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PerÐlhyh

Sto pr¸to kef�laio up�rqei mia eisagwg  sthn fusik  netrÐ-

nwn mèsw istorik c anadrom c kaj¸c epÐshc kai mia anafor� sta

meg�la erwt mata pou endeqomènwc na apanthjoÔn apì th fusik 

netrÐnwn all� kai ta erwt mata pou dhmiourgoÔntai.

Sto deÔtero kef�laio melet�tai h ènnoia thc mÐxhc sta plaÐsia

tou Kajierwmènou ProtÔpou. H melèth aut  afenìc ja mac exoi-

kei¸sei me to fainìmeno thc mÐxhc, afetèrou ja mac odhg sei stic

talant¸seic netrÐnwn wc efarmog  thc mÐxhc sta netrÐna. Arqi-

k� parousi�zetai o mhqanismìc Higgs. Me afethrÐa thn mÐxh twn

quarks analÔetai h diagwnopoÐhsh tou pÐnaka m�zac kai oi fusi-

kèc par�metroi enìc pÐnaka mÐxhc. Tèloc anafèrontai oi oriakèc

morfèc tou kai oi peiramatikèc timèc.

To trÐto kef�laio pragmateÔetai tic talant¸seic netrÐnwn. Ar-

qik� up�rqei ènac endeiktikìc upologismìc thc pijanìthtac twn

talant¸sewn netrÐnwn sthn genik  perÐptwsh kai en suneqeÐa sthn

perÐptwsh twn duo netrÐnwn. AkoloujeÐ mia plhrèsterh apìdeixh

h opoÐa emperièqei thn sumbol  thc m�zac twn netrÐnwn sthn pa-

ragwg  touc apì mia diadikasÐa. Tèloc perigr�fontai en suntomÐa

oi talant¸seic mèsa sthn Ôlh.

To tètarto kef�laio afor� tic peiramatikèc teqnikèc thc fusi-

k c netrÐnwn kai touc di�forouc tÔpouc peiram�twn. Arqik� pa-

rousi�zontai oi peiramatikèc teqnikèc. En suneqeÐa analÔetai to

prìblhma twn hliak¸n netrÐnwn kai ta sqetik� peir�mata pou è-

qoun gÐnei. AkoloÔjwc parousi�zetai h paragwg  netrÐnwn sthn

atmìsfaira apì thn kosmik  aktinobolÐa kai ta antÐstoiqa peir�-

mata. AnaptÔssontai ta peir�mata me epitaquntèc kai purhnikoÔc

antidrast rec. Tèloc gÐnetai mia sunolik  ektÐmhsh twn apote-

lesm�twn kai gÐnetai mia anafor� sto s ma tou LSND kai tou

MiniBooNe.

vii



Sto pèmpto kef�laio melet�tai h m�za twn netrÐnwn kai analÔ-

etai h mÐxh se k�je perÐptwsh. AnalÔontai oi ìroi m�zac gia thn

perÐptwsh Dirac kai Majorana netrÐnwn. Parousi�zetai o mhqa-

nismìc See-Saw. Tèloc anafèrontai stoiqeÐa megaloenopoihmènwn

jewri¸n pou sqetÐzontai me thn fusik  netrÐnwn.

Sto èkto kef�laio anafèrontai oi dunatoÐ trìpoi pou up�rqoun

gia apeujeÐac mètrhsh thc m�zac twn netrÐnwn. Parousi�zontai

h di�spash b, h dipl  di�spash b qwrÐc ekpomp  netrÐnwn. Akì-

ma anafèrontai ìria gia thn m�za twn netrÐnwn pou prokÔptoun

apì diasp�seic pionÐwn kai τ , apì netrÐna uperkainofan¸n kai thn

kosmologÐa.

Sto par�rthma eis�getai h jewrÐa pou apoteleÐ th {gl¸ssa}thc

jewrhtik c fusik c stoiqeiwd¸n swmatidÐwn kai epiqeireÐtai h a-

n�deixh thc diafor�c an�mesa sta swmatÐdia me kai qwrÐc m�za.

GÐnetai mia sÔntomh melèth twn metasqhmatism¸n Lorentz kai thc

om�da pou sqhmatÐzoun. Exet�zetai h exÐswsh Dirac, h analloi¸-

tht� thc stouc metasqhmatismoÔc Lorentz kai oi lÔseic thc. Akì-

ma analÔetai h ènnoia thc qeiralikìthtac kai thc elikìthtac kai h

sumperifor� touc se metasqhmatismoÔc Lorentz. Tèloc melet�tai
h exÐswsh Majorana kai oi spÐnorèc thc.

AkoloujeÐ bibliografÐa

viii



1 EISAGWG�H 1

1 Eisagwg 

Ta netrÐna ja mporoÔsan na qarakthristoÔn wc ta pio musthri¸dh kai
ligìtero gnwst� swmatÐdia. O Pauli prìteine thn Ôparx  touc se mia prosp�-
jeia na exhg sei to suneqèc f�sma thc b - di�spashc pou parathr jhke sta
peir�mata ekeÐnhc thc epoq c (1930). O Pauli jewroÔse thn pr�xh tou aut 
{tromer }, afoÔ mÐlhse gia èna swmatÐdio pou den mporoÔse na aniqneuteÐ, mh
mpor¸ntac na antilhfjeÐ ekeÐnh thn perÐodo touc nèouc orÐzontec pou �noixe
me aut  tou thn prìtash. H idèa �rghse na gÐnei eurèwc apodekt  kaj¸c
akom� kai o Ðdioc o Pauli eÐqe amfibolÐec gia thn prìtas  tou.

To 1933 o Enrico Fermi, se melètec tou, katèlhxe sto sumpèrasma ìti ta
netrÐna mporeÐ na eÐnai �maza kai thn epìmenh qroni� me mia ergasÐa stajmì
gia thn fusik  stoiqeiwd¸n swmatidÐwn kataskeÔase mia jewrÐa gia thn b -
di�spash. Ousiastik� o Fermi sthrÐqjhke sthn kbantik  hlektrodunamik 
kai jemelÐwse thn jewrÐa tou wc shmeiak  allhlepÐdrash tess�rwn fermio-
nÐwn. Argìtera (1936) oi Gamow kai Teller prokeimènou na ermhneÔsoun thn
allag  tou spin kat� mia mon�da pou parathreÐtai an�mesa ston mhtrikì kai
ton jugatrikì pur na se orismènec b - diasp�seic eis gagan sthn jewrÐa yeu-
doanusmatik� reÔmata, me tètoio trìpo ìmwc ¸ste h omotimÐa na diathreÐtai.
Me aform  thn qr sh yeudoanusmatik¸n reum�twn �noixe o drìmoc gia thn
diereÔnhsh thc qr shc bajmwt¸n, yeudobajmwt¸n   akìma kai tanustik¸n
reum�twn. Aut  h genÐkeush se sunduasmì me orismèna lanjasmèna peirama-
tik� apotelèsmata eÐqe wc apotèlesma na akolouj sei mia perÐodoc sÔgqushc,
h opoÐa di rkhse sqedìn dÔo dekaetÐec, sqetik� me thn dom  pou prèpei na èqei
to reÔma thc asjenoÔc allhlepÐdrashc.

To 1937 anakalÔfjhke to miìnio kai 10 qrìnia argìtera o Bruno Ponteco-
rvo prìteine thn kajolikìthta thc allhlepÐdrashc Fermi, ¸ste na mhn afor�
mìno ta hlektrìnia, all� kai ta miìnia. H idèa aut  anapt qjhke apì arke-
toÔc epist monec (J.A. Wheeler, T.D. Lee, C.N. Yang, O. Klein kai �llouc)
kai od ghse sthn ènnoia thc {geni�c} twn swmatidÐwn.

Parìlo pou h jewrÐa èmoiaze arket� epituqhmènh, exakoloujoÔse na u-
p�rqei èna prìblhma. KaneÐc den eÐqe parathr sei to netrÐno! O Hans Bethe
èqontac upologÐsei thn exairetik� mikr  isqÔ thc asjenoÔc allhlepÐdrashc,
 dh apì to 1934 pÐsteue ìti telik� mporeÐ na mhn parathrhjeÐ potè to netrÐ-
no. Wstìso p�li o Pontecorvo me pièseic tou ¸jhse touc F. Reines kai C.L.
Cowan na y�xoun gia to netrÐno qrhsimopoi¸ntac thn antÐstrofh b - di�spa-
sh me thn opoÐa ta antinetrÐna ja par gagan pozitrìnia. Met� apì arket�
peir�mata diafìrwn tÔpwn ton IoÔnio tou 1956, qrhsimopoi¸ntac antinetrÐna
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apì ènan purhnikì antidrast ra kai ènan spinjhrist  1.400 lÐtrwn ugroÔ, to
netrÐno parathr jhke kai o Reines brabeÔthke me to brabeÐo Nobel 40 qrìnia
argìtera (O Cowan eÐqe apebi¸sei).

Sto endi�meso wstìso eÐqan prokÔyei kai �lla probl mata. H sumperi-
for� k�poion mesonÐwn  tan idiaÐtera perÐergh. To swmatÐdio θ diaspìtan se
duo piìnia, en¸ to τ diaspìtan se 3 piìnia, wstìso kai to θ kai to τ eÐqan thn
Ðdia m�za, to Ðdio spin, to Ðdio fortÐo. 'Htan to Ðdio swmatÐdio, autì pou plèon
onom�zetai kaìnio. H di�spash tou kaonÐou kai me touc duo trìpouc parabÐaze
thn diat rhsh thc omotimÐac. H idèa anaptÔqthke peraitèrw apì touc Yang kai
Lee, oi opoÐoi an gagan thn parabÐash thc diat rhshc thc omotimÐac se kanìna
gia k�je eÐdouc asjen  allhlepÐdrash. Met� thn dhmosÐeush thc ergasÐac
twn Yang kai Lee, h opoÐa tim jhke me brabeÐo Nobel, h Wu parat rhse thn
parabÐash thc omotimÐac sthn b - di�spash tou 60Co. Argìtera parathr jhke
parabÐash thc diat rhshc thc omotimÐac kai stic diasp�seic π+ → µ+ + νµ kai
µ+ → e+ + νe + ν̄µ.

Kai p�li h kat�stash  tan exairetik� mperdemènh. Plèon h Lagrangian
mporoÔse ìqi mìno na èqei diafìrwn eid¸n reÔmata, all� kai na perièqei ì-
rouc pou eÐte diathroÔn eÐte parabi�zoun thn diat rhsh thc omotimÐac. H lÔsh
dìjhke to 1958 me thn oristik  epilog  thc V −A morf c tou reÔmatoc thc a-
sjenoÔc allhlepÐdrashc, ètsi ¸ste h diat rhsh thc omotimÐac na parabi�zetai
p�nta. H jewrÐa aut  anaptÔqjhke kurÐwc apì touc R.P. Feynmann, M. Gell-
Mann kai J.J. Sakurai. H jewrÐa V −A sthr qjhke sthn jewrÐa tou �mazou
netrÐno duo sunistws¸n h opoÐa eÐqe protajeÐ èna qrìno nwrÐtera apì touc
Lev Landau, T.D. Lee, C.N. Yang kai Abdus Salam. Gia na eÐmaste apìluta
akribeÐc  dh apì to 1929 o H. Weyl eÐqe anaptÔxei aut  thn idèa all� o Pauli
thn eÐqe aporrÐyei, afoÔ parabi�zei thn diat rhsh thc omotimÐac. SÔmfwna
me thn jewrÐa tou �mazou netrÐno duo sunistws¸n ta netrÐna eÐnai aristerì-
strofa, ta antinetrÐna dexiìstrofa kai h dom  V −A tou reÔmatoc prokÔptei
autìmata. To 1958 pr�gmati h elikìthta tou netrÐno brèjhke arnhtik .

H apousÐa orismènwn diasp�sewn od ghse sthn eisagwg  tou leptonikoÔ
arijmoÔ L. 'Etsi ta leptìnia èqoun L = 1, en¸ ta antileptìnia L = −1.
Sto Kajierwmèno Prìtupo o leptonikìc arijmìc diathreÐtai. To peÐrama twn
Reines kai Cowan eÐnai sumbatì me thn diat rhsh tou L, en¸ o R. Davis den
mpìrese na parathr sei thn skèdash ν̄e + 37Cl → 37Ar + e−. H apousÐa
thc di�spashc µ → e + γ od ghse sthn eisagwg  xeqwristoÔ leptonikoÔ
arijmoÔ gia k�je geni�. H diat rhsh tou leptonikoÔ arijmoÔ tou mionÐou (Lµ)
apagoreÔei thn diadikasÐa νµ +n→ p+ e−, opìte o Pontecorvo exèfrase ton
akìloujo sullogismì: an ta netrÐna pou par�gontai apì thn di�spash tou
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pionÐou π+ → µ+ + νµ den mporoÔn na par�goun e− tìte to netrÐno νe thc b
- di�spashc kai to netrÐno νµ pou thc di�spash tou pionÐou eÐnai diaforetik�
swmatÐdia. Oi L.M. Lederman, M. Schwartz kai J. Steinberger kat�feran to
1962 na aniqneÔsoun to νµ kai na kerdÐsoun to brabeÐo Nobel.

H hlektrasjen c enopoÐhsh (1967) twn Glashow, Weinberg kai Salam
 tan ènac stajmìc gia thn jewrÐa thc asjenoÔc allhlepÐdrashc kai fusi-
k� brabeÔthke me to brabeÐo Nobel. To montèlo basizìtan sthn bajmÐda
SU(2)L×U(1)Y kai prìteine thn Ôparxh oudèterwn reum�twn, ta opoÐa diadÐ-
dontai mèsw tou mpozonÐou Z. EpÐshc to montèlo enswmat¸nei ton mhqanismì
Higgs, mèsw tou opoÐou ta �maza mpozìnia pou par�gontai apì thn aujìrmhth
r xh thc topik c summetrÐac apoktoÔn m�za en¸ h jewrÐa paramènei epana-
kanonikopoi simh. Oi allhlepidr�seic oudèterou reÔmatoc aniqneÔjhkan to
1973 sto CERN.

Thn epìmenh qroni� aniqneÔjhke to c quark, to opoÐo eÐqe problefjeÐ apì
touc Glashow, Iliopoulos kai Maiani me ton mhqanismì GIM. To 1975 o M.
Perl parat rhse to τ leptìnio, gegonìc pou sunhgoroÔse sthn Ôparxh trÐthc
geni�c swmatidÐwn. DÔo qrìnia argìtera parathr jhke to b quark kai polÔ
argìtera (1995) to t quark. To netrÐno ντ eÐnai to teleutaÐo swmatÐdio pou
parathr jhke, mìlic to 2000. To 1989 me metr seic akribeÐac thc di�spashc
tou Z oi genièc pistopoi jhkan stic 31. To Kajierwmèno Prìtupo èqei sqe-
dìn sumplhrwjeÐ. Plèon apomènei mìno h parat rhsh tou mpozonÐou Higgs.
Sto endi�meso (1964) ta kaìnia dhmiourgoÔsan kai p�li èna nèo prìblhma: h
di�spash tou K0 parabi�zei thn summetrÐa CP . H parabÐash thc summetrÐac
CP enswmat¸jhke sto Kajierwmèno Prìtupo mèsw thc mÐxhc twn 3 geni¸n
twn quarks pou prot�jhke apì touc M. Kobayashi kai T. Maskawa to 1973,
genikeÔontac thn mÐxh 2 geni¸n pou eÐqe proteÐnei o N. Cabibbo. Oi Kobayashi
kai Maskawa brabeÔthkan me Nobel, ìqi ìmwc kai o Cabibbo.

Mèqri stigm c, pèra apì ta di�fora fainìmena pou den èqoun akìma ermh-
neujeÐ, h monadik  peiramatik  apìklish apì to Kajierwmèno Prìtupo eÐnai
oi talant¸seic netrÐnwn. Bèbaia, gia na eÐmaste apìluta akribeÐc to Kajie-
rwmèno Prìtupo qtÐsthke ètsi ¸ste ta netrÐna na eÐnai �maza kai na mhn
summetèqoun dexiìstrofa swmatÐdia stic asjeneÐc allhlepidr�seic, opìte h
fusik  netrÐnwn den eÐnai tìso shmantik  wc mia aprìsmenh apìklish apì
to Kajierwmèno Prìtupo, all� wc èna b ma gia mia akìma pio pl rh jewrÐa
perigraf c thc fÔshc.

Oi talant¸seic netrÐnwn prot�jhkan to 1957 apì ton Pointecorvo kat�

1
Για την ακρίβεια οι γενιές με νετρίνο ελαφρύτερο από mZ/2.
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analogÐa twn talant¸sewn K0 − K̄0. EkeÐnh thn perÐodo oi talant¸seic
den eÐqan thn shmerin  touc ènnoia, all� eis qjhsan eÐte wc talant¸seic
ν − ν̄, eÐte wc talant¸seic ν − νs. H pr¸th perÐptwsh proèkuye apì thn
lanjasmènh ìpwc apodeÐqjhke f mh ìti o Davis eÐqe katafèrei na parathr sei
thn skèdash ν̄e + 37Cl → 37Ar + e−. Met� thn parat rhsh tou νµ oi Z.
Maki, M . Nakagawa kai S. Sakata, to 1967, prìteinan èna montèlo mÐxhc twn
νe kai νµ to opoÐo anapt qjhke en suneqÐa apì ton Pointecorvo kai èdwse èna
pio realistikì montèlo talant¸sewn, polÔ kont� stic talant¸seic ìpwc tic
gnwrÐzoume s mera.

MporoÔme na prosdiorÐsoume thn afethrÐa twn peiram�twn talant¸sewn
netrÐnwn sto peÐrama tou oruqeÐou Homestake. O Davies metroÔse thn ro 
twn netrÐnwn mèsw thc antÐdrashc νe + 37

17Cl → e− + 37
18Ar kai thn br ke

perÐpou to èna trÐto apì thn problepìmenh ro  b�sh thc hliak c jewrÐac.
Autì apotèlese to legìmeno prìblhma twn hliak¸n netrÐnwn. To prìblhma
epibebai¸jhke apì ton M. Koshiba sto Kamiokande. Oi Davies kai Koshiba
brabeÔthkan me to brabeÐo Nobel gia thn doulei� touc. Ta peir�mata me
atmosfairik� netrÐna genn jhkan wc anepijÔmhto upìbajro twn peiram�twn
pou prospajoÔsan na aniqneÔsoun thn di�spash tou prwtonÐou. To prìblhma
twn hliak¸n netrÐnwn lÔjhke to 2002. H epÐlush tou probl matoc basÐsthke
stic talant¸seic netrÐnwn kai sto fainìmeno MSW (Mikheev - Smirnov -
Wolfenstein).

O sunduasmìc ìlwn twn peiramatik¸n apotelesm�twn mac dÐnei èna plaÐsio
gia tic emplekìmenec paramètrouc. GnwrÐzoume thn diafor� tetrag¸nwn twn
maz¸n ∆M2

21, thn apìluth tim  |∆M2
31| ≈ |∆M2

32| kai tic dÔo gwnÐec mÐxhc
θ12 kai θ23. H tim  thc trÐthc gwnÐac mÐxhc θ13, h tim  thc f�shc CP gia thn
perÐptwsh twn Dirac netrÐnwn   twn 3 f�sewn gia thn perÐptwsh twn Ma-
jorana kai to prìshmo tou ∆M2

31 eÐnai akìma �gnwsta. Up�rqoun mìno �nw
ìria gia thn gwnÐa mÐxhc θ13. EpÐshc �gnwsth paramènei h akrib c m�za twn
netrÐnwn. Mìno �nw ìria up�rqoun apì peir�mata b - di�spashc tou trÐtiou
kai apì kosmologikèc parathr seic. 'Ena meg�lo er¸thma eÐnai an ta netrÐna
eÐnai swmatÐdia Dirac h swmatÐdia Majorana kai o pio eÔkoloc trìpoc na a-
pant soume autì to er¸thma eÐnai h dipl  di�spash b qwrÐc ekpomp  netrÐnwn.
Mèqri stigm c up�rqei mìno to ìrio thc t�xhc tou 1 eV gia thn energ  Ma-
jorana m�za tou netrÐno. M�lista exaitÐac twn duskoli¸n ston upologismì
twn plat¸n twn purhnik¸n metab�sewn upeisèrqetai ènac pollaplasiastikìc
par�gontac abebaiìthtac thc t�xhc tou 3.

Ta netrÐna eÐnai polÔ shmantik� kai ìson afor� thn kosmologÐa. O arij-
mìc twn netrÐnwn ephre�zei thn noukleosÔnjesh. NetrÐna me m�za mporoÔn
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na sqetistoÔn me thn dhmiourgÐa dom c wc jerm  skotein  Ôlh. Ta netrÐna
ìntac jerm  skotein  Ôlh, mporoÔn na apotelèsoun èna tm ma thc �gnwsthc
skotein c Ôlhc. Mèsw autoÔ tou periorismoÔ mporoÔme na oriojet soume to
�jroisma twn maz¸n twn netrÐnwn se ligìtero apì 1 eV. Akìma ta arqègona
netrÐna (hlikÐac 1 s) mporoÔn na mac d¸soun plhroforÐec gia thn exèlixh tou
sÔmpantoc kaj¸c èqoun aposuzeuqjeÐ polÔ prin apì ta fwtìnia. EÐnai de to
swmatÐdio - amèswc met� to fwtìnio - me thn deÔterh megalÔterh afjonÐa sto
sÔmpan.

Tèloc, ta netrÐna sqetÐzontai me thn fusik  Pèran tou Kajierwmènou
ProtÔpou. Megaloenopoihmènec jewrÐec emperièqoun dexiìstrofa netrÐna,  
protimoÔn Majorana netrÐna. H mikr  m�za twn netrÐnwn mporeÐ na ermhneu-
jeÐ mèsw thc Ôparxhc polÔ barèwn netrÐnwn (ta opoÐa sqetÐzontai me thn
leptogènnesh)   mèsw thc Ôparxhc parap�nw diast�sewn. An ta netrÐna eÐnai
swmatÐdia Majorana tìte h parabÐash thc diat rhshc tou leptonikoÔ arij-
moÔ sp�ei thn L summetrÐa, h opoÐa emfanÐzetai stic megaloenopoihmènec kai
upersummetrikèc jewrÐec. Aut  thn stigm  h fusik  netrÐnwn deÐqnei na eÐnai
to pio sÐgouro b ma gia to mèllon kai sÐgoura eÐnai se jèsh na xekajarÐsei
k�pwc to topÐo thc fusik c Pèran tou Kajierwmènou ProtÔpou.
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2 H MÐxh sto Kajierwmèno Prìtupo

Sthn enìthta aut  ja melet soume to fainìmeno thc mÐxhc sta plaÐsia tou
Kajierwmènou ProtÔpou. Arqik� ja anafèroume k�poia stoiqeÐa tou Kajie-
rwmènou protÔpou kai ja parousi�soume ton mhqanismì Higgs. Sthn sunèqeia
ja melet soume pwc apoktoÔn m�za ta fermionÐa mèsw tou mhqanismoÔ Higgs
kai pwc diamorf¸nontai ta fermionik� reÔmata twn allhlepidr�sewn. H melè-
th aut  ja mac odhg sei sto fainìmeno thc mÐxhc twn quarks. To fainìmeno
autì ja melethjeÐ en suntomÐa kai sth sunèqeia ja melethjoÔn oi genikèc idiì-
thtec tou fainomènou thc mÐxhc. Tèloc analÔetai h susqètish thc summetrÐac
CP me ton pÐnaka mÐxhc.

2.1 StoiqeÐa tou Kajierwmènou ProtÔpou

H hlektrasjen c allhlepÐdrash tou Kajierwmènou ProtÔpou eÐnai mia
jewrÐa bajmÐdac pou basÐzetai sthn topik  summetrÐa bajmÐdac SU(2)L ×
U(1)Y . SÔmfwna me to Kajierwmèno Prìtupo ta aristerìstrofa swmatÐdia
katat�ssontai se diplètec tou isospin, en¸ ta dexiìstrofa swmatÐdia eÐnai
singlets.

Q′αL ≡
(
u′αL
d′αL

)
, α = 1, 2, 3 (2.1)

u′αR, α = u, c, t (2.2)

d′αR, α = d, s, b (2.3)

L′αL ≡
(
ν ′αL
`′αL

)
kai `′αR α = e, µ, τ (2.4)

Oi tìnoi sumbolÐzoun ìti ta pedÐa den èqoun kajorismènh m�za, all� eÐnai epal-
lhlÐa pedÐwn me kajorismènh m�za. Oi kbantikoÐ arijmoÐ twn pedÐwn dÐnontai
apì ton pÐnaka 1. H sqèsh Gell-Mann –Nishijima eÐnai

Q = I3 +
Y

2
. (2.5)
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PÐnakac 1: Oi kbantikoÐ arijmoÐ twn fermionÐwn.

I I3 Y Q

u′αL 1/2 +1/2 +1/3 +2/3
d′αL 1/2 -1/2 +1/3 -1/3
u′αR 0 0 +4/3 +2/3
d′αR 0 0 -2/3 -1/3
ν ′βL 1/2 +1/2 -1 0
`′βL 1/2 -1/2 -1 -1
`′βR 0 0 -2 -1

H Lagrangian thc hlektrasjenoÔc allhlepÐdrashc tou Kajierwmènou Pro-
tÔpou eÐnai

LEW = ı
∑

α=e,µ,τ

L
′
αL
/DL′αL + ı

∑
α=1,2,3

Q
′
αL
/DQ′αL

+ ı
∑

α=e,µ,τ

`
′
αR

/D`′αR + ı
∑

α=d,s,b

q′DαR /Dq
′D
αR + ı

∑
α=u,c,t

q′UαR /Dq
′U
αR

− 1

4
AµνA

µν − 1

4
BµνB

µν

+ (DµΦ)† (DµΦ)− µ2Φ†Φ− λ(Φ†Φ)2

−
∑

α,β=e,µ,τ

(
Y ′`αβL

′
αLΦ`′βR +

(
Y ′`αβ
)∗
`
′
βRΦ†L′αL

)
−
∑

α=1,2,3

∑
β=d,s,b

(
Y ′DαβQ

′
αLΦq′DβR +

(
Y ′Dαβ

)∗
q′DβRΦ†Q′αL

)
−
∑

α=1,2,3

∑
β=u,c,t

(
Y ′UαβQ

′
αLΦ̃q′UβR +

(
Y ′Uαβ
)∗
q′UβRΦ̃†Q′αL

)
.

(2.6)

2.2 O Mhqanismìc Higgs

Sto Kajierwmèno Prìtupo oi m�zec twn fermionÐwn kai twn mpozonÐwn W kai
Z dhmiourgoÔntai mèsw tou mhqanismoÔ Higgs, o opoÐoc dra mèsw thc diplètac

Φ(x) =

(
φ+(x)
φ0(x)

)
, (2.7)
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ìpou φ+(x) eÐnai èna fortismèno migadikì bajmwtì pedÐo kai φ0(x) èna oudète-
ro migadikì bajmwtì pedÐo. Oi kbantikoÐ arijmoÐ thc diplètac Higgs dÐnontai
ston pÐnaka 2. O ìroc Higgs thc Lagrangian tou Kajierwmènou ProtÔpou

LH = (DµΦ)† (DµΦ)− µ2Φ†Φ− λ(Φ†Φ)2, (2.8)

eÐnai analloÐwtoc se metasqhmatismoÔc SU(2)L × U(1)Y . Prokeimènou to
dunamikì

V (φ) = µ2Φ†Φ + λ(Φ†Φ)2 (2.9)

na eÐnai k�tw fragmèno prèpei λ > 0. ApodeiknÔetai ìti gia na mporeÐ na
pragmatopoihjeÐ h aujìrmhth r xh thc summetrÐac

SU(2)L × U(1)Y → U(1)Q (2.10)

prèpei µ2 < 0. OrÐzoume

v ≡
√
−µ

2

λ
, (2.11)

tìte to dunamikì Higgs mporeÐ na grafeÐ

V (φ) = λ

(
Φ†Φ− v2

2

)2

. (2.12)

EÐnai profanèc ìti to dunamikì parousi�zei el�qisto gia

Φ†Φ =
v2

2
. (2.13)

'Opwc gnwrÐzoume to el�qisto tou dunamikoÔ antistoiqeÐ sto kenì. Fermiìnia
kai dianusmatik� mpozìnia den mporoÔn na up�rqoun sto kenì, afoÔ to kenì
ofeÐlei na eÐnai analloÐwto se strofèc. AntÐstoiqa fortismèna swmatÐdia den
mporoÔn na èqoun mh mhdenikèc timèc sto kenì, afoÔ to kenì ofeÐlei na eÐnai
hlektrik� oudètero. Mìno oudètera bajmwt� pedÐa mporoÔn na èqoun tim 
sto kenì, h opoÐa onom�zetai anamenìmenh tim  kenoÔ (V EV ). Apì thn sqèsh
(2.13) h anamenìmenh tim  kenoÔ tou pedÐou Higgs prèpei na pragmatopoieÐtai
mèsw thc sunist¸sac φ0, opìte sto kenì

〈Φ〉 =
1√
2

(
0
v

)
. (2.14)

H anamenìmenh tim  kenoÔ 〈Φ〉 sp�ei aujìrmhta thn summetrÐa SU(2)L ×
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PÐnakac 2: Oi kbantikoÐ arijmoÐ thc diplètac Higgs.

I I3 Y Q

φ+(x) 1/2 1/2 +1 1
φ0(x) 1/2 -1/2 +1 0

U(1)Y , afoÔ

I1 〈Φ〉 =
σ1

2
〈Φ〉 =

1

2
√

2

(
0
v

)
6= 0 (2.15)

I2 〈Φ〉 =
σ2

2
〈Φ〉 = − ı

2
√

2

(
0
v

)
6= 0 (2.16)

I3 〈Φ〉 =
σ3

2
〈Φ〉 = − 1

2
√

2

(
0
v

)
= −1

2
〈Φ〉 6= 0 (2.17)

Y 〈Φ〉 = 〈Φ〉 6= 0 (2.18)

all�

Q 〈Φ〉 =

(
I3 +

Y

2

)
〈Φ〉 = 0 (2.19)

Oi diegermènec katast�seic mporoÔn na grafoÔn sth morf 

Φ(x) =
1√
2
exp

(
i

2v
ξ · σ

)(
0

v +H(x)

)
, (2.20)

ìpou ta ξ(x) = (ξ1(x), ξ2(x), ξ3(x)) kai H(x) eÐnai 4 pragmatik� bajmwt�
pedÐa. To pedÐo H(x) perigr�fei to swmatÐdio Higgs. Me ènan metasqhmati-
smì bajmÐdac mporoÔme na apaleÐyoume ta pedÐa ξ(x), afoÔ den èqoun fusikì
perieqìmeno, tìte h diplèta Higgs gÐnetai

Φ(x) =
1√
2

(
0

v +H(x)

)
. (2.21)

H dr�sh thc sunalloÐwthc parag¸gou sthn diplèta Higgs eÐnai

DµΦ(x) =

[
∂µ +

i

2
gAµ(x) · σ +

i

2
g′Bµ(x)

]
Φ(x)

=
1√
2

(
i g√

2
Wµ(x)[v +H(x)]

∂µH(x)− ı
2

g
cos θW

Zµ(x)[v +H(x)]

)
,

(2.22)
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opìte o ìroc Higgs thc Lagrangian tou Kajierwmènou ProtÔpou gÐnetai

LH =
1

2
(∂H)2+

g2

4
(v +H)2W †

µW
µ+

g2

8 cos2 θW
(v +H)2 ZµZ

µ−λ
4

(
H2 + 2vH

)2
.

(2.23)
AnaptÔssontac thn anwtèrw èkfrash katal goume

LH =
1

2
(∂H)2 − λv2H2 − λvH3 − λ

4
H4 +

g2v2

4
W †
µW

µ +
g2v2

8 cos θW
ZµZ

µ

+
g2v

2
W †
µW

µH +
g2v

4 cos θW
ZµZ

µH

+
g2

4
W †
µW

µH2 +
g2

8 cos θW
ZµZ

µH2

(2.24)

O pr¸toc ìroc eÐnai o kinhtikìc ìroc tou swmatidÐou Higgs. O deÔteroc ìroc
eÐnai o ìroc m�zac tou swmatidÐou Higgs, apì ton opoÐo blèpoume ìti

mH =
√

2λv2 =
√
−2µ2. (2.25)

AfoÔ h par�metroc µ èqei eisaqjeÐ sto Kajierwmèno Prìtupo aujaÐreta h
tim  thc den mporeÐ na sqetisteÐ me k�poia �llh posìthta pou na èqei  dh
metrhjeÐ, opìte to Kajierwmèno Prìtupo den mporeÐ na mac d¸sei k�poia
prìbleyh gia thn m�za tou swmatidÐou Higgs. O trÐtoc kai tètartoc ìroc
antistoiqoÔn se autozeÔxeic tou pedÐou Higgs. O pèmptoc kai èktoc ìroc eÐnai
idiaÐtera shmantikoÐ, kaj¸c eÐnai oi ìroi m�zac twn mpozonÐwn W kai Z, oi
m�zec twn opoÐwn eÐnai

mW =
gv

2
mZ =

gv

2 cos θW
. (2.26)

H par�metroc ρ orÐzetai wc

ρ =
m2
W

m2
Z cos2 θW

(2.27)

kai se epÐpedo tree level diagramm�twn èqei thn tim  ρ = 1, en¸ se diagr�mmata
an¸terhc t�xhc h tim  thc paramètrou exart�tai apì ton trìpo epanakanoni-
kopoÐhshc.

Sto Kajierwmèno Prìtupo mporoÔn na eisaqjoÔn epiplèon pedÐa Higgs,
ta opoÐa ìmwc ja sumb�lloun sthn m�za twn W kai Z. Gia ènan aujaÐreto
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arijmì pedÐwn Higgs, sumperilambanomènhc thc diplètac tou Kajierwmènou
ProtÔpou

ρ =

∑
k

[
Ik(Ik + 1)−

(
Ik3
)2
]
v2
k∑

k

(
Ik3
)2
v2
k

, (2.28)

ìpou Ik eÐnai to isospin tou pedÐou Higgs kai Ik3 eÐnai h trÐth sunist¸sa tou
isospin thc sunist¸sac tou pedÐou Higgs, h opoÐa èqei mh mhdenik  anamenìmenh
tim  kenoÔ. Sunèpeia aut c thc sqèshc eÐnai ìti an perioristoÔme se diplètec
Higgs, tìte upoqrewtik� ρ = 1. Peiramatik� èqei brejeÐ

ρ = 0.9998+0.0008
−0.0005, (2.29)

opìte up�rqei perij¸rio mìno gia Ôparxh peraitèrw diplètwn Higgs2.
Oi tèssereic teleutaÐoi ìroi antistoiqoÔn se zeÔxeic tou pedÐou Higgs me

ta mpozìnia W kai Z.

2.3 Eisagwg  sthn MÐxh

Sthn upoenìthta aut  ja melet soume pwc, mèsw tou mhqanismoÔ Higgs, apo-
ktoÔn m�za ta fermiìnia kai pwc aut  h diadikasÐa odhgeÐ sto fainìmeno thc
mÐxhc. Ja xekin soume apo ta leptìnia kai sthn sunèqia ja per�soume sta
quarks.

2.3.1 Leptìnia

H m�za twn fermionÐwn eÐnai apotèlesma tou mhqanismoÔ Higgs mèsw thc zeÔ-
xhc Yukawa twn fermionÐwn me to pedÐo Higgs, afoÔ ìroi m�zac thc morf c

f̄f = f̄LfR + f̄RfL (2.30)

apagoreÔontai epeid  den eÐnai analloÐwtoi sth summetrÐa bajmÐdac. An exe-
t�soume ènan leptonikì ìro m�zac, autìc anamènetai na perièqei to ginìme-

no L
′`
αL`
′
βR. O ìroc autìc eÐnai diplèta tou isospin me sunolikì uperfortÐo

Y = −1, opìte an sunduasteÐ me thn diplèta Higgs, h opoÐa èqei Y = 1
apoktoÔme ènan ìro o opoÐoc eÐnai analloÐwtoc stouc metasqhmatismoÔc baj-
mÐdac. Autìn ton ìro ton qrhsimopoioÔme sthn Lagrangian thc zeÔxhc twn

2
Αν εξαιρέσουμε περιπτώσεις υπερβολικά μικρών αναμενόμενων τιμών κενού, οι οποίες

δεν θα προέκυπταν με φυσικό τρόπο
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leptonÐwn me to pedÐo Higgs, ètsi

LH,L = −
∑

α,β=e,µ,τ

Y ′`αβL
′
αLΦ`′βR +HC. (2.31)

O pÐnakac Y ′`αβ perièqei tic zeÔxeic Yukawa kai eÐnai ènac stajerìc migadikìc
pÐnakac 3× 3. Antikajist¸ntac to pedÐo Higgs apì thn sqèsh (2.21) èqoume

LH,L = −v +H√
2

∑
α,β=e,µ,τ

Y ′`αβ`
′
αL`
′
βR +HC. (2.32)

O ìroc pou eÐnai an�logoc thc anamenìmenhc tim c kenoÔ v dhmiourgeÐ ènan ìro
m�zac gia to leptìnio en¸ o ìroc pou eÐnai an�logoc tou pedÐouH eÐnai h zeÔxh
tou leptonÐou me to pedÐo Higgs. O pÐnakac Y ′` en gènei den eÐnai diag¸nioc,
opìte ta pedÐa `′ den èqoun kajorismènh m�za. Mèsw enìc metasqhmatismoÔ(

V `
L

)†
Y ′`V `

R = Y `, Y `
αβ = y`αδαβ y`α > 0, (2.33)

ìpou oi pÐnakec V `
L kai V `

R eÐnai unitary , o pÐnakac diagwnopoieÐtai, opìte h
Lagrangian apokt� thn morf 

LH,L = −v +H√
2

∑
α=e,µ,τ

y`α`αL`αR +HC. (2.34)

Ta �tona pedÐa plèon èqoun kajorismènh m�za.

`L =
(
V `
L

)†
`′L =

 eL
µL
τL

 (2.35)

Mia �llh morf  thc Lagrangian eÐnai

LH,L = −
∑

α=e,µ,τ

y`αv√
2
`α`α −

∑
α=e,µ,τ

y`α√
2
`α`αH, (2.36)

ìpou faÐnetai xek�jara ìti oi m�zec twn leptonÐwn dÐnontai apì thn sqèsh

mα =
y`αv√

2
. (2.37)
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AfoÔ sto Kajierwmèno Prìtupo oi suntelestèc y`α eÐnai �gnwstec par�metroi,
h m�za twn leptonÐwn den mporeÐ na problefjeÐ, opìte prosdiorÐzetai mìno
peiramatik�.

To leptonikì reÔma thc asjenoÔc allhlepÐdrashc fortismènou reÔmatoc
gÐnetai

jkW,L = 2
∑

α=e,µ,τ

ν ′Lγ
k`′L = 2ν ′Lγ

kV `
L`L. (2.38)

Ekmetalleuìmenoi thn isodunamÐa twn pin�kwn γ se metasqhmatismoÔc omoiì-
thtac kai orÐzontac ta netrÐna wc

νL =
(
V `
L

)†
ν ′L =

 νeL
νµL
ντL

 (2.39)

katal goume ìti

jkW,L = 2
∑

α=e,µ,τ

νLγ
k`L. (2.40)

Ta netrÐna thc sqèshc (2.39) eÐnai netrÐna kajorismènhc geÔshc afoÔ orÐzontai
mèsw thc zeÔxhc touc me ta antÐstoiqa fortismèna leptìnia. Sto Kajierwmèno
Prìtupo ta netrÐna kajorismènhc geÔshc, èqoun kai kajorismènh m�za afoÔ oi
katast�seic kajorismènhc geÔshc eÐnai grammikìc sunduasmìc �mazwn pedÐwn.

H zeÔxh mèsw tou mpozonÐou W diathreÐ touc leptonikoÔc arijmoÔc k�je
geÔseic Lα, opìte kat� epèktash diathreÐtai kai o leptonikìc arijmìc

L = Le + Lµ + Lτ . (2.41)

H diat rhsh twn leptonik¸n arijm¸n k�je geÔshc sqetÐzontai me thn anal-
loi¸thta thc Lagrangian se metasqhmatismoÔc

ναL → eıφaναL, `αL → eıφa`αL, `αR → eıφa`αR, (2.42)

en¸ h diat rhsh tou leptonikoÔ arijmoÔ sqetÐzetai me touc metasqhmatismoÔc

ναL → eıφναL, `αL → eıφ`αL, `αR → eıφ`αR. (2.43)

Ta antÐstoiqa diathroÔmena reÔmata eÐnai

jkα = ναLγ
kναL + `αLγ

k`αL, (2.44)
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me diathroÔmena fortÐa

Lα =

∫
d3xj0

α(x). (2.45)

To leptonikì reÔma thc asjenoÔc allhlepÐdrashc oudetèrou reÔmatoc me-
tasqhmatÐzetai wc ex c

jkZ,L = 2gνLν
′
Lγ

kν ′L + 2g`L`
′
Lγ

k`′L + 2g`R`
′
Rγ

k`′R

= 2gνLνL
(
V `
L

)†
γkV `

LνL + 2g`L`L
(
V `
L

)†
γkV `

L`L + 2g`R`R
(
V `
R

)†
γkV `

R`
′
R

= 2gνLνLγ
kνL + 2g`L`Lγ

k`L + 2g`R`Rγ
k`R

(2.46)

To leptonikì reÔma thc hlektromagnhtik c allhlepÐdrashc diathreÐ thn
morf  tou

jkγ,L = −`′γk`′ = −`γk`. (2.47)

2.3.2 Quarks

Me ton Ðdio trìpo ja kataskeu�soume touc ìrouc m�zac twn quarks. Sta
quarks èqoume dÔo ginìmena aristerìstrofhc diplètac tou isospin me dexiì-
strofo singlet

Q
′
αLq

′D
βR, α = 1, 2, 3, β = d, s, b (2.48)

kai
Q
′
αLq

′D
βR, α = 1, 2, 3, β = d, s, b (2.49)

To ginìmeno (2.48) èqei uperfortÐo Y = −1, opìte h zeÔxh tou me thn diplèta
Higgs pou èqei uperfortÐo Y = 1 dhmiourgeÐ ènan analloÐwto ìro, akrib¸c
ìpwc sthn perÐptwsh twn leptonÐwn,

−
∑

α=1,2,3

∑
β=d,s,b

Y ′DαβQ
′
αLΦq′DβR. (2.50)

O pÐnakac Y ′D eÐnai ènac stajerìc migadikìc pÐnakac 3 × 3 o opoÐoc perièqei
tic zeÔxeic Yukawa. Autìc o ìroc dhmiourgeÐ tic m�zec twn quarks d, s kai b.
Antikajist¸ntac to pedÐo Higgs èqoume

−v +H√
2

∑
α,β=d,s,b

Y ′Dαβ q
′D
αLq

′D
βR, (2.51)
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ìpou h antistoiqeÐa twn deikt¸n tou pÐnaka Y ′D eÐnai 1 = d, 2 = s 3 = b.
To ginìmeno (2.49) èqei uperfortÐo Y = 1, opìte mìno h zeÔxh me mia

diplèta Higgs h opoÐa èqei uperfortÐo Y = −1 mporeÐ na mac d¸sei analloÐwto
ìro. Me ton metasqhmatismì

Φ̃ = iσ2Φ∗ (2.52)

mporoÔme na kataskeu�soume aut  thn diplèta. Me kat�llhlo metasqhmati-
smì bajmÐdac aut  h diplèta Higgs mporeÐ na èrjei sthn morf 

Φ̃ =
1√
2

(
v +H(x)

0

)
. (2.53)

O analloÐwtoc ìroc eÐnai

−
∑

α=1,2,3

∑
β=u,c,t

Y ′UαβQ
′
αLΦ̃q′UβR, (2.54)

opìte antikajist¸ntac thn diplèta Higgs èqoume

−v +H√
2

∑
α,β=u,c,t

Y ′Uαβ q
′U
αLq

′U
βR, (2.55)

ìpou h antistoiqÐa twn deikt¸n tou pÐnaka Y ′U eÐnai 1 = u, 2 = c 3 = t.
Qrhsimopoi¸ntac tic sqèseic (2.51) kai (2.55) h Lagrangian thc zeÔxhc

twn quarks me to pedÐo Higgs gÐnetai

LH,Q = −v +H√
2

∑
α,β=d,s,b

Y ′Dαβ q
′D
αLq

′D
βR−

v +H√
2

∑
α,β=u,c,t

Y ′Uαβ q
′U
αLq

′U
βR+HC. (2.56)

Oi pÐnakec Y ′D kai Y ′D en gènei den eÐnai diag¸nioi, opìte ta tonoÔmena pedÐa
den èqoun kajorismènh m�za. Mesw twn metasqhmatism¸n(

V D
L

)†
Y ′DV D

R = Y `, Y D
αβ = yDα δαβ, y

D
α > 0, (2.57)

(
V U
L

)†
Y ′UV U

R = Y `, Y U
αβ = yUα δαβ, y

U
α > 0, (2.58)

ìpou V D
L , V D

R , V U
L kai V U

R eÐnai kat�llhloi unitary pÐnakec oi pÐnakec Y
diagwnopoioÔntai. OrÐzontac ta pedÐa

qDL =
(
V D
L

)†
q′DL =

 dL
sL
bL

 , qDR =
(
V D
R

)†
q′DR =

 dR
sR
bR

 , (2.59)
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qUL =
(
V U
L

)†
q′UL =

 uL
cL
tL

 , qUR =
(
V U
R

)†
q′UR =

 uR
cR
tR

 , (2.60)

èqoume

LH,Q =−
∑

α=d,s,b

yDα v√
2
qDα q

D
α −

∑
α=u,c,t

yUα v√
2
qUα q

U
α

−
∑

α=d,s,b

yDα√
2
qDα q

D
αH −

∑
α=u,c,t

yUα√
2
qUα q

U
αH.

