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Abstract

For a diffusion X; in a one-dimensional Wiener medium W, it is known that there is a
certain process (br(W))r>o that depends only on the environment, so that X; — biog+ (W)
converges in distribution as ¢ — co. The paths of b are step functions. Denote by Fx(t) the
point with the most local time for the diffusion at time ¢. We prove that, modulo a relatively
small time change, the paths of the process (b,.(W)),>0, (Fx(€"))r>0 are close after some
large r.

1 Introduction

One of the simplest and most studied models of random motion in random environment is ran-
dom walk in random environment in Z. To see a realization of such a walk, first, independently
for every integer k, pick a random py, in [0, 1] according to a fixed probability measure (the same
for every k). Then, do a walk in Z, with pg, 1 — py giving the probabilities of going from k to
k+1,k —1 respectively. The sequence (p)rez is called the environment, and its random nature
gives rise to several new and surprising phenomena.

The continuous time and space analog of this walk is the diffusion satisfying the formal
stochastic differential equation

dX(t) = dw(t) — sW/(X(t))dt, (1)
X(0)= o0,

where w is a one-dimensional standard Brownian motion, and W is picked from a measure on
RR before the diffusion starts running. Here, W is called the environment.

In this work, we focus our attention to the case where W has the law of a two sided Brownian
motion path. With probability one, the derivative W’ does not exist, but we will explain soon
what we mean exactly by the above diffusion. Assume for the moment that W is differentiable.
In intervals where W' is positive, the diffusion is pushed by the environment to the left, while
in intervals where W' is negative, the diffusion is pushed to the right. Thus, in a neighborhood
of a local minimum =z, the diffusion oscillates for some time around zy until randomness (i.e.,
dw) manages to overcome the effect of the environment, and the diffusion moves away from the
“interval of influence” of zg. The explicit definition of this interval we give now.
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Assume that W is continuous and xg is point of local minimum for W. There are intervals
[, 7] around x( so that W (xp) is the minimum value of W in [l, r], and W (I), W (r) are the maxi-
mum values of W in [l, x|, [zo, 7] respectively. Call J(z¢) := [lz,, rz,] the maximal such interval.
We will call it the interval of influence of ¢, and the number min{W (l,,) — W (xo), W (ry,) —
W (zo)} the strength of the interval. Assume now that W is a “typical” two sided Brownian
path. A given interval J(zg) is strictly contained in other intervals J(x') with greater strength.
Let J(x1) 2 J(zo) be the minimal such interval. x is uniquely determined this way because W
is a Brownian path. We call 21 the parent of xy. As each J(x) contains many other J(x)’s, the
process of temporary entrapment in a J(x) and the escape, described in the previous paragraph,
happens at all scales.

It is known that there is a real valued process (bs(W))s>o depending only on the environment
and whose values are points of local minimum for W, so that X (t) — biog+(W) converges in
distribution as ¢ — oo. For stronger results, see, Golosov (1984), Tanaka (1988), Hu (2000).
bs(W) moves from a local minimum z( to its parent x;, and then to the parent of z;, and so
on. Consequently, as time passes, b discerns only rougher details of the path W.

This characteristic of b has been the basis for a renormalization picture in Le Doussal et al.
(1999). The authors of that paper call the process b “effective dynamics” of the motion, and
give many properties of the path (b,.(W)),~o. For example,

. number of sign changes of b in the interval [1,¢] 1
lim = — a.s.,
t—00 logt 3

and for ¢ > 1,

P(b is constant in [1,t]) = %(5 —2¢M7h).
These two results are proved rigorously in Cheliotis (2005) and Zeitouni (2004) (Theorem 2.5.13)
respectively.

And a natural question is: what do such properties of b say about the diffusion itself? Or,
put differently, what object defined in terms of the diffusion is related to the path of the process
b? The diffusion itself is a much different process than b. e.g., it is continuous and recurrent,
while b is discontinuous and transient (this will be clear after the rigorous definition of b). The
next best thing is to find a process whose value at time t is determined by the knowledge of
(Xs)s<t only which follows b closely (If we have the entire path of X, then we can completely
recover the process b with probability 1). The one we put forth is the process of the favorite point
of X at time ¢t. And the result justifying this is our theorem, stated below, already announced
in Cheliotis (2005).

To make the above precise, we define explicitly the three processes of interest.

The diffusion: On the space W := C(R), consider the topology of uniform convergence on
compact sets, the corresponding o-field of the Borel sets, and P the measure on W under which
the coordinate processes {W(t) : t > 0},{W(—t) : ¢ > 0} are independent standard Brownian
motions. Also let 2 := C(]0,00)), and equip it with the o-field of Borel sets derived from the
topology of uniform convergence on compact sets. For W € W, we denote by Py the probability
measure on {2 such that {X(¢) : ¢ > 0}, the coordinate process, is a diffusion with X (0) = 0 and

generator
L wa 4 _w) d
2¢ dw \© dr )~

Such a diffusion is defined by the formula



where

A(x) ::/ ") s,
0

T(u) .—/ e 2WATHBE)) g
0

for all x € R,u > 0. A is the scale function for the diffusion, B is a standard Brownian motion,
and T is a time change. Then consider the space W x §2, equip it with the product o-field, and
take the probability measure defined by

AP(W, X) = dPy (X) dP(W).

Finally, take the completion of the above o-field with respect to P. The marginal of P in Q
gives a process that is known as diffusion in a random environment; the environment being the
function W.

The favorite point process: To the above diffusion corresponds the local time process
{Lx(t,x):t >0,z € R}, which is jointly continuous and its defining property is

[ s = [ spts.ai

for all ¢ > 0 and any bounded Borel function f € RR. Using the definition of X in (2), we can
see that
Lx(t,z) = eV Lp(T (1), A(2)), (3)

where Lp is the local time process of the Brownian motion B.

For a fixed ¢ > 0, the set §x (t) := {z € R: Lx(t,7) = sup,eg Lx(t,y)} of the points with the
most local time at time ¢ is nonempty and compact. Any point there is called a favorite point
of the diffusion at time ¢. One can prove that for fixed ¢t > 0, Fx (¢) has at most two elements, and
with probability 1, Fx (¢) has exactly one element. Also, Leb({t : Fx (t) has two elements }) = 0.

