sunèqeia.

Pollaplasi�zontac thn exÐswsh Master me N kai ajroÐzontac sta
N paÐrnoume:

d < N >

dt
=

k1A

V

∑

N

N [(N − 1)p(N − 1, t)−Np(N, t)]+

+
k2

V

∑

N

N2 [(N + 1)p(N + 1, t)− (N − 1)p(N, t)]



Me kat�llhlo qeirismì paÐrnoume:

d < N >

dt
=

k1A

V

∑

N

Np(N, t)− k2

V

∑

N

(N − 1)Np(N, t) =

= k1
A < N >

V
− k2

< (N − 1)N) >

V

H anwtèrw exÐswsh den kleÐnei ⇒ emfanÐzetai to < N2 >!

⇓
IerarqÐa exis¸sewn exèlixhc mèswn tim¸n

'Omwc to Ðdio sumbaÐnei kai gia d<N2>
dt ⇒ emfanÐzetai to < N3 >

k.o.k.

To prìblhma eÐnai mh epilÔsimo!



H mèsh tim  < N2 > gr�fetai:

< N2 >=< N >2 + < (δN)2 >

An agno soume tic diakum�nseic jewr¸ntac < N2 >≈< N >2

k�nontac epÐ plèon th paradoq  < N > À 1 katal goume sthn
exÐswsh:

d < N >

dt
=

k1A

V
< N > −k2

V
< N >2

OrÐzontac t¸ra: x = <N>
V kai λ = k1A

V aplopoioÔme se:

dx

dt
= λx− k2x2

Me arqik  sunj kh: x0 = x(0) h lÔsh eÐnai:

x(t) =
λx0eλt

λ + k2x0(eλt − 1)
⇒ λ

k2
(t →∞)



St�simec lÔseic:

p(N) =
< N >N

N !
e−<N> ; < N >=

k1A

k2

 :

p(N) = δN,0 ; < N >= 0

H mh grammikìthta odhgeÐ se koresmì tou < N >. Pr�gmati an:

dx

dt
= λx

tìte gia t →∞ apeirÐzetai to < N >!!



To montèlo Schlögl

Ac jewr soume th diadikasÐa:

A + X ⇀↽ 2X ; X → B

Oi antÐstoiqoi rujmoÐ met�bashc ja eÐnai:

WN,N+1 = k1
AN

V
; WN,N−1 = k2

(N − 1)N

V
+ k3N

me kat�llhlec bajmÐseic aporofoÔme ìlec tic paramètrouc plhn
thc a = A

V .

H exÐswsh Master se aut  th perÐptwsh gr�fetai:

∂p(N, t)

∂t
= a(N − 1)p(N − 1, t)− aNp(N, t)+

+

[
N(N + 1)

V
+ N + 1

]
p(N + 1, t)−

[
(N − 1)N

V
+ N

]
p(N, t)



Dhlad :
∂p(N, t)

∂t
= J(N − 1, t)− J(N, t)

ìpou

J(N, t) = aNp(N, t)−
[
N(N + 1)

V
+ N + 1

]
p(N + 1, t)

Kai sth st�simh perÐptwsh:

p(N + 1) =
aN

(N + 1)(1 + N
V )

p(N)

Apì aut  th sqèsh sumperaÐnoume gia N = 0 ìti p(1) = 0 kai
epomènwc p(N) = 0 gia N ≥ 1.

H katanom  p(N) = δN,0 eÐnai elkust c gia ìlec tic arqikèc
katanomèc p(N, t = 0) kaj¸c autèc exelÐsontai gia t →∞.

⇓
H kat�stash N = 0 lègetai aporofhtik  (absorbing state).



Ergazìmenoi ìpwc kai stic prohgoÔmenec perpt¸seic mporoÔme
na kataskeu�soume thn ierarqÐa twn diaforik¸n exis¸sewn gia
tic mèsec timèc.

Kai sth trèqousa perÐptwsh to sÔnolo twn exis¸sewn aut¸n den
kleÐnei.

Agno¸ntac tic diakum�nseic, jewr¸ntac < N > À 1 kai jètontac
x = <N>

V brÐskoume:

dx

dt
= (a− 1)x− x2

Ed¸ o suntelest c a− 1 mporeÐ na gÐnei kai arnhtikìc!

H exÐswsh èqei dÔo stajer� shmeÐa: xs = 0 kai xs = a− 1.



Apì melèth eust�jeiac brÐskoume:

• Gia a < 1 to eustajèc shmeÐo eÐnai to xs = 0 (stoqastik  lÔsh
p(N) = δN,0)

• Gia a > 1 to eustajèc shmeÐo eÐnai to xs = 1 − a (metastaj c
p(N)) me mègisto gia N ≈ V (a− 1))

To mègejoc a lègetai par�metroc elègqou.

H metablht  x lègetai par�metroc t�xhc.

Gia ac = 1 emfanÐzetai krÐsimo shmeÐo allag c f�shc deÔterhc
t�xhc

Monadikìc trìpoc eÔreshc thc metastajoÔc p(N) → prosomoÐwsh



Algìrijmoc prosomoÐwshc

1. Gia t = 0 epilègoume Ns = [V (a − 1)] (a > 1) kai p(Ns) = 1,
S2 = 0, S0 = 1.

2. ArqÐzontac me N = Ns efarmìzoume th diadikasÐa N → N + 1.
To p(N) upologÐzetai apì thn antÐstoiqh anagwgik  sqèsh.
EpÐshc èqoume:

S2 → S2 + (N −Ns)
2p(N)

S0 → S0 + p(N)

Epanalamb�noume th dadikasÐa èwc ìtou sugklÐnei se epi-
jumht  akrÐbeia to S2.