(2.61)

Oi m�zec twn quarks apì thn sqèsh aut  eÐnai

mα =
yDα v√

2
, α = d, s, b mα =

yUα v√
2
, α = u, c, t. (2.62)

AfoÔ sto Kajierwmèno Prìtupo oi suntelestèc yDα kai yUα eÐnai �gnwstec
par�metroi, h m�za twn quarks den mporeÐ na problefjeÐ, opìte prosdiorÐzetai
mìno peiramatik�.

To reÔma thc asjenoÔc allhlepÐdrashc fortismènou reÔmatoc gia ta quarks
eÐnai

jkW,Q = 2q′UL γ
kq′DL , (2.63)

opìte an antikatast soume ta tonoÔmena pedÐa me ta �tona èqoume

jkW,Q = 2qUL
(
V U
L

)†
γkV D

L q
D
L = 2qULγ

k
(
V U
L

)†
V D
L q

D
L . (2.64)

Blèpoume ìti to reÔma exart�tai apì tic idiokatast�seic m�zac mèsw tou pÐ-
naka

jkW,Q = 2qULγ
kVCKMq

D
L VCKM =

(
V U
L

)†
V D
L . (2.65)

O pÐnakac VCKM eÐnai o pÐnakac mÐxhc twn quarks kai èqei epikrat sei na
onom�zetai pÐnakac Cabbibo - Kobayashi - Maskawa. Blèpoume ìti lìgw thc
mÐxhc den up�rqei nìmoc diat rhshc twn geÔsewn gia ta quarks. To mìno pou
diathreÐtai eÐnai o baruonikìc arijmìc, o opoÐoc eÐnai 1/3 gia ta quarks kai
−1/3 gia ta antiquarks.

To reÔma thc asjenoÔc allhlepÐdrashc oudetèrou reÔmatoc gia ta quarks
eÐnai

jkZ,Q = 2gDL q
′D
L γ

kq′DL + 2gDR q
′D
R γ

kq′DR + 2gUL q
′U
L γ

kq′UL + 2gURq
′U
R γ

kq′UR , (2.66)
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opìte an antikatast soume ta tonoÔmena pedÐa me ta �tona èqoume

jkZ,Q =2gDL q
D
L

(
V D
L

)†
γkV D

L q
D
L + 2gDR q

D
R

(
V D
R

)†
γkV D

R q
D
R

+ 2gUL q
U
L

(
V U
L

)†
γkV U

L q
U
L + 2gURq

U
R

(
V U
R

)†
γkV U

R q
U
R

=2gDL q
D
L γ

kqDL + 2gDR q
D
Rγ

kqDR + 2gUL q
U
Lγ

kqUL + 2gURq
U
Rγ

kqUR

(2.67)

To reÔma thc hlektromagnhtik c allhlepÐdrashc gia ta quarks diathreÐ
thn morf  tou

jkγ,Q =
2

3
qUγkqU − 1

3
qDγkqD. (2.68)

Blèpoume ìti mìno sthn perÐptwsh thc asjenoÔc allhlepÐdrashc forti-
smènou reÔmatoc twn quarks mporoÔme na èqoume allag  geÔshc.

O pÐnakac mÐxhc VCKM analutik� èqei tic sunist¸sec

V =
(
V U
L

)†
V D
L =

 Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

 (2.69)

Oi peiramatikèc timèc gia ta mètra twn sunistws¸n tou se epÐpedo empistosÔ-
nhc 90% eÐnai

|V | =

 0.9739− 0.9751 0.221− 0.227 0.0029− 0.0045
0.221− 0.227 0.9730− 0.9744 0.039− 0.044
0.0048− 0.014 0.037− 0.043 0.9990− 0.9992

 (2.70)

AntÐstoiqa mporeÐ na kataskeuasteÐ o pÐnakac mÐxhc twn leptonÐwn

U =
(
V `
L

)†
V `
L =

 Ue1 Ue2 Ue3
Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3

 (2.71)

Gia istorikoÔc lìgouc èqei epikrat sei o pÐnakac mÐxhc twn quarks na sun-
dèei quarks pou èqoun I3 = 1/2 sta arister� me quarks pou èqoun I3 = −1/2
sta dexi�, en¸ o pÐnakac mÐxhc twn leptonÐwn sundèei fortismèna leptìnia pou
èqoun I3 = −1/2 sta arister� me netrÐna pou èqoun I3 = 1/2 sta dexi�.

2.4 PÐnakac MÐxhc

Sthn upoenìthta aut  ja melet soume thn genik  sumperifor� twn pi-
n�kwn mÐxhc. Ja xekin soume apì thn diagwnopoÐhsh enìc pÐnaka m�zac kai
sthn sunèqeia ja melet soume thc fusikèc paramètrouc enìc pÐnaka mÐxhc.
AkoloÔjwc melet¸ntai k�poiec oriakèc peript¸seic enìc pÐnaka mÐxhc
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2.4.1 DiagwnopoÐhsh

'Enac genikìc N×N migadikìc pÐnakacM ′ mporeÐ na diagwnopoihjeÐ mèsw
enìc metasqhmatismoÔ biunitary

V †LM
′VR = M, Mαβ = mαδαβ, mα > 0, (2.72)

ìpou VL kai VR eÐnai duo kat�llhloi unitary N ×N pÐnakec.
To ginìmeno M ′ (M ′)† dÔo N × N pin�kwn eÐnai ènac hermitian N × N

pÐnakac, o opoÐoc mporeÐ na metasqhmatisteÐ me ènan unitary metasqhmatismì

V †LM
′ (M ′)

†
VL = M2, M2

αβ = m2
αδαβ. (2.73)

Oi idiotimèc tou pÐnaka M ′ (M ′)† eÐnai jetikoÐ pragmatikoÐ arijmoÐ

m2
α =

∑
β

(
V †LM

′
)
αβ

(
(M ′)

†
VL

)
βα

=
∑
β

(
V †LM

′
)
αβ

(
V †LM

′
)†
βα

=
∑
β

(
V †LM

′
)
αβ

(
V †LM

′
)∗
αβ

=
∑
β

∣∣∣∣(V †LM ′
)
αβ

∣∣∣∣2 (2.74)

O pÐnakac M ′ mporeÐ na grafeÐ

M ′ = VLMV †R, Mαβ = mαδαβ, mα > 0, (2.75)

ìpou VR eÐnai ènac kat�llhloc pÐnakac. Apì thn sqèsh aut  o pÐnakac eÐnai

VR = (M ′)
−1
VLM. (2.76)

AfoÔ o pÐnakac M eÐnai unitary èqoume

V †RVR = MV †L

(
(M ′)

−1
)†

(M ′)
−1
VLM

= MV †L

(
M ′ (M ′)

†
)−1

VLM = M M−2 M = 1
(2.77)

VRV
†
R = (M ′)

−1
VLM

2V †L

(
(M ′)

†
)−1

= (M ′)
−1
M ′ (M ′)

†
(

(M ′)
†
)−1

(2.78)

AfoÔ ìpwc apodeÐxame o pÐnakac VR eÐnai unitary, mporoÔme na p�me apì thn
sqèsh (2.76) sthn sqèsh (2.72).
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2.4.2 Fusikèc Par�metroi

'Enac N × N unitary pÐnakac èqei N2 anex�rthtec pragmatikèc paramè-
trouc. Autèc qwrÐzontai se

N(N − 1)

2
, gwnÐec mÐxhc, (2.79)

N(N + 1)

2
, f�seic. (2.80)

Wstìso den èqoun ìlec oi f�seic fusik  shmasÐa. H mÐxh emfanÐzetai mìno
mèsw thc asjenoÔc allhlepÐdrashc fortismènou reÔmatoc, opìte mèsw me-
tasqhmatism¸n twn pedÐwn mporoÔme na aporrof soume k�poiec f�seic. Oi
je¸rhsh pou akoloujeÐ afor� mìno swmatÐdia Dirac, kaj¸c sthn perÐptw-
sh twn swmatidÐwn Majorana oi f�seic pou mporoÔn na aporrofhjoÔn eÐnai
ligìterec. Gia thn perÐptwsh twn quarks, ìpwc eÐdame to reÔma eÐnai

jkW,Q = 2qULγ
kV qDL . (2.81)

Ektìc apì thn zeÔxh me ta mpozìnia W , h Lagrangian thc hlektrasjenoÔc
allhlepÐdrashc eÐnai analloÐwth se metasqhmatismoÔc

qUα → eıψ
U
α , qDk → eıψ

D
k . (2.82)

H epÐdrash aut¸n twn metasqhmatism¸n sto reÔma thc asjenoÔc allhlepÐ-
drashc fortismènou reÔmatoc eÐnai

jkW,Q = 2
∑

α=u,c,t

∑
k=d,s,b

qUαLe
−ıψUα γkVαke

ıψDk qDkL

= 2e−ı(ψ
U
c −ψDs )

∑
α=u,c,t

∑
k=d,s,b

qUαLe
−ı(ψUα−ψUc )γkVαke

ı(ψDk −ψDs )qDkL
(2.83)

Sthn genik  perÐptwsh, an eÐqame N genièc oi f�seic pou ja aporrof¸ntai
eÐnai

e−ı(ψ
U
c −ψDs ) → 1

e−ı(ψ
U
α−ψUc ) → N − 1

eı(ψ
D
k −ψ

D
s ) → N − 1,

(2.84)
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opìte sunolik� aporrof¸ntai 2N −1 f�seic. 'Etsi oi f�seic tou pÐnaka mÐxhc
me fusik  shmasÐa eÐnai

N(N + 1)

2
− (2N − 1) =

(N − 1)(N − 2)

2
(2.85)

Sthn perÐptwsh twn quarks h f�sh pou epibi¸nei sqetÐzetai me thn diat rhsh
tou baruonikoÔ arijmoÔ. Oi fusikèc par�metroi tou pÐnaka mÐxhc eÐnai

N(N − 1)

2
+

(N − 1)(N − 2)

2
= (N − 1)2 (2.86)

Sthn perÐptwsh N = 3 èqoume 3 gwnÐec mÐxhc kai 1 f�sh, en¸ sthn perÐptwsh
N = 2 èqoume mìno mia gwnÐa mÐxhc. Sthn perÐptwsh pou melet�me mìno tic
dÔo genièc twn quarks h gwnÐa mÐxhc lègetai gwnÐa Cabibbo.

2.4.3 ParametropoÐhsh

Sthn perÐptwsh thc mÐxhc duo geni¸n ènac genikìc unitary pÐnakac 2× 2 eÐnai

V =

(
cos θeıω1 sin θeı(ω1+n)

− sin θeı(ω2−n) cos θeıω2

)
. (2.87)

IsodÔnama mporeÐ na grafeÐ sthn morf 

V =

(
eıω1 0
0 eıω2

)(
eın 0
0 1

)(
cos θ sin θ
− sin θ cos θ

)(
e−ın 0

0 1

)
, (2.88)

apì thn opoÐa blèpoume ìti me kat�llhlo metasqhmatismì twn pedÐwn mporoÔ-
me na apaleÐyoume tic f�seic. Gia dÔo genièc to reÔma thc asjenoÔc allhle-
pÐdrashc fortismènou reÔmatoc eÐnai

jµW,Q = 2qULV q
D
L , qUL =

(
uL
cL

)
qDL =

(
dL
sL

)
. (2.89)

An metasqhmatÐsoume ta quarks wc

uL → eı(ω1+n)uL, cL → eıω2cL dL → eındL, (2.90)

o pÐnakac mÐxhc gÐnetai

V =

(
cos θC sin θC
− sin θC cos θC

)
. (2.91)
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Peiramatik� èqei brejeÐ ìti

sin θC ' 0.02243± 0.0016. (2.92)

H morf  tou pÐnaka den eÐnai monadik  kaj¸c o pÐnakac ja mporoÔse na grafeÐ
kai sthn morf 

V =

(
cos θ′C − sin θ′C
sin θ′C cos θ′C

)
, (2.93)

  sthn morf 

V =

(
sin θ′′C cos′′ θC
− cos θ′′C sin θ′′C

)
. (2.94)

'Olec oi morfèc eÐnai isodÔnamec kai ekfr�zoun to Ðdio fusikì perieqìmeno,
afoÔ orÐzontac diaforetik� ta quarks mporoÔme na ekfr�soume ton pÐnaka se
opoiad pote apì tic isodÔnamec morfèc.

EÐnai eunìhto ìti sthn perÐptwsh twn N geni¸n h kat�stash eÐnai polÔ
pio sÔnjeth, afoÔ up�rqei meg�lh aujairesÐa sthn epilog  twn f�sewn stic
opoÐec antistoiqeÐ sugkekrimènoc arijmìc f�sewn me fusik  shmasÐa. Ja
perigr�youme ènan bolikì trìpo parametropoÐhshc. JewroÔme unitary pÐnakec
pou antistoiqoÔn se migadikèc strofèc sto epÐpedo α−β, oi opoÐoi èqoun thn
morf  [

Wαβ(θαβ, nαβ)
]
rs

= δrs + (cos θαb − 1)(δrαδsα + δrβδsβ)

+ sin θαβ
(
eınαβδrαδsβ − e−ınαβδrβδsα

)
.

(2.95)

Sthn perÐptwsh ìpou nαβ = 0 oi pÐnakec autoÐ gÐnontai strofèc sto pragma-
tikì epÐpedo. Gia par�deigma sthn perÐptwsh N = 3 èqoume

W 12(θ12, n12) =

 cos θ12 sin θ12e
ın12 0

− sin θ12e
−ın12 cos θ12 0

0 0 1

 . (2.96)

EpÐshc orÐzoume touc diag¸niouc unitary pÐnakec

D(ω) = diag(eıω1 , · · · , eıωN ) (2.97)

ParametropoioÔme ton N ×N unitary pÐnaka mÐxhc ex c

V = D(ω)
∏
α<β

Wαβ(θαβ, nαβ) (2.98)
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oi gwnÐec mÐxhc paÐrnoun timèc

0 ≤ θαβ ≤ π, (2.99)

en¸ oi f�seic paÐrnoun timèc

0 ≤ ωk < 2π 0 ≤ nαβ < 2π. (2.100)

Me aut  thn parametropoi sh èqoume N(N − 1)/2 gwnÐec mÐxhc, N(N − 1)/2
f�seic nαβ kai N f�seic ωk. EÔkola apodeiknÔetai ìti

D(φ)Wαβ(θαβ, nαβ)D†(φ) = Wαβ(θαβ, nαβ + φα − φβ) (2.101)

Gr�fontac thn sqèsh (2.98) wc

V = D(ω − φ)

[∏
α<β

D(φ)Wαβ(θαβ, nαβ)D†(φ)

]
D(φ) (2.102)

kai qrhsimopoi¸ntac thn sqèsh (2.101) èqoume

V = D(ω − φ)

[∏
α<β

Wαβ(θαβ, nαβ + φα − φβ)

]
D(φ). (2.103)

OrÐzontac kat�llhla tic f�seic φ mporoÔme na apaleÐyoume N − 1 (ìsec eÐnai
oi anex�rthtec diaforèc φα − φβ) apì tic N(N − 1)/2 f�seic. Ac doÔme pwc
sthn perÐptwsh N = 3 mporoÔme na apaleÐyoume tic f�seic n12 kai n23. Gia
na to katafèroume prèpei na orÐsoume tic f�seic φ me tètoio trìpo ¸ste

φ1 − φ2 = −n12 φ2 − φ3 = −n23. (2.104)

Me thn epilog 
φ = (φ2 − n12, φ2, φ2 + n23) (2.105)

èqoume
V = D(ω − φ)R23W 13R12D(φ) (2.106)

Oi diag¸nioi pÐnakec mporoÔn na aporrofhjoÔn me diaforetikì orismì twn
pedÐwn twn quarks, opìte h fusik  shmasÐa tou pÐnaka mÐxhc mporeÐ na suno-
yisteÐ sthn morf 

V = R23W 13R12. (2.107)
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Jètontac δ = −n13 o pÐnakac mÐxhc analutik� gr�fetai

V =

 c12c13 s12c13 s13e
−ıδ

−s12c23 − c12s23s13e
ıδ c12c23 − s12s23s13e

ıδ s23c13

s12s23 − c12c23s13e
ıδ −c12s23 − s12c23s13e

ıδ c23c13

 , (2.108)

ìpou sαβ = sin θαβ kai cαβ = cos θαβ. Peiramatik� èqei brejeÐ ìti

s12 = 0.2243± 0.0016, s23 = 0.0413± 0.0015, s13 = 0.0037± 0.0005.
(2.109)

H gwnÐa θ12 tautÐzetai me thn gwnÐa θC , opìte h prosèggish 2 geÔsewn, ìtan
den summetèqoun quarks b kai t eÐnai exairetik . H peiramatik  tim  thc f�shc
eÐnai

δ = 1.05± 0.24 = 60o ± 14o (2.110)

Mia qr simh proseggistik  parametropoÐhsh èqei protajeÐ apì ton Wolfen-
stein. Jètoume

s12 = λ, s23 = Aλ2, s13e
−ıδ = Aλ3(ρ− ın) (2.111)

kai anaptÔssoume ton pÐnaka mÐxhc se dun�meic tou λ

V =

 1− λ2

2
λ Aλ3(ρ− ın)

−λ 1− λ2

2
Aλ2

Aλ3(1− ρ− ın) −Aλ2 1

+O(λ4) (2.112)

Mèqri stigm c èqoume melet sei ènan genikì pÐnaka mÐxhc. Up�rqoun,
ìmwc merikèc arket� qr simec peript¸seic. Arqik� ja asqolhjoÔme me thn
perÐptwsh tou pÐnaka mÐxhc ìtan up�rqei ekfulismìc stic m�zec duo down
quarks, èstw twn d kai s. H fusik  shmasÐa autoÔ tou ekfulismoÔ eÐnai ìti
ta dÔo aut� quarks eÐnai apìluta isodÔnama, ètsi oi strofèc sto epÐpedo d−s
af noun Ðdia thn fusik 

qD → U12qD, (2.113)

ìpou

U12 =

 U12
11 U12

12 0
U12

21 U12
22 0

0 0 1

 . (2.114)

Qrhsimopoi¸ntac thn sqèsh (2.103) me thn epilog 

φ1 − φ3 = −n13, φ2 − φ3 = −n23 (2.115)
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o pÐnakac mÐxhc gÐnetai

V = DLR23R13W 12DR, (2.116)

ìpou
DL = diag(eı(ω1+n13), eı(ω2+n23), eıω3), (2.117)

DL = diag(eı(ω1+n13), eı(ω2+n23), 1). (2.118)

'Opwc kai sthn genik  perÐptwsh oi diag¸nioi pÐnakec aporrof¸ntai kai epi-

plèon epilègontac U12 = (W 12)
†
apaleÐfetai kai o pÐnakac W 12, opìte to

fusikì perieqìmeno tou pÐnaka mÐxhc ekfr�zetai apì thn sqèsh

V = R23R13 (2.119)

O pÐnakac mÐxhc ekfr�zei strofèc sta epÐpeda s − b kai d − b. Wstìso
den exaleÐfjhke mìno h gwnÐa θ12, all� kai h f�sh, epomènwc o pÐnakac mÐxhc
pou apomènei eÐnai pragmatikìc, sunep¸c den mporeÐ na prokalèsei parabÐash
thc summetrÐac CP . Me thn Ðdia diadikasÐa an opoiad pote duo up   down
quarks èqoun thn Ðdia m�za, afenìc o pÐnakac mÐxhc mporeÐ na parametropoihjeÐ
mèsw mìno duo gwni¸n mÐxhc, afetèrou den mporeÐ na up�rqei parabÐash thc
summetrÐac CP . 'Ena �llo sumpèrasma pou mporoÔme na ex�goume eÐnai ìti
se peir�mata pou den eÐnai se jèsh na diaqwrÐzoun thn m�za twn quarks den
mporeÐ na parathrhjeÐ h mÐxh.

Mia �llh endiafèrousa perÐptwsh eÐnai h perÐptwsh sthn opoÐa mhdenÐzetai
k�poio stoiqeÐo tou pÐnaka mÐxhc. Sthn perÐptwsh aut  ekmetalleuìmaste to
gegonìc ìti mèsw ton sqèsewn unitarity V †V = 1 kai V V † = 1 mporoÔme
na p�roume �llec anaparast�seic tou pÐnaka mÐxhc metajètontac st lec kai
grammèc. Gia par�deigma apì thn anapar�stash thc sqèshc (2.108) mporoÔme
na p�me sthn anapar�stash

V =

 −s12c23 − c12s23s13e
ıδ s23c13 c12c23 − s12s23s13e

ıδ

c12c13 s13e
−ıδ s12c13

s12s23 − c12c23s13e
ıδ c23c13 −c12s23 − s12c23s13e

ıδ

 (2.120)

enall�ssontac tic dÔo pr¸tec grammèc kai tic duo teleutaÐec st lec. Me-
t� thn enallag  anapar�stashc oi gwnÐec θαβ paÔoun na antiproswpeÔoun
strofèc sto epÐpedo α − β. An o pÐnakac mÐxhc èqei V22 = 0, tìte sthn nèa
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anapar�stash èqoume s13 = 0, opìte o pÐnakac gÐnetai pragmatikìc

V =

 −s12c23 s23 c12c23

c12 0 s12

s12s23 c23c13 −c12s23

 . (2.121)

Sthn perÐptwsh pou k�poia gwnÐa mÐxhc mhdenÐzetai, tìte h f�sh mporeÐ na
apalhfjeÐ apeujeÐac apì thn sqèsh (2.108). Oi mhdenismoÐ twn stoiqeÐwn
eÐnai: an θ13 = 0 tìte V13 = 0 kai o pÐnakac gÐnetai kateujeÐan pragmatikìc,
en¸ an θ12 = 0 tìte V12 = 0 kai an θ23 = 0 tìte V23 = 0. O pÐnakac mÐxhc gia
k�je perÐptwsh èqei wc ex c

Vθ12=0 =

 c13 0 s13e
−ıδ

−s23s13e
ıδ c23− s23c13

−c23s13e
ıδ −s23 c23c13


=

 eıδ 0 0
0 1 0
0 0 1

 c13 0 s13

−s23s13 c23 s23c13

−c23s13 −s23 c23c13

 e−ıδ 0 0
0 1 0
0 0 1


(2.122)

Vθ13=0 =

 c12 s12 0
−s12c23 c12c23 s23

s12s23 −c12s23 c23

 (2.123)

Vθ23=0 =

 c12c13 s12c13 s13e
−ıδ

−s12 c12 0
−c12s13e

ıδ −s12s13e
ıδ c13


=

 1 0 0
0 1 0
0 0 eıδ

 c12c13 s12c13 s13

−s12 c12 0
−c12s13 −s12s13 c13

 1 0 0
0 1 0
0 0 e−ıδ


(2.124)

Sthn perÐptwsh pou mia gwnÐa mÐxhc èqei thn mègisth tim  π/2, p�li h f�sh
apaleÐfetai kai mhdenÐzontai k�poia stoiqeÐa tou pÐnaka mÐxhc

Vθ12=π/2 =

 0 c13 s13e
−ıδ

−c23 −s23s13e
ıδ s23c13

s23 −c23s13e
ıδ c23c13

 (2.125)
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Vθ13=π/2 =

 0 0 e−ıδ

−s12c23 − c12s23e
ıδ c12c23 − s12s23e

ıδ 0
s12s23 − c12c23e

ıδ −c12s23 − s12c23e
ıδ 0

 (2.126)

Vθ23=π/2 =

 c12c13 s12c13 s13e
−ıδ

−c12s13e
ıδ −s12s13e

ıδ c13

s12 −c12 0

 . (2.127)

'Opwc eÐdame oi f�seic mporoÔn na apalhfjoun, opìte den mporeÐ na up�rqei
parabÐash thc summetrÐac CP .

2.5 ParabÐash thc summetrÐac CP

Upì thn epÐdrash enìc metasqhmatismoÔ CP ta pedÐa twn quarks metasqhma-
tÐzontai wc

qUL → −
(
qUL
)T C−1γ0D†(~ξU) (2.128)

qDL → D(~ξD)γ0C
(
qDL
)T
, (2.129)

ìpou ~ξD kai ~ξU eÐnai oi f�seic CP twn down kai up quarks antÐstoiqa, epo-
mènwc oi pÐnakec D eÐnai diag¸nioi kai unitary. 'Etsi to reÔma thc asjenoÔc
allhlepÐdrashc fortismènou reÔmatoc gÐnetai

jµW,Q →− 2
(
qUL
)T C−1γ0γµγ0CD†(~ξU)V D(~ξD

(
qUL
)T

=2
(
qUL
)T

(γµ)∗D†(~ξU)V D(~ξD)
(
qDL
)T

=− 2qDL (γµ)†D(~ξD)V TD†(~ξU)qUL

=− 2qDL γµD(~ξD)V TD†(~ξU)qUL

. (2.130)

To mpozìnio W metasqhmatÐzetai wc

Wµ → eıξWW µ†, (2.131)

ìpou ξw eÐnai h f�sh CP tou mpozonÐou kai o deÐkthc Lorentz anèbhke lìgw
thc anastrof c tou q¸rou.

Sundu�zontac ta anwtèrw èqoume

jµW,QWµ → −2eıξW qDL γµD(~ξD)V TD†(~ξU)qULW
µ†. (2.132)
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O ìroc jµW,QWµ moi�zei me ton ìro
(
jµW,QWµ

)†
, opoÐoc eÐnai mèroc thc Lagran-

gian thc asjenoÔc allhlepÐdrashc fortismènou reÔmatoc. Gia na paramènei
analloÐwth h Lagrangian prèpei

jµW,QWµ →
(
jµW,QWµ

)†
, (2.133)

dhlad 

−eıξWD(~ξD)V TD†(~ξU) = V † (2.134)

Jètoume ξW = π kai anastrèfoume ekmetalleuìmenoi to gegonìc ìti oi pÐnakec
D eÐnai unitary

D−1(~ξU)V D(~ξD) = V ∗ (2.135)

Se morf  sunistws¸n h sqèsh aut  gr�fetai

e−ıξαVαke
ıξk = V ∗αk. (2.136)

Aut  h sunj kh ikanopoieÐtai ìtan o pÐnakac mÐxhc mporeÐ na grafeÐ sthn
morf 

Vαk = eıξα/2Oαke−ıξk/2, (2.137)

ìpou O orjog¸nioc pÐnakac. AfoÔ ìpwc eÐdame den mporoÔn na apalhfjoÔn
ìlec oi f�seic enìc pÐnaka mÐxhc h parap�nw sqèsh sunep�getai ìti o pÐnakac
mÐxhc prèpei na eÐnai pragmatikìc.

V = V ∗ ⇐⇒ CP Symmetry (2.138)

Sthn Ðdia sqèsh mporoÔme na katal xoume me afethrÐa tou ìrouc m�zac twn
quarks. Apì thn skopi� aut  katal goume epiplèon ìti h summetrÐa CP dia-
threÐtai sthn perÐptwsh pou M ′D = 0   M ′U = 0. Gia ta quarks den isqÔei
aut  h perÐptwsh, isqÔei ìmwc gia ta netrÐna tou Kajierwmènou ProtÔpou.
AfoÔ ta netrÐna eÐnai �maza den mporeÐ na up�rqei parabÐash thc summetrÐac
CP ìson afor� ta leptìnia.

H parabÐash thc summetrÐac CP mporeÐ na posotikopoihjeÐ me èna trìpo
o opoÐoc eÐnai analloÐwtoc se rephasing. OrÐzoume to analloÐwto Jarskog:

J = = [VusVcbVubVcs] , (2.139)

to opoÐo eÐnai analloÐwto se metasqhmatismoÔc

Vαk → e−ıψ
U
α Vαke

ıψDk . (2.140)



2 H M�IXH STO KAJIERWM�ENO PR�OTUPO 29

Peiramatik� h tim  tou analloÐwtou Jarskog èqei brejeÐ

J = (2.88± 0.33)× 10−5. (2.141)

Genik�, sthn parametropoÐhsh thc sqèshc (2.108) to analloÐwto Jarskog dÐ-
netai apì thn sqèsh

J = c12s12c23s23c
2
13s13 sin δ =

1

8
sin 2θ12 sin 2θ23 sin 2θ13 cos θ13 sin δ (2.142)

H mègisth parabÐash thc summetrÐac CP epitugq�netai ìtan to analloÐwto
Jarskog l�bei thn mègisth dunat  tim  tou

|Jmax| =
1

6
√

3
, (2.143)

tim  h opoÐa epitugq�netai gia θ12 = θ23 = π/4, s13 = 1/
√

3 kai sin δ = ±1.
Sthn perÐptwsh aut  to mètro k�je stoiqeÐou tou pÐnaka mÐxhc eÐnai 1/

√
3

V =


1√
3

1√
3

∓ ı√
3

−1
2
∓ ı

2
√

3
1
2
∓ ı

2
√

3
1√
3

1
2
∓ ı

2
√

3
−1

2
∓ ı

2
√

3
1√
3

 =
1√
3

 1 1 ∓ı
−e±ıπ/6 e∓ıπ/6 1
e∓ıπ/6 e±ıπ/6 1


(2.144)

Oi gwnÐec mÐxhc kai h f�sh thc parametropoÐhshc thc sqèshc (2.108) mpo-
roÔn na ekfrastoÔn mèsw apolÔtwn tim¸n stoiqeÐwn tou pÐnaka mÐxhc kai tou
analloÐwtou Jarlskog wc ex c

tan θ12 =
|Vus|
|Vud|

, (2.145)

tan θ23 =
|Vcb|
|Vtb|

, (2.146)

sin θ13 = |Vub|, (2.147)

sin δ =
8J

sin 2θ12 sin 2θ23 sin 2θ13 cos θ13

. (2.148)

Oi sqèseic autèc kajorÐzoun monadik� thc gwnÐec mÐxhc, wstìso epeid  sin δ =
sin(π − δ) h f�sh den mporeÐ na kajoristeÐ pl rwc An ekmetalleutoÔme to
gegonìc ìti o pÐnakac mÐxhc eÐnai unitary epomènwc isqÔoun oi sqèseic

|Vud| =
√

1− |Vus|2 − |Vub|2, (2.149)
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|Vtb| =
√

1− |Vcb|2 − |Vub|2, (2.150)

blèpoume ìti h parametropoÐhsh mporeÐ na ekfrasteÐ sunart sei tri¸n para-
mètrwn tou pÐnaka mÐxhc kai tou analloÐwtou tou Jarlskog

|Vus|, |Vub|, |Vcb|, J. (2.151)

Gia na kajoristeÐ monadik� h f�sh prèpei na metrhjeÐ k�poio mègejoc pou
exart�tai apì to cos δ.

An sunoyÐsoume tic sunj kec pou epitrèpoun thn parabÐash thc summetrÐac
CP ja doÔme ìti èqoume treic kathgorÐec sunjhk¸n:

• Den up�rqei ekfulismìc an�mesa stic m�zec dÔo up   dÔo down quarks.
(6 sunj kec)

• Oi gwnÐec mÐxhc den èqoun timèc 0   π/2. (6 sunj kec)

• H f�sh den èqei tim  0   π. (2 sunj kec)

Oi 14 sunj kec mporoÔn na sunoyistoÔn sthn sunj kh

detC 6= 0, (2.152)

ìpou
C = ı

[(
MU

)2
, V
(
MD

)2
V †
]

(2.153)

Oi sunj kec gÐnontai

detC = 2J(m2
c −m2

u)(m
2
t −m2

u)(m
2
t −m2

c)(m
2
s −m2

d)(m
2
b −m2

d)(m
2
b −m2

s).
(2.154)

Oi pr¸tec 6 sunj kec isodunamoÔn me ton mh mhdenismì kajemÐac apì tic paren-
jèseic, en¸ oi upìloipec 8 isodunamoÔn me ton mh mhdenismì tou analloÐwtou
Jarlskog.
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3 Talant¸seic NetrÐnwn

H jewrÐa twn talant¸sewn netrÐnwn den proèkuye wc prosp�jeia er-
mhneÐac k�poiou peir�matoc, all� kajar� san jewrhtik  diereÔnhsh. Oi ta-
lant¸seic netrÐnwn prot�jhkan gia pr¸th for� sta tèlh thc dekaetÐac tou
50 apì ton Pontecorvo kat� analogÐa me tic talant¸seic K0 − K̄0. Oi ta-
lant¸seic eÐnai kajar� kbantomhqanikì fainìmeno kai ofeÐlontai sto gegonìc
ìti oi idiokatast�seic geÔshc (pou aforoÔn thn asjen  allhlepÐdrash) twn
netrÐnwn diafèroun apì tic idiokatast�seic m�zac touc. Aut  h mh taÔtish i-
diokatast�sewn m�zac - geÔshc onom�zetai mÐxh. Thn epoq  pou o Pontecorvo
eis gage tic talant¸seic netrÐnwn  tan gnwstì mìno to netrÐno tou hlektro-
nÐou, epomènwc upèjese thn Ôparxh enìc mh energoÔ netrÐno (sterile neutrino),
pou den allhlepidr� me thn asjen  dÔnamh. Met� thn anak�luyh tou netrÐno
tou mionÐou oi talant¸seic mporoÔsan na up�rqoun metaxÔ energ¸n geÔsewn
an ta netrÐna èqoun m�za kai anamignÔontai. H melèth thc mÐxhc twn netrÐnwn
ègine apì touc Maki, Nakagawa kai Sakata stic arqèc thc dekaetÐac tou 60.
LÐgo argìtera o Pontecorvo proèbleye to eponomazìmeno prìblhma twn h-
liak¸n netrÐnwn (Solar Neutrino Problem) wc sunèpeia twn talant¸sewn twn
netrÐnwn. H peiramatik  epibebaÐwsh tou probl matoc twn hliak¸n netrÐnwn
 rje apì ton R. Davies kai touc sunerg�tec tou me to peÐrama tou oruqeÐou
Homestake. O Davies metroÔse thn ro  twn netrÐnwn mèsw thc antÐdrashc

νe +37
17 Cl→ e− +37

18 Ar

kai thn br ke perÐpou to èna trÐto apì thn problepìmenh ro  b�sei thc hlia-
k c jewrÐac.

3.1 Eisagwg 

An jewr soume ìti ta netrÐna anameignÔontai, ìpwc sumbaÐnei me ta quarks
tìte mporoÔme na ekfr�soume tic idiokatast�seic geÔshc wc grammikì sundua-
smì twn idiokatast�sewn m�zac. H Ôparxh idiokatast�sewn m�zac shmaÐnei
ìti up�rqoun katast�seic νi me m�za mi. Oi mèqri stigm c gn¸seic mac apì
ta di�fora peir�mata upodeiknÔoun ìti up�rqoun 3 idiokatast�seic m�zac, en¸
up�rqoun k�poiec anwmalÐec pou den mporoÔn na apodojoÔn se talant¸seic
me 3 idiokatast�seic m�zac. Oi anwmalÐec melet¸ntai apì peiram�ta pou brÐ-
skontai se exèlixh. Sunèpeia thc mÐxhc eÐnai ìti h di�spash enìc W mpozonÐou
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wc
W+ → να + ¯̀

α

sthn pragmatikìthta eÐnai h diasp�sh

W+ → νi + ¯̀
α,

ìpou α = e, µ, τ kai `α eÐnai to fortismèno leptìnio geÔshc α. To fusikì
nìhma thc mÐxhc eÐnai ìti sthn di�spash tou mpozonÐou W+, pou sunodeÔetai
apì thn ekpomp  tou sugkekrimènou leptìniou `α, to netrÐno pou ekpèmpe-
tai den eÐnai p�nta to Ðdio νi, all� mporeÐ na eÐnai opoiad pote idiokat�stash
m�zac. Prèpei na epishm�noume ìti to netrÐno dhmiourgeÐtai ìntac grammikìc
sunduasmìc idiokatast�sewn m�zac h opoÐa antistoiqeÐ se sugkekrimènh geÔ-
sh, thn geÔsh tou fortismènou leptìnio pou par�getai. Wstìso autì den
kajorÐzei thn di�dosh tou netrÐno. Ta swmatÐdia kajorÐzontai apì thn m�-
za touc (Wigner’s classification), ètsi h di�dosh tou netrÐno kajorÐzetai apì
thn idiokat�stash m�zac. To pl�toc thc di�spashc W+ ston sugkekrimèno
sunduasmì νi + ¯̀

α sumbolÐzetai me U∗αi. Tìte to netrÐno pou ekpèmpetai sthn
sugkekrimènh di�spash eÐnai sthn kat�stash

|να >=
∑
i

U∗αi|νi > . (3.1)

Aut  h epallhlÐa idiokatast�sewn m�zac onom�zetai netrÐno geÔshc α.
To sÔnolo twn stoiqeÐwn U∗αi sqhmatÐzei ton pÐnaka mÐxhc. O pÐnakac autìc
sun jwc sumbolÐzetai UPNMS, apì ta arqik� twn Pontecorvo, Maki, Nakaga-
wa kai Sakata. Se akìloujh enìthta ja melet soume perissìtero ton pÐnaka
mÐxhc. Ed¸ ja arkestoÔme na anafèroume ìti sÔmfwna me to Kajierwmèno
Prìtupo eÐnai unitary, opìte h sqèsh (3.1) mporeÐ na antistrafeÐ kai na d¸-
sei:

|νi >=
∑
i

Uαi|να > . (3.2)

Profan¸c h pijanìthta na allhlepidr�sei to netrÐno νi me aniqneut  kai na
d¸sei fortismèno leptìnio geÔshc α eÐnai |Uαi|2.

3.2 Talant¸seic sto Kenì

Sto shmeÐo autì ja upologÐsoume me ènan entel¸c aploðkì trìpo thn
pijanìthta tal�ntwshc P (να → νβ) sunart sei thc apìstashc. An kai h
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prosèggis  mac eÐnai h plèon aploðk  eÐnai arket  ¸ste na doÔme k�poia po-
lÔ shmantik� sumper�smata. Arqik� prèpei na xekajarÐzoume poia diadikasÐa
ennooÔme me ton ìro tal�ntwsh. Sthn phg  par�getai èna netrÐno kai èna
fortismèno antileptìnio ¯̀

α geÔshc α, epomènwc arqik� èqoume èna netrÐno να
geÔshc α. Sthn poreÐa, afoÔ dianÔsei apìstash L, ft�nei ston aniqneut  kai
par�gei èna fortismèno leptìnio `β geÔshc β. Gia na paraqjeÐ autì to forti-
smèno leptìnio to netrÐno prèpei na èqei metatrapeÐ se νβ. O metasqhmatismìc
apì να se νβ onom�zetai tal�ntwsh. Sto sq ma 1 faÐnetai aut  h diadikasÐa.

Sq ma 1: Sqhmatik  anapar�stash twn talant¸sewn netrÐnwn kai thc sum-
bol c k�je idiokat�stashc m�zac.

