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ABSTRACT

In this work we study symmetric random matrices with variance profile satisfying certain
conditions. We establish the convergence of the operator norm of these matrices to the
largest element of the support of the limiting empirical spectral distribution. We prove that
it is sufficient for the entries of the matrix to have finite only the 4-th moment or the 4 + ¢
moment in order for the convergence to hold in probability or almost surely respectively.
Our approach determines the behaviour of the operator norm for random symmetric or
non-symmetric matrices whose variance profile is given by a step or a continuous function,
random band matrices whose bandwidth is proportional to their dimension, random Gram
matrices, triangular matrices and more.

1 Introduction

The problem of understanding the operator norm of a large random matrix with independent entries is
multidisciplinary, occupying mathematicians, statisticians, physicists. On the mathematical side, tools
from classical probability, geometric analysis, combinatorics, free probability and more have been used.
The problem dates back to 1981, where in [20] the convergence of the largest eigenvalue of renormalized
Wigner matrices (symmetric, i.i.d. entries) to the edge of the limiting distribution was established when the
entries of the matrix are bounded. Next, in [3], the authors gave necessary and sufficient conditions for the
entries of a Wigner matrix to converge. The crucial condition was that the entries should have finite 4-th
moment. Similar bounds have been given to non-symmetric matrices with i.i.d. entries. Then, the difference
of the largest eigenvalue and its limit, after re-normalization, was proven to converge to the Tracy-Widow
law in [28]. Later, universality results were established for sparse random matrix models, for example in
[23] for random graphs and in [26] for random banded matrices. Moreover, sharp non-asymptotic results
for a general class of matrices were established in [B8] and in [2].

All the models mentioned above can be considered as random matrices with general variance profile, i.e.,
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random matrices whose entries’ variances can depend on the dimension of the matrix and the location of
the element in the matrix. These models have also drawn a lot of attention lately, see for example [T3],
[T4], where non-Hermitian models are considered. More specifically, assume that Ay = (ag.v)), NeN' isa
sequence of symmetric random matrices, with ai(j.v) real valued having mean zero and variance S(l'JN) bounded
by a fixed number, say 1. Classically, the first question is whether the empirical spectral distribution of an
appropriate normalization of Ay (e.g., Ay/ VN) converges to a nontrivial probability measure, as in Wigner’s
theorem. Nothing guarantees that, and one can construct examples where the sequence of the empirical
spectral distributions does not converge. The work [30], using the notion of graphons, gave conditions on
the variance profile sg]\.[), i.j € [N], N € N* so that convergence takes place.

The next, natural, question concerns the convergence of the largest eigenvalue to the largest element of
the support of the limiting distribution. Again, this in not automatic but requires additional assumptions.
It was established in the recent works [I], [I8], [24], [174] (whose focus however is not this question) for
some class of random matrices with a general variance profile under the assumption that the entries of the
matrices have finite all moments (the first two works assume that each ai(f].v) is sharp sub-Gaussian, the last
two assume that for each k € N* there is a constant bounding the 2k moment of each ai(j.v)). In this paper,
we generalize these results, i.e., we establish the convergence of the largest eigenvalue of general variance
profile random matrices to the largest element of the support of the limiting empirical spectral distribution
under general assumptions for the variance profile of the matrices. Regarding finiteness of moments, we
assume only that Supyay: ey Elai(j.v)l“

Notation. For any N x N matrix A = (a;j)ije(nv) € RV with eigenvalues {A;(A)} (). the measure

1
Ba = Z )

i€[N]
will be called the Empirical Spectral Distribution (E.S.D.) of A. When the eigenvalues are real, write Ap,x(A)
for the maximum among them. We will use the following two norms on square matrices. For A € RV,

|A|0p = max ||Ax|ls = Vﬂmax(AAT) (1.1)

xERN:||x]|lo=1

< 00,

[lAllmax := max |ayl. (1.2)
ije[N]

It is easy to see that |Alop < N||Allnax and if the matrix A is symmetric, then

|Alop := max |A;(A)]. (1.3)
i€[N]

2 Statement of the results

Throughout this section, (Ay)nyen+ 1S @ sequence of symmetric random matrices with independent entries

). N e N*, i.j € [N]} are defined on the

(up to symmetry), Ay = (ai(j.v))i jervy is an N X N matrix, and all {q; :

same probability space and take real values.
A standard assumption for the sequence is the following (see relation (2.2.1) in [2]).

Assumption 2.1.
) _ ..
1. Eq;;” =0 for all N € N*, ij € [N], and supyy-
2. For any ¢ > O,

(N2
igein Elag; |7 < oo,

1
; (N)2 —
dim =5 D Blla Pl ) = 0 (2.1
ije[N]
(V)
iy
But it is not enough to guarantee that the ESD of the appropriately normalized Ay converges to a nontrivial

This is satisfied in the case that {a;;’ : N € N, i,j € [N],i < j} are i.i.d. with mean O and finite variance.
limit. To state a sufficient condition for this, we introduce some notation that will be used throughout the
work. We let

sp = E{la;)"*} 2.2)



.. . (N
for all N € N¥, i,j € [N] and Vo := Supyey- ijern sl.J) € [0, o).
Also, let Cj be the set of ordered rooted trees with k edges (where k € N) of all non-isomorphic plane rooted
trees with k + 1 vertices, i.e. all trees with k + 1 vertices, a vertex distinguished as a root and an ordering
amongst the children of any vertex. The number of such trees is the k—th Catalan number, i.e.,

c = (¥ 2.3)
v\ k) :

and a trivial bound that we will use is |[Ck| < 22F. For each such tree, we consider its vertices ordered
Vo < Vg < -++ < U so that v is the root, each parent is smaller than its children, and the children keep the
order they have as vertices of an ordered tree. A labeling of such a tree is an ordered k+ 1-tuple (¢, 81, - , &)
of different objects, the object /; is the label of vertex v;.

A quantity of fundamental importance for the sequel is the following sum

My (k) :=Z Z ]_[ s, 2.4)

TeC  je[N]<*!  {ij}€E(T)
labeling of T

E(T) denotes the set of edges of the tree T. Note that My(0) = N since by convention the product over an
empty index set equals 1.

Assumption 2.2. There is a probability measure p on R such that for each k € N it holds

lim My () = fxzk du(x). (2.5)

N—ooo Nlk+1

A tool for checking this assumption is explained in Remark PZT3 below.

If the sequence (Ay)nen- satisfies both Assumptions 271 and 272, then p, , v = w with probability one
(see the proof of Theorem 3.2 of [30]). The measure u is symmetric with compact support contained in
[—2 VVo.2 VV,]. The compactness of the support follows from (25), My(k) < |Ci/N**' VX, and |C;| < 2%¢. Let

Moo := Sup suppt u. (2.6)

We seek conditions under which the maximum eigenvalue of Ay/ VN converges to p. in probability. An
easy argument will give us the lower bound, and since /. (A) < |Aly, for any symmetric matrix A € RNV it
will be enough to prove the upper bound for the operator norm of Ay / VN.

For this purpose, we need stronger assumptions. The following is stronger than Assumption P71

Assumption 2.3.

(@) Eagjv) =0 for all N € N*, i,j € [N], Supyey- s jer Elag.v)l2 < 1, and SUPyey- e Elagjv)|4 < .
(b) For any ¢ > O it is true that
lim P(a)’| > e VN) = 0. 2.7)
i

Note that condition (Z2) is satisfied if we assume that all {ai(f].v) : N € N*, i,j € [N]} have the same distribution
with finite 4-th moment.
We gain control over |Aylo, through the traces of high moments of Ay, and the main difficulty, which the
next conditions (Assumption 4 and Assumption EZ8) try to address, is how to connect these traces with

U, Which emerges out of {A;(Ay) : i € [N]} only after we take N — oo.
Assumption 2.4. For every N € N* and i,j € [N] it is true that

(2N) _(2N) (2N)
So19jr S2i-1,2j" S2i-1,2j-1 }. (2.8)

sg}]) < min{
For example, this assumption is satisfied if sg) = h(i/N,j/N) for all N € N*,i,j € [N], where h : [0,1]2 —
[0, 00) is a function decreasing separately in each variable.

In order to give the next sufficient condition, we first give some definitions.



Definition 2.5. (i) We call graphon any Borel measurable function W : [0, 1]X[0, 1] — R which is symmetric
and integrable.
(ii) For any bounded graphon W and any multigraph G = (V, E), we call isomorphism density from G to W

the quantity
G, W) := f ]_[ W (x.%) ]_[ dx;. 2.9)
[0,1]V {ij}€E eV
Now, let (Ay)nen+ be a sequence of random matrices with elements having finite second moment. Each Ay
defines a graphon, Wy, through the relation

N
Wi (X Y) = Si i (2.10)

for each (x, y) € [0, 1] X [0, 1]. For this relation, [0] denotes 1.
Assumption 2.6. There exists a graphon W such that the Wy of (£-10) satisfies

lim €T, Wy) = (T, W) (2.11)

for any finite tree T. Moreover, for any D > O there exists some C = C(D) € (0, o) and Ny = No(D) € N* such
that for any N > Nj it holds

f [W(x, y) — W(x,y)ldxdy < CNP. (2.12)
[0.112

This assumption together with Assumption EZ3 implies Assumption (This will be explained in Lemma
E2). Again, we denote by L the maximum of the support of p.

The assumptions we made so far will lead to convergence in probability of the largest eigenvalue. Next we
give some extra condition, which will lead to the almost sure convergence of the largest eigenvalue.

Assumption 2.7. (Ay)nen+ is a sequence of symmetric random matrices, the entries of each Ay are inde-
pendent (up to symmetry), and there exists a random variable X with mean 0, variance 1, and finite 4 + 6
moment for some 6 > O, which stochastically dominates the entries of Ay in the following sense

P({An}iyl > t) <P(X| > t), forall t € [0,00), N € N*, i,j € [N]. (2.13)

We are now ready to present our first main result.