3. ArqÐzontac me N = Ns efarmìzoume th diadikasÐa N → N −
1 me an�logo trìpo ìpwc sto b ma 2. Epanalamb�noume th
dadikasÐa èwc ìtou sugklÐnei se epijumht  akrÐbeia to S2  
N = 1.

4. UpologÐzoume th diaspor�: < (δN)2 >= S2
S0
.

To apotèlesma thc prosomoÐwshc gia th diaspor� mporeÐ na ek-
timhjeÐ analutik�:

p(N)

p(1)
=

aN−1

N
N−1∏

K=1

(1 +
K

V
)

=

= exp


(N − 1) ln a−

N−1∑

K=1

ln(1 +
K

V
)− lnN






ProseggÐseic:
Gia meg�la N to �jroisma gr�fetai san olokl rwma.
N − 1 ≈ N kaj¸c kai lnN ¿ N .

Jètontac ξ = N
V paÐrnoume:

p(ξ) ≈ exp(V Φ(ξ)) ; Φ(ξ) = ξ ln a−
∫ ξ

0
dy ln(1 + y)

H Φ(ξ) parousi�zei mègisto sto ξ = xs = a − 1. AnaptÔssontac
mèqri tetragwnik c t�xhc brÐskoume:

Φ(ξ) = Φ(xs)− (ξ − xs)2

2a



H katanom  p(ξ) eÐnai Gauss gia ξ kont� sto xs:

p(ξ) ∼ exp
[
− V

2a
(ξ − xs)

2
]

me diaspor�:

σ =< (δξ)2 >=
a

V

Gia a À 1 h prosèggish eÐnai kal . Gia a → 1 oi diakum�nseic
eÐnai krÐsimec kai h diaspor� apèqei polÔ apì aut  thc katanom c
Gauss en¸ gia a = 1 h diaspor� mhdenÐzetai apìtoma lìgw tou
fainìmenou peperasmènou megèjouc.



8. H ènnoia thc sunèqeiac stic stoqastikèc
diadikasÐec

Ja melet soume diadikasÐec gia tic opoÐec h stoqastik  metabl-
ht  Y (t) paÐrnei suneqeÐc timèc.

Er¸thsh: Pìte h ulopoÐhsh (= endeiktik  troqi�) Yx(t) eÐnai
suneq c ?

SkefteÐte to par�deigma twn morÐwn enìc aerÐou. An jewr soume
ìti mporoÔme me ikanopoihtikì trìpo na ta proseggÐsoume me
sklhrèc sfaÐrec tìte:

• H taqÔthta k�je morÐou paÐrnei timèc apì èna suneqèc sÔnolo

• Se k�je kroÔsh h taqÔthta twn sugkrouìmenwn morÐwn al-
l�zei asuneq¸c

• Mia endeiktik  troqi� ~Vi(t) ja eÐnai asuneq c



AntÐjeta perimènoume h jèsh k�je morÐou ~Xi(t) na eÐnai suneq c.

Basikì er¸thma: Up�rqoun sth fÔsh diadikasÐec Markov me
suneqeÐc endeiktikèc troqièc ?

Toul�qiston klasik� perimènoume k�je fusik  diadikasÐa pou
perigr�fei exèlixh suneq¸n metablht¸n na qarakthrÐzetai apì
suneqeÐc endeiktikèc troqièc !

'Omwc parathr¸ntac opoiad pote fusik  diadikasÐa se polÔ mikrèc
qronikèc klÐmakec o markobianìc qarakt rac q�netai.

⇓
Ta fusik� sust mata parousi�zoun en gènei mn mh !!!

Markobian  prosèggish:
qarakthristikìc qrìnoc mn mhc ¿ qrìnoc parat rhshc



Tìte ìmwc h sunèqeia thc endeiktik c troqi�c den eÐnai a-
paraÐthth.

KÐnhsh Brown alá Einstein: ~X(t) kai ~V (t) asuneqeÐc!!

• 'Omwc gia to ~X(t) h asunèqeia sth jèsh se sqèsh me th suno-
lik  apìstash pou dianÔei to swm�tio eÐnai polÔ mikr  ⇒ h
endeiktik  troqi� eÐnai praktik� suneq c!

• AntÐjeta h ~V (t) eÐnai asuneq c

⇓
Upì kat�llhlec sunj kec oi fusikèc diadikasÐec proseggÐzontai
apì markobianèc diadikasÐec me suneqeÐc endeiktikèc troqièc



Orismìc thc suneqoÔc diadikasÐac Markov

Oi endeiktikèc troqièc miac markobian c diadikasÐac eÐnai suneqeÐc
sunart seic tou qrìnou t me pijanìthta 1 e�n ∀ ε > 0:

lim
∆t→0

1

∆t

∫

|~z−~y|>ε
d~z ρ1|1(~z, t + ∆t|~y, t) = 0

sunj kh Lindeberg

Dhl. h pijanìthta h telik  kat�stash ~z na èqei peperasmènh
diafor� apì thn arqik  kat�stash ~y teÐnei sto mhdèn piì gr gora
apì to ∆t gia ∆t → 0.



ParadeÐgmata
1) H lÔsh Einstein gia th kÐnhsh Brown

ρ1|1(z, t + ∆t|y, t) =
1√

4πD∆t
e−

(z−y)2

4D∆t

ikanopoieÐ to pio p�nw krit rio ⇒ suneqeÐc endeiktikèc troqièc

2) H diadikasÐa Cauchy

ρ1|1(z, t + ∆t|y, t) =
∆t

π

1

[(z − y)2 + ∆t2]

den ikanopoieÐ to krit rio Lindeberg kai èqei asuneqeÐc endeik-
tikèc troqièc.

