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Abstract

The ¢-Pdlya urn is a g-analog of the Pélya urn and is a model of ball extraction from
an urn with balls of two colors, A and B. Balls of color B have priority to be picked over
those of color A. We prove that, in an infinite sequence of extractions, almost surely, the
number of balls of color A that are picked has a finite limit and we identify its distribution.
Then we prove functional limit theorems for the number of balls of color A extracted. The
limit is either a pure birth process or a diffusion, depending on the initial composition of

the urn. Finally, we discuss basic results for the ¢g-Pdlya urn with more than two colors.

1 Introduction and results

The Pélya urn. This is the model where in an urn that has initially a finite number of
white and black balls we draw, successively and uniformly at random, a ball from it and then
we return the ball back together with & balls of the same color as the one drawn. The number
k € Nt is fixed.

Standard references for the theory and the applications of Pdlya urn and related models
are [14] and [17].

The ¢-Pd6lya urn. This is a g-analog of the Pdlya urn (see [10], [15] for more on g-analogs)
introduced in [16] and studied further in [4] (see also [5]).

A g-analog of a mathematical object A is another object A(q) so that when ¢ — 1, A(q)
“tends” to A. Take ¢ € (0,00)\{1}. The g-analog of any x € C is defined as

[x]q = : (1.1)

Note that limg_,1[z], = .
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Now consider an urn that contains a finite number of white and black balls. We perform
a sequence of additions of balls in the urn according to the following rule. If at a given time
the urn contains A; white and As black balls (A1, A3 € N, A; + Ay > 0), then we add k white
balls with probability

P, (white) = [Al[jj—l]jlg]q' (1.2)

Otherwise, we add k black balls, and this has probability

[AZ]q
[Al + AQ]q'

This stochastic process we call ¢g-Pdélya urn. To understand how it works, it helps to realize

P,(black) = 1 — P,(white) = ¢ (1.3)

the probabilities P,(white), P4(black) through the following experiment.

If ¢ € (0,1), then we put the balls in a line with the A; white coming first and the Ay black
following. To pick a ball, we go through the line, starting from the beginning and picking
each ball with probability 1 — ¢ independently of what happened with the previous balls. If
we finish the line without picking a ball, we start from the beginning. Once we pick a ball,
we return it to its position together with k balls of the same color. Given these rules, the
probability of picking a white ball is

R : 1—qgh [A4]
oA Ar+Axng _ q - Llg
(]- q ) (q ) 1 _ qA1+A2 [A]_ + AQ]q? (14)

7=0
which is (1.2), because before picking a white ball, we will go through the entire list a random
number of times, say j, without picking any ball and then, going through the white balls, we
pick one (probability 1 — ¢1).

If ¢ > 1, we place in the line first the black balls and we go through the list picking each
ball with probability 1 —¢~'. According to the above computation, the probability of picking
a black ball is

[A2]q*1 Ay [AZ]q
A+ Agds 1 A+ Agly
which is (1.3).

We extend the notion of drawing a ball from a ¢g-Pdlya urn to the case where exactly one
of Ay, Ay is infinity. Then the probability to pick a white (resp. black) ball is determined
again by (1.2) (resp. (1.3)), where this is understood as the limit of the right hand side as A;
or A goes to co. For example, assuming that A; = oo and Ay € N, we have P,(white) = 1
if ¢ < 1 and P,(white) = ¢=42 if ¢ > 1. Again these probabilities are realized through the
experiment described above. Thus, we can run the process even if we start with an infinite
number of balls from one color and finite from the other.

Consider now a ¢—Pdlya urn having A;(0), A2(0) white and black balls respectively and
start an infinite sequence of drawings. For n € NT, denote by A;(n), A2(n) the numbers of
white and black balls respectively after n drawings.

We want to study two aspects of the asymptotic behavior of the sequence {41 (n)}nen.
1) The first concerns the limit, in any sense, of Aj(n) properly normalized. In the Pdlya

urn, if we keep the same notation, the following convergence in distribution is a well known



fact: A (n) @) 4 Beta (A41(0)/k, A2(0)/k) as n — oo. For the ¢-Pdlya urn, things are less

Ai(n)+A

excitingl.( )IJE q2 > 1, after some point, we will be drawing only black balls, and consequently
A1(n) becomes eventualy (a random) constant Aj(co). We identify the distribution of A;(c0).
By the above discussion, this answers the case ¢ € (0,1) too. Then, it is As(n) that becomes
eventualy constant.

2) The second concerns the entire path { A1 (n) }nen. Is it possible, by applying appropriate,
natural transformations, to get convergence to a stochastic process? That is, an analogous
result to Donsker’s theorem for simple symmetric random walk in Z. For the Pélya urn, this
question has been investigated in the works [7], [3] .

The results concering these two points are exhibited in the following two subsections.

1.1 Basic results for the ¢-Pdlya urn

We recall some notation from g-calculus (see [5], [15]). For ¢ € (0,00)\{1},z € C,k € N, we
define

T _1
[z]q == q . the g-number of z, (1.5)
q—
(klg! := [klqlk — 1]q- - [1]q the g-factorial, (1.6)
(@i q = [x]glr = 1]g-- [z — K+ 1] the g-factorial of order &, (1.7)
[ﬂ = mkf the g-binomial coefficient (1.8)
k q [k]q
(%;q) oo == H(l —2¢") when ¢ € [0,1) the g-Pochhammer symbol, (1.9)
i=0

We extend these definitions in the case k = 0 by letting [0],! =1, [z]p 4 = 1.

Now consider a ¢-Pélya urn that has initially A; white and Ao black balls, where A; €
NU {oo} and A2 € N. Call Hi(n) the number of drawings that give white ball in the first n
drawings. Its distribution is specified by the following.