Define Fx : (0,00) — R with Fx(t) := inf §x(¢), the smallest favorite point at time ¢. This
is a left continuous function. (Note that what we prove does not change if we define Fx as the
maximum of Fx(t), or as any other choice function. The only difference in the latter case is
that some non-measurable sets may appear, e.g. in relation (6) below, and we will have a bound
on their outer measure. Our basic tool, the first Borel Cantelli Lemma, works in that case too,
and our result is unaffected)

The process b: For a function f : R — R, ¢ > 0, and yo € R, we say that f admits a
t-minimum at yg if there are o, € R with a < yg < 3, f(yo) = inf{f(y) : y € [a, 3]} and
fla) = flyo) +t, f(B) > f(yo) +t. We say that f admits a t-maximum at yg if —f admits
a t-minimum at yo. We denote by R;(f) the set of t-extrema of f.

It is easy to see that for a two sided Brownian path W, with probability one, for all ¢ > 0,
the set R¢(W) has no accumulation point in R, it is unbounded above and below, and the points
of t-maxima and t-minima alternate. Thus we can write R,(W) = {xp(W,t) : k € Z}, with
(xx(W,t))kez strictly increasing, and zo(W,t) < 0 < z1(W,t). One of zo(W,t),z1(W,t) is a
point of local minimum. This we call b, (W).

For a fixed t, the part W|[zg, zx1o] of the path of W between two consecutive t-maxima
we call it a t-valley, or simply a valley when the value of ¢ is understood. The depth of the
valley is defined as min{W (xg) — W(xgs1), W(xgs2) — W(zk11)}, and the point zxyq is called
the bottom of the valley.



Pick any ¢ > 6, and for any x with |z| > 1, define the interval
I(z) := (x — (log |x])*, z + (log |z|)°).

Our result says that the processes F'x (exp(-)) and b are very close. The precise statement is
as follows.

Theorem. With P-probability 1, there is a T = 7(W, X) > 0 so that if we label by (sp (W, T))n>1
the strictly increasing sequence of the points in [T, 00) where b. jumps and x,(W, T) its value in
(Sny Sn+1), then there is a strictly increasing sequence (t,(X,W)),>1 converging to infinity so
that

(i) Fx(e') € I(xy,) for n > 1,t € (tn, tny1)
(ii) tn/sp — 1 P-a.s. as n — o0.

We abbreviated s, (W, T),xn(W,T),tn(X, W) to Sp,xn, ty.

The times {t; : ¢ > 1} will be defined explicitly in the proof of the theorem. Observe also
that for big z, the interval I(x) is a relatively small neighborhood of z. Thus, the theorem says
that after some point, the function Fx(exp(-)) “almost tracks” the values of the process b with
the same order and at about the same time.

A consequence of the theorem and its proof is the following corollary. Note that the typical
size of by is of the order s2, so that the result says something nontrivial.

Corollary. Let ¢ > 6 be fired. With P-probability 1, there is a strictly increasing map \ from
[0,00) to itself with lims_.oo A(s)/s =1 and

|Fx (X)) —bs| < (log 5)°
for all large s.

One can show that lims_ . bs/(s?loglog s) = 8/72 (it follows from the proofs in Hu and Shi
(1998). The process b is much easier to handle than X or Fx). Using the corollary, we get
—  Fx(e* 8
—  Ix(e®) _

s—oo s2loglogs w2’

Remark 1. As we mentioned in the beginning of the paper, a diffusion satisfying (1) is related to a
random walk in random environment in Z for an appropriate law on the transition probabilities.
The relative of the case we consider (i.e., W Brownian path) in the discrete world is the so-called
Sinai’s walk; the two models behave in most respects in the same way. See the survey article
Shi (2001) for details.

For Sinai’s walk, limiting properties of the process (£(n)),>1, with £(n) being the number of
visits paid to the most visited point by time n, have been studied in Révész (1990) and Dembo
et al. (2007). More related to our work is Hu and Shi (2000), where the authors study the process
F*(n) of the location of the biggest positive favorite point at time n as well as the analog for the
diffusion, i.e., Fy(t) :== max§%(t), where L (t) := {z € [0,00) : Lx(t,z) = sup,>q Lx(t y)}-
The results for the diffusion are that

i~ F3(t) 8
t—oo (logt)?logloglogt =l

and that for any non-decreasing function f > 1,

. f(t) + / Ing = o0
lim F{(t) = a.s < ———dt
i—oo log?t x(®) t\/f(t)logt < 00
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The crucial element in the proofs of the above two results is the fact that Fx and b are closely
related. In connection with this paper of Hu and Shi, we should mention that in our work, we
use techniques we learned from it.

Remark 2. Our interest in this paper is to connect the paths of the two processes

(Fx(¢%) 50 (05(W)) 5

Regarding only their fixed time values, one can prove, using similar techniques as in the proof
of our theorem, that

Fx(t) — biog (W) — 0 in probability as ¢t — oo.

Remark 3. Related to the present work is the paper by Andreoletti (2006). The author works
with Sinai’s walk, and shows that the local time process of the walk at a given time gives an
estimate for the environment at many sites. In particular, for the location of bs(W'). He bounds
the probability that the estimate the local time gives differs significantly from the true values
of the environment (see Theorem 1.8 and Proposition 1.9 in Andreoletti (2006)).

Orientation. The paper is organized as follows. In the remaining of this section, we give
an outline of the proof. The main ideas are contained in Section 2, where the theorem is proved
assuming that the environment behaves in the way we expect it to. In Section 3 we show that,
with high probability, the environment indeed behaves the way we assumed.

1.1 Informal description of the proof

It will be useful for our discussion to imagine that the diffusion actually takes place on the graph
of W. If the diffusion at time ¢ is at the point = (i.e., X; = x), we will imagine instead that it
is at the point (z, W(x)). So that the motion will involve going up or down on the hills of W,
with gravity favoring downward movement.

It is known that if the diffusion starts from the bottom of a valley and wants to reach a point
inside the valley so that while travelling towards it reaches maximum height h above the bottom,
then it takes typically time e’ (see, e.g., Lemma 3.1 in Brox (1986)). Also, if one puts reflecting
barriers at the endpoints of an interval and starts the diffusion inside the interval, then the
diffusion has stationary probability measure C'e~"(#)dz, with C' a normalizing constant. Thus,
it spends more time on points that are deeper. Assume that we take an r-valley [z, xg42], with
r large. For fixed € small, define

y1:=sup{s < 1 : W(s) = W(pqa) = (1 —&)r},
yo = inf{s > xp41 : W(s) = W(zgy1) = (1 —&)r}.

So that I := [y1,y2] C [zk, k12| If one starts a diffusion in I and observes it only in I until
it exits the valley [zk, k2], then it looks the same way as if we put reflecting barriers at the
endpoints of I. And since until the exit from the valley a large amount of time passes, the points
of I will have occupation time very close to the one dictated by the stationary measure. Thus,
points in [z, xgio] \ I are out of the competition for the favorite point (they are in an area
visited rarely), while for the points in I, the occupation time can be read off from the stationary
measure Ce~WV(®)dy.

