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The limit of the operator norm for
random matrices with a variance profile
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Abstract

In this work, we study symmetric random matrices with variance profile satisfying
certain conditions. We establish the convergence of the operator norm of these
matrices to the largest element of the support of the limiting empirical spectral
distribution. We prove that it is sufficient for the entries of the matrix to have finite
only the 4-th moment or the 44 moment, for some € > 0, in order for the convergence
to hold in probability or almost surely respectively. Our approach determines the
behaviour of the operator norm for random symmetric or non-symmetric matrices
whose variance profile is given by a step or a continuous function, random band
matrices whose bandwidth is proportional to their dimension, random Gram matrices,
triangular matrices and more.
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1 Introduction

The problem of understanding the operator norm of a large random matrix with
independent entries is multidisciplinary, occupying mathematicians, statisticians, and
physicists. On the mathematical side, tools from classical probability, geometric analysis,
combinatorics, free probability and more have been used. The problem dates back to
1981, where in [24] the convergence of the largest eigenvalue of renormalized Wigner
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The limit of the operator norm

matrices (symmetric, i.i.d. entries) to the edge of the limiting distribution was established
when the entries of the matrix are bounded. Next, in [3], the authors gave necessary
and sufficient conditions for the entries of a Wigner matrix to converge. The crucial
condition was that the entries should have finite 4-th moment. Similar bounds have
been given to non-symmetric matrices with i.i.d. entries. Then, the difference of the
largest eigenvalue and its limit, after renormalization, was proven to converge to the
Tracy-Widow law in [32]. Later, universality results were established for sparse random
matrix models, for example in [27] for random graphs and in [30] for random banded
matrices. Moreover, sharp non-asymptotic upper bounds for a general class of matrices
were established in [13], [6] and [4], which were generalized to upper and lower bounds
in [5]. The convergence of the operator norm and the value of the limit was established
in [15] and [16] for noncommutative polynomials, with nonrandom matrix coefficients,
of i.i.d. matrices that are GUE or GOE or GSE or Haar or random permutation matrices.
In these works, the elements of the random matrices considered have moments of all
orders.

The models mentioned above can be considered as random matrices with general
variance profile, that is, random matrices whose entries’ variances can depend on
the dimension of the matrix and the location of the element in the matrix. These
models have also drawn a lot of attention lately, see for example [17], [18], where non-
Hermitian models are considered. More specifically, assume that Ay = (ag)), N eNNt,
o
and variance sg) bounded by a fixed number, say 1. Classically, the first question is
whether the empirical spectral distribution of an appropriate normalization of Ay (e.g.,
AN/ v/N) converges to a nontrivial probability measure, as in Wigner’s theorem. Nothing
guarantees that, and one can construct examples where the sequence of the empirical
spectral distributions does not converge. The work [34], using the notion of graphons,
gave conditions on the variance profile sg), i,j € [N], N € INT so that convergence takes
place.

The next, natural, question concerns the convergence of the largest eigenvalue
to the largest element of the support of the limiting distribution. Again, this is not
automatic and requires additional assumptions. It was established in the recent works
[1]1, [22], [28], [21] (whose focus, however, is not this question) for some class of random
matrices with a general variance profile under the assumption that the entries of the
matrices have finite all moments (the last two works assume that each ag) is sharp
sub-Gaussian, the first two assume that for each k¥ € INT there is a constant bounding
the 2k moment of each ag)). In this paper, we generalize these results, i.e., we establish
the convergence of the largest eigenvalue of general variance profile random matrices
to the largest element of the support of the limiting empirical spectral distribution under
general assumptions for the variance profile of the matrices. Regarding the finiteness of

moments, we assume only that sup yen+ ; je[n] E\agj;-’) |t < oo.

is a sequence of symmetric random matrices, with a, .’ real-valued having mean zero

Notation Forany N x N matrix A = (a;;); jein) € RY*Y with eigenvalues {X;(A)}ic(n),

the measure )
pa = Z O (A)
1€[N]

will be called the Empirical Spectral Distribution (E.S.D.) of A. When the eigenvalues
are real, write Ay.x(A) for the maximum among them. We will use the following two
norms on square matrices. For A € RV*Y,

Alop = max Az||2 = A/ Amax (AAT (1.1)
Aoy i=__ o [14sll2 =  Aan (A4T)
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[|Allmax := max l|a;;|. (1.2)
i,J€[N]

It is easy to see that |Alop < N||A||max and if the matrix A is symmetric, then

Al = Ai(A)]. 1.3
[Alop = max () 13)

2 Statement of the results

Throughout this section, (Ay)yen+ is @ sequence of symmetric random matrices
with independent entries (up to symmetry), Ay = (agg ))i’je[N] isan N x N matrix, and
all {a!")

@]
values.

A standard assumption for the sequence is the following (see relation (2.2.1) in [2]).

: N € NT,4,j € [N]} are defined on the same probability space and take real

Assumption 2.1.

N o N
1. Eag,j) =0forall N € N*,4,j € [N], and sup e+ je[n] E|a§’j)|2 < o0.
2. Foranye > 0,
: 1 (N)2
NI N 2%f%mm'1M?2ww}0 @1
ije

This is satisfied in the case that {al(-f;[) :NeNt i,j€[N],i <j}areii.d. with mean

0 and finite variance. But it is not enough to guarantee that the ESD of the appropriately
normalized Ay converges to a nontrivial limit. To state a sufficient condition for this, we
introduce some notation that will be used throughout the work. We let

s = E{ja{Y 2} (2.2)

forall N € N*,i,j € [N] and Vp := supyen+ 1 je(n S0y € [0,00).

Also, let C;, be the set of non-isomorphic ordered rooted trees with k edges (where
k € IN), i.e. all trees with k + 1 vertices, a vertex distinguished as a root and an ordering
amongst the children of any vertex. The ordering amongst the children of a vertex is
arbitrary. The number of such trees is the k—th Catalan number, i.e.,

1 [/2k
|Ck|—k+1(k)a (2.3)

and a trivial bound that we will use is |Cy| < 22,

Given a rooted tree, a popular way to travel through all its vertices is depth-first
search: First, visit the root vy, then pick arbitrarily a child (vertex), say v;, of the root
and visit it. Continue like this (i.e., pick a child v5 of v;) until you reach a leaf. Then
backtrack, that is, return to the parent of the leaf and visit one of its children different
from the leaf (if there is any). Continue like this until you have visited all the vertices of
the tree.

For an ordered rooted tree, the depth-first search uniquely defines a total order on
its vertices. Because when picking a child of a vertex now we agree to choose among
the siblings we have not visited yet the smallest in the order that they have amongst
them as members of the ordered tree. Thus, we list the vertices as vg < v1 < -+ < Vg
with the order by which we visited them in the aforementioned uniquely determined
depth-first search. A labeling of such a tree is an ordered k + 1-tuple (g, ¢1,--- ,¢x) of
different objects, the object ¢; is the label of vertex v;.
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A quantity of fundamental importance for the sequel is the following sum

-y 3 I s (2.4)

TeCyk je[N)*+1 {i,j}eBE(T)
labeling of T

E(T) denotes the set of edges of the tree T. Note that My (0) = N since by convention
the product over an empty index set equals 1. In the development of E{tr(A2%¥)} in terms
of the elements of Ay, assuming that the moments of a( ) of all orders exist, M. ~n(k) is
the dominant term. It is the term that, in the proof of ngner s law through the method
of moments, gives convergence to the semicircle law. In our setting, the limit behavior
of My will be assumed, and it will give the weak convergence of the empirical spectral
distribution of Ay/ V'N.

Assumption 2.2. There is a probability measure p on R such that for each k € IN it

holds My (k)
N
I\}ljgo NE+1 Z/x%d,u(x). (2.5)

A tool for checking this assumption is explained in Remark 2.6 below.

If the sequence (AN )yen+ Satisfies both Assumptions 2.1 and 2.2, then Hay VN = 1
with probability one (see the proof of Theorem 3.2 of [34]). The measure p is symmetric
with compact support contained in [—2/Vj, 2\/V0]. The compactness of the support
follows from (2.5), My (k) < |C|N TV, and |Cy| < 2%F. Let

Lo := SUP SUPP K. (2.6)

We seek conditions under which the maximum eigenvalue of Ay / VN converges to (1o
in probability. An easy argument will give us the lower bound, and since Anax(A4) < |Alop
for any symmetric matrix A € RY*¥, it will suffice to prove the upper bound for the
operator norm of Ay /v/N.

For this purpose, we need stronger assumptions. The following is stronger than
Assumption 2.1.

Assumption 2.3.
(@) Ea\Y) = 0 for all N € N*,i,j € [N],supyen+.ijeElay' > < 1, and
N
SUPNeN+,i,5€[N] E|a§,j)|4 < 00.
(b) For any ¢ > 0 it is true that
lim Y P(la{))| > eVN) = 0. (2.7)

N —o0
,J

Note that condition (2.7) is satisfied if we assume that all {al(-g) :N eNt i j €[N}
have the same distribution with finite 4-th moment.

We gain control over |Ay|op, through the traces of high moments of Ay, and the main
difficulty, which the next conditions (Assumption 2.4 and Assumption 2.7) try to address,
is how to connect these traces with ., which emerges out of {)\;(Ay) : i € [N]} only
after we take N — oc.

Assumption 2.4. For every N € Nt and i, j € [N] it is true that

N . 2N) (2N 2N
SE,J) S mln{sgz 2])’5(27, 1)2_]7 ét 1)2] 1} (28)
For example, this assumption is satisfied if sgg) =h(i/N,j/N) forall N e Nt i j €
[N], where h : [0,1]2 — [0,00) is a symmetric function (i.e., h(z,y) = h(y,z) for all z,y)
decreasing separately in each variable.
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Our aim is to treat models having sgf}/) = h(i/N,j/N) but with A continuous or
piecewise constant function (with each piece of the domain being the product of two
intervals), and then the above assumption is not satisfied. However, we will approximate
appropriately our model of interest with models that do satisfy it, see the proofs of
Theorems 2.11, 2.14 and Corollary 2.15.

The concept of graphon, which we now define, appears naturally in the computation
of the limit in (2.5).

Definition 2.5. (i) We call graphon any Borel measurable function W : [0,1] x [0,1] — R
that is symmetric and integrable.
(ii) For any bounded graphon W and any multigraph G = (V, E), we call isomorphism
density from G to W the quantity

HG, W) ::/ T Wiz [] das. (2.9)
[0,1]|V\{

i,j}EE eV

Now, let (An) nvew+ be a sequence of random matrices with elements having finite
second moment. Each Ay defines a graphon, Wy, through the relation

Wy (x,y) = 3((]1\\;1;},[Ny] (2.10)

for each (x,y) € [0, 1] x [0, 1]. For this relation, [0] denotes 1.