To pl�toc pijanìthtac gia na sumbeÐ h diadikasÐa eÐnai to ginìmeno tou
pl�touc twn dÔo koruf¸n kai tou pl�touc thc di�doshc tou netrÐno apì thn
phg  ston aniqneut . Ta pl�th eÐnai

Amp(W → ¯̀
ανi) = U∗αi kai Amp(νi → `βW ) = Uβi, (3.3)

epomènwc to sunolikì pl�toc thc diadikasÐac ìpwc faÐnetai kai sto sq ma 1
eÐnai:

Amp(να → νβ) =
∑
i

U∗αiProp(νi)Uβi. (3.4)
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Gia na upologÐsoume ton diadìth Prop(νi) ja p�me sto ÐdiosÔsthma tou ne-
trÐno. EkeÐ isqÔei:

ı
∂

∂τi
|νi(τi) >= mi|νi(τi) >, (3.5)

profan¸c h lÔsh eÐnai:

|νi(τi) >= e−ımiτi|νi(0) > . (3.6)

To ginìmeno miτi eÐnai analloÐwto Lorentz, opìte sto sÔsthma anafor�c tou
ergasthrÐou èqoume:

miτi = Eit− piL. (3.7)

Prèpei na epishm�noume ìti stic talant¸seic èqoume sunektik  sumbol  mìno
apì netrÐna thc Ðdiac enèrgeiac. Autì ofeÐletai sto gegonìc ìti kat� thn
di�dosh, to netrÐno èqei apokt sei f�sh e−ıEit. Jewr¸ntac thn sumbol  dÔo
netrÐnwn h dèsmh èqei apokt sei f�sh e−ı(E1−E2)t, opìte h mèsh tim  thc f�-
shc mhdenÐzetai an E1 6= E2. Gia thn koin  enèrgeia E, qrhsimopoi¸ntac to
gegonìc ìti m2

i � E2 prokÔptei:

pi =
√
E2 −m2

i ≈ E − m2
i

2E
. (3.8)

Me aut  thn prosèggish h sqèsh (3.7) gÐnetai:

miτi ≈ E(t− L) +
m2
i

2E
L. (3.9)

H f�sh E(t − L) den mac endiafèrei afoÔ eÐnai koin  kai ja anairejeÐ ìtan
metaboÔme apì to pl�toc pijanìthtac sthn pijanìthta, opìte:

Prop(νi) = e−ım
2
i
L

2E (3.10)

Telik� apì thn sqèsh (3.4) prokÔptei ìti:

Amp(να → νβ) =
∑
i

U∗αie
−ım2

i
L

2EUβi (3.11)

Xèroume ìti P (να → νβ) = |Amp(να → νβ)|2, �ra

P (να → νβ) =
∑
i,j

U∗αiUβiUαjU
∗
βjexp

(
−ı∆m2

ij

L

2E

)
. (3.12)
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K�nontac qr sh thc sqèshc
∑

i U
∗
ijUik = δjk pou isqÔei gia unitary pÐnakec

mporoÔme na gr�youme thn pijanìthta sthn morf 

P (να → νβ) = δαβ − 4
∑
i>j

<(U∗αiUβiUαjU
∗
βj) sin2

(
∆m2

ij

L

4E

)
+2
∑
i>j

=(U∗αiUβiUαjU
∗
βj) sin

(
∆m2

ij

L

2E

)
,

(3.13)

ìpou ∆m2
ij = m2

i − m2
j . ja qrhsimopoi soume to gegonìc ìti h diadikasÐa

ν̄α → ν̄β eÐnai h CPT eikìna thc diadikasÐac νβ → να. Apì thn sqèsh (3.11)
blèpoume ìti:

P (νβ → να, U) = P (να → νβ, U
∗) (3.14)

�ra apì thn exÐswsh (3.13) èqoume

P (ν̄α → ν̄β) = δαβ − 4
∑
i>j

<(U∗αiUβiUαjU
∗
βj) sin2

(
∆m2

ij

L

4E

)
−2
∑
i>j

=(U∗αiUβiUαjU
∗
βj) sin

(
∆m2

ij

L

2E

)
,

(3.15)

AfoÔ sthn genik  perÐptwsh =(U∗αiUβiUαjU
∗
βj) 6= 0 èqoume

P (να → νβ) 6= P (ν̄α → ν̄β), (3.16)

epomènwc up�rqei endeqìmenh parabÐash thc summetrÐac CP .
Oi pijanìthtec tal�ntwshc gia α 6= β lègontai pijanìthtec metatrop c,

en¸ oi pijanìthtec gia talant¸seic me α = β lègontai pijanìthtec epibÐwshc.

3.3 Sqìlia - Sumper�smata

• An ta netrÐna eÐnai �maza   èqoun thn Ðdia m�za blèpoume apeujeÐac ìti
P (να → νβ) = δαβ. Ousiastik� h parat rhsh ìti ta netrÐna all�zoun
geÔseic shmaÐnei ìti ta netrÐna èqoun m�za kai m�lista oi m�zec touc eÐnai
diaforetikèc.

• Ja mporoÔse kaneÐc na epishm�nei ìti sthn prosèggish pou k�name ta
netrÐna brÐskontai sto kenì, en¸ sthn pragmatikìthta ta netrin� èrqon-
tai se epaf  me Ôlh, opìte endeqomènwc na eÐnai �stoqh h prosèggish
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mac. Pr�gmati, ìpwc mporeÐ na dei kaneÐc an anatrèxei sthn bibliografÐ-
a, h di�dosh netrÐnwn mèsa apì thn Ôlh èqei ta dik� thc qarakthristik�.
Sthn prokeimènh perÐptwsh ìmwc to Kajierwmèno Prìtupo èqei polÔ
kal� orismènec allhlepidr�seic twn netrÐnwn me thn Ôlh kai autèc den
af noun pijanìthta se allag  geÔshc. Epiplèon an to peÐrama den eÐnai
eidik� sqediasmèno ¸ste na metr� tic talant¸seic sthn Ôlh to fainìmeno
mporeÐ na agnohjeÐ.

• Autì pou deÐqnei na èqei pio baji� fusik  shmasÐa eÐnai ìti h ex�rthsh
apì thn enèrgeia kai apì to m koc up�rqei ston sunduasmì L/E, o
opoÐoc eÐnai an�logoc tou idiìqronou sto sÔsthma anafor�c tou netrÐno.
FaÐnetai dhlad  ìti prìkeitai gia mia exèlixh tou Ðdiou tou netrÐno par�
gia apotèlesma allhlepÐdrashc me thn Ôlh.

• An jewr soume ìti den up�rqei mÐxh, tìte sthn di�spashW+ → νi+ ¯̀
α,

me to pl�toc U∗αi, to fortismèno antileptìnio ¯̀
α, sunodeÔetai p�nta apì

to sugkekrimèno netrÐno νi. Autì shmaÐnei ìti ston pÐnaka mÐxhc mìno
to stoiqeÐo U∗αi 6= 0, opìte U∗αj = 0, gia i 6= j. Apì thn sqèsh (3.13)
blèpoume ìti P (να → νβ) = δαβ, opìte h parat rhsh thc tal�ntwshc
twn netrÐnwn proôpojètei thn mÐxh touc.

• Prèpei na stajoÔme sto gegonìc ìti ìpwc prokÔptei apì thn sqèsh
(3.13) h pijanìthta exart�tai apì thn diafor� tou tetrag¸nou twn ma-
z¸n twn diafìrwn idiokatast�sewn m�zac kai ìqi apì to tetr�gwno thc
m�zac. Autì shmaÐnei ìti mèsw twn talant¸sewn netrÐnwn mporoÔme na
apokt soume plhroforÐec gia thn diafor� tou tetrag¸nou twn maz¸n
kai gia thn di�taxh touc, all� ìqi gia thn tim  touc.

• H pijanìthta exart�tai apì ton pÐnaka mÐxhc mèsw tou ìrou U∗αiUβiUαjU
∗
βj.

O ìroc autìc eÐnai analoÐwtoc se metasqhmatismoÔc thc morf c

Uαi → eıψaUαie
ıφi , (3.17)

opìte oi talant¸seic den exart¸ntai apì thn fÔsh twn netrÐnwn (Dirac
  Majorana). H parabÐash thc summetrÐac CP exart�tai mìno apì thn
f�sh Dirac tou pÐnaka mÐxhc.

• H sunolik  ro  thc dèsmhc den all�zei exaitÐac twn talant¸sewn.∑
β

P (να → νβ) = 1 (3.18)
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H pijanìthta na all�xei geÔsh to netrÐno kai h pijanìthta na mhn al-
l�xei geÔsh èqoun wc �jroisma thn mon�da. An wstìso èqoume k�poia
met�bash se anenergì netrÐno, tìte ja parathrhjeÐ meÐwsh sthn ro  thc
dèsmhc, dedomènou ìti mporoÔme na metr soume mìno ta energ� netrÐna.

• Gia na katano soume thn klÐmakac sthn opoÐa mporoÔme na parathr -
soume talant¸seic, antikajistoÔme tic timèc twn stajer¸n pou èqoume
paral yei, opìte to ìrisma gÐnetai:

∆m2
ij

L

4E
= 1.27∆m2

ij(eV
2)
L[km]

E[GeV ]
. (3.19)

Blèpoume dhlad  ìti to sin2
(
1.27∆m2

ijL/E
)
, eÐnai shmantikì, ìtan to

ìrisma gÐnei t�xhc megèjouc mon�dac. Epomènwc gia dedomènh apìstash
kai enèrgeia, èna peÐrama mporeÐ na mac d¸sei apotelèsmata gia diafor�
maz¸n thc t�xhc megèjouc:

∆m2
ij ∼

(
L[km]

E[GeV ]

)−1

. (3.20)

Gia par�deigma èqontac wc apìstash L ≈ 104km, thn di�metro thc
ghc, kai enèrgeia E ∼ 1GeV , èqoume euaisjhsÐa se diafor� maz¸n
∆m2

ij ∼ 10−4eV . Blèpoume, dhlad , ìti mporoÔme na èqoume euaisjhsÐa
se exairetik� mikrèc diaforèc maz¸n, arkeÐ na st soume kat�llhla to
peÐrama. Akìma kai èna el�qisto ∆m2

ij, eÐnai peiramatik� prosb�simo
gia arket� meg�lo L/E.

• OrÐzoume to m koc tal�ntwshc wc to m koc ìpou h f�sh gÐnetai 2π

Losc = 2.47
E [GeV ]

∆m2 [eV 2]
km (3.21)

Gia L � Losc oi pijanìthtec metatrop c eÐnai polÔ mikrèc, en¸ gia
L � Losc h pijanìthta thc sqèshc (3.12) talant¸netai polÔ gr gora,
opìte èqei nìhma mìno h mèsh tim  thc, h opoÐa eÐnai o ìroc gia i = j,
ètsi 〈

Pνα→νβ
〉

=
∑
i

|Uαi|2|Uβi|2. (3.22)

Sto Ðdio apotèlesma katal goume kai sthn perÐptwsh thc mh sunektik c
sumbol c twn netrÐnwn

P incoherent
να→νβ =

∑
i

∣∣〈να|νi〉 e−ıEit 〈νi|νβ〉∣∣2 =
∑
i

|Uαi|2|Uβi|2 (3.23)
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Ston upologismì thc sqèshc pou dÐnei thn pijanìthta twn talant¸sewn
netrÐnwn siwphl� k�name 2 upojèseic:

1. Ta netrÐna perigr�fontai apì thn sqèsh 3.1, wstìso autì apoteleÐ
mia aploÔsteush. Ta netrÐna mporoÔn na perigrafoÔn swst� mìno sta
plaÐsia thc kbantik c jewrÐac pedÐou. Autì shmaÐnei ìti prèpei na lhfjeÐ
upìyin h epÐdrash thc diaforetik c m�zac k�je idiokat�stashc m�zac
sthn dhmiourgÐa thc epallhlÐac tou netrÐno.

2. 'Eqoume qrhsimopoi sei to sqetikistikì ìrio t = L, en¸ par�llhla u-
pojèsame ìti o qrìnoc eÐnai koinìc gia ìla ta swmatÐdia. Autì eÐnai
aujaÐreto, all� den mac dhmiourgeÐ prìblhma. Mìno me qr sh kuma-
topakètwn mporoÔme na perigr�youme entopismènec diadikasÐec, parìla
aut� h taqÔthta om�dac twn kumatopakètwn pr�gmati eÐnai kont� sthn
taqÔthta tou fwtìc ìpote dikaiologeÐtai h prosèggish.

3.4 Talant¸seic kai SummetrÐec

Ta netrÐna kai ta antinetrÐna sundèontai mèsw metasqhmatismoÔ CP .
Pr�gmati ènac metasqhmatismìc CP metatrèpei to netrÐno se antinetrÐno kai
tou all�zei thn elikìthta. Sthn perÐptwsh Majorana netrÐnwn o metasqhma-
tismìc C eÐnai tautotikìc ìpote apl� enall�ssetai h elikìthta. Sthn perÐ-
ptwsh aut  kat� sÔmbash apokaloÔme tic katast�seic arnhtik c elikìthtac
netrÐna kai tic katast�seic jetik c elikìthtac antinetrÐna. 'Etsi èqoume

να → νβ
CP⇐⇒ να → νβ. (3.24)

'Enac metasqhmatismìc T enall�ssei thn arqik  kai telik  kat�stash

να → νβ
T⇐⇒ νβ → να, (3.25)

en¸ ènac metasqhmatismìc CPT sundu�zei kai touc duo prohgoÔmenouc meta-
sqhmatismoÔc

να → νβ
CPT⇐=⇒ νβ → να. (3.26)

3.4.1 CPT

K�je topik  kbantik  jewrÐa pedÐou prèpei na eÐnai analloÐwth se meta-
sqhmatismoÔc CPT, wstìso k�neic den mporeÐ na apokleÐsei ìti h perigraf 
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thc fÔshc mèsw topik c kbantik c jewrÐac pedÐou den eÐnai akrib c kai ìti
up�rqei mia mikr  parabÐash thc summetrÐac CPT . Tìte oi talant¸seic netrÐ-
nwn ja mporoÔsan na anadeÐxoun thn parabÐash aut  mèsw tou mh mhdenikoÔ
par�gonta asummetrÐac CPT

ACPTαβ = Pνα→νβ − Pν̄β→ν̄α (3.27)

3.4.2 CP

'Opwc anafèrame ènac migadikìc pÐnakac mÐxhc mporeÐ na prokaleÐ para-
bÐash thc summetrÐac CP . Aut  h parabÐash mporeÐ na anadeiqjeÐ mèsw thc
mètrhshc tou par�gonta asummetrÐac CP

ACPαβ = Pνα→νβ − Pν̄α→ν̄β (3.28)

H summetrÐa CPT èqei wc apotèlesma thc antisummetrÐa tou par�gonta CP

ACPαβ = −ACPβα (3.29)

Profan¸c h asummetrÐa CP mporeÐ na metrhjeÐ mìno gia metatropèc metaxÔ
diaforetik¸n geÔsewn. Apì tic sqèseic (3.13) kai (3.15) èqoume

ACPαβ = 4
∑
i>j

=(U∗αiUβiUαjU
∗
βj) sin

(
∆m2

ij

L

2E

)
(3.30)

Gia na mporèsoume na metr soume thn asummetrÐa prèpei to ìrisma tou hmi-
tìnou ∆m2

ijL/2E na eÐnai thc t�xhc tou 1. An to ìrisma eÐnai polÔ mikrì
tìte oi pijanìthtec eÐnai polÔ mikrèc me apotèlesma na mhn mporoÔn na me-
trhjoÔn, en¸ an eÐnai polÔ meg�lo tìte to hmÐtono sumb�lei mìno kat� mèsh
tim , h opoÐa ìmwc eÐnai mhdenik , opìte o energìc par�gontac asummetrÐac
CP tautotik� mhdenÐzetai.

3.4.3 T

An isqÔei h summetrÐa CPT tìte parabÐash thc summetrÐac CP , sunep�-
getai thn parabÐash thc summetrÐac T . Stic talant¸seic netrÐnwn mporoÔn na
up�rqoun dÔo eid¸n asummetrÐec

ATαβ = Pνα→νβ − Pνβ→να (3.31)

ĀTαβ = Pν̄α→ν̄β − Pν̄β→ν̄α (3.32)
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H summetrÐa CPT sunep�getai thn sqèsh

ATαβ = −ĀTαβ = ACPαβ (3.33)

P�li isqÔoun oi periorismoÐ pou anafèrame kai sthn perÐptwsh thc summetrÐac
CP .

3.5 Talant¸seic gia 2 NetrÐna

H perÐptwsh thc mÐxhc dÔo netrÐnwn eÐnai mia prosèggish sthn opoÐa lam-
b�noume upìyin mac mìno duo netrÐna. Aut  h prosèggish an kai moi�zei
aujaÐreth eÐnai arket� qr simh gia dÔo lìgouc:

1. Oi di�foroi tÔpoi eÐnai polÔ pio aploÐ kai exart¸ntai apì ligìterec pa-
ramètrouc.

2. Poll� peir�mata den eÐnai euaÐsjhta sthn Ôparxh tou trÐtou netrÐno,
opìte ta dedomèna mporoÔn na analujoÔn me to montèlo dÔo netrÐnwn. 3

MporoÔme na jewr soume thn mÐxh netrÐnwn {kajar c} geÔshc (α = e, β = µ)
  grammikì sundiasmì geÔsewn (α = e, β = cµµ+ cττ, |cµ|2 + |cτ |2 = 1). Gia
par�deigma se èna peÐrama pou metr�me thn exasjènhsh miac dèsmhc νe kai den
endiaferìmaste na xeqwrÐsoume ta netrÐna νµ kai ντ h an�lush mporeÐ na gÐnei
gia duo netrÐna.

Ta dÔo netrÐna mporoÔn na ekfrastoÔn wc grammikìc sunduasmìc twn
idiokatast�sewn m�zac ν1 kai ν2, qrhsimopoi¸ntac twn pÐnaka mÐxhc

U =

(
cos θ sin θ
− sin θ cos θ

)
, (3.34)

ìpou θ eÐnai h gwnÐa mÐxhc me timèc 0 ≤ θ ≤ π/2. Up�rqei mìno mia diafor�
tetrag¸nwn twn maz¸n

∆m2 = m2
2 −m2

1 (3.35)

Kat� sÔmbash to netrÐno ν1 orÐzetai wc to elafrÔtero ¸ste h diafor� tetra-
g¸nwn twn maz¸n ∆m2 na eÐnai jetik . Apì thn sqèsh (3.13) sthn perÐptwsh
thc metatrop c èqoume

Pνα→νβ(L,E) = sin2 2θ sin2

(
∆m2L

4E

)
, (α 6= β), (3.36)

3
Στην πειραματική ενότητα θα εξεταστεί η σχέση των ταλαντώσεων δυο νετρίνων και των

ταλαντώσεων τριών νετρίνων.
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en¸ sthn perÐptwsh thc epibÐwshc èqoume

Pνα→να(L,E) = 1− sin2 2θ sin2

(
∆m2L

4E

)
. (3.37)

H mèsh pijanìthta metatrop c eÐnai

〈P (να → νβ)〉 =
1

2
sin2 2θ. (3.38)

H sqèsh (3.36) eÐnai summetrik  sthn allag 

θ ⇐⇒ π

2
− θ. (3.39)

Autìc o ekfulismìc den prèpei na mac problhmatÐzei kaj¸c sthn perÐptwsh
pou θ < π/4 to netrÐno apoteleÐtai perissìtero apì ν1 kai ligìtero apì ν2,
en¸ an θ > π/4 tìte apoteleÐtai perissìtero apì ν2 kai ligìtero apì ν1. Stic
talant¸seic sthn Ôlh ìpwc ja doÔme aÐretai o ekfulismìc.

To gegonìc ìti o pÐnakac mÐxhc eÐnai pragmatikìc mac exasfalÐzei ìti dia-
throÔntai oi summetrÐec CP kai T .

P (να → νβ) = P (νβ → να) = P (ν̄α → ν̄β) = P (ν̄β → ν̄α) (3.40)

3.6 'Enac pio austhrìc Upologismìc

Ja upologÐsoume thn pijanìthta tal�ntwshc twn netrÐnwn lamb�nontac
upìyin thn epÐdrash thc diaforetik c m�zac k�je idiokat�stashc m�zac. Sthn
kbantik  jewrÐa pedÐou mia telik  kat�stash prokÔptei apì mia arqik  mèsw
thc dr�shc tou telest  Ŝ:

|f〉 = Ŝ |i〉 . (3.41)

An jewr soume thn telik  kat�stash �jroisma orjokanonik¸n katast�sewn
|fi〉, tìte èqoume

|f〉 =
∑
i

Ai |fi〉 , (3.42)

ìpou o suntelest c dÐnetai apì thn sqèsh

Ai = 〈fi|f〉 = 〈fi| Ŝ |i〉 (3.43)

Stic parap�nw sqèseic oi monoswmatidiakèc katast�seic èqoun kajorismènh
orm  kai enèrgeia.
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To netrÐno να eÐnai to netrÐno pou eÐte par�getai se mia allhlepÐdrash
fortismènou reÔmatoc mazÐ me èna fortismèno leptìnio `+

α , eÐte par�getai apì
èna fortismèno leptìnio `−α , eÐte par�gei èna fortismèno leptìnio `

−
α . H geÔsh

tou netrÐno mporeÐ na aniqneuteÐ mìno apì to fortismèno leptìnio me to opoÐo
sqetÐzetai. Mia genik  diadikasÐa dhmiourgÐac netrÐno eÐnai

PI → PF + `+
α + να. (3.44)

H di�spash tou arqikoÔ swmatidÐou PI eÐnai

|f〉 = Ŝ |PI〉 . (3.45)

H sqèsh aut  mporeÐ na grafeÐ

|f〉 =
∑
i

APαi
∣∣νi, `+

α , PF
〉

+ · · · , (3.46)

ìpou èqoume apomon¸sei to kan�li di�spashc pou mac endiafèrei kai èqoume
qrhsimopoi sei to gegonìc ìti to netrÐno eÐnai epallhlÐa idiokat�stasewn m�-
zac. AfoÔ oi katast�seic eÐnai orjokanonikèc kai ta �lla kan�lia di�spashc
eÐnai k�jeta se aut , o suntelest c APαi eÐnai apl� to analloÐwto pl�toc thc
di�spashc

APαi =
〈
νi, `

+
α , PF

∣∣S |PI〉 . (3.47)

Prob�lontac stic kat�staseic |`+
α , PF 〉 kai kanonikopoi¸ntac èqoume

∣∣νPα 〉 =

(∑
j

∣∣APαj∣∣2
)−1/2∑

i

APαi |νi〉 . (3.48)

AntÐstoiqa gia thn genik  diadikasÐa anÐqneushc

να +DI → DF + `−α , (3.49)

èqoume
|f〉 = Ŝ |να, DI〉 , (3.50)

ìpou
|f〉 =

∣∣DF , `
−
α

〉
+ · · · . (3.51)

Apomon¸nontac thn telik  kat�stash pou mac endiafèrei èqoume

|να, DI〉 = Ŝ†
∣∣DF , `

−
α

〉
, (3.52)
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opìte an gr�youme thn arqik  kat�stash wc

|να, DI〉 =
∑
i

ADαi |νi, DI〉 , (3.53)

o suntelest c ADαi dÐnetai apì thn sqèsh

ADαi = 〈νi, DI | Ŝ†
∣∣DF , `

−
α

〉
(3.54)

An sthn sqèsh (3.53) prob�lloume stic katast�seic |DI〉 kai kanonikopoi -
soume, katal goume:

∣∣νDα 〉 =

(∑
j

∣∣ADαj∣∣2
)−1/2∑

i

ADαi |νi〉 . (3.55)

Oi sqèseic 3.48 kai 3.55 èqoun akrib¸c thn Ðdia morf , all� to fusikì touc
nìhma eÐnai teleÐwc diaforetikì. H sqèsh (3.48) perigr�fei thn dhmiourgÐa
enìc netrÐno to opoÐo feÔgei apì mia phg , en¸ h sqèsh 3.55 perigr�fei èna
netrÐno to opoÐo ft�nontac ston stìqo par�gei èna leptìnio k�poiac geÔshc.
Sthn pr¸th perÐptwsh to exerqìmeno netrÐno par�getai èqontac sugkekrimènh
geÔsh, en¸ sthn deÔterh perÐptwsh to netrÐno mporeÐ na mhn èqei k�poia sug-
kekrimènh geÔsh, afoÔ eÐnai upèrjesh idiokatast�sewn m�zac. Gia ton lìgo
autì ja  tan orjìtero na gr�fame thn sqèsh (3.50) ¸c

|f〉 = Ŝ |ν,DI〉 (3.56)

kai sthn sunèqeia na apomon¸name to kan�li |να, DI〉 pou mac endiafèrei.
Mèqri stigm c m�llon den èqoume katafèrei poll� afoÔ oi ekfr�seic (3.48)
kai (3.55) den faÐnetai na mporoÔn na mac odhg soun se k�poio sumpèrasma
sthn sugkekrimènh morf . Gia ton lìgo autì ja thc metasqhmatÐsoume se pio
qr simec ekfr�seic.

Se pr¸th t�xh mporoÔme na ekfr�soume ton telest  Ŝ wc:

Ŝ = 1− ı
∫
d4xHcc(x), (3.57)

ìpou Hcc(x) eÐnai h energìc Hamiltonian qamhl c enèrgeiac thc asjenoÔc
allhlepÐdrashc fortismènou reÔmatoc

Hcc(x) =
GF√

2
j†λ(x)jλ(x). (3.58)
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To reÔma thc asjenoÔc allhlepÐdrashc fortismènou reÔmatoc eÐnai

jλ(x) =
∑
α

ν̄α(x)γλ(1− γ5)`α(x) + hλ(x), (3.59)

ìpou hλ(x) eÐnai to adronikì reÔma. Ekfr�zontac ta netrÐna wc upèrjesh
idiokatast�sewn m�zac èqoume

jλ(x) =
∑
α

∑
i

U∗αiν̄i(x)γλ(1− γ5)`α(x) + hλ(x), (3.60)

OrÐzoume ta stoiqeÐa m trac thc allhlepÐdrashc

MP
αi = −ıGF√

2

∫
d4x

〈
νi, `

+
α

∣∣ ν̄i(x)γλ(1− γ5)`α(x) |0〉 JPI→PFλ (x), (3.61)

MD
αi = ı

GF√
2

∫
d4x 〈νi| ν̄i(x)γλ(1− γ5)`α(x)

∣∣`−α〉 JDI→DF ∗λ (x), (3.62)

ìpou JPI→PFλ (x) kai JDI→DFλ (x) eÐnai ta stoiqeÐa m trac twn metatrop¸n
PI → PF kai DI → DF antÐstoiqa. T¸ra mporoÔme na gr�youme ta pl�-
th dhmiourgÐac kai anÐqneushc wc

APαi = U∗αiMP
αi, (3.63)

ADαi = U∗αiMD
αi, (3.64)

ètsi oi sqèseic (3.48) kai (3.55) gÐnontai:

∣∣νPα 〉 =
∑
i

MP
αi√∑

j

∣∣UP
αj

∣∣2 ∣∣MP
αj

∣∣2U∗αi |νi〉 , (3.65)

∣∣νDα 〉 =
∑
i

MD
αi√∑

j

∣∣UD
αj

∣∣2 ∣∣MD
αj

∣∣2U∗αi |νi〉 . (3.66)

H morf  twn sqèsewn (3.65) kai (3.66) moi�zei sthn morf  thc sqèshc (3.1).
O pollaplasiastikìc par�gontac ofeÐletai sthn ex�rthsh thc diadikasÐac
dhmiourgÐac kai anÐqneushc apì thn m�za. An to peÐrama den eÐnai euaÐsjhto
sthn ex�rthsh twn MP

αi kai MD
αi apì tic diaforetikèc m�zec tìte mporoÔme

na k�noume thn prosèggish

MP
αi ≈MP

α MD
αi ≈MD

α , (3.67)
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opìte o pollaplasiastikìc par�gontac aplopoieÐtai.
Ja upologÐsoume t¸ra thn pijanìthta talant¸sewn se èna peÐrama sto

opoÐo dhmiourgoÔntai netrÐna me thn diadikasÐa (3.44) kai aniqneÔontai me thn
diadikasÐa (3.49). Ta duo aut� gegonìta qwrÐzontai apì thn qwroqronikì di�-

sthma (T, ~L). To netrÐno kaj¸c diadÐdetai apì thn dhmiourgÐa sthn anÐqneus 
tou brÐsketai sthn kat�stash∣∣∣ν(~L, T )

〉
= e−ıP

0T+ı ~P ·~L ∣∣νPα 〉 . (3.68)

To pl�toc gia na aniqneÔsoume thn metatrop  να → νβ eÐnai

Ampνα→νβ(~L, T ) =
〈
νDβ

∣∣∣ν(~L, T )
〉

=
〈
νDβ
∣∣ e−ıP 0T+ı ~P ·~L ∣∣νPα 〉 . (3.69)

Sthn prosèggish epÐpedwn kum�twn ta netrÐna eÐnai idiokatast�seic thc te-
traorm c

P µ |νi〉 = pµi |νi〉 . (3.70)

Qrhsimopoi¸ntac tic ekfr�seic (3.48), (3.55) kai thn sqèsh kajetìthtac 〈νi|νk〉 =
δik prokÔptei

Ampνα→νβ(~L, T ) =

(∑
j

∣∣APαj∣∣2
)−1/2(∑

j

∣∣ADαj∣∣2
)−1/2∑

i

APαiAD∗βi e−ıEiT+ı ~Pi·~L.

(3.71)
MporoÔme na k�noume thn prosèggish ìti oi ormèc ~P kai to di�sthma ~L eÐnai
suggrammik�. H prosèggish eÐnai logik , afoÔ ta netrÐna par�gontai me tic

Ðdiec mikroskopikèc diadikasÐec kai to di�sthma ~L eÐnai makroskopikì, epo-
mènwc h apoklÐseic anamènetai na eÐnai el�qistec. Me thn prosèggish aut 
èqoume

Ampνα→νβ(~L, T ) =

(∑
j

∣∣APαj∣∣2
)−1/2(∑

j

∣∣ADαj∣∣2
)−1/2∑

i

APαiAD∗βi e−ıEiT+ıPiL.

(3.72)
Jètontac T = L èqoume

−EiT + PiL = −(Ei − Pi)L = −E
2
i − P 2

i

Ei + Pi
L = − m2

i

Ei + Pi
L ≈ −m

2
i

2E
L, (3.73)
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Sto teleutaÐo b ma èqoume agno sei thn suneisfor� thc m�zac kai èqoume
upojèsei ìti ta netrÐna èqoun koin  enèrgeia. H pijanìthta tal�ntwshc eÐnai

Pνα→νβ(L) =

(∑
j

∣∣APαj∣∣2
)−1(∑

j

∣∣ADαj∣∣2
)−1

×
∑
ij

APαiAD∗βi AP∗αjADβjexp
(
−ı

∆m2
ij

2E
L

)
.

(3.74)

Qrhsimopoi¸ntac tic sqèseic (3.63) kai (3.64) katal goume

Pνα→νβ(L,E) =
∑
ij

(
MP

αiMP∗
αj∑

j

∣∣UP
αj

∣∣2 ∣∣MP
αj

∣∣2
)(

MD∗
βiMD

βj∑
j

∣∣UP
βj

∣∣2 ∣∣MD
βj

∣∣2
)

×U∗αiUβiUαjU∗βjexp
(
−ı

∆m2
ij

2E
L

)
.

(3.75)

Blèpoume ìti h sqèsh aut  eÐnai h 3.12 me k�poiouc epiplèon pollaplasiasti-
koÔc par�gontec pou sqetÐzontai me thn epÐdrash thc m�zac sthn diadikasÐa
dhmiourgÐac kai anÐqneushc twn netrÐnwn. Autì pou eÐnai shmantikì eÐnai ìti
h f�sh

−ı
∆m2

ij

2E
L (3.76)

eÐnai akrib¸c h Ðdia kai stic duo peript¸seic. Apì thn stigm  pou ta netrÐna
eÐnai sqetikistik� kai ta peir�mata den eÐnai euaÐsjhta sthn epÐdrash thc m�zac
h epÐdrash aut  mporeÐ na agnohjeÐ, opìte qrhsimopoi¸ntac thn prosèggish
(3.67) oi dÔo sqèseic sumpÐptoun.

EÐnai shmantikì na parathr soume ìti h pijanìthta eÐnai analloÐwto Lo-
rentz. Apì thn sqèsh (3.71) blèpoume ìti h pijanìthta exart�tai apì esw-
terik� ginìmena tetranism�twn kai analloÐwta pl�th, opìte pr�gmati eÐnai
analloÐwth.

3.7 Qrei�zontai ta Kumatopakèta?

Mia swst  perigraf  sta plaÐsia thc kbantik c jewrÐac pedÐou ja a-
paitoÔse thn qr sh kumatopakètwn, wstìso, ìpwc ja doÔme, an prosjèsei
kaneÐc tic kbantikèc abebaiìthtec stic klassikèc katal gei mporeÐ na apofÔ-
gei ta kumatopakèta. Sta plaÐsia thc kbantik c jewrÐac pedÐou ta swmatÐdia
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eÐnai entopismèna, opìte h orm  touc èqei abebaiìthta sÔmfwna me thn arq  a-
prosdioristÐac tou Heisenberg. 'Oson afor� ton qrìno metaxÔ dhmiourgÐac kai
anÐqneushc tou netrÐno, plèon den mpaÐnei me to qèri, all� lamb�netai upìyin
h sumbol  k�je qronik c stigm c, afoÔ h pijanìthta prokÔptei wc �jroisma
thc suneisfor�c k�je qronik c stigm c.

H sqèsh pou katal gei kaneÐc an qrhsimopoi sei kumatopakèta eÐnai

Pνα→νβ(~L) =
∑
k,j

U∗αkUαjUβkU
∗
βjexp

[
−2πı

L

Losckj
−

(
L

Lcohkj

)2

−2π2

(
1−

~L · ~ξ
L

)2(
σx
Losckj

)2]
,

(3.77)

ìpou ~ξ eÐnai to di�nusma pou dÐnei se pr¸th t�xh wc proc m2
k thn apìklish

thc mèshc orm c tou swmatidÐou ~̃pk apì thn koin  orm  ~p mèsw thc sqèshc

~̃pk ' ~p− ~ξ m
2
k

2E
. (3.78)

H abebaiìthta σx prokÔptei wc �jroisma thc abebaiìthtac sthn diadikasÐa
dhmiourgÐac kai anÐqneushc

σ2
x ∼

(
σPx
)2

+
(
σDx
)2

(3.79)

kai to m koc sunektik c sumbol c Losckj dÐnetai apì thn sqèsh

Losckj =
4
√

2E2

|∆m2
kj|
σx. (3.80)

O ekjèthc èqei treic ìrouc. O pr¸toc ìroc eÐnai o ìroc pou dhmiourgeÐ tic
talant¸seic, o deÔteroc ìroc eÐnai o ìroc sunektikìthtac

−

(
L

Lcohkj

)2

(3.81)

kai o trÐtoc ìroc eÐnai o ìroc entopismoÔ

−2π2

(
1−

~L · ~ξ
L

)2(
σx
Losckj

)2

. (3.82)
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H fusik  shmasÐa tou ìrou entopismoÔ eÐnai meg�lh, kaj¸c antanakl� thn
ap¸leia sunektikìthtac sumpièzontac tic talant¸seic pou ofeÐlontai sthn
diafor� maz¸n ∆m2

kj an σx � Losckj , autì èqei wc apotèlesma ton diaqwrismì
twn peiram�twn talant¸sewn netrÐnwn me ta peir�mata mètrhshc thc m�zac twn
twn netrÐnwn. Sta peir�mata mètrhshc thc m�zac twn netrÐnwn qrhsimopoieÐtai
h diat rhshc enèrgeiac gia na metrhjeÐ h m�za, autì èqei wc apotèlesma thc
sumpÐesh twn talant¸sewn. H akrÐbeia sthn mètrhsh thc m�zac eÐnai

δm2
k =

√(
2ẼkδẼk

)2

+
(

2|~̃pk|δ|~̃pk|
)2

' 2
√

2Eσp, (3.83)

ìpou h teleutaÐa prosèggish isqÔei gia sqetikistik� netrÐna. An δm2
k < ∆m2

kj

h m�za metriètai me megalÔterh akrÐbeia apì thn diafor� maz¸n ∆m2
kj. Sthn

perÐptwsh aut  den up�rqei arket  enèrgeia gia thn paragwg  tou netrÐno
νj, opìte den mporoÔn na dhmiourghjoÔn talant¸seic. O ìroc entopismoÔ
sumpièzei tic talant¸seic afoÔ

−2π2

(
σx
Losckj

)2

' −1

4

(
∆m2

kj

δm2
k

)2

. (3.84)

Se èna tupikì peÐrama fusik c netrÐnwn isqÔei σx � Losc, opìte o ìroc
entopismoÔ mporeÐ na paralhfjeÐ. 'Etsi èqoume

Pνα→νβ(~L) =
∑
k,j

U∗αkUαjUβkU
∗
βjexp

−2πı
L

Losckj
−

(
L

Lcohkj

)2
 (3.85)

H morf  aut  moi�zei me thn morf  thc sqèshc (4.30) an aut  grafeÐ

〈P (να → νβ)〉 =
∑
ij

U∗αiUβiUαjU
∗
βjexp

[
−ı

∆m2
ij

2

〈
L

E

〉
− 1

2

(
∆m2

ij

2
σL/E

)2
]
,

(3.86)
kai h abebaiìthta enèrgeiac - apìstashc σL/E eÐnai an�logh thc mèshc tim c
〈L/E〉. Blèpoume dhlad  ìti mporoÔme qwrÐc prìblhma na qrhsimopoioÔme
thn sqèsh pou èqei prokÔyei qwrÐc kumatopakèta arkeÐ na sumperil�boume
thc kbantikèc abebaiìthtec sthn abebaiìthta enèrgeiac apìstashc.
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3.8 Talant¸seic sthn 'Ulh

Mèqri autì to shmeÐo èqoume jewr sei talant¸seic sto kenì, ac doÔ-
me ti epÐdrash èqei h Ôparxh Ôlhc stic talant¸seic twn netrÐnwn. Basik 
proôpìjesh sta ìsa akoloujoÔn eÐnai ìti ta netrÐna allhlepidroÔn me tic
allhlepidr�seic pou perigr�fei to Kajierwmèno Prìtupo, dhlad  allhlepi-
dr�seic pou den all�zoun thn geÔsh twn netrÐnwn. Ta netrÐna allhlepidroÔn
me thn Ôlh me dÔo trìpouc, ìla na netrÐna allhlepidroÔn me ta prwtìnia, ne-
trìnia kai hlektrìnia antall�sontac mpozìnia Z, en¸ an prìkeitai gia netrÐna
νe allhlepidroÔn me ta hlektrìnia mèsw antallag c mpozonÐwn W . Sthn o-
riak  perÐptwsh thc mhdenik c metafor�c orm c h zeÔxh tou Z me ta prwtìnia
kai ta hlektrìnia eÐnai Ðsh kai antÐjeth, opìte afoÔ h Ôlh eÐnai oudèterh h
suneisfor� twn prwtonÐwn kai twn hlektronÐwn anaireÐtai, opìte ta netrÐna
upìkeintai sto dunamikì

VZ = −
√

2

2
GFNn, (3.87)

ìpou Nn eÐnai to pl joc twn netronÐwn an� mon�da ìgkou. An all�xoume ta
netrÐna me antinetrÐna to dunamikì all�zei prìshmo. Sthn deÔterh perÐptwsh
to dunamikì eÐnai

VW = +
√

2GFNe, (3.88)

kai p�li to dunamikì all�zei prìshmo an all�xoume ta netrÐna me antinetrÐna.
H exèlixh twn netrÐnwn dÐnetai apì thn exÐswsh Schödinger sto sÔsthma

tou ergasthrÐou

ı
∂

∂t
|ν(t)〉 = H |ν(t)〉 (3.89)

Sthn apl  perÐptwsh mporoÔme na jewr soume mìno dÔo netrÐna, opìte

|ν(t)〉 =

(
fe(t)
fµ(t)

)
(3.90)

kai h Hamiltonian eÐnai pÐnakac 2× 2.

〈να|Hvac |νβ〉 =
∑
i

UαiU
∗
βi

√
p2 +m2

i . (3.91)

Upojètoume ìti ta netrÐna èqoun koin  orm . Parìlo pou h upìjesh aut 
den isqÔei, mac odhgeÐ sto swstì apotèlesma. Epeid  mac endiafèroun mìno
oi sqetikèc f�seic pou ja apokt soun ta netrÐna mporoÔme na afairèsoume
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apì thn Hamiltonian opoiod pote pollapl�sio tou tautotikoÔ pÐnaka. 'Etsi

h enèrgeia twn netrÐnwn eÐnai
√
p2 +m2

i ≈ p+
m2
i

2p
opìte afair¸ntac ton koinì

ìro h Hamiltonian gÐnetai

Hvac =
∆m2

4E

(
− cos 2θ sin 2θ
sin 2θ cos 2θ

)
. (3.92)

Qrhsimopoi same thn prosèggish p ' E pou isqÔei gia sqetikistik� netrÐna.
Upì thn parousÐa Ôlhc h Hamiltonian gÐnetai

HM =
∆m2

4E

(
− cos 2θ sin 2θ
sin 2θ cos 2θ

)
+ VW

(
1 0
0 0

)
+ VZ

(
1 0
0 1

)
(3.93)

Afair¸ntac touc ìrouc pou eÐnai pollapl�sioi tou tautotikoÔ pÐnaka èqoume

HM =
∆m2

4E

(
−(cos 2θ − x) sin 2θ

sin 2θ (cos 2θ − x)

)
, (3.94)

ìpou

x =
VW/2

∆m2/4E
=

2
√

2GFNeE

∆m2
. (3.95)

H par�metroc x ekfr�zei thn shmasÐa thc epÐdrashc thc Ôlhc se sqèsh me thn
diafor� maz¸n ∆m2.

An orÐsoume

∆m2
M = ∆m2

√
sin2 2θ + (cos 2θ − x)2 sin2 2θM =

sin2 2θ

sin2 2θ + (cos 2θ − x)2

(3.96)
h Hamiltonian gÐnetai

HM =
∆m2

M

4E

(
− cos 2θM sin 2θM
sin 2θM cos 2θM

)
. (3.97)

H parousÐa Ôlhc apl� all�zei tic paramètrouc thc tal�ntwshc se sqèsh me tic
talant¸seic sto kenì. EÐnai profanèc ìti oi idiokatast�seic thc Hamiltonian
eÐnai diaforetikèc se sqèsh me tic idiokatast�seic thc Hamiltonian tou kenoÔ.
Oi nèec idiokatast�seic qwrÐzontai apì thn diafor� maz¸n ∆m2

M kai èqoun
gwnÐa mÐxhc θM . Gia stajer  puknìthta hlektronÐwn h Hamiltonian par�gei
talant¸seic

PM(νe → νµ) = sin2 2θM sin2

(
∆m2

M

L

4E

)
(3.98)
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PÐnakac 3: To prìshmo thc paramètrou x gia tic di�forec peript¸seic.

ν ν

mν2 > mν1 + -
mν2 < mν1 - +

Gia na apokt soume mia aÐsjhsh to pìso isqur  eÐnai h epÐdrash thc pa-
rousÐac Ôlhc stic talant¸seic gia diafor� maz¸n ∆m2 ≈ 2.4 × 10−3 eV 2

èqoume

|x| ' E

12 GeV
. (3.99)

Gia dèsmh enèrgeia 1 GeV h epÐdrash eÐnai anepaÐsjhth, all� gia mia dèsmh
20 GeV h epÐdrash eÐnai polÔ isqur . Up�rqei mia polÔ shmantik  parat rh-
sh to prìshmo thc paramètrou x all�zei an h dèsmh all�xei apì netrÐna se
antinetrÐna kai exart�tai apì to prìshmo thc diafor�c maz¸n ∆m2, dhlad 
apì to an h idiokat�stash m�zac |ν1 > eÐnai barÔterh   elafrÔterh apì thn
idiokat�stash m�zac |ν2 >. To prìshmo thc paramètrou x gia tic di�forec
peript¸seic brÐsketai ston pÐnaka 3. H asummetrÐa an�mesa sthn perÐptwsh
twn netrÐnwn kai se autèc twn antinetrÐnwn den èqei kamÐa sqèsh me thn aujen-
tik  parabÐash thc summetrÐac CP . An ekmetalleutoÔme aut  thn asummetrÐa
mporoÔme na prosdiorÐzoume thn ierarqÐa twn maz¸n.