Now lets look at Figure 1. We drew the valleys around three consecutive values of b. z1, 22, 23.
Typically, the diffusion visits first z;, then moves on to 23, and then to z3. The favorite points
will be close to z9 at a certain time interval which we will describe.

Call hy, hs the height of the first and second valley respectively. ( is the smallest point with
the property that W(() — W(z2) is a bit greater than h; (in fact, we ask that it is hy + klog hq



hs

Figure 1:

for some constant k > 18). 7 is the smallest point with the property that W (n) — W (z3) is a
bit less than hy (in fact, we ask that it is hy — [ log hy for a constant [ > 10). The main claim is
the following.

Claim: From the time that the diffusion hits { up to the time that it hits n, with high
probability, the favorite point is near zs.

This is intuitively expected. When the diffusion leaves the valley of 21, it has spent time of
the order e there. A considerable fraction of it was spent as local time on points near z;. So
that while it travels to z9, the favorite point is somewhere near z;. Now we wait until it spends
time a bit more than ™ inside the valley of z,. This happens when it hits . Then the favorite
point will move near zo. It will stay there until the diffusion moves to the next deeper valley,
and climbs up to heights a bit less than hy. That is, around the time that it hits n. After that,
it reaches the ¢ corresponding to z3, call it ¢/, where W ({’) — W (z3) is a little over hy (the depth
of the valley of z3). Then the favorite point will be near z3.

In the paper, we prove the above claims. Here we will provide a sample computation, to
illustrate how the above intuition comes up in the rigorous argument.

First, some notation that we will use throughout the paper. For z € R, we define

7(x): =inf{t >0: Xy =z},
p(x): =inf{t > 0: B, = x},
the hitting times of X and B respectively.

The local time of X has been expressed in (3) in terms of the local time process L g for Brownian
motion. A useful property of Lp is

l
(Lp(p(a),2)) ,ep = (lalLB(p(1),2/a)) g, (4)
for a # 0.
And now the computation we promised. At time 7(n), we will compare the local time of any
other point s with the local time of zo. We have
Lx(T(n),8) _ wi)-w(s) Lp(T(7(n)), A(s))

Lx(1(n),z2) Lp(T—(r

(
AB) _ wiz)-wis) Z A(n)—A(s)
Lp(p(A(n)), A(22)) Z A(m)—A(z2)




because T~1(7(n)) = p(A(n)). Z is a two dimensional squared Bessel process (Ray-Knight
theorem). We know that for large ¢, we have Z; ~ t. So that the above ratio is about

6W(zz)fVV(s) A("?) - A(S) _ fsn eW (@) =W(s) 1 (5)
A(n) — A(z2) [ eW@-Wiz)dy”

The dominant contribution to the integrals comes from the points = where W (z) —W (s), W(z) —
W (z2) are maximum. The exponent in the integrand of the denominator has maximum hs.
Regarding the numerator, if the point s is in the valley of 29 and away from z,, the values of
W (z)—W (s) will be a bit less than hg (W (s) will be larger that W (z2)), while if s is in the valley
of z3, then by the definition of n, W (x) — W(s) will always be a bit less than hs. Consequently
the ratio in (5) is less than one for points s that are reachable by time 7(n) and away from zs.

The proof we sketched for the time 7(n) is done for all times in [7((),7(n)]. As we said
before, when the diffusion visits ¢/, the favorite point will be near z3. In this way, we know from
about what time the bottom of each valley starts being the favorite point and when it stops.
For each valley, the scenario we described happens on the complement of a set with a small
probability (which we bound in Lemma 2).

The next step is to glue together all the time intervals (one corresponding to each valley).
We prove that the probabilities of all exceptional sets where our scenario fails have finite sum,
and we use the first Borel-Cantelli lemma. The main tool for this step is Lemma 12 and the
bound given in Lemma 2. Thus we get part (7).

For part (ii), note that the process F'(t) jumps from the vicinity of zo to the vicinity of z3
around time e2. While the process b jumps exactly at hs.

2 Proof of the Theorem

The strategy of the proof is the following. Let (y;);>1 be the consecutive values of b in [1, 00).
First we show that outside a set K; of very small probability, the favorite point Fx(t) is very
close to y; in a time interval I;. This is the content of Lemmas 2 and 3. Then we show that
the probabilities of the K;’s are summable, and we use the first Borel-Cantelli lemma. This
is accomplished through Lemma 12 and the bounds given in Lemmas 2 and 3. Finally, the
intervals I; are such that the right endpoint of I; coincides with the left endpoint of I;11. So
that we have the required information for F'x(¢) on an interval of the form (a, o).

2.1 A quenched probability estimate

Here we give precisely the argument outlined in Section 1.1. Imagine that (a,<) is a small
neighborhood of 8 := 29, (,n are as before, and yg is a point on the left of z; higher than the
tip of the mountain between zp and z3. If this piece of W has some nice properties ((i)-(vii)
below), then the favorite point will stay near [ for a certain time interval.

Lemma 1. Assume W € C(R), andyo <0< (<n,a<fB<~,(>p, H>1, kg > 10 are
such that

(i) Pw (X hits yo before n) < H™2,
(i) maxsepy, 1 W(s) < H3/2,
(iii) |n—yol < HY,

. A(n)—A(B
(iv) log 5h=4t3) < H*,



(v) A(B)/A(¢) > —H?,
(Vi) SUDyelc. ] SUPyy<s<y, s¢ () IS V=W dt fgy VW qr < Bk,
(vii) Supyeie Supy0<s<y(ew(s) fﬁy VO-WB) )=t < exp(2H/*).
Then we have the following quenched probability estimate.
Py (3t € [r(¢), 7(n)] with Fx(t) & (a,7)) < cH 2, (6)
where ¢ is a universal constant.
Proof. 1t is enough to prove that the quantity

sup sup Lx(t,s)
u P A
7(¢)<t<r(n) s¢(ay) Lx (E, )

is greater than or equal to one with probability at most cH -2, Using (3), we get
Lx(t,s) _ W(B)-W(s) Lp(T~'(t), A(s)) '
Lx(t, ) Lp(T~(t), A(B))
Note that T71(7(¢)) = p(A(¢)) and T-1(7(n)) = p(A(n)). Thus, we are interested in the

quantity Lo
sup sup ew(ﬁ)W(S)M'
P(A(C))<t<p(A(n)) s¢(ary) B(t, A(B))

A(n) — A(B)
FGEFTE
up = 28(A(C) — A(B)) + A(B) for k =0,1,..., N — 1, and un = A(n).
There are unique points ( =: pg < p1 < ... < py := 1 such that ux = A(pg).

