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Abstract For the plain Pélya urn with two colors, black and white, we prove
a functional central limit theorem for the number of white balls assuming that
the initial number of black balls is large. Depending on the initial number of
white balls, the limit is either a pure birth process or a diffusion.
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1 Introduction and results

The model. The Pélya urn is the model where in an urn that has initially
Ap white and By black balls we draw, successively, and uniformly at random, a
ball from it and then we return the ball back together with & balls of the same
color as the one drawn. The number k € NT is fixed. Call 4,, and B,, the num-
ber of white and black balls respectively after n drawings. The most notable
result regarding the asymptotic behavior of the urn is that the proportion of
white balls in the urn after n drawings, A, /(A + By), converges almost surely
as n — oo to a random variable with distribution Beta(Aq/k, Bo/k).

Our aim in this work is to examine whether the entire path (A, ),en, after
appropriate natural transformations, converges in distribution to a nontrivial
stochastic process.

Standard references for the theory and the applications of the Pélya urn
and related models are [9] and [10].
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The setting. We consider an urn whose initial composition depends on
m € NT. It is Aém) and B(()m) white and black balls respectively. After n
drawings, the composition is AT™, B{™.

To see a new process arising out of the path (A;m))neN, we start with an
initial number of balls that tends to infinity as m — oo. More specifically, we
assume then that Bém) grows linearly with m. Regarding Aém), we study three
regimes:

a) A[gm) stays fixed with m.
b) Aém) grows to infinity but sublinearly with m.
c) Aém) grows linearly with m.

The regime where A(()m) grows superlinearly with m follows from regime b) by
changing the roles of the two colors. We remark on this after Theorem 2.

In the regimes a) and b), the scarcity of white balls has as a result that the
time between two consecutive drawings of a white ball is of order m /Agm) (the
probability of picking a white ball in the first few drawings is approximately
A(()m) /m, which is small). We expect then that speeding up time by this factor
we will see a birth process. And indeed this is the case as our first two theorems
show.

In this work, all processes appearing with index set [0,00) and values in
some Euclidean space R? are elements of Dga[0,00), the space of functions
f:[0,00) — R? that are right continuous and have limits from the left at each
point of [0, 00). This space is endowed with the Skorokhod topology (defined
in §5 of Chapter 3 of [5]), and convergence in distribution of processes with
values on that space is defined through that topology.

We remind the reader that the negative binomial distribution with param-
eters v € (0,00) and p € (0,1) is the distribution with support in N and
probability mass function

r@ = (" -y m

for all z € N. When v € NT, this is the distribution of the number of failures
until we obtain the v-th success in a sequence of independent trials, each having
probability of success p. For a random variable X with this distribution, we
write X ~ NB(v,p).

Since in each drawing we add k balls in the urn, the quantity k—l{Aﬁl’”) -
Agm)}, appearing in our first two theorems, counts the number of times in the
first n drawings that we selected a white ball.

Theorem 1 Fiz ag € NT and b > 0. If Aém) = ag for all m € NV and

lim,y—s 00 Bém)/m = b, then the process (k_l{Ath)] - A(()m)})tzo converges in
distribution, as m — oo, to an inhomogeneous in time pure birth process Z =

{Z(t) }4>0 with Z(0) =0 and such that for all 0 < t1 < ta,j € N,

. o a Cti+ (b/k
Z(ta) — Z(t1)|Z(t1) = j has distribution NB(?O + 7, M)
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In particular, Z has rates A, j = (kj + ao)/(kt +b) for all (¢,7) € [0,00) x N.

Theorem 2 IfA(()m) =: g With gy — 00, g = 0o(m) and limy, s Bém)/m =

b with b > 0 constant, then the process (kfl{AEan)/gm

converges in distribution to the Poisson process on [0,00) with rate 1/b.

]fA(()m)})tZO, as m — 0o,

We return to the discussion at the beginning of the subsection. The regime
where lim,, o0 Bom) (0)/m = b > 0 and Aém)/m — o0 is covered by the
previous theorem. We need to change the roles of the colors and remark that
the role of m as a scaling parameter is played now by A(()m). The result that
we obtain is that the process

L (g (m)
~(B - B
k( [tAg™ /om0 )

converges in distribution, as m — oo, to the Poisson process on [0, 00) with
rate 1.

