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IIPQTO Y¥KAAI

K av eloar oto okadi to mpdito, mpémet
vdoar vTepnparos Kk~ eVTUXIOUEVOS.
Ebd) mou épraoeg, Atyo Oev elvai

Té00 TOU €Kkaves, ueydAn doka.

K1 avté axdun to okali to mparto
TOAU and tov Kowd Tov KOOUO améyel.

K.IT. KaBdgne (1863-1933)

Just to be on the first step

should make you happy and proud.

To have come this far is no small achievement:
what you have done is a glorious thing.

Even this first step

s a long way above the ordinary world.

C.P. Cavafy (1863-1933)

*C. P. KAvAFYy, COLLECTED POEMS. Translated by Edmund Keeley and Philip Sherrard, Prince-
ton University Press, Princeton N. J., 1992.
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Preface

A manifold is a sophisticated concept even for
mathematicians. For example, a great mathemati-
cian such as Jacques Hadamard “felt insuperable
difficulty . . . in maintaining more than a rather el-
ementary and superficial knowledge of the theory
of Lie groups”, a notion based on that of a man-
ifold.

S.S. CHERN [16, p. 344]

What this book is about. It is a text intended as a rigorous and very detailed in-
troduction to some basic notions of the elementary theory of differential manifolds,
for the benefit of undergraduate and beginning graduate students of mathematics
and physics. It is designed to serve as a preparatory step to more advanced sub-
jects, treated in the differential geometry of smooth manifolds and fiber bundles,
global analysis, symplectic geometry, gauge theory and much more. These subjects
are usually taught in graduate courses, and many excellent books deal with them.
However, advanced undergraduate and beginning graduate students feel a kind of
“shock” (according to some students of ours) when they first get in touch with
the theory of manifolds. Our purpose is to help them to overcome this difficulty,
by working at a leisurely pace, and by giving details which are usually omitted in
a regular graduate course. This may demystify the difficulties implicit in Chern’s
epigraph.

The origins of the book. We both have taught the material included here, for
many years. Part of this material was the core of a compulsory undergraduate course
given, alongside with general topology, functional analysis, and measure theory,
at our Department. In the 2000’s the previous courses became optional, a policy
naturally leading to analogous changes in graduate studies curricula.

Now, more than a decade after this “reform”, many beginning graduate students
in pure mathematics, in physics, and applied fields such as statistics, control theory,

vii
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viii Preface

PDE’s, economics, computer graphics and the like, where notions of the theory of
smooth manifolds are needed, they regret for not having attended an introductory
course at an earlier stage so that they would be adequately prepared to meet the
harder demands of graduate studies. Urged by such reactions and the favorable
reception of our lecture notes (in Greek), we decided to present them to a wider
audience, in a new, thoroughly revised and expanded version.

Other motives. Beside the above reasons, the book owes its existence to some
thoughts of ours about the present day teaching of differential geometry: In most
Departments of Mathematics, differential geometry focuses, at best, on a brief pre-
sentation of curves and surfaces. Regrettably, there are students having not even
heard the word manifold.

However, after Riemann’s revolutionary vision of geometry and the explosion of
modern physical theories, differential geometry has revealed a universe of unprece-
dented unity and beauty. Therefore, without abandoning Euler, Gauss and many
other glorious ancestors, who paved the way to the present evolution of ideas, we
believe that the student of mathematics and physics should be familiar, as early
as possible, with the elementary aspects of the theory of (smooth) manifolds. The
latter, conceived by Riemann, nowadays should be considered as classical as the
theory of smooth curves and surfaces in R3. Students should understand that the
space-time of General Relativity is not a (vulgar) “4-dimensional space”, but “a
4-dimensional manifold” (equipped with an appropriate metric etc.) Even those
destined to teach in secondary education, they will be helped to aspire future gen-
erations in many ways.

The contents in brief. With the previous thoughts in mind, we have selected a
few introductory topics organized as follows:

Chapter 1 is dealing with smooth (alias differentiable) manifolds. They are sets
which locally look like Euclidean spaces. We do not require any topological struc-
ture beforehand on them Instead, by means of charts and atlases, we build up a
differential structure inducing, in a natural way, a topological structure. If the man-
ifold is already equipped with a topology, a simple criterion ensures whether the
latter coincides or not with the topology induced by the differential structure. We
find this approach more convenient for the beginner. Later on, to avoid unnecessary
repetitions, we impose certain restrictions on the topology of the manifolds. An-
other important notion here is that of the smoothness of maps between manifolds
for which we provide many useful criteria.

Chapter 2 is a detailed study of the tangent spaces and the derived tangent
bundle of a smooth manifold. Tangent vectors are described as equivalence classes
of suitable smooth curves, and, later, as derivations of the algebra of (germs of)
R-valued smooth functions on the manifold. The latter approach, often used as the
primary definition of a tangent vector, seems unmotivated to the novice, whence
our choice to start with the first, more geometrical, (kinematic) approach. With a
little work, the reader will also master derivations which are indispensable in later
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chapters. Special attention is given to various useful computations. Furthermore,
given a smooth map between manifolds, we define its differential (or tangent map)
by which one extends the ordinary derivative (differential) to the case of manifolds.
We illustrate the calculus thus obtained by proving the analogs of some classical
results in the new context.

In Chapter 3 we study smooth vector fields as sections of the tangent bundle and
describe their differentiability in many useful ways. We explain their relationship
with differential equations and flows. The latter are treated in detail, though some
proofs may be omitted on a first reading. The set of vector fields of a smooth
manifold is an example of a Lie algebra. This is an important algebraic structure,
probably met by the reader for the first time. The Lie algebra of a Lie group (studied
in Chapter 4) is an indispensable tool for the study of the latter groups. Chapter 3
closes with the Lie derivative of vector field.

Chapter 4 is a brief introduction to Lie groups. They provide an important exam-
ple of the intertwining of two different structures; namely, the algebraic structure of
a group with the differential structure of a manifold. The Lie algebra, one-parameter
subgroups, the exponential map, and the adjoint representation of a Lie group are
elaborated in full details. The elementary material included in this chapter is a di-
rect application of the main ideas developed in the previous chapters, in particular
those referring to vector fields and differentials.

Chapter 5 starts with regular submanifolds. Unlike the case of topological spaces,
an arbitrary subset of a manifold is not necessarily a manifold too, unless additional
conditions are satisfied. Immersions and submersions are the next subject. They are
smooth maps that locally look like the natural inclusions and projections, respec-
tively. Although they are elegantly defined by simple properties of their differentials,
their local descriptions need some extra work.

Chapter 6 touches upon the Riemannian structure and linear connections on
smooth manifolds. Roughly speaking, these notions introduce the reader to the
realm of Riemannian geometry, as well as to the theory of connections, one of the
most important tools of the modern geometry of fiber bundles, with important ap-
plications in geometry and physics. From here, one can follow a variety of directions,
according to her/his needs and taste.

Chapter 7 is dealing with differential forms. We approach them in an elementary
way, avoiding the use of tensor fields and exterior algebras. We start with local forms
in Euclidean spaces and then we proceed to the general case of forms on manifolds.
Central notions such as the exterior product, exterior differentiation, the pull-back
and Lie derivatives of differential forms are carefully explained. We also prove the
exactness of the local de Rham complex.

We would like to note that, although we are dealing with finite-dimensional
manifolds, we often try to give coordinate-free proofs. These suggest ways to extend
various results to the (infinite-dimensional) Banach framework, of course under
appropriate modifications.
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As we see from the preceding description and the table of contents, we have
included (for the sake of completeness) more material than that normally addressed
to undergraduate students. Complicated topics or proofs that can be skipped on a
first reading are included between two black triangles ¥ and A.

The exercises. Each section is followed by exercises. For most of them there are
hints or detailed solutions (depending on their difficulty) given at the end of the
book. The reader is advised to try to deal with them before seeking help in the
solutions. Very few exercises complement the theory and are used in subsequent
parts of the book.

Prerequisites. Since we have tried to write a self-contained text, we have included
two appendices reviewing what is needed here from the general topology and mul-
tivariate calculus. In the case of calculus, the linearity of the derivative is system-
atically used, since this property is a key to further developments. In this respect,
the book also helps the reader to systematize the classical differential calculus and
to see how it is applied to a more abstract context. Naturally, the Jacobian matrix
is indispensable for finite-dimensional computations. On the other hand, although
very little of the general (point-set) topology is needed, application of it to the first
chapter gives the reader a useful perspective from the familiar topology of R™ to
that of an abstract space. Needless to add that basic notions of linear algebra, set
theory and functions surely belong to the elementary background of every student
of mathematics and physics, that is why there is no particular mention of them.

The audience. As already explained, we have in mind (advanced) undergradu-
ate and beginning graduate students of mathematics and physics wishing to be
acquainted, as early as possible, with the material described above. With this back-
ground, they can easily approach more advanced topics such as vector and principal
bundles, connection theory, Riemannian geometry, characteristic classes, symplec-
tic geometry, gauge theory and so on. We note that students with some knowledge
of surface theory will trace in it the origin of many notions of modern differential
geometry. However, the former theory is not required to access our exposition. With
a little effort (from the part of teachers and students) the back-bone of this book
can be covered in one semester, possibly with the omission of certain sections.

About the bibliography. In the last 40 years or so, the literature on the geometry
of manifolds and related topics has been enriched with a considerable collection
of excellent textbooks and specialized treatises, as well as a myriad of research
papers. From this enormous list, we have included here, apart from the sources we
specifically cite in the text, and those we have used as students, teachers and writers,
and —to our opinion— they better serve the purposes of oursthe present approach.
Omissions by no means reflect any disdain. On the contrary, we are deeply indebted
to all the authors whose works have influenced the development of our discipline,
as well as our personal mathematical formation.

Acknowledgments. We are grateful to our teacher and mentor, the late Professor
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A. Mallios (1932-2014), who first introduced smooth manifolds in the undergraduate
curriculum of our Department. This was an exciting moment for all of us. We also
thank our numerous students, whose questions, comments and suggestions helped
us to give the present form to our preliminary notes (in Greek). Similarly, thanks
are due to many colleagues for discussions about the need of such a book and its
contents. Finally, we are indebted to the Publishers for including our work in this
series.

We will be happy if we succeed to convey to our readers the same excitement we felt
when we first came across the theory of smooth manifolds and modern differential
geometry.

E.V-M. P Athens, June 2016.
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Chapter 1

Differential Structures

It is hardly an eraggeration to say
that manifolds are the most impor-
tant spaces in mathematics.[...] They
are tmportant almost everywhere in
mathematics from calculus on.

W.M. BOOTHBY [8, p. 145]

Motivated by the central idea of cartography, we define the structure of a differ-
ential or smooth manifold, based on the abstraction of (geographical) charts and
atlases. The existence of a differential structure on a set M supplies the latter with a
canonical topology whose basic properties are exhibited. The next step is to define
a differentiability notion for maps between smooth manifolds. This is a half way
towards the development of a differential calculus on an abstract space such as a
smooth manifold. This development is completed in Chapter 2, when the necessary
linear spaces, supporting a notion of derivative, are provided by the tangent spaces
of the manifold. The final section of this chapter is dealing with bump functions
and smooth partitions of unity on a manifold M. The former allow to extend local
differentiable functions to ones with domain M. On the other hand, local objects,
defined on an open cover of the manifold, can be glued together by means of a
partition of unity to determine a global object on M.

1.1 Motivation

Many terms encountered in the first sections come from cartography, the art of
making charts. The problem of drawing charts is very old. Ancient astronomers, like
Hipparhus (190-125 B.C) and Ptolemy (138-180 A.D), used the method of stere-
ographic projection (as it was named around the 1600’s) to draw celestial charts.
Much later, in medieval times, the same method was used to make primitive geo-
graphical charts of the then known world.
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In making charts, one essentially tries to project, that is, to represent parts of the
Earth into pieces of the plane. Let us describe first the stereographic projection
from the north pole shown in the next figure.

Figure 1.1 Stereographic projection from the north pole

Idealizing the situation, we imagine that the Globe is represented by the unit sphere
52 centered at the origin 0 of the cartesian system of coordinates in R®. We also
imagine that a (very large) sheet of paper is unfolded on the plane z0y, identified
with the plane E of the equator. Then the straight line from the north pole N to
a point P on the sphere meets E at a point Py. The latter is the stereographic
projection of P from the north pole. Conversely, joining any point of E with IV, we
obtain a point on S2.

A little thought may convince the reader that, in this way, all the points of the
sphere but one, namely the north pole, are in 1-1 correspondence to the points of
the whole plane E; in other words, S? \ N = S? — {N} is projected bijectively
onto E = R2. This process yields a very primitive chart, a useless one indeed, since
points close to N are projected very far away, thus the image of regions near to the
noth pole are monstrously distorted. Nevertheless, the essence of chart making lies
in this process.

Since the image of the north pole does not appear in our chart, we make a new
one containing the image of N by applying, in a similar way, the stereographic
projection from the south pole S. Then 5%\ S is bijectively projected onto E.
Clearly, the new chart does not contain the image of S. However, binding together
the previous two charts we get a (geographical) atlas.

For the same sphere we may obtain better charts (only of theoretical value, of
course) by projecting various hemispheres to appropriate planes. More precisely, we
consider the north hemisphere (without the equator)

(1.1.1) ST={(z,y,2) € 8% : 2> 0},
and we project it onto the plane F of the equator, as in Figure 1.2. Clearly, a point
(z,y, z) of the hemisphere is mapped to the point (z,y) belonging to the unit disc
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D(0,1)

Figure 1.2 The north hemisphere

(1.1.2) D, :={(a,b) eR* : a® +b* < 1}

(the index z indicates that this disc is perpendicular to the z-axis). Conversely,
any (a,b) € D, is the projection of (a,b,+v1 —a? —b?) € SF. Thus, a bijective
correspondence between the noth hemisphere and the disc D, is established, pro-
viding a chart. Note that D, is an open subset of R?, a fact which will be important
importance in the definition of smooth manifolds.

Analogously, we consider the south hemisphere S, (along the z-axis ), the west
and east hemispheres (along the z-axis), and the two hemispheres along the y-axis.
In this way we get an atlas with six charts. All the aforementioned hemispheres are
shown in the standard picture of Figure 1.3

The details of the preceding charts, obtained by the stereographic projections
and the hemispheres, will be elaborated in Examples 1.2.12(D1,D2), pp. 14, 15.

Of course, in modern cartography more complicated projections are used (see, for
instance, [52, Chapter 8"%]), and very sophisticated devices, mounted on satellites,
produce highly accurate charts. Further details on this matter are beyond the scope
of this book.

The idea to correspond parts of the sphere to open subsets of R? had been applied
to arbitrary surfaces in 3-dimensional space. Thus the mathematical tools of the
Euclidean space can be transferred, so to speak, to a surface. The development of
the modern differential geometry of surfaces bears the seal of C.F. Gauss’s ingenuity.
In the study of these objects, the fact that the latter are embedded in R? plays a
crucial role. However, the theorem of Gauss known as Theorema Egregium revealed
the existence of an intrinsic geometry. This means that the geometry of the surface
can be recovered by means of measurements on the surface itself, without recourse
to any ambient space. This led G.F.B. Riemann to conceive the idea of an abstract
space, not necessarily embedded in some Euclidean space, that he called manifold.

Riemann’s revolutionary ideas first appeared in his famous Inaugural Lecture
Uber die Hypothesen, welche der Geometrie zu Grunde liegen (: On the hypotheses



June 18, 2017 12:1 World Scientific Book - 9.75in x 6.5in dg page 4

4 Differential Structures

Figure 1.3 Six typical hemispheres

which lie at the foundations of geometry)*, delivered at the University of Gottingen
in 1854, as part of the requirements for the position of ‘Privatdozent’. For a long
time they remained at the possession of a few mathematicians until A. Einstein
applied Riemann’s geometrical ideas to describe the mathematical background of
the theory of General Relativity. This had a tremendous impact on the development
of the theory of manifolds and led to an explosion of modern ideas, methods and
related disciplines.

1.2 Charts and atlases: formal definitions

Formalizing the process of chart making described in §1.1, here we provide an
arbitrary set with charts and atlases.

Definition 1.2.1. Let M be a nonempty set. An (m-dimensional) chart on M
is a pair (U, ¢), where U C M and

¢: U — ¢(U) CR™

is an 1-1 map (onto ¢(U)), with ¢(U) open in R™ (see also Figure 1.4).

*For a translation of this lecture and many useful comments see [68, Vol. II]
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Figure 1.4 A (coordinate) chart

The following terminology is of frequent use: If U is a proper subset of M, the
pair (U, ¢) is called a local chart, whereas U = M characterizes a global chart. A
chart at (or about) x € M is a chart (U, ¢) on M such that = € U. The Euclidean
space R™ is said to be the model of the chart.

Global charts are generally rare. We describe a few of them in Examples 1.2.12.
If there is a global chart (M, ¢), then M is identified with the open subset ¢(M)
of R™; therefore, M may be considered as a topological space on which one defines
differentiable mappings in the usual sense.

A local chart (U, ¢) is also called a coordinate chart because it induces the
local coordinate functions or simply local coordinates

i : -
x':=pr;o ¢; i=1,...,m,

where pr,: R™ — R is the projection to the i-th factor. The same projections
coincide with the ordinary coordinate functions (u') of R™. Thus, with respect
to (U, ¢), the coordinates of a point x € U are the numbers

' (z) = pr;(p(x)) = u'(o(x)), i=1,...,m.
To specify the coordinate functions, we also write (U, ¢) = (U, x',...,2™). In this
respect, U is the coordinate domain and ¢ the coordinate function Occa-
sionally, instead of z(x), we simply write 2%, omitting z. The context will clarify

whether we are referring to the coordinate functions on U or the coordinates of the
point z € U.

As in the case of geographical atlases, there are points of M belonging to more
than one charts, thus they admit various systems of local coordinates. Simple alge-
braic computations transform one system to another. However, since our ultimate
goal is to provide M with a differential structure so that, among other things, a
differential calculus can be built on M, we require the change of coordinates to be
differentiable in the following precise sense.

Definition 1.2.2. Two charts (U, ¢) and (V, 1) of M are said to be C*-compatible
(k=0,1,...,00) either

(i) UNnV =0, or
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(i) UNV # 0, in which case it is also assumed that ¢(U N'V) and ¢(U N
V') are open subsets of R™, and the transition functions or change of
coordinates

(1.2.1)

are Ck-differentiable.

poy’

o(U) /m
\

J
[
k p(UnV) W(UAY )

Figure 1.5 A transition function

It is worth noticing that regular surfaces in R? have differentiable transition
functions as a result of a proven theorem, where the fact that the surface is embedded
in R? plays a crucial role. It took a long time to mathematicians to understand the
importance of the differentiability of the transition functions, and to realize that, in
the case of absence of an ambient space, this condition should be axiomatized (see
also the relevant comments in [13, pp. 2-3]).

Since the maps (1.2.1) are inverse to each other, the preceding differentiability
condition implies that both mappings are C*-diffeomorphisms. We recall that a
diffeomorphism is a differentiable bijection with a differentiable inverse.

For k=0, o¢ ! and ¢ oyt are only continuous (hence homeomorphisms).
In this case, the charts (U, ¢) and (V, ) are called topologically compatible. If
k = oo, the charts are called smoothly compatible. Clearly, smooth compatibility
implies C*—compatibility, for every k& € N. In turn, the latter implies the topological
compatibility of charts.

If we want to be very formal, the maps (1.2.1) should be written as

Yoo pwnvy and Gov T ywar)
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respectively. However, for the sake of simplicity, we will not write down the re-
strictions whenever there is no danger of confusion, especially when the domain of
definition is explicitly mentioned.

Remark 1.2.3. The C*-compatibility of two intersecting charts implies that they
necessarily have the same dimension. Indeed, let (U, ¢) and (V, 1) be C¥-compatible
charts of dimensions m and n, respectively, with UNV ## (). If k > 1, then, for every
x € UNYV, the ordinary derivative of 1 o ¢~ 1,

D(yo¢~")(p(x)): R™ — R”,

is a linear isomorphism, hence m = n.

However, for k = 0, the open sets ¢(U N'V) and (U NV) in R™ and R",
respectively, are homeomorphic and the equality of the dimensions follows from
Brouwer’s theorem on Invariance of Domain. A (quite sophisticated) proof of the
latter and other relevant details can be found, for instance, in [23], [36], [60] and [67].

We also note that non-intersecting charts (of the same space M) are not neces-
sarily of the same dimension [see Exercise 1.2.14 (19)].

As a geographical atlas is a collection of charts, in our context we have the
following formal notion:

Definition 1.2.4. A C*-atlas of M is a family
A={(Ui, ¢;)|iel}
of charts on M, such that:
(i) {Ui}ier is a covering of M; that is, | J,c, Us = M;
(ii) For every i,j € I, the charts (U;, ¢;) and (U;, ¢;) are C*-compatible.

If £k = 0 (resp. k = o0), A will be called a topological (resp. differential or
smooth) atlas.

If all the charts of A have the same dimension m, A is called an m-dimensional
atlas.

Returning to the atlases of S? described in Section 1.1, it is not hard to see
that both satisfy the conditions of Definition 1.2.4 [details will be given in Exam-
ples 1.2.12(D1,D2), pp. 14, 15]. Intuitively, we also see that restricting the stereo-
graphic projections to the upper or lower hemispheres, we obtain new charts which
are smoothly compatible with the two charts of the original atlas, but they do not
belong to it. Similarly, projecting half of the six hemispheres to the corresponding
discs, we obtain new compatible charts not belonging to the initial atlas of the
hemispheres.

Since we want to be able to control all the compatible charts, we consider them
as members of a larger structure defined below. This is particularly useful in dealing
with questions of differentiability, where we often need to shrink the domain of a
chart. For this purpose we denote by 2% (M) the set of all m-dimensional C*-atlases
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on aset M # (). If A,B € Ak (M), we say that A is smaller or coarser than B
(notation: A < B) if A is (set-theoretically) contained in B; that is,

(1.2.2) A=XB < ACB.
It is clear that relation (1.2.2) induces a partial order in A% (M).

Definition 1.2.5. An atlas A € A (M) is called maximal if it is a maximal
element of A (M), with respect to the previous partial order; that is,

VBeA (M) with A<B — A=8.
In other words, A is not contained in a larger atlas.

Proposition 1.2.6. An atlas A € A (M) is mazimal if and only if it contains all
the charts of M which are C*-compatible with every chart of A.

Proof. Assume that A € A% (M) is a maximal atlas and let (U, ) be any (m-
dimensional) chart on M, C*-compatible with every chart of A. Then

ACAU{(U,¢)} €Ay, (M).

Hence, the maximality condition implies that A= AU {(U, ¢)}, thus (U, ¢) € A.
Conversely, assume that an atlas A € 2AF (M) contains every chart C*-
compatible with all the charts of A. If B € AF (M) is any atlas with A < B,
then every chart of B is C*-compatible with all the charts of A. Consequently, by
the assumption, every chart of 15 belongs to A, thus B < A and B = A, which shows
that A is maximal. |

The next basic theorem describes the construction of a maximal atlas from a
given one.

Theorem 1.2.7. An m-dimensional atlas A € AE (M) is contained in a unique
m-dimensional mazimal atlas A}, € AL (M),

Proof. Let an arbitrary atlas A € A¥ (M). We denote by A}, the set of all m-
dimensional charts of M, which are C*-compatible with all the charts of A. Clearly
A C Aj.. We have to verify the following assertions:

i is a CF-atlas: Condition (i) of Definition 1.2.4 is immediate. For condition (ii),
we consider two arbitrary charts (U, ¢) and (V,v) of Aj, with U NV # (). First we
prove that ¢(UNV') is an open subset of R™. To this end it suffices to show that, for
every a € ¢(UNV), there exists an open subset B of R™ such that a € B C ¢(UNV).
Set z := ¢~(a) € UNV. Since the charts of A cover M, there exists (W, x) € A,
with © € W; hence, x € A:=U NV NW (see also the next picture).
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Figure 1.6 Chart compatibility of a maximal atlas

Therefore, we can write:

P(A) =p(UNVNW)
ox H(xUNVNW))
e

HixWnw)nx(Vnw)).