An ekmetalleutoÔme pijanoÔc suntonismoÔc mporoÔme na èqoume mia me-
g�lh energì gwnÐa mÐxhc akìma kai an h gwnÐa mÐxhc eÐnai polÔ mikr . Apì
thn sqèsh (3.95)akìma kai gia sin2 2θ = 10−3 an x ' cos 2θ h gwnÐa mÐxhc
mporeÐ mèqri kai na megistopoihjeÐ. Sthn perÐptwsh suntonismoÔ, ìtan h pu-
knìthta hlektronÐwn metab�lletai monìtona kai omal�, ¸ste h di�dosh twn
netrÐnwn na mporeÐ na jewrhjeÐ adiabatik , èqoume to fainìmeno MSW . Me
to fainìmenoMSW mporoÔme na lÔsoume to prìblhma twn hliak¸n netrÐnwn.

Ston pur na tou  liou èqoume

HM =
∆m2

4E

(
− cos 2θ sin 2θ
sin 2θ cos 2θ

)
+
√

2GFNe

(
1 0
0 0

)
, (3.100)

me ton suntelest 
√

2GFNe na èqei tim 

√
2GFNe ≈ 0.75× 10−5 eV 2/MeV. (3.101)

Gia netrÐna pou par�gontai mazÐ me to 8B kai èqoun enèrgeia thc t�xhc twn
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8 MeV gia ∆m = 8×
√

2GFNe èqoume

∆m2

4E
≈ 0.25× 10−5 eV 2/MeV, (3.102)

opìte sugkritik� anamènoume ston pur na tou  liou h epÐdrash thc Ôlhc na
eÐnai polÔ meg�lh. An jewr soume thn Hamiltonian sun�rthsh thc apìsta-
shc apì to kèntro tou  liou, gia r = 0 èqoume mìno ton ìro thc epÐdrashc thc
Ôlhc, h Hamiltonian eÐnai diag¸nia, opìte to netrÐno νe genn�tai wc idiokat�-
stash thc Hamiltonian, epomènwc eÐnai idiokat�stash enèrgeiac kai m�lista
sthn idiokat�stash me thn mègisth enèrgeia, afoÔ h �llh idiokat�stash èqei
mhdenik  enèrgeia. Gia monìtona kai omal� metaballìmeno dunamikì h di�dosh
tou netrÐno eÐnai adiabatik . Autì shmaÐnei ìti mporoÔme na lÔsoume thn exÐ-
swsh di�doshc gia k�je aktÐna r kai sthn sunèqeia na en¸soume tic lÔseic.
Upì autèc tic proôpojèseic to netrÐno brÐsketai p�nta se idiokat�stash thc
Hamiltonian h opoÐa all�zei amudr� me thn apìstash, epomènwc to netrÐno
diadÐdetai wc h idiokat�stash me thn megalÔterh enèrgeia kai exèrqetai apì
ton  lio. AfoÔ ìmwc to netrÐno exèrqetai apì thn epif�neia tou hlÐou, plèon
epidr� p�nw tou h Hamiltonian tou kenoÔ, opìte to netrÐno anadÔetai wc h
barÔterh idiokat�stash m�zac. Prèpei na epishm�noume ìti h metatrop 

νe → ν2, (3.103)

jewr¸ntac ν2 > ν1 gÐnetai qwrÐc k�poia hmitonoeid  metabol . To netrÐno
νe sto eswterikì tou  liou metatrèpetai stadiak� se ν2 kai sthn sunèqea
diadÐdetai paramènontac sthn idiokat�stash megalÔterhc enèrgeiac, ìtan ani-
qneuteÐ h pijanìthta na aniqneuteÐ wc νe eÐnai apl� to stoiqeÐo tou pÐnaka
mÐxhc |Ue2|2 = sin2 θ. Oi metr seic pou anèdeixan to prìblhma twn hliak¸n
netrÐnwn upodeiknÔoun ìti h metroÔmenh ro  netrÐnwn νe  tan to 1/3 thc a-
namenìmenhc. SÔmfwna me thn parap�nw an�lush, autì apl� shmaÐnei ìti
sin2 θ = 1/3, opìte θ ≈ 34o..



4 H PEIRAMATIK�H PLEUR�A 53

4 H Peiramatik  Pleur�

4.1 EÐdh Peiram�twn

Ta peÐramata fusik c netrÐnwn qwrÐzontai an�loga me ton trìpo pou a-
niqneÔoun tic talant¸sei se peir�mata emf�nishc kai peir�mata exaf�nishc.
Sta peir�mata emf�nishc prospajoÔme na aniqneÔsoume metatrop  se netrÐna
diaforetik c geÔshc apì thn geÔsh twn netrÐnwn thc arqik c dèsmhc. Metr�-
me dhlad , eÐnai thn pijanìthta metatrop c. M�lista, an h arqik  dèsmh den
perièqei netrÐna thc geÔshc pou prospajoÔme na aniqneÔsoume, to upìbajro
mporeÐ na eÐnai polÔ mikrì. To mikrì upìbajro mac dÐnei prìsbash akìma kai
se polÔ mikrèc gwnÐec mÐxhc. Sta peir�mata exaf�nishc metr�me thn ro  twn
netrÐnwn thc geÔshc pou mac endiafèrei kai thn sugkrÐnoume me thn jewrhtik�
anamenìmenh, metr�me, dhlad , thn pijanìthta epibÐwshc. Bèbaia o upologi-
smìc thc jewrhtik� anamenìmenhc ro c den mporeÐ na eÐnai apolÔtwc akrib c,
sthn paragwg  twn netrÐnwn mporeÐ na upeisèrqontai diakum�nseic, opìte eÐnai
dÔskolo na metrhjoÔn mikrèc gwnÐec mÐxhc exaitÐac thc èlleiyhc akrÐbeiac.

'Opwc eÐdame stic talant¸seic 2 netrÐnwn ìtan

∆m2L

2E
� 1 (4.1)

den mporoÔn na up�rqoun metatropèc twn netrÐnwn se netrÐna �llhc geÔshc,
en¸ ìtan

∆m2L

2E
� 1 (4.2)

mporoÔme na metr soume mìno mèsec timèc thc pijanìthtac metatrop c, epo-
mènwc na apokomÐsoume plhroforÐec mìno gia thn gwnÐa mÐxhc. AfoÔ h tim 
tou ∆m2 eÐnai kajorismènh apì thn fÔsh gia na èqoume thn apaitoÔmenh euai-
sjhsÐa sthn tim  tou ∆m2 prèpei na kajorÐsoume kat�llhla ton lìgo L/E.
H euaisjhsÐa sthn tim  tou ∆m2 orÐzetai mèsw thc sqèshc

∆m2L

2E
∼ 1. (4.3)

Ta di�fora peir�mata paradosiak� katat�ssontai an�loga me to eÐdoc thc
phg c twn netrÐnwn kai an�loga me thn euaisjhsÐa touc.

4.1.1 Short BaseLine (SBL)

Ta peir�mata SBL qwrÐzontai se
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SBL Antidrast rwn Sta peir�mata aut� èqoume dèsmec antinetrÐnwn tou
hlektronÐou, oi opoÐec par�gontai apì β− - diasp�seic radienerg¸n pu-
r nwn 235U, 238U, 239Pu, 251Pu. H enèrgeia twn netrÐnwn eÐnai thc
t�xhc tou MeV kai h apìstash ∼ 10 m opìte tètoia peir�mata èqoun
euaisjhsÐa se ∆m2 ≥ 0.1 eV 2. Epeid  ta netrÐna èqoun qamhl  enèrgeia
den mporoÔn na par�goun miìnia kai τ , opìte mporoÔme na metr soume
mìno thn pijanìthta epibÐwsh. H pijanìthta epibÐwshc metr�tai mèsw
thc antÐstrofhc b - di�spashc

ν̄e + p→ n+ e+, (4.4)

h opoÐa èqei energeiakì kat¸fli Eth = 1.8 MeV.

SBL Epitaqunt¸n Se autì to eÐdoc peiram�twn oi dèsmec netrÐnwn pro-
kÔptoun apì tic diasp�seic pionÐwn, kaonÐwn kai mionÐwn ta opoÐa par�-
gontai ìtan ta prwtìnia thc dèsmhc tou epitaqunt  qtup soun k�poio
stìqo. Me thn seir� touc aut� ta peir�mata qwrÐzontai se

Diasp�seic PionÐwn en Kin sei Sta peir�mata aut� ta prwtì-
nia thc dèsmhc tou epitaqunt  sugkroÔontai me ton stìqo par�-
gontac piìnia kai kaìnia. Aut� me thn seir� touc diasp¸ntai mèsa
se èna kat�llhlo toÔnel kai dÐnoun mia dèsmh netrÐnwn h opoÐa
apoteleÐtai kurÐwc apì netrÐna tou mionÐou. Ta netrÐna èqoun e-
nèrgeia merik¸n GeV, all� mporoÔn na èqoun kai polÔ megalÔterh
enèrgeia afoÔ h enèrgei� touc exart�tai apì thn enèrgeia twn prw-
tonÐwn. H apìstash eÐnai thc t�xhc tou ∼ 1 km, opìte tètoiou
tÔpou peir�mata èqoun euaisjhsÐa se ∆m2 ≥ 1 eV 2.

Diasp�seic MionÐwn se HremÐa Sta peir�mata aut� h dèsmh a-
poteleÐtai apì antinetrÐna tou mionÐou ta opoÐa proèrqontai apì thn
di�spash

µ+ → e+ + νe + ν̄µ (4.5)

twn mionÐwn pou par�gontai apì thn di�spash pionÐwn

π+ → µ+ + νµ (4.6)

Ta antinetrÐna èqoun enèrgeia merik¸n dek�dwnMeV kai dedomènou
ìti up�rqoun polÔ lÐga antinetrÐna tou hlektronÐou sthn arqik 
dèsmh mporoÔn na metrhjoÔn me meg�lh akrÐbeia metatropèc ν̄µ →
ν̄e. H apìstash eÐnai ∼ 10 m opìte up�rqei euaisjhsÐa se ∆m2 ≥
1 eV 2.



4 H PEIRAMATIK�H PLEUR�A 55

Katastrof c thc Dèsmhc Se aut� ta peir�mata h dèsmh netrÐ-
nwn par�getai apì thn katastrof  thc dèsmhc tou epitaqunt , h
opoÐa epitugq�netai odhg¸ntac thn se èna polÔ paqÔ stìqo. EkeÐ
par�gontai di�fora adrìnia ta opoÐa en suneqeÐa diaspìntai kai dÐ-
noun sqedìn se Ðdia analogÐa hlektrìnia kai miìnia sunodeuìmena
apì ta antÐstoiqa netrÐna - antinetrÐna, ta opoÐa èqoun enèrgeia thc
t�xhc twn ∼ 100 GeV. H mètrhsh apìklishc tou lìgou twn ro¸n
apì thn mon�da shmaÐnei thn anÐqneush talant¸sewn. H apìstash
eÐnai thc t�xhc tou ∼ 1 km, opìte to peÐrama eÐnai euaÐsjhto se
∆m2 ≥ 100 eV 2.

Nèec teqnikèc eÐnai oi b-dèsmec kai ta ergost�sia netrÐnwn. Oi b-dèsmec
eÐnai polÔ kajarèc dèsmec νe oi opoÐec par�gontai apì epitaqunìmena
b-radienerg� stoiqeÐa ta opoÐa èqoun polÔ mikrì qrìno zw c. Ta er-
gost�sia netrÐnwn apoteloÔntai apì daktÔliouc epitaqunt¸n oi opoÐoi
epitaqÔnoun dèsmec mionÐwn meg�lhc èntashc me apotèlesma ìtan aut�
diaspìntai na dÐnoun ter�stiec roèc νe + νµνµ + νe.

4.1.2 Long BaseLine (LBL)

Aut� ta peir�mata èqoun parìmoiec phgèc netrÐnwn me ta SBL, all� èqoun
apìstash phg c - aniqneut  kat� 2 me 3 t�xhc megèjouc megalÔterh.

LBL Antidrast rwn Se aut� ta peir�mata antidrast rwn h apìstash
eÐnai thc t�xhc tou ∼ 1 km, opìte h euaisjhsÐa eÐnai ∆m2 ≥ 10−3 eV 2.

LBL Epitaqunt¸n Aut� eÐnai peir�mata epitaqunt¸n di�spashc pionÐwn en
kin sei me apìstash 102 − 103 km ta opoÐa eÐnai euaÐsjhta se ∆m2 ≥
10−3 eV 2.

Atmosfairik� Sta peir�mata aut� ta netrÐna par�gontai sthn atmìsfaira
apì thn kosmik  aktinobolÐa. Prwtogen¸c paragìmena piìnia kai kaìnia
diaspìntai se miìnia, arket� apì ta opoÐa diaspìntai se hlektrìnia,
opìte ta peir�mata atmosfairik¸n netrÐnwn aniqneÔoun ta netrÐna pou
par�gontai se autèc tic diadikasÐec. Ta netrÐna èqoun enèrgeiec apì
500 MeV wc p�nw apì 100 GeV. H apìstash kumaÐnetai apì 20 km gia
netrÐna pou èrqontai apì p�nw wc 1.3×104 km gia netrÐna pou èrqontai
apì k�tw, opìte up�rqei euaisjhsÐa se ∆m2 ≥ 10−4 eV 2.
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PÐnakac 4: Tupikèc timèc paramètrwn gia ta di�fora eÐdh peiram�twn kai euai-
sjhsÐa

EÐdoc L E EuaisjhsÐa se ∆m2

Antidrast rwn SBL ∼ 10 m ∼ 1 MeV ∼ 0.1 eV 2

Ep. SBL PionÐwn ∼ 1 km ≥ 1 GeV ∼ 1 eV 2

Ep. SBL MionÐwn ∼ 10 m ∼ 10 MeV ∼ 1 eV 2

Ep. SBL Katastrof c Dèsmhc ∼ 10 km ∼ 102 GeV ∼ 102 eV 2

Antidrast rwn LBL ∼ 10 km ∼ 1 MeV ∼ 10−3 eV 2

Epitaqunt¸n LBL ∼ 103 km ≥ 1 GeV ≥ 10−3 eV 2

Atmosfairik� 20− 104 km 0.5− 102 GeV ∼ 10−4 eV 2

VLBL Antidrast rwn ∼ 102 km ∼ 102 MeV ∼ 10−5 eV 2

VLBL Epitaqunt¸n ∼ 104 km ≥ 102 GeV ≥ 10−4 eV 2

Hliak� ∼ 1011 km 0.2− 15 MeV ∼ 10−12 eV 2

4.1.3 Very Long BaseLine (VLBL)

Aut� ta peir�mata èqoun apìstash kat� 1 me 2 t�xeic megèjouc megalÔterh
apì ta LBL.

VLBL Antidrast rwn Aut� ta peir�mata metroÔn thn ro  netrÐnwn apì
polloÔc antidrast rec se apost�seic ekatont�dwn km, opìte èqoun
euaisjhsÐa se ∆m2 ≥ 10−5 eV 2.

VLBL Epitaqunt¸n Aut� ta peir�mata èqoun apìstash arket¸n ekaton-
t�dwn km, opìte èqoun euaisjhsÐa se ∆m2 ≥ 10−5 eV 2.

Hliak� Se aut� ta peir�mata metr�tai h ro  twn hliak¸n netrÐnwn, ta opoÐa
par�gontai stic jermopurhnikèc antidr�seic pou lamb�noun q¸ra sto
eswterikì tou hlÐou. H apìstash 'Hliou - Ghc eÐnai 1.5 × 1011 m kai
oi enèrgeiec twn netrÐnwn kumaÐnontai apì 0.2 MeV wc 15 MeV . Ta
peir�mata hliak¸n netrÐnwn èqoun euaisjhsÐa se ∆m2 ≥ 10−12 eV 2.

Sugkentrwtik� h euaisjhsÐa twn diafìrwn tÔpwn peiram�twn brÐskontai ston
pÐnaka 4.

4.2 Diagr�mmata Apoklismènwn Perioq¸n

Mèqri stigm c èqoume jewr sei thn idanik  kat�stash ìpou h enèrgeia
E kai h apìstash L eÐnai apolÔtwc gnwst�. K�ti tètoio fusik� den isqÔei. H
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phg  èqei k�poio energeiakì f�sma, o aniqneut c den eÐnai shmeiakìc kai èqei
peperasmènh diakritik  ikanìthta. Ja doÔme pou odhgoÔn autèc oi atèleiec.
Gia eukolÐa ja perioristoÔme sthn perÐptwsh thc tal�ntwshc 2 netrÐnwn. EÐnai
logikì na prospaj soume na eis�goume thn epÐdrash twn anwtèrw paramètrwn
qrhsimopoi¸ntac mia mèsh tim  thc f�shc h opoÐa prokÔptei apì thn katanom 
tou lìgou L/E, ètsi h sqèsh (3.36) gÐnetai〈

Pνα→νβ(L,E)
〉

=
1

2
sin2 2θ

[
1−

〈
cos

(
∆m2L

2E

)〉]
(α 6= β), (4.7)

ìpou 〈
cos

(
∆m2L

2E

)〉
=

∫
cos

(
∆m2L

2E

)
φ

(
L

E

)
d
L

E
(4.8)

JewroÔme thn apl  perÐptwsh ìpou h katanom  φ (L/E) eÐnai gkaousian  me
mèsh tim  〈L/E〉 kai tupik  apìklish σL/E:

φ

(
L

E

)
=

1√
2πσL/E

exp

(
L/E − 〈L/E〉

2σ2
L/E

)
, (4.9)

tìte h mèsh tim  (4.8) mporeÐ na upologisteÐ analutik�〈
cos

(
∆m2L

2E

)〉
= cos

(
∆m2

2

〈
L

E

〉)
exp

[
−1

2

(
∆m2

2
σL/E

)2
]
. (4.10)

Apì thn jewrÐa sfalm�twn gnwrÐsoume ìti(
σL/E
〈L/E〉

)2

=

(
σL
〈L〉

)2

+

(
σE
〈E〉

)2

(4.11)

opìte mporoÔme na jewr soume

σL/E ∼
〈
L

E

〉
(4.12)

Aut  h an�lush mac parèqei èna polÔ qr simo ergaleÐo ta diagr�mmata apo-
kleismènwn perioq¸n. Ja doÔme ìti akìma kai sthn perÐptwsh pou èna peÐrama
den mporèsei na katafèrei na metr sei talant¸seic, mporoÔme na bg�loume
sumper�smata. 'Estw, loipìn ìti ekteloÔme èna peÐrama kai den parathr -
soume talant¸seic. Tìte ta dedomèna mac dÐnoun èna �nw ìrio sthn mèsh
pijanìthta metatrop c 〈

Pνα→νβ(L,E)
〉
≤ Pmax

να→νβ . (4.13)



4 H PEIRAMATIK�H PLEUR�A 58

Sto peÐrama èqoume thn dunatìthta na kajorÐsoume thn apìstash kai thn
enèrgeia, opìte oi eleÔjerec par�metroi eÐnai h gwnÐa mÐxhc kai h diafor� to
∆m2. Oi duo autèc par�metroi mporoÔn na apeikonistoÔn se èna di�gram-
ma, sto opoÐo mporoÔme na xeqwrÐsoume perioqèc ìpou oi par�metroi èqoun
epitreptèc timèc, sumbatèc me ta apotelèsmata tou peir�matoc all� kai a-
pagoreumènec timèc pou den eÐnai sumbatèc me ta peiramatik� apotelèsmata.
Oi par�metroi den mporoÔn na p�roun timèc stic perioqèc autèc, gia ton lì-
go autì oi perioqèc autèc onom�zontai apokleismènec. Gia na mporèsoume na
proqwr soume se aut  thn an�lush prèpei na metatrèyoume to ìrio (4.13) se
mia sqèsh an�mesa sthn gwnÐa mÐxhc kai to ∆m2

sin2 2θ ≤
2Pmax

να→νβ

1−
〈
cos
(

∆m2L
2E

)〉 . (4.14)

Sthn perÐptwsh thc gkaousian c katanom c, me σL/E = k 〈L/E〉 èqoume

sin2 2θ ≤
2Pmax

να→νβ

1− cos
(

∆m2

2

〈
L
E

〉)
exp

[
−k2

2

(
∆m2

2

〈
L
E

〉)2
] (4.15)

H kampÔlh pou antistoiqeÐ sthn isìthta onom�zetai kampÔlh apokleismoÔ kai
oriojeteÐ tic apokleismènec perioqèc, oi opoÐec p�nta brÐskontai sta dexi� thc
kampÔlhc.

Sthn perÐptwsh ìpou

∆m2

〈
L

E

〉
� 1 (4.16)

tìte
sin22θ → 2Pmax

να→νβ (4.17)

AntÐstoiqa sthn perÐptwsh pou

∆m2

〈
L

E

〉
� 1 (4.18)

tìte

cos

(
∆m2

2

〈
L

E

〉)
≈ 1− 1

2

(
∆m2

2

〈
L

E

〉)2

, (4.19)

opìte

sin2 2θ ≤
2Pmax

να→νβ
1
2

(
∆m2

2

)2
〈(

L
E

)2
〉 (4.20)
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Jewr¸ntac
〈(

L
E

)2
〉
≈
〈
L
E

〉2
katal goume

sin2 2θ ≤
16Pmax

να→νβ

(∆m2)2 〈L
E

〉2 (4.21)

Gia na antikatast soume tic stajerèc qrhsimopoioÔme thn antistoiqÐa

∆m2

〈
L

E

〉
→ 5.08×∆m2[eV 2]

〈
L

E

〉
[km]

[GeV ]
, (4.22)

ètsi èqoume

sin2 2θ ≤
0.62Pmax

να→νβ(
∆m2[eV 2]

〈
L
E

〉 [km]
[GeV ]

)2 . (4.23)

H kampÔlh apokleismoÔ tèmnetai me ton �xona gia sin2 2θ = 1, tìte

∆m2[eV 2]

〈
L

E

〉
[km]

[GeV ]
= 0.79

√
Pmax
να→νβ . (4.24)

Ac upojèsoume ìti apì èna peÐrama èqoume katal xei ìti Pmax
να→νβ = 0.1 kai

ektimoÔme ìti k = 0.2. Apì tic sqèseic (4.17) kai (4.24) upologÐzoume ìti h
kampÔlh apokleismoÔ tèmnetai me ton �xona sin2 2θ sto 0.2 kai me ton �xona
∆m2 〈L/E〉 sto 0.25. Sto sq ma 2 faÐnetai h kampÔlh apokleismoÔ, kaj¸c kai
h kampÔlh sthn opoÐa den èqei lhfjeÐ upìyin h anwtèrw melèth kai antistoiqeÐ

sthn idanik  perÐptwsh k = 0. Genik�, gia ∆m2[eV 2]
〈
L
E

〉 [km]
[GeV ]

� 2π, sto

par�deigm� blèpoume ìti praktik� akìma kai gia ∆m2[eV 2]
〈
L
E

〉 [km]
[GeV ]

> 2π, den

mporoÔme na apokomÐsoume plhroforÐec gia tic talant¸seic afoÔ to sin2 2θ
eÐnai anex�rthto apì tic paramètrouc, ìpwc faÐnetai kai apì thn sqèsh (4.17).
Stic realistikèc peript¸seic èqoume sthn di�jesh mac ton lìgo 〈L/E〉 kai
thn tupik  apìklish σL/E opìte ta diagr�mmata èqoun �xonec ∆m2 − sin2 2θ.

San deÔterh efarmog  mporoÔme na doÔme èna peÐrama exaf�nishc me duo
aniqneutèc to opoÐo metr� ton lìgo

〈Pνα→να(L,E)〉far
〈Pνα→να(L,E)〉near

≥ R, 0 ≤ R < 1 (4.25)

Apì thn sqèsh (3.37) h pijanìthta epibÐwshc eÐnai

Pνα→να(L,E) = 1− 1

2
sin2 2θ

[
1− cos2

(
∆m2L

2E

)]
, (4.26)
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opìte h anisìthta thc sqèshc (4.25) gÐnetai

2(1−R) ≤ sin2 2θ

[
1−R−

〈
cos

∆m2L

2E

〉
far

+R

〈
cos

∆m2L

2E

〉
near

]
(4.27)

An h par�stash sthn agkÔlh eÐnai arnhtik  tìte

sin2 2θ ≥ 2(1−R)

1−R−
〈
cos ∆m2L

2E

〉
far

+R
〈
cos ∆m2L

2E

〉
near

, (4.28)

opìte den up�rqei fr�gma gia to sin2 2θ afoÔ p�nta eÐnai megalÔtero apì mia
arnhtik  posìthta. An h par�stash sthn agkÔlh eÐnai jetik , tìte

sin2 2θ ≤ 2(1−R)

1−R−
〈
cos ∆m2L

2E

〉
far

+R
〈
cos ∆m2L

2E

〉
near

, (4.29)

ìpou h mèsh tim  upologÐzetai apì thn sqèsh (4.10). Sto sq ma (3) eÐnai to
di�gramma apokleismènwn perioq¸n gia R = 0.9 kai gkaousianèc katanomèc
φ(L/E) me 〈L/E〉near = 0.01 km/GeV kai σnearL/E = 0.002 km/GeV gia ton

kontinì aniqneut  kai 〈L/E〉far = 1 km/GeV kai σfarL/E = 0.2 km/GeV gia
ton makrinì.

Sthn perÐptwsh pou èna peÐrama katafèrei na aniqneÔsei talant¸seic tìte
h pijanìthta metatrop c periorÐzetai se èna sugkekrimèno eÔroc to opoÐo anti-
stoiqeÐ se mia perioq  sto di�gramma ∆m2−sin2 2θ. Gia par�deigma an periorÐ-
soume thn pijanìthta se èna eÔroc 0.05 ≥ Pνα→νβ ≤ 0.15 kai jewr soume gka-
ousian  katanom  φ(L/E) me 〈L/E〉 = 1 km/GeV kai σL/E = 0.15 km/GeV
prokÔptei to sq ma 4. Sto di�gramma autì h gwnÐa mÐxhc θ kai h diafor�
tetrag¸nwn twn maz¸n ∆m2 mporoÔn na p�roun timèc mìno an�mesa stic dÔo
kampÔlec.

Sta perissìtera peir�mata, bèbaia, epeid  up�rqei meg�lh diaspor�, eÐte
ìson afor� thn enèrgeia, eÐte ìson afor� thn apìstash, ta dedomèna omado-
poioÔntai kai h k�je om�da èqei thn dik  thc katanom  φ(L/E). An metr�me
thn ro  apì netrÐna dÔo diaforetik¸n antidrast rwn kai jewr soume duo o-
m�dec dedomènwn me P 1

να→νβ = 0.11 kai P 2
να→νβ = 0.09, 〈L/E〉1 = 2 km/GeV

kai 〈L/E〉2 = 0.4 km/GeV , σ1
L/E = 0.25 km/GeV kai σ2

L/E = 0.05 km/GeV
blèpoume ìti sto sq ma 5 up�rqoun arket� shmeÐa tom c twn kampÔlwn a-
pokleismoÔ. Aut� ta shmeÐa eÐnai sumbat� kai me tic duo om�dec, opìte an
l�boume upìyin mac to sf�lma twn pijanot twn ta shmeÐa exapl¸nontai se
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Sq ma 2: H èntonh gramm  eÐnai h kampÔlh apokleismoÔ gia Pmax
να→νβ = 0.1

kai antistoiqeÐ sthn perÐptwsh ìpou èqoun lhfjeÐ mèsh tim  sÔmfwna me thn
gkaousian  katanom  φ(L/E) me k = 0.2, en¸ h maÔrh gramm  antistoiqeÐ
sthn perÐptwsh ìpou k = 0, opìte den èqei lhfjeÐ mèsh tim .

perioqèc epik�luyhc. Prosjètontac ki �llec om�dec dedomènwn mporoÔme na
periorÐsoume tic perioqèc epik�luyhc kai telik� na katal xoume se mia mikr 
perioq .

An xefÔgoume apì thn periorismènh an�lush thc tal�ntwshc 2 netrÐnwn
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Sq ma 3: H kampÔlh apoklismoÔ gia èna peÐrama exaf�nishc me dÔo aniqneutèc
me R = 0.9 kai gkaousian  katanom  φ(L/E). Gia ton kontinì aniqneut 
èqoume 〈L/E〉near = 0.01 km/GeV kai σnearL/E = 0.002 km/GeV , en¸ gia ton

makrinì èqoume 〈L/E〉far = 1 km/GeV kai σfarL/E = 0.2 km/GeV .

prèpei na p�roume thn mèsh tim  thc sqèshc (3.13).

〈P (να → νβ)〉 = δαβ − 2
∑
i>j

<(U∗αiUβiUαjU
∗
βj)

(
1−

〈
cos

(
∆m2

ij

L

2E

)〉)
+2
∑
i>j

=(U∗αiUβiUαjU
∗
βj)

〈
sin

(
∆m2

ij

L

2E

)〉
,

(4.30)



4 H PEIRAMATIK�H PLEUR�A 63

Sq ma 4: H epitrepìmenh perioq , pou brÐsketai an�mesa stic dÔo kampÔ-
lec, gia pijanìthta me eÔroc 0.05 ≥ Pνα→νβ ≤ 0.15 jewr¸ntac gkaousian 
katanom  φ(L/E) me 〈L/E〉 = 1 km/GeV kai σL/E = 0.15 km/GeV .

ìpou sthn perÐptwsh thc gkaousian c katanom c φ(L/E) h mèsh tim  tou
sunhmÐtonou dÐnetai apì thn sqèsh 4.10 kai h mèsh tim  tou hmitìnou apì thn
sqèsh〈

sin

(
∆m2L

2E

)〉
= sin

(
∆m2

2

〈
L

E

〉)
exp

[
−1

2

(
∆m2

2
σL/E

)2
]
. (4.31)
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Sq ma 5: DÔo kampÔlec apoklismoÔ me gkaousian  katanom  φ(L/E). Oi
om�dec dedomènwn antistoiqoÔn se P 1

να→νβ = 0.11 kai P 2
να→νβ = 0.09,

〈L/E〉1 = 2 km/GeV kai 〈L/E〉2 = 0.4 km/GeV , σ1
L/E = 0.25 km/GeV

kai σ2
L/E = 0.05 km/GeV .

Profan¸c h an�lush mèsw thc sqèshc (4.30) eÐnai polÔ pio sÔnjeth afoÔ
exart�tai apì tic 3 gwnÐec mÐxhc, tic 3 diaforèc tetrag¸nwn twn maz¸n kai
thn f�sh Dirac.
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4.3 Hliak� NetrÐna

K�je deuterìlepto 6 × 1010 hliak� netrÐna dièrqontai apì k�je tetra-
gwnikì ekatostì tou s¸matìc mac. O  lioc eÐnai mia apÐsteuta isqur  phg 
netrÐnwn, ta opoÐa par�gontai stic jermopurhnikèc antidr�seic pou lamb�noun
q¸ra sto eswterikì tou. O  lioc par�gei enèrgeia me duo diadikasÐec, thn
alusÐda prwtonÐou - prwtonÐou (sq ma 6) kai ton kÔklo CNO (sq ma 7). Kai
stic dÔo peript¸seic metatrèpontai 4 prwtìnia kai dÔo hlektrìnia se ènan
pur na hlÐou kai duo netrÐna:

4p+ 2e− → 4He+ 2νe +Q, (4.32)

ìpou Q = 25.731 MeV eÐnai h enèrgeia pou apeleujer¸netai apì aut  thn
diadikasÐa. Se èna �stro h paragwg  enèrgeiac antistajmÐzei thn barutik 
kat�rreush pou ufÐstatai. Mèqri na arqÐsoun jermopurhnikèc antidr�seic
sto eswterikì tou �strou h barutik  kat�rreush aux�nei thn jermokrasÐa
tou. Me thn aÔxhsh thc jermokrasÐac ta prwtìnia apoktoÔn jermik  enèrgeia
opìte aux�netai h pijanìthta mèsw kbantikoÔ tunneling na upernik soun thn
�pwsh Coulomb kai na xekin soun oi jermopurhnikèc antidr�seic.

Gia na mporèsei na pragmatopoihjeÐ mia purhnik  antÐdrash prèpei oi pur -
nec na plhsi�soun arket�, ¸ste na mporeÐ na dr�sei h isqur  allhlepÐdrash.
Autì jewroÔme ìti sumbaÐnei ìtan oi pur nec èrjoun se epaf , dhlad  se apì-

stash RN = R0(A
1/3
1 +A

1/3
2 ). Gia megalÔterec apost�seic epikrateÐ h �pwsh

Coulomb. Klasik� èna swmatÐdio enèrgeiac E mporeÐ na ft�sei se apìstash

RC =
Z1Z2α

E
. (4.33)

H dunamik  enèrgeia lìgw thc �pwshc Coulomb ìtan oi pur nec èrjoun se
epaf  lègetai fr�gma Coulomb

EC =
Z1Z2α

RN

(4.34)

Gia duo prwtìnia h enèrgeia aut  eÐnai EC ' 550 keV, sÔmfwna loipìn me
thn klasik  fusik  sto eswterikì tou hlÐou ìpou epikrateÐ jermokrasÐa
T =' 1.5 × 107 K den ja èprepe na sumbaÐnoun jermopurhnikèc antidr�seic
afoÔ sthn jermokrasÐa aut  ta prwtìnia èqoun enèrgeia mìlic kT ' 1.3 keV.
Kbantomhqanik� mèsw tou fainomènou thc s raggac oi pur nec èqoun pija-
nìthta na diaper�soun to dunamikì Coulomb akìma kai an èqoun enèrgeia
E < EC .



4 H PEIRAMATIK�H PLEUR�A 66

Sq ma 6: H alusÐda prwtonÐou - prwtonÐou. 'Eqoun shmeiwjeÐ oi di�foroi
kl�doi dhmiourgeÐac netrÐnwn.

Stic dÔo diadikasÐec jermopurhnik¸n antidr�sewn pou par�goun enèrgeia
ston  lio mporoÔme na diaqwrÐsoume touc di�forouc kl�douc twn diadikasi¸n,
ètsi ¸ste se k�je kl�do na par�getai èna netrÐno. Sthn sunèqeia mporoÔme
na susqetÐsoume thn jermik  enèrgeia αr pou par�getai apì autì to tm ma me
thn ro  twn netrÐnwn Φr pou par�gontai me to sugkekrimèno kl�do. Sunolik�
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Sq ma 7: O kÔkloc CNO. 'Eqoun shmeiwjeÐ oi antidr�seic paragwg c netrÐ-
nwn

gia tic duo diadikasÐec èqoume∑
r

αrΦr = Ko, , r = pp, pep, hep, 7Be, 8B, 13N, 15O, 17F (4.35)

ìpou Ko h hliak  stajer�. Jewr¸ntac amelhtèa thn enèrgeia twn netrÐnwn
mporoÔme na proseggÐsoume thn sunolik  ro  twn hliak¸n netrÐnwn wc

Φ ' 2Ko

Q
. (4.36)

Sthn pragmatikìthta h ro  prèpei na eÐnai lÐgo megalÔterh. SÔgkrish me
ta peiramatik� dedomèna mac dÐnei ìti ta netrÐna apoktoÔn perÐpou 2% thc
enèrgeiac pou par�getai. An to peÐrama aniqneÔei thn paragwg  netrÐnwn
mèsw antidr�sewn, tìte an�loga me ton stìqo mporoÔme na upologÐsoume thn
sumbol  k�je kl�dou ston jewrhtik� anamenìmeno rujmì ro c. Ston pÐnaka
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dÐnontai oi sumbolèc twn kl�dwn sthn sunolik  ro  kaj¸c kai h sunolik  ro 
gia to peÐrama tou oruqeÐou Homestake, pou qrhsimopoÐhse ql¸rio, kai gia
peir�mata GallÐou.

4.3.1 OruqeÐo Homestake

Ta peir�mata hliak¸n netrÐnwn eÐqan wc afethrÐa to peÐrama tou oruqeÐou
Homestake. Sto peÐrama autì h anÐqneush pragmatopoi jhke me radioqhmikèc
mejìdouc. Ta netrÐna aniqneÔontan mèsw thc antÐstrofhc b - di�spashc

νe + 37Cl→ 37Ar + e−. (4.37)

Topojet jhke se b�joc4 1478 m, ¸ste na meiwjeÐ sto el�qisto to upìbajro,
meg�lh posìthta qlwrÐou upì thn morf  C2Cl4. H posìthta antistoiqoÔse
se 2.16×1030 �toma 37Cl. To meg�lo prìblhma  tan h anÐqneush twn atìmwn
37Ar pou par�gontan kaj¸c o rujmìc paragwg c touc  tan perÐpou èna �to-
mo an� dÔo mèrec. ExaitÐac thc enèrgeiac katwflÐou Eth = 0.814 MeV thc
parap�nw antÐdrashc to peÐrama  tan se jèsh na aniqneÔsei mìno netrÐna uyh-
l c enèrgeiac ta opoÐa proèrqontan apì thn ro  ton netrÐnwn pou par�gontan
kat� thn paragwg  tou 8B. H ro  èqei epikrat sei na metr�tai se SNU,
ìpou 1 SNU = 10−36 gegonìta an� �tomo an� deuterìlepto. Sta 25 qrìnia
leitourgÐac tou to peÐrama tou oruqeÐou Homestake mètrhse mèso rujmì ro c
twn hliak¸n netrÐnwn

RHomestake
37Cl = 2.56± 0.23 SNU, (4.38)

pou antistoiqeÐ perÐpou sto èna trÐto tou problepìmenou rujmoÔ ro c sÔm-
fwna me to kajierwmèno hliakì prìtupo. H isìthta me ton jewrhtik� aname-
nìmeno rujmì ro c apokleÐetai se eÔroc megalÔtero apì 3σ.

4.3.2 Peir�mata GallÐou 71Ga

Mia kathgorÐa peiram�twn hliak¸n netrÐnwn eÐnai ta peir�mata GallÐou.
Ta peir�mata autoÔ tou tÔpou qrhsimopoioÔn thn antÐdrash

νe + 71Ga→ 71Ge+ e−, (4.39)

4
Η θωράκιση μετριέται σε ισοδύναμα μέτρα νερού, τα οποία αντιστοιχούν στο στρώμα

νερού που παρέχει την ίδια θωράκιση, έτσι αυτό το βάθος αντιστοιχεί σε 4000 ισοδύναμα

μέτρα νερού.
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PÐnakac 5: Oi jewrhtik� aniqneuìmenoi rujmoÐ ro c hliak¸n netrÐnwn twn
diafìrwn kl�dwn kaj¸c kai oi sunolikoÐ rujmoÐ ro c sÔmfwna me to Kajie-
rwmèno Hliakì Prìtupo BP00 SSM.

Kl�doc R
(r)
37Cl [SNU ] R

(r)
71Ga [SNU ]

pp − 69.7
pep 0.22 2.8
hep 0.04 0.1
7Be 1.15 34.2
8B 5.76 12.1

13N 0.09 3.4
15O 0.33 5.5
17F 0.0 0.1

SÔnolo 7.6+1.3
−1.1 128+9

−7

h opoÐa èqei exairetik� qamhl  enèrgeia katwflÐou Eth = 0.233 MeV kaji-
st¸ntac dunat  thn anÐqneush netrÐnwn apì ìlouc tou kl�douc. EpÐshc lìgw
tou qamhloÔ energeiakoÔ katwflÐou o jewrhtikìc sunolikìc rujmìc ro c eÐnai
polÔ uyhlìc me apotèlesma na anamènoume perissìtera peiramatik� gegonìta.
Oi suneisforèc twn kl�dwn ston sunolikì rujmì ro c faÐnontai ston pÐnaka
5.

To peÐrama GALLium EXperiment èlabe q¸ra sto ergast rio tou Gran
Sasso èqontac jwr�kish 3.300 isodÔnama mètra neroÔ. To GALLEX leitoÔr-
ghse apì ton M�io tou 1991 wc ton Ianou�rio tou 1997 kai diadèqjhke apì
to peÐrama GNO apì ton M�io tou 1998 wc ton AprÐlh tou 2003. To peÐrama
Gallium Neutrino Observatory qrhsimopoi se thn Ðdia di�taxh me beltiwmè-
no exoplismì radioqhmik c katagraf c. Sunolik� kai ta dÔo peir�mata mazÐ
katègrayan rujmì ro c

R
GALLEX/GNO
71Ga = 69.3± 5.5 SNU, (4.40)

pou antistoiqeÐ ston misì apì to jewrhtik� anamenìmeno. H isìthta me ton
jewrhtik� anamenìmeno rujmì ro c apokleÐetai se eÔroc 5σ.

To peÐrama Soviet - American Gallium Experiment èlabe q¸ra sto para-
thrht rio netrÐnwn tou Baksan, me jwr�kish 4.700 isodÔnamwn mètrwn neroÔ.
To peÐrama èlabe dedomèna apì ton Ianou�rio tou 1990 wc ton Dekèmbrh tou
2001 kai mètrhse rujmì ro c

RSAGE
71Ga = 70.8+6.5

−6.1 SNU. (4.41)
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Autìc o rujmìc ro c sumfwneÐ me ton rujmì tou peir�matoc GALLEX/GNO
kai apèqei apì ton jewrhtikì rujmì ro c se eÔroc 5σ.

4.3.3 Aniqneutèc Cherenkov ugroÔ

Oi aniqneutèc Cherenkov aniqneÔoun netrÐna se pragmatikì qrìno mèsw
twn leptonÐwn pou par�gontai. Ta leptìnia aktinoboloÔn fwc Cherenkov to
opoÐo sullègetai apì fwtopollaplasiastèc.

To peÐrama Kamiokande èlabe q¸ra sto oruqeÐo Kamioka me jwr�kish
2.600 isodÔnamwn mètrwn neroÔ. Ta netrÐna metr¸ntai mèsw thc elastik c
skèdashc

να + e− → να + e− (4.42)

sthn opoÐa kat� kÔrio lìgo suneisfèroun netrÐno twn hlektronÐwn, afoÔ h
diatom  gia thn skèdash touc eÐnai 6 forèc megalÔterh apì thn diatom  twn
netrÐnwn tou mionÐou kai twn netrÐnwn tou τ. Apì ton Ianou�rio tou 1987 wc
ton Febrou�rio tou 1995 metr jhke h mèsh ro  twn netrÐnwn pou par�gontai
apì ton kl�do 8B

ΦKam
8B = (2.80± 0.38)× 106 cm−2s−1. (4.43)

An upojèsoume ìti ta netrÐna den talant¸nontai, opìte h ro  aut  ofeÐletai
apokleistik� se netrÐna tou hlektronÐou tìte h ro  eÐnai h mis  apì aut  pou
problèpei to kajierwmèno hliakì prìtupo kai apèqei apì thn mon�da se eÔroc
megalÔtero apì 2σ.

