THE RANDOM PINNING MODEL WITH CORRELATED DISORDER
GIVEN BY A RENEWAL SET
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ABSTRACT. We investigate the effect of correlated disorder on the localization transition
undergone by a renewal sequence with loop exponent o > 0, when the correlated sequence
is given by another independent renewal set with loop exponent & > 0. Using the renewal
structure of the disorder sequence, we compute the annealed critical point and exponent.
Then, using a smoothing inequality for the quenched free energy and second moment
estimates for the quenched partition function, combined with decoupling inequalities, we
prove that in the case & > 2 (summable correlations), disorder is irrelevant if & < 1/2 and
relevant if & > 1/2, which extends the Harris criterion for independent disorder. The case
& € (1,2) (non-summable correlations) remains largely open, but we are able to prove
that disorder is relevant for @ > 1/&, a condition that is expected to be non-optimal.
Predictions on the criterion for disorder relevance in this case are discussed. Finally, the
case & € (0,1) is somewhat special but treated for completeness: in this case, disorder has
no effect on the quenched free energy, but the annealed model exhibits a phase transition.

1. INTRODUCTION

The goal of this paper is to study the phase transition of the pinning model in presence of
a correlated disorder sequence built out of a renewal sequence. We first present the general
set-up of pinning models before introducing our specific model. For a review on pinning
models, we refer to the three monographs [31, 32, 35] and references therein. In this paper
we write N = {1,2,...} and Ny ={0,1,2,...}.

1.1. General set-up. The pinning model provides a general mathematical framework
for studying various physical phenomena such as the wetting transition of interfaces, DNA
denaturation or (de)localization of a polymer along a defect line. This statistical-mechanical
model is formulated in terms of a Markov chain (S, )nen, which is given a reward/penalty
wy, (depending on the sign) when it returns to its initial state 0 at time n.

Let us denote by 7 = (7,)nen, the sequence of return times to 0, whose law is denoted
by P. It is a renewal sequence starting at 7y = 0, and we assume that the inter-arrival law
satisfies

(1.1) K(n):=P(rm=n)=Ln)n Y o>0 neN,
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where L is a slowly varying function whose support is aperiodic, that is, gcd{n > 1: L(n) >
0} = 1. We also assume that the renewal process is recurrent, that is P(m; < oo) =
> n>1 K (n) =1 (otherwise it is said to be transient). By a slight abuse of notation, we shall
use 7 to refer to the set {75 }ren, and write d,, = L{nery- Independently of 7, we introduce a
disorder sequence, that is a sequence of real valued random variables w = (wy)nen, Whose
law is denoted by P.

The object of interest is the sequence of Gibbs measures, also called polymer measures,
defined by:

n

dPp g 1
(1.2) T — exp (h+ Pwi)ok ¢0n, neN, >0, heR,
AP Zngn {; }
where
(1.3) Znpn=E (622:1(h+ﬂwk)5k5n)

is the quenched partition function, A is called a pinning strength or chemical potential and
B is the inverse temperature.
The free energy of the model is defined by

1
. = i — >
(1.4) F(B,h) nh%nolo - log Z, . > 0,

where the limit holds P-a.s. and in L'(IP) under rather mild assumptions on w, namely
if w is a stationary and ergodic sequence of integrable random variables. Then the two
phases of the model are the localized phase £ = {(5,h) : F(5,h) > 0}, where the contact
fraction O F (B, h) = lim, 00 (1/n)Ey, gn(|7 N {1,...,n}|) is positive, and the delocalized
phase D = {(5,h) : F(B,h) = 0}, where it is zero. The two main features of the transition
are the quenched critical point and the critical exponent:

: log F'(B, h)
1.5 he(B) = inf{h: F(B,h) >0}, v, = lim —mW———+—,
when the limit exists. The critical curve separates the two phases whereas the critical
exponent indicates how smooth the transition is between them.

Disorder relevance. One reason for the success of this model is the solvable nature of the
homogeneous case, which corresponds to the choice § = 0 and which is treated in detail
in [31]. For the moment, we recall that h.(0) = 0 and Vhom = 4(0) = max(1,1/a), see
Theorem 2.1 in [31].

An important challenge in statistical mechanics is to understand the effect of quenched
impurities or inhomogeneities in the interaction on the mechanism of the phase transition.
This can be done by comparing the critical features of the quenched model to that of the
annealed model, which is defined by

n

dp¢ 1
(1.6) Lok E (exp { > (h+ ﬁwk)ék}5n> , mneN, B>0, heR,

dP Z8 5 p
where
(1.7) 78 5, = EE (ezzzl(hwwk)ak 5n) =E(Zppp)

is the annealed partition function, and the annealed free energy is also defined by

a : 1 a
(18) F (ﬁ?h) - nILII(}oEIOan’B’h7
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when the limit exists. The annealed features are then

: log (B, h)
1.9 hi(B) = inf{h: F*(B,h) >0}, v, (8)= lim ——————
9 o) = inith: FEE0) = 03 val®) =, (i) Tog(h — he(®)
when the limit exists (along the paper we may omit 3 to lighten the notation, when there is
no ambiguity). A simple application of Jensen’s inequality leads to the following comparison

(1.10) F(B,h) < F*(B,h) for all h € R, 5 >0,
and consequently
(1.11) he(B) < he(B).

If the annealed and quenched critical points or exponents differ at a given value of 8 then
disorder is said to be relevant for this value of .

The Harris criterion. There has been a lot of studies on this problem in the past few years
in the case when disorder is given by a sequence of i.i.d. random variables with exponen-
tial moments (under this assumption the annealed model coincides with the homogeneous
model after a suitable shift of h). All these works put on a firm mathematical ground
the prediction known in the physics literature as the Harris criterion [34], which in this
context states that disorder should be irrelevant if @ < 1/2 (at least for small values of
B) and relevant if a > 1/2. Several approaches have been used: direct estimates such as
fractional moment and second moment estimates [4, 5, 11, 9, 14, 19, 29, 30], martingale
theory [37], variational techniques [18] and more recently chaos expansions of the partition
functions [15, 16, 17]. The limiting case a = 1/2 has been the subject of a lot of controver-
sies and has been fully answered only recently [11]. Finally, the full criterion for relevance
(in the sense of critical point shift) reads

(1.12) V3 > 0,he(B) > he(B) <= Y L(n) *n**Y = oo,

n>1

that corresponds to the intersection of two independent copies of 7 being recurrent.

Correlated disorder: state of the art. The study of pinning models in correlated disorder is
more recent, see [7, 8, 10, 12, 41]. From a mathematical perspective, it is quite natural to
try and understand how crucial the assumption of independence is for the basic properties
of the polymer and in particular for the validity of the relevance criterion. Also, in several
instances, the sequence of inhomogeneities may present more or less strong correlations:
let us mention for instance the sequence of nucleotides which play the role of the disorder
sequence in DNA denaturation [36]. The main idea is that the relevance criterion should be
modified only if the correlations are strong enough. Note that with correlated disorder, even
the annealed model may not be trivial. Mainly two types of correlated disorder have been
considered until now: correlated Gaussian disorder [7, 12, 41] and random environments
with large attractive regions of sub-exponential decay, also referred to as infinite disorder [8,
10].

1.2. Scope of the paper. The disorder sequence we consider is based on another renewal
sequence T, independent of 7, starting at the origin and whose law shall be denoted by P.
More specifically, we assume that if the Markov chain visits the origin at time n then it
is given a reward equal to one if n € 7, zero otherwise. We are therefore dealing with the
following binary correlated disorder sequence:

(1.13) wn =0y = 1lgnesy, €N
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From now on, the inter-arrival laws of 7 and 7 satisfy

(1.14)  K(n):=P(r =n) ~cpen Y K(n):=P(f =n) =
with a, & > 0, and

(1.15) pe=E(n),  A=E#),

which may be finite or infinite. Note that these definitions ensure aperiodicity for both
renewal processes. In principle, the constants ckx and c; may also be replaced by slowly
varying functions, which would allow to include the special case o € {0, 1} in the discussion,
but we refrain from doing so for the sake of simplicity. Also, we write an equality in the
definition of K (n) to ensure log-convexity. This technical condition is actually only needed
for proving Theorem 2.8 (see Lemmas 4.2 and 4.3), which we actually believe to hold when
the equality sign is replaced by the equivalent sign in the definition of K in (1.14).

The definitions of the basic thermodynamical quantities is the same as in the previous
section, except that P and E are replaced by P and E. The condition that n € 7 in the
definition of the polymer measures above could be removed, leading to the free versions.
The versions with this condition are called the pinned versions. It is a standard fact [31,
Remark 1.2] that this minor modification does not have any effect on the limiting free
energies as defined in Propositions 2.1 and 2.7.

A first dichotomy arises:

e If & < 1, then the quantity in front of § in the Hamiltonian is at most |7N{1,...n}|,
which is of order n® = o(n), and therefore disorder has no effect on the quenched
free energy, which reduces to the homogeneous free energy. However the annealed
model is non-trivial, so we include this case for completeness.

e If & > 1, then (i) we may replace P by its stationary version, denoted by P,
under which the distribution of the increments (7,41 — 7n)nen, is the same as in P,

whereas that of 7y becomes {15(%1 > n)/[i}nen,, see e.g. [6, Chapter V, Corollary
3.6] (Again, this does not affect the free energy, see Propositions 2.1 and 2.7) ; (ii)
the correlation exponent of our environment is & — 1, since for n > m,

Covp, (O, 0n) = By(Ombn) — Ba(0m)Es(5n)
=Pyme#)(Punet|mer)—Pyner))
1/

(1.16) o
= T(P(n—mGT)—T)
fi i
~c(n —m)'™9, as n —m — 0o,
for some positive constant c. The latter can be deduced from the Renewal Theorem
and the following renewal convergence estimate [26, Lemma 4]
- 1 Cg 1
(1.17) Pnet)— -~ K n — o0o.

g ala—1)p2ne1’
Although our choice of disorder may seem at first quite specific, it is motivated by the
following:

e By tuning the value of the parameter exponent &, one finds a whole spectrum of
correlation exponents ranging from non-summable correlations to summable cor-
relations, according to whether the sum »_, -, Covp (0o,05) is infinite or finite.
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According to (1.16), correlations are summable when & > 2 and non-summable
when & < 2.

e Our disorder sequence is bounded, therefore the annealed free energy is always
finite, in contrast to the case of Gaussian variables with non-summable correla-
tions [7].

e The probability of observing a long sequence of ones decays exponentially in the
length, which rules out the infinite disorder regime discussed in [8].

e The renewal structure of the disorder sequence makes the study of the annealed
model and decoupling inequalities more tractable.

1.3. Summary of our results. What we prove in this paper is the following: for the case
& > 2 (summable correlations), disorder is irrelevant if « < 1/2 (both in the sense of critical
points and critical exponents, at least for small values of 3) and relevant if « > 1/2 (in the
sense of critical exponents), which extends the Harris criterion for independent disorder.
For the case & € (1,2) (non-summable correlations) all we are able to prove is that disorder
is relevant when a > 1/&, a condition that we expect to be non-optimal. We discuss a list
of predictions for disorder relevance in that case. Finally, in the case & € (0, 1) disorder has
no effect on the quenched free energy, but the annealed model exhibits a phase transition.

1.4. Outline. We present our results in Section 2. Section 2.1. is dedicated to the annealed
model and Section 2.2. to the quenched model. The proofs for the annealed (respectively
quenched) model are in Section 3 (resp. Section 4). Results on renewal theory and homo-
geneous pinning are collected in the appendix.

2. RESULTS

The intersection set of 7 and 7, which we denote by
(2.1) T=7TNT,

will play a fundamental role in the sequel of the paper. Let us notice that it is itself a
renewal starting at 7o = 0. We denote its law by P and write

(22) gn = ]-{nETF‘I%} = 1{n€T}1{nE7°} = 6n8n> n € Np.

2.1. Results on the annealed model. We begin with the existence of the annealed free
energy.

Proposition 2.1. For all 8> 0 and h € R, the annealed free energy

1
(2.3) F(B,h) = lim —log Z; 5.,

exists and it is finite and non-negative. The result still holds, without changing the value
of the free energy, when fi < oo and P is replaced by Pg.

The following basic properties of the annealed free energy are standard: the function
(B,h) — F%B,h) is convex, continuous and non-decreasing in both variables.
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An auxiliary function: the number of intersection points. Before stating further results, we
need to introduce an auxiliary function which will help us to characterize the annealed
critical point. For A < 0, denote by Pj the probability of the transient renewal process
with 79 = 0 and inter-arrival law

(2.4) Kn(n)=e"K(n), neN, Kp(o00) =1— €l

We denote the corresponding expectation by Ej. The expected number of points in the
renewal set 7 (including 0) under the law Pj, x P is denoted by

(2.5) Z(h) == ExB(|7]) € [1, 0]
Note that
I(h)y= Y PpnenPnei)= > "*P(r,=n)P(nc?)
n€Ng n,kENg
(2.6) )
=) P xP(r 7).
keNp

The function Z is finite and infinitely differentiable in (—o0,0). It is also continuous in
(—00, 0], increasing and strictly convex. Its range is [1,Z(0)] with Z(0) = EE(|rN7|), which
may be finite or infinite. It follows from Proposition A.1 that

(2.7) p(h) =P, x P(71 < 00) =1 —Z(h)~t.

