STRONGLY n-PROJECTIVELY CORESOLVED GORENSTEIN
FLAT MODULES

DIMITRA-DIONYSIA STERGIOPOULOU

ABSTRACT. This paper introduces the notion of strongly n-projectively core-
solved Gorenstein flat modules (or strongly n-PGF modules, for short), where
n is a nonnegative integer. Using this class, a new characterization of modules
with finite PGF-dimension is given. Moreover, a stability result for the class of
PGF modules, with respect to the very Gorenstein process, is proven.

1. INTRODUCTION

In the study of Gorenstein homological algebra, the strongly Gorenstein projective,
strongly Gorenstein injective and strongly Gorenstein flat modules play a central
role as they are used to give simple characterizations of the Gorenstein projective,
Gorenstein injective and Gorenstein flat modules, respectively [3]. Mahdou and
Tamekkante [6] introduced a generalization of the strongly Gorenstein projective,
strongly Gorenstein injective and strongly Gorenstein flat modules, namely the
strongly n-Gorenstein projective, strongly n-Gorenstein injective and strongly n-
Gorenstein flat modules. These modules provide new characterizations of the
Gorenstein projective, injective and flat dimensions of modules [6]. Moreover, the
strongly 0-Gorenstein projective, strongly 0-Gorenstein injective and strongly 0-
Gorenstein flat modules are exactly the strongly Gorenstein projective, strongly
Gorenstein injective and strongly Gorenstein flat modules, respectively. Using a
special class of modules related to strongly Gorenstein flat modules, Bouchiba and
Khaloui [2] proved the stability of the class of Gorenstein flat modules. Sather-
Wagstaff, Sharif and White [8] proved the stability of the classes of Gorenstein
projective and Gorenstein injective modules. Saroch and Stovicek [7] introduced the
class of projectively coresolved Gorenstein flat modules. Dalezios and Emmanouil
[4] studied the relative homological dimension based on this class of modules.

In the first part of this paper, inspired by [6], we introduce the notion of strongly
n-projectively coresolved Gorenstein flat modules (or strongly n-PGF modules, for
short). This class of modules yields a new characterization of modules with finite
PGF-dimension. More precisely, in Theorem 3.20, we prove that a module M has
PGF-dimgr(M) < n if and only if it is a direct summand of a strongly n-PGF
module, which is the main result of Section 3.

In the second part of this paper, inspired by [2], we prove the stability of the
class of PGF modules, which is the main result of Section 4. In particular, for every
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exact sequence of PGF modules
G=--5G>G->G" >G> ...

such that M =~ Im(Gy — G°) and H ® — preserves exactness of G for every
Gorenstein injective module H, the module M is PGF (see Theorem 4.7). A central
role in the proof is played by the subcategory consisting of the R-modules M for
which there exists a short exact sequence of the form 0 - M — G — M — 0, where
G is a PGF module, such that I ® — preserves exactness of this sequence for every
injective module I (see Theorem 4.7).

2. PRELIMINARIES

In this section, we collect certain notions and preliminary results that will be
used in the sequel. These involve basic concepts related to Gorenstein homological
algebra. Throughout this paper, R is a unital associative ring and all modules are
left R-modules.

The notions of Gorenstein projective, Gorenstein injective and Gorenstein flat
modules, respectively, were introduced by Holm [5].

Definition 2.1. ([5])
(1) An R-module M is called Gorenstein projective (or G-projective, for short),
if there exists an exact sequence of projective modules

P=--- 5P >P—>P -P ...

such that M =~ Im(Py — P") and such that Homp(—, Q) preserves exactness
of P whenever @ is a projective module.

(2) An R-module M is called Gorenstein injective (or G-injective, for short), if
there exists an exact sequence of injective modules

E:---—)E1—>E0—>EO—>E1—>---

such that M =~ Im(Ey — E°) and such that Hompg(I, —) preserves exactness
of E whenever [ is a injective module.

(3) An R-module M is called Gorenstein flat (or G-flat, for short), if there
exists an exact sequence of flat modules

F=---—>F1—>F0—>F0—>F1—>---
such that M =~ Im(Ey — E°) and such that I ® — preserves exactness of E

whenever [ is a injective module.

Bennis and Mahdou [3] introduced the notions of strongly Gorenstein projective,
strongly Gorenstein injective and strongy Gorenstein flat modules, respectively,
which are special cases of the Gorenstein projective, Gorenstein injective and
Gorenstein flat modules, respectively.

Definition 2.2. ([3])

(1) An R-module M is called strongly Gorenstein projective, if there exists a
short exact sequence of the form

0O->-M-—->P->M-—>0

such that P is a projective module and Hompg(—, Q) preserves the exactness
of this sequence, whenever @) is a projective module.
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(2) An R-module M is called strongly Gorenstein injective, if there exists a
short exact sequence of the form

0O-M-—->FE->M-—>0

such that E is an injective module and Hompg(I, —) preserves the exactness
of this sequence, whenever [ is an injective module.

(3) An R-module M is called stronly Gorenstein flat, if there exists a short
exact sequence of the form

O-M-—->F—->M-—->0

such that F' is an injective module and I ® — preserves the exactness of this
sequence, whenever [ is an injective module.

Strongly Gorenstein projective, strongly Gorenstein injective and strongly Goren-
stein flat modules, give a simple characterization of Gorenstein projective, Gorenstein
injective and Gorenstein flat modules, respectively, as follows.

Theorem 2.3. ([3, Theorems 2.7 and 3.5])

(1) A module is Gorenstein projective (respectively, injective) if and only if
it is a direct summand of a strongly Gorenstein projective (respectively,
injective) module.

(2) Every Gorenstein flat module is a direct summand of a strongly Gorenstein
flat module.

Mahdou and Tamekkante [6] introduced a generalization of the strongly Gorenstein
projective, strongly Gorenstein injective and strongly Gorenstein flat modules,
namely the strongly n-Gorenstein projective, strongly n-Gorenstein injective and
strongly n-Gorenstein flat modules, respectively.

