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Abstract

For the plain Pélya urn with two colors, black and white, we prove a functional central
limit theorem for the number of white balls assuming that the initial number of black balls
is large. Depending on the initial number of white balls, the limit is either a pure birth
process or a diffusion. We also prove analogous results for the g-Pélya urn, which is an
urn where, when picking a ball, the balls of one color have priority over those of the other.

1 Introduction and results

1.1 The models

The Podlya urn. This is the model where in an urn that has initially  white and s black
balls we draw, successively, uniformly, and at random, a ball from it and then we return the
ball back together with k balls of the same color as the one drawn. The number k& € N7 is fixed.
Call A,, and B,, the number of white and black balls respectively after n drawings. The most
notable result regarding its asymptotic behavior is that the proportion of white balls in the
urn after n drawings, A, /(A + By), converges almost surely as n — oo to a random variable
with distribution Beta(r/k, s/k). Our aim in this work is to examine whether the entire path
(Ap)n>0 after appropriate natural transformations converges to a stochastic process.

Standard references for the theory and the applications of Pélya urn and related models
are [12] and [15].

The ¢-Pélya urn. This is a g-analog of the Pélya urn (see [8], [13] for more on g-analogs)
introduced in [14] and studied further in [4] (see also [5]). A g-analog of a mathematical object
A is another object A(q) so that when ¢ — 1, A(q) “tends” to A. Take ¢ € (0,00)\{1}. The

g-analog of any x € C is defined as

_ -1
[2]4 == p— (1.1)
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Note that lim,,1[z], = . Now consider an urn that contains a finite number of white and
black balls. We perform a sequence of additions of balls in the urn according to the following
rule. If at a given time the urn contains r white and s black balls (r,s € N, + s > 0), then
we add k white balls with probability

PAWhE@::[TTih. (1.2)

Otherwise, we add k black balls, and this has probability

P, (black) = 1 — P (white) = ¢" [r[j](;]q' (1.3)

To understand how the g-Pélya urn works, it helps to realize the probabilities P, (white),
P, (black) through a natural experiment.

If ¢ € (0,1), then we put the balls in a line with the r white coming first and the s black
following. To pick a ball, we go through the line, starting from the beginning and picking
each ball with probability 1 — ¢ independently of what happened with the previous balls. If
we finish the line without picking a ball, we start from the beginning. Once we pick a ball,
we return it to its position together with £ balls of the same color. Given these rules, the

probability of picking a white ball is

(1-q") i( S i S (1.4)
= N A |
which is (1.2), because before picking a white ball, we will go through the entire list a random
number of times, say j, without picking any ball and then, going through the white balls, we
pick one (probability 1 — ¢").
If ¢ > 1, we place in the line first the black balls and we go through the list picking each
ball with probability 1 —¢~'. According to the above computation, the probability of picking

a black ball is
[s]g-1 _ [s]q

[r+ slg [+ s’

which is (1.3).

We extend the notion of drawing a ball from a ¢g-Pdlya urn to the case where exactly one
of 7, s is infinity. Then the probability to pick a white (resp. black) ball is determined again
by (1.2) (resp. (1.3)), where this is understood as the limit of the right hand side as r or s
goes to co. For example, assuming that r = oo and s € N, we have P,(white) =1if ¢ < 1
and P,(white) = ¢~® if ¢ > 1. Again these probabilities are realized through the experiment
described above. Thus, we can run the process even if we start with an infinite number of

balls from one color and finite from the other.

1.2 Poélya urn. Scaling limits

For the results of this section, we consider an urn whose initial composition depends on

m € NT. It is A(()m) and B(()m) white and black balls respectively. After n drawings, the
) p(m)
By

o, . . m
composition is A% , B,



To see a new process arising out of the path of (Aﬁ{”))nzo, we start with an initial number

of balls that tends to infinity as m — oo. We assume then that B(()m)

Regarding A[()m), we study three regimes:

grows linearly with m.

a) A(()m) stays fixed with m.
b) A(()m) grows to infinity but sublinearly with m.

c) A(()m) grows linearly with m.

The regime where Aém) grows superlinearly with m follows by regime b) by changing the

roles of the two colors.

In the regimes a) and b), the scarcity of white balls has as a result that the time between
two consecutive drawings of a white ball is of order m /A(()m) (the probability of picking a white
ball in the first few drawings is approximately Agm) /m, which is small). We expect then that
speeding up time by this factor we will see a birth process. And indeed this is the case as our
first two theorems show.

All processes appearing in this work with index set [0,00) and values in some Euclidean
space R? are elements of Dga[0,00), the space of functions f : [0,00) — R? that are right
continuous and have limits from the left of each point of [0,00). This space is endowed with
the Skorokhod topology, and convergence in distribution of processes with values on that
space is defined through that topology.

We remind the reader that the negative binomial distribution with parameters v € (0, c0)

and p € (0,1) is the distribution with support in N and probability mass function

s = (" -y (15)

for all x € N. When v € NT, this is the distribution of the number of failures until we see the
v-th success in a sequence of independent trials, each having probability of success p. For a

random variable X with this distribution, we write X ~ NB(v,p).

Theorem 1.1. Fiz wg € N and b > 0. If A((]m) = wo and lim,,_eo B(()m)/m = b, then the
process (k_l{AE:th)] — Aém)})tzo converges in distribution, as m — oo, to an inhomogeneous in
time pure birth process Z = (Z)>0 such that for all 0 < t; < ta,j € N, the random variable
Z(ta) — Z(t1)|Z(t1) = j has distribution NB(% + j t1+(b/k)). In particular, Z has rates

S Tt (b/F)
Atj = (kj +wo)/(kt 4+ b) for all (t,7) € [0,00) x N.

Theorem 1.2. If Aém) =: gm With gm — 00, gm = o(m) and lim, B((]m)/m =bwithb>0
(m)

[tm/gm]
to the Poisson process on [0,00) with rate 1/b.

constant, then the process (k~1{A - Aém)})tzo, as m — oo, converges in distribution

Next, we look at regime c), i.e., in the case that at time 0 both black and white balls are of
order m. In this case, the normalized process of the number of white balls has a non-random

limit, which we determine, and then we study the fluctuations of the process around this limit.

(m) (m)
Theorem 1.3. Assume that A(()m),Bém) are such that lim,, AOT = a,BOT = b where

a,b € [0,00) are not both zero. Then the process (Af;ng]/m)tzo, as m — 00, converges in

distribution to the deterministic process Xy = 43(a +b+kt),t > 0.
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The limit X is the same as in an urn in which we add at each step k£ white or black balls
with corresponding probabilities a/(a + b),b/(a + b), that is, irrespective of the composition
of the urn at that time.