Remark 2.6 (Checking Assumption 2.2). A sufficient condition for the validity of Assump-
tion 2.2 is that (An)yen+ satisfies Assumption 2.1 and there is a graphon W such that
the graphon Wy of (2.10) satisfies W — W Lebesgue-almost everywhere in [0, 1] x [0, 1].

Indeed, the bounded convergence theorem gives that ¢(7, W) — ¢(T, W) for all trees.
Then Theorem 3.2 (a) of [34] shows that the ESD of AN/\/N converges almost surely
weakly to a probability measure u\/W whose 2k moment equals

lim (T, Wy) (2.11)

N—0c0
TeCy

while the moments of odd order are 0. Then, for each T € Cy,

0<HT,Wy)— Y. NI Y=o/, (2.12)
ic[ N+ {i,j}€E(T)
labeling of T'

because t(T, Wy) is simply the same as the sum in the previous relation with the only
difference that i is not required to be a labeling, i.e., it can have repetitions. It follows
that Assumption 2.2 holds. As we remarked after (2.5), u‘/W is symmetric and has
bounded support. Denote by uo\éW the largest element of the support.

An example where W — W Lebesgue-almost everywhere in [0,1] x [0, 1] for some
graphon W, is the one where sgfj) = h(i/N, j/N) for some continuous symmetric function
h:[0,1]> — [0,1]. The limit graphon W is h.

Assumption 2.7. There exists a bounded graphon W such that the Wy of (2.10) satisfies

lim (T, Wy) = t(T, W) (2.13)

N—o00

for any finite tree T. Moreover, for any D > 0 there exists some C = C(D) € (0,00) and
No = No(D) € Nt such that for any N > Ny it holds

[ W) - Wyl dedy < ON7P. (2.14)
[0,1]2
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This assumption together with Assumption 2.3 implies Assumption 2.2 (This will be
explained in Lemma 4.2). Again, we denote by u, the maximum of the support of p.

The assumptions we made so far will lead to convergence in probability of the largest
eigenvalue. Next we give some extra condition, which will lead to the almost sure
convergence of the largest eigenvalue.

Assumption 2.8. (Ay)yen+ IS @ sequence of symmetric random matrices, the entries
of each Ay are independent (up to symmetry), and there exists a random variable X
with mean 0, variance 1, and finite 4 + § moment for some § > 0, which stochastically
dominates the entries of Ay in the following sense

P(|{An}i | >t) <P(IX| > 1), forallt € [0,00), N € NT,4,5 € [N]. (2.15)

We are now ready to present our first main result.

Theorem 2.9. Let (Ax)yen+ be a sequence of matrices satisfying Assumption 2.3. Then
if either Assumptions 2.2 and 2.4 hold or Assumption 2.7 holds, it is true that

Anlo
lim 7| Nop

N = lloo In probability (2.16)

where L., is defined in (2.6). Moreover, if the sequence (An)ycn+ Satisfies Assumption
2.8, the convergence in (2.16) holds in the almost sure sense.

Under the assumptions of the theorem, Assumptions 2.1 and 2.2 are true. Thus, the
discussion preceding (2.6) applies, and p, is defined.

Note that Assumption 2.4 is restrictive and does not cover several of the well-known
and studied models. Thus, in what follows, we try to extend the domain of validity of
Theorem 2.9. We first give two definitions.

For N € N and U C [N]%:

* We call a (z,y) € U internal point of U if {(x + d1,y + d2) : d1,d2 € {-1,0,1}} C U.
We denote by U? the set of internal points of U.
» We say that U is axially convex if (i,j) € U, (i,5') € U,r € [N],(r — j)(r —j') <0
imply (i,7) € U and (i,5) € U, (i',j) € U,r € [N], (r —i)(r —i') < 0 imply (r,5) € U.
Definition 2.10 (Generalized step function variance profile). Let (Ax)yen+ be a se-
quence of symmetric random matrices, Ay of dimension N x N, with each element
having zero mean and finite second moment. Moreover, suppose that there exists an
INT—valued sequence (dn)yen+ With limy_, dy/N = 0 and such that for each N there
is a partition Py := {BEN) i =1,2,...,dy} of the grid [N]? consisting of dy axially
convex sets with the following properties.

(a) If A € Py then R(A) :={(i,7) : (j,1) € A} € Pn.
(b) For any m € [dy] there exists f € [dan] such that

28N BV (2.17)

(c) For any N € N, m € [dy] and i € [N] the line segment {i} x [N] intersects
B,(,ILV) \ (Bfiv))" at most 2 times.

Then if for all (i, j) € [N]? the variance of the (i, j)-entry of Ay is given by

s = >0 s e (2.18)
me[dn]
for some set of numbers {s; };c[4y] SO that s = sch) ifR(B,(nN)) = B](gN), we will call the

sequence of matrices (An)n>1 random matrix model whose variance profile is given by
a generalized step function.

EJP 30 (2025), paper 93. https://www.imstat.org/ejp
Page 6/33


https://doi.org/10.1214/25-EJP1352
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The limit of the operator norm

The following Theorem is a corollary of Theorem 2.9 and gives results of the type
(2.16) for the operator norm of the matrix

* Ax when Ay is a non-periodic band matrix with band size proportional to N or has
a step or continuous profile.

« A NA% (i.e., Gram matrix) when Ay is a rectangular matrix with step or continuous
variance profile.

Details are given after the next theorem and in subsection 8.2.

Theorem 2.11. Let (An)nen+ be a random matrix model whose variance profile is
given by a generalized step function. If it also satisfies Assumptions 2.2, 2.3, and for
every N € IN and (i, j) € [N]? it is true that

sy < shea)s (2.19)
then
A
lim [Anlop _ leo in probability, (2.20)

N—o0 \/N

where L, is defined in (2.6). Moreover, if the sequence (An)yen+ Satisfies Assumption
2.8 the convergence in (2.20) holds in the almost sure sense.

For any N € Nt and any two N x N matrices A, B we will denote by A ® B their
Hadamard product, which is the entry-wise product of A, B, i.e., the N x N matrix with
entries

{A@B}Z] = {A}i,j{B}i,j for all Z,] S [N] (221)

Note that Assumption 2.8 is satisfied if Ay can be written as
Ay =Xy 0 Ay, (2.22)

where A’y is a sequence of symmetric random matrices with i.i.d. entries all following
the same law, with 0 mean, unit variance and finite 4 + 6 moment for some § > 0 and for
each N the entries of ¥y are elements of [0,1].

Next, we study the operator norm of two widespread random matrix models.

Definition 2.12 (Step function variance profile). Consider

a) m € N and numbers {0}, ¢}, qc[m) € [0, 1]™*™ with 0, 4 = 0g,, for all p,q € [m].

b) For each N € IN*, a partition of [N] into m intervals {I,(,N)}pe[m]. The numbering
of the intervals is such that x < y whenever x € I,SN), Y€ LE,N) andp < q. Let L,(,N)
and RéN) be the left and right endpoints, respectively, ofI]gN).

c) Numbers0 =g < a1 < -+ < Qp_1 < @y, := 1. We assume that limy _, RI()N)/N =
a, for eachp € [m — 1].

d) A random variable X, with E(X,) = 0,E(X?) = 1.

For each N € N*, define the matrix Sy € RN*N by (Sn)i; = 0,4 ifi € I8N j € I{V,
and let { AN} nen+ be the sequence of symmetric random matrices defined by

Ay =Sy 0 Ay (2.23)

where A’y is symmetric and its entries are independent (up to symmetry) random
variables all with distribution the same as Xy. Then (Ay)yen+ will be called symmetric
random matrix model whose variance profile is given by a step function.
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Let I, := [oy_1,0) for p € [m — 1], and I,,, := [a,,_1, 1]. These intervals together with
the numbers from a) determine a function o : [0,1]?> — [0, 1] as follows

o(z,y) =0y ifx € Iy € I, (2.24)

We call the function ¢? the variance profile of the model.

Definition 2.13 (Continuous function variance profile). For

a) a continuous and symmetric function o : [0,1]? — [0,1] (i.e, o(z,y) = o(y, x) for all
z,y €[0,1)),

b) a sequence (Xn)yen+ of symmetric matrices, Sy € [0, 1]V*N

, with the property

lim sup [(Xn)i; —o(i/N,j/N)| =0, (2.25)
N—001<ij<N

c¢) a random variable X, with E(X,) = 0,E(X3) =1,

consider the sequence {An}yen+ Of symmetric random matrices, Ay of dimension
N x N, defined by

AN :2N®A3\7 (2.26)

where the entries of A’N are independent (up to symmetry) random variables all with
distribution the same as X,. Then we say that (Ax)yen+ is a random matrix model
whose variance profile is given by a continuous function. Again, we call the function o
the variance profile.

If, in the two models above, X; has finite 4 + § moment for some small § > 0,
then it is easy to see that the sequence (Ax)yen+ Satisfies Assumptions 2.3. It also
satisfies Assumption 2.2 because it satisfies Assumption 2.1 and, in both cases, Wy (z, y)
converges to o2(z,y) for almost all (x,y) € [0,1] x [0,1], so Remark 2.6 applies.

Our result for the model (2.23) is the following.

Theorem 2.14. Let (An)nyen+ be a random matrix model whose variance profile is
given by a step function as above. Assume that Xy has mean value 0, variance 1, and
finite 4 + § moment for some § > 0. Then it is true that

An|o
lim Ao =% as. (2.27)

N—o00 \/N >

The previous theorem together with an approximation result that we prove in Section
7 (Proposition 7.1) has the following consequence for the model (2.26).

Corollary 2.15. Let (An) yew+ be a sequence of matrices whose variance profile is given
by a continuous function. If X, has mean zero, variance one, and finite 4 + § moment for
some 6 > 0, then
: |AN|0P _ ,,0
]Vlgl})OT =pul, a.s. (2.28)

Remark 2.16. 1) Theorem 2.14 covers the cases in the Wigner matrix model [i. e.,
AN = (ai’j)iyje[N] with {ai,j 01 S 1 S] S N7N € IN+} ii.d. with E(al,l) = O,E(CL%J) = 1]
where E(|a; 1|**?) < oo for some § > 0. Recall that the necessary and sufficient condition
for the validity of (2.27) in that model is E(|a; 1]*) < oo.

