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1

Kef�laio 1

Eisagwg 

1.1 Skopìc thc diatrib c
Skopìc thc didaktorik c diatrib c eÐnai h susthmatik  jewrhtik  melèth (A) thc
magnhtoaporrìfhshc eggÔc pedÐou kai (B) thc fwtofwtaÔgeiac (Photoluminescence
  PL) memonwmènwn kbantik¸n telei¸n.

Oi kbantikèc teleÐec (quantum dots   QDs) eÐnai teqnhtèc domèc me megèjh
apì merik� nm èwc merik� mm kai oi opoÐec perièqoun apì 103 èwc 109 �toma
me antÐstoiqo arijmì hlektronÐwn. Stic hmiagwgikèc teleÐec ta hlektrìnia eÐnai
isqur� dèsmia ston pur na, ektìc apì èna mikrì posostì eleÔjerwn hlektronÐwn
pou kumaÐnetai apì 1 èwc merikèc qili�dec. ExaitÐac tou trisdi�statou perioris-
tikoÔ dunamikoÔ thc teleÐac, to energeiakì f�sma twn hlektronÐwn eÐnai diakritì
ìpwc twn atìmwn kai gia ton lìgo autì, kaloÔntai teqnht� �toma (artificial atoms)
sthn perÐptwsh memonwmènwn telei¸n   teqnht� mìria (artificial molecules) sthn
perÐptwsh pollapl¸n telei¸n.

H dom  thc diatrib c eÐnai h akìloujh:

Sto deÔtero kef�laio perigr�fontai oi kuriìterec mèjodoi kataskeu c kaj¸c
kai oi kuriìterec efarmogèc twn kbantik¸n telei¸n.

Sto trÐto kef�laio dÐnontai oi basikèc ènnoiec thc puknìthtac katast�sewn
kai tou epoikismoÔ katast�sewn, thc exÐswshc energoÔ m�zac pou qrhsimopoieÐtai
gia ton upologismì twn monoswmatidiak¸n katast�sewn kai twn katast�sewn twn
exitonÐwn. Tèloc, parousi�zontai sunoptik� oi aktinoboloÔsec kai mh diadikasÐec
epanasÔndeshc, oi diadikasÐec efhsuqasmoÔ kai diadikasÐec mhdenismoÔ thc optik c



2 EISAGWGH

pìlwshc dephasing pou apoteleÐ mètro thc sunektikìthtac tou sust matoc, oi
opoÐec paÐzoun kajoristikì rìlo sto f�sma fwtofwtaÔgeiac.

Sto tètarto kef�laio parousi�zetai to basikì jewrhtikì plaÐsio pou katal gei
sthn paragwg  thc genik c èkfrashc gia ton suntelest  aporrìfhshc eggÔc pedÐou.

Sto pèmpto kef�laio parousi�zetai h jewrhtik  an�lush sumperilamb�non-
tac thn efarmog  magnhtikoÔ pedÐou poikÐlou mètrou kai prosanatolismoÔ, h opoÐ-
a katal gei ston upologismì tou suntelest  magnhtoaporrìfhshc eggÔc pedÐou
apl¸n kai dipl¸n kbantik¸n telei¸n.

Sto èkto kef�laio parousi�zetai h jewrhtik  an�lush h opoÐa katal gei sthn
paragwg  twn exis¸sewn fwtofwtaÔgeiac gia kbantikèc teleÐec kaj¸c kai sthn
paragwg  thc analutik c èkfrashc thc èntashc thc fwtofwtaÔgeiac sthn grammik 
perioq .

Sto èbdomo kef�laio parousi�zetai h efarmog  twn jewrhtik¸n apotelesm�twn
gia thn ermhneÐa tou f�smatoc fwtofwtaÔgeiac se jermokrasÐa dwmatÐou kai gi-
a asjen  diègersh (grammik  perioq ), kbantik c teleÐac InxGa1−xAs sq matoc
fakoÔ. UpologÐzontai arijmhtik� oi akribeÐc kumatosunart seic kai enèrgeiec thc
kbantik c teleÐac sq matoc fakoÔ. GÐnetai sÔgkrish jewrÐac kai peir�matoc.

Sto ìgdoo kef�laio dÐnontai oi ereunhtikèc prooptikèc.

(A) MAGNHTOAPORROFHSH EGGUS PEDIOU

To energeiakì f�sma twn kbantik¸n telei¸n eÐnai exairetik� ploÔsio. Oi enèrgeiec
twn monoswmatidiak¸n katast�sewn, h allhlepÐdrash Coulomb metaxÔ hlektronÐ-
wn kai op¸n, kaj¸c kai h allhlepÐdrash antallag c metaxÔ twn hlektronÐwn me
par�llhla spÐn, eÐnai ìlec thc Ðdiac t�xhc megèjouc (merik� meV [1]). Oi apost�-
seic metaxÔ twn diadoqik¸n energeiak¸n epipèdwn kumaÐnontai apì 10-35 meV en¸ h
lept  uf  (pou ofeÐletai se diaqwrismì Zeeman kai se allhlepÐdrash antallag -
c) eÐnai thc t�xhc twn merik¸n meV. 'Otan loipìn melet�tai me tic sumbatikèc op-
tikèc mejìdouc ènac meg�loc arijmìc kbantik¸n telei¸n (gia par�deigma 1-100 QD-
s/mm2), h anomoiogen c dieÔrunsh tou f�smatoc den epitrèpei thn tautopoÐhsh thc
lept c uf c kaj¸c kai thc met�bashc metaxÔ twn monoswmatidiak¸n katast�sewn.
EÐnai loipìn aparaÐthth h melèth twn memonwmènwn kbantik¸n telei¸n, h opoÐa
pragmatopoieÐtai me sÔgqronec mejìdouc fasmatoskopÐac eggÔc pedÐou. Kaj¸c
mikraÐnei h èktash thc fwtizìmenhc perioq c (dhl. oxÔnetai h qwrik  an�lush),
oi optikèc mèjodoi eggÔc pedÐou epitrèpoun thn �mesh apotÔpwsh thc qwrik c kai
energeiak c katanom c twn katast�sewn thc kbantik c teleÐac.

To 2000 oi Simserides et al. [2], upolìgisan ènan topikì suntelest  apor-
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rìfhshc apl¸n kai dipl¸n kbantik¸n telei¸n GaAs/AlGaAs upì mhdenikì magn-
htikì pedÐo kai proèbleyan ìti h epik�luyh twn exitonik¸n kumatosunart sewn
me to profÐl tou topikoÔ pedÐou tou aniqneut  (probe), apeikonÐzetai sto f�sma
aporrìfhshc. Kat� sunèpeia sto eggÔc pedÐo eÐnai dunatìn na parathrhjoÔn op-
tikèc metab�seic oi opoÐec den parathroÔntai sto makrinì pedÐo (<< apagoreumèneς >>).
Epiprìsjeta èdeixan ìti, exaitÐac twn allhlepidr�sewn Coulomb, aux�nontac thn
èktash thc fwtizìmenhc perioq c, parathroÔntai auxomei¸seic thc èntashc twn
metab�sewn (mh monìtonh sumperifor�), ìtan h perioq  pou fwtÐzoume gÐnei sug-
krÐsimh me thn exitonik  aktÐna Bohr.

Wstìso, den  tan dunatì na gÐnei �mesh sÔgkrish metaxÔ jewrÐac kai peir�m-
atoc, giatÐ me tic up�rqousec teqnikèc fasmatoskopÐac eggÔc pedÐou, h èktash thc
fwtizìmenhc perioq c (qwrik  an�lush) pou eÐqe epiteuqjeÐ mèqri ta tèlh tou 1990
 tan perÐpou 130-200 nm [3], en¸ gia par�deigma h exitonik  aktÐna gia to GaAs
eÐnai ρ ≈ 12 nm. H sÔgkrish metaxÔ jewrÐac kai peir�matoc ja  tan dunat  an
oxunìtan h qwrik  an�lush me tautìqronh qrhsimopoÐhsh hmiagwgik¸n telei¸n me
megalÔterh exitonik  aktÐna, ìpwc p.q. to InAs (tou opoÐou h exitonik  aktÐna Bohr
eÐnai perÐpou 39 nm).

H epÐteuxh oxeÐac qwrik c an�lushc (≈31 nm = λ/30 ìpou λ = 930 nm),
od ghse sthn epituq  qartogr�fhsh thc kumatosun�rthshc tou kèntrou m�za-
c tou exitonÐou entopismènou se kbantikèc teleÐec pou dhmiourgoÔntai lìgw top-
ik¸n diakum�nsewn sthn epif�neia kbantik¸n phgadi¸n [4]. Pr�gmati, sto ìrio
tou exairetik� leptoÔ aniqneut , ìpou to profÐl tou hlektromagnhtikoÔ pedÐou
proseggÐzei mia dèlta sun�rthsh, to topikì f�sma aporrìfhshc   fwtofwtaÔgeiac
apeikonÐzei thn exitonik  sun�rthsh sthn jèsh tou aniqneut . H prìodoc aut  se
peiramatikì epÐpedo èdwse to ènausma se pollèc jewrhtikèc melètec. Anafèrontai
endeiktik� o upologismìc tou f�smatoc aporrìfhshc eggÔc pedÐou twn exitonÐwn
pou sqhmatÐzontai apì diakum�nseic sthn endoepif�neia kbantik¸n phgadi¸n [5, 6]
  h jewrhtik  perigraf  tou mikroskopÐou s�rwshc kontinoÔ pedÐou (NSOM) se
makromìria [7].

Oi parap�nw diereun seic den eÐqan sumperil�bei thn epÐdrash tou magnhtikoÔ
pedÐou sta f�smata aporrìfhshc. Apì thn �llh, o antagwnismìc metaxÔ qwrikoÔ
(pou ofeÐletai sta domik� qarakthristik�) kai magnhtikoÔ entopismoÔ (pou ofeÐle-
tai sto exwterikì magnhtikì pedÐo) èqei anadeÐxei endiafèronta fainìmena sthn
perÐptwsh twn kbantik¸n phgadi¸n [8�15].

Sthn paroÔsa diatrib  melet�tai gia pr¸th for� h epÐdrash
enìc exwterikoÔ magnhtikoÔ pedÐou sto f�sma aporrìfhshc eggÔc
pedÐou apl¸n kai dipl¸n kbantik¸n telei¸n (Kef�laio 5). H efar-
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mog  tou magnhtikoÔ pedÐou prokaleÐ mia anadi�rjrwsh twn monoswmatidiak¸n
katast�sewn twn forèwn, h opoÐa se sunduasmì me thn allhlepÐdrash Coulom-
b metaxÔ hlektronÐwn kai op¸n, eis�gei mia plhj¸ra tropopoi sewn sto f�sma
aporrìfhshc eggÔc pedÐou. Oi tropopoi seic autèc mporoÔn na parathrhjoÔn me
touc shmerinoÔc aniqneutèc meg�lhc diakritik c ikanìthtac.

Diereun�tai h shmasÐa thc efarmog c tou magnhtikoÔ pedÐou poikÐlou mètrou
kai prosanatolismoÔ. H diereÔnhsh apokalÔptei th shmasÐa tou antagwnismoÔ
metaxÔ qwrikoÔ kai magnhtikoÔ entopismoÔ, sthn perÐptwsh twn kbantik¸n telei¸n.
Tautìqrona prosfèrei ènan trìpo qeirismoÔ twn exitonik¸n kumatosunart sewn
kai eidikìtera thc exitonik c enèrgeiac dèsmeushc thc jemeli¸douc kat�stashc. H
metabol  twn domik¸n qarakthristik¸n thc teleÐac se sunduasmì me thn metabol 
tou magnhtikoÔ pedÐou, dÐnei thn dunatìthta kat�llhlhc metabol c thc exitonik c
enèrgeiac dèsmeushc, ¸ste na plhsi�zei thn jermik  enèrgeia se jermokrasÐa dw-
matÐou, sunj kh anagkaÐa gia thn ikanopoihtik  leitourgÐa twn optik¸n diat�xewn
se jermokrasÐa dwmatÐou.

H efarmog  tou magnhtikoÔ pedÐou poikÐlou mètrou kai prosanatolismoÔ dÐnei
thn dunatìthta an�deixhc twn idiaitèrwn qarakthristik¸n tou f�smatoc eggÔc pedÐou.
H allhlepÐdrash Coulomb epifèrei shmantikèc tropopoi seic sto f�sma apor-
rìfhshc, ìpwc metatìpish tou f�smatoc proc qamhlìterec enèrgeiec lìgw thc elk-
tik c allhlepÐdrashc metaxÔ hlektronÐou kai op c, metafor� thc isqÔoc talantwt 
apì tic uyhlèc stic qamhlèc enèrgeiec kaj¸c kai thn emf�nish nèwn koruf¸n me
mh monìtonh sumperifor� sthn èntas  touc kaj¸c oxÔnetai h qwrik  an�lush.
Epiprìsjeta, an�loga me ton prosanatolismì tou pedÐou diathreÐtai   katastrèfe-
tai h <<domik >> summetrÐa pou up�rqei upì mhdenikì magnhtikì pedÐo. H asummetrÐa
pou eis�gei to magnhtikì pedÐo, ìtan den efarmìzetai kat� ton/touc �xonec sum-
metrÐac thc kbantik c teleÐaς, mporeÐ na aniqneuteÐ sto f�sma eggÔc pedÐou (Near
Field snt NF) all� ìqi sto f�sma makrinoÔ pedÐou (Far Field snt FF), anadeiknÔon-
tac thn shmasÐa twn fasm�twn magnhtoaporrìfhshc eggÔc pedÐou.

H parap�nw jewrhtik  melèth apoteleÐtai apì tèssera basik� st�dia ki up-
osthrÐzetai apì èna upologistikì prìgramma me antÐstoiqa mèrh:

• Upologismìc twn monoswmatidiak¸n katast�sewn hlektronÐ-
wn kai op¸n pou upìkeintai se exwterikì magnhtikì pedÐo,
miac kbantik c teleÐac. O upologistikìc algìrijmoc dÐnei
thn dunatìthta eÔreshc twn monoswmatidiak¸n katast�sewn
kbantik¸n telei¸n opoiasd pote gewmetrÐac kai upì magn-
htikì pedÐo opoioud pote mètrou kai prosanatolismoÔ.
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• Upologismìc twn stoiqeÐwn pÐnaka thc allhlepÐdrashc Coulom-
b metaxÔ hlektronÐwn kai op¸n, apì tic monoswmatidiakèc ku-
matosunart seic pou upologÐsthkan sto pr¸to b ma. Epiprìs-
jeta, epilègontac orjokanonikèc monoswmatidiakèc kumato-
sunart seic, apodeiknÔetai mia sqèsh pou sundèei ta stoiqeÐa
pÐnaka Coulomb sunart sei twn suntelest¸n tou anaptÔg-
matoc twn monoswmatidiak¸n katast�sewn se epÐpeda kÔma-
ta.

• EÔresh twn exitonik¸n kumatosunart sewn kai energei¸n epilÔon-
tac to exitonikì prìblhma idiotim¸n.

• Upologismìc tou suntelest  aporrìfhshc eggÔc pedÐou.

(B) FWTOFWTAUGEIA MEMONWMENWN KBANTIKWN TELEI-
WN

Sto deÔtero mèroc thc diatrib c par�gontai gia pr¸th for�
sthn bibliografÐa oi exis¸seic fwtofwtaÔgeiac gia tic kbantikèc
teleÐec kai par�getai h analutik  èkfrash thc èntashc thc fwtofw-
taÔgeiac sthn grammik  perioq  (Kef�laio 6). Ta f�smata ekpomp c parè-
qoun shmantikèc plhroforÐec gia tic diakritèc katast�seic entìc thc kbantik c
teleÐac, kaj¸c kai gia thn dunamik  twn forèwn, tic allhlepidr�seic tìso metaxÔ
touc ìso kai me to fwc. San apotèlesma, ta teleutaÐa qrìnia h fwtofwtaÔgeia
twn kbantik¸n telei¸n apoteleÐ antikeÐmeno melèthc pl jouc peiramatik¸n [16�19]
ìso kai jewrhtik¸n [20�24] diereun sewn. To 1999 oi Kira et al. [25] upolìgisan
jewrhtik� to f�sma ekpomp c se kbantik� phg�dia. Apì thn �llh, se peiramatikì
epÐpedo, to 2000 oi Matsuda et al. [26] katègrayan to f�sma ekpomp c eggÔc pedÐou
se jermokrasÐa dwmatÐou, kbantik¸n telei¸n InxGa1−xAs sq matoc fakoÔ. Ta
parap�nw apotèlesan kÐnhtro gia to mèroc autì thc paroÔsac diatrib c.

Sthn paroÔsa diatrib  anaptÔssetai mia pl rhc kbantomhqanik  perigraf  thc
allhlepÐdrashc tou fwtìc kai twn exitonik¸n diegèrsewn stic hmiagwgikèc kban-
tikèc teleÐec, kataskeu�zontac thn kat�llhlh Qamiltonian . H Qamiltonian  aut 
apoteleÐtai apì ton ìro twn mh allhlepidr¸ntwn forèwn pou eÐnai entopismènoi
sthn kbantik  teleÐa, apì ton ìro allhlepÐdrashc twn forèwn metaxÔ touc, apì
ton ìro thc allhlepÐdrashc twn forèwn me to pedÐo twn ekpempomènwn fwtonÐwn
pou par�getai apì thn apodiègersh tou sust matoc kai tèloc apì ton ìro twn mh
allhlepidr¸ntwn fwtonÐwn.
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Melet�tai h mh-sunektik  fwtofwtaÔgeia (incoherent photoluminescence) kat�
thn opoÐa oi foreÐc diegeÐrontai ìqi se suntonismì me tic dèsmiec exitonikèc katast�-
seic kai polÔ p�nw apì tic diakritèc katast�seic thc teleÐac. PaÔontac thn epÐdrash
tou diegeÐrontoc fwtìc (lèizer) mìno oi foreÐc eÐnai parìntec sto sÔsthma kai h
optik  pìlwsh pou ep�gei o palmìc tou lèizer, mhdenÐzetai lìgw skèdashc twn
forèwn eÐte metaxÔ touc, eÐte me ta fwnìnia, sthn di�rkeia enìc qarakthristikoÔ
qrìnou o opoÐoc kaleÐtai dephasing time. Apì thn kbantomhqanik  perigraf 
tou sust matoc prokÔptei èna sÔnolo exis¸sewn fwtofwtaÔgeiac, oi opoÐec peri-
gr�foun thn qronik  exèlixh twn sunart sewn katanom c twn hlektronÐwn kai twn
op¸n, tou ìrou susqetismoÔ pedÐou-diegèrsewn o opoÐoc perilamb�nei thn diadikasÐ-
a dhmiourgÐac enìc fwtonÐou me tautìqronh katastrof  zeÔgouc hlektronÐou-op c
kaj¸c kai thc anamenìmenhc tim c tou arijmoÔ twn fwtonÐwn. Jewr¸ntac kat�s-
tash jermodunamik c isorropÐac (stajer  katanom  hlektronÐwn kai op¸n), prokÔptei
èna sÔnolo dÔo exis¸sewn fwtofwtaÔgeiac, h analutik  epÐlush twn opoÐwn odhgeÐ
sthn analutik  èkfrash thc èntashc thc fwtofwtaÔgeiac. H èkfrash aut  eÐnai
genik  kai isqÔei gia aplèc kai diplèc kbantikèc teleÐec opoiasd pote gewmetrÐac.