To determine the fluctuations of the process (AE:Z% /m)¢>0 around its m — oo limit, X, we

let
(m)

A
- (A5 x)
m
for all m € NT and ¢ > 0.
Theorem 1.4. Let a,b € [0,00), not both zero, 01,02 € R, and assume that A(()m) = lam +
01v/m ,B(()m) = [bm + O2y/m] for all large m € N. Then the process (Ct(m))tzo converges in

distribution, as m — 0o, to the unique strong solution of the stochastic differential equation

}/b:ela (16)
k a vab
Yy =—--—HY,— —— 1.
dY; a+b+kt{ t a+b(91+62)}dt+ka+det’ (1.7)
which is .
b01—a92 \/CLb / 1
Y, =0 ——kt+ k—— b+ kt — dW,. 1.8
=R A Gl o a+b+ks (18)

W is a standard Brownian motion

Remark. Functional central limit theorems for Pdlya type urns have been proven with
increasing generality in the works [9], [2], [11]. The major difference with our results is that
in theirs, the initial number of balls, A(()m), Bém), is fixed. More specifically:

1) Gouet ([9]) studies urns with two colors (black and white) in the setting of Bagchi and
Pal ([1]). According to that, when a white ball is drawn, we return it in the urn together with
a white and b black balls, while if a black ball is drawn, we return it together with ¢ white
and d black. The numbers a, b, ¢, d are fixed integers (possibly negative), the number of balls
added to the urn is fixed (that is a + b = ¢+ d), and balls are drawn uniformly form the urn.
The plain Pélya urn is not studied in that work because, according to the author, it has been
studied by Heyde in [10]. However, for the Pélya urn, [10] discusses the central limit theorem
and the law of the iterated logarithm. In any case, following the techniques of Heyde and
Gouet one can prove the following. Assume for simplicity that & = 1 and let L =: lim,,_,oo 42,

n
The limit exists with probability one because of the martingale convergence theorem. Then

n

Ap,
{\/ﬁ (twﬂ _ L> } Wi o
t>0

as n — oo. W is a standard Brownian motion and L’ is a random variable independent of W
and having the same distribution as L. On the other hand, de-Finetti’s theorem gives easily

the more or less equivalent statement that, as n — oo,

Ap,
{\/ﬁ (T[Ltt] - L)} AWy
0

with W, L as before.



2) Bai, Hu, and Zhang ([2]) work again in the setting of Bagchi and Pal, but now the
numbers a, b, ¢, d depend on the order of the drawing and are random. The requirement that
each time we add the same number of balls is relaxed.

3) Janson ([11]) considers urns with many colors, labeled 1,2,...,l, where after each
drawing, if we pick a ball of color i, we place in the urn balls of every color according to a
random vector (& 1,...,&;;) whose distribution depends on i (&;; is the number of balls of
color j that we add in the urn). Also, each ball is assigned a certain nonrandom activity that
depends only on its color, and then the probability to pick a certain color at a drawing equals
the ratio of the total of the activities of all balls of that color to the total of the activities of
all balls present in the urn at that time. A restriction in that work is that there is a color
19 so that starting the urn with just one ball and this ball has this color, there is positive
probability to see in the future every other color. This excludes the classical Pélya urn that
we study.

4) In the recent preprint [3], K. Borovkov studies a Pélya urn with d+1 colors, 1,2, ..., d+1,
and identifies a scaling limit for the path (M ([nt]))t>0, as n — oo, where

d
M(j) == (&), &(5) + &2(3), -+, Y _ &) € N
i=1
and &;(7) is the number of balls of color i present in the urn at time j. The initial total number
of balls in the urn is N and the author considers limits as N,n — oo with n/N — ¢ under
the regimes ¢ = 0,¢ € (0,00), ¢ = co. The case ¢ = 0 is related to Theorem 1.2 while the case

¢ € (0,00) is related to Theorems 1.1, 1.4 (see Corollary 1 in [3]).

1.3 ¢-Pdlya urn. Basic results

We recall some notation from g-calculus (see [5], [13]). For ¢ € (0,00)\{1},z € C,k € N, we
define

[x]q = ] the ¢g-number of z, (1.9)

q —_—
[klg! = [klglk — 1]g - [1]4 the g-factorial, (1.10)
[@]g g = [x]glr —1]g--- [z — Kk + 1] the ¢-factorial of order £, (1.11)
{x] = [x]k? the g-binomial coefficient (1.12)

k q [k]q
(3 @)oo 1= H(l — xq") when ¢ € [0,1) the ¢-Pochhammer symbol, (1.13)

i=0

We extend these definitions in the case k = 0 by letting [0],! =1, [z]o4 = 1.

Now consider a g-Pdlya urn that has initially » white and s black balls, where r € NU{oo}
and s € N. Call X,, the number of drawings that give white ball in the first n drawings. Its
distribution is specified by the following.

Fact 1: Let 7 :=r/k and s := s/k.



(i) If r € N, then the probability mass function of X, is

R [ Y s il Y i
P (X, =) = ¢+ [q_f_ﬂ =g [fiﬂn_l} ! (1.14)
n lq=k n qF
_—kz(3+n—z) [x[}_q’“_[”]—w] ¢* (1.15)
n lqgk
for all z € N.
(ii) If » = oo and ¢ > 1, then the probability mass function of X, is
_ _ —sx(q1 _ —kyn—=x §+n—x—1 [n]q_k!
PO =) =gty T T e (1.16)

for all x € N.

Relation (1.14) is (3.1) in [4] where it is proved through recursion. In Section 2 we give
an alternative proof.

According to the experiment described in Section 1.1, the balls that are placed first in the
line have an advantage to be picked (the white if ¢ € (0, 1), the black if ¢ > 1). In fact, this
leads to the extinction of drawings from the balls of the other color; there is a point after
which the number of balls in the urn of that color stays fixed to a random number. In the

next theorem, we identify the distribution of this number. We treat the case g > 1.

Theorem 1.5 (Extinction of the second color). Assume that ¢ > 1,7 € NU{oc},s € N. As
n — oo, with probability one, (X,)n>1 converges to a random variable X with values in N and

probability mass function
(i)

T T — —s. ,—k
flz)=q [k +x 1] kMO (1.17)

for all x € N in the case r € N and

(i)

t@) = (14 @i e (118)

for all x € N in the case r = .

When r € N and k|r, X has the negative g-binomial distribution of the second kind with
parameters r/k,q~%,¢~% (see §3.1 in [5] for its definition). When 7 = oo, X has the Euler
distribution with parameters ¢=*/(1 — ¢=%),¢~* (see §3.3 in [5] again).

1.4 ¢-Pdlya urn. Scaling limits
(m)

As in Section 1.2, we consider an urn whose composition after n drawings is A, ’ white and
BT(Lm) black balls. m € N7 is a parameter. Our objective is to find limits of the entire path
of the process (A%m))neN analogous to the ones of Section 1.2 for the Pélya urn. Assume that
q>1.

If we keep ¢ fixed, nothing new appears because: (a) If A(()m), B(()m) are fixed for all m, then

after some point we pick only black balls (Theorem 1.5(i)). (b) If lim,— oo B[()m) = oo then



)

the process converges to the one where we pick only black balls. (c¢) If B(()m is fixed for all m

)

and limy, . A(()m = oo then the process converges to the one where » = co and again, after
some point, we pick only black balls (Theorem 1.5(ii)).

Interesting limits appear once we take ¢ = ¢y, to depend on m and approach 1 as m — oo.
We study two regimes for ¢,,. In the first, the distance of ¢,, from 1 is ©(1/m) while in the

second, the distance is o(1/m).

1.4.1 The regime ¢=1+0(m™!)
Assume that ¢, = ¢¥/™ with ¢ > 1.

Theorem 1.6. Fiz wy € N* and b > 0. If Al™ = wy and limy,_s B{™ /m = b, then the

process (k:_l(AE:zz} - A(()m)))tzo converges in distribution as m — oo to an inhomogeneous in

time pure birth process Z with starting value 0 and such that for all 0 < t; < to,j € N, the
random variable Z(t2) — Z(t1)|Z(t1) = j has distribution N B (%2 +j, %) In particular,

1

Z has rates )
wo + jk

Aj = o
»J bkt 1

log e (1.19)
for all (t,j) € [0,00) x N.

