ON THE GORENSTEIN COHOMOLOGICAL DIMENSION OF GROUP
EXTENSIONS

IOANNIS EMMANOUIL AND OLYMPIA TALELLI

ABSTRACT. The Gorenstein cohomological dimension is defined for any group G and coincides
with the virtual cohomological dimension ved G, whenever the latter is defined and finite.
Unlike the virtual cohomological dimension, the Gorenstein cohomological dimension behaves
well with respect to extensions, finite graphs of groups and ascending unions. In this paper,
we study the Gorenstein cohomological dimension Gedy G of groups G, which are of type FP
over a commutative ring k. We show that if 1 — N — G — @ — 1 is an extension of
groups with N of type FP, over a field F' and GedpQ < oo, then GedpG = Gedp N+ Gedp@.
We also show that for any group G of type FP, over Z with GedzG < oo, there exists a field
F such that GedpG = GedyzG. This implies, in particular, that if G is a group of type FP
over Z and G is an extension of N by itself, then GedzG = 2GedzN.
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If k is a commutative ring and G is a group, then the Gorenstein cohomological dimension
GediG of G over k is the Gorenstein projective dimension of the trivial kG-module k, i.e.
the minimal length of a resolution of £ by Gorenstein projective kG-modules. This invariant
generalizes the cohomological dimension c¢d;G of G over k, as well as the virtual cohomological
dimension ved,G of G over k, whenever the latter is defined; it is known that Ged,G coincides
with these, when they are finite. The Gorenstein cohomological dimension of groups over Z
is proposed in [2] to serve as an algebraic invariant, whose finiteness characterizes the groups
that admit a finite dimensional model for the classifying space for proper actions. It is related

to several numerical invariants that are studied in cohomological group theory: As shown
[12], [17] and [18], for any group G we have a chain of inequalities

GedzG < FedzG < cdiG < gd: G < max{3, cdzG}.
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Here, §cdzG is the §-cohomological dimension of G over Z, which is defined in terms of the
class § of finite subgroups of G. The Bredon cohomological dimension cdzG' is defined in terms
of the category of contravariant functors from the orbit category OzG to the category of abelian
groups and gdzG denotes the geometric Bredon dimension, i.e. the minimal dimension of a
model for the classifying space for proper actions of G. There are examples of groups for which
the inequality §cdzG < c¢dzG is strict (cf. [16]), as well as examples of groups with FedzG =
cdzG (cf. [1], [7]). As shown in [19], the finiteness of the §-cohomological dimension of G over
Z implies that GedzG = FedzG. It follows that the Gorenstein cohomological dimension over
Z coincides for certain classes of groups with the Bredon cohomological dimension.

The invariant Ged,G has many properties that are standard for ordinary group cohomology.
It is proved in [10] that:

(i) If £ has finite global dimension, then the finiteness of Ged,G implies that all kG-modules
have finite Gorenstein projective dimension.

(ii) If £ has finite weak global dimension and H C G is a subgroup, then GedyH < GediG.
(iii) If k£ has finite weak global dimension and N < G is a normal subgroup, then Ged,G <
(iv) If k is any commutative ring, then GedyG' < GedzG.

(v) If k is any commutative ring and G is expressed as the union of a continuous ascending
chain of subgroups (G))a, then GedpG < 1 + sup, GediG.

The class of groups with finite Gorenstein cohomological dimension over Z is strictly bigger
than the class of groups with finite virtual cohomological dimension over Z and is closed under
extensions, free products with amalgamation and HNN extensions; these properties are proved
in [2]. All groups of type FP., which are contained in the class LuF defined by Kropholler in
[14] have finite Gorenstein cohomological dimension over Z; this is proved in Appendix A.

In this paper, we study more closely property (iii) above. We consider a normal subgroup
N <G and examine conditions, under which the inequality GedyG < Gedg N 4+ Gedy(G/N)
is actually an equality. First of all, we note that the latter inequality may be strict, even
if N and G/N are groups of type FP., with finite virtual cohomological dimension: There
are examples of groups G4, Gy of type FP, with finite virtual cohomological dimension, such
that vedz(Gh X Ga) < vedz Gy + vedzGe; cf. [8]. Returning to the general case of a normal
subgroup N <G of type FP,,, we can prove the equality GedyG = Gedg N + Gedi(G/N), by
imposing additional conditions in two (transverse) directions.

In one direction, we may assume that the ring of coefficients is a field and obtain the
following result:

Theorem A. If F' is a field and 1 — N — G — @Q — 1 is an extension of groups with
N of type FP,, over F and Gedp@) < oo, then GedpG = Gedp N + Gedp().

This result is the analogue in the realm of Gorenstein homological algebra of a classical result
by Fel’dman [11] for ordinary group cohomology. The proof of Theorem A is very similar to
the proof of Fel’dman’s result.

On the other hand, we may assume that the coefficient ring is Z and consider extensions of
a group N of type FP, by itself. We then obtain the following result:

Theorem B. If 1 — N — G — N — 1 is an extension of a group N of type FP,, by
itself, then GedyG = 2Gedy N .

We note that Theorem B generalizes the main result of [9], which deals with the ordinary
cohomological dimension of the direct product N x N, where N is a geometrically finite
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group. The proof of Theorem B can be reduced to Theorem A, by means of the following
result, which is perhaps of independent interest:

Theorem C. If G is a group of type FP., over the ring Z. of integers with Gedy,G < 00, then
there exists a field F, such that GedpG = GedyG.

In fact, we prove a slightly more general version of Theorem C, where the ring Z of integers
is replaced by any principal ideal domain.

The contents of the paper are as follows: In Section 1, we give basic definitions and record
some preliminary results that are used throughout the paper. In the following Section, we
examine groups of type FP., with finite Gorenstein cohomological dimension and show that
these groups admit projective resolutions consisting of finitely generated free modules in each
degree. It follows that these groups have characteristic modules of type FP and hence their
Gorenstein cohomological dimension is detected by a suitable choice of a field of coefficients;
these results are proved in Section 3. In Section 4, we prove the analogue of Fel’dman’s result
in Gorenstein homological algebra (Theorem B). In the final Section, we apply the previous
results and study the Gorenstein cohomological dimension of iterated extensions of a group
N of type FP., by itself. In the Appendix, we characterize the finiteness of the Gorenstein
cohomological dimension of certain groups, in terms of the associated module of bounded
functions.

Terminology. All rings are assumed to be associative and unital and all ring homomorphisms
will be unit preserving. Unless otherwise specified, all modules will be left modules.

1. PRELIMINARIES

In this section, we collect certain basic notions and preliminary results that will be used in
the sequel. These notions include complete resolutions and the Gorenstein projective dimen-
sion of modules over any ring. We also record some related facts concerning the special case
of modules over group rings.