Sthn sunèqeia to peÐrama exelÐqjhke sto Super - Kamiokande. H pr¸th
f�sh tou peir�matoc di rkhse apì ton AprÐlio tou 1996 wc to IoÔlio tou 2001,
en¸ h deÔterh f�sh di rkhse apì ton Ianou�rio tou 2003 wc ton Febrou�rio
tou 2004. Sunolik� h mèsh ro  pou metr jhke  tan

ΦSK
8B = (2.35± 0.38)× 106 cm−2s−1, (4.44)

h opoÐa an upojèsoume apousÐa talant¸sewn antistoiqeÐ sto misì thc jewrh-
tik c ro c kai apèqei apì thn mon�da se eÔroc megalÔtero apì 2σ. H sÔgkrish
thc ro c kat� thn di�rkeia thc mèrac me thn ro  kat� thn di�rkeia thc nÔqtac
mporeÐ na d¸sei plhroforÐec gia thn epÐdrash thc Ôlhc stic talant¸seic. Oi
roèc pou metr jhkan  tan

ΦSK,day
8B = (2.32± 0.03+0.08

−0.07)× 106 cm−2s−1, (4.45)
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ΦSK,night
8B = (2.37± 0.03+0.08

−0.08)× 106 cm−2s−1 (4.46)

Me autèc tic roèc h asummetrÐa pou prokÔptei eÐnai

ASKday−night ≡
ΦSK,day

8B − ΦSK,night
8B

1
2

(
ΦSK,day

8B + ΦSK,night
8B

) = −0.021± 0.020+0.013
−0.012, (4.47)

tim  pou eÐnai sumbat  me thn apousÐa asummetrÐac. H epoqik  metabol  thc
ro c brèjhke se sumfwnÐa me thn epoqik  metabol  lìgo thc ekkentrìthtac
thc troqi�c thc Ghc. H anaz thsh netrÐnwn tou kl�dou hep mèsw thc uyhl c
mègisthc enèrgeiac pou èqoun den apèdwse karpoÔc, opìte tèjhke mìno èna
fr�gma

ΦSK
hep < 73× 103 cm−2s−1 (90% CL). (4.48)

To peÐrama Sudbury Neutrino Observatory èlabe q¸ra sto oruqeÐo Crei-
ghton me jwr�kish 6010 isodÔnamwn mètrwn neroÔ. To peÐrama qrhsimopoieÐ
3 diadikasÐec

CC : νe + d→ p+ p+ e− (4.49)

NC : να + d→ p+ n+ να (4.50)

ES : να + E− → να + e− (4.51)

Kai stic treic anwtèrw diadikasÐec mporoÔn na summet�sqoun mìno netrÐna
tou kl�dou 8B. H allhlepÐdrash fortismènou reÔmatoc eÐnai euaÐsjhth mìno
sta netrÐna tou hlektronÐou. H allhlepÐdrash oudetèrou reÔmatoc eÐnai exÐ-
sou euaÐsjhth kai stic treic geÔseic netrÐnwn, en¸ gia thn elastik  skèdash
isqÔei ìti anafèrjhke gia thn antÐstoiqh elastik  skèdash tou peir�matoc
Kamiokande. H leitourgÐa tou SNO mporeÐ na qwristeÐ se treic f�seic:

D2O Sthn f�sh aut  h anÐqneush thc allhlepÐdrash oudetèrou reÔmatoc
(4.50) ginìtan mèsw thc antÐdrashc

n+ d→ 3H + γ(6.25 MeV ) (4.52)

H f�sh aut  di rkhse apì tic 2 NoembrÐou 1999 wc tic 18 MaÐou 2001.
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NaCl Sthn f�sh aut  to barÔ Ôdwr emploutÐsthke me al�ti ¸ste h allhle-
pÐdrash oudetèrou reÔmatoc na aniqneÔetai mèsw thc antÐdrashc

n+ 35Cl→ 36Cl + γ(8.57 MeV ) (4.53)

To pleonèkthma  tan triplì. H pijanìthta sÔllhyhc tou netronÐou
aux jhke, h megalÔterh enèrgeia thc aktinobolÐac g epitrèpei kalÔterec
metr seic afoÔ eÐnai akìma uyhlìtera apì to upìbajro kai eÐnai pio
eÔkoloc o diaqwrismìc twn allhlepidr�sewn fortismènou reÔmatoc apì
tic allhlepidr�seic oudetèrou reÔmatoc. H f�sh aut  di rkhse apì 26
IoulÐou 2001 wc 28 AugoÔstou 2003

TrÐth F�sh Sthn trÐth f�sh h opoÐa xekÐnhse ton Ianou�rio tou 2005 kai
brÐsketai akìma se exèlixh topojet jhkan fi�lec 3H ¸ste na beltiwjeÐ
akìma perissìtero h sÔllhyh tou netronÐou.

H pr¸th f�sh tou peir�matoc epibebaÐwse to prìblhma twn hliak¸n netrÐnwn.
Mèsw thc metr seic twn allhlepidr�sewn oudetèrou reÔmatoc epibebai¸jhke
ìti h ro  twn netrÐnwn tou hlektronÐou eÐnai to èna trÐto thc sunolik c ro c
twn netrÐnwn. Sthn deÔterh f�sh metr jhkan oi akìloujec roèc:

ΦSNO
CC = 1.68± 0.06+0.08

−0.09 × 106 cm−2s−1, (4.54)

ΦSNO
NC = 4.94± 0.21+0.38

−0.34 × 106 cm−2s−1, (4.55)

ΦSNO
ES = 2.35± 0.22± 0.15× 106 cm−2s−1, (4.56)

Ek pr¸thc ìyewc eÐnai profanèc ìti oi treic roèc diafèroun �ra na netrÐna
pou aniqneÔontai apì ton  lio den mporeÐ na èqoun thn Ðdia geÔsh. O lìgoc

ΦSNO
CC

ΦSNO
NC

= 0.340± 0.023+0.029
−0.031 (4.57)

apèqei apì thn mon�da perissìtero apì 17σ. Jewr¸ntac ìti

ΦSNO
CC = ΦSNO

νe (4.58)

èqoume
ΦSNO
NC = ΦSNO

νe + ΦSNO
νµ,ντ (4.59)
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kai
ΦSNO
ES = ΦSNO

νe + 0.1553ΦSNO
νµ,ντ (4.60)

epomènwc h ro  twn netrÐnwn tou mionÐou kai tou τ eÐnai

ΦSNO−NC
νµ,ντ = (3.26± 0.25+0.40

−0.35)× 106 cm−2s−1 (4.61)

kai
ΦSNO−ES
νµ,ντ = (4.36± 1.52+0.90

−0.87)× 106 cm−2s−1, (4.62)

timèc pou brÐskontai se sumfwnÐa metaxÔ touc.
Sthn apl  perÐptwsh thc an�lushc mèsw talant¸sewn dÔo netrÐnwn h

pijanìthta epibÐwshc dÐnetai apì thn sqèsh

Pνα→να(L(t), E) = 1− sin2 2θ sin2

(
∆m2L(t)

4E

)
, (4.63)

ìpou h apìstash ghc hlÐou dÐnetai apì thn sqèsh

L(t) = Lo

[
1− ε cos

(
2π

t

T

)]
. (4.64)

Apì thn stigm  pou den up�rqei shmantik  epoqik  apìklish stic metr seic
h lÔsh tou probl matoc twn hliak¸n netrÐnwn wc talant¸seic sto kenì apo-
kleÐetai.

Sundu�zontac ìla ta proanaferjènta peiramatik� apotelèsmata katal -
goume

∆m2 = 6.5+4.4
−2.3 × 10−5eV 2, tan2 θ = 0.45+0.09

−0.08, (4.65)

me abebaiìthta 1σ. An l�boume upìyin kai ta apotelèsmata tou peir�matoc
KamLAND oi timèc autèc gÐnontai

∆m2 = 8.0+0.6
−0.4 × 10−5eV 2, tan2 θ = 0.45+0.09

−0.07, (4.66)

èqoume epomènwc polÔ megalÔterh akrÐbeia. Sto sq ma 8 faÐnontai ta apo-
telèsmata twn hliak¸n peiram�twn se sunduasmìc me ta apotelèsmata tou
KamLAND.
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Sq ma 8: O sunduasmìc twn hliak¸n peiram�twn me to KamLAND

4.4 Atmosfairik� NetrÐna

Ta netrÐna pou par�gontai sthn atmìsfaira ofeÐlontai sthn kosmik 
aktinobolÐa. H prwtogen c kosmik  aktinobolÐa, h opoÐa apoteleÐtai kurÐwc
apì prwtìnia, allhlepidr� me touc pur nec pou brÐskontai sthn atmìsfaira
kai par�gei adrìnia. Wc epÐ to pleÐston par�gontai piìnia, ta opoÐa diasp¸ntai
kurÐwc se

π+ → µ+ + νµ π− → µ− + ν̄µ. (4.67)

An h prwtogen c kosmik  aktinobolÐa èqei uyhl  enèrgeia sumb�lloun kai
kaìnia sthn paragwg  mionÐwn kai pionÐwn. Arket� apì ta miìnia diasp¸ntai
prin ft�soun sto èdafoc

µ+ → e+ + νe + ν̄µ µ− → e− + ν̄e + νµ (4.68)
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Ta netrÐna me enèrgeiec apì 100 MeV mèqri 100 GeV mporoÔn na aniqneu-
toÔn mèsw twn sked�sewn touc me pur nec. Fusik� oi aniqneutèc prèpei na
brÐskontai se meg�lo b�joc prokeimènou na up�rqei kal  jwr�kish apì thn
kosmik  aktinobolÐa. Apì tic parap�nw diasp�seic mporoÔme na ektim soume
touc akìloujouc lìgouc ro¸n

φνµ + φν̄µ
φνe + φν̄e

' 2,
φνµ
φν̄µ
' 1,

φνe
φν̄e
'
φµ+

φµ−
(4.69)

gia enèrgeiec megalÔterec apì 1 GeV anamènetai na ft�noun sto èdafoc pe-
rissìtera miìnia qwrÐc na prol�boun na diaspastoÔn opìte o lìgoc ro¸n
φνµ+φν̄µ
φνe+φν̄e

na aux�netai.
H ro  twn kosmik¸n netrÐnwn mporeÐ na prosomoiwjeÐ mèsw prosomoi¸se-

wn Monte Carlo gia monodi�stata kai trisdi�stata montèla. Sta monodi�stata
montèla k�je deuterogenèc swmatÐdio èqei thn Ðdia dieÔjunsh me to prwtoge-
nèc pou to par gage. Mèsw ton prosomoi¸sewn mporoÔme na kataskeu�soume
ton lìgo

Rµ/e =

(
Nµ
Ne

)
data(

Nµ
Ne

)
MC

, (4.70)

ìpou Nµ kai Ne eÐnai ta gegonìta pou sqetÐzontai me hlektrìnia me ta gego-
nìta pou sqetÐzontai me miìnia.

H paragwg  netrÐnwn sthn atmìsfaira eÐnai omogen c, opìte qwrÐc talan-
t¸seic netrÐnwn anamènoume h ro  twn netrÐnwn pou katebaÐnoun (kai èqoun
paraqjeÐ sthn atmìsfaira p�nw apì ton aniqneut ) kai h ro  twn anerqì-
menwn netrÐnwn, (ta opoÐa èqoun paraqjeÐ sthn atmìsfaira kai en suneqeÐa
dièsqisan ìlh thn gh gia na ft�soun ton aniqneut ) na eÐnai Ðdia. Gia na po-
sotikopoi soume thn apìklish apì to anamenìmeno orÐzoume thn asummetrÐa

Aup−downα =

(
U −D
U +D

)
α

(4.71)

kai ton lìgo

Rup−down
α =

(
U

D

)
α

. (4.72)

Ta peir�mata atmosfairik¸n netrÐnwn aniqneÔoun netrÐna mèso twn sked�-
sewn

να +N → `− +X, ν̄α +N → `+ +X. (4.73)
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Sta peir�mata pou èqoun diexaqjeÐ oi dÔo autèc antidr�seic eÐnai isodÔnamec
kaj¸c den efarmìzetai magnhtikì pedÐo prokeimènou na metrhjeÐ to fortÐo twn
swmatidÐwn. EpÐshc prèpei na epishmanjeÐ ìti h anÐqneush twn netrÐnwn tou τ
eÐnai idiaÐtera dÔskolh kaj¸c to τ diasp�tai sqedìn amèswc kai h anÐqneus 
tou apì ta proðìnta thc di�spashc tou eÐnai idiaÐtera dÔskolh.

Ta gegonìta pou katagr�fontai qwrÐzontai se treic kathgorÐec. Up�r-
qoun ta sumperilambanìmena gegonìta, sta opoÐa to netrÐno allhlepidr� sto
eswterikì tou aniqneut  kai oi troqièc ìlwn twn swmatidÐwn katagr�fontai
apì ton aniqneut . Up�rqoun ta gegonìta pèdhshc mionÐwn, ìpou ta miìnia
eisèrqontai ston aniqneut  kai stamatoÔn ekeÐ. H teleutaÐa kathgorÐa gego-
nìtwn eÐnai ta dierqìmena miìnia. Aut� eÐnai gegonìta ìpou ta miìnia apl�
dièrqontai apì ton aniqneut  qwrÐc na stamat soun.

Eidik� gia ta peir�mata Kamiokande kai Super-Kamiokande, epeid  u-
p�rqoun duo aniqneutèc, ènac eswterikìc kai ènac exwterikìc, orÐzontai ta
pl rwc sumperilambanìmena gegonìta kai ta merik¸c sumperilambanìmena ge-
gonìta. Sthn pr¸th perÐptwsh ta gegonìta katagr�fontai ex olokl rou apì
twn eswterikì aniqneut , en¸ sthn deÔterh perÐptwsh to netrÐno allhlepidr�
ston eswterikì aniqneut , all� k�poia apì ta paragìmena swmatÐdia kata-
gr�fontai ston exwterikì aniqneut .

P�li gia ta peir�mata Kamiokande kai Super-Kamiokande, istorik�, èqei
epikrat sei na diaqwrÐzontai ta gegonìta se Sub−GeV me sunolik  apeleu-
jerwjeÐsa enèrgeia E < 1.33 GeV kai Multi − GeV me sunolik  apeleuje-
rwjeÐsa enèrgeia E > 1.33 GeV

To peÐrama Kamiokande kat�fere na aniqneÔsei tou akìloujouc lìgouc
asummetrÐac

Rsub−GeV
µ/e = 0.60+0.07

−0.06 ± 0.05, (4.74)

Rmulti−GeV
µ/e = 0.57+0.08

−0.07 ± 0.07. (4.75)

Oi apoklÐseic autèc exhgoÔntai sta plaÐsia thc exaf�nishc netrÐnwn tou mio-
nÐou lìgo talant¸sewn. Wstìso to peÐrama den  tan se jèsh na xeqwrÐsei tic
talant¸seic an�mesa se νµ → νe kai νµ → ντ . Argìtera to peÐrama CHOOZ
kat�fere na apokleÐsei tic talant¸seic νµ → νe.

To peÐrama IMB èlabe q¸ra sto oruqeÐo �latoc Morton Thiokol apì to
1982 wc to 1991 me jwr�kish 1570 isodÔnamwn mètrwn neroÔ. To peÐrama
anÐqneuse apìklish mìno sta gegonìta me enèrgeia mikrìterh apì 1.5 GeV .
Sta anerqìmeno miìnia kai sta merik¸c sumperilambanìmena gegonìta me e-
nèrgeiec megalÔterh apì 0.95 GeV den parathr jhke apìklish. H apìklish
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PÐnakac 6: Oi lìgoi asummetrÐac twn anerqìmenwn kai katerqìmenwn netrÐnwn
gia tic di�forec energeiakèc perioqèc. (Me p sumbolÐzetai h orm  twn forti-
smènwn leptonÐwn pou par�gontai kai me P.C. ta merik¸c sumperilambanìmena
gegonìta.)

GeÔsh sub−GeV sub−GeV multi-GeV

(p < 400 MeV ) (p > 400 MeV ) + P.C.

e 1.133+0.062
−0.059 ± 0.009 1.082+0.063

−0.060 ± 0.024 0.961+0.086
−0.079 ± 0.016

µ 0.964+0.062
−0.058 ± 0.008 0.670+0.035

−0.034 ± 0.012 0.551+0.035
−0.033 ± 0.004

pou brèjhke  tan
Rsub−GeV
µ/e = 0.54± 0.05± 0.11, (4.76)

se sumfwnÐa me to apotèlesma tou Kamiokande.
To peÐrama Super - Kamiokande sto tèloc thc pr¸thc f�shc tou mètrhse

touc lìgouc asummetrÐac thc sqèshc (4.72) gia netrÐna tou mionÐou kai netrÐna
tou hlektronÐou se di�forec energeiakèc perioqèc. Ta apotelèsmata brÐskon-
tai ston pÐnaka 6. Oi lìgoi thc sqèshc (4.70) pou metr jhkan gia tic dÔo
energeiakèc perioqèc exÐsou apèqoun apì thn mon�da

Rsub−GeV
µ/e = 0.658± 0.016± 0.035, (4.77)

Rmulti−GeV+P.C
µ/e = 0.702+0.032

−0.030 ± 0.101. (4.78)

Oi timèc autèc eÐnai se sumfwnÐa me ta apotelèsmata wn peiram�twn Kamio-
kande kai IMB. EpÐshc metr jhke o lìgoc (V/H) twn katakìrufwn kai o-
rizìntiwn dierqìmenwn mionÐwn, ìpou katakìrufa jewroÔntai ta gegonìta me
0.5 < cos θz < 1 kai orizìntia ta gegonìta me 0 < cos θz < 0.5:(

V

H

)
data

= 0.497± 0.022± 0.003

(
V

H

)
MC

= 0.586± 0.018 (4.79)

To apotèlesma diafèrei apì thn jewrhtik  prìbleyh se eurìc 3σ. Akìma
metr jhke o lìgoc stamathmènwn kai dierqìmenwn mionÐwn

Rdata
stop/through = 0.229± 0.015± 0.003 RMC

stop/through = 0.430± 0.065 (4.80)

To apotèlesma diafèrei apì thn jewrhtik  prìbleyh se èuroc megalÔtero
apì 3 σ.
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Sunolik� to Super - Kamiokande mètrhse 1.5× 104 atmosfairik� netrÐna
kai eÐnai h kÔria phg  twn gn¸sewn pou èqoume sqetik� me tic talant¸seic twn
atmosfairik¸n netrÐnwn. H kalÔterh prosarmog  stic talant¸seic νµ → ντ
epitugq�netai gia

sin2 2θ = 1.00 ∆m2 = 2.1× 10−3 eV 2 (4.81)

en¸ se epÐpedo empistosÔnhc 90% :

sin2 2θ > 0.92 1.5× 10−3 < ∆m2 < 3.4× 10−3 eV 2 (4.82)

To peÐrama Sudan 2 èlabe q¸ra sto oruqeÐo Sudan 2 apì to 1989 wc to
2001 me jwr�kish 2070 isodÔnamwn mètrwn neroÔ kai mètrhse ton lìgo

Rsub−GeV
µ/e = 0.69± 0.010± 0.06, (4.83)

o opoÐoc brÐsketai se sumfwnÐa me ta peir�mata Kamiokande, IMB kai Super
- Kamiokande. Epeid  oi epitrepìmenec perioqèc tou peir�matoc Sudan 2
emperièqoun tic epitrepìmenec perioqèc tou Super - Kamiokande (lìgo polÔ
qamhlìterhc statistik c) to peÐrama Sudan 2 jewreÐtai apl� mia epibebaÐwsh
tou Super - Kamiokande

To peÐrama MACRO èlabe q¸ra sto Gran Sasso apì to 1989 wc to 1995
me tm ma tou exoplismoÔ tou kai apì to 1995 wc to 2000 me pl rh exoplismì.
Ektìc twn �llwn mètrhse ton lìgo(

Nlow

Nhigh

)
data

= 0.85± 0.16

(
Nlow

Nhigh

)
MC

= 1.50± 0.25, (4.84)

ìpou Nlow kai Nhigh eÐnai ta gegonìta me enèrgeia mikrìterh apì 30 GeV kai
megalÔterh apì 130 GeV antÐstoiqa.

Ta apotelèsmata twn peiram�twn atmosfairik¸n netrÐnwn se sunduasmì
me ta LBL peir�mata èdwsan èna pl rec plaÐsio gia tic talant¸seic atmo-
sfairik¸n netrÐnwn. 'Opwc ja doÔme ta peir�mata LBL an kai den anÐqneusan
talant¸seic kat�feran na jèsoun ìria ta opoÐa apèklisan thn ermhneÐa twn
talant¸sewn twn atmosfairik¸n netrÐnwn wc talant¸seic metaxÔ νe kai νµ.

4.5 EpÐgeia Peir�mata

Ta epÐgeia peir�mata qwrÐzontai se dÔo meg�lec kathgorÐec, ta peir�mata
antidrast rwn kai ta peir�mata epitaqunt¸n.
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4.5.1 Peir�mata Antidrast rwn

Sta peir�mata antidrast rwn ta netrÐna par�gontai apì tic b-diasp�seic
twn purhnik¸n kausÐmwn. Gia k�je GW jermik c isqÔoc tou antidrast ra
par�gontai perÐpou 2× 1020 antinetrÐna. Wstìso epeid  ta netrÐna diadÐdontai
isìtropa h ro  touc an� mon�da epifaneÐac mei¸netai antistrìfwc an�loga
tou tetrag¸nou thc apìstashc. 'Etsi up�rqoun periorismoÐ sthn mègisth
apìstash antidrast ra - aniqneut  prokeimènou na èqoume kal  statistik ,
all� kai na èqoume ton epijumhtì lìgo L/E. Ta antinetrÐna èqoun enèrgeia
thc t�xhc tou MeV opìte mporoÔme na aniqneÔsoume mìno thn exaf�nish
twn νe, afoÔ h dhmiourgÐa µ kai τ den epitrèpetai energeiak�. Autì èqei wc
apotèlesma na mhn mporoÔn na metrhjoÔn me akrÐbeia mikrèc gwnÐec mÐxhc.

H anÐqneush twn antinetrÐnwn νe gÐnetai mèsw thc antÐstrofhc b-di�spashc
tou netronÐou

νe + p→ n+ e+ Eth = 1.806 MeV. (4.85)

Mìno to 25% twn antinetrÐnwn pou ft�noun ston aniqneut  èqei enèrgeia
megalÔterh apì thn enèrgeia katwflÐou, opìte mporeÐ na aniqneuteÐ.

'Eqoun gÐnei arket� peir�mata SBL me apìstas  10 − 100 m ek twn o-
poÐwn kanèna den kat�fere na aniqneÔsei talant¸seic. Mpìresan ìmwc na
sqediastoÔn kampÔlec apokleismènwn perioq¸n.

Mìno dÔo peir�mata LBL èqoun gÐnei me apìstash ∼ 1 km. To Palo Verde
kai CHOOZ. To CHOOZ deqìtan thn ro  antinetrÐnwn dÔo antidrast rwn
sunolik c jermik  isqÔoc 8.5 GW me apost�seic 1115 m kai 998 m. Me
metr seic apì ton AprÐlio tou 1997 wc ton IoÔlio tou 1998 o lìgoc twn
aniqneuìmenwn proc ta anamenìmena antinetrÐnwn  tan

R = 1.01± 0.028± 0.027 (4.86)

H tim  upodeiknÔei ìti den parathroÔntai talant¸seic, opìte odhghj kame
sto ìrio

sin2 2θ ≤ 0.1 ∆m2 ≥ 2× 10−3 eV (4.87)

∆m2 ≤ 7× 10−4 eV sin2 2θ = 1 (4.88)

EpÐshc apokleÐsthke h ermhneÐa twn atmosfairik¸n talant¸sewn wc talan-
t¸seic νµ → νe.

To peÐrama Palo Verde deqìtan thn ro  tri¸n antidrast rwn sunolik c
jermik c isqÔoc 11.6 GW me apìstash 890 m apì touc duì pr¸touc kai
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750 m apì ton trÐto. To peÐrama l�mbane dedomèna apì ton Okt¸brio tou
1998 wc ton IoÔlio tou 2000 kai mètrhse ton lìgo

R = 1.01± 0.024± 0.054 (4.89)

opìte epibebaÐwse to peÐrama CHOOZ. Sto sq ma 9 faÐnontai oi apoklismènec
perioqèc twn peiram�twn Palo Verde kai CHOOZ.

Sq ma 9: Oi apoklismènec perioqèc twn peiram�twn Palo Verde kai CHOOZ
kai oi perioq  talant¸sewn tou SuperKamiokande

To monadikì peÐrama V LBL pou èqei l�bei q¸ra eÐnai to KamLAND. To
KamLAND dèqetai antinetrÐna apì 53 antidrast rec me to 80% thc ro c na
proèrqetai apì antidrast rec pou brÐskontai se apìstash apì 140 wc 215
km me mèsh apìstash 180 km. To kat¸fli tou peir�matoc lìgo thc Ôparxhc
upob�jrou eÐnai 2.6 MeV . H meg�lh apìstash epitrèpei thn parat rhsh
talant¸sewn exaitÐac tou ∆m2

21. To peÐrama èlabe metr seic apì ton M�rtio
tou 2002 wc ton Ianou�rio tou 2004 kai mètrhse ton lìgo

R = 0.658± 0.044± 0.047 (4.90)
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o opoÐoc apèqei apì thn mon�da perissìtero apì 5σ. H apìklish ermhneÔetai
wc tal�ntwsh dÔo netrÐnwn h opoÐa se sunduasmì me ta hliak� peir�mata dÐnei

∆m2 = 7.9+0.6
−0.5 × 10−5 eV 2 tan2 θ = 0.40+0.10

−0.07 (4.91)

Sto sq ma 10 up�rqei to di�gramma ∆m2 tan2 θ

Sq ma 10: Ta apotelèsmata tou peir�matoc KamLAND kai o sunduasmìc
touc me ta apotelèsmata twn hliak¸n peiram�twn.

4.5.2 Peir�mata Epitaqunt¸n

Ektìc apì thn di�krish twn peiram�twn an�loga me ton trìpo paragwg c
thc dèsmhc ta peir�mata sta opoÐa ta netrÐna proèrqontai apì diasp�seic
pionÐwn qwrÐzontai kai stic akìloujec kathgorÐec

Dèsmec Meg�lou EÔrouc Autèc oi dèsmec èqoun polÔ meg�lh èntash,
all� h enèrgeia touc èqei meg�lo eÔroc to opoÐo mporeÐ na diafèrei kai
dÔo t�xeic megèjouc. Tètoiou eÐdouc dèsmec qrhsimopoioÔntai gia thn
anÐqneush nèwn talant¸sewn kaj¸c mporoÔn na d¸soun talant¸seic
gia meg�lo eÔroc ∆m2.
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Dèsmec MikroÔ EÔrouc Oi dèsmec èqoun polÔ mikrì energeiakì eÔroc
epeid  epilègontai piìnia kai kaìnia sugkekrimènhc orm c gia na para-
skeuastoÔn. Gia thn Ðdia arqik  dèsmh prwtonÐwn h èntash aut¸n twn
desm¸n eÐnai mikrìterh apì thn èntash twn desm¸n meg�lou eÔrouc,
wstìso oi metr seic me autèc tic dèsmec èqoun polÔ meg�lh akrÐbeia.

Dèsmec Ektìc 'Axona Oi dèsmec autèc par�gontai apì dèsmec meg�lou
eÔrouc an topojet soume ton aniqneut  ektìc tou �xona. H enèrgeia
twn netrÐnwn eÐnai sqedìn monoqrwmatik .

'Eqoun gÐnei arket� peir�mata SBL ta opoÐa den anÐqneusan talant¸seic,
me exaÐresh ton isqurismì tou LSND kai mia anwmalÐa pou èqei parathrhjeÐ
stic metr seic tou MiniBooNe. To monadikì LBL peÐrama pou èqei l�bei
q¸ra eÐnai to K2K. Sto K2K qrhsimopoieÐtai dèsmh meg�lou eÔrouc me mèsh
enèrgeia 1.3 MeV , en¸ h apìstash eÐnai 250 km. Sunolik� aniqneÔjhkan 107
gegonìta apì ta 151+12

−10 anamenìmena. H an�lush èdwse

sin2 2θ = 1.0 ∆m2 = 2.8× 10−3 eV (4.92)

To apotèlesma eÐnai se sumfwnÐa me ta atmosfairik� peir�mata, opìte to
K2K jewreÐtai epibebaÐws  touc. To peÐrama epÐshc anaz thse metatropèc
νµ → νe qwrÐc epituqÐa kai katèlhxe ìti

sin2 2θµe < 0.13 (90%C.L.) ∆m2 = 2.8× 10−3 eV (4.93)

4.6 Sunolik  An�lush

Mèqri stigm c h an�lush twn peiramatik¸n apotelesm�twn èqei gÐnei me
b�sh talant¸seic dÔo netrÐnwn. H an�lush aut  èqei odhg sei sthn Ôparxh
duo diafor¸n maz¸n ∆m2. Oi dÔo autèc klÐmakec pou èqoun prokÔyei den
ephre�zontai an h an�lush gÐnei gia 3 netrÐna. Parìlo pou up�rqoun treÐc
diaforèc maz¸n, mìno oi dÔo eÐnai grammik� anex�rthtec afoÔ

∆m32 + ∆m21 −∆m31 = 0 (4.94)

H parathroÔmenh ierarqÐa maz¸n eÐnai

∆m2
SOL � ∆m2

ATM , (4.95)

ìpou ∆m2
SOL = ∆m2

21 kai ∆m2
ATM = |∆m2

31| ' |∆m2
32| Apì th �llh oi

plhroforÐec gia thn mÐxh dunhtik� ja mporoÔsan all�zoun dramatik� all�
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autì eutuq¸c den sumbaÐnei. Ta peir�mata hliak¸n netrÐnwn parathroÔn thn
exaf�nish netrÐnwn νe opìte h pijanìthta exart�tai mìno apì ta stoiqeÐa Uei
thc pr¸thc gramm c tou pÐnaka mÐxhc. Sthn perÐptwsh twn atmosfairik¸n
netrÐnwn h pijanìthta exart�tai mìno apì thc gwnÐec mÐxhc θ23 kai θ13, oi
opoÐec kajorÐzontai monos manta apì ta stoiqeÐa thc trÐthc st lhc tou pÐnaka
mÐxhc wc ex c

sin θ23 =
|Uµ3|√

1− |Ue3|2
sin θ13 = |Ue3| (4.96)

To monadikì koinì stoiqeÐo stic dÔo peript¸seic eÐnai to |Ue3|.

4.6.1 DÔo EÐdh Talant¸sewn

Sthn perÐptwsh atmosfairik¸n peiram�twn   LBL èqoume

∆m2
31

2

〈
L

E

〉
∼ π (4.97)

opìte epikrateÐ mìno aut  h meg�lh diafor� maz¸n kai oi talant¸seic pou
ofeÐlontai sthn diafor� maz¸n ∆m2

21 sumb�lloun mìno kat� mèsh tim . H
energìc tal�ntwsh dÔo netrÐnwn pou prokÔptei dÐnetai apì tic sqèseic

P eff
να→νβ(L,E) = sin2 2θeffαβ sin2

(
∆m2

31L

4E

)
, α 6= β (4.98)

P eff
να→να(L,E) = 1− sin2 2θeffαα sin2

(
∆m2

31L

4E

)
(4.99)

me tic energèc gwnÐec mÐxhc na dÐnontai apì tic sqèseic

sin2 2θeffαβ = 4|Uα3|2|Uβ3|2, α 6= β (4.100)

sin2 2θeffαα = 4|Uα3|2
(
1− |Uα3|2

)
(4.101)

Ta sumper�smata eÐnai polÔtima. 'Olec oi talant¸seic eÐnai dunatèc kai
èqoun to Ðdio m koc tal�ntwshc

Losc =
4π

∆m2
31

. (4.102)



4 H PEIRAMATIK�H PLEUR�A 84

Oi pijanìthtec den exart¸ntai apì tic f�seic tou pÐnaka mÐxhc �ra den mporoÔn
na metrhjoÔn parabi�seic twn summetri¸n CP kai T me autì ton trìpo. Oi
talant¸seic exart¸ntai mìno apì treic paramètrouc ∆m2

31, |Ue3| kai |Uµ3|. H
sqèsh twn stoiqeÐwn tou pÐnaka mÐxhc me tic gwnÐec mÐxhc eÐnai |Ue3| = sin2 θ13

kai |Uµ3| = cos2 θ13 sin2 θ23. To plèon shmantikì eÐnai ìmwc ìti h memonwmènh
an�lush dÔo netrÐnwn k�je peir�matoc ermhneÔetai apeujeÐac me b�sh thn
anwtèrw an�lush. H diafor� maz¸n eÐnai h Ðdia kai h gwnÐa mÐxhc thc an�lushc
dÔo netrÐnwn tautÐzetai me thn energì gwnÐa thc an�lushc twn tri¸n netrÐnwn.

Sthn perÐptwsh twn hliak¸n peiram�twn   twn V LBL èqoume

∆m2
21

2

〈
L

E

〉
∼ π, (4.103)

opìte uperisqÔoun oi talant¸seic pou ofeÐlontai sthn mikr  diafor� maz¸n,
en¸ oi talant¸seic pou ofeÐlontai sthn meg�lh diafor� maz¸n ∆m2

31 jewroÔn-
tai amelhtèec. Sta peir�mata aut� sun jwc metr�tai h pijanìthta epibÐwshc,
afoÔ sp�nia diakrÐnontai νµ kai ντ kat� thn anÐqneush, opìte h pijanìthta
metatrop c ousiastik� dÐnetai apì thn sqèsh Pνe→νµ + Pνe→ντ = 1 − Pνe→νe .
H pijanìthta epibÐwshc dÐnetai apì thn sqèsh

P eff
να→να(L,E) =

(
1− |Uα3|2

)2
P (1,2)
να→να(L,E) + |Uα3|2, (4.104)

ìpou h energìc pijanìthta epibÐwshc gia talant¸seic duo netrÐnwn dÐnetai apì
thn sqèsh

P (1,2)
να→να(L,E) = 1− sin2 2θeffαα sin2

(
∆m2

21L

4E

)
, (4.105)

kai h energìc gwnÐa mÐxhc dÐnetai apì thn sqèsh

sin2 2θeffαα = 4
|Uα1|2|Uα2|2

(|Uα1|2 + |Uα2|2)2 (4.106)

4.6.2 MÐxh duo meg�lwn Gwni¸n

MÐxh dÔo meg�lwn gwni¸n èqoume ìtan èna stoiqeÐo tou pÐnaka mÐxhc eÐnai
mhdenikì   polÔ mikrìtero apì ta upìloipa. Sthn perÐptwsh aut  me kat�llh-
louc metasqhmatismoÔc mporoÔme na ekfr�soume ton pÐnaka mÐxhc sunart sei
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dÔo mìno gwni¸n mÐxhc. Autì èqei wc apotèlesma o pÐnakac na gÐnetai prag-
matikìc, to analloÐwto Jarlskog na mhdenÐzetai kai na mhn up�rqei parabÐash
thc summetrÐac CP. H pijanìthta tal�ntwshc gÐnetai

Pνα→νβ(L,E) = δαβ − 4
∑
i>j

UαiUβiUαjUβj sin2

(
∆m2

ijL

4E

)
(4.107)

Gia eukolÐa prokeimènou na apofÔgoume touc metasqhmatismoÔc, ac jew-
r soume ìti Ue3 = 0, perÐptwsh pou oÔtwc   �llwc eÐnai realistik . To tm ma
Dirac tou pÐnaka mÐxhc eÐnai

UD =

 c12 s12 0
−s12c23 c12c23 s23

s12s23 −c12s23 c23

 (4.108)

To netrÐno νe apoteleÐtai mìno apì ν1 kai ν2, opìte h pijanìthta tal�n-
twshc tou dÐnetai apì thn sqèsh

Pνe→νβ(L,E) = δeβ + (1− δeβ) sin2 2θeffeβ sin2

(
∆m2

12L

4E

)
, (4.109)

ìpou h energìc gwnÐa mÐxhc dÐnetai apì tic sqèseic

θeffee = θ12 sin2 2θeffeµ = sin2 2θ12c
2
23 sin2 2θeffeτ = sin2 2θ12s

2
23. (4.110)

Oi pijanìthtec epibÐwshc twn netrÐnwn νµ kai ντ eÐnai

Pνµ→νµ(L,E) = 1− sin2 2θ23

[
s2

12 sin2

(
∆m2

31L

4E

)
+ c2

12 sin2

(
∆m2

32L

4E

)]
− sin2 2θ12c

4
23 sin2

(
∆m2

21L

4E

)
,

(4.111)

Pντ→ντ (L,E) = 1− sin2 2θ23

[
s2

12 sin2

(
∆m2

31L

4E

)
+ c2

12 sin2

(
∆m2

32L

4E

)]
− sin2 2θ12s

4
23 sin2

(
∆m2

21L

4E

)
,

(4.112)



4 H PEIRAMATIK�H PLEUR�A 86

en¸ oi pijanìthta metatrop c νµ → ντ eÐnai

Pνµ→νµ(L,E) = sin2 2θ23

[
s2

12 sin2

(
∆m2

31L

4E

)
+ c2

12 sin2

(
∆m2

32L

4E

)]
−1

4
sin2 2θ12 sin2 2θ23 sin2

(
∆m2

21L

4E

)
(4.113)

Apì tic sqèseic autèc blèpoume ìti gia peir�mata sta opoÐa h arqik  dè-
smh eÐnai netrÐna νe h an�lush mporeÐ na gÐnei mèsw energ c tal�ntwshc dÔo
netrÐnwn, wstìso paÐrnoume plhroforÐec mìno gia ta ∆m2

21 kai θ12. Talant¸-
seic oi opoÐec den sqetÐzontai me netrÐna νe mporoÔn na d¸soun plhroforÐec
gia ìlec tic paramètrouc, tic treic diaforèc maz¸n ∆m2

21, ∆m2
31 kai ∆m2

32

kai tic dÔo gwnÐec mÐxhc θ12 kai θ23, all� h an�lush gÐnetai mèsw polÔ pio
polÔplokwn sqèsewn.

AfoÔ xèroume ìti ∆m2
31 ' ∆m2

32 mporoÔme na aplopoi soume arket� thc
parap�nw sqèseic. 'Etsi èqoume

Pνµ→νµ(L,E) ' 1− sin2 2θ23 sin2

(
∆m2

31L

4E

)
− sin2 2θ12c

4
23 sin2

(
∆m2

21L

4E

)
,

(4.114)

Pντ→ντ (L,E) ' 1− sin2 2θ23 sin2

(
∆m2

31L

4E

)
− sin2 2θ12s

4
23 sin2

(
∆m2

21L

4E

)
,

(4.115)

Pνµ→νµ(L,E) ' sin2 2θ23 sin2

(
∆m2

31L

4E

)
−1

4
sin2 2θ12 sin2 2θ23 sin2

(
∆m2

21L

4E

)
(4.116)

Sthn perÐptwsh talant¸sewn pou ofeÐlontai sthn diafor� maz¸n ∆m2
31

oi talant¸seic exaitÐac thc diafor�c maz¸n ∆m2
21 eÐnai amelhtèec opìte oi

sqèseic aplopoioÔntai akìma perissìtero, opìte katal goume

Pνµ→νµ(L,E) = 1− sin2 2θ23 sin2

(
∆m2

31L

4E

)
, (4.117)

Pντ→ντ (L,E) = 1− sin2 2θ23 sin2

(
∆m2

31L

4E

)
, (4.118)
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Pνµ→νµ(L,E) = sin2 2θ23 sin2

(
∆m2

31L

4E

)
−1

4
sin2 2θ12 sin2 2θ23 sin2

(
∆m2

21L

4E

)
(4.119)

Sthn perÐptwsh talant¸sewn ofeÐlontai sthn diafor� maz¸n ∆m2
21 oi

talant¸seic exaitÐac thc diafor�c maz¸n ∆m2
31 sumb�loun mìno kat� mèsh

tim  ètsi èqoume

Pνµ→νµ(L,E) = 1− 1

2
sin2 2θ23 − sin2 2θ12c

4
23 sin2

(
∆m2

21L

4E

)
, (4.120)

Pντ→ντ (L,E) = 1− 1

2
sin2 2θ23 − sin2 2θ12s

4
23 sin2

(
∆m2

21L

4E

)
, (4.121)

Pνµ→νµ(L,E) =
1

2
sin2 2θ23 −

1

4
sin2 2θ12 sin2 2θ23 sin2

(
∆m2

21L

4E

)
. (4.122)

An h gwnÐa mÐxhc θ23 den jewrhjeÐ gnwst  apì ta peir�mata me euaisjhsÐa
sto ∆m2

31 h an�lush gÐnetai gia ton prosdiorismì kai twn tri¸n paramètrwn.

4.6.3 'Oria sto |Ue3|

'Opwc eÐdame sta peir�mata talant¸sewn pou metroÔn thn pijanìthta
epibÐwshc me talant¸seic pou prokÔptoun apì thn diafor� maz¸n ∆m2

31 h
energìc gwnÐa mÐxhc exart�tai mìno apì to stoiqeÐo to pÐnaka mÐxhc |Uα3|. Sta
peir�mata LBL CHOOZ kai Palo Verde metr jhke h pijanìthta epibÐwshc
antinetrÐnwn νe me thn energì gwnÐa mÐxhc na dÐnetai apì thn sqèsh

sin2 2θeffee = 4|Uα3|2
(
1− |Ue3|2

)
= sin2 2θ13. (4.123)

Ta peir�mata den anÐqneusan talant¸seic all� èjesan èna �nw ìrio
(
sin2 2θ13

)
max

.
Apì thn sqèsh (4.123) èqoume

|Ue3|2 =
1

2

(
1±

√
1− sin2 2θ13

)
, (4.124)

h lÔsh me to prìshmo + aporrÐptetai afoÔ mia tim  tou |Ue3|2 kont� sthn
mon�da den ja mporoÔse na ermhneÔei tic talant¸seic. To ìrio pou apoktoÔme
eÐnai

|Ue3|2 ≤
1

2

(
1−

√
1−

(
sin2 2θ13

)
max

)
. (4.125)
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H an�lush twn parap�nw peiram�twn mazÐ me ta dedomèna tou Super Kamio-
kande gia atmosfairikèc talant¸seic dÐnei

|Ue3|2 < 5× 10−5 99.73% CL (4.126)

Ta dedomèna tou Super Kamiokande den jètoun tìso austhr� ìria sthn
gwnÐa mÐxhc, all� periorÐzoun thn diafor� m�zac ∆m2

13 se èna mikrì eÔroc
opìte se sunduasmì me ta apotelèsmata tou CHOOZ kai Palo Verde èqoume
tìso meg�lh akrÐbeia. H apousÐa talant¸sewn νµ → νe sta peir�mata LBL
jètei èna ìrio

|Ue3|2 < 7× 10−5 90% CL @ ∆m2 = 2.8× 10−3 eV 2. (4.127)

Tèloc ta hliak� peir�mata kai to KamLAND jètoun kai aut� ìrio sto |Ue3|,
to opoÐo den eÐnai tìso austhrì.