Fact 1: Let A; := A1 /k and Ay = As/k.
(i) If A; € N, then the probability mass function of Hy(n) is

P(H k(n—z)(A1+x) rfl}q—k [7:1—4;] gk 10
( l(n) B x) — 1 [f/hf/lz] ( . )
n q_k
[Alﬂr—l] » [A2+n—:c—1] )
S e e ra— (1.11)
[ 1+ 2+n—1]
n q—k
I P
_ g he(Azin—a) @ J¢ttn—algh (1.12)
[_Al—AQ] .
n q
for all z € {0,1,...,n}.
(ii) If Ay = oo and ¢ > 1, then the probability mass function of Hj(n) is
A —xz—1 n] !
P (Hy(n) =) = ¢ (1 - q—'f)n—w[ 2Hn - } ! )
n—x —F [x]q,k



for all x € {0,1,...,n}.

If Ay = o0 and g € (0,1), then P(H;(n) = n) = 1 obviously. Relation (1.10) is (3.2) in [4]
where it is proved through recursion. In Section 2 we give an alternative proof.

According to the experiment described in Section 1, the balls that are placed first in the
line have an advantage to be picked (the white if ¢ € (0,1), the black if ¢ > 1). In fact, this
leads to the extinction of drawings from the balls of the other color; there is a point after
which the number of balls in the urn of that color stays fixed to a random number. In the

next theorem, we identify the distribution of this number. We treat the case g > 1.

Theorem 1.1 (Extinction of the second color). Assume that ¢ > 1,41 € NU {oo}, A2 € N.
As n — oo, with probability one, {Hi(n)}n>1 converges to a random variable Hy(oo) with

values in N and probability mass function

(1)

Ar —As. —k
_ A T (%0 ")
fla)=a" [ , T ] (A A k) (1.14)
q I oo
for all x € N in the case A1 € N and
(it)
I N TS T
f(z) = <1 _ q_k> [:L']qfk!(q 50 oo (1.15)

for all x € N in the case A} = co.

When A; € N and k|A;, Hi(oo) has the negative g-binomial distribution of the second
kind with parameters A;/k,q~ 42, ¢~ % (see §3.1 in [5] for its definition). When A; = oo,
H;(c0) has the Euler distribution with parameters ¢~42 /(1 — ¢ ), ¢* (see §3.3 in [5] again).

1.2 Functional scaling limits

Consider a ¢-Pdélya urn whose initial composition depends on m € NT. That is, it has
Agm)(O),Agm) (0) white and black balls respectively. Start an infinite sequence of drawings
and for n € Nt denote by Agm) (n), Aém) (n) the numbers of white and black balls respectively
after n drawings.

To see a new process arising out of the path of {Agm) (n) }n>0, we start with an initial number

of balls that tends to infinity as m — oco. We assume that Agm) (0) grows linearly with m.

Regarding Agm) (0), we study three regimes:

a) Agm) (0) stays fixed with m.
b) Agm) (0) grows to infinity but sublinearly with m.
c) Agm) (0) grows linearly with m.

The regime where Agm) (0) grows superlinearly with m follows from regime b) by changing
the roles of the two colors. We remark on this after Theorem 1.3.

The other parameter that we have to tune is ¢. If ¢ is kept fixed, then:

(i) if ¢ > 1, then nothing interesting happens because the assumption lim,, Agm)(O)
= oo implies that the process {Agm) (n)}n>0 converges (as m — oo) to the one that never

increases (we always pick a black ball) and



(ii) if ¢ < 1, then in the scenario limy, o Agm)(O) = oo the situation is analogous to (i)
while in the scenario that Agm) (0) stays fixed with m the process {Agm) (n)}n>0 converges (as
m — 00) to the g-Polya urn with As = oc.

Interesting limits appear once we take ¢ = ¢y, to depend on m and approach 1 as m — oo.
We study the case that g, > 1 and the distance of g, from 1 is ©(1/m) and remark on the
case that the distance is o(1/m).

In the regimes a) and b), the scarcity of white balls has as a result that the time between
two consecutive drawings of a white ball is large. We expect then that speeding up time by
an appropriate factor we will see a birth process. And indeed this is the case as our first two
theorems show.

All processes appearing in this work with index set [0,00) and values in some Euclidean
space R? are elements of Dga[0,00), the space of functions f : [0,00) — R? that are right
continuous and have limits from the left at each point of [0, c0). This space is endowed with
the Skorokhod topology (defined in §5 of Chapter 3 of [9]), and convergence in distribution of
processes with values on that space is defined through that topology.

We remind the reader that the negative binomial distribution with parameters v € (0, c0)

and p € (0,1) is the distribution with support in N and probability mass function
r+v-—1\ , z
ro= (" e (1.16)

for all z € N. When v € N, this is the distribution of the number of failures until we obtain
the v-th success in a sequence of independent trials, each having probability of success p. For
a random variable X with this distribution, we write X ~ NB(v, p).

In all results of this subsection we assume that the parameter of the urn is ¢, = ¢!/™ with
c> 1.

Theorem 1.2. Fiz wg € Nt and b > 0. If Agm)(()) = wo and lim, s Agm)(())/m = b,
then the process (k‘_l{Agm)([mt]) - Agm) (0)})e=0 converges in distribution as m — oo to an
inhomogeneous in time pure birth process Z with Z(0) = 0 and such that for all 0 < t; <

to,j € N, the random variable
. L wy . 1—cb7kn
Z(ta) — Z(t1)|Z(t1) = j has distribution NB<? + 7, m)

In particular, Z has rates
wo + jk

Aj = o
»J bkt 1

log ¢ (1.17)
for all (t,j) € [0,00) x N.

Theorem 1.3. Assume that Agm)(O) = gm and limy, o Aém) (0)/m = b, where b € (0,00)
and gm € NT, gy — 00, gm = o(m) as m — oo. Then the process

(k™A™ ([tm/ gm]) — AT (0)Peso
converges in distribution, as m — oo, to the Poisson process on [0,00) with rate

log c
cb—1

(1.18)
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We return to the discussion at the beginning of the subsection. The regime where
limy, 00 A;m) (0)/m = b > 0 and Agm)(O)/m — 00 is covered by the previous theorem. We
need to change the roles of the colors and remark that the role of m as a scaling parameter
is played now by a,, := Agm) (0). The result that we obtain is that in the ¢-Pdlya urn with
@m := /% and ¢ > 1, the process

(A7 (/) — 45)(0))

>0

converges in distribution, as m — 0o, to the Poisson process on [0, c0) with rate (logc)/(c—1).