Definition 2.4. ([6])
(1) An R-module M is called strongly n-Gorenstein projective if there exists a
short exact sequence of the form
O->M-—->P-—->M-—->0

such that pdz(P) < n and Ext}?“l(M, Q) = 0 for every projective module
Q.

(2) An R-module M is called strongly n-Gorenstein injective if there exists a
short exact sequence of the form

0O-M-—-FE—->M-—>0

such that idg(F) < n and Ext, | (I, M) = 0 for every injective module I.
(3) An R-module M is called strongly n-Gorenstein flat if there exists a short
exact sequence of the form

0O-M->F—->M-—0
such that fdg(F) < n and TorZ, (I, M) = 0 for every injective module I.

Theorem 2.5. ([6, Theorems 2.6, 2.7 and 3.3])

(1) Let M be an R-module and n be a nonnegative integer. Then Gpdy (M) < n
(respectively, Gidg(M) < n) if and only if M is a direct summand of
a strongly n-Gorenstein projective (respectively, strongly n-Gorenstein
injective) module.
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(2) Let R be a coherent ring, M be an R-module and n be a nonnegative integer.
Then Gfdg(M) < n if and only if M is a direct summand of a strongly
n-Gorenstein flat module.

Saroch and Stovicek [7] defined the notion of projectively coresolved Gorenstein
flat modules (or PGF modules, for short).

Definition 2.6. An R-module M is called projectively coresolved Gorenstein flat
(or PGF, for short) if there exists an exact sequence of projective modules

P:..._>P1_>PO_>P0_>P1_>...,

such that M =~ Im(Py — P°) and such that I @ — preserves the exactness of P
whenever I is a injective module. The exact sequence P is called a complete PGF
resolution.

The class of PGF R-modules, denoted by PGF(R), is closed under extensions,
direct sums, direct summands and kernels of epimorphisms [7].
The following proposition gives a characterization of PGF modules.

Proposition 2.7. For every module M, the following are equivalent:
(1) M is PGF.
(2) M satisfies the following two conditions:

(i) There exists an exact sequence of the form 0 — M — P® — Pt — ...,
where each P? is projective, such that I ® — preserves exactness of this
sequence for every injective module I.

(i) Torf(I, M) =0 for every i > 0 and every injective module I.

(3) M satisfies the following two conditions:

(i) There exists an exact sequence of the form 0 — M — P® — Pt — ...,
where each P' is projective, such that I ® — preserves exactness of this
sequence for every injective module I.

(i) Torf(I',M) = 0 for every i > 0 and every module I' with finite
injective dimension.

(4) There exists a short exact sequence of the form 0 - M — P — G — 0,
where P is projective and G is a PGF module.

Proof. (1) = (2): By definition of PGF modules, there exists an exact sequence of
the form . )
L2 p o4, p oo, po 4 pLd
such that M =~ Imdy and such that the sequence
; 1®d2 I®P1 1®d I® PO 1®do I®PO 1®d0 I® P]_ 1®d1 L.

is exact for every injective module I. Let I be an injective module. Applying the

functor I ® — on the exact sequence - - - LEN P LLN Py — M — 0, we obtain that
I®M = Coker(1®d;) = Ker(1 ®d"). Thus,

0> 1M —1@P" 8%, [ pt 194, ...

is exact for every injective module I. Obviously, TorZR(I ,M) =0 for every i > 0
and every injective module 1.

(2) = (1): Consider a projective resolution of M, --- - Py —» P, > M — 0.
From (2), there exists an exact sequence of the form 0 - M — P° — P! — ...,
where each P’ is projective, such that I ® — preserves exactness of this sequence for
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every injective module I. The splicing of the above exact sequences yields the exact
sequence

P:..._)pl_,po_,p()_,pl_,...’

where M =~ Im(Py — P°). It remains to prove that the sequence I ® P is exact
whenever I is an injective module. Indeed, the homology of the complex I & P
computes the abelian groups Torf (I, M) which are trivial by assumption. Thus,
the module M is PGF.

(2) < (3): This follows by induction on the injective dimension of I'.

(4) = (2): Let 0 > M - P —- G — 0 be an exact sequence, where P is
projective and G is a PGF module. Since G is PGF, the implication (1) = (2)
yields TorlR (I,G) = 0 for every i > 0 and every injective module I. Let I be an
injective module. Then, the short exact sequence 0 - M — P — G — 0 induces a
long exact sequence of the form

- — Torf | (I,G) — Torf (I, M) — Tor}'(I,P) — -,

where i > 0, which implies that TorZR (I, M) = 0 for every i > 0. Moreover, there
exists an exact sequence of the form 0 — G — P° — P! — ... such that I ® —
preserves the exactness of this sequence. We obtain an exact sequence of the form

0->M-—>P—->P P —...

such that I ® — preserves exactness of this sequence for every injective module 1.
The implication (1) = (4) is clear. O

3. THE STRONGLY n-PGF MODULES

In this section, we define the notion of strongly PGF modules and prove that
a module is PGF if and only if it is a direct summand of a strongly PGF module
(see Theorem 3.5). We also define the notion of strongly n-PGF modules and we
prove a new characterization of modules with finite PGF-dimension. In particular,
we prove that an R module M has PGF-dimgr (M) < n if and only if it is a direct
summand of a strongly n-PGF module (see Theorem 3.20).

Definition 3.1. An R-module M is called strongly projectively Gorenstein flat (or
strongly PGF, for short), if there exists a short exact sequence of the form

O-M-—->P—>M—->0

such that P is a projective R-module and I ® — preserves exactness of this sequence
whenever I is a injective module.

Remark 3.2. Let M be a PGF module. Corollary 4.5 of [7] yields Exts(M,P) =0
for every i > 0 and every projective module P. Thus, every strongly PGF module
s also strongly Gorenstein projective and strongly Gorenstein flat. We also have
Exty(M, P') = 0 for everyi > 0 and every module P’ with finite projective dimension,
using induction on pdr(P’).

We denote by S-PGF(R), S-GProj(R), S-GFlat(R), the classes of strongly PGF,
strongly Gorenstein projective and strongly Gorenstein injective modules respec-
tively.