I. GORENSTEIN PROJECTIVE DIMENSION. Let R be a ring. An acyclic complex of projective
R-modules
i. —m Py — P, — P, — ...,

is said to be a complete projective resolution (in the strong sense) if the complex of abelian
groups
... «— Hompg(P,11, P) «— Hompg(P,, P) «— Hompg(P,—1, P) +— ...

is acyclic for any projective R-module P. An R-module M is called Gorenstein projective
if it is a syzygy of a complete projective resolution, i.e. if there exists a complete projective
resolution as above, such that M = im (P, — P,_1) for some n. Holm’s paper [13] is the
standard reference in Gorenstein homological algebra. If M is Gorenstein projective, then the
groups Ext% (M, P) vanish when i > 1 for all projective R-modules P.

The Gorenstein projective dimension Gpdz M of an R-module M is the length of a shortest
resolution of M by Gorenstein projective modules. (If there is no such resolution of finite
length, then we write GpdzM = oo.) If M is an R-module of finite projective dimension,
then M has finite Gorenstein projective dimension and GpdzM = pdzy M. In the finite case,
the Gorenstein projective dimension admits an alternative, but equivalent, description in terms
of complete resolutions. We say that an R-module M admits a complete projective resolution
of coincidence index n if there exists a complete projective resolution, which coincides with an
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ordinary projective resolution of M in degrees > n. If the Gorenstein projective dimension of
M is finite, then GpdzM is actually equal to the minimal n, for which M admits a complete
projective resolution of coincidence index n.

II. GROUP RINGS. Let k be a commutative ring, G a group and consider the associated group
ring R = kG. The standard reference for group cohomology is Brown’s book [4]. The Hopf
algebra structure of kG enriches the theory of kG-modules: Using the diagonal action of the
group G, the tensor product M ®; N of two kG-modules is also a kG-module. Moreover, if M
is a k-projective kG-module and N is a projective kG-module, then the diagonal kG-module
M ®j N is projective as well. We may tensor a projective resolution P — N — 0 of any
kG-module N with a k-projective kG-module M and obtain therefore a projective resolution
M ®, P — M ®; N — 0 of the diagonal kG-module M ®; N. It follows that we then have
an inequality pd,-(M @k N) < pdyoN.

A kEG-module M is said to be of type FP, (resp. of type FP) if M admits a projective
resolution

. P, —P,_ 11— ... —F—M—70,

where the P,’s are finitely generated projective modules (resp. the P,’s are finitely generated
projective and vanish for n > 0). The group G is said to be of type FP,, (resp. of type FP)
over k if the trivial kG-module k is of type FP, (resp. of type FP). We note that any projective
resolution of the trivial kG-module k is k-split. Therefore, if & — k£’ is a commutative ring
homomorphism, then any kG-projective resolution P — k& — 0 induces a k'G-projective
resolution P ®; k' — k' — 0. It follows readily that if G is a group of type FP,, (resp. of
type FP) over k, then G is also of type FP, (resp. of type FP) over £’. In particular, if G is
of type FP., (resp. of type FP) over the ring Z of integers, then G is of type FP., (resp. of
type FP) over any commutative ring k. If G is a geometrically finite group, i.e. if G admits a
finite Eilenberg-MacLane space K (G, 1), then the trivial ZG-module Z admits a resolution of
finite length, which consists of finitely generated free ZG-modules; in particular, G is of type
FP over Z.

III. CHARACTERISTIC MODULES. Let k be a commutative ring and G a group. Then, the
Gorenstein cohomological dimension GedyG of G over k is the Gorenstein projective dimension

of the trivial kG-module k. The following notion provides us with a useful characterization of
the finiteness of Ged,G; cf. [21].

Definition 1.1. A characteristic module for G over k is a k-projective kG-module A with
pdy A < 00, which admits a k-split kG-linear monomorphism v - k — A (where k is regarded
as a trivial kG-module).

A characteristic module for G over k£ may not always exist and, if it exists, it is certainly
not unique. The projective dimension though of any characteristic module for G' over k is
uniquely determined by the pair (k, G).

Proposition 1.2. Let k be a commutative ring and G a group. Then:

(i) If A, B are two characteristic modules for G over k, then pd,oA = pd,B.

(ii) If there exists a characteristic module A for G over k, then G has finite Gorenstein
cohomological dimension over k and Ged,G < pdy A.

(#1) If k has finite weak global dimension and G has finite Gorenstein cohomological dimension
over k, then there exists a characteristic module for G over k with pdA = GediG.
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Proof. Assume that there exists a characteristic module A for G over k. Then, it follows
from [10, Proposition 1.4] that Gpd, M < pd,.A for any k-projective kG-module M. Since
k is a k-projective kG-module, we have GedyG = pd,ok < pd,A and this proves (ii). If
B is another characteristic module for G over k, then pd;,B < oo and hence Gpd, B =
pd,oB. Since B is a k-projective kG-module, it follows that pd,,B = Gpd;B < pd,-A.
Reversing the roles of A and B, we may obtain the opposite inequality and finally conclude
that pd,;A = pd,B; this proves (i). Finally, assertion (iii) is precisely [10, Corollary 1.3]. O

Corollary 1.3. Let k be a commutative ring of finite weak global dimension and G a group.
Then, G has finite Gorenstein cohomological dimension over k if and only if there exists a
characteristic module A for G over k. In that case, we have an equality pdy,oA = GedpyG. [

Remarks 1.4. (i) The assumption in Proposition 1.2(iii) and Corollary 1.3 that the com-
mutative ring k has finite weak global dimension is perhaps unnatural. Tracing back through
the arguments in the proof of [10, Corollary 1.3], one needs the following property of the pair
(k,G): Any Gorenstein projective kG-module is k-projective. The latter property holds for
any group G if the ring £k has finite weak global dimension.

(i) If k£ has finite global dimension and G is a group with finite Gorenstein cohomological
dimension over k, then all kG-modules M have finite Gorenstein projective dimension and
Gpd,eM < GedG + gl.dim k (cf. [10, Corollary 1.6]).

(iii) Let A be a characteristic module for G over k and consider a homomorphism of commu-
tative rings k — k’. Then, the k'G-module A ®; k' is a characteristic module for G over k'
Indeed, since the kG-module A is k-projective, the k'G-module A®y k' is clearly k’-projective.
Moreover, any kG-projective resolution of finite length P — A — 0 is k-split and hence
induces a k’'G-projective resolution of finite length P ®; &' — A ®; k' — 0; it follows that
pdpa(A @k k') < oo. Finally, any k-split kG-linear monomorphism ¢ : & — A induces a
k'-split k'G-linear monomorphism ¢t ® 1: k' — A ®;, k.

In order to find explicit examples of characteristic modules for a group G over a commutative
ring k, one may start with the coinduced module Coind?k: = Homy (kG, k), which is naturally
identified with the set of all functions from G to k, and then consider the kG-submodule
B(G, k) consisting of all functions from G to k whose image is a finite subset of k. This exam-
ple is analysed in Appendix A, where we examine whether B(G, k) is indeed a characteristic
module for G over k for certain groups G.

2. GROUPS OF TYPE FP_ WITH FINITE GCD

In this section we show that any group G of type FP,, with finite Gorenstein cohomological
dimension admits a complete projective resolution by finitely generated free modules. We
begin with a couple of preliminary results, whose proof follows from the elegant arguments by
Cornick and Kropholler in [5].