Tèloc, efarmìzontai ta jewrhtik� apotelèsmata sthn grammik 
perioq , ki ermhneÔetai to peiramatik� parathroÔmeno f�sma ekpom-
p c se jermokrasÐa dwmatÐou memonwmènwn autoorganoÔmenwn k-
bantik¸n telei¸n sq matoc fakoÔ [26] (Kef�laio 7). Ki ed¸ h an�lush
perilamb�nei tèssera b mata:

• Upologismìc twn monoswmatidiak¸n katast�sewn hlektronÐ-
wn kai op¸n. Upologistik� up�rqei h dunatìthta eÔreshc twn
monoswmatidiak¸n katast�sewn kbantik¸n telei¸n opoias-
d pote gewmetrÐac. 'Etsi, perigr�fontac kat�llhla to tris-
di�stato perioristikì dunamikì, upologÐzontai arijmhtik� oi
akribeÐc monoswmatidiakèc katast�seic.

• Oi parap�nw katast�seic qrhsimopoioÔntai gia ton upolo-
gismì twn stoiqeÐwn pÐnaka Coulomb metaxÔ hlektronÐwn kai
op¸n.

• Upologismìc twn exitonik¸n kumatosunart sewn kai energei¸n.

• Upologismìc thc èntashc thc fwtofwtaÔgeiac kai epituq -
c anaparagwg  tou peiramatik� parathroÔmenou f�smatoc
ekpomp c sthn grammik  perioq . UpologÐzetai epÐshc o qrìnoc
dephasing se sumfwnÐa me �llouc ereunhtèc.
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1.1.1 Sunèdria kai dhmosieÔseic
Oi jewrhtikèc melètec pou sqetÐzontai me thn paroÔsa didaktorik  diatrib  parousi�sthkan
sta parak�tw sunèdria:

1) EXMATEC’04 (7th Expert Evaluation and Control of Compound Semicon-
ductor Materials and Technologies) (Montpellier, France, 1-4 June, 2004).

2) SEMIMAG16 (16th International Conference on High Magnetic Fields in
Semiconductor Physics) (Tallahassee, Florida, USA, 2-6 August, 2004).

3) HETECH’04 (13th European Workshop on Heterostructure Technology) (K-
outouloufari, Heraklio, Crete, Greece, 3-6 October 2004).

4) MMN 2004 (Microelectronics Microsystems and Nanotechnology) (Demokri-
tos, Athens, Greece, 14-17 November, 2004).

5) LDSD’04 (5th International Conference on Low Dimensional Structures and
Devices), (Cancun-Mayan Riviera, Mexico, 12-17 December, 2004).

6) ICPS’06 (28th International Conference on the Physics of Semiconductors),
(Vienna, Austria, 24-28 July 2006).

7) HMF’06 (17th International Conference on High Magnetic Fields in Semi-
conductor Physics), (Würzburg, Germany, 30 July-4 August 2006).

8) EP2DS-07 (International Conference on Electronic Properties of Two-dimensional
Systems and Modulated Semiconductor Structures), (Genova, 15-20 July 2007).

9) MMN 2007 (Microelectronics Microsystems and Nanotechnology) (Demokri-
tos, Athens, Greece, 18-21 November, 2007).

DhmosieÔseic

1) Magnetic Field effects on the near field spectra of quantum dots, A. Zora, C.
Simserides, and G. P. Triberis, phys. stat. sol. (a) 202, 619 (2005).

2) Near field spectroscopy of single and coupled quantum dots under magnetic
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field, A. Zora, C. Simserides and G. P. Triberis, International Journal of Modern
Physics B 18, 3717 (2004) ; Proceedings of SEMIMAG16.

3) Near-field magnetoabsorption of quantum dots C. Simserides, A. Zora, and
G. Triberis, Phys. Rev. B 73, 155313 (2006).

Epilèqjhke gia anadhmosÐeush apì to periodikì Virtual Journal of Nanoscale
Science and Technology (http://www.vjnano.org), April 24, 2006.

Epilèqjhke gia anadhmosÐeush apì to periodikì Virtual Journal of Biological
Physics Research (http://www.vjbio.org), April 15, 2006 teÔqoc.

4) Near-field magneto-optics of quantum dots, A. Zora, C. Simserides, G.
Triberis Proceedings of the ICPS 2006, published by AIP Conference Proceedings
893 893 (2007).

5) Magneto-optics of quantum dots in the near field, C. Simserides, A. Zora,
G. Triberis, International Journal of Modern Physics B 21 1649 (2007).

6) Theory of spontaneous emission of quantum dots in the linear regime, A.
Zora, C. Simserides, G. Triberis, Journal of Physics: Condensed Matter 19 406201
(2007).

7) Room temperature photoluminescence of individual self-assembled quantum
dots, A. Zora, C. Simserides, G. Triberis, Physica E In Press, Available on line
13/10/2007.

1.2 Istorik  anadrom 
Ta teleutaÐa qrìnia ekdhl¸netai idiaÐtero endiafèron sto pedÐo thc hlektronik c kai
thc optohlektronik c sqetik� me tic pijanèc efarmogèc susthm�twn me polÔ mikrèc
diast�seic thc t�xhc twn 1-100 nm pou kaloÔntai nanodomèc. To basikì kÐnhtro gia
thn qrhsimopoÐhs  touc  tan ìti me mikrìtera stoiqeÐa twn dom¸n epitugq�nontai
megalÔterec taqÔthtec kai mikrìterec ap¸leiec. Epiplèon èqoun to pleonèkthma
ìti se autèc tic mikrèc klÐmakec m kouc lamb�noun q¸ra kbantomhqanik� fainìmena
ki ètsi me lÐga swmatÐdia (p.q N < 10) oi idiìthtèc touc exart¸ntai isqur� apì to
N.

'Otan h kÐnhsh tou forèa se èna stereì perioristeÐ se èna str¸ma p�qouc thc
t�xhc tou m kouc kÔmatoc de Broglie (≈ 10 nm), tìte prokÔptei h dom  -gnwst  wc
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kbantikì phg�di (QW)-sthn opoÐa oi foreÐc eÐnai entopismènoi se mÐa di�stash. To
m koc kÔmatoc de Broglie exart�tai apì thn energì m�za m∗ tou forèa kai apì thn
jermokrasÐa T sÔmfwna me thn sqèsh: λ = h

p
= h√

3m∗kT
. Kaj¸c h energìc m�za

tou forèa ston krÔstallo eÐnai arket� mikrìterh apì thn eleÔjerh hlektronik 
m�za, ta fainìmena kb�ntwshc parathroÔntai se phg�di pl�touc 10 − 100 forèc
megalÔtero apì thn plegmatik  stajer�.

H idèa thc qr shc polÔ lept¸n strwm�twn gia thn melèth fainomènwn kb�ntwshc
 tan idiaÐtera dhmofil c sta tèlh thc dekaetÐac tou 1950 [27]. To kÔrio antikeÐmeno
èreunac ekeÐnh thn epoq   tan h paragwg  lept¸n umenÐwn hmimet�llwn (Bi) se
upostr¸mata mÐkac (marmarugÐac) me thn mèjodo enapìjeshc atmoÔ. Par�llhla
bèbaia gÐnontan dokimèc gia melèth umenÐwn met�llwn kai hmiagwg¸n. To 1962 o
Keldysh [28] melèthse jewrhtik� thn kÐnhsh twn hlektronÐwn se ènan krÔstallo
me upèrjesh periodik¸n dunamik¸n me perÐodo polÔ megalÔterh apì thn plegmatik 
stajer�. Sthn doulei� aut  o Keldysh èkane lìgo gia tic legìmenec <<mÐni-z¸neς >>
kaj¸c kai gia to fainìmeno thc arnhtik c diaforik c antÐstashc. To 1963 oi Davies
kai Hosack [29] qrhsimopoÐhsan domèc apì pènte diadoqik� str¸mata (monwt c -
mètallo - monwt c - mètallo- monwt c) me diploÔc dihlektrikoÔc fragmoÔc kai polÔ
leptì to endi�meso str¸ma met�llou, prokeimènou na parathr soun to fainìmeno
dièleushc s raggoc.

To 1963 o Iogansen [30] qrhsimopoÐhse thn idèa tou fainomènou dièleushc s rag-
gac se diat�xeic hmiagwg¸n me diploÔc dihlektrikoÔc fragmoÔc prokeimènou na
petÔqei arnhtik  diaforik  antÐstash. O Ðdioc [31] melèthse domèc me meg�lo ar-
ijmì phgadi¸n. Par� to gegonìc ìti aut  h jewrhtik  doulei� ètuqe meg�lhc
anagn¸rishc, oi antÐstoiqec peiramatikèc melètec  tan periorismènec exaitÐac thc
mh aneptugmènhc teqnologÐac ekeÐnh thn epoq . Shmantikì prìblhma apoteloÔse h
poiìthta thc endoepif�neiac h opoÐa èprepe na eÐnai kat� to dunatìn apallagmènh
anwmali¸n (<<traqÔthtaς >>).

Me thn èleush nèwn teqnik¸n eteroepitaxiak c krustallik c an�ptuxhc, ìp-
wc h EpitaxÐa Moriak c Dèsmhc (Molecular Beam Epitaxy) [32]   lÐgo argìtera
h EpitaxÐa Metal-Organik c Aèriac F�shc (Metal-Organic Chemical Vapor De-
position snt MOCVD) [33]  tan plèon efikt  h eisagwg  strwm�twn (p�qouc
merik¸n plegmatik¸n stajer¸n) enìc hmiagwgoÔ me mikrìtero energeiakì q�sma
se mia m tra (matrix) ulikoÔ megalÔterou q�smatoc prokal¸ntac ètsi entopismì
twn forèwn sthn perioq  tou (kbantikì phg�di). Sto epÐpedo par�llhla sthn en-
doepif�neia wstìso, oi foreÐc paramènoun << eleÔjeroi>> , ètsi èqoume na k�noume me
èna yeudodidi�stato sÔsthma. To 1970 oi Tsu kai Esaki prìteinan [34] thn qr sh
periodik¸n dom¸n diadoqik¸n strwm�twn dÔo diaforetik¸n ulik¸n (uperplègmata).
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Kat� thn dieÔjunsh an�ptuxhc, to p�qoc twn strwm�twn paÐzei ton rìlo thc pleg-
matik c stajer�c se èna sÔnhjec monodi�stato plègma atìmwn, en¸ ta atomik�
dunamik� antikajÐstantai apì to dunamikì twn energeiak¸n zwn¸n twn diadoqik¸n
strwm�twn. 'Etsi h z¸nh Brillouin periorÐzetai kai ekfulÐzetai stic mÐni-z¸nec. Oi
foreÐc sta uperplègmata mporoÔn na kinhjoÔn me fainìmeno s raggac kat� m koc
tou �xona tou uperplègmatoc.

Mia �llh idiìthta shmantik  se efarmogèc, apoteleÐ h diadoqik  dièleush s rag-
gac se uperplègmata, pou prot�jhke arqik� apì touc Kazarinov kai Suris to
1970 [35] kaj¸c kai apì touc Alferov et al. thn Ðdia qroni� [36], se di�taxh GaP0.3

As0.7/ GaAs. Wstìso, h parat rhsh twn fainomènwn kb�ntwshc katèsth efikt 
se exairetik c poiìthtac eteroepafèc GaAs/GaAlAs (exaitÐac thc polÔ mikr c di-
afor�c metaxÔ twn plegmatik¸n stajer¸n twn sunistws¸n ulik¸n kaj¸c kai twn
apallagmènwn traqÔthtac endoepifanei¸n touc). To 1974 oi Chang et al. [37]
parat rhsan to fainìmeno thc suntonismènhc dièleushc s raggac (resonant tun-
neling), deÐqnontac ètsi ton drìmo gia thn perigraf  twn fainomènwn metafor�c se
polÔ leptèc ultrathin diat�xeic eterodom¸n me thn bo jeia thc kbantomhqanik c.
Thn Ðdia epoq  oi Kazarinov kai Suris [35] melèthsan thn dunatìthta dhmiourgÐac mo-
nopolikoÔ meg�lou m kouc kÔmatoc laser, qrhsimopoi¸ntac aktinoboloÔsec metab�-
seic metaxÔ twn upozwn¸n twn hlektronÐwn sta parap�nw sust mata.

Oi nèec asun jistec idiìthtec twn didi�statwn susthm�twn pou upìsqontan e-
farmogèc kurÐwc ston tomèa thc hlektronik c kai thc optikohlektronik c parousÐ-
asan èntono teqnologikì endiafèron. Autì me thn seir� tou od ghse se mÐa taqeÐa
an�ptuxh thc teqnologÐac kataskeu c touc kaj¸c kai se ektetamènh jewrhtik  ère-
una. Sta sust mata aut� prosfèrontai perissìterec rujmistikèc par�metroi, eÐte
twn ulik¸n, eÐte thc gewmetrÐac twn nèwn diat�xewn. Katano¸ntac ki elègqontac
tic paramètrouc autèc mporoÔme na kajorÐsoume se megalÔtero bajmì kai pio eÔko-
la tic hlektrikèc kai optikèc touc idiìthtec ki ètsi na epitÔqoume thn epijumht 
leitourgÐa.

Exairetik� apotelèsmata proèkuyan kai apì thn melèth twn optik¸n idiot twn
twn kbantik¸n phgadi¸n kai twn uperplegm�twn. To 1974 oi Dingle et al. [38]
parat rhsan thn klimakwt  morf  sto f�sma aporrìfhshc, h opoÐa sundèetai me
ton qarakt ra thc puknìthtac katast�sewn se didi�stata sust mata. MeÐwsh tou
p�qouc tou str¸matoc GaAs èqei san apotèlesma thn metatìpish thc klÐmakac
proc uyhlìterec enèrgeiec fwtonÐwn. Epiplèon, oi optikèc idiìthtec katèdeixan ton
shmantikì rìlo twn exitonÐwn [39].

Me tic didi�statec domèc proèkuye beltÐwsh twn diat�xewn pou  dh up rqan,
ìpwc ta dipolik� tranzÐstor eteroepaf¸n kai ta laser kbantik¸n phgadi¸n. Ar-
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qik� apodeÐqjhke jewrhtik� kai katìpin epibebai¸jhke peiramatik� ìti h meÐwsh
thc diastatikìthtac thc energoÔ perioq c sta lèizer belti¸nei shmantik� ta qarak-
thristik� leitourgÐac touc me thn meÐwsh tou reÔmatoc katwflÐou kai thn auxhmènh
stajerìthta ènanti thc jermokrasÐac. S mera, ta lèizer hmiagwg¸n pou èqoun wc
energ  perioq  kbantik� phg�dia, apoteloÔn ta kÔria sustatik� twn optikohlek-
tronik¸n kai fwtonik¸n oloklhrwmènwn kuklwm�twn kai paÐzoun shmantikì rìlo
sthn teqnologÐa thc met�doshc plhroforÐac kai sthn epikoinwnÐa.

PerÐ ta tèlh thc dekaetÐac tou '80 oi basikèc idiìthtec tìso twn kbantik¸n
phgadi¸n ìso kai twn uperplegm�twn eÐqan melethjeÐ diexodik� kai to endiafèron
twn ereunht¸n str�fhke se domèc me peraitèrw meiwmènh diastatikìthta ìpwc eÐ-
nai ta kbantik� sÔrmata [40] kai oi kbantikèc teleÐec [41�44]. San apotèlesma tou
isquroÔ entopismoÔ twn forèwn kai stic treÐc diast�seic, to klassikì montèlo thc
dom c zwn¸n paÔei na isqÔei, kai to energeiakì f�sma twn kbantik¸n telei¸n eÐ-
nai diakritì ìpwc twn atìmwn. Gia ton lìgo autì anafèrontai wc teqnht� �toma
(artificial atoms)   uper�toma (superatoms). H puknìthta katast�sewn twn k-
bantik¸n telei¸n eÐnai èna �jroisma sunart sewn dèlta kai exaitÐac thc morf c
thc oi domèc autèc apoteloÔn idanikoÔc upoyhfÐouc gia thn qr sh touc se lèizer
hmiagwg¸n ìpou emfanÐzoun shmantik� meiwmèno reÔma katwflÐou kai meiwmènh eu-
aisjhsÐa sthn jermokrasÐa, se sÔgkrish me ta lèizer kbantik¸n phgadi¸n. Tupik�
megèjh twn kbantik¸n telei¸n eÐnai thc t�xewc merik¸n dek�dwn nm kai mporoÔn na
perièqoun 104 �toma. ExaitÐac tou mikroÔ touc megèjouc perièqoun periorismèno ar-
ijmì hlektronÐwn opìte kai ìlec oi makroskopikèc touc idiìthtec exart¸ntai isqur�
apì ton arijmì twn hlektronÐwn.

O drìmoc gia thn pragmatopoÐhsh twn dom¸n aut¸n  tan gem�toc periorismoÔc
ki empìdia. H pr¸th apìpeira aforoÔse sthn emb�ptish hmiagwgoÔ (pq. CdSe)
diast�sewn nm se gualÐ [45]. Oi teleÐec pou kataskeu�sthkan qrhsimopoi jhkan
sto empìrio wc fÐltra qr¸matoc gia pollèc dekaetÐec.