A schematic presentation is given below:



6 DIMITRA-DIONYSIA STERGIOPOULOU

GProj(R GFlat(R)

\PGF /

S-GProj(R) S-GFlat(R
S-PGF(R Flat(R)
‘\ /’
Proj(R)

Here, GProj(R) and GFlat(R) are the classes of Gorenstein projective and Gorenstein
injective modules, respectively. See also Propositions 2.3 and 3.2 of [3].

Definition 3.3. An R-module M is called strongly n-projectively Gorenstein flat
(or strongly n-PGF, for short), if there exists a short exact sequence of the form

0-M-—->F—->M-=>0
such that pd(F) < n and Tort, (I, M) = 0 for every injective module I.

Remark. A direct consequence of the above definition is that the strongly 0-PGF
modules are precisely the strongly PGF modules.

A direct consequence of Definition 3.3 is the following statement.

Corollary 3.4. FEvery module with projective dimension less than or equal to n is
a strongly n-PGF module.

Proof. Let M be a module with pd(M) < n. Consider the short exact sequence
O-M->M®M —->M-—->0

where pd(M @ M) < n. The inequality fd(M) < pd(M) < n implies that
TorZ +1(I, M) = 0 for every injective module I. We conclude that M is a strongly
n-PGF module. O

Now we give a new characterization of PGF-modules by means of the notion of
strongly PGF-modules.

Theorem 3.5. A module is PGF if and only if it is a direct summand of a strongly
PGF module.

Proof. We observe that every strongly PGF module is also a PGF module. As the
class of PGF modules is closed under direct summands, we conclude that every
direct summand of a strongly PGF module is a PGF module.

It remains to prove the other implication. Let M be a PGF module. Then, there
exists an exact sequence of projective modules

P dP P
P=- 5P 5P SpP, 5P,

such that M = Im(d}’) and such that I ® — preserves exactness of P whenever I is
a injective module.
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For every n € Z, we denote by X"P the exact sequence obtained from P by
increasing all indices by n: (X"P); = Pi_,, and d7" 7 = dl  for every i € Z.
We consider now the exact sequence

@(EHP _)@P 1521 @P L€Z1 @R_)
neZ i€EZ i€EZ €L
where Im(@),, d¥’) = @, Imd; and so M is a direct summand of Im(ED,, dF).
Moreover, from Proposition 20.2 (3) of [1],we obtain the isomorphism of complexes

I®(@DE"P) = DU L"P)

nez nez

which is an exact sequence for every injective module I. Thus, Im(&D,., d) is a

strongly PGF module and M is a direct summand of this strongly PGF module. O

The next result gives a simple characterization of strongly PGF modules.

Proposition 3.6. For every module M, the following are equivalent:

(1) M is strongly PGF.

(2) There exists a short exact sequence 0 = M — P — M — 0 such that P is a
projective R-module and Tm"f:([7 M) =0 for every injective module I.

(3) There exists a short exact sequence 0 — M — P — M — 0 such that P is a
projective R-module and TOT‘Z-R(I, M) =0 for every i > 0 and every injective
module I.

(4) There exists a short exact sequence 0 — M — P — M — 0 such that P is
a projective R-module and Tor®(I', M) = 0 for every module I' with finite
injective dimension.

(5) There exists a short exact sequence 0—-M—P— M—0 such that P is a
projective R-module and Tor®(I', M) = 0 for every i > 0 and every module
I’ with finite injective dimension.

(6) There exists a short exact sequence 0 — M — P — M — 0 such that P is
a projective R-module and I' ® — preserves exactness of this sequence for
every module I' with finite injective dimension.

Proof. This follows immediately from the Definition 3.3 of strongly PGF modules,
using standard arguments. (I

Proposition 3.6 yields the following corollary about projective modules.
Corollary 3.7. Every projective module is strongly PGF module.

Proof. This is an immediate consequence of Corollary 3.4. (]

Remark 3.8. A strongly PGF module is projective if and only if it has finite
projective dimension.

Remark 3.9. A strongly PGF module is finitely generated if and only if it is finitely
presented.

The next result gives a simple characterization of strongly n-PGF modules.

Proposition 3.10. For every module M, the following are equivalent:
(1) M is strongly n-PGF.
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(2) There exists a short exact sequence 0 > M — F — M — 0 such that
pdp(F) <n and Torf (I, M) = 0 for every i > n and every injective module

(3) There exists a short exact sequence 0 > M — F — M — 0 such that
pdp(F) < n and Torf(I', M) = 0 for every i > n and every module I' with
finite injective dimension.

(4) There exists a short exact sequence 0 > M — F — M — 0 such that
pdr(F) < n and Tork, |(I', M) = 0 for every module I' with finite injective
dimension.

Proof. (1) = (2): By the definition of strongly n-PGF modules, there exists a short
exact sequence 0 — M — F — M — 0 such that pdz(F) < nand Torf, (I, M) =0
for every injective module I. Let I be an injective R-module. We will prove that
Torf(I, M) = 0 for every i > n. The short exact sequence induces a long exact
sequence of the form

- — Torf (I, F) — Torj’ 1 (I, M) — Tor(I, M) — Tor; (I, F) — - -

for every i > n. Since fdg(F) < pdg(F) < n, we obtain that Tor (I, F) = 0 for
i > n. Thus, Toripjrl(l, M) = Tor®(I, M) for every i > n. Since Torfﬂ(f, M) =0,
we conclude that Tor (I, M) = 0 for every i > n.

(2) = (3): We assume that there exists a short exact sequence of the form
0— M — F — M — 0, such that pd(F) < n and Tor?*(I, M) = 0 for every i > n
and every injective module I. Let I’ be a module with finite injective dimension
0 < idg(I') = m < w. We will prove that Tor(I’, M) = 0 for every i > n, by
induction on m. We consider an injective resolution of I’ of length m

0-I—>Iy—---—1I, —0.