2) Corrolary 2.15 holds also in the case that the function ¢ of Definition 2.13 is
piecewise continuous in a sense explained in the end of Section 7.
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3 Analysis of high order moments

Assume at the moment that the entries of Ay have finite moments of all orders.
We will relate the largest eigenvalue with a high moment of the measure ux and at
the same time this moment will be controlled by .. In general, for & € NN, it is true that

2k
Etr(A%) = 3 E ( aglNgH) (3.1)
[N]

138D e ennennny 1ok € =1

with the conventions that isi1+1 = 41, when k = 0 the sum is only over i; € [N], and the
product over an empty set equals 1.

Now for a term with indices 41,19, ... 92k, we let i := (i1,492,...,12;) and X (i) :=
Hz 1 ” u+1 For such an i we also use the term cycle. Then consider the graph G(i) with
vertex set

V(i) = {i1,42,...,%2}
and set of edges
({ipyipg1}y:r=1,2,...,2k}. (3.2)

As explained in [2] (in the proof of relation (3.1.6) there, pages 49, 50 or in Theorem

3.2 of [34]), the limit

2k
N R Nk+1 Br(AT)

remains the same if in the sum of (3.1) we keep only the summands such that
the graph G(i) is a tree with k + 1 vertices (3.3)

Then, necessarily, the path i; — is — --- — 49, — i traverses each edge of the tree
exactly twice, in opposite directions of course. Such a G(i) becomes an ordered rooted
tree if we mark ¢; as the root and order children of the same vertex according to the
order they appear in the cycle.

Cycles i that don't satisfy (3.3) we call bad cycles. So, for £ € IN, the sum in (3.1) can
be written as

Etr(A%) = My(k) + By(k), (3.4)

where

My(k) =Y 3 I s, (3.5)
TeCy ie[N]COVLG(1)~T {i,j}€E(G())
By (k) := > EX(i). (3.6)

i€[N]2k:bad cycle

Recall that Cy, are the ordered rooted trees with k edges and G(i) ~ T means that the
graphs are isomorphic as ordered rooted trees. Note also that My (k) has already been
defined in (2.4) but the two definitions for it agree. Also, My (0) = N, By (0) = 0.

The plan is to control the expectation of the trace in (3.4) through an appropriate
bound involving various My (j)’'s. To control the term By (k), we adopt the analysis of
Section 2.3 of [31].

Proposition 3.1. Let Ay be an N x N symmetric random matrix with independent
entries (up to symmetry) and with E(a (N)) =0, 551;7) <1forall N € N,i,j € [N]. Assume
add1t1ona11y that the absolute value of the entries of the matrix are all supported in
[0, CNz~ €] for some ¢ > 0. Then for all N large enough and all integers 1 < k < N it is
true that

k _as (s+1)Ak

L\ 2k—2
B (k Z 4k5 Y- 28( NTE) 3 @RYEHOMy (1), (3.7)

s=1 t=1
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Proof. We bound each term of the sum defining By (k). Take a bad cycle i and let

* t: the number of vertices of G(i),

* s: the number of edges of G(i),

* e1,e9,...,e5: the edges of G(i) in order of appearance in the cycle,
* ai,as,...,as: the multiplicities of eq, es, ..., es in the cycle.

That is, a4 is the number of times the (undirected) edge e, appears in the cycle. Note
that t < s+ 1 (true for all graphs) and ¢ < k because the cycle is bad.

Additionally, in case t > 2, we let T'(i) be the rooted ordered tree obtained from G(i)
by keeping only edges that lead to a new vertex at the time of their appearance in the
cycle. The root is i1 and we declare a child of a vertex smaller than another if it appears
earlier in the cycle. In case t = 1, T'(i) is the graph with one vertex, i1, and one edge
(loop) with end vertices iy,4;. Thus, T'(i) has ¢ vertices and 1V (¢t — 1) edges.

To bound |EX (i)|, notice that if any of a1,as,...,as is 1, we have EX(i) = 0 by
the independence of the elements of Ay and the zero mean assumption. We assume
therefore that all multlphcltles are at least 2. Using the information about the mean,
variance, and support of |a | we get that for any integer a > 2 it holds E(\a \ ) <

(C1NV2=2)e=25N) Thus

E‘X(i)| _ H E|Xeq|aq < (CN1/275)a1+-'-+a5725 H E];f) (3.8)
q=1 {i,J}€E(G®{))
< (ON1/276)2k72s H Ejj) (3.9)

{i,7YeE(T (1))

In the second inequality, we used the fact that sgg) € [0,1] for all ¢, j, N. For integers
s,t>1,a1,...,as >2and T € C;_1 let

N _ the number of bad cycles with 7T'(i) ~ 7', indices 1,2,...,t, (3.10)
Traaz,58: = gppearing in this order, and edge multiplicities a1, as, . . . , as. )

Using the bound on N7 4, 4.,,...,«, Provided by Lemma 9.1, we obtain

k kA(s+1)
LNCIES D oD D2V A D o @
s=1 t=1 ai,a2,...,as i€[N]
+lz2 Y, Nrojasa D 11 ﬁ@”} (3.12)
TeC; 1 i€[ N2k T (i)~T {i,j}€E(T(i))
k kA(s+1)
< Y X e REUED (3.13)
a1,az2,. i€[N]
+1ls2 Y Nrayasea > 11 sgfj.)} (3.14)
TEC,_4 i€[N]2(t=1.T(G)~T {i,5 Y€ E(T(i))

kA(s+1)

k
SZ Z Z CNI/Q s 2k— 29(4k4)4(§+1 t)+2(k— S)M (t—l) (3.15)
s=1

t=1 ai1,a2,...,as

We used here the fact that s( ) <1, so that Diel (N) < N = My(0). The inside sum in
(3.15) is over all s-tuples of 1ntegers a1,0a9,.. a5 greater than or equal to 2 with sum
2k. By subtracting 2 from each a;, we get a s-tuple of nonnegative integers with sum
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2k — 2s. The number of such s-tuples! is ((2 kf% )) (combinations with repetition), which

is at most s2(k=5) < k2(k=s) Thus the above sum is bounded by

k kA(s+1)
Z(4k5)2(k—s) (CNl/Z—E)Qk’—QS Z (4k4)4(s+1_t)MN(t _ 1) (316)
s=1 t=1 O

Proposition 3.2. Let (Ax)ven+ be a sequence of symmetric matrices and R > 0 so that
the sequence satisfies Assumption 2.3 and the following condition ~(R):
For each C; > 0 there are C, > 0 and Ny € INT such that

My (k) < CoNFT1 Rk (3.17)

forall N,k ¢ NT with N > Ny and1 < k < C;logN.
Then for each € > 0, it holds

lim P (MjNLP > R(1 —|—€)> =0. (3.18)

N —o0

Proof. Fix 7 € (0,1/8) and define the N x N matrices A%, A3 by

(AF)ij = a1 (3.19)

1
B Tag SN2

— oM
(A;)i,j = am 1‘ai,j‘>N%7" (320)

for all 4,j € [N]. For a random matrix H := (h; ;), EH denotes the matrix whose (i, j)

element is Eh; ; provided that the mean value of h; ; can be defined. Note that

1 1
VN VN

We will bound the three terms in the right hand side of the last inequality. For the first
two, we use only Assumption 2.3 and the arguments in the proof of Theorem 2.3.23 in
[31].

1) The term N~ 2 |E(A3)|op is a deterministic sequence that converges to 0 because,
(N)

.3

|AN|op < (|A1Sv - EA]SV|0P + |EA%‘OP + |A§|0p> . (3.21)

since a is centered, we have

(BAR)i 5 = |(BAR)i 5] < N73G77 sup max Bla{})|*. (3.22)
N %] ’

And using the inequality |Clop, < N||C||max, We get that

IE(AF)]op < N*1~% supmax Elaly[* Y37 0.
N %] ?

2) The term N~ 2 | A% |op converges to 0 in probability. Indeed, for any d; > 0,

P(|A3 |op > 81V N) <P(|a{)| > 6,V/N for some i, j € [N]) (3.23)
+P(|AZ |op > 01VN and |a'| < 6,V/N foralli,j € [N]). (3.24)

The first quantity goes to zero as N — oo because of (2.7). For the second, it is an
easy exercise to show that if each entry of a matrix M has absolute value at most a

1The number of n-tuples of nonnegative integers that satisfy 1 + 2 + - - - + z,, = k equals the number
of combinations of k elements with repetition among the elements of []. This number is (7)) := ("),
which is at most n*, the number of ordered k-tuples with elements from [n].
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and each row and column of M has at most one non-zero element then |M|,, < a (use
the expression | Mo, = SUp,;||z,=1 ||Mz||2). Consequently, the probability in (3.24) is at
most

N
SN Plaig] > N fagg,| > N2 (3.25)

1=11<71<j2<N

N
+Z Z P(|a’i17j

J=11<11<ie<N

N
N> supyen+ e (Bllaly 1)) _ 1

> N3 |ag, ;| > N277) (3.26)

(N)47y2 N=xoo
- < = sup  (B{|a;;’[*})* =7 0.
N4=8n N8 Nent i je[N]

=
2

(3.27)

We used the independence of the entries in each row or column and Markov’s inequality.
3) To deal with |A%, — EAY|op, we will use Proposition 3.1. Let

Ay = A5 — EAY, (3.28)
S5 — B{(AN)2,}. (3.29)

7.7
Proposition 3.1 applies to Ay because any element of the matrix, say (le)»J, has
zero mean and variance s( s < E{(A )2} <E(4%) = (N) < 1. Thus, if we denote by
My (m) the terms (2.4) form € [N] and for the matrix Ay, we will have My (m) < My (m)
for all m € IN, and Proposition 3.1, gives that forany 1 < k < N,

- k L\ 2k—as TDAE
Etr(AY) < My (k) + ) (4k%)%* 2 (2]\75_’7) D> (RH I (t— 1) (3.30)
=1

t=1
Now fix C; > 0, its value will be determined in (3.36) below. For 1 < k < Cylog N,

k _as (s+1)Ak
Etr(Af) < CoNFH R 4 Oy (4k°)2F 2 (2N%—")2k ’ (4K H+1-0) Nt R2(-1)
s=1 t=1

(3.31)

Next, we focus on the second summand in the right hand side of the previous inequality
for N large enough. In the sum in ¢t we factor out (4k*)***)) R=2, and in the resulting
sum of geometric progression with ratio a larger than 1 we use the bound a + a% + --- +
atON < q(stDAE Thus the sum in (3.31) is bounded by

k _ (s+1)Ak
i 5\2k—2s %777 2k 4\4(s+1) NR2
Cos S§:1(4k ) <2N ) T 4k o (3.32)
5
= BORTNE (R 4 Cym (VR Z (NifRQ ) (3.33)

< 28C2k17Nk(R2)k71 +27C2]€11(R2)(k 1) Nk+1 2n < 29C2k17Nk+17277R2k72 (3.34)

[in summing the geometric series in (3.33), we used the bound ¢+ c¢? + --- + ¢ < 2cif
0 < ¢ < 1/2]. Thus, returning to (3.31),

Etr(A%) < NFTIR™ {1 + o(1)}?*, (3.35)

with o(1) depending on R, Cy, Co, 7.
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Fix ¢ > 0, pick
2+¢

> — 3.36
' log(14¢) ( )
and apply the above for k := [C; log N]. Relation (3.35) implies
|AN|op |AN (2)1; 2k 2k 1 1 1|2k
P|—— > R(1 <P > 1 < ——F——-—E|A
( N >R(1+¢e)) < NF > R™(1+¢) = R2(1 +¢)2k NF [ Anlop
1+0(1)\* 1
<N|——+2 =0
< () ).
(3.37)

for any N large enough. The last equality is true because of the choice of k and ;. O

A tool for proving almost sure convergence of the sequence |Ayx|op/V N is the follow-
ing lemma.