Theorem 1.4. Assume that Agm) (0), Agm) (0) are such that limy, Agm)(O)/m =a,

limy;, 00 Aém) (0)/m = b, where a,b € [0,00) are not both zero. Then the process <A§m)([mt])/m) 0

converges in distribution, as m — +00o, to the unique solution of the differential equation

Xo = a, (1.19)
1— X
which is ) kt( )
" —14+c"(1—-c°
Xy :=a— Tog log < o — > (1.21)
for allt > 0.

(

Next, we determine the fluctuations of the process (Alm)([mt]) /m)¢>0 around its m — oo
limit, X. Let

(m)
C’t(m) = \/E<A1 T(n[mt]) - Xt) (1.22)
for all m € N* and ¢t > 0.

Theorem 1.5. Let a,b € [0,00), not both zero, 01,02 € R, and assume that Agm)(()) =
[am + 91\/5],14;”1)(0) = [bm + 02y/m] for all large m € N. Then the process (C’t(m))tzo

converges in distribution, as m — 00, to the unique solution of the stochastic differential

equation
Yo =01,
IV — kloge (™t — 1)Y; — (c® — 1)(01 + 6-) @t
™ catbtkt —q & — 1+ cF(l—ca) (1.23)
. clatkt)/2
+ k\/(ca - 1)(C - 1)Ca+b+kt — catkt 4o —1 th’
which s
ca+b+kt -1 Ca+b(ca _ 1) ckt -1
h T cotbtkt — catht 4 oo _ | <61 — (01 +02) catb _ 1 catbtkt _q
(1.24)

) t olatkt)/2

forallt > 0. W is a standard Brownian motion



Remark 1.1. If we assume that ¢ = g(m) := /™ where ¢ > 1 and €, — 07 as m — oo,
then ¢ = 1+ o(m™1). With computations analogous to those of the results of the previous
subsection, it is easy to see that the limits of the processes considered in all theorems of this
subsection coincide with those in the case of the plain Pdlya urn (i.e., when ¢ = 1), which are
described in the work [7]. Of course, in (1.22), the role of X; will be played by the limit one

gets from the analogous to Theorem 1.4.

1.3 ¢-Pdlya urn with many colors

In this paragraph, we give a g-analog for the Pélya urn with more than two colors. The way
to do the generalization is inspired by the experiment we used in order to explain relation
(1.2).

Let [ € NI > 2, and ¢ € (0,1). Assume that we have an urn containing A; balls of color ¢
for each 7 € {1,2,...,1}. To draw a ball from the urn, we do the following. We order the balls
in a line, first those of color 1, then those of color 2, and so on. Then we visit the balls, one
after the other, in the order that they have been placed, and we select each with probability
1 — g independently of what happened with the previous balls. If we go through all balls
without picking any, we repeat the same procedure starting from the beginning of the line.
Once a ball is selected, the drawing is completed. We return the ball to its position together
with another k of the same color. For each i =0,1,...,1[, let s; = Z1§j§i Aj. Notice that s;
is the total number of balls in the urn. Then, working as for (1.4), we see that

L—gh gt =g Ay

P(color i is drawn) = ¢! i e q % (1.25)

Call p; the number in the last display for all ¢ = 1,2,...,[. Note that when ¢ — 1, p;
converges to A;/s;, which is the probability for the usual Pélya urn with [ colors. It is clear
that for any given ¢ € (0,00)\{1}, the numbers pi,ps,...,p; are non-negative and add to 1
(the second fraction in (1.25) shows this). We define then for this ¢ the ¢-Pdlya urn with
colors 1,2,...,1 to be the sequential procedure in which, at each step, we add k balls of a
color picked randomly among {1,2,...,[l} so that the probability that this color is i is p; .

When g > 1, these probabilities come out of the experiment described above but in which
we place the balls in reverse order (that is, first those of color I, then those of color [ — 1, and
so on) and we go through the list selecting each ball with probability 1 — ¢~!. It is then easy
to see that the probability to pick a ball of color 7 is p;.

Theorem 1.6. Assume that q € (0,1) and that we start with Ay, As, ..., A; balls from colors
1, 2, ..., respectively, where Aj, Ag,...,A; € N are not all zero. Call H;(n) the number of

times in the first n drawings that we picked color i. The probability mass function for the



vector (Ha(n), H3(n), ..., Hy(n)) is

i

A
I [F],

U S (A Lk
P (Hy(n) = a3, ..., Hy(n) = z;) = g2=2" =1 (A5 Tkey) A TAy A (1.26)
[ nk ]q*k
l i1y ] ,
_ [ ] id (1.27)
L1, %25 - T ok _A1+A2+...+Al]
k n,gF

for all xg,...,x; € {0,1,2,...,n} with xo9 + - + ; < n, where x1 := ”*2212% and

!
[ml’m;“,ml]q_k = % is the g-multinomial coefficient.
q q

It follows from Theorem 1.1 that when ¢ € (0, 1), after some random time, we will be
picking only balls of color 1. So that the number of times, say H;, that we pick color 7, where
1=2,3,...,1, is finite. The next theorem identifies the joint distribution of Hs, Hs, ..., H;.

Theorem 1.7. Under the assumptions of Theorem 1.6, as n — 400, with probability one, the
vector (Ha(n), Hs(n), ..., Hi(n)) converges to a random vector (Ha(00), H3(0), ..., Hj(c0))

with values in N'=1 and probability mass function

. l A; Ar. k
g smiol g ri+ -1 (™5 0")o
flan,ms, ... m) = gi= i 2= [ (1.28)
};[2 i o (g AL gk o

for all xa,...,x; € N.

Note that the random variables Hy(00), ..., H;(c0) are independent although (Ha(n), H3(n),. ..,
Hj(n)) are dependent.

Next, we look for a scaling limit for the path of the process. For each m € N*, we consider
a ¢-Pdlya urn with initial composition (Agm) (0),Aém) 0),... ,Al(m) (0)) and gy, that will be
specified below. Let Agm) (7) be the number of balls of color 7 in this urn after j drawings.