Profan¸c kai stic dÔo peript¸seic isqÔei h sunj kh sunèpeiac:

lim
∆t→0

ρ1|1(z, t + ∆t|y, t) = δ(z − y)

kaj¸c kai h sqèsh Chapman-Kolmogorov.
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H diaforik  exÐswsh Chapman-Kolmogorov

Ja xanamelet soume th diaforik  ekdoq  thc exÐswshc Chapman-

Kolmogorov qrhsimopoi¸ntac thn ènnoia thc sunèqeiac twn en-
deiktik¸n troqi¸n miac stoqastik c diadikasÐac.

H basik  idèa eÐnai na qwrÐsoume tic sunj kec diaforisimìthtac
se dÔo mèrh:

• qronik  exèlixh antÐstoiqh se suneqeÐc endeiktikèc troqièc

• antÐstoiqh se asuneqeÐc endeiktikèc troqièc



ApaitoÔme tic ex c sunj kec ∀ ε > 0:

1.

lim
∆t→0

ρ1|1(~z, t + ∆t|~y, t)

∆t
= W (~z|~y, t)

omoiìmorfa gia ~z, ~y, t kai |~z − ~y| ≥ ε

2.

lim
∆t→0

1

∆t

∫

|~z−~y|<ε
d~z (zi − yi)ρ1|1(~z, t + ∆t|~y, t) = Ai(~y, t) + O(ε)

3.

lim
∆t→0

1

∆t

∫

|~z−~y|<ε
d~z (zi−yi)(zj−yj)ρ1|1(~z, t+∆t|~y, t) = Bij(~y, t) + O(ε)

Oi (2) kai (3) isqÔoun omoiìmorfa gia ~y, ε kai t.



MporeÐ kaneÐc na deÐxei ìti oi an¸terhc t�xhc posìthtec tou
tÔpou (2), (3) eÐnai mhdèn.

Gia par�deigma èstw:

lim
∆t→0

1

∆t

∫

|~z−~y|<ε
d~z (zi − yi)(zj − yj)(zk − yk)ρ1|1(~z, t + ∆t|~y, t)

≡ Cijk(~y, t) + O(ε)

To Cijk eÐnai summetrikì wc proc ta i, j, k. OrÐzoume:
∑

i,j,k

αiαjαkCijk(~y, t) ≡ C̄(~α, ~y, t)

ètsi ¸ste:

Cijk(~y, t) =
1

3!

∂2

∂αi∂αj∂αk
C̄(~α, ~y, t)



Tìte:

|C̄(~α, ~y, t)| ≤ lim
∆t→0

1

∆t

∫

|~z−~y|<ε
d~z |~α ·(~z−~y)|[~a ·(~z−~y)]2ρ1|1(~z, t+∆t|~y, t)

+O(ε)

≤ |~a|ε lim
∆t→0

1

∆t

∫

|~z−~y|<ε
d~z [~a · (~z − ~y)]2ρ1|1(~z, t + ∆t|~y, t) + O(ε)

= |~a|ε[αiαjBij(~y, t) + O(ε)] + O(ε) = O(ε)

Dhlad  to C mhdenÐzetai! kai parìmoia apodeiknÔetai ìti mh-
denÐzontai ìlec oi an¸terhc t�xhc posìthtec.

Gia na èqoume suneqeÐc endeiktikèc troqièc ja prèpei W (~z|~y, t) = 0

gia ~z 6= ~y.

To W (~z|~y, t) perigr�fei thn asuneq  sunist¸sa thc diadikasÐac
en¸ ta Ai(~y, t) kai Bij(~y, t) th suneq .



Ac exet�soume t¸ra thn qronik  exèlixh thc mèshc tim c:

∂t

∫
d~uf(~u)ρ1|1(~u, t|~y, t′)

= lim
∆t→0

{∫ d~uf(~u)[ρ1|1(~u, t + ∆t|~y, t′)− ρ1|1(~u, t|~y, t′)]}
∆t

= lim
∆t→0

{∫ d~z
∫

d~uf(~u)ρ1|1(~u, t + ∆t|~z, t)ρ1|1(~z, t|~y, t′)
∆t

− ∫
d~zf(~z)ρ1|1(~z, t|~y, t′)}

∆t

ston pr¸to ìro qwrÐzoume to q¸ro katast�sewn se dÔo perioqèc:

|~u− ~z| ≥ ε ; |~u− ~z| < ε

Gia thn f upojètoume ìti eÐnai dipl� suneq¸c diaforÐsimh



Ja isqÔei epomènwc to an�ptugma:

f(~u) = f(~z) +
∑

i

∂f(~z)

∂zi
(ui − zi) +

∑

i,j

1

2

∂2f(~z)

∂zi∂zj
(ui − zi)(uj − zj)

+ |~u− ~z|2R(~u, ~z)

ìpou: |R(~u, ~z)| → 0 gia |~u− ~z| → 0.