¢
¢o
The charts (U, ¢) and (W, ) are C*-compatible (by the construction of A’), thus
x(U NW) is an open subset of R™. Similarly, x(V N W) is an open subset of R™
by of the compatibility of (V,1) and (W, x). Consequently, x(U N W) N x(VNW)
is an open subset of x(U NW). Applying the homeomorphism ¢ o x !, we see that

$(A) = (pox™ ) (X(UNW)Nx(V W)
G (pox H(XUNW) =pUNW) G R
that is, ¢(A) is an open subset of ¢(U N W), thus an open subset of R™. Since
a€ ¢(A) Cop(UNV), setting B := ¢(A), we infer that ¢(U NV') is an open subset
of R™. A similar reasoning proves that ¢(U N'V) is open in R™.

Next we need to show the C*-differentiability of the transition functions (1.2.1).
For the first of them we proceed as follows (analogously for the second): Since the
differentiability of a function is a local property, it suffices to show that, for every
a € ¢(UNV), there is an open subset B of ¢(U NV), such that a € B and the
restriction of 1o ¢! to B, i.e. 1 o ¢~ !|p, is a CF-map. As before, we consider the
chart (W,x) € A with 2 := ¢~ 1(a) € W, and the set A :== UNV NW. We have
already proved that ¢(A) and x(A) = x(UNW) N x(V NW) are open subsets of
R™. On the other hand, the C*-compatibility of (U, ¢) with (W, x), and (V, ) with
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(W, x), implies the Ck-differentiability of the maps
X0 i p(UNW) — x(UNW),
Yvox Lix(VAW) — (VN W).
As a result, their restrictions

X0 0 Hoay: p(A) — x(A),
Yo x iy x(A) — ¥(A)

are CF-differentiable, as well as their composite

Yo b o) = (Yo xHxa) o (X087 ow)-

Setting again B = ¢(A), we obtain the desired differentiability, thus proving the
first assertion of the statement.

Al is maximal: Indeed, if (U, ¢) is an arbitrary chart of M, C*-compatible with the
charts of A}, then (U, ¢) is C¥-compatible with the charts of A (since A C A});
hence, by Proposition 1.2.6, we prove the claim.

A, is the unique maximal atlas containing A: Assume that A} € Ak (M) is an-
other maximal atlas with A C AY. This means that the charts of A} are C*-

compatible with all the charts of A, hence A} C Aj.. However, A} is maximal, thus

= Aj., which completes the proof. [

Another way to define a maximal atlas is by inducing an equivalence relation be-
tween atlases. More precisely, two atlases A, B € A~ (M) are called C*-compatible

(in symbols: A L B) if AU B is also an m-dimensional C*-atlas; that is,
(1.2.3) ALB =  AUBeUAr (M)

We show that this is an equivalence relation in the next proposition.

The union of two CF-atlases obviously covers M. On the other hand, if
(U,9),(V,0) € AU B, then either both charts belong to the same atlas, or one
belongs to A and the other to B. To ensure the compatibility of the atlases, we
should check the compatibility of the preceding charts only in the second case (in
the first case this is automatically satisfied). In other words,

(1.2.4) ALB if and only if every chart of A is Ck-compatible with
every chart of B.
On the other hand, the comparison of the two relations in 2, (M) leads to
(1.2.5) A=<B — AUB=BecA (M),
i.e. the order relation (1.2.2) implies the equivalence relation (1.2.3).

Proposition 1.2.8. The following assertions hold true:

(i) If A,B € Ak (M), then AL B > A, =B,
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ok . .
(ii) ~ is an equivalence relation.

(iii) If [A] is the equivalence class of A € AL (M), with respect to X then

A= | | B euk(M).
Be[A]

(iv) For every A € AL (M), it follows that A* = Aj.

Proof. (i) If A X B, then AUB € 2k (M). Therefore, in virtue of Theorem 1.1.7,
we obtain the maximal atlas (AU B)},. Because

A,BC AUBC (AUB),

Definition 1.2.5 and the uniqueness of the maximal atlases corresponding to .4 and
B imply that
= (AUB), =By

Conversely, if Aj = By, then the charts of A and those of B belong to the same
atlas A}, = Bj; hence, they are mutually C*-compatible. Consequently A L B.

(ii) The reflexivity and symmetry of £ are obvious. Now, assume that A LB
and B £ C. Then, by i) above, A} = Bj and Bj, = C,, whence the transitivity
property.

(iii) Obviously, the charts of A* cover M. It remains to check the compatibility
of any charts (U, ¢) € B and (V, ) € C, where B and C are arbitrary atlases in [A].
This is an immediate consequence of B X ¢ and assertion (1.2.4).

(iv) Since AU A, = A, € A* (M), it follows that A}, £ A, thus A, C A*. The
maximality of A}, implies that A* = Aj. []

Definition 1.2.9. We say that a mazimal atlas A € A* (M) defines a C*-
differential structure or the structure of a C*-manifold on M, and the pair
(M, A) is a C*-manifold. In particular, if k = 0, (M,.A) is called a topological
manifold; whereas, for k = oo, A determines a smooth structure and (M, A) is
a smooth manifold. If all the charts of 4 have the same dimension m, we say that
R™ is the model of the manifold and m its dimension. We write dim(M) = m.

We note that instead of differential structure and manifold the terms differ-
entiable structure and manifold are also used. Although grammatically differential
and differentiable have different connotations, in our framework they qualify the
same objects.

Remarks 1.2.10. 1) The importance of Theorem 1.2.7 it should be now obvious:
In order to endow a set M with the structure of a smooth manifold, it is sufficient
to find a (not necessarily maximal) atlas of M. Then the respective maximal atlas
defines the desired structure.
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2) A maximal atlas can be the maximal atlas of many atlases, in contrast to the
uniqueness (by Theorem 1.2.7) of the maximal atlas corresponding to a given atlas
[see Exercises 1.2.14(7), 1.2.14(8) and 1.2.14 (9)].

3) It is worth mentioning the following result of Differential topology (see [32,
pp. 51-52]):

A CF-structure, k > 1, contains a C"-structure, for every k < r < oo.

This is not true for a C%-structure. As a matter of fact, M. Kervaire [39] gave an
example of a topological manifold not admitting any differential structure.

On the other hand, J. Milnor [55] discovered the existence of exotic 7-spheres:
These are manifolds that are homemorphic but not diffeomorphic to the standard
manifold structure of S (the precise meaning of the previous terminology will be
clarified in Definition 1.4.9). For a heuristic description of them we refer to [17, p. 6].
It is also known (see [40]) that the sphere S7 admits 28 exotic structures, while 53!
has more than 16 million!

Also, in the 1980’s (see [21], [24]), it was proved that there are manifolds home-
omorphic but not diffeomorphic to the standard structure of R* (ezotic R?). In
contrast, for any n # 4, any smooth manifold homeomorphic to R" is diffeomorphic
to the latter.

Conventions 1.2.11. 1) In view of the result mentioned in in the Re-
mark 1.2.10(3), hereafter all the manifolds considered will be smooth, unless
otherwise stated. If A is any smooth atlas, then the corresponding maximal at-
las will be simply denoted by A’ (instead of A/, as suggested by the notation
of Theorem 1.2.7).

2) If A is the maximal atlas inducing the manifold structure on M, we
usually say (and write) “the (smooth) manifold M = (M, A)”. If there is no
ambiguity about the atlas A in the previous pair, we simply say “ the (smooth)
manifold M7, the adjective smooth frequently omitted.

3) Also, for the sake of simplicity, we will assume that all the charts have the
same dimension, as is the case of most examples, thus dim(M) is well defined.
In Proposition 1.3.18 we will give a sufficient condition ensuring the existence
of dim(M). But this needs the topological background of Section 1.3.

Let us stop for a while and give some standard examples.

Examples 1.2.12.

(A) R™ and its open subsets

Let an open A C R™ and consider the pair (A,id4). It is obvious that (A,id4)
is an n-dimensional global chart of A and A := {(A,ida)} is an n-dimensional
smooth atlas of A. If A’ is the respective maximal atlas, then 4 = (A, A’) is an
n-dimensional smooth manifold.
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The previous considerations hold true, a fortiori, for A = R™. Hence,
(R™, {(R",ida)}")
is an n-dimensional smooth manifold. This is called the standard or ordinary

smooth structure of R". In Exercise 1.2.14 (9) we define on R a smooth structure
that differs from the standard one.

(B) Finite dimensional vector spaces

Let V' be an n-dimensional real vector space. A basis (v1,...,v,) of V induces a
linear isomorphism

n
PV —R":1z= Zmivi (2t 2.
i=1
The pair (V,4) is clearly an n-dimensional global chart of V. Hence the set A :=
{(V,4)} is an n-dimensional smooth atlas of V' and, if A’ is the respective maximal
atlas, then (V, A’) is an n-dimensional smooth manifold.

In particular, the space M, x,(R) of m x n real matrices is an m - n-dimensional
smooth manifold. The map ®: M,,x,(R) — R™" inducing this structure is pre-
cisely the one associating to a matrix the vector obtained by arranging side by side
the lines of the matrix:

........... > (@11, -y Qs e ey Qynly -« s Q) -

For later use, we set My, (R) := My p(R), thus M, (R) = R™.

In the same vein, the space of linear maps L(E,F) between two vector spaces,
of respective dimensions m and n, is also a smooth m - n-dimensional manifold: By
choosing arbitrary bases of E and F,

L(E,F) 2 Mpun(R) = R™™,

(C) An extreme case: 0-dimensional manifolds

Let M be a non empty set. For each point x € M consider the map ¢, : {x} — {0}.
Since R? is nothing but the singleton {0}, obviously ({z}, ¢.) is a chart on M. All
the charts of this form are smoothly compatible in a trivial way, thus their collection
determines a 0-dimensional atlas A. The later is necessarily maximal (why?), thus
(M, A) is a 0-dimensional smooth manifold. A set M endowed with the preceding
structure is also called a discrete manifold.

(D) The surface of the unit sphere S*
The unit sphere centered (for simplicity) at 0 = (0,0, 0),
S = {(z,y,2) ER*|2® +y> + 22 =1},
will be endowed with the structure of a 2-dimensional smooth manifold in the

two ways outlined in Section 1.1. Tt turns out that these structures coincide (see
Exercise 1.2.14 (2) and Theorem 1.4.16).
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(D1) S?% as a manifold by stereographic projections

Fixing the poles N = (0,0,1) and S = (0,0, —1), we define the pairs (Uy, ¢n) and
(U37 d)S)a where

Uy =52\ {N}, Ug=5*\{S},

. 2, _ € Y
s Uy — B (0 2) = () = (12 12 )

€ Y
:Ug — R?: = ) .
(bS S (Z‘,y,Z) = qbs(a:,y,z) (1+Z 1+Z>

The previous maps are the precise expressions of the stereographic projections from
the north ant south pole, respectively [see also Exercise 1.2.14 (4)]. We check that
on is injective: If (z1,y1, 21), (22,y2, 22) € Uy with

N (71,y1,21) = On (T2, Y2, 22);

T Y1 _ T2 Y1
) = I B
1—21 1—21 1—2’2 1—2’1

then adding the squares of the equal coordinates and taking into account that
22 +y? + 27 = 22 + y3 + 23, we have that z; = 2o, whence it follows that z; = 29
and y; = y2. The injectivity of ¢g is proved analogously.

We also check that the range of ¢ is the whole of R2. Indeed, for any (a, b) € R?,
we look for an (x,y, z) € S? such that

that is,

¢N(:r,y,2)=< & Y )z(mb).

1—2 1—2

Then, substituting 2 = a(1 — z) and y = b(1 — z) in 2? + y? + 2% = 1, we obtain

—1+a?+b? . 2a 2b
zZ = m, frorn Wthh fOHOWS that xr = m and Yy = m .
Therefore, the inverse of ¢y is given by
6ol (ab) = 2a 2b —14a® +b?
NART T 14+ a2+ 1 +a2+02 7 1+a2+ 02

Hence ¢n(Uyx) = R? is an open set. In a similar way, we verify that, for every
(a,b) € R,

2a 2b 1—a2—b2>

-1
b = b Y
95 (@) <1+a2+b2 l+a?+b* 1+a?+0b?

and ¢s(Us) = R2. The preceding arguments prove that (Un,¢n), (Us,ds) are
charts of S2.
We will show that

A:={(Un,én), (Us, ds)}
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is a smooth atlas. It is immediate that Uy UUg = S2. On the other hand, Uy NUg =
Un \{S} = Us \ {IN}; therefore,
PN (UN NUS) = gN(UN\{S}) = on (Un) \ {on(S)} = R*\ {(0,0)},
¢s(Un NUs) = ¢s(Us \ {N}) = 6s(Us) \ {¢s(N)} = R*\ {(0,0)},
which means that the set ¢n(Unx NUy) = ¢ps(Un NUs) = R?\ {(0,0)} is open in

R2. Moreover, an easy computation shows that the maps

¢s oy, onodg 1 R*\{(0,0)} — R*\ {(0,0)}

are given by the formula
—1 -1 a b
ps ooy (a,b) =dno¢g (a,b) = <m7m>’

for every (a,b) € R?\ {(0,0)}, thus they both are smooth.

In conclusion, (Uy, ¢n) and (Us, ¢g) are smoothly compatible charts and A
is a smooth atlas. If A’ denotes the respective maximal atlas, then (S? A’) is a
2-dimensional smooth manifold.

(D2) S? as a manifold by hemispheres
Recalling (1.1.1), we define the sets

ST = {(z,y,2) € $*: 2> 0},
ST = {(x,y,z) €S?:z2< O},
D, :={(z,y) e R? : 2* +¢* < 1}.
In other words, ST (resp. S7) is the positive (resp. the negative) hemisphere over

(resp. under) the xy-plane without the equator. D, is the open disc with center
0 = (0,0) and radius 1 on the same plane. We also define the maps

ph?’j S;r — DZ: (xayVZ) = (-T7y),
¢;: S; — Dz: (£E7y,Z) — (‘ray)v

which are the projections of the preceding hemispheres to the disc separating them.
Then the pairs (S7,¢7), (S;,¢, ) are charts of the sphere. Indeed, we check at
once that ¢}, ¢, are 1-1 onto D, with respective inverses

(67) " (asb) = (a,0,4/1—a? — 12),
(62) (asb) = (a,b, /T — a2 — 12),

for every (a,b) € D,. Hence ¢ (U}) = ¢, (U, ) = D, C R? open.
In this way, we obtain the six charts (S, ¢¢), with i = z,y,z and o = +, —,
and the three discs D;, i = x,y, z. Then the family

B:={(Sf¢d)|i=x,y,2; a =+,—}
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is an atlas of S?: Obviously the domains of the charts cover S2, since for every
(z,y,2) € 8%, we have 22 + y* + 22 = 1; hence, at least one coordinate, say =, does
not vanish, thus

(r,y,2) €eUS or (z,9,2) €U, .

We prove the compatibility, e.g., of (S} ¢1) and (S, ¢, ). In this case,

SEns, ={(z,y,2) € S?:2>0, y<0};
hence,

¢y 85 NS, 3 (x,y,2) — &5 (x,y,2) = (y,2) € Dx,

with y <0, i.e.

¢ (SinS,)=D.n{(y,2) € R? : y < 0}.
Consequently, ¢ (S;FNS,) is the lower half of the disc D,, which is an open subset
of R2. Similarly,

¢, (55 NS, )=Dyn{(z,2z) € R*: x>0} C R?
is open in R2.
For the differentiability of the corresponding transition functions, we notice that,

for every (a,b) € ¢F (S NS, ), we have

(QS;O(QS;_)_l)(U/,b) :¢;(V 1_a'2_b27 a, b) = (V 1—0/2—1727 b)?
hence, ¢, o (¢;7)~! is a C*®-map on ¢ (S NS, ). Analogously, for every (a,b) €
o, (U7 NU,),
(63 0 (8,)7 1) (a,b) = ¢f (a, —V/1 —a? =02, b) = (= V1 — a2 b2, D),

showing that ¢;f o (¢, )" is also smooth on its domain.
In a similar way we prove the compatibility of any other pair of charts. Conse-
quently B is an atlas of S? and (52, B’) a 2-dimensional smooth manifold.

(E) The unit circle S*

The unit circle S* := {(z,y) € R? : 22 + y? = 1} becomes a smooth manifold of
dimension 1 by adaptingthe analogs of stereographic projections or suitable semi-
circles [see Exercise 1.2.14 (8)]. Here we describe a third atlas, which proves to be
very useful in various applications. More precisely, we consider the set

C:= {(UN7 91\]), (Us, 95)}7
where
Uy :=S"\ {(0,1)}, Us := S"\ {(0,-1)},
the maps 0;: U; — R (i = N, S) sending every point P = (z,y) of U; to the angle
0; between OP and Ox (if O denotes the origin of the axes, center of the circle),
subject to the restrictions

On(P) € (7/2,57/2); P € Uy,
95(P)€(—7T/2,37T/2), P e Ug.
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By elementary trigonometry we see that 6 and 6g are 1-1 maps onto the respective
intervals, which are open subsets of R; hence, the pairs (Uy,0y) and (Ug, fg) are
charts of S'. For their compatibility we first see that

On(UnNUs) = (7/2,37/2)U (37/2,57/2),

0s(Un NUg) = (—7/2,7/2) U (7 /2,37/2),
which are open subsets of R. On the other hand, the transition function

On o 951 : QN(UN N Us) — Qs(UN N Us)
is given by

I 0821 (1) = {t, t e (r/2,37/2),

t + 2, te(—m/2,7/2),

which is a C*°-diffeomorphism. As a result, C is a differential atlas of S* and the
pair (S*,C’) is an 1-dimensional smooth manifold.

(F) The projective plane Pa(R)
Let the Euclidean space R3. In R2 := R3\ {(0,0,0)} we define the relation
(z',2%,2%) ~ (y', 9%, y°) =
FJANER, =R —{0}:9" =Xz*, i =1,2,3.
It is easily verified that this is an equivalence relation. We denote by [z!, 22,z
2

(instead of the more complicated [(x!, 22, 2%)]) the equivalence class of (z!, 2%, 23).

The set of all the above classes, i.e. the quotient space
Pa(R) = (R%\ {(0,0,0)}) / ~
is the projective plane (or the 2-dimensional projective space).
We define the sets
U, := {[xl,xz,xg] e Py(R) : ' # O}, 1=1,2,3,

(1.2.6)

and the maps

2 .3
¢1: Uy — R?: [zt 22 x3]n—>(x—17x—1>,
zl x

1.3
¢2: Uy — R*: [z, 27 x3]|—>(x27x2>,
22

rt 2?
(b U3—>R [(E (EQ (EB]'—) (373>.
3
Let us check that (Uy, ¢1) is a chart of Po(R): First we notice that ¢; is injective,

because

¢1([$17$27$3]) = ¢1([y17y27y3])

dg page 17
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Moreover, ¢1 (U;) = R?: Indeed, for every (a, b) € R? we see that ¢1([1,a,b]) = (a,b);
that is, ¢ is also surjective. Hence, ¢1(Uy) is an open subset of R? and (Uy, ¢1) is
a chart. Similarly, (Uz, ¢2) and (Us, ¢3) are charts of Po(R).

We show that the set A := {(U;,¢:)|i = 1,2,3} is a smooth atlas of Py(R):
First notice that the domains of the previous charts cover Py(R), since, for ev-

ery [z1, 2%, 23] € P2(R), at least one coordinate, say z', does not vanish; hence,
[#1, 2% 2] € Uy. For the compatibility, for instance, of (U1, ¢1) and (Uz, ¢2), we see
that

U NUs = {[z",2%,2%] € Po(R) | 2" #£ 0, 2* #£ 0},

thus, for any |2, 22, 23] € U; N Uy,

2563

1.2 .3 x
ol e = (557 e R xR
ie. ¢1(Ur NUz) C R, x R. Conversely, if (a,b) € R, x R, then [1,a,b] € Uy NUs
and ¢1([1,a,b]) = (a,b); that is, R. x R C ¢1 (U1 NUs), or ¢1(U; NUz) = R, x R,
which is an open subset of R2. Finally, for every (a,b) € R, x R,

(@007 )(wt) = an(lLast) = (5 2) = (61007 "))

which means that the transition functions
propit =drody i Ry xR— R, xR

are C>°-maps. Analogously, we prove the compatibility of any other pair of charts.
Therefore, A is an atlas and (P2(R), A’) is a differential manifold of dimension 2.
Geometrically speaking, the projective plane is isomorphic (by means of an ap-
propriate 1-1 and onto map) with the set of all straight lines of R? passing through
the origin [see Exercise 1.2.14 (20)].
An easy generalization of Po(R) is the (real) n-dimensional projective space
P, (R) . This is an n-dimensional smooth manifold [see Exercise 1.2.14 (21)].

(G) Regular surfaces in R3

A regular surface is a set S C R? such that, for every p € S, there exists a pair
(U,r), called (local) parametrization of S, where U is an open subset of R?,
r(U) is an open subset of S containing p, and the map r: U — r(U) satisfies the
following properties:

i) r is a homeomorphism (i.e. 1-1, onto, continuous with a continuous inverse).

ii) 7 is smooth.

iii) For every g € U, the derivative (or differential) of r at g,

Dr(q): RZ — R3

is 1-1 (equivalently, the Jacobian matrix of r at ¢ has rank 2.
From the previous definition it is clear that the pair (r(U),r~!) is a 2-
dimensional chart, thus S is covered by a family of charts. Now, the compatibility
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condition of the latter is proved to be a consequence of the properties of r, along with
the fact that S is imbedded in R®. Hence, all the charts of S form a 2-dimensional
smooth atlas whose corresponding maximal atlas determines the structure of a
2-dimensional manifold on S. Details on the classical theory of regular surfaces
and related topics can be found in many excellent sources. We refer, for instance
to [13], [44], [52] and [62].

A few comments may help the reader to clarify some basic differences between
regular surfaces and their abstraction, namely differential manifolds. First of all, the
continuity of r and its inverse has a meaning because a surface is a topological space
(endowed with the subspace topology derived from the ordinary topology of R?).
In contrast, there is no mention of a topological structure on a differential manifold
so far. This will be done in the next section, where we will show that the map ¢ of
every chart (U, ¢) is indeed a homeomorphism (relative to the canonical topology
induced by the differential structure). The question of the differentiability of ¢ is
settled in Section 1.4, whereas the definition of an appropriate notion of differential
needs a lot of work and will be treated in Chapter 2. In any case, condition iii) of
the preceding definition is nonsensical in the context of manifolds.

The differential structure on the cartesian product of two manifolds is another
important example of manifold. We single it out because of its utility in numerous
occasions.

Proposition 1.2.13. Let M = (M, A) and N = (N, B) be two C*-manifolds of
respective dimensions m and n. Then the cartesian product M x N has the structure
of an (m + n)-dimensional C*-manifold.

Proof. We consider the set
C={UxV,ox9)|(U,¢) €A, (V) €B}.
Every pair (U x V, ¢ x ) is a chart of M x N, because
pxP: U XV — ¢(U) x (V) : (z,y) = (¢(), ¥ (y))

is injective as the cartesian product of injective maps, and ¢(U) x ¥(V') is an open
subset of R™ x R™ as product of sets. Also, the charts of C cover M x N, for if
(x,y) € M x N, then there are (U,¢) € A and (V,¢) € Bwithx €¢ U and y € V,
hence (z,y) € U x V.