Theorem 1.8. Assume that ¢ € (0,1), gm = ¢*/™ for all m € NT, and

1 m m m m—0o0
— (A1), A5 (0),., A(0)) " (ar,as, ),
where a1, ..., a; € [0,00) are not all zero. Set o9 =0 and 0 1=} ;;a; for all i =1,2,...,1.
Then the process - (Agm)([mt]), Agm)([mt]), e ,Al(m)([mt])> L Converges in distribution, as
24

m — 400, to (Xt,h Xtyg, ... 7Xt,l)t20 with

1— CUZ+kt — Ci-1(] — ckt
Xti=a; + og( k) , ( & )
log ¢ (1 — cortht)y — coi(1 — M)

(1.29)
foralli=1,2,...,1.
Theorem 1.9. Assume that ¢ € (0,1), gy = E/™ for all m € NT with limym—ye0 €m = 0, and

(Ag?,Ag?;x . ,Ag7;>) MR (0 g, ),

1
m



where aq,...,a; € [0,00) are not all zero. Then the process %(AE )} Af:nlg] 99 - AE;Z)] )t>0
converges in distribution, as m — 400, to (X¢)i>0 with
X <1 I ) ( ) (1.30)
= —— | (a1,a9,...,a .
t at o+ a 1,02 1

for allt > 0.

Remark. Discussing this preprint with Prof. Ch. Charalambides, we were informed that he
considered this ¢-Pélya urn with many colors in a work that was then in progress and now
has appeared ([6]). That work studies other aspects of the urn, and the only common result
with the present work is Theorem 1.6.

Orientation. In Section 2, we prove Fact 1 and Theorem 1.1, which are basic results for the
g-Pélya urn. Section 3 (Section 4) contains the proofs of the theorems that give convergence
to a jump process (to a continuous process). Finally, Section 5 contains the proofs for the

results that refer to the ¢-Pdlya urn with arbitrary, finite number of colors.

2 Prevalence of a single color

In this section, we prove the claims of Section 1.1. Before doing so, we mention three properties
of the g-binomial coefficient. For all ¢ € (0,00)\{1},z € C,n,k € N with k£ < n it holds

[=2]q = —q""[z]q; (2.1)
[_/f] — (—1)kghkr2r-1)/2 [x +Z - 1] , (2.2)
=l &

Z gtietetin — o3 [ﬂ ) (2.4)

1<i1 <2< <1 <n
The first is trivial, the second follows from the first, the third is easily shown, while the last
is Theorem 6.1 in [15].

Proof of Fact 1. (i) The probability to get black balls exactly at the drawings i1 < i <

c < dp_g 1S

1520141 + 3kl TT=g ' As +]k]qqzz;fr+(iu—u)k.

(2.5)
Hj:() [A1 + Ao +]k]q

g(il,iQ, ceey inf:r) =
To see this, note that, due to (1.2) and (1.3), the required probability would be equal to the
above fraction if in (1.3) the term ¢* were absent. This term appears whenever we draw a
black ball. Now, when we draw the v-th black ball, there are A; + (i, — v)k white balls in the
urn, and this explains the exponent of ¢ in (2.5).

Since [z + jk]|q = 171(1:”* = [~% — jlg-+[—FK]q for all z,j € R, the fraction in (2.5) equals

[~ A1l g+~ As]
[~ A1 — Agl,,

ne (2.6)

Ne)



Then

Z g2v=1 At —v)k (2.7)
1<i1 <2< <in—z<n
_ q(nfx)Alfk’(nf:L‘)(nfcc+l)/2 Z (qk)i1+i2+...+in—z (28)
1< <ig < <ip—e<n
— g Ar—k(n=a) =+ 1) /2 k(") m (2.9)
xr qk
_ g(n—o) A1 gha(n—a) ["] — ko) (A1+2) [n] , (2.10)
X q_k X q_k

n—=x

The second equality follows from (2.4) and the equality [7] o= [ ]qk' The third, from
(2.3). Thus, employing (1.8) too, we obtain that the sum
D i<iy<ig<m<in_o<n (1,92, in—z) equals the right hand side of (1.10). Then (1.11) and
(1.12) follow by using (2.2) and (2.3) respectively.

(ii) In this scenario, we take A; — oo in (1.11). We will explain shortly why this gives the
probability we want. Since ¢=F € (0,1), we have lim; ,oo[t],~+ = (1 — ¢~ *)~! and thus, for
each v € N, it holds

q

t+v—1
v

lim [
t—o00

V]! (1 —q7F)¥
Applying this twice in (1.11) (there A; = A1/k — o0), we get as limit the right hand side of
(1.13).

Now, to justify that passage to the limit A; — oo in (1.11) gives the required result, we

]_k: ! L (2.11)

argue as follows. For clarity, denote the probability P,(white) when there are w white and
b black balls in the urn by Pfl“’b(white). And when there are A; white and Ay black balls
in the urn in the beginning of the procedure, denote the probability of the event Hy(n) = =
by PA42(H\(n) = x). It is clear that the probability P4142(H;(n) = z) is a continuous

function (in fact, a polynomial) of the quantities
Ptk AR (white) 14 = 0,1,...,2 —1,j =0,1,...,n— 2 — 1,

for all values of Ay € NU {oc}, 4y € N. In P41 (H(n) = ), each such quantity,
P2 (white), equals lim4, 0 PAU™ (white).
Thus P42 (H(n) = z) = lima, 0o PAV42(H(n) = ). [

Before proving Theorem 1.1, we give a simple argument that shows that eventually we
will be picking only black balls. That is, the number Hj(c0) := lim,_,~ Hi(n) of white balls
drawn in an infinite sequence of drawings is finite. It is enough to show it in the case that
A1 = oo and Ay = 1 since, by the experiment that realizes the ¢-Pdlya urn, we have (using

the notation from the proof of Fact 1 (ii))
P42 (H) (00) = 00) < P (Hy(00) = 00).