Let A; := [ X hits n before yo |. Then

Let
N :=min{k € Z : k> (log2)~! log(

_wis) LB(t, A(s))
Py sup sup eWB-Wis) 2220227/ >
<p(A(C))<t<p(A(n)) s¢(a) Lp(t, A(5)) )
< Py (AS) + H*(log2) ™! sup Py ({ sup sup ew(ﬁ)_w(s)M >1iN Al)
N k<N pluk)<t<p(urs1) s¢(ar) Lp(t, A(B) ~ ’

using assumption (iv). Now

P wE)-ws LetAG) oy oy
W<{p(uk)<stg<uk+1)s¢8&?we La(t, A(B)) = i 1>
(B -W(s) .
< Pw ({S;&Pﬂ mLB(P(UkH),A(S)) > ﬁ} N Al) (7)
1 1
+ Pw (mLB(P(Uk)a A(B)) < ﬁ) (8)

Bound on the term of (7): We observe that the local time appearing in the expression is
zero for s > piy1, and we use the Ray-Knight theorem to get

W (B)—W(s) taw | VOV
{mLB(P(Uk—I—l)aA(S)) s < pk‘-i-l} {mZuIH—I_A(S) s < pk+1}
Pk+1 1 _
= {(A eW(y)_W(ﬁ)dy> €_W(8)Zfspk+1 eW(y)dy .S < pk-‘rl};



where (Zs)s>0 is a two dimensional squared Bessel process up to time uyy; and then zero
dimensional squared Bessel process. Let also Z be the two dimensional squared Bessel process
which is run with the same Brownian motion as Z. Then with probability one,

Zy>Zforallt >0

by Theorem 3.7 of Chapter IX in Revuz and Yor (1999). The function p required by that
theorem is in our case p(z) = x for all z > 0. So that

eW(B)_W(s) A(S) law Pr+1 w —1
: (v) W(B)-W(s) .
i = A(D) Lp(p(ug+1), " )18 <pp1} < {(/ﬁ e dy) e Z it qwigy * S S Pt}
Let

Pk+1
21(s) = OO () i= [T Dy = Aprsa) - AGs).
Assumptions (vi) and (vii) give respectively

sup 7%(5)@(8) < H~k415 and sup 71(5)

< 2exp(H*).  (9)
Yo<S<pr41,5¢(,y) T2 (ﬂ) Yo<S<pg+4+1,5¢(c,y) T2 (ﬁ)

Thus the term of (7) is bounded by

z1(s) 1
Py sup Zote > — 3N A,
<{S¢(cw), S<Pht1 z2(0) 2(s) H4} )

z1(s) 1 1(8)22(8) Zas(s) _ 1
< Py sup Loty > — MNA1 ) +Pw sup > — 1A,
(€ gm, St gonae(l e SRS S w04
w2(s)<e ™", s<pri1 za(s)>e H

1 Z,
< PW< sup €2H7/4Zt > —4) +PW< sup 2t Hk4_9)
t<e—H? H e~ H2<t<HAeH?
H?2-2[7/4
Z,
‘ ) + PW( sup L > Hk4*9> (10)

1<t<H4e2H?

=P (su Ly > ————
%% tSII)t H4

To justify the last inequality, we use the bound zo(s) < H4ell ’ (coming from (ii),(iii)) and (9).
By well known property of Brownian motion, P(sup,<; Z; > a) < 4P(B; > /) < 4e=%*. So

2o p7/4
the first term in (10) is bounded by 4exp(—%). To bound the last term in (10), we use
Lemma 4 with the choices a = Hk;Q , M = H462H2, and ¢ = 2, and we find that it is bounded
by
4log H + 2H? 1 HFa=9 HF4—9
8( 1) (- =) <60Hexp (- )
og2 ) R P 8 xp 8

using the fact that H > 1.

Bound on the term of (8): If 5 > 0, then we use the Ray-Knight theorem to obtain

1 1 ur — A(B) 1 2 1
- < — )= w2 < ) < <)<=
PW<uk+1 —A(ﬂ)Z“k—A(@ = H4) PW(U,M —A(ﬂ)Zl = H4) = PW(Zl = H4) = H4

Here Z is a two dimensional squared Bessel process. We used also the scaling property of
Z, the fact that Z; has a density bounded by 1/2 (it is exponential with mean 2), and that
(ug+1 — A(B))/(ur — A(B)) < 2 (see the definition of ux. We have equality unless k = N — 1).
For the case 8 < 0, we will need the inequality (ur+1 — A(B))/ur < 4. This translates to



2FHL(A(C) — A(B)) + 4A(B) > 0. The last quantity is enough to be positive for & = 0. Then
the inequality becomes A(¢) + A(3) > 0 which holds because of (v). Thus, using (4) and

(uk1 — A(B))/ur < 4, we get

1 uj, AB), 1 A(B)
w1 — A uk+1—A(ﬁ)LB(p(1)’ " ) > 4 La(p(1), " )-

So that the term is bounded by Py (Lz(p(1), A(3)/uy) < 4/H*). The process Z, := L(p(1),1—
s),s >0, is up to time 1 a two dimensional squared Bessel process, and after that a zero dimen-
sional squared Bessel process. Let (Z )s>0 be a two dimensional squared Bessel process. Then
the comparison Theorem IX.3.7 in Revuz and Yor (1999), the fact that 71,7, are exponential

with mean 2, and the assumption 0 > A(3)/A(¢) > —H® give

Lu(p(uy), A(B)) "2

Py (ZpA(ﬁ)/uk < %) < Py <Z1 < %) + PW<|Zl - ZlfA(ﬂ)/uk’ > i)

H4
4 R 4 4 ~ 4 Uk 4 2 U
< — 1 1 T4 ~ g4 H4
<+ +Pw<Z—A<m/uk > H4) <qgit PW<Zl ~ Tl A(ﬂ)) Fi TP <H4 A(ﬂ))
4 —4
<ia +exp(—2H) <b5H "

Putting all estimates together, we get for the probability in (6) the bound

2 7/4
2 cH?—2H / ka9

. H
PW(A1)+@<4exp(— W) +60H2€Xp(—

)+ 5H ) < cH™

for some universal constant ¢ and for all H > 1. The bound on Py (AS§) is assumption (i), and
we used the fact that kg > 10. |

2.2 The typical behavior of the favorite point

In this section, we prove an annealed version of estimate (6) for a certain random valley. We
check that this valley satisfies with high probability the assumptions for (6), and then apply the
quenched estimate.