For the C*-compatibility of the charts of C, we take two arbitrary pairs

(Ul X ‘/'1’¢1 X ¢1)7 (U2 X ‘/'2’ ¢2 X ¢2) S Ca

such that (U; x Vi) N (Uz x Vo) # ), thus U; N Uz and Vi NV, are not empty.
Therefore, the sets

(127) ((]51 X ’lﬁl)((Ul X Vi) n (Ug X ‘/2)) = (bl(Ul n Ug) X l/Jl(Vl N Vé),
(128) (¢2 X ’Q/Jg)((Ul X Vl) N (U2 X Vé)) = ¢2(U1 N UQ) X ’(ﬁg(‘/l n ‘/2)
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are open subsets of R™ x R™ (in the product topology), and the transition function

(62 X ¥2) 0 (¢1 X 91) ™" = (d20¢7") x (Y2oyy),
sending the set (1.2.7) onto (1.2.8) is a C*-diffeomorphism, as the product of C*-
diffeomorphisms in Euclidean spaces.
We conclude that C is a C*-atlas of M x N and the respective maximal C’ atlas
induces the structure of a C*-manifold on M x N. O

Clearly, Proposition 1.2.13 extends to any cartesian product with finitely many
factors (what is the corresponding dimension?). Also, referring to the previous proof,
it is interesting to note that C is not necessarily a maximal atlas, although it derives
from maximal atlases. Exercise 1.3.23 (10) in the next section provides an example
explaining this remark.

Exercises 1.2.14.

1. Prove any omitted details from the Examples 1.2.12.

2. Prove that every chart (U, ¢) is smoothly compatible with itself.

3. Explain why the n-torus T" := S'x .- - x S! (n-times) is a differential manifold.
What is its dimension?

4. Prove the formulas expressing the stereographic projections of S? and their
inverses, given in Example 1.2.12 (D1).

5. If U = (0,1) x (0,7/2) € R? and f: R? — R? is the map given by f(r,0) =
(rcosf,rsinf), prove that (U, ¢) is a chart belonging to the standard smooth
structure of R2.

6. Prove that the map g: R? — R?, with g(z,y) := (22 + 232, 3xy) determines
on suitable open subsets of R? (which ones?) charts on R?, belonging to the
standard smooth structure of R?.

7. Prove that the charts (Un, ¢n), (Us, ¢s) of S? in Example 1.2.12 (D1) are com-
patible with the charts (U®, ¢%) in Example 1.2.12 (D2). What can be said about
the corresponding smooth structures of S2?

8. In analogy to the sphere S2, define on the circle S' two 1-dimensional smooth
atlases: one consisting of appropriate stereographic projections and another with
semi-circles. Prove that these atlases are smoothly compatible with each other
and with the atlas C of Example 1.2.12 (E).

9. Consider the charts (Uy, ¢1) and (Us, ¢2) of St where

Uy := {(sin27t, cos 2wt) | t € (0,1)},
Uy := {(sin27t, cos 2nt) | t € (—1/2,1/2)},
@1 (sin 27t, cos 27t) = ¢o(sin 27t cos 27t) = t.
Prove that they are smoothly compatible and determine also the same differ-
ential structure described in Example 1.2.12 (E) and Exercise 8 above.

10. Let K be the surface of a cylinder and By, Bs its bases. Show that K\ (B;UB3)
is a smooth manifold of dimension 2.
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11. Referring to Example 1.2.12(A), determine the charts of the maximal atlases
of R, R™, and those of any open set A C R"™.

12. Let 1: R — R be the map given by ¢(x) = 2. Prove that {(R,)} induces a
differential structure on R. Check whether the chart (R, ) is topologically or
smoothly compatible with the chart (R,idg). What is the conclusion about the
two differential structures of R, induced by the previous charts?

13. Prove that the C*-compatibility of charts is not an equivalence relation.

14. Let (U, ¢) be an m-dimensional chart of M. If a € R™ is a fixed element, the
right translation by a is the map

te: R™ — R™ 2z +— x + a.
On the other hand, for a fixed s € R, the homothetie by s is the map
As: R™ — R™ : 2+ sz.
Prove that (U, pgo¢) and (U, As0 ) are chart smoothly compatible with (U, ¢).

15. Let M be a smooth manifold. Then, for each x € M:

(a) There is a chart (U, ¢) centered at z, i.e. ¢(x) = 0.

(b) There is a chart (V, 1) such that ¢ (V) = R™.

(¢) There is a chart (W, x) such that x(V) =R™, and x(x) = 0.
Both charts belong to the given differential structure of M.

16. Prove that every chart (U, ¢) on a set M is smoothly compatible with un-
countably many charts of M. [Hint: use Exercise 14 or decompose ¢(U) into
appropriate open subsets]

17. Prove that a maximal atlas .4 minus a countable number of charts remains an
atlas. What conclusion can drawn from this result?

18. If a topological atlas A is maximal, prove that it contains charts which are not
C'-compatible, therefore A is not a C*-atlas, for k > 1. Furthermore, A cannot
be a differential atlas.

19. Consider the set X = X;UX> C R?, where X; := Rx {0} and X5 := D((0,2),1)
(: the disk of center (0,2) and radius 1). Prove that:

(a) (X1,pry) and (X2,idx,) are charts of X.
(b) The set A := {(X1,pry), (X2,idx,)} is a smooth atlas of X.
What is the dimension of A?

20. Using the fact that a straight line in R3 through the origin is completely de-
termined by an equivalence class [a, b, ¢], where (a,b,c) # (0,0,0) [see Exam-
ple 1.2.12 (F)], prove that the elements of P3(R) are in bijective correspondence
with the aforementioned lines.

21. Define the projective space P, (R) and its smooth structure.

22. Let U be an open subset of R™ and f: U — R” be a smooth function. The

graph of f is the set
I'y:={(z, f(z) |z €U} CU xR™.

Show that I'; is an m-dimensional manifold.

page 21



June 18, 2017 12:1 World Scientific Book - 9.75in x 6.5in dg page 22

22 Differential Structures

23. Generalizing the Examples 1.2.12 (D1) and (D2), define a smooth structure on
the unit sphere S™ C R"™*! centered at 0, using the analogs of stereographic
projections, and appropriate semispheres.

1.3 The canonical topology of a manifold

In this section we show that any topological or differential atlas on a set M induces,
in a natural way, a topological structure on M. For this purpose, it is sufficient
to consider topological atlases; consequently, all the results proved below hold a
fortiori for smooth manifolds.

Definition 1.3.1. Let A be a (not necessarily maximal) m-dimensional atlas on
M. A subset A of M will be called open if, for every (U, ¢) € A, the set ¢(U N A)
is open in R™. The collection of all open subsets of M, induced by A, is denoted
by T4.

Proposition 1.3.2. T, determines a topology on M.

Proof. Obviously 0 € T,. Also, for every (U, ¢) € A, by the definition of a chart,
d(MNU) =¢(U) is an open subset of R™, thus M € Tj.
T. is closed under arbitrary unions: Let (A;);c; be an arbitrary family, with

A; € Ta, for every i € I. Then, for any (U, ¢) € A,

ANU = <UAi>ﬂU:U(A¢ﬂU).

il il
Therefore,
G(ANU) = ¢ <U<Ai N m) =Join0).
iel i€l

Since every ¢(A; NU) is open in R™, we prove the claim.
Similarly, for every A, B € T,

P((ANB)NU) =¢((ANU)N(BNU)) =p(ANU)NG(BNU),
thus AN B € T,. By analogous arguments we show that 7, is closed under finite

intersections. This completes the proof, in virtue of Definition A.1.1. |

Proposition 1.3.3. Let A be an m-dimensional atlas on M and let T, be the
topology induced by A. Then every chart (U, @) € A has the following properties:

(i) U e Th.
(ii) The map ¢: U — ¢(U) is a homeomorphism.
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Chapter 2

The tangent bundle

One is accustomed, from calculus, to thinking of
the tangent plane to a smooth surface in R> as a
linear subspace of R® (or, perhaps, as the plane
obtained by translating this subspace to the point
of tangency). Since a general differentiable mani-
fold (e.g., a projective space) need not live nat-
urally in any ambient Euclidean space, one is
forced to seek another, intrinsic, characterization
of tangent vectors if one wishes to define tangent
spaces to such manifolds.

G. NABER [58, p. 198]

A differentiable map between Euclidean spaces f: U C R™ — R™ (U C R™ open)
is locally approximated by a linear map Df(z): R™ — R™, the differential (or
derivative) of f at x. In order to obtain an analogous approximation on manifolds,
we first need to associate a linear space (called the tangent space) to each point of
the manifold. Tangent spaces will be the domains and ranges of the differentials.
While in Real Analysis the differentials are defined between the constant spaces R™
and R", the tangent spaces of manifolds vary with respect to their reference points.

The collection of all tangent spaces on a smooth manifold is a new smooth
manifold of double dimension constituting the prototype of a vector bundle. The
tangent bundle is the appropriate space to define the total differentials of smooth
maps between smooth manifolds.

2.1 The tangent space

We start with the kinematic definition of a tangent space, based on a tangency
notion of smooth curves. This is a geometric approach, much more simpler than
the one based on the notion of derivation. Although the latter lacks the (geometric)

47
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intuition of the former, it is used very often for brevity reasons. We will deal with
derivations in a later section, after having acquired enough experience in working
with tangent vectors.

e In what follows, M = (M, .A) will denote an arbitrary m—-dimensional smooth
manifold, without the topological restrictions of Convention 1.3.21. As a matter of
fact, the Hausdorff property and second countability are not needed throughout this
chapter.

Definition 2.1.1. A smooth curve on M is a smooth map «: J — M, where J
is an open interval in R with 0 € J. The smoothness of « is meant in the sense of
Definition 1.3.1, where J is provided with the structure of an open submanifold of
R. We say that o passes through (or « is a curve at) z € M if «(0) = z. For
convenience, we often take J to be a symmetric (open) interval of the form (—¢,¢).

A curve a, as above, is also called a (smooth) parametrized curve to emphasize
that « is merely a map of one variable (parameter) between manifolds and not a set
of points in M. This interpretation, quite different from that of Analytic Geometry,
allows one to talk about the continuity and differentiability of a curve.

Definition 2.1.2. Let «, 8 be smooth curves on M passing through x € M. Then
a and f are called tangent or equivalent at x, if there is a chart (U, ¢) of M
such that x € U and

(2.1.1) D(¢ o a)(0) = D(¢ o )(0).
If a, 8 are tangent at x, we write o ~, 8

Remarks 2.1.3. 1) The terminology equivalent curves will be justified shortly.

2) Obviously, to define the tangency of two curves, C'-differentiability is suffi-
cient.

3) Since D(¢ o )(0) € L(R,R™), we have that

(D(¢0a)(0)(A) = A(D(¢ 0 a)(0)) (1)

for every A € R. Therefore [see also Appendix B, equality(B.1.3)],

D(go a)(O) D( pI0) &
(D(¢0a)(0)(1) = (D(¢B)(0))(1) <
(2.1.2) (¢0a)(0) = (¢o ) 0) <
(2.1.3) (z' 0 a)'(0) = (z" 0 B)(0)
foralli = 1,...,m. Recall that (2°) = {2'},—1 ., are the local coordinates induced

by the chart (U, ¢).

We will show that Definition 2.1.1 is independent of the choice of charts con-
taining x, thus the tangency relation is well-defined.
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Proposition 2.1.4. If a, 5 are tangent at x € M, then
D(¢ o a)(0) = D(¢ o 5)(0),
for every chart (V,v) of M with x € V.

Proof. Assume that «, § are tangent at . Then «(0) = 3(0) = x, and D(¢oa)(0) =
D(¢0p)(0), for some chart (U, ¢) with « € U. For any other chart (V,v), withz € V,
we have in virtue of the ordinary chain rule:

D(poa)(0) =D((tho ¢ ") o (¢o0a))(0)
=D(tho¢™")((¢00a)(0)) o D(¢0a)(0)
=D(¥o¢ ") ((¢0B)(0)) o D(¢oB)(0)
=D((¢pog ) o(d08))(0)
= D(¥ 0 B)(0) 0

Corollary 2.1.5. The tangency of curves at x € M is an equivalence relation.

Proof. Reflection and symmetry of a ~, f are clear. Assume that @ ~, 5 and
B ~g 7. The first implies that D(¢ o «)(0) = D(¢ o 8)(0) for any chart (U, ¢) with
x € U. Similarly, D(¢o 3)(0) = D(¢o+)(0) because of Proposition 2.1.4. Therefore,
« ~y 7y, which implies the transitivity of the relation. O

In virtue of the preceding corollary, the set of smooth curves at z € M is
partitioned into equivalence classes. The equivalence class of a curve a at x is
denoted by [(a, x)].

Definition 2.1.6. The set of equivalence classes of all smooth curves on M, passing
through =z, is called the tangent space of M at x and will be denoted by T, M.
The elements of T, M are called tangent vectors at x.

Tangent vectors will be simply denoted by u, v, w etc. if there is no need to men-
tion explicitly the corresponding equivalence class of curves. The previous notation
and the term space suggest that T, M is something more than a set. Before proving
that, in fact, it is a vector space, we have the following.

Proposition 2.1.7. Let M be an m-dimensional smooth manifold and x € M. If
(U, 9) is a chart at x, then the map

¢: ToM — R™: [(a,2)] = (D(¢0a)(0))(1) = (¢ 0a)'(0)
is a well defined bijection.

Proof. i) The map ¢ is well defined means that it is independent of the representative
of the class [(«,)]. Indeed, let 8 € [(a,)]. Then, by definition, (¢ o a)’(0) =
(¢ 0 8)'(0), which proves the claim.
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ii) For the injectivity of ¢, assume that [(a, x)], [(8, 7)] € To M with ¢([(a, x)]) =
o([(8,2)]). Then (¢ o a)'(0) = (¢ o ) (0) and Remark 2.1.3 (3) shows that a and 3
are tangent at x, thus [(«, z)] = [(5, x)].

iii) Finally, to prove that ¢ is a surjection, we take any h € R™, and consider
the affine map (in fact the straight line through ¢(x) with direction h)

e:R— R™: ¢t — ¢(z) + th.

Obviously, ¢ is smooth with €(0) = ¢(x) and €’(0) = h. Since £ is continuous,
and ¢(U) is an open neighborhood of ¢(x) = ¢(0), there exists an open interval
J containing 0 such that e(J) C ¢(U). Hence, we can define the composite o :=
¢p~toely: J = U C M. Then a is a smooth curve on M, such that «(0) = z and

d([(a,2)]) = (¢ 0 ) (0) = £'(0) = h.
This completes the proof. O
For later use we single out the following useful conclusion derived from the proof
of surjectivity of ¢:

Corollary 2.1.8. For every h € R™, the inverse of ¢ is given by@il(h) = [(a, )],
where a(t) = ¢~ (p(x) + th), with t varying in a suitable interval J C R such that
a(J) € o(U).

The map ¢ identifies the sets T, M and R™. Therefore, we can transfer the
algebraic structure of R™ to T, M by setting

(2.1.4a)

for every u,v € T, M and A\ € R.

We note that the previous structure of T, M can be defined also by the relation

. 1 . .
M= ¢ (Ap(u) + pé(v)),

whence we obtain separately the addition and the scalar multiplication by setting,
respectively, u + v := lu + 1v and Au := Au + Ou.

The following result is routinely checked.
Theorem 2.1.9. If M is an m-dimensional smooth manifold, x € M and (U, ¢)

a chart of M with x € U, then the operations ((2.1.4a)) induce a vector space
structure on Ty M such that ¢ is a linear isomorphism.

If (U, ¢), (V,9) are charts with z € UNV, then we obtain the two isomorphisms
o, b Ty M — R™.

In general, ¢ # v, thus apparently they induce two different vector space structures
on T, M. However, this is not true. To verify this, let us denote by

(2.1.4b) Aoubpov=13  (A(u) + uh(v)),
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the analogous operations induced by 1. Then, to show that the two linear structures
on T, M coincide, we should show that

AQUDpuO®v=Au+ uv,
or, equivalently,

(2.1.5) (NG (u) + pd(0) =6 (AB(u) + ud(v)).

For our purpose we first need the following:

Lemma 2.1.10. If (U, ¢) and (V,v) are charts containg x, then
J— __1 _
bod  =D(od ") ((x));

in other words, the following diagram is commutative.

.M

R™ - R™
Dt o ¢™1)(4(x))

Diagram 2.1

Proof. Let h € R™. Since ¢ is an isomorphism, there exists a unique [(o, z)] € T M
with ¢([(c, 2)]) = h. Consequently [see also (B.1.3)],

@od )(h) =%([(a,2)]) = (Do a))(1)
:(D¢o¢—1o¢oa ) (1)
'S 1><¢oa< ) o <¢oa><o>><1>

) )(( o )'(0))

<
o

as desired. O

Remark 2.1.11. In the preceding proof, a representative of the class [(a, z)] is
also the curve ¢—! o g|;, where e(t) = ¢(x) + th (see Corollary 2.1.8. Using this
particular curve, the above series of equalities can be modified as follows:

@od () =d([(¢" ocls,)])
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Theorem 2.1.12. The vector space structure of T, M does not depend on the choice
of the chart (U, ), as defined by (2.1.4a) and Theorem 2.1.9.

Proof. If (U, ¢), (V,4) are charts at x, then (2.1.4b) is equivalent to
— — IE— — —
A (u) + pp(v) = (pod ) (Ab(u) + pud(v)),
which holds, since v o 51 is a linear map in virtue of Lemma 2.1.10. (|

Remark 2.1.13 (The tangent space of a surface).

Let S be a regular surface [see Example 1.2.12(G)]. One way to define the tangent
space TpS at a point p € S is the following: If (U,r) is a parametrization of S at
p, and ¢ € U with r(q) = p, then the tangent space of S at p is defined to be the
space T,S := Dr(q)(R?). Since Dr(q) is injective, the vectors

_or or

rle) = 5o =Dri@)e), and ruq)i= 5| = Dr(g)(ea)

form a basis of Dr(q)(R?), thus 7,5 is the vector space spanned by {r.(q),,(q)},

and R2 279, DT,S is a linear isomorphism (see, for instance, [13], [52], [62]).

On the other hand, thinking of S as a smooth manifold, we obtain the tangent
space of S at p as in the general case of Definition 2.1.6. To avoid confusion, let
us denote the latter space by fpS. In particular, using the chart ((7, @) of S at p,
induced by (U, r); that is, U = r(U) and ¢ = r—!, we obtain the linear isomorphism

fpS 2, R2. Note that since ¢ = r~1 is taking values in S, D¢(p) does not make
sense, thus TpS cannot be interpreted as the image of it.

It is now clear that fpS = T,,S via the isomorphism Dr(q) o ¢.

An equivalent description of T},S, frequently used in the theory of surfaces, is
the following. First denote by C(S,p) the set of all smooth curves 3: Jz — R3
such that Jg is an open interval containing 0, 5(Jg) C S, B(0) = p. Then we
define the set S, := {8/(0) | 8 € C(S,p)}. Now, consider an arbitrary tangent vector
[(a,p)] € TpS, where a: J, — S is a smooth curve with .J, open interval containing
0 and a(0) = p. Then

(Dr(q) 0 9)([(, p)]) = Dr(g) (¢ 0 a)'(0)) = &/ (0) € Sy

Note that a being an S-valued smooth curve it is also smooth as an R3-valued
curve, because in the latter case it can be thought of as the composite of o and
the canonical inclusion i < S, thus &/(0) € S,. The association [(«,p)] — a/(0)
is obviously injective. It is also surjective. Indeed, for an arbitrary 4'(0) € S,, we
check that a(t) == ¢! (q —+ tﬁ’(O)) determines a smooth curve in S through p, for
sufficiently small ¢. Therefore, 7,S = (Dr(q) o ¢) (TpS) = Sp.

The tangent space T,,S being a 3-dimensional vector subspace of R? represents
a plane in R3 passing through 0. Thus there is a unit vector N vertical to 7},S and
passing through p. The parallel translation of 7,5 to p is a plane passing through
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Figure 2.1 Tangent plane and norma vector

p, called the tangent plane of S at p and denoted by [,. Figure 2.1 above is a
familiar picture in which the tangent space of the surface at p is identified with the
tangent plane F,, with the vectors N, r, and r, also translated to p. The role of N
is very important to the geometry of a surface because its “differentiation” leads to
the fundamental notion of curvature. More details can be found in the books cited
in the beginning of our comments.

Definition 2.1.14. Consider a chart (U,¢) at x, with coordinate functions
{x'}ic1, m. If {ei}iz1,..m is the the canonical basis of R™, then the set
{&71(61)}1,:1’__’m is a basis of T, M, called the canonical basis of T,M with
respect to (U, ¢).

We customarily set

0
oxt
The reader probably suspects that the left-hand side of (2.1.6) might have the
meaning of partial differentiation. Indeed this is true in a sense that will be explained
in §2.3 below.
A consequence of the preceding considerations is that every vector u € T, M is
written in the form

(2.1.7) w=Yy N _—
i=1 Oz

In the particular case of the (trivial) 1-dimensional manifold R, the canonical basis
of TsR (s € R), with respect to the standard chart (R,idg), consists of the vector

% = (ide) " (1).

(2.1.6)

:ziil(ei) it=1,...,m.

. M eR.

x

(2.1.8)

The tangent space at a point of the cartesian product of two manifolds or at a
point of an open submanifold will be computed in the next section.
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The tangent bundle

Exercises 2.1.15. 1. Explain why the tangent space at any point f a vector space

2.

10.

11.

identifies with the vector space itself.
Let uw € T, M. Can you specify a curve representing u in terms of the vector u
itself?

. Let w,v € T, M and A € R. Find curves v, § on M, such that u + v = [(v, )]

and A\u = [(9, z)].

. Find a curve representing the zero element 0, € T, M.

. Find a curve representing the basic vector —| corresponding to the chart

oxt

x

U, 9)..

. Let the unit sphere and its point p = (0,1,0). If v € T,S? is the tangent

vector with coordinates (2, —1), with respect to the chart (U}, ¢) [see Exam-
ple 1.2.12(D2)], find a smooth curve representing v.

. Show that the curves a,3: R — R3, with a(t) = (t,1 + t2,t) and B(t) =

(sint, cost,t) define the same tangent vector u € T(O’l,O)R?’. Compute the coor-
dinates of w.

. Does the curve a: R — S? defines a tangent vector of $2? Find its coordinates

with respect to the appropriate charts derived from the stereographic projec-
tions and hemispheres.

Ifa: R — Maoya(R) is the smooth curve given by

t+1 212
a(t) '_( 3t 2t+1>’

compute the coordinates of the tangent vector u = [(a, I)] € TrMax2(R), with
respect to the standard chart of Mayo(R). Here I denotes the unit matrix.
Let ¢: R?2 — R? the map given by

2t+s 2t — s)

ot = (2325

Prove that (R?, ¢) is a chart of the standard smooth structure of R?, and find
a curve representing the tangent vector

u=2 i i
ozt |, dx?|,’
where p = (%, 0), and z!, 22 are the coordinates of the previous chart.
Let a: R — Py(R) be given by f(t) = [(2t + 1,1,?)]. Show that f is smooth
and determines a tangent vector u of Po(R). What are the coordinates of the
latter?

2.2 Differentials or tangent maps

Tangent spaces provide the appropriate vector spaces needed to define the differen-
tial of smooth maps, generalizing thus the ordinary derivative in Euclidean spaces.
More precisely:

dg page 54

check
map
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Chapter 4

Lie groups

Lie groups are of the greatest impor-
tance in modern theoretical physics and
the subject can be approached from a va-
riety of perspectives.