The case m = 0 is trivial, since I’ is injective. Assume that m > 0 and let
J = Coker(I' — Ij) to obtain the short exact sequence

0-1'>Ip—J—0.
This short exact sequence induces a long exact sequence of the form
- — Torf ,(J, M) — Torf(I', M) — Torf(Io, M) — -
where ¢ > n. Since idgr(J) < m — 1, our induction hypothesis implies that
Tor/1(J, M) = 0 for every i > n. We also have Tor; (Iy, M) = 0 for every i > n,
since I is injective. Therefore, the long exact sequence implies that TorlR (I''M)=0

for every i > n.
The implications (3) = (4) and (4) = (1) are clear. O

Proposition 3.11. Let n be a nonnegative integer and (M;); be a family of strongly
n-PGF modules. Then, the direct sum M = @, M; is also a strongly n-PGF module.

Proof. Since the modules M; are strongly n-PGF, by definition there exist short
exact sequences of the form 0 — M; — F; —» M; — 0, where pdz(F;) < n and
TorZ +1({, M;) = 0 for every i and every injective module /. Thus, we obtain a short
exact sequence of the form

OH@MiH@Fi—)@Mi—)O
7 7 7
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where pd (@, F;) = sup;{pdz(F;)} <n and
Tor (I, D M;) = @ Tor (I, M;) =0

for every injective module I. Thus, M = @, M; is strongly n-PGF. O
Dalezios and Emmanouil [4] defined the following notions.

Definition 3.12. ([4, Proposition 2.2]) We say that a module M has a PGF-
resolution of length n if there exists an exact sequence of the form

0-G,—>Gp1—-—>Gy—> M -0,

where Gy, ...,Gn—1,G, are PGF modules.

The PGF-dimension of a module M, denoted by PGF-dimg (M), is defined by
declaring that PGF-dimgr (M) < n if and only if M has a PGF-resolution of length n.
In the case where PGF-dimg(M) < n and M has no PGF-resolution of length less
than n, we say that M has PGF-dimension equal to n and write PGF-dimg (M) = n.
Finally, we say that M has infinite PGF-dimension and write PGF-dimg (M) = o0,
if M has no PGF-resolution of finite length.

Throughout the rest of this section, we use the following results concerning
PGF-dimpg (M) from [4].

Proposition 3.13. ([4, Proposition 2.3]) Let (M;); be a family of modules and
M = @, M; be their direct sum. Then, PGF-dimg (M) = sup,PGF-dimg(1/;).

Proposition 3.14. ([4, Propositions 2.4 and 3.6])
Let 0 > M’ — M — M"” — 0 be a short exact sequence of modules. Then,
(1) PGF-dimp(M) < max{PGF-dimp(M’), PGF-dimp(M")},
(2) PGF-dimg(M’) € max{PGF-dimg (M), PGF-dimg(M") — 1},
(3) PGF-dimg(M") < max{PGF-dimg (M), PGF-dimg(M’) + 1}.

Theorem 3.15. ([4, Theorem 3.4]) Let M be a module and n a nonnegative integer.
Then, PGF-dimpr(M) = n > 0 if and only if there exists a short exact sequence of
the form

0->M->D->G—-0

where G is a PGF-module and pdg(D) = n.

Proposition 3.16. ([4, Corollary 3.7]) Let M be a module such that pd (M) < co.
Then, PGF-dimp (M) = pdg(M).

We continue with our results of this section.

Proposition 3.17. Let n be a positive integer and M be a strongly n-PGF module.
Then, the following hold:

(1) f 0> N—>P, 1> > Py— M — 0 is an exact sequence where all P;
are projective, then N is strongly PGF and consequently PGF-dimgr(M) < n.

(2) Moreover, if 0 > M — F — M — 0 is a short exact sequence where
pdg(F) < o, then PGF-dimp(M) = pd(F) and consequently M s strongly
k-PGF with k := pdy(F).

Proof. (1) Since M is strongly n-PGF, there exists a short exact sequence of the form
0— M — F — M — 0, such that pdz(F) < n and Torf, (I, M) = 0 for every
injective module I. Since the exact sequence 0 > N - P, 1 —»---—> Py —> M — 0
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is a truncated projective resolution of M, there is a module @ such that the following
diagram is commutative:

0 0 0 0
! ! ! !

0 N P, Php —— M — 0
l ! l l
Oo—>Q — P,_1®P,4 — -+ — Ph®Fh — F — 0
l l l l
0 N P,_1 Php —— M — 0
l l l l
0 0 0 0

Since pdz(F) < n, it follows that @ is projective module. We observe that
Tor{!(I,N) = Torf, (I, M) = 0 for every injective module I. Thus, by Propo-
sition 3.6 (2), we conclude that the module N is strongly PGF.

(2) We consider a short exact sequence of the form 0 > M — F — M — 0, such
that pdg(F') = k < o0. Consider a truncated projective resolution of the module M
of length n

0O->N->PFP,_1—->-->F—->M->0

Using (1) which we have already proved, we obtain that N is strongly PGF. By
Proposition 3.6 (2), there exists a short exact sequence 0 - N — P — N — 0 such
that P is projective and TorZR(I ,N) =0 for every ¢ > 0 and every injective module
I. Then, Torf, (I, M) = Torf(I, N) = 0 for every i > 0 and every injective module
I. Let I be an injective module. The short exact sequence 0 > N - P - N — 0

induces a long exact sequence of the form
- — Torl (I, F) — Torj’ (I, M) — Torf(I, M) — Tor®(I,F) — -

for every injective module I, where ¢ > 0. The inequality fdg(F) < pdg(F) = k
implies that TorZR (I, F) = 0 whenever i > k. The long exact sequence above yields
Torf (I, M) = Torf(I, M) for every i > k. Thus, Tor (I, M) = Tor ,(I, M) =
Torf(I,N) = 0 for every i > k. By Proposition 3.10 (2), we conclude that M
is strongly k-PGF. It remains to prove that PGF-dimp(M) = k. By (1) we
have PGF-dimp (M) < k. Since pdg(F) = k < oo, Proposition 3.16 implies that
PGF-dimg(F) = pdgr(F) = k. Using Proposition 3.14 (1) and the short exact
sequence 0 > M — F — M — 0, we get the inequality ¥ = PGF-dimg(F) <
PGF-dimpg(M). We conclude that PGF-dimpr(M) = k. O

Proposition 3.18. Let M be an R-module with finite PGF-dimension and let n
be a nonnegative integer such that PGF-dimg(M) < n. Then, Tor®(I', M) = 0 for
every i > n and every module I' with finite injective dimension.