Theorem 1.7. Assume that A(()m) = gm and lim,, .o B(()m)/m = b, where b € (0,00) and
gm € Nt g, — 00,g9m = o(m) as m — oo. Then the process (k:_l(Af:lm)/gm} - A(()m)))tzo
converges in distribution, as m — 0o, to the Poisson process on [0,00) with rate

logc
ch—1

(1.20)

Theorem 1.8. Assume that A(()m), B((]m) are such that lim,,—co A((]m) /m = a, limy, Bém) /m =
b, where a,b € [0,00) are not both zero. Then the process (A[mt]/m)t > 0 converges in distri-

bution, as m — +0oo, to the unique solution of the differential equation

Xo = a, (1.21)
- 1-— cXt
which is ) o
A 1 =1+ ™1 —-c
Xii=a— —1 . 1.23
70 oge 8 ( b —ca ) (123)

As for the Pélya urn, we determine the fluctuations of the process (AEZt)}/ m)e>o around

its m — oo limit, X. Let
(m)

. A
0 = (S - %)

for all m € NT and ¢ > 0.

Theorem 1.9. Let a,b € [0,00), not both zero, 01,02 € R, and assume that A(()m) = lam +

Glm,Bém) = [bm + 02y/m] for all large m € N. Then the process (C't(m))tzo converges in



distribution, as m — 0o, to the unique solution of the stochastic differential equation

}/0 = 915
g Kloge (90 — 1)V, — (c® — 1) (61 + 65) p
U atbrRt & — 1+ c k(L —ca) t (1.24)
) C(a+kt)/2
+ k\/(ca — Dl - 1)ca+b+kt —catht oo —q W,
which is
. a+b+kt _ 1 at+b( .a 1 kt 1
V= 01— (01 +0p) "= D) ¢
Ca-l—b—i-kt _ Ca—i—kt 40 —1 ca+b -1 Ca—i—b-l—kt -1
t olatkt)/2 (1.25)
+k‘\/(Ca—1)(Cb—1)/(; Ca—‘,—b—l—kt_ldWs>
W is a standard Brownian motion
1.4.2 The regime ¢ =1+ o(m™!)
In this regime, we let ¢ = q(m) := ¢&™/™ where ¢ > 1 and &,, — 01 as m — oo. With

computations analogous to those of the results of the previous subsection, it is easy to see

that Theorems 1.1, 1.2 , 1.3, 1.4 hold exactly the same for the ¢g-Pdlya urn in this regime.

1.5 ¢-Pdlya urn with many colors

In this paragraph, we give a g-analog for the Pélya urn with more than two colors. The way
to do the generalization is inspired by the experiment we used in order to explain relation
(1.2).

Let [ € NI > 2, and ¢ € (0,1). Assume that we have an urn containing w; balls of color ¢
for each i € {1,2,...,1}. To draw a ball from the urn, we do the following. We order the balls
in a line, first those of color 1, then those of color 2, and so on. Then we visit the balls, one
after the other, in the order that they have been placed, and we select each with probability
1 — g independently of what happened with the previous balls. If we go through all balls
without picking any, we repeat the same procedure starting from the beginning of the line.
Once a ball is selected, the drawing is completed. We return the ball to its position together
with another k of the same color. For each ¢ = 0,1,...,[, let s; = Z1§jgi w;. Notice that s

is the total number of balls in the urn. Then, working as for (1.4), we see that

1 . qwz _ qSi—l — qsi

_ qsifl%_ (1.26)

P(color i is drawn) = g%~ 1—gst  1—g% [silq

Call p; the number in the last display for all ¢ = 1,2,...,[. Note that when ¢ — 1, p;
converges to w;/s;, which is the probability for the usual Pélya urn with [ colors. It is clear
that for any given ¢ € (0,00)\{1}, the numbers pi,ps,...,p; are non-negative and add to 1
(the second fraction in (1.26) shows this). We define then for this ¢ the ¢-Pélya urn with
colors 1,2,...,1 to be the sequential procedure in which, at each step, we add k balls of a

color picked randomly among {1,2,...,[l} so that the probability that this color is i is p; .



When g > 1, these probabilities come out of the experiment described above but in which
we place the balls in reverse order (that is, first those of color [, then those of color [ — 1, and
so on) and we go through the list selecting each ball with probability 1 — ¢~!. It is then easy
to see that the probability to pick a ball of color 7 is p;.

Theorem 1.10. Assume that q € (0,1) and that we start with wy,ws, . ..,w; balls from colors
1, 2, ..., respectively, where wi,ws,...,w; € N are not all zero. Call X, ; the number of
times in the first n drawings that we picked color i. The probability mass function for the
vector (Xn2, Xn3,..., Xn1) is

M 4],
e (1.27)
I P
= " quZQ " Z};ll(wj+kzj) Hé:l [_%] :Cz‘7q_k

- |: axl:| gk [_W]

l i—1
P (X’VL,Q =T2,... 7Xn,l = xl) = qu:Q Ti Zjil(wj+kxj)

(1.28)
L1yT2y ... n,q—k

for all xo,...,2; € {0,1,2,...,n} with xo + -+ x; < n, where x1 := n—Zizgmg and

!
[ml’m;“’ml]q_k Sl F) s e e ,ZL!]-I.].T-I[;;] — is the g-multinomial coefficient.
q q

It follows from Theorem 1.5 that when ¢ € (0, 1), after some random time, we will be
picking only balls of color 1. So that the number of times that we pick each of the other
colors 2,3,...,1, say Xg,X3,...,X, are finite. We determine the joint distribution of these

numbers.

Theorem 1.11. Under the assumptions of Theorem 1.10, as n — 400, with probability one,
the vector (X2, Xn3,...,Xn,1) converges to a random vector (Xo, X3, ..., X)) with values in

N1 and probability mass function

. l Wy w1 . k
S YIRS S 7R ol E ey (454" oo
f (1’2,1‘3, CER) ZE[) =49 2 g=t Zl;[z |: x; o (qw1+..-+wl; qk)oo (129)
for all xo,...,x; € N,
Note that the random variables X»,..., X; are independent although (X2, Xy 3, ..., Xp)

are dependent.
Next, we look for a scaling limit for the path of the process. Assume that ¢ € (0,1) and

Gm = ™. Let AS‘T) be the number of balls of color ¢ in this urn after j drawings.

Theorem 1.12. Let m be a positive integer and assume that in the q-Pdlya urn with | differ-

ent colors of balls it holds % (Agﬁ), Agg), . ,A(()n;)) mze (a1,a2,...,a;), where aj,...,a; €
[0,00) are not all zero. Set o9 =0 and o; := ngi aj for alli=1,2,...,l. Then the process

% (A[(:nng],l, Afgt)]’z, .. ’AETZ%J)po converges in distribution, as m — 400, to (X1, Xt 2,..., Xt 1)i>0
with -

Xt s (1 _ CO’Z+kt) _ 60171(1 _ ckt)
i = Ay

1.30
’ log c ©8 (1 — covtht)y — coi(1 — cht) (1.30)

foralli=1,2,...,1.



As in the case of two colors, we study the regime where g, = ¢/, with ¢ € (0,1) and
€m — 0.

Theorem 1.13. Let m be a positive integer and assume that in the q-Pdlya urn with | different

colors of balls that % (A(()frf), A((;g), . ,Ag?) me (a1,a2,...,a;), where ay,...,a; € [0,00)
are not all zero. Then the process %(A[(rﬂ:t)],p AE;:L?],Q" .. A[(Zg],l)tzo converges in distribution,
as m — 400, to (X¢)e>0 with
kt
Xi=(1+——— - 1.31
t ( +a1+“'+al>(a17a2, 7al) ( )

for allt > 0.