To fainìmeno tou kbantikoÔ entopismoÔ sta parap�nw sust mata epibebai¸jhke
peiramatik� apì touc Ekimov kai Onushenko [46] to 1984, oi opoÐoi parat rhsan
asun jisto optikì f�sma se deÐgmata gualioÔ pou perieÐqan soulfÐdio tou kad-
mÐou (sq ma 1.1). Sugkekrimèna, kaj¸c h di�stash twn nanokrust�llwn ègine
mikrìterh, oi diegèrseic twn hlektronÐwn metatopÐzontan proc uyhlìterec enèrgeiec
kai parathr jhke sugkèntrwsh thc isqÔoc talantwt  (oscillator strength), pou
apoteleÐ adi�stath posìthta an�logh tou tetrag¸nou twn dipolik¸n stoiqeÐwn
pÐnaka [47]), se merikèc mìno metab�seic. Ta fainìmena aut� pou apoteloÔn ekdhl¸-
seic tou kbantikoÔ entopismoÔ, prokÔptoun apì tic allagèc sthn puknìthta katast�sewn.
Ta deÐgmata eÐqan upoblhjeÐ se uyhlèc jermokrasÐec kai o Ekimov upost rix-
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e thn �poyh ìti h jèrmansh eÐqe san apotèlesma ton sqhmatismì hmiagwgik¸n
nanokrust�llwn embaptismènwn sto gualÐ, ki ètsi aut  h asun jisth sumperifor�
 tan apotèlesma tou kbantikoÔ entopismoÔ twn hlektronÐwn stouc nanokrust�l-
louc. Par�llhla, gÐnontan prosp�jeiec dhmiourgÐac nanokrust�llwn embaptismèn-
wn se gualÐ, kai �llwn ulik¸n (pq GaAs) ektìc twn kram�twn II-VI [48]. H mèsh
di�metroc twn telei¸n pou kataskeu�sthkan me aut  thn mèjodo  tan sun�rthsh
tou qrìnou jèrmanshc kai thc jermokrasÐac.

Sq ma 1.1: To fainìmeno tou kbantikoÔ entopismoÔ eÐnai upeÔjuno gia ta di-
aforetik� qr¸mata twn mikrokrust�llwn CdSe [41]. Ta hlektrìnia stouc
mikrokrÔstallouc sked�zoun fwtìnia pou èqoun enèrgeia megalÔterh apì mi-
a enèrgeia katwflÐou, h opoÐa exart�tai apì to mègejoc tou mikrokrÔstallou,
kai aporrofoÔn fwtìnia twn opoÐwn h enèrgeia eÐnai uyhlìterh apì thn enèrgeia
katwflÐou. Oi megalÔteroi krustallÐtec emfanÐzoun mikrìterh enèrgeia katwflÐou
ki ètsi aporrofoÔn fwtìnia pio qamhl c enèrgeiac apì ìti oi mikrìteroi krustal-
lÐtec. Autì èqei san apotèlesma na emfanÐzontai oi pr¸toi kìkkinoi kai oi deÔteroi
kÐtrinoi.

Oi endogeneÐc duskolÐec pou parousÐaze h kataskeu  kbantik¸n telei¸n apì
susswmat¸mata atìmwn od ghsan touc ereunhtèc sta mèsa thc dekaetÐac tou '80
sthn anaz thsh nèwn mejìdwn paraskeu c. To 1986 oi Reed et al. kataskeÔasan
thn pr¸th kbantik  teleÐa me lijografÐa. H mèjodoc sunÐstato sthn kataskeu 
kulindrik¸n sthl¸n (egk�rsiwn diast�sewn perÐpou 10 nm) apì kbantik� phg�dia,
me prohgmènec teqnikèc q�raxhc parìmoiec me ekeÐnec pou qrhsimopoioÔntai sthn
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kataskeu  oloklhrwmènwn kuklwm�twn. An h di�metroc thc kulindrik c st lhc
eÐnai polÔ mikr , tìte to I-V f�sma parousi�zei mia armonik  seir� oxei¸n koruf¸n
pou antistoiqoÔn stic diakritèc energeiakèc st�jmec kai eÐnai ekd lwsh tou kban-
tikoÔ entopismoÔ. Epiplèon, eÐnai dunatìn na apomon¸soume mia tètoia kbantik 
teleÐa apì to perib�llon thc kai ètsi na melet soume tic idiìthtec miac memonwmènhc
teleÐac, k�ti pou den  tan dunatìn me touc nanokrust�llouc.

Prokeimènou na elegqjoÔn ta fainìmena epifaneÐac, kataskeu�sthkan teleÐec
me efarmog  mikroskopik¸n hlektrodÐwn sthn epif�neia twn kbantik¸n phgadi¸n.
H efarmog  kat�llhlou dunamikoÔ entopÐzei ta hlektrìnia se mia polÔ mikr  pe-
rioq . H mèjodoc aut  èqei kai to pleonèkthma ìti me metabol  tou dunamikoÔ
mporeÐ na all�zei kat� boÔlhsh o arijmìc twn hlektronÐwn pou entopÐzontai sth-
n teleÐa. Epiplèon, to sq ma tou hlektrodÐou kajorÐzei to sq ma, to mègejoc
kai thn summetrÐa tou perioristikoÔ dunamikoÔ kai telik� thn morf  twn kumato-
sunart sewn tou hlektronÐou (diamìrfwsh twn kumatosunart sewn   wavefunc-
tions engineering). To 1990 oi Ashoori kai Störmer kat�feran na metr soun thn
qwrhtikìthta memonwmènwn kbantik¸n telei¸n ki apèdeixan ìti eÐnai dunatìn na en-
topÐsoume èna mìno hlektrìnio se k�je teleÐa. Aut� ta apotelèsmata katèdeixan
thn dunatìthta dhmiourgÐac teqnhtoÔ plègmatoc sto opoÐo oi idiìthtec twn sus-
tatik¸n tou (telei¸n) mporoÔn na elègqontai me akrÐbeia. 'Etsi ìpwc oi kbantikèc
teleÐec parousi�zoun f�sma diakrit¸n gramm¸n, an�logo me autì twn atìmwn, kai
èna teqnhtì plègma apoteloÔmeno apì teleÐec ja parousÐaze dom  z¸nhc an�logh
me aut  enìc krustallikoÔ hmiagwgoÔ. Wstìso, h duskolÐa kataskeu c teqnhtoÔ
plègmatoc sunÐstatai sthn duskolÐa elègqou twn atelei¸n sto ulikì tou upokeÐ-
menou kbantikoÔ phgadioÔ. Ta teleutaÐa qrìnia kataskeu�zontai sullogèc apì
kbantikèc teleÐec me mhqanismoÔc autoorg�nwshc. H autoorg�nwsh odhgeÐ se mia
katanom  apì teleÐec diaforetik¸n megej¸n kai epomènwc kai energeiakoÔ f�s-
matoc, pou mporoÔn na qrhsimopoihjoÔn se pl joc apì efarmogèc.

H melèth twn memonwmènwn kbantik¸n telei¸n kaj¸c kai sullog¸n poll¸n
telei¸n apoteleÐ èna nèo kef�laio sthn jewrhtik  fusik . Autì pou parousi�zei
exairetikì endiafèron me tic teleÐec eÐnai pr¸ta apì ìla h dunatìthta elègqou
(engineering) tou sq matìc touc, twn diast�se¸n touc, thc dom c twn energeiak¸n
touc stajm¸n kai tou arijmoÔ twn entopismènwn se autèc hlektronÐwn. EÐnai gia
par�deigma dunat  h dhmiourgÐa kai h melèth <<sqolik¸n>> montèlwn ìpwc to tetrag-
wnikì   to parabolikì dunamikì periorismoÔ enìc   perissotèrwn swmatidÐwn, h k-
b�ntwsh epipèdwn Landau enìc hlektronÐou, h epanasÔndesh me tautìqronh ekpom-
p  aktinobolÐac sust matoc lÐgwn swmatidÐwn kai �lla. ExaitÐac tou mikroÔ arij-
moÔ hlektronÐwn pou perièqoun epitrèpoun touc arijmhtikoÔc upologismoÔc se pol-
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l� probl mata fusik c poll¸n swmatidÐwn, dieukolÔnontac ètsi thn katanìhs  tou-
c. Gia par�deigma, k�poia endiafèronta fainìmena pou qarakthrÐzoun ta didi�stata
sust mata ìpwc o sqhmatismìc twn sÔnjetwn fermionÐwn pou odhgoÔn sto kban-
tikì fainìmeno Hall faÐnetai na isqÔoun kai stic teleÐec ìpou epiplèon h dunatìthta
arijmhtik c lÔshc thc exÐswshc Schödinger bohj� sthn katanìhsh twn fainomènwn
aut¸n. Epiplèon, idiaÐtero jewrhtikì endiafèron parousi�zei h melèth suzeugmènwn
kbantik¸n telei¸n pou anafèrontai wc <<teqnht� mìria>> (artificial molecules).

Se peiramatikì epÐpedo, h melèth twn kbantik¸n telei¸n afor� kÔria sth-
n diereÔnhsh twn optik¸n idiot twn touc (aporrìfhsh kai ekpomp  sto oratì  
sto upèrujro me meg�la m kh kÔmatoc thc t�xewc twn 50 − 1000 mikrìmetrwn,
kaj¸c kai skèdash Raman) kai twn hlektrik¸n idiot twn touc (ìpwc melèth thc
qwrhtikìthtac kai twn fainomènwn metafor�c). Oi kbantikèc teleÐec aporrofoÔn
ki ekpèmpoun fwc se mia polÔ sten  fasmatik  perioq  h opoÐa mporeÐ na elegq-
jeÐ gia par�deigma me thn efarmog  kat�llhlou magnhtikoÔ pedÐou. Gia ton lìgo
autì, mporoÔn na qrhsimopoihjoÔn sthn kataskeu  pio apodotik¸n kai akribèster-
a elegqìmenwn lasers. Tìso ta pr¸ta peiramatik� apotelèsmata [49, 50] ìso kai
oi pr¸tec jewrhtikèc problèyeic  tan poll� uposqìmenec. S mera, eÐnai plèon e-
fikt  h kataskeu  lèizer kbantik¸n telei¸n me polÔ kal  apìdosh [51�53]. Mia
polÔ shmantik  efarmog  twn kbantik¸n telei¸n eÐnai h qrhsimopoÐhs  touc wc bi-
ologikèc <<shm�nseiς >> (labels) se mìria [54], h opoÐa parousi�sthke gia pr¸th for�
to 1998. Tèloc, endiafèron parousi�zei kai h prooptik  qrhsimopoÐhshc aut¸n twn
susthm�twn se upologistèc nèac geni�c. Oi polÔ mikrèc diast�seic kai h pijanìth-
ta pukn c di�taxhc se parat�xeic kbantik¸n telei¸n, epitrèpoun thn qrhsimopoÐhs 
touc se stoiqeÐa mn mhc me ter�stia qwrhtikìthta.
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Kef�laio 2

Mèjodoi kataskeu c kai
efarmogèc kbantik¸n telei¸n

2.1 Mèjodoi kataskeu c

2.1.1 Teqnikèc lijografÐac

H pr¸th kataskeu  kbantik c teleÐac me lijografÐa parousi�sthke apì touc Reed
et al. [41] to 1986. Arqik�, me thn mèjodo thc epitaxÐac moriak c dèsmhc (molecular
beam epitaxy MBE) kataskeÔasan ta deÐgmata p�nw se upìstrwma (100) GaAs
me prìsmixh Cr, to opoÐo qrhsimeÔei wc phg  eleÔjerwn forèwn. Ta deÐgmata
apoteloÔntan apì 20 kbantik� phg�dia GaAs pl�touc 2 nm me fragmoÔc AlxGa1−xAs
(x = 3) pou anaptÔqjhkan p�nw se dÔo str¸mata buffer: èna GaAs p�qouc 0.1 mm
ki èna AlxGa1−xAs p�qouc 1 mm. H dom  kalÔfjhke me str¸ma GaAs (cap layer)
p�qouc 10 nm.

Ta pollapl� phg�dia qrhsimeÔoun wc kaloÔpia ta opoÐa diamorf¸nontai me
teqnikèc lijografÐac, all�zontac tic pleurikèc (lateral) idiìthtec thc epif�nei�c
touc. Me ton trìpo autì dhmiourgoÔntai eÐte parat�xeic (arrays) apì teleÐec eÐte k-
bantik� sÔrmata. Ta st�dia thc diadikasÐac kataskeu c faÐnontai sto sq ma 2.1. H
epif�neia tou deÐgmatoc kalÔptetai me mia m�ska polumeroÔc (polymethylmethacrylate
  PMMA) h opoÐa qar�ssetai me dèsmh hlektronÐwn (a.1) kai mèroc aut c afaireÐ-
tai (a.2). Katìpin, olìklhrh h epif�neia kalÔptetai me èna leptì metallikì str¸ma
Au pou qrhsimeÔei wc m�ska lijografÐac kai wc hmidiafanèc str¸ma (a.3). Qrhsi-
mopoi¸ntac èna eidikì di�luma, afaireÐtai tìso to fÐlm polumeroÔc ìso kai to
prostateutikì metallikì str¸ma ektìc thc perioq c pou eÐqe prohgoumènwc ektejeÐ
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Sq ma 2.1: (a) DiadikasÐa kataskeu c kbantik c teleÐac me q�raxh, (b) apeikìnish
pragmatik c di�taxhc kbantik¸n telei¸n pou kataskeu�sthke me pleurik  diamìr-
fwsh me q�raxh kbantikoÔ phgadioÔ GaAs/AlGaAs.

sthn dèsmh hlektronÐwn kai sthn opoÐa h metallik  m�ska diathreÐtai (a.4). Tèloc
me qhmik  q�raxh twn perioq¸n pou den prostateÔontai apì thn metallik  m�ska
dhmiourgoÔntai st lec (a.5) pou perièqoun kbantikèc teleÐec   sÔrmata. Me ton
trìpo autìn, h kÐnhsh twn hlektronÐwn pou  tan arqik� periorismènh sto epÐpedo
tou kbantikoÔ phgadioÔ, periorÐzetai peraitèrw kai stic mikrèc st lec diast�sewn
thc t�xhc 10-100 nm. H m�ska qrusoÔ pou paramènei met� to tèloc thc diadikasÐac
qrhsimeÔei wc hlektrìdio ìpou me efarmog  kat�llhlhc t�shc se autì, elègqetai
o arijmìc twn forèwn pou entopÐzontai sthn teleÐa.

H eukolÐa dhmiourgÐac lept¸n kai omogen¸n phgadi¸n GaAs to kajistoÔn to
plèon eurèwc qrhsimopoioÔmeno ulikì gia thn kataskeu  telei¸n me lijografÐa
[42,44,56,57]. Wstìso anafèrontai kbantikèc teleÐec apì phg�dia InGaAs/InP [43].
Oi teqnikèc lijografÐac perilamb�noun: 1) optik  lijografÐa kai olografÐa 2)
lijografÐa aktÐnwn Q 3) lijografÐa dèsmhc hlektronÐwn (EBL) kai entopismènhc
dèsmhc iìntwn (FIBL).

2.1.2 DiamorfoÔmeno hlektrikì pedÐo
'Enac deÔteroc trìpoc kataskeu c kbantik¸n telei¸n sunÐstatai sthn dhmiourgÐ-
a (me thn bo jeia teqnik¸n lijografÐac) mikroskopik¸n hlektrodÐwn p�nw sth-
n epif�neia enìc kbantikoÔ phgadioÔ. Sto sq ma 2.2 apeikonÐzetai mia tètoia
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di�taxh. H efarmog  kat�llhlhc diafor�c dunamikoÔ sta hlektrìdia dhmiourgeÐ

Sq ma 2.2: Kbantik  teleÐa pou dhmiourgeÐtai sthn perioq  thc tom c twn hlek-
trodÐwn. Ta 4 eswterik� hlektrìdia periorÐzoun kai egk�rsia thn kÐnhsh twn h-
lektronÐwn pou eÐnai entopismèna sto kbantikì phg�di pou brÐsketai apì k�tw, en¸
ta exwterik� hlektrìdia leitourgoÔn wc epafèc gia thn metafor� twn hlektronÐwn
apì kai proc thn teleÐa [58].

èna qwrik� diamorfoÔmeno hlektrikì pedÐo, to opoÐo entopÐzei ta hlektrìnia se mia
polÔ mikr  perioq . Me thn mèjodo aut  mporoÔn na kataskeuastoÔn eÐte apomon-

(α)                                                                                        (β)     

Sq ma 2.3: Didi�stath par�taxh kbantik¸n telei¸n pou dhmiourgoÔntai: (a) se
InSb [59] (K�tw dÐnetai mia sqhmatik  par�stash tou hlektrodÐou kai twn zwn¸n
agwgimìthtac kai sjènouc) kai (b) se Si [60].
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wmènec teleÐec, eÐte didi�statec parat�xeic apì kbantikèc teleÐec (matrices of dots)
p�nw se InSb [59], eÐte p�nw se Si [60], eÐte p�nw se GaAs [61�66]. 'Enac trìpoc
dhmiourgÐac miac tètoiac didi�stathc par�taxhc telei¸n apeikonÐzetai sto sq ma
(2.3a). Me teqnik  lijografÐac dhmiourgeÐtai mia kanonik  di�taxh nhsidÐwn enìc
mh metallikoÔ ulikoÔ (ulikì tou fragmoÔ) sthn epif�neia tou deÐgmatoc. Autì
èqei san apotèlesma na diaforopoieÐtai h apìstash metaxÔ tou hlektrodÐou pou
kalÔptei thn epif�neia me ta nhsÐdia kai tou epÐpedou tou kbantikoÔ phgadioÔ ki
ètsi ta hlektrìnia na entopÐzontai stic polÔ mikrèc perioqèc k�tw apì ta nhsÐdia.