Theorem 2.8. Let (Ay)nen+ be a sequence of matrices satisfying Assumption ZZ3. Then if either Assumptions
232 and hold or Assumption [Z8 holds, it is true that

A
lim | N|0p

= U~ In probability (2.14)
N—>oo W

where U is defined in (28). Moreover, if the sequence (Ay)nen+ Satisfies Assumption 274, the convergence in
(214) holds in the almost sure sense.

Note that Assumption 24 is restrictive and does not cover several of the well-known and studied models.
Thus, in what follows, we try to extend the domain of validity of Theorem PZ8. We first give two definitions.
For N € N* and U c [N]?:

e We call a (x, y) € U internal point of U if {(x+ d;,y+ dp) : d;,dy € {—1,0, 1}} € U. We denote by U° the set
of internal points of U.

e We say that U is axially convex if (i,j) € U, (ij)) € U;r € [N],(r —j)(r —j) < O imply (i,r) € U and
(ij)e U (I'.j) e Ure[N],(—-i(r—-1i)<0imply (r,j) € U.

Definition 2.9 (Generalized step function variance profile). Let (Ay)nen+ be a sequence of symmetric random
matrices, Ay of dimension N X N, with each element having zero mean and finite second moment. Moreover,
suppose that there exists an N*—valued sequence (dy)yen+ with limy_,., dy /N = 0 and such that for each N
there is a partition Py := {BEN) :i=1,2,...,dy} of the grid [N]? consisting of dy axially convex sets with
the following properties.



(@) If A € Py then R(A) :={(ij) : (j, i) € A} € Py.
(b) For any m € [dy] there exists f € [dyy] such that

28, c B2V, (2.15)

(c) For any N € N, m € [dy] and i € [N] the line segment x = i intersects B(,Inv) \ (Bffiv))" at most 2 times.

Then if for all (i,j) € [N]? the variance of the (i, j)-entry of Ay is given by

™ ._ ™
s = D0 S ey (2.16)

m
me[dy]

for some set of numbers {s;}i[q,] S0 that 55111\/) = sE{N) if R(BSX)) = BicN), we will call the sequence of matrices

(An)n>1 random matrix model whose variance profile is given by a generalized step function.

The following Theorem is a corollary of Theorem P28 and gives results of the type (214) for the operator
norm of the matrix

e Ay when Ay is a non-periodic band matrix with band size proportional to N or has a step or continuous
profile.

. ANA]E (i.e., Gram matrix) when Ay is a rectangular matrix with step or continuous variance profile.
Details are given after the next theorem and in subsection BE=2.

Theorem 2.10. Let (Ay)nen+ be a random matrix model whose variance profile is given by a generalized step
function. If it also satisfies Assumptions 23, 223, and _for every N € N and (i, j) € [N]? it is true that

S(if,y '< 3(221-,]2’ (2.17)
then
. |AN |op . ..
lim —— =y, in probability, (2.18)

where Uy, is defined in (ZZ8). Moreover, if the sequence (Ay)nen+ Satisfies Assumption 274 the convergence in
(218) holds in the almost sure sense.

For any N € N* and any two N X N matrices A, B we will denote by A © B their Hadamard product, which is
the entry-wise product of A, B,i.e., the N X N matrix with entries

Note that Assumption P77 is satisfied if Ay can be written as
Ay = Iy O Ay, (2.20)

where A}, is a sequence of symmetric random matrices with i.i.d. entries all following the same law, with O
mean, unit variance and finite 4 + 6 moment for some & > O and for each N the entries of Xy are elements
of [0, 1].

Next, we study the operator norm of two widespread random matrix models.

Definition 2.11 (Step function variance profile). Consider

a) m € N* and numbers {0, ¢}pqefm) € [0, 1™ ™ with 0,4 = 0q for all p, g € [m].

b) For each N € N*, a partition of [N] into m intervals {I}(,N) Jperm)- The numbering of the intervals is
such that x < y whenever x € II(,N), ye IéN) and p < q. Let LI(JN) and R;N) be the left and right endpoint
respectively of I;JN).

c) Numbers 0 = ap < @) < +-* < Gm-1 < ap := 1. We assume that limy_,c R;,N)/N = ay, for each p € [m].

d) A random variable X, with E(Xy) = O, E(Xg) =1.



For each N € N*, define the matrix Iy € RVN by (Zy)y; = opqif i € I;,N), je€ I((ZN), and let {Ay)}yen+ be the
sequence of symmetric random matrices defined by

where A}, is symmetric and its entries are independent (up to symmetry) random variables all with distribu-
tion the same as Xy. Then (Ay)yen+ Will be called symmetric random matrix model whose variance profile is
given by a step function.

Let fp :=[ap-1,ap) for p € [m - 1], and 1. := [@m-1, 1]. These intervals together with the numbers from a)
determine a function o : [0, 1]2 — [0, 1] as follows

o(x,y):= o, ifxel, yel,. (2.22)

We call the function o2 the variance profile of the model.
Definition 2.12 (Continuous function variance profile). For

a) a continuous and symmetric function o : [0, 1]2 — [0, 1] (i.e, o(x, y) = o(y, x) for all x,y € [0, 1]),

b) a sequence (Zy)yen+ of symmetric matrices, Ty € [0, 11"V, with the property
lim sup |(Zy)y — o(i/N.j/N)| = 0. (2.23)
N—oo 1 <i<N

¢) a random variable X, with E(X;) = 0,E(X2) = 1,

consider the sequence {Ay}yen+ of symmetric random matrices, Ay of dimension N X N, defined by
Ay =Zy 0O Ay (2.24)

where the entries of A}, are independent (up to symmetry) random variables all with distribution the same
as Xp. Then we say that (Ay)yen+ is a random matrix model whose variance profile is given by a continuous
function. Again, we call the function o2 the variance profile.

Remark 2.13 (Checking Assumption P77). A sufficient condition for the validity of Assumption is that
(An)nen+ satisfies Assumption P11 and there is a graphon W such that Wy — W almost everywhere in
[0, 1] %[O, 1].

Indeed, the bounded convergence theorem gives that (T, Wy) — t(T, W) for all trees. Then Theorem 3.2 (a)
of [30] shows that the ESD of Ay/ VN converges almost surely weakly to a probability measure u‘/w whose
2k moment equals

lim Z tH(T, Wy) (2.25)

N—oo
TeCy

while the moments of odd order are 0. Then, for each T € Cy,

0 < «(T, Wy) — Z Nk H s = o(1/N), (2.26)
ie[N]E+L {ijI€E(T)
labeling of T

because t(T, Wy) is simply the same as the sum in the previous relation with the only difference that i is not
required to be a labeling, i.e., it can have repetitions. It follows that Assumption holds. As we remarked

after (21), ,um is symmetric and has bounded support. Denote by uwm the largest element of the support.

If, in the two models above, X, has finite 4 + 6 moment for some small 6 > O, then it is easy to see
that the sequence (Ay)nen+ satisfies Assumptions EZ3. It also satisfies Assumption because it satisfies
Assumption ET and, in both cases, Wy(x, y) converges to o%(x, y) for almost all (x, y) € [0, 1] x [0, 1], thus
the preceding remark applies.

Our result for the model (2=27)) is the following.



Theorem 2.14. Let (Ay)nen+ be a random matrix model whose variance profile is given by a step function as
above. Assume that Xy has mean value 0, variance 1, and finite 4 + 6 moment, for some small § > 0. Then it
is true that

A
lim Anlop =ud as. (2.27)

N—oo m

The previous theorem together with an approximation result that we prove in Section [@ (Proposition [Z)) has
the following consequence for the model (2=24).

Corollary 2.15. Let (Ay)yen+ be a sequence of matrices whose variance profile is given by a continuous
function. If X, has mean zero, variance one, and finite 4 + § moment, then

|AN|0p
lim =ud as. (2.28)
N—ooo 4 /N

Remark 2.16. 1) Theorem P14 covers the cases in the Wigner matrix model [i. e., Ay := (a;;)ijen With
{ai;: 1 <i<j<NNeN'Yiid with E(a;1) = 0,E(a?,) = 1] where E(Ja;,1|**®) < co for some 6 > 0. Recall
that the necessary and sufficient condition for the validity of (2=27) in that model is E(|a; ;|*) < .

2) Corrolary PZTH holds also in the case that the function o of Definition is piecewise continuous in a
sense explained in the end of Section [A.

3 Analysis of high order moments

Assume at the moment that the entries of Ay have finite moments of all orders.
We will relate the largest eigenvalue with a high moment of the measure py and at the same time this
moment will be controlled by u.. In general, for k € N, it is true that

2
Eu(y)= ), E( aé’.viil) 5.1
1,00,0eeeneny o €[N] =1

with the conventions that iy.; = i;, when k = O the sum is only over i{; € [N], and the product over an

empty set equals 1.

Now, for a term with indices iy, iy, . .., igr, we let i := (i}, i, . .., iox) and X({) := le:kl a}l,&)ﬂ. For such an i we

also use the term cycle. Then consider the graph G(i) with vertex set
V(i) = {il, ig, ey igk}
and set of edges
i, i1} :r=1,2,...,2k}. 3.2)
As explained in [?] (in the proof of relation (3.1.6) there, pages 49, 50 or in Theorem 3.2 of [30]), the limit
. 1 2k

remains the same if in the sum of (B we keep only the summands such that

the graph G(i) is a tree with k + 1 vertices (3.3)

Then, necessarily, the path iy — iy — -+ — iy — {; traverses each edge of the tree exactly twice, in opposite
directions of course. Such a G(i) becomes an ordered rooted tree if we mark i; as the root and order children
of the same vertex according to the order they appear in the cycle.

Cycles i that don’t satisfy (B=3) we call bad cycles. So, for k € N, the sum in (8] can be written as

E tr(A**) = My(k) + By(k), (3.4)
where

MN(k) .