C.J. IsHAM [37, p. 61]

Lie groups are groups provided with a smooth structure such that the operations of
multiplication and inversion are smooth maps. A particular feature of a Lie group
is the structure of the Lie algebra defined on the tangent space at the identity.
It is identified with the Lie algebra of all left (or right)-invariant vector fields of
the group. By means of its Lie algebra, a Lie group admits an exponential map,
generalizing the ordinary matrix exponential. Moreover, a Lie group has a natural
representation into its Lie algebra (the adjoint representation). Another interesting
property of Lie groups is that the left-invariant vector fields are complete and their
integral curves reflect the group structure. The aim of the present chapter is to
discuss these fundamental concepts.

4.1 Lie groups and Lie group morphisms

Throughout this chapter, G will mainly denote a multiplicative group with identity
(neutral) element e. The multiplication or product map will be denoted by

¥: Gx G — G: (x,y) — vy(x,y) := 2y,

while the inversion map is

a:G— Gz alr)=z"!

Scholium on the notation: v comes from the Greek word ywéyevo, meaning product;
a is the first letter of avtiotpogn, the Greek word for inversion. We use for both
symbols bold typefaces to distinguish them from ordinary « and -, usually denoting
curves. Occasionally, we will write x - y, if the factors have a complicated form.

145
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A Lie group combines its algebraic structure with a differential structure in the
following sense of compatibility.

Definition 4.1.1. A Lie group is a group (in the algebraic sense) G together with
a smooth structure such that the operations of multiplication « and inversion a are
smooth maps.

We will soon ascertain that it is redundant to incorporate the smoothness of «
in the very definition of a Lie group, because this is a consequence of the smoothness
of . However, for convenience, Definition 4.1.1 is in use in the majority of books.

In preparation to the proof of the above assertion, we introduce the following
notions of translation. More precisely, the left translation of G by an element
g € G is the map

Ly: G— G:x— Ly(x) := gz,
whereas the right translation by g € G is defined by
R;: G — G: o +— Ry(x) :=xg.
Proposition 4.1.2. For every g € G, the translations L, and R, are diffeomor-

phisms.

Proof. Since Ly = ~(g,-) = 7,4, Exercise 1.4.17(9) implies that L, is smooth. On
the other hand, Ly o L,~1 = idg and L,-1 o Ly = idg, thus (Ly)™' = L,-1 is also
smooth, and L, is a diffeomorphism. Similar arguments hold for R,. ]

If U and V are subsets of any group G, then we set
U-Vi=~4{UxV)={zy|lzeUycV}
Lemma 4.1.3. Let G be a Lie group. Then

(i) For every open U C G and every g € G, the set gU = Ly(U) is an open
subset of G. Similarly for Ug := R, (U).
(ii) For every open subsets U and V of G, U -V is also open in G.
(iii) For any neighborhood U of e, there is a neighborhood V. C U of e such that
V.-vcU.

Proof. The sets gU and Ug are homeomorphic images of U (by L, and Ry, respec-
tively), whence the first assertion. The second is a consequence of equality

v-v=|JUg
geVv

Finally, given a neighborhood U of e, the continuity of v and the product topology
imply the existence of two neighborhoods V; and V3 of e such that v(V; x V2) C U.
Setting V = V3 N V4 we prove the last assertion. 1
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We notice that the previous lemma is valid for every topological group, i.e.
a group (in the algebraic sense) equipped with a topology such that v and « are
continuous. Topological groups form an important category of groups. Details can
be found, e.g., in [31] and [11].

Theorem 4.1.4. Let G be a group equipped with a smooth structure such that the
multiplication ~y is smooth. Then the inversion map « is a diffeomorphism and G
becomes a Lie group.

Proof. ¥ We first prove that the inversion « is smooth at e: Let (U, ¢) be a chart
of G with ¢(e) = 0 [see Exercise 1.2.15(15)] and V' C U an neighborhood of e such
that V-V C U (by Lemma 1.4.3). We define the chart (V,1), where ¢ = ¢|v.
Considering now the charts (V x V4 x ) and (U, ¢), of G x G and G, respectively,
with (e,e) € G x G and e € G, we see that v(V x V) =V -V C U, thus we obtain
the local representation of v

L=goyoxy) (V) x (V) — ¢(U).
shown also in the next commutative diagram.

2

VxV U
¥ X ¢
P(V) x (V) T o(U)

Diagram 4.1

Then, for every (0,u) € (V) x (V),

F(Ovu) = ((bo’y © W X ¢)_1) (O,U) =
= (¢o) (e,710) =6 (v~ () = w.

Since we want to apply the implicit function theorem in Euclidean spaces (see
Theorem B.4.3), we compute the Jacobian matrix

J- (=
oud (0,0)

where i,j = 1,...,n = dim(G). It should be noted that, for the correct application
of the implicit function theorem, the partial derivatives are taken with respect to
the n variables of the second factor in R™ x R™. With this remark in mind, we check
that

or
ouJ

0

= ow

(T°(0,)) = 6ij,
0

(0,0
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thus det J # 0. As a result, by the aforementioned theorem, there are neighborhoods
A and B of 0, and a smooth function f: A — B, such that A x B C (V) x (V),
f(0) = 0 and T'(a, f(a)) = 0, for every a € A. Clearly, the sets Wy = ¢~ 1(A) C V
and Wo = ¢~1(B) C V are neighborhoods of e and

F=1ﬁ710f01/1|W1:W1—>W2

is a smooth map. Moreover, by Diagram 4.1 on the preceding page, and for every
x e W,

— (67 o 1) (V@) B(F (@)
= (¢ o 1) (V). F(¥())
=571 0) =«

in other words, = - F(x) = e, or F(x) = x~!, which implies that F' = a, ; hence,
a is smooth at e.

We now show that « is smooth at an arbitrary g € G: With F as before, we
consider the smooth map (see Proposition 4.1.2)

Ry 1oFoLg1:gW) — Wa-g,

shown also in the following diagram.

W1 W2

Ly Ry

gWi = Lg(W1) —— Rg(W2) = Wag

Diagram 4.2
Then, for every x € g W; (thus g~z € W),
(Ry-10FoLy1)(z)=(Ry-10F) (gflm) =
_ F(g—lx) o=« (g—lx) gl =z lgg =,

Therefore, a|gw, = Ry-1 0 F o Ly-1|gw,, which shows that a is smooth at g, since
g W1 is a neighborhood of g by Lemma 4.1.3.

Finally, it is trivially checked that a is a bijection whose inverse coincides with
« itself, therefore it is a diffeomorphism. A |

Corollary 4.1.5. Let G be a Lie group. If U C G and
Ut i={a7 2z ecU} =a(),

then, the following assertions are true:
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(i) If U is open, then so is U1,
(ii) For any neighborhood U of e, there exists a neighborhood V. C U of e such
that V- V=1 CU.

Proof. Since «v is a diffeomorphism, (i) clear. To prove (ii) we consider a neighbor-
hood W of e such that W - W C U (see Lemma 4.1.3). Setting V. =W N W~ we
check that V =V ~!; hence, V- V- CcW -W CU. O

By Convention 1.3.21, a smooth manifold is always assumed to be a Hausdorff
space. In the following result, we prove that this topological property is automati-
cally satisfied by a Lie group, as already noted in the comments following the above
convention.

Theorem 4.1.6. Let G be a group together with a smooth structure not satisfying
a priori Convention 1.3.21. Then G is a Hausdorff space.

Proof. Let g and h be two arbitrary distinct elements of G. Then g~ 'h # e. Since
G is a Ty space (see Proposition 1.3.13), there is a neighborhood U of e such that

(4.1.1) g the¢U.

On the other hand, if W is a neighborhood of e such that W -W =1 C U (as assured
by Corollary 4.1.5), then (¢g~'h) - W is a neighborhood of g~1h such that

(4.1.2) Wn(gth)- W =0.

Indeed, if there were an element y in the previous intersection, then y = (¢~ 'h)x,
for some & € W; hence, g~'h = yaz~—! € W - W~ C U, which contradicts (4.1.1).
We now define the neighborhoods of g and h, respectively, Uy = ¢ W and U =
hW. We claim that U; N Uy = (), for if there is a z € U; N Uy, then z = gz = hy,
for some z,y € W. As aresult, z = (g7 'h)y € (¢ h) - W, ie. x € WN (g7 h)W,
a contradiction to (4.1.2). Therefore, U; and U, satisty the Hausdorff property for
the elements g, h, and prove the theorem. O

It is clear that the preceding proof relies, from its very beginning, on the basic
property of a smooth structure, namely the separation property 737. This is not
a property shared by every topological group, although most of the well known
examples are T; spaces.

Examples 4.1.7.
(A) (R™,+) is a Lie group
Taking into account the standard differential structure of R™ [see Example
1.2.13 (A)], the claim is obvious.

Note that this is a typical example of an abelian Lie group. We recall that a
group is abelian if the multiplication is commutative, whence the alternative term
commutative. In this case, we usually write x + y instead of zy.

(B) The general linear group GL(n,R)
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We recall that GL(n, R) consists of all invertible n xn real matrices provided with the
operation of matrix multiplication. Then GL(n,R), equipped with the open subman-
ifold structure induced from the vector space M, xn(R) [see Example 1.3.17 (C)],
is a Lie group, as we routinely check in virtue of Example 1.4.8 (C). For the sake
of completeness, let us verify the smoothness of the inversion map A — A~'. If
A = (a;j) and A~ = (b;;), then
1

b = Jer A
where A;; is the (n — 1) x (n — 1) submatrix of A obtained by deleting the ith
row and the jth column of A. Since det is a smooth function of the a;;’s [see
Exercise 1.4.17(3)], so is every entry b;;. Applying the global chart (GL(n,R), ®)
we immediately see that the local representation of the inversion is smooth, and so

(—1)"*7 det A

179

is the inversion itself.

(C) The multiplicative group R, =R\ 0=R-{0}
This is a special case of (B), for n = 1.

(D) The unit circle S* C R?

We consider the following multiplication in R?:
(*) (a,b) - (c,d) = (ac — bd, ad + bc).

An immediate computation shows that (a,b) - (¢,d) € S*, for every (a,b) and (c,d)
in S'. Therefore, restricting the previous multiplication to S', we define the map

~: 8t x St — ST y((a,b), (¢, d) = (a,b) - (c,d).

Using one of the differential structures of S*, defined in Example 1.2.12(E), or in
Exercises 1.2.14(8) and 1.2.14(9), we see that « is smooth, thus S! becomes a Lie
group.

Although Theorem 4.1.4 ensures the smoothness of the inversion map, we can
verify it directly from the definition of the above product rule. As matter of fact,
an easy computation yields

(a,b)' =

The reader undoubtedly recognizes that (x) is the multiplication of complex numbers
restricted to S, since S* = {z € C : |z| = 1}, thus he/she may may use this
approach in the study of S*.

1

a0

In Example 4.1.10 (A) we will show that the tangent bundle of a Lie group is
also a Lie group. The list of examples will be completed (not exhaustively) much
later, in § 5.4, by a few subgroups of GL(nR).

Definition 4.1.8. Let G, H be Lie groups. A map f: G — H is a morphism of
Lie groups, if it is a smooth group homomorphism.
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In most books a morphism of Lie group is called Lie group homomorphism.
We prefer the terminology of the above definition because of its categorical flavor.

Examples 4.1.9 (of morphisms). The determinant map
det: GL(n,R) — R, : A — det(A)
and the ordinary exzponential map
exp: R — R,: t el
are group homomorphisms, since det(A - B) = det(A)det(B) and exp(t + s) =
exp(t) exp(s). Their differentiability is immediately checked by routine application
of the standard differential structures of the spaces involved.

To complete the preceding examples of Lie groups and morphisms, we need to
compute the differentials of v and a. First, Combining the Leibniz formula (2.2.14)
with the definition of the left and right translations, we obtain
Tl 7(.) = Ty, () + Ty v (u)

— TR, (u) + T, L,(v),
for every (z,y) € G x G and (u,v) € T,G x T,,G.
Next, to find T, «r, we consider the commutative diagram

(4.1.3)

(idG7 OL)

G GxG

c. 7

G
Diagram 4.3
where C,.: G — G is the constant map C.(z) = e As a result, for every x € G and
every u € T.G,
0=T,0(u) = (70(101(;7 a))(u)

= Tta.o- )Y (Tridg (v), Trae(u))

= TRy (u) + T, —1L ( a(u)),
which implies that

Ty Lo(Toa(u) = ~To Ry (1)
Taking into account that L, is a diffeomorphism with (L,)~! = L,-1, it follows
that [see Example 2.2.9 (C)]

(To-rLa) ™ =Tp () Lar = ToLys;

hence,
(4.1.4) Tyo(u) = ~ToLyos 0 Ty Ryos (1) = —To(Ly— 0 Ryos)(u),
for every = € G and every u € T, G.

We are now in a position to work out two more examples, as promised.
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Examples 4.1.10.

(A) The Lie group TG
We will prove that the tangent bundle T'G of a Lie group G is a Lie group with
multiplication the differential of ~

Tv: TGxTG=T(GxG) — TG.

For convenience, the product T+ (u, v) of any two tangent vectors u,v € TG will be
denoted by u - v.

Since Ty and T'a are smooth maps (see Proposition 2.4.10), we only need to
show that T'G is an (algebraic) group with multiplication map T-.
i) T is associative: The associativity law (zy)z = z(yz) of G means that
(4.1.5) yo (v xidg) =vo (idg x7).
In virtue of Definition 2.4.8, combined with Theorem 2.2.6 and Exercise 2.2.15 (4),
differentiation of (4.1.5) leads to

T~vo (T~ x idpg) = Ty o (iddrg xT7).

Then, for every u,v,w € TG, we have that

(- 0) - = Ty (T, ), )
=Tvyo (Ty xidre ) ((u,v), w)
=T~o (idre xT7)(u, (v,w))
=u-(v-w).
ii) 0. € T.G is the unit of TG: Indeed, for every u € TG with 7(u) = z, (4.1.3)
implies that
u- 0, = T’Y(ua Oe) = T(:me)’)’(ua Oe)
= TrRe(u) + TeLz (Oe)
=T,idg(u) + 0, = u,
and, similarly,
u- 0, = T’7(067 u) = T(e,:v)’y(oea u)
- TeRz (Oe) + T:vLe(u)
=0, + T,idg(u) = u.

iii) The inverse of u is u~' = Ta(u), for any u € TG. As a matter of fact, assuming
that 7(u) =z, (4.1.3) and (4.1.4) yield

wouTl = T’y(u, u_l) =TpRo—1(u) + Tp-1 Ly (Tooe(u))
=TyRy-1(u) — Ty-1 Ly (Ty(Ly—1 0 Ry—1)(u))
=T,Ry—1(u) — TpRy—1(u) = Or, (z) = Oe,
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and, analogously,
utu=Ty(u " u) =T,-1 Ro(Tpou(u)) + Ty Ly (u)
TRy (Ta(Lyos 0 Ry (1)) + To Ly (1)
= —TyLy—1(u) + TyLy-1(u) =0 _, (z) = Oe.
Therefore, u™! = T'a(u) is indeed the inverse of u in T'G.

(B) The zero section of TG is a Lie group morphism

We recall that [see Example 3.1.3 (A) and Remark 3.1.5 (1)] the zero section of TG
is the vector field Q: G — T'G, given by Q(z) = Q, = 0,, for every z € G. Since it
is a smooth map, it suffices to show that  is a group homomorphism. Indeed, for
any x,y € G, we have

Qz) - Qy) = Tv(Q, Yy) = T(z,4)¥(02,04) =
= TzRy(Om) + TyLz(Oy) = Ozy = Q(’)/(;U, y))7

as desired.

Exercises 4.1.11.

1. Complete the details of Example 4.1.9.
2. Prove that

L'/L‘OLy:L'/L‘y7 RTORy:Ryr7 L?EORy:RyOer

for every z,y € G.
3. Prove the equalities

(ToLy) ' =TysLy—r and (TR,)" ' =TyuR, 1.

4. Verify equality (4.1.5) in Example 4.1.10 (A).
5. Show that (4.1.4) takes also the form

Tyo(u) = —Ty(Ry-1 0 Ly—1)(u),

for every x € G and every u € T,G. Hence, T.a(v) = —v, for every v € T.G.
6. Find the expressions of the left and right translations of TG by any v € TG,
denoted by L, and R, respectively.
7. If G is an abelian Lie group, prove that T'G is also an abelian Lie group.
8. Prove that the inversion map of an abelian Lie group is an (iso)morphism of
Lie groups.
9. If G, H are Lie groups, prove that G x H is a Lie group.
10. Explain why the n-torus T™ is an abelian Lie group.
11. Let G be a smooth manifold that is also a group. Prove that G is a Lie group
if and only if the map

f:GxG—G: (x,y) — xy*

is smooth.
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4.2 The Lie algebra of a Lie group

The left invariant vector fields of a Lie group G, defined right below, form a Lie
algebra L(G), subalgebra of the the Lie algebra X (G) of all smooth vector fields
of G (see also the comments preceding Remark 3.3.3, p. 108). The algebra L(G)
induces an isomorphic Lie algebra structure on the tangent space T.G, allowing to
view the Lie algebra of a Lie group in a different (but equivalent) way. The latter
interpretation turns out to be quite convenient in many cases.

The vector fields considered throughout this section are smooth (recall the con-
vention preceding Proposition 3.1.6 on page 97).

Definition 4.2.1. Let G be a Lie group. A vector field £ € X(G) is called left-
invariant if

(4.2.1) TLygol =¢&o0 Ly,
for every g € G. Equivalently, by Definition 3.5.1, § is Lg-related to itself.

Right-invariant vector fields are defined analogously by right translations. The
set of all left-invariant (resp. right-invariant) vector fields on G is denoted by £L(G)
[resp. R(G)]. It is also customary to denote the sets of left-invariant vector fields
L(G), L(H) etc. by g, h (: the Gothic characters for g, h, respectively). We will
follow this trend, although, occasionally, we will use the notation £(-).

Applying (4.2.1) at any x € G, we see that £ is left-invariant if and only if

(4.2.2) ToLg(&) = &(Lg(2)) = &ga; 2,9 €G.

We will show that a left-invariant vector field of G is necessarily smooth. As
we have seen in the beginning of § 3.1, vector fields are sections of the tangent
bundle. Hence, when we consider a section of the tangent bundle without further
qualifications, we mean a vector field not necessarily smooth from the outset. With
this terminology in mind we have:

Proposition 4.2.2. A section £: G — TG of the tangent bundle of G is a left-
invariant smooth vector field if and only if there exists a tangent vector v € T.G,
such that

(423) gz - TeLz(v)a
holds for every x € G.

Proof. Let £ € g. Then, for every x € G, Definition 4.2.1 implies that

(4.2.4) e = &(we) = (o Lu)(e) = (TLy 0 §)(e) = TeLa(&e),

thus we obtain (4.2.3) for v = &..
Conversely, let £: G — T'G be a section satisfying (4.2.3). Obviously,

e =TeLc(v) =Teidg(v) =idp ¢(v) = v.
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On the other hand,
g(x) = fl’ = TeLm(ge) = TeLz(ge) + T;I;Re(om)
= T(e,x)7(£ea Q) = (Ty o (Ce, Q) (),

where C.: G — TG is the constant map with C.(z) = &, and Q is, as usual, the
(smooth) zero vector field on G. Thus ¢ is smooth as the composite of smooth maps.
Finally, ¢ is left-invariant. Indeed, for every g,z € G, (4.2.3) and Exercise 4.1.11 (4)
yield

gz = TeLgu(&e) = Te(Lg o L) (&)
=Tp,(e)LgoTeLo(&e) = TuLg(&e)- u
Corollary 4.2.3. Every left-invariant vector field & is completely determined by its
value & at the unit e of G.

As a consequence of the above corollary, we will see that there are as many
vector fields in g as the vectors of T.G. The resulting correspondence preserves the
algebraic structure of the spaces involved. Before this we prove the following.

Proposition 4.2.4. The set g is a Lie subalgebra of X(G).
Proof. Let £, € g and A\, u € R. Then
(A +un)(w) = A&y + pune = ATe Ly (&e) + pTeLy(ne)
= TeLm()‘fe + l”?e) =TeL, ((/\f + l”])e) 5

that is, \§ + un € g, thus g is a vector subspace of X'(G).

On the other hand, let two arbitrary §,n € g. For every g € G, £ is Lg-related
to &, and 7 is Lg-related to 7. In virtue of Corollary 3.5.3, [£,7n] is Lg-related to
[€,n]. In other words, [£,n] is left-invariant, i.e. [{,n] € g. Therefore, g is a Lie
subalgebra of X (G). O

The space g, with the structure induced by Proposition 4.2.4, is called the Lie
algebra of G.

Theorem 4.2.5. Let G be a Lie group. Then the map
(4.2.5) h:g—T.G: £~ h(§) =&
is a linear isomorphism.
Proof. Clearly, h is linear, for if {,n € g and A\, u € R, then
h(AE + pm) = (A§ + pn)e = Ae + pime = AR(E) + ph ().
Moreover, h is an injection because h(§) = £, = 0, implies that

gw = TeLw(Oe) = OZE = Qw; T e G7
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i.e., £ coincides with the zero element of g < X(G). Finally, h is a surjection:
Given a vector v € T.G, we define the left-invariant vector field £V € g by setting
&Y =T Ly (v) [see also (4.2.3)]. Then

h(") =& =,
which proves the last assertion and completes the proof. O

From the preceding proof we single out the following useful formula:
(4.2.6) h™'(v) = ¢, with & =¢Y(2) = T.Ly(v),
for every v € TG and z € G.

Corollary 4.2.6. The tangent space T.G is endowed with the structure of a Lie
algebra such that the map (4.2.5) is a Lie algebra isomorphism. Thus, with this
structure, T.G is identified with g and may be interpreted as the Lie algebra of G.

Proof. For every u,v € T.G, we define their bracket by setting

(4.2.7) [u,v] == [£*,€"]e = h([h ™ (u), A (v)]),

Therefore, for arbitrary £, 7 € g, we have h(§) = &, h(n) = 7., and

(4.2.8) [h(€), h(n)] = [&c,ne] = h([R7" (&), h™" (nc)]) = h[&,n]

which proves that h is a Lie algebra (iso)morphism. O

As we have commented in Example 3.1.8 (B), X(M) is an infinite-dimensional
vector space over R. The same is true for X(G) if G is a Lie group. However, the
situation radically changes if we are restricted to the subspace g = L(G) of X(G).
In fact, we obtain the following consequence of Theorem 4.2.5.

Corollary 4.2.7. The Lie algebra g of an n-dimensional Lie group G is an n-
dimensional vector space. Therefore, every Lie group is a parallelizable manifold.

0
Proof. Let (U, ¢) be a chart on G at e and { 8:101‘ } the induced canonical

1<i<n

basis of T.G. Then the left-invariant vector fields

9
o ) i=1,....n,

form a basis for g, thus g is an n-dimensional vector space. Moreover, for each « € G,
(4.2.6) implies that the vectors
Xi(x) =T L, | —
0=t (5] )

form a basis for T,,G. Hence, by Example 3.1.8 (C), G is parallelizable. |

X, = h*l(

0
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Corollary 4.2.8. There is a diffeomorphism F: TG — G x g such that
F‘T o' TyG — {g} x G is a linear isomorphism and the diagram

TG Gxg

Diagram 4.4

s commutative.