= lim
∆t→0

1

∆t




∫ ∫

|~u−~z|<ε
d~ud~z


∑

i

(ui − zi)
∂f

∂zi
+

∑

i,j

1

2
(ui − zi)(uj − zj)

∂2f

∂zi∂zj




×ρ1|1(~u, t + ∆t|~z, t)ρ1|1(~z, t|~y, t′)

+
∫ ∫

|~u−~z|<ε
d~ud~z|~u− ~z|2R(~u, ~z)ρ1|1(~u, t + ∆t|~z, t)ρ1|1(~z, t|~y, t′)

+
∫ ∫

|~u−~z|<ε
d~ud~zf(~z)ρ1|1(~u, t + ∆t|~z, t)ρ1|1(~z, t|~y, t′)

+
∫ ∫

|~u−~z|≥ε
d~ud~zf(~u)ρ1|1(~u, t + ∆t|~z, t)ρ1|1(~z, t|~y, t′)

−
∫ ∫

d~ud~zf(~z)ρ1|1(~u, t + ∆t|~z, t)ρ1|1(~z, t|~y, t′)
)

'Opou sth teleutaÐa gramm  qrhsimopoioÔme:
∫

d~uρ1|1(~u, t + ∆t|~z, t) = 1



Ac doÔme th prohgoÔmenh sqèsh gramm  proc gramm :

Grammèc 1,2: Qrhsimopoi¸ntac tic sunj kec 2) kai 3) paÐrnoume:
∫

d~z


∑

i

Ai(~z, t)
∂f

∂zi
+

1

2

∑

i,j

Bi,j(~z, t)
∂2f

∂zi∂zj


 ρ1|1(~z, t|~y, t′) + O(ε)

Gramm  3: 'Oroc upoloÐpou, mhdenÐzetai gia ε → 0 (apìdeixh sto
pÐnaka).

Gramm  4-6: MazeÔontac ìlouc touc ìrouc paÐrnoume:
∫ ∫

|~u−~z|≥ε
d~ud~zf(~z)

[
W (~z|~u, t)ρ1|1(~u, t|~y, t′)−W (~u|~z, t)ρ1|1(~z, t|~y, t′)

]

(apìdeixh sto pÐnaka).



∂t

∫
d~zf(~z)ρ1|1(~z, t|~y, t′) =

∫
d~z


∑

i

Ai(~z, t)
∂f(~z)

∂zi
+

1

2

∑

i,j

Bi,j(~z, t)
∂2f(~z)

∂zi∂zj


 ρ1|1(~z, t|~y, t′)

+
∫

d~zf(~z)
(∫

d~u
[
W (~z|~u, t)ρ1|1(~u, t|~y, t′)−W (~u|~z, t)ρ1|1(~z, t|~y, t′)

])

To olokl rwma
∫
|~u−~z|≥ε d~u W (~u|~z, t)f(~u, ~z) up�rqei mìno an W (~u|~z, t)

eÐnai peperasmèno gia ~u = ~z. Alloi¸c prèpei na ermhneujeÐ san
olokl rwma prwteÔousac tim c (p.q. diadikasÐa Cauchy).

To olokl rwma prwteÔousac tim c up�rqei an ρ1|1(~u, t|~y, t′) eÐnai
suneq c kai apl� paragwgÐsimh!



∫
d~z f(~z)∂tρ1|1(~z, t|~y, t′) =

∫
d~z f(~z)


−

∑

i

∂

∂zi
Ai(~z, t)ρ1|1(~z, t|~y, t′)

+
∑

i,j

1

2

∂2

∂zi∂zj
Bi,j(~z, t)ρ1|1(~z, t|~y, t′)

+
∫

d~u
[
W (~z|~u, t)ρ1|1(~u, t|~y, t′)−W (~u|~z, t)ρ1|1(~z, t|~y, t′)

])

+ epifaneiakoÐ ìroi.

An h diadikasÐa periorÐzetai se perioq  R me epif�neia S tìte:

• ρ1|1(~u, t|~z, t′) = 0 ektìc an ~u, ~z ∈ R

• W (~u|~z, t) = 0 ektìc an ~u, ~z ∈ R



Gia na apofÔgoume touc anepijÔmhtouc epifaneiakoÔc ìrouc jew-
roÔme ìti f(~z) = 0 sto sÔnoro S opìte paÐrnoume telik�:

∂tρ1|1(~z, t|~y, t′) = −
∑

i

∂

∂zi

[
Ai(~z, t)ρ1|1(~z, t|~y, t′)

]

+
∑

i,j

1

2

∂2

∂zi∂zj

[
Bi,j(~z, t)ρ1|1(~z, t|~y, t′)

]

+
∫

d~u
[
W (~z|~u, t)ρ1|1(~u, t|~y, t′)−W (~u|~z, t)ρ1|1(~z, t|~y, t′)

]

Diaforik  ExÐswsh Chapman-Kolmogorov

Zht�me lÔseic jetikèc pou upakoÔoun sthn arqik  sunj kh:

ρ1|1(~z, t|~y, t) = δ(~y − ~z)



ErmhneÐa thc D.E. Chapman-Kolmogorov

• Sthn perÐptwsh Ai(~z, t) = Bi,j(~z, t) = 0 prokÔptei h exÐswsh
Master:

∂tρ1|1(~z, t|~y, t′) =
∫

d~u
[
W (~z|~u, t)ρ1|1(~u, t|~y, t′)−W (~u|~z, t)ρ1|1(~z, t|~y, t′)

]

pou perigr�fei diadikasÐec me endeiktikèc troqièc kat� di-
ast mata stajerèc kai asuneq  �lmata se qronikèc stigmèc
pou h katanom  touc orÐzetai apo to W (~z|~y, t).

• Gia na èqoume suneqeÐc endeiktikèc troqièc ja prèpei
W (~z|~y, t) = 0 opìte katal goume sthn exÐswsh Fokker-Planck:

∂tρ1|1(~z, t|~y, t′) = −
∑

i

∂

∂zi

[
Ai(~z, t)ρ1|1(~z, t|~y, t′)

]

+
∑

i,j

1

2

∂2

∂zi∂zj

[
Bi,j(~z, t)ρ1|1(~z, t|~y, t′)

]



H exÐswsh Fokker-Planck perigr�fei diadikasÐec di�qushc.