2.1.3 Antidi�qush metaxÔ tou fragmoÔ kai tou kban-
tikoÔ phgadioÔ

Arqik�, me epitaxÐa moriak c dèsmhc kataskeu�zetai kbantikì phg�di GaAs pl�touc
3 nm me fragmoÔc Al0.35Ga0.65As (pl�touc 20 nm) [67]. To ep�nw str¸ma GaAs
pl�touc 10 nm kalÔptetai apì str¸ma Si3N4 100 nm proc apofug n oxeÐdwshc  
t xhc thc epif�neiac. To deÐgma jermaÐnetai topik� me dèsmh laser Ar+ kat� m koc
miac orjog¸niac diadrom c pou perib�llei mia mh fwtismènh epif�neia diamètrou 300-
1000 nm. Se jermokrasÐa perÐpou 1000oC sumbaÐnei mia apìtomh di�qush atìmwn
Ga kai As metaxÔ tou phgadioÔ kai tou fragmoÔ h opoÐa odhgeÐ se mia topik 
diamìrfwsh tou dunamikoÔ tou fragmoÔ pou perib�llei thn mh fwtismènh epif�neia.
Gia diast�seic thc diadrom c thc t�xhc twn 450 nm to perioristikì dunamikì eÐnai
me kal  prosèggish isìtroph parabol .

2.1.4 Epilektik  an�ptuxh
Kat� thn mèjodo aut  oi kbantikèc teleÐec kataskeu�zontai me thn epilektik  an�p-
tuxh enìc hmiagwgoÔ me mikrìtero q�sma (pq. GaAs) sthn epif�neia enìc deÔterou
hmiagwgoÔ me megalÔtero q�sma (AlGaAs). H epif�neia tou deÐgmatoc kalÔptetai
me m�ska SiO2, h opoÐa kai qar�ssetai se mikroskopik� trÐgwna. Me ton trìpo autì
empodÐzetai h an�ptuxh tou ulikoÔ se kajorismènec perioqèc. Sthn epif�neia pou
den kalÔptetai me thn m�ska h an�ptuxh pragmatopoieÐtai me thn mèjodo thc Epi-
taxÐac Metal-Organik c Aèriac F�shc se jermokrasÐec 700-800oC. Oi krÔstalloi
pou sqhmatÐzontai èqoun thn morf  tetraedrik¸n puramÐdwn. Ta pr¸ta krustal-
lik� str¸mata eÐnai apì to ulikì thc epif�neiac (AlGaAs), kai mìno h koruf  thc
puramÐdac eÐnai apì GaAs. Me ton trìpo autì prokÔptoun kbantikèc teleÐec me
mègejoc mikrìtero apì 100 nm. Sto sq ma 2.4 apeikonÐzontai eikìnec telei¸n pou
kataskeu�zontai me epilektik  an�ptuxh.
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(α)                                                        (β)

Sq ma 2.4: (a) Sqhmatik  par�stash thc diadikasÐac kataskeu c tetraedrik¸n
kbantik¸n telei¸n kai (b) eikìnec SEM miac tetraedrik c dom c GaAs [68].

2.1.5 Autoorg�nwsh kbantik¸n telei¸n
H epitaxiak  an�ptuxh me autoorg�nwsh nhsidÐwn se domèc pou apoteloÔntai apì
upìstrwma/ epÐstrwma me meg�lh diafor� stic plegmatikèc touc stajerèc, eis qjh
wc mia nèa teqnik  me thn opoÐa xeper�sthkan k�poia probl mata pou emfanÐzon-
tan stic proanaferjeÐsec mejìdouc. Gia par�deigma èna meionèkthma twn teqnik¸n
lijografÐac eÐnai h dhmiourgÐa enìc epiprìsjetou str¸matoc apogÔmnwshc sth-
n epif�neia thc dom c pou prokÔptei, gegonìc pou èqei epÐdrash stic hlektrikèc
idiìthtec ki emfanÐzetai se mikroskopikì epÐpedo me thn morf  mh aktinobolous¸n
atelei¸n ìpwc eÐnai oi exarjr¸seic kai ta ken�. Sthn perÐptwsh twn kbantik¸n
telei¸n pou dhmiourgoÔntai apì diamorfoÔmeno hlektrikì pedÐo   me antidi�qush,
prokÔptoun polÔ mikr� dunamik� entopismoÔ ki ètsi ta fainìmena kb�ntwshc parathroÔn-
tai mìno se polÔ qamhlèc jermokrasÐec. 'Ena �llo prìblhma pou emfanÐzetai eÐnai
h qamhl  sugkèntrwsh kai h anomoiogèneia sto mègejoc, ki autì k�nei anèfik-
th thn qrhsimopoÐhs  touc se diat�xeic. Oi kbantikèc teleÐec pou dhmiourgoÔntai
se pÐnakec dihlektrik¸n (guali¸n) qarakthrÐzontai apì meg�lec sugkentr¸seic, è-
qoun ìmwc to shmantikì meionèkthma thc duskolÐac pou parousi�zoun sthn ègqush
forèwn s' autèc.

Me thn mèjodo autoorg�nwshc kbantik¸n telei¸n, prokÔptoun teleÐec pou
qarakthrÐzontai apì meg�lh sugkèntrwsh (108-1011 teleÐec/cm2) kai meg�lh o-
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Sq ma 2.5: Oi treÐc trìpoi krustallik c an�ptuxhc.

moiogèneia sto mègejoc (tupikèc diamètrouc 10-30 nm). H krustallik  an�ptuxh
p�nw se èna upìstrwma, mporeÐ na sumbeÐ me ènan apì touc treÐc trìpouc pou
apeikonÐzontai sto sq ma 2.5: ton mhqanismì Fran-van der Merve [69]   alli¸c
an�ptuxh an� str¸mata, ton mhqanismì Stranski-Krastanow [70]   alli¸c an�ptuxh
se str¸mata akoloujoÔmenh apì ton sqhmatismì trisdi�statwn nhsidÐwn, kai tèloc
ton mhqanismì Volmer-Weber [71]   alli¸c sqhmatismì nhsidÐwn.

H epilog  tou k�je trìpou exart�tai apì to epÐstrwma kai to upìstrwma kai
sugkekrimèna apì thn fÔsh kai thn isqÔ twn qhmik¸n desm¸n kaj¸c kai thn di-
afor� twn paramètrwn plègmatoc twn dÔo aut¸n strwm�twn [72]. Kat� m koc
thc endoepif�neiac, ta �toma tou enapotijèmenou str¸matoc mporeÐ na sundèon-
tai me pio asjeneÐc (  pio isquroÔc) desmoÔc me ta �toma thc epifaneÐac apì ìti
me ta �toma tou Ðdiou tou krust�llou. San apotèlesma, to qhmikì dunamikì twn
pr¸twn strwm�twn eÐnai uyhlìtero (  qamhlìtero) apì to qhmikì dunamikì tou
�peira ekteinìmenou krust�llou tou enapotijèmenou ulikoÔ. H an�ptuxh Volmer-
Weber sumbaÐnei ìtan oi desmoÐ sthn endoepif�neia eÐnai pio asjeneÐc apì ìti metaxÔ
twn atìmwn tou enapotijèmenou krust�llou, ki ètsi ta �toma èqoun thn t�sh na
sqhmatÐsoun nhsÐdia prokeimènou na mei¸soun thn èktash thc endoepif�neiac. Sthn
antÐjeth perÐptwsh, ta �toma <<diabrèqoun>> ìlh thn epif�neia (an�ptuxh an� str¸-
mata). Sto shmeÐo autì h diafor� sthn plegmatik  stajer� paÐzei kajoristikì
rìlo sthn peraitèrw an�ptuxh. �Oso megalÔterh eÐnai h diafor� stic plegmatikèc
stajerèc, tìso megalÔterh h t�sh sqhmatismoÔ nhsidÐwn. Sthn perÐptwsh tou
GaAs/InAs (to plèon eurèwc qrhsimopoioÔmeno zeug�ri ulik¸n), h diafor� stic
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Sq ma 2.6: Arijmìc twn monostrwm�twn (monolayers snt ML) pou apaitoÔntai gia
thn met�bash apì 2D→3D an�ptuxhc InxGa1−xAs sthn epif�neia GaAs, sunart sei
tou kl�smatoc sugkèntrwshc In   thc elastik c paramìrfwshc lìgw diafor�c stic
plegmatikèc touc stajerèc [73].

plegmatikèc stajerèc eÐnai shmantik  (7o/o) kai tìte to epÐstrwma gia lÐga mìno
monostr¸mata (monolayers snt ML) mporeÐ na paramorf¸netai prosarmìzontac thn
plegmatik  tou stajer� se aut n tou upostr¸matoc ¸ste na mènei krustallikì kai
sunektik� paramorfwmèno.

'Otan to p�qoc tou epistr¸matoc uperbeÐ mia krÐsimh tim , h elastik  paramìr-
fwsh (strain) pou dhmiourgeÐtai, odhgeÐ sthn kat�rreush aut c thc krustallik -
c dom c kai sthn aujìrmhth dhmiourgÐa tuqaÐa katanemhmènwn nhsidÐwn me parì-
moia megèjh kai sq mata. To sq ma kai to mègejoc twn nhsidÐwn pou dhmiour-
goÔntai exart�tai apì par�gontec ìpwc h èntash thc elastik c paramìrfwshc, h
jermokrasÐa kai o rujmìc an�ptuxhc. H met�bash apì thn krustallik  (sunektik�
paramorfwmènh) f�sh sthn tuqaÐa katanom  nhsidÐwn kaleÐtai met�bash Stranski-
Krastanow (SK). Sto sq ma 2.6 parousi�zetai h ex�rthsh tou krÐsimou arijmoÔ
monolayers InGaAs pou enapotÐjetai se upìstrwma GaAs, sthn opoÐa sumbaÐnei
h met�bash Stranski-Krastanow, sunart sei tou kl�smatoc x sugkèntrwshc tou
In   thc elastik c paramìrfwshc lìgw diafor�c sthn plegmatik  stajer�. Sto
sq ma 2.7 parousi�zetai h an�ptuxh twn nhsidÐwn InAs p�nw se epif�neia GaAs.
H met�bash sumbaÐnei sta 1.8 ML. LÐgo met� thn met�bash, prokÔptoun nhsÐdia se
kat�stash kont� sthn isorropÐa, se sq ma puramÐdwn [74,75],   epÐpedwn kuklik¸n
fak¸n anaptugmènwn p�nw sto leptì str¸ma InGaAs pou kaleÐtai str¸ma diabro-
q c (wetting layer   WL) [76�79]. 'Otan to anomoiogenèc str¸ma InGaAs kalufjeÐ
me èna akìmh str¸ma GaAs prokÔptei h dom  enìc kbantikoÔ phgadioÔ me auxhmèno
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Sq ma 2.7: Sqhmatik  par�stash tou sqhmatismoÔ twn autoorganoÔmenwn kban-
tik¸n telei¸n InAs p�nw sthn epif�neia GaAs. Oi diadoqikèc eikìnec antistoiqoÔn
se 1.6, 1.8 kai 1.9 monolayers antÐstoiqa [73].

p�qoc se k�poiec polÔ mikrèc perioqèc pou prokaleÐ ton peraitèrw entopismì twn
forèwn se autèc. Ta pleonekt mata twn autoorganoÔmenwn (Self-assembled quan-
tum dots   SAD) kbantik¸n telei¸n pou proanafèrjhkan tic kajistoÔn shman-
tikoÔc upoyhfÐouc se mellontikèc efarmogèc sthn hlektronik  kai optohlektron-
ik . Tèloc, eÐnai dunatìn na kataskeuastoÔn kbantikèc teleÐec upì thn morf 
mikrokrust�llwn hmiagwg¸n embujismènwn se dihlektrikì pÐnaka gualioÔ [80,81].

2.2 Efarmogèc

2.2.1 Lèizer
H qrhsimopoÐhsh twn kbantik¸n telei¸n wc ulikì enÐsqushc sta lèizer hmiagwg¸n
 tan mia apì tic shmantikìterec kinht riec dun�meic gia thn èreuna pou sqetÐze-
tai me tic QD, apì thn anak�luyh twn pijan¸n pleonekthm�twn touc (ìpwc h mh
ex�rthsh tou reÔmatoc katwflÐou apì thn jermokrasÐa) to 1982 apì touc Arakawa
kai Sakaki [82]. Molonìti ta pr¸ta montèla, ta opoÐa basÐzontan se idanikèc, en-
tel¸c omoiìmorfec sullogèc kbantik¸n telei¸n èprepe na d¸soun thn jèsh touc se
pio realistikèc perigrafèc (sumperilambanomènwn, gia par�deigma, twn fainomènwn
anomoiogenoÔc dieÔrunshc gramm c lìgw thc Ôparxhc katanom c diafìrwn megej¸n
QD [83]), eÐnai anamenìmeno oi nèec domèc lèizer na apodÐdoun kalÔtera apì ta mèqri
s mera lèizer pou qrhsimopoioÔsan QWs.

Basik� qarakthristik� gia tic efarmogèc twn lèizer apoteloÔn to reÔma katwflÐou
Ith kai h qarakthristik  jermokrasÐa T0. Autèc oi par�metroi kajorÐzoun to di�sth-
ma jermokrasi¸n sto opoÐo mia di�taxh lèizer mporeÐ na qrhsimopoihjeÐ. Epiprìs-
jeta, polÔ shmantikoÐ par�gontec stic efarmogèc epikoinwnÐac eÐnai h taqÔthta
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diamìrfwshc, h mègisth exerqìmenh isqÔc kaj¸c kai h poiìthta thc dèsmhc. Ta
diakrit� energeiak� epÐpeda odhgoÔn se shmantik� qamhlìterh puknìthta reÔmatoc
katwflÐou, h opoÐa me th seir� thc katal gei se meiwmènh katan�lwsh enèrgeiac,
qamhlìterh jèrmansh kai se aÔxhsh thc dunamik c apìkrishc, h opoÐa eÐnai a-
paraÐthth gia thn �mesh diamìrfwsh [84]. To kat¸fli exart�tai se polÔ mikrìtero
bajmì apì th jermokrasÐa se sqèsh me tic 3D domèc   tic domèc QW, kai idiaÐtera
sthn perÐptwsh epilektikoÔ emploutismoÔ p-tÔpou [85]. To reÔma katwflÐou dÐne-
tai apì thn sqèsh: Ith(T ) = Ith(Tref ) exp[(T − Tref )/T0], ìpou T h jermokrasÐa
thc energoÔ perioq c, Tref mia jermokrasÐa anafor�c, kai T0 eÐnai h qarakthristik 
jermokrasÐa tou lèizer pou exart�tai epÐshc apì thn jermokrasÐa kai to m koc
thc di�taxhc kai kajorÐzetai empeirik�. Sta lèizer QDs h qarakthristik  aut 
jermokrasÐa eÐnai polÔ meg�lh ki autì exhgeÐ thn mh ex�rthsh apì thn jermokrasÐa
tou reÔmatoc katwflÐou. Epiplèon, o emploutismìc p (  n) prokaleÐ exairetik�
gr goro efhsuqasmì twn forèwn, gegonìc shmantikì gia thn epÐteuxh uyhl¸n
taqut twn diamìrfwshc.

'Ena �llo shmantikì qarakthristikì twn lèizer kbantik¸n telei¸n eÐnai ìti kai
to m koc kÔmatoc thc ekpomp c exart�tai polÔ ligìtero apì tic jermokrasiakèc
metabolèc, se sÔgkrish me �llec diat�xeic. To gegonìc autì èqei apodojeÐ sto eu-
rÔ epÐpedo profÐl enÐsqushc (gain) twn strwm�twn QD (to opoÐo telik� proèrqetai
apì thn anomoiogen  dieÔrunsh epipèdou) kai mporeÐ na exhghjeÐ wc akoloÔjwc [86]:
Apì th mia, to energeiakì q�sma mei¸netai me thn aÔxhsh thc jermokrasÐac, gegonìc
pou odhgeÐ se mia met�jesh tou m kouc kÔmatoc proc to erujrì. Tautìqrona, oi
eswterikèc ap¸leiec lìgw aÔxhshc thc aporrìfhshc twn eleÔjerwn forèwn, a-
paitoÔn uyhlìterh sugkèntrwsh egqeìmenwn forèwn ¸ste na diathreÐtai h sunj kh
leitourgÐac tou lèizer. To gegonìc autì me th seir� tou odhgeÐ se mia �nodo tou
epipèdou Fermi kai metatopÐzei th mègisth tim  enÐsqushc (gain) proc uyhlìterec
timèc enèrgeiac. H prokÔptousa met�jesh proc to kuanì antistajmÐzei toul�qiston
merik¸c th met�jesh proc to erujrì ki epomènwc epexhgeÐ thn exairetik  eust�jeia
tou m kouc kÔmatoc pou apant�tai sta lèizer kbantik¸n telei¸n. Epiplèon, to
m koc kÔmatoc ekpomp c exart�tai kurÐwc apì ta diakrit� energeiak� epÐpeda twn
telei¸n antÐ tou energeiakoÔ q�smatoc (ìpwc sumbaÐnei stic 3D domèc), ki autì
dÐnei thn dunatìthta kajorismoÔ tou me akrÐbeia, metab�llontac to mègejoc thc
teleÐac, thn sÔnjes  thc   ton arijmì twn entopismènwn se aut n hlektronÐwn.
H epilog  tou m kouc kÔmatoc tou lèizer epitugq�netai apì pl joc paramètrwn.
Mia profan c dunatìthta epilog c eÐnai aut  twn diaforetik¸n ulik¸n. Gia thn
diadikasÐa autoorg�nwshc twn kbantik¸n telei¸n, (lìgw paramìrfwshc), ufÐstan-
tai periorismoÐ sta diajèsima sust mata ulik¸n. H ekpomp  fwtìc apì thn orat 
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perioq  (p.q. AlInAs/AlGaAs) èwc thn perioq  uperÔjrou (p.q. InGaAs/GaAs  
InAs/InP) mporeÐ na epiteuqjeÐ mìno gia domèc III-V.

'Allh par�metroc eÐnai to mègejoc thc paramìrfwshc sto Ðdio to ulikì, efì-
son aut  kajorÐzei ta energeiak� epÐpeda se èna shmantikì bajmì. H k�luyh twn
kbantik¸n telei¸n me èna str¸ma meÐwshc thc paramìrfwshc k�nei dunat  thn
epakrib  rÔjmish thc paramìrfwshc, anex�rthta thc sÔnjeshc tou ulikoÔ apì to
opoÐo apoteloÔntai. Me autì ton trìpo eÐnai dunatìc o suntonismìc tou m kouc
kÔmatoc ekpomp c se mia perioq  lÐgwn ekatont�dwn nanomètrwn, me apl  metabol 
tou p�qouc tou str¸matoc meÐwshc thc paramìrfwshc.