4.6.4 An�lush mesw MÐxhc duo meg�lwn Gwni¸n

Apì ta ìrio pou up�rqoun gia to |Ue3| se mia pr¸th prosèggish h a-
n�lush twn peiramatik¸n dedomènwn mporeÐ na gÐnei jewr¸ntac |Ue3| = 0.
Sthn perÐptwsh aut  oi talant¸seic twn hliak¸n kai atmosfairik¸n netrÐ-
nwn apemplèkontai kai mporoÔme na jewr soume talant¸seic duì netrÐnwn.
SumbolÐzontac

θSOL = θ12 θATM = θ23 (4.128)

o pÐnakac mÐxhc gÐnetai

U =

 cos θSOL sin θSOL 0
− sin θSOL cos θATM cos θSOL cos θATM sin θATM
sin θSOL sin θATM − cos θSOL sin θATM cos θATM

 (4.129)

Ta netrÐna νe eÐnai h upèrjesh

νe = cos θSOLν1 + sin θSOLν2. (4.130)

Ta hliak� netrÐna νe metabaÐnoun sthn orjog¸nia kat�stash

νSOL = − sin θSOLν1 + cos θSOLν2

= cos θATMνµ − sin θATMντ
(4.131)

H kat�stash eÐnai grammikìc sunduasmìc twn νµ kai ντ , me thn akrib  sÔstash
na exart�tai apì thn atmosfairik  gwnÐa mÐxhc. H atmosfairik  gwnÐa mÐxhc
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eÐnai sqedìn mègisth, opìte se mia pr¸th prosèggish mporeÐ na jewrhjeÐ
θATM = π/4. Tìte h kat�stash νSOL gÐnetai

νSOL
1√
2

(νµ − ντ ) , (4.132)

H prosèggish eÐnai arket� kal  ìpwc mporeÐ na dei kaneÐc an sugkrÐnei me to
apotèlesma thc an�lushc qwrÐc thn upìjesh |Ue3| = 0 pou parousi�zetai stic
sqèseic 4.136 kai4.137.

U =

 √2/
√

3 1/
√

3 0

−1/
√

6 1/
√

3 1/
√

2

1/
√

6 −1/
√

3 1/
√

2

 =

 0.82 0.58 0.00
−0.41 0.58 0.71
0.41 −0.58 0.71

 (4.133)

4.6.5 Sunolik� apotelèsmata

Sto shmeÐo autì ja sunoyÐsoume ìla ta peiramatik� apotelèsmata, me exaÐ-
resh ta peir�mata LSND kai MiniBooNe, qwrÐc kamÐa upìjesh gia thn gwnÐa
|Ue3|. Kai oi pènte par�metroi ∆m21, ∆m31, θ12, θ23 kai θ13 eÐnai eleÔjerec
na prosdioristoÔn apì ta peiramatik� dedomèna. Ta peir�mata pou èqoun e-
ktelesteÐ den mporoÔn na aniqneÔsoun thn f�sh δ opìte o pÐnakac mÐxhc pou
qrhsimopoieÐtai eÐnai

U = R23R13R12 =

 c12c13 s12c13 s13

−s12c23 − c12s23s13 c12c23 − s12s23s13 s23c13

s12s23 − c12c23s13 −c12s23 − s12c23s13 c23c13


(4.134)

'Eqei epikrat sei o pÐnakac R23 na lègetai atmosfairikìc pÐnakac mÐxhc kai
ìpwc eÐdame sqetÐzetai me tic atmosfairikèc talant¸seic, o pÐnakac R12 lè-
getai hliakìc pÐnakac mÐxhc epeid  sqetÐzetai me tic hliakèc talant¸seic. O
pÐnakac R13 lègetai pÐnakac mÐxhc antidrast rwn, afoÔ plhroforÐec gia autì
ton pÐnaka paÐrnoume apì tic talant¸seic netrÐnwn pou par�gontai apì touc
antidrast rec   touc epitaquntèc. 'Opwc eÐdame h diafor� maz¸n ∆m2

21 kai
h gwnÐa mÐxhc θ12 prosdiorÐzontai kurÐwc apì ta dedomèna twn hliak¸n pei-
ram�twn kai to KamLAND, h diafor� maz¸n ∆m2

23 kai h gwnÐa mÐxhc θ23

prosdiorÐzontai kurÐwc apì ta atmosfairik� peir�mata kai to K2K, en¸ h
gwnÐa mÐxhc θ13 prosdiorÐzetai apì to CHOOZ.
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Sq ma 11: Ta diagr�mmata twn kajolik¸n peiramatik¸n apotelesm�twn twn
talant¸sewn netrÐnwn.

Mia apì tic analÔseic dÐnei

∆m2
21 = 7.92(1± 0.09)× 10−5 eV 2 sin2 2θ12 = 0.314(1+0.18

−0.15),
∆m2

23 = 2.4(1+0.21
−0.26)× 10−3 eV 2 sin2 2θ23 = 0.44(1+0.41

−0.22),
sin2 2θ13 = 0.9(1+2.3

−0.9 × 10−2),
(4.135)

ìpou to eÔroc antistoiqeÐ se 2σ. 'Allec analÔseic èqoun d¸sei parìmoia apo-
telèsmata. Oi epitrepìmenec perioqèc twn paramètrwn brÐskontai sto sq ma
11. Apì autèc tic timèc mporoÔme na prosdiorÐsoume tic apìlutec timèc twn
stoiqeÐwn to pÐnaka mÐxhc

|U |bf =

 0.82 0.56 0.09
0.31− 0.43 0.51− 0.59 0.75
0.37− 0.47 0.59− 0.66 0.66

 (4.136)

ta diast mata dÐnontai epeid  den èqoume kamÐa plhroforÐa gia thn f�sh δ.
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An l�boume upìyin mac tupik  apìklish 2σ o pÐnakac mÐxhc gÐnetai

|U |2σ =

 0.78− 0.86 0.51− 0.61 0.00− 0.18
0.19− 0.57 0.39− 0.73 0.61− 0.80
0.20− 0.47 0.40− 0.74 0.59− 0.79

 (4.137)

H morf  tou pÐnaka mÐxhc twn netrÐnwn eÐnai teleÐwc diaforetik  apì thn
morf  tou pÐnaka twn quarks. Sthn perÐptwsh twn quarks o pÐnakac eÐnai
sqedìn diag¸nioc me ta mh diag¸nia stoiqeÐa na eÐnai polÔ mikr�, en¸ sthn
perÐptwsh twn netrÐnwn ìla ta stoiqeÐa tou pÐnaka mÐxhc eÐnai meg�la ektìc
apì to Ue3.

4.7 H IerarqÐa twn NetrÐnwn

An kai den xèroume thn klÐmaka m�zac sthn opoÐa brÐskontai ta netrÐna
apì thc talant¸seic èqoume plhroforÐec gia thn ierarqÐa touc. MporoÔme
na ekfr�soume thn m�za twn netrÐnwn sunart sei thc m�zac tou elafrÔterou
netrÐno. An to f�sma eÐnai fusiologikì, dhlad  oi diaforèc an�mesa stic
m�zec twn netrÐnwn megal¸noun ìso megal¸nei h m�za, ìpwc sumbaÐnei sta
quarks kai ta fortismèna leptìnia, tìte

m2
2 = m2

1 + ∆m2
21 = m2

1 + ∆m2
SOL m2

3 = m2
1 + ∆m2

31 = m2
1 + ∆m2

ATM .
(4.138)

Sto anestrammèno f�sma

m2
1 = m2

3−∆m2
31 = m2

3+∆m2
ATM m2

2 = m2
1+∆m2

21 = m2
2+∆m2

ATM+∆m2
SOL.

(4.139)
Oi dÔo peript¸seic faÐnontai sto sq ma 12.
Kai stic dÔo peript¸seic up�rqei mia perioq  ìpou oi m�zec twn netrÐnwn

eÐnai sqedìn ekfulismènec

m1 ' m2 ' m3 ' mν , mν �
√

∆m2
ATM ' 5× 10−2 eV (4.140)

Sthn perioq  aut  eÐnai polÔ dÔskolo na xeqwrÐsei kaneÐc ta dÔo f�smata.
Apì thn �llh an h m�za to elafrÔterou netrÐno eÐnai mikrìterh apì

√
∆m2

ATM

tìte ta f�smata eÐnai teleÐwc diaforetik�. Sthn perÐptwsh tou fusiologikoÔ
f�smatoc

m1 � m2 � m3, (4.141)
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Sq ma 12: Ta diagr�mmata thc m�zac twn netrÐnwn sunart sei thc elafrÔte-
rhc m�zac.

en¸ sthn perÐptwsh tou anestrammènou f�smatoc

m3 � m1 ' m2 (4.142)

Anex�rthta apì to eÐdoc tou f�smatoc toul�qiston dÔo netrÐna èqoun m�za
megalÔterh apì

√
∆m2

SOL > 8 × 10−3 eV, en¸ toul�qiston èna netrÐno èqei
m�za megalÔterh apì ∆m2

ATM > 4 × 10−2 eV. Megaloenopoihmènec jewrÐec
protimoÔn to fusiologikì f�sma, afoÔ ja  tan idiaÐtera dÔskolo na dojeÐ
m�za se k�poio multiplet kai na mhn akoloujoÔn ìla ta stoiqeÐa tou to Ðdio
f�sma.

4.8 LSND kai MiniBooNe

Mèqri stigm c ja mporoÔse na pei kaneÐc ìti ìla baÐnoun kal¸c. Up�r-
qoun ìmwc duo peir�mata ta opoÐo den mporoÔn na ermhneutoÔn sta plaÐsia
ìlwn ìswn èqoume pei. H om�da tou peir�matoc LSND, isqurÐzetai ìti kat�-
fere na aniqneÔsei talant¸seic sto kan�li νµ → νe kai pio lÐgec talant¸seic
sto kan�li νµ → νe. Oi talant¸seic upodeÐknuan mia Ôparxh anenergoÔ ne-
trÐno me diafor� m�zac thc t�xhc tou 0.1 ∼ 100eV 2. To peÐrama MiniBooNe
kl jhke na epibebai¸sei   na aporrÐyei ton isqurismì. To MiniBooNe è-
qei 〈L/E〉 ∼ 1, ìpwc kai to LSND opìte eÐnai euaÐsjhto se talant¸seic
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∆m2 ∼ 1. Arqik� qrhsimopoi jhkan dèsmec νµ, upì thn proôpìjesh ìti i-
sqÔei h summetrÐa CPT to MiniBooNe apèrriye ton isqurismì tou LSND
se 98% C.L.. Wstìso oi metr seic perieÐqan mia anex ghth uperoq  νe se
qamhlèc enèrgeiec. Sthn z¸nh energei¸n 200 − 475 MeV katagr�fhkan 544
νe me anamenìmeno arijmì 415.2 ± 43.4. Ta dÔo peir�mata ja mporoÔsan na
èqoun sumbat� apotelèsmata an jewr soume dÔo anenerg� netrÐna. Gia na
xekajarÐsei h kat�stash to MiniBooNe �rqise na y�qnei talant¸seic sto
kan�li tou LSND. To par�doxo eÐnai ìti den emfanÐsthke uperoq  gia νe.
Sthn z¸nh energei¸n 200 − 475 MeV katagr�fhkan 61 νe me anamenìmeno
arijmì 61.5±11.7. To peÐrama suneqÐzei na lamb�nei dedomèna gia na mporèsei
na epiteuqjeÐ kalÔterh akrÐbeia. An ta apotelèsmata meÐnoun wc èqoun eÐte to
upìbajro èqei upotimhjeÐ eÐte up�rqei parabÐash thc summetrÐac CPT . EÐnai
exairetik� endiafèron poia ja eÐnai h ex ghsh gia aut� ta peir�mata, kaj¸c
anamènetai na aporrifjoÔn arket� montèla fusik c Pèran tou Kajierwmènou
ProtÔpou ta opoÐa den ja mporoÔn na exhg soun aut� ta peir�mata.
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5 M�za kai MÐxh twn NetrÐnwn

5.1 'Oroi M�zac Dirac kai MÐxh

H m�za twn netrÐnwn mporeÐ na proèrjei apì ènan Dirac ìro m�za, o
opoÐoc lamb�nei q¸ra mèsw tou mhqanismoÔ Higgs akrib¸c ìpwc sta upìloipa
fermiìnia. H mình epèktash tou Kajierwmènou ProtÔpou pou apaiteÐtai, eÐnai
h eisagwg  dexiìstrofwn sunistws¸n

ναR Y = 0, I = 0 (5.1)

sta pedÐa twn netrÐnwn. Autì to montèlo sun jwc lègetai el�qista epekte-
tamèno Kajierwmèno Prìtupo. Sthn perÐptwsh aut  h asummetrÐa metaxÔ
leptonÐwn kai quarks exaleÐfetai afoÔ ta dÔo eÐdh swmatidÐwn plèon antime-
twpÐzontai me ton Ðdio trìpo. Bèbaia exakoloujeÐ na up�rqei mia jemeli¸dhc
diafor� ta dexiìstrofa pedÐa ναR eÐnai singlets thc bajmÐdac SU(3)C×SU(2)L
kai èqoun uperfortÐo Y = 0, me �lla lìgia den summetèqoun stic allhlepidr�-
seic tou kajierwmènou protÔpou. Gia ton lìgo autì ta dexiìstrofa netrÐna
èqei epikrat sei na qarakthrÐzontai wc anenerg�. H eisagwg  enìc dexiì-
strofou netrÐno gia k�je aristerìstrofo netrÐno den eÐnai o pio oikonomikìc
trìpoc gia na eis�goume touc Dirac ìrouc m�zac. Akìma kai èna dexiìstrofo
netrÐno ja arkoÔse. O ìroc zeÔxhc twn leptonÐwn me to pedÐo Higgs apokt¸n-
tac thn Ðdia dom  me ton antÐstoiqo ìro me ta quarks gÐnetai

LH,L = −
∑

α,β=e,µ,τ

Y ′`αβLαLΦ`′βR −
∑

α,β=e,µ,τ

Y ′ναβLαLΦ̃ν ′βR +H.C., (5.2)

ìpou Y ′ν eÐnai ènac nèoc pÐnakac me stajerèc zeÔxeic Yukawa. Antikajist¸n-
tac to pedÐo Higgs h Lagrangian gr�fetai

LH,L = −
(
v +H√

2

)[
`
′
LY
′``′R + ν ′LY

′νν ′R

]
+H.C. (5.3)

Akolouj¸ntac thn Ðdia diadikasÐa me ta quarks diagwnopoioÔme touc pÐnakec
Y ′` kai Y ′ν twn stajer¸n zeÔxhc Yukawa(

V `
L

)†
Y ′`V `

R = Y `, Y `
ij = y`iδij, y

`
i > 0

(V ν
L )† Y ′νV ν

R = Y ν , Y ν
ij = yνi δij, y

ν
i > 0.

(5.4)
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Met� thn diagwnopoÐhsh h Lagrangian gÐnetai

LH,L = −
(
v +H√

2

)[
`LY

``R + νLY
ννR
]

+H.C., (5.5)

ìpou

νL = (V ν
L )† ν ′L =

 ν1L

ν2L

ν3L

 νR = (V ν
R )† ν ′R =

 ν1R

ν2R

ν3R

 (5.6)

. Apì thn sqèsh νi = νiL + νiR pou isqÔei gia swmatÐdia Dirac mporoÔme na
ekfr�soume thn Lagrangian wc

LH,L = −
∑

α=e,µ,τ

y`αv√
2
`α`α−

∑
k=1,2,3

yνkv√
2
νkνk−

∑
α=e,µ,τ

y`α√
2
`α`αH−

∑
k=1,2,3

yνk√
2
νkνkH,

(5.7)
opìte oi m�zec twn netrÐnwn eÐnai

mk =
yνkv√

2
. (5.8)

'Opwc blèpoume h m�za twn netrÐnwn eÐnai an�logh me thn anamenìmenh tim 
kenoÔ tou pedÐou Higgs, opìte gia na exhghjeÐ h polÔ mikrìterh m�za touc
se sqèsh me thn m�za twn upoloÐpwn fermionÐwn prèpei oi stajerèc zeÔxhc yνk
na èqoun exairetik� mikr  tim . An kai autì to sen�rio mporeÐ na isqÔei, h
apaÐthsh gia rÔjmish thc tim c twn paramètrwn me tìso meg�lh akrÐbeia den
fant�zei fusik . An kai ìlec oi m�zec mpaÐnoun me to qèri sto Kajierwmèno
Prìtupo, h exairetik� mikr  ma twn netrÐnwn jètei periorismoÔc stic pijanèc
epekt�seic tou Kajierwmènou ProtÔpou.

H mÐxh twn netrÐnwn eÐnai an�logh me thn mÐxh twn quarks. 'Etsi to lepto-
nikì reÔma thc asjenoÔc allhlepÐdrashc fortismènou reÔmatoc gÐnetai

JkW,L = 2ν ′Lγ
k`′L = 2νL (V ν

L )† γkV `
L`L = 2νL (V ν

L )† V `
Lγ

k`L. (5.9)

OrÐzontac

U =
(
V `
L

)†
V ν
L (5.10)

to reÔma apokt� thn morf 

JkW,L = 2νLU
†γk`L, (5.11)
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An orÐsoume ta pedÐa netrÐnwn kajorismènhc geÔshc, dhlad  ta netrÐna tou
Kajierwmènou ProtÔpou, wc

νFL = UνL =
(
V `
L

)†
ν ′L, νFL =

 νeL
νµL
ντL

 , (5.12)

to reÔma apokt� thn Ðdia morf  me thn morf  pou èqei sto Kajierwmèno
prìtupo

jkW,L = 2νFLγ
k`L. (5.13)

Up�rqei ìmwc mia pagÐda. Epeid  na netrÐna èqoun diaforetikèc m�zec h teleu-
taÐa sqèsh qrhsimeÔei mìno sthn perÐptwsh kat� thn opoÐa den lamb�nontai
upìyin oi m�zec twn netrÐnwn, diaforetik� oi di�forec idiokatast�seic m�zac
mplèkontai mèsw twn ìrwn m�zac. Mèsw twn pedÐwn kajorismènhc èqoume

LH,L = −v +H√
2

∑
α=e,µ,τ

[
y`α`

αL
`αR + ναL

∑
k=1,2,3

Uαky
ν
kνkR

]
+H.C. (5.14)

To leptonikì reÔma thc asjenoÔc allhlepÐdrashc fortismènou reÔmatoc (5.13)
eÐnai analloÐwto se metasqhmatismoÔc

`αL → eıφα`αL, ναL → eıφαναL (5.15)

Gia na parameÐnoun analloÐwtoi oi ìroi m�zac thc Lagrangian (5.14) ta de-
xiìstrofa pedÐa twn fortismènwn leptonÐwn prèpei na metasqhmatistoÔn wc

`αR → eıφα`αR, (5.16)

en¸ o metasqhmatismìc∑
k=1,2,3

Uαky
ν
kνkR → eıφα

∑
k=1,2,3

Uαky
ν
kνkR (5.17)

an kai af nei analloÐwth thn Lagrangian, den mporeÐ na af sei analloÐwtouc
touc kinhtikoÔc ìrouc, afoÔ o metasqhmatismìc autìc eÐnai unitary mìno an
yνk = yν   Uαk = δαk, epomènwc oi leptonikoÐ arijmoÐ twn geÔsewn den diath-
roÔntai. DiathreÐtai ìmwc o leptonikìc arijmìc, afoÔ U(1) metasqhmatismoÐ
thc morf c

νkL → eıφνkL, νkR → eıφνkR, `αL → eıφ`αL, `αR → eıφ`αR (5.18)

af noun analloÐwto kai to reÔma, kai touc ìrouc m�zac, all� kai touc kinh-
tikoÔc ìrouc.



5 M�AZA KAI M�IXH TWN NETR�INWN 98

5.2 'Oroi M�zac Majorana

Apì thn stigm  pou sto Kajierwmèno Prìtupo up�rqoun mìno aristerì-
strofa netrÐna kai dexiìstrofa antinetrÐna ja mporoÔse na anarwthjeÐ kaneÐc
an aut� mporoÔn na sqhmatÐsoun ìrouc m�zac Majorana. H ap�nthsh eÐnai
arnhtik . 'Enac ìroc m�zac Majorana ja eÐqe thn morf 

νCLνL, (5.19)

all� o ìroc autìc èqei I3 = 1 kai Y = −2. Sto Kajierwmèno Prìtupo
den up�rqei triplèta tou isospin me Y = 2, ¸ste na mporeÐ na kataskeuasteÐ
k�poioc epanakanonikopoi simoc ìroc sthn Lagrangian. Up�rqoun dÔo epilo-
gèc an jèloume na krat soume autì ton ìro m�zac: eÐte ja sumperil�boume
mia triplèta Higgs sto Kajierwmèno Prìtupo, eÐte ja kataskeu�soume k�-
poion mh epanakanonikopoi simo ìro. 'Enac mh epanakanonikopoi simoc ìroc
den eÐnai tìso katastrofikìc ìso ja nìmize kaneÐc. Xèroume   jèloume na
pisteÔoume ìti to Kajierwmèno Prìtupo den eÐnai par� mia energìc jewrÐa h
opoÐa eÐnai h prosèggish qamhl c enèrgeiac k�poiac pio jemeli¸douc jewrÐac.
'Enac mh epanakanonikopoÐhsimoc ìroc ja mporoÔse na eÐnai h èndeixh miac
nèac fusik c. EÐnai aparaÐthto wstìso o mh epanakanonikopoÐhsimoc ìroc
na sèbetai tic summetrÐec tou Kajierwmèno Prìtupo, ¸ste h nèa jewrÐa na
mporeÐ na perilamb�nei tic summetrÐec tou Kajierwmènou Prìtupou. H apaÐ-
thshofeÐletai sto gegonìc ìti h nèa jewrÐa ja prèpei na mporeÐ na meiwjeÐ
sto Kajierwmèno Prìtupo sto ìrio twn qamhl¸n energei¸n. Mia Lagrangian
thc opoÐac ta pedÐa èqoun di�stash [E]d lègetai telest c di�stashc d. Gia na
èqei h Lagrangian diast�seic [E]4 h stajer� zeÔxhc eÐnai an�logh me M4−d,
ìpou M eÐnai mia m�za qarakthristik  thc energeiak c klÐmakac ìpou sp�ei h
summetrÐa. H Lagrangian thc asjenoÔc allhlepÐdrashc tou Fermi eÐnai ènac
6-di�statoc telest c o opoÐoc diaireÐtai meM2. H analogÐa me thn m�zaM4−d

sumpièzei thn dunatìthta na parathrhjoÔn fainìmena pou ofeÐlontai sthn nèa
fusik  Pèran tou Kajierwmèno ProtÔpou. Sthn pio apl  perÐptwsh ènac
ìroc m�zac Majorana gia mÐa geni� proèrqetai apì ènan 5-di�stato telest 

L5 =
g

M

(
LTLσ2Φ

)
C†
(
ΦTσ2LL

)
+H.C., (5.20)

met� thn aujìrmhth r xh thc summetrÐac h L5 dhmiourgeÐ m�za Majorana gia
ta netrÐna

LMMass =
1

2

gv2

M
νCLνL +H.C. (5.21)
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H m�za eÐnai pou apoktoÔn ta netrÐna

m =
gv2

M
. (5.22)

'Opwc èqoume dei oi m�zec twn fermionÐwn eÐnai an�logec thc anamenìmenhc
tim c kenoÔ v, opìte h tim  v jètei mia t�xh megèjouc gia thc m�zec pou
apokt¸ntai mèsw tou mhqanismoÔ Higgs. 'Etsi mporoÔme na gr�youme

m ∼ m2
D

M
, (5.23)

ìpou mD eÐnai mia m�za Dirac enìc swmatidÐou thc Ðdia geni�c. H sqèsh aut 
èqei thn Ðdia morf  me thn sqèsh pou ja apokt soume mèsw tou mhqanismoÔ
See-Saw. Gia mia tupik  m�za mD ∼ 102 GeV , all� M ∼ 1015 GeV sthn
klÐmaka enèrgeiac thc meg�lhc enopoÐhshc èqoume m ∼ 10−2 eV .

5.2.1 MÐxh Majorana NetrÐnwn

'Enac ìroc m�zac Majorana eÐnai

LMMass =
1

2
νT ′L C

†MLν ′L +H.C. =
1

2

∑
αβ

νT ′αLC
†ML

αβν
′
βL +H.C. (5.24)

MporeÐ na apodeiqjeÐ ìti o pÐnakac m�zac eÐnai summetrikìc. H diagwnopoÐhsh
tou mporeÐ na gÐnei me ton metasqhmatismì

(V ν
L )T MLV ν

L = M Mij = miδij mi > 0. (5.25)

O metasqhmatismìc autìc gÐnetai ekfr�zontac ta netrÐna wc grammikì sun-
duasmì netrÐnwn kajorismènhc m�zac

ν ′ = V ν
L νL νL =

 ν1L

ν2L

ν2L

 . (5.26)

Ta netrÐna kajorismènhc m�zac ikanopoioÔn thn sunj kh Majorana

νCk = νk, (5.27)

opìte h Lagrangian Majorana mporeÐ na grafeÐ

LM =
1

2
ν
(
ı/∂ −M

)
ν (5.28)
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'Opwc èqoume  dh anafèrei h Lagrangian Majorana den eÐnai analloÐwth
se metasqhmatismoÔc

νkL → eıφνkL, (5.29)

gegonìc pou shmatodoteÐ parabÐash tou leptonikoÔ arijmoÔ.
To reÔma thc asjenoÔc allhlepÐdrashc fortismènou reÔmatoc metasqh-

matÐzetai ìpwc sthn perÐptwsh twn Dirac netrÐnwn (5.11), mìno pou plèon
den mporoÔn na aporrofhjoÔn kai oi treic f�seic tou diag¸niou pÐnaka pou
parametropoieÐ ton pÐnaka mÐxhc. O pÐnakac mÐxhc ekfr�zetai wc

U = UDUM , (5.30)

ìpou UD eÐnai o pÐnakac mÐxhc pou melet same sthn perÐptwsh Dirac kai UM

eÐnai ènac diag¸nioc pÐnakac o opoÐoc perièqeic treic f�seic α

DM = diag(eıα1 , eıα2 , eıα3). (5.31)

AfoÔ mìno oi diaforèc f�seic èqoun fusikì nìhma, mìno dÔo f�seic tou pÐnaka
èqoun fusikì nìhma, opìte mporoÔme na apaleÐyoume thn pr¸th f�sh jètontac
thn Ðsh me to mhdèn. H f�sh tou pÐnaka UD lègetai f�sh Dirac, en¸ oi f�seic
to pÐnaka UM lègontai f�seic Majorana. Oi talant¸seic netrÐnwn den eÐnai se
jèsh na mac d¸soun plhroforÐec gia tic f�seic Majorana, afoÔ h endeqìmenh
parabÐash thc summetrÐac CP stic talant¸seic exart�tai mìno apì thn f�sh
Dirac. Kai sthn perÐptwsh Majorana to analloÐwto Jarlskog èqei thn Ðdia
èkfrash me thn perÐptwsh Dirac.

An gr�youme ton 5-di�stato telest  thc sqèshc (5.21) gia treic genièc
netrÐnwn èqoume

LMMass =
1

2

v2

M

∑
αβ

gαβν
′T
αLC

†ν ′βL +H.C. (5.32)

opìte o pÐnakac m�zac pou prokÔptei eÐnai

ML =
v2

M
gαβ, (5.33)

ìpou diapist¸noume ìti o pÐnakac gαβ prèpei na eÐnai summetrikìc.
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5.3 'Oroi M�zac Dirac kai Majorana gia 1 Geni�

Sthn perÐptwsh twn Dirac netrÐnwn upojèsame thn Ôparxh dexiìstrofwn
netrÐnwn gia na kataskeu�soume touc ìrouc m�zac. An to dexiìstrofo netrÐno
eÐnai swmatÐdio Majorana ja mporoÔse na d¸sei ènan dexiìstrofo ìro m�zac
Majorana

LRmass =
1

2
mRν

T
RC
†νR +H.C. (5.34)

'Etsi dunhtik� mporoÔme na èqoume mia sunolik  Lagrangian pou na perièqei
Dirac kai Majorana ìrouc m�zac

LD+M
mass = LLmass + LDmass + LRmass

=
1

2
mLν

T
LC
†νL −mDνRνL +

1

2
mRν

T
RC
†νR +H.C.

(5.35)

Aut  h Lagrangian eÐnai k�ti entel¸c kainoÔrgio gia ta dedomèna thc sw-
matidiak c fusik c. Kanèna �llo gnwstì swmatÐdio den ja mporoÔse na èqei
ìrouc m�zac Majorana, opìte ta netrÐna jètontai se polÔ eidik  jèsh anoÐ-
gontac drìmo gia nèa fusik . O aristerìstrofoc ìroc m�zac ìpwc eÐdame
apagoreÔetai apì tic summetrÐec tou Kajierwmènou ProtÔpou, wstìso k�ti
tètoio den isqÔei gia ton dexiìstrofo ìro, afoÔ ta dexiìstrofa netrÐna eÐnai
singlet thc bajmÐdac tou SU(3)C×SU(2)L×U(1)Y . 'Etsi h plèon oikonomik 
epèktash tou Kajierwmènou ProtÔpou epitrèpei touc dÔo teleutaÐouc ìrouc
m�zac me thn eisagwg  enìc dexiìstrofou netrÐno Majorana. Up�rqei akìma
èna shmeÐo pou qrei�zetai suz thsh. H Lagrangian èqei treic ìrouc, ìmwc
me metasqhmatismoÔc twn pedÐwn mporoÔme na orÐsoume mìno dÔo pragmatikèc
jetikèc m�zec. EmeÐc ja jewr soume thn mL migadik .

Gia na katano soume kalÔtera thc fusik  thc Lagrangian eÐnai qr simo
na orÐsoume thn st lh twn aristerìstrofwn netrÐnwn

NL =

(
νL
νCR

)
=

(
νL
CνTR

)
(5.36)

'Etsi h Lagrangian mporeÐ na ekfrasteÐ wc

LD+M
mass =

1

2
NT
LC

†MNL +H.C., (5.37)

ìpou o pÐnakac m�zac M èqei thn summetrik  morf 

M =

(
mL mD

mD mR

)
(5.38)
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5.3.1 MÐxh

Apì thn an�lush aut  blèpoume ìti ta netrÐna den èqoun kajorismènh m�-
za kaj¸c o pÐnakac m�zac den eÐnai diag¸nioc. 'Opwc èqoume k�nei  dh arketèc
forèc, mporoÔme na diagwnopoi soume ton pÐnaka m�zac metasqhmatÐzontac ta
netrÐna wc

NL = UnL, nL =

(
ν1L

ν2L

)
(5.39)

opìte o pÐnakac m�zac gÐnetai

UTMU =

(
m1 0
0 m2

)
, mi ≥ 0 (5.40)

'Opwc mporeÐ na dei kaneÐc oi m�zec kai ta stoiqeÐa tou pÐnaka mÐxhc upologÐ-
zontai apì tic idiotimèc kai ta idioanÔsmata to pÐnaka

M =


<[mL] mD −=[mL] 0
mD mR 0 0
−=[mL] 0 −<[mL] −mD

0 0 −mD −mR

 . (5.41)

Met� apì arketèc pr�xeic katal gei k�neic ìti oi idiotimèc tou pÐnaka eÐnai

m2
2,1 =

1

2

[
|mL|2 +m2

R + 2m2
D ±

(
(<[mL] +mR)2 [(<[mL]−mR)2 + 4m2

D

]
+ (=[mL])4 + 2 (=[mL])2 ((<[mL])2 −m2

R + 2m2
D

) )1/2
]

(5.42)

Gia pragmatikì mL h parap�nw sqèsh aplopoieÐtai arket�

m′2,1 =
1

2

[
m2
L +m2

R ±
√

(mL −mR)2 + 4m2
D

]
(5.43)

O tìnoc sumbolÐzei ìti h m�za pou prokÔptei apì aut  thn sqèsh den eÐnai
p�nta jetik , opìte to arnhtikì prìshmo prèpei na aporrofhjeÐ ston pÐnaka
mÐxhc. Ousiastik� h m�za k�je idiokat�stashc dÐnetai apì thn apìluth tim 
thc tonoÔmenhc m�zac.
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O pÐnakac mÐxhc mporeÐ na grafeÐ wc

U =

(
cos θ sin θ
− sin θ cos θ

)(
eıλ 0
0 1

)
=

(
cos θeıλ sin θ
− sin θeıλ cos θ

)
, (5.44)

me tic paramètrouc tou na dÐnontai apì ta idioanÔsmata tou pÐnaka. To pr¸to
idio�nusma eÐnai

M


sin θ
cos θ

0
0

 = m2


sin θ
cos θ

0
0

 (5.45)

to opoÐo dÐnei

tan 2θ =
2mD

mR −<[mL]
(5.46)

Kai to deÔtero idio�nusma eÐnai

M


cos θ cosλ
− sin θ cosλ
cos θ sinλ
− sin θ sinλ

 = m1


cos θ cosλ
− sin θ cosλ
cos θ sinλ
− sin θ sinλ

 , (5.47)

to opoÐo dÐnei

tan 2λ =
2=[mL]

<[mL] +mR −
√

(<[mL]−mR)2 + 4m2
D

(5.48)

AfoÔ 0 ≤ 2λ ≤ 4π prokÔptoun 4 timèc gia to λ. Oi epitreptèc timèc eÐnai autèc
pou kajistoÔn jetikèc tic dÔo m�zec. Sthn perÐptwsh pou o pÐnakac mÐxhc eÐnai
pragmatikìc, tan 2λ = 0, opìte eıλ = ±1   eıλ = ±ı. Anakefalai¸nontac gia
mia geni� aristerìstrofwn kai dexiìstrofwn netrÐnwn met� thn diagwnopoÐhsh
prokÔptoun duo netrÐna Majorana kajorismènhc m�zac. Ta arqik� neutrÐna
νL kai νCR eÐnai aristerìstrofa sthn b�sh twn geÔsewn. To netrÐno νL eÐnai
energì en¸ to netrÐno νR eÐnai anenergì, opìte h mÐxh metaxÔ twn νL kai νCR
deÐqnei ìti talant¸seic metaxÔ energ¸n kai anenerg¸n netrÐnwn eÐnai dunat 
me diafor� maz¸n

∆m2 =

[
(<[mL] +mR)2 [(<[mL]−mR)2 + 4mD

]
+ (=[mL])4 + 2 (=[mL])2 ((<[mL])2 −m2

R + 2m2
D

) ]1/2 (5.49)
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5.3.2 AsjeneÐc Allhlepidr�seic

Ac gr�youme analutik� thn sqèsh (5.39)

νL = U11ν1L + U12ν2L

νCR = U21ν1L + U22ν2L

(5.50)

'Opwc blèpoume ta energ� kai anenerg� netrÐna eÐnai grammikìc sunduasmìc
twn Ðdiwn netrÐnwn kajorismènhc m�zac. Autì epitrèpei tic talant¸seic metaxÔ
twn energ¸n kai anenerg¸n netrÐnwn. H arqik  idèa tou Pontecorvo epanèrqe-
tai sto prosk nio. H Lagrangian thc asjenoÔc allhlepÐdrashc fortismènou
reÔmatoc gÐnetai

LCC = − g√
2

∑
i=1,2

U∗1iνiLγ
µ`LWµ +H.C. (5.51)

En¸ to pragmatik� perÐergo fainìmeno eÐnai ìti o mhqanismìc GIM den lei-
tourgeÐ

LNC = − g

2 cos θW

∑
ij=1,2

U∗1iU1jνiLγ
µνjLZµ (5.52)

5.3.3 Mègisth MÐxh

Apì thn sqèsh (5.46) blèpoume ìti h mègisth mÐxh antistoiqeÐ se

mL = mR. (5.53)

Sthn perÐptwsh aut  h sqèsh (5.43) dÐnei

m′2,1 = mL ±mD. (5.54)

An mL > mD kai oi dÔo m�zec eÐnai jetikèc, opìte h mÐxh dÐnetai apì ton
pÐnaka

U =

(
1 1
−1 1

)
. (5.55)

Sthn perÐptwsh mL < mD prokÔptei m1 < 0, opìte h mÐxh dÐnetai apì ton
pÐnaka

U =

(
ı 1
−ı 1

)
. (5.56)
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'Etsi èqoume

ν1L = − ı√
2

(
νL − νCR

)
(5.57)

ν2L =
1√
2

(
νL + νCR

)
(5.58)

opìte ta netrÐna kajorismènhc m�zac eÐnai

ν1 = ν1L + νC1L = − ı√
2

[
(νL + νR)− (νCL + νCR )

]
(5.59)

ν2 = ν2L + νC2L =
1√
2

[
(νL + νR) + (νCL + νCR )

]
(5.60)

me diafor� maz¸n
∆m2 = m2

2 −m2
1 = 4mLmD (5.61)

5.3.4 'Orio Dirac

To ìrio Dirac antistoiqeÐ sthn perÐptwsh ìpou

mL = mR = 0 (5.62)

m′2,1 = ±mD (5.63)

to opoÐo antistoiqeÐ se pÐnaka mÐxhc

U =

(
ı 1
−ı 1

)
. (5.64)

Me ton trìpo autì apoktoÔme dÔo netrÐna Majorana Ðdiac m�zac me antÐjetec
omotimÐec CP . Tìte ta netrÐna mporoÔn na sunduastoÔn se èna Dirac netrÐno

ν =
1√
2

(ıν1 + ν2) = νL + νR (5.65)

AntÐstoiqa èna netrÐno Dirac mporeÐ na sp�sei se dÔo Majorana netrÐna me
antÐjetec omotimÐec CP .

Mia exÐsou endiafèrousa perÐptwsh eÐnai h perÐptwsh ìpou

|mL|,mR � mD (5.66)
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Tìte h m�za twn netrÐnwn eÐnai

m′2,1 =
mL +mR

2
±mD (5.67)

opìte h pragmatik  m�za pou apoktoÔn eÐnai

m2,1 = mD ±
mL +mR

2
(5.68)

kai ta netrÐna apoktoÔn antÐjetec omotimÐec CP . H diafor� m�zwn twn dÔo
katast�sewn eÐnai

(mL +mR)� m2,1 (5.69)

Ta netrÐna Majorana eÐnai sqedìn ekfulismèna kai lègontai yeudo-Dirac ne-
trÐna giatÐ eÐnai polÔ dÔskolo na diakrijoÔn apì ta netrÐna Dirac. O kalÔ-
teroc trìpoc gia na apokalufjeÐ h yeudo-Dirac fÔsh twn netrÐnwn eÐnai oi
talant¸seic metaxÔ energ¸n kai anenerg¸n netrÐnwn. Oi talant¸seic autèc
ja ofeÐlontai se diafor� maz¸n

∆m2 ' mD(mL +mR) (5.70)

kai h gwnÐa mÐxhc ja eÐnai praktik� mègisth

tan 2θ =
2mD

mR −mL

� 1→ θ ' π

4
(5.71)

5.3.5 O Mhqanismìc See-Saw

H plèon realistik  perÐptwsh eÐnai aut  ìpou

mL = 0 mR � mD (5.72)

Tìte èqoume

m′1 ' −
m2
D

mR

(5.73)

m′2 ' mR (5.74)

opìte to netrÐno ν2 èqei m�za thc Ðdiac t�xhc me thn mR kai to ν1 eÐnai polÔ
elafrÔ. H mÐxh eÐnai el�qisth afoÔ

tan 2θ = 2
mD

mR

� 1 (5.75)



5 M�AZA KAI M�IXH TWN NETR�INWN 107

O mhqanismìc See-Saw eÐnai idiaÐtera shmantikìc giatÐ exhgeÐ thn klÐmaka
thc m�zac twn netrÐnwn sqetÐzont�c tec me fusikì trìpo me tic m�zec twn
upoloÐpwn fermionÐwn. H apaÐthsh mL = 0 antikatoptrÐzei thn apagìreush
Ôparxhc aut c thc m�zac apì tic summetrÐec kai thn epanakanonikopoihsimìth-
ta. H m�za mD eÐnai thc t�xhc twn upìloipwn fermionÐwn afoÔ genn�tai apì
ton mhqanismì Higgs, kai se k�je perÐptwsh den mporeÐ na eÐnai megalÔterh
apì klÐmaka enèrgeiac r xhc thc hlektrasjenoÔc summetrÐac ∼ 102 GeV . H
m�za mR den sqetÐzetai me to Kajierwmèno Prìtupo kai mporeÐ na up�rqei
p�nw apì thn klÐmaka enèrgeiac r xhc thc hlektrasjenoÔc summetrÐac. Mpo-
reÐ ìmwc na prokÔptei kai wc apotèlesma fusik c Pèran tou Kajierwmènou
ProtÔpou. 'Etsi h mR mporeÐ na sqetÐzetai me thn klÐmaka r xhc mia mega-
lÔterhc summetrÐac. An gia par�deigma h m�za mR prokÔptei sta plaÐsia thc
Meg�lhc EnopoÐhshc h klÐmaka enèrgeiac eÐnai thc t�xhc 1014 − 1016. 'Oti
h sqèsh (5.73) eÐnai thc Ðdiac morf c me thn sqèsh pou prokÔptei apì ton
5-di�stato telest  den eÐnai tuqaÐo. O mhqanismìc See-Saw eÐnai mia eidik 
perÐptwsh 5-di�statwn telest¸n.

Ac doÔme pwc akrib¸c pragmatopoieÐtai o mhqanismìc See-Saw mèsw 5-
di�statwn telest¸n. H Lagrangian gia mL = 0 gÐnetai

LD+M
mass = −mD (νRνL + νLνR) +

1

2
mR

(
νTRC

†νR + ν†RCν
∗
R

)
(5.76)

P�nw apì thn klÐmaka enèrgeiac r xhc thc hlektrasjenoÔc summetrÐac h pa-
rap�nw Lagrangian gÐnetai

LD+M
mass = −yν

(
νRΦ̃†LL + LLΦ̃νR

)
+

1

2
mR

(
νTRC

†νR + ν†RCν
∗
R

)
(5.77)

Jewr¸ntac thn m�zamR polÔ megalÔterh apì tic enèrgeiec tou Kajierwmènou
ProtÔpou mporoÔme na jewr soume ta dexiìstrofa netrÐna statik�. 'Etsi oi
exis¸seic Euler Lagrange dÐnoun

0 ' ∂LD+M
mass

∂νR
= mRν

T
RC
† − yνLLΦ̃, (5.78)

opìte gia to netrÐno νR èqoume

νR ' −
yν

mR

Φ̃TCL
T

L (5.79)

Antikajist¸ntac sthn Lagrangian apoktoÔme mia Lagrangian gia to ariste-
rìstrofo netrÐno νL h opoÐa èqei thn morf  enìc 5-di�statou telest .
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Mia akìma perÐptwsh eÐnai h perÐptwsh ìpou h m�za mL eÐnai polÔ mikr 
all� mh mhdenik .

mL � mD � mR mL = g
m2
D

M
(5.80)

H m�za M eÐnai sthn klÐmaka enèrgeiac thc fusik c Pèran tou Kajierwmènou
ProtÔpou. AfoÔ ta netrÐna Majorana parabi�zoun thn diat rhsh tou lepto-
nikoÔ arijmoÔ kai ja jèlame h jewrÐa Pèran tou Kajierwmènou ProtÔpou na
diathreÐ to L   B − L mporoÔme na upojèsoume ìti h nèa fusik  sqetÐzetai
me thn r xh thc L   B − L summetrÐac. Sthn perÐptwsh aut  apoktoÔme

m1 '
∣∣∣∣gm2

D

M
− m2

D

mR

∣∣∣∣ m2 ' mR (5.81)

O mhqanismìc See-Saw pr¸tou eÐdouc antistoiqeÐ sthn perÐptwsh ìpou
mL � m2

D/mR en¸ o mhqanismìc See-Saw deÔterou eÐdouc antistoiqeÐ sthn
perÐptwsh ìpou mL � m2

D/mR

5.4 'Oroi M�zac Dirac kai Majorana gia 3 GenÐec

Ac jewr soume ta netrÐna twn tri¸n geni¸n kai NS dexiìstrofa anenerg�
netrÐna. H morf  thc genik c Lagrangian m�zac pou mporoÔme na kataskeu�-
soume eÐnai

LD+M
mass = LLmass + LDmass + LRmass (5.82)

ìpou oi ìroi m�zac Majorana eÐnai

LLmass =
1

2

∑
α,β=e,µ,τ

(ν ′)
T
αLC

†ML
αβν

′
βL +H.C. (5.83)

LRmass =
1

2

∑
s,s′=s1,··· ,sNS

(ν ′)
T
sR C

†MR
ss′ν

′
s′R +H.C. (5.84)

en¸ o ìroc m�zac Dirac eÐnai

LDmass = −
∑

s=1,··· ,NS

∑
α=e,µ,τ

νsRM
D
sαν
′
αL +H.C. (5.85)

Kai oi treÐc pÐnakec eÐnai migadikoÐ. Oi pÐnakec m�zac Majorana eÐnai summe-
trikoÐ. O aristerìstrofoc pÐnakac m�zac ML eÐnai 3× 3, en¸ o dexiìstrofoc
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pÐnakac m�zac MR eÐnai NS ×NS. O pÐnakac MD eÐnai NS × 3. Gr�fontac ta
netrÐna san mia st lh N = 3 +NS netrÐnwn

N ′L =

(
ν ′L
νC′R

)
νC′R =

 νC′s1R
...