Lemma 2.1. Let k be a commutative ring, G a group and assume that there exists a kG-
module A, which admits a k-split kG-linear monomorphism v : k — A. We also consider a
complex of kG-modules

M:...— M, — M, — ...

and assume that the induced complex of diagonal kG-modules
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1s contractible. Then, for any projective kG-module Q) the induced complex of abelian groups
Homkg(M,Q) M Homkg(Mn, Q) — Homkg(Mn_l, Q) — ...

18 acyclic. B
Proof. (cf. [5, Lemma 3.5]) Let A = coker ¢ and consider the k-split short exact sequence of
kG-modules -
0—k—>A—A—0.

We also consider a projective kG-module () and the induced short exact sequence of kG-
modules (with diagonal action)

0 — Homy, (4, Q) — Homy(4,Q) = Q — 0.

Since the kG-module @) is projective, the exact sequence above splits and hence @) is a direct
summand of Homy(A, Q). The acyclicity of the complex Homyq (M, Q) will therefore follow
if we show the acyclicity of the complex

Homyg (M, Homg (A, Q)) ~ Homie (M @y A, Q).

But the complex M ®; A is contractible by hypothesis and hence Homgg (M ®4, A, Q) is also
contractible; in particular, the latter complex is acyclic, as needed. 0

Proposition 2.2. Let k be a commutative ring, G a group and K a finitely generated kG-
module. We assume that there exists a k-projective kG-module A, which admits a k-split
kG-linear monomorphism v : k — A and is such that the diagonal kG-module K ®j A is
projective. Then:

(i) There exists a short exact sequence of kG-modules 0 — K — T'— N — 0, such that
T is finitely generated free and the diagonal kG-module N ®j A is projective.

(ii) There ezists an ezact sequence of kG-modules

0 — K —T 1 —T 49— ...,

where T; is finitely generated free and the image K; = im (T; — T;_1) is such that the diagonal
kG-module K; ®;. A is projective for all i < —1.
(iii) Any projective resolution P of the kG-module K

..—~>P,—P, 41— ... —>F—K—0
may be completed to a complete projective resolution
T:... —P,—P,1—...—F—T 1—T 59— ...

with K = im(Py — T_1), such that T; is a finitely generated free kG-module for all i < —1.

Proof. (i) (cf. [5, Lemma 4.1]) Let A = coker ¢ and consider the k-split short exact sequence
of kG-modules B
0—k—A—A—0.
Since A is k-projective, it follows that A is k-projective as well. We also consider the induced
k-split short exact sequence of diagonal kG-modules

(1) 0 K23 K@, A— K&y A—s 0.

Since the kG—modEle A is k-projective arid K ®; A is kG-projective (by assumption), the
kG-module (K ®; A) @, A = (K ®; A) ® A is kG-projective as well. It follows that the short
exact sequence

(2) 0—KpA— (KpA) @ A— (K®Qp A) @ A — 0,
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which is obtained from (1) by tensoring with A over k, is split over kG. Since the kG-module
K ® A is projective, there exists a projective kG-module L such that L @ (K ®; A) is free.
We now consider the k-split short exact sequence

(3) 0K La(KoyA) — Lo (KoyA) — 0,

which is obtained as the direct sum of (1) and the short exact sequence

0—0— L5 L 0.

The short exact sequence (3) induces upon tensoring with A over k a short exact sequence,
which is also split over kG; in fact, the tensored exact sequence is the direct sum of (2) and
the short exact sequence

1
0—0—L®,A ﬂAL®kA—>O.

Since the kG-module K is finitely generated and L @& (K ®; A) is free, there exists a finitely
generated free direct summand 7" C L @ (K ®; A), such that imy C 7. Therefore, letting
N =T /im 3, we conclude that the short exact sequence of kG-modules

(4) 0 —K—T—N—70

is a direct summand of the short exact sequence (3). In particular, the short exact sequence
(4) induces upon tensoring with A over k a split short exact sequence of kG-modules

00— K, A—T®R,A— N®,A— 0.

Since T is a free kG-module and A is k-projective, the diagonal kG-module T'®y A is projective.
Being isomorphic with a direct summand of T'®;, A, the kG-module N ®; A is then projective
as well.

(ii) This follows from (i) using induction. We may construct an exact sequence as in the
statement, by splicing together the short exact sequences obtained by a repeated application
of (i).

(iii) We may splice any projective resolution P of K as in the statement with the exact
sequence provided in (ii) and obtain an acyclic complex of projective kG-modules

T:... —P,—PFP,1—...—F—T 1—T 59— ...

with K = im (Py — T_1), such that 7} is a finitely generated free kG-module for all ¢ < —1.
Since A is a k-projective kG-module, the induced exact sequence of diagonal kG-modules
T ® A is acyclic as well. In view of (ii), the images K; = im (7; — T;_;) are such that the
diagonal kG-modules K; ®; A are projective for all 7 < —1. Since the modules K; ®; A are
precisely the syzygies of T ®; A, it follows that the latter complex is contractible. Invoking
Lemma 2.1, we conclude that the complex of abelian groups Homyq (T, Q) is acyclic for any
projective kG-module (). Therefore, T is a complete projective resolution, as needed. 0

Theorem 2.3. Let k be a commutative ring of finite weak global dimension. We also consider
a group G with GedpyG < oo and a k-projective kG-module M of type FP,,, where n > Gced,G.
Then, M admits a complete projective resolution T = (T;); of coincidence index n, such that
T; is a finitely generated free kG-module for all i <n — 1.

Proof. Since M is of type FP,,, there exists a projective resolution P of M

..—P,—P, 11— ... —F — M —0,

such that the n-th syzygy module K, = im (P, — P,_1) is finitely generated (as a kG-
module). Since the commutative ring & has finite weak global dimension and Ged,G < n < o,



8 IOANNIS EMMANOUIL AND OLYMPIA TALELLI

we may choose a characteristic module for G over k; there exists a k-projective kG-module
A with pd;;A = GedpG < n, which admits a k-split £kG-linear monomorphism ¢ : k — A.
Since A is k-projective, there is an induced projective resolution of the diagonal £G-module
M ® A

oo — P A— P 1 QL A— ... — P, A— Mx,A— 0.

Since M is k-projective, it follows that pd,(M ®; A) < pdcA < n. Therefore, the n-th
syzygy module of the latter resolution, namely K, ®x A = im (P, ®x A — P,,_1 ® A), is
projective (as a kG-module).

Since K, is a finitely generated kG-module possessing a projective resolution

...—wP,—P,1—...— P, — K, —0

and K, ® A is kG-projective, we may apply Proposition 2.2(iii) and conclude that there exists
a complete projective resolution

T:..—PFP,—P,1—...— P, —T, 1 —T, 95— ...,

with K,, = im (P, — T,_1), such that T; is a finitely generated free kG-module for all
1 < n—1. Since T is a complete projective resolution, which coincides with the projective
resolution P of M in degrees > n, the proof is complete. O

The following result is an immediate consequence of Theorem 2.3 and its proof.