Let r > 0 be fixed, and xo(W,r),z1(W,r) be the r-extrema around zero (their definition
given together with that of b in the introduction). Assume that b, = x1(W,r). Otherwise, all
the definitions following should be applied to the path (s — W (—s)). Let r~ = sup{z < r:
by # by}, vt = inf{z > r: b, # b.} the points where b jumps just before and after r respectively.
Since the probability that r~ = r or r™ = r is zero, in the following we assume that 7~ < r < r™.

A comment on notation: Note that the function (r — b,) (and similarly all functions
(r— x;(W,r)),i € Z) is step and left continuous. So for the next value of it after r we will use
the notation b+, i.e., the right limit of b at the point 7. We will do the same for the other
functions too.

For z,y € R, we define
W (z,y) == sup{W(s) = W(t) : (t — s)(z —y) > 0}.

That is, the highest slope the diffusion should climb in order to go from z to y.

In the following, we will use three constants ki, ks, k3. Our assumption for them is that
ki,k3 > 10, ko9 > 18. We prefer not to choose values for them so that their role in the proof is
clearer.

Let

10



Jr i=sup{s < b, : W(s) = W(b,) = r}, (11)

l, :==inf{s > b, : W(s) — W(b,) =1}, (12)
and

oy = 1inf{t > j,. : W(t) — W(b,) < kylogr}, (13)

V= sup{t < I, : W(t) — W(b,) < kylogr}. (14)

So that, for ¢ € [j,, 1] \ (o, ), we have
W(t) > W(b,) + k1 logr.
Also let hy := W#(b,—, b.), ha := W# (b, b,+, ), and

o= inf{t > by W(E) — W(by) > by + kalog b1},
o inf{t > b+, : W(t) — W(b+,) > ho — kzlogha}  if bty >0,
T suplt < by W(E) = Wi(bpss) = ha — kslogha} i byis <0,

The two cases b+, > 0,b.+, < 0 are shown in Figures 2, 3 respectively along with other
points which are introduced in the proof of Lemma 2.

I
B

&
I

&

WH# (by, by

Figure 2: The scenario b, > 0, b+, >0

It will be shown that, with high probability, the diffusion hits first {, and then 7,.. And the
main claim is that from time 7(¢.) to 7(n,), the favorite point is around b, (recall the definition
of 7(z) from Section 1.1). More precisely, for the event

A, :=[7(¢) > 7(n,) or there is a t € [7((), 7(n,)] such that Fx(t) ¢ (ar, )],

we have the following lemma.

Lemma 2. There is a C' > 0 so that for all r > 0,

P(A,) < Cr /4, (15)

11



e

Figure 3: The scenario b, > 0, b+, <0

Proof. We are always under the assumption b, > 0. Consider two cases.
CAsE 1: b+ > 0.

We will apply Lemma, 1 for the path W and the choice
(Yo, &, 8,7, ¢, H) = (zo(W,r"+), ap, br, Yo, G i, 7).
Call E; the event that one of (i)-(vii) of Lemma 1 fails. The probability of A, is bounded by
P(Ey) + P(A, NES) < er™ /4

for some constant ¢ that depends on k1, ko, k3 but not on r. The first term is bounded with the
use of Lemma 7, while the bound for the second follows from Lemma, 1.

CASE 2: b+ <0.

Let

(i =sup{s < 0: W(s) —W(b,) > W#(b,,0) + 2k log W#(b,,0)}, (16)

(o =inf{s > ¢ : W(s) — W(b,) > W#(b,,0) + 3ko log W#(b,,0)}, (17)

and

Az = [1(G) < 7(G) < T(6) < T(my)]-
See Figure 3. Then

P(r(Cr) > 7(m) or F([7(G), 7(ne)]) & (7)) < PEF (), 7(0r)]) € (s ) }NA3) +P(AS).

As Lemma 11 shows, P(A§) < Cr~1/%. The first quantity is bounded by

PE([r(¢)s 76 & (@rs ) +PE((G)s m(00)]) € (s )

Both of these two probabilities are bounded with the use of Lemma 1.
For the first, we apply Lemma 1 for the path W and the choice

(y07 «, ﬂa e Ca m, H) = ($O(W T)) Qp, bhr)/ﬁ CT? 6—7”) T)'

12



Working as in Case 1, we obtain the required bound.
For the second, we apply Lemma 1 for the path W* := W (—-) and the choice

(yO, «, ﬁa e <7 m, H) = (—l'l(VV, T++)’ —Try _brv — Oy, _51”7 —Nr, T)-

We will use the notation X"V for the diffusion run in the fixed environment W. Let E5 be the
event that, with these choices, one of (i)-(vii) fails. As in Case 1, we use the bound on P(Es)
given in Lemma 7 to get that for W outside Fs, we have

PW(FXW* ([T(—Er), 7(=nr)]) ,@ (=, —p)) < er—1/4
But X" law _ xw So that

P (Fxw ([r(&), 7)) € (ap, ) < er™ /4
as required. [

In the time interval [7(n,), 7((+4 )], we will show that F' jumps from a neighborhood of b,
to a neighborhood of b,+ . That is, if we let

There is a time z, € [7(n,), 7((+4)] so that
K, := F(t) € (ap,yy) for te[r(n),z), ;
and F(t) € (s, 3ry) for t€ (zp, 7(Croy )]

then the following holds.
Lemma 3. There is a constant c so that
P(KE) < er—t/4
for all r > 0.
Proof. Assume that b+, > 0. Then b, < b+, <7, < (+4. Let
my o = sup{s < byry : W(s) = W(br) = W#(by, b4},
z:=sup{s < bty : W(s) = W(bu+) > W (b, byt ) + ko log W# (b, b,y ) + kg log 7},

(see Figure 4), and recall that W ((+) — W (bt ) = W# (b, byt ) + ko log W# (b, bty ).
Also call Y := X, ()4, the diffusion after time 7(z). All objects defined for X (e.g., the local
time, the process of the favorite point) are defined analogously for Y.

Define the events

Yo = [z > myl,

Xy = [Fx(r(nr)) € (ar, 1)l

Yo 1= [Fx(1(Gr4)) € (s v 4)]s

33 := [(Xr(y,)4s)s>0 hits G+, before 2],

Y= [Fy ([ry (), v (Gor 1)) € (s Yt 4]

On X1 N X3N Y4 we claim that

te [T(nr)vT(CrJr—&-)] = FX<t) € (O‘mfyr) U (ar++a%“++)' (18)

Let t € [T(n), 7(¢+4)]. Points in (—o0, 2] collect local time only from the part (Xs)s<r(;,) of
the path (Xs)ng((T++) by the definition of ¥3. And by the definition of X1, the ones with the

13
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Figure 4:

most local time are in (-, ;). Points in [z, 00) collect local time only from the part (Xs),(.)<s<t
of the path. And by the definition of ¥4, we know that out of them, the ones with the most
local time at time ¢ are in (a,+,,7,+4). This proves our claim.
On X NX; NEeNEsNEy we know that F(7(n,)) € (ar, %), F(T((+4)) € (@t 1, Yp+4 ), and
from time 7(n,) to 7((+4), X does not visit (a,,7,). These combined with (18) show that
YoNXiNXoNXgNdy C K.