νC′sNSR

 (5.86)

h Lagrangian apokt� thn morf 

LD+M
mass =

1

2
(N ′L)

T
C†MD+MN ′L +H.C. (5.87)

O pÐnakac MD+M eÐnai summetrikìc N ×N pÐnakac

MD+M =

(
ML

(
MD

)T
MD MR

)
. (5.88)

Ekfr�zontac ta netrÐna wc

N ′L = V ν
LnL nL =

 ν1L
...

νNL

 , (5.89)

o pÐnakac m�zac na diagwnopoieÐtai

(V ν
L )T MD+MV ν

L = M Mij = miδij mi > 0. (5.90)

H Lagrangian gr�fetai

LD+M
mass =

1

2
(nL)T C†MnL +H.C. (5.91)

  isodÔnama

LD+M
mass =

1

2
nCLMnL +H.C. (5.92)

OrÐzontac thn st lh

n =

 ν1
...
νN

 νi = νiL + νCiL (5.93)

me ta netrÐna ν na ikanopoioÔn thn sunj kh Majorana

νCi = νi (5.94)

h Lagrangian gÐnetai
LD+M
mass = n

(
ı/∂ −M

)
n. (5.95)
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5.4.1 AsjeneÐc Allhlepidr�seic

To leptonikì reÔma thc asjenoÔc allhlepÐdrashc fortismènou reÔmatoc
eÐnai

jµW,L = 2ν ′Lγ
µ`′L (5.96)

gia ta swmatÐdia kajorismènhc m�zac to reÔma gÐnetai

jµW,L = 2νLU
†γµ`L, (5.97)

o pÐnakac U èqei stoiqeÐa

Uαk =
∑

β=e,µ,τ

[(
V `
L

)†]
αβ

[V ν
L ]βk , (5.98)

ìpou o pÐnakac V `
L eÐnai 3×3 kai diagwnopoieÐ ton pÐnaka m�zac twn leptonÐwn

kai o pÐnakac V ν
L eÐnai N ×N kai diagwnopoieÐ ton pÐnaka m�zac twn netrÐnwn.

O pÐnakac U èqei diast�seic 3×N all� den eÐnai unitary afoÔ

UU † = 1 U †U 6= 1 (5.99)

O pÐnakac mÐxhc mporeÐ na parametropoihjeÐ mèsw 3 + 3NS gwni¸n mÐxhc kai
3 + 3NS f�sewn, oi opoÐec qwrÐzontai se 1 + 2NS f�seic Dirac kai 2 + NS

f�seic Majorana.
Tèloc mporoÔme na orÐsoume ta netrÐna kajorismènhc geÔshc

νL = UnL =
(
V `
L

)†
ν ′L νL =

 νeL
νµL
ντL

 (5.100)

kai na epanakt soume thn èkfrash tou Kajierwmènou protÔpou gia to reÔma

jµW,L = 2νLγ
µ`L (5.101)

'Opwc eÐdame kai sthn perÐptwsh thc mÐac geni�c o mhqanismìc GIM den
leitourgeÐ

jµZ,ν = nLγ
µU †UnL, (5.102)

opìte mporoÔme na èqoume asjeneÐc allhlepidr�seic oudetèrou reÔmatoc me-
taxÔ diaforetik¸n netrÐnwn kajorismènhc m�zac.
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5.4.2 O Mhqanismìc See-Saw

'Opwc sthn perÐptwsh thc miac geni�c ja jewr soume ML = 0, ètsi èqoume

MD+M =

(
0

(
MD

)T
MD MR

)
, (5.103)

me ta stoiqeÐa tou pÐnaka m�zac MR na eÐnai polÔ megalÔtera apì ta stoiqeÐa
tou pÐnaka m�zac MD. H diagwnopoÐhsh se mplok se pr¸th t�xh wc proc(
MR

)−1
MD eÐnai

W TMD+MW '
(
Mlight o

0 Mheavy

)
, (5.104)

me ton pÐnaka W na eÐnai

W '

 1− 1
2
MD†

(
MRMR†

)−1

MD
(
MR−1

MD
)†

−MR−1
MD 1− 1

2
MR−1

MDMD†
(
MR†

)−1


(5.105)

kai oi pÐnakec m�zac na eÐnai

Mlight ' −MDTMR−1

MD Mheavy 'MR (5.106)

Oi barièc m�zec dÐnontai apì tic idiotimèc tou pÐnaka MR en¸ oi elafrièc
m�zec sumpièzontai apì ton par�gontaMDTMR−1

. Parìla aut� oi m�zec touc
mporeÐ na apokthjoÔn se meg�lo eÔroc an�loga me ta stoiqeÐa twn pin�kwn.
Ja analÔsoume mìno dÔo apl� montèla ton tetragwnikì mhqanismì See-Saw
kai ton grammikì mhqanismì See-Saw.

O tetragwnikìc mhqanismìc See-Saw prokÔptei ìtan

MR =MI, (5.107)

ìpou I eÐnai o tautotikìc pÐnakac NS × NS kaiM eÐnai h klÐmaka enèrgeiac
thc fusik c Pèran tou Kajierwmènou ProtÔpou. 'Etsi èqoume

Mlight ' −
MDTMD

M
, (5.108)

opìte oi m�zec twn elafri¸n netrÐnwn eÐnai oi idiotimèc tou pÐnaka

mi ' −
(mD

i )2

M
(5.109)
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me tic m�zec (mD
i )2 na eÐnai oi idiotimèc tou pÐnaka MDTMD. Oi timèc twn

maz¸n anamènoume na eÐnai thc t�xhc megèjouc twn maz¸n twn fortismènwn
leptonÐwn   twn quarks ètsi

m1 : m2 : m3 =
(
mD

1

)2
:
(
mD

2

)2
:
(
mD

3

)2
(5.110)

Sthn perÐptwsh tou grammikoÔ See-Saw èqoume NS = 3 kai

MR =
M
MD

MD, (5.111)

ìpou MD eÐnai h klÐmaka twn stoiqeÐwn tou pÐnaka MD kai M � MD

eÐnai h klÐmaka enèrgeiac thc nèac fusik c. EÐnai logikì na upojèsoume ìti
MD ∼ 102 GeV pou eÐnai h klÐmaka enèrgeiac r xhc thc hlektrasjenoÔc
summetrÐac. 'O pÐnakac Mlight gÐnetai

Mlight ' −
MD

MD
MD (5.112)

opìte oi m�zec twn elafri¸n netrÐnwn eÐnai

mi =
MD

M
mD
i . (5.113)

'Etsi èqoume
m1 : m2 : m3 = mD

1 : mD
2 : mD

3 (5.114)

5.4.3 DiagwnopoÐhsh

An èqoume èna summetrikì N ×N migadikì pÐnaka maz¸n Majorana tìte
autìc mporeÐ na diagwnopoihjeÐ me ton metasqhmatismì

(V ν
L )T MMV ν

L = M Mij = miδij, mi > 0 (5.115)

me ton pÐnaka V ν
L na eÐnai unitary. Ja parousi�soume mia diadikasÐa ¸ste na

brÐskoume tic m�zec mi kai ton pÐnaka V ν
L . Pollaplasi�zoume apì arister�

thn sqèsh (5.115) me ton pÐnaka V ν∗
L

MMV ν
L = V ν∗

L M (5.116)

OrÐzoume ta dianÔsmata v(j) na eÐnai oi st lec tou pÐnaka V ν
L , me stoiqeÐa

v
(j)
k = [V ν

L ]kj (5.117)



5 M�AZA KAI M�IXH TWN NETR�INWN 113

To gegonìc ìti o pÐnakac eÐnai unitary mac exasfalÐzei thn orjokanonikìthta∑
k

v(i)∗v(j) = δij (5.118)

Qrhsimopoi¸ntac ta dianÔsmata h exÐswsh (5.116)gÐnetai

MMv(i) = miv
(i)∗ (5.119)

opìte qwrÐzontac to pragmatikì kai fantastikì mèroc èqoume(
<
[
MM

]
−=

[
MM

]
−=

[
MM

]
−<

[
MM

] )( < [v(i)
]

=
[
v(i)
] ) = mi

(
<
[
v(i)
]

=
[
v(i)
] ) . (5.120)

H sqèsh aut  eÐnai h exÐswsh idiotim¸n tou pÐnaka

M =

(
<
[
MM

]
−=

[
MM

]
−=

[
MM

]
−<

[
MM

] ) (5.121)

Oi jetikèc idiotimèc tou pÐnaka eÐnai oi m�zec kai ta idioanÔsmata apoteloÔn to
pragmatikì kai fantastikì mèroc twn sthl¸n tou pÐnaka V ν

L . h exÐswsh èqei
2N lÔseic, opìte emeÐc prèpei na krat soume mìno autèc me jetikèc idiotimèc,
afoÔ an to mi eÐnai idiotim , tìte kai to −mi eÐnai idiotim (

<
[
MM

]
−=

[
MM

]
−=

[
MM

]
−<

[
MM

] )( −= [v(i)
]

<
[
v(i)
] )

= −mi

(
−=

[
v(i)
]

<
[
v(i)
] )

. (5.122)

5.5 H Sqèsh me Megaloenopoihmènec JewrÐec

Stic megaloenopoihmènec jewrÐec ta swmatÐdia katat�ssontai se polla-
plètec oi opoÐec allhlepidroÔn mèsw mpozonÐwn miac an¸terhc summetrÐac. Wc
epÐ to pleÐston 3 montèla megaloenopoihmènwn jewri¸n sqetÐzontai me thn fu-
sik  netrÐnwn. Mia xeqwrist  perÐptwsh eÐnai h epèktash tou Kajierwmènou
ProtÔpou ¸ste na gÐnei summetrikì, ìpou h mình prosj kh eÐnai ta dexiìstro-
fa mpozìnia thc asjenoÔc allhlepÐdrashc kai ta dexiìstrofa netrÐna, en¸ h
summetrÐa U(1) plèon antistoiqeÐ sthn diat rhsh tou B−L. H bajmÐda eÐnai

SU(3)C × SU(2)L × SU(2)R × U(1)B−L (5.123)

Oi megaloenopoihmènec jewrÐec eÐnai oi

SU(5) (5.124)
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SU(4)× SU(2)L × SU(2)R (5.125)

SO(10) (5.126)

H aploÔsterh om�da pou perièqei tic summetrÐec tou Kajierwmènou Prìtu-
pou, eÐnai h om�da SU(5). Sthn perÐptwsh thc SU(5) diathreÐtai to B − L.
To montèlo den perièqei dexiìstrofa netrÐna, opìte mporoÔme eÐte na èqoume
aristerìstrofec m�zec Majorana me thn eisagwg  triplètwn Higgs eÐte mh
epanakanonikopoÐhsimouc ìrouc, ìpwc suzht same sthn sqetik  enìthta, al-
li¸c ta netrÐna paramènoun �maza. Up�rqei akìma h perÐptwsh tou montèlou
Pati - Salam SU(4)×SU(2)L×SU(2)R, ìpou o leptonikìc arijmìc jewreÐtai
èna tètarto qr¸ma. Sto montèlo summetèqoun kai V +A reÔmata sthn asjen 
allhlepÐdrash all� sumpièzontai apì thn m�za m2

WR
. To montèlo Pati - Sa-

lam mporeÐ na prokÔyei apì r xh thc summetrÐac SO(10). H SO(10) perièqei
èna singlet thc bajmÐdac SU(5) (sunep¸c kai tou Kajierwmènou ProtÔpou),
to opoÐo anagnwrÐzetai wc dexiìstrofo netrÐno νR. To dexiìstrofo netrÐno
ìmwc allhlepidr� me ta upìloipa mpozìnia thc bajmÐdac. 'Etsi èqoume èna
summetrikì montèlo. H SO(10) den eÐnai aparaÐthto na diathreÐ to B − L,
opìte sta plaÐsi� thc h dipl  b-di�spash qwrÐc ekpomp  netrÐnwn eÐnai epitre-
pt . Stic summetrikèc jewrÐec h sqèsh Gell-Mann - Nishijima gÐnetai

Q = I3L + I3R +
B − L

2
(5.127)

'Otan suzht same ton mhqanismì See-Saw èqoume k�nei skìpima mia mikr 
par�lhyh. Oi sqèseic me touc lìgouc twn maz¸n isqÔoun sthn klÐmaka enèr-
geiac thc meg�lhc enopoÐhshc. Gia na ekfr�soume touc lìgouc autoÔc sthn
klÐmaka energei¸n mac prèpei na qrhsimopoi soume tic exis¸seic thc om�dac
epanakanonikopoÐhshc. Gia par�deigma sthn perÐptwsh thc SO(10) h exÐswsh
(5.110) gÐnetai

m1 : m2 : m3 = 0.05
(
mD
u

)2
: 0.07

(
mD
c

)2
: 0.18

(
mD
t

)2
(5.128)
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6 'Amesh mètrhshc thc m�zac twn netrÐnwn

'Opwc èqoume suzht sei oi plhroforÐec pou èqoume apì tic talant¸seic
aforoÔn tic diaforèc ∆m2. H apìluth klÐmaka m�zac eÐnai �gnwsth. Ja
doÔme pwc mporoÔme na jèsoume k�poia ìria sthn m�za twn netrÐnwn. EpÐshc
ìpwc eÐdame oi f�seic Majorana den ephre�zoun tic talant¸seic. Prèpei me
k�poio trìpo na mporèsoume na prosdiorÐsoume thn fÔsh twn netrÐnwn. Ja
doÔme ìti autì mporeÐ na gÐnei melet¸ntac diplèc b-diasp�seic. Sto sq ma 13
parousi�zontai ta dÔo pijan� f�smata.

Sq ma 13: To f�sma thc m�zac twn netrÐnwn.

6.1 b - Di�spash

H b-di�spash up rxe h diadikasÐa pou eis gage to netrÐno sthn fusik 
stoiqeiwd¸n swmatidÐwn. H diadikasÐa eÐnai gn¸sth apì tìso pali� pou ja
perÐmene kaneÐc ìti den èqei na mac d¸sei nèec plhroforÐec. Wstìso autì den
isqÔei. H b-di�spash mporeÐ na mac d¸sei thn m�za twn netrÐnwn, all� h m�za
eÐnai tìso mikr  pou oi apoklÐseic se sqèsh me thn perÐptwsh twn �mazwn
netrÐnwn eÐnai el�qistec.

Kat� thn b-di�spash h enèrgeia pou apeleujer¸netai gÐnetai kinhtik  e-
nèrgeia tou hlektronÐou kai enèrgeia tou netrÐno

Qβ = Ee + Eν . (6.1)

Sthn oriak  perÐptwsh pou to hlektrìnio apokt� thn mègisth kinhtik  enèr-
geia, to netrÐno den èqei orm , ètsi

Ee−max = Qβ −mνe (6.2)
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Sthn perÐptwsh thc epitrepìmenhc b-di�spashc èqoume

dΓ

dEe
=
G2
Fm

5
e

2π3
cos2 θC |M|2F (Z,Ee)Eepe (Qβ − Ee)

√
(Qβ − Ee)2 −m2

νe .

(6.3)
En¸ jewrhtik� ìla deÐqnoun eÔkola, to prìblhma eÐnai ìti kont� sto mègisto
tou f�smatoc sumbaÐnoun polÔ lÐga gegonìta, opìte h statistik  den eparkeÐ
gia na diex�goume sumper�smata. ApodeiknÔetai ìti ìso qamhlìterh eÐnai h
tim  Qβ tìso kalÔterh statistik  sto �nw ìrio pou f�smatoc èqoume. To
pio akribèc ìrio peiramatik� èqei prokÔyei apì thn b-di�spash tou tritÐou

3H → 3He+ e− + νe Qβ = 18.754 keV. (6.4)

Up�rqoun �lloi dÔo lìgoi gia touc opoÐouc h sugkekrimènh di�spash eÐnai
kal  phg  plhrofori¸n gia thn m�za twn netrÐnwn. H di�spash eÐnai uperepi-
trept , opìte to purhnikì stoiqeÐo m trac eÐnai polÔ meg�lo. Akìma, epeid 
to �tomo eÐnai sqetik� aplì, oi upologismoÐ mporoÔn na gÐnoun me polÔ meg�lh
akrÐbeia.

OrÐzoume thn sun�rthsh Kurie wc

K(Ee) =

[
(Qβ − Ee)

√
(Qβ − Ee)2 −m2

νe

]1/2

(6.5)

An paraleÐyoume thn m�za tou netrÐno tìte

K(Ee) = Qβ − Ee, (6.6)

opìte an metr soume to mègisto tou f�smatoc miac b-di�spashc kai to sugkrÐ-
noume me thn parap�nw tim  mporoÔme na prosdiorÐsoume thn m�za tou netrÐno.
Praktik� autì pou sumbaÐnei eÐnai na metr�tai h apìklish tou diagr�mmatoc
apì th eujeÐa. Sto sq ma 14 parousi�zetai èna di�gramma Kurie kaj¸c kai h
epÐdrash pou èqei h mÐxh se autì.

Me aut  thn mèjodo ta peir�mata Mainz kai Troitzk èqoun prosdiorÐsei
ta akìlouja ìria

mνe < 2.3 eV (95%C.L.) (6.7)

mνe < 2.5 eV (95%C.L.) (6.8)

Oi dÔo om�dec èqoun plèon enwjeÐ kai erg�zontai sto peÐrama KATRIN, to
opoÐo mporeÐ èqei euaisjhsÐa 0.2 eV
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Sq ma 14: To di�gramma Kurie miac b-di�spashc. H eujeÐa gramm  antistoiqeÐ
sthn perÐptwsh twn �mazwn netrÐnwn, h diakekomènh kampÔlh sthn perÐptwsh
pou to netrÐno èqei m�za, en¸ h suneqìmenh kampÔlh antistoiqeÐ sthn perÐ-
ptwsh tou to netrÐno eÐnai epallhlÐa dÔo idiokatast�sewn m�zac.

Mia enallaktik  mèjodoc eÐnai h qr sh cryogenic microcalorimeters, ta
opoÐa metr�ne thn sunolik  enèrgeia pou apeleujer¸netai se mia b-di�spash.
To pleonèkthma aut c thc mejìdou eÐnai ìti to apotèlesma den exart�tai
apì telik  kat�stash twn atìmwn. 'Ena peÐrama me 187Re, to opoÐo èqei thn
mikrìterh tim  Qβ = 2.47 eV eÐqe wc apotèlesma

mνe < 26 eV 95%C.L. (6.9)

H tim  den eÐnai idiaÐtera perioristik , all� eÐnai mia poll� uposqìmenh teqni-
k .

Mèqri stigm c den èqoume l�bei upìyin mac thn mÐxh twn netrÐnwn. Gia na
sumperil�boume thn mÐxh sthn an�lush mac analÔoume thn di�spash wc

3H → 3He+ e− + νk (6.10)

An up�rqei mÐxh me anenerg� netrÐna to �jroisma prèpei na sumperil�bei kai
aut�. Opìte peir�mata b-diaspasewn mporoÔn na d¸soun kai tètoiou eÐdouc
plhroforÐec. H sun�rthsh Kurie orÐzetai wc

K(Ee) =

[
(Qβ − Ee)

∑
k

|Uek|2
√

(Qβ − Ee)−m2
k

]1/2

(6.11)
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Sthn perÐptwsh thc mÐxhc h metatìpish tou �nw �krou tou f�smatoc dÐnei
plhroforÐec gia thn m�za tou elafrÔterou netrÐno

mlight = Qβ − Ee−max. (6.12)

EpÐshc parathroÔntai bujÐseic gia shmeÐa

Ee−k = Qβ −mk mk 6= mlight (6.13)

an�logec tou |Uek|2. Prèpei na poÔme pwc sthn perÐptwsh pou èna peÐrama
den aniqneÔsei epÐdrash thc m�zac tou netrÐno tìte h akrÐbeia sthn mètrhsh
Qβ − Ee eÐnai polÔ megalÔterh apì thn m�za tou netrÐno. 'Etsi gia mk �
Qβ − Ee èqoume

K2 ' (Qβ − Ee)
√

(Q− Ee)2 −m2
β m2

β =
∑
k

|Uek|m2
k. (6.14)

H èkfrash eÐnai Ðdia me thn antÐstoiqh èkfrash gia mia geni�, kai ètsi anagnw-
rÐzoume to mβ wc thn energì m�za tou netrÐno sthn b-di�spash. Sthn tupik 
parametropoÐhsh èqoume

m2
β = c2

12c
2
13m

2
1 + s2

12c
2
13m

2
2 + s2

13m
2
3. (6.15)

Apì tic talant¸seic èqoume plhroforÐec gia tic diaforèc maz¸n ∆m2
21 kai

∆m2
31 kai tic gwnÐec mÐxhc θ12 kai θ13. 'Etsi mporoÔme na ekfr�soume thn

energì m�za twn netrÐnwn sthn b-di�spash wc sun�rthsh thc m�zac tou ela-
frÔterou netrÐno. Sto sq ma 15 parousi�zetai h antÐstoiqh kampÔlh. Sto
fusiologikì f�sma to meg�lo eÔroc ofeÐletai sthn èlleiyh akribeÐac gia thn
tim  thc gwnÐac mÐxhc θ13. Sthn perÐptwsh tou anestrammènou f�smatoc h
energìc m�za praktik� sumpÐptei me tic m�zec m1 kai m2. Sthn perÐptwsh tou
ekfulismoÔ

m2
β ' m2

ν

∑
k

|Uek|2 = m2
ν . (6.16)

Akìma mporoÔme na parathr soume ìti kai stic dÔo peript¸seic oi timèc thc
energoÔ m�zac den epikalÔptontai. Opìte ta mellontik� peir�mata mporoÔn
na apokleÐsoun   na epibebai¸soun thn anestrammènh ierarqÐa an ft�soun thn
akrÐbei� touc sta 4×10−2 eV. Mia olik  diereÔnhsh eÐnai efikt  kaj¸c gia na
exet�soume ìla ta endeqìmena arkeÐ na ft�soume thn akrÐbeia sta 4×10−2 eV.
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Sq ma 15: H energìc m�za twn netrÐnwn sthn b-di�spash sunart sh thc m�zac
tou elafrÔterou netrÐno gia tic dÔo peript¸seic f�smatoc.

6.2 Dipl  b - Di�spash

H dipl  b-di�spash 2β2ν eÐnai mia diadikasÐa pou eÐqe protajeÐ  dh apì
thn M. Goeppert - Meyer to 1935. Prìkeitai gia thn diadikasÐa

N (A,Z)→ N (A,Z ± 2) + e∓ + 2νeνe . (6.17)

Sthn perÐptwsh thc dipl c b-di�spashc qwrÐc ekpomp  netrÐnwn 2β0ν h diadi-
kasÐa eÐnai

N (A,Z)→ N (A,Z ± 2) + 2e∓. (6.18)

San diadikasÐa deÔterhc t�xhc eÐnai polÔ sumpiesmènh, opìte h parat rhs 
thc gÐnetai se pur nec ìpou h b-di�spash den eÐnai epitrept . H di�krish
twn dÔo diadikasi¸n gÐnetai apì to f�sma tou ajroÐsmatoc thc enèrgeiac twn
hlektronÐwn. Sthn perÐptwsh 2β2ν to f�sma eÐnai suneqèc en¸ sthn perÐptwsh
2β0ν sto f�sma up�rqei mia mìno gramm  sthn tim  Q thc di�spashc. Apì to
peÐrama Heidelberg - Moscow to opoÐo qrhsimopoieÐ 76Ge èqoume to ìrio

T 0ν
1/2(76Ge) > 1.9× 1025 y (90%C.L.) (6.19)

Up rxe kai ènac isqurismìc gia anÐqneush thc 2β0ν , all� amfisbht jhke arke-
t�, opìte h anÐqneush thc 2β0ν jewreÐtai stìqoc twn mellontik¸n peiram�twn.

Gia na sumbeÐ 2β0ν prèpei na throÔntai dÔo proôpojèseic: ta netrÐna eÐnai
swmatÐdia Majorana kai na mhn eÐnai �maza. An èqoun m�za up�rqei mia sqetik 
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pijanìthta mνe/Eνe na gÐnei ekpomp  netrÐno me antÐjeth elikìthta kai na
eÐnai efikt  h di�spash. Sto sq ma 16 parousi�zetai h di�spash kai autèc oi
proôpojèseic.

Sq ma 16: Sqhmatik  anapar�stash thc dipl c b-di�spashc qwrÐc ekpomp 
netrÐnwn, kaj¸c kai oi aparaÐthtec proôpojèseic gia na eÐnai efikt  h di�spa-
sh.

H energìc m�za pou summetèqei sthn diadikasÐa eÐnai

m2β =
∑
k

U2
ekmk. (6.20)

Me thn tupik  parametropoÐhsh h energìc m�za ekfr�zetai wc

m2β = c2
12c

2
13m1 + e2ıλ2s2

12c
2
13m2 + e2ı(λ3−δ)m3

|Ue1|2m1 + eıα2|Ue2|2m2 + eıα3|Ue3|2m3, α3 = 2λ2, α2 = 2(λ3 − δ)
(6.21)

H summetrÐa CP diathreÐtai ìtan δ = 0, π kai λk = 0, π/2, π, 3π/2, opìte
oi f�seic αk gÐnontai

αk = o, π eıαk = ±1. (6.22)

DiakrÐnontai ètsi 4 peript¸seic stic opoÐec èqoume pragmatik  m�za

(++) m2β = |Ue1|2m1 + |Ue2|2m2 + |Ue3|2m3 (6.23)

(+−) m2β = |Ue1|2m1 + |Ue2|2m2 − |Ue3|2m3 (6.24)
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(−+) m2β = |Ue1|2m1 − |Ue2|2m2 + |Ue3|2m3 (6.25)

(−−) m2β = |Ue1|2m1 − |Ue2|2m2 − |Ue3|2m3 (6.26)

H mègisth dunat  tim  tou m2β antistoiqeÐ sthn perÐptwsh ++ pou èqoume

mmax
2β =

∑
k

|Uek|2mk (6.27)

en¸ k�poia apì tic upìloipec treic peript¸seic (an�loga me tic timèc twn
paramètrwn) antistoiqeÐ sthn el�qisth energì m�za.

H dipl  b-di�spash mporeÐ na sumbeÐ kai me antallag  �llwn swmatidÐwn,  
mèsw �llwn allhlepidr�sewn. Genik� ìloi autoÐ oi mhqanismoÐ sumb�lloun kai
autoÐ sthn diadikasÐa o kajènac me thn dik  tou sumpÐesh. Parìla aut� mporeÐ
na dei kaneÐc ìti ta netrÐna Majorana me m�za eÐnai aparaÐthth proôpìjesh gia
thn 2β0ν .

Sthn 2β0ν o qrìnoc hmizw c dÐnetai apì thn sqèsh

[
T 0ν

1/2(N )
]−1

= GN0ν |MN
0ν |2
|m2β|2

m2
e

, (6.28)

ìpou GN0ν kai MN
0ν eÐnai o par�gontac tou fasikoÔ q¸rou kai to purhnikì

stoiqeÐo m trac antÐstoiqa. O par�gontac tou fasikoÔ q¸rou mporeÐ na upo-
logisteÐ me polÔ meg�lh akrÐbeia, all� o upologismìc tou purhnikoÔ stoiqeÐou
m trac eÐnai idiaÐtera dÔskoloc kai exart�tai apì to purhnikì montèlo. Gia to
76Ge èqoume

G
76Ge
0ν = 6.31× 10−15y−1 (6.29)

1.5 ≤ |M76Ge
0ν | ≤ 4.6 (6.30)

me tic timèc autèc prokÔptei

|m2β| ≤ 0.3− 1.0 eV. (6.31)

Blèpoume ìti h èlleiyh akrÐbeiac ston upologismì tou purhnikoÔ stoiqeÐou
m trac ephre�zei polÔ thn akrÐbeia thc energ c m�zac pou problèpoume. Pa-
rìla aut� h anÐqneush thc 2β0ν arkeÐ gia na mac epibebai¸sei ìti ta netrÐna
eÐnai swmatÐdia Majorana.
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6.2.1 Fusiologikì F�sma

Sto fusiologikì f�sma elafrÔterh m�za eÐnai h m1 opìte

m2β = |Ue1|2m1 + eıα2|Ue2|2
√
m2

1 + ∆m2
SOL + eıα3|Ue3|2

√
m2

1 + ∆m2
ATM

(6.32)
Sun jwc o teleutaÐoc ìroc paraleÐpetai afoÔ |Ue3| � |Ue1|, |Ue2|. Sthn pe-
rioq  ekfulismoÔ epiplèon èqoume m1 � ∆m2

ATM opìte

m2β ' m1

(
|Ue1|2 + eıα2|Ue2|

)
(6.33)

Stic 4 peript¸seic pou diathroÔn thn summetrÐa CP èqoume

(++), (+−) m2β ' m1 (6.34)

(−+), (−−) m2β ' m1

(
|Ue1|2 − |Ue2|2

)
' m1 cos 2θ12. (6.35)

Sthn perioq  ìpou epikratoÔn oi diaforèc ∆m2 oi timèc twn maz¸n eÐnai

m2 '
√

∆m2
SOL m3 '

√
∆m2

ATM (6.36)

Qrhsimopoi¸ntac thc timèc pou prokÔptoun apì thc talant¸seic blèpoume ìti
h energìc m�za mporeÐ na mhdenÐzetai stic peript¸seic (−+) kai (−−) ìtan

m1 = tan2 θ12

√
∆m2

SOL ' 4× 10−3 → m2β = 0 (6.37)

Gia akìma mikrìterec timèc tou m1 katal goume

m2β ' |Ue2|2
√

∆m2
SOL ' 2.7× 10−3 (6.38)

anexart twc twn f�sewn α2 kai α3.
Sthn perÐptwsh tou fusiologikoÔ f�smatoc sthn mh ekfulismènh perioq 

h energìc m�za den èqei k�tw fr�gma, èqei ìmwc �nw fr�gma

|m2β| ≤ 6× 10−3 eV m1 ≤ 10−3 eV (6.39)
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6.2.2 Anestrammèno F�sma

Sto anestrammèno f�sma èqoume m1 ' m2 � m3

m2β =
(
|Ue1|2 + eıα2 |Ue2|2

)√
m2

3 + ∆m2
ATM + eıα3|Ue3|2m3 (6.40)

P�li o teleutaÐoc ìroc paraleÐpetai, all� t¸ra den mporeÐ na up�rqei mhde-
nismìc thc energoÔ m�zac afoÔ ta stoiqeÐa tou pÐnaka mÐxhc |Ue1| kai |Ue2|
apèqoun poll� σ. Sthn perioq  ekfulismoÔ isqÔei ìti kai sto fusiologi-
kì f�sma mìno pou to m1 antikajist�tai apì to m3. Sthn perioq  ìpou√

∆m2
ATM � m3 gia tic peript¸seic pou diathroÔn thn summetrÐa CP èqou-

me

(++), (+−) m2β '
√

∆m2
ATM (6.41)

(−+), (−−) m2β '
√

∆m2
ATM

(
|Ue1|2 − |Ue2|2

)
'
√

∆m2
ATM cos 2θ12

(6.42)
H energìc m�za eÐnai fragmènh

9× 10−3 eV ≤ |m2β| ≤ 5× 10−2 eV m3 ≤ 10−2 eV. (6.43)

Sto sq ma 17 eÐnai sqediasmènh h energìc m�za twn netrÐnwn sthn dipl 
b-di�spash. Blèpoume ìti ta ìria gia thn energì m�za sthn perÐptwsh tou
fusiologikoÔ kai tou anestrammènou f�smatoc den epikalÔptontai. Epomènwc
me thn dipl  b-di�spash ektìc apì thn fÔsh twn netrÐnwn mporoÔme na xeqw-
rÐsoume kai to f�sma touc an h akrÐbeia twn peiram�twn ft�sei to 9×10−3 eV.

6.3 'Alla 'Oria

'Oria sthn m�za twn netrÐnwn up�rqoun apì diasp�seic pionÐwn kai τ .
Ta ìria aut� den eÐnai tìso sten� all� h axÐa touc  tan ìti apèkleisan thn
perÐptwsh twn anenerg¸n netrÐnwn me m�za megalÔterh apì to ìrio. Apì tic
diasp�seic pionÐwn èqoume

mk < 0.17 MeV (90%C.L.), (6.44)

en¸ apì tic diasp�seic τ èqoume

mk < 18.2 MeV (90%C.L.) (6.45)
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Sq ma 17: H energìc m�za twn netrÐnwn sthn dipl  b-di�spash. Oi leuk 
lwrÐda antistoiqeÐ sthn perÐptwsh ìpou parabi�zetai h summetrÐa CP

Apì analÔseic pou èqoun gÐnei sta netrÐna tou uperkainofanoÔc SN1987A
up�rqei to genikì ìrio

mk ≤ 30 eV, (6.46)

en¸ an h an�lush gÐnei me k�poio sugkekrimèno montèlo to ìrio kumaÐnetai
apì 5 wc 30 eV .

Apì mia sunolik  an�lush twn kosmologik¸n parathr sewn mporoÔme na
ektim soume ìti ∑

j

mj ≤ 0.5 ∼ 1.0 eV (6.47)
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1 Sqetikistik  Kbantomhqanik 

H jewrÐa twn stoiqeiwd¸n swmatidÐwn eÐnai sten� sundedemènh me thn om�da
Poincare. Gia thn akrÐbeia ìla ta swmatÐdia an koun se k�poia anapar�stash
thc om�dac Poincare, en¸ h apaÐthsh h fusik  na eÐnai Ðdia gia ìlouc touc
parathrhtèc èqei wc apotèlesma h morf  twn exis¸sewn na eÐnai sqetikistik�
analloÐwth. Upì to prÐsma thc sqetikìthtac ja mporoÔse na pei kaneÐc ìti
o plèon jemeli¸dhc diaqwrismìc twn swmatidÐwn eÐnai o diaqwrismìc touc se
swmatÐdia me m�za kai se swmatÐdia qwrÐc m�za. Ektìc apì to tetrimmèno
ìti ta �maza swmatÐdia kinoÔntai me thn taqÔthta tou fwtìc, h opoÐa eÐnai
stajer  se ìla ta sust mata anafor�c, en antijèsei me ta mazik� swmatÐdia
twn opoÐwn h taqÔthta exart�tai p�nta apì to sÔsthma anafor�c, up�rqoun
p�ra pollèc idiìthtec oi opoÐec katadeiknÔoun pìso diaforetik  eÐnai h fÔsh
enìc swmatidÐou me m�za se sqèsh me èna �mazo swmatÐdio. Oi diaforèc autèc
ja parousiastoÔn sto parìn kef�laio.

1.1 Oi Om�dec Lorentz kai Poincare

H om�da Poincare   h mh omogen c om�da Lorentz eÐnai h om�da twn qwro-
qronik¸n metasqhmatism¸n pou diathroÔn analloÐwto to stoiqei¸dec qwro-
qronikì m koc

gµνdx
µdxν = gµνdx́

µdx́ν , (1.1)

isodÔnama

gκλ
∂x́κ

∂xµ
∂x́λ

∂xν
= gµν . (1.2)

O genikìteroc metasqhmatismìc pou ikanopoieÐ aut  thn sqèsh eÐnai grammikìc
5, opìte h dr�sh twn metasqhmatism¸n Poincare eÐnai

xµ → x́µ = Λµ
νx

ν + αµ, (1.3)

ìpou αµ eÐnai èna tuqaÐo stajerì tetr�nusma kai Λµ
ν ènac stajerìc pÐnakac

o ìpoioc upìkeitai ston periorismì

gµν = gκλΛ
κ
µΛλ

ν . (1.4)

5
Υπάρχει μια ευρύτερη ομάδα χωροχρονικών μετασχηματισμών, η ομάδα των σύμμορφων

μετασχηματισμών, για την οποία το στοιχειώδες μήκος gµνdx́µdx́ν εν γένει είναι ανάλογο
του στοιχειώδους μήκους gµνdxµdxν , ωστόσο η φυσική σημασία των σύμμορφων μετασχη-
ματισμών στον τετραδιάστατο χωρόχρονο δεν είναι ακόμα ξεκάθαρη.
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Upì morf  pin�kwn h sqèsh aut  mporeÐ na grafeÐ

ΛTgΛ = g. (1.5)

PaÐrnontac thn orÐzousa aut c thc sqèshc èqoume

(Det(Λ))2 = 1 → Det(Λ) = ±1. (1.6)

To apotèlesma autì mac eggu�tai thn fusik� anamenìmenh Ôparxh antÐstro-
fou metasqhmatismoÔ (

Λ−1
)µ
ν

= Λ µ
ν = gνκgµλΛ

κ
λ. (1.7)

H dr�sh dÔo diadoqik¸n metasqhmatism¸n mac dÐnei

x̋µ = L̋
µ

κx́
κ + a̋µ = L̋

µ

κ

(
Λ́κ

νx
ν + áκ

)
+ a̋µ, (1.8)

opìte diapist¸noume ìti h dr�sh duo metasqhmatism¸n isodunameÐ me thn dr�-
sh enìc metasqhmatismoÔ thc morf c

x̋µ =
(
L̋
µ

κΛ́
κ
ν

)
xν +

(
L̋
µ

κá
κ + a̋µ

)
. (1.9)

Apì thn sqèsh (1.6) blèpoume ìti up�rqoun kanonikoÐ metasqhmatismoÐ me
Det(Λ) = 1, oi opoÐoi sqhmatÐzoun mia upoom�da thc om�dac Lorentz L+

(eÐte omogenoÔc eÐte mh omogenoÔc) . Oi mh kanonikoÐ metasqhmatismoÐ me
Det(Λ) = −1 den apoteloÔn om�da kai sumbolÐzontai L−.

Jètontac µ = ν = 0 sthn (1.4) paÐrnoume

(Λ0
0)2 = 1 +

3∑
i=1

(Λi
0)2, (1.10)

apì ìpou prokÔptei
Λ0

0 ≥ 1   Λ0
0 ≤ −1. (1.11)

MetasqhmatismoÐ me Λ0
0 ≥ 1 lègontai orjìqronoi kai apoteloÔn thn upoom�da

L↑, en¸ metasqhmatismoÐ me Λ0
0 ≤ −1 lègontai an�qronoi, den apoteloÔn

om�da kai sumbolÐzontai L↓.
K�je metasqhmatismìc Lorentz an kei se k�poia kathgorÐa an�loga me ta

prìshma twn Det(Λ) kai Λ0
0. H upoom�da L↑+ onom�zetai periorismènh om�da

Lorentz kai sthn perÐptwsh thc omogenoÔc om�dac Lorentz sqhmatÐzoun mia
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suneq  om�da 6 paramètrwn. Jewr¸ntac ton apeirostì metasqhmatismì thc
morf c

Λµ
ν = δµν + εωµν aµ = δbµ, (1.12)

ìpou |ε| � 1 kai |δ| � 1 h sqèsh (1.4) gÐnetai

gµν = gκλ(δ
κ
ν + εωκν)(δ

λ
µ + εωλµ) (1.13)

= gµν + ε(ωµν + ωνµ) +O(ε2), (1.14)

apì ìpou blèpoume ìti h sqèsh (1.4) isodunameÐ me thn apaÐthsh thc antisum-
metrikìthtac tou ωµν

ωµν + ωνµ = 0. (1.15)

Pr�gmati to ω èqei 6 anex�rthtec paramètrouc afoÔ eÐnai antisummetrikìc
pÐnakac 4 × 4. H om�da Poincare èqei 10 suneqeÐc paramètrouc, touc 6 pou
antistoiqoÔn sthn om�da Lorentz kai 4 pou antistoiqoÔn sthn metatopÐseic.