Corollary 2.4. Let k be a commutative ring of finite weak global dimension, G a group with
GedyG = n < oo and M a k-projective kG-module of type FP. Then, for any projective
resolution P of M, which consists of finitely generated free kG-modules in each degree, there
exists a complete projective resolution T of M, which consists of finitely generated free kG-
modules in each degree and coincides with P in degrees > n.

Proof. Consider a projective resolution P of M, consisting of finitely generated free kG-
modules in each degree. Then, the complete projective resolution T constructed in the proof
of Theorem 2.3 has coincidence index n and consists of finitely generated free kG-modules
in each degree: In degrees > n, this follows since P consists of finitely generated free kG-
modules, whereas in degrees < n — 1 this follows from Theorem 2.3. 0

We conclude by recording the special case where M = k is the trivial kG-module; for an
alternative proof of the following result, the reader may consult [2, Theorem 4.2(vi)].

Corollary 2.5. Let k be a commutative ring of finite weak global dimension and G a group
of type FP., over k with GedyG = n < oo. Then, for any projective resolution P of G over
k, which consists of finitely generated free kG-modules in each degree, there exists a complete
projective resolution T of G over k, which consists of finitely generated free kG-modules in
each degree and coincides with P in degrees > n. 0

3. CHARACTERISTIC MODULES FOR FP,, GROUPS WITH FINITE GCD

Using the results of the previous section, we shall now prove that a group of type FP
with finite Gorenstein cohomological dimension has a characteristic module of type FP. As a
consequence, it will follow that the Gorenstein cohomological dimension of such groups (at
least in the case where k = Z is the ring of integers) is detected by a suitable choice of a field
of coefficients.
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Theorem 3.1. Let k be a commutative ring of finite weak global dimension and G a group of
type FP,, over k with GedpyG < co. Then, there exists a characteristic module for G over k
of type FP.

Proof. Let P be a projective resolution of GG over k, which consists of finitely generated free
modules in each degree. We also let Ged,G = n and consider a complete projective resolution
T of G over k, which consists of finitely generated free modules in each degree and is such that
T; = P, for all i > n; cf. Corollary 2.5. Since the complexes of abelian groups Homy (T, P;)

are acyclic for 1 = 0,1,...,n — 1, the identity maps T; — P;, i > n, extend to a chain map
7:T—P
— Ty — I, — T, — ... — Ty — T, —
” H Tn—1 \L 0 \L T—1 \L
— Py — P, — Py — ... — B — 0 —

We may reduce to the case where the linear maps 7; are surjective in degrees ¢ < n. Indeed,
for each i = 0,1,...,n — 1 we may consider the (contractible) complex X;, which consists
of P; in degrees i,7 — 1 and 0’s elsewhere with differential in degree i given by the identity
map of P;. Let f; : X; — P be the unique chain map whose component in degree i is the
identity map of P;. Then, the direct sum TV = T ® X,,_1 & ... D X; & Xg is a complete
projective resolution of G over k and the chain map TV — P, which is induced by 7 and the
fi’'s,i=0,1,...,n—1, is surjective in degrees < n — 1 (and coincides with 7 in degrees > n).
We now consider the (Gorenstein projective) modules

K = coker (T,,,1 — T),), L = coker (T} — Tp) and M = coker (Ty — T_4).

The chain map 7 induces a commutative diagram

0O — K — T,.;, — ... — 1Ty — L — 0
(5) || Tn—1 \l/ TO l, t \L
0O — K — P41 — ... — B — k — 0

with exact rows whose vertical maps are surjective. (Here, t = 75 is the map induced by 7y by
passage to the quotients.) We let N = kert and @Q); = ker7; for all i = 0,1,...,n — 1. Then,
there is an induced exact sequence

(6) 0—Qn1—...— Qo —N—0.

Indeed, viewing (5) as a surjective chain map between acyclic complexes, the complex (6) is
its kernel (which must therefore be acyclic). Since the P;’s are projective, the surjective linear
maps 7; split and hence @); is a direct summand of T} for all = 0,1, ..., n — 1. It follows that
Q; is a finitely generated projective module for all : =0,1,...,n — 1.

Pushing out the short exact sequence

0—L—T,—M-—70
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by the linear map ¢ : L — k, we obtain a commutative diagram

0 0
\ !
N = N
{ l
0O — L — T, — M — 0
tl 4 |
0 — k — A — M — 0
\: 1
0 0

with exact rows and columns. Since M is Gorenstein projective as a kG-module, our assump-
tion that & has finite weak global dimension implies that M is k-projective (cf. Remark 1.4(i)).
It follows that the kG-linear monomorphism ¢ splits and A is k-projective. Splicing the exact
sequence (6) with the vertical short exact sequence in the middle of the diagram above, we
obtain an exact sequence of kG-modules

0—Qn1—... Qo —T1—A—0.

Since T'_; and the @);’s are finitely generated projective kG-modules, the kG-module A is of
type FP and pd;;A < n < oco. It follows that A is a characteristic module for G over k of
type FP, as needed. 0

As we have already pointed out in the Introduction, for any commutative coefficient ring k
the Gorenstein cohomological dimension of a group over k is bounded by the corresponding
dimension over Z; if G is any group, then GedG < GedzG. Our next goal is to show that one
can always find a field ' with GedpG = GedyzG, provided that G is a group of type FP,, with
GedzG < oo. To that end, we shall adopt a more general point of view and record a few simple
auxiliary results. If k is a principal ideal domain (or, more generally, a unique factorization
domain), then any non-unit element a € k may be expressed as a product a = [[;_, p; of
prime (irreducible) elements py, ..., p, and this expression is essentially unique. In particular,
the number n is uniquely determined by a; we write n = A(a). In this way, A(a) =1 if a is a
prime element, A(a) = 2 if a is a product of two prime elements, etc.

Lemma 3.2. Let k be a principal ideal domain and R be a k-algebra.

(i) Let C # 0 be a finitely generated R-module, which is torsion as a k-module. Then, there
exists a prime element p € k, such that pC # C.

(i) Let f : M — N be an R-linear map and assume that N is finitely generated. If f is
not surjective, then there exists a k-algebra F', such that F is a field and the induced map
f®1: M@, F— N Qg F is not surjective either.

Proof. (i) Let cq, ..., ¢, be generators of the R-module C'. Since C is torsion as a k-module,
there exists an element a € k, such that ac; = 0 € C for all i = 1,...,n. It follows readily
that aC' = 0. Since C' # 0, the element a is not a unit in k& and we may assume that A(a) is
minimal in the set A = {A\(d') : @’ € k and o’C = 0}. If p € k is a prime element dividing a,
then we necessarily have pC' # C. Indeed, if pC = C' and we write a = bp, then we would
have bC' = b(pC) = aC = 0 and A(b) = A(a) — 1, contradicting the minimality of A\(a) € A.
(ii) Let C' = coker f and consider the exact sequence of R-modules

ML>N—>C—>O.
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Since N is finitely generated, it follows that C' is finitely generated as well. For any k-algebra
F there is an induced exact sequence

Mo, FIANo, F— Co, F —s 0.