Our next result provides an expression for the annealed critical curve involving the
function Z.

Proposition 2.2. Let Sy = —logp(0). The annealed critical curve is

-1 _1 ,
(2.8) he(B) = {I (176713) if B> Bo,
0 if 0 < B < fo.
Remark 2.3. From (2.7) we have that By = —log(1 — {EE(|7|)}™1) is non-negative.

Therefore, using Proposition A.3, we see that

>0 ifa+a<l,
Bo

(2.9) ) .
=0 ifat+a>1.

By the properties of Z we get that 5 +— h%(/3) is infinitely differentiable in [0, co)\{— log p(0)}
and has negative derivative in (—logp(0),00). Moreover, § — h%(3) is concave because
(8,h) — F%B,h) is convex, see Figure 1.

The next two propositions provide the scaling behaviour of the annealed critical curve
close to fy.

Proposition 2.4. Suppose o+ & > 1 (then Sy = 0). There exists ¢, > 0 such that

(2.10) he(B) = —5 — B [1+0(1)], asB\0,
where

1+[&1A@. fa>landa#1+anl
(211) Yann = { a/\la/\l N

a—L+anl ifa <l
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he(B)

FIGURE 1. Shape of the annealed critical curve (in blue). The critical point
Bo = —logp(0) and the slope at [y might be positive or equal to zero,
depending on the values of a and &, see Remark 2.3 and Proposition 2.5.

Ifa=1+aAnl, we get instead

(2.12) he(B) = i — caff?|1og BI[1 + o(1)].

The first term —f/4 simply accounts for the fact that our disorder sequence is not
centered and that by the Renewal Theorem, lim, o E(3,) = 1/i. Note that by Jensen’s
inequality, h?(B8) < —f/fi, and this already gives that ¢, > 0 in Proposition 2.4. If & >
1+ aAl, then yann = 2, as in the i.i.d. case, but if & < 1+ a A 1, there is an anomalous
scaling of the annealed critical curve. Moreover, if & < 1 then ji = oo so the term 5/
disappears and vann > 1 gives the first order term.

Proposition 2.5. Suppose a + & < 1 (then By > 0). As B\ Bo, there is a constant
¢ € (—00,0) such that

(ﬁ _ IBO)'Yann o
,  where m =1V
1+ [log(B — Bo)1{1—a=20} Ta

Our next result is about the order of the annealed phase transition.

(213) KB ~o

N

l—a—a&

Proposition 2.6 (The annealed critical exponent). Suppose & > 0. Let § > 0. There
exists a constant C = C(B) € (0,00) such that

Fo(8.h)
(= e (@) = ¢

(2.14) (1/0) <
for all 0 < h — h%(B) < 1, with

1 .
s V1 i B> Po,

(2.15) va(B) := {wl if 0< B < B,

where e == a+ (1 — &)+ and (a)4+ = max{a,0}.

Therefore, the annealed critical exponent remains unchanged compared to the homoge-
neous case if & > 1, but is changed for large values of § when & < 1.
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2.2. Results on the quenched model. We start with the existence of the quenched free
energy.

Proposition 2.7. For f > 0 and h € R the sequence {(1/n)log Z, g 1}nen converges

P-a.s. and in L1(15) to a mon-negative constant F([3,h) called the quenched free energy.
Moreover, if fi = oo then F(B,h) = F(0,h), and if i < oo then the convergence still holds
Ps-a.s. and in Ll( s) (without changing the value of the free energy).

We are able to prove the following smoothing inequality:

Theorem 2.8. Let & > 1 and B > 0. There exists a constant C = C(f) € (0,00) such that
for0<h—h.(p8) <1

(2.16) F(B,h) < C(h—he(8))*"*(1+ [log(h — he(8))|1aza})-

The exponent 2 A & in the theorem above is not expected to be optimal, but in view of
Proposition 2.6, this already tells us that disorder is relevant (in the sense that v; > v,)
if @ >2and o > 1/2, orif @ € (1,2) and & > 1/a. This result extends the smoothing
inequality obtained by Giacomin and Toninelli [29] in the i.i.d. case.

We also prove the following result on disorder irrelevance:

Theorem 2.9. If & > 2 and o < 1/2 then disorder is irrelevant for B small enough,
meaning that he(8) = h%(B) and

(2.17) i s FBR) 1

ke (8) log(h — he(B)) o

To the best of our knowledge, such a result on disorder irrelevance (in both critical
points and exponents) has not yet been proven for other instances of correlated disorder,
e.g. Gaussian disorder with summable correlations.

When fi is infinite, the issue of critical point shift is settled thanks to Proposition 2.2 and
Proposition 2.7, which tells us that h.(8) = 0 for all 8 > 0. Thus we get that h%(8) = h.(5)
when 5 < —logp(0) and h?(5) < hc(B) when 5 > —logp(0). The next proposition gives a
condition under which h%(3) < h(5) for large 8 when j is finite.

Proposition 2.10. If i < oo, then a sufficient condition under which h%(8) < h(B) for
large enough values of 3 is
(2.18) —logP xP(ry €7)> —— ZP n € 7)K(n)log K(n).
If we assume that K is of the form Ka(n) = con 'Y for all « > 0 and n € N where
ca = 1/C(1 + ), then (2.18) is satisfied if « is large enough.

Finally, our results on the issue of disorder relevance are summed up in Figure 2.
2.3. Discussion. We collect here remarks about our results.
1. Note that when Sy > 0, that is, when EE(|7 N #]) < oo, then for small 3, the annealed
critical exponent is the same as in the case when the renewal 7 is absent. The reason be-

hind this is that the reward 3 given at each intersection point in 7 N7 is too weak for 7 to
contribute to the free energy.
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2. According to the Weinrib-Halperin criterion [45], which aims to generalize the Harris

criterion, disorder should be relevant if v < 5/2\—1 (at least for small disorder) and irrelevant

if v > {%’ where v is the critical exponent of the pure (homogeneous) system and ¢ is
the correlation exponent of the environment. The application of this criterion to pinning
models was introduced and discussed in [7]. In our case, v = (1/a) V1, £ = @—1 (assuming
that & > 1) and the Harris criterion should not be changed if £ > 1, i.e. & > 2, which
is confirmed by Theorem 2.8 and Theorem 2.9. If & € (1,2), the criterion predicts that
disorder is relevant (resp. irrelevant) if o > aT_l (resp. a < O‘T_l) However, there is no clear
evidence that this criterion gives the right prediction out of the Gaussian regime and it has
actually been disproved in several examples [7, 8].

3. The recent work of Caravenna, Sun and Zygouras [15] has opened a new perspective
on the issue of disorder relevance. Their work examines conditions under which we may
find a weak-coupling limit of quenched partition functions, with randomness surviving in
the limit. More precisely, they determine conditions under which there exist sequences of
parameters in the Hamiltonian (the coupling constants h,, 3, in our case) that converge to
zero as the size of the system goes to infinity and such that the properly rescaled quenched
partition function converges in distribution to a random limit, which is obtained in the form
of a Wiener chaos expansion. In several instances, including the one of the pinning model
in i.i.d. environment, it was shown that these conditions coincide with those of disorder
relevance. Applying this approach to our model leads to the following conjecture:

Conjecture 2.11. Disorder is relevant for all > 0 (in the sense of critical point shift) if

(2.19) a>1-— ﬁa
i which case

s 108(e(B) —BEB) . (an1)(@A2)
(2.20) hgljgp log 3 T 1 (an2)(1—(aAl)

This problem will be attacked in a future work. The reason for the term 1/& in place of
the usual 1/2 when & € (1,2) is that the partial sums of our disorder sequence is in the
domain of attraction of an a-stable law. More specifically:

1

~/a Z(gk —1/ji) —> a-stable law, asn — oo, &€ (1,2).
n [0

k=1

(2.21)

Therefore we expect that white noise is replaced by a Levy noise in the weak-coupling
limit of the quenched partition function. Note that (2.19) and (2.20) coincide with the case
of i.i.d. disorder when & > 2, that is the summable correlation scenario. Finally, another
reason to believe in this conjecture is that the chaos expansion approach gives the right
prediction for a pinning model in i.i.d. y-stable environment (1 < v < 2), which has been
studied recently by Lacoin and Sohier [38]. There, it has been proved that disorder is rele-
vant (resp. irrelevant) if & > 1 — 1/ (resp. @ < 1 — 1/~), which is to be compared to our
conjecture.

4. The picture that has emerged for the moment regarding disorder relevance for this model
can be summed up in the following exponent diagram, see Figure 2.

e The blue area is where we have proven relevance for small 3.
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jo)

0 1/2 1 e
FIGURE 2. Disorder relevance/irrelevance in the exponent diagram.

e In the region & < 1 we have relevance in the blue area because the quenched critical
curve is trivially 0 while the annealed is strictly negative.

e In the blue region with & > 1, we have relevance due to smoothing, see Theorem 2.8.
We do not know yet whether the critical points differ but we conjecture that they
do so (see Conjecture 2.11 above).

e In the yellow triangle we have irrelevance because there also the annealed critical
curve is 0 for small 8 and the critical exponents agree.

e In the yellow part with & > 2, we have irrelevance due to Theorem 2.9.

e The dashed line marks the border of relevance/irrelevance according to the chaos
expansion heuristics when « € (0,1) and & € (1,2), see Conjecture 2.11.

e The dotted line marks the border of relevance/irrelevance according to the Harris-
Weinrib-Helperin criterion when o € (0,1) and & € (1,2), see Item 2 in Discussion.

5. Finally, let us mention the recent work of Alexander and Berger [3] who also consider
a pinning model with disorder built out of a renewal sequence. Even if they may look
similar, the model studied in [3] and the one considered in this paper are actually different
in spirit. Indeed, in [3] all the interactions up to the n-th renewal point of the disorder
renewal (denoted here by 7,,) are taken into account, and the only parameter is the inverse
temperature § (no pinning strength h). As a consequence, the results obtained therein
are also quite different as for instance, the critical line deciding disorder relevance is at
a + & = 1. However, we do not exclude that the two models are related. For instance, the
line a + & = 1 also appears in Remark 2.3 above and, incidentally, in Proposition 2.6 (see
also Figure 2).

3. PROOF OF THE ANNEALED RESULTS

The main idea is that the annealed model can be viewed as a homogeneous pinning
model for the intersection renewal 7 = 7 N 7 after the law of 7 has been tilted.

3.1. Existence of the free energy.
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Proof of Proposition 2.1. We use standard techniques, see the proof of Lemma 3.5 in [32].
Let us first introduce the fully-pinned annealed partition function

(3.1) 2¢ == EE (e22:1<h+55k>5k 5n8n) .

We shall write ZSZ »(A) when the expectation above is restricted to the event A and use
the same convention for other versions of the partition function appearing in the proof. By
super-additivity, the sequence {n~!log ZZZ 5}neN converges to the limit

(3.2) F*“(8,h) i= sup{n™" log 2 .}
n

From the bounds
(3.3) elhtBin > Zyon > Zygp(n="1=n)= e"PK (n)K (n),

we get that F'®»¢(3, h) € [0,00). Let us now prove that F%(3, h) exists and that F%(5,h) =
F*¢(B,h). Let R =sup{k <n:k €7} be the last point in 7 before n. Then,

Ve Bh = EE (622=1(h+53k)5k5n>

=) EE (62221(’”55’“)‘5’c eXh=r 1 (H554)5% 1{R=r}5n>
r=0
(3.4)

- Z BE (ezzzl(hwmk 6@«) EE (ezzzrﬂ(hwsk)akl ol tm0}0n | 7 € ;)
r=0

n
=3 275 BB (" X ML g0 | 7 € 7).
r=0
From (3.2) we know that Zf:gh < P8 Moreover,

EE (eh 2 k=r41 0k Lirnsnfr+1,n]=0}9n |r e ?) < EE (eh 2 h=r+1 Ok, | r e 7~‘>

1 ae 1

= ZQ,C —_— < e(n_T)F ’ (Ovh)Ai
(3:5) " P—ret) T Pn—re?)

< =nFeegn 1 .

B Pn—rert)
Thus,

n 1 n .