IdiaÐterou endiafèrontoc gia tic efarmogèc epikoinwni¸n me optikèc Ðnec eÐnai
ta lèizer pou leitourgoÔn stic perioqèc 1,3 mm kai 1,55 mm, entìc twn opoÐwn oi
koinèc Ðnec puritÐou parousi�zoun el�qisto sthn aporrìfhsh. GnwrÐzoume ìti ta
m kh kÔmatoc ekpomp c twn lèizer diafèroun an�loga me tic efarmogèc touc. Se
efarmogèc optik c epikoinwnÐac apaitoÔntai meg�la m kh kÔmatoc (≥ 1300 nm) en¸
gia CD   DVD apaitoÔntai mikr� m kh kÔmatoc ¸ste na diasfalisteÐ h mègisth
dunatìthta apoj keushc dedomènwn. Oi basismènec se GaAs diat�xeic eÐnai idi-
aÐtera elkustikèc, kurÐwc lìgw thc dunatìthtac qr shc oikonomik¸n kai uyhl c
poiìthtac upostrwm�twn GaAs. Epomènwc, gÐnontai prosp�jeiec kataskeu c kai
beltistopoÐhshc lèizer kbantik¸n telei¸n meg�lou m kouc kÔmatoc [85,87,88] pou
na qrhsimopoioÔn teleÐec GaAs.

2.2.2 Biologik  apeikìnish

MÐa idiaÐtera shmantik  efarmog  twn kbantik¸n telei¸n s mera eÐnai h qr sh touc
sth biologik  apeikìnish kai s mansh [54,55,89�91]. H teqnologÐa eÐnai polÔ ¸rimh,
en¸ ed¸ kai arket� qrìnia eÐnai  dh diajèsimoc sto empìrio ènac arijmìc proðìn-
twn. Kat� genikì kanìna, oi ousÐec pou ekpèmpoun f¸c, oi kaloÔmenec <<deÐkteς >>
(labels), eÐnai prosarthmènec sta mìria, k�nontac me autì ton trìpo dunat  thn
parakoloÔjhsh k�je exèlixhc sthn opoÐa summetèqoun ta mìria. Me autì ton
trìpo, eÐnai dunat , gia par�deigma, h melèth tou bajmoÔ apotelesmatikìthtac me
ton opoÐo ta jerapeutik� mìria pou perièqontai stic farmakeutikèc ousÐec mporoÔn
na ft�noun sta kÔttara stìqouc ki epomènwc h eÔresh twn mèswn beltistopoÐhshc
thc farmakeutik c ousÐac [89].

Oi koinèc qrwstikèc ousÐec, apì thn mia pleur�, parousi�zoun ènan arijmì anepi-
jÔmhtwn qarakthristik¸n. Pr¸ta apì ìla, to ekpempìmeno fwc katanèmetai se èna
m�llon eurÔ f�sma. H tautìqronh apeikìnish diaforetik¸n morÐwn   diaforetik¸n
tmhm�twn kutt�rwn eÐnai epomènwc polÔ periorismènh kai mporeÐ na eÐnai dunat  mìno
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Sq ma 2.8: F�smata ekpomp c (mplè) kai aporrìfhshc (pr�sino) miac organik c
qrwstik c (FITC) kai miac kbantik c teleÐac CdSe. To f�sma ekpomp c thc kban-
tik c teleÐac eÐnai stenì kai summetrikì, en¸ to f�sma aporrìfhshc ekteÐnetai èwc
to uperi¸dec [55].

ìtan ta antÐstoiqa f�smata den epikalÔptontai shmantik�. Sun jwc, mìno dÔo   to
polÔ treic diaforetikoÐ biologikoÐ deÐktec mporoÔn na qrhsimopoioÔntai tautìqrona.
Tautìqrona, oi (diaforetikèc) qrwstikèc ousÐec prèpei na diegeÐrontai me fwc sug-
kekrimènou (diaforetikoÔ) m kouc kÔmatoc, periorÐzontac peraitèrw th dunatìthta
epilog c deikt¸n pou na mporoÔn na qrhsimopoioÔntai tautìqrona. Tèloc, h fw-
taÔgei� touc mei¸netai èntona me to qrìno kai exafanÐzetai entel¸c met� apì lÐga
mìlic lept�, èna fainìmeno pou eÐnai gnwstì wc fwtoleÔkansh.

Oi kbantikèc teleÐec, apì thn �llh, emfanÐzoun beltiwmènec idiìthtec se ìla ta
zht mata pou anafèrontai parap�nw. Parousi�zoun stenì kai summetrikì f�sma
ekpomp c (Sq ma 2.8), tou opoÐou to m koc kÔmatoc mporeÐ na kajoristeÐ me akrÐbeia
an�loga me th qhmik  sÔstash kai to mègejoc tou nanokrust�llou (engineering).
Metab�llontac thn sÔnjesh   to mègejoc thc kbantik c teleÐac, to f�sma ekpom-
p c mporeÐ na kalÔyei ìlh thn perioq  apì to eggÔc uperi¸dec èwc to oratì kai to
eggÔc upèrujro, me antÐstoiqa m kh kÔmatoc sthn perioq  200-2000 nm. Parousi�-
zoun eurÔ f�sma aporrìfhshc (Sq ma 2.8). H idiìthta aut  epitrèpei thn diègersh
pollapl¸n kbantik¸n telei¸n diaforetikoÔ qr¸matoc, �ra kai diaforetikoÔ megè-
jouc, apì mÐa mìno phg  fwtìc. Oi biologikoÐ deÐktec kbantik¸n telei¸n eÐnai 100-
200 forèc pio anjektikoÐ sth fwtoleÔkansh apì tic sumbatikèc qrwstikèc ousÐec.
Ta arqik� probl mata pou up rqan sqetik� me thn apìkthsh nanoswmatidÐwn ta
opoÐa na eÐnai mh toxik� kai stajer� se biologik� perib�llonta deÐqnoun na èqoun
xeperasteÐ. 'Hdh to 2002 oi Dubertret et al. epèdeixan thn epituq  qr sh twn
biologik¸n deikt¸n kbantik¸n telei¸n gia thn apeikìnish zwntan¸n kutt�rwn [91].



26 MEJODOI KATASKEUHS KAI EFARMOGES

Sq ma 2.9: Nèec biosumbatèc kbantikèc teleÐec qrhsimopoioÔntai sthn biologik 
apeikìnish. To sq ma parousi�zei biologik  apeikìnish embrÔou batr�qou: (a)
Qrhsimopoi¸ntac mia organik  qrwstik  ousÐa. FaÐnetai kajar� h meÐwsh thc fw-
taÔgeiac me thn p�rodo tou qrìnou (fwtoleÔkansh). (b) Qrhsimopoi¸ntac kbantik 
teleÐa. EÐnai fanerì ìti h fwtaÔgeia diarkeÐ polÔ perissìtero [94].

Kbantikèc teleÐec CdS kalummènec me èna exwterikì str¸ma ZnS touc epètreyan
na parakolouj soun thn an�ptuxh enìc embrÔou batr�qou se gurÐno. Oi kbantikèc
teleÐec pou qrhsimopoioÔntai sthn biologÐa eÐnai sun jwc sfairikèc kai apoteloÔn-
tai apì ènan hmiagwgikì pur na (core) diast�sewn 1-10 nm  /kai èna perib�llon
leptì str¸ma hmiagwgikoÔ ulikoÔ me megalÔtero energeiakì q�sma pou kaleÐtai
floiìc (shell). O floiìc adranopoieÐ thn epif�neia, prostateÔei ton pur na apì
thn oxeÐdwsh, empodÐzei th diafug  Cd   Se sto perib�llon di�luma kai belti¸nei
th fwtaÔgeia (aux�nontac th kbantik  apìdosh èwc 50apì sÔnjetouc hmiagwgoÔc
ìpwc ZnS, CdS, ZnSe, CdTe, PbSe, PbS. Mèqri t¸ra qrhsimopoioÔntai eurèwc se
biologikèc efarmogèc kbantikèc teleÐec me pur na CdSe  /kai floiì ZnS   Cd-
S [92, 93] TeleutaÐa gÐnontai prosp�jeiec allag c twn suqn� qrhsimopoioÔmenwn
dom¸n CdS kai CdSe se sust mata ulik¸n pou ekpèmpoun sto upèrujro tm ma tou
f�smatoc (p.q. InP   InAs) epeid  o istìc eÐnai lÐgo-polÔ diafan c se aut� ta
m kh kÔmatoc [89].

H shmasÐa sthn biologÐa thc melèthc twn optik¸n idiot twn twn kbantik¸n
telei¸n se sqèsh me to mèroc thc paroÔsac didaktorik c diatrib c pou anafèretai
sthn magnhtoaporrìfhsh apl¸n kai dipl¸n kbantik¸n telei¸n, gÐnetai emfan c apì
to gegonìc ìti h sqetik  ergasÐa [95], ektìc apì thn epilog  thc gia anadhmosÐeush
sto Virtual Journal of Nanoscale Science and Technology: http://www.vjnano.org,
April 24, 2006 issue, epilèqjhke na anadhmosieuteÐ sto Virtual Journal of Biological
Physics Research: http://www.vjbio.org, April 15, 2006.
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2.2.3 Fwtein  phg  memonwmènou fwtonÐou
Ta teleutaÐa qrìnia h melèth thc kbantik c optik c twn hmiagwg¸n apoteleÐ èna
shmantikì pedÐo thc basik c fusik c me oloèna kai auxanìmeno endiafèron. To
endiafèron autì trofodoteÐtai apì thn an�ptuxh dom¸n kbantik¸n telei¸n uyhl c
poiìthtac. 'Opwc èqei anaferjeÐ, oi domèc autèc sundu�zoun idiìthtec an�logec
me autèc twn atìmwn, ìpwc to diakritì f�sma kai oi oxeÐec korufèc sta f�smata
fwtofwtaÔgeiac, me to pleonèkthma ìti mporoÔn na apotelèsoun basik� sustatik�
susthm�twn thc stere�c kat�stashc. Epiplèon, mporeÐ na odhg soun sthn gè-
nesh mh-klassikoÔ fwtìc, k�ti pou tic kajist� shmantikoÔc upoyhfÐouc se nèec
efarmogèc sthn kruptografÐa sthn met�dosh thc plhroforÐac, se kbantikoÔc upol-
ogistèc k.a. Prin proqwr soume sthn perigraf  thc fwtein c phg c memonwmènou
fwtonÐou, ja anafèroume sunoptik� k�poia stoiqeÐa thc statistik c twn fwtonÐ-
wn [96].

Mia sunektik  kat�stash (kat�stash Glauber), apoteleÐ thn kalÔterh prosèg-
gish miac phg c klassikoÔ fwtìc, me kal� kajorismèna mègejoc kai f�sh sthn
kbantomhqanik  perigraf  tou hlektromagnhtikoÔ pedÐou. Par�deigma miac tè-
toiac phg c apoteleÐ èna lèizer pou leitourgeÐ p�nw apì to kat¸fli. H kat�s-
tash Glauber |a〉 apoteleÐ idiokat�stash tou telest  katastrof c â, dhlad :
â|a〉 = a|a〉. H migadik  idiotim  tou telest  katastrof c a = |a| exp(iφ) anti-
stoiqeÐ sto (klassikì) mètro tou hlektromagnhtikoÔ kÔmatoc me N = |a|2, ìpou N
eÐnai o mèsoc arijmìc twn fwtonÐwn se ènan trìpo (mode), en¸ h φ antiproswpeÔei
thn anamenìmenh tim  thc f�shc. OrÐzetai h idiokat�stash tou telest  arijmoÔ
fwtonÐwn n̂   kat�stash Fock: n̂|n〉 = N |n〉. Mia tètoia kat�stash dhmiourgeÐtai
apì mia fwtein  phg  memonwmènou fwtonÐou. Mia sunektik  kat�stash |a〉 mporeÐ
na grafeÐ se ìrouc sunart sewn Fock, dhlad 

|a〉 =
∞∑

n=0

exp(−|a|
2

2
)

an

√
n!
|n〉 (2.1)

H katanom  tou arijmoÔ twn fwtonÐwn pou brÐskontai se aut n thn sunektik 
kat�stash eÐnai mia katanom  Poisson, dhlad  h pijanìthta na brejoÔn n fwtìnia
se mia sunektik  kat�stash |a〉 me mèso arijmì twn fwtonÐwn N = a2 dÐnetai apì:

Pa(n) = |〈n|a〉|2 =
Nn

n!
exp(−N) (2.2)

Oi katast�seic pou èqoun mia pio sten    pio eureÐa katanom  apì thn katanom 
Poisson kaloÔntai antÐstoiqa sub Poissonian   super Poissonian kai mìnon oi teleu-
taÐec ekpèmpontai apì tic klassikèc phgèc fwtìc. Sto sq ma 2.10 faÐnetai ka-
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Sq ma 2.10: Katanom  tou arijmoÔ twn fwtonÐwn gia mia kat�stash Fock kai dÔo
katast�seic Glauber me N=1 kai N=0.1 [96].

jar� h diafor� sthn katanom  twn fwtonÐwn metaxÔ mia kat�stashc Fock kai miac
kat�stashc Glauber. An to sÔsthma brÐsketai sthn kat�stash Fock me N=1, tìte
o arijmìc twn fwtonÐwn eÐnai akrib¸c n = 1. AntÐjeta oi dÔo sunektikèc katast�-
seic (Glauber), emfanÐzoun mia eureÐa katanom : Gia N=1: P (n = 0) = 0.37,
P (n = 1) = 0.37 kai P (n > 2) = 0.26. ExaitÐac thc shmantik c pijanìthtac o
arijmìc twn ekpempomènwn fwtonÐwn na eÐnai megalÔteroc tou 2, sumperaÐnoume ìti
den eÐnai dunat  h paragwg  asjen¸n palm¸n lèizer (k�ti aparaÐthto sthn krup-
tografÐa), ìtan o mèsoc arijmìc fwtonÐwn eÐnai N=1. Prokeimènou na meiwjeÐ
shmantik� h pijanìthta P (n > 2) , gia mia sunektik  phg  fwtìc, ja prèpei o
mèsoc arijmìc twn fwtonÐwn na gÐnei N=0.1. All� tìte, ìpwc faÐnetai sto sq ma
2.10, to 90 toic ekatì twn palm¸n den ja perièqoun kajìlou fwtìnia.

Qarakthristikì gn¸risma miac fwtein c phg c apoteleÐ h qronik  allhlouqÐa
twn ekpempìmenwn fwtonÐwn. Ta fwtìnia apì tic sun jeic phgèc fwtìc ìpwc eÐnai
oi fasmatikèc l�mpec   oi jermikèc phgèc fwtìc ft�noun se dèsmec (om�dec). To
fainìmeno autì kaleÐtai photon bunching. H katanom  twn fwtonÐwn eÐnai super
Poissonian kai parousi�zetai sto sq ma 2.11(a). AntÐjeta, h allhlouqÐa twn fw-
tonÐwn pou ekpèmpontai apì lèizer eÐnai tuqaÐa, ta fwtìnia eÐnai pl rwc asusqètista
kai h katanom  eÐnai Poissonian (sq ma 2.11b). 'Ena �tomo   mìrio ekpèmpei << an-
tidesmik� fwtìnia>> (antibunched photons), dhlad  ìtan aniqneuteÐ èna fwtìnio,
eÐnai adÔnaton na aniqneuteÐ èna deÔtero fwtìnio amèswc met�. H ènnoia tou an-
tidesmikoÔ fwtonÐou mporeÐ na ermhneuteÐ wc ex c: An jewr soume èna sÔsthma
dÔo katast�sewn to opoÐo ekpèmpei èna fwtìnio thn qronik  stigm  t=0, eÐnai adÔ-
nato na ekpèmyei èna deÔtero fwtìnio amèswc met�, efìson eÐnai sthn jemeli¸dh
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(a) bunched, super-Poissonian

(b) random, Poissonian

(c) antibunched, sub-Poissonian

(d) fixed time separation

t

t

t

t

Sq ma 2.11: Sqhmatik  parousÐash thc allhlouqÐac twn ekpempìmenwn fwtonÐwn
se tèsseric peript¸seic: (a) fwtìnia kat� dèsmec (om�dec), (b) tuqaÐa allhlouqÐa
fwtonÐwn, (c) antidesmik� fwtìnia kai (d) fwtìnia ekpempìmena kat� Ðsa qronik�
diast mata.

kat�stash. To epìmeno fwtìnio mporeÐ na ekpemfjeÐ met� apì k�poio qrìno o
opoÐoc exart�tai apì touc qrìnouc diègershc kai epanasÔndeshc. H katanom  twn
ekpempìmenwn fwtonÐwn eÐnai sub Poissonian kai apeikonÐzetai sto sq ma 2.11c.
Tèloc, mia fwtein  phg  memonwmènou fwtonÐou mporeÐ na ekpèmpei fwtìnia mèsa
se mikr� qronik� diast mata, kai me kal� kajorismènec qronikèc apost�seic metaxÔ
dÔo diadoqik¸n gegonìtwn ekpomp c (sq ma 2.11d).

Me ton trìpo autì eÐnai dunat  h kwdikopoÐhsh plhroforÐac se èna memonwmèno
fwtìnio, k�ti pou mporeÐ na qrhsimopoihjeÐ mellontik� stouc kbantikoÔc upolo-
gistèc kai sthn kruptografÐa.

H pragmatopoÐhsh miac fwtein c phg c memonwmènou fwtonÐou apaiteÐ trÐa basik�
stoiqeÐa: ènan kbantikì ekpompì, o opoÐoc na ekpèmpei èna mìno fwtìnio k�je for�,
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rÔjmish twn diadikasi¸n thc diègershc kai thc epanasÔndeshc, kaj¸c kai apote-
lesmatikì susqetismì twn fwtonÐwn pou ekpèmpontai.