Remark. Discussing this preprint with Prof. Ch. Charalambides, we were informed that he
has also considered this ¢g-Pdélya urn with many colors in a work that is near completion.

Orientation. In Section 2, we prove Fact 1 and Theorem 1.5, which are basic results for
the ¢g-Pdlya urn. Section 3 (Section 4) contains the proofs of the theorems for the Pélya
and ¢-Pdlya urns that give convergence to a jump process (to a continuous process). Finally,
Section 5 contains the proofs for the results that refer to the ¢-Pdlya urn with arbitrary, finite

number of colors.

2 ¢-Pélya urn. Prevalence of a single color

In this section, we prove the claims of Section 1.3. Before doing so, we mention three properties
of the g-binomial coefficient. For all ¢ € (0,00)\{1},z € C,n,k € N with k& < n it holds

[zl = —q¢""[z]q, (2.1)

—r B . z+k—-1
[ ] _ (—l)kq E(k+2 1)/2[ . ] ’ (2'2)
q q

-l

Z gt q(’“;l) [Z} ) (2.4)

1<) <9< <ip<n
The first is trivial, the second follows from the first, the third is easily shown, while the last

is Theorem 6.1 in [13].

Proof of Fact 1. (i) The probability to get black balls exactly at the drawings i; < iz <
coe < gy 1S

x—1 . n—xr—1 .
Hj:O [r+ Jf:]q Hj:() [s + jklq qzﬁ;f r+(iv—v)k
H;:O [+ s+ jklg

g(il, iQ, . ,in_$) = (2.5)

To see this, note that, due to (1.2) and (1.3), the required probability would be equal to the
above fraction if in (1.3) the term ¢" were absent. This term appears whenever we draw a
black ball. Now, when we draw the v-th black ball, there are r + (i, — v)k white balls in the

urn, and this explains the exponent of ¢ in (2.5).
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l_qx+jk'

Since [z + jklg = ——— = [-F — jlg-#[—Fk]q for all z,j € R, the fraction in (2.5) equals
[ f]x,q:k [_Ag]nfx,q_k ‘ (2.6)
[—7 — S}nﬂfk
Then
Z qzﬁ;f r+(iv—v)k (2.7)
1<i1 <9< <in—a <N
_ q(n—z)r—k(n—x)(n—z-i—l)/Q Z (qk)il—i—iz—&—m—&—in,z (28)
1< <2< <ip—z<n
_ gn—e)r—k(n—z)(n—a+1)/2 k("5 *) m (2.9)
X %
q
—2)r ka(n—z) | T n—z)(ftx) |1
_ g g >H _ g ><+>H | (2.10)
x gk x g

The second equality follows from (2.4) and the equality ["] &= L] e The third, from (2.3).
Thus, the sum » 3y oy ;oo oi <, 9(i1,42, . . ., in—y) equals the first expression in (1.14). Then
(1.15) and the second expression in (1.14) follow by using (2.3) and (2.2) respectively.

(ii) In this scenario, we take r — oo in the last expression in (1.14). We will explain shortly
why this gives the probability we want. Since ¢~ € (0, 1), we have lim; oo [t],—x = (1—¢%)7!

and thus, for each v € N, it holds

t+v—1 1 1
lim [ v ] = (2.11)
) T S TN

q

Applying this twice in the last expression in (1.14) (there # = r/k — 00), we get as limit the
right hand side of (1.16).

Now, to justify that passage to the limit » — oo in (1.14) gives the required result, we
argue as follows. For clarity, denote the probability P,(white) when there are w white and
b black balls in the urn by P}I’J’b(white). And when there are r white and s black balls in
the urn in the beginning of the procedure, denote the probability of the event X,, = x by
P"*(X,, = x). It is clear that the probability P™*(X,, = x) is a continuous function (in fact,

a polynomial) of the quantities
PR tR (white) 11 =0,1,..., — 1,/ =0,1,....,n—x — 1,

for all values of r € NU {oo},s € N. In P**(X,, = ), each such quantity, P;>™ (white),
equals lim,_,, P"™(white). Thus, P**(X,, = z) = lim,_,» P"*(X,, = ). [ |

Before proving Theorem 1.5, we give a simple argument that shows that eventually we
will be picking only black balls. That is, the number X := lim,,_,o, X,, of white balls drawn
in an infinite sequence of drawings is finite. It is enough to show it in the case that r = oo
and s = 1 since, by the experiment that realizes the ¢-Pdlya urn, we have (using the notation
from the proof of Fact 1 (ii))

P (X = 00) < P®(X = 00).

11



For each n € N1, call E,, the event that at the n-th drawing we pick a white ball, B,, the
number of black balls present in the urn after that drawing (also, By := 1), and write § := 1/q.
Then P(E,) = E(P(E,|Bn-1)) = E(¢P"1). We will show that this decays exponentially with
n. Indeed, since at every drawing there is probability at least 1 — ¢ to pick a black ball, we
can construct in the same probability space the random variables (By,),>1 and (Y;);>1 so that
the Y; are i.i.d. with Y7 ~ Bernoulli(l1 — ¢) and B,, > 1+ k(Y1 +---4Y,) for all n € N*t,
Consequently,
P(E,) < B(q M) = g{B(gM)1

This implies that > o | P(E,) < oo, and the first Borel-Cantelli lemma gives that P> (X, =
o0) = 0.

Proof of Theorem 1.5. Since (X,,),>1 is increasing, it converges to a random variable X
with values in NU{oc}. In particular, it converges to this variable in distribution. Our aim is
to take the limit as n — oo in the last expression in (1.14) and in (1.16) in order to determine
the distribution of X. Note that for « € R and 6 € [0,1) it is immediate that (recall (1.13)
for the notation)

lim
n—oo

[a—I—nL _ (0 0) (2.12)

n (6:0) o0
(i) Taking n — oo in the last expression in (1.14) and using (2.12), we get the required
expression, (1.17), for f. Then relation (2.2) in [4] (or (8.1) in [13]) shows that ) f(z) =1,
so that it is a probability mass function of a random variable X with values in N.

(i) This follows after taking limit in (1.16) and using (2.12) and limp—e0(1 — ¢7%)"[n],-x! =
(@750 )0 u

3 Jump process limits. Proof of Theorems 1.1, 1.2, 1.6, 1.7

In the case of Theorems 1.1, 1.6, we let g, := 1 for all m € NT, and in all four theorems we

let v := vy, := m/gm. Our interest is in the sequence of the processes (Z(m))mzl with

1

z(m) () -

(Al — A5 (3.1)

for all ¢ > 0.

We apply Theorem 7.8 in [7], that is, we show that the sequence (Z (m))le is tight and
its finite dimensional distributions converge. Tightness gives that there is a subsequence of
this sequence that converges in distribution to a process Z = (Z;)¢>0 with paths in the space
Dg|0, 00) of real valued functions on [0, 00) right continuous with left limits. Then tightness
together with convergence of finite dimensional distributions shows that the whole sequence

(Z(™),,>1 converges in distribution to Z.

Notation: (i) For sequences (an)nen, (bn)nen with values in R, we will say that they are
asymptotically equivalent, and will write a,, ~ b, as n — oo, if lim, - a,/b, = 1. We
use the same expressions for functions f,g defined in a neighborhood of co and satisfy
limg o0 f(x)/g(x) = 1.