Proof. Since PGF modules are Gorenstein flat, the PGF dimension bounds the
Gorenstein flat dimension. The result is known for modules of finite Gorenstein flat
dimension (see [5, Theorem 3.14]). O
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Proposition 3.19. Let M be an R-module with finite PGF dimension. Then, the
module M is strongly n-PGF if and only if there exists a short exact sequence of the
form 0 - M — F — M — 0, where pdp(F) < n.

Proof. Let M be a strongly n-PGF module. By definition, there exists a short exact
sequence of the form 0 - M — F — M — 0, where pd(F) < n.

Conversely, let M be a module such that there exists a short exact sequence of
the form 0 > M — F — M — 0, where pdg(F) < n. By assumption, there exists
a nonnegative integer k such that PGF-dimgr(M) < k. Let I be an injective module.
Then, Proposition 3.18 yields TorZR(I ,M) = 0 for every ¢ > k. The inequality
fdr(F) < pdx(F) < n implies that Tor®(I, F) = 0 for every i > n. The short exact
sequence 0 > M — F — M — 0 induces a long exact sequence of the form

- — Torf (I, F) — Torf% (I, M) — Torf (I, M) — Tor{/(I, F) — -,

where i > 0. We obtain that Tor;. (I, M) = Tor(I, M) for every i > n. Equiva-
lently, we have Torffﬂ([, M) = TorﬁH(I, M) for every i > 0. Thus, letting n+i > k,

we get Tor/,; (I, M) = TorZ_;(I, M) = 0 and the module M is strongly n-PGF. O

Theorem 3.20. Let M be an R-module and n a nonnegative integer. Then,
PGF-dimg(M) < n if and only if M is a direct summand of a strongly n-PGF
module.

Proof. If n =0, then M is a PGF-module and the result holds by Theorem 3.5. We
assume now that 0 < PGF-dimp(M) < n. By Theorem 3.15, there exists a short
exact sequence of the form

0->M->D->G’—-0,

where GV is PGF and pd(D) = PGF-dimg (M) < n. We consider now a truncated
projective resolution of M of length n

0—>Gp1—>Py > > F—>M-0,

where P; is projective for every i such that 0 < i < n—1and G,_1 is a PGF module
(see [4, Proposition 2.2]). Let Gy = Ker(Py » M) and G; = Ker(P, —» P,_;)
for every ¢ > 1. Then, by Proposition 3.14 (2) and the short exact sequence
0— Gy > Pp > M — 0, we have PGF-dimg(Gy) < n. Using again Proposition
3.14 (2) and the short exact sequences 0 - G; — P; —» G;_1 — O where 1 <i < n—1,
an inductive argument on ¢ shows that PGF-dimg(G;) < n for every i such that
0 << n—1. We consider now a projective resolution of G,,_1

g n+2_’Pn+1_’Pn_)Gn—1_’O

and let G; = Im(P,1 — P;) for every i = n. Since G,_1 is a PGF module and
the class of PGF modules is closed under kernels of epimorphisms, the short exact
sequence 0 —» G,, - P, —» G,,_1 — 0 implies that G,, is also PGF. Using induction
on i and the short exact sequences 0 —» G; —» P; —» G;_1 — 0 for i > n, the same
argument implies that G; is a PGF-module for every ¢ > n — 1. We conclude that
PGF-dimp(G;) < n for every i > 0.

Since GV is a PGF-module, by definition it admits a right projective resolution

0GPV 5 pl L, p2_, ...,

By the definition of PGF modules, G* = Im(P*~ ! — P?) is a PGF module for every
i > 1. Thus PGF-dimg(G*) = 0 for every i > 0.
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To summarize, we have the following short exact sequences

- ¢! - Pl F -
- Y — pO 5 G
M — D — G —
— Gy — P — M —

— G — P — Gy —

OO OO oo
OO OO OO

— Gy — P — G —

and the direct sum of them yields the short exact sequence 0 > N - @Q — N — 0,
where N = @~ Gi(—BM(—BDO Gjand Q = @,>, Pi(—DD(—D];O P;. Then, we
obviously have pdz(Q) = pdr(D) < n. Using Proposition 3.13 we get

PGF-dimg(N) = supmgo{PGF—dimR(Gi)7 PGF-dimg (M), PGF-dimg(G;)} < n.

Thus, Proposition 3.18 yields Toer(I, N) = 0 for every injective module I. We
conclude that N is strongly n-PGF and M is a direct summand of N.

Conversely, let M be a direct summand of a strongly n-PGF module N. Then,
Proposition 3.13 yields PGF-dimg(M) < PGF-dimg(N). Since N is strongly n-
PGF, Proposition 3.17 (2) implies that PGF-dimp(N) < n. We conclude that
PGF-dimgr(M) < n. O

Corollary 3.21. Every strongly n-PGF module is strongly m-PGF for every positive
mteger m > n.

Proof. Let M be a strongly n-PGF module. By definition, there exists a short
exact sequence of the form 0 - M — F — M — 0 where pdip(F) < n and
Torerl(I,M) = 0 for every injective module I. Let m > n be an integer. Then
pdi(F) < m. Since the module M is strongly n-PGF, Theorem 3.20 implies that
PGF-dimgr(M) < n. Thus, PGF-dimr(M) < m and using Proposition 3.18 we
obtain that Torﬁﬂ(L M) = 0 for every injective module I. By definition, M is a
strongly m-PGF module for every integer m > n. O

Proposition 3.22. Let M be a strongly n-PGF module, where n > 0. Then, there
exists a short exact sequence
0->K—>N->M-—D0,
where N is a strongly PGF-module and pdg(K) = PGF-dimg(M) —1<n—1.
Proof. Consider a truncated projective resolution of M of length n
0-G—->P,_1—>--—>FPh—>M-—>N0.
Since M is a strongly n-PGF module, Proposition 3.17 (1) implies that the module