Lemma 3.3. Let (An)ven+ be a sequence of matrices, Ay is N x N, and R > 0 so that
the sequence satisfies Assumption 2.3(a), condition ¥(R) (see statement of the previous
proposition), and Assumption 2.8. Then

<R as. (3.38)

lim sup
N—oc0

|AN|0p
N

Proof. Pick n € (0,1/8), its exact value will be determined below, and define the matrices
AJSV, EAJS\, as in the proof of Proposition 3.2. The proof will be accomplished once we
show that

AR o
limsup —— < R, a.s., and (3.39)
N P VN
P (AN #* A% for infinitely many N) =0. (3.40)

Proof of (3.39). Since ¥(R) holds for the sequence (Ay)n>1, the proof of Proposition
3.2 (the part with heading 3) shows that

A5 — BAS
lim sup M < R a.s. (3.41)
N VN
because the upper bound in (3.37) is summable with respect to N. In the same proof, it

is shown that

[EAR |op

lim sup =0a.s.

N
Using these two facts and the triangle inequality we get (3.39).

Proof of (3.40). Let X be the random variable that stochastically dominates the
entries of Ay in the sense of (2.15). Let Xy be a sequence of symmetric random
matrices after an appropriate coupling such that for all N € IN and ¢, € [N] it is true
that

jal < 1(Xn )i (3.42)
and the entries of X are independent up to symmetry and all following the same law as
X. It is an easy exercise to show that for any a,c > 1 and Y real valued random variable
we have

o0
Y dP(Y] > ) < ﬁE{Wﬁ%Z}. (3.43)
k=1
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Using this inequality and the fact that the random variable X has finite 4 + § moment,

we get that all n < 25 satisfy

D 22mP(|X] 227 07) < 0. (3.44)

m=1

Thus, picking in the beginning of the proof an arbitrary n with 0 < n < (1/8) A (6/(4+9)),
we have

P (AN #* A% for infinitely many N) (3.45)
=P ( for infinitely many N there are i,j € [N] : |a§’]j)| > CN%‘"> (3.46)
<P ( for infinitely many N there are 4,5 € [N] : |X1(J]V)\ > CN%_") (3.47)
=P (XN #* XI% for infinitely many N) . (3.48)

In the third line, the inequality is a consequence of (3.42), and the matrix X]% is the
matrix whose (¢, j) element is (XN)i’jl\(XN)f |<onb The convergence of the series in
(3.44). implies that the probability in (3.48)?5_0 (see [2], pages 94 and 95) and finishes
the proof of (3.40). O

4 Proof of Theorem 2.9

As we mentioned just after the statement of the theorem, the discussion preceding
(2.6) applies. There is a compactly supported, symmetric probability measure y on R
such that p, /YN = B as. This implies that

. . AN |op
—_— > .S. .
thlnf ~ 2 oo @.S “4.1)

To see this, take arbitrary § > 0, and define the bounded and continuous function
f(z) == max{d — |z — peo|, 0} for all z € R. Then

_ s _ P |AN‘0p
1—P<Nl£noo/fd,uAN/\/ﬁ—/fdu) gP(lllenf\/Nzuoo—é . (4.2)

The inequality holds because [ fdu > 0 by the definition of ji.. This gives (4.1) with the
right-hand side replaced by po, — 4. Let then § = 1/r with r € N and take r — oo.
So in order to prove Theorem 2.9 one needs to prove that

Al (4.3)

lim sup
N

in probability. By Proposition 3.2, it is enough to prove that condition X (u.) is satisfied.
We will prove condition ¥(u..) separately for each of the Assumptions 2.4 and 2.7 in
the next two lemmas.

Lemma 4.1. Let (An)yen+ be a sequence of matrices that satisfies Assumptions 2.2,
2.3, and 2.4. Then for every k, N € INT such that k < N it is true that

My (k) < Nk+H1L,2k

In case uo, > 0, the inequality is true (as equality) for k = 0 also.
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Proof. Fix N,k € NT withk < N andatreeT € Ci. Then, foreachd := (dy,ds,...,dxs1) €
{—1,0}%*! consider the function

¢d . [N}k-ﬁ-l N [2N]k+1

with
b (1,02, yigg1) = 2 (41,92, o igg1) + (di,doy -+ digr)

for all iy,42,...,ix+1 € [N]. Each ¢4 is one to one and, for different vectors d,d’ €
{-1, O}’““, the image of ¢q is disjoint from that of ¢g-. If G is a plane rooted tree whose
vertices in order of appearance in a depth first search are (i1,1i2,...,ik+1) € [N]’““, and
da(i1,i2, .- ik+1) = (J1,J2,- -, Jk+1), we denote by ¢q(G) the plane rooted tree with
vertex set {j1,jo,...,Jk+1}, root ji, and edges {{j.,j»} : {a,b} is an edge of G}. Note
that if all coordinates of i € [N]**! are different, the same is true for the coordinates of
pa(i).
Lastly, by assumption 2.4, for any 7 € Cy,i € [N]?* such that G(i) ~ T and d €
{—1,0}*+1, it is true that
st < 11 s (4.4)
{i,i}€E(G(1) {i,7}€E(0a(G(1)))

So if one sums over all possible trees in Cj, and d € {—1,1}¥*1, (4.4) implies that

XMyt = D > I 7

de{—1,0}k+1 TEC, ie[N]2F:G(1)~T {i,j}€E(G(i))

< Y ¥ % [T s < Man(h).

de{—1,0}k+1 TeCy ic[N]2k:G(1)~T {i,j }E E(da(G (1))

(4.5)

By applying (4.5) inductively, one can prove that for fixed N, k € IN the sequence
Gm = Momn(k)/(2™N)* m e N

is increasing in the variable m. So by (2.5) it is true that

sup ¢, = lim ¢, = /x% du(z) < p2k.

m m— o0
In particular, ¢y < p2¥, completing the proof. O

Lemma 4.2. Suppose (An)nyen+ IS @ sequence of matrices such that Assumptions
2.3, 2.7 hold. Then for each C; > 0 there is Cs > 0 such that

My (k) < CoNFT1y2k (4.6)
forall N e Nt and1 < k < CylogN.
Proof. Note thatfor1 <k < N,
1 -
o M (k) < > / ( 11 WN(xi7xj)> deyday - - degy, = En(k). (4.7)
Tec, Y0 N ver(m)

The inequality holds because the left hand side results if on the right hand side we
restrict the domain of integration to the union of the sets Hf;l ((i —1)/N,i,./N] where

all iy,42,...,ig+1 € [N] are different. Thus, it is enough to show (4.6) with the left hand
side replaced by N¥T1Zy (k).
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Fix T € Cj and enumerate the edges of T in the order of first appearance during
a depth first search algorithm, see the conversation after (2.3). For {i,j} € E(T), let
{7, j}ora be its enumeration. Then for any integer ! € [0, k] define the following quantities.

,ug\l,)(k, T)= / H Wi (x:,x5) H W(x;, x;)deides - - - degyr. (4.8)
(0.1¥+1 ¢ Ve E(T): {i,5}EE(T):
{iaj}ordgl {i7j}0rd2l+1
Note that
STk T) = por, D k) = En(k) (4.9)
TEeC, TEC,

Fix D > 0. Since all the variances are uniformly bounded by 1, Assumption (2.14) implies
that there exists some Ny(D) and C' > 0 such that for N > Ny(D) andany 1 <! <k < N
it is true that

l - 1
1y (k. T) = ™ (kT < / Wi (a,y) = Wa,y)dedy < Op. (4.10)

[0,1]2

Consequently, since |Cy| < 22¥, for k < N we have

k
En (k) =zl < 0[S 6, T) = VT @.11)
TeC =1
k
. - Ck22k
< D0 YN kT VR T < 5 (4.12)
TeCy I=1

Pick any D > —2C1 log(jto/2). Then there is Nj, € NT, N > Ny(D) such that Ck22¥ /NP <
p2k forall N > Njand 1 < k < C; log N. And since por < p2¥, we will have =y (k) < 2u2k
for the same N and k. If we choose a constant C5 > 2 so that (4.6) is satisfied for
N € [Nj] and 1 < k < Cilog N, then we will have (4.6) for all N, k claimed. O

4.1 Proof of almost sure convergence under the additional Assumption 2.8

We already have the almost sure lower bound of (4.1) for the liminfy_,o [An|op/ V'N.
It is enough to show that, with probability one, limsupy_, . [An|op/VN < fieo. This
follows from Lemma 3.3, whose assumptions are satisfied, with R = u,, because, under
both scenarios of the Theorem, assumption () holds.

5 Proof of Theorem 2.11

The plan is to write the matrix Ay as Ag\l,) + A§3> so that for the (good part) sequence

{AS\I,) }~>1 we can apply Theorem 2.9 while for (the bad part) {AS\Q,)/\/N}Nzl the operator

norm will tend to zero. The good part contains points that are interior to some “island of

constancy” of the variance, that is, one of the sets B%V) described in Definition 2.10.
Let

Dy = {(i,7) € [N]?*: there exists m € [dy] : (i,7) € (BN))°}. (5.1)

Then define the matrices

1
(AW} =10 pepn (AN}, (5.2)
2
{ADYi) = Lajgon{An i (5.3)
EJP 30 (2025), paper 93. https://www.imstat.org/ejp

Page 16/33


https://doi.org/10.1214/25-EJP1352
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The limit of the operator norm

The proof follows from the triangle inequality for the operator norm and the following
two statements, which we are going to prove next.