'Enac peperasmènoc periorismènoc metasqhmatismìc Lorentz kataskeu�ze-
tai me diadoqik  dr�sh apeirost¸n metasqhmatism¸n

Λµ
ν = lim

N→∞

N∏
i=1

(
δii+1 +

ωii+1

N

)
= lim

N→∞

[(
1 +

ω

N

)N]µ
ν

= [eω]µν , (1.16)

ìpou i1 = µ kai iN+1 = ν.
K�je metasqhmatismìc Lorentz mporeÐ na grafeÐ wc ginìmeno enìc perio-

rismènou metasqhmatismoÔ Lorentz kai enìc apì touc akìloujouc diakritoÔc
metasqhmatismoÔc:

Anastrof  Q¸rou P = diag(1,−1,−1,−1) ∈ L↑−

Anastrof  Qrìnou T = diag(−1, 1, 1, 1) ∈ L↓−

Anastrof  Q¸rou kai Qrìnou PT = diag(−1,−1,−1,−1) ∈ L↓+

1.1.1 Anaparast�seic

Oi genikìterec afhrhmènec ènnoiec se sqèsh me tic om�dec prèpei na gÐ-
noun pio sugkekrimènec, �ra gia ton lìgo autì prèpei na melethjoÔn oi ana-
parast�seic. H anapar�stash dra wc telest c p�nw se k�poio antikeÐmeno
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kai ekfr�zei thn metabol  tou antikeimènou upì thn dr�sh tou metasqhmati-
smoÔ. Gia par�deigma h dr�sh thc om�dac Poincare se k�poio antikeÐmeno |Ψ〉
sunoyÐzetai wc

|Ψ〉 → |Ψ́〉 = D(Λ, α) |Ψ〉 . (1.17)

O telest c D(Λ, a) prèpei na upakoÔei thn sqèsh pollaplasiasmoÔ (1.9),
opìte

D(Λ2, a2)D(Λ1, a1) = D(Λ2Λ1,Λ2a1 + a2). (1.18)

EpÐshc, apì thn apaÐthsh thc diat rhshc tou eswterikoÔ ginomènou prèpei oi
telestèc na eÐnai unitary

D†D = 1̂. (1.19)

Gia na kataskeu�soume thn anapar�stash xekin�me apì ton tautotikì telest 
D(1, 0) = 1̂ kai prosjètoume touc apeirostoÔc metasqhmatismoÔc thc sqèshc
(1.12). Tìte o telest c prèpei na eÐnai Ðsoc me ton tautotikì telest  kai
k�poio grammikì wc proc ton metasqhmatismì tm ma

D(1 + εω, δb) = 1 +
1

2
ıεωµνJ

µν − ıδbµP µ + · · · . (1.20)

Gia na eÐnai monadiakìc o telest c D prèpei oi telestèc Jµν kai P µ na eÐnai
hermitian

(Jµν)† = Jµν (P µν)† = P µν . (1.21)

AfoÔ to ω eÐnai antisummetrikì mporoÔme na epilèxoume kai to Ĵ na eÐnai an-
tisummetrikì, afoÔ h dr�sh tou summetrikoÔ tm matìc tou ja mhdenÐzetai. H
sunist¸sa P 0 eÐnai o telest c pou antistoiqeÐ sthn enèrgeia, opìte ja sum-
bolÐzetai wc o telest c thc Hamiltonian H. Oi telestèc J kai P ikanopoioÔn
thn akìloujh �lgebra Lie:

[Jµν , Jρσ] = ı (Jµρgνσ − Jνρgµσ − Jµσgνρ + Jνσgµρ) (1.22aþ)

[P µ, Jρσ] = ı (P ρgµσ − P σgµρ) (1.22bþ)

[P µ, P ρ] = 0 (1.22gþ)

Apì touc 6 genn torec Jµν mporoÔme na anagnwrÐsoume touc telestèc pou
antistoiqoÔn sthn stroform 6

J i = −1

2
εijkJ jk (1.23)

6
Οι δείκτες με λατινικούς χαρακτήρες παίρνουν τιμές 1,2,3 εν αντιθέσει με τους ελληνικούς

που παίρνουν 0,1,2,3.
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kai touc telestèc pou antistoiqoÔn stic prowj seic

Ki = J0i. (1.24)

Oi telestèc autoÐ ikanopoioÔn tic sqèseic met�jeshc:

[J i, J j] = ıεijkJ
k (1.25aþ)

[J i, Kj] = ıεijkK
k (1.25bþ)

[Ki, Kj] = −ıεijkJk (1.25gþ)

Blèpoume ìti h stroform  apoteleÐ om�da en¸ oi prowj seic ìqi. H sqèsh
(1.20) gr�fetai sthn morf 

D(1 + εω, δb) = 1 + ıελkK
k + ıεnkJ

k − ıδbµP µ + · · · , (1.26)

ìpou λk = ω0k kai nk = −1
2
εkjlω

jl. Antikajist¸ntac tic sqèseic met�jeshc
(1.25) stic sqèseic met�jeshc (1.22) èqoume:

[J i, J j] = ıεijkJ
k (1.27aþ)

[J i, Kj] = ıεijkK
k (1.27bþ)

[Ki, Kj] = −ıεijkJk (1.27gþ)

[J i, P j] = ıεijkP
k (1.27dþ)

[P i, Kj] = ıHδij (1.27eþ)

[J i, H] = [P i, H] = [H,H] = [P i, P j] = 0 (1.27�þ)

[H,Ki] = ıP i (1.27zþ)

Oi metatopÐseic wc èna bajmì eÐnai tetrimmènec. To meg�lo endiafèron
up�rqei stouc genn torec thc om�dac Lorentz. An orÐsoume nèouc genn torec
wc

M =
J + ıK

2
N =

J − ıK
2

, (1.28)

apì tic sqèseic met�jeseic (1.25) katal goume stic sqèseic met�jeshc

[M i,M j] = ıεijkM
k (1.29aþ)

[N i, N j] = ıεijkN
k (1.29bþ)

[M i, N j] = 0 (1.29gþ)
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Blèpoume dhlad  ìti h �lgebra thc om�dac Lorentz isodunameÐ me thn �lge-
bra SU(2)M × SU(2)N . Me autì ton trìpo mporoÔme na katat�xoume ìla
ta swmatÐdia se du�dec (M,N). H qwrik  anastrof  all�zei to prìshmo
twn gennhtìrwn K en¸ af nei analloÐwtouc touc genn torec J , opìte oi
genn torec M kai N enall�ssontai,

IPM (IP )−1 = N, IPN (IP )−1 = M (1.30)

opìte upì thn epÐdrash metasqhmatism¸n omotimÐac èqoume thn metatatrop 

(M,N)→ (N,M). (1.31)

Ta aristerìstrofa fermiìnia an koun sthn anapar�stash (1/2, 0) en¸ ta
dexiìstrofa sthn anapar�stash (0, 1/2). AfoÔ sthn fÔsh up�rqoun mìno
aristerìstrofa netrÐna kai dexiìstrofa antinetrÐna h omotimÐa den mporeÐ na
eÐnai summetrÐa thc fÔshc.

1.1.2 MetasqhmatismoÐ PedÐwn

Upì thn epÐdrash metasqhmatism¸n Lorentz se pedÐa eÐnai

ψ(x)→ ψ́(x́) = S(Λ)ψ(x), ψ(x) ≡

 ψ1(x)
...

ψn(x)

 . (1.32)

Sthn perÐptwsh n = 0, pou antistoiqeÐ sta bajmwt�, S(Λ) = 0, en¸ sthn
perÐptwsh ìti n = 1, pou antistoiqeÐ sta dianÔsmata, S(Λ) = Λ. Sthn
perÐptwsh apeirostoÔ metasqhmatismoÔ Lorentz eÐnai

S(1 + εω) = 1 +
ı

2
εωµνS

µν , (1.33)

ìpou Sµν eÐnai to tm ma pou antistoiqeÐ sto spin twn gennhtìrwn twn meta-
sqhmatism¸n Lorentz. O pl rhc metasqhmatismìc eÐnai

ψ(x)→ ψ́(x́) = S(Λ)ψ(Λ−1x́) = D(Λ)ψ(x́), (1.34)

opìte se apeirostì epÐpedo èqoume

ψ́(x) =
(
1 +

ı

2
εωµνS

µν
)
ψ(x− εωx)

=
{

1 +
ı

2
εωµν [−ı (xµ∂ν − xν∂µ) + Sµν ]

}
ψ(x).

(1.35)
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Sthn morf  aut  blèpoume ìti

D(1 + εω) = 1 +
ı

2
εωµν [−ı (xµ∂ν − xν∂µ) + Sµν ] . (1.36)

H sÔgkrish me thn sqèsh (1.20) dÐnei

Jµν = −ı (xµ∂ν − xν∂µ) + Sµν (1.37)

Oi genn torec mporoÔn na grafoÔn wc

Jµν = Lµν + Sµν , (1.38)

opou
Lµν = −ı(xµ∂ν − xν∂µ) = xνP µ − xµP ν (1.39)

Oi genn torec Lµν ikanopoioÔn tic sqèseic met�jeshc (1.22aþ), opìte upoqrew-
tik� kai oi genn torec Sµν ikanopoioÔn tic Ðdiec sqèseic met�jeshc. OrÐzontac

Li = −1

2
εijkLjk =

∑
j,k

εijkxjP k = (~x× ~P )k, (1.40)

blèpoume ìti oi genn torec Lµν antistoiqoÔn sthn troqiak  stroform . Oi
genn torec Sµν par�goun thn posìthta

Si = −1

2
εijkSjk, (1.41)

pou antistoiqeÐ sto spin. Opìte h olik  stroform  eÐnai ~J = ~L+ ~S.

1.1.3 Telestèc Casimir

Kat� analogÐa me ton metasqhmatismì twn pedÐwn (1.34) pou antistoiqeÐ
se metasqhmatismoÔc Lorentz, oi metasqhmatismoÐ twn pedÐwn pou antistoi-
qoÔn se metasqhmatismoÔc Poincare eÐnai

ψ(x)→ ψ́(x́) = S(Λ)ψ(Λ−1(x́− a)) = D(Λ)ψ(x́) (1.42)

'Ola ta swmatÐdia an koun se anaparast�seic thc om�dac Poincare kai mpo-
roÔn na katataqjoÔn me b�sh thc timèc twn telest¸n Casimir thc om�dac.

O pr¸toc telest c Casimir thc om�dac eÐnai

P 2 = PµP
µ, (1.43)
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me idiotimèc
p2 = m2 (1.44)

Ta fusik� swmatÐdia èqoun jetik    mhdenik  m�za.
O deÔteroc telest c Casimir thc om�dac eÐnai

W 2 = WµW
µ, (1.45)

ìpou W eÐnai to tetr�nusma Pauli - Lubanski

Wµ =
1

2
εµνρσJ

νρP σ. (1.46)

Upì morf  sunistws¸n

W 0 = ~J · ~P = ~S · ~P ~W = ~JP 0 − ~K × ~P , (1.47)

opìte sto sÔsthma hremÐac tou swmatidÐou

W 0 = 0 ~W = m~S (1.48)

pou odhgeÐ sto

W 2 = −m2
∣∣∣~S∣∣∣2 , (1.49)

me idiotimèc
w2 = −m2s(s+ 1). (1.50)

'Ena pl rec set parathr sewn megej¸n eÐnai to P 2, oi treic sunist¸sec thc

orm c ~P , to W 2 kai mia sunist¸sa W µ. Ta di�fora swmatÐdia diaqwrÐzon-
tai apì thn m�za m kai to spin s (endeqomènwc kai apì �llouc kbantikoÔc

arijmoÔc). Gia dedomèno eÐdoc swmatidÐwn h orm  ~P kai h mia sunist¸sa W µ

orÐzoun tic diaforetikèc katast�seic. Sun jwc xeqwrÐzoume tic katast�seic
mèsw thc idiotim c tou telest  elikìthtac

ĥ =
W 0

s|~P |
=
~S · ~P
s|~P |

. (1.51)
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1.2 H exÐswsh Dirac

H exÐswsh Dirac eÐnai (
ı/∂ −m

)
ψ(x) = 0 (1.52)

kai h Lagrangian thc exÐswshc Dirac eÐnai

L(x) = ψ(x)
(
ı/∂ −m

)
ψ(x), (1.53)

ìpou ψ(x) eÐnai ènac spÐnorac 4 sunistws¸n. O suzug c spÐnorac orÐzetai wc

ψ(x) = ψ†(x)γ0. (1.54)

kai
/A = γµAµ, µ = 0, 1, 2, 3, 4 (1.55)

Oi pÐnakec Dirac sthn pio apl  anapar�stash touc eÐnai pÐnakec 4×4 oi opoÐoi
upakoÔoun tic akìloujec sqèseic

{γµ, γν} = 2gµν (1.56)

kai
γ0 (γµ)† γ0 = γµ (1.57)

(
γ0
)2

= 1,
(
γk
)2

= −1, k = 1, 2, 3 (1.58)

H puknìthta pijanìthtac dÐnetai apì thn sqèsh

ρ(x) = |ψ(x)|2 = ψ†(x)ψ(x) = ψ(x)γ0ψ(x) (1.59)

kai eÐnai jetik� orismènh, en¸ h exÐswsh sunèqeiac èqei thn morf 

∂µj
µ = 0, jµ = ψ(x)γµψ(x). (1.60)

Oi di�forec anaparast�seic twn pin�kwn Dirac sundèontai metaxÔ touc me
metasqhmatismoÔc omoiìthtac

γ′µ = SγµS−1, S−1 = S†. (1.61)

Gia na mènei analloÐwth h exÐswsh Dirac oi spÐnorec prèpei na metasqhmatÐ-
zontai wc

ψ′(x) = Sψ(x). (1.62)
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Sthn anapar�stash Dirac oi pÐnakec èqoun thn morf 

γ0
D =

(
1 0
0 −1

)
, ~γD =

(
0 ~σ
−~σ 0

)
, (1.63)

ìpou oi pÐnakec èqoun grafeÐ me thn morf  mplok 2× 2 kai σ eÐnai oi pÐnakec
tou Pauli. OrÐzetai o pÐnakac γ5 wc

γ5 = ıγ0γ1γ2γ3. (1.64)

EÔkola mporoÔme na doÔme ìti

{γ5, γµ} = 0 (1.65)

(γ5)2 = 1 (1.66)

(γ5)† = γ5 (1.67)

Sthn anapar�stash Dirac o pÐnakac γ5 eÐnai

γ5
D =

(
0 −1
1 0

)
(1.68)

Sthn qeiralik  anapar�stash, ìpou o pÐnakac γ5 diagwnopoieÐtai, oi pÐnakec
èqoun thn morf 

γ0
C =

(
0 −1
−1 0

)
, ~γC =

(
0 ~σ
−~σ 0

)
, γ5

C =

(
1 0
0 −1

)
, (1.69)

  se pio sumpag  morf 

γµC =

(
0 σµ

−σµ 0

)
, (1.70)

ìpou
σµ = (1, ~σ), σµ = (−1, ~σ) (1.71)
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1.2.1 Sqetikistik  Sunalloi¸thta

'Opwc eÐdame upì thn epÐdrash enìc metasqhmatismoÔ Lorentz ènac spÐ-
norac Dirac metasqhmatÐzetai wc

ψ(x)→ ψ́(x́) = S(Λ)ψ(x), (1.72)

Gia apeirostoÔc metasqhmatismoÔc o genn torac eÐnai

S(1 + εω) = 1 +
ı

4
εωµνσ

µν , (1.73)

ìpou

Sµν = −1

2
σµν . (1.74)

Gia peperasmènoc metasqhmatismoÔc Λ = eω èqoume

S(eω) = e−
ı
4
ωµνσµν (1.75)

O suzug c spÐnorac metasqhmatÐzetai wc

ψ(x)→ ψ
′
(x́) = ψ(x)S−1(Λ), (1.76)

opìte gia na mporèsei na parameÐnei analloÐwth h Lagrangian thc exÐswshc
Dirac prèpei oi pÐnakec Dirac na metasqhmatistoÔn wc

S−1(Λ)γµS(Λ) = Λµ
νγ

ν (1.77)

An apomon¸soume to tm ma twn gennhtìrwn twn prowj sewn pou anti-
stoiqeÐ sto spin èqoume

Kk
spin = −1

2
σ0k = − ı

2
γ0γk = − ı

2
αk, (1.78)

ìpou αk = γ0γk. Sthn anapar�stash Dirac kai sthn qeiralik  anapar�stash
èqoume

αkD =

(
0 σk

σk 0

)
αkC =

(
σk 0
0 −σk

)
(1.79)

O pÐnakac metasqhmatismoÔ pou antistoiqeÐ peperasmènec prowj seic Skboost(φ)
me v = tanhφ kat� thn dieÔjunsh tou �xona xk eÐnai

Skboost(φ) = e−ıφK
k
spin = e

1
2
φαk = cosh

φ

2
− αk sinh

φ

2
(1.80)
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Oi pÐnakec Skboost(φ) eÐnai Hermitian, all� den eÐnai unitary.
O telest c tou spin eÐnai

Si =
1

4

∑
j,k

εijkσjk =
1

2
Σi, (1.81)

ìpou

Σi =
1

2

∑
j,k

εijkσjk =
ı

2

∑
j,k

εijkγjγk. (1.82)

IsodÔnama mporoÔme na gr�youme

Σk = γ0γkγ5. (1.83)

Oi pÐnakec Σk ikanopoioÔn tic sqèseic met�jeshc

[Σi,Σj] = 2ıεijkΣk {Σi,Σj} = 2δij (1.84)

Kai stic dÔo anaparast�seic èqoun thn Ðdia morf 

~ΣD = ~ΣC =

(
~σ 0
0 ~σ

)
, (1.85)

apì thn opoÐa faÐnetai ìti oi pÐnakec autoÐ eÐnai h genÐkeush 4×4 twn pin�kwn
Pauli.

O pÐnakac metasqhmatismoÔ pou antistoiqeÐ stic peperasmènec strofèc
kat� gwnÐa θ gÔrw apì ton �xwna xk eÐnai

Skrot(φ) = e−ıθS
k

= e
ı
2
θΣk = cosh

φ

2
+ ıΣ sinh

φ

2
(1.86)

AfoÔ o pÐnakac Σk eÐnai Hermitian o pÐnakac Skrot eÐnai unitary

1.2.2 Qeiralikìthta

H qeiralikìthta (Chirality) enìc swmatidÐou ekfr�zei an to swmatÐdio
sumperifèretai stouc metasqhmatismoÔc sÔmfwna me thn dexiìstrofh   ari-
sterìstrofh anapar�stash thc om�dac Poincare. Oi spÐnorec Dirac, oi opoÐoi
kat� kÔrio lìgo antiproswpeÔoun ta swmatÐdia, èqoun kai tic dÔo sunist¸sec,
opìte an koun sthn anapastash (1/2, 1/2). OrÐzontac kat�llhlouc telestèc
mporoÔme na apomon¸soume mìno thn mÐa sunist¸sa. Gia touc spÐnorec Dirac
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orÐzoume thn qeiralikìthta wc thn dr�sh tou pÐnaka γ5 p�nw ston spÐnora.
ExaitÐac aut c touc thc idiìthtac o pÐnakac γ5 apokaleÐtai kai pÐnakac qeira-
likìthtac (chirality matrix). SumbolÐzontac me ΨR kai ΨL ta pedÐa ta opoÐa
eÐnai idiokatast�seic tou pÐnaka γ5 me timèc 1 kai -1 antÐstoiqa, èqoume:

γ5ψR = +ψR (1.87)

γ5ψL = −ψL (1.88)

Aut� ta qeiralik� pedÐa apokaloÔntai dexiìstrofo kai aristerìstrofo antÐ-
stoiqa. Ta spinoriak� pedÐa kajorismènhc qeiralikìthtac onom�zontai spÐno-
rec Weyl. 'Enac spÐnorac Dirac p�nta mporeÐ na analujeÐ se mia aristerì-
strofh kai mia dexiìstrofh sunist¸sa

ψ = ψR + ψL (1.89)

ìpou

ψR =
1 + γ5

2
ψ (1.90)

ψL =
1− γ5

2
ψ (1.91)

OrÐzoume ètsi touc probolikoÔc telestèc

PR ≡
1 + γ5

2
(1.92)

PL ≡
1− γ5

2
(1.93)

EÔkola mporeÐ na dei kaneÐc ìti oi autoÐ oi telestèc ikanopoioÔn thc aparaÐ-
thtec sqèseic pou prèpei na ikanopoieÐ ènac probolikìc telest c, dhlad :

PR + PL = 1 (1.94)

(PR)2 = PR (1.95)

(PL)2 = PL (1.96)

PLPR = PRPL = 0 (1.97)

Ektìc apì tic idiìthtec touc wc probolikoÐ telestèc, oi telestèc èqoun kai
tic akìloujec idiìthtec

P †R = PR (1.98)

P †L = PL (1.99)

PRγ
µ = γµPL (1.100)

PLγ
µ = γµPR (1.101)
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H Lagrangian tou pedÐou Dirac

L = ψ(ı/∂ −m)ψ (1.102)

mporeÐ na grafeÐ wc

L = ı(ψR/∂ψL + ψL/∂ψR)−m(ψRψL + ψLψR), (1.103)

ìpou ψR = (PRψ). Blèpoume ìti ta pedÐa ψR kai ψL èqoun anex�rthtouc
kinhtikoÔc ìrouc, all� o ìroc m�zac eÐnai peplegmènoc.

Oi exis¸seic twn pedÐwn eÐnai

ı/∂ψR = mψL (1.104)

ı/∂ψL = mψR (1.105)

eÐnai olof�nero ìti h trìpoc exèlixhc tou k�je pedÐou sqetÐzetai me to �llo
mèsw thc m�zac. PolÔ apl�, gia �maza swmatÐdia h exèlixh k�je pedÐou eÐnai
anex�rthth. Se aut  thn perÐptwsh prokÔptoun oi exis¸seic Weyl

ı/∂ψR = 0 (1.106)

ı/∂ψL = 0 (1.107)

Sthn qeiralik  anapar�stash oi probolikoÐ telestèc eÐnai

PR =

(
1 0
0 0

)
, PL =

(
0 0
0 1

)
, (1.108)

opìte an gr�youme ton spÐnora

ψ =

(
χR
χL

)
(1.109)

tìte

ψR =

(
χR
0

)
, ψL =

(
0
χL

)
, (1.110)

opìte h Lagrangian upì thn morf  spinìrwn dÔo sunistws¸n gÐnetai

L = ıχ†Rσ
µ∂µχR − ıχ†Lσ

µ∂µχL +m
(
χ†RχL + χ†LχR

)
. (1.111)

Oi antÐstoiqec exis¸seic eÐnai

ı(∂0 + ~σ · ~∇)χR = −mχL (1.112)
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ı(∂0 − ~σ · ~∇)χL = −mχR (1.113)

Upì thn epÐdrash strof¸n oi spÐnorec Dirac metasqhmatÐzontai sÔmfwna
me ton metasqhmatismì (1.86) opìte oi spÐnorec Weyl metasqhmatÐzontai wc

χR,L →
(

cos
θ

2
+ ıσk sin

θ

2

)
χR,L, (1.114)

en¸ upì thn epÐdrash prowj sewn wc

χR →
(

cosh
φ

2
− σk sinh

φ

2

)
χR (1.115)

χL →
(

cosh
φ

2
+ σk sinh

φ

2

)
χL (1.116)

blèpoume loipìn ìti oi dexiìstrofoi kai oi aristerìstrofoi spÐnorec an koun
se diaforetikèc anaparast�seic thc om�dac Lorentz.

1.2.3 Elikìthta

H elikìthta enìc swmatidÐou orÐzetai wc h probol  tou spin sthn dieÔ-
junsh thc orm c tou. AfoÔ èna �mazo swmatÐdio kineÐtai me thn taqÔthta tou
fwtìc se ìla ta sust mata anafor�c h elikìthta eÐnai Ðdia gia k�je parath-
rht . Autì den sumbaÐnei gia swmatÐdia ta opoÐa èqoun m�za. An jewr soume
mia lÔsh kajorismènhc orm c thc exÐswshc Dirac gia �mazo swmatÐdio,

ı/∂ψ(x, p) = 0 (1.117)

me
P µψ(x, p) = pµψ(x, p) (1.118)

kai
p0 = E = |~p| (1.119)

h exÐswsh paÐrnei thn morf 

(γ0|~p| − ~γ · ~p)ψ(x, p) = 0. (1.120)

Pollaplasi�zontac apì arister� me γ5γ0 kai qrhsimopoi¸ntac thn sqèsh
Σµ = γ0γµγ5 èqoume

~Σ · ~p
|~p|

ψ(x, p) = γ5ψ(x, p) (1.121)
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Blèpoume ìti gia �maza swmatÐdia kajorismènhc orm c h elikìthta tautÐzetai
me thn qeiralikìthta, epomènwc up�rqoun koinèc idiokatast�seic

~Σ · ~p
|~p|

ψR(x, p) = +ψR(x, p) (1.122)

~Σ · ~p
|~p|

ψL(x, p) = −ψL(x, p) (1.123)

1.2.4 LÔseic

H exÐswsh Dirac mporeÐ na lujeÐ mèsw anaptÔgmatoc Fourier tou pedÐou

ψ(x) =

∫
d3p

(2π)32E

∑
h=±1

[
a(h)(p)u(h)(p)e−ıp·x + b(h)†(p)v(h)(p)eıp·x

]
, (1.124)

ìpou h eÐnai h elikìthta kai

P 0 = E =
√
|~p|2 +m2 (1.125)

prokeimènou na ikanopoieÐtai h sqetikistik  sqèsh diaspor�c gia thn enèrgeia.
Oi posìthtec u(h) kai v(h) eÐnai spÐnorec, en¸ oi posìthtec a(h) kai b(h) eÐnai
arijmhtikoÐ suntelestèc. QrhsimopoioÔme thn Hermitian suzugÐa prokeimènou
na diathreÐtai Ðdioc o sumbolismìc me thn kbantik c jewrÐac pedÐou. To mètro
thc olokl rwshc eÐnai analloÐwto Lorentz afoÔ

d3p

(2π)32E
=

d4p

(2π)4
2πδ(p2 −m2)θ(p0) (1.126)

H exÐswsh Dirac isodunameÐ me tic exis¸seic

(/p−m)u(h)(p) = 0 (1.127)

(/p+m)v(h)(p) = 0 (1.128)

Gia touc suzugeÐc spÐnorec oi antÐstoiqec exis¸seic eÐnai

u(h)(p)(/p−m) = 0 (1.129)

v(h)(p)(/p+m) = 0 (1.130)
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Apì tic exis¸seic autèc blèpoume

u(h)(p)v(h′)(p) = 0 (1.131)

To pedÐo mporeÐ na grafeÐ wc

ψ(x) =
∑
h=±1

ψ(h)(x), (1.132)

ìpou

ψ(h)(x) =

∫
d3p

(2π)32E

[
a(h)(p)u(h)(p)e−ıp·x + b(h)†(p)v(h)(p)eıp·x

]
, (1.133)

eÐnai idiokatast�seic tou telest  thc elikìthtac

ĥψ(h)(x) = hψ(h)(x). (1.134)

Dr¸ntac me ton telest  sto an�ptugma èqoume

ĥψ(h)(x) =

∫
d3p

(2π)32E

[
a(h)(p)

~Σ · ~p
|~p|

u(h)(p)e−ıp·x + b(h)†(p)
~Σ · ~p
|~p|

v(h)(p)eıp·x

]
,

(1.135)
epomènwc gia na ikanopoieÐtai h sqèsh 1.134 prèpei

~Σ · ~p
|~p|

u(h)(p) = hu(h)(p), (1.136)

~Σ · ~p
|~p|

v(h)(p) = −hv(h)(p). (1.137)

Oi antÐstoiqec exis¸seic gia touc suzugeÐc spÐnorec eÐnai

u(h)(p)
~Σ · ~p
|~p|

= hu(h)(p), (1.138)

v(h)(p)
~Σ · ~p
|~p|

= −hv(h)(p), . (1.139)

Apì tic exis¸seic autèc blèpoume ìti

u(h)(p)u(h′)(p) ∼ δhh′ , (1.140)
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v(h)(p)v(h′)(p) ∼ δhh′ , (1.141)

opìte epilègoume thn analloÐwth kanonikopoÐhsh

u(h)(p)u(h′)(p) = 2mδhh′ , (1.142)

v(h)(p)v(h′)(p) = −2mδhh′ . (1.143)

Me thc anwtèrw sunj kec mporeÐ kaneÐc na dei ìti

u(h)(p)γµu(h′)(p) = v(h)(p)γµv(h′)(p) = 2pµδhh′ , (1.144)

u(h)(p)γ5u(h′)(p) = v(h)(p)γ5v(h′)(p) = 0 (1.145)

u(h)†(p)v(h′)(pp) = v(h)†(p)u(h′)(pp) = 0, (1.146)

ìpou pp = (p0,−~p). Qrhsimopoi¸ntac autèc tic sqèseic blèpoume ìti oi arij-
mhtikoÐ suntelestèc dÐnontai apì tic sqèseic

a(h)(p) =

∫
d3xu(h)†(p)ψ(x)eıp·x (1.147)

b(h)(p) =

∫
d3xψ†(x)v(h)(p)eıp·x (1.148)

O normalismìc thc ∫
d3x|ψ(x)|2 = 1 (1.149)

sunep�getai ìti ∫
d3x

∑
h=±1

[∣∣a(h)(p)
∣∣2 +

∣∣b(h)(p)
∣∣2] = 1 (1.150)

Oi tèssereic spÐnorec u(+), u(−), v(+) kai v(−) eÐnai k�jetoi metaxÔ touc, opìte
sqhmatÐzoun mia b�sh ston q¸ro twn tetradi�statwn spÐnorec. AntÐstoiqa
ta ginìmena

u(+)u(+), u(−)u(−), v(+)v(+), v(−)v(−) (1.151)
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sqhmatÐzoun mia b�sh ston q¸ro twn pin�kwn 4× 4, ikanopoioÔn m�lista thn
sqèsh plhrìthtac ∑

h=±1

[
u(h)u(h)

2m
− v(h)v(h)

2m

]
= 1. (1.152)

To tm ma tou pedÐou pou eÐnai an�logo tou e−ıp·x kai eıp·x, antistoiqeÐ sta
swmatÐdia kai sta antiswmatÐdia antÐstoiqa

P 0e−ıp·x = Ee−ıp·x, P 0eıp·x = −Eeıp·x. (1.153)

O probolikìc telest c twn sunistws¸n me jetik  kai arnhtik  enèrgeia orÐ-
zetai wc

Λ±(p) =
m± /p

2m
, (1.154)

o opoÐoc ikanopoieÐ tic sqèseic∑
r=±

Λr = 1, Λr(p)Λs(p) = Λr(p)δrs. (1.155)

EÔkola blèpoume ìti

Λ+(p)u(h)(p) = u(h)(p), Λ−(p)u(h)(p) = 0,

Λ+(p)v(h)(p) = 0, Λ−(p)v(h)(p) = v(h)(p)
(1.156)

Apì autèc tic sqèseic kai thn sqèsh plhrìthtac (1.152) apoktoÔme tic sqèseic

Λ+(p) =
∑
h=±1

u(h)(p)u(h)(p)

2m
(1.157)

Λ−(p) = −
∑
h=±1

v(h)(p)v(h)(p)

2m
(1.158)

An orÐsoume to tetr�nusma pìlwshc wc

sµh = h

(
|~p|
m
,
E

m

~p

|~p|

)
, (1.159)

mporoÔme na ekfr�soume ton probolikì telest  thc elikìthtac wc

Ph =
1 + γ5/s

2
(1.160)
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Oi dÔo probolikoÐ telestèc metatÐjentai

[Ph,Λr] = 0, (1.161)

opìte mporoÔme na orÐsoume ènan telest  o opoÐoc tautìqrona prob�lei tic
katast�seic enèrgeiac kai elikìthtac

Λh
± = Λ±(p)Ph = PhΛ±(p) =

(
m± /p

2m

)(
1 + γ5/s

2

)
, (1.162)

o opoÐoc ikanopoieÐ tic sqèseic∑
r=±

∑
h=±1

Λh
r (p) = 1, Λh

rΛ
h′

s = Λh
r (p)δrsδhh′ . (1.163)

MporoÔme na upologÐsoume ìti

Λh
+(p)u(h′)(p) = δhh′u

(h′)(p), Λh
−(p)u(h′)(p) = 0,

Λh
+(p)v(h′)(p) = 0, Λh

−(p)v(h′)(p) = δhh′v
(h′)(p).

(1.164)

Apì tic sqèseic autèc kai tic prohgoÔmenec sqèseic mporoÔme na doÔme ìti

Λh
+(p) = −u

(h)(p)v(h)(p)

2m
, (1.165)

Λh
−(p) = −v

(h)(p)u(h)(p)

2m
. (1.166)

Sthn anapar�stash Dirac oi lÔseic thc exÐswshc Dirac eÐnai

uhD(p) =

( √
E +mχ(h)(~p)

h
√
E −mχ(h)(~p)

)
(1.167)

vhD(p) =

(
−
√
E −mχ(−h)(~p)

h
√
E +mχ(−h)(~p)

)
, (1.168)

ìpou oi pÐnakec χ(h)(~p) ja prosdioristoÔn sthn sunèqeia. Sto neut¸neio ìrio
oi spÐnorec gÐnontai

uhD(p) '
√

2m

(
χ(h)(~p)

h |~p|
2m
χ(h)(~p)

)
(1.169)
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vhD(p) '
√

2m

(
− |~p|

2m
χ(−h)(~p)

hχ(−h)(~p)

)
. (1.170)

Oi sunist¸sec oi opoÐec den sumpièzontai apì ton par�gonta |~p|/2m lègon-
tai meg�lec sunist¸sec, en¸ oi sunist¸sec pou sumpièzontai lègontai mikrèc
sunist¸sec. Gia ton lìgo autì h anapar�stash Dirac eÐnai qr simh sthn
perigraf  mh sqetikistik¸n swmatidÐwn.

Sthn qeiralik  anapar�stash oi lÔseic thc exÐswshc Dirac eÐnai

uhC(p) =

(
−
√
E + h|~p|χ(h)(~p)√
E − h|~p|χ(h)(~p)

)
(1.171)

vhC(p) =

( √
E − h|~p|χ(−h)(~p)√
E + h|~p|χ(−h)(~p)

)
, (1.172)

Sto sqetikistikì ìrio oi spÐnorec gÐnontai

u+
C(p) ' −

√
2E

(
χ(+)(~p)
− m

2E
χ(+)(~p)

)
u−C(p) '

√
2E

(
− m

2E
χ(−)(~p)

χ(−)(~p)

)
(1.173)

v+
C (p) ' −

√
2E

(
m
2E
χ(+)(~p)
χ(+)(~p)

)
v−C (p) '

√
2E

(
χ(−)(~p)
m
2E
χ(−)(~p)

)
. (1.174)

Blèpoume ìti oi dÔo apì tic tèssereic sunist¸sec k�je spÐnora sumpièzontai
apì ton par�gonta m/2E. Gia ton lìgo autì h qeiralik  anapar�stash eÐnai
qr simh sthn perigraf  sqetikistik¸n swmatidÐwn.

Prokeimènou oi anwtèrw lÔseic na eÐnai idiokatast�seic tou telest  eli-
kìthtac, dhlad  na ikanopoioÔn tic sqèseic (1.136) kai (1.137), oi spÐnorec
χ(h)(~p) prèpei na ikanopoioÔn thn exÐswsh idiotim¸n

ĥχ(h)(~p) = hχ(h)(~p) (1.175)

Oi spÐnorec eÐnai orjog¸nioi kai mporoÔn na kanonikopoihjoÔn

χ(h)†(~p)χ(h′)(~p) = δhh′ (1.176)

Oi spÐnorec orÐzontai ètsi ¸ste na ikanopoieÐtai h sqèsh

ıσ2

(
χ(h)†(~p)

)∗
= −hχ(−h)†(~p). (1.177)
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IsqÔei akìma h sqèsh

χ(h)†(~p)σkχ(h′)(~p) = h
pk

|~p|
(1.178)

Se sfairikèc suntetagmènec oi spÐnorec eÐnai

χ(+)(~p) =

(
cos θ

2

sin θ
2
eıφ

)
χ(−)(~p) =

(
− sin θ

2
e−ıφ

cos θ
2

)
(1.179)

An epilèxoume ton �xona z sthn dieÔjunsh tou ~p tote

χ(+)(~p) =

(
1
0

)
≡ χ(+) χ(−)(~p) =

(
0
1

)
≡ χ(−) (1.180)

Sthn perÐptwsh �mazwn swmatidÐwn epilègoume thn qeiralik  anapar�stash
opìte apì tic sqèseic (1.173) kai (1.174) èqoume

u
(+)
L (p) = u

(−)
R (p) = v

(+)
R (p) = v

(−)
L (p) = 0 (1.181)

opìte mporoÔme na paraleÐpoume touc deÐktec. 'Etsi to an�ptugma Fourier
twn qeiralik¸n pedÐwn eÐnai

ψR(x) =

∫
d3p

(2π)32E

∑
h=±1

[
a(+)(p)u(+)(p)e−ıp·x + b(−)†(p)v(−)(p)eıp·x

]
(1.182)

ψL(x) =

∫
d3p

(2π)32E

∑
h=±1

[
a(−)(p)u(−)(p)e−ıp·x + b(+)†(p)v(+)(p)eıp·x

]
(1.183)

1.3 SwmatÐdia Majorana

An xekin sei kaneÐc apì tic exis¸seic Weyl

ı/∂ψL = 0, (1.184)

ı/∂ψR = 0, (1.185)
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parathreÐ ìti �maza swmatÐdia mporoÔn na perigrafoÔn mèsw spinìrwn dÔo
sunistws¸n kai anarwtiètai an mporeÐ na gÐnei to Ðdio gia swmatÐdia me m�za.
An kai fant�zei par�xeno h ap�nthsh eÐnai ìti gÐnetai an orÐsoume mia eidik 
sqèsh an�mesa sta ψR kai ψL. Profan¸c gia na eÐmaste sunepeÐc prèpei na
ikanopoioÔntai oi exis¸seic

ı/∂ψL = mψR (1.186)

ı/∂ψR = mψL (1.187)

Apì thn 1.187 èqoume (
ı/∂ψR

)†
γ0 = (mψL)† γ0

−ı∂µψRγµ = mψL.
(1.188)

Gia na apokt soume thn Ðdia morf  me thn exÐswsh 1.187 anastrèfoume

−ı (γµ)T ∂µψ
T

R = mψ
T

L (1.189)

kai droÔme me ton telest  suzugÐac fortÐou

C
(
−ı (γµ)T ∂µψ

T

R

)
= mCψ

T

L. (1.190)

Qrhsimopoi¸ntac thn idiìthta

C (γµ)T C−1 = −γµ (1.191)

èqoume

ı/∂Cψ
T

R = mCψ
T

L (1.192)

An orÐsoume

ψR = Cψ
T

L, (1.193)

èqoume thn Ðdia morf  me thn exÐswsh (1.186).

Apì thn idiìthta C (γ5)
T
C−1 = γ5 prokÔptei ìti

PLC = CP T
L . (1.194)

Apì thn sqèsh aut  èqoume

PL(Cψ
T

L) = C
(
ψ
T

LPL

)T
= 0, (1.195)
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opìte o orismìc pou d¸same eÐnai sunep c.
H exÐswsh (1.186) metasqhmatÐzetai sthn exÐswsh Majorana:

ı/∂ψL = mCψ
T

L (1.196)

To pedÐo eÐnai
ψ = ψL + ψR = ψL + Cψ

T

L, (1.197)

opìte h sunj kh Majorana eÐnai

ψ = Cψ
T

(1.198)

O ìroc Cψ
T
an exairèsoume mia f�sh, thn opoÐa mporoÔme gia eukolÐa na

paraleÐyoume, eÐnai Ðdioc me to suzugèc pedÐo ψCL .

Cψ
T

= ψCL . (1.199)

Me aut  thn sÔmbash èqoume

ψ = ψL + ψCL , (1.200)

kai h sunj kh Majorana gÐnetai

ψ = ψC . (1.201)

H sunj kh aut  epib�lei thn taÔtish swmatidÐou antiswmatidÐou, opìte mporeÐ
na isqÔei mìno gia oudètera fermiìnia.

H Lagrangian thc exÐswshc Majorana eÐnai

LM =
1

2
ψ
(
ı/∂ −m

)
ψ (1.202)

Oi ìroi m�zac twn swmatidÐwn Majorana eÐnai

LMMass = −1

2
mψ

C

LψL +H.C. (1.203)

  isodÔnama

LMMass = −1

2
m
(
ψTLC

†ψL + ψ†LCψ
∗
L

)
. (1.204)

Blèpoume ìti metasqhmatismoÐ U(1) pou antistoiqoÔn sthn diat rhsh tou a-
rijmoÔ twn swmatidÐwn den af noun analloÐwth thn Lagrangian.

LMMass = −1

2
m
(
e2ıφψTLC

†ψL + e−2ıφψ†LCψ
∗
L

)
. (1.205)
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1.3.1 SummetrÐec

EÐnai anamenìmeno èna swmatÐdio Majorana na èqei ligìterouc bajmoÔc
eleujerÐac se sqèsh me èna swmatÐdio Dirac.

Sthn perÐptwsh Dirac èqoume

CPT : ν(~p, h)→ ν(~p,−h) (1.206)

Me mia kat�llhlh pro¸jhsh mporoÔme na èqoume

Boost : ν(~p,−h)→ ν(−~p, h) (1.207)

Me ènan metasqhmatismì CPT èqoume

CPT : ν(−~p, h)→ ν(−~p,−h) (1.208)

P�li me kat�llhlh pro¸jhsh mporoÔme na èqoume

Boost : ν(−~p,−h)→ ν(~p, h) (1.209)

Oi dieujÔnseic twn orm¸n −~p mporoÔn na all�xoun me mia strof  kat� 180o,
ètsi èqoume

Rotation− 180 : ν(−~p, h)→ ν(~p, h)) ν(−~p,−h)→ ν(~p,−h) (1.210)

Blèpoume epomènwc ìti èna swmatÐdio Dirac me orm  ~p mporeÐ na brejeÐ se
tèssereic katast�seic:

ν(~p, h) ν(~p,−h) ν(~p, h) ν(~p,−h) (1.211)

Sthn perÐptwsh Majorana èqoume

CPT : ν(~p, h)→ ν(~p,−h) (1.212)

Me kat�llhlh pro¸jhsh mporoÔme na èqoume

Boost : ν(~p,−h)→ ν(−~p, h) (1.213)

Me strof  kat� 180o epistrèfoume sthn arqik  kat�stash

Rotation− 180 : ν(−~p, h→ ν(~p, h) (1.214)
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Apì thn arqik  kat�stash me kat�llhlh pro¸jhsh mporoÔme na èqoume

Boost : ν(~p, h)→ ν(−~p,−h) (1.215)

Me ènan metasqhmatismì CPT èqoume

CPT : ν(−~p,−h)→ ν(−~p, h) (1.216)

Akìma oi katast�seic ν(−~p,−h) kai ν(~p,−h) sundèontai me strof  kat�
180o:

Rotation− 180 : ν(−~p,−h)→ ν(−~p,−h) (1.217)

Blèpoume epomènwc ìti èna swmatÐdio me orm  ~p mporeÐ na brejeÐ se dÔo
katast�seic:

ν(~p, h) ν(~p,−h) (1.218)

'Ena swmatÐdio Majorana èqei touc misoÔc bajmoÔc eleujerÐac apì èna
swmatÐdio Dirac. Autì ofeÐletai sthn sunj kh Majorana

ν = νC (1.219)

1.3.2 Formalismìc duo Sunistws¸n

Upì morf  duo sunistws¸n o aristerìstrofoc spÐnorac eÐnai

νL(x) =

(
0

φ(x)

)
νL(x) =

(
−φ†(x)

0

)
(1.220)

Sthn qeiralik  anapar�stash twn pin�kwn γ h Majorana Lagrangian (1.202
gÐnetai

LM = − ı
2
φ†σµ∂µφ− ı

m

2

(
φTσ2φ− φ†σ2φ

∗) (1.221)

opìte h exÐswsh pou prokÔptei eÐnai

σµ∂µφ−mσ2φ
∗ = 0, (1.222)

h opoÐa gr�fetai (
∂0 − ~σ · ~∇

)
φ+mσ2φ

∗ = 0 (1.223)

To an�ptugma Fourier pou ikanopoieÐ thn exÐswsh eÐnai

φ(x) =

∫
d3p

(2π)32E

∑
h=±1

[√
E − h|~p|a(h)(p)χ(h)(~p)e−ıp·x − h

√
E + h|~p|a(h)†(p)χ(−h)(~p)eıp·x

]
(1.224)
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Sto sqetikistikì ìrio to an�ptugma gÐnetai

φ(x) =

∫
d3p

(2π)32E

∑
h=±1

[
a(−)(p)χ(−)(~p)e−ıp·x − a(+)†(p)χ(−)(~p)eıp·x

]
(1.225)
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