G is strongly PGF. By the definition of strongly PGF modules, there exists an exact
sequence of the form

where all kernels are equal to G and @ is a projective module. Since every strongly
PGF module is also PGF, Corollary 4.5 of [7] implies that the latter exact sequence
remains exact after applying the functor Hompg(—, P) for every projective module
P. We conclude that there exists a morphism of complexes:



STRONGLY n-PROJECTIVELY CORESOLVED GORENSTEIN FLAT MODULES 13

0 — G Q Q G 0
0O —bG —PFP, 1 — -+ — P — M — 0

The unlabeled vertical arrows induce a quasi-isomorphism between the corresponding
complexes. Hence, we may consider the associated mapping cone

0-Q—->Q®Pr 1> —>Q®P >GOPy > M — 0,

which is an exact sequence. The modules Q,Q @ Py,...,Q @ P, are clearly
projective and the module G @ P is a strongly PGF-module by Corollary 3.7 and
Proposition 3.11. Now we set N = G @ Py and K = Ker(w). Thus, we obtain the
short exact sequence 0 - K - N — M — 0 where pdgp(K) <n—1and N is a
strongly PGF-module.

Since M is strongly n-PGF, Theorem 3.20 yields k := PGF-dimg(M) < n and
the same argument implies that pdp(K) = k — 1. If k = 0, this is understood to
mean K = 0. (]

Proposition 3.23. Let 0 > N - P — M — 0 be an ezxact sequence of R-modules,
where P is projective and PGF-dimg(M) =n < o0.
(1) If M is strongly PGF, then N is also strongly PGF.
(2) If n =2 1 and M s strongly n-PGF, then N is strongly (n — 1)-PGF and
PGF-dimgp(N) =n— 1.

Proof. (1) Since M is strongly PGF, by Proposition 3.6 (3) there exists a short
exact sequence of the form 0 - M — @@ — M — 0, where @ is projective and
Torf([ , M) = 0 for every i > 0 and every injective module I. Moreover, there exists
a module @’ such that the following diagram is commutative:

0 0 0
| | |
0 N P M 0
L]
0— Q@ — P®P —— Q —— 0

M
0
Since the modules P and @) are projectives, Q’ is also projective. Now, let I be an

injective module. The short exact sequence 0 - N — P — M — 0 induces a long
exact sequence of the form

- — Torf (I, M) — Torf(I, N) — Tor[{(I, P) — -,

?Z
g

o
o Z—

where ¢ > 0. Then, Torf‘([7 N) = 0 for every i > 0 and every injective module I.
Thus, by Proposition 3.6 (3), N is strongly PGF.

(2) Since M is strongly n-PGF, by Proposition 3.10 (2) there exists a short
exact sequence of the foorm 0 - M — F — M — 0, where pdr(F) < n and
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Torf([ ,M) = 0 for every ¢ > n and every injective module I. We also have
PGF-dimpg (M) = n, thus Proposition 3.17 (2) yields pdy(F') = n. Moreover, there
exists a module F’ such that the following diagram is commutative:

S W A
S
o

Since the module P is projective, pdg(F') = n — 1. Now, let I be an injective
module. The short exact sequence 0 - N — P — M — 0 induces a long exact
sequence of the form

- — Torf (I, M) — Torf(I, N) — Tor[{(I, P) — -,
where ¢ > 0. Then, Torf([, N) =0 for every ¢ > n — 1 and every injective module
I. Thus, by Proposition 3.10 (2), N is strongly (n — 1)-PGF. Furthermore, since

PGF-dimgr(M) = n, using Proposition 3.6 by [4] and the short exact sequence
0> N—->P—->M-—0we get PGF-dimp(N) =n— 1. O

Proposition 3.24. Let 0 > N 5 P Ly M = 0 be an ezact sequence of R-modules,
where pdp(P) = n < 00 and N is a strongly PGF module. Then, M is strongly
(n+1)-PGF.

Proof. Since N is strongly PGF, there exists a short exact sequence of the form
0->NLQ 5N > 0, where @ is a projective module and Ext}{(N, Q)=0
for every module @’ with finite projective dimension (see Remark 3.2). Since
pdi(P) = n < o0, we have the following short exact sequence

0 — Homp(N, P) 2% Homp(Q, P) 25> Homp(N, P) — 0.

Thus, there exists a morphism € : Q — P such that a = €o~.
We consider now the following commutative diagram

0—— N "~ S N —20

1

0—— P "5 PP —"5P—0

where ¢ = (¢, @0d) and ¢ and 7 are the canonical injection and projection respectively.
The Snake Lemma yields the following short exact sequence

0> M- (P®P)/Im({) > M — 0.

We observe that ¢ is a monomorphism, thus pdy((P @ P)/Im(¢)) < n + 1. Since
pdg(P) = n < o0, using Proposition 3.14 (3), Proposition 3.16 and the short
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exact sequence 0 — N = P 2, M — 0 we obtain that PGF-dimp(M) < n + 1.
Then, Proposition 3.18 implies that Torf +o(I, M) = 0 for every injective module I.
Consequently, the module M is strongly (n + 1)-PGF. O

Proposition 3.25. Let 0 > N 5 M L, P50 be an ezact sequence of R-modules,
where pdp(P) =n < 00.

(1) If n > 0 and M is strongly PGF, then N is strongly (n — 1)-PGF.

(2) If P is projective, then N is strongly PGF if and only if M is strongly PGF.

Proof. Let M be a strongly PGF module. By Proposition 3.6 (3), there exists a

short exact sequence of the form 0 — M 5 Q 5 M- 0, where @ is a projective
module and TorZR(I , M) = 0 for every i > 0 and every injective module I. We also
have Exth(M, Q') = 0 for every module Q" with finite projective dimension (see
Remark 3.2). Since pdg(P) = n < o, we have the following short exact sequence

0 — Homp(M, P) 2 Homp(Q, P) 25> Homp(M, P) — 0.