Next, we look at regime c), i.e., in the case that at time 0 both black and
white balls are of order m. In this case, the normalized process of the number
of white balls has a non-random limit, which we determine, and then we study
the fluctuations of the process around this limit.

Theorem 3 Assume that A((Jm)7 Bém) are such that

Alm) B
lim —%— =g, lim —2— =1,

where a,b € [0,00) are not both zero. Then the process (Af:st)]/m)tzo, asm —
00, converges in distribution to the deterministic process X; = a%_b(a + b+
kt),t > 0.

The limit X is the same as in an urn in which we add at each step k white
or black balls with corresponding probabilities a/(a + b),b/(a + b), that is,
irrespective of the composition of the urn at that time.

To determine the fluctuations of the process (Af:;)] /m)¢>o around its m —
oo limit, X, we let

A(m)
o) = v~z - x, ) ©)
m
for all m € Nt and ¢t > 0.
Theorem 4 Let a,b € [0,00), not both zero, 01,02 € R, and assume that
A(()m) = [am + Glﬁ},Bém) = [bm + O2+/m] for all large m € N. Then the

process (C’t(m))tzo converges in distribution, as m — oo, to the unique strong
solution of the stochastic differential equation

Yo =64, (3)
Vab

k a a
= | e e ek SR )
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which is
b01—a92 \/ab ¢ 1
Y = _— - A
T =01 + (a+b)? kt+ka+b(a+b+k‘t)/0 a+b+ksdws (5)

W is a standard Brownian motion

In the previous theorem, it is possible to allow other kinds of deviations
away from linearity (and not only of order /m) for the values of Aém), B(()m).
And then we get a diffusion limit if instead of (2) we look at the process

A g Am)
Dlgm) = m( ] _ 20 —kt (m) : (’H’L)) (6)
m m Ay + By

for all m € Nt and t > 0. More specifically, we have the following.

A0 B
0 = qa,72— = b where a,b € [0,00)

are not both zero. Then the process (Dt(m))tzo converges in distribution, as
m — 00, to the unique strong solution of the stochastic differential equation

Theorem 5 Assume that lim,,_ o

Vo =0, (7)
kW Vab
Vi= o o e )

which is ,
vab 1
b+ kt —_— dW,.
oot )/0 arbiks )

W is a standard Brownian motion

Vi=k

Remark. Functional central limit theorems for Pdlya type urns have been
proven with increasing generality in the works [6], [2], [8]. The major difference
with our results is that in theirs the initial number of balls, Aém), Bém), is fixed
(see however the last point in the list, concerning the recent work [3]). More
specifically:

1) Gouet ([6]) studies urns with two colors (black and white) in the setting
of Bagchi and Pal ([1]). According to that, when a white ball is drawn, we
return it in the urn together with ¢ white and b black balls, while if a black
ball is drawn, we return it together with ¢ white and d black. The numbers
a,b,c,d are fixed integers (possibly negative), the number of balls added to
the urn is fixed (that is a+b = ¢+ d), and balls are drawn uniformly form the
urn. The plain Pdlya urn is not studied in that work because, according to the
author, it has been studied by Heyde in [7]. However, for the Pélya urn, [7]
discusses the central limit theorem and the law of the iterated logarithm. In any
case, following the techniques of Heyde and Gouet one can prove the following.
Assume for simplicity that £ = 1 and let L =: lim,,_, ’1 The limit exists
with probability one because of the martingale convergence theorem. Then

A
{\/ﬁ (t[/t] - L)} 4 {Wra—ryeteso
n >0
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as n — oo. W is a standard Brownian motion and L’ is a random variable
independent of W and having the same distribution as L. On the other hand,
de-Finetti’s theorem gives easily the more or less equivalent statement that,
as n — 0o,

nt

An d
{\/ﬁ <[t] - L)} = WL a-ry/the=o
>0

with W, L’ as before.