3.6 0 < N FBh) - Fee By L apecpmNS 1
@ Aasl Pn—red) 2 b
r=0 r=0

By Proposition A.3, the last sum increases polynomially in n. Combining this inequality
with ZZ,’E,h < Zj) 5.1, We get that the free energy [7*(8, h) exists and equals F“°(8, h).

We now prove the second part of the result, namely that the limit for P, is the same
as for P. Suppose that i < oo, and define Z%* = EES<eXp { Sopq(h+ B&;)(Sk}csn) (we

temporarily remove § and h, for conciseness). By restricting the expectation to the event
{0 € 7}, we get on the one hand Z;* > Z%/ji. On the other hand, by decomposing on the



12 D. CHELIOTIS, Y. CHINO, AND J. POISAT

value of 71, we obtain

n
Zyt = Zy (7 > n)+ Y Ze (R =k)
k=1
n
< MFOR)+o(1) 4 ZekF(O,h)Zs_k
k=1

(3.7)

TOA go from the first to second line, we used the Markov property at 71 and the fact that
00 = 0 for all & < 7. Combining (3.7), (3.6), and using that F'(0,h) < F*(38,h), we get
that

1
(3.8) limsup — log Z>* < F*(8, h),
n

n—oo

hence the result. [ |

3.2. Annealed critical curve. This subsection is organized as follows: we start with
Lemma 3.1 below, which we use to prove Proposition 2.2. From Lemma 3.2 we get Propo-
sition 2.5 and Lemma 3.3, which in turn yields Proposition 2.4.

Lemma 3.1. Let h < 0. Then, F*(8,h) =0 if and only if < —logp(h).

Proof of Lemma 3.1. Let h < 0. We know from the proof of Proposition 2.1 that F*(3, h)
is the limiting free energy of the fully-pinned partition function in (3.1), which we may
rewrite, using (2.4) and (2.2), as

(39) ZZ’; h = EEh (6/8 22:1 gk g’n) 3

which is the partition function of the homogenous pinning model with reward 8 for the
renewal 7 under the law Pj, x P. It now follows from a standard fact about homogeneous
pinning models (see [31, Section 1.2.2, Equation (1.26)]) that its critical point (as /3 varies
and h is fixed) is at

(3.10) B = —logPyP(7 < o0) = —logp(h),
see (2.7). [ ]

Proof of Proposition 2.2. We distinguish two cases. Suppose first that 8 < Sy = —log p(0).
On the one hand, if h < 0, then F*(5,h) < F*(3,0) = 0, by Lemma 3.1. On the other
hand, if A > 0 then F%(8,h) > F*(0,h) > 0, by [31, Theorem 2.7], since 7 is recurrent.
Thus, h%(3) = 0 in this case. Suppose now that 8 > fy. If h > 0, F%(8, h) > 0 for the same
reason as above, so we restrict to h < 0. Then, by Lemma 3.1, F*(3,h) = 0 if and only if
B < —logp(h), that is Z(h) > (1 — e ?)~1 (recall (2.7) and the lines above). Since 8 < By,
we have Z(0) = (1 — e P0)71 > (1 —e7#)~! > 1, that is, (1 — e #)~! is in the range of Z,
so we get

1
(3.11) B < —logp(h) if and only if th_1<1_€_B),

hence the result. [ |

Proof of Proposition 2.4. Let us first consider the case & > 1 and & # 1+ a A 1, and write

B N
3.12 hB)=—-"(1+e¢ th limeg = 0.
(3.12) (B) u( ). with limeg
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Note that & > 1 implies By = 0, by (2.9). Therefore, from Proposition 2.2, we get on the
one hand

N S 1
(3.13) I(B) = 1= = 5 (1458 +e®), 810
and on the other hand, from Lemma 3.3 below and (3.12), as 5 ] 0,
Z(HE(B)) = + s + ¢ (~hE(B)) (1 4 o(1)]
(3.14) ‘1‘ L= e X
=3 (1 — eall+ o(1)] + o2 Bl +o(1)] + R 0(1)]),

where ¢ is a positive constant that may change from line to line and .y, is defined as in
(2.11). The result follows by identifying the right-hand sides in (3.13) and (3.14). Indeed
we get g ~ ¢B7 71 when Yann < 2 and 5 ~ (¢ — 3(1 — 1/4))B when ~yann = 2. Note
that in the latter case the constant ¢ — (1 — 1/41) is indeed positive by Lemma 3.3. If
& =14+ a1, the same method leads us to eg ~ ¢f3|log 3|, which proves our claim. Finally,
the case & < 1 is easier. Indeed, (3.13) gives Z(h%(3)) ~ 1/ and the result follows from
Lemma 3.3. ]

Proof of Proposition 2.5. Since 8y > 0 we have by Proposition 2.2
—Bo
e

(3.15) Z(h¢(Bo)) — Z(he(Bo +€)) ~ m& e —0.
Moreover, for some positive constant ¢ > 0,
~ N 1-a—a
(3.16)  Z(0) = Z(h) = Y _ (1 —e"™)EP(r, € #) ~ ¢|n|"" "o (1 4 |log |hl|1{1-a-24})

keNp

as h — 0. The equivalence above follows from Lemma A.8. We get the final result by
noting that h?(/5p) = 0 and combining (3.15) and (3.16). [ |

Lemma 3.2. (i) If & > 1 then, as k — oo,

. 1 cr pl—agl—a if > 1,
3.17 EP(1, €7) — = ~ B 14
(3.17) e -3 ﬂ%@z1>{E@$ﬂm% if a € (0,1),

where X, is an a-stable random variable totally skewed to the right, with scale parameter
o > 0 depending on the distribution of 11 and shift parameter 0 (see relation (A.3) in the
appendiz for a reminder of these terms).
(ii) If & € (0,1),

. C, a-lpa-1 if o> 1,
(3.18) EP(rpe)~—od B T e it

cx | BEXSOES ifae(01),

where Cg is as in Proposition A.3.

Proof of Lemma 3.2. (i) From the renewal convergence estimates in [26, Lemma 4], for
a > 1, we get

(3.19) Pnet)——~ K plme o,
so we have P-a.s.,

(3.20) P(rye?)— = ~ Cifclﬂg*&, k — oo,
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Since 7 > k, we may take the expectation in the line above and write
o 1 Cr N

3.21 EP(r,€7)— = ~ —X __E(r}7Y), k— oo,

and we may conclude the proof with Lemma A.5.

(ii) From Proposition A.3, we have P-a.s, if & € (0,1),

R Cs -

(3.22) P(rp € 7) ~ 27271k — oo,
K

and with the same argument as in (i),

. C4 N
(3.23) EP(r;, € 7) ~ —=E(r?™1), k — oo.
C A
K
We may conclude thanks to Lemma A.5. |
Lemma 3.3. Suppose that o« +a& > 1. Ash 107,

clhlanl ifae (1—aAl,l),

a-1 1 .

(3.24) Ty — 1L ] dnEETt fae(Lant+),
fil—eh clloglh|| ifa=anl+1,
c ifa>anNl+1,

where ¢ is a positive constant (note that in the first case i = oo and the left-hand side is
simply Z(h)). Moreover, in the case & > a A1+ 1, the constant ¢ satisfies ¢ > (1 — 1) /2.

Proof of Lemma 3.3. Recall (2.6). For h < 0, write

11— enle 1
(3.25) I(h)—ﬂl_eh—k%\;e E[P(TkET)—ﬂ].
0

Then, in the first three cases, the result follows from Lemma 3.2 and the standard Tauberian
arguments recalled in Lemma A.8 (iii). In the fourth case, we have

- 1
=Y E[P(Tk €7)— T]
keNp H
Note that the set 0 := {k € Ny : 7, € 7} defines a renewal process. Call o7 its first positive
point. This has mean i because P x P(k € o) — 1/ji as k — oo. Let us call v € (0, 0] its
variance. We now use Problem 19 in Chapter XIII of [24], which needs a fix : we let the

reader check that in the equations (12.1) and (12.2) therein, uy should be removed and the
sums should start at n = 0. According to this, we have

R 1 2 N2 _h
c= Y Bpheo) -] = "L

keNg H 2/},
so that ¢ — (1 — g=1)/2 = v?/(242) > 0. [ |

3.3. The annealed critical exponent. Recall the definition of Py, in (2.4). When 8 >
Bo = —log p(0), it will be useful for the proof of Proposition 2.6, which follows, to introduce
the inter-arrival law

(3.26) I?/g(n) = €6Phg(5) X 15((7' N 72)1 = TL), n > 1.

We denote by Eg the expectation with respect to this law (note that for g = 0, it coincides
with the law of 7 under P x P). It is a by-product of the proof of Lemma 3.1 that h%(3)
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is chosen such that the sequence (I? 3(n))nen sums up to 1, and thus defines a recurrent
renewal.

Remark 3.4. Note that if Fg is the free energy of the homopolymer with inter-arrival law
distribution n +— Ppa(g) X P((r N#)1 = n), then the homopolymer with inter-arrival law

distribution IN(ﬁ and pinning reward h > 0 has a free energy equal to Fg(5 + h).

Let us start with a uniform estimate on the mass renewal function under Pj, x f’, that
will be used in the proof of Proposition 2.6 below.

Lemma 3.5. For any compact subset J of (—o0,0) there are constants 0 < ¢ < ¢o such
that

(3.27) c1 <Py, x ls(n ETNT) pltaet < ¢y
where aeg = o+ (1 — &)y, for allh € J and n > 1.

Proof of Lemma 8.5. First, the probability in the display equals Pp(n € 7')15(71 €7). Asa
lower bound for Pp(n € 7), we get

(3.28) Pp(n € 1) > Kp(n) = e"cx[1 4 o(1)] n~ (),

while for an upper bound we let hg = sup J < 0 and use the fact that P(r, =n) < k°K(n)
for all n,k > 1 and some constant ¢ > 0 (see [31, Lemma A.5]) to get

(3.29) Ppner)=> e"P(r,=n) <K(n)> "k,
k=1 k=1

for all h € J. It is crucial here that the compact set J does not include 0 so that hg < 0.
Combining these estimates with Proposition A.3, we get the result. |

Proof of Proposition 2.6. We consider the two possible cases for 3:
Case 1: Assume 8 > fy. Then h%(3) < 0 by Proposition 2.2.

LOWER BOUND: We bound the partition function from below, as follows:
(3.30)

Z 5 pave = EE (€(h$+e) S ko1 OBy 6k5k5n5n) _ Eth (es S Sk HBY 5k5k5n5n>
> By (T 05,5, ) = By (i 45, )

where in the last equality we use (3.26). By Lemma 3.5 applied to the set J = {h%(f5)},
we know that the mass renewal function n — Ppa(g) X P(n € 7) satisfies (3.27). The lower
bound then follows if one recalls Remark 3.4 and use Lemma A.6, where the singleton {5}
and the renewal n — Ppa(g) x f’(T N 7)1 = n) play the role of the compact set I and the
renewal K, therein.

UPPER BOUND: Pick 1 € (8o, ), and let € > 0 be small enough so that h%(5) + ¢ <
h&(B1) < 0. By continuity of h?, there is 5. € (81, ) so that h?(5) 4+ = h%(B:). Moreover,
by the mean value theorem, there is & € (S, 3) with h%(8) — h(B:) = (h%)'(&)(B —
Be). Thus, 8 — B = ¢(B,e)e with ¢(B,e) = —1/(h%)'(&), which converges to ¢(8,0) =
—1/(h%)(B8) > 0 as € — 0T, by Proposition 2.2 and the regularity properties of Z. Then,
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since h(5) +¢ < 0, (recall (3.1))

Zy G have = BB (e(hg+s) i OO 6k8k5n8n> = Eng+E (eﬁ i 6k8k5n5")

(3.31) = EhZ(Bs)E (6{554—6(576)6} Sh 6k8k5n(§n> _ Eﬁs (6(3(575)E e gkgn)
< Egs (eQC(ﬂ’O)E 2= Skgn) for € small enough,

where Elga is the expectation with respect to the renewal defined in (3.26) above with S,
in place of 8. As in the lower bound part, the result follows by using Remark 3.4 and
Lemma A.6 with I = [f1, 8] and with the role of K, played by the law n — Ppa(,) X

P((r N 7)1 = n). The assumptions of the lemma are satisfied due to Lemma 3.5, because
J := h%(I) is a compact subset of (—00,0) as h? is continuous, decreasing, with h%(S;) < 0.