Thus, there exists a morphism € : Q — P such that § =¢eo~.
We consider now the following commutative diagram:

0—— M " O oM ——0

4

0—— P 5 P®P TP ——0

where ¢ = (¢, f00) and ¢ and 7 are the canonical injection and projection respectively.
The Snake Lemma yields the following short exact sequence

0—> N —Ker(¢) > N - 0.

We observe that ¢ is an epimorphism.

(1) If n > 0, then pd z(Ker(¢)) = n—1. Since pdg(P) = n < o0, using Proposition
3.14 (2), Proposition 3.16 and the short exact sequence 0 — N = M 2P0
we obtain that PGF-dimgr(N) < m — 1. Then, Proposition 3.18 implies that
Torf([, N) = 0 for every injective module I. Thus, N is strongly (n — 1)-PGF.

(2) If M is strongly PGF and P is projective, then Ker(() is also projective. Let
I be an injective module. Then, the short exact sequence 0 — N - M po
induces a long exact sequence of the form

- — Torf (I, P) — Torf (I, N) — Torf (I, M) — Tor®(I,P) — - -,

where i > 0. Since P is projective, Tor? (I, N) = Tor®(I, M) = 0 for every i > 0.
Thus, Proposition 3.6 (3) implies that N is strongly PGF. For the other implication
of (2), we assume that N is strongly PGF. Since P is projective, the short exact
sequence 0 > N 5 M 5 po 0 splits. Consequently, M = N @ P, which is also a
strongly PGF module by Corollary 3.7 and Proposition 3.11. O

Corollary 3.26. The following are equivalent.

(1) Every PGF module is strongly PGF.
(2) Every module M such that PGF-dimp(M) < 1 is a strongly 1-PGF module.
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Proof. (1) = (2) : Let M be a module such that PGF-dimg(M) < 1. We consider
a truncated projective resolution of M of length 1, 0 - N —- P - M — 0.
Proposition 2.2 of [4] implies that N is PGF. Thus, N is strongly PGF by (1). By
Proposition 3.24, M is strongly 1-PGF.

(2) = (1) : Let M be a PGF module. Then by (2), M is strongly 1-PGF and
there exists a short exact sequence of the form 0 - M — F — M — 0, where
pdr(F) < 1. By Proposition 3.14 (1), the module F is also PGF. Since pdy(F') < 00,
Proposition 3.16 implies that F' is projective. Moreover, Proposition 3.18 yields
Tor(I, M) = 0 for every i > 0 and every injective module I. Thus, by Proposition
3.6 (3), M is strongly PGF. a

4. THE STABILITY OF PGF MODULES

In this section we prove that the class of PGF modules is stable under the very
Gorenstein process used to define PGF modules. In particular, for every exact
sequence of PGF modules

G=---—>G1—>G0—>GO—>G1—>---

such that M =~ Im(Gy — G) and such that the functor H ® — preserves the
exactness of G whenever H is a Gorenstein injective module, we obtain that the
module M is PGF.

Throughout this section we use the following notation.

We denote by PGF®)(R) (respectively, PGF(Iz)(R)) the subcategory of the R-
modules M for which there exists an exact sequence of PGF modules

G:..._,Gl_,GO_,GO_,Gl_p..,

such that M =~ Im(Go — G°) and such that H ® — (respectively, I ® —) preserves
the exactness of G whenever H is a Gorenstein injective module (respectively, I is
an injective module).

Since every injective module is also Gorenstein injective, we have the following
inclusions

PGF(R) € PGF®(R) € PGFP(R).

Also, we denote by S—PGF(IQ)(R) the subcategory of the R-modules M for which
there exists a short exact sequence of the form 0 > M — G — M — 0, where G is
a PGF module, such that I ® — preserves the exactness of this sequence whenever
I is an injective module.

Proposition 4.1. Let M € PGF'<12)(R). Then, TorF(I',M) = 0 for every i > 0
and every module I' with finite injective dimension.

Proof. Let M € PGF(IQ)(R) and I’ be a module with finite injective dimension. By
definition, there exists an exact sequence of PGF modules

G=---—>G1—>G0—>G0—>G1—>---,

where M =~ Im(Gy — G) and the sequence I ® G is exact for every injective
module I. Let I’ be a module with idg(I’) = n < 0. We proceed by induction
on n > 0. Consider the short exact sequence 0 - K — Gy — M — 0, where
K =Im(Gy; - Go) € PGF(IZ)(R). Then, for every injective module I’ we have the
following short exact sequence

0-I'®K—->I'®Gy—I'®@M — 0.
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Since the module Gy is PGF, Proposition 2.7 (2) implies that Tor:*(I’, Gy) = 0 for
every ¢ > 0. Thus, the short exact sequence 0 - K — Gy — M — 0 induces a long
exact sequence of the form

- — Torf(I',Go) — Torf(I' M) 5 '@ K - I'®Gy — I'® M — 0,

which implies that Tori*(I’, M) = 0. Consequently, we have proved the fact that

Torf(I', M) = 0 for every module M e PGF(Zz)(R) and every injective module I'.
Moreover, the long exact sequence

- - Torﬁl(I/,GO) - Torﬁl(I',M) — Tor®(I' K) - Tor®(I',Gg) — -+ -,

where i > 0, yields Torﬁl(f’, M) = Tor®(I' K) for every i > 0. Thus, using
induction on ¢ and the fact that K lies in PGF(I2) (R), we obtain that Tor/*(I’, M) =0
for every 7 > 0 and every injective module I'.

We suppose now that n > 1 and consider an injective resolution of I’ of length n

0-I'—>Iy—»I > —1I,—0.

Then, the module J = Im(Iy — I) has injective dimension at most n — 1 and our
inductive hypothesis implies that Torf (J,M) = 0 for every i > 0. Thus, the short
exact sequence 0 — I’ — Iy — J — 0 induces a long exact sequence of the form

- — Torf (J, M) — Torf(I', M) — Tor (I, M) — -+ ,

where i > 0, from which we obtain that Tor(I’, M) = 0 for every i > 0. O

The following proposition gives a characterization of the subcategory S—PGF(I2) (R).

Proposition 4.2. For every module M, the following are equivalent:

(1) M e S-PGFP(R).