2) Bai, Hu, and Zhang ([2]) work again in the setting of Bagchi and Pal,
but now the numbers a,b, c,d depend on the order of the drawing and are
random. The requirement that each time we add the same number of balls is
relaxed.

3) Janson ([8]) considers urns with many colors, labeled 1,2,...,1, where
after each drawing, if we pick a ball of color i, we place in the urn balls of every
color according to a random vector (&1, ..., ;) whose distribution depends
on i (& ; is the number of balls of color j that we add in the urn). Also, each
ball is assigned a certain nonrandom activity that depends only on its color,
and then the probability to pick a certain color at a drawing equals the ratio of
the total of the activities of all balls of that color to the total of the activities
of all balls present in the urn at that time. A restriction in that work is that
there is a color iy so that starting the urn with just one ball and this ball has
this color, there is positive probability to see in the future every other color.
This excludes the classical Pélya urn that we study.

4) In [3], K. Borovkov studies a Pdlya urn with d+1 colors, 1,2,...,d+1,
and proves convergence after appropriate scaling for the path {M([nt])}icjo,1),
as n — 0o, where

d
M(j) = (£&1(5), &1(4) +£2(j>,...,_Zsi<j>> e N

and &;(j) is the number of balls of color ¢ present in the urn at time j. The
initial total number of balls in the urn is IV and the author considers limits
as N,n — oo with n/N — ¢ under the regimes ¢ = 0,¢ € (0,00),¢ = oco. It
assumes that at each drawing we add one ball, i.e., k = 1 in our notation.

Its relation to the present work is the following. We study only the case
d =1, and then M(j) = & (j) = A™.

a) Theorems 1 and 2 are not covered by [3] because in Corollary 1 of [3]

the changes AE;ZB] — Aém), Ag;) o] Aém) are divided by /m and \/m/gm,
respectively (and then m is sent to infinity), while in Theorem 1 of [3], these
changes are related to certain processes but with an error term of the order
of log? m. That is, in the scenarios of Theorems 1 and 2, the results of [3] are
too rough to capture the birth process that we identify.

b) Theorems 4, 5 follow from Corollary 1(ii) in [3]. For example, under the

assumptions of Theorem 4, the Corollary gives that

bgl — a92

(m) — 6, —
Ci Y (a+b)?
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for all ¢ € [0, 1], where the supremum of the error term, op(1), over ¢ € [0,1]
goes to zero in probability as m — oo, while the process H is Gaussian with
continous paths, mean function zero, and covariance function

Cov(H,, Hy) = a+b+t)

ab
arop

for all 0 < s <t. The term involving the stochastic integral in (5) also defines
a Gaussian process with continuous paths and the same mean and covariance
function as H. The justification for Theorem 5 is similar.

A preprint of the present work appeared in the arxiv on May 30, 2019, a
few months before the preprint of [3].

2 Jump process limits. Proof of Theorems 1, 2

In the case of Theorem 1 we let g, := 1 for all m € NT, and for both theorems
we let v := vy, := m/ gy, (we suppress the dependence of v on m). Our interest
is in the sequence of the processes (Z(m))m6N+ with

Zm(8) = 7 (A = A7) (10)

1
E [vt]
for all t > 0.

To show convergence in distribution, according to Theorem 7.8 of Chapter
3 of [5], it is enough to show that the sequence (Z(™)),,>; is tight and its finite
dimensional distributions converge. The description of the limiting process is
determined on the way.

An easy argument shows that tightness follows from the convergence of
the finite dimensional distributions becauce each Z(™) has non decreasing
paths. It thus remains to establish the convergence of the finite dimensional
distributions.

Notation: (i) For sequences (an)nen, (bn)neny with values in R, we will say
that they are asymptotically equivalent, and will write a,, ~ b, as n — oo, if
lim;, 00 @n /b, = 1. We use the same expressions for functions f, g defined in
a neighborhood of co and satisfy lim, o f(2)/g(z) = 1.

(ii) For a € C and k € N7, let

()g:=ala—1)---(a—k+1), (11)
a® =a(a+1)---(a+k—1), (12)

the falling and rising factorial respectively. Also let (a)g := a(®) := 1.
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2.1 Convergence of finite dimensional distributions

By definition, Z(™ (0) = 0 = Z(0) for all m € N*.