12



(ii) For @ € C and k € N*, let
()g:=ala—1)-(a—k+1), (3.2)
a® =ala+1)--(a+k—1), (3.3)

the falling and rising factorial respectively. Also let (a)g := al® =1,

3.1 Convergence of finite dimensional distributions

Since for each m > 1 the process Z(™ is Markov taking values in N and increasing in time, it

is enough to show that the conditional probability
P(Z"™(ty) = ko|Z™(t1) = k1) (3.4)

converges as m — oo for each 0 < t; < t3 and nonnegative integers k; < ko.

Consider first the case of Pélya urn and define

n = [vta] — [vt1], (3.5)
xTr = kg - kl, (36)
A 4 kky
=0 - 3.7
ALY (37)
_ (m)
S k[vtﬂ kik?l + BO . (38)
k
Then, the above probability equals
P(A Evt)] = kko + wQ|A = kk1 + wo)
ko(ko + k) - (ka+(w— Dk)kr(kt + k) (kT + (n — 2 — 1)k) (3.9)
/-ca+l<:7‘)(l<:a+/~c7'+k)---(l{:a+k7'+(n—1)k) ’
_( (z) :(n)m @l (t+n—z) T(o+7) (3.10)
x! (a+7)() x! r(r) F'(c+7+n) '
To compute the limit as m — oo of (3.10), we will use Stirling’s approximation for the Gamma
function,
vy [2
rw~ (7)) (3.11)
as y — oo, and its consequence
I'(y +a) ~T(y)y* (3.12)

as y — oo for all @ € R.

Theorem 1.1. Recall that v = m in this theorem. Using (3.12) twice, with the role of a
played by —z and o, we see that the last quantity in (3.10), for m — oo, is asymptotically
equivalent to
(mlta = 10))* () o () (mlta =) (o) {mlts + (5/)}
x! (t+n)’ x! {m(te + (b/k))}ot=
(t2 = t1)" (o) {t1+ (b/k)}°
x! {ta + (b/k)}ot=

- Grae) (i) 6w
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Thus, as m — oo, the distribution of {Z(™(ty) — Z(™(¢1)}|Z(™)(t;) = k; converges to the

negative binomial distribution with parameters o, gigg?g [recall (1.5)]. [ |

Theorem 1.2. Using (3.11), we see that the last quantity in (3.10), for m — oo, is asymp-

totically equivalent to

(m(ta —t1))* %ex (T+n—2)™t" 2%  (c+71)7"7
xlgZ, k= 7T (o0 + 7+ mn)otTtn
v T4+n—x\"
xk* e(r+n-q <U+T+n>
y o+7 \[((t+n—x)(oc+71)\"
o+T14+n T(c+7+n)
-~ mx(t2 - tl)x xT—me—(tQ—tl)/be—(tg—tl)/be—:r)-l—(tg—tl)/b
!k

~ 1 (t2 — t1>$e—(t2—t1)/b‘

x! b

Here it was crucial that b > 0. Thus, as m — oo, the distribution of { Z(™) (t5)—Z (™) (t1)}| 2™ (t,) =

k1 converges to the Poisson distribution with parameter (ty — ¢1)/b. ]

Now we treat the cases of Theorems 1.6, 1.7, which concern the ¢-Pélya urn. Define again
n,x, 0, as in (3.5)-(3.8), and r := ¢,;* = ¢7¥/™. Then, the probability in (3.4), with the help

of the last expression in (1.14), is computed as

P ot+a—1 [T+Z:£_1]r
T . [O'JrT;Lrnfl]T
n

X

e SO 1 T M S =S

The last ratio is
n—1 . n—1 .
1- TT—H oN,.T T
H”W:H<1_(1_7)T 17~‘T+T+l> (3.15)

1=0 =0

Denote by 1 — @, ; the i-th term of the product. The logarithm of the product equals

n—1 i
T
—(1—TJ)T’T E m—{—O(l) (316)
=0

as m — oo. To justify this, note that 1 — 77 ~ %(Aém) + kki)logc and r7H /(1 — rot7H) <
1/(1 —¢7?) for all i € N. Thus, for all large m, |am, ;| < 1/2 for all i = 0,1,...,n — 1, and
the error in approximating the logarithm of 1 — @y, ; by —a,; is at most |am;|? (by Taylor’s
expansion, we have |log(1 — y) + y| < |y|? for all y with |y| < 1/2). The sum of all errors is
at most nmaxg<i<n \am7i|2, which goes to zero as m — oo because 1 — r? ~ C'/n for some
appropriate constant C' > 0.

We will compute the limit of (3.14) as m — oo under the assumptions of Theorems 1.6,
1.7.

14



Theorem 1.6. Asm — oo, the first term of the product in (3.14) converges to ¢~#(+*41) The

-1
g-binomial coeflicient converges to (k ,2‘;0:%’“12_1). The third term converges to (1— ¢ k(t2=t))z,

while the denominator of the fourth term converges to (1 — p2)®, where we set p; := ¢ 0
for i = 1,2. The expression preceding o(1) in (3.16) is asymptotically equivalent to
k n—1 ka:i/m
_ Ea(log ¢)p1 Z TRy——— (3.17)
i=0
1 n—1 c—ki/m
kol /tztl Lyt o(1) = olog 2P 4 o1) (3.19)
= —prkologe O o(l)=o0clo o(1). .
g & 0 kv — py Y 51

The first equality is true because lim,, ..o 777 = p; and the function z cki/ m/(1 —
zc ki ™) has derivative bounded uniformly in i,m when z is confined to a compact subset of
[0,1). Thus, the limit of (3.14), as m — oo, is

c+x—1 p1—p2>$<1—p1>a
: 3.20
( x )(1—p2 L—p2 (3.20)
which means that, as m — oo, the distribution of {Z(™ (ty) — Z(™) (t1)}|Z™)(t,) = ki con-

verges to the negative binomial distribution with parameters o, (1 — p1)/(1 — p2). [

Theorem 1.7. Now the term 7™ converges to ¢~*%, while

B n ' v=ly _ po+i n )
L ) = (I ) e

i=n—x+1 1=n—zx+1

x—1 - T
N Hlﬁag_al—z{— Z) ((tg - t;ik) logc) - %((tZ . tl) logc)x. (3'22)

The denominator of the fourth term in (3.14) converges to (1 —c~°)*. The expression in (3.16)

is asymptotically equivalent to

n—1 i
T o r —_p9m n IOgC
-Tr (1—7" )EO]WN—C E10g01_67b’\/—cb_1(t2—t1). (323)
7=

In the first ~, we used the fact that the terms of the sum, as m — oo, converge uniformly in
i to (1 — ¢ %)~ Thus, the limit of (3.14), as m — oo, is

1 /1 T _logey
<ogc (t2—t1)> S ", (3.24)

zl \cb—1

which means that, as m — oo, the distribution of {Z(™ (t5) — Z(™)(¢1)}|Z™)(t,) = k1 con-

verges to the Poisson distribution with parameter tgb__tll log c. |
For use in the following section, we define
Uty to, kr,x) := lim P(Z0(ty) = ky + 2|2 (t1) = ky) (3.25)

m—o0

for all 0 < t1 < to,k1 € N,z € N. The results of this section show that U as a function of

z € N is a probability mass function of an appropriate random variable with values in N.
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3.2 Tightness

We apply Corollary 7.4 of Chapter 3 in [7]. According to it, it is enough to show that
(i) For each t > 0, it holds imp_,so lim,,_eo P(|Z™ (t)] > R) = 0.
(ii) For each T,e > 0, it holds lims_,q lim,, 0o P(w/(Z™),8,T) > €) =