SO W o

TeCr ie[N]@OVL:G(1)~T {ij}€E(G({))

EX(). (3.6)
i€[N]?k:bad cycle

BN(k) :



Recall that Cj are the ordered rooted trees with k edges and G(i) ~ T means that the graphs are isomorphic
as ordered rooted trees. Note also that My (k) has already been defined in (2Z) but the two definitions for it
agree. Also, My(0) = N, By(0) = 0.

The plan is to control the expectation of the trace in (84) through an appropriate bound involving various
My (j)’'s. To control the term By(k), we adopt the analysis of Section 2.3 of [27].

Proposition 3.1. Let Ay be an N X N symmetric random matrix with independent entries (up to symmetry) and
with E(ag.v)) =0, SSJ\.I) <1l forall N € N,ij e [N]. Assume additionally that the absolute value of the entries
of the matrix are all supported in [0, CN %‘6] Jor some € > 0. Then for all N large enough and all integers
1 < k< N itis true that

k (s+1)Ak
2k-2
IBy(I)| < g (4k%)?<2s (enE=e) ™ § (41O (- 1), 3.7)

s=1 t=1

Proof. We bound each term of the sum defining By(k). Take a bad cycle i and let

e t: the number of vertices of G(i),
e s: the number of the edges of G(i),
® ¢e1,6e;,...,6e5 the edges of G(i) in order of appearance in the cycle,

® aj,ds,...,das the multiplicities of e, es, . . ., es in the cycle.

That is, a, is the number of times the (undirected) edge e, appears in the cycle. Note that t < s+ 1 (true for
all graphs) and t < k because the cycle is bad.

Additionally, in case t > 2, we let T(i) be the rooted ordered tree obtained from G(i) by keeping only edges
that lead to a new vertex at the time of their appearance in the cycle. The root is i; and we declare a child
of a vertex smaller than another if it appears earlier in the cycle. In case t = 1, T(i) is the graph with one
vertex, i;, and one edge (loop) with end vertices i, i;. Thus, T(i) has t vertices and 1 V (t — 1) edges.

To bound [EX(i)|, notice that if any of a;,as,...,as is 1, we have EX(i) = 0 by the independence of the
elements of Ay and the zero mean assumption. We assume therefore that all multiplicities are at least 2.
Using the information about the mean, variance, and support of Iai(j.v)l, we get that for any integer a > 2 it
holds E(|agy)|a) < (ClNl/Q’S)a’ng). Thus

S
. - — N _ _ N
ElX(l)l = 1_[ ElXeq|afl < (CN1/2 €)a1+ +as—2s 1_[ SEJ) < (CN1/2 S)Zk 2s l_[ ng) (38)
q=1 {ij}eE(G({)) {ij}eE(T({))
In the second inequality, we used the fact that Sg]\.])

and T € C;_; let

€ [0,1] for all i,j, N. For integers s,t > 1,a;,...,0s > 2

the number of bad cycles with T(i) ~ T, indices 1,2,...,t, appearing in this order,
NT,al’az vvvvv as = RICTO (8.9)
and edge multiplicities a;, as, . . ., as.

Using the bound on Nrq, q,....a. Provided by Lemma B, we obtain

k kA(s+1)
— Je— N N
|BN(k)|SZ Z Z (CN'/2ey2k=2s 1y ) Z s(i,i)+1t22 Z Nra,.a.....a5 Z 1—[ s(iJ)
=1 =1 an.ag..a i€[N] TeCyy i€[N]2k:T(i)~T (ij)eE(T{))
(3.10)
k kA(s+1)
<SS e, N s 1 Y Neaaa, D [T s&
=1 =1 andg.a. ic[N] TeCry i€[N]2ED:T@)~T {ij)€E(T({H))
(3.11)
k kA(s+1)
< Z Z Z (CNl/2—£)Zk—25(4k4)4(s+1—t)+2(k—s)MN(t_ 1). (3.12)
=1 t=1 a.ag,....as



We used here the fact that sﬁ-fi“ < 1, so that X sﬁf? < N = My(0). The inside sum in (B1Z) is over all s-

tuples of integers a;, as, . . . , as greater than or equal to 2 with sum 2k. By subtracting 2 from each a;, we get
S

2k )) (combinations

an s-tuple of non-negative integers with sum 2k —2s. The number of such s-tuples is ((
with repetition), which is at most s~ < |29 Thus the above sum is bounded by
I kA(s+1)
Z(4k5)2(k—s)(CN1/2—5)2k—2s Z (4k4)4(s+1—t)MN(t ~ 1. (3.13)
s=1 t=1
O

Proposition 3.2. Let (Ay)nen+ be a sequence of symmetric matrices and R > 0 so that the sequence satisfies
Assumption 223 and the following condition Z(R):
For each C; > O there are Cy, > 0 and Ny € N* such that

My(k) < CoN*1R2k (3.14)

forall N,k e N* withN > Ny and 1 < k < C; logN.

Thenfor each ¢ > 0, it holds
A
li P | N |0p

N—oo

> R(1 +e))=0. (3.15)

Proof. Fix n € (0, 1/8) and define the N X N matrices A3, Ay by

< V)
(AN)iJ = aiJ |(11J\SN%_”’ (316)
(A7) = a1 , (3.17)

i Clayl>NZ
for all i, j € [N]. For a random matrix H := (h;;), EH denotes the matrix whose (i, j) element is Eh;; provided
that the mean value of h;; can be defined. Note that
1 1
VN VN

We will bound the three terms in the right hand side of the last inequality. For the first two, we use only

|Anlop < —= (IA5 = EAzlop + [EAFlop + [Axlop) - (3.18)

Assumption P73 and the arguments in the proof of Theorem 2.3.23 in [27].

1) The term N -3 IE(Af,)IOp is a deterministic sequence that converges to O because, since a®V

oy is centered, we

have
—3(i_
I(BADy| = IBAY)y| < N7 sup max Ela}I". (3.19)

And using the inequality |Clop < N||Cllnax, We get that

N—oo

[E(AY)|op < N33 sg{p max E|ai(jy)|4 - 0.

2) The term N2 |Aylop converges to O in probability. Indeed, for any 6; > O,
P(Aylop > 61 VN) <P(a;}’| > 6, VN for some ij € [N]) (3.20)
+P(|Axlop > 61 VN and |a}}’| < 6; VN for all i, € [N]). 3.21)

The first quantity goes to zero as N — oo because of (277). For the second, it is an easy exercise to show that
if each entry of a matrix M has absolute value at most a and each row and column of M has at most one
non-zero element then |[M|y, < a (use the expression |[M|,, = SUP|ixflp=1 [|[Mx||2). Consequently, the probability
in (BZX7) is at most

N N
DD Blayl> Nial > Ne+ Y Y Bllay ) > N2 lay gl > N3 (3.22)

i=1 1<j) <jo<N Jj=1 1<i)<i<N
(N)14y\2
N\ SUPyen+ e (Bl 17D Nesco
<ON €N*,ije[N] ij < sup (E{|afN)|4})2 = 0. (3.23)
2 N4-8n N80 o el J
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We used the independence of the entries in each row or column and Markov’s inequality.
3) To deal with |A} — EAlop. we will use Proposition Bl Let

Ay = A} - EAy, (3.24)
si= = ElA)G)- (3.25)

Proposition B0 applies to Ay because any element of the matrix, say (Ay); j» has zero mean and variance
sg)'g < E{(Af,)z} < E(AIZV) = sg) < 1. Thus, if we denote by My(m) the terms (22) for m € [N] and for the
matrix Ay, we will have My(m) < My(m) for all m € N, and Proposition B, gives that for any 1 < k < N,

k (s+1)Ak
~ 2k—-2
E tr(A2) < My (k) + § (4K%)2k25 (23 71) ° Z (AKHME=0p (¢ - 1) (3.26)
s=1 t=1

Now fix C; > 0, its value will be determined in (8=32) below. For 1 < k < C, log N,

k (s+1)Ak
~ 1 \2k-2
Etr(Aik) < CZNk+1R2k + G, Z(4k5)2k—2s (2NT”) s Z (4k4)4(s+1_t)NtR2(t_l). (3.27)
s=1 t=1
Next, we focus on the second summand in the right hand side of the previous inequality for N large enough.
In the sum in t we factor out (4k*)***YR2, and in the resulting sum of geometric progression with ratio a
larger than 1 we use the bound a + a® + - - + a**P"F < ja$tD k| Thus the sum in (8222) is bounded by

k (s+1)Ak

k 1 2k-2s NR2
Co— ) (4KkP)?2s(aN27" qptyrsD | 3.28
2 ;:1( )28 (2N (akt) e (3.28)

k-1 k-s
Ik 4(415)2
_ o8 17 prk 2y k-1 " 24 Fe+1

= 285G,k "N (R + ¢, = (NR?) El( NI (3.29)
< 2SCZkl7Nk(R2)k—1 + 27czk11(R2)(k—1)Nk+1—2n < 2902k17Nk+1—2nR2k—2 (3'30)

[in summing the geometric series in (3229), we used the bound c + A+ +c" <2cif 0 <c< 1/2]. Thus,
returning to (B3=27),

E tr(A2F) < N*''R*{1 + o(1)}%*. (3.31)
with o(1) depending on R, Cs, 7.
Fix € > 0, pick
o> 2t (3.32)
" log(1+e) ’
and apply the above for k := [C; log N]. Relation (8=31) implies
|Anlop Ay %{,‘ 21 2Ic 1 L a2k
P(WZR(I-FS) <P WZR (1+e¢) SWWEPANOP
ok (3.33)
1+o0(1) 1
<SN|{———] = O( )
l+e N1+e
for any N large enough. The last equality is true because of the choice of k and C;. ]

A tool for proving almost sure convergence of the sequence IANIOP/ VN is the following lemma.