For each n € NT, call E,, the event that at the n-th drawing we pick a white ball, B,, the
number of black balls present in the urn after that drawing (also, By := 1), and write § := 1/q.
Then P(E,) = E(P(E,|Bn_1)) = E(¢P"—1). We will show that this decays exponentially with
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n. Indeed, since at every drawing there is probability at least 1 — ¢ to pick a black ball, we
can construct in a common probability space the random variables (By),>1 and (Y;)i>1 so
that the Y; are i.i.d. with Y7 ~ Bernoulli(1 —¢) and B, > 1+ k(Y1 +---+Y,,) for all n € N*.
Consequently,

P(E,) < B(g' 0141y — (B )t

This implies that >°° , P(F,) < 0o, and the first Borel-Cantelli lemma gives that P°*! (H; (o)
o0) = 0.

Proof of Theorem 1.1. Since {H;(n)},>1 is increasing, it converges to a random variable
Hi(0c0) with values in NU {oo}. In particular, it converges to this variable in distribution.
Our aim is to take the limit as n — oo in (1.11) and in (1.13) in order to determine the
distribution of H;. Note that for a € R and 6 € [0, 1) it is immediate that (recall (1.9) for the

notation)
lim [“ N ”] _ 000 (2.12)
n=oo | Mo |, (0;0)

(i) Taking n — oo in (1.11) and using (2.12), we get the required expression, (1.14), for f.
Then relation (2.2) in [4] (or (8.1) in [15]) shows that ) f(z) = 1, so that it is a probability
mass function of a random variable H; with values in N.

(i) This follows after taking limit in (1.13) and using (2.12) and limys0(1 — ¢~ %)"[n],-x! =
(0% ¢ ") u

3 Jump process limits. Proof of Theorems 1.2, 1.3

In the case of Theorem 1.2, we let g, := 1 for all m € NT, and for both theorems we let

V1= Uy := m/gm. Our interest is in the sequence of the processes (Z(m))mzl with

20m(t) = 3 { A7 (o) ~ A0 0)) (31)

for all t > 0.

To show convergence in distribution, according to Theorem 7.8 of Chapter 3 of [9], it is
enough to show that the sequence (Z(™),,> is tight and its finite dimensional distributions
converge. The description of the limiting process is obtained on the way.

An easy argument shows that tightness follows from the convergence of the finite dimen-
sional distributions becauce each Z(™) has non decreasing paths. It thus remains to establish

the convergence of the finite dimensional distributions.

Notation: For sequences (an)nen, (bn)nen with values in R, we will say that they are
asymptotically equivalent, and will write a,, ~ b, as n — oo, if lim, o an/b, = 1. We
use the same expressions for functions f,g defined in a neighborhood of co and satisfy
lim, o f(x)/g(x) = 1.

3.1 Convergence of finite dimensional distributions

By definition, Z(™(0) = 0 = Z(0) for all m € N*,

11



Since for each m > 1 the process Z(™) is Markov taking values in N and non decreasing

in time, it is enough to show that the conditional probability
P(Z™ (ty) = ko| 2™ (t1) = k1) (3.2)

converges as m — oo for each 0 < ¢; < t5 and nonnegative integers k1 < ko.
Define

n = [vta] — [vt1], 3.3
xTr = kg - kl, 3.4
(m)
o= Al(ok):—'_kkl’ (3.5)
_ (m)
e k[Utl] k‘k]z + A2 (0)7 (36)
ri= gk =ckm, (3.7)

Then, the probability in (3.2), with the help of (1.11), is computed as

m [0 + - 1] (e,
r Torr+n—17
z T |: n ]r

. T =)ot

The last ratio is

n—1 1 — i n—1

g T 7’7‘
Hl_ra+r+z‘:H<1_(1_T)7‘1_rU+T+i>- (3.9)

i=0 i=0
Denote by 1 — a,,; the i-th term of the product. The logarithm of the product equals

n—1 i

g T r
—(1=r7)r E [T +o(1) (3.10)
=0

as m — oo. To justify this, note that 1 —r7 ~ %(A(()m) + kk1)loge and 7" /(1 — rot7H) <
1/(1 —¢7?) for all i € N. Thus, for all large m, |am ;| < 1/2 for all i = 0,1,...,n — 1, and
the error in approximating the logarithm of 1 — ;i by —@u,; is at most |a, i[> (by Taylor’s
expansion, we have |log(1 — y) + y| < |y|? for all y with |y| < 1/2). The sum of all errors is
at most nmaxg<j<p |am,i|?, which goes to zero as m — oo because 1 — r? ~ C/n for some
appropriate constant C' > 0.

We will compute the limit of (3.8) as m — oo under the assumptions of Theorems 1.2,
1.3.

The computation for Theorem 1.2. As m — oo, the first term of the product in (3.8)
converges to ¢ @(+kt1)  The g-binomial coefficient converges to (killz‘;ojf_l). The third
term converges to (1 — ¢ ¥(2=11))? while the denominator of the fourth term converges to
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—b—kt;

(1 — p2)*, where we set p; := ¢ for i = 1,2. The expression preceding o(1) in (3.10) is

asymptotically equivalent to

n—1 c—ki/m
- 70’ logc P1 Z 1 — pot7e—ki/m (3‘11)
1=0
1 kai/m
= —p1ko(l — —_— 1 3.12
pld%@mg;_mfmm+d> (3.12)
= —plk‘alogc/t2 ! ———dy +o(1) =olog 1= +o(1). (3.13)
0 Y —p1 1 —p2

The first equality is true because lim,, ,oo r°T7 = p; and the function z — ¢ */™/(1 —

ze ki ™) has derivative bounded uniformly in i,m when z is confined to a compact subset of

[0,1). Thus, the limit of (3.8), as m — o0, is

<U+1’—1> <P1—Pz)x(1—l)1)g (3.14)
x 1 —p2 L—p2) ' '

which means that, as m — oo, the distribution of {Z(™)(ty) — 2™ (¢,)}| 2™ (t1) = k; con-
verges to the negative binomial distribution with parameters o, (1 — p1)/(1 — p2). [ |

The computation for Theorem 1.3. Now the term 7™ converges to ¢~

F+i_1L( f[(l_ﬁozrgiifj:?<ifi ) @)

i=n—z+1 =n—z+1
[[i=0 (0 +1) ((ta — t)klog 0 1
Hf:l i I !