Case 2: Assume 3 < fy. Then h%(3) = 0, by Proposition 2.2.
LOWER BOUND: Since

(3.32) o5 2 BB (e 28=1%6,8, ) = B (725125, ) P(n € 7),

the lower bound follows from standard results on homogeneous pinning, see [31, Theorem
2.1].
UPPER BOUND: We assume that € € (0,3). Pick p > 1 so that p(8 — ) < By, and let
q > 1 be defined by p~! + ¢~! = 1. Then, by Holder’s inequality,
70¢ _ph (65 S B, 6k$k5n5n) < EE (625 S Skt(B—e) T, 5k8k5n(§n)

n,B,e

<333) ~ n 1/(] ~ n g ~ 1/p
< BE (2505, ) T ER (079 i g g, )
Observe that the quantity EE(eP(5—¢) 22:15’€‘§k5n5n) is the partition function at p(5 — )
for the homopolymer defined by the renewal 7 N 7, whose critical parameter is 3. Thus,
we obtain F%(3,¢) < %F (0,2¢e) and the required bound follows again from [31, Theorem
2.1]. n

4. PROOF OF THE QUENCHED RESULTS

4.1. Existence of the free energy.

Proof of Proposition 2.7. When 8 = 0, the model reduces to the homogeneous pinning
model, for which we know that the free energy F(0,h) exists. Therefore we assume that
B > 0, and consider two cases:

CASE 1: Assume that i = co. Then,

(4.1) E (eh22:1 5k5n> < Znpn < PIIN{LnHg (eh22:1 5k5n> )

Since, by the Renewal Theorem, |7 N {1,...,n}|/n — 1/t = 0 as n — oo, almost surely
and in L*(P), we get that (n~!log Zn 3,h)neN converges to F(0,h).

CASE 2 : Assume that i < oo. Suppose first that 7 is distributed according to P,, in
which case we apply Kingman’s subadditive ergodic theorem. Indeed, if we define (let us
temporarily omit 8 and h)

(4.2) Zm =B <eZ’é=m+1(h+53k)5k5n |m e T) . n>m>0,
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then, by restricting Zp ,, to the event {m € 7} and using the Markov property, we get
(4.3) ZO,n > ZO,mZm,nv

so that the process {—log Zp, : n > 0} is sub-additive. The remaining assumptions of
Kingman’s subadditive ergodic theorem can be shown to be satisfied, see [21, Theorem
7.4.1]) (it is crucial here that 7 is stationary), and the claim of the proposition follows. Let
us temporarily denote by Fs(3,h) the quenched free energy in this case.

Suppose now that 7 is distributed according to P.For 0<m < n, we define

(4.4) Zon=Zs, 4 =E (6221+m+1(h+55k)5k5%n | % € 7.) .
Then, similarly to (4.3),
(45) ZO,n Z ZO,mZm,na

and one can check that the process {Yy,, := —log 2y, : n > 0} satisfies the conditions
of Kingman’s subadditive ergodic theorem. Note that condition (iv) in that theorem [21,
Theorem 7.4.1] is satisfied because E(log Zo.,) < (|h|+8)jin and log 291 > h+B+log K (1),
which is integrable w.r.t. P. Thus, lim,,_, %Yom exists P-a.s. and in Ll(f’), and is non-
random. Let us denote this limit by ¢(3,h). Now, for any n € N, there exists a unique

k(n) > 0 such that n € (T4(n), Tk(n)+1]- Therefore,
(46) ZO,n > ZO,%k(n) ka(n),n > ZOJA']@(n) 6h+BK(n - 72k(”))7
and with the same reasoning,

(47) ZO,n < e_(h_hB)ZO,f'k(n)_._l/K(%k(n)ﬁ*l - n)

Using the fact that (n~'log 7, )nen converges to zero P-a.s. and in L'(P), in combination
with the lower and upper bounds above, we obtain that lim,, .. % log Zy ,, exists P-a.s. and
in L}(P), and equals F(8,h) = ¢(8,h)/E(71).

We now prove that Fg(8,h) = F(B,h). Assume in the rest of the proof that 7 is dis-
tributed according to P,. In the following we shall temporarily write Z,, with a superscript
indicating on which environment we are considering the partition function. By imposing
the first step of 7 to be equal to 7y, we get
(4.8) Zr > Z0 K (7)™, neN,
where 7 — 7y = {#; — 7p: i > 0}. Since 7 — 7y has law P, we get Fy(3,h) > F(8,h). In the
other direction, we get, since |7 N (0, 7p]| < 7o,

(4.9) Zp s < BN ZI=50 e N,

where Z,, is the partition function obtained by replacing P by a slightly modified law P
in which the distribution of the first inter-arrival 71 is the one of the overshoot of 7 with
respect to 7y, namely

(4.10) P(rp =¢) =P(inf{n > fp: ne 7} =79 + ¢), ¢>0.
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Note that this distribution depends on the random variable 73. By decomposing on this
first inter-arrival, we get
(4.11)

n
Zy=P(r>n)+> Pn=k2z, 7"
k=0

n
<l4eh ZK(k)_lZZ_%O, (with the convention K(0) =1 and Zy = 1)

k=0
where in the last inequality we have bounded the probabilities by one and used that
Zi—7 > K(kz)ehZZ:Zo_k, similarly to (4.8). Combining (4.9) and (4.11), and using that
> iy K(k)~! is only polynomially increasing in n, we may now compare the almost-sure
limits of (1/n) logZZ+,?0 and (1/n)log Z7~™ and obtain that F,(3,h) < F(B,h). This
completes the proof. [ |

4.2. Smoothing inequality. This section is devoted to the proof of Theorem 2.8. Our
proof is inspired by the original work of Giacomin and Toninelli in the i.i.d. disorder set-
up [29] and is based on a localization strategy, which for the polymer consists in hitting
favorable regions of the environment, where disorder is tilted. The cost of finding such
regions is given by the entropy estimate in Lemma 4.1. Inspired by Caravenna and den
Hollander [14], we also compare the free energy for a tilted disorder with that for a shifted
disorder, see Lemma 4.3.

Let us start by considering the family of tilted disorder measures defined by

ap 03 %10k
np _ & on, neN, #eR.
ap Zno

Note that this is nothing else than a pinning measure for the disorder renewal and the
normalizing constant in (4.12) is just the partition function of the homopolymer (5 = 0)
with pinning strength 6 and underlying renewal 7. The corresponding relative entropy rate
is defined as

(4.12)

. 1 A ~ . 1. dlsn,@
(4.13) hoo(8) = Tim —h(Pyo|P) = lim EEn,g(log = )

n—oo N

The proof of Lemma 4.1 below shows that this limit exists. Furthermore, it is non-negative
as the limit of non-negative real numbers.
For the proof of Theorem 2.8 we will need three lemmas, which we now state and prove.

Lemma 4.1 (Asymptotics of the relative entropy rate). There exists a constant ¢ € (0,00)
such that

(4.14) hoo(0) = OF'(0) — F(0) ~ c0*"*(1 + |logf|1ia—sy)  as 10T,

where F(Q) is the free energy of the homogeneous pinning model with parameter 6 and
renewal T.

Proof of Lemma 4.1. A straightforward computation gives

1 . o 1. AP, S (LN 1. .
(4.15) (PrplP) = 5En,9(log o ) :9En,9(g25k> — - 10g Znp,
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and it is now a standard fact for homogeneous pinning models that the expectation above
converges to F’(0), see [31, Section 2.4]. Thus, as n — oo, the quantities in (4.15) converge
to

(4.16) OF'(0) — F(0) = {0(F'(0) — F'(0))} + {0F'(0) — F(0)}.

A Tauberian analysis reveals that both terms are of order 2"%(1 + |log 0|1 {a=2}), as proved
in Proposition A.7, and the precise values of the constants in (A.26) show that the constant
c in Lemma 4.1 is indeed positive. |

Let [n] = {1,2,...,n}. The probability distribution 15”70 naturally induces a measure
on {0,1}[”], which is a partially ordered set with the following order relation: for the
configurations 7,7’ € {0,1}"), we write n < i/ if n(z) < n/(z) for every = € [n]. The law

A~

P, is called monotone if

(4.17)  Prg(0s =11 6(In]\Mk}) = n(In]\{k})) < Pro(6x = 1| 6(In]\{k}) = o/ ([n]\{k})),
for every k € [n] and 1,7 € {0,1}[") such that 7 < 7/ (see Definition 4.9 in [28]) and both
conditional probabilities are well-defined.

Lemma 4.2 (Monotonicity property). If the sequence {K (n)}nen is log-convea® then the
law Py, ¢ is monotone for every n > 1.

We may prove that this is actually an equivalence, but we won’t need that fact.

Proof of Lemma 4.2. Pick k € {1,...,n— 1} and n € {0,1}[" (the case k = n is trivial
since both sides of (4.17) equal one). Writing the definition of the conditional probability
in (4.17), we see that proving the claimed monotonicity is equivalent to proving that the
function

Pro(0k = 0,6([n)\{k}) = n([n]\{K}))
Pro(or = 1,0([n]\{k}) = n([n]\{k}))
is non-increasing in 7. Let @ = max({j < k: n; = 1}U{0}),b =min({j > k: n, = 1} U{n})
and r = #{j € [n]\{k}: n; = 1}. Then the ratio in (4.18) equals
oK (b K(b—
(4.19) ¢ K(b-a) YA S Ul
DK (k —a)K(b— k) K(k—a)K(b—k)
Now, pick 1/ € {0,1}" with n < ' and define o’,b for 7' similarly as for n above.
Necessarily 0 < a < a' < k <V <b<n and we would like to have that
K(b—a) S K@ —d)
Kk—a)Kb—Fk) ~ K(k—a)KW —k)
This actually follows from the log-convexity of K. Indeed,

(4.18)

(4.20)

(4.21) ] K(bja) _ K((a’—a)Jr(b—fl')) 7
Kk—-a)K(b-—k) K({(a—a)+((k—a))K(0b-k)

which, by log-convexity and since b — a’ > k — d’, is greater than
K(b—d) K(®-V)+ @ —d))

(4.22) . - = - :
K(k—a)K(b—k) Kk—ad)K((b-V)+ ¥ —k))

*We say that a sequence of positive real numbers {tn }nen is log-convex if ui < Un—1Unt1 for all n > 2.

It is equivalent to that ;=== < 2m for all m,m’,n € N with m < m/'.

n+m
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which in turn, since b’ — a’ > b’ — k, is greater than the right-hand side of (4.20). [ |

Lemma 4.3 (Comparison between tilting and shifting). Suppose that the sequence {K(n) }nen
is log-convez. For all h € R, there exist a positive constant c and 3,0 > 0 such that

(4.23) F(B,h;0) > F(B,h+ cf0;0), 0<0<0, BB,
where

T 1.
(4.24) F(B,h;0) = Jim EEn,e(log Zn.h)-

Proof. Define

(4.25) Fo(B.h;0) = =B g(log Zngp), n>1.

3\*—‘

The idea is borrowed from [14] and consists in deriving a differential inequality for F),
involving its partial derivatives with respect to h and 6. As it can be easily checked,

(4.26)
1~ n S
%Fn(ﬁ,h; 0) = EngE { <Z5k> Zkl(h+55’“)5’“5n} =B, 9E, ,ﬁh( Z%)

where P,, g, is the Gibbs law as defined in (1.2), and

n,Bh

8

(4.27) 5 (8. 1h:0) ZEM{ (0 — B g(01)) l0g Zn g1 }-

For the random configuration be {0, 1}[”], we consider the following functions

(4.28) 00 —Eng(dr) (Vke[n])  and & logZugnls,_, (Vy=>0)

Since these functions are non-decreasing in 0 and P,, g is monotone (this is a consequence

of Lemma 4.2, which we may use since K is log-convex, by (1.14)), we can say by applying
the FKG inequality (as stated in [28, Theorem 4.11]) that for all k£ € [n] and y > 0,
(4.29)

Eno{ Ok — Eno(0k)) 108 Zn g nls _,} > Eno{(0k — En(0r))}Ene{log Zn g nls, _,} = 0.

Therefore, we have

9] R N e
agin(B1:0) = — Y Eno((0k — Eng(0k) (108 Zngn — 108 Zupnls, s, ,50))
=1
(4.30) = )
> Eua(e = Bao) [ Ll Zusal, ) ),
n k=1 n 0(619)

where we have removed the term k = n which is zero. For each k € [n], we introduce the
function

0

(4.31) fu(y) = (% log Zpg.nl5,—,) = Enpnls,—,(0k)-

| =
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Notice that fk(gk) = E, 34(0x). Since the fi’s are non-negative for any k and o) takes
values 0 or 1, we obtain

,8 n—1 ) . ) . ) 1 Sk

S B (G Buolbi e [ Ay
(4.32) na Ok — Eng(0k) JE,0060)

) 3 n—1 1 5n
> Chp X — | D w/ ) fe(y)dy |,
n ; Ok — Eng(0k) JE, .68

where
(4.33) Chg :=min{(1 — B, (01))% Enp(0r)? : k=1,2,...,n —1}.

Note that the denominators in (4.32) are nonzero and that C), ¢ is positive, because we
have previously removed the case k = n.