Lemma 3.3. Let (Ay)nen+ be a sequence of matrices, Ay is N X N, and R > 0 so that the sequence satisfies
Assumption ZZ3(a), condition X(R), and Assumption Z7. Then

A
lim sup Ml <R as. (3.34)

N—oo
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Proof. Pick n € (0,1/8), its exact value will be determined below, and define the matrices A3, EAIf, as in the
proof of Proposition B=2. The proof will be accomplished once we show that

AS
lim sup m <R, a.s., and (3.35)
N VN
P (AN # A} for infinitely many N) =0. (3.36)

Proor ofF (BZ3H). Since X(R) holds for the sequence (Ay)ys>1, the proof of Proposition B (the part with
heading 3) shows that
|A§] - EA1%1|0p
limsup ——— < e a.s. (8.37)
N VN
because the upper bound in (BZ33) is summable with respect to N. In the same proof it is shown that

. [EAY]
lim sup —N® _0as.
N VN

Using these two facts and the triangle inequality we get (8-35).

PrOOF OF (B236). Let X be the random variable that stochastically dominates the entries of Ay in the sense
of (ZZT3). Let Xy be a sequence of symmetric random matrices after an appropriate coupling such that for
all N e N and i,j € [N] it is true that

la] < 1(Xn)l (3.38)

and the entries of Xy are independent up to symmetry and all following the same law as X. It is an easy

exercise to show that for any a,c > 1 and Y real valued random variable we have

1 oz
E(lY] % ). (3.39)

D aB(Y|2 M) <
e a-1

Using this inequality and the fact that the random variable X has finite 4 + 6 moment, we get that all n < 6%4

satisfy

Z 22mp(|x| > 22170 < 0. (3.40)

m=1

Thus, picking in the beginning of the proof an arbitrary n with 0 < n < (1/8) A (6/(4 + 6)), we have
P(AN # A} for infinitely many N) = P( for infinitely many N there are i,j € [N] : |ag]y)| > CN%_”) (3.41)
< P( for infinitely many N there are i,j € [N] : IXi(j.V)I > CN %"1) =P (XN # X5 for infinitely many N ) . (38.42)

In the second line, the inequality is a consequence of (B=38), and the matrix Xf, is the matrix whose (i, )

element is (Xy); Jll Goul<oN T The convergence of the series in (37&0). implies that the probability in the
N)ijlS

right hand side of (B7272) is O (see [Z], pages 94 and 95) and finishes the proof of (B=38). [}

4 Proof of Theorem 2.8

The convergence , ,y = p in probability implies that

A
fim inf e
N \/ﬁ

> U in probability, (4.1)

that is, for all € > 0, limy_,c P(|An|op/ VN < peo — €) = 0. So in order to prove Theorem EZ8 one needs to prove

that
. |AN|0p
limsup —— <
N

4.2)

in probability. By Proposition B2, it is enough to prove that condition X(i.) is satisfied.
We will prove condition X(u) separately for each of the Assumptions P74 and 78 in the next two lemmas.
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Lemma 4.1. Let (Ay)nen+ be a sequence of matrices that satisfies Assumptions 22, 23, and 2. Then for
every k, N € N* such that k < N it is true that

My(k) < N"EF.
In case us, > 0, the inequality is true (as equality) for ik = O also.

Proof. Fix N, k € N* with k < N and a tree T € Ci.. Then, for each d := (d;, da, . .., dis1) € {=1,0}*! consider
the function
®a: [N]k+l BN [2N]k+1

with

@a (i1, i, L Gr1) =2 (1, B, -+ o 1) +(da, da, -+ diey1)
for all i1, iy, . .., is1 € [N]. Each ¢q is one to one and, for different vectors d,d’ € {—1,0}**!, the image of ¢q
is disjoint from that of ¢g-. If G is a plane rooted tree whose vertices in order of appearance in a depth first
search are (i1, s, ..., iks1) € [N, and @q(it, i, ..., ier1) = (oo - - - ojis1), We denote by @4(G) the plane
rooted tree with vertex set {j1,ja, ..., jik+1}, TOOt j1, and edges {{j..j»} : {a, b} is an edge of G}. Note that if all
coordinates of i € [N]**! are different, the same is true for the coordinates of @q(i).
Lastly, by assumption P4, for any T € Cy, i € [N]?* such that Gi) ~ T and d € {-1, 0}*!, it is true that

1_[ sg) < I_[ sng). 4.3)

{ijleE(G@{) (ij}€E(pa(G({)))

So if one sums over all possible trees in C, and d € {-1, 1)+ ER) implies that

2 My (k) = Z Z Z ]_[ st < Z Z Z ﬂ sV < Mon(k). (4.4)

de(-1,0)f+! T€Cy ie[N]2*:G({H)~T {ijl€E(G({)) de(-1,0}k+1 T€Cy ie[N]2*:G(H)~T {ijl€E(@a(G(1)))

By applying (E4) inductively, one can prove that for fixed N, k € N the sequence
Gm := Momy () /(2™ N1 m e N
is increasing in the variable m. So by (E-H) it is true that
SUp G = lim g = f X du(x) < p.
In particular, gy < u2*, completing the proof. o

Lemma 4.2. Suppose (Ay)nen+ IS a sequence of matrices such that Assumptions 223,228 hold. Then for each
C; > O there is C, > 0O such that

My (k) < CoN*1 2k (4.5)
forallN e N* and 1 <k < CylogN.
Proof. Note that for 1 < k< N,
1 -
eriin0 < 3 [ (] W) dicde - s = Ex(io (4.6)
N Je+1
Tec, v [0.1] {ij}€E(T)

The inequality holds because the left hand side results if on the right hand side we restrict the domain of
integration to the union of the sets Hl:: 11((1} —1)/N,i./N] where all iy, iy, . .., is; € [N] are different. Thus, it
is enough to show (E5) with the left hand side replaced by N**!1Zy (k).

Fix T € Cj, and enumerate the edges of T in the order of first appearance during a depth first search
algorithm. For {i,j} € E(T), let {i,jlora be its enumeration. Then for any integer [ € [0, k] define the following

quantities.

)
my (k. T) = f [ wxw  []  Wegdade: - de. 4.7
(01 4 e E(T):{iborast (i) EBD) iforaz 41



13

Note that
DT = o D (ke T) = En(l) 4.8)
TeCy TeCy
Fix D > 0. Since all the variances are uniformly bounded by 1, Assumption (2-12) implies that there exists
some Ny(D) and C > 0 such that for N > No(D) and any 1 < 1 < k < N it is true that

_ 1
1006 T) - 10 T < f Wi, 1) ~ Wix gl dxdy < Cris. 4.9
[0.1]2

Consequently, since |Cy| < 22¥, for k < N we have

K K
_ - - Ck2%k
B0 = pad < Y| Do e D) =y e D) < 7 D e ) =y T < (4.10)

TeC I=1 TeCy =1
Pick any D > —2C, log(t/2). Then there is N}, € N*, N, > No(D) such that Ck2?*/NP < 12* for all N > N},
and 1 < k < C;log N. And since pg; < u2*, we will have Zy(k) < 2u2* for the same N and k. If we choose a
constant C, > 2 so that (BE5) is satisfied for N € [Nj] and 1 < k < C, log N, then we will have (&) for all N, k

claimed. m}

4.1 Proof of almost sure convergence under the additional Assumption 2.7

The convergence in probability that we have proven so far gives
. |AN]
lim inf — =2

N—oo

> U A.S. 4.11)

The opposite inequality follows from Lemma BZ3 whose assumptions are satisfied, with R = u., because,
under both scenarios of the Theorem, assumption X(j) holds.

5 Proof of Theorem 210

The plan is to write the matrix Ay as A;;) + A](\?) so that for the sequence {A};)} ~N>1 We can apply Theorem P8
while for {Aﬁ) /VN }n>1 the operator norm will tend to zero.
Let

Dy :={(i.j) € [N]? : there exists m € [dy] : (i.j) € (BN)°}. (5.1)

Then define the matrices

AV} = Leny Ay (5.2)
(AP} = LajenyAn)iy- (5.3)

The proof follows from the triangle inequality for the operator norm and the following two statements, which

we are going to prove next.

li 1Ay ko 0 i babilit: (5.4)
m ——— = 1nproa11y. .
N—ooo ‘,N
(1)
A
lim ﬂ - (5.5)

N—>oo \/I_V

Proor oF (B4). For any k € N denote by Mz(vz (k) the quantity (Z=2) but with the role of Ay played by A? je.,

g}” is replaced by sg]y)l(i jen, By Proposition B3 it is sufficient to prove that for any constant C; > 0 it is

true that for any k < C; log N,

S

M (k) < N(8dy)". (5.6)

This is true because each product in (Z4) is at most 1, then the inner sum has at most N (2dy)* non zero

terms [there are N choices for i;, and then, for each choice of i; there are at most 2dy choices for iy that
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(V)

have s; ;,

# 0 due to condition (c) of Definition 9, and the same restriction holds for is, ..., it1] and the
outer sum has |C;| < 4* terms.

Proor or (BH). We will show that Theorem P8 can be applied to the sequence {AS)} n>1.- First we prove that
Maw ,y§ = W in probability as N — co. (5.7)
N

As remarked after relation (225), My, /y§ = M in probability as N — co. Then, from a well known inequality
(Corollary A.41 in [7]), the Levy distance between Hay /N and u AV /YN is bounded as follows.