AR
lim —~_°® —( in probability. (5.4)
N—oco
AR _
N T = e (5.5)
Proof of (5.4). For any k£ € IN denote by M](\,Q)(k) the quantity (2.4) but with the role of

Ay played by A(2), ie., 55];’) is replaced by sgf]” 1(; j)¢p, By Proposition 3.2 it is sufficient

to prove that for any constant C; > 0 it is true that for any k£ < C; log N,
MP (k) < N(8dy)F. (5.6)

This is true because each product in (2.4) is at most 1, then the inner sum has at most
N(2dN)’“ non zero terms [there are N choices for 71, and then, for each choice of ¢; there
Efvl)z # 0 due to condition (c) of Definition 2.10,

and the same restriction holds for i3, ...,%x,1] and the outer sum has |C;| < 4* terms.

are at most 2d choices for i, that have s

Proof of (5.5). We will show that Theorem 2.9 can be applied to the sequence {A%)}Nzl.
First we prove that
YN = 4 in probability as N — oo. (5.7)
N

As remarked after relation (2.5), p An/VN = H in probability as N — co. Then, from a
well known inequality (Corollary A.41 in [2]), the Levy distance between p An/VN and
OV is bounded as follows.

N

1 1 1 2 1

i,JE[N]

The expectation of the rightmost quantity is at most N~"2N2dy (since each row of AS\Q,)
has at most 2dy elements that are not identically zero random variables and these
random variables have second moment at most 1), which tends to 0 as N — 0 because of
the assumption on dy.

Then the sequence {4} y> satisfies:

+ Assumption 2.2 with the same measure as { Ay }y>1. This follows from Lemma 9.2.
Assumption (c) of that lemma is satisfied because of (5.7).
¢ Assumption 2.3. This is clear.

 Assumption 2.4. Indeed, fix (i,5) € [N]2. If (i, j) € Dy, there exists some m € [dy]
such that
{(i+di,j+do): diydy € {=1,0,1}} € BLY.

Then Assumption (2.17) implies that there exists some f € [d2y] such that
. . (2N)
{(2Z+d172j+d2):d17d2€{_21072}}g8f .
But since BE}N) is axially convex (see before Definition 2.10), one can conclude that

{(2i+d1,2j + d2) : di,dp € {~2,-1,0,1,2}} € BPY.

Now since (k,¢) — s,(f’év)

claim follows.

is constant in B?N) [see (2.18)] and we assumed (2.19), our
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Thus, all the Assumptions of Theorem 2.9 hold for A(l), and hence (5.5) holds.
Almost sure convergence under the additional Assumption 2.8. Using Lemma 3.3, we
will prove that

AR op
lim su P < oy a.s. (5.9)
N~>oop \/N K

AR
1imsup% <e¢ a.s. forany e > 0. (5.10)
N—oo

And these are enough to prove our claim.

Notice that the validity of Assumptions 2.3(a) and 2.8 for the sequence (Ayx)yen+ im-
plies the validity of the same assumptions for the sequences (A%)) ~Nen+ and (Ag\?)) NEN+-
As was mentioned above, the sequence {A%)} ~>1 satisfies Assumption 2.2 with the
same measure as {Ay}ny>1. And then Lemma 4.1 implies that the sequence (Ag\l,)) NeN+
satisfies condition ¥ (i), while (5.6) and limy_, o, dy/n = 0 imply that, for any € > 0,
the sequence (AE\Q,)) ~en+ satisfies condition X(e). Thus, Lemma 3.3 applies and gives
the desired inequalities.

6 Step function profile. Proof of Theorem 2.14

Proof of Theorem 2.14. The inequality liminfy_ o |[An]|op/ VN > nZ, almost surely is
justified with the same argument as (4.1) with the only difference that here we have
Py VN = ©? a.s., and so the inequality will be true in the a.s. sense.

For the reverse inequality, we will apply Lemma 3.3. To check Assumptions 2.3(a)
and 2.8, required by that lemma, note that the (i, j) element of Ay is of the form ¢, ;X

for a constant 0, ; € [0,1] and X £ X,, and clearly X, can play the role of X in relation
(2.15). We will prove that (Ay)yen+ satisfies condition X(c) for all ¢ > o, and this will
finish the proof.

Define the matrix 3y € RV*N by

A .. a1+ (1/N)<i/N < a, and

(BN)ij = Opg if ag_1+ (1/N) < j/N < ag, 6.1)
and Ay := 2N®A§V.
Also, let
R(N)
EN :—max{ ;ap’:pE[ml]}. (6.2)

By Definition 2.12, it holds limy_.c ey = 0.
Claim 1: a) With probability one, AN/\/JV has the same limiting ESD as AN/\/N.
b) For AN, Lemma 4.1 applies.
Consequently,
My (k) < N*¥(ug)** (6.3)

foralll <k < N.

Proof of Claim 1:

a) This is true because by Theorem A.43 in the Appendix A of [2], the Kolmogorov
distance between By VN and [N is at most

1 ~ 1 _ N —00
Nrank(AN—AN) < ~™ Z {|RI(7N) — Nay| +1} <m*(ey + N"H 370, (6.4)
pE[m—1]
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b) Assumption 2.3 is satisfied because E(|X,|**°) and 0, , < 1 for all p, ¢ € [m]. To show
that Assumption 2.2 is satisfied, we repeat the argument just before the statement of
the Theorem. For the sequence (AN)NEN+, the corresponding Wy (x,y), as N — oo,
converges to o2(z,y) for almost all (z,y) € [0, 1]°. Assumption 2.4 is satisfied because if
for some i, j we have Var[(AN)l 41 >0, then this equals a , for the unique p, g as in (6.1).
Then

22'_le[ + i i)ﬁe[ TS ) (6.5)
oN ST oN W TN gy St T N ) ‘
25 —1 1 125 1
N €1t gy % gy ) gy € Lt i ad). (6.6)
Thus, (2.8) holds as equality.
Claim 2: There is 6 € (0,00) so that My (k) < e?*+Den Ny (k) for all k < N.
Proof of Claim 2: Define the following sets of indices.
AN =T A a1 N +1,0,N), (6.7)
AN =y, A, (6.8)

When p = m, the interval in the intersection becomes closed on the right also. Then

My (k) < My (k) (6.9)
YYD 1(il¢A(N) ifl € Jand i € A ifl¢J) I s
0#£JC[k+1] TECY i1-+irpt1 {i,7}€E(T)
(6.10)
=My(k)+ > > > a(T, J,my,ma, ..., Mgt1) (6.11)

0AJC[k+1] TECK my,...,mpp1 €[m]FH1

where a(T, J,my ---my11) is defined as

3 10 ¢ AN if L e Jyip € AN AEL¢ T, (ig)peppyydistinet) ] st
i1EI$n]\§),~vvik+1€IT(nj\;CL_1 {i.5}€E(T)
(6.12)
Note that
> > a(T,0,myq - mpi1) < My (k). (6.13)
TeCk my,ma--mp41 E[m]Ft1
We will show that for some constant § = 0(1y, I, ..., ;) € (0,00) we have
a(T,J,my - mgp1) < (HEN)‘J‘a(T, 0,ma, - mpi1)- (6.14)
In the definition of a(T, J, m1, ma, ..., mg41), the product is common to all summands

[recall the rectangles of constancy of the map (7, j) — sg)]. We write a(T, J,my -+ - mg11)

EJP 30 (2025), paper 93. https://www.imstat.org/ejp
Page 19/33


https://doi.org/10.1214/25-EJP1352
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The limit of the operator norm

and a(T,0,mq,...mgy1) as

> 1(i € A™) for 1 ¢ J, (ie) ey distinet) (6.15)
ieIS) for £¢J
x> 13 ¢ AW forl € J, (ig)gepsydistinet) [ sgfj)}, (6.16)
ig€Iyy) for b€ {i.j}eB(T)
> (i € A™) for I ¢ J, (ie) e 7\ distinet) (6.17)
ieeI(D) for 6¢J
X ST 1 e A™ forl € J, (ig)pepsdistinet) ] sty >} (6.18)
ieGIf,f\? for ¢€J {i,5}€E(T)

We will compare the inner sums in the two expressions. Notice that there are Cy,Cy > 0
that depend on aq,as, ..., a, only so that

IAM| > C1N, (6.19)
[INNAN)| < Coen N (6.20)

for all p € [m]. For each fixed collection (iz)s¢, the sum in (6.16) is at most (Coen NI

while the sum in (6.18) is at least (C; N/2)!/I. The ratio of the first over the second bound
is (2Coen/C1)V1. Thus, we get (6.14) with 0 := 2Cy/C.

Taking into account (6.14) and (6.13), we get that the second summand in (6.11) is
bounded above by

k1 ) K A
S Nn(k)Oen) :M;vl)(k)z( )wmt i {(1 400 1)

t=1 JC[k+1]:]J|=t i\t
(6.21)

Consequently, My (k) < (1 + Oen)Ft My (k) < e?*+Den My (k), and this proves
Claim 2.

Now, combining this with (6.3), we get that condition 3((1 + €)1 ) is satisfied for
each e > 0. O

7 An approximation result and proof of Corollary 2.15

Proposition 7.1. Let (Ax)yen+ be a sequence of symmetric random matrices, Ay of
dimension N x N, of the form
Ay =3N 0 Ay, (7.1)

where Xy € [0,00)¥*N and A’ is a random N x N symmetric matrix with independent
entries (up to symmetry) all with zero mean and unit variance.

For everyn € IN* consider a sequence (') ye+ of matrices, with £(7 € [0, 00) VY,
and define

Ag\?) = Zg\?) ® Ay, foreach N € N, (7.2)
(a) Assume that

(i) the sequence (Aly)nen+ satisfies Assumption 2.3,
(ii) for each n € IN* it holds

(n)
: |AN ‘op . eye
1 2N o () i probability, 7.3
m N Moo’ 1N D Y, (7.3)
where ,ug.f) is a finite constant,
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(iii)
lim p) =: js € R, (7.4)
n— o0
(iv)
lim limsup |[Xx — E%‘)\max =0. (7.5)
n—00 N_oco
Then 4
Jim |\}%°P = s in probability. (7.6)

(b) Assume that, in addition to the assumptions of (a), the convergence in (7.3) holds in
the a.s. sense and Assumption 2.8 holds for the sequence (Ay) ven+. Then the limit in
(7.6) holds in the a.s. sense.