O suntelest c Ai(~z, t) lègetai di�nusma kÔlhshc

O suntelest c Bi,j(~z, t) lègetai pÐnakac di�qushc

Oi endeiktikèc troqièc, lÔseic thc Fokker-Planck, eÐnai suneqeÐc.

'Askhsh 1MeleteÐste thn exÐswsh Fokker-Planck sthn perÐptwsh
Bi,j = 0. DeÐxte ìti tìte prokÔptei h exÐswsh Liouville thc k-
lasik c mhqanik c!

'Askhsh 2 DeÐxte ìti me an�logo trìpo mporeÐ kaneÐc na breÐ
thn antestrammènh sto qrìno exÐswsh Fokker-Planck:

∂ρ1|1(~z, t|~y, t′)
∂t′

= −
∑

i

A(~y, t′)
∂ρ1|1(~z, t|~y, t′)

∂yi
−1

2

∑

i,j

Bi,j(~y, t′)
∂2ρ1|1(~z, t|~y, t′)

∂yi∂yj



9. Efarmogèc thc exÐswshc Fokker-Planck

H diadikasÐa Wiener

'Estw diadikasÐa mi�c stoqastik c metablht c W (t) me Ai(w, t) =

0 kai Bi,j(w, t) = B(w, t) = 1. IkanopoieÐ thn exÐswsh:

∂

∂t
ρ1|1(w, t|wo, to) =

1

2

∂2

∂w2
ρ1|1(w, t|wo, to)

Arqik  sunj kh:

ρ1|1(w, to|wo, to) = δ(w − wo)

Gia thn epÐlush thc anwtèrw Fokker-Planck exis¸sewc eis�goume
th qarakthristik  sun�rthsh:

φ(s, t) =
∫

dw ρ1|1(w, t|wo, to)e
isw



H φ(s, t) ikanopoieÐ thn exÐswsh:

∂φ

∂t
= −1

2
s2φ

me lÔsh:

φ(s, t) = e−
1
2s2(t−to)φ(s, to)

H arqik  sunj kh eÐnai:

φ(s, to) = eiswo

opìte:

φ(s, t) = eiswo−1
2s2(t−to)

UpologÐzontac ton antÐstrofo metasqhmatismì Fourier paÐrnoume
telik�:

ρ1|1(w, t|wo, to) =
1√

2π(t− to)
e
−(w−wo)2

2(t−to)



Dhl. h diadikasÐa Wiener anaparist� Gaussian me:

< W (t) >= wo

kai:

< (W (t)− wo)
2 >= t− to

Mia arqik� oxeÐa katanom  apl¸nei kaj¸c exelÐsetai sto qrìno!

H diadikasÐa Wiener eÐnai mi� diadikasÐa di�qushc

⇓
Oi endeiktikèc troqièc W (t) eÐnai suneqeÐc all� mh diaforÐsimec

Apìdeixh mh diaforisimìthtac → deÐxte ìti:

Prob{|W (t + h)−W (t)

h
| > k} = 1

anex�rthta tou k.



H diadikasÐa Ornstein-Uhlenbeck

H diadikasÐa Wiener den eÐnai st�simh (blèpe prohgoÔmena maj -
mata).

MporoÔme na epitÔqoume stasimìthta an prosjèsoume ìro kÔl-
ishc sthn exÐswsh Fokker-Planck thc diadikasÐac Wiener.

Gia thn akrÐbeia jètoume:

A(x, t) = −kx ; B(x, t) = D

An jèsoume ρ(x, t) ≡ ρ1|1(x, t|xo,0) tìte h exÐswsh FokkerPlanck

gr�fetai:

∂tρ = ∂x(kxρ) +
1

2
D∂2

xρ

⇓
DiadikasÐa Ornstein-Uhlenbeck



Me th bo jeia thc qarakthristik c sun�rthshc:

φ(s) =
∫ ∞
−∞

eisxρ(x, t) dx

paÐrnoume thn exÐswsh:

∂tφ + ks∂sφ = −1

2
Ds2φ

Qrhsimopoi¸ntac th mèjodo twn qarakthristik¸n gia u(s, t, φ) = a

kai v(s, t, φ) = b paÐrnoume:

dt

1
=

ds

ks
=

−dφ
1
2Ds2φ

Opìte h genik  lÔsh gr�fetai:

f(u, v) = 0



Kai oloklhr¸nontac:

u(s, t, φ) = se−kt ; v(s, t, φ) = φe
Ds2
4k

me genik  lÔsh:

φ(s, t) = e−
Ds2
4k g(se−kt)

Qrhsimopoi¸ntac thn arqik  sunj kh:

ρ(x,0) = δ(x− xo)

paÐrnoume: φ(s,0) = eixos opìte:

g(s) = e
Ds2
4k +ixos

kai telik�:

φ(s, t) = exp

[−Ds2

4k
(1− e−2kt) + isxoe

−kt

]



Pou antistoiqeÐ se Gaussian me:

< X(t) >= xoe
−kt ; < (X(t)− < X(t) >)2 >=

D

2k
[1−e−2kt]

Sto st�simo ìrio h exÐswsh Fokker-Planck gr�fetai:

∂x

[
kxρ +

1

2
D∂xρ

]
= 0

Dhlad :
1

ρ
∂xρ = −2kx

D

Me lÔsh th st�simh puknìthta pijanìthtac:

ρs(x) =

√
k

πD
e−

kx2
D

'Askhsh: BreÐte tic sunart seic autosusqètishc gia tic
diadikasÐec Wiener kai Ornstein-Uhlenbeck



10. H efarmog  twn stoqastik¸n diadikasi¸n
sth teqnik  thc prosomoÐwshc

Ac jewr soume th perÐptwsh stoqastik c diadikasÐac me di�kri-
to sÔnolo tim¸n.