L’ (Mo /vw Mo/ yw) < ! {( \/—AN - %/_ (1))2} = % Z {(Af\?))u}z- (5.8)
ije[N]

The expectation of the rightmost quantity is at most N"2N2dy (since each row of Aﬁ) has at most 2dy
elements that are not identically zero random variables and these random variables have second moment
at most 1), which tends to 0 as N — 0 because of the assumption on dy.
Then the sequence {A](\}) In>1 satisfies:
e Assumption with the same measure as {Ay}ys1. This follows from Lemma 2. Assumption (c) of that
lemma is satisfied because of (877).
e Assumption P73, this is clear,
e Assumption P4. Indeed, fix (i, j) € [N]?. If (i,j) € Dy, there exists some m € [dy] such that

{(i+d,j+ds): dy,dy€{-1,0,1}} € BV,
Then Assumption (E-1H) implies that there exists some f € [day] such that
{2i+d),2j+dy) : dy, dy € {-2,0,2}} € BV,
But since B}ZN) is axially convex (see before Definition PZ9), one can conclude that
((20+dy, 2+ dp) : di, dp € {-2,-1,0,1,2}} B\
2N
e

Thus, all the Assumptions of Theorem 8 hold for A(l), and hence (B8) holds.
Almost sure convergence under the additional Assumption Z74. Using Lemma B=3, we will prove that

Now since (k,?) — s ) is constant in BJ(,QN) [see (Z-1H)] and we assumed (Z-174), our claim follows.

|ANlop
lim sup < U a.s. (5.9)
N—>oco \/N
(2)|
. N lop
limsup ——— < e a.s. for any ¢ > O. (5.10)
N—>oo

And these are enough to prove our claim.

Notice that the validity of Assumptions P=3(a) and E—2 for the sequence (Ay)yen+ implies the validity of
the same assumptions for the sequences (Agvl))NeN+ and (Aj(\?))NeN+. As was mentioned above, the sequence
{AS)} n>1 satisfies Assumption with the same measure as {Ay}y>;. And then Lemma BT implies that the
sequence (A](\;)) nen+ satisfies condition X(j ), while (B8) and limy_,, dy/n = 0 imply that, for any € > 0, the
sequence (AE?)) nen+ satisfies condition X(¢e). Thus, Lemma BZ3 applies and gives the desired inequalities.

6 Step function profile. Proof of Theorem 2. 14

Proof of Theorem ZT4. The inequality liminfy_,c |Anlop/ VN > p2 almost surely is justified with the same
argument as (E-T) with the only difference that here we have p, , = u° a.s., and so the inequality will be
true in the a.s. sense.

For the reverse inequality, we will apply Lemma BZ3. To check Assumptions P—3(a) and B4, required by that
lemma, note that the (i,j) element of Ay is of the form o, ,X] for a constant o, 4 € [0, 1] and X] 2 Xp, and
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clearly X, can play the role of X in relation (2-1:3). We will prove that (Ay)nen+ satisfies condition X(c) for all
C > U, and this will finish the proof.
Define the matrix Sy € RVN by

ap-1 +(1/N) <i/N < a, and

Vi =0 if 6.1
( N)IJ Dp.q aq—l + (1/N) SJ/N< CLq, ( )
and AN = iN QAI’V
Also, let
RV
P
gy 1= max {'T — ap’ ipe[m- 1]}. (6.2)
By Definition P21, it holds limy_,., ey = O.
Claim 1: a) With probability one, Ay/ VN has the same limiting ESD as Ay/ VN.
b) For Ay, Lemma BT applies.
Consequently,
My(Ic) < N**1(u2)?k (6.3)

forall 1 < k< N.
Proof of Claim 1:
a) This is true because by Theorem A.43 in the Appendix A of [Z], the Kolmogorov distance between p, ,x

and Ma,/yn 1s at most

1 A~ m . N—ooo

— rank(Ay — Ay) £ — max(max{R,, Na,} — min{R,,, Na,}) = mey — O. (6.4)

N N pe[m]
b) Assumption 223 is satisfied because E(|X,|**%) and Op,q < 1forall p,q € [m]. To show that Assumption P2
is satisfied, we repeat the argument just before the statement of the Theorem. For the sequence (AN)N€N+,
the corresponding Wy(x, y), as N — oo, converges to 02(x, y) for almost all (x, y) € [0, 1]2. Assumption 24 is
satisfied because if for some i, j we have Var[(Ay); ;i1 > 0, then this equals 03' q for the unique p, q as in (B1).

Then

2i—1€[ L1 1) 2i€[ L1 ) 6.5)
——clap 1+ —.ap— =), =— €[ap-1 + =, ap), .
N PLT NP ogNToN PP NP

Y1 g, +— L) 2 e+ . ay) 6.6
oN Gt T on % T o) gy S et Ty G :

Thus, (28) holds as equality.

Claim 2: There is 8 € (0, o) so that My(k) < e?**V=v (i) for all k < N.
Proof of Claim 2: Define the following sets of indices.

AV =1V N [a, 1N + 1, a,N), 6.7)
ANV = U AN, (6.8)
When p = m, the interval in the intersection becomes closed on the right also. Then
My (k) < Fy(k) + Z Z Z 1(ig AV ifle Jand 4 € AV if 1 ¢ J) 1_[ st 6.9)
0#JC[k+1] TECy 1 +*+lkcs1 {ij)€E(T)
= My (k) + Z Z Z a(T,J, my, my, ..., Ms1) (6.10)
0#JC[k+1] TEC my,...,Mye, 1 €[m]FH!
where
(T, J. my -+ M) = D 1ae AV ifledie AV if Lg J (qendistinet) [ s 6.1D)
1S AR TS A {ij}eE(T)
Note that
DD ao.my e min) < Bi(o). (6.12)

T€Cc my,my-+myeyy €[m]’+!
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We will show that for some constant 8 = 8(I;, I, . . ., I;) € (0, ) we have

a(T, J, my--- mk+1) < (8£N)|J|a(T, 0, my,--- mk+1). (6 13)
In the definition of a(T,J, my, my, ..., My41), the product is common to all summands [recall the rectangles
of constancy of the map (i,j) — sg]y)]. We write a(T,J, my -+ - myeyq) and a(T, 0, my, ... my,;) as

D U e AV for Lg J (Wyeqer distinet) > 130 ¢ A™ for all L € J, (ieqesnydistinet) [ [ s,

el for bgJ ielyy for all beJ {ij}€E(T)
(6.14)
Z 1(i € A™ for 1 ¢ J, (if)yeqjesr;y distinet) Z 1(i; € A™ for all 1 € J, (ip)pepies 1 distinet) l_[ sV
el for bgJ el for all beJ {ij}€E(T)
(6.15)
We will compare the inner sums in the two expressions. Notice that there are C;, C, > O that depend on
a,ag, ..., a, only so that
AV > CN, (6.16)
AN < CoenN (6.17)

Wl while the inner

for all p € [m]. For each fixed collection (i;)sz;, the inner sum in (B14) is at most (CyeyN)
sum in (B1H) is at least (CIN/Z)“”. The ratio of the first over the second bound is (2Cyey/ Cl)“’ I Thus, we
get (BI3) with § := 2Cy /C;.

Taking into account (6-1-3) and (6-12), we get that the second summand in (610) is bounded above by

k+1 k+1 k+1
t

DT liy(ie)@ey) = My (k) Z( )(agN)t = By (i) {(1 + ey)*! — 1} (6.18)
t=1 Jc[k+1]:|J|=t =1
Consequently, My(k) < (1 + 8ey) 1y (k) < e®**+Dav ify(k), and this proves Claim 2.

Now, combining this with (B23), we get that condition Z((1 + €)u) is satisfied for each ¢ > 0. O

7 An approximation result and proof of Corollary

Proposition 7.1. Let (Ay)nen+ be a sequence of symmetric random matrices, Ay of dimension N X N, of the
Jorm

Ay =Xy O Ay, (7.1)
where Xy € [0, c0)YN and A} is a random N X N symmetric matrix with independent entries (up to symmetry)

all with zero mean and unit variance.
For every n € N* consider a sequence (25\';)) Nen+ Of matrices, with 25\7) € [0, )N and define

Aﬁ\';) = Zﬁ\?) © A}y foreach N € N*. (7.2)
(a) Assume that

(i) the sequence (Ay)nen+ satisfies Assumption 23,

(ii) for each n € N it holds

li 1Ay kp () babilit (7.3)
im = Uy In probability, .
N—>oo ’,N

where ug,l )isa finite constant,
(i)
lim yg,‘) = Uo €R, (7.4)

n—oo
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(iv)
lim lim sup [y — 20" |pax = O. (7.5)
n—o0 N oo

Then

lim Anop = Ueo in probability (7.6)
N—oo W : :

(b) Assume that, in addition to the assumptions of (a), the convergence in (Z=3) holds in the a.s. sense and
Assumption Z74 holds for the sequence (A]’V) nen+. Then the limit in (ZB) holds in the a.s. sense.

Proof. (a) Fix € € (0, 1/2) and ng large enough such that for every n > ny it is true that

[Uoo — uf,?)l < eand limsup|Zy — 225\7)|max < e

N—oo
Fix an n > ny. There is an Ny = Np(n) € N* so that |[Zy —Egl)lmax < €2 for all N > Ny. Then for N > N, we have
|AN|op ) ( |AN|0p (n) ) |AN - Ag\?)|op |A1(\?)|op
P — loo| 2 5e| < P||—= — 1’| 2 4e| < P| ———— > 3¢|+P -
( VN VN VN VN

The last term in (ZZ4) converges to zero as N — oo due to (Z=3). For the previous term we will apply Proposition
B™. Notice that the sequence (Ay — A](\';)) Nen+ satisfies

W

> e] . (7.7)

e Assumption Z3 because (Ay — Ay)y; = (En)iy — YAy and [(Ay — APyl < (A4l (for all
N € N*,i,j € [N]) and we assumed that (Aj)nen+ satisfies Assumption P23

e condition X(2¢) because if, for t € N* with t < N, we call My (t) the quantity defined in (Z2) for
the matrix Ay — A;';), and note that the (i,j) element of Ay — AE\';) has mean zero and variance
{(Zn)ij — (Zg'))u}Q, we obtain that

My (t) < N*122(|zy — =0010.0)7 < N (2e)™. (7.8)

Since 3¢ > 2¢(1 + €), Proposition B2 implies that the penultimate term in (Z7) goes to zero as N — oo.

|AN|0p

(b) It is enough to prove that with probability 1 it holds EN% N < Uw. Because of (Z3) (holding a.s.)
and (Z4), it is enough to prove that for all € > O and all n large enough, with probability 1, it holds
(n)
— Ay - A
. L
N—ooo \/I_V
To prove this, we will apply Lemma B=3. Take ny so that for all n > ng it holds lim supy_,., [Zn — 2§\?)Imax < €%

Now fix n > ng. There is Ny = Np(n) € N* so that [Zy — 25\7)|max < €2 for all N > Ny. Then the sequence
(Ay — AI(\?)) n=N, Satisfies Assumption EZ3(a) as we saw in part a) of the proposition, Assumption 274 (because

(7.9)

Afv does so and |Zy — 25\7)|max < 1), and assumption X(2¢) because of (). Then Lemma B=3 gives the desired
inequality. m]

Proof of Corollary ZZT3. We will apply Proposition [Z(b) for the sequence (Ay)yen+. The sequence (Aj)yen+
mentioned in that Proposition is exactly the sequence (A} )yen+ of relation (2224) and it satisfies Assumption
P23 because for it the discussion following Assumption P—3 applies (X, has finite fourth moment).