AutoorganoÔmenec kbantikèc teleÐec InAs, parìti leitourgoÔn se qamhlèc jermokrasÐec,
apoteloÔn idanikoÔc upoyhfÐouc gia qr sh wc ekpompoÐ, giatÐ èqoun meg�lh k-
bantik  apìdosh kai ekpèmpoun isqur� antidesmik� fwtìnia [96]. H Ôparxh an-
tidesmik¸n fwtonÐwn apoteleÐ anagkaÐa all� ìqi ikan  sunj kh kaj¸c ta fwtìnia
ekpèmpontai tuqaÐa. 'Etsi apaiteÐtai ènac epiprìsjetoc mhqanismìc pou na elègqei
thn diadikasÐa ekpomp c kai me ton trìpo autì na petuqaÐnetai mia allhlouqÐa
gegonìtwn ekpomp c memonwmènwn fwtonÐwn, kal� kajorismènh. Me diègersh me
palmoÔc miac autoorganoÔmenhc kbantik c teleÐac, eÐnai dunat  h ekpomp  enìc fw-
tonÐou lìgw exitonik c met�bashc, me kal� kajorismèno trìpo. Tèloc, ta fwtìnia
ekpèmpontai apì touc kbantikoÔc ekpompoÔc proc ìlec tic kateujÔnseic, ki ètsi den
mporeÐ na up�rxei apotelesmatik  pagÐdeus  touc gia efarmogèc. 'Etsi, gia prak-
tikoÔc skopoÔc, o ekpompìc suzeÔgnutai me mia mikrokoilìthta sthn opoÐa gÐnetai
epilog  fwtonÐwn sugkekrimènhc dieÔjunshc, ta opoÐa mporoÔn na qrhsimopoihjoÔn
se mellontikèc efarmogèc.

2.2.4 Mn mh, kbantikoÐ upologistèc, kuttarik� autì-
mata, nanofwtonikoÐ diakìptec klp

Molonìti to megalÔtero posostì thc èreunac èqei pragmatopoihjeÐ gia tic diat�x-
eic pou perigr�fontai stic prohgoÔmenec enìthtec, ependÔjhkan epÐshc shmantikèc
prosp�jeiec sthn diereÔnhsh pio <áxwtik¸n>> efarmog¸n. Oi optikèc mn mec pou
qrhsimopoioÔn kbantikèc teleÐec, gia par�deigma, upìsqontai ìti ja apofèroun mè-
sa apoj keushc exairetik� uyhl c puknìthtac [97].

Se autì to shmeÐo, h anomoiogen c dieÔrunsh twn sullog¸n autoorganoÔmenwn
QD qrhsimopoieÐtai gia thn epÐteuxh suneqoÔc kaÔshc fasmatik c gramm c op¸n
(PSHB   persistent spectral hole-burning). Me th PSHB ta f�smata aporrìfhshc
twn ulik¸n tropopoioÔntai me tètoio trìpo ¸ste na epèrqetai koresmìc thc apor-
rìfhshc se orismèna m kh kÔmatoc (oi kaloÔmenec fasmatikèc opèc). Autèc oi opèc
antistoiqoÔn sto duadikì "0", en¸ h apousÐa miac op c ja  tan to "1". Me th qr sh
pollapl¸n suqnot twn se mia dèsmh lèizer eÐnai epomènwc dunat  h apoj keush
pollapl¸n yhfÐwn (bit) ston estiakì ìgko tou lèizer, aux�nontac me autì ton
trìpo thn puknìthta apoj keushc kat� pollèc t�xeic megèjouc.

Mia �llh sÔllhyh pou qrhsimopoieÐ to meg�lo eÔroc twn optik¸n metab�sewn
eÐnai to fasmatìmetro kbantik¸n telei¸n, to opoÐo prot�jhke apì touc Jimenez et
al. [98]. Fwc diaforetik¸n mhk¸n kÔmatoc mporeÐ na aporrof�tai gia th dhmiourgÐa
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forèwn entìc twn kbantik¸n telei¸n, an�loga me tic energeiakèc touc katast�seic,
ki epomènwc an�loga me to mègejìc touc. Epomènwc, gia mia di�taxh anÐqneushc eu-
rèwn fasmatik¸n perioq¸n, ja eÐnai aparaÐthth mia meg�lh anomoiogen c dieÔrunsh.

Oi katast�seic stroform c suzeugmènwn kbantik¸n telei¸n enìc hlektronÐou
mporoÔn na qrhsimopoioÔntai gia kbantikoÔc upologismoÔc [99]. Arketèc peira-
matikèc melètec [100�104] uposthrÐzoun ìti to spÐn tou hlektronÐou mporeÐ na
qrhsimopoihjeÐ se kbantikoÔc upologistèc, exaitÐac tou meg�lou qrìnou zw c thc
sunoq c f�shc (dephasing) pou emfanÐzei (0.1ms). Sthn bibliografÐa anafèrontai
mèjodoi [99] apotelesmatikoÔ elègqou kai qeirismoÔ twn katast�sewn tou hlek-
tronikoÔ spÐn stic memonwmènec kbantikèc teleÐec kaj¸c kai trìpoi susqetismoÔ
twn spÐn twn hlektronÐwn se dÔo diaforetikèc teleÐec, k�ti pou apoteleÐ shman-
tik  proôpìjesh ston tomèa epexergasÐac thc plhroforÐac. 'Etsi, oi prosp�jeiec
qeirismoÔ tou hlektronikoÔ spÐn stic memonwmènec kbantikèc teleÐec kinoÔntai proc
dÔo kateujÔnseic:

• sthn beltÐwsh thc  dh up�rqousac teqnologÐac twn paradosiak¸n upolo-
gist¸n

• sthn dhmiourgÐa kai efarmog  nèwn upologistik¸n algìrijmwn me qubits (k�-
je qubit antistoiqeÐ se mÐa ek twn dÔo katast�sewn enìc kbantikoÔ sust -
matoc).

Stouc paradosiakoÔc upologistèc to hlektronikì spÐn endunam¸nei thn lei-
tourgÐa twn kbantik¸n hlektronik¸n diat�xewn ìpwc tranzÐstor pou qrhsimopoioÔn
reÔmata spÐn kai èkqush spÐn, mh pthtikèc mn mec klp [105]. Gia thn pragmatopoÐhsh
kbantik¸n upologism¸n, to spÐn tou entopismènou hlektronÐou antistoiqeÐ se èna
qubit. Epiplèon, oi meg�lec apost�seic (mèqri 100 mm) pou ta spÐn mporoÔn na
metaferjoÔn en f�sh, ta kajistoÔn idanikoÔc upoy fiouc gia metafor� plhroforÐac
se diat�xeic thc stere�c kat�stashc. Se �llec peript¸seic kbantik¸n upologism¸n
(all� kai sthn kbantik  kruptografÐa) qrhsimopoioÔntai fwteinèc phgèc memonwmè-
nou fwtonÐou, oi opoÐec mporoÔn kai p�li na èqoun wc sustatikì touc kbantikèc
teleÐec [106].

Ta nèa logik� kukl¸mata pou qrhsimopoioÔn kuttarik� autìmata kbantik¸n
telei¸n (quantum-dot cellular automata snt QCA) ja mporoÔsan na eÐnai to kleidÐ
gia mia auxhmènh puknìthta sta oloklhrwmèna kukl¸mata, lìgw tou polÔ mikroÔ
megèjouc twn QD.

Gia par�deigma, qrhsimopoi¸ntac QCA kuyelÐdec me teleÐec diamètrou 20 nm,
èna kÔklwma ajroist  (sq ma 2.14), ja katal�mbane epif�neia 1 mm2. H basik 
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Sq ma 2.12: Oi dÔo isodÔnamec pol¸seic thc jemeli¸douc st�jmhc miac basik -
c kuyelÐdac pou apoteleÐtai apì tèsseric kbantikèc teleÐec stic korufèc enìc
tetrag¸nou [107].

kuyelÐda apoteleÐtai apì tèsseric QD diatagmènec se èna tetr�gwno. Ta hlek-
trìnia mporoÔn na kinoÔntai metaxÔ twn kbantik¸n telei¸n all� den mporoÔn na
egkataleÐyoun to tetr�gwno [107]. 'Otan eis�gontai dÔo epiplèon hlektrìnia, oi
dun�meic Coulomb ta apwjoÔn se antÐjetec gwnÐec. Epilègontac tic gwnÐec pou
ja katalamb�nontai, prokÔptoun dÔo isodÔnamec energeiak� pol¸seic pou antis-
toiqoÔn stic logikèc katast�seic "0� kai "1� kai parousi�zontai sto sq ma 2.12.
An dÔo kuyelÐdec brejoÔn se epaf , lìgw thc allhlepÐdrashc Coulomb metaxÔ
twn hlektronÐwn, oi kuyelÐdec apoktoÔn thn Ðdia pìlwsh kai �ra antistoiqoÔn sthn
Ðdia logik  kat�stash. An h pìlwsh mÐac ek twn dÔo all�xei bajmiaÐa, h deÔterh
all�zei apìtoma pìlwsh (san diakìpthc).

Qrhsimopoi¸ntac kat�llhlec diat�xeic QCA, kataskeu�zontai logikèc pÔlec
Boole. H pio apl  di�taxh QCA, eÐnai mia gramm  apoteloÔmenh apì basikèc
kuyelÐdec, pou apeikonÐzetai sto sq ma 2.13. H kat�stash me thn qamhlìterh
enèrgeia, eÐnai aut  kat� thn opoÐa ìlec oi kuyelÐdec èqoun thn Ðdia pìlwsh. To
aristerì �kro thc gramm c qrhsimopoieÐtai gia thn eÐsodo dedomènou (input) (sq -
ma 2.13), to opoÐo aÐrei ton ekfulismì thc jemeli¸douc kat�stashc thc pr¸thc
kuyelÐdac. H pr¸th kuyelÐda apokt� mia sugkekrimènh pìlwsh. Efìson t¸ra h
pr¸th kai h deÔterh kuyelÐda èqoun diaforetik  pìlwsh to sÔsthma brÐsketai se
dihgermènh kat�stash kai ìlec oi akìloujec kuyelÐdec prèpei na all�xoun pìlwsh
¸ste to sÔsthma na brejeÐ kai p�li se isorropÐa. Me ton trìpo autì suneqÐzontai
oi upologismoÐ mèqri thn èxodo pou eÐnai h kuyelÐda sto dexÐ �kro.

Sto sq ma 2.13 apeikonÐzontai k�poiec logikèc pÔlec pou èqoun dhmiourghjeÐ
apì diat�xeic kuttarik¸n autìmatwn kbantik¸n telei¸n.

H optik  metafor� eggÔc pedÐou metaxÔ twn energeiak¸n epipèdwn suntonismoÔ
se èna sÔsthma tri¸n telei¸n (QDin, QDout kai QDcontrol) mporeÐ na axiopoieÐtai
gia nanofwtonikoÔc diakìptec. Oi M. Ohtsu et al. [108], qrhsimopoÐhsan kubikèc
kbantikèc teleÐec CuCl se m tra NaCl gia na perigr�youn thn arq  leitourgÐac
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Sq ma 2.13: Mia di�taxh (se gramm ) kuttarik¸n autom�twn kbantik¸n telei¸n kai
di�forec logikèc pÔlec [107].

enìc nanofwtonikoÔ diakìpth. Oi exitonikèc enèrgeiec tou epipèdou (nx, ny, nz)
miac kubik c teleÐac CuCl m kouc pleur�c L, dÐnontai apì:

Enx,ny,nz =
h̄2π2

2Mα2
(n2

x + n2
y + n2

z) (2.3)

ìpou α = L − aB h energìc akm , aB h exitonik  aktÐna Bohr, kai M h m�za tou
exitonÐou pou antistoiqeÐ sthn metaforik  tou kÐnhsh. Sto sq ma 2.15(a) apeikon'-
izontai dÔo kubikèc kbantikèc teleÐec QDI kai QDO. SÔmfwna me thn Ex.( 2.3), oi
katast�seic (1,1,1) thc QDI kai (2,1,1) thc QDO èqoun thn Ðdia enèrgeia, lad;h
brÐskontai se suntonismì. Gia tic katast�seic me thn Ðdia enèrgeia h optik  allh-
lepÐdrash eggÔc pedÐou dÐnetai apì èna Uukava dunamikì V (r) = A exp(−µr)

r
, ìpou r

h apìstash twn dÔo telei¸n metaxÔ touc, A h stajer� sÔzeuxhc pou exart�tai apì
tic peiramatikèc sunj kec kai µ h energìc m�zac thc sun�rthshc Uukava h opoÐa
exart�tai apì thn enèrgeia tou exitonÐou thc teleÐac kai thn enèrgeia tou exitonÐou
tou pÐnaka NaCl [108].

H enèrgeia thc optik c allhlepÐdrashc metaxÔ twn dÔo telei¸n ektim�tai perÐpou
10−4 eV, h opoÐa antistoiqeÐ se qrìno met�bashc thc enèrgeiac τoptical=20 ps pou
eÐnai polÔ mikrìteroc tou qrìnou zw c tou exitonÐou (ns). Epiplèon o qrìnoc
met�bashc metaxÔ dÔo energeiak¸n stajm¸n thc teleÐac eÐnai mikrìteroc (merik� ps)
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Sq ma 2.14: Mia di�taxh kuttarik¸n autom�twn kbantik¸n telei¸n pou upologÐzei
olikì �jroisma [107].

'Etsi, to megalÔtero mèroc thc enèrgeiac tou exitonÐou thc teleÐac QDI metafèretai
telik� sthn kat¸terh st�jmh (1,1,1) thc QDO, ìpou to exitìnio epanasundèetai.
Sta sq mata 2.15(b) kai (c), parousi�zontai oi katast�seic OFF kai ON enìc
nanofwtonikoÔ diakìpth pou apoteleÐtai apì treÐc kbantikèc teleÐec: QDI (input),
QDO (output) kai QDC (control). Oi katast�seic (1,1,1) thc QDI, (2,1,1) thc
QDO kai (2,2,2) thc QDC eÐnai se suntonismì. EpÐshc se suntonismì eÐnai oi (1,1,1)
thc QDO kai (2,1,1) thc QDC. 'Otan o diakìpthc eÐnai sthn kat�stash OFF, ta
exitìnia metafèrontai apì thn QDI sto kat¸tero epÐpedo (1,1,1) thc QDO kai apì
ekeÐ mporoÔn na diafÔgoun sto epÐpedo (1,1,1) thc QDC, ki ètsi to s ma sthn èxodo
diakìptetai. Efarmìzontac èna s ma elègqou sto epÐpedo QDC, h pl rwsh ìlwn
twn sqetik¸n katast�sewn fr�zei aut  th dÐodo diafug c kai to exitìnio paramènei
sto epÐpedo QDO ìpou kai epanasundèetai (kat�stash ON tou diakìpth). 'Allh
efarmog  twn kbantik¸n telei¸n eÐnai h qr sh touc se fwtoaniqneutèc [109, 110]
kai fwtoenisqutèc [111].

Prèpei na tonisteÐ ìti h parap�nw lÐsta den epidi¸kei na eÐnai ekten c   oloklhrwmèn-
h. Paramènei na exetasteÐ poiec �llec idèec ja diatupwjoÔn kai telik� ja mporèsoun
na ulopoihjoÔn se pragmatikèc efarmogèc.
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Sq ma 2.15: Arq  leitourgÐac enìc nanofwtonikoÔ diakìpth [108].



Kef�laio 3

Basikèc ènnoiec

Sto kef�laio autì parousi�zontai k�poiec basikèc ènnoiec pou qrhsimopoioÔntai
sthn an�ptuxh thc paroÔsac diatrib c. H tropopoÐhsh thc morf c thc puknìthtac
katast�sewn (DOS), an�loga me thn diastatikìthta paÐzei ousi¸dh rìlo stic op-
tikèc idiìthtec. 'Opwc ja faneÐ sto kef�laio 5, to f�sma aporrìfhshc miac apl c
parabolik c teleÐac, pou perilamb�nei mia seir� apì oxeÐec korufèc, sundèetai �me-
sa me thn morf  thc DOS sta mhdenodi�stata sust mata.

Oi idiosunart seic kai idioenèrgeiec hlektronÐwn kai op¸n pou eÐnai entopismènoi
se mia teleÐa, exart¸ntai apì to trisdi�stato perioristikì dunamikì thc teleÐac. H
morf  tou perioristikoÔ dunamikoÔ exart�tai apì thn mèjodo kataskeu c thc kban-
tik c teleÐac. Parousi�zontai k�poia jewrhtik� montèla perioristik¸n dunamik¸n
pou èqoun qrhsimopoihjeÐ. Wstìso, sta plaÐsia tou dikoÔ mac upologistikoÔ pro-
gr�mmatoc, èqoume thn dunatìthta na brÐskoume tic monoswmatidiakèc katast�seic
gia opoiod pote realistikì dunamikì.

O upologismìc twn monoswmatidiak¸n katast�sewn gÐnetai lÔnontac thn exÐsw-
sh energoÔ m�zac sta plaÐsia thc prosèggishc twn periballous¸n sunart sewn.

ExaitÐac twn diakrit¸n katast�sewn thc teleÐac, oi sunart seic katanom c h-
lektronÐwn kai op¸n (oi opoÐec qrhsimopoioÔntai stic optikèc idiìthtec) den mporoÔn
na proseggistoÔn apì sunart seic Fermi-Dirac, par� mìno se uyhlèc jermokrasÐec.
Kat� sunèpeia, parousi�zoume sto kef�laio autì, tic sunj kec pou kajorÐzoun ton
epoikismì twn katast�sewn miac kbantik c teleÐac.

H ènnoia tou exitonÐou stouc trisdi�statouc (bulk) hmiagwgoÔc tropopoieÐtai
sthn perÐptwsh twn kbantik¸n telei¸n. Ta exitonik� fainìmena eÐnai polÔ shman-
tik� afenìc men giatÐ melet�me tic optikèc idiìthtec kont� sto q�sma, afetèrou
de giatÐ stic kbantikèc teleÐec lìgw tou trisdi�statou perioristikoÔ dunamikoÔ h
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allhlepÐdrash Coulomb eÐnai enisqumènh. Tèloc, parousi�zoume tic diadikasÐec
efhsuqasmoÔ kai epanasÔndeshc stic kbantikèc teleÐec, oi opoÐec paÐzoun kajoris-
tikì rìlo sta f�smata fwtofwtaÔgeiac.

3.1 Puknìthta katast�sewn
To energeiakì f�sma twn hlektronÐwn pou eÐnai entopismèna se mia kbantik  teleÐa
eÐnai diakritì lìgw tou trisdi�statou perioristikoÔ dunamikoÔ. Stic domèc autèc,
pou h tupik  touc di�stash kumaÐnetai apì 10-100 nm, h apìstash metaxÔ twn
geitonik¸n energeiak¸n touc epipèdwn eÐnai thc t�xhc twn merik¸n meV. 'Opwc
faÐnetai sto sq ma 3.1, h meÐwsh thc diastatikìthtac tou sust matoc, all�zei
drastik� thn puknìthta twn katast�sewn.