Proof. Assume that dim G = n. Since G is parallelizable, there exists a diffeomor-
phism F': G: TG — G x R" satisfying the properties listed in Example 3.1.8 (C).
The desired diffeomorphism is the map F' closing the next diagram.

idG Xa_l

G x R" GxT.G
F idg xh
TG ------- ST - G X g
F
Diagram 4.5

In other words, F' = (idg xh) o (idg x&fl) o F, where ¢ is the linear map induced
by a chart (U, ¢) of G at e. O

Example 4.2.9. The Lie algebra L(R,)

We give an explicit description of the left-invariant vector fields of the multiplicative
group R, [see also Example 4.1.7 (C)].

The left translation of R, by s € R, is the maps Ly: R, — R, with L(t) = st,
for every t € R,. We already know that R admits the basic basic vector field d/dt
[see (3.1.2b)]. Since R, is an open submanifold of R, the restriction of d/dt to R,
induces a basic vector field on R, denoted (for simplicity) by the same symbol.

If € € £(R,), then

(4.2.9) €= f%,

where f € C*(R,,R) is the (global) coordinate of £. On the other hand, the left
invariance of ¢ implies that [see (4.2.4)]

(4.2.10) €(s) = TiLy(€(1)), s €R..
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Taking into account (2.2.12a), it follows from (4.2.10) that

d

(4.2.11) €(s) = TiLy(£(1)) = Ty Ly (f(l)%L) — f(1)s EL

Also, (4.2.9) implies
d
dtl,’
Comparing (4.2.10) and (4.2.12), we see that

f(s) = f()s = f(s)idr.(s); s ER,,
or f = f(1)idg,. Setting A = f(1), (4.2.9) takes the form

s € R,.

(4.2.12) &(s) = £(s)

d
4.2.13 = Aidg, - —.
( ) §=Aidp,—
Note that equality f(s) = f(1)s found earlier implies that f is a linear function.
Conversely, let £ be a vector field of R, given by (4.2.13), for any A € R. This is

a left-invariant vector field on R, because, for every ¢, s € R,,

t dt t

T, L =TiL, —
tLs(&t) = Ti L (At gt
d d
= )\tsa T A (ts% ) = {(st).

st
Therefore, we conclude that
d
L(R,) = {£:AidR*~—‘ )\GR}.
dt
The general linear group GL(n,R), mentioned in Example 4.1.7 (B), is a very
important Lie group. Along with some of its subgroups, it is involved in many

geometrical structures and applications. The same applies to its Lie algebra, denoted
by gl(n,RR). The structure of the later merits a more detailed treatment.

Theorem 4.2.10. The Lie algebra gl(n,R) of GL(n,R) can be identified with the
Lie algebra of n x n matrices M, (R). Under this identification, the bracket of
gl(n,R) coincides with the commutator of matrices [see Exercise 3.3.5 (6)].

Before the proof, we recall a few facts from earlier sections and adapt them to
the present framework.

As we know, M,,(R) is an n?-dimensional manifold whose structure is defined
by the global chart (M,,(R), ®), where

¢(A) = (allw~'7a1naa217'~'aa2na~~~7ann)a

for every matrix A = (a;;). The corresponding coordinate functions are now denoted
by x/, for all 4,5 = 1,...,n, thus

l'ij (A) = aij.
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On the other hand, the tangent space 71 M, (R) of M, (R) at the identity matrix
I = (4;5) can be identified with R" by means of the linear isomorphism

&: TyM,(R) — R
induced by ®. If {e;;}i j=1,...n is the natural basis of R™, then the vectors
0

oz

-——1 ..
=0 (ey); i,j=1,...,n,
I

determine the canonical basis of Ty M., (R), with respect to the chosen chart. Thus,
by Example 2.3.8 (C), any V € Tt M, (R) is written as

I

ij=1

(4.2.14) V=> uV 0

—
oz |,

ij=1

We now define the linear isomorphism

(4.2.15) f=0"o®: TI(Mpxn(R)) — My (R).
Taking into account (4.2.14), we have that
ull L ogln
FOV)y =& T, ) = =V
utl
therefore, the ij-th entry of f(V') is precisely
(4.2.16a) F(V)iy = u(a) = u¥,
which implies that
(4.2.16b) TIMA(R) 3V £ T € Mu(R)
We also remind that, since GL(n,R) is open in M, (R),
(4.2.17) TrGL(n,R) = TTM,(R)

(see Proposition 2.2.10). As a result, combining the linear isomorphisms (4.2.5) and
(4.2.15), along with (4.2.17), we obtain the linear isomorphism

F:= foh:gl(n,R) — M,(R).
With the previous preparation we are in a position to give the

Proof of Theorem 4.2.10. First we find the entries of the matrix F'(£) for any
¢ € gl(n,R): Since F(&) = f(h(§)) = f(&r), (4.2.16) implies

(4.2.18) F(&)ij = f(€n)ij = &1 (V).
Also, for an £ € gl(n,R), its value {(A) at any A € GL(n,R) is given by
§a =&(A) =TrLa(&r);
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hence, evaluation of the latter at the coordinate functions, together with (2.3.25),
yields

(4.2.19) §A (Z‘ij) = (T[LA(fj)) (Z‘ij) = f[ (l‘ij o LA) .
But, for every B € GL(n,R),
(2 0 L4)(B) = 2 (La(B)) = 2" (AB)

= 2 ((ai;) - (bij)) = 2" (( Xn:aikbkj)>
k=1

= aiby; = _ a™(A)2M (B);
k=1 =1
that is,
n
(4.2.20) 29 0L, = ink(A) ah,
k=1

where, clearly, 2**(A) - 2*7 denotes the product of a real number with a real-valued
functions. In virtue of (4.2.20) and (4.2.18), we transform (4.2.19) into

€a (x”) =¢; (xij oLA) =& <szk(A) a:’”)
k=1
= o (A) & (M) = Y @A) - PO,
k=1 k=1

for every A € Gl(n,R), whence the equality
(4.2.21) §(27) =D a™ - F(&).
k=1

Applying now (4.2.18), Example 3.3.4(A), and (4.2.21), we find for every &,n €
gl(n,R):

F(l&n)),; = [&nli(@) =& (@) = ni (¢a"))
=¢ <szk : F(n)kj> . (szk -F(é)kj>
k=1 k=1

=3 (rla™ - Fing) = mi(a™ - F(€)y) )

(51 (=) F (ks — (xik)F(g)kJ)
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from which follows that

(4.2.22) F([&n]) = F() - F(n) — F(n) - F(&).

The preceding equality shows that the linear isomorphism F' is a morphism of Lie
algebras, thus an isomorphism of Lie algebras identifying gl(n, R) with M,,(R)), as
desired. Omitting F, we may write (4.2.22) as

[E&n]=¢E-n—n-&  &negl(n,R),

but the isomorphism F' should be kept in mind. [l

To complete our definitions, we say that a Lie algebra A is called abelian if
[a,b] = 0, for every a,b € A. This is an obvious consequence of the antisymmetry of
the bracket.

Example 4.2.11. The differential T; det: TGL(n,R) — T1R.

We want to compute Ty det after the identifications TyGL(n,R) = TyM,,(R) =
M, (R) and T'R = R. The trick working in this case is to use the well-known
equality det (e¥) = e X for every X € M, (R), where eX and tr(X) denote,
respectively, the exponential and the trace of X.

Let an arbitrary X € GL(n,R) = M,,(R). As a tangent vector, X can be realized
as the velocity vector of a smooth curve passing through 7. A convenient curve for
our purpose is given by a(t) := !X, t € R, which yields

a(0) =1, and &(0) = /(0) = % (etX)

t=0

Therefore,
d
(Tr det)(X) = (T det)(d(O)) = To(det o ) (dt )
t=0
d d
= —(det = — (e = tr(X).

gleton)| = ()] =u(0
Exercises 4.2.12.
1. Explain why condition [, ] = 0 is necessary in the definition of an abelian Lie

algebra.
. Find the Lie algebra of the Lie group (R, +).
3. Show that the left-invariant vector fields of R™ = (R™, +) are in bijective cor-
respondence with the vectors v € R™, such that

§a=ivi 0 Va e R"

oxt| "’
i=1 a

N

4. Prove that every morphism of Lie groups f: G — H induces a morphism of Lie
algebras f: g — b.
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5. Continuing the preceding exercise, prove the following properties:
(i) If id¢ is the identity isomorphism of G, then ide = 1g.
(i) If f: G — H and g: H — K are morphisms of Lie groups, then m = §0f.
(iii) If f: G — H is an isomorphism of Lie groups, then f: g — b is a morphism
of Lie algebras.

6. Prove that that the Lie algebra of an abelian Lie group is also abelian.

7. Let a matrix A € GL(n,R). Using the analogs of (4.2.16a) and (4.2.16b) prove
that the differential T7L 4 identifies with the translation L 4 of matrices. As a
result, there is a bijective correspondence between vector fields £ € gl(n,R) and
matrices B € M,,(R) such that, when £4 € T4GL(n,R) is viewed as a matrix
in M,,(R), then £4 = A - B, for every A € GL(n,R).

8. Let G be an n-dimensional Lie group and B = {X;|i=1,...,n} any basis of g
(parallelization of G'). Show that there are n® constants C’fj given by

(4.2.23) (X, X;] =) CEXy;  ij=1,....n

k=1

They are called the structural constants of G, relative to B. Then verify the
following equalities:

(4.2.24) Cr = =Cy,

(4.2.25) > (Cipcly, + CirCl, + CRCly) =0,
1=1

for all indices 4,5, k,m=1,...,n.

9. Following the pattern of Example 4.2.11, prove that (T4 det)(AX) = (det A) -
tr(X), for every A € GL(n,R) and X € T4GL(n,R) = M, (R). Based on the
preceding result, compute (T4 det)(Y) for any Y € T4GL(n,R).

4.3 Omne-parameter subgroups

An interesting property of the integral curves of the left-invariant vector fields of a
Lie group G is that they are complete, and their set is in a bijective correspondence
with the Lie algebra of G.

Definition 4.3.1. An one-parameter subgroup of a Lie group G is a morphism
of Lie groups a: R — G.

Clearly, R is considered with the structure of the additive Lie group (R,+).
Stated differently, an one-parameter subgroup is a smooth curve defined on the
whole of R and satisfies the condition

a(t +s) = a(t)a(s), t,seR.

By the very definition «(0) = e; hence, all one-parameter subgroups of G pass
through e.
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The set of all one-parameter subgroups of G will be denoted by Hom(R, G). The
terminology is due to the fact that «(R) is an (abelian) subgroup of G parametrized
by R.

Example 4.3.2. The ordinary exponential map exp: R > ¢t — ¢! € R, is a one-
parameter subgroup of R.,.

Our aim is to prove that there is a 1-1 correspondence between the Lie algebra
g of G and the set Hom(R, G). First, with the notation of Theorem 4.2.5 [see also
equality (4.2.6)], we prove the following.

Proposition 4.3.3. Let o € Hom(R,G) and v := &(0). If &Y € g is the left-
invariant vector field with £¥(e) = v, then « is the integral curve of £ with initial
condition a(0) = e.

Proof. We have to show that &(t) = £Y(a(t)), for every ¢t € R. In virtue of (2.2.13)
and (4.2.5), we have:

€' (a(t)) = TeLag)(v) = TeLag ((0)) =

) =) (4])

(4.3.1)
= TeLa(t) <T00[ (E

The composite map in the last differential, evaluated at any s € R, transforms as
follows:

(Laq) 0 @) (5) = a(t)a(s) = ot + 5) = (a0 A)(s),

where A\, with A\i(s) = ¢ + s, is the left translation of (R,+) by t¢. Hence, (4.3.1)

yields
v d d
(o) =To(aoX) | =| | =T | Tore | =
o dt|,
d d
=T +(0) — =T —| )| =4
t& </\t(0) dt At(o)> tOé< i t) Oé(t)a
which proves the statement. (I

The preceding proposition implies that every a € Hom (R, G) determines a left-
invariant vector field £ € g with £¥(e) = v = &(0) € T.G, whose integral curve
with initial condition e is precisely «. Conversely, we will prove that the integral
curve of any £ € g, with initial condition e, determines an one-parameter subgroup.
Before this we need the following auxiliary result:

Lemma 4.3.4. Leté € g. If a: J = (—¢,e) — G is the integral curve of § satisfying
a(0) = e, then equality a(s+t) = a(s)a(t) holds for every t,s € J such thatt+s € J.
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Proof. We fix an s € J and consider the curves
B(t) :=a(s+1t) = (aoX)(t), te—s+.J
V() = a(s)a(t) = (Lay o )(t),  teJ

where —s + J = A_4(J) and, as before, As is the left translation (R,+) by s.
Obviously, 8 and v are smooth curves such that

B(0) = als) = a(s) - e = 7(0).
We show that both g and ~ are integral curves of £. For 5 we have:
d

d
=T s - :Ts Ts -
)=t (G ) <o (10 (G
d d
= T3+tOé —_ = O.[(S + t)7
w)) (dt )

=T <)\/9(t) T
or, since « is an integral curve of &,
B(t) = a(s +1) = E(als +1) = £(B(1));
that is, 8 is an integral curve of £. Similarly,
il
t

WﬂzTh<dt>=ﬂum@o@(ﬁ

(e ()

= o/(t)La(e) <Tta (E
Since £ is left-invariant, (4.2.2) implies that

Y(t) = Tary Lags) (§(a(t) = &(a(s)alt) = ((t),
showing that v is also an integral curve of £, with the same initial condition as f;
therefore, 5 = ~ on their common domain. As a result, a(s +t) = a(s)a(t), for
the chosen s and every suitable ¢. The same holds for every s € J. This proves the
lemma. ]

mw=ﬂ6<%

)

s+t

The integral curve in the preceding result seems not to be necessarily an one-
parameter subgroup, because we do not know yet that it is defined on the whole of
R. However, we do have the following important result.

Theorem 4.3.5. FEvery left-invariant vector field is complete.

Proof. Let & € g be an arbitrary left-invariant vector field of G and a,: (—¢,¢) = G
its integral curve with initial condition a,(0) = e. We will prove that «, can be
extended to an integral curve « defined on the whole of R, with the same initial
condition. To this end we consider a point ¢, € (—¢,¢), an integer n € Z, and the
curve

an: (nto — e, nto+¢) — G:t e apn(t) := aolte)™ - ao(t — nty).



June 18, 2017 12:1 World Scientific Book - 9.75in x 6.5in dg page 165

4.8. One-parameter subgroups 165

If u(t) =t — nt, (the right translation of R by —nt,), ay,(t) takes the form

an(t) = Lag,(t,)n (O‘O(t - nto)) = (Lao(to)" © Qo © N) (t)

as shown also in the next commutative diagram.

(nt, —e,nt,+e) >t a t—nt, € (—¢,¢)
O, Qp
G 3 Ly (t,)n (o (t—nto)) 7 ao(t —nt,) € G
ao(to)™
Diagram 4.6

Then every curve a,, is smooth, and its velocity vectors are computed as follows:

) =Ty (Lo, (t,)» © 0t © 11) ( )
t t

)
)
)

Since t € (nt, — €,nt, + €), it follows that ¢ — nt, € (—¢,¢). Taking into account
that £ is left-invariant, and «, is an integral curve of £, we obtain:
O.[n(t) = Tao(t—nto)Lao(to)" (C‘Uo(t — nto))
= Tao(tfnto)Lao(to)" (5(060 (t - nto)))
= f(ao(to)" ca,(t — nto)) = {(an(t));

that is, a,, is an integral curve of £. On the other hand,

=

. d
Oén(t) = TtOén (E

=

= (Tatt—nto) Lao(t)r © Ti—nt, o) (Tt/‘ (

d
= (Tao(t—nto)Lao(to)" © thntuao) (E

d
= ao(t—nto)Lao(to)" <Ttntoao <E

= ao(t—nto)Lao(to)" (do(t - nto))

nt, € ((n—1)t, — e, (n — 1)t, + &) = Dom(an—1),
as well as,
an—1(nt,) = ao(to)”_l . ao(nto —(n— 1)to) =
= ao(te)" 1 - aolty) = ao(te)™ = ay(nt,),

whence we deduce that the curves a,,_1 and «, are integral curves of ¢ coinciding
at nt,. According to Exercise 3.6.7(6), the curves coincide on the intersection of
their domains and they extend to a unique integral curve of £ on the union of their
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domains. The union « of all such curves is defined on R and it is an integral curve
of £ with «(0) = a,(0) = e.
We prove now that every integral curve of £ is defined on the whole of R. Indeed,
for an x € G, we set
B(t) := za(t) = x - alt) = (Ly o a)(t), teR.
Then B(0) =z, and

B(t) = T La (Tta (%D) = TogyLa (&(1))
= TowyLa (E(a(t) = E(za(t)) = £(B(1));

hence, 8 is an integral curve of £. By the uniqueness of integral curves, § is the
unique integral curve of £ with initial condition z and domain the whole of R. [

An immediate consequence of Lemma 4.3.4 and Theorem4.3.5 is:

Corollary 4.3.6. Let £ € g and let a: R — G be the integral curve of &, with
a(0) = e. Then a € Hom(R, G).

With the same assumptions as before, the last part of the proof of Theorem 4.3.5
yields:

Corollary 4.3.7. The integral curve of &, with initial condition x € G, is the curve
B: R — G given by S(t) = za(t).

The preceding results establish now the relation between g and Hom(R, G) an-
nounced in the beginning of this section. Namely, we prove:

Theorem 4.3.8. There is a bijective correspondence F between the sets g and

Hom(R, G).

Proof. We define the map F: g — Hom(R, G) assigning to each £ € g the integral
curve of £ with initial condition e. This is a uniquely determined curve and, accord-
ing to Corollary 4.3.6, it is an element of Hom(R, G). This shows that F is a well
defined map. Furthermore:
F is injective: Indeed, if £, € g and F(£) = F(n) = «, then

§(x) = TeLa(&(€)) = TeLo(6(0)) = TeLa(n(e)) = n(x).
for every = € G hence, £ = 7.
F is surjective: Let a € Hom(R, G). Since &(0) € T.G, Theorem 4.2.5 implies the

existence of a £ € g, with £(e) = &(0). Then F(§) = «, as an immediate consequence
of Proposition 4.3.3. O

Let & € g. Since £ corresponds bijectively to a one-parameter subgroup a €
Hom (R, G), which is the unique integral curve of £ with a(0) = e, we also write a
instead of «, to remind us the correspondence of Theorem 4.3.8. Therefore,

(4.3.2) ag = F(§), ac(0) =e, d¢(0) =&e.
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It is convenient to call a¢ the one-parameter subgroup generated by &.

Let now any s € R. Then s¢ is a left-invariant vector field and determines the
one-parameter subgroup age. The next result describes the relation between the
curves age and oy

Proposition 4.3.9. For every s,t € R, the following equality holds true:
(4.3.3) e (t) = ae(st).
Proof. We fix an s € R, and consider the curve

B:R— G:t— B(t) = ag(st).

Then f = «¢ ol,, where [4(t) := st is the left translation of R by s. Moreover,
B € Hom(R,G) as the composite of the Lie group morphisms [;: R — R and
ag: R — G. Consequently, 5 corresponds bijectively to a unique n € g such that

ne = B(0). Since
J)

B(O) = TO(Oég o )\S) <%‘0> = T()Olg <T0>\3 (%

d .
:%%Gdu>:”“*”%
it follows that 7. = s, thus, for every = € G,

n(x) =n(ze) = TeLy(ne) = TeLy(sEe) = sTeLy(§e) = s§(x).
As a result, n = £, whence § = age. Varying s in R, we obtain (4.3.3). |

Example 4.3.10. Let f: G — H be a morphism of Lie groups. If a« € Hom(R, G),
there exists a unique £ € g, with &(0) = &. Then v := foa: R — H is a Lie
group morphism, as the composite of such morphisms; thus, it is a one-parameter
subgroup of H. We want to find the left-invariant vector field n of H, corresponding
to 7. The former is completely determined by its value at the unit e of H (for
convenience, we denote by e the unit of all Lie groups). Therefore,

)

n= 30 =Troa) (4

= Tef(d(o)) = Tef(fe)'
As a result, if Ly is the left translation of H by y, we find that

My = TEL;/ (Tef(fe)) =T (L; © f) (&),

for every y € H.

Remark 4.3.11. Instead of the notation ae, denoting the one-parameter subgroup
generated by &, one could equally write «,, where v =&, € T, G, a fact justified by
the identification g = Hom(R, G) induced by Theorem 4.3.8.
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Exercises 4.3.12.

1. Let any £ € g. If a¢ is the one-parameter subgroup of G corresponding to &,
explain why & = [(ag, €)].

2. Let G be an abelian Lie group. Given £, 7 € g, we denote by «, 5 € Hom(R, G)
their respective one-parameter subgroups. Prove that the map

a-f:R— G:t—aft) pt)

is a one-parameter subgroup of G, and find the corresponding left-invariant
vector field of it. Moreover, if Hom(R, G) is considered as an (abelian) group
with multiplication defined by « - 3, for every «, 8 € Hom(R, G), conclude that
the map F of Theorem 4.3.8 is a morphism of abelian groups.

3. Let G be an abelian Lie group. Show that ag¢t, = a¢ - ), for every ,7 € g.
Equivalently, ay4o = a - ag, for every u,v € T.G.

4. Prove that a morphism of Lie groups f: G — H induces a group morphism
F: Hom(R,G) — Hom(R, H) (see Exercise 1 above). Relate F with the mor-
phism of Lie algebras f: g — b of Exercise 4.2.12 (4).

4.4 The exponential map of a Lie group

We generalize here the ordinary exponential map exp: R — R,: ¢ — ¢, and the
matrix exponential exp: M, (R) — GL(n,R): A s e®. The exponential map of a
Lie group G induces a special chart, which sends the one-parameter subgroups of
G to straight lines in the model space of the group.

We fix a Lie group G of dimension n, with respective algebra Lie g.

Definition 4.4.1. With the notation of (4.3.2), the exponential map of G is
defined to be the map

exp: g — G: £ — exp(§) == ag(1).

The linear isomorphism h: g — T.G [see Theorem 4.2.5 and equality (4.2.5)]
determines the map

(4.4.1a) exp :=expoh 1 T.G — G;
therefore,
(44.1b) exp(€) = L),

We notice that some authors consider exp as the exponential map of G. Although
we mainly use Definition 4.4.1, it will be convenient to identify the two exponentials
and write, without further warning,

(4.4.1c) exp(§) = exp(&e)

as a consequence of the isomorphism h.
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Our immediate goal is to prove the smoothness of exp. Before this we recall
that T.G, as an n-dimensional vector space, is a smooth manifold [see Exam-
ple 1.2.12(B)]. More explicitly: Fixing a chart (U, ¢) of G at e, we consider the
induced linear isomorphism ¢: T.G — R™(recall Theorem 2.1.9). Then (TeG7$) is

a global chart on T.G and the corresponding maximal atlas {(TeG7 6) }' determines
a smooth structure on T.G. Analogously, h determines on g the global chart (g, ¥),
where ¥ = ¢ o h, thus {(g, ¥)} induces a smooth structure on g with respect to
which h is a diffeomorphism.

Theorem 4.4.2. The exponential map exp: g — G is smooth.

Proof. The following proof, though a bit tricky, can be easily understood (see, for
instance, [49], [70]), and avoids the use of geodesics (as in [12], [46], [68]) or analytic
methods (e.g. [54]).