To estimate the integrals in the second line of (4.32), we will show that each f is almost
constant in y. Indeed, let us first write its derivative as

0
(ijfk(y) = B(En,p,nl5,—, (08) = {Enpnls,—, (01)}?) = B8 Varn,gp
< BEn,6nl5,—, (0%) = Bx()-

The first line shows that fj, is non-decreasing in y while the second line shows that e =¥ f;, (y)
is non-increasing in y. This gives in particular that f(y1) > e fi(y2) for all y1,y2 € [0, 1].
Looking back at (4.32), we obtain

A 1 Sk ) R
Bno\ 5550 dy | > ¢ By (fi(8
(4.35) ! <5k — Bo(br) /En,g(ék) fe(w) y) ¢ "Eno(f5(0%))

(4.31) _pg=~
= e ’BEngn,@h(ék).

Taking into account (4.26), (4.30), (4.32) and (4.35) we obtain
(4.36)

(4.34) by )

= (5h9)>,6eﬁcn9[ah (5, s 0)— ]>cﬁ[ Fo(B, h;6)— } for B (0,1),

where ¢ = (1/e) infg<y, inf,,>1 Cy, ¢ is positive for 6y small enough (we shall prove this point
later) and the term 1/n above comes from the fact that the term & = n appears in (4.26)
but not in (4.32). Therefore we obtain

0 ~ 0 ~ ~ h
%Fn(ﬁ,h, 0) > cﬂ%Fn(ﬁ,h,Q), where F, (8, h;0) = F,(B, h;0) — —

Thus the function g(t) := ﬁn(ﬁ, h + ¢B0(1 — t); 0t), having non-negative derivative, is non-
decreasing in [0, 1]. Therefore, g(0) < g(1), which means that

(4.38) Fo(B,h + c80;0) < Fo(B, h: 0) + @

(4.37)

Therefore, we conclude the desired result by taking the superior limit as n — oc.
We are left with proving that info<p<g, inf,>1 C, 9 > 0 for p small enough. Since & > 1
we may apply Lemma A.10 to the renewal 7 and get that

(4.39) n = 0<1g1<fe 7}bI;fl Po(n € ) >0,
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where Py is the law of a renewal with inter-arrival distribution Py(7 = n) = exp(d —
F(0)n)K(n), for n > 1. Also, as we will justify it in (4.59), P, g(k € 7) = Py(k € Tin € 7)
for 0 < k < n. We conclude as follows: for all 0 < k < n and 0 < 0 < 0,

(4.40) E.0(0k) = Po(k € #ln € 7) > 77,
and
1—Eug(0x) = Py(k ¢ #ln € 7) > Py(k — 1 € #)Py(f1 = 2)Py(n —k — 1 € 7)

(4.41) i
> 6_2F(90)K(2)’I72.

Proof of Theorem 2.8. The proof is divided into four steps.

Step 1. Lower bound on F(3,h). Let us cut the system into blocks of size m € N,
namely

(4.42) B™ = (jm,(j + )ym],  j>0.

A block is declared to be good if on this block the environment is favorable for the polymer.
More precisely, pick a € (0,1) (for the moment its precise value is irrelevant) and define
(recall (4.2)):

(443)  G={i=0: Zygrnmpn = explaly(n) " F(B,m0OmY . 6>0,

where Py is the law of a renewal with inter-arrival distribution Pg(r; = n) = exp(f —
F(G)n)f((n), for n > 1, and F(B,h;0) is defined in (4.24). The factor Eg(ﬁ)*l in the
exponential is essentially harmless and the reason for its presence will appear clearer at
the end of the proof. We now consider the blocks for which both endpoints are in 7, i.e.,

(4.44) J={j>0:jmer (j+1)mer}

Then, denote by {0 }ren the elements of J N G, which form a renewal sequence.

Our first task is to relate F'(f,h) to the free energy associated to partition functions
whose endpoints are in J N G. By Kingman’s subadditive ergodic theorem there exists a
non-negative number F (3, h) such that

1. 1.
4.4 h) = lim —E(log Z = —E(log Z
(4.45) F(B,h) = lim -E(log Z(y,11)m) Sup (log Z(5,4+1)m)>
and
1 k—oo ~ . 1/9
(4.46) Elog Z(gp1ym — F(B,h) P-a.s. and in L (P).

The theorem can be applied since the process {E 108 Z (5,4 1)m, (o, +1)m Fi<jeN is super-additive,
while the other conditions are easily verified. Moreover, by the Renewal Theorem and
Proposition 2.7,
or+1 1

ko (ox+1)m

1 .
(4.47) Z 10g Z(g41)ym = M log Z (g +1)ym — mE(a1)F(B,h), Kk 7 oo,

which yields F (5, h) = mE(o1)F (8, h). Finally we obtain
(4.48) mE(o1)F(8,h) > E(10g Z(, 1 1)m.5.1)-
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Step 2. Lower bound on the right-hand side of (4.48). We now apply the following
strategy: the polymer makes a large jump until o3m and visits the atypical block [o1m, (o1+
1)m]. Using (4.43), we obtain the following lower bound:

(4.49) 10g Z (5, +1ym,8,n = log K(o1m) + (h + ) + aBy(71)LF (B, h; 0)m,
and looking back at (4.48), we are left with bounding from below the quantity
(4.50) Elog K (o1m) = logéx — (14 a)logm — (1 + a)E(logoy).

By Jensen’s inequality, E(log 1) < log E(a1). To bound E(o}), enumerate J as an increas-
ing sequence (jx)ren and define R as the unique integer for which o1 = jg. By the Markov
property, the random variable R has a geometric distribution with probability of success

(4.51) P = P(Zusn = explabo(7) " F(8,hi0)m} | m € 7).

The (jri1 — jr)r>0 are i.id. , with jo = 0. From Wald’s equality, E(o1) = E(j1)E(R) =
E( 41)/Pm. Then, lim,, o E(j1) = /1? because .J is a renewal process on N with inter-arrival
time j; whose mean value has inverse (by the Renewal Theorem)

(4.52) lim P(s € J) = lim P(sm € 7)P(m € 7) = 47 'P(m € 7),
S§—00 S5§—00
and the last quantity tends to =2 as m — oco. Assume for the moment the following
entropy estimate: for some constant ¢ > 0,
(4.53) P > ce”MmelP) 1o -y 4 oo,

(for the sake of clarity, we will establish the latter at the end of the proof), from which we
obtain

(4.54) E(oy) <c¢! ﬂth(lamﬁ'P)[HO(l)] m T oo.

Y

Therefore,
(4.55)

E(log Z(or41)m,p.h) = logey — (1 + ) log(me i)+ h+
+ all(71) T (B, b 0)m — (1+ a)h(Prg [ P)[L + o(1)]
= m(aBo(7) " F(8,h50) = (14 a)h(Pyng | P)/m + 0mroc(1) )
Step 3. Conclusion of the proof. Using (4.48) at h = h.(3), (4.55), (4.13) and letting
m T oo, then a T 1, we get
(4.56) F(B,he(B);0) < (14 a)Bp(71)hoo(6)-
One can check that (1.14) implies K (n)? < K(n —1)K(n+1) for n > 2, so {K(n)}nen is

log-convex. Therefore, we may apply Lemma 4.3, along with Lemma 4.1 and the fact that
Eg(71) — [t as 8§ — 0, to get the desired estimate.

Step 4. Proof of (4.53). Using the fact that for any two probability measures p, v on the
same space and event F with v(E) > 0 it holds

(4.57) log{u(E)/v(E)} = —(h(v | p) +e7")/v(E)
[31, Equation (A.13)], it is actually enough to prove that

(4.58) lim Py g (Zim,sn > explaliy() " F (8, 0)m}) = 1.

m—o0
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For the proof of (4.58), the idea is to compute this limit when 15m79 is replaced by Py and
then relate the two measures. The crucial observation is that for all bounded measurable
functions ¢,

(4.59)  Engld(d1,...,0,)] = 159(7216?)

Bo[¢(01, - .. 0n)0n] = Eglp(b1,...,0n) | m € 7).

Using the same arguments as in Proposition 2.7, we get

5 1 n—00 4 =— la
(4.60) Po-as., —logZ, =3 F(B,h;0) := Tim —Ey(log Z,).
n n—oo N
Moreover,
(4.61) F(B,h;60) > By(71) " F(B, h; ).

Indeed, by (4.59),

Egllog Z,)] = Eo|[(log Zy)dn] + Eg[(log Z,) (1 — ,)]
(4.62) > Py(n € #)E,(log Zn) — Eg[(log Zy,)_]
> Py(n € 7)Eng(log Z,) +log K(n) — h_  since Z, > K(n)e",

and (4.61) follows by considering the superior limit and using the Renewal Theorem. Fi-
nally, by using (4.59) one more time, we get that

Puno(Zmgn = explabio(1) (8, hs O)m} )
(4.63) 1

=——— Po(Zpmsn > exp{ale(71) ' F(B, h; 0)m}, m € 7),
5o e 70 (Zmon 2 explaBa(n) " P, hsO)m} m € 7)

which goes to 1 as m — oo by virtue of (4.60) and (4.61) and since a < 1. This completes
the proof. |

Proof of Proposition 2.10. We follow Section 6.2 from [32]. We fix h > 0 and IJ%Q <y <L
Then ¥, := 32  K(n)? < co. Let K) be the renewal function defined by K (n) =

K(n)7/%, for all n € N and, for s <0, let K. ) be the renewal function derived from K
according to the prescription in (2.4). The 7-th power of the quenched partition function
at h?(B3) + h is bounded as follows:

n r
Z;Z,,B,hg-i-h < Z Z H K(¢; — gi_l)vev(ﬁézﬁmhg)

r=10={(y<l1<---<lp=ni=1

(4.64) _ Z Z HK(W) (6 — giil)e'y(B&i—&-h-&-hg)—i—log =,

r=1 0:éo<€1 <-o<lrp=mi=1
. [
=B, (evﬁzk_1 k k)7

n

where n = n(vy,h) := vy(h + h{) +log X, is negative provided £ is close enough to 0 and /3
is large enough. Consequently, by Lemma 3.1, E(ZZ 8 he +h) does not grow exponentially in
n if and only if

(4.65) By +log py(n(vy,h)) <0,
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where p, is the function defined in (2.7) when the law of the renewal 7 is determined by

Kr(ﬂ). In other words,
(4.66)

py(n(y,h)) =1 —1I(y,h)"", with I(y,h) = EE o (I71) ZPKm ner)P(ner).

(Note that here 7 is not the stationary version.) Let a(y, k) := log p(n(v, h)). Since  +
a(1,0) = 0 (by our characterization of h%(3)) and a(y, h) is continuous in h, there exists a
€ (0,1) so that relation (4.65) holds for some h > 0 if

(4.67) B+ 0ya(1,0) > 0.
Using 1(1,0) = Z(hS) = (1 — e #)~!, we compute
(4.68) dya(1,0) = (¢ +e7# —2)0,1(1,0),
and
(4.69) Z (n € 7)8|,= 1PK<?> )(n e ),
— n(v,0

and

8’Y|7=1PK7(’7) (n S T)
(4.70) B e k i

= ekt > (khg + ) log K (¢; — £i1)> [[ & -t

k=1 0=Lo <ty <--<Lp=n i=1 i=1
A consequence of Proposition 2.2 and (2.6) is that
a 1

(4.71) ehith = O(e™")

—
P x P(r € 7)

as 8 — 00, so that in the previous sum the dominant term as S — oo is the one with k = 1,
and in fact we can check that

(4.72) d,1(1,0) = e if’(n e 7)K(n){he + log K(n)} + O(Be~%P).

n=1

Indeed, we may write

(4.73) ’871(1,0) — " S P(n € #)K () (he + log K (n ’ < (I) + (1),
n=1

where
el k

(4.74) (D)= _Pner)d e kn > [[EW -6,
n=1 k>2 0=lo<t1<--<lp=n1i=1

and

(4.75)

00 k

k
=Y Pner) e 3 (Z “log K (£; — ei_1)> [T - b,

n=1 k>2 0=lo<l1<--<lp=n i=1
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By interchanging the sums in k and n and bounding P(n € #) by one, we get

(4.76) (I) < e™ekng = 0(Be™P) by (4.71),
k>2
and
(4.77) (IT) < (1 — eht E[ 3 (-logK(T, )1{Nﬁ>2}}
1<Z<N5

where Vg is a geometric random variable with parameter 1 — el independent from 7, and
the T;’s are the increments of 7. Therefore,

(4.78) (IT) < (cst) E(—log K(T1)) x B(Ngliy,>2;) = O(e™P),

again by (4.71). This settles (4.72).
Since e + 7% — 2 = €8(1 4 O(e2P)), the left hand side of (4.67) equals

(4.79) B+ ePthe {hgp x P(m €7) + i P(n € 7)K(n)log K(n)} + 0(Be™ ).

n=1

Now using (4.71) and its consequence, h® + § = —logP x P(1; € 7) + O(e~?), we have
that the previous quantity equals

(4.80) —logP xP(r € )4 ———— ZP n € 7)K(n)log K(n) + O(Be~2),

and the main claim of the proposition follows.
To prove the assertion about the case of large o we will prove that

(4.81) alggop x P(m € 7) = K(1),
(4.82) O}LH;OZPnGT) a(n)log K, (n) =0,

and note that K (1) € (0,1). For all & > 0 the quantity ¢o := 1/¢(1 + o) is less than 1 and
its limit as a — oo is 1. Also limg 00 Ko(n) = limg 00 can™17% = lip=yy for all n € N.
Then in the sum

(4.83) P x P(r € 7) ZK )P(n € 7),

as a — 00, the first term converges to K (1), the second to zero, while the rest of the sum
converges to zero also as it is bounded by [;°27* 'dz < co. Thus (4.81) follows. For
(4.82) we write

(4.84)
= (1+a)logn
ZPTLET (n)log Ku(n) —calogcaZP n”o‘_caz_:ZP(nET)nHa

As a — oo, the first sum goes to K(l), while lim,_,o0 cq logec, = 0. In the second sum,
the n = 2 term converges to zero as a — oo, and the same is true for the rest of the sum
because it is bounded by (1 + ) [;° 271" log z dz < oo. [ ]
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4.3. Irrelevance. Proof of Theorem 2.9. The proof of Theorem 2.9, which can be found
at the end of this section, essentially relies on Lemma 4.4 below, that is a control on the
second moment of the partition function at the annealed critical point. Second moment
methods and replica arguments have been used in the i.i.d. case in [44]. The extra difficulty
in our context is to deal with correlations, which we tackle by means of a decoupling
inequality, see (4.95).