Sq ma 3.1: H puknìthta katast�sewn tou hlektronikoÔ aerÐou sunart sei thc
enèrgeiac se: trisdi�statouc hmiagwgoÔc (3D   bulk), kai se didi�stata (2D   k-
bantik� phg�dia), monodi�stata (1D   kbantik� sÔrmata) kai mhdenodi�stata sust -
mata (0D   kbantikèc teleÐec).

Stouc trisdi�statouc hmiagwgoÔc h puknìthta katast�sewn èqei thn morf :

dN

dE
∝ d

dE
E3/2 = E1/2 (3.1)

Se èna apeirìbajo phg�di pl�touc Lz, o entopismìc prokaleÐ thn kb�ntwsh twn
energeiak¸n katast�sewn kat� thn dieÔjunsh an�ptuxhc z kai h dom  twn zwn¸n
eÐnai [112]:

E(n, kx, ky) = En +
h̄2(k2

x + k2
y)

2m∗ =
h̄2π2n2

2m∗L2
z

+
h̄2k2

||
2m∗ (3.2)
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Up�rqoun dhlad  diakritèc upoz¸nec gia timèc tou n = 1, 2, 3... H puknìthta
katast�sewn èqei thn morf  klimakac kai dÐnetai apì thn sqèsh:

dN

dE
∝ d

dE

∑

En<E

(E − En) =
∑

En<E

1 (3.3)

Se èna apeirìbajo kbantikì sÔrma diatom c Lz × Lx h dom  twn zwn¸n eÐnai:

E(n,m, ky) = En,m +
h̄2k2

y

2m∗ =
h̄2π2

2m∗ [(
n

Lz

)2 + (
m

Lx

)2] +
h̄2k2

y

2m∗ (3.4)

Dhlad  up�rqoun diakritèc upoz¸nec gia timèc twn n, m = 1, 2, 3...
Sthn monodi�stath perÐptwsh h puknìthta twn katast�sewn èqei thn morf 

oxei¸n koruf¸n kai dÐnetai apì thn sqèsh:

dN

dE
∝ d

dE

∑

En<E

(E − En)1/2 =
∑

En<E

(E − En)−1/2 (3.5)

Tèloc sto mhdenodi�stato sÔsthma (kbantik  teleÐa), to energeiakì f�sma apoteleÐ-
tai apì diakritèc st�jmec:

E(n,m, l) = En,m,l =
h̄2π2

2m∗ [(
n

Lz

)2 + (
m

Lx

)2 + (
l

Ly

)2] (3.6)

en¸ h puknìthta katast�sewn èqei thn morf  dèlta koruf¸n kai dÐnetai wc:

dN

dE
∝ d

dE

∑

En<E

Θ(E − En) =
∑

En<E

δ(E − En) (3.7)

ìpou Θ eÐnai h sun�rthsh b matoc tou Heaviside, en¸ δ h sun�rthsh dèlta tou
Dirac.

3.2 Epoikismìc twn katast�sewn miac kban-
tik c teleÐac

Wc enèrgeia entopismoÔ (Eloc) miac teleÐac orÐzoume thn diafor� enèrgeiac miac
entopismènhc kat�stashc thc teleÐac apì ton fragmì. ExaitÐac twn peperasmènwn
tim¸n twn energei¸n entopismoÔ thc teleÐac, oi foreÐc mporoÔn na drapeteÔsoun
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Sq ma 3.2: Sqhmatik  par�stash tou energeiakoÔ diagr�mmatoc miac kbantik c
teleÐac [113].

apì thn teleÐa. H diadikasÐa aut , pou apeikonÐzetai sto sq ma 3.2 gÐnetai oloèna
kai pio shmantik  kaj¸c aux�nei h jermokrasÐa kai mei¸netai h enèrgeia entopismoÔ.
Sthn st�simh kat�stash o mèsoc rujmìc epanasÔndeshc stic teleÐec isoÔtai me ton
kajarì rujmì pagÐdeushc twn forèwn se autèc (rate balance equations):

1

τD

〈fnfp〉 = νn[n(1− 〈fn)〉 − n1〈fn〉] = νp[p(1− 〈fp〉)− p1〈fp〉] (3.8)

ìpou: τD eÐnai o qrìnoc aktinoboloÔsac epanasÔndeshc, fn, fp eÐnai oi pijanìthtec
kat�lhyhc gia ta hlektrìnia kai tic opèc antÐstoiqa, < ... > dhl¸nei thn mèsh
tim  touc se ìlh thn sullog  telei¸n, n, p eÐnai oi puknìthtec twn forèwn stouc
fragmoÔc, n1, p1 eÐnai oi rujmoÐ diafug c lìgw thc jermokrasÐac twn forèwn apì
tic teleÐec stouc fragmoÔc kai νn, νp eÐnai oi rujmoÐ pagÐdeushc twn forèwn stic
teleÐec apì touc fragmoÔc. Gia touc rujmoÔc pagÐdeushc isqÔei: ν = συth ìpou σ
h energìc diatom  pagÐdeushc kai υth h jermik  taqÔthta tou forèa.

Kat' analogÐa me ta kèntra pagÐdeushc Shockley- Read, oi qarakthristikoÐ
qrìnoi diafug c enìc hlektronÐou   miac op c apì thn teleÐa, dÐnontai apì tic sqè-
seic [114]:

τe,n =
1

νnn1
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τe,p =
1

νpp1

(3.9)

ìpou oi deÐktec n kai p anafèrontai sta hlektrìnia kai stic opèc antÐstoiqa. Sth
jermik  isorropÐa, o qrìnoc diafug c apì thn teleÐa exaitÐac thc jermokrasÐac
(deqìmenoi ìti den up�rqei �lloc mhqanismìc ap¸leiac forèwn) dÐnetai apì thn
sqèsh [115]:

τe,n/p ≈ 10−11 exp(
Eloc

kBT
) (3.10)

Oi tupikoÐ qrìnoi aktinoboloÔsac epanasÔndeshc eÐnai perÐpou τD =1 ns. O lìgoc
twn qrìnwn epanasÔndeshc proc touc qrìnouc diafug c kajorÐzei to kat� pìso oi
teleÐec ja èqoun epoikismì se jermik  isorropÐa. DiakrÐnoume dÔo akraÐec perip-
t¸seic:

3.2.1 Sqetik� uyhlèc jermokrasÐec kai/  mikrèc enèrgeiec
entopismoÔ

An o qarakthristikìc qrìnoc diafug c τe eÐnai mikrìc sugkrinìmenoc me ton rujmì
epanasÔndeshc τD, dhl.

τe ¿ τD

10−11 exp
Eloc

kBT
¿ 10−9

Eloc ¿ 4.61 kBT (3.11)

tìte o forèac sked�zetai pÐsw ston fragmì pollèc forèc prin na epanasunde-
jeÐ. Sthn perÐptwsh aut  oi foreÐc mporoÔn kai epanakatanèmontai stic diafore-
tikèc teleÐec kai ètsi apoktoÔn jermik  isorropÐa. Sto ìrio autì twn uyhl¸n
jermokrasi¸n o epoikismìc twn katast�sewn thc teleÐac dÐnetai apì sunart seic
katanom c Fermi-Dirac [113]:

f(Ee/h) =
1

1 + exp((Ee/h − Ef )/(kBT ))
(3.12)

ìpou Ef eÐnai quasi-Fermi levels. Upì autèc tic sunj kec, sthn exÐswsh (3.8) o
pr¸toc ìroc pou perièqei ton qrìno epanasÔndeshc eÐnai amelhtèoc kai oi puknìtht-
ec twn eleÔjerwn forèwn gr�fontai:

n

n1

=
< fn >

1− < fn >
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p

p1

=
< fp >

1− < fp >
(3.13)

H trisdi�stath hlektroniak  puknìthta eÐnai [116]:

n = NC
2√
π

F1/2(
Ef −∆EC

kBT
) (3.14)

ìpou
NC = 2(

m∗kBT

2πh̄2 )3/2 (3.15)

eÐnai h energìc puknìthta katast�sewn sthn z¸nh agwgimìthtac, F1/2 to olok-
l rwma Fermi t�xhc 1/2 kai m∗ h energìc m�za tou hlektronÐou. An isqÔei h
prosèggish Boltzmann dhl. h st�jmh Fermi brÐsketai arket� kBT k�tw apì ton
fragmì, h trisdi�stath puknìthta forèwn se ènan mh ekfulismèno agwgì gr�fetai:

n = NC exp(
Ee −∆EC

kBT
) (3.16)

Ki ed¸ diakrÐnoume dÔo upopeript¸seic [117]:
(a) Oi foreÐc se ìlec tic teleÐec brÐskontai sthn Ðdia kat�stash jermik c

isorropÐac. Tìte o plhjusmìc twn forèwn dÐnetai apì sunart seic katanom c
Fermi-Dirac

f(En,i) =
1

1 + exp((En,i − Ef )/(kBT ))
(3.17)

ìpou En,i eÐnai h enèrgeia tou hlektronÐou pou brÐsketai sthn kat�stash i thc
n-ost c kbantik c teleÐac kai Ef h omoiìmorfh enèrgeia Fermi thc sullog c twn
telei¸n, h opoÐa gia asjen  isqÔ diègershc brÐsketai kont� sto mèso tou q�smatoc.
AntÐstoiqh sqèsh isqÔei gia ton epoikismì twn katast�sewn twn op¸n.

(b) Oi teleÐec èqoun ton Ðdio plhjusmì forèwn N Tìte h sun�rthsh katanom c
twn forèwn ja eÐnai:

f(En,i) =
1

1 + exp((En,i − Ef,n)/(kBT ))
(3.18)

ìpou Ef,n eÐnai h topik  sun�rthsh Fermi thc n-ost c teleÐac. An N o arijmìc twn
forèwn pou perièqontai sthn teleÐa, tìte h topik  enèrgeia Fermi prosdiorÐzetai
apì thn sunj kh: ∑

i

f(En,i) = N (3.19)
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3.2.2 Sqetik� qamhlèc jermokrasÐec kai/  meg�lec
enèrgeiec entopismoÔ

O qrìnoc epanasÔndeshc eÐnai polÔ mikrìteroc apì ton qarakthristikì qrìno di-
afug c tìte prokÔptei mia kat�stash mh isorropÐac ìpou o plhjusmìc stic
teleÐec den exart�tai apì thn enèrgeia kai kat' epèktash apì to mègejoc touc. H
puknìthta twn forèwn ston trisdi�stato fragmì dÐnetai apì:

np =
1

τD

1

νnνp

f 2
nf 2

p

(1− fn)(1− fp)
(3.20)

EÐnai profanèc ìti h melèth thc endi�meshc kat�stashc ìpou paÐzoun rìlo tìso o
qrìnoc diafug c apì ton fragmì ìso kai o qrìnoc epanasÔndeshc eÐnai pio polÔ-
plokh. Epiplèon prèpei na lhfjeÐ upìyh ìti oi enèrgeiec entopismoÔ eÐnai diafore-
tikèc gia ta hlektrìnia kai tic opèc.

En gènei, sthn perÐptwsh ìpou h apìstash metaxÔ twn diadoqik¸n diakrit¸n
katast�sewn thc teleÐac eÐnai megalÔterh   Ðsh me thn jermik  enèrgeia, h sun�rthsh
katanom c Feq{En|N} twn N hlektronÐwn thc teleÐac dÐnetai apì thn megalokanon-
ik  katanom  Gibbs [118]. Gia par�deigma, sthn perÐptwsh sust matoc dÔo katast�sewn
{E1, E2} me N=1 hlektrìnio sthn teleÐa, h sun�rthsh katanom c dÐnetai apì:

Feq{En|1} =
e−En/kT

e−E1/kT + e−E2/kT
(3.21)

3.3 Egk�rsio perioristikì dunamikì
Oi di�forec teqnikèc kataskeu c twn kbantik¸n telei¸n pou anafèrjhkan, kajorÐ-
zoun thn èktash kai to sq ma tou trisdi�statou perioristikoÔ dunamikoÔ. Efìson
oi kbantikèc teleÐec prokÔptoun apì èna kbantikì phg�di periorÐzontac epiplèon
egk�rsia touc foreÐc, èqoun sun jwc to sq ma epÐpedwn dÐskwn me egk�rsiec di-
ast�seic polÔ megalÔterec tou p�qouc touc. An�loga me thn mèjodo kataskeu c
thc teleÐac, to egk�rsio dunamikì mporeÐ na proseggisteÐ apì èna prìtupo dunamikì.
Gia par�deigma to dunamikì miac kbantik c teleÐac pou kataskeu�sthke me lijo-
grafÐa, me arket� meg�lh aktÐna, mporeÐ na proseggisteÐ me èna tetragwnikì phg�-
di me stroggulemèna ìria. 'Otan h teleÐa eÐnai polÔ mikr  (dhlad  h aktÐna thc
eÐnai sugkrÐsimh me to qarakthristikì m koc thc metabol c tou dunamikoÔ kont�
sta ìria), tìte mporoÔn na qrhsimopoihjoÔn omal� dunamik� ìpwc èna Gaussian
dunamikì

V (r) = −V0 exp(−r2/L2) (3.22)
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  èna Pöschl-Teller dunamikì

V (r) = −V0 cosh−2(−r2/L2) (3.23)

'Allo eÐdoc prìtupou dunamikoÔ eÐnai to parabolikì phg�di

V (r) = V0 + ar2 (3.24)

To parabolikì dunamikì èqei mia monadik  idiìthta: h jèsh twn koruf¸n tou makri-
noÔ upèrujrou (FIR) f�smatoc aporrìfhshc [119]-eÐnai anex�rthtec apì ton ar-
ijmì N twn hlektronÐwn pou eÐnai entopismèna sthn teleÐa. Kat� sunèpeia apì
thn sÔgkrish gia diaforetik� N twn FIR fasm�twn, mporeÐ kaneÐc na diapist¸sei
an to parabolikì dunamikì eÐnai kal  prosèggish tou pragmatikoÔ perioristikoÔ
dunamikoÔ. To 1990 oi A. Kumar, S. E. Laux kai F. Stern [120] ef�rmosan mia
arijmhtik  autosunep  lÔsh twn exis¸sewn Schrödinger kai Poisson sthn prosèg-
gish Hartree gia mia kbantik  teleÐa pou par�getai me thn efarmog  kat�llhlhc
diafor�c dunamikoÔ se metallikì hlektrìdio pou kalÔptei èna orjog¸nio str¸ma
GaAs 300x300 nm p�qouc 30 nm sthn epif�neia kbantikoÔ phgadioÔ GaAs /Al-
GaAs. Stouc upologismoÔc je¸rhsan mikrì arijmì hlektronÐwn (N < 10). Apì
touc upologismoÔc prokÔptei ìti par� to tetragwnikì sq ma tou hlektrodÐou, to
perioristikì dunamikì eÐnai kuklik� summetrikì me di�metro ≈100 nm pou eÐnai polÔ
mikrìterh apì to mègejoc tou hlektrodÐou. To apotèlesma autì eÐnai sÔmfwno me
thn apousÐa ex�rthshc thc enèrgeiac diègershc apì ton arijmì twn swmatidÐwn pou
parathr jhke se pl joc peiram�twn [56,65].

Sta plaÐsia tou dikoÔ mac upologistikoÔ progr�mmatoc, èqoume thn dunatìth-
ta na brÐskoume tic monoswmatidiakèc katast�seic gia polÔplokec gewmetrÐec kai
opoiod pote realistikì perioristikì dunamikì.

3.4 ExÐswsh energoÔ m�zac
Oi mèjodoi pou qrhsimopoioÔntai gia ton upologismì twn hlektronik¸n katast�sewn
an koun se dÔo basikèc kathgorÐec:

a) Mèjodoi pou perigr�foun to sÔnolo twn zwn¸n sjènouc
kai agwgimìthtac Sthn kathgorÐa aut  an koun h mèjodoc twn isqur� dèsmi-
wn hlektronÐwn [121], h mèjodoc twn sunarthsiak¸n thc puknìthtac, h mèjodoc
twn yeudodunamik¸n k.a. H teleutaÐa efarmìsthke apì touc Wang kai Zunger se
kbantikèc teleÐec Si [122] kai CdSe [123] me 103 �toma, kai epekt�jhke se sust -
mata me diaforetikì eÐdoc atìmwn (N = 105) qrhsimopoi¸ntac mia -basismènh se
yeudodunamik�- k.p mèjodo pollapl¸n zwn¸n [124].
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b) Mèjodoi pou perigr�foun perioqèc kont� sta akrìtata twn
zwn¸n. Sthn kathgorÐa aut  an kei h mèjodoc twn periballous¸n sunart sewn h
opoÐa efarmìsthke gia par�deigma se sfairikèc teleÐec apì touc Sercel kai Vahala
to 1990 [125].