Since, for each m € N*, the process Z("™) is Markov taking values in N and
non decreasing in time, our objective will have been accomplished if we show
that the conditional probability

P(ZU™(t2) = ka| 2™ (t1) = k1) (13)

converges as m — oo for each 0 < ¢; < t5 and nonnegative integers ky < ko.
Define

n = [vta] — [vt1], (14)
xTr = k2 - kl, (15)
(m)
o= w’ (16)
k
_ (m)
(Mot B -

Then, the above probability equals
P(A™). = kky + ao| A", = kky + ag)

[ota] = [vt1]
B (n) ko(ko + k) (ko + (x — V)k)kr (kT + k) - - (k7 + (n — 2 — 1)k)
N (ko + k7)(ko +kr+ k) (ko + kT + (n — 1)k)

' (18)
_ (n), o@r(n=2) _ (n)s 5@ I'ir+n—2z) I'(c+7)

z! (o +7)") x! I (7) I'ic+7+n)

To compute the limit as m — oo of (19), we will use Stirling’s approximation
for the Gamma function,

(19)

y\Y [2m
ry)~(2) /= (20)
as y — 0o, and its consequence
Iy +a) ~ I'(y)y* (21)
as y — oo for all a € R.

Proof (The computation for Theorem 1) Recall that v = m in this theo-
rem. Using (21) twice, with the role of a played by —z and o, we see that the
last quantity in (19), for m — oo, is asymptotically equivalent to

(it = 0" oy S +m) " (mlta = 0))" () {m(ts+ (bR
x! (t4+n)” x! {m(ta + (b/k))}ot=

_ (e —t)" o {ti+ (b/k)}7
z! {ta + (b/k)}ot"

-(77) Gam) (-atem) - @
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[For reader’s convenience, we remark that the asymptotics, as m — oo, of the
relevant quantities are as follows: x, o are constants while n ~ (to — t1)m, 7 ~
(1 + (b/k))m.]

Thus, as m — oo, the distribution of {Z("™)(ty) — Z(™) (t)}Z™(t)) = ks

converges to the negative binomial distribution with parameters o, Zi%g

[recall (1)].

Proof (The computation for Theorem 2) Using (20), we see that the last
quantity in (19), for m — oo, is asymptotically equivalent to

(m(ty = t1))" gi (T +n—2)™™""" (o +7)7"7
x'ggl kx T7 (0- + 74+ n)a+7'+n

m®(ty —t1)% o (THn—z\"
xlk® e’(r+n-q (U+T+n>

(ot ((r+n—x)(o+71)\"
c+71+n T(oc+7+n)
~ Amgc(t;'k;tl)x o T g (ta—11) /b= (t2—t1) /b g (t2—11) /b

L (=t
x! b '

[Here, the asymptotics, as m — oo, of the relevant quantities are as follows: x
is constant while n ~ (to — t1)m/gm, T ~ (b/k)m, o ~ gm /k.]
Thus, as m — oo, the distribution of

{Z)(ty) — 20 (41) 2™ (t1) =

converges to the Poisson distribution with parameter (to — t1)/b.

2.2 Conclusion

It is clear from the form of the finite dimensional distributions that in both
Theorems 1, 2 the limiting process Z is a pure birth process that does not
explode in finite time. Its rate at the point (¢,7) € [0,00) X N is

.1 ) .
At = hlgg+ EP(Z(tJrh) =j+1Z() =)

and is found as stated in the statement of each theorem.

3 Deterministic and diffusion limits. Proof of Theorems 3, 4, 5.

Theorems 3, 4, 5 are proved with the use of Theorem 7.1 in Chapter 8 of [4],
which is concerned with convergence of time-homogeneous Markov chains to
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diffusions. The chains whose convergence is of interest to us are time inhomo-
geneous, but we reduce their study to the time-homogenous setting by consid-
ering for each such chain {Z, } ey the time homogeneous chain {(Z,,n)}nen.
The following consequence of the aforementioned theorem suffices for our pur-
poses.