For each n € N*, we define the following obvious approximation to o.

oW(x, y) := n2f fo(a, b) da db if (x, y) € I X I, for k, ¢ € [n], (7.10)
I JIp

where [, := [%, %) for k € [n—1]and I, := [(n— 1)/n, 1]. Then, we define the matrices Zﬁ\?) through the

relation (25\7))“ := 0'(i/N,j/N).

For each n € N*, the sequence of matrices (Zgl) © Ay)n:1 satisfies the assumptions of Theorem E-T4. Con-

sequently, as N — oo, the sequence (u,m /W)New converges almost surely weakly to a symmetric measure,
N
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say u'™, with support contained in [—yf,g ), ufx'f )] and (=3) holds in the a.s. sense. In a claim below we prove

that condition (Z4) is satisfied. Finally, to check (Z3), note that
|En)iy = EDy| < |En)iy = (/N j/N)| +|o(i/N.j/N) = ™ (i/N.j/N)|. (7.11)

In the right hand side of the last inequality, the first term converges to zero as N — oo due to (B2), and the
second term is at most the supremum norm of o — 6™, which goes to zero as n — oo because o is uniformly
continuous in [0, 1]2. Thus, Proposition [ZT(b) applies and completes the proof.

CrLaM: Condition (Z2) is satisfied.

We modify the proof of Lemma 6.4 of [24]. Call u the weak limit as N — oo of u, , 5. then FN,F]E,”)
the distribution function of u, , 5 and Ham /N respectively, and F, F™V the distribution function of p, u™
respectively. Let

Ani £ Ana <+ < Anns
AP < A << A
the eigenvalues of Ay/ VN, Agl)/ VN respectively.
Let € € (0,1/2). There is np = ng(e) so that for all n > ng it holds lim supy_,, [y — ZJ;;”ImaX < €2. Take now
n > ng fixed. There is Ny = Ny(n) € N* so that |y — ZXI)ImaX < € for all N > Ny. As explained in the proof
of Proposition [, limN_,ooP<|AN - 5\',1)|0p > 3e \/N) = 0. There is sequence (Ni)ik>1 so that in a set Q. of
probability 1, eventually for all k we have |Ay, — AI(\',L)I(,lD < 3eyNj. Since
max Iﬂf\;{)i — Ayl < |An, — AI(\Zc)loP/ VN,
i€[N] ’

in Q. (the inequality is true by Theorem A46 in [2]), we will have eventually for all i € N* that
F\"(a - 3€) < Fy,(a) < Fy’(a + 3e) (7.12)

for all a € R. From here, using the convergence as N — oo of Fyy to F and of Flil”) to FW, we have that for all
a € R it holds

F™(a - 3¢) < F(a) < F™(a + 3e). (7.183)
[First we get this for all a outside a countable subset of R and then using the right continuity of F, F” we
get it for all a € R.] This implies that | ;uig ) _ Ul < 3€ and finishes the proof of the claim. O

Remark 7.2. The above proof easily generalizes to the case that the function o is piecewise continuous in
the following sense. There are me N*, 0 = ap < a; < -+ < Gm-1 < ay = 1 so that letting I, := [ap-1, ap,) for
p=12,....m-1, and I, = [ay;-1. 1] the function olI, X I; is uniformly continuous for all p,q € [m] (i.e.,
when o extends continuously in the closure of each rectangle I, X I;. Recall that to handle the last term in
(1) all we needed was the uniform continuity of o.

8 Examples

8.1 Random Gram matrices

Let (Xy)nen+ be a sequence of matrices so that Xy is an M(N) X N matrix with independent, centered entries
with unit variance, and M : N* — N* a function with limy_c % = ¢ € (0,0). It is known that the
empirical spectral distribution of XXT, after rescaling, converges to the Marchenko-Pastur law pyp [25].
Moreover, the convergence of the rescaled largest eigenvalue to the largest element of the support of pyp
has been established in [Z9] under the assumption of finite fourth moment for the entries. However, some
applications in wireless communication require understanding the spectrum of XXT, where X has a variance
profile, see for example [21] or [I5]. Such matrices are called random Gram matrices. In this subsection,
we establish the convergence of the largest eigenvalue of random Gram matrices to the largest element of
the support of its limiting empirical spectral distribution for specific variance profiles. Firstly we give some

definitions.
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Definition 8.1 (Step function variance profile). Consider
a) m, n € N* and numbers {0, q}pem].ge[n € [0, 00)™".
b) For each K € N*, two partitions {I;,K)}pelm], {J}(,K) Jpern) of [K] in m and n intervals respectively. The
numbering of the intervals is such that x < y whenever x € II(JK), Yy € IéK) or x € JI(,K), Yy € JL(IK) with
p < q. Let LI](DK) and RI[(,K) be the left and right endpoint respectively of II(DK) and similarly LJ[(,K) and
R for g9
c) Numbers O = ay < a; < -+ < Gn-1 < Gm = 1. We assume that limp_, RII(DM)/M = a, for each
p € [m].
d) Numbers O = By < B; < -+ < Bn-1 < Bn := 1. We assume that limy_,c RJ;N)/N = B, for each q € [n].
e) M :N* — NT a function,
f) A random variable X, with E(Xo) = 0, E(X3) = 1.
For each M, N € N*, define the matrix Xy y € RV by (Zyn)ij = opqifi € I;,M) J€ Il(lN), and let {Ay}yen+ be the
sequence of random matrices defined by

AN = ZM(N),N GA;VI(N),N (8 1)

where A]’VI(N)’N

the same as X;. We say that Ay in (8) is a random matrix model whose variance profile is given by a step

is an M(N) X N matrix whose elements are independent random variables all with distribution

function.
Definition 8.2 (Continuous function variance profile). For
a) a continuous function o : [0, 1] — [0, 1],
b) M : Nt — N* a function
) a sequence (Zyn.n)ven+ of matrices, Ty € [0, 1IN with the property
lim o |Ernw)iy — 0(i/MWN). j/N)| = 0, (8.2)
d) a random variable X, with E(Xo) = 0, E(X?) = 1,
consider the sequence {Ay}yay+ of random matrices, Ay € RY™*N defined by

AN = ZM(N),N O} A;V (83)

where the entries of A} are independent random variables all with distribution the same as X,. Then we
say that (Ay)nen+ is a random matrix model whose variance profile is given by a continuous function. Again,
we call o the variance profile.

SymMETRIZATION To study the eigenvalues of AyAL, where Ay falls in one of the cases of the two last definitions,
we use the trick of symmetrization. If A is an M X N matrix, where M, N € N*, we call symmetrization of A
the (M + N) X (M + N) symmetric matrix A defined by

P

A=
AT Opyn

(8.4)

where, for any k,l € N*, Oy; denotes the k X [ matrix with all of its entries equal to 0. The characteristic
polynomials of AAT, A are connected through the relation

AM det(Alyy — A) = AN det(A%Ly; — AAT) (8.5)
for all A € C. Thus, in the case M < N, if we call (¢, &y, . . ., ty+n) the eigenvalues of the symmetric matrix
A, then the vector (2, t2, ..., t},,) contains twice each eigenvalue of AAT and N — M times the eigenvalue 0

(multiple eigenvalues appear in the previous vectors according to their multiplicities). Thus, the empirical
spectral distributions of AAT, A are related through

gt 2M L N-m
) _ .
Ha M+NM T e N

8o (8.6)
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with T : R — [0, o0) being the map x > x2.

STEP FUNCTION PROFILE: If (Ay)nen+ is as in Definition Bl with M(N) := [¢N] for some ¢ € (0, 1], then the
sequence (Ay)yen+ is of the form given in Definition P11 with the following modification. We require that
there is some y : N* — N* with limy_, y(IN) = o so that the N-th matrix is of dimension y(N) X y(N) and,
for each N € N7, the family (I}()N))pe[m] is a partition of [y(N)]. The numbers a,, satisfy limy_, R;,N) /y(N) = ap.
With this modification, Theorem P14 holds if the denominator in (2=27) is replaced by \/W .