(2) There exists a short exact sequence 0 > M — G — M — 0 such that G is a
PGF module and Torf(I, M) = 0 for every injective module 1.

(3) There exists a short exact sequence 0 > M — G — M — 0 such that G
is a PGF module and Torf([, M) =0 for every i > 0 and every injective
module I.

(4) There exists a short exact sequence 0 > M — G — M — 0 such that G is a
PGF module and Torf(I', M) = 0 for every module I' with finite injective
dimension.

(5) There exists a short exact sequence 0 —» M — G — M — 0 such that G is a
PGF module and TorZR(I’, M) =0 for every i > 0 and every module I' with
finite injective dimension.

(6) There exists a short exact sequence 0 > M — G — M — 0 such that G is
a PGF module and I' ® — preserves exactness of this sequence for every
module I' with finite injective dimension.

Proof. This follows immediately from the definition of the class S—PGF(I2)(R) and
Proposition 4.1, using standard arguments. (I

Proposition 4.3. Every module in PGF(I2)(R) is a direct summand of a module in
S-PGF?(R).
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Proof. Let M be a module in PGF(I2)(R). Then, there exists an exact sequence of
PGF modules
a§ a%,
G=---—>G1—>G0—>G_1—>G_2—>---

such that M = Im(dS) and such that the sequence I ® G is exact for every injective
module I.

For every n € Z, we denote by ¥™G the exact sequence obtained from G by
increasing all indices by n: (X"G); = G,_,, and d>" ¢ = d$  for every i € Z.

We consider now the exact sequence

@(g" =..._,<_BG ZE’l @G 1671 (—DG—»---

nez €L i€Z i€

where Im(P),;, df) = @,; Imd{’ and so M is a direct summand of Im(P),,, df).

€L
Since the class PGF(R) is closed under direct sums, we obtain that the module

@,ez Gi is also PGF.
Moreover, by Proposition 20.2 (3) of [1],we have the isomorphism of complexes

19(@E"G) = PUIRE"G)

nez nez

which is an exact sequence for every injective module I. Thus, Im(@,., dZ ) lies in

S—PGF(I2) (R) and M is a direct summand of this module. O

Definition 4.4. Let M be a module in S—PGF<I2)(R). We say that a module N is
an M -type module if there exists a short exact sequence of the form

0—-M-—>N->G—-0,
where G is a PGF module.

Proposition 4.5. Let M be a module in S-PGF(IZ)(R) and N be an M -type module.
Then, the following hold.

(1) TorR(I,N) =0 for every i > 0 and every injective module 1.

(2) There exists an exact sequence of the form 0 > N — P — K — 0, where P
is projective, K is an M-type module and the functor I ® — preserves the
exactness of this sequence for every injective module I.

Proof. (1) Let I be an injective module. Since N is an M-type module, there exists
a short exact sequence of the form 0 - M — N — G — 0, where G is PGF, which
induces a long exact sequence of the form

« — Tor®(I, M) — Tor(I,N) — Tor(I,G) — - - -,

where 7 > 0. Since M € S—PGFI2 (R), by Proposition 4.2 (3), we have Tor[(I, M) =

0 for every i > 0. Moreover, Proposition 2.7 (2) yields Tor(I,G) = 0 for every

1 > 0. Consequently, Tor (I N) =0, for every i > 0 and every injective module I.
(2) Since M € S-PGFZ (R), there exists a short exact sequence of the form

0> M— G — M — 0, where G’ is a PGF module. Since N is an M-type module,

there exists also a short exact sequence of the form 0 - M — N - G — 0, where G

is a PGF module. Consider the pushout diagram of the above short exact sequences:



STRONGLY n-PROJECTIVELY CORESOLVED GORENSTEIN FLAT MODULES 19

Q+—o

=

[

|

CH+—Q—

jan)
C+—Q+—Z+—F+—o

Since the class PGF(R) is closed under extensions, using the short exact sequence
0> G — F —> G — 0, we obtain that the module F is also PGF. Thus, there exists
a short exact sequence of the form 0 - F — P — F’ — 0, where P is projective
and F’ is PGF. Consider now the following pushout diagram:

0 N i’ J\l 0
0 J% JlD Il( 0

<

o+ Y +—
|
o+ T+

Since F’ is PGF, the module K is an M-type. By (1) we have Torl*(I, K) = 0 for
every injective module I. Thus, the sequence 0 > I® N - IQP - I® K — 0 is
exact for every injective module 1. ([

Corollary 4.6. Let M be a module in S-PGF(ZZ)(R) and N be an M -type module.
Then, N is PGF.

Proof. Since N is an M-type module, Proposition 4.5 (2) implies that there exists
a short exact sequence of the form 0 — N — PY — K — 0, where P is projective,
K is an M-type and the functor I ® — preserves the exactness of this sequence for
every injective module I. The iteration of this process yields an exact sequence

0—>N—>PO—>P1—>P2—>---,

where P? is projective for every i > 0 and the functor I ® — preserves the exactness
of this sequence for every injective module I. Using Proposition 4.5 (1), we also have
Torf(I,N) = 0 for every i > 0 and every injective module I. Thus, Proposition 2.7
(2) implies that N is PGF. O

Theorem 4.7. PGF(R) = PGF¥(R) = PGF(IQ)(R)~
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Proof. Tt suffices to prove that PGF(IQ)(R) c PGF(R). Since the class PGF(R)
is closed under direct summands, by Proposition 4.3 it suffices to prove that
S—PGFg)(R) € PGF(R). Let M be a module in S—PGF(IQ)(R). Thus, there exists
a short exact sequence of the form 0 - M — G — M — 0 such that the
module G is PGF. Since G is PGF, there exists a short exact sequence of the
form 0 > G - P — G’ — 0, where P is projective and G’ is also a PGF module.
Consider the following pushout diagram:

L

T+—+—o
o

o
N—Q— o

<

o+—Q+—
o+ Q¢

Then, U is an M-type module and Corollary 4.6 implies that U is also a PGF
module. Since the class PGF(R) is closed under kernels of epimorphisms, the short
exact sequence 0 - M — U — G’ — 0 implies that M is also PGF. ([
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