Here, for any function f : [0,00) — R, we define

w'(f,0,T) == infmax sup [f(s) — f(#)],
{t} 1 steltist)
where the infimum is over all partitions of the form 0 = tg < t; < -+ tp,_1 < T < t, with
ti—tiy>dforalli=1,2,...,n
The first requirement holds because Z(™ (t) converges in distribution as we showed in the
previous subsection. The second requirement, since Z(™) is a jump process with jump sizes

only 1, is equivalent to

= 0. (3.26)

There are at least two jump times
of Z(™ in [0, T] with distance < §

Call A,, 5 the event inside the probability and for j = 1,2,...,[T/d] define I; := ((j — 1), (j +
1)8]. Then, for each £ € N, the probability P(A,, s N {Z™)(T) < ¢}) is bounded above by

(/6]

Z P({Z"™)(T) < £} N {There are at least two jump times of Z™) in I;}) (3.27)
[T/5]

< Z P{Z")(T) <0} n{Z™)((j 4+ 1)) — 2™ ((j — 1)6) > 2}) (3.28)
[T/5]

< 37 max POV +1)8) — 20— 1)9) > 22~ 1)9) = p). (3.29)
o 0sks

The limit of the last quantity as m — oo, with the use of the function U of (3.25), is written

as
(T/9] 00 T 00
> max > U(G =18+ Do pue) < 5 max > UG =135 (+1)d ). (330)
j=1 = 1<J<[T/5]”” 2

CrAM: The max in (3.30) is bounded above by §2C(¢,T) for an appropriate constant
C(¢,T) € (0,00) that does not depend on m or 6.
Assuming the claim and taking m — oo in P(A,, 5) = P(A,,sN{Z")(T) < £})+P(A; 6N
{ZMN(T) > 1)), we get
lim P(Aps) <0C(,T)+ lim P{Z")(T) > ¢}).

m—0o0

Now let € > 0. Because of the validity of (i) in the tightness requirements, there is ¢ large
enough so that the second term is < €. Fixing this £ and taking § — 0 in the inequality, we
get (3.26).
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PROOF OF THE cLAIM: We establish the above claim for each of the Theorems 1.1, 1.2,
1.6, 1.7. We use the following bounds. If X,Y are random variables with X ~ Poisson(\)
and Y ~ NB(v,p) then

P(X >2) <)% (3.31)

v+1)

Py >2) < U ;—(1-p) (3.32)

The first inequality is elementary, while the second is true because the difference of the two
sides

v+1)

P(YZ2)—V( . v(v+1)

(L=p)=1-p"=rp"(1=p) = ———(1-p)’
is an increasing function of p in [0, 1] with value 0 at p = 1.
According to the results of Section 3.1, the sum after the max in (3.30) equals P(X > 2)

where

NB(% + i, LEQA) - for Theorem 1.1,
Poisson(%‘s) for Theorem 1.2,
X~ I (3.33)
NB(% + u, ti_ﬁ) for Theorem 1.6,
Poisson (25 (1:%01) for Theorem 1.7,

and t; := (j — 1)d,t2 := (j + 1)d. The claim then follows from (3.31) and (3.32).

3.3 Conclusion

It is clear from the form of the finite dimensional distributions that in all Theorems 1.1, 1.2,
1.6, 1.7 the limiting process Z is a pure birth process that does not explode in finite time. Its
rate at the point (¢,7) € [0,00) x N is

1 . .
Atj = hlgng EP(Z(L‘—F h)=j+1Z(t) =j)

and is found as stated in the statement of each theorem.

4 Deterministic and diffusion limits. Proof of Theorems 1.3,
1.4,1.8,1.9

These theorems are proved with the use of Theorem 7.1 in Chapter 8 of [6], which is con-
cerned with convergence of time-homogeneous Markov chains to diffusions. The chains whose
convergence is of interest to us are time inhomogeneous, but we reduce their study to the
time-homogenous setting by considering for each such chain {Z,},en the time homogeneous
chain {(Z,,n)}nen. The following consequence of the aforementioned theorem suffices for our

purposes.

Corollary 4.1. Assume that for each m € NT, (Zflm))neN 1s a Markov chain in R. For each
m e Nt andn € N, let AZT™ = 2™ _ 20 4na

n+1
1™ (@, n) = mE(AZ,(Lm)I‘AZSLW)‘SJZ;Lm) = 1), (4.1)
a™(z,n) = mE((AZ,(Lm))QIIAZSLm)‘ 125 = 2) (4.2)
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for all x € R with P(ZT(Lm) =1x) > 0. Also, for R > 0 and for the same m,n as above, let
A(m,n,R) = {(z,n) : |z| < R,n/m < R,P(Zr(Lm) =z) > 0}.

Assume that there are continuous functions pi,a : R x [0,00) = R and z¢g € R so that:
For every R,e > 0, it holds

(i) SUP(z.n)eA(mn,R) |1™) (2, n) — p(x,n/m)| — 0 as m — oo.
(79) SUP(gn)eA(mon,R) la(™ (z,n) — a(z,n/m)| — 0 as m — occ.
(41) SUD(gn)e A(mn,R) mP(\AZT(Lm)| > €|ZT(Lm) =1x)— 0 as m — oo.
And also
(iv) Z(()m) — xo as m — oo with probability 1.

(v) For each x € R, the stochastic differential equation

Cth = /,L(Zt, t) dt + \V CL(Zt, t) dBt,

Zy =z,

(4.3)

where B is a one dimensional Brownian motion, has a weak solution which is unique in

distribution.

Then, the process (Z[(;?])tzo converges in distribution to the weak solution of (4.3) with x = xg.

Proof. For each m € NT, we consider the process Yn(m) = (Zflm), n/m),n € N, which is a time-

homogeneous Markov chain with values in R?, and we apply Theorem 7.1 in Chapter 8 of [6]
Conditions (7), (i7), (i7i) of that theorem follow from our conditions (i), (i), (i77) respectively,
while condition (A) there translates to the requirement that the martingale problem for the

functions p and \/a is well posed, and this follows from condition (v). [ |

The tool we will use in checking that condition (v) of the corollary is satisfied is the well
known existence and uniqueness theorem for strong solutions of SDEs which requires that
for all T > 0, the coefficients j(x,t), /a(z,t) are Lipschitz in  uniformly for ¢ € [0, 7] and
supyepo, {110, 1)|+a(0,2)} < oo (e.g., Theorem 2.9 of Chapter 5 or [6]). The same conditions

imply uniqueness in distribution.

4.1 Proof of Theorems 1.3, 1.8

(m)
We will apply Corollary 4.1. For each m € NT, consider the Markov chain Zflm) =4 peN.

m Y

From any given state x of Z,gm), the chain moves to either of x + km ™!, z with corresponding

probabilities p(x,n,m),1 — p(x,n,m), where

e in the case of Theorem 1.3,
Ay +By T +kn
p(x,n,m) = 1—qme

COPNCD)] in the case of Theorem 1.8.
AO +BO +kn

1—q
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In particular, for any € > 0, is holds |AZq(1m)| < 1 A e for m large enough. Thus, condition
(7i7) of the corollary is satisfied trivially. Also, for large m, with the notation of the corollary,

we have
1™ (2,n) = kp(z,n,m), (4.4)
k
(m) - 4
o™ (1) = ~p(,n,m). (45)

And it is easy to see that conditions (i), (ii) are satisfied by the functions a, p with a(x,t) =0
and p(z,t) = kp(z,t) where

ﬁ in the case of Theorem 1.3, (4.6)

—cT .
% in the case of Theorem 1.8.

p(z,t) =

Now for each = € R, the equation

dZy = kp(Zyg, t) dt
t P( t ) (4'7)
Zy =z,

has a unique solution. Thus, Corollary 4.1 applies. For both theorems, 1.3 and 1.8, (4.7)
is a separable ordinary differential equation and its unique solution is the one given in their
statements.