We define the map [see also Exercise 2.4.12 (5)]

EGxg—=T(Gxg)=TGxTg
by setting

E(gag) = (59705) S TgG X ng,

where, as usual, O¢ is the zero vector of Tt g. We intend to show that X+ is a vector
field on G x g. It is immediate that Z is a section of T'(G x g). We check that it is a
smooth map by showing the smoothness of each component. Indeed, following the
proof of part ii) in Example 4.1.10 (A), we see that

gg = TeLg(fe) = T(g,e)7(097 ge)v

or, if Q: G — TG is the zero section (zero vector field) of G, and pg: G x g — G,
pg: G x g — g are the projections to the respective factors,

€ =Tv(g),h (&) = (Tyo (Qope,h opy)) (9.€),

which proves that the first component of = is a smooth map of (g, ) as a composite
of smooth maps. The second component is also smooth since it takes the form

O§ = (ﬁ Opg)(g,€)7

where now €0 g — T'g is the zero section of g. Therefore, = is a vector field on
G x g, as desired.

Next we find the integral curve § := 3, ¢) of Z, with initial condition 3(0) =
(9,€). Such a curve has the form B(t) = (81(t), B2(t)), with

(4.4.2) B1(0) =g, B2(0)=¢&.
On the other hand, condition 3(t) = E(3(t)) implies that
(51(’5%5‘2(75)) =Z(B1(t), B2(t)) = (B2(t)(B1(2)),0);
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that is,

(4.4.3) B(t) = Ba(t)(Br(2)),

(4.4.4) Ba(t) = 0.

Equality (4.4.4), along with the second of (4.4.2), yields

(4.4.5) By(t) =€, VteR.

Substituting (4.4.5) in (4.4.3), we find that £;(t) = £(B1(t)), which means that
B is the integral curve of &, with initial condition £(0) = g. Note that, since ¢ is
complete, t varies also in the whole of R, thus the domain of 5 is R.
Let us denote by
0:RxG—G and O:RxGxg—Gxg

the flows of £ and =, respectively. Then, by Definition 3.7.1
©4(9,€) = B(t) = (B1(1),€) = (8(t, 9), ),
thus ©; is a smooth transformation of G' x g, for every ¢ € R; hence,
showing that ©1 smooth. But 0(1, g) = 6,4(1) is the value at 1 of the integral curve

of &, with initial condition 64(0) = g; therefore, by Corollary 4.3.7, 8, = g 6., where
0. is the integral curve of £ with 6.(0) = e. As a result,

0(1,9) = 04(1) = g0c(1) = gag(1l) = gexp&.
Consequently, for g = e, (4.4.6) yields O1(e, &) = (exp&, £), whence

exp& = (pg © ©1)(e; §).

This proves the smoothness of exp and completes the proof. ]

Proposition 4.4.3. The exponential map has the following properties:

(4.4.7) exp(t€) = ag(t),

(4.4.8) exp(0) = e,

(4.4.9) exp ((t + 5)&) = exp(t€) - exp(s€) = exp(sE) - exp(t€),
(4.4.10) exp(nf) = exp(§)",

forall s,t e R, ne N and £ € g.

Proof. Combining the definition of exp with (4.3.3), we obtain (4.4.7); namely,
exp(t€) = aue(1) = ae(t).
From the preceding equality it follows that
exp(0) = exp(0¢) = a¢(0) = e,

proving (4.4.8). On the other hand,

exp ((t+ 5)¢) = ag(t + ) = ag(t) - ag(s) = exp(t€) - exp(s),

exp ((s +1)§) = ae(s + 1) = ag(s) - ag(t) = exp(sf) - exp(t§).
Since the left-hand sides of the above equalities coincide, the proof of (4.4.9) is now
clear, as well as that of (4.4.10). O
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Thinking again of g as a smooth manifold in the way described before The-
orem 4.4.2, from the chart (g, V), with ¥: g — R”, we obtain the induced linear
isomorphism W¥: Tog — R™. Thus Tyg is also identified with g by means of the linear
isomorphism ¥~! o U: Tyg — g, as in the following diagram.

Tog
B F
Rn R
) g
Diagram 4.7

Theorem 4.4.4. The differential Tyexp: Tog — T.G of exp at 0 € g is a linear
isomorphism. In particular, after the identification Tog = g, one has that Tyexp =
idg. Hence, exp is a local diffeomorphism at 0.

Proof. First observe that the range of Ty exp is T.G since exp(0) = e. For any fixed
¢ € g, we consider the map

(4.4.11) B:R—g:tr B(t) :=tE.

It is a smooth curve in g with 5(0) = 0, thus the one-parameter subgroup o
generated by &, takes the form

(4.4.12) ag(t) = exp(t§) = (expof)(t), teR.

Therefore,

)

)) = Ty exp (3(0))

d
dt |,
Since, by Exercise 2.2.15(5), 3(0) = [(8, 3(0))] = [(3,0)], we obtain
(4.4.14) €e = To exp([(B,0)]).
Applying ¥ to [(3,0)], we have that (see Proposition 2.1.7)
T(((8.0)]) = (Lo 5)'(0),

(4.4.13)
= T() exp (Toﬂ (

while, by the linearity of ¥,
(WoB)(t) = W(t) =1W(£) € R™.
As a consequence,

T([(8,0)]) = (t¥(€)),_, = ¥ (&),
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or, equivalently,

——1
[(8,0)] = (T 0 T)(&).
Combining the preceding equality with (4.4.14) and (4.2.5), we obtain

(4.4.15) & =h(&) = (Toexp)o (T o)) (&),

Varying ¢ in the definition of 3, we see that (4.4.15) holds for every & € g, whence
(see also the notations before Theorem 4.4.2)

(4.4.16) Toexp=hoU 10T =9 oT.

Since ¢ o U is a linear isomorphism, we have the first assertion of the statement.
Considering now the identification Thg = g and omitting the term ¢ o U, we

can write Tpexp = idg, i.e. Tpexp is a linear isomorphism; hence, in virtue of the

Inverse Function Theorem 2.2.7, exp is a local diffeomorphism at 0. O

By the second assertion of Theorem 4.4.4, there exists a neighborhood V,, of 0 in

g, and a neighborhood N, of e in G such that exp |y, : V, — N is a diffeomorphism,

-1

whose inverse is the map exp~!': N, — V, [for simplicity, we write exp~! instead of

1

the more accurate (exp |y, )!]. Composing exp~! with ¥, we obtain the map

vi=Voexp ': N, — ¥(V,),
also shown in the next diagram.

exp !

G DN, VoCyg
y v
U(V,) CcR"
Diagram 4.8

The set ¥(V},) is open in R™ and v is a diffeomorphism; hence, by Proposition 1.4.12,
the pair (N, v) is a chart of G with e € N, called the normal chart at e.

Proposition 4.4.5. Let any one-parameter subgroup o € Hom(R,G). Then the
map v of the normal chart sends the part of a(R) contained in N, to a line segment
i R™ passing through 0.
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R*

k1))

Y&

YV,

Figure 4.1 The normal chart at e € G

Proof. In virtue of (4.3.2) and Theorem 4.3.8, we may write o = c¢ for some ¢ € g.
Then, for every ¢ € R such that a¢(t) € N., we see that

v(ag(t)) = (Loexp™ ) (ag (1))
= W (exp ' (exp(t)))
= U(tg) = t¥(¢),

which proves the statement. (I

Examples 4.4.6.
(A) Comparison of ¢ and v
We will show that the linear isomorphisms ¢: T.G — R" and 7: T,G — R", induced
respectively by the charts (U, ¢) and (Ne, v) coincide. Recall that (U, ¢) is the chart
of G at e, mentioned in the discussion before Theorem 4.4.2 and used throughout
the ensuing results.

Indeed, by definition, v o exp = W. Differentiating the previous equality at 0, we
obtain in virtue of (4.4.16):

ToV =To(voexp) =TevoTyexp = Tev 0571 o\,

Applying (2.2.4a), the preceding equality leads to
U = idgn 0 Tp¥ = idg» OTEI/O$71 0§2?0571 oW
which implies that ¢ = 7.
Note. Let (2%) and (y'), i = 1,...,n, be the coordinates of the charts (U, ¢) and
(N, v), respectively. Then, the corresponding bases of T.G coincide, because

0 ——1 _ 0
O . =9 (61) =V (62) = dyi .
holds for every i =1,...,n.

(B) Lie group morphisms and exponential maps
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Let GG, H be Lie groups with corresponding Lie algebras g, h and exponential maps
expe, expy. Let f: G — H be a Lie group morphism. Then, in virtue of (?7), we
will show that the following diagram is commutative:

Te
T.G / T.H
exPg eXPy
G H
f
Diagram 4.9

Recall that e denotes the unit of both G and H.

Indeed, for any u € T.G, we set v := T.f(u) € T.H. By Theorem 4.2.5 there
are £ € g and n € b, such that v = & and v = 7., respectively. Moreover [see
(4.3.2) and Theorem 4.3.8], we find one-parameter subgroups o € Hom(R,G)
and 3, € Hom(R,H) such that as(0) = e, & (0) = & = u, and 5,(0) = e,
3,(0) = B, = v. Then (see also Example 4.3.10)

(4.4.17) (éﬁ)H © Tef) (u) = expy (Tef(fe)) =expy(ne) = 577(1)'
On the other hand,

(Foae) 0 =Tu(s oae) (

0) = Tef(aﬁ)(o) = Tef(u) = Te;

therefore, f ooy is the unique one-parameter subgroup of H with (f o o ) (0) = e,
thus f o ag = 3,. Consequently, (4.4.17) transforms into

(expy o Tef) (u) = By(1) = (f o ag)(1) =
= f(af(l)) = f(eXPG(f)) = (f o &IJ)G)(U),
for every u € T, G, whence the commutativity of Diagram 4.9.

If we consider the Lie algebra morphism f: g — b induced by f [see Exer-
cise 4.2.12 (4)], then we obtain equality

(4.4.18b) expy of = f o expg,

(4.4.18a)

which amounts to the commutativity of the next diagram.
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Diagram 4.10
We leave the proof of (4.4.18b) to the reader.

(C) Ezponentials and derivations induced by vector fields

Viewing a vector field £ € g as a derivation (see Theorem 3.2.3), we will prove that

(4.4.19) &) = (Flre(i))) ©0) = lim < [F(rexp(t€)) — f(2)].

for every z € G and f € C*°(G,R).
To this end observe that the left invariance of £ and (2.3.25) yield

§(f) = (TeLm(ge))(f) =&e(foLy),

or, because & = d(0),
) = (@) (o L) = (Toee (5| )) (oL

_4d
Tdt

(JoLsoag) = (foLeoag) ()

Furthermore, since o (t) = exp(t€), we see that

(f o L o ae) () = f(La(ae(t) = f(wexpl(tc).
Therefore,

&(f) = (f o Laoag) (0) = (f(wexp(t))) (0).

(D) The flow 0: R x G — G of a £ € g in terms of exp

Since 0,(t) is the integral curve of £ with initial condition x € G, equality (4.4.7)
implies that 6, (t) = zag(t) = v exp(t§). Therefore, after (4.4.1c),

(4.4.20) O(t,x) = 0,(t) = 0,(x) = xexp(tf) = x exp(t&e).
In particular,

0i(z) = zexp(tf) = Rexp(ie)(2); 2 €G,
implying that
(4.4.21) 01 = Rexp(te) = Rexp(te.)-

(E) The exponential of GL(n,R)

Let £ € gl(n,R) be a left-invariant vector field on GL(n,R), and let us denote
by A: R — GL(n,R) the one-parameter subgroup generated by £. Since A is the
integral curve of £ with A(0) = I,

(4.4.22) Ea) = E(A(1) =A().
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By Exercise 4.2.12(7) and the identification fa: Ts4)GL(n, R) = M (R), Ea
identifies with the product of matrices A(t)- B, where B is the matrix corresponding
to & [via the identification f;: T;GL(n, R) — M, (R)].

On the other hand, to find the matrix corresponding to/i(t), we check that

At) =T, A (% t)
> [ra ()] ) 37

i,7=1 A(t)
" d . 0
— Z E (:U” e} A) 81‘13
ij=1 t A(t)
- 0
1;1 ! 9z A(t)

where A;;(t) = (29 o A)(t) = 2 (A(t)). Hence, the matrix corresponding to A(t) is
precisely (Aéj (t)), thus (4.4.22) identifies with
A'(t) = A(t) - B,
which implies A(t) = e'B, the analog of ag(t) = exp(t&.). In particular, e = A(1),
corresponds to ag(1) = exp(&e).
In conclusion, the exponential of GL(n,R) is identified with the matrix expo-
nential. For the properties of the latter we refer to [4], [43], and [70].

Exercises 4.4.7.

1. Prove that the smooth structure of T,.G does not depend on the choice of the
chart (U, ¢) containing e.

2. Prove that exp(—t£) = (exp(t{))_l, for every t € R and £ € g.

3. If G is an abelian Lie group, prove that

exp(§ + 1) = exp(§) - exp(n)
for every &, 7 € g.

4. Prove equality (4.4.18b).

5. Let (Ne,v) be the normal chart on G. If © € G, prove that the pair (N, vs),
where N, = L, (N,) and v,, = vo L -1, is a chart on G containing z. Moreover,
if B is the integral curve of some ¢ € g, with 5(0) = z, prove that v, (ﬁ(R) ﬂNac)
is contained in a straight line in R™ passing through 0.

4.5 The adjoint representation
The representation of the title turns out to be of particular importance in the

theory of connections on principal bundles and in gauge theories, subjects tackled
in advanced treatises.
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Remark 6.2.8. If we start with a connected smooth manifold M without assum-
ing beforehand any other topological property, it is clear that the existence of a
Riemannian structure on M imposes on it also the Hausdorff property. Thus, in the
case of such a manifold, Corollary 6.2.7 has an if and only if expression.

Exercises 6.2.9.

1. Verify equalities (6.2.4) and (6.2.5).
2. We define the following relation in a manifold M:
x ~ y < xandy are joined by a piecewise smooth curve.
Show that ~ is an equivalence relation in M and all the equivalence classes [z],
x € M, are open and closed subsets of M. How can this result be used to prove
Lemma 6.2.27
3. Let a: [a,b] — M be a (piecewise) smooth curve. A reparametrization of
a is a (piecewise) smooth curve S: [a/,b'] — M such that 8 = a o h, where
h:[d,b'] 5 s+~ h(s) =t € [a,b] is a diffetomorphism (in the ordinary sense of
calculus). Then show that Ly(co) = Ly(5), which means that
the length of a (piecewise) smooth curve is independent of the
parametrization of the curve.
4. Show that the distance function dy: M x M — R, induced by a Riemannian
structure g, is continuous.
5. Let (M, g) and (N,g’) be Riemannian manifolds. An isometry of M onto N
is a diffeomorphism f: M — N such that

9u(u,v) = 9}(95) (T:ch(u)v Tzf(“))7
for every z € M, and every u,v € T, M. Then prove that equality
Ly (fory)=Ly(v)
holds for every (piecewise) smooth curve in M; in other words,
isometries preserve the length.

6. Let f: M — N be an isometry as in the preceding exercise. Then show that

f~1is also an isometry
7. With the notation of the Exercise 5, prove that dy (f(z), f(y)) = dg(z,y), for

every x,y € M. Therefore,
isometries preserve the distance.

8. Prove that the isometries of a Riemannian manifold (M, g) (onto itself) form a
group.

6.3 Connections

The notion of a connection can be traced back to the early attempts of E.
B. Christoffel (ca. 1869), M.M.C. Ricci and T. Levi-Civita (between 1901-1917)

dg page 243
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to differentiate vector and tensor fields in a “covariant” way to preserve, so to
speak, the character of the fields. The geometric interpretation of such a covariant
derivation was given by Levi-Civita in terms the notion of parallel displacement on a
surface. Since then, connections were defined on manifolds and fiber bundles (a short
note on this development can be found e.g. in [41]), and they have had a profound
effect on the development of differential geometry itself and related disciplines, as
well as to modern theories of physics.

In this section we treat connections in the sense of J.L. Koszul (ca. 1950). This
approach is quite elegant and easily manipulated. With this background the reader
may grasp many related notions (such as the parallel displacement and the holonomy
groups), other generalizations to fiber bundles, as well as applications to physics,
mechanics and elsewhere, which are beyond the scope of this book.

Nowadays there exist so many definitions of a connection (within various frame-
works, of course), that M. Spivak writes, in his particular style (see [68, Vol. V,
p. 602]:

I personally feel that the next person to propose a new
definition of a connection should be summarily executed.

Definition 6.3.1. Let M be a smooth manifold. A connection or covariant
derivation on M is an R-bilinear map

Vi X(M) x X(M) — X(M): (€,1) > Ven = V(€. ),
satisfying the following conditions:
(C. 1) Vien = f Ven,
(C.2) Ve(fn) = fVen+&(f) -,

for every £,n € X(M) and f € C>°(M,R). Ven is called the covariant derivative
of 1 in the direction of ¢.

Condition (C.1) also implies that V is C*°(M,R)-linear with respect to the
first variable, that is Vieygn( = fVe( + gV, (, for every f,g € C*(M,R), and
&,n,¢ € X(M). This is not true for the second variable due to the Leibniz (or
product) rule expressed by condition (C.2).

A connection V (read nabla or del) is also called a linear or affine connection
because, in the case of a finite-dimensional manifold M, a covariant derivative is
equivalent to the former, determined by an appropriate horizontal distribution on
T(TM) or by a connection map. For details we refer, e.g. to [12], or the more
advanced [27], [41], [71].

Examples 6.3.2.
(A) Connections over charts
Consider a chart (U, ¢) of an m-dimensional manifold M. To simplify our compu-
tations, the corresponding basic vector fields (3.1.3) are abbreviated as follows:
0

3.1 i = o, 1<i<m.
(6.3.1) 0 9 i<m
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Then, for two vector fields £ and 7 in € X(U), we write

g: Z§i81'7 n= Znia%
i=1 i=1
where the coefficients are the (smooth) coordinates of the fields. Setting
(6.3.2) Ven = Zf(ni) - 04,
i=1
we obtain a connection on the open submanifold U of M. Indeed, R-bilinearity and

(C.1) are immediately checked. On the other hand, for every £, € X(U), as above,
and every f € C*°(U,R), we have that

Vien= > fE')-0i=fY &) 0i = f Ven,
=1 =1

whereas [see also (3.2.1b)]

i=1 =1
=m0+ > fEm') - o
=1 =1
=&)Y o+ Y )0
i=1 i=1
=&(f)n+ f Ven.

Connection (6.3.2) is a particular case of the following example.

(B) Connections on parallelizable manifolds
Let M be an m-dimensional parallelizable manifold with a parallelization B =
{X1,..., X} [recall Example 3.1.8 (C)]. Given two vector fields of M

=) X, n=> n'X,
=1 1=1

we set
m
Ven =Y &) - X
i=1
Working exactly as in the preceding example, we check that V is indeed a connection
on M. This is the so-called direct connection, relative to the parallelization B.

Proposition 6.3.3. Let V be a connection on a smooth manifold M and £, €
X(M). If A is an open subset of M such that |4 =0 orn|a =0, then V577|A =0.
This property characterizes V as a local operator.

We clarify that Ven|, = (Ven) |A.
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Proof. Let any x € A. By Proposition 1.5.2, there are open sets V', W in M, with
reW CW cCV cV cC A, and a smooth bump function f: M — R such that
flw =1 and f|;+ = 0. We consider the following cases:

i) Assume that |4 = 0. Then, taking into account the assumption and the form
of f, the evaluation of f§ on A and A€ implies that (f€)(x) = 0, for every x € M,
ie. f€=0. Thus (C.1) and the R-bilinearity of V yield

Vien = fVen =0;
therefore, for every x € A,
(Vren) (@) = (f Ven)(z) = f(@) - (Ven)(z) = 1- (Ven)(x) =0,

whence (Ven)(z)|, = 0.

ii) If n|a = 0, again fn = 0, therefore

Ve(fn) = fVen+&(f)-n =0,
or, by evaluating the latter at any x € A,
(Ve(fn) (@) = f(Ven)(@) + &(f) -n(z) = 0.

Since f is constantly 1 in the neighborhood V of z, equality (2.3.10) implies that
&:(f) =0. As a result,

(Ven)(z) = (Vefn)(z) =0;  z €A,
showing also that (Ven)|, = 0. O

An immediate consequence of Proposition 6.3.3 is the following:

Corollary 6.3.4. Let V be a connection on M and A C M open. If &,& € X (M),
with &4 = &2 a, then

(Ve 4 = (Veam)l g for every m € X (M).
Similarly, if m,ne € X (M), with m|a =mn2|a, then
(Vem)lq = (Vema)| 4. for every & € X(M).

Proposition 6.3.5. Let V be a connection on M and x € M. If &,& € X (M) are
vector fields such that & (z) = &a(x), then

(Veun)(@) = (Veun) (),
for every n € X(M).
Proof. In virtue of the R-linearity of V with respect to the first variable, it suffices
to prove that, if £ € X(M) with (z) = 0, then (Ven)(x) = 0, for every n € X (M).
To this end we consider a coordinate chart (U,¢) = (U;xt,...,2™) of M at z.
Then, by (6.3.1),

u=> &0
1=1
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As in the proof of Proposition 6.3.3, there are (open) neighborhoods W, V' of z,
such that z € W C W C V. C V C U and a smooth bump function f with f|y =1
and f|e = 0. We define the following extensions of £ and 0;, respectively:

) o f(x)gl(x)v HAS U7
fw-{] e

51(@: {g(x)&, reU,
, x ¢ U

Obviously & € C>(M,R) and 9; € X (M). Setting
=2 &0,
i=1

we see that §~ € X(M), with fN = ¢|w. Therefore, for every n € X(M) and every
z € W, Proposition 6.3.3 implies that

(VEW) (2) = (Vgﬂ) (2) = (V(Z;Lgia ) = z_: Vg n ( )-

Consequently, for z = z, the assumption £(z) = 0 yields §l(x) = ¢(x) = 0, thus the
above series of equalities lead to (Ven)(x) = 0, completing the proof. |

The next result clarifies the exact way (Vgn) (z) depends on & and 7.

Corollary 6.3.6. The value (Vgn) (x) of Ven at x € M depends only on the value
of € at x and the values of 7 on an (arbitrarily small) neighborhood of x. In other
words, sz, 1 are vector fields on M such that g(x) =¢{(z) and |y =nl|v, for any
V € N, then

(V:7) (@) = (Ven) ().
Proof. By Corollary 6.3.4 and Proposition 6.3.5,
(Vi) (@) = (Vi) (2) = (Ven) (a). =
A consequence of the preceding result is that it makes sense to set

Ve, n = (Ven) ().

Applying now conditions (C.1) and (C.2) of Definition 6.3.1, we see that V¢ 7
satisfies the analogs of the properties of the ordinary directional derivative (see
Appendix B, Definition B.1.9); hence,

Ve, n can be interpreted as a directional derivative of n in the direction of &,;.

Concerning the existence of connections, we prove the following.

Theorem 6.3.7. Every (second countable and Hausdorff) smooth manifold M ad-
mits a connection.

dg

page 247
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Proof. Let {(Uq, ¢a), a € I, be a locally finite family of charts in A and {1, }icr a
subordinate smooth partition of unity, as ensured by Theorem 1.5.6. Note that the
indices of I are denoted by lower Greek letters to avoid confusion with the indices
1,7, k,... running in the set {1,...,m = dim M}.

For every a € I and &, € X (M), we consider the local connection, over U,,
[see also (6.3.2)]

Ven = Zf(nz) i
i=1

where £ and 7 in the left-hand side are restricted to U, (to simplify the subsequent
computations, we omit restrictions). Then we set

(Ven)(z) := > ta(z)- (Ven)(z),  ze M.
acl

It is immediately verified that Ven € X(M), for every {,n € X(M), and V is an
R-bilinear map. Moreover, for any £, € X (M) and f € C°(M,R),

Vien =Y ta-Vin =Y ta- (fVen)

acl acl

=f> ta-Ven=fVen,

acl

whereas

=Y ta-VE(fn)

ael
= o (fVEN+E(fM)
ael
=f> i gm(Z%)-gm
ael ael
= fVen+&(fn. O

To describe a connection locally, we need the next result:

Lemma 6.3.8. Let V be a connection an a manifold M. If A is any open subset
of M, then V induces on A a (local) connection V4: X(A) x X(A) — X(A) such
that VA (€| asnla) = (Ven)l 4, for every &n € X(M).