If C is not torsion as a k-module, then C' ®; K # 0, where K is the field of fractions of k,
and we may choose F' = K. If C is torsion as a k-module, then we may apply (i) and find a
prime element p, such that pC # C'. In that case, C' ®y k/pk = C/pC # 0 and we may choose
F =k/pk. O

In order to apply Lemma 3.2, the following simple general observation will be useful. Let R
be a ring and N an R-module with endomorphism ring EndgN. Then, for any R-module M
the abelian group Hompg(M, N) is endowed with the structure of an EndzN-module, where
elements of Endg N act on linear maps M — N by composition to the left. This EndgrN-
module structure is clearly natural in M; in other words, any R-linear map f : M — M’
induces an additive map f* : Homg(M’, N) — Hompg(M, N), which is linear with respect
to the Endg N-module structures on the two Hom-groups. In particular, letting N = R, we
conclude that the abelian group Hompg (M, R) admits a natural structure of a right R-module:
For any r € R and any R-linear map f : M — R the R-linear map f-r: M — R is defined
by letting (f -r)(m) = f(m)r € R for any m € M. The right R-module Homg(R", R), which
is obtained as above by letting M = R", is naturally identified with the right R-module R"
for any non-negative integer n. As an immediate consequence of this observation, we obtain
the following result.

Lemma 3.3. If M is a finitely generated projective R-module, then the right R-module
Hompg(M, R) defined above is also finitely generated projective. O

We now let k£ be a commutative ring, R, S be two k-algebras and consider an R-module V.
Then, for any R-module M we consider the additive map

En - Homp(M, N) ® S — Hompgg, s(M @i S, N @4 5),

which is defined by letting &y (f ® s) : M ®; S — N ®; S be the R ®; S-linear map
m®s — f(m)@ss € N S, mes € M®S, for all f € Homg(M,N) and s € S. It is
clear that &, is natural in M.

Lemma 3.4. Let R, S be two rings and consider an R-module N. Then:

(i) If M, M’ are two R-modules, then the additive map &pgnr is naturally identified with the

direct sum Epy B En of the additive maps Eyp and Epyr.

(ii) The additive map Eyr is bijective for any finitely generated projective R-module M.
Proof. Assertion (i) is clear, whereas (ii) is obvious in the special case where M = R. The

general case of a finitely generated projective R-module follows from that special case, in view

of (i). O

Proposition 3.5. Let k be a principal ideal domain, R be a k-algebra and M an R-module
of type FP. We assume that both R and M are torsion-free as k-modules. Then, there exists
a k-algebra F, such that F is a field and pdge, p(M ®y F) = pdg M.

Proof. Let pdyM = n and consider a resolution

(7) 0—P, P | — Py — M —0,

where P, is a finitely generated projective R-module for all + = 0,1,...,n. Since pdzM = n,
the monomorphism f does not split and hence Ext},(M, P,) # 0. The R-module P, being



12 IOANNIS EMMANOUIL AND OLYMPIA TALELLI

a direct summand of a finitely generated free R-module, we conclude that Ext; (M, R) # 0.
Hence, the exactness of the sequence

Homp(Py_1, R) - Homp(P,, R) — Ext’,(M, R) — 0

shows that the map f* is not surjective. As noted above, the groups Hompg(P,_1, R) and
Hompg(P,, R) can be viewed as right R-modules and f* is then R-linear. Since the right R-
module Hompg(P,, R) is finitely generated (cf. Lemma 3.3), we may apply Corollary 3.2 and
conclude that there exists a k-algebra F', such that F' is a field and the induced map

ff®1:Hompg(P,—1, R) ®; F — Hompg(P,, R) ®; F
is not surjective either. In view of Lemma 3.4(ii), the latter map is identified with
(8) (f®1)" : Hompg, p(Pr—1 @k F, R ® F) — Hompg, p(Pr—1 @k F, R®y, F).
Since M and the P;’s are torsion-free as k-modules, (7) induces a projective resolution

0—P @ FIAP (@, F— .  —Py@, F—s M®,F —0

of M ®; F as an R ®; F-module. It follows that the cokernel of the map (8) computes the
group Exthy (M & F, R®y, I'). We therefore conclude that Extpy (M @i F, R®y F) #0
and hence pdgg, (M ®; F) = n, as needed. O

We shall now apply the previous discussion to the special case that we are really interested in,
namely to the study of the projective dimension of characteristic modules for groups of finite
Gorenstein cohomological dimension. In the special case where k& = 7Z is the ring of integers,
the following result reduces to Theorem C, as stated in the Introduction.

Theorem 3.6. Let k be a principal ideal domain and G be a group of type FP., over k with
GedyG < o0. Then, there exists a k-algebra F', such that F s a field and GedpG = GedpG.
Proof. Since gl.dim k < 1, Theorem 3.1 implies that there exists a characteristic module A
for G over k of type FP. Then, Proposition 3.5 shows that we can find a k-algebra F', such that
Fis a field and pdpg(A® F') = pd;oA. Since A®y, F' is a characteristic module for G over F
(cf. Remark 1.4(iii)), Corollary 1.3 implies that GedpG = pdpg(A @ F) = pdcA = Gedi G,
as needed. OJ

4. GORENSTEIN COHOMOLOGICAL DIMENSION OF CERTAIN GROUP EXTENSIONS

Our goal in this section is to formulate and prove the analogue of Fel’dman’s computation
of the cohomological dimension of certain group extensions [11] in Gorenstein homological
algebra. To that end, we shall follow closely the excellent presentation of Fel’dman’s result
given in Bieri’s notes [3].

We fix a commutative ring k£ and consider an extension of groups

l1—N-—G—Q —1

and two kG-modules M, V. The group G acts (diagonally) on the abelian group Homyy (M, V).
Given g € G and f € Homgy(M,V), the map g- f : M — V is defined by letting = —
gf(g7'x) € V,x € M. (Since N is normal in G, the map g- f is easily seen to be kN-linear; the
diagonal action of G on Homy (M, V) restricts to its subgroup Homyy (M, V'), which is thereby
a kG-submodule of it.) As the action of elements of N is obviously trivial, we actually obtain
an action of the quotient group ¢ on Homyn (M, V). The k@Q-module structure defined in this
way on the abelian group Homyy (M, V') is natural in M; any kG-linear map h : M — M’
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induces an additive map h* : Homgy (M, V) — Homygy (M, V'), which is kQ-linear. In other
words, for any g € G and f € Homgn(M', V') we have g- (foh) = (g- f)oh € Homgn (M, V).
We note that the subgroup of @-invariant elements in Homyy (M, V') consists precisely of the
kG-linear maps from M to V, i.e. H%(Q, Homyy(M,V)) = Homyg(M, V).