, while

—((tg — t1)logc)”. (3.16)

The denominator of the fourth term in (3.8) converges to (1 —c¢?)*. The expression in (3.10)
is asymptotically equivalent to

n—1 i

r —b9m n log c
—rT(1 = r° E - o~ = b 1 ~ — 1
(=17 —~1- rotTHi A I T (b2 = 11). (3.17)

In the first ~, we used the fact that the terms of the sum, as m — oo, converge uniformly in
i to (1 —c¢7®)~1. Thus, the limit of (3.8), as m — oo, is

1 /[ loge v lose (1) —t)

= <cb 1(t2—t1)> e c , (3.18)
which means that, as m — oo, the distribution of {Z™ (t5) — Z0™) (t1)}| 2™ (t1) = ki con-
verges to the Poisson distribution with parameter t(fb:tll log c. |

3.2 Conclusion

It is clear from the form of the finite dimensional distributions that in both Theorems 1.2, 1.3
the limiting process Z is a pure birth process that does not explode in finite time. Its rate at
the point (¢,7) € [0,00) x N is

.1 ) .
Atj = hliglJr EP(Z(t—i— h)=7+1|Z(t) =j)

and is found as stated in the statement of each theorem.
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4 Deterministic and diffusion limits. Proof of Theorems 1.4,
1.5

These theorems are proved with the use of Theorem 7.1 in Chapter 8 of [8], which is con-
cerned with convergence of time-homogeneous Markov chains to diffusions. The chains whose
convergence is of interest to us are time inhomogeneous, but we reduce their study to the
time-homogenous setting by considering for each such chain {Z,},en the time homogeneous
chain {(Z,,n)}nen. The following consequence of the aforementioned theorem suffices for our

purposes.

Corollary 4.1. Assume that for each m € NT, (Z,gm))neN 1s a Markov chain in R. For each
m € NT andn € N, let AZ,(lm) = Zgz)l - ZT(«Lm) and

1‘Azgm)‘glyz7gm> =), (4.1)
al™(z,n) := mE((AZ{™)? 1Z(™) = x) (4.2)

pw™ (z,n) == mE(AZ™
LAzt <1

for all x € R with P(ZT(«Lm) =x) > 0. Also, for R > 0 and for the same m,n as above, let
A(m,n,R) == {(z,n) : |z| < Ryn/m < R,P(Z{™ = z) > 0}.

Assume that there are continuous functions p,a : R x [0,00) = R and ¢ € R so that:
For every R,e > 0, it holds

(1) SUD(e mye Aty 1 (27) — i, mfm)| = O as m — oo,
(1) SUP(gn)eA(m,n,R) la™ (z,n) — a(z,n/m)| = 0 as m — oo.
(%1) SUP(gn)e A(mn,R) mP(\AZT(Lm)| > €|ZT(Lm) =z)— 0 as m— oo.
And also
(iv) Z(()m) — xo as m — oo with probability 1.
(v) For each x € R, the stochastic differential equation

dZt = M(Zt, t) dt + vV CL(Zt, t) dBt,

ZQIJI,

(4.3)

where B is a one dimensional Brownian motion, has a weak solution which is unique in
distribution.

Then, the process (Z[(:Z)]) >0 converges in distribution to the weak solution of (4.3) with x = x¢.

Proof. For each m € NT, we consider the process Yn(m) = (Zr(Lm), n/m),n € N, which is a time-
homogeneous Markov chain with values in R?, and we apply Theorem 7.1 in Chapter 8 of [§]
Conditions (4), (i), (i73) of that theorem follow from our conditions (%), (7), (#ii) respectively,
while condition (A) there translates to the requirement that the martingale problem for the

functions p and \/a is well posed, and this follows from condition (v). [ |
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The tool we will use in checking that condition (v) of the corollary is satisfied is the well
known existence and uniqueness theorem for strong solutions of SDEs which requires that
for all T > 0, the coefficients j(x,t), /a(z,t) are Lipschitz in  uniformly for ¢ € [0, 7] and
supyepo, 1110, t)| +a(0,2)} < oo (e.g., Theorem 2.9 of Chapter 5 or [8]). The same conditions

imply uniqueness in distribution.

4.1 Proof of Theorem 1.4

(m)
We will apply Corollary 4.1. For each m € N, consider the Markov chain Z,(lm) = L(n), n e

m
N. From any given state x of ZT(Lm), the chain moves to either of z+km ™!, x with corresponding
probabilities p(x,n,m),1 — p(x,n, m), where
1—qln*

A{™ (0)+A5™ (0)+kn
1- gm

p(xz,n,m) =

In particular, for any € > 0, is holds \AZT(Zm)| < 1 A e for m large enough. Thus, condition
(7i1) of the corollary is satisfied trivially. Also, for large m, with the notation of the corollary,

we have
(™ (x,n) = kp(z,n,m), (4.4)
k
(m) -
a'™ (x,n) mp(:c, n,m). (4.5)

And it is easy to see that conditions (i), (i7) are satisfied by the functions a, u with a(z,t) =0
and p(x,t) = kp(z,t) where

' 1—c"
Now, for each x € R, the equation
dZy = kp(Z, t) dt,
t p(Z,t) (4.7)

Z():m‘

has a unique solution. Thus, Corollary 4.1 applies. In fact, (4.7) is a separable ordinary

differential equation and its unique solution is the one given in the statement of the theorem.