The proof will be completed after we bound the probability of (Xo N X1 Ny N X3 N Ey)c.
Lemmas 10(iii) and 2 give the bound for P(3§) and P(X{) respectively. To bound P(X$), we
apply Lemma 1 with the choice

(y(]v «, ﬁv v <.7 m, H) = (fo(W, T++)a Qpt 1, br""—i—v Vrt+ Cr++’ Cr++7 T)'

Lemma 11 shows that P(X§) < er~1/4 for some constant ¢ (independent of 7).
For 3§, we write X§ C (2§ N %) U 2§ The probability of ¥§ N Xy is bounded with the use of
Lemma 1 for the environment W# := W (z + -) and with the choice

(y03a7ﬁ77agvnaH) = (mT — 2, 0pt+ 4 — Zabr++ =2, Yty — 2 — 2, <r++ - Z,T’).

Let E4 be the event that, with this choice, one of (i)-(vii) fails. Lemma 7 shows that P(E,) <
cr~1/4 and as in Lemma 2, we show that P(X§ N o) < ¢r~ /4. This finishes the proof. |

2.3 Proof of the main results

Proof of the Theorem: The proof is a consequence of Lemmas 2, 3, 12.
Pick any a € (0,1/2), and let ry = exp(k®) for k > 1. Then > 2, 7’,;1/4 < 00, combined
with Lemmas 2, 3, 12, 13, implies that there is a kg > 0 so that

(1) K., Ay, happen for k > ko,

if we call (s,(W))n>1 the increasing sequence of the point where b|[rg,, 00) jumps, then
(2) between any two terms from (s, (W)),>1 there is a term from (r4)g>k,, and
(3) (s vry,) C I(by,) for k > ko.

Now we claim that if r, > 7, then

Fx(t) € (g, 7y, for all t € (zrk_,zrk). (19)
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Indeed, this holds for t € [7(,), zr,) because K, happens. Let j := max{n :r, <, }. The

assumption r, > ry, gives that j > ko, and this together with (2) implies that in [r;, ;] the

path of b jumps only at r, . Since K, happens, Fx(t) € (a,+,7,+) for all t € (2, 7(¢,+)]. But
J J J

r]‘." =7, S0 C’"T = Qrps 2y = 2 and (O‘r;rﬁrj) C (o, 7r,,) (recall the definitions of o, 7, in

(13), (14), and note that rj < Tk).

Let 2, := by, , the value of b in (s, (W), s,41(W)], and t,, := log z,,. Because of observation
(2) above, for n > 1 there is a k with s,, < rp < sp4+1. Then 2y = Zsy = efn, 2, = 2g,,, = et
and Fx ((e™, e'+1)) C (oy,,Vr,,) because of (19) (note that 7, = s, > ry,). This together with
fact (3) above proves (i) of the theorem.

For the second claim of the theorem, observe that ¢,,/s,, = log zs,, /Sn, and zs, € [T(ns,,), T(Cs,+)]-
One can see that

— 1 1

Fm 287Cont) g ynq Ji 19870ha) o

n—oo Sn n—o0 Sn
The proof of these two is done by modifying the proof of (4.7), (4.8), (4.11) in Hu and Shi
(1998). Since no new idea is involved, we omit it. [

Proof of the Corollary: Let A(s) = (t1/s1)s for s € [0, s1]. Then in any interval [sy, Sp11]
with n > 1, A(s) is defined as the unique increasing map of the form ~,s + J, mapping that
interval to [t,,t,11]. Since on [s,,s,+1] the function A(s)/s = a, + 6,5~ is monotone, it maps
[Sn, Sn+1] to the interval with endpoints ¢, /s, tni1/Snt1. It follows that lims_.oo A(s)/s = 1.
Then for all large s, the theorem says that |Fy (e**)) — b,| < (log |bs|)¢. It is easy to prove that,
with probability 1, log|bs| < 3log s for all large s.

[Recall that the typical size of bs is s2. The proof is similar with the proof of (28). We
show log 3} < 3log s for large s (see the beginning of the next section for notation). The basic
ingredient is that for large A > 0, it holds P(8f > s24) = P(B > A) < Ce=A™ /8. The last
inequality holds because 3, has Laplace transform (vV2Xcoth v/2X) ! (see Neveu and Pitman
(1989), Lemma of §1) so that its density is >, ,exp ( - Mx) 1z>0, having tail as we
claimed.] This finishes the proof. [

3 Auxiliary lemmas

3.1 Estimates on the environment

In this section, we prove several facts we needed in the proof of Lemma 2 and of the main
theorem. First a useful fact for studying the process b. For any real valued process (Zs)ser and
t € R, we define

Z,:=1inf{Z; : s between 0 and t },
Zy:=sup{Zs : s between 0 and t }.

Call W the process (W (s) : s > 0) and W~ the process (W(—s) : s > 0). For r > 0, let
mri=min{s > 0: WT(s) - WT(s) =1},

7, =min{s > 0: W (s) =W (s) =
B, :=—min{s >0: W~

»
SN—
Il

<
L

\]
ol
—

One can see that with probability one, it holds b, € {3,, 3} (see e.g. Zeitouni (2004)). We
will make frequent use of this fact in what follows.
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The next statement is from lemma of §1 in Neveu and Pitman (1989).
Fact 1: —W(8;) is an exponential random variable with mean 1.

The following uniform continuity result is an immediate consequence of Lemma 1.1.1 in
Csorgd and Révész (1981).

Fact 2: There is a constant C' so that for any p > 0,h € [0, p],v > 0, it holds

P( sup W (y) — W (z)| > vVh) < cLe 3,
y2€l0.ol.ly—zI<h h

For an interval I C [0,00), the random variable sup{|B;|/v/t : t € I} is infinite if one of
the endpoints of I is 0 or co (by the law of the iterated logarithm). However if the interval is
bounded away from 0 and infinity, the variable is finite, and one can get the following result on
its tail.