Lemma 4.4. Suppose & > 2 and o < 1/2. Then, for 5 small enough,

(4.85) sup E[(Zn,p,n2)?] < oo
n>1

Proof of Lemma 4.4. The proof is split into several steps. In Step 0, we change the partition
function to a slightly modified version, which turns out to be more convenient in our
context. In Step 1, we provide alternative expressions for the first and second moments
of the partition function, using a cluster (or Mayer) expansion. In Step 2, we prove the
decoupling inequality in (4.95), which we use in Step 3 to bound the second moment from
above, uniformly in the size of the polymer. In Step 4 we prove that a simplified version of
this upper bound is finite. The idea is to use the correlation decay of 7 (& > 2) to reduce the
problem to the usual second moment control for pinning models with i.i.d. disorder, which
in turn makes use of the transient nature of the overlap of two copies of 7 (0 < o < %),
see [32] and references therein. In Step 5, we conclude the main line of proof. Finally, Step 6
proves a technical point used in Step 4. Note that during this proof we will work only with

free partition functions, i.e., d,, is removed from the definitions in (1.2), (1.3), (1.6) and
(1.7).

Step 0. During this proof we shall use the convention introduced below (3.1). We introduce,
for h <0,

(4.86) Zn g =En (eﬁ i 5@)7

where Py, is defined in (2.4), and note that Z,, g n(n € 7) = Z, gn(n € 7), as it was already
observed in (3.9). By decomposing according to the last renewal before n, we get

n
Znﬁﬁ = Znﬁ’h(n S 7') + Z Zn_kﬂ’h(n — ke T)P(Tl > k)
k=1

= 7n”3,h(n €T)+ Zank,ﬁ,h(n —kern)P(n>k)

(4.87) k=t

n
= _nﬁ?h(n S 7') + e " Z Zn_k@h(n —ke T)Ph(Tl > k‘)
k=1
= Znpn(n € 7)+e " (Zngn — Zngn(n € 1))
= e_th757h + (1 — e_h)Znﬁ,h(n S 7') < Zn,,é’,h-
Therefore, it is enough to prove that

(4.88) sup B(Z2 5 a) < 0.
n>1
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Step 1. We first rewrite the first and second moments of the modified partition functions.
Namely, for h < 0,

(4.89) B(Zngn) = Z5gn =Y 2U(DU(I),
ICn]
and
(4.90) B(Zl g = Y, Ao, munnoau),
1,JC[n]
where
(4.91) z=z2(8)=€" -1, UI)=P,IC7), UI)=PICr).

Let us first prove (4.89). Since 80y is {0, 1}-valued, we may write

ZZ bh= EEh(eﬁz1gk§n 5k‘§k) = EEh H (1 + Z5k(§k)

)

(4.92) 1<k<n

=i (Y ] 0d).

IC[n] i€l

which gives (4.89) after interchanging sum and expectation. To get (4.90), we use the
so-called replica trick and obtain

(4.93) B(Z2 ;) = BEE2(e? Srsuen 5058

where 7 is an independent copy of 7. Then,

B(Z2 5 =EER? | J] (U+2660e) J] (1+ 2666)

1<k<n 1<<n
(4.94) _ EE%Q Z 11| H5 5; Z |J| H‘S/
IC[n] i€l Cln]  jeJ
—BE( Y T T I &),
1,JC[n] iel jeJ (teluJ

and again the result follows by interchanging sum and expectation.

Step 2. We now provide an upper bound on U(I U J), namely

(4.95) v(Iu))<umu)  J[  +raw),
1<m<g(1,J)
where
) =sup|i— Y|y Zpies),
(4.96) r(z)—jzlr; 1 a0l (i) =P(i€7), €N,

g(I,J) is the total number of gaps defined by (4.101) below and (Ay;)1<m<g(r,y) 15 @
sequence of gaps between the sets I and J. Informally, we say that there is a gap each time
a point in I (resp. J) is followed by a point in J (resp. I), see also Figure 3. We give a
rigorous definition below.
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Ag Ay Ay Ay Ay
o e e ¢ . ®
0 1
Ag =0

FIGURE 3. A sequence of gaps, as defined in (4.100). The white and black
dots are the points in I and J, respectively.

Definition of the gaps. When one of I, J is empty, we let g(I,J) = 0. Then, the last product
in (4.95) is 1 and the inequality is obviously true (note that U(0) = 1). When I and J are
both non-empty, we give a recursive definition of the gaps using a backward exploration,
which will prove to be useful later in the proof of (4.95). Therefore, we first need to define
the last gap of two sets I and J that are both non-empty, which we denote by gap(I,J).

Let us write

I ={i1,19,...,10 with 71 <o < ... < g,
(4.97) {.. .} o ,
J:{jla.]Qv"')]f} Wlth]l<]2<<]g

If i, # j¢ then w.l.o.g. we may assume that iy < jy, in which case we define

(4.98) o=inf{s > 1: j, > i} (0 <¥),
and set
(499) gap(-[’ J) :jO' _ika p(I) J) = jo’-

If i, = jg, then define gap(Z,J) = 0 and set p(I,J) = i = jo. We may now define the
sequence of gaps iteratively, as follows: start with Iy = I and Jy = J and define for m > 0,
ATn+1 — gap(Ln» Jm)a
(4.100) Im+1 = 1m \ [p(Im7 Jm)v OO),
Jerl = Jm \ [p(Ima Jm)a OO),

taking care that the iteration only makes sense until
(4.101) g(I,J)=inf{m >1:1,,=0or J, =0},

which is the total number of gaps.

Proof of the decoupling inequality (4.95). Inequality (4.95) follows by iterating the following
inequality:
(4.102)

U(ug) _ U@uJ)
unuJ) — uinuJ)

!

[1+r(gap(1,J))], where { 5/ — 5\\ [p(1,.]), 00).

Indeed, if i, < j; (using the notations above), then,

UUIUJ) =01 0T Yaljo —ix) ] @liser —ds),
(4.103) . e

U0 (T) = OV YalGs — o) [] @lisss — o).

o<s</
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Therefore,

N N -1

OauJg) (O@'u)\ s — i) i i) — 1l
W o) (U(I’)U(J’)) Tl ) — e = (e )

The case jy < iy is similar. If i, = jp, we have (assume w.l.o.g. that j,_1 <ir_1)
(4.105) U(IUJ) = U(I'UJYalig—ir—1), UMUT) =UINT(I)alig—ir—1)a(je—rje—1),

from which we get

. . ~1
(4.106) U(ILAJJ) X ( Uy J) ) - <1+4+7r(0)=1+r(gap(l,J)),

ovnou)  \oa@owy )  ale— je1)
and (4.95) is proved.

Step 3. Recall (4.89). From Lemma 4.5 below, we have
(4.107) S 1= sup Zz,ﬁ,hg(ﬂ) = Z z|I|Uhg(5)(I)ﬁ(I) <2,
n21 ICN,|T|<00

which allows us to define a probability measure on {I € P(N): |I| < oo}, which we denote
by P. Namely,

(4.108) P({1}) = s 2 Upe(s)(1)U(I)  for all I C N s.t. |I] < oc.
Upper bound on the second moment. Using (4.90), (4.95), (4.107) and (4.108) we may write
sup E(ZZ,B,hg(,B)) < 4E®2( H (1+ T‘(Am)))

n2l 1<m<g(1,J)
(4.109) < AE®2 (eZISmSg(I,J)T(Am))

— R®? (ezizorm#{ma: Am:i}>

Y

where the gaps (A)1<m<g(r,7) are associated to two sets I and J drawn independently
from P.

Step 4. This is an intermediate step to control the right hand side of (4.109). If the sets
{m >1: A,, =i} therein were all replaced by {m > 1: A,, = 0}, it would be enough to
control the following quantity:

(4.110) Z:=E (C#{mzl‘ Am:o}) with C = e2Ziz0"(®),

We prove in this step that Z is finite if 3 is small (recall that P depends on z = z(f3)).
Note that C is finite because & > 2 and r(i) = O(i'~%). Indeed, for i > 0,

a(y) —a(i) X sup 1

(4.111) rli) = sup | = ‘ < Groag) <o i) - 7

Jj=i

which is O(i'=%), by (1.17). Then, observe that
(4.112) #{m>1:A,=0}=[INJ|,
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which yields Z = sup,,>, 2™ with

(4.113) 20 =72 N~ VIO, ) (1)U ) (),
1,JC[n]

where Uy, (1) = Un(1 )U(I) is the renewal mass function of 7 = 7 N7 under the transient
renewal process P, = Pj, x P (h < 0). Using that [T N J| = |I| +|J| — [T U J|, we get

2 =E Y (HCz&)(jg]czg;)(é)'IUJ

(4.114) I,JC[n] i€l
— EXE%Q Z <HngZXZ> (HCZESZ.XJ)’
I,JC[n] i€l jeJ

where 7’ refers to an independent copy of 7 and the X;’s are independent Bernoulli random
variables with parameter 1/C (it is clear from (4.110) that C' > 1). Since the 6;X;’s and
the 5;Xj’s are {0, 1}-valued, we may write

(4.115) 2 — By E? [(1 + Cz)Zigken Xk<5k+5’k>}.
Integrating over X, we get:
(4.116) 20 =E2 [T [1+ %((1 + Oz~ 1),
1<k<n
Using that
(4.117) (14 C2)% 4% = (14 C28)(1 + C23,) = 1+ C2(dp + 8L,) + (C2)2840,

we obtain that
zm =g ] [1 + (6 + 04) + czQ’SkS;]

1<k<n
(4.118) <EP? T (1+2)00(1 4 022)%%

1<k<n

_ E%2 [eﬁ Y1 <nen Ok O)+B 1 chen gkgfc} ,

where (recall (4.91))
(4.119) B =log(l+ Cz?) ~ Cz* ~ CB? as 3\, 0.
From (2.7) and Proposition 2.2,

8D, (= _ AP, D= <1 if h <hg(B),

(4.120) €’Pp (11 < 00) = "PpP(T1 < o0) { — 1 ifh = hi(B),
Consequently, the relation

(4.121) Pyn(7i =n) = e’Pp(71 = n) = ’PuP((r N 7)1 =n), h < he(B),

defines a renewal which is recurrent when h = h%(3) and transient when h < h%(5).
Therefore, we get from (4.118)

(4.122) 200 < B [oPDrcnen ]
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It is now a standard result about homogeneous pinning models (Theorem 2.7 and the
relation (2.13) in [32]) that the right hand side of (4.122) remains bounded provided that

(4.123) f < s L .
P?h((TﬂT/)l < 00)

But this is satisfied when h = h%(3) and 3 is small enough since, as 3 \, 0, exp(3) converges
to 1 and

(4.124) P%@ig(ﬂ)((?ﬂ ) <o0) = PEPPR2(rnr nint) <o) (as N\, 0)
<P®((rN7'); < 00),

which is strictly less than 1 because a@ < 1/2 (see Proposition A.4). Note that the con-

vergence in (4.124) does not seem to follow from simple arguments since Portmanteau’s

Theorem does not apply and Fatou’s lemma would go in the opposite direction. Therefore,

we give an argument at the end of the proof, in Step 6, in order not to disrupt the main
line of proof.