Corollary 1 Assume that for each m € NT, (Zy(Lm))neN is a Markov chain in
R. For cachm € N* andn € N, let AZ{™ := Z{") — 2™ and

M(m) (2,n) = mE(AZr(Lm)1\Az§;ﬂ>|§1|Z7(zm) =), (23)
" (z,n) = mB{(AZM)* 1, 5 yow |2 = @} (24)

for all z € R with P(Z,(lm) =) > 0. Also, for R > 0 and for the same m,n

as above, let A(m,n, R) := {(z,n) : |z| < R,n/m < R,P(Zy(lm) =z) > 0}.
Assume that there are continuous functions u : R x [0,00) = Rya : R X

[0,00) = [0,00), and xo € R so that:

For every R,e > 0, it holds

(i) SUD (g mye A(mom,r) [ (@, 1) — p(z,n/m)] = 0 as m — oo,
(”) Sup(r,n)eA(m,n,R) |a(m) (I, n) - CL(I, n/m)| —0asm— 00,

(741) SUD (4 n)eA(mon, R) mP(|AZr(Lm)| > 5|Z7(1m) =2z)— 0 as m — o0,
and also

(iv) Z(()m) — g as m — oo with probability 1,
(v) for each x € R, the stochastic differential equation

dZt = ,LL(Zt,t) dt —+ 1/ a(Zt,t) d.Bt7

25
o —u. (25)

where B is a one dimensional Brownian motion, has a weak solution which
18 unique in distribution.

Then, the process (Z[(;nt)])tzo converges in distribution to the weak solution of
(25) with x = xq.

Proof For each m € NT, we consider the process Y\ := (Zr(tm),n/m),n €

N, which is a time-homogeneous Markov chain with values in R?, and we
apply Theorem 7.1 in Chapter 8 of [4] Conditions (i), (¢), (4i4) of that theorem
follow from our conditions (%), (i), (¢i7) respectively, while condition (A) there
translates to the requirement that the martingale problem for the functions u
and +/a is well posed, and this follows from condition (v).

The tool we will use in checking that condition (v) of the corollary is sat-
isfied is the well known existence and uniqueness theorem for strong solutions
of SDEs which requires that for all T' > 0, the coefficients p(z,t), \/a(z,t) are
Lipschitz in 2 uniformly for ¢ € [0, 7] and sup,¢(o 7{11(0, )| + a(0,¢)} < oo
(e.g., Theorem 2.9 of Chapter 5 or [4]). The same conditions imply uniqueness
in distribution.
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3.1 Proof of Theorem 3

We will apply Corollary 1. For each m € N7, consider the Markov chain
(m)

zm A”T, n € N. From any given state x of Z,(lm)7 the chain moves to either

of x+km~!, x with corresponding probabilities p(z,n, m), 1 —p(z,n, m), where

mx
Al™ 4 BI™ 4 kn

p(a:,n,m) = (26)

In particular, for any € > 0, is holds \AZT(Lm)\ < 1 Ae¢ for m large enough. Thus,
condition (4i%) of the corollary is satisfied trivially. Also, for large m, with the
notation of the corollary, we have

M(m) (z,n) = k:p(ac,n,m), (27)
W™, m) = p(a, m,m). (25)

And it is easy to see that conditions (), (i) are satisfied by the functions a,
with a(z,t) =0 and p(z,t) = kp(z,t) where

x
=— 2
p(z,t) a+b+kt (29)
Now for each z € R, the equation
dZ, = kp(Zy,t) dt,

Z():Jf,

has a unique solution. Thus, Corollary 1 applies. In fact, (30) is a separable
ordinary differential equation and its unique solution is the one given in the
statement of the theorem.