4.2 Proof of Theorems 1.4, 1.9

Proof of Theorem 1.4. Call A :=a/(a+b). For each m € N*, consider the Markov chain

(m)
m

—a—Akﬁ),neN
m

From any given state x of Z,(lm), the chain moves to either of z—km~1/2X, z+km~1/2(1-\)

with corresponding probabilities

By A
where
Al = ma 4+ Men + zy/m, (4.8)
B™ = AU 4 B™ 4 kn — A, (4.9)
Note that
AT £ B = (a4 bym + (01 + 02)v/m + 61, (4.10)

with d,, € [0,2), and consequently

A = XA 1 By £ mi(x — M(61 + 62)) — Ao (4.11)
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Again, condition (iii) of Corollary 4.1 holds trivially, while lim,, o Z(gm) = 6, (condition

(7v)). Then, for large m we have

1= NAM B = A0y + ) — Ao

N(m) (z,n) =ky m( )\() ) ()\) =k (m) | p(m) \F’ (4.12)
A+ By Ay By Ty pn
(m) (m)
By, An
ad™(zn) =k [N+ (1= NP (4.13)
A 4+ B A 4+ B
— X011+ 62)) — Ao
LA = \) 4 21 — o) YE AL+ 82)) _ (4.14)
A + B
It follows that conditions (i), (ii) are satisfied by the functions u,a with
k{l’ — (91 + 92)/\}
= 4.1
p(z,t) PR T e (4.15)
k2ab
t) = . 4.16
a’(x7 ) (a + b)2 ( )
For each = € R, the stochastic differential equation
k‘{Y} — (91 + 92))\} vab
dY, = dt + k d 4.1

! a+b+kt T (417)
Yy = =z, (4.18)

where W is a standard Brownian motion, has a unique strong solution as the drift and
diffusion coefficients are Lipschitz in Y; and grow at most linearly in Y; at infinity (both
conditions uniformly in ¢). Thus, Corollary 4.1 applies and gives that the process (Z[(,:Z)})tzo
converges in distribution, as m — oo, to the solution of (4.17), (4.18) with = = 6;.

The same is true for (Ct(m))tzo because sup;> |C’t(m) — Z[(Tz)ﬂ < k/y/m. To solve the last
stochastic differential equation, we set U; := {Y; — (61 + 02)A}/(a + b+ kt). 1t6’s lemma gives

that
Vab 1
(a+b)a+b+kt

and since Uy = (bf; — abs)/(a + b)?, we get

bh; — aby Vab [? 1
U, =

dU; =k

ty

dWs.
(a+ b)? a+bJy atb+ks °

This gives (1.8). [

Proof of Theorem 1.9. The proof is analogous to that of Theorem 1.4, only the algebra is

a little more involved. For each m € N, consider the Markov chain

A(m) .
Z(m) = m( n__ Xn/m),n e N.
m
From any given state x of Z,(Lm), the chain moves to either of
T+ km_l/Q + \/E(Xn/m - X(n+1)/m)7 (419)
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with corresponding probabilities p(x,n,m),1 — p(z,n,m), where

Al

p(z,n,m) = ) [ (nj)qm (4.21)

[Ag™ + By + knlg,,

and

Al = mX,, ), + zv/m, 4.22)
Bm = AI™ 4 Blm) | i — A (4.23)

For convenience, let AXn/m = X(n+1)/m — Xn/m. We compute
E [Az(m>|Z<m> - x} = E p(e,nm) — ymAK, (4.24)

n n \/m ) Y n/m»

2

E [(Az,gm))%zgm) - x} - (’:n - QkAXn/m> p(z,n,m) +m(AX, /)% (4.25)

The asymptotics of these expectations are as follows.

CramM: Fix R > 0. For n such that 7 := n/m < R and as m — oo, we have
() E [AzgmMZ,(Lm) - x]

1 kloge <. (CXT — 1)catbthT 1
T catbkr — 1 (c T e —p (1t 02) |+ O0(—5) (4.26)

(4) B[AZEPIZE = 2] = SRg(r) {1 - 9(7)} +O(—7) (427)

m m3/2

cXt—1

where g(t) = catbrkt 1 for all ¢ Z 0.
PROOF OF THE CLAIM. We examine the asymptotics of p(x,n, m) and AXn/m. AsT<R

and m — oo, we have

Xt Xt
p(z,n,m) = CA((fm)JrB((}/;Jrle_ - Ca+b+i7+91\/+\;;2+0(;) 1 (4.28)
= 9(7) + et (cfff:c - (CXC;; +1]20_+b1+ Tt 02)> \/1% (4.29)
+O().
The third equality follows from a Taylor’s development. Also
AR = Rl + O(m™) = k() -+ O(m™). (4.30)

For X’ we used the differential equation, (1.22), that X satisfies instead of the explicit ex-
pression for it. Substituting these expressions in (4.24), (4.25), we get the claim.
Relation (1.23) implies that ¢** = (c**? —1)/{c® =1+ ¢ *(1 —c¢~%)}, and this gives that

the parenthesis following % in equation (a) of the claim above equals

(@t — 1o — (e — 1)(6 + 62)
d—1+cH(1-c)

(4.31)
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and also that ( Y b ) Tk
c —1)(c® —1)c*TF
g(T){l - g(T)} = (ca-i-b-‘rk‘r — catkT 4 o — 1)2 :

(4.32)

Thus, the claim implies that conditions (i), (i) of Corollary 4.1 are satisfied by the functions

~ kloge (b — D)o — (c* — 1)(0 + 62)
) = e { e, (1.33)
Ca+kt
a(z,t) = K*(c* = 1)(c" — 1) (4.34)

(cotbtht — catht 4 ca _1)2°

Again, condition (7i7) of the corollary holds trivially, while lim,, Z(()m) = 0 (condition (iv)).
Finally, for each = € R and for the choice of i, a above, equation (4.3) has a strong solution and
uniqueness in distribution holds. Thus, the process (Z[(;Z)})tzo converges, as m — 0o, to the
unique solution of the stochastic differential equation (1.24). And with analogous arguments
as in Theorem 1.4, we get that the process (th(m))tzo converges to the same process. To solve

that equation, we remark that a solution of an equation of the form
dY; = (a(t)Y; + B(t))dt 4 ~v(t)dW (4.35)

with a, 8,7 : [0,00) — R continuous functions is given by

t t s t s
y; = efiats)ds <YO+ / B(s)e o o)dr g / A(s)e b a<r>drdws>. (4.36)
0

0

[To discover the formula, we apply Ité’s rule to Y; exp{— fg a(s)ds} and use (4.35).] Applying
this formula for the values of «, 3,7 dictated by (1.24) we arrive at (1.25). [

5 Proofs for the ¢-Pdélya urn with many colors

Proof of Theorem 1.10. First, the equality of the expressions in (1.27), (1.28) follows from
the definition of the g-multinomial coefficient.