Step 5. We now prove that the right hand side of (4.109) is finite using that Z is finite
and a stochastic domination argument. For I, J finite subsets of N define

Yi=#{m>1: A, =i}

for all ¢ € Ng. We claim that if I, J are independent, each with law P, then one can find
for all ¢ > 1 a pair of random variables Yi(l) and Yi(Z) such that

(4.125) <P +v? vV <14y, v <1+
We will prove (4.125) at the end of this step. Apply Holder’s inequality with
1 .
(4.126) pi = T<Z,)mz>07“(m) for all i € Ny,

which have Zizo i =1, to get

B2 (X0 ) < T [B92 (&1 Zmzotm) | Vpi
i>0

bY (L120) yr 257 orm) [F@2 (A mso rm)} (VO +Y,2)\ ] P
(4127) S Hem >0 |:E (e m>0 i i >:|

120
(Cauchy—SSchwarZ) 2 s T F®2 <62{Zmzo r(m)}Yo)

)

which is finite when g is small enough, as we have proven in Step 4.

We are left with proving (4.125). Note that P is the law of a transient renewal with first
return time distribution

(4.128) K(n) := {Zth(ﬁ) (neT)P(net) ifneN,

1 e
S if n = oo.

We point out that indeed s > 1, as can be seen by restricting the sum in (4.107) to the
empty set. Then Y; < [IN(J —)|+[(I—i)NJ|. If IN(J —1i) # 0 and we call ¢ its smallest
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element, then, given (, the pair (I — () NN, (J —i — ¢) NN has the same law as I, J, by
the renewal property. Thus,

(4.129) [IN(J—=9)| 21+ |[INJ|=1+Y.

The same bound applies to |({ —i) N.J| and we obtain (4.125) with Yi(l) =|IN(J—1)| and
v = (1 -i)nJ|.

Step 6. It remains to prove the convergence in (4.124). Let us use as a shorthand notation:
(4.130) Ps(F = n) := P x Pha((1N#)1 =n) =Pgpa(fs =n), neN,

We want to prove that

(4.131) PE(FN7) <o00) 2 PP((FNF)1 < 00),  BN\O,

which we do by means of Fourier series (a similar convergence problem was treated in [40]
with the same technique). By the Renewal Equation, it is actually enough to prove that

(4.132) E*(Fn7)) = EF*(Fn7]),  B\O,

that is, convergence of the series

(4.133) Y PPmern) =) Pyner)?  asBN\0,
n>0 n>0

which may be seen as the L?-norm of some function. More precisely, if we define

(4.134) oa(t) = Eg (d’ﬁl), teR,
then
_ 1 L |
4.135 Ps(n€7) = = +/ eimtoRe [~ lat,  g>o0,
( ) sl ) Es(71) 27 /) [1—%(15)}

where Re(-) is the real part of a complex number. The equation (4.135) can be recovered
from equation (8) in [43, Chap. I1.9]. Note that the integral in the right-hand side of (4.135)
is real and even in n € Z since then the complex exponential may be replaced by a cosine.
Moreover,

g ~ a A ~ 1 a
(4.136) Ps(71 = n) > *TeP(r = n)P(n € 7) = 2P P(r = n)(1 + o(1)),
i

o IEB(?l) = oo and the first term in the right hand side of (4.135) is zero. Therefore, the
sum in (4.133) is related to the L? norm of 2 Re[(1 — g(+)) "] in [, 7] via

(4.137) 12Re[(1 = ()73 =Y _Psllnl €7)* =142 Ps(n € 7)%,
nez n>1

and we only need to show convergence of the L?-norms of Re[(1 — ¢3(-)) '] to that of

Re[(1 — ¢o(-) "] as B — 0.
We now observe that

(4.138) s(t) = EEA)(\IIBe“;l), where W3 := exp(8 + hg|T N (0,71]])

is such that EE(\I'B) = 1. Since h2(5) < 0, we get by the Dominated Convergence Theorem
that limg_,0 ¢s(t) = @o(t). To show the convergence of the L? norm of Re[(1 —¢g(+))7!] to
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the one of Re[(1—o(-)) '] we show domination by a square integrable function in [—m, 7]
for all 5 € [0, By] where By > 0 is fixed. Note that

(4.139) Re[(1 — () 7'] < [Re(1 — ()™, t#0,
and
(4.140) 1 — @g(t) = EE(Tg(1 — €M),

We treat first values of ¢ close zero. Since 1 —cos(t71) > 0 a.s., we may write for 3 € [0, B].

Re(1 — ps(t)) = EE(QJg[l - cos(ta)])

> Z (1-— cos(tn))EE(eXp{ﬁ + he|T N (0, n]|}1{;1:n})

1<n<1/¢

(4.141) -
> e (Bo) (minP(0 € 7) (1 = cos(tn))P(m1 =n)
( =1 > 1<n<1/t
~ e (Bo) inF 7 @
e (Iglzl?];)(g c 7—)) (C ‘t‘ ) ast — 0.

Note that the minimum in the line above is positive as a consequence of the Renewal
Theorem (& > 1). To go from the second to the third line, we restrict the expectation
to the event {71 = n}, on which |7 N (0,n]| = 1, and use the monotonicity of h%(3). The
last step is a standard Riemman sum approximation. Thus there is tp € (0, 7] so that for
|t| < to and B € [0, By) it holds Re(1 —p(t)) > c|t|* for some constant ¢ > 0. The function
t|~ is in L?[—m, 7] since o < 1/2.

Then for ¢t € [—m, w]\[~to, o] we have

Re(1 — (1)) = BB(Ws[1 — cos(t7)])

(4.142) . ) A
> (1 — cos(t))e"PIPP (7 = 1) > (1 — cos(to))ee PIPP(F = 1).

The last quantity does not depend on ¢ and is positive. This completes the proof. |

Proof of Theorem 2.9. The proof can be done by following the same steps as in the proof
of Theorem 4.5 in [32]. The main ingredient is the fact that the sequence (Xj)nen :=
(Zn,ﬁ,hg)nEN is uniformly integrable, which is proven in Lemma 4.4. The fact that our
disorder is correlated does not necessitate any change here. However, it is useful that the
disorder is bounded. The conclusion of Lemma 4.6 in [32], needed in the proof, still holds
because (X, )nen satisfies B(X,,) = Ehgﬁ)(eﬁ 2k=19%k9%) > 1, and this is enough for the proof
of the theorem. [}

Lemma 4.5. The sequence (Zy, g he)neN is bounded (by 2).
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Proof of Lemma 4.5. Recall that 7 = 7N 7, and decompose Z, g pa according to the events
{71 > n} and {71 < n} to get

(4.143)

Zn,B.he

:P T1>Tl Z Z (

1<k<n 0=109<i1<...<tx <n

k
1
k
< PhaP T > ’I”L Z Z (H PhaP T = Z] — Z] 1)>€ﬁphg15<?1 > n—z’k)

1<k<n 0=10<i1<...<tx<n

15 7'1 = ’L] Z'j_1)>Phgls(7f:1 >n— Zk)

= PpP(71 > n) +Ps(7i <n) <2,
where f’g has been defined in (3.26). [ |

APPENDIX A. RESULTS ON RENEWALS AND HOMOGENEOUS PINNING
We collect here a few results on renewal processes and the homogeneous pinning model.

Proposition A.1 (See [6] Proposition 2.4, Chapter I). If 7 is a (possibly transient) renewal
with 19 = 0, then E(|7]) = P(1; = c0) L.

Proposition A.2 (See [31] Theorem A.4, Appendix A.5.2). If T is a transient renewal
that satisfies (1.1) then

P =
(A.1) Pner)~ M as n — oo.
Proposition A.3. If 7 is a recurrent renewal that satisfies (1.1) then as n — oo,
K(n) 7N
(K2 fa=0,
(A.2) Pnert)~ L(n?% if a €(0,1),

[SioRG)} ez,

with K(j) = >t i1 K(r) for each j € Ny and Co = asin(ra) /7.

When a = 0, the sequence (K (n))nen is slowly varying ([13], Proposition 1.5.9 (b)),
while when a = 1, the sequence (3_7_ K (j))nen is slowly varying ([13], Propositions 1.5.10
and 1.5.9 (a)).

The proof of the statement for « = 0 is in [39, Theorem 1.1}, for a € (0,1) in [27,
Theorem 1.1], for &« = 1 in [13, Theorem 8.7.5], while for o > 1 it is the Renewal Theorem.

Proposition A.4. Let 7 and 7' be two independent copies of a recurrent renewal process
that satisfies (1.1). If a < %, or a = % and D>t n~1L(n)"% < oo, then TNT' is transient.

Proof. Use that E®?(|rN7'|) = Yo P(n € 7)2, in combination with Proposition A.3. W

Before stating the next lemma, we recall that an a-stable random variable X has three
parameters k € [—1,1], 0 > 0 and m € R (skewness, scale and shift, respectively) appearing
in its characteristic function:

(A.3)
B(cifX) = { exp(—o|0|(1 + ik(2/m) sign(f) log |6]) + im8) if a =1,
exp(—o®|0|*(1 — ik sign(f) tan(ma/2)) +imb) if a € (0,1) U (1,2),
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see Definition 1.1.6 in [42]. If Kk = 1 (resp. —1), X is said to be totally skewed to the right
(resp. left).

Lemma A.5. Ifr > 0, then

Ly (k)™ if o >1
<A4) E(Tk ) ~ { E(X;r)k—r/a z'fa e (0’ 1) ) k — o0,

where X, is an a-stable random variable totally skewed to the right, with scale parameter
o > 0 depending on the distribution of 7 and shift parameter 0.

Proof. If a > 1, the result follows by bounded convergence since, by the Renewal Theorem,
(1/k)~" converges P-a.s. to u~" and is bounded from above by 1. If a € (0,1), we use
that 7/ k' converges to an a-stable random variable X,. The only complication is that
(1,/k/*)~" is not bounded, but the result still holds by uniform integrability, namely, by
Exercise 3.2.5 in [21], it is enough to show that for some v > r we have

(A.5) sup E({rx/kY/*}77) < o0.
k>1
To show this, first note that

(A.6) E({rp/k"*}7) = /OOOP({Tk/kl/a}_7 > t)dt = /Oop(m < kM=t ae.

0
With the use of Chernoff’s bound, the probability inside the integral is bounded as
(A7) P(r/k < k=L~ < exp{ ~ ksup RV O g M()\)}},
A<0

where M()\) := E(e’). A standard Tauberian argument [25, (5.22) of Chapter XIII]
shows that there exists a constant C' > 0 such that M(\) < exp(—CI|\|%) for all A < 0.
This implies, for > 0, the following bound

(A.8) sup{Az — log M(\)} > sup{\z + C|A|*} = Cra—/ (=),
A<0 A<0

where €] = (1 — a)C(1=2) "qe=)"" ~ 0. Consequently, the probability in (A.7) is
bounded from above by exp{—C1t1-27} which completes the proof. |

Lemma A.6. Let I be a compact subset of (0,00), {Ky: v € I} a family of transient
renewal inter-arrival laws with K, (co) = 1—e™7 and mass renewal function {uy(n)}n>0 =
{Px,(n € T)}n>o0 for each v € I, and such that there are o > 0, c1,co > 0 and a slowly
varying function L so that

(A.9) 0151(_2 < uy(n) < 0251@2

foralln > 1 and vy € I. Let F, be the free energy corresponding to the homopolymer defined
by K. Then there are C1,Cs > 0 and a slowly varying function L so that

(A.10) Cy < Agfgﬁlgingg,_
h(1/V1[,(1/h)

for all h € (0,1] and v € I. For a =0, (A.10) means that for h \, 0, F, (v + h) vanishes
faster than any polynomial.

Recall that F, is zero exactly in (—oo,~] and positive elsewhere.
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Proof. For h > 0, F,(y + h) is the unique solution in x of the equation

(A.11) Z K (n)e """ = e~ O,
n=1
which we write as
(A.12) U (z)=1—eM
with
(A.13) Uy(z)=1-€" Y Ky (n)e ™.
n=1

Now for any function f : Ny — [0,00), we define f(z) = Yomro f(n)z™ for all z € [0,1].
Then the equality

(A.14) uy(n) = Loy + > Ky (f)uy(n — )
j=1

gives

(A.15) R (z)=1- ﬁwl(z)

In particular, e™? =1 — (44(1)) ™!, so that

(A16)  To(z)=1- K (™) =¢ <M1 ! ) A,

e=®)  iy(1) Uy (€)1 (1)
with
fe'e) n—1 o) o)
(A17) Ay(z) =dy(1) —dy(2) = (1—2) Y _us(n) Y P =(1-2)) 2" Y u,(n).
n=1 k=0 k=0 n=k+1

Of interest to us is the behavior of ¥, close to 0, and thus of A, close 1. The following
claim addresses the issue. To state it, we let m := > >° | L(n)/n®.