VA4, also denoted by V|4, is called the restriction of V to A.
Proof. We define V4 in the following way: Let any X,Y € X(A) and = € A. By
means of a smooth bump function (as in the proofs of Propositions 6.3.3 and 6.3.5),

we extend X and Y to the vector fields X,Y € X(M), such that X = X|y and
Y =Yy, where V is a small enough open set, with x € V' C A. Then we set

(V4Y) (z) = VAX,Y)(2) == (VgY)(z), z€A
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In virtue of Corollary 6.3.4, V4 is a well-defined (i.e. independent of the extensions of
X and Y') connection on A. Now, arbitrary vector fields £, 7 € X' (M) are extensions
of &|4 and 7|4, respectively; thus V4 satisfies the equality of the statement. (|

Consider now a connection V defined on the domain of a coordinate chart
(U;x',...,2™) of an m-dimensional manifold M. As in Example 6.3.2(A),
{0;}1<i<m is the canonical basis of X (U). Since Vy,0; € X(U), there exist m?
smooth functions

(6.3.3) IY:U— R k=1,...,m,

such that

(6.3.4) Vo 0j =Y TH ok ijk=1,...m
k=1

The functions I‘fj are called the Christoffel symbols of V with respect to U.
Other terms, also in use, are: Christoffel functions or coefficients of V.
Let any &, € X(U). Taking into account equalities

£€=>¢0; and n=> 10,
i=1 j=1

along with conditions (C.1) and (C.2) of Definition 6.3.1, we obtain:

Ven=Ve | > w0, | =Y Vel
=1

j=1

I
NE

(&) - 05 + Ve ;)

<.
I
—

I
WE

() - 9; + anv(zy;l giai)aj

Jj=1

<.
I
—

Em')- 0+ > §'Va,0;

I
NE

j=1 i,j=1
= "etf) o+ D €D Thor.
k=1 i,j=1 k

As a result, a connection V on (U, ¢) is expressed by means of the Christoffel
symbols by

m

(6.3.5) Ven=1_ |0+ Y €n'Ty | o

k=1 ij=1

The same formula holds for the restriction VY = V|i; of any connection V of M to
the domain of a chart (U, ¢).
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Conversely, any family of m? smooth functions Ffj U —RG,j5,k=1,...,m)
determines a connection on U by (6.3.5). Indeed, if &1, € X(U) and f,g €
C>*(U,R), then

m

VietgnC = Z ( e+ g+ > (f§i+9ﬂi)Ckaj)3k

ij=1

ffj( ns ECTY ) oy
=1

,j=1

+9) (¢ + Y- ') o
k=1

ij=1

= [ VeC+gVi¢,

thus V is C*>°(U, R)-linear with respect to the first variable. On the other hand, for
&,m,C as before and A\, p € R,

m m

e+ 10) = 3 (60" + 1) + 3 €1 (M + u¢?)T )

k=1 i,j=1

A% e+ 3 et

k=1 i,j=1

a0y (8¢ + Y €0l o
k=1 ij=1

= AVen + uVe(;

hence, V is R-linear with respect to the second variable. Finally,

Ve(fn) = i( (fre) + Z& fn;T ,j)ﬁk

k=1 i,j=1
=3 (6wt £+ Y smiTE o
k=1 1,7=1
DY mos+1) (ﬁ(ﬁk) +> &erfj)@k
k=1 k=1 ij=1

=&(f) -n+ fVen,

which shows the Leibniz condition of a connection. The previous arguments along
with the obvious R-bilinearity prove the claim.
Summarizing, we state:

Proposition 6.3.9. A connection V over a chart (U, ¢) is completely determined

by its Christoffel symbols. As a matter of fact, there is a bijective correspondence

between connections over (U, ¢) and families of smooth functions
{TF:U—=Rli,j,k=1,...,m}.

page 250
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Proof. By the discussion preceding the statement, it remains to prove that the
association V. — {I‘fj} is an injection. But this is an immediate consequence of
equality (6.3.5). O

Proposition 6.3.9 provides yet another example of (a construction of) a local
connection.

Remark 6.3.10. Let A = {(Ua, ¢o) | € I} be the maximal atlas defining the
smooth structure of an m-dimensional manifold M (recall the comments about the
index space I in the proof of Theorem 6.3.7). If V is any connection on M, then, in
virtue of Lemma 6.3.8, we obtain the restriction V¢ := V|y,_ of V, over each U,.
Let us denote by
°Ty: U — Ry acel,

the Christoffel symbols corresponding to V*

Naturally, if U, N Ug # 0, the Christoffel symbols O‘F?j and 5Ffj should be
related to each other on the overlapping. As a matter of fact, if (x!,...,2™) are the
local coordinates of (Uy, ¢o) and (y',...,y™) those of (Ug, ¢3), then

ox' dxI Oy” 0%zk oy"
(6.3.6) rr = S0 erh ot 0T Ty
e T Oyp Oyl Oxk L~ OyrOye Ok
i,7,k=1 i=1
where p,q,7 = 1,...,m. The compatibility condition or transformation of

Christoffel symbols (6.3.6) arises from a careful application of typical differenti-
ations that the reader might like to try (see Exercise 6.3.12 (5). Therefore,

V is completely determined by a collection of families of smooth functions
atrk . .. _
{ I Ua — R, j, k= 1,...7m}7
for all a € I, satisfying the compatibility condition (6.3.6).

Associated to a connection are the notion of torsion and curvature defined below.
In spite of their importance (especially of the second in the framework of Rieman-
nian geometry), we do not go into details since only the definition of the first will
be needed in the next section. More precisely:

Definitions 6.3.11. The torsion of a connection V on M is the map
T: X(M) x X(M) — X(M),
given by
T n) =Ven—Vol—[&n];  &ne X(M).
On the other hand, if L(X(M)) denotes the C*° (M, R)-module of linear trans-
formations of X'(M), then the curvature of V is the map

R: X(M) x X(M) — L(X(M))
defined by
R(faﬁ):vévn_vnvé_v[&n]; 57776X(M)
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More explicitly, the above formula of R means that, for every ¢ € X (M),

R(§,m)¢ = (R(§,m))(C) = Ve(VyC) = Vy(Ve€) = Vig¢-

Other properties of connections and of their torsion and curvature are listed in the

next exercises.

Exercises 6.3.12.

1. Define a direct connection on a Lie group G.

. Find an explicit expression of the symbols I'?

. The direct connection V, determined by a parallelization B = {X1,..., X,,} on

an m-dimensional manifold M, is characterized by the property Vx, X; = 0,
for every i,7 = 1,...,m. Is there any analog for the the connection of Exam-
ple 6.3.2(A)?

ij» as opposed to their indirect

definition of (6.3.4).

. Compute the Christoffel symbols of the connections of Examples 6.3.2, over a

coordinate chart (U;x!,... a™).

5. Complete the concluding arguments in the proof of Proposition 6.3.9.

6. Verify the compatibility condition (transformation) of the Christoffel symbols

10.

11.

(6.3.6).

. Prove the following properties of the torsion 7"

T(&n) = -T(n,9),
T(f&m) =T(& fn) = fT(&n),
for every £,m € X (M) and f € C*°(M,R). Furthermore, prove that 7" is bilinear
with respect to C*° (M, R).

. Prove the following properties of the curvature R:

R(§7 77) = _R(na 6)7
R(f&n) = R(&, fn) = fR(E ),
R(&n)(fC) = FR(En)(C),

for every £,1,( € X(M) and f € C>°(M,R). Also, prove that R is bilinear with
respect to C*°(M,R).
A connection is said to be flat if its curvature vanishes identically. Prove that
the connections defined in Examples 6.3.2 are flat.
A connection is said to be of symmaetric if its torsion vanishes identically. Are
the connections of Examples 6.3.2 symmetric? If not, when does this happen?
Let (U;x',...,2™) be a coordinate chart of an m-dimensional manifold, and

ai

xr
If V is a connection on M, with torsion 7" and curvature R, we define the

0
let {&- =_li=1,..., m} be the corresponding basis of local vector fields.

dg

page 252
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components T : U — R and Ri]k: — R of T" and R, respectively, by

T(;,9;) Z Ok, R(95,05)( ZRUkaI

Express these components in terms of the Christoffel symbols of V.

[Note. In many books one can find the following formula defining the compo-
nents of the curvature: 1", Rj-kl = R(0k, 01)(0;). This goes back to older days,
long before the definition of V, when the curvature was treated (as a tensor with
specific properties) by means of the components. Later, with the introduction
of V, it turned out that the components lel were related with R by the afore-
mentioned formula. For the sake of convenience, here we use the formula of the
exercise, without loosing the essential features of the components.]

12. Prove that T' = 0 if and only if, over each chart, the corresponding Christoffel
symbols satisfy equality l"k = I‘ﬂ7 for every i,5,k=1,...,m
[Note. This explains the termlnology symmetric for a zero torsion connection.]

13. If V is a symmetric connection, then the following Bianchi’s identity

R(&,m)¢ + R(n, Q)¢ + R(¢,&)n =0,
holds for every &,n,( € X(M).

14. Translate in terms of the components of 7" and R the first formula of Exercise
7, the first formula of Exercise 8, and the Bianchi’s identity.

15. Prove that the difference of two connections on M is a bilinear map on X'(M) x
X (M), with respect to C>°(M,R). Then derive that the set of connections on
a manifold M is an affine space with carrier (or modeled on) an appropriate
vector space.

16. Let B = {Xi,...,X,,} be a parallelization on a manifold M. Then find a
connection having the characteristic property Vx, X; = 1/2[X;, X;|(i,j =
1,...,m), and show that 7' = 0. This is known as the torsion free connection
of M relative to P.

17. Let f: M — M’ be diffeomorphism. If V is a connection on M, prove that f
induces s connection V' on M’ such that (in the notation of Theorem 3.5.4)

fo(Ven) =V o fs(m); Eme X(M).

6.4 Riemannian connections

The final section of this chapter is dealing with the intertwining of connections
with Riemannian structures, leading to the so-called Riemannian or Levi-Civita
connection. This is a connection of particular importance for the development of
Riemannian geometry.
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From §6.1 we recall the following notation: If (M, g) is a Riemannian manifold,
then for any vector fields £, € X(M), we define the function

g&mn): M —R:z = g(&,n)(x) = g2(&e,2)-

As a result, the functions g¢;;, defined by (6.1.4), are also given also by

g 0
9i; = 9(0:,0;) =g (8_3317 8—1:J> .

Definition 6.4.1. Let (M, g) be a Riemannian manifold. A Riemannian or Levi-
Civita connection is a connection V on M satisfying the following conditions:

(RC.1) T(&m) =0,
for every &,n,( € X (M).

Said differently, a Riemannian connection is a zero torsion or symmetric con-
nection [in the terminology of Exercise 6.3.12(10)], which is compatible with the

Riemannian structure, in the sense of (RC.2). The latter condition is also referred
to as the Ricci identity.

Theorem 6.4.2. Any Riemannian manifold (M,g) admits a unique Riemannian
connection.

Proof. The existence and uniqueness of the Riemannian connection will be ensured
from the interpretation of (RC. 1) and (RC.2) in local terms. To this end, we con-
sider an arbitrary chart (U, ¢) of M and the induced canonical basis {9;}1<i<m
(m = dim(M)) of X(U). Then, by Exercise 6.3.12(12), I'}} = I']}. Next, applying
(RC.2) to the basic vector fields, we obtain:

9(Va,0;,0r) + 9(9j, Vo, 0k) = 9i(9(9;, Or))-

Inserting the Christoffel symbols, and taking into account the symmetry of g and V,
as well as (6.3.4) and the aforementioned expression of g;;’s, the preceding equality
successively implies:

g <Zfﬁjala3k> +g <3jaZF§kal> =0;(9(9;,0)) =

=1 =1

ST (0 00) + S T 9(95.0) = 0i(9(9;,0) =

=1 =1

m
S Tgm+ > Thogi = 0ilgin) =
=1 I

(6.4.1) D T g+ Y Thogiy = 0i(gsm),
=1 =1
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and analogously, by a cyclic permutation of {i, j, k},

(6.4.2) ZPM gii + Zrﬂ gu = 05 (gri),

m

(643) Z sz g1 + Z Fk‘] gii = 8%‘(91])

=1 =1
Adding (6.4.1), (6.4.2) and subtracting (6.4.3), we obtain

(6.4.4) Z T g = % (9i(gix) + 0 (gni) + Ok (gis))-

If we fix 4,7 and vary k € {1,... m} we obtain an ordinary algebraic system from

which we determine the symbols I'y., by multiplying with the invertible (nonsingu-

Zj ?
lar) matrix (g;;) of g [see Exercise 6.1.5 (1)].
Let us clarify the procedure just described: Denoting, for convenience, the right-

hand side of (6.4.4) by Ay (k € {1,...,m}), we obtain the algebraic system

ZFU g =
ZFU gi2 =

=1
or, in matrix notation,
g1 912 -+ Gim T Ay
921 922 --- Yom 05| | A

Multiplying the preceding by the inverse of (g;;), denoted simply by

gll §12 ylm
(gij) _ §21 §22 me ;

yml §m2 s gmm

we immediately obtain the equations

I‘lj = Zgu A= Zgll i(951) + 05 (gui) + 3l(9w))
=1
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I3 = Z?zz A= Zgzz i(971) + 05(gui) + 9i(gij))
=1

m

I = Z?ml A = ngl i(g;1) + 95(g1:) + 81(911))
=1

and similarly for every other pair of lower indices (4, 7). Therefore, for any i,j,k €

{1,...,m},

(6.4.5) ngl i(g;1) + 95(g1:) + 61(913))

The preceding equality shows that

The Christoffel symbols of a Riemannian connection over a chart (U, ) are
completely determined by the corresponding basic vector fields {0;} and the
Riemannian structure expressed by its matric (g;;), over the same chart.

Equality (6.4.5) essentially proves the assertion of the statement. More precisely:

i) The uniqueness of the Riemannian connection is almost obvious. Indeed, as-
sume that there are two Riemannian connections V and V on M. Then the corre-
sponding Christoffel symbols, over the same chart (U, ¢), necessarily satisfy (6.4.5),
thus Fk = I‘7 » and similarly for the symbols over every other chart. Since the con-
nectlonb are completely determined by the family of their Christoffel symbols, over
all of the charts of M, it follows that V = V.

ii) The existence of a Riemannian connection is established as follows: Given a
chart (U, ¢), we define a (local) connection VY on U by taking as its Christoffel
symbols those of (6.4.5) (see also Proposition 6.3.9). This is a symmetric connection
since I'}; = T, We verify that VY satisfies (RC.2) by reversing the procedure
leading from (RC.2) to (6.4.5), as in the first part of the proof. Thus VY is a
Riemannian connection on U. From the collection of all these local connections,
obtained when we vary (U, ¢) in the maximal atlas of M, we define a (global)
connection V on M by setting

(vfn)|U = vglunlU7

for every &, € X(M). This is indeed a well-defined connection, for if we consider
VU and VY, with UNV # (), then their restrictions on U NV are two Riemannian
connections on the same manifold, thus they coincide. As a result, VYV and VV
coincide on U NV, and V is well-defined. Finally V is a Riemannian connection
since it is built from such connections. ]

Exercises 6.4.3.

1. Verify that VY (in the uniqueness part of Theorem 6.4.2) satisfies (RC. 2).
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. Let R be the curvature of the Levi-Civita connection V on a Riemannian man-

ifold (M, g). Then prove equality

9(R(E& )¢ x) + 9(R(1, )& x) + g(R(¢En,x) =0,
for every &,m,(, x € X(M).

. Let R™ be endowed with the standard Riemannian structure g defined in Ex-

ample 6.1.2 (A). Motivated by Example 6.3.2 (A), define the Riemannian (or
Levi-Civita) connection on R™.

. Under what condition is the connection of Example 6.3.2 (A) the Riemannian

connection over a chart with the Riemannian structure of Example 6.1.2 (B)?

. Let f: (M,g9) — (M’',g') be an isometry between two Riemannian manifolds

[see Exercise 6.2.9 (5)], and let V be the Levi-Civita connection of M. Prove that
the connection V', induced by f as in Exercise 6.3.12(17), is the Levi-Civita
connection of M.

dg page 257
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List of symbols

The list contains the main symbols, with a fixed meaning, together with a brief
description and the page of their first appearance. For the sake of simplicity, we use
the following abbreviations:

s.t. = such that; w.r.t. = with respect to

Chapter 1

52 the unit sphere in R3 2
ST the north hemisphere 2
D. the unit disc 2
(U, ¢), a typical chart 4
Ty =Ppr;o¢ coordinate functions of (U, ¢) 5
Ug the same as pr; 5
U,z ... z™) a coordinate chart 5
hop ! transition function of charts (U, ¢) and (V%)) 6
c* differentiability of class k 5
A, B atlases 7
AX (M) set of m-dimensional C*-atlases on M 7
A=B partial order in A%, (M) 8
AL B C*-compatible atlases 10
Al € AL (M) the maximal atlas of A € A%, (M) 8
A’ the maximal atlas of A € 255 (M) 12
M= (M,A a (smooth) manifold 11
dim(M) =m the dimension of a manifold M 11
Mipnxn(R) the space of m X n real matrices 13
M (R) the set of matrices My, xn(R) 13
L(E,F) the space of linear maps between E, F 13
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Ta

det
GL(n,R)
Lis(R™)
End(R™)
Ad
C"(M,N)

it A= M

pyu: M XN —M
C*(M,R)
C*=(M,R)

Diff (M)

Chapter 2
a:J —-M

o~y B
T,M
u = [(o, )]

¢: TuyM — R™

(5l)
d
dt s
T f
frx
ds f
Da

Dy
My = Juf
a(t)
N

x

[~y

World Scientific Book - 9.75in x 6.5in

the unit circle

shorthand notation of R?*\ {(0,0,0)}

the projective plane

the n-dimensional projective space

the n-dimensional torus

the graph of a function f: R*> = R

the topology induced by A

the determinant map

the general linear group

the group of linear automorphisms of R™
the space of linear transformations of R™
the adjoint representation of GL(n,R)

the set of C"-differentiable maps between the
manifolds M, N

natural inclusion or canonical injection
projection (to the 1lst factor M)

the set of locally smooth functions at x € M
the algebra of smooth maps from M to R
group of diffeomorphisms of M

curve in M
tangent curves
tangent space at x

tangent vector at x

bijection induced by (U, ¢)

the canonical basis of T, M, w.r.t.. (U, @)

the canonical basis of TR

the differential of f at x

another symbol for Ty f

yet another symbol for T, f (see also p. 296)
Da: TeA = T, M

®: Ty yy(M x N) = TuM x TyN

the Jacobian matrix of f at x

the tangent vector of « at ¢

the set of open neighborhoods of z € M

equivalent functions at x

List of symbols

16
17
17
18
20
21
22
29
29
29
29
29

34
37
38
40
40
43

48
48
49
49

49

53

53
55
55
55
58
59
61
63
68
68
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List of symbols

[f]e
C (M)
5

Do (M)
Su

TM
m: TM — M
(x=1(U), @)

Chapter 3
EM—TM

£(f)

&
§+n, A
f€
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the germ of f at x

the algebra of (smooth) germs of M at x

a derivation of C3° (M)

the linear space of all derivations of C$°(M)
the derivation of C3°(M) induced by u € T M
a simplified form of . ([f]=

the isomorphism Tp M — Dy (M)

simplified form of ( 8(; )( )

other notation of the Jacobian matrix J f (see
also p. 61)

the Jacobian determinant of J, f

x

the linear space of all derivations of C*°(M,R)
at x

a derivation of C*°(M,R) at x

the linear isomorphism between the derivations
involved

the tangent bundle of M
projection of TM

the chart of the tangent bundle induced by
(U, )

vector field
the set of smooth vector fields on M
equivalent form of &(x)

the zero vector field

the basic vector field defined by (U, ¢)

the basic vector field of R

coordinates of a vector field

the map = > £(f)(x) = &(f)
principal part of £

sum and scalar multiplication in X'(M)
multiplication of £ by f € C*°(M,R)

a derivation of C*°(M,R) induced by &

the set of all (operator) derivations of
C>(M,R)

the Lie bracket of &, n

the set of smooth vector fields along f

68
68
69
69
69
70
74

71

72

72

80
80

82
82
82

82

91
97
92
93

93

94

95
94
96
97
97
104

104
107
110

379
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o =Ti0Q
e

S}

Ou: Jo x Uy — U
J(x)

Qg

Chapter 4

v:GxG—G
a:G—G

Ly

Ry

U-v

gl(n,R)

s

Hom (R, G)
F:g— Hom(R,G)

Qg
exp

exp

(Ne,v)
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List of symbols

the field of velocities of a curve «

the coordinates a curve «
the map given by f.(§) =T fofo f*

the (10cal) flow J x U — U of a differential
system
the local flow of a vector field

the domain of ay

the maximal integral curve trough x

the (right) translation of R by s

the domain of the flow of £ € X(M)

the flow 6: ©(§) - M

set of t € J(xo) such that 6 is smooth at (¢,zo)
the set {x € M : (t,z) € D(§)}

the Lie derivative of n along &

the multiplication/product of a Lie group
the inversion map of a Lie group

the left translation by g € G

the right translation by g € G

the set {zy|z € U C,y € V C G}

gU == Lg(U)

Ug := Ry(U)

U™li={27 'z €U} =a(U)

the set of left invariant vector fields of G
another notation for £(G)

the set of right invariant vector fields of G
the isomorphism g — T.G

the left invariant vector field determined by
a vector v € T.G

the Lie algebra of GL(n,R)
the structural constants of a Lie group G
the set of one-parameter subgroups of G

the map assigning to £ its one-parameter sub-
group of G

the one-parameter subgroup F (&)
the exponential map exp: g = G

the map exp: T.G — G (another form of
exponential)

the normal chart at e € G

110
115
113
117

117
118
118
119
125
125
126
128
134

145
145
146
146
146
146
146
148
154
154
154
155

156
158
162
163

166
166
168

168
172
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List of symbols

1y)

Aut(TeG)

Aut(g)

Ad

ad

0 MxG—M
pg =0g: M — M
I

Chapter 5

Ax

Chapter 6

T(TM)
J(M)

g: M — J(M)
Gen: M — R
9o = g(x)
axf3

A1

(M, g)

Gij

l[ullg

Lg(7)

Q(z,y)
By(z,7)

World Scientific Book - 9.75in x 6.5in

the inner automorphism of G

the group of linear automorphisms of T.G
the group of linear automorphisms of g

the adjoint representation of G

the adjoint representation of g

an action of G on M

the right translation of M by g € G

the Killing vector field corresponding to £ € g

the atlas induced on X C M by (M, A)
the projection : RF x 0 — R*

the graph of a curve a: R D J — R"
the graph of a map f: M — N

the subgroup of GL(n, R) consisting of matrices
with positive determinant

the special linear group

the vector space of n X n symmetric matrices
the transpose of a matrix A

the orthogonal group

the lie algebra of SL(n,R)

the Lie algebra of O(n)

the special orthogonal group

the set of all inner products of T, M

the set (U, J(TeM)

a Riemannian structure on M

the map with Ge ,(z) := g(x)(¢(z),n(x))
the value of Riemannian structure at z
composition of curves

inverse curve

a Riemannian manifold

7o |2 55 1)

the norm of u € T, M w.r.t. g

the function gi;(z) = ga(

the length of a (piecewise) smooth curve w.r.t.
to g

the set of piecewise smooth curves from = to y

the r-ball centered at x

177
177
177
177
180
182
182
182

191
191
199
200

222
222
223
223
223
225
225
226

228
228
228
228
228
235
235
228
232
237

237
237
239

381
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g(&m)

Chapter 7
Lp(Eq,..
‘CP (]E7 ]F)
'AP (E7 F)
fAng

. a]EPv]F)
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the topology induced by d4

the closed ball {h € R™ : ||h]| < e}

a connection or covariant derivative
abbreviated form of %

the restriction of V on open A C M

the connection induced by V on open A C M
Christoffel symbols

the torsion of a connection

the curvature of a connection

the function g(&,n)(x) := g2(&z, )

the space of p-multilinear maps

the above space for E; = E

the space of p-antisymmetric maps
the wedge product of two linear maps
the set of permutations of {1,...,p}

the signature of a permutation o

the hat (caret) indicates omission of h
the dual basis of (e1,...,en)

the ¢-th projection (E finite-dimensional)
@iy..ip = f (61‘1,.. .,eip)

the set of differential p-forms on an open set
ACR"

the differential of u' equal to Du’
the curl of a vector field &

the divergence of a vector field &
the gradient of f: R® - R

the differential of w

the line segment from zg to z
the space of cocycles

the space of coboundaries

the space of antisymmetric p-linear forms
on T, M

the set of p-linear forms on M

the projection of A, (M,R) to M
chart of A,(M,R)

the cotangent space of M at x € M

List of symbols

239
239

244
245
248
249
251
251
254

260
260
260
262
261
261
266
266
266
267

272
275
281
282
282
276
284
290
290

292
292
292
293
295
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List of symbols

Q" (M)

do f

df

df (€)

We

G, =Gu

w1, &p)
{dz;|i=1,...,n}
wA 6

dy: QP (U) — QPTHU)

d: QP (M) — QP (M)

Kook ok

*

w

(@)

QR (G)

hi: Qp(G) = (T.G)*
Lew

few

€Jw

—

w?