The sequence (Ay)yen+ fits into this framework. We have y(N) = [c¢NT] + N, the role of m (of Definition E_IT)
is played by m + n (m, n from Definition B, the (m + n)? constants are

0 if pe[m],qe[m],
B i= Opg-m ifpe[m],qge[m+n\[m], (8.7)
Ogp-m i p€[m+n]\[m],qe[m],
0 if pe [m+ n]\[m],q € [m+ n]\[m]
for each N, and the partition of [y(IV)] into m + n intervals consists of the intervals (we write M instead of
[cNT)
{[May, 1. Ma,) "\N* : p e [m]}, (8.8)
{[M + NBg-1. M + NBg) N\ N* : g € [n]}. (8.9)
Dividing the right endpoints of the intervals by y(IN) and taking N — oo, we get the m + n numbers

c c 1 c 1
a; < a <+ < am < + B <<
1+c 1+c l1+c 1+c l1+c 1+c l1+c

B (8.10)

If we feed these data to the recipe of Definition P11, relation (2=21) will give as Ay the matrix Ay where Ay is
given by (&1). The discussion preceding Theorem EI2 applied to the sequence (Ay)ys; gives that the ESD
of Ay/ J)TN) converges almost surely weakly to a symmetric probability measure ji° with compact support.
Call g, the largest element of the support. Relation (8H8) implies that the ESD of AyA},/N converges to a
measure with compact support contained in [0, co) and the largest element of this support is . = (1+c)(f22)?.
Then Theorem T has the following corollary.

Corollary 8.3. Assume that (Ay)ys1 is as in Definition B with M := [cN1] _for some c € (0, 1] and E(|Xo|**°) <

oo for some § > 0. Then it is true that

T
lim |ANAN|op

N—oo

CONTINUOUS FUNCTION PROFILE: If (Ay)nen+ is as in Definition with M(N) := [cN1] for some c € (0, 1], then we

= U Q.S. (8.11)

apply the discussion preceding Theorem P14 to the sequence (Ay)yen+. The graphon, Wy, corresponding
to Ay converges pointwise in [0, 1] to the graphon & with

0 if (x,y) € [0,¢/(1 + )2 U(c/(1 + ), 1]%,
o(x,y) :=30(x(1+c)/c.(1+c)y—c) if(xy) €[0,¢/(1+c)]x(c/(1+c),1], (8.12)
o(yl+c)/c,(1+c)x—c) if(xy €(c/(1+¢),1]1x[0,x/(1+c)].

We used (82) and the continuity of 0. Since (Ay)yea+ also satisfies Assumption BT, we get that the ESD
of Ay/ \/W converges almost surely weakly to a symmetric probability measure fi° with compact support.
Call 12 the largest element of the support. As above, the ESD of ANA]E /N converges to a measure with
compact support contained in [0, c0), and the largest element of this support is e = (1 + ¢)(fi%)2.

Corollary 8.4. Assume that (Ay)ys1 is as in Definition B2 with M := [cN] _for some c € (0, 1] and E(|Xo|**°) <

oo for some 6 > 0. Then it is true that

AyAT
lim w =l Q.S. (8.13)

N—oo
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Proof. The proof does not follow directly from Corollary E-TH because the sequence (Ay)nen+ does not nec-
essarily have a continuous variance profile in the sense of Definition ZZT2. Instead, we mimic the proof
of that corollary. We define 0™ as in (ZI0), and the M x N matrix 25\',1) as (Zgg))i j = 0™(i/M, j/N) for all
i € [M],j € [N]. Then we apply an obvious modification of Proposition [Z1 (the N-th matrix is of dimension
y(N) X y(N), with y(N) = [cN] + N) with the role of Xy and Eﬁ\';) played by iM,N, ig\?) (the symmetrizations of
Xy and Zf\',l), defined in (84). The proof continues by adopting the proof of Corollary Z-T3 to this setting.
Note that [Eyy = £ lnax = [Zay = 2§ lnax. Which has limy,e lim supy_o, [Zan = Zipxlnax = O. O

Remark 8.5. In [21] the authors showed that if the variances of the entries of Ay are given by the values
of a continuous function (and some extra assumptions such as bounded 4 + ¢ moments of the entries) the
limiting distribution of the E.S.D. of AyA. does exist. So in Theorem BZ3 we prove the convergence of the
largest eigenvalue of these models as well. The authors in [21] also studied the non-centered version of
these models, i.e. when the entries of the matrix do not have O mean, but we do not cover this case with
our result.

8.2 Further applications of Theorem 210

In the Random Matrix Theory literature what are commonly described as Random matrices with variance-
profile given by a step function are more or less what we describe in Theorem PZ-T4. In this subsection we
give some examples which are covered by the generalized version of this variance-profile matrices (Definition
P9) but not from the "standard" step functions.

Let { l(jv) N € N*,i,j € [N]} identically distributed random variables, al(fjv) J(zl\/) for all N € N*,i,j € [N],
{a, (N) : 1 <j < i< N}independent for each N, and a has mean O and variance 1. Fix p € (0, 1] and let Ay
be the matrix with entries

(Anky = ) Liyepy,  1J € [N, (8.14)
The sequence (Ay)nen+ Satisfies Assumption P71 (easy to check) and also Assumption PEZ2. To see the last
point, we follow Remark EZT3. The graphon corresponding to Ay is Wy(x, y) = Ljnx-rnyl<py Which converges
to the graphon W(x,y) = 1j_y<p at least on the set {(x,y) € [0, 112 : |x — y| # pn}, which has measure 1.
Thus, with probability one, the ESD of Ay/ VN converges weakly to a symmetric measure u with compact
support. Call u, the supremum of the support of u.

Corollary 8.6 (Non-Periodic Band Matrices with Bandwidth proportional to the dimension). Assume that
for the matrix defined in (814) we have that agvl) has 0 mean, unit variance and finite 4 + 6 moment for some

6 > 0. Then

lim Aoy _ Uo Q.S
N—ooo m o

Proof. The sequence (Ay)nen+ Satisfies Assumption P22, as we saw above, and also Assumption P=3 because

{a(N) N € N*,i,j € [N]} are identically distributed and a;; has mean zero, variance one, and finite fourth
moment. The corollary then is a straightforward application of Theorem P10, where dy = 3, the partition

of [N]? required by Definition -9 consists of the sets

B = {(ij) € [N]* : [(i/N) - (j/N)| < p}. (8.15)
BY = {(i.j) € [N]* : (i/N) > (j/N) + p}. (8.16)
BY := {(i.j) € INI* : i/N) > (i/N) + p}. (8.17)
and s(N) =1, s(N) (N) = 0. Condition (b) of that definition is satisfied by f := m for each m € [3]. O

Remark 8.7. The random band matrix models have been extensively studied after the novel work in [8] and
have tremendous application in various research areas. When the bandwidth of the matrices is periodic,
i.e., the distance from the diagonal outside which the entries are O is periodic, the operator norm has been
extensively studied, see for example [26] or the survey [1]. Moreover when the bandwidth of such matrices
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is non-periodic but the bandwidth (the maximum number of non identically zero entries per row) is o(NN)
but also tends to infinity has also been examined in [6]. To the best of our knowledge, the convergence of
the largest eigenvalue of non-periodic Band Matrices with bandwidth proportional to the dimension has not
been established.

Our next result concerns the singular values of triangular random matrices. It is well known under various
assumptions for the entries, but we record it here as another application of our main theorem.

Let {ag.v) : N e N*,1 <i<je [N]}identically distributed random variables, {agl.v) : 1 <j<i< N}independent

for each N, and aﬂ has mean O and variance 1. Let Ay be the matrix with entries
{An}ij = ai(y)lisjy ij€[N], (8.18)

Corollary 8.8 (Triangular matrices). Assume that for the matrix defined in (B18) we have that agz‘vl) has O
mean, unit variance and finite 4 + 6 moment for some 6 > 0. Then

. lANAR
lim — X% — ¢ as.

N—oo

Proof. As in the case of Gram matrices, we denote by Ay the symmetrization of Ay, defined in (B2). We have
|ANA1Tv|0p = |AN|§p. We will apply Theorem 210 to the sequence (An)nen+. The partition of [2N]? required by
Definition 9 consists of the following three sets (i.e., dy = 3)

BN = {(ij) € [2N]? : li—jl < N - 1}, (8.19)
BV = {(ij) € [2N]? : i > N +j}, (8.20)
BN = {(ij) € [2N]? :j = N + i}, (8.21)

and the corresponding values of the variance are S(IN) =0, S(ZN) = séN) = 1. Assumption follows as an

application of Remark P-T3, in the same way as in the previous corollary. The measure u of that assumption
satisfies u o T~! = v, where v is the limit of the E.S.D of N"!AyAT [recall (88)]. It was shown in [I?Z] that
v has support [0, e]. It follows that u has support [— /e, Ve] [See Remark 2.2 of [I0] for a more detailed
discussion of this phenomenon].

Assumption I3 is satisfied because the elements of Ay with indices in B(ZN) U BgN) are identically distributed
with zero mean, unit variance and finite fourth moment (the remaining elements of the matrix are identically
zero random variables). Finally, condition (2-17) is satisfied as equality.

Thus, the corollary follows from Theorem P_TT. O

9 Two technical lemmas

In the next lemma, we prove the crucial estimate we invoked in the proof of Proposition Bl. We adopt and
present the terminology of Section 5.1.1 of [Z].

Lemma 9.1. Npq q, a=1lift=1.

Proof. When t = 1, since the cycle is bad, we have s = 1 and a; = 2k, and there is only one cycle with these
s, t and vertex set {1}.

For the case t > 2, take a cycle i := (ij,i,..., i) as in (BH) and assume that it has edge multiplicities
a,as,...,as > 2. Each step in the cycle we call a leg. More formally, legs are the elements of the set
{(r,(ir, 141)) : T=1,2,...,2k}. Edges of the cycle we call the edges of G(i), and the multiplicity of each edge
is computed from i. The graph G(i) does not have multiple edges.

For 1 < a < b, we say that the leg (a, (iy, iz+1)) is single up to b if {iy, igs1} # {ic, ic+1} forevery c € {1,2,...,b—
1}, ¢ # a. We classify the 2k legs of the cycle into 4 sets Ty, Ty, T3, T4. The leg (a, (i, iu+1)) belongs to

Ty: if igyq € {i1,....14). L. e., the leg leads to a new vertex.
Ts: if there is a Ty leg (b, (ip, ip+1)) With b < a so that a = min{c > b : {i;, icy1} = {ip, ip+1}}. L €., at the time of

its appearance, it increases the multiplicity of a Ty edge of G(i) from 1 to 2.
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T,: if it is not T; or Ts.