Sthn paroÔsa diatrib  gia thn eÔresh twn monoswmatidiak¸n katast�sewn h-
lektronÐwn kai op¸n, qrhsimopoioÔme thn mèjodo twn periballous¸n sunart sewn
kai thn prosèggish energoÔ m�zac miac z¸nhc. Sta plaÐsia thc mejìdou aut c h
monohlektronik  exÐswsh tou Schrödinger gr�fetai:

[H0 + U(r)]ψ = Eψ (3.25)

ìpou H0 h Qamiltonian  tou hlektronÐou sto periodikì dunamikì tou krust�llou,
kai U(r) to diataraqtikì dunamikì (perilamb�nei thn dunamik  enèrgeia tou krust�l-
lou, thn dunamik  enèrgeia skèdashc lìgw atelei¸n, prosmÐxewn, fwnonÐwn kaj¸c
kai thn dunamik  enèrgeia lìgw exwterik� efarmozìmenwn pedÐwn). E eÐnai oi id-
ioenèrgeiec kai ψ oi idiokatast�seic tou hlektronÐou. O telest c H0 èqei idio-
timèc En(k) kai idiosunart seic ψnk(r) (sunart seic Bloch), ìpou n eÐnai o deÐkthc
thc z¸nhc kai k to kumat�nusma pou paÐrnei timèc sthn pr¸th z¸nh Brillouin. H
sun�rthsh ψ mporeÐ na anaptuqjeÐ sunart sei twn ψnk(r) oi opoÐec apoteloÔn mia
pl rh kai orjokanonik  b�sh. Oi sunart seic Bloch mporoÔn na grafoÔn wc:

ψnk(r) = eikrunk(r) (3.26)

H sun�rthsh unk(r) èqei thn periodikìthta tou plègmatoc. Jewr¸ntac mia z¸nh
me akrìtato sto shmeÐo k = 0, apodeiknÔetai [126], ìti h kumatosun�rthsh ψ tou
hlektronÐou mporeÐ na anaptuqjeÐ se b�sh sunart sewn Bloch (ψn0(r) kont� sto
�kro thc n-ost c z¸nhc, dhlad :

ψ(r) =
∑
n

Fn(r)ψn0(r) (3.27)

ìpou h sun�rthsh Fn(r) eÐnai h perib�llousa sun�rthsh pou kajorÐzetai apì thn
exÐswsh energoÔ m�zac sto q¸ro twn jèsewn thc n z¸nhc:

[En(−i∇) + U(r)]Fn(r) = EFn(r) (3.28)

Gia thn perÐptwsh mÐac z¸nhc (ìpwc qrhsimopoioÔme sthn paroÔsa diatrib  tìso
gia ta hlektrìnia ìso kai gia tic opèc), h Ex. ( 3.27) gr�fetai:

ψ(r) = F (r)ψc/v(r) (3.29)
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ìpou ψc/v(r) h sun�rthsh Bloch sto �kro thc z¸nhc agwgimìthtac/sjènouc. Sth-
n perÐptwsh hlektronÐwn kont� sto shmeÐo G thc z¸nhc agwgimìthtac, kai gia
isotropik  energì m�za m∗

e (ìpwc sumbaÐnei sto GaAs) èqoume sfairikèc isoen-
ergeiakèc epif�neiec thc morf c:

E(k) = Ec +
h̄2

2m∗
e

(k2
x + k2

y + k2
z) (3.30)

Tìte h exÐswsh energoÔ m�zac miac z¸nhc èqei thn morf 

[
−h̄2

2m∗
e

∇2 + U(r)]F (r) = EF (r) (3.31)

Sthn perÐptwsh twn op¸n ja prèpei na lhfjoÔn upìyh oi z¸nec (hh, lh, so) thc
z¸nhc sjènouc. Tìte h exÐswsh energoÔ m�zac gr�fetai:

(HLK)F(r) = EF(r) (3.32)

ìpou h HLK eÐnai h 6x6 Luttinger-Kohn Qamiltonian  [127] kai F(r) h exadi�stath
perib�llousa sun�rthsh.

Sthn paroÔsa diatrib  gia thn melèth twn optik¸n idiot twn twn kbantik¸n
telei¸n GaAs jewroÔme tic z¸nec aposuzeugmènec ki ètsi tic proseggÐzoume apì
parabolikèc sqèseic diaspor�c an�logec thc Ex.(3.30). Oi perib�llousec sunart -
seic twn op¸n dÐnontai apì sqèseic an�logec thc Ex.(3.31).

3.5 H ènnoia tou exitonÐou
H perigraf  pou prohg jhke ègine sta plaÐsia thc eikìnac tou anex�rthtou h-
lektronÐou, ìpou to energeiakì f�sma twn hlektronÐwn den exart�tai apì thn
parousÐa twn upoloÐpwn. H epÐdrash twn �llwn hlektronÐwn emperièqetai mìno
stic pijanìthtec kat�lhyhc twn energeiak¸n katast�sewn, qwrÐc na tropopoieÐ to
prìblhma idiotim¸n ìpwc autì prokÔptei apì thn exÐswsh energoÔ m�zac sta plaÐsia
twn periballous¸n sunart sewn. Aut  h prosèggish eÐnai akrib c gia thn melèth
orismènwn fainomènwn ìpwc eÐnai ta fainìmena metafor�c se mh ekfulismènouc hmi-
agwgoÔc   h aporrìfhsh makri� apì ta ìria twn zwn¸n.

Wstìso, pollèc shmantikèc idiìthtec tropopoioÔntai apì thn allhlepÐdrash h-
lektronÐou - hlektronÐou   hlektronÐou-op c. Sthn perÐptwsh pou èna hlektrìnio
èqei metabeÐ sthn z¸nh agwgimìthtac dhmiourg¸ntac mia op  sthn z¸nh sjènouc,
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h Qamiltonian  pou perigr�fei to sÔsthma perilamb�nei ènan epiprìsjeto ìro, thn
allhlepÐdrash Coulomb metaxÔ touc. Aut  h allhlepÐdrash tropopoieÐ thn dom 
twn zwn¸n. 'Eqoume k�ti an�logo me thn perÐptwsh ìpou h eisagwg  prosmÐxewn
tropopoieÐ tic hlektronikèc katast�seic, eis�gontac st�jmec prosmÐxewn mèsa sto
energeiakì q�sma. To suzeugmèno zeÔgoc hlektronÐou-op c apoteleÐ to exitìnio
[128]. Stouc trisdi�statouc hmiagwgoÔc ta exitìnia mporoÔn na parathrhjoÔn op-
tik� mìno se polÔ kajar� deÐgmata, lìgw twn polÔ mikr¸n energei¸n sÔzeuxhc pou
èqoun. 'Etsi, stouc trisdi�statouc hmiagwgoÔc ta exitonik� fainìmena melet jhkan
sta plaÐsia tou qarakthrismoÔ twn ulik¸n.

Wstìso, me thn an�ptuxh twn eterodom¸n ta exitonik� fainìmena apèkthsan
idiaÐtero endiafèron, tìso apì pleur�c fusik c ìso kai teqnologik¸n efarmog¸n.
ExaitÐac tou perioristikoÔ dunamikoÔ h enèrgeia dèsmeushc tou exitonÐou aux�ne-
tai shmantik�. To gegonìc autì se sunduasmì me th beltiwmènh isqÔ talantwt 
(oscillator strength) epitrèpei thn parat rhsh polÔ oxeÐwn suntonism¸n sto optikì
f�sma.

3.5.1 To exitìnio se trisdi�statouc hmiagwgoÔc
H exÐswsh energoÔ m�zac pou perigr�fei ta exitìnia stouc trisdi�statouc (bulk)
hmiagwgoÔc gr�fetai wc:

[− h̄2

2m∗
e

∇2
e −

h̄2

2m∗
h

∇2
h −

e2

ε|re − rh| ]Ψex = EΨex (3.33)

ìpou m∗
e (m∗

h) h energìc m�za hlektronÐou (op c), Ψex h exitonik  kumatosun�rthsh
kai r = |re − rh| h apìstash hlektronÐou-op c. Efarmìzontac touc metasqhma-
tismoÔc

r = re − rh

R =
m∗

ere + m∗
hrh

m∗
e + m∗

h

(3.34)

h exÐswsh energoÔ m�zac gr�fetai:

[− h̄2

2(m∗
e + 2m∗

h)
∇2

R −
h̄2

2µ
∇2

r −
e2

εr
]Ψex = EΨex (3.35)

ìpou µ =
m∗

em∗
h

m∗
e+m∗

h
h anhgmènh m�za tou sust matoc. H genik  lÔsh gr�fetai:

Ψex ≡ ΨnKex(r) = exp(iKexR)Fn(r)φc(re)φv(rh) (3.36)
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ìpou φc(re) (φv(rh)) eÐnai h sun�rthsh Bloch sto akrìtato thc Z.A (Z.S) oi opoÐec
qrhsimopoioÔntai sthn exÐswsh energoÔ m�zac. Antikajist¸ntac thn genik  lÔsh
sthn (3.35) prokÔptei h exÐswsh:

(
h̄2k2

2µ
− e2

ε|r|)F (r) = EnF (r) (3.37)

ìpou
E = En +

h̄2K2
ex

2(m∗
e + m∗

h)
(3.38)

Oi exitonikèc perib�llousec sunart seic èqoun thn morf  sunart sewn udrogo-
noeidoÔc me jemeli¸dh kat�stash thc morf c:

F100(r) =
1√
πα3

ex

e−r/αex (3.39)

ìpou αex = (εm0/µ)αB, αB h aktÐna Bohr kai m0 h m�za tou eleÔjerou hlektronÐou.
Oi antÐstoiqec idiotimèc tou probl matoc tou udrogonoeidoÔc eÐnai:

En = − µe4

2ε2h̄2

1

n2
(3.40)

'Etsi telik� oi exitonikèc enèrgeiec gr�fontai:

E =
h̄2K2

ex

2(m∗
e + m∗

h)
− Gexc

n2
(3.41)

ìpou Gexc = µe4

2ε2h̄2 h exitonik  enèrgeia Rydberg.
Prokeimènou na melet soume to f�sma aporrìfhshc lìgw twn exitonik¸n metab�sewn,

lamb�noume thn Coulomb allhlepÐdrash twn zeug¸n hlektronÐwn-op¸n wc diataraq 
ki ekfr�zoume thn nèa kumatosun�rthsh sunart sei twn kumatosunart sewn twn
mh allhlepidr¸ntwn forèwn. H Qamiltonian  pou perigr�fei to sÔsthma eÐnai:

H = H0 − 1

2

∑

i 6=j

e2

ε|ri − rj| (3.42)

H0 eÐnai h Qamiltonian  tou sust matoc twn anexart twn hlektronÐwn kai op¸n.
To parap�nw �jroisma anafèretai se ìla ta zeÔgh e−e, e−h kai h−h. H exitonik 
kumatosun�rthsh anaptÔssetai se ìrouc kumatosunart sewn b�shc Φc,ke,se:v,kh,sh
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oi opoÐec perigr�foun thn kat�stash ìpou èna hlektrìnio me orm  ke kai spin se

eÐnai sthn z¸nh agwgimìthtac, en¸ mia op  me kh kai spin sh eÐnai sthn z¸nh sjènouc.
ExaitÐac tou jewr matoc Bloch o sunduasmìc ke−kh sto an�ptugma thc exitonik c
kumatosun�rthshc prèpei na eÐnai stajerìc gia mia dedomènh exitonik  kat�stash.
Aut  h sunj kh aplopoieÐ thn exitonik  kumatosun�rthsh h opoÐa gr�fetai:

Ψnlm
ex (r) =

∑

k

Anlm(k)Φc,k+Kex/2,se:v,k−Kex/2,sh
(3.43)

O metasqhmatismìc Fourier twn suntelest¸n tou anaptÔgmatoc (3.43) eÐnai:

Fnlm(r) =
∑

k

Anlm(k) exp(ikr) (3.44)

H perib�llousa sun�rthsh ( 3.44) ìpwc kai sth perÐptwsh enìc hlektronÐou sth-
n z¸nh agwgimìthtac (Z.A) kai miac op c sthn z¸nh sjènouc (Z.S) pou eÐdame
parap�nw, èqei thn morf  udrogonoeidoÔc ki ikanopoieÐ thn exÐswsh:

[Ecv(−i∇,Kex)− e2

ε
]Fnlm(r) = EexFnlm(r) (3.45)

ìpou Ecv(−i∇,Kex) eÐnai o telest c pou lamb�netai anaptÔsontac thn diafor�
Ec(k + Kex/2) − Ev(k − Kex/2) se dun�meic tou k kai katìpin antikajist¸ntac
to k me −i∇. H dihlektrik  stajer� èqei en gènei polÔplokh morf . Wstìso, se
mikrèc sugkentr¸seic eleÔjerwn forèwn (n < 1014 cm−3), ekfr�zetai apì thn
statik  dihlektrik  stajer� ε.

3.5.2 To exitìnio se kbantikèc teleÐec
Se analogÐa proc thn epÐlush tou exitonikoÔ probl matoc sta kbantik� phg�di-
a [128], h exitonik  sun�rthsh ston k q¸ro gr�fetai san an�ptugma me ìrouc
monoswmatidiakèc katast�seic hlektronÐwn kai op¸n [2]:

Ψλ(re, rh) =
∑
µν

Cλ
µνΦ

µe(re)Φ
νh(rh) (3.46)

ìpou Φµe kai Φνh eÐnai oi perib�llousec sunart seic twn hlektronÐwn kai twn op¸n
antÐstoiqa, oi opoÐec lamb�nontai lÔnontac thn exÐswsh energoÔ m�zac. Gia mia
apl  parabolik  z¸nh, apousÐa magnhtikoÔ pedÐou, h exÐswsh energoÔ m�zac gia ta
hlektrìnia kai tic opèc gr�fetai:

[
−h̄2∇2

2m∗
i

+ V i
c (ri)]Φ

νi(ri) = EµiΦνi(ri) (3.47)
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ìpou i = e, h, kai V i
c (ri) to trisdi�stato perioristikì dunamikì gia ta hlektrìnia

kai tic opèc.
'Opwc apodeiknÔetai sto Par�rthma Aþ, oi suntelestèc Cλ

` tou anaptÔgmatoc
thc exitonik c kumatosun�rthshc upologÐzontai apì thn exÐswsh idiotim¸n

Σ`′ [T`′δ``′ − V eh
``′ − Eλδ``′ ]C

λ
`′ = 0 (3.48)

ìpou me T` = Eµe+Eνh sumbolÐzoume to �jroisma twn monoswmatidiak¸n energei¸n.

3.6 MhqanismoÐ epanasÔndeshc kai efhsuqas-
moÔ stic kbantikèc teleÐec

ExaitÐac thc endoepif�neiac twn dÔo ulik¸n kai twn di�kritwn katast�sewn thc
teleÐac, h dunamik  twn forèwn eÐnai pio sÔnjeth ap' ìti stouc trisdi�statouc h-
miagwgoÔc. Sto sq ma 3.3 apeikonÐzetai èna aplopoihmèno di�gramma z¸nhc miac

Sq ma 3.3: Sqhmatik  par�stash tou energeiakoÔ diagr�mmatoc kat� m koc thc
dieÔjunshc an�ptuxhc. FaÐnontai ta st�dia thc optik c diègershc ektìc suntonis-
moÔ (non-resonant excitation) ston fragmì, h pagÐdeush twn forèwn stic katast�-
seic thc teleÐac, o efhsuqasmìc metaxÔ twn katast�sewn thc teleÐac, kai mhqanis-
moÐ aktinoboloÔsac   mh epanasÔndeshc.

hmiagwgik c kbantik c teleÐac met� apì optik  dièrgesh. DiakrÐnoume tic akìlou-
jec diergasÐec:

(1) Diègersh twn hlektronÐwn kai met�bas  touc apeujeÐac apì thn z¸nh sjè-
nouc sthn z¸nh agwgimìthtac tou fragmoÔ, me tautìqronh dhmiourgÐa eleujèrwn
forèwn stic antÐstoiqec z¸nec.
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(2) Efhsuqasmìc apì ton fragmì sto str¸ma diabroq c (wetting layer- WL).
MporeÐ na sumbeÐ epÐshc epanasÔndesh twn forèwn sto str¸ma diabroq c (h akti-
noboloÔsa epanasÔndesh ekdhl¸netai wc wetting layer photoluminescence).

(3) PagÐdeush twn forèwn stic diakritèc katast�seic thc teleÐac.
(4) Diadoqikìc efhsuqasmìc metaxÔ twn katast�sewn thc teleÐac, eÐte mèsw

skèdashc forèa-forèa ( mh aktinoboloÔsa epanasÔndesh Auger), eÐte mèsw skèdash-
c apì fwnìnia.

(5) Metafor� forèa apì mia kat�stash thc teleÐac se èna geitonikì bajÔ
epÐpedo, odhg¸ntac eÐte se pagÐdeush tou forèa eÐte se mh aktinoboloÔsa epanasÔn-
desh.

(6) AktinoboloÔsa epanasÔndesh zeÔgouc hlektronÐou-op c.

3.6.1 MhqanismoÐ efhsuqasmoÔ

'Ena apì ta pio shmantik� ergaleÐa sthn melèth thc dunamik c twn forèwn eÐ-
nai h fwtofwtaÔgeia. Met� ton entopismì touc stic katast�seic thc teleÐac, oi
foreÐc oi opoÐoi brÐskontai arqik� stic an¸terec st�jmec, arqÐzoun na efhsuq�zoun
kai na epanasundèontai ìpwc akrib¸c sumbaÐnei kai sta stere�. H pijanìthta na
parathr soume korufèc apì uyhlìterec enèrgeiec exart�tai apì thn sqèsh an�mesa
stic dÔo antagwnistikèc diadikasÐec: thn mh aktinoboloÔsa diadikasÐa efhsuqasmoÔ
twn forèwn kai thn aktinoboloÔsa epanasÔndesh zeÔgouc hlektronÐou-op c.

Genniètai ìmwc to er¸thma p¸c h diastatikìthta ephre�zei touc mhqanismoÔc
efhsuqasmoÔ. 'Enac arijmìc peiram�twn katèdeixe mikrèc diaforèc stouc rujmoÔc
efhsuqasmoÔ se 1D kai polÔ megalÔterec se 0D apì ìti sta kbantik� phg�di-
a. O lìgoc eÐnai ìti exaitÐac twn diakrit¸n katast�sewn twn hlektronÐwn kai
twn op¸n stic teleÐec, h ekpomp  enìc diam kouc optikoÔ (longitudinal optical  
LO) fwnonÐou eÐnai mh pijan , ektìc apì thn perÐptwsh ìpou oi diadoqikèc st�-
jmec apèqoun h̄ωLO. Epiplèon, h pijanìthta ekpomp c enìc diam kouc akoustikoÔ
(longitudinal acoustic   LA) fwnonÐou,  dh polÔ mikr  stouc bulk hmiagwgoÔc,
mei¸netai drastik� kaj¸c mei¸netai to mègejoc thc teleÐac kai sugkekrimèna ìtan
h diafor� twn diadoqik¸n stajm¸n xeper�sei mìlic lÐga meV. San apotèlesma, o
qrìnoc skèdashc se autoÔc touc dÔo mhqanismoÔc eÐnai kat� polÔ megalÔteroc apì
touc tupikoÔc qrìnouc epanasÔndeshc (1 ns) stic teleÐec. To fainìmeno kaleÐtai
phonon-bottleneck effect kai èqoun melethjeÐ tìso h apousÐa ìso kai h parousÐa
autoÔ stic kbantikèc teleÐec [129�134]. Sumperasmatik�, mporoÔme na poÔme ìti h
diadikasÐa tou efhsuqasmoÔ epibradÔnetai kaj¸c mei¸netai h apotelesmatikìthta
skèdashc apì ta fwnìnia [135], all� ìqi tìso ìso eÐqe problefjeÐ. To fainìmeno
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parathreÐtai kajar� se peript