Appendix A

T
(X,7T)
P(X)

B

B: C N,
(X, d)
Ba(z,T)
Ba(z,7)
Sa(z,r)
Tly

it Y = X
Bx xy

Txxy

World Scientific Book - 9.75in x 6.5in

the set of differential p-forms on M
the map idgn o Th. f (see also p. 55)

the map M — T x M with (df)(z) := (df )«
dy
thejzE map defined by [df (§)](z) = da f (&)

the principal part of w

the map QP (U) — QP (¢(U))
the function x — wg(&1(x),. ..
the natural basis for QP (U)
the wedge product in Q*

the exterior differential over U C M

,é-p(l'))

exterior differentiation on M

Insert the symbols for global d, cocycles,

coboundaries and cohomology groups

omitted vector field

the pullback of a differential form

the space of left invariant forms on G
the space of right invariant forms on G
the map w — we 319

the Lie derivative of w along &

the interior product or contraction of w by &

another symbol for the interior product

omitted form

topology

a topological space

the power set of X

a basis for topology

a basis of neighborhoods of x

a metric space

the open ball centered at x with radius r
the closed ball centered at x with radius r
the sphere centered at x with radius r

the relative topology on Y

the canonical injection or inclusion

a basis for the product topology on X x Y
the product topology on X x Y

295
296
296

297
298
298
299
301
301
303
307

313

317
317

322
328
328

329

337
337
338
338
339
340
340
341
341
343
345
347
347

383
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384

Tx

Bx

Ax

]

X/~

T~

X/ =(X/0, TY)
ki X — X/o
'

Cy

Appendix B
Df(a)

ev

comp

6‘% | the

Df

D?f(a)

D*f

D* f(a)

92 f;
Oz 0z, a

World Scientific Book - 9.75in x 6.5in

the product topology on [],., Xi

a basis for Tx

the diagonal of X

an equivalence class of X
a quotient set

quotient topology

a quotient space

the canonical (natural) projection

the graph of an equivalence relation

the connected component of x

the differential (derivative) of f at a

the evaluation map

the composition map comp (f,g) :=go f

i-th partial derivative

the (total) differential of f
the second derivative of f at a
the second derivative of f

the k-th derivative of f at a

the second partial derivative

List of symbols

348
348
352
353
353
353
353
353
354
360

363
365
365
367
369
369
369
369

370
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Index
adjoint representation, 29 coordinate function, 5
algebra of germs of smooth functions, 68 coordinate functions
antipodal map, 43 —of R™, 5
atlas — of a chart, 5
-ck 7 — of a vector field, 95
— m—di i coordinates
_ Cw(z)a;l;g;erémonal, 7 — of a vector field, 95
- ) curve
— differential, 7 — parametrized, 48
— maximal, 8, 12 — smooth, 48
— smaller, 8 curves
— smooth, 7 — equivalent, 48
— topological, 7 — tangent, 48
atlases svati
— compatible, 10 derfl‘:)a%tlco"%(M, R) at z, 80
bump function, 44 derivation of C5° (M), 69
bundle derivative, see differential, 86
— tangent, 82 determinant, 29
— vector, 85 diffeomorphic manifolds, 39
C:—diffe.rential structure, 11 $ggggi)g)lhlsm, 6, 39
C"-manifold, 11 — of a smooth map, 55
canonical . — total, 86
— projections of cartesian product, 38 dimension of manifold), 11
canonical basis, 53 ’
canonical injection, 37 equivalent
canonical topology, 24 — curves, 48
chain rule equivalent functions, 68
— local form in manifolds, 78 .
— part 1, 36 ?gure eight, 32
_ Tee
part II, 56 . — module, 99
change of coordinates, 6 function
chart =
*at/about, 5 locally smooth, 40
— centered at x, 21 general linear group, 29
— coordinate, 5 germ of a smooth function, 68
— global, 5 graph, 21
— local, 5 group
— m-dimensional, 4 — of diffeomorphisms, 43
charts hemisph
— C*-compatible, 5 eznlﬁgrt(ilrez
— smoothly compatible, 6 homothetfe, 21
— topologically compatible, 6
components implicit function theorem
— of a vector field, 95 — for manifolds, 65
coordinate domain, 5 inclusion, see natural inclusion
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injection, see canonical injection
inverse function theorem

— coordinate version, 72

— for manifolds, 57

Jacobian determinant, 72
Jacobian matrix, 61, 72

Leibniz condition, 69
Leibniz formula, 63
Leibniz rule

— partial (local)forms, 79
local coordinates, 5
local representation, 33

— of a vector field, 93
locally finite collection, 45

manifold
— O-dimensional, 13
— dimension of, 11
— discrete, 13
— model of, 11
— parallelizable, 99
— smooth, 11
— topological, 11
map
— differentiable, 34
— differentiable at a point, 33
— differential
— local representation , 33

— smooth, 34
model of chart, 5
model of manifold, 11

module
— free, 99

natural inclusion, 37

open set, 22
open submanifold, 31

paracompact space, 46
parallelization, 99
parametrization of surface, 18
partial maps, 42
partition of unity, 45
principal part
— of a vector field, 96
projections
— canonical of cartesian product, 38
projective
— plane, 17
— space
— 2-dimensional, 17
— n-dimensional, 18
pushforward, 55

refinement
— of a covering, 46

refinement of a covering, 46
regular surface, 18

Schwarz lemma
— in manifolds, 77

section of a vector bundle, 86
smooth

World Scientific Book - 9.75in x 6.5in

Index

— curve, 48
— vector field, 97
space
— paracompact, 46
stereographic projection
— from the north pole, 2
— from the south pole, 2

structure .
— differential, 11

— of manifold, 11
— ordinary (C*°) of R", 13

— smooth, 11

— standard (C*°) of R™, 13
submanifold

—open, 31

support of a function, 45
surface (regular), 18

tangent

— curves, 48

— map, 86

— space, 49

— vector, 49

— of curve, 63

tangent bundle, 82

— base (space) of, 82

— projection of, 82

— section of, 91

— total space of, 82

— trivial, 101
tangent map, 55

theorem . .
— implicit function for manifolds, 65

— inverse function for Manifolds, 57
topology
— canonical, 24
torus (n-dimensional), 20
total differential, 86
transition functions, 6
translation
—right (in R™), 21
trivialization, 101

unit disc, 2
unit sphere, 2

vector bundle, 85
— base (space), 85
— projection of, 85
— total space of, 85
vector field, 91
— components of, 95
— coordinates of, 95
— principal part of, 96
— smooth, 97
— zero, 93

vector fields
— basic, 94

velocity vector, 63
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Answers to Exercises

Chapter 1

1.2.14 (2). Let (U, ¢) be an n-dimensional chart. Then ¢(U NU) = ¢(U) is open
in R” and ¢ 0 ¢~ = idy(yy is smooth.

1.2.14 (3). As the cartesian product of n-copies of the circle, T" is an n-dimensional
smooth manifold.

1.2.14 (11). Let (U, ¢) a chart belonging to the maximal atlas A = {(R"™,idg=)}’.
Then, by the compatibility of (U, ¢) and (R™,idg= ), the sets ¢(U) = ¢(U NR™) and
U = idg~ (U NR™) are open subsets of R and

p=¢oidgs: U — ¢(U), ¢t =idgiod™t: ¢p(U) — U

are smooth maps. Therefore, (U, ¢) € A if and only if U (and necessarily ¢(U)) is an
open subset of R™ and ¢ is a smooth map with a smooth inverse, i.e. ¢: U — ¢(U)
is a diffeomorphism (in R™).

1.3.23(2). Apply Corollary 1.3.20.

1.3.23(3). If GL(n,R) was compact, then R, = det(GL(n,R)) would be compact
(i.e. closed and bounded), which is absurd.

1.3.23(8). Setting J := (0, 27), the reader may be convinced that E = ~(.J), either
using a program like Mathlab and Mathematica, or by evaluating v at a number
of points in J such as in the following table. They are quite useful in sketching
a picture and will help us in our discussion. To accommodate the table correctly
within the limits of the page, we write v(t) = (71(t),v2(t)) and place the coordinates
on separate rows as indicated. Thus, for instance, v(37/4) = (—1,+/2/2) etc.

t 0| n/4 | w/2 | 3x/4 | 7| 5x/4 | 3wx/2 | Tn/4 | 2«
ool 1 [ o | -1 [o| 1 0 1 |o

Yot) [0 | V2/2 | 1 | V2/2]0|—v2/2| -1 | =v2/2] 0

The image of the curve starts at a point approaching the origin of R? without
touching it, then it goes upwards to (1,/2/2), then to (1,0). Next, continuing
downwards, it reaches (—1,v/2/2) , (1, —+/2/2), and, by crossing this time the origin,
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Answers to Ezercises 389

2.3.13 (7) Applying (2.3.25) we find that:

d

a(t)(f) = Tra (a

)= eam) = goaro.

t

Chapter 3

3.1.13 (1) By the discussion of Example 3.1.3 (C), £ = idg, o &. This immediately
shows that the map F': X(A) — C>®(A,R), with F(¢) := &, is a bijection. Moreover,
the linearity of idg, implies that A& + un = A + u7j, for every &,n € X(A) and
A, i € R) whence it follows that F is a linear isomorphism.

3.1.13 (2) In virtue of Examples 3.1.8(C) and ??, the manifolds R", A, S! are
parallelizable, thus their tangent bundles are trivial. We obtain the following trivi-
alizations, respectively:

®: TR — R" xR, with ®(u) = (7(u),idgn (1)) = (z;A1(2),...,A"(2)), if m(u) =
zandu=> 1 A (x)a%u, where the functions A’ € C°>°(R"™, R) are determined by
the parallelization {%, e 82n induced by the basic vector fields associated with
the global chart (R™,idgn).

$4: TA— A xR defined analogously, with respect to the global chart (A,id4),
and the parallelization { % |A e Q% |A}.

®;: TSt — S xR?, given by @ (u) = (x, A\(2)), if 7(u) = z, and u = A\(x)&,, where
¢ is the vector field of S* defined in Example ??, and A € C*°(S!,R).

3.1.13(3) Let M and N be parallelizable manifolds, with corresponding paral-
lelizations {X; |i=1,...,m}, and {Y;|j=1,...,n}. One way to check the paral-
lelizability of M x N is to prove that T (M x N) = TM x TN is trivial. In this

respect, we denote by ®: TM — M xR™ and ¥: TN — N x R" the corresponding
trivializations, and define the map F': TM x TN: — M x N x R™ x R™ by setting

F(u,v) = (mpr(u), 7 (v), pra(®(u), pra(T(v))),

where 7,7, my are the respective projections of the tangent bundles involved.

It is a trivial matter to check that F' is an injection. It is also a surjection
because, given any elementV = (z,y,A',...,A™, put, ... p") € M x N x R™ x R",
we immediately see that the tangent vectors

wi=Y NXi(x) €T,M and v:=Y MNYj(y)€T,N
i=1 j=1
yield F(u,v) =V.
On the other hand, the linearity of F|TIMxTyN T M x TyN — R™ x R", with
F(u,v) = (pry(®(u)), pry(¥(v))), is an obvious consequence of the linearity of both
®lp pp: ToM — R™ and V|, 0 TyN — R™.
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Furthermore, F is a diffeomorphism, as a result of the following commutative
diagram

TM x TN M x N x R™ x R"

S

M xR™ x N xR"
where S is an obvious (diffeomorphism of) symmetries.
Finally, the following commutative diagram completes the requirements of a
trivialization, as discussed in Example 3.1.8 (C)

T(MxN)=TM xTN M x N xR™ x R"
\ Az

where m = myy X 7N

3.1.13 (4)

By the general rule |y = >0, &(x )Bm” over a chart (U, ¢) = (U; 2, ..., a™),
where m = dim M [see also equalities (3.1. 4) (3.1.6)], we have:

ozt 0
8yJ Zayﬂ axl Z Oyl Ozt

0 - o, .. 0 "oyl 0
_ .Y _ Y
oxt ;mﬁxi v )6yj e Ox' Oyl

3.1.13 (5) By assumption,

m

N 0 z 0

Also, by Exercise 3.1.13 (4),

L ox* 0 - " Ozt 0
S -3 (o) -2 (Sehn )

i i=1 \j=1

From (1) and the preceding equalities we conclude that &= ZEJ Biﬂ The second
, Y
=1

formula is proved analogously.

3.1.13 (6) We imitate the procedure followed in the converse part of the proof of
Proposition 3.1.10, for arbitrary £ and U.
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3.2.5(1) Let 4,6’ € D(M) and o € C*°(M,R). We define the operations 0 + 6" and
a0, by setting
(O +3)(f) :=0(f) +3'(f), (a-0)(f)=ad(f),

for every f € C*°(M,R). It is routinely checked that §+¢" and «- ¢ belong to D(M).
As an example, we show that « - § satisfies the Leibniz condition. Indeed, for every
f,9 € C*(M,R),

(a-0)(fg) = ad(fg) = a(3(f)g+ fi(9))

=a(8(f)g) +a(fi(g) = (a-0)(f) g+ f(a-d)(9),

as af = fa in the commutative algebra C*>° (M, R).
3.2.5 (2) By the notation of Example 2.3.8 (B) and equality (2.3.12),

9] e oxI
: N = =—| =Z—(2) =4,
oz, (27) oz'|, Ox' (@) J
J
for every x € U. Therefore, % = 0;5.
3.2.5 (3) In virtue of Example 2.3.8 (A), we have that {(c)(x) = & (c) = 0, for every
xe M.
Chapter 4

4.1.11 (3) Direct application (2.2.5).
4.1.11 (4) For every (a,b,c) € G x G x G,

[v o (v xidg)l(a, b, c) = [y o (v x idg)]((a, b), ¢) = y(ab,c) = (ab)c,
[v o (ide x¥)l(a,b,¢) = [y o (ide x¥)](a; (b,¢)) = ¥(a, be) = a(be).
The commutativity of G yields the result.

4.1.11 (5) Direct consequence of the third equality of Exercise 4.1.11 (2). Further-
more, R. = L. = idg implies that Tea(v) = —T.idg = —idy.¢ = —v, for every
veT,G.

4.1.11 (6) Let u € TG be a fixed tangent vector, with 7(u) = = (7: TG — G is
the projection). Let any v € TG, with 7(v) = y. Then, Example 4.1.10 and (4.1.3)

imply
fu(v) =U-v:i= T’Y(U, ’U) = T(I,y)’Y(uu 1)) = TzRy(u)v
because L, is constant and T}, L, = 0.
Similarly, we find that R, (v) = v-u = TyLy(u).

4.1.11 (7) First observe that, due to the commutativity of G, L, = Ry, for every
g € G. Thus, for any v € T,G and v € T,G [again by Example 4.1.10 and (4.1.3)],
u-v =Ty (u,v) = TpRy(u) + Ty Ly (v) =
=T, Ly(u) + TyRy(v) = T(y2)Y(v,u) = v u.
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4.1.11 (8) For every z,y € G,

1 1 1

:y_ T 1

a(zy) = (vy)~ =z 'y = a(z)a(y).

4.1.11 (9) G x H is a smooth manifold. The product v: (Gx H)x (GxH) - GxH
is defined by setting v((a,b), (a’,b)) := (a-a’,b- V'), where the dots represent the
multiplications in G and H. This is clearly a smooth map. More formally, this can
be seen by writing v as

¥ = (ve o (pry, pry), v © (pra, pry)),

where, obviously, 7o and ~y are the multiplications of G and H, respectively, and
pr;, ¢ =1,...,4, are the projections of G x H x G x H to the corresponding factors.
Similarly, a(a, b) = (a‘l, b_l), ora = (aG Opry, QLfy OPTy ), showing the smoothness
of the inverse map.

4.1.11 (10) It is a trivial fact that if G and H are abelian groups, then so is G x H.
By the definition of its multiplication, S! is an abelian Lie group. Therefore, the
previous remarks, together with the preceding exercise, prove that 7" = S' x S!
(n factors) is an abelian Lie group.

4.1.11(11) If G is a Lie group as in Definition 4.1.1, then
fay) =ay™ =y (xy ") =7 (@ aly), V(ny) €6 xG;
that is, f = v o (idg xXa), whence the smoothness of f.

Conversely, assuming that f is smooth, we first see that the following diagram
is commutative:

1

(Ce,idg)

Gz (e,27')eGxG

ex =1~

which shows that a = f o (Ce,id¢) is smooth. Obviously, C. denotes the constant
map C.(z) = e, for every x € G.
Similarly, « is smooth because is written as v = f o (idg, ), shown also in the

1

next diagram:

id
Gx G5 (ay) —de®) | (z,y™) eGx G

~ f

x (y_l)f1 =y

4.2.12 (1) Let A be an arbitrary Lie algebra. If A is abelian, then [a,b] = [b,a],
for every a,b € A. But the bracket is antisymmetric, i.e. [b, a] = —[a, b]. Therefore,
[a,b] = 0, for every a,b € A.
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4.2.12(2) It is clear that R = (R, +) is an (abelian) group. Any £ € X'(R) has the
form & = fd/dx. If, for a fixed s € R, Ls: R — R denotes the left translation, with
Ls(t) == s+t, an £ € X(R) belongs to the Lie algebra £(R) if and only if it is
left-invariant; equivalently, £(s) = T, Ls(£(0)), for every s € R. Since

£(s) = TyLo(£(0)) = ToLs (f(@)i ) FO)TL, ( jt

dt

d
—IOLO g =10 .

Setting f(0) = A, we see that

d
Conversely, for an arbitrary A € R, £ = Ad/dt determines a vector field on R. It is

left-invariant because, for every ¢ € R,
d d
=\TiLs | —
) t ( dt )

TiLs(£(1) = Ty L, (A U
D1 s 1) = £(L(0));
s+t

that is, £ = Ad/dt = & € L(R). The previous arguments show that
d
LR)=LR,+) = { 7 A€ R}

4.2.12(3) A left translation L,: R™ — R™, for a € R", is given by L,(h) = a + h,
for every h € R™. Then

0 - 0 ‘ 0
I — E _ JN . -
TOLa (8.’131 0) - |:T0La <8$1 0>:| ((ﬁ ) (63?3 >
j=1 a
"0 - 0
- Z oxt |, (270 La) - OxJ

1

<.
I

Since 27 o Ly = a7 + 27 and o’ is constant, it follows that

0 0z’
ori 0 (3: oL ) aﬁz = ij;
hence,
0 0
W) Tola (8xz ) - Oxt

Therefore, ¢ € L(R™) implies that

§a =ToLa <Z§0 axz
= Zgo ToL, (
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Setting v = ¢J, we obtain a vector (vl, e ,v”) € R™ such that
n
.0
. X3
(2) ga - Z v 8‘%1 Y
=1 a

for every a € R™. In conclusion, £ € L(R™) implies that £ is written as in (2).

Conversely, let v = (vl, e ,v”) be any vector in R"™, and define a vector field &
by (2). It is clear that ¢ is indeed a smooth vector field on R™. It remain to show
that & is left-invariant: For any a, h € R",

.
ELa(h) =&ath =D V' 7
; ox ath
[by (1)] = En:vi ToL 9
Yy = — 0la+h o .
= vlTO(LQOLh)( - )
; oz’ |,
- ZviThLa (TOLh (8 ))
i=1 dx' |,

;0
=TyLa (v | ) =ThLa(&n);
o 2]) vt
that is, £ € L(R™) = L(R", +). Hence, we obtain the correspondence of the exercise.
4.2.12 (4) We define fby setting f:: hyoT.fo h&l, as in the next diagram:

T,
T.G /

T.H

hg hy

where, for convenience, we denote by e the unit of both G and H.
We check that £ € g and £ := f(§) € h are f-related; that is, the following
diagram is commutative:

TG rs TH
¢ £
G H
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Indeed, for every g € G, first observe that fo L, = Lf(g) o f, where L), h € H,
denote left translations in H; hence,

(Tfo&)g) =Tof (TeLy(&e)) = Te(f o Ly)(&e)
=T, (L) 0 1) (€) = ToLjp) (Tuf (<))
[by the first diagram] = T.Lyy) ((haofoh ) (&)
= T.Ly g (b (£)) = Tl (&)
=&(f(9)) = (£ Flg),

which, as desired, verifies the commutativity of the second diagram.
Since f is linear, to complete the exercise it remains to show that f preserves

the bracket, i.e. f( [£,¢]) = [f(f),f(f )], for every &, & € g. As a matter of fact,
because & and & are f-related with € and &, respectively, then [£,¢] and [5 5’]
are also f-related (see Corollary 3.5.3); thus, in particular,

T.f([6€].) =[&¢€],,

and, consequently,

FU16€)) = hi' (Tf([6:€1,))
= hi ([£8],) = [£]
= [f(©).F ()]

4.2.12 (5) Property (i) is an immediate consequence of T idg = idr, ¢. Next, for
every & € g, we have:

(957) © = (hi o Tulgo £) o bt ) (€)
= (hx' oTegohy ohy' o Tef o hc)(§)
=3 (J©) = (5°7) ©
whence (ii). Finally, (iii) is a direct consequence of (i) and (ii).
4.2.12 (6) By Exercise 4.1.11 (8), the inversion map a: G — G is an isomorphism

of Lie groups. It induces the isomorphism of Lie algebras a.: g — g, as a consequence
of Exercises 4.2.12 (4) and (5). By the very construction of e,

a(é) = (hg' oTearo hg) (€)
= hg! (Tea(&))
[by (4.1.4)] =hg'(—&) = ¢
that is,

(1) a) =-¢ Ve
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