Ty: if it is Ty and there is no b < a with {iy, iz41} = {ip, 41}
Le., at the time of its appearance, it creates a new edge but leads to a vertex that has
appeared already.

Moreover, a Ts leg (a, (iy, iz+1)) is called irregular if there is exactly one T leg (b, (ip, i,+1)) Which has b < a,
U4 € {ip, ip+1}, and is single up to a. Otherwise the leg is called regular.
It is immediate that a T, leg is one of the following three kinds.

a) Itisa Ty leg.

b) Its appearance increases the multiplicity of a T, edge from 1 to 2.

c) Its edge marks the third or higher order appearance of an edge.

The number of edges of G(i) is s and the number of its vertices is t (since T(i) ~ T € C;). Call
2: the number of edges of G(i) that have multiplicity at least 3.

m: the number of T; legs.

r: the number of regular Ts legs.

We have for r, t, and |T;| the following bounds

r<2m, 9.1)
t=s+1-m<k (9.2)
| Tyl = 2m + 2(k — s). (9.3)

The first relation is Lemma 5.6 in [Z]. The second is true because if we remove the m edges traveled by T,
legs, we get a tree with s— m edges and ¢ vertices, and in any tree the number or vertices equals the number
of edges plus one. Then the inequality is true because s < k (all edges of G(i) have multiplicity at least 2)
and if s = k, then m > 1 since the cycle is bad. For the last relation, note that |T3| = |Ty| = t — 1 and thus,
using (2) too, we have [Ty| = 2k — 2(t — 1) = 2k — 2(s — m).

Now back to the task of bounding Nr, .. .. We fix a cycle as in the beginning of the proof and we record

e for each Ty leg, a) its order in the cycle, b) the index of its initial vertex, c) the index of its final
vertex, and d) the index of the final vertex of the next leg in case that leg is T;. This gives a
01 c{1,2,...,2k} x ({1,2,... ]2 U{1,2,...t}°) with |T4| elements.

e for each regular T; leg, a) its order in the cycle, b) the index of its initial vertex, and c) the index of
its final vertex. This gives a @, C {1,2,...,2k} X {1,2,...,t}? with r elements.

We call U the set of all indices that appear as fourth coordinate in elements of Q,. These are indices of final
vertices of T} legs.
We claim that, having @, @» and knowing that T(i) = T, we can reconstruct the cycle i.
We determine what kind each leg of the cycle is and what the index of its initial and its final vertex is. These
data are known for the Ty and T3 regular legs. The remaining legs are T} or T3 irregular. We discover the
nature of each of them by traversing the cycle from the beginning as follows. The first leg is T, (if i = ;)
or T;. The set Q; will tell us if we are in the first case and will give us all we want. If we are in the second
case, the initial vertex is 1 and the final 2. Assume that we have arrived at a vertex v; in the cycle with the
smallest i for which the nature of the leg ¢; := (i, (v, vi+1)) is not known yet. If the vertex v; has no neighbors
in G(i) that we haven’t encountered up to the leg ¢;_;, then ¢; is T3 irregular, and by the defining property
of T; irregular legs, we can determine the index of its final vertex. If the vertex v; does have such neighbors,
call z the one that appears earlier in the cycle.

e If z € U, then in case it was included in U because of #;_; (this can be read off from Q. Note that z could

not have been included because of an earlier leg because z has not appeared earlier than v;), we have that
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Figure 1: The case z ¢ U.The legs #;, {i(i < j) are T3, while £, ¢, are T;.

?; is Ty with vy, = z, while in case it was included with a leg £ with index i’ > i, we have that #; can’t be T}
(because then v;; would be a neighbor of v; appearing earlier than z, contradicting the choice of z), thus ;
is T; irregular.

o If z ¢ U, we will show that ¢; = (i, (v;, w)) is T}. Assume on the contrary that it is T3 irregular. Clearly
z # w, and call £, (p < i) the T; leg that has vertices v;, w and is single up to i — 1. The cycle will visit the
vertex v; at a later point, with a leg ¢; = (j, (v;, vy)) with j > i and v; # z,v; # v; , in order to create the edge
that connects v; with z (that is, #,; = (j + 1, (v;, 2)) will be Ty), see Figure 0. The leg ¢; is not T; because v;
has been visited by an earlier leg, and it is not T, because we assumed that z ¢ U. It has then to be Ts.
Thus, there is a leg {; connecting vertices v;, v; that is Tj.

If g < i, then we consider two cases. If v; = w, then /; is Ty, because the edge v;, w has been traveled already
by £, ¢; (recall that p < i < j), and this would force z € U, a contradiction. If v; # w, then ¢; would have been
Tz regular as there are at least two T; legs (i.e., £,, ;) with order less than i with one vertex v;, traveling
different edges, and single up to i — 1, again a contradiction because ¢; is Ty or T; irregular.

If g > i, then vj(+ z) is a neighbor of v; (that is, the T; leg ¢, goes from v; to v)) that appears after leg #; but
earlier than z, which contradicts the definition of z. We conclude that ¢; is Tj.

Thus, having T, ©Q;, @, allows to determine i.

The above imply that the number of bad cycles with given T, ¢, r is at most

2kt (t + 1) 2kt?) < (4Kl 9.4)
Then (E) and (E33) give r + |T4| < 4m + 2(k — s), and finally using ((2), we get the desired bound. O

The next lemma is used in the proof of Theorem 2Z—10.
Lemma 9.2. Let (Ay)nen+ be a sequence of matrices, Ay of dimension N X N, that satisfies Assumption 21 and
Assumption 222 with measure u. Suppose that there are two sequences of matrices (A](\}) Inen+ and (A](?) )Nen+
such that

(@ Ay =AY + AT,

(b) ForallN € N* and i,j € [N], at least one of (Ax))i s (Aﬁ))i j is identically zero random variable.

(c) Hpm /R = BN probability as N — co.
Then (Ajvl)) Nen+ also satisfies Assumptions 21, 22 with the measure L.

Proof. We only need to check the validity of Assumption as the validity of Assumption P71 is immediate.
Because A§Vl) satisfies Assumption T, there is a decreasing sequence (7y)yen+ of positive reals converging
to O so that 1

. 1

lim — > E[(Ay))*1 (A}l > nwN?)| = 0. 9.5)

N—oo N2
ije[N]
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Set Agvl)’s to be the matrix whose (i, j) entry is
1 1
Ay )y (AP )yl < nwl? ) — E[{Ag )1 (LA )yl < nwN? )| (9.6)

and ;= E[{Ay )1 (AP}l < 2.
CLam:
Uy-1240< = U in probability as N — oo 9.7)
N

The Levy distance between p,0 /N and p,ms< /yN IS bounded as follows.
N N

1 1 1
LS(I"A&,I)/\/N’MASLS/\/N) tr{(TAJ(\}) \/NAEVI)‘S) } ©.8)
1 1
= ﬁ D (A )l < neN2 ) + (A )y + i1 (AP )l > N2 )} (9.9)
ije[N]
3 2 2 My 42 1) !
<25 D Mt 2, (AT (ARl > neN?). 9.10)
ije[N] ije[N]

Since the entries of AEVI) have mean O, we have

ﬂz%l,u = (E [{Aﬁ\})}ul (|{A](\})}ij| > mvN%)])Z <E [({Af\})}iJ)Zl (|{A1(\})}u| > mvN%)] .

Thus, the expectation of the expression in (@810) is at most

5 1
= 2 B{0ay 1 (1A 1l > nnE) |
ije[N]

which tends to zero as N — oo due to (H). This, combined with assumption (c), proves the claim.
Fix k € N* and set My(k), Mz(vl )‘S(k) the asymptotic contributing terms (see (2-24)) of Ay and Ax)‘s respectively.
Notice that

M= (k) < M (k) < My (). 9.11)
The rightmost inequality is true because the variance of {Aﬁ\})}i ;j is either zero or sg) due to assumption (b)
of the lemma. The leftmost inequality is true because if W is a real valued random variable with mean O
and finite variance and W is a variable with |W| < |W]|, then Var(W) < Var(W).

Lemma 3.6 of [30] implies that
(1).<
My "= (k) 1
—eT = per By 5% + o(1) 9.12)

as N — oco. We will prove that the right hand side converges to f x%kdu as N — oo. It will be convenient to
let By := AI(\})’S/ VN and {A(By) : i € [N]} its eigenvalues.
Pick some C > ., and consider the function gc(x) = (|x] A C)?*, which is bounded and continuous. Then,

Etr{(Ay )"} = ZE (AdBy)™) 9.13)

Nk+

and the right hand side can be estimated as follows.

1 v 1+ 1+
5 2 BB = = D EgcGuBy)| <+ D B By Lin sy zc)
i=1 i=1 i=1

(9.14)

N N EAk EYY 1 "
< %Z /Eﬁ?k(BN) BB C) < JZ Ej; (BN)\/ Ziz1 Lnyie N 0

i=1 i=1 N N

To justify the convergence to zero, note that the quantity in the second square root converges to zero by our
choice of C > u. and the in probability weak convergence of the E.S.D. of By to u. The quantity in the first
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square root is bounded in N because, due to (E12), its difference from MI(VI)'S(2k) /N2k*1 is bounded and the
latter is less than My(2k)/N?*"! which is bounded in N since it converges to f x* du.

The in probability weak convergence () implies that

N
1
— Z gc(A{By}) — x2kdu in probability, (9.15)
N =
and the boundedness of g¢ allows to conclude that
L&
im N Z: Egc(A{Bn}) = f x**dp. (9.16)
=

Thus, relations (12), (BC13), (&14),(&18) show that

(1),
M=k
HQOIXITE) = fx”‘dy. 9.17)

And this combined with (811) concludes the proof. m}
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