Proof. (a) Fix € € (0,1/2) and ng large enough such that for every n > ny it is true that

ltoo — p{V| < € and limsup |Sy — 25\7)|max <e.
N —o00

Fix an n > ng. There is an Ny = Ny(n) € Nt so that |Sy — E%L)|max < e?forall N > N.
Then for N > Ny we have

|ANop ’ > <‘AN|op (n)
p|Axee ) b)) <p (B0
(‘ N " N

> 45> (7.7)

A _A(n)0 A(n)0

The last term in (7.8) converges to zero as N — oo due to (7.3). For the previous term
we will apply Proposition 3.2. Notice that the sequence (Ay — AS{,”)) Nen+ satisfies

* Assumption 2.3 because (Ay — Ag\’;))i,j = (En)ij; — (ES\?))”)(A’N)” and |(Ay —
AW, 1 < [(Aly)i,] (for all N € IN* i, j € [N]) and we assumed that (A)yen+
satisfies Assumption 2.3

« condition X(2¢) because if, for t € Nt with ¢ < N, we call M) (¢) the quantity
defined in (2.4) for the matrix Ay — AS\?), and note that the (i,j) element of
Ay — Ag\?) has mean zero and variance {(Xy);; — (E%))iyj}z, we obtain that

Mig(t) < N'22 (1S — S0 | a)® < NUFL(22)0 (7.9)

Since 3¢ > 2¢(1 + ¢), Proposition 3.2 implies that the penultimate term in (7.8) goes
to zero as N — oc.

(b) It is enough to prove that with probability 1 it holds lim x_, ‘Aw% < 1. Because
of (7.3) (holding a.s.) and (7.4), it is enough to prove that for all € > 0 and all n large
enough, with probability 1, it holds

(n)
i Ay = AN o
N—o0 v N -

To prove this, we will apply Lemma 3.3. Take ng so that for all n > ng it holds
lmsupy o |Sn — S0 |max < 2. Now fix n > ng. There is Ny = Ny(n) € N* so
that |[Xy — 25\7)|max < g2 for all N > Ny. Then the sequence (Ay — A%L))NZNO satisfies
Assumption 2.3(a) as we saw in part a) of the proposition, Assumption 2.8 (because A’y

(7.10)

does so and |Xy — 25\7)|max < 1), and assumption 3(2¢) because of (7.9). Then Lemma
3.3 gives the desired inequality. O
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Proof of Corollary 2.15. We will apply Proposition 7.1(b) for the sequence (Ax)yen+-
The sequence (A’y) yen+ Mentioned in that Proposition is exactly the sequence (A'y) yen+
of relation (2.26) and it satisfies Assumption 2.3 because for it the discussion following
Assumption 2.3 applies (X has finite fourth moment).

For each n € INt, we define the following obvious approximation to o.

oM (z,y) = n2/ / o(a,b)dadbif (z,y) € I, x I, for k, £ € [n], (7.11)
I J1,
where [}, := [kgl , %) for k € [n — 1] and I, := [(n — 1)/n, 1]. Then, we define the matrices

Zg\?) through the relation (E%L))iyj = o™ (i/N,j/N).
For each n € IN*, the sequence of matrices (25\7) ©® A’y )n>1 satisfies the assumptions
of Theorem 2.14. Consequently, as N — oo, the sequence (:U'A(")/\/N)NEJN"' converges
N

almost surely weakly to a symmetric measure, say u("), with support contained in
[—uéﬁ), ugz)} and (7.3) holds in the a.s. sense. In a claim below we prove that condition

(7.4) is satisfied. Finally, to check (7.5), note that
(E3)ig — (B8)ig| < (S8)iy — o(i/N,j/N)| +|o(i/N,j/N) = o' (i/N, j/N)|. (7.12)

In the right hand side of the last inequality, the first term converges to zero as N — oo
due to (2.25), and the second term is at most the supremum norm of o — o™ which
goes to zero as n — oo because o is uniformly continuous in [0, 1]2. Thus, Proposition
7.1(b) applies and completes the proof.

Claim: Condition (7.4) is satisfied.

We modify the proof of Lemma 6.4 of [28]. Call i the weak limit as N — oo of NG

then Fl, FI(V") the distribution function of Py /N and Bt ) x respectively, and F, F(")
N

the distribution function of u, u(”) respectively. Let

Ani S Ange <o < Ann,

AL S AR, < <A

the eigenvalues of Ay /vV/N, Ag’;) /v/'N respectively.

Let e € (0,1/2). There is ng = ng(e) so that for all n > ng it holds limsup_, ., [Zn —
25\7)|max < 2. Take now n > ny fixed. There is Ny = Ny(n) € INT so that |Xy —ZS\T,L)|maX <
g2 forall N > Ny. As explained in the proof of Proposition 7.1, limy ., P(|Ax —Ag\?) lop >
3ev/N) = 0. There is sequence (N)x>1 so that in a set . of probability 1, eventually for
all k we have |Ay, — A5&)|0p < 3ey/Nj. Since

ma D)5 = Al < A, = AR lop/ VN
in Q. (the inequality is true by Theorem A46 in [2]), we will have eventually for all k € IN™
that
F(a—3¢) < Fy,(a) < Fy(a + 3¢) (7.13)

for all a € R. From here, using the convergence as N — oo of Fiy to F' and of F](V") to
F("), we have that for all a € R it holds

F(™(a—3¢) < F(a) < F™(a + 3¢). (7.14)

[First we get this for all a outside a countable subset of R and then using the right
continuity of F, F(™ we get it for all a € R.] This implies that [z — pe| < 3¢ and
finishes the proof of the claim. O
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Remark 7.2. The above proof easily generalizes to the case that the function o is
piecewise continuous in the following sense. There are m € NT, 0 = ag < a; < --- <
am—1 < Gy, = 1 so that letting I, := [ap—1,0a,) forp=1,2,...,m —1, and I, = [am—1, 1]
the function o|I, x I, is uniformly continuous for all p,q € [m] (i.e., when o extends
continuously in the closure of each rectangle I, x I,. Recall that to handle the last term
in (7.12) all we needed was the uniform continuity of o.

8 Examples

8.1 Random Gram matrices

Let (Xn)nen+ be a sequence of matrices so that Xy is an M(N) x N matrix with
independent, centered entries with unit variance, and M : Nt — INT a function with
limpy o0 w = ¢ € (0,00). It is known that the empirical spectral distribution of
X XT, after rescaling, converges to the Marchenko-Pastur law j3;p [29]. Moreover, the
convergence of the rescaled largest eigenvalue to the largest element of the support of
uarp has been established in [33] under the assumption of finite fourth moment for the
entries. However, some applications in wireless communication require understanding
the spectrum of X X7T, where X has a variance profile, see for example [25] or [19].
Such matrices are called random Gram matrices. In this subsection, we establish the
convergence of the largest eigenvalue of random Gram matrices to the largest element
of the support of its limiting empirical spectral distribution for specific variance profiles.
Firstly we give some definitions.

Definition 8.1 (Step function variance profile). Consider

a) m,n € Nt and numbers {0} ¢} pcim],qc[n) € [0,00)™".

b) For each K € N, two partitions {I,(,K)}pe[m], {J;K)}pe[n] of [K] in m and n intervals
respectively. The numbering of the intervals is such that x < y whenever x €
19y e 18 orw € 19y € T with p < q. Let LIS and RIS®) be the left and
right endpoint respectively ofII(yK) and similarly LJISK) and RJZSK) for JIEK).

c) Numbers0=qap < a1 < -+ < Qup_1 < Qq := 1. We assume thatlimy;_, RIZ(,M)/M =
«a, for each p € [m].

d) Numbers 0=y < 31 < -+ < fBp—1 < By, :=1. We assume that limy_, RJéN)/N =
B4 for each q € [n].

e) M :INt — INT a function,

f) A random variable X, with E(Xo) = 0,E(X3) = 1.

For each M, N € IN*, define the matrix Sy, y € RM*N by (Say.n)ij = 0pq ifi € IS j €

LgN), and let {An} nen+ be the sequence of random matrices defined by

AN =Xy (NN O AGW(N),N (8.1)

where A}y,  Isan M(N)x N matrix whose elements are independent random variables
all with distribution the same as X,. We say that Ay in (8.1) is a random matrix model
whose variance profile is given by a step function.

Definition 8.2 (Continuous function variance profile). For

a) a continuous function o : [0,1]2 — [0, 1],
b) M :INt — INT a function,

c) a sequence (y;(n),n)Nen+ of matrices, Syr(ny,n € [0, 1]ME)*N

, with the property

Jm sup |(Eavy.n)ig — a(i/M(N),5/N)| =0, (8.2)
T 4e[M(N)],j€[N]
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d) a random variable X, with E(X,) = 0, E(X?2) =
consider the sequence {Ax}ycn+ of random matrices, Ay € RM(N)*N defined by
AN =Sy v)n © Ay (8.3)

where the entries of A are independent random variables all with distribution the same
as Xy. Then we say that (Ay) ven+ is @ random matrix model whose variance profile is
given by a continuous function. Again, we call o the variance profile.

Symmetrization: To study the eigenvalues of Ay A%, where Ay falls in one of the
cases of the last two definitions, we use the trick of symmetrization. If A is an M x N
matrix, where M, N € INt, we call symmetrization of A the (M + N) x (M + N) symmetric
matrix A defined by

=~ |Omm A
A.{ o ON,N] (8.4)

where, for any &,/ € N*, Oy ; denotes the k x [ matrix with all of its entries equal to 0.
The characteristic polynomials of AA”, A are connected through the relation

M det( Moy — A) = AN det(\2T,, — AAT) (8.5)
forall A € C. Thus,~in the case M < N, if we call (1, ts,...,ta+n) the eigenvalues of the
symmetric matrix 4, then the vector (t7,3,...,%3, 4) contains twice each eigenvalue of

AAT and N — M times the eigenvalue 0 (multiple eigenvalues appear in the previous
vectors according to their multiplicities). Thus, the empirical spectral distributions of
AAT | A are related through

2M N-M

1) 8.6
M—i—NﬂAA +M—|—NO (8.6)

HA oT!
with 7' : R — [0, 00) being the map x — 2.