Using general principles (cf. the discussion before Lemma 3,3), we can define on the abelian
group Homy (M, kN) the structure of a right kN-module. In this way, given n € N and
f € Homgn (M, kN), the map f-n: M — kN is defined by letting x — f(z)n € kN, z € M.
We may extend this right kN-module structure on Homyy(M,kN) to a right kG-module
structure as follows: Given g € G and f € Homyy (M, kN), the map f-g : M — kN is defined
by letting x — ¢! f(gx)g € kN, x € M. (As before, using the fact that N is normal in G, it is
easily seen that the map f-g is well-defined and kN-linear.) This right kG-module structure on
the abelian group Homyy (M, kN) is natural in M; any kG-linear map h : M — M’ induces
an additive map h* : Homyy(M',kN) — Homyy (M, kN), which is kG-linear. In other
words, for any g € G and f € Homyn(M', kN) we have (foh)-g = (f-g)oh € Homyn(M,kN).
Using the inversion map of G, we define the structure of a (left) kG-module on Homyy (M, kN),
by letting any element g € G act as right multiplication by ¢g~!.

We now consider the diagonal action of G on the tensor product Homgy (M, kN) @y V.
Given g € G, f € Hompn(M,kN) and v € V, we have g- (f @v) = (f - g~') ® gv. Since N is
normal in G, it is easily seen that this action is well-defined. Moreover, the elements of N act
trivially and hence we obtain an action of the quotient group @ on Homyy (M, kN) @iy V.
The kQ@-module structure defined in this way on Homygy (M, kN) ®jn V is natural in M.

There is a additive map

9) & = &), : Homyy (M, EN) @kn V. — Homyn (M, V),

which is natural in M, given by letting ®(f ® v) be the map = — f(z)v € V, x € M, for
all f € Homyy(M,kN) and v € V. The map @ is kG-linear (i.e. kQ-linear) with respect to
the module structures defined above; for any g € G, f € Homyn(M,kN) and v € V' we have
Plg- (fev)] =g - P(f ®v) € Homgy (M, V).

Remark 4.1 Let k be a commutative ring. We may formally generalize the definition of
the additive map ® as follows: For any group N and any two kN-modules L,U there is an
additive map
U =V, : Homyn (L, kN) @y U — Homyn (L, U),

which is natural in L, given by letting U(f ® u) be the map z — f(z)u € U, x € L, for all
f € Homgn(L,kN) and u € U. Here, the right kN-module structure on the abelian group
Homyy (L, kN) is that defined by the generalities discussed before Lemma 3.3. It is clear that
U, is bijective in the special case where L = kN. Moreover, if L, L’ are two kN-modules, then
the additive map W 47/ is naturally identified with the direct sum ¥, & W, of the additive
maps VU and Wy, It follows readily that U is bijective if L is any finitely generated projective
kN-module.

We now consider a projective resolution P of the trivial kG-module k

..—P —P_ 11— ...—F—kFk—0.

Since any projective kG-module is kN-projective as well, P is also a projective resolution of
k as a kN-module. Hence, we can (and will) compute the cohomology groups of N using P.
The naturality of the kQ-module structure defined above on the abelian groups Homyy (P, V')
shows that Homyy (P, V') is a complex of kQ-modules, In particular, the cohomology groups
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H(N,V) are kQ-modules as well. Since H%(Q, Homyy (P, V)) = Homyg (P, V), it is precisely
this kQ-module structure that is involved in the E?-term of the Lyndon-Hochschild-Serre
spectral sequence
By, = HP(Q, H(N,V)) = H"(G,V)

that computes the cohomology of G with coefficients in V. In an analogous way, the naturality
of the kQ-module structure defined above on the abelian groups Homyy (P;, kN ) @ V shows
that Homyy (P, kN) ®gny V is also a complex of kQ-modules, (It follows that its cohomology
groups are k@-modules as well.) The naturality of the kQ-linear maps

®p, : Homyy (P, kN) @y V — Homyn (P, V),

defined above, shows that these are the components of a map between cochain complexes of
kQ-modules

(10) ® : Homyn (P, kN) ®ky V — Homyn (P, V).
Proposition 4.2. Let k be a commutative ring and consider an extension of groups
l—N-—G—Q —1,

where N is a group of type FP over k. We also consider a projective resolution P of the
trivial kG-module k and a kG-module V. Then:

(i) The cochain complex map (10) defined above is a quasi-isomorphism.

(i1) If V is flat as a kN-module, then ® induces an isomorphism of kQ-modules

¢; - H(N,kN) @y V — H'(N,V)

for alli > 0. (Here, the group G acts diagonally on the tensor product.)

Proof. (i) Since the group N is of type FP., over k, there exists a resolution P’ of the trivial
kN-module k, which consists of finitely generated projective k/N-modules in each degree. We
know that there exists a homotopy equivalence f : P’ — P in the category of cochain
complexes of kN-modules. Of course, f induces homotopy equivalences

[ i Homyn (P, kN) — Homyy (P, kN) and  f*: Homyn(P, V) — Homyn (P, V)

in the category of cochain complexes of abelian groups. The naturality of the right k/N-module
structure defined on the Homyx(_, £V )-groups implies that the former of these two homotopy
equivalences is actually a homotopy equivalence in the category of cochain complexes of right
kN-modules. Therefore, there is an induced homotopy equivalence

f* ®1: HOIIlkN(P, ]{/‘N) QN V — HomkN(P', k?N) RNV

in the category of cochain complexes of abelian groups.
In the same way that the natural maps (9) lead to the cochain complex map (10), one may
use the natural maps ¥ defined in Remark 4.1 and define a cochain complex map

P HOH]]CN(P,, k’N) QkN V — HOIIlkN(P/, V)

Since the chain complex P’ consists of finitely generated projective k/N-modules in each degree,
the above cochain complex map is bijective.
We now claim that the following diagram of cochain complex maps

Homyn (P, kN) @in V. —  Homyy (P, V)

(11) fre1d b
Homy,n (P, kN) ®@pn V. ——  Homyy (P, V)
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is commutative. In other words, we claim that the following diagram of abelian groups

D p.
Homyn (P, kN) @y V. —>  Homyn (B, V)
fre1d b

W pr
HOHlkN(P,L-/,k‘N) ®kNV i) HomkN(Pi’,V)

is commutative for all ¢ > 0. (Here, we denote by f; the components of f.) Indeed, since the
®’s are particular instances of the U’s, the commutativity of the latter diagram follows from
the naturality of W. Since the two vertical maps of diagram (11) are homotopy equivalences
and the horizontal map at the bottom is bijective, all of these three cochain complex maps are
quasi-isomorphisms. It follows readily that the horizontal cochain complex map at the top of
that commutative diagram is also a quasi-isomorphism, as needed

(ii) This is an immediate consequence of (i), since the i-th cohomology groups of the com-
plexes Homyn (P, kN) @,y V and Homy,y (P, V) coincide with H* (N, kN)®xnV and H'(N, V)
respectively. 0

Corollary 4.3. Let k be a commutative ring and consider an extension of groups
l1—N—G— @ —1,

where N is a group of type FPy, over k. Then, the cohomology group H' (N, kG) is isomorphic
as a kQ-module with the induced module Ind¥ H{(N,kN) = H (N, kN) @ kQ for all i > 0.
Proof. Fix a non-negative integer i. Invoking Proposition 4.2(ii), we know that there exists
a k@Q-module isomorphism H'(N, kG) ~ H'(N,kN) Qs kG, where G acts diagonally on the
tensor product. Therefore, the result follows from the existence of a £@Q)-module isomorphism
between the diagonal module H* (N, kN) ®n kG and the induced module Ind? Hi (N, kN) =
HY(N,kN) @ kQ. (If we write Q = G/N, then such a kQ-module isomorphism is given by
letting t ® g € H(N,kN)®pn kG map onto tg® gN € H'(N,kN)®;kQ for allt € H (N, kN)
and g € G.) O

Corollary 4.4. Let k be a commutative ring and consider an extension of groups
l1—N-—G—0Q —1,

where N is a group of type FP over k, and a non-negative integer i.