3.2 Proof of Theorem 4

Call X :=a/(a+b). For each m € NT, consider the Markov chain

A
= (2

- X%) ,neN.
From any given state x of ZT(Lm), the chain moves to either of z—km~=/2\, x+
kEm~'/2(1 — \) with corresponding probabilities

AT+ B AT 4 B

where
A = ma 4+ Men + z/m, (31)
B =A™ 4 BI™ 4 kn — A, (32)
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Note that
A 4 BI™ = (0 + bym + (01 + 02)v/m + 6, (33)
with d,,, € [0,2), and consequently
Al = XA 4+ B 4 /m(z — M0y + 62)) — Ao, (34)

Again, condition (#i7) of Corollary 1 holds trivially, while lim,, Zém) =0
(condition (iv)). Then, for large m we have

(1= 0)A ZAB(W @ = A0 +62) — A2

") (5. ) = _ NG
Y - b v DR
—A01+02)) — Ao,
CRA(L = A) 4 B2 (1 — 20 Y (nf) Lt (33)) . (37)
It follows that conditions (z), (i) are satisfied by the functions p, a with
k{$ — (91 + 02))\}
t) =
p(z,t) PR (38)
k2ab
t) = —. 39
a(x, ) (CL + b)2 ( )
For each x € R, the stochastic differential equation
k{Y: — (01 + 62)A} Vab
dy; = dt + k d 4
! a+b+kt h e (40)
YQ =, (41)

where W is a standard Brownian motion, has a unique strong solution as the
drift and diffusion coeflicients are Lipschitz in Y; and grow at most linearly in
Y; at infinity (both conditions uniformly in ¢). Thus, Corollary 1 applies and

gives that the process (Z[(n?])tzo converges in distribution, as m — oo, to the

solution of (40), (41) with z = 6;. The same is true for (Ct(m))tzo because
SUP;>( |Ct(m) - Z(m)| = Sup;>q VmAk(t — [mt]/m) = Ak/y/m — 0 as m — oc.

[mt]
To solve the stochastic differential equation (40), (41), we set Uy := {Y; —
(01 + 02)A}/(a + b+ kt). T1td’s lemma gives that
Vab 1

dU; = k dW,
T a+b)a+rb+kt

and since Uy = (b0; — af)/(a + b)?, we get

_ t
U, = bl — abs iy Vab / 1 ..
(a+b)? a+b o a+b+ks

This gives (5).
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3.3 Proof of Theorem 5

The proof is analogous to that of Theorem 4. Call A, := Aém)/(A(()m) +B(()m)).
For each m € NT, consider the Markov chain

m m

Z(m — ﬁ( —)\mk%),neN.

From any given state x of ng)’ the chain moves to either of x —km =12\, z+
km~'/2(1 — \,,,) with corresponding probabilities

A+ B A+ B
where
AL =AY 4 Ak + zy/m, (42)
B(™ =A™ + B{™ + kn — A(™. (43)
Again, condition (ziz) of Corollary 1 holds trivially, while lim,, Z(()m) =0
(condition (iv)). Then, for large m we have
1 A\n) AT — A, BY™ k
1) () = b/ ()m) — - . (44)
Ay + By Ay By 4 pn
m m
B 4™
a™(zn) =k (N — 4 (1= A\p)P——— (45)
A+ 5 A+ 5

_ 1.2 _ 201 zy/m
= k" A (1= A) +E7(1 QAm)iA;m)JrBS")' (46)

Note now that lim,, o Ay = a/(a+b) and limmﬂoo(A%m) —|—B7(Lm))/m =aqa+b.
It follows that conditions (4), (i7) are satisfied by the functions p,a with

kx
)= ————— 4
plet) = (47)
k2ab
t) = . 48
a(x7 ) (a + b)2 ( )
For each = € R, the stochastic differential equation
kY; vab
_ > 4
W= T M (49)
VO =, (50)

where W is a standard Brownian motion, has a unique strong solution as the
drift and diffusion coeflicients are Lipschitz in V; and grow at most linearly
in V; at infinity (both conditions uniformly in ¢). Thus, Corollary 1 applies
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and gives that the process (Z[(;?t)])tzo converges in distribution, as m — oo, to

the solution of (49), (50) with « = 0. The same is true for (Dt(m))tzo because
sup,so [D{™ = Z{m)| < k/v/m = 0 as m — oo.
Easily one finds that the solution of the stochastic differential equation

(49), (50) with =0 is (9)
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