'Eqoume antimetwpÐsei to prìblhma thc epÐlushc thc exÐswshc
Master:

∂P1(n, t)

∂t
=

M∑

m=1

[P1(m, t)wm,n(t)− P1(n, t)wn,m(t)]

Autì pou mac endiafèrei eÐnai h eÔresh thc st�simhc tim c thc
pijanìthtac Ps(n) gia thn opoÐa:

∂Ps(n)

∂t
= 0

jewr¸ntac gnwstèc tic pijanìthtec met�bashc: wm,n(t).



Se poll� fusik� sust mata h pijanìthta Ps(n) eÐnai gnwst .

Tupikì par�deigma ⇒ sust mata se jermik  isorropÐa.

ApoteloÔntai apì ter�stio pl joc O(1023) allhlepidr¸ntwn
bajm¸n eleujerÐac.

⇓
PolÔploka sust mata

O arijmìc twn dunat¸n katast�sewn n tou sust matoc eÐnai
sun jwc astronomik� meg�loc!!!

Akìmh kai gia èna sÔsthma ìpou k�je bajmìc eleujerÐac paÐrnei
mìno tic timèc 0 kai 1 o arijmìc katast�sewn M eÐnai:

M ∼ eN ln 2

ìpou N o arijmìc twn mikroskopik¸n bajm¸n eleujerÐac.



H ulopoÐhsh thc P (n) se èna tìso uyhlodi�stato q¸ro eÐnai
en gènei polÔ dÔskolh!

H exÐswsh Master mac upodeiknÔei mi� dunat  lÔsh. JewroÔme to
antÐstrofo prìblhma:

• 'Estw Ps(n) gnwst .

• Zht�me ta wn,m ètsi ¸ste

M∑

m=1

[Ps(m)wm,n − Ps(n)wn,m] = 0



H exÐswsh aut  èqei pollèc lÔseic. Mi� profan c parèqetai apì
th sunj kh leptomeroÔc isozugÐou:

Ps(m)wm,n = Ps(n)wn,m

Ikan  all� ìqi anagkaÐa sunj kh gia th ulopoÐhsh stoqastik c
diadikasÐac me st�simo ìrio th Ps(n)!

Gia sust mata se jermik  isorropÐa:

Ps(n) ∼ e−
En
kT

O algìrijmoc Metropolis proteÐnei:

wm,n =

{
e−

En−Em
kT ; En > Em

1 ; En ≤ Em

EÐnai h b�sh gia th Monte-Carlo prosomoÐwsh!
(IkanopoieÐ to leptomerèc isozÔgio ⇒ apìdeixh)



H idèa aut  mac epitrèpei th ulopoÐhsh stoqastik c diadikasÐac:

n0 → n1 → n2 → .... → nk → ...

h opoÐa deigmatoleipteÐ to q¸ro katast�sewn (fasikì q¸ro) me
pijanìthta Ps(n).

An upojèsoume kai thn Ôparxh ergodikìthtac tìte:

< Q >=
∑

i

Q(i) =
∑

i

Q(s(i)1 , s
(i)
2 , ..., s

(i)
N )

'Opou Q eÐnai èna fusikì mègejoc, h mètrhsh tou opoÐou mac
endiafèrei, orizìmeno sto fasikì q¸ro tou sust matoc.

Oi bajmoÐ eleujerÐac anaparÐstantai me sk.

Oi katast�seic i sto �jroisma eÐnai autèc pou deigmatoleipteÐ
h stoqastik  diadikasÐa kajorismènh apì thn P (n,0) kai touc
rujmoÔc met�bashc wm,n.



Sth pr�xh

1. Epilègoume: P (n,0) = δn,n0

2. All�zoume tuqaÐa touc bajmoÔc eleujerÐac ètsi ¸ste (me er-
godikì trìpo) na p�me se nèa kat�stash n1

3. UpologÐzoume th diafor� enèrgeiac: ∆E = En1 − En0

4. (a) An ∆E ≤ 0 ulopoioÔme th met�bash

4. (b) An ∆E > 0 epilègoume r omoiìmorfo sto [0,1] kai an
r < e−

∆E
kT ulopoioÔme th met�bash, alloi¸c mènoume sth n0

5. Epistrof  sto b ma 2



H efarmog  thc exÐswshc di�qushc se kbantik� sust mata

Skopìc: EÔresh thc jemeli¸douc kat�stashc kbantikoÔ sust -
matoc qrhsimopoi¸ntac prosomoÐwsh thc diadikasÐac di�qushc.

Di�qush kai tuqaÐoi perÐpatoi

'Estw monodi�stato plègma me plegmatik  stajer� a. OrÐzoume
swm�tio (peripatht c) to opoÐo mporeÐ se di�krita qronik� b -
mata nh na metatopÐzetai sto plègma.

O nìmoc metatìpishc orÐzetai me stoqastikì trìpo.



Sthn aploÔsterh perÐptwsh:

• An o peripatht c brÐsketai sth jèsh x th qronik  stigm 
t tìte h pijanìthta met�bashc stic jèseic x ± a th qronik 
stigm  t + h eÐnai p.