(1) If the k-module H'(N,kN) is projective, then the kQ-module H (N, kG) is projective.

(ii) If the k-module H'(N,kN) contains a copy of k as a direct summand, then the kQ-module
H(N,kG) contains a copy of kQ as a direct summand. O

We are now ready to state and prove the Gorenstein homological algebra analogue of
Fel’dman’s result [11]. As a prelude to one of the assumptions that will be made in the follow-
ing theorem, we note that if k£ is a commutative ring and N is a group with Ged, N = n < oo,
then the cohomology groups H'(N,kN) vanish for all i > n. Is N is, in addition, of type
FP., over k, then H"(N,kN) # 0. Indeed, as shown by Holm in [13, Theorem 2.20]), we
have H"(N, P) # 0 for a suitable projective kN-module P. Since P is a direct summand of a
direct sum of copies of kN and the cohomology functor H™(N, _) commutes with direct sums
(in view of the FP,, assumption on N), it follows that the group H" (N, kN) must be indeed
non-trivial.

Theorem 4.5. Let k be a commutative ring and consider an extension of groups

l1—N—GC—Q —1,
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such that:
(i) N is a group of type FP, overk,
(i) both GediN and GedpQ are finite and
(iii) if Ged,N = n, then the k-modules H'(N,kN) are projective for alli < n and H*(N,kN)
contains a copy of k as a k-module direct summand.
Then, we have Gedp,G = Gedp N + Gedy ().
Proof. Let Gedi@ = m. As shown by Holm in [13, Theorem 2.20], we have an equality

m = sup{i : H(Q, P) # 0 for some projective kQ-module P},
i.e. an equality
m = sup{i: H'(Q, L) # 0 for some free kQ-module L}.

In particular, there exists a cardinal number «, such that the cohomology functor H™(Q, -)
does not vanish on the free kQ)-module L of rank «.

As shown in [10, Proposition 2.9], we always have an inequality GedyG < n+m. In order to
prove that GedyG = n+m, it suffices to show (in view of Holm’s result mentioned above) that
the cohomology functor H"™ (G, ) does not vanish on a suitable free kG-module. We shall
prove that this functor does not vanish on the free kG-module V' of rank a. We can compute
the cohomology groups of G' with coefficients in V' by means of the Lyndon-Hochschild-Serre
spectral sequence

E., = HP(Q,HY(N,V)) = H""(G,V).

As we have already noted above, assumption (i) implies that the cohomology functors H?(N, _)
commute with direct sums. Therefore, H(N, V) is isomorphic as a k@Q-module with the direct
sum HY(N, kG)@ of a copies of HI(N,kG) for all ¢ > 0. Since GedyN = n and kG is kN-
projective, the cohomology groups HY(N,V) = HY(N,kG)® vanish when ¢ > n; hence,
E2, = HP(Q,H(N,V)) = H?(Q,0) = 0 if ¢ > n. If ¢ < n, then assumption (iii) implies that
the cohomology groups H(N,V) = HI(N, kG)® are projective as kQ-modules (cf. Corollary
4.4(1)). Since GedpQ = m, it follows that Ezq = HP(Q,HY(N,V)) =0if p > m and ¢ < n.
The E?-page of the spectral sequence is thus concentrated on the square [0,m] x [0,n] and
the line {(p,n) : p > 0}. It follows readily that

H™™(G,V) = Ep, = Ey,, = H™(Q, H"(N,V)).!

Assumption (iii) also implies that the cohomology group H"(N,V) = H"(N, kG)® contains
a copy of the free k@Q-module L of rank a as a k@Q-module direct summand (cf. Corollary
4.4(ii)). It follows that the abelian group H™(Q, H"(N,V')) contains a copy of H™(Q, L) as
a direct summand. As the latter group is non-zero (by the choice of the cardinal number «),

we conclude that H"*™ (G, V) = H™(Q, H"(N,V)) # 0, as needed. O

Corollary 4.6. Let k be a commutative ring and consider an extension of groups
l—N—G—Q —1,

such that:
(i) N is a group of type FP, over k,
(i) both GediN and GedpQ are finite and

U1t also follows that HY(G,V) = E®, = E? .. = H"™(Q, H"(N,V)) for all i > n+m. Since we already

know that GedpG < n + m, we conclude that the cohomology groups H7(Q, H"(N,V)) are trivial in degrees
7 >m.
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(iii) if Gedy,N = n, then the k-modules H'(N,kN) are free for all i < n.
Then, we have GedpyG = Gedp N + Gedy(Q).

Proof. As we have already noted before, our assumption that N is a group of type FP, with
Gedi N = n implies that H"(N, kN) # 0. Therefore, the result is an immediate consequence
of Theorem 4.5. 0

In the special case where the coefficient ring is a field, assumption (iii) in the statement of
Corollary 4.6 is redundant. The following result is stated in the Introduction as Theorem A.

Corollary 4.7. Let F be a field and consider an extension of groups
l—N—G—0Q —1,

where N is a group of type FP,, over F and Gedp@) < oo. Then, GedpG = Gedp N + Gedp@).

Proof. Since N is a subgroup of G, [10, Proposition 2.4] implies that GedpN < GedpG;
hence, the equality to be proved is clear if Gedp N = oco. If Gedp N < oo, the result is an
immediate consequence of Corollary 4.6. 0J

5. AN APPLICATION

Having in mind the geometric interpretation of the various cohomological invariants that
are associated with a group, the most interesting case of a commutative coefficient ring is
that of the ring Z of integers. In this final section, we apply the previous results in order
to compute the Gorenstein cohomological dimension over Z of certain group extensions. In
this way, we obtain genuine generalizations for some of the results in [9], where the ordinary
cohomological dimension of certain products of geometrically finite groups is considered.

If N is a group and m a positive integer, then we define inductively an iterated m-fold
extension G of N by itself, as follows: If m =1, then G = N. If m > 1, then G must fit into
an extension of groups

0—N—G—0Q—1,

where @ is an iterated (m — 1)-fold extension of N by itself. In the special case where m = 2,
the following result reduces to Theorem B, as stated in the Introduction.

Theorem 5.1. Let N be a group of type FP, over Z. If m is a positive integer and G is an
iterated m-fold extension of N by itself, then GedyG = mGedgN .