Lemma 4. Let 0 > 1,M > 1, and a > 0. Then
B log M 2
IP’( sup ‘t|2a>§4<0g —i—l)ﬁexp(—a).
1<t<M V't log o a 20

Proof. Let N := [“8Y] and t,, := 0" for n = 0,... N + 1. Then

log o

IP’( @> )< 3 |Bs| 3
sup a _Z]P’( sup 2a>§ZIP’( sup |35]2\/72a)

1<t<M VE tn<s<taps VS = 0<s<tun
N
a log M Vo a?
<4 IP’(312>§4< —|—1>exp 9
T;) \/E a ( )

In the last line, the first inequality follows by the reflection principle, while the second, from a
well known bound on the tail of the standard normal distribution. |

Lemma 5. For all x > 0, we have
P(W#(by—,b1) < z) < 4/7.
W#(by,by+y) > x) < 2071
W#(by,0) < x) < 2.
W#(b1,0) > x) < 6

~

2.
3. IB(
4. P(
5 P(|b] > x) < 2exp (— T ).
6. (W(by) — W (by+4))/W#(b1,bi+,) is an exponential random variable with mean 1.
Proof. 1. W#(by-,b1) > min{W (8;), W (B )} because by € {87, 5, }. So that P(W# (b;-,b1) <
z) < 2P(W(B) < x) < 4y/x by Lemma 8.
2. From the proof of Lemma 12, it follows that W#(by,b;+) < Dy, = oo7m9. The variables

00, T are independent and have density 20 731,>1. It is easy to compute that for z > 1, it holds
P(og7o > x) = (2logx + 1) /2. This proves the claim.

3. W#(b1,0) > min{—-W (8], =W (B )}. So that P(W#(b1,0) < z) < 2P(-W(8]") < x) <
2, since —W (3;") has exponential distribution with mean 1.

4. W#(b1,0) = W(by) — W(b1) < 1 —W(b1), and —W (b1) < max{-W(3"),-W(B;)}. So
that P(W#(b1,0) > ) < P(=W(by) >z — 1) <2P(-W(B3]) >z — 1) < 2e!7%,
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5. The density of by is fy, (z) := 2372 (2;21‘ exp (— %M) (see relation (1.4) in Shi
(2001)), which is less than %exp(—%]w\). And the required inequality follows after integration.
6. For the proof of this claim, drawing a picture will help the reader. For £ € R, let

H, :=sup{s <0: W, =/},
H;} :=inf{s > 0: W, = (},

K;:=min{ max W, max W} —/{.
H;<s<0  0<s<H,

Also let £y := sup{¢ < 0 : one of H—,H" jumps at ¢, and lim, ~ K, > 1}. Clearly, ¢, =
W (by). Assume that H~ jumps at £y. Assume moreover that limg g, MaxXp - <o W

> limy 4, max . I Wy (the case that the reverse inequality holds is treated similarly). Then
bty >0, and W#(by,bys ) = MaXo<,<prf Ws. The way to locate (by+,, W(by+,)) is as follows.
We look at B = {W(Hg: +s) — Wi(b;) : s > 0} (which is a standard Brownian motion), and

we wait until B — B hits W#(b1, by+, ). When this happens, the value of —B is an exponential
random variable with mean W#(by,b;+,) (see Fact 1 in the beginning of this section). This
proves our claim. |

For the next lemma, recall the definitions of zo(W, 1), x1(W, 1), given together with that of
b in the introduction.

Lemma 6. |zo(W,1)|,21(W,1) have densities bounded by 1.

Proof. It is true that {zp41(W,1) — 2, (W,1) : k € Z\ {0}} is a set of i.i.d. random variables
with the same distribution as ¢ := inf{s > 0 : |WW4| = 1} (see proposition of §1 in Neveu and
Pitman (1989)) . Call fy(z) the density of this random variable. Since for any fixed ¢, the
process (Ws_y — W_; : s € R) is a standard Brownian motion, one can take ¢ — oo and use
the renewal theorem to show that x1(W, 1), |zo(W, 1)| are respectively the residual waiting time
after 0 and the age at time 0 for a renewal process “starting at —oo” and with increments having
distribution ¢. Their densities are computed in Exercise 4.7 of Chapter 3 in Durrett (1996), and
they both equal [7° fy(z)dz, which is less than 1. [ |

An estimate on the hitting time of Brownian motion is as follows.

Fact 3: Let W be standard Brownian motion. For the time p(1) :=inf{s > 0: W (s) = 1}, it
holds
P(p(1) > u) < u™Y? for all u > 0.

This follows from P(p(1) > u) = P(W(u) < 1) = P(W(1) < w~'/2) and the fact that W (1) has
density \/2/7re*"’2/21m20.
Lemma 7. There are constants C1,Cy (Cy depends on ki, ko, ks) so that for the three choices
of yo,, B,7,C(,n, H in Lemma 2 and the two in Lemma 3, we have for r >0
1. B(Jy - yol > HY) < 2671/
P(maxepy,m W(s) > H3/2) < 4p=1/4,
P(A ( )/( () +|A(yo)|) > H™?) <r7?
2 _

PGty > <) <
P(A(B)/A(C) < —H™®) < Cyr~ /2.

P(

P(

SUDye ¢ SUPyo<s<y s (ary) Jo € W (t)—W(s) dt/ fy WO-WE) gy > f—mintkaks}+5) < 0 p1/4,

NQF“*.*\FON

SUDPy (¢ ] SUPyo<s<y, 8¢(aﬁ) W (s) fy W(t)-w (s )dt) > exp(2 H7/4)) < 7r /4,
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Proof. In all uses of the lemma, it is H = r.

1. We prove this claim at once for all the cases that we use it. Let

p(r) :==inf{s > 0: W(s) =1},
m1(r) := inf{s > p(r) : W(s) = W(p(r))},
mo(r) == inf{s > 71 (r) : W(s) = W(r1(r))}.
Through the analogous series of definitions, we define 75(r) for the path (W (—-))s>0. In all cases
that we use the lemma, it holds [yo,n] C [~72(r), 72(r)]. Also let 7o(r) := inf{s € [0,71(r)] :
W (s) = W(ni(r))}.
Clearly, 2(r) faw r215(1). We will show that P(mo(r) > r2/2) < r~1/4/2 for large 7. We write

(1) = p(1) + (70(1) — p(1)) + (72(1) — 70(1)), (20)
and we will bound separately the probability that each of the three terms in the last expression
is large.

For the first term, we note that P(p(1) > r) < r~1/2 for all > 0 (Fact 3).