Ac jewr soume sullog  apì peripathtèc qarakthrizìmenh apì th
puknìthta ρ(x, t).

H exÐswsh Master gia th diadikasÐa aut  eÐnai:

ρ(x, t + h)− ρ(x, t) = pρ(x + a, t) + pρ(x− a, t)− 2pρ(x, t)

Gia polÔ mikr� h, a mporoÔme na anaptÔxoume:

ρ(x, t + h) ≈ ρ(x, t) + h
∂ρ

∂t
; ρ(x± a, t) = ρ(x, t)± a

∂ρ

∂x
+

1

2
a2∂2ρ

∂x2



Sto suneqèc ìrio: h → 0 kai a → 0 me a2

h stajerì paÐrnoume thn
exÐswsh di�qushc:

∂ρ

∂t
= γ

∂2ρ

∂x2

ìpou:

γ = lim
h,a→0

pa2

h

eÐnai h stajer� di�qushc gia th sullog  twn peripatht¸n.

H puknìthta peripatht¸n th qronik  stigm  t ja dÐnetai apì th
sqèsh:

ρ(y, t) =
∫

dx G(x, y; t)ρ(x,0) ; G(x, y; t) =
1√
4πγt

e
−(x−y)2

4γt

ìpou h G(x, y, ; t) eÐnai h sun�rthsh Green:

G(x, y; 0) = δ(x− y) ;
∫

dx G(x, y; t) = 1



SugkrÐnontac me th stoqastik  diadikasÐa Wiener blèpoume ìti h
G(x, y; t) paÐzei to rìlo thc upì sunj kh puknìthtac pijanìthtac
ρ1|1(y, t|x,0).

Aut  h analogÐa mac epitrèpei na diatup¸soume algìrijmo u-
lopoÐhshc tou tuqaÐou perip�tou:

• Epilog  qronikoÔ b matoc ∆t

• MetakÐnhsh tou peripatht  sth jèsh x(t) sÔmfwna me to nìmo:

x(t + ∆t) = x(t) + η
√

∆t

ìpou η tuqaÐoc arijmìc me Gaussian katanom  kai σ2 = 2γ

Efarmìzontac ton algìrijmo odhgoÔme to sÔsthma twn peripatht¸n
se isorropÐa ⇒ ρs(x) = stajerì



Me thn exÐswsh di�qushc den mporoÔme na p�roume st�simh kat�s-
tash me ρs(x) 6= const. An jel soume na orÐsoume diadikasÐa me:

lim
t→∞ ρ(x, t) = ρs(x) = |Ψ(x)|2

ja prèpei na genikeÔsoume thn exÐswsh di�qushc ⇒ exÐswsh
Fokker-Planck

∂ρ(x, t)

∂t
=

1

2

∂

∂x

[
∂

∂x
− F (x)

]
ρ(x, t)

ìpou:

F (x) =
1

ρs(x)

dρs(x)

dx

opìte h exÐswsh Fokker-Planck gr�fetai:

∂ρ(x, t)

∂t
=

1

2


∂2ρ(x, t)

∂x2
− ρ(x, t)

ρs(x)

d2ρs(x)

dx2
+

ρ(x, t)

ρ2
s(x)

(
dρs(x)

dx

)2

− 1

ρs(x)

dρs(x)

dx

∂ρ(x, t)

∂x

]



Me st�simh lÔsh: ρ(x, t) = ρs(x)!

Dustuq¸c sth perÐptwsh aut  den up�rxei akrib c lÔsh thc
sun�rthshc Green gia opoiod pote F (x)

⇓
Proseggistik  lÔsh se t�xh ∆t (sf�lma t�xhc (∆t)2):

G(x, y;∆t) =
1√

2π∆t
e−

(y−x−F (x)∆t
2 )2

2∆t

me:

lim
∆t→0

G(x, y;∆t) = δ(x− y) ;
∫

dx G(x, y;∆t) = 1

H metakÐnhsh twn perpatht¸n se aut  th perÐptwsh akoloujeÐ to
nìmo:

x(t + ∆t) = x(t) +
1

2
F (x)∆t + η

√
∆t

ìpou h η akoloujeÐ Gaussian katanom  me diaspor� 1.



Kbantikì Monte-Carlo di�qushc

Basismènoi sthn exÐswsh di�qushc kai thn exÐswsh Fokker-Planck

mporoÔme na par�goume opoiad pote katanom  |Ψ(x)|2 qrhsimopoi¸n-
tac tuqaÐouc perip�touc.

To zhtoÔmeno eÐnai na broÔme mèjodo - basismènh sthn exÐswsh
di�qushc - ¸ste na phgaÐnoume sthn epijumht  kbantik  kat�s-
tash xekin¸ntac apì tuqaÐa arqik  katanom .

Ac doÔme thn exÐswsh Schrödinger eleujèrou swmatidÐou se mia
di�stash:

ih̄
∂Ψ(x, t)

∂t
= − h̄2

2m

∂2Ψ(x, t)

∂x2

H exÐswsh gr�fetai:

∂Ψ(x, t)

∂t
=

ih̄

2m

∂2Ψ(x, t)

∂x2
= γim

∂2Ψ(x, t)

∂x2

san exÐswsh di�qushc ìpou γim eÐnai fantastik  stajer� di�qushc!



'Enac �lloc trìpoc graf c thc exÐswshc eÐnai qrhsimopi¸ntac
analutik  sunèqeia t → −iτ :

∂Ψ(x, τ)

∂τ
=

h̄

2m

∂2Ψ(x, τ)

∂x2

T¸ra h stajer� di�qushc eÐnai pragmatik 

H qronik  exèlixh kbantik c kat�stashc isodunameÐ
di�qush sullog c swmatidÐwn se fantastikì qrìno!