Step function profile: If (Ayx) yen+ is as in Definition 8.1 with M (N) := [¢N| for some
€ (0,1], then the sequence (AN)NE]NJr is of the form given in Definition 2.12 with the
following modification. We require that there is some v : Nt — INT with limy _, o ¥(N) =
oo so that the N-th matrix is of dimension v(N) x v(N) and, for each N € IN*, the family
(IIEN))pe[m] is a partition of [y(IV)]. The numbers a,, satisfy limy_, RZ(,N)/'y(N) = a,. With
this modification, Theorem 2.14 holds if the denominator in (2.27) is replaced by /~v(N).
The sequence (Ay)yen+ fits into this framework. We have v(N) = [¢N] + N, the
role of m (of Definition 2.12) is played by m + n (m,n from Definition 8.1), the (m + n)?
constants are
0 ifp € [m],q € [m],

Op,q =

(8.7)

ml,q € [m],

[
Opq—m ifp € [m],q € [m+n]\[m],
Ogp—m ifp € [m—+n)\

[

[
0 if p e [m+n)\[m],q € [m+ n]\[m]

for each N, and the partition of [y(N)] into m + n intervals consists of the intervals (we
write M instead of [¢N])

{[Map_1,Map) ANt :pe [m]}, (8.8)
{[M+Nﬁq,1,M+N5q)mN+ g€ [n]}. (8.9)
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Dividing the right endpoints of the intervals by v(N) and taking N — oo, we get the
m + n numbers
c c c c 1
ma1<1+ca2<"'<l+cam<1+c <17+C+17+C
If we feed these data to the recipe of Definition 2.12, relation (2.23) will give as Ay the
matrix Ay where Ay is given by (8.1). The discussion preceding Theorem 2.14 applied
to the sequence (Ax)y>1 gives that the ESD of Ay/y/v(N) converges almost surely
weakly to a symmetric probability measure ° with compact support. Call 7, the largest
element of the support. Relation (8.6) implies that the ESD of Ay A% /N converges to
a measure with compact support contained in [0,c0) and the largest element of this
support is f1oo = (1 + ¢)(#Z,)%. Then Theorem 2.14 has the following corollary.

Bn. (8.10)

1
+1+cﬂ1

Corollary 8.3. Assume that (Ax)n>1 is as in Definition 8.1 with M := [c¢N| for some
c € (0,1] and E(| X|**?) < oo for some & > 0. Then it is true that

T
Jim % = loo @S (8.11)
Continuous function profile: If (An) yen+ is as in Definition 8.2 with M (N) := [¢N]
for some ¢ € (0, 1], then we apply the discussion preceding Theorem 2.14 to the sequence
(fl ~N)nen+. The graphon, Wy, corresponding to Ay converges pointwise in [0,1])2 to the

graphon ¢ with
0 if (z,y) € [0,¢/(1 4 ¢)]
o(z,y) = qo@l+c)/c,(1+c)y—c) if (z,y) €[0,¢/(1+c)]
o(y(l+e)fc,(1+c)x —c) if (z,y) € (¢/(1+¢),1]

(¢/(1+¢),1], (8.12)

20 (/(1+0), 112,
X
< [0,/(1+ 0.

We used (8.2) and the continuity of ¢. Since (AN)Ne]l\H also satisfies Assumption 2.1,
we get that the ESD of Ay//7(N) converges almost surely weakly to a symmetric
probability measure ° with compact support. Call 7, the largest element of the
support. As above, the ESD of Ay A% /N converges to a measure with compact support
contained in [0, 00), and the largest element of this support is po, = (1 + ¢)(i%,)?.

Corollary 8.4. Assume that (An)n>1 is as in Definition 8.2 with M := [cN| for some
c € (0,1] and E(| Xo|**?) < oo for some & > 0. Then it is true that
‘ANA%|0P

lim ——— = .S. 8.13
Ngnoo N H a:s ( )

Proof. The proof does not follow directly from Corollary 2.15 because the sequence
(AN)NEH\H does not necessarily have a continuous variance profile in the sense of Defi-
nition 2.13. Instead, we mimic the proof of that corollary. We define o™ asin (7.11),
and the M x N matrix £ as (20, ; := ¢ (i/M, j/N) for all i € [M],j € [N]. Then
we apply an obvious modification of Proposition 7.1 (the N-th matrix is of dimension
v(N) x v(N), with v(N) = [e¢N] + N) with the role of ¥ and Eg\?) played by ¥/ v, 25\?)

(the symmetrizations of ¥, x and Eg\?), defined in (8.4). The proof continues by adopting

the proof of Corollary 2.15 to this setting. Note that |iM7N — ig\?) Imax = |Xam, N — 25\7) | max,
which has lim, e imsupy_, o [Sar,n — B4y lmax = 0. O
Remark 8.5. In [25] the authors showed that if the variances of the entries of Ay s
are given by the values of a continuous function (and some extra assumptions such as
bounded 4 4+ £ moments of the entries) the limiting distribution of the E.S.D. of A NA]:Q
does exist. So in Theorem 8.3 we prove the convergence of the largest eigenvalue of
these models as well. The authors in [25] also studied the non-centered version of these
models, i.e. when the entries of the matrix do not have 0 mean, but we do not cover this
case with our result.
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8.2 Further applications of Theorem 2.11

In the Random Matrix Theory literature what are commonly described as Random
matrices with variance-profile given by a step function are more or less what we describe
in Theorem 2.14. In this subsection we give some examples which are covered by the
generalized version of this variance-profile matrices (Definition 2.10) but not from the
“standard” step functions.

Let {ag) : N € Nt i, j € [N]} identically distributed random variables, ag) = ag)
forall N € NT 4, j € [N], {a(N) 1 < j <i < N} independent for each N, and ag % has
mean 0 and variance 1. Fix p € (0, 1] and let Ay be the matrix with entries

{AN}L,] —CL 1|z JI<pN> Za.] S [N]7 (814)

The sequence (Ay)nen+ Satisfies Assumption 2.1 (easy to check) and also Assumption
2.2. To see the last point, we follow Remark 2.6. The graphon corresponding to Ay
is Wn(2,y) = 1[nz]—[Ny]|<pn, Which converges to the graphon W(x,y) = 1j,_y <,
Lebesgue-a.e. in [0, 1] (convergence may fail only at the set {(x,y) € [0,1]? : |x — y| = p},
which has measure 0). Thus, with probability one, the ESD of Ay / V/'N converges weakly
to a symmetric measure p with compact support. Call p., the supremum of the support
of p.

Corollary 8.6 (Non-Periodic Band Matrices with Bandwidth proportional to the dimension).
Assume that for the matrix defined in (8.14) we have that aﬂ) has 0 mean, unit variance
and finite 4 + § moment for some § > 0. Then

lim A N|°p—u a.s
N —oc0 \/> ° e

Proof. The sequence (An)yen+ Satisfies Assumption 2.2, as we saw above, and also
Assumption 2.3 because {ag) : N € N*,i,j € [N]} are identically distributed and
a1,1 has mean zero, variance one, and finite fourth moment. The corollary then is a
straightforward application of Theorem 2.11, where dy = 3, the partition of [V]? required
by Definition 2.10 consists of the sets

BN = {(i,5) € [N]? : |(i/N) — (i/N)| < p}, (8.15)
B = {(i,j) € [N]*: (i/N) > (j/N) + p}, (8.16)
B = {(i,5) € N2 : (j/N) > (i/N) + p}, (8.17)
and s{™ =1,5{" = s{™ = 0. Condition (b) of that definition is satisfied by f := m for
each m € [3]. O

Remark 8.7. The random band matrix models have been extensively studied after the
novel work in [9] and have tremendous application in various research areas. When
the bandwidth of the matrices is periodic, i.e., the distance from the diagonal outside
which the entries are 0 is periodic, the operator norm has been extensively studied, see
for example [30] or the survey [12]. Moreover when the bandwidth of such matrices is
non-periodic but the bandwidth (the maximum number of non identically zero entries
per row) is o(V) but also tends to infinity has also been examined in [7]. To the best of
our knowledge, the convergence of the largest eigenvalue of non-periodic Band Matrices
with bandwidth proportional to the dimension has not been established.

Our next result concerns the singular values of triangular random matrices. It is
well known under various assumptions for the entries, but we record it here as another
application of our main theorem.
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Let {ag) : N e Nt|1 < i < j € [N]} identically distributed random variables,

{ag) :1 < j <i< N} independent for each N, and aﬂ has mean 0 and variance 1. Let
Apn be the matrix with entries

{An}iy=aY ey, 1.5 €N, (8.18)

Corollary 8.8 (Triangular matrices). Assume that for the matrix defined in (8.18) we
have that aﬂ) has 0 mean, unit variance and finite 4 + § moment for some § > 0. Then

N—o0

=€ a.s.

Proof. As in the case of Gram matrices, we denote by Ay the symmetrization of Ay,
defined in (8.4). We have [AyA%|o, = |An|?,. We will apply Theorem 2.11 to the
sequence (Ay)yen+. The partition of [2N]? required by Definition 2.10 consists of the
following three sets (i.e., dy = 3)

BN = {(i,5) € 2N)2 1 |i — j| < N — 1}, (8.19)
BN = {(i,j) € 2N]?:i > N + j}, (8.20)
BN = {(i,5) € 2N]?: j > N +1i}, (8.21)
and the corresponding values of the variance are sgN) =0, séN) = séN) = 1. Assumption

2.2 follows as an application of Remark 2.6, in the same way as in the previous corollary.
The measure y of that assumption satisfies ;1o T~! = v, where v is the limit of the E.S.D
of N"1Ax AT [recall (8.6)]. It was shown in [14] that v has support [0, ¢]. It follows that
© has support [—+/e, \/e] [See Remark 2.2 of [11] for a more detailed discussion of this
phenomenon].

Assumption 2.3 is satisfied because the elements of A ~ with indices in BéN) U BgN)
are identically distributed with zero mean, unit variance and finite fourth moment
(the remaining elements of the matrix are identically zero random variables). Finally,
condition (2.19) is satisfied as equality.

Thus, the corollary follows from Theorem 2.11. O

9 Two technical lemmas

In the next lemma, we prove the crucial upper bound on the quantity Nt 4, a,.....a,
[defined in (3.10)], which we invoked in the proof of Proposition 3.1. We adopt and
present the terminology of Section 5.1.1 of [2].

Lemma 9.1. N7, o, o, < (4k*)2HI=0F2(k=9) ift > 2 and N7 4y 4. 0, = 1 ift = 1.

s

Proof. When t = 1, since the cycle is bad, we have s = 1 and a; = 2k, and there is only
one cycle with these s, ¢ and vertex set {1}.

For the case ¢t > 2, take a cycle i := (i1, i2,...,i2;) as in (3.10) and assume that it has
edge multiplicities a1, as,...,as > 2. Each step in the cycle we call a leg. More formally,
legs are the elements of the set {(r, (i, 4,41)) : 7 = 1,2,...,2k}. Edges of the cycle we
call the edges of G(i), and the multiplicity of each edge is computed from i. The graph
G (i) does not have multiple edges.

For 1 < a < b, we say that the leg (a, (i4,%a+1)) is single up to b if {is, a1} 7# {ic,tcr1}
for every ¢ € {1,2,...,b — 1},¢ # a. We classify the 2k legs of the cycle into 4 sets
Ty, T, T5,Ty. The leg (a, (iq,%4+1)) belongs to

Ty:ifige1 € {i1,...,4a}- L. e., the leg leads to a new vertex.