We will prove (1.27) by induction on . When [ = 2, (1.27) holds because of (1.14). In
that relation, we have 1 = x,x9 = n — x. Assuming that (1.27) holds for | > 2 we will prove

the case [ + 1. The probability P(X,, 2 = za,..., Xy 41 = 241) equals

P(X,s=ua3,....,.Xp 111 =241) P(Xno =22 | Xpn3z=23,..., Xp 141 = 2141) (5.1)

_wyptwy 41 r— % Cw oy
— it wi s (wy k) [ o+ ](f’C HZJ:F?) [ o ]q—k w2 (w1+kr1) [ ot ]q*k[ oy ]q*k
- _witewigy —w Ty

[ " ]q*k [ wH_ka ]q—k
I+1 (-
= Zii; Ti Z;‘;ll(wj‘f‘k‘l‘j) Hi:l [ mf ]qfk
! TR TS
I

This finishes the induction provided that we can justify these two equalities. The second is
obvious, so we turn to the first. The first probability in (5.1) is specified by the inductive
hypothesis. That is, given the description of the experiment, in computing this probability it

is as if we merge colors 1 and 2 into one color which is placed in the line before the remaining
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[ —1 colors. This color has initially a; 4+ a9 balls and we require that in the first n drawings we
choose it x1 + 2 times. The second probability in (5.1) is specified by the [ = 2 case of (1.27),
which we know. More specifically, since the number of drawings from colors 3,4,...,[+ 1 is
given, it is as if we have an urn with just two colors 1,2 that have initially w; and wsy balls
respectively. We do x1 4+ x5 drawings with the usual rules for a ¢-Pélya urn, placing in a line

all balls of color 1 before all balls of color 2, and we want to pick x; times color 1 and -

times color 2. [ ]
Proof of Theorem 1.11. The components of (X, 2, Xp3,..., X, ) are increasing in n, and
from Theorem 1.5 we have that each of them has finite limit (we treat all colors 2,...,[ as

one color). Thus the convergence of the vector with probability one to a random vector with
values is N'=1 follows. In particular, we also have convergence in distribution, and it remains
to compute the distribution of the limit. Let z1 :=n — (2 + --- + 2;). Then the probability
in (1.27) equals

l’—l [%—;?_1] q—k

P (Xn,Q =T9,... 7Xn,l = xl) = q_ 21§i<j§lw‘7'x" ; : (52)
[Zzzkl Wi +n71:|
n qk
L [
_ q21§j<iglziw1 =1 : i q* (5.3)
W
n q
‘ 1 w; ‘ $1+%—1
= i (@ Tt w) I1* tai—l i ]q’“ . (5.4)
. X 2 Thog wi —
=2 q [n+ % 1}
n q*

In the first equality, we used (2.2) while in the second we used (2.3). When we take n — oo
in (5.4), the only terms involving n are those of the last fraction, and (2.12) determines their
limit. Thus, the limit of (5.4) is found to be the function f(z2,..., ;) in the statement of the

theorem. m

Proof of Theorem 1.12. For each m € NT, we consider the discrete time-homogeneous

Markov chain

n ASZ) Agfé) A(m)

Zflm) = —, . ik ,neN.
m’ m m m
From any given state (t,z) := (t,z2,z3,...,x;) that Z(™) finds itself it moves to one of

1 1 .
t4+ —,xo, ..., i+ —, ..., |, i =2,...,1,
m m

1
(t—i—,xg,...,xi,...,xl)
m

with corresponding probabilities

[mxi]q

i\To, ..., X m) = mSi_l(t)iz: .
pz( 25 , Ty by ) q [msl(t)]qa 27 alv (5 5)
_ [mai(t)]q
p1(xzo, ..., o, t,m) = 7[msl(t)]q , (5.6)
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where si(t) = z1(t) + X2y ;25 for i € {1,2,...,1} and z:1(?) = m~1 Zé.:l Ag?;-) + kt —
> 2<j<; Ti- These follow from (1.26) once we count the number of balls of each color present
at the state (t,x). To do this, we note that z{m = (t, ac) implies that n = mt drawings have
taken place so far, the total number of balls is Agf}) -+ A(m) + kmt, and the number of
balls of color i, for 2 < i < [, is mz;. Thus, the number of balls of color 1 is Agﬁ) 4+ 4
A(m) +kmt —m o ;i = ma1(t). The required relations follow.

Let 1 := limy, 00 1(t) = 07 + kt — Z2§j§l x; and s; 1= limy, 00 8i(t) = Zlgjgz‘ x; for all
i €{1,2,...,1}. Then, since ¢ = c'/™, for fixed (t,xs,...,z;) € [0,00)! with (za,...,2;) # 0,

we have

li i(To, ... x5, t,m) =¥t —= 5.7
mgnoop (x2 i m) ¢ [Sl}c ( )
for all i = 2,...,l. We also note the following.
m 1
Zr(z—‘r)l 1= 7(1,1) = (5.8)
m m m k
E |:ZT(L+)1,’L - ZT(L,’L)‘Z7(7/ ) = (ta T2,. .. 7xl)i| - Epi(x% e 7$lvt7m)7 (59)
m k?
E [(Z,‘H)“ —Zf”)) |ng )= (t,xz,...,xl)} = —pilaa,. . ontm),  (5.10)

fori,j = 2,3,...,0 with i # j.
Therefore, with similar arguments as in the proof of Theorem 1.3, as m — +o0, (Z[:Z)})tzo

converges in distribution to Y, the solution of the ordinary differential equation

dY; = b(Y:)dt,

(5.12)
Yb = (0,@2,...,&[),
where b(t, z2, ..., ;) = (1, b (t,x), b8 (t, x), ..., b(l)(t,:n)) with
b (t,2) = ket [z
[Sl}c
for : = 2,3,...,l. Note that s; = o; + kt does not depend on x.
Since A(" >} + Al e+ Afjgt)]l kmt + ASY + AJY + -+ A we get that
the process ( [mt] 1/ A[(mt] o/ M A A[(mt] ,/m)t>0 converges in distribution to a process

(X1, Xe2, -, Xeg)e>0 80 that Xy 1+ -+ Xy ) = a1 +as+- - -+a;+kt, while the X, ;,i =2,...,1,
satisfy the system
L 1 — Ko
X}, = ke TR me for all ¢ > 0, (5.13)

X()?i = Qay, (5.14)

X ,
with i = 2,3,...,1. Letting Z,; = ¢ Foge 5™ for all 1 € (0,1] and i € {1,2,...,l}, we have
for the Z,;,i € {2,3,...,1} the system

!

r,a gl 1

t = , 5.15
1-Zy; 1—oar Hi<j§l Zr.j ( )

Zl,i =c%. (516)
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In the case i = [, the empty product equals 1. It is now easy to prove by induction (starting

from ¢ = [ and going down to i = 2) that

o171 (1 — %lr) — (1 =)
Lri= 5.17
" em=ai(1 — eoir) — cot(1 — 1) (5.17)

for all » € (0,1]. Since Z, 12,2+ Z,; = c”'r, we can check that (5.17) holds for ¢ = 1 too.
The fraction in (5.17) equals

a (1 —c%r) —c7i=1(1—7r)

(1—cor)—coi(1—r)

(5.18)

Recalling that X;; = (logc)~!log Z.x, we get (1.30) for all i € {1,2,...,1} . [ |

Proof of Theorem 1.13. This is proved in the same way as Theorem 1.12. We keep the
same notation as there. The only difference now is that lim,, e pi(t, z2, ..., z;,m) = x;/s;.
As a consequence, the system of ordinary differential equations for the limit process Y; :=
(t, th, e X“) is (5.12) but with

b (¢, z) = ML

Si

Recall that s; = o7 + kt. Thus, for i = 2,3,...,[, the process X;; satisfies Xé,i = kXyi/(o1 +
kt), Xo; = a;, which give immediately the last [ — 1 coordinates of (1.31). The formula for
the first coordinate follows from X;1 + Xy o + -+ X3, = kt + 0y. [ |
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