H di�qush odhgeÐ to sÔsthma sth jemeli¸dh kat�stash

H kumatosun�rthsh th qronik  stigm  t = 0 gr�fetai:

Ψ(x,0) =
∞∑

n=0

cnψn(x)



Se pragmatikì qrìno h qronik  exèlixh dÐnetai wc:

Ψ(x, t) =
∞∑

n=0

cne−
i
h̄Entψn(x)

Me analutik  epèktash paÐrnoume:

Ψ(x, τ) =
∞∑

n=0

cne−
τEn

h̄ ψn(x)

⇓
Gia τ → ∞ k�je suneisfor� phgaÐnei ekjetik� sto mhdèn. H ku-
matosun�rthsh thc jemeli¸douc kat�stashc prokÔptei sto ìrio:

lim
τ→∞ e

E0τ
h̄ Ψ(x, τ) = lim

τ→∞
∞∑

n=0

cne−
(En−E0)τ

h̄ ψn(x) = c0ψ0(x)

Se aut  th parat rhsh sthrÐzetai to Monte-Carlo di�qushc.



An up�rqei kai dunamikì h exÐswsh gÐnetai ( h̄ = 1, m = 1):

∂Ψ(x, τ)

∂τ
=

1

2

∂2Ψ(x, τ)

∂x2
− V (x)Ψ(x, τ)

'Opwc deÐxame piì p�nw ìtan V = 0 h exÐswsh lÔnetai me th
bo jeia thc sun�rthshc Green:

Ψ(y, τ) =
∫

dx G(x, y; τ)Ψ(x,0) ; G(x, y; τ) =
1√
2πτ

e−
(x−y)2

2τ

H lÔsh diathreÐ thn sunolik  pijanìthta ⇒ den all�zei o ari-
jmìc peripatht¸n kaj¸c to sÔsthma exelÐsetai qronik�

H parousÐa tou dunamikoÔ V (x) katastrèfei aut  thn idiìthta!

Gia na to doÔme autì ac agno soume to kinhtikì ìro:

∂Ψ(x, τ)

∂τ
= −V (x)Ψ(x, τ) ; Ψ(x, τ) = e−V (x)τΨ(x,0)



Opìte:

lim
τ→∞Ψ(x, τ)





0 ; V (x) > 0
Ψ(x,0) ; V (x) = 0
∞ ; V (x) < 0

An�loga me th morf  tou dunamikoÔ h sunolik  pijanìthta mporeÐ
na mhdenisjeÐ, apeirisjeÐ   na p�rei opoiad pote tim .

H dièxodoc sto prìblhma autì dÐnetai all�zontac thn exÐswsh
se:

∂Ψ(x, τ)

∂τ
=

1

2

∂2Ψ(x, τ)

∂x2
− (V (x)− ET (τ))Ψ(x, τ)

H enèrgeia ET (τ) eÐnai sun�rthsh tou qrìnou pou rujmÐzetai ètsi
¸ste o arijmìc twn peripatht¸n na paramènei stajerìc sunart -
sei tou τ .



Sto ìrio τ →∞ h lÔsh Ψ(x, τ) → Ψo(x) gÐnetai anex�rthth tou τ

opìte:

−1

2

d2Ψo(x)

dx2
+ V (x)Ψo(x) = ET (∞)Ψo(x)

me ET (τ) thn idiotim  thc enèrgeiac!

O algìrijmoc tou Monte-Carlo di�qushc sthrÐzetai sthn idèa ìti:

• O kinhtikìc ìroc sthn exÐswsh Schrödinger met� thn analu-
tik  epèktash perigr�fei di�qush tuqaÐwn peripatht¸n

• H dunamik  enèrgeia prokaleÐ topik� auxomeÐwsh tou arijmoÔ
peripatht¸n



Perigraf  thc ulopoÐhshc tou algorÐjmou

• 'Enarxh: Epilog  qronikoÔ b matoc ∆t kai arijmoÔ peri-
patht¸n NT katanemhmènwn se perioq  pou h kumatosun�rthsh
paÐrnei meg�lec timèc. Epilog  tou ET (0).

• Qronikì b ma: Se kajèna apì touc peripathtèc eformìzoume
tic ex c dÔo diadikasÐec:

– B ma Di�qushc: H kinhtik  enèrgeia metatopÐzei to parath-
rht  se nèa jèsh me b ma epilegmèno apì Gaussian katanom 
me diaspor� ∆t

– B ma AuxomeÐwshc: H dunamik  enèrgeia, afoÔ afairejeÐ
h ET , prokaleÐ aÔxhsh   meÐwsh tou arijmoÔ twn parathrh-
t¸n topik�. Gia autì to lìgo upologÐzoume:

q = e−∆τ [V (x)−ET ]

kai h tim  tou q kajorÐzei an o peripatht c sth jèsh x ja
pej�nei, pollaplasiasteÐ   epiz sei.



• Diìrjwsh thc tim c thc enèrgeiac ET : H allag  tou ari-
jmoÔ twn peripatht¸n sto prohgoÔmeno b ma prèpei na anti-
stajmisteÐ me kat�llhlh metabol  tou ET :

ET −→ ET + α ln
(

NT

N

)

ìpou α eÐnai par�metroc me mikr  jetik  tim 

Parat rhsh

Sto b ma auxomeÐwshc o parathrht c antikajÐstatai apì [q] antÐ-
grafa me pijanìthta 1−(q−[q]) kai [q]+1 antÐgrafa me pijanìthta
q − [q].