For the second term. The random variable r; := W (r(1)) — 1/(1 — W(p(1))) has density
(14 x)~21,>0 because

P(ry > 2) = BE{P((W(70(1)) — 1 > z(1 = W(p(1)))[W(p(1)))) }
= E{P(W starting from 1 hits first 1 + 2(1 — W (p(1)) and then W (p(1))|W (p(1))))}

} L W(p(1)) e
~E(—wpmy s sa - womy) Y

We used the Markov property on the stopping time p(1). Now given the values of W (p(1)), W (7o(1))—
1, the law of 79(1) — p(1) is the same as the time it takes for a three dimensional Bessel process
starting from 1+ W (p(1)) to hit W (7o(1))+W (p(1)) (Proposition 3.13 (iv), Chapter VI in Revuz
and Yor (1999)). So it is bounded stochastically from above by the time it takes for Brownian
motion starting from zero to hit W (ry(1)) — 1. This last time equals in law to

(W(mo(1)) = 1)°X = r7(1 = W(p(1)))*X,

where 1 has density (1+2) 21,50, X has the same law as p(1), and X, 1, p(1) are independent.
Also it is easy to see that 1 — W (p(1)) has density (1 + x)~21,>0 (the proof goes as that for 7
above).

Consequently

P(ro(1) — p(1) > r*) <B(r1 > /") + P(1 =W (p(1) > r'/*) + B(X > r1/%) < 37714,
For the third term in (20). As above, we show that the random variable

W(n(1)) - W(n(1))
W(no(1)) = W(p(1))

has density (1 + x) 21,>9. Given W(19(1)) — W (72(1)), the law of 72(1) — 79(1) is the same as
the law of (W (79(1)) — W (72(1)))?(Y1 + Y2), where Y7, Y> (are independent and) have the law of
the time it takes for a three dimensional Bessel process starting from zero to hit 1. This follows

Tro =
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from Proposition 3.13 (iii), (iv), (v), Chapter VI, in Revuz and Yor (1999), and the scaling
property of the Bessel process. Observe that

W(r(1)) = W(r2(1)) = W(m(1)) - W(n(1))
= W(n(1)) = W(m(1))
= (L4 r2)(W(ro(1)) = W(ni (1)) = (1 +72)(1 +7r1)(1 = W(p(1)))-

So that
72(1) = 70(1) = (14 72)*(1+r1)*(1 — W(p(1)))*(Y1 + Ya),

and

2

DY <P+ > eV £ P+ > r1/4

P(Tg(l) — 7'0(1) > 3

1/2 1/2

PR W(p(1) > /) + B > ) 4B > T) <o/

We used P(Y; > z) < P(p(1) > x) and Fact 3. Combining all the above estimates, we get that
on a set whose complement has probability at most 13r~/4, it holds m5(1) < r + r3/2 4+ 12/3,
which is less than 72/2 for r > 50. This finishes the proof of part 1.

2. As we mentioned in the proof of part one, in all uses of the lemma, it holds [yo,n] C

[=72(r), 72(r)]. So maxsepy, ) W(s) < max{W(ra(r)), W(=72(r))} = max{W(ro(r)), W(-7o(r))}
)-

Now W (7o(r)) f rW(t9(1)), and we saw that W (7o(1)) = 1+W (79(1))—1 = 1+r (1-W (p(1))
Since
P(1+71 > r'/4) = P(1 - W(p(1)) > r'/4) = =14,

for r > 1, we have outside a set of probability at most 2r—1/4 that W(m(1)) < 1+(7’1/4—1)r1/4 <
/2. Consequently, P(max{W (mo(r)), W (f2(r))} > r3/2) < 4r=1/4,

7. On [( < 1]¢, for y € [¢,n] and s € [yo,n], we have

e—W(s) -
foy eW () -W(B)qt < exp(= yogsl<m W(s)

because W () is the minimum value of W in [0,(], and ¢ > 1. Recall the definitions made
above, in the proof of part 1. The exponent of the last expression is bounded above by
max{—W (7ma(r)), =W (72(r)) }, which has the same distribution as r max{—W (72(1)), =W (72(1))}.
Observe that

—W(ma(1)) = =W(p(1)) + W(n (1)) = W(r(1)) = =W (p(1 )) ra(W(r0(1)) = W(p(1)))
= —W(p(1)) + r2(W(r0(1)) =1 +1-W(p(1))) = =W(p(1)) + r2(1 +r1)(1 - W(p(1))),

and P(max{ry, 1 +71,1—W(p(1))} > r'/%) < 3r~1/%. On the complement of [max{rg, 1 +71,1—
W(p(1))} > r/4], we have —W (12(1)) < r'/4 4 13/4 < 2¢3/%. Consequently, for 7 > 1,

P(— inf W(s) > 2r7/*) < 6r V4
To<s<Nr

Also P(¢ < 1) < r72, in all the uses of the lemma. For example, when ¢ = (., we have
P(( < 1) = P(¢ < r72) < P(a (W, 1) < r~2) < 72 (the last inequality follows from Lemma
6). So that the probability in the statement is bounded by 6r—1/4 4+ =2 < 7r=1/4,
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Now we move to the proof of the remaining claims. The events

Ay s = [zo(W, 7’++) € (—=1,0]] U [|Jzo(W, 7“+—|—)\ > r4] UG < 1JUl¢] > r4] U [|nr| > 7’4],
As = sup (W (y) —W(z)| > logr],
y,zE[—r4,T4],|y—z|§1
will be used bellow. Observe that
P(ao(W,rT+) € (—1,0]) < P(xo(W,r) € (—1,0]) = P(xo(W,1) € (—1/r*,0]) < r 2,

and P(¢. < 1) < 72 as we proved just before. Combining these with part 1 of the lemma, we
get P(A4) < cr2. Also, applying Fact 2, with h = 1, p = 7%, v = log /2, we get

P(A5) < Cr ¢~ (logr)?/12 (=2

5. In four of the five cases we use the lemma, it holds A(b,)/A(¢,) > 0, and we have nothing to
prove. The only case where something needs a proof is in the claim Py (Fyw+ ([7(—=C.), 7(—n,)]) €
(=7, —ay)) < er~'/* contained in the proof of Lemma 2 (Case 2). Let Ay := [W#(b,,0) <
VT U[lby] > U [ > —1]. Then P(A7) < P(W#(b1,0) < 1//7) +P(|b1| > 7) + P(( >
—r ) <2/ /r+2e "+ er /2 < Cr=1/2. On (A4 U A5 U A7)¢ we have

A(b»p) B Obr eW(y)*W(br)dy bTew#(me) ,rbr 4 k;2/2

,A(@)‘ B fcp W)W dy ~ eW# (br,0)+ka log W# (b,0)—logr (W#(b,,0))k2 —

-5

since ko > 18.

The remaining parts of the lemma we prove only for the first choice of yg, ., 3,7,(,n, H
i.e., (vo,a,8,7,¢,n H) = (xo(W,7"+), ar, by, Y, Gy, 7). For the other choices, the proof is
similar.

3. The quotient inside the probability equals

A(nr) _ 1
A(ne) + [Alzo(W,r )| 1+ [A(zo(W,rH))|/