CrLAaM: (a) If o = 0, then there are 0 < C3 < Cy so that
4,(2)
A.18 C3< —— 12 <C
for all z € [1/2,1], where Lg is the slowly varying function defined in (A.24).
(b) If & € (0, 1), then there are 0 < C3 < Cy so that

A(2)
P

(A.19) Cy <

for all z € [1/2,1].

(¢) If @« = 1 and m = oo, then there is a slowly varying function L; and 0 < C3 < Cy so
that

(A.20) Cs < A,(2)

ST 9L =

for all z € [1/2,1].
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(d) If m < oo then there are 0 < C5 < C4 so that

Ay (2)

1—=z2

(A.21) O3 < < Oy,

for all z € [1/2,1].

PROOF OF THE CLAIM: By the bounds we have on u., it suffices to examine the behavior
of

(A.22) Q) =32 51(2
k=0

= n=k-+1

Denote by ¢ the coefficient of z* in this power series. We have g ~ igﬁ?, for o > 0, by

Proposition 1.5.10 in [13], while for o = 0, g, is slowly varying (Proposition 1.5.9.b in [13]).
Thus,

~ Tqr ifOéZO,

r ~ L(r)rt—@ if 1
(A2 S {" 0w ecO),
is slowly varying if @« =1 and m = oo,

—m if m < o0.

This follows from Proposition 1.5.8 and Proposition 1.5.9(a) in [13]. Then, parts (a)-(c) of
the claim follow from Corollary 1.7.3 in [13], while for the case m < oo we just note that
Q(z) maps [1/2,1] to a compact set of (0,00). The corollary specifies that for Lo in (A.18)
we can take

(A.24) Lo(y) = qy)

for all y € [0, 00).

We continue with the proof of the lemma. The claim above and (A.16) give that there
are constants 0 < C5 < (g and a slowly varying function Ls so that

‘117(5”) < Cg

(A.25) Cs < m =

for all z € (0,log2] and v € I.

Let C' > 0 be fixed. For a > 0, by Proposition 1.5.15 in [13], there is a slowly varying
function L so that a solution zc(h) of 2*MLy(1/z) = (1 — e )/C is asymptotically
equivalent to a constant multiple of h'YY/*L(1/h) as h — 0% (L is the same for all C).
If = 0, call zc(h) the smallest solution of Lo(1/x) = (1 —e™")/C. Then zc(h) =
1/ (1 — e7")/C) with L' an obviously defined “inverse” of Lo. It is easy to see, by
bounding g from below by Y>>, L(n)/n'*¢ for any ¢ > 0, that each x¢ goes to zero
faster than any power of h. Since W, (z) is increasing in z, for each v € I the solution of
(A.12) is between zcy(h) and xc,(h) (zcs(h) < zcy(h)), which finishes the proof of the
lemma. ]
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Proposition A.7. Let F' be the free energy of the homogeneous pinning model for the
renewal T with return exponent o > 1, as in (1.14). Then, as h \, 0,
ﬁ Var(m1)h?  if a > 2
F(h) — hF'(0) ~ { 7.5/log hlR?  ifa=2
Ak po ifae(1,2)
#—13 Var(m)h if a>2
F'(h) — F'(0) ~ Z—@f\logh!h ifa=2
a@lhelifae(1,2)

(A.26)

where c(a) = ci [{T(e7h =1+ )t~ (+e) g,

Proof. Recall that F'(0) = 1/, and define ¢(F) = E(e~f™) for F > 0. Using Lemma A8,
we get that as F' — 0,

SE(3)F? if a > 2,
(A.27) P(F)=1—pF +[1+o0(1)]{ cxF?|logF|/2 ifa=2,

c(a)F if o € (1,2),
and

E(r3)F if > 2,
(A.28) ¢ (F)=—p+[1+01)]< cxF|logF| ifa=2,

ac()F¥= 1 if a € (1,2),

with ¢(a) as in the statement of the proposition. We used the fact that for the functions
Ag, Ay of that lemma it holds As(a)) = aA4(1 + ), which follows by integration by parts.
In combination with ¢(F(h)) = e~ =1 —h+ h%[1+ o(1)], see [31, Section 2.1, Equation
(2.2)], relation (A.27) yields the first result. To get the second result, differentiate the
previous relation to get F'(h)¢'(F(h)) = —exp(—h), which we expand around h = 0, and
use relation (A.28). [ |

Lemma A.8. Let (ry)r>1 be a sequence of positive numbers so that ry, ~ k= as k — oo
for some X > 0. Then

(1)
0o TAy if A> 2,
(A.29) > (1 —e ™)y ~ S allogal if A =2,
k=1 AT Ay (N if A e (1,2)

as x — 0%, where Ay = Y32 kry, and Ay(\) = [7°(1— e Nt~ dt are positive and finite.

(i)

0 22 A3 if A>3,
(A.30) > (e — 14 ak)ry ~ { a?|loga|/2  if A =3,
k=1 o ATAL N if A€ (2,3)

as © — 0T, where Az = (1/2) 322, k?ry, and Ag(N) = [;°(e™" — 1+ t)t~*dt are positive
and finite.
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(iii)

= log x| ifA=1
A31 ok | ’
(A.31) ;e T {A5(>\)x/\_1 if e (0,1)
as & — 0T, where A5(\) = [;° et~ dt is positive and finite.

Proof. References for A € (1,2] in (i) and A € (0,1] in (iii) are Corollary 8.1.7 and Theo-
rem 1.7.1 in [13], respectively. If A > 2 in (i), we have

1 i(l — e_hk)r = i 1= e kr
h k=1 . k=1 hk ’

and to the last sum we apply the Dominated Convergence Theorem since (1 — e™%)/x is
positive and bounded from above by 1 while )7 | kry, < co. Case (ii) follows from similar
arguments and is left to the reader. |

In the following two lemmas we denote by Py the renewal such that Py(r = n) =
9= FOn K (n), where 6 < 0. Note that Py coincides with P. We also define ¢y (t) = Eg(e*™),
for t € R.

Lemma A.9. Let « > 1. There exist € > 0, 6y > 0 and ¢ > 0 such that, for |t| < e,
(1) t/e < |Im(1 — ¢p(t))] < ct, uniformly in 0 < 6 < 6y,

(2) [Tm(¢o(t) — do(t))| < eot,
(3) 0 < Re(1 — ¢g(t)) < ct* *(1 + |logt[lyasy), uniformly in 0 < 6 < 6o,

/6t if € (1,2) and 0 < /2 < t,
(4) |Re(go(t) — dp(1))| < c0/3¢2|logt| if =2 and 0 < 6Y/2 < t|logt|'/?,
€9t2 if a > 2,

where limg_,g g9 = 0.

Proof. Along the proof ¢ will be a constant uniform in 6 and ¢ which may change from line
to line.

Proof of (1). We have —Im(1 — ¢4(t)) = Eg(sin(¢71)), which is an odd function of ¢, so
we restrict the study to 0 <t < e. In one direction, we have

(A.32) Eg(sin(tr1)) = E(sin(tr)e? = FOm) < PE (),

and on the other one,

(A.33) Eg(sin(try)) = Eg(sin(tm1) 117, <1/¢y) + Eg(sin(tm1) 117, 51/3)-

For the second term, we have by using that S‘% is bounded on R\{0}

(A.34) [Eo(sin(tm1)1ir 5 1/0)| < ctEa(T11ir51/0))s

while for the first term,

(A.35) Eg(sin(t71)1(r,<1/¢y) = ctBo(Til(r <1/ey) = ct[Eg(11) — Eo(T11l{r,51/0)]-

We get the desired result provided 6y and ¢ are small enough, since Eg(r1) — E(m) and
Eo(111n>1/) < €PE(Til7,51/) = o(1) as € = 0.
Proof of (2). By using that #2£ is bounded on R\{0}, we obtain

(A:36)  [Tm(¢o(t) — ¢y (t))| = [E(sin(try)(1 — €~ FO™))| < ctB(m |1 — " F 7)),
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and the expectation following ¢ is o(1) as # — 0 by the Dominated Convergence Theorem.

Proof of (3). We have

(A.37)

0 < Re(1 — ¢y(t)) = Eg[(1 — cos(tr1))] = E[(1 — cos(tm))e? T O] < PE[(1 — cos(tm))],
and the result follows by using a standard Tauberian theorem with the fact that 17;% is
bounded on R\{0}.

Proof of (4). Case o > 2. Reusing the same arguments as in the proofs of (2) and (3),
we get

(A.38) | Re(go(t) — ¢o(1))] < ct®E(rf[1 — '~ FOY),

and we conclude again with the Dominated Convergence Theorem.

Proof of (4). Case a € (1,2). We write

Re(¢g(t) — ¢o(t)) = E[(1 — cos(tr))(1 — e’ FOm))]
= e"B[(1 — cos(tm1))(1 — e FO™)] — (¢ — DE[(1 — cos(tm))],

where both terms in the difference are positive. By (3) the second term is less than cft®.
We now deal with the expectation of Xy := (1 — cos(tm1))(1 — e 7)) which we split:

(A.39)

(A.40) E[Xi 9] = E[Xt 01> 0pt)-13] + E[X 017 <opr)-13);

where by = o(1) shall be specified later. For the first, we use the rough bound

(A.41) E[Xt,01{7—1>(b9t)*1}] < P(T1 > (bgt)fl) < Cbglta.

For the second term, we use that F(0) ~g 6/p and that the functions 17;’_1 and 17;%
are bounded on (0, 00) and R\{0}, respectively, in order to get

(A.42) E[Xtolim<pen-1y] S ct®0 > 0’7" < ct?0(bgt)*® < 0252,

n<(bgt) =1
The last inequality is obtained by using our assumption that '/2 < ¢, and the result follows
by choosing by = 61/6.
Proof of (4). Case a = 2. The proof is the same as in case o € (1,2), except that the
splitting is done according to whether 71 is smaller or larger than bgt|log t|/2. |

Lemma A.10. Suppose that o > 1 and K(n) > 0 for alln > 1. Then info<g<g, inf,>1 Pg(n €
7) >0 for 6y small enough.

Proof. From our assumption on K, P(n € 7) > 0 for all n > 1. Morover, P(n € 7) converges
to 1/p by the Renewal Theorem. Therefore, inf,>; P(n € 7) > 0 and it is enough to prove
that

(A.43) sup |[Pg(ner)—P(ner)—0 asf— 0.

n>1

By the inversion formula, which can be recovered from equation (8) in [43, Chap. I1.9],

1 1 [ 1
A.44 Po(ner)= ——+ / e " 2Re <7)dt,
) e Ry T ), T 400
and we get by the triangular inequality
(A.45)

il;}i’Pg(nET)—P(nGT” < Eg(17'1)_E(17'1))+717/7; Re (1;9(75))_}{6 (1;O(t))‘dt.
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By Dominated Convergence, Egy(71) converges to E(71) as § — 0 so the first term is a
o(1) and we now focus on the integral, which we split it in two parts: the first one is the
integral over a neighborhood of 0, say (—¢,¢), and the second one is the integral outside
this neighborhood. Since the only zeros of 1 — ¢ are at 277 (by aperiodicity of 1), the
second part converges to 0 simply because ¢y converges uniformly to ¢g. We now deal with
the first part, which is more delicate. First, let us write
A16) L (D)~ e~ Ge()(1— Gult))

T=00()  1—ao(0) 1= ge®)P 11— do(t)P
Pick € as in Lemma A.9. From the items (1) and (3) of the latter, the denominator in
the right-hand side is always of the order of t*. For the rest we distinguish according to
the value of . Suppose first that « > 2. Collecting all items in Lemma A.9, we see that
for all |t| < e, the real part of (A.46) is bounded in absolute value by a constant times
gg = o(1) as # — 0, which is enough. Suppose now that a € (1,2). By the items (1) to (3)
in Lemma A.9, we get for all [t| < e

(A.47) | Re[(A.46)]| < c[ | Re(do(t) — do(t))[t2 + ept®2 ],

The second term gives what we want since 1“2 is now integrable close to 0. To deal with
the second part, we further distinguish between 01/2 < ¢t and t < /2, and get

91/2 91/2
(A.48) | IRetent) = ateni2ar < e [ ear = o),
(A.49) /6 / [ Re(do(t) — go(t))[t~2dt < /8 /0 T2t = o(1),

by using the items (3) and (4) of Lemma A.9, respectively. The case o = 2 is essentially
the same, except that in the three lines above %2 is replaced by |logt| and the condition
t < 6'/2 by t|logt|'/? < #Y/2. This completes the proof. |
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