4.2 Proof of Theorem 1.5

For each m € N7, consider the Markov chain

A(m)

Zm) — m(li(”) - Xn/m),n eN.
m

From any given state x of Zflm), the chain moves to either of

T+ km_l/z + \/E(Xn/m - X(n+1)/m)7 (48)

with corresponding probabilities p(x,n,m),1 — p(z,n,m), where

(m)
[Al (n)]lIm (4.10)

p(a,n,m) = —— -
1A (0) + AS™(0) + knlg,,
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and

A (n) = Xy, + VM, (4.11)
Al () = A1 (0) + AT™(0) + kn — A™ (n). (4.12)
For convenience, let AX,, /,,, = X(541)/m — Xp/m- We compute
E [AZ(m)|Z(m) = x} = ip(ar: n,m) — vVmAX (4.13)
n n \/m > 1Y n/ms
2
E [(Azgm>)2|zgm> - x} - (k . QkAXn/m) p(x,n,m) + m(AX, /)2 (4.14)
m
The asymptotics of these expectations are as follows.
Cram: Fix R > 0. For n such that 7 := n/m < R and as m — oo, we have
(a) E [Az,gm)\Z?gm) - x}
1  kloge X, (X7 — 1)catbthr 1
= EW (C xTr — Ca+b+k7— 1 (9]_ + 92) + O(m) (415)
1 1
(m)\2| 7(m) _ — 1.2 — ——
() E[(AZM)ZE = 2] = —kg(r){1 = g()} +O(—) (4.16)

where g(t) := ﬁiztl_l for all t > 0.
PROOF OF THE CLAIM. We examine the asymptotics of p(z,n,m) and AX,, /,,,. As7 < R
and m — oo, we have
CXTJFﬁ -1 cXT+ﬁ -1
p(x,n,m) = = (4.17)

(m) (m) 01+02 L
CAl (o):;A2 © s . Ca+b+k7‘+ T tO(5) 1

log ¢ x. (X —1)catbrh 1
=9(T)+ e 1 <C s e G N (4.18)

co(2)

The third equality follows from a Taylor’s development. Also

1 _ 1 _
AX,y m = X;I/mE +0(m™?) = kg(r)— + O(m 2). (4.19)
For X’ we used the differential equation, (1.20), that X satisfies instead of the explicit ex-
pression for it. Substituting these expressions in (4.13), (4.14), we get the claim.
Relation (1.21) implies that ¢X = (¢*** —1)/{c® — 1+ ¢7*7(1 — ¢=%)}, and this gives that

the parenthesis following % in equation (a) of the claim above equals

(@t — D)o — P(c* — 1)(6 + 62)
d—1+cF(1-c9)

(4.20)

and also that ( ) b ) k
c® —1)(c® —1)c*TF
g(T){l - g(T)} = (ca+b+kT _ Ca—f—kT 4 o — 1)2 .

(4.21)
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Thus, the claim implies that conditions (), (i) of Corollary 4.1 are satisfied by the functions

klogec (b — D)o — P(c* — 1)(6 + 62)
= 4.22
) = i { P e, (422
cotkt
a(x,t) = K> (c* —1)( — 1) (4.23)

(Ca+b+kt — catkt 4+ o — 1)2 :

As in the proof of Theorem 1.4, condition (iii) of the corollary holds trivially, while lim,;, o Z(()m) =

01 (condition (iv)). Finally, for each z € R and for the choice of p, a above, equation (4.3) has
a strong solution and uniqueness in distribution holds. Thus, the process (Z [(nTt)])
as m — 00, to the unique solution of the stochastic differential equation (1.23).

The same is true for the process (C’t(m))tzo because sup;> ]Z[(nrfft)] = Ct(m)| < k/y/m for all

m € Nt (we use the fact that 0 < X/ < k for all ¢ > 0). To solve (1.23), we remark that a

solution of an equation of the form

t>0 converges,

dY; = (a(t)Y: + B(t))dt + v (t)dW; (4.24)

with «, 8,7 : [0,00) — R continuous functions is given by

t t
Y, = elo os) ds <Yo +/ B(s)e Joerdr gg 4 / ~v(s)e Jo ar)dr dWs> : (4.25)
0

0

[To discover the formula, we apply Ité’s rule to Y; exp{— fot a(s)ds} and use (4.24).] Applying
this formula for the values of «, 8,7 dictated by (1.23) we arrive at (1.24).

5 Proofs for the ¢-Pdélya urn with many colors

Proof of Theorem 1.6. First, the equality of the expressions in (1.26), (1.27) follows from
the definition of the g-multinomial coefficient.

We will prove (1.26) by induction on . When [ = 2, (1.26) holds because of (1.10). In
that relation, we have 1 = x, 29 = n — x. Assuming that (1.26) holds for [ > 2 we will prove
the case [ 4+ 1. The probability P((Hz(n) = xa, ..., H11(n) = x111) equals

P (H3(n) = T3,... ,Hl+1(n) = :L'l+1) P(Hg(n) = X9 ’ Hg(n) = T3,... ,Hl+1(n) = xl+1) (51)

_witwy " Cu s
— ot @i T (wytkay) [ s ]q_k [lizs [ w ]q_’C w2 (w1 +kw1) [ oy ]q—k[ oy ]q—k
- ek Ty
|: nk ]q—k |: $1+km2 :|q7k-
41 -
Zlié T Z;;ll(wj-i-kxj) Hi:l [ IEzk ]qfk

fry q 2

" wi o .
T F

This finishes the induction provided that we can justify these two equalities. The second is
obvious, so we turn to the first. The first probability in (5.1) is specified by the inductive
hypothesis. That is, given the description of the experiment, in computing this probability it
is as if we merge colors 1 and 2 into one color which is placed in the line before the remaining
[ —1 colors. This color has initially a; 4+ a9 balls and we require that in the first n drawings we

choose it 1 + 9 times. The second probability in (5.1) is specified by the [ = 2 case of (1.26),
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which we know. More specifically, since the number of drawings from colors 3,4,...,l 4+ 1 is
given, it is as if we have an urn with just two colors 1,2 that have initially w; and ws balls
respectively. We do x1 4+ x5 drawings with the usual rules for a ¢-Pélya urn, placing in a line
all balls of color 1 before all balls of color 2, and we want to pick z1 times color 1 and x9

times color 2. [ |

Proof of Theorem 1.7. The components of (Ha(n), H3(n), ..., H;(n)) are increasing in n,
and from Theorem 1.1 we have that each of them has finite limit (we treat all colors 2,...,[ as
one color). Thus the convergence of the vector with probability one to a random vector with
values is N'=! follows. In particular, we also have convergence in distribution, and it remains
to compute the distribution of the limit. Let z1 :=n — (22 + -+ - + 2;). Then the probability
in (1.26) equals