EJP 30 (2025), paper 93. https://www.imstat.org/ejp
Page 27/33


https://doi.org/10.1214/25-EJP1352
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The limit of the operator norm

Ts: if there is a 11 leg (b, (i, 4p+1)) With b < a so that a = min{c > b : {ic,ic41} =
{iv,ip+1}}. L. e., at the time of its appearance, it increases the multiplicity of a 7} edge of
G(i) from 1 to 2.

Ty: if it is not T} or T3.

T5: if it is Ty and there is no b < a with {is, ia+1} = {ip, ip41}-
I.e., at the time of its appearance, it creates a new edge but leads to a vertex that
has already appeared.

Moreover, a T3 leg (a, (iq, ia+1)) is called irregular if there is exactly one T} leg (b, (ip, i5+1))
that has b < a, v, € {ip,ip+1}, and is single up to a. Otherwise, the leg is called regular.
It is immediate that a 7} leg is one of the following three kinds.

a) Itisa 75 leg.
b) Its appearance increases the multiplicity of a T> edge from 1 to 2.

c) Its edge marks the third or higher order appearance of an edge.

The number of edges of G(i) is s and the number of its vertices is ¢ (since T'(i) ~ T € C;_1).
Call

£: the number of edges of G(i) that have multiplicity at least 3.
m: the number of T5 legs.
r: the number of regular T3 legs.

We have for r, ¢, and || the following bounds

r < 2m, (9.1)
t=s+1—-m<k, (9.2)
ITy| = 2m + 2(k — s). (9.3)

The first relation is Lemma 5.6 in [2]. The second is true because if we remove the m
edges traveled by T5 legs, we get a tree with s — m edges and ¢ vertices, and in any tree
the number or vertices equals the number of edges plus one. Then the inequality is true
because s < k (all edges of G(i) have multiplicity at least 2) and if s = k, then m > 1
since the cycle is bad. For the last relation, note that |75| = |71| = ¢ — 1 and thus, using
(9.2) too, we have |Ty| = 2k — 2(t — 1) = 2k — 2(s — m).

Now back to the task of bounding N7, . ... We fix a cycle as in the beginning of the
proof and we record

» for each T, leg, a) its order in the cycle, b) the index of its initial vertex, c) the
index of its final vertex, and d) the index of the final vertex of the next leg in case
that leg is 7. This gives a Q1 C {1,2,...,2k} x ({1,2,...t}2U{1,2,...t}3) with |Ty|
elements.

» for each regular T3 leg, a) its order in the cycle, b) the index of its initial vertex,
and c) the index of its final vertex. This gives a Q2 C {1,2,...,2k} x {1,2,...,t}2
with r elements.

We call U the set of all indices that appear as fourth coordinate in elements of ;. These
are indices of final vertices of T legs.

We claim that, having Q1, @2 and knowing that 7'(i) = 7, we can reconstruct the
cycle i.

We determine what kind each leg of the cycle is and what the index of its initial and
its final vertex is. These data are known for the 7, and 75 regular legs. The remaining
legs are Ty or Ts irregular. We discover the nature of each of them by traversing the
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cycle from the beginning as follows. The first leg is T} (if i = i1) or T;. The set Q1 will
tell us if we are in the first case and will give us all we want. If we are in the second
case, the initial vertex is 1 and the final 2. Assume that we have arrived at a vertex v;
in the cycle with the smallest 7 for which the nature of the leg ¢; := (4, (v, v;+1)) is not
known yet. If the vertex v; has no neighbors in G(i) that we haven’t encountered up to
the leg ¢;_1, then ¢; is T3 irregular, and by the defining property of T3 irregular legs, we
can determine the index of its final vertex. If the vertex v; does have such neighbors,
call z the one that appears earlier in the cycle.

e If z € U, then in case it was included in U because of ¢;_; (this can be read off from
Q1. Note that z could not have been included because of an earlier leg because z has
not appeared earlier than v;), we have that ¢; is T} with v,;1 = z, while in case it was
included with a leg ¢;; with index i’ > i, we have that ¢; can’t be T} (because then v;,
would be a neighbor of v; appearing earlier than z, contradicting the choice of z), thus ¢;
is T3 irregular.

o If z ¢ U, we will show that ¢; = (i, (v;, w)) is T;. Assume on the contrary that it is T3
irregular. Clearly z # w, and call £, (p < ©) the T} leg that has vertices v;, w and is single
up to ¢ — 1. The cycle will visit the vertex v; at a later point, with a leg ¢; = (j, (v;,v;))
with j > ¢ and v; # z,v; # v;, in order to create the edge that connects v; with z (that is,
liy1=(j+1,(vi,2)) will be T1), see Figure 1. The leg ¢; is not T} because v; has been
visited by an earlier leg, and it is not 7 because we assumed that z ¢ U. It has then to
be T3. Thus, there is a leg /, connecting vertices v;, v; that is T;.

If ¢ < i, then we consider two cases. If v; = w, then ¢; is T;, because the edge v;, w
has been traveled already by ¢,,¢; (recall that p < i < j), and this would force z € U, a
contradiction. If v; # w, then ¢; would have been T3 regular as there are at least two 1}
legs (i.e., ¢,,{,) with order less than ¢ with one vertex v;, traveling different edges, and
single up to ¢ — 1, again a contradiction because /¢; is T} or T3 irregular.

If ¢ > ¢, then v;(# 2) is a neighbor of v; (that is, the T} leg ¢, goes from v; to v;) that
appears after leg ¢; but earlier than z, which contradicts the definition of z. We conclude
that fz is Tl.

Thus, having T', Q1, Q> allows to determine i.

The above imply that the number of bad cycles with given 7', ¢, r is at most

(2kt%(t + 1))Tsl(2kt?) < (4kH)r+IT4l, (9.4)

Then (9.1) and (9.3) give r + |Ty| < 4m + 2(k — s), and finally using (9.2), we get the
desired bound. O

The next lemma is used in the proof of Theorem 2.11.

Figure 1: The case z ¢ U.The legs ¢;,¢;(i < j) are T3, while ¢, ¢, are Tj.
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Lemma 9.2. Let (An)yen+ be a sequence of matrices, Ay of dimension N x N, that
satisfies Assumption 2.1 and Assumption 2.2 with measure u. Suppose that there are
two sequences of matrices (A%))Nenw and (AE\Q,))]\;E]I\IJr such that

(@ Ay =AY + A9,

(b) For all N € N and i,j € [N], at least one of (Ag\l,)),;d, (Ag\?))m is identically zero
random variable.

(c) NAgy/m = u in probability as N — oo.

Then (As\l,))NGH\H also satisfies Assumptions 2.1, 2.2 with the measure pu.

Proof. We only need to check the validity of Assumption 2.2 as the validity of Assumption
2.1 is immediate.
Because Ag\}) satisfies Assumption 2.1, there is a decreasing sequence (7y)yen+ Of

positive reals converging to 0 so that
. 1 1
lim — > E [({A§§>}iﬁj)21 (|{A§;>}i,j| > nNNéﬂ —0. (9.5)

N—oo ]\/v2
i,j€[N]

Set Ag\l,)’g to be the matrix whose (i, j) entry is
1 1
{AQ} i1 (HAE\P}W‘I < 77NN2) -E [{A%)}i,jl <|{A§$)}i,j| < WNNQ)} (9.6)

and iy ; = E [{A%)}z‘,jl (l{Aﬁ)}i,jl < UNN%)]-
Claim:
Hp—1/24m.< = (o in probability as N — oo (9.7)
N

The Levy distance between u A/ VN and u AW /YN is bounded as follows.

2
1 1 1
3 (1) (1),<
1 1 1
=Nz > {M?v,i,jl (l{A%)}i,j\ < nNNZ) + ({AW Yo + i) (|{A§\P}i,j| > 77NN2) }
i,5€[N]
(9.9)
3 2 2 Dy 2 ) 1
<S5 2 dhagt o > (AWM (AR Yl > ). (9.10)
i,j€[N] i,j€[N]

Since the entries of As\l,) have mean 0, we have

N = (E {{A%)}i,jl (|{A§\1r)}i,j > nNN%)DQ <E [({A%)}i,j)gl (|{A§\})}i7j| > nNN%)} )

Thus, the expectation of the expression in (9.10) is at most

% Z E{({A%)}i,j)ﬁ (|{A§\P}z‘,j| > UNN%) }’

i,J€[N]

which tends to zero as N — oo due to (9.5). This, combined with assumption (c), proves
the claim.
Fix k € NT and set My (k), Mj(vl)’g(k:) the asymptotic contributing terms (see (2.4)) of

Ay and Ag\}),g respectively. Notice that

MP S (k) < MP (k) < My (k). (9.11)
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The rightmost inequality is true because the variance of {A( )}1 ;j is either zero or s(]j)

due to assumption (b) of the lemma. The leftmost inequality is true because if W is a
real valued random variable with mean 0 and finite variance and W is a variable with
|W| < |W/|, then Var(W) < Var(W).

Lemma 3.6 of [34] implies that

M= (k)

Nk+1 N}c+1Etr{( )Qk} +o(1) (9.12)

as N — oo. We will prove that the right hand side converges to f :c%du as N — oo. It
will be convenient to let By := A%)’S/\/ﬁ and {\;(By) : i € [N]} its eigenvalues.

Pick some C' > ju,, and consider the function go(z) = (|z| A C)?*, which is bounded
and continuous. Then,

NHlEt r{(AQS)%) = ZE{ M{By D)} (9.13)

and the right-hand side can be estimated as follows.

N

Z {AA{BN}*Y - ~ ZEQC (Ai{Bn})

=1 =1

N
1
NZV EA(By)VP([Xi(By)| 2 C) <
- (9.14)

To justify the convergence to zero, note that the quantity in the second square root
converges to zero by our choice of C' > ., and the in probability weak convergence of
the E.S.D. of By to p. The quantity in the first square root is bounded in N because,
due to (9.12), its difference from MI(\,I)’S (2k)/N?k*1 is bounded and the latter is less than
My (2k)/N?k+1 which is bounded in N since it converges to [ z%* dp.

The in probability weak convergence (9.7) implies that

| X
< = E{N*(BN)1(sy)zc)

E/\?k(BN)\/ EY N 1, (y)z0 N-yoo
N N

0.

M=

i=1

N
1
N ch()\i{BN}) — /x%du in probability, (9.15)

and the boundedness of g¢ allows to conclude that

lim —ZEgC (Mi{Bn}) = /x%du. (9.16)

N—oco N

Thus, relations (9.12), (9.13), (9.14), (9.16) show that
(1),<
My (k) 2k

This, combined with (9.11), concludes the proof. O
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