Proof. Since N is a subgroup of G, [10, Proposition 2.4] implies that GedzN < GedyG;
hence, the equality to be proved is clear if Gedz N = co. We may therefore assume below that
GedzN < 0. In view of Theorem 3.6, there exists a field F', such that Gedp N = GedzN. We
shall prove by induction on m that GedpG = mGedpN. This is clear if m = 1. Assume now
that m > 1 and the result holds for any iterated (m — 1)-fold extension of N by itself. The
group G fits into an extension

0—N—GC—0Q—1,

for a suitable (m—1)-fold extension @) of N by itself. Since N is of type FP, over Z, it is also of
type FP, over F'. The induction hypothesis implies that Gedp@ = (m — 1)Gedp N < 0o and
hence we can apply Corollary 4.7, in order to conclude that GedpG = GedpN + Gedp@Q, i.e.
that GedpG = mGedpN. We note that [10, Proposition 2.1] implies that GedpG < GedzG,
whereas a repeated application of [10, Proposition 2.9] shows that GedzG < mGedzN. Since

mGedzN = mGedp N = GedpG < GedzG < mGedzN < oo,
it follows that GedzG = mGedz N, as needed. O
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Corollary 5.2. Let N be a group of type FP., over Z. If m is a positive integer and N™ is
the product of m copies of N, then GedyN™ = mGedyN . U

As we mentioned in the Introduction, the Gorenstein cohomological dimension of a group
coincides with its virtual cohomological dimension, in the case where the latter is defined and
finite. Therefore, the following result is an immediate consequence of Theorem 5.1.

Corollary 5.3. Let N be a group of type FP4 over Z with vedzN = n < oo and consider a
positive integer m. Then:

(i) If G is an iterated m-fold extension of N by itself, then GedyG = mn.

(i) If N™ is the product of m copies of N, then GedyN™ = vedy N™ = mn. O

Remarks 5.4. (i) The argument in the proof of Theorem 5.1 breaks down if we consider
arbitrary iterated extensions of groups of type FP,, even if these groups have finite Gorenstein
cohomological dimension. In particular, if

l1—N-—G—0Q —1

is an extension, where N, @) are two (possibly different) groups of type FP, with finite Goren-
stein cohomological dimension over Z, then the inequality GedzG < Gedz N 4+ Gedz@) may
be strict. Indeed, since there is no way of knowing that there exists a field F' for which both
equalities Gedp N = Gedz N and Gedp@Q = Gedz@ hold, the reduction to the case of a field of
coefficients may not be always possible. In fact, the analogue of Corollary 5.3(ii) does not hold
for the product of two groups of type FP,, with finite virtual cohomological dimension over
Z. Dranishnikov has constructed in [8] groups G, G of type FP,, with finite virtual coho-
mological dimension over Z, such that Gedz (G X Gy) = vedz (G X Gy) < vedz Gy + vedzGa.
This example also shows that assumption (iii) in the statement of Theorem 4.5 cannot be
completely omitted.

(ii) All results in this section are also valid more generally if the ring Z of integers is replaced
by any principal ideal domain.

APPENDIX A. CHARACTERISTIC MODULES FOR LHF-GROUPS

let k be a commutative ring, G' a group and consider the kG-module B(G, k) of all functions
from G to k, whose image is a finite subset of £ (cf. the end of §1). If B(G, k) is a characteristic
module for G over k, then Proposition 1.2(ii) implies that GedyG < oo. Our goal in this
Appendix is to show that the converse of the latter assertion is true, in the case where k has
finite global dimension and G is a group in Kropholler’s class LHF.

We note that B(G, k) is generated as a k-module by the characteristic functions y 4, where
A runs through the power set of G. Any f € B(G, k) admits a unique expression as a sum
Y om i Aixa;, where Ay, ... A, C G form a partition of G and A,...,\, € k are the distinct
values that f assumes. If & — k' is a homomorphism of commutative rings, then there is a
natural &'G-linear map

B(G,k) @ k' — B(G, k'),
which maps f® X onto the function f’ € B(G, k'), which is defined by letting g — f(g)\ € ¥/,
g € G, for all f € B(G,k) and X' € k’. This map is bijective and its inverse

B(G,K') — B(G. k) @ k'
maps an element Y ., Nixa, € B(G, k), where Ay, ..., A, form a partition of G and A}, ..., X,

are distinct elements of £’ as above, onto > | x4, ® \; € B(G, k) ®x k. In particular, for any
commutative ring k there is an isomorphism of kG-modules B(G, k) ~ B(G,Z) @z k.



ON THE GORENSTEIN COHOMOLOGICAL DIMENSION OF GROUP EXTENSIONS 19

The kG-module B(G, k) is k-free; more generally, B(G, k) is kH-free for any finite subgroup
H C G. This is proved in [15] if k& = Z; in the general case, the result follows since B(G, k) ~
B(G,Z) ®z k. For any element A € k the constant function «(\) € B(G, k) with value X is
invariant under the action of G. The map ¢ : kK — B(G, k) which is defined in this way is
therefore kG-linear. It is clear that ¢ is k-split; for any fixed element g € GG, we may obtain a
k-linear splitting for ¢ by evaluating functions at g.

In order to examine whether the kG-module B(G, k) has finite projective dimension, we
restrict our attention to the case where G is a group contained in the class LHF defined by
Kropholler in [14]. The class uF is the smallest class of groups, which contains the class §
of finite groups and is such that whenever a group GG admits a finite dimensional contractible
G-CW-complex with stabilizers in H§, then we also have G € BH§. Then, the class LHF consists
of those groups, all of whose finitely generated subgroups are in H§. All soluble groups, all
groups of finite virtual cohomological dimension and all automorphism groups of Noetherian
modules over a commutative ring are LH§-groups. The class LHF is closed under extensions,
ascending unions, free products with amalgamation and HNN extensions.

Theorem A.1. Let k be a commutative ring of finite global dimension and consider an LHS-
group G. Then:

(i) B(G,k) is a characteristic module for G over k if and only if GedyG < 0o and

(i) GedpG = pd . B(G, k).

Proof. As we noted above, the kG-module B(G, k) is k-free and admits a k-split kG-linear
monomorphism ¢ : k — B(G, k). Therefore, B(G, k) is a characteristic module for G over k
if and only if pd,B(G, k) < cc.

(i) If B(G, k) is a characteristic module for G over k, then GedpG < oo, in view of Proposi-
tion 1.2(ii). Conversely, assume that GediG < oo. Then, [10, Corollary 1.6] implies that any
projective kG-module has injective dimension bounded by GediG + gl.dim k. It follows that
for any kG-module M of finite projective dimension we have pd,oM < GediG + gl.dim k.
Since B(G, k) is free as a kH-module for any finite subgroup H C G, the argument in the
proof of [20, Theorem 6], which is based on [6, Theorem C], shows that pd,B(G, k) < co.

(ii) It follows from (i) that GedyG = oo if and only if pd,B(G, k) = co. In the case where
Ged,G is finite, the equality to be proved follows from (i) and Proposition 1.2(i),(iii). O

Theorem A.2. If G is an LHF-group of type FP., then GedyG = pdyB(G, k) < 0o.
Proof. This is an immediate consequence of Theorem A.1 above and [6, Corollary B.2(2)],
which is valid for LE§-groups (and not just for H§-groups, as stated therein). 0
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