L [
= i —k
P (Hy(n) = a,...., Hi(n) = m) =~ Drswpmmn L= o (5.2
Zi:klwi+n71
[ n ]q*k
L[
:q21gj<igz%wj Zzll i a* (5.3)
[n—&-#—l]
n q*
, Lorw n+ -l
= Zie (@ Xt wy) I1 T el S ]‘1’“ , (5.4)
] X; k M_
=2 q [n-i— % 1]
n q*

In the first equality, we used (2.2) while in the second we used (2.3). When we take n — oo
in (5.4), the only terms involving n are those of the last fraction, and (2.12) determines their
limit. Thus, the limit of (5.4) is found to be the function f(z2,..., ;) in the statement of the

theorem. |

Proof of Theorem 1.8. For each m € N, we consider the discrete time-homogeneous

Markov chain

g (A0 A A W)
n m? m ) m ) ) m )
From any given state (t,z) := (t,x2,x3,...,2;) that Z(™ finds itself it moves to one of

1 1 .
t+ —, 20, ..,k +—,...,x ), i =2,...,1,
m m

1
(t—f—,@,...,xi,...,xl)
m

with corresponding probabilities

i(x z,t,m) = gmsi—1(®) [maily i —
pz( PRI l7t7 ) q [msl(t)]qa 27"'7l7 (55)
_ ma (@)
pi(xa, ...,z t,m) = s (D], (5.6)

where

sit) =z(t)+ Y (5.7)

1<j<i
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fori e {1,2,...,l} and

!
x1(t) : = m~t Z Agm) (0) + kt — Z ;. (5.8)
=1 2<j<i

These follow from (1.25) once we count the number of balls of each color present at the state
(t,z). To do this, we note that Z,sm) = (t,z) implies that n = mt drawings have taken place
so far, the total number of balls is A((ﬁ) 4+ Ag?) + kmt, and the number of balls of color i,
for 2 <4 <, is mx;. Thus, the number of balls of color 1 is Agm)(O) +-+ Al(m)(()) + kmt —

m) << @i = mxi(t). The required relations follow.
Let x1 := lim, 00 x1(t) = 07+ kt — 22§j§l x; and s; 1= limy, 00 8i(t) = Zlgjgz' x; for all
i €{1,2,...,1}. Then, since ¢ = c'/™, for fixed (t,xs,...,z;) € [0,00)! with (za,...,2;) # 0,

we have

Hm pi(za, ... 2, t,m) = ¥ ot 5.9
mgnoop (1‘2 T m) ¢ [Sl}c ( )
for all i = 2,...,l. We also note the following.

) m) _ 1 (5.10)

n+1,1 n,1 m’ .

m m m k

E |20}, = 2001207 = (ba, )| = —pilea, o tm), (5.11)
E|(Z"™) . — 221 z0m) = (¢, ¢ )| = . (z 2y, t,m) (5.12)

n+1,i n,i n y L2500 ey L] m2pz 25+l by ) .
E (20— 2020, = 2828 = (s, )| =0 (5.13)

fori,j =2,3,...,1 with ¢ #£ j.
Therefore, with similar arguments as in the proof of Theorem 1.4, as m — +o0, (Z[(,,Tt)})tzo
converges in distribution to Y, the solution of the ordinary differential equation

dY; = b(Yy)dt,

(5.14)
1/0 = (O,ag,...,al),

where b(t, zo,...,x;) = (1,b(2)(t,x),b(3)(t,:17), . .,b(l)(t,sv)) with

b0 (¢, ) = ki1 LEike
Sl}c
for i =2,3,...,l. Note that s; = o; + kt does not depend on z.

Since A™ ([md])+AS™ ([mt]) +- - -+ A (jmd]) = kmt+ AT™ (0)+ AT (0) +- -+ A™(0),
we get that the process (AE;% /m, AE:;% o/ M A AE::t)] ,/m)i>0 converges in distribution
to a process (X¢1, Xt 2,...,X¢)i>0 so that X1 +---+ X3y = a1 + a2+ -+ + a; + kt, while
the X;;,7=2,...,1, satisfy the system

1 — cXei

X[, = ke k=305, Xt,zm for all t > 0, (5.15)

XOJ‘ = Qay, (516)
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X .
with i = 2,3,...,1. Letting Z,; = ¢ Floge 8™ for all 1 € (0,1] and 7 € {1,2,...,1}, we have
for the Z, ;,i € {2,3,...,1} the system

Zi  _ o ! (5.17)
1=Zi 1—orllicjqZrg’ ‘
ZLi = Cai. (518)

In the case i = [, the empty product equals 1. It is now easy to prove by induction (starting

from ¢ = [ and going down to i = 2) that

O]—0i—1 1i )] ] 1i
Zri:c (1 —=cr)—ct1(1—r) (5.19)

’ o179 (1 — ¢or) — ¢t (1 —r)

for all » € (0,1]. Since Z, 12,2+ Z,; = ¢”'r, we can check that (5.19) holds for ¢ = 1 too.
The fraction in (5.19) equals

a; (1—cr)—coi-1(1—r)
(1—cor) —coi(1—r) °

(5.20)

Recalling that X;; = (logc) !log Z.x, we get (1.29) for all i € {1,2,...,1} . [

Proof of Theorem 1.9. This is proved in the same way as Theorem 1.8. We keep the
same notation as there. The only difference now is that lim,,—o pi(t, T2, ..., ;,m) = z;/5;.
As a consequence, the system of ordinary differential equations for the limit process Y; :=
(t,Xt2,...,X¢) is (5.14) but with

b (¢, z) = ML

Si

Recall that s; = o7 + kt. Thus, for i = 2,3,...,[, the process X;; satisfies Xz{,i = kX i/(o1+
kt), Xo; = a;, which give immediately the last [ — 1 coordinates of (1.30). The formula for
the first coordinate follows from X;1 + Xyo + -+ Xy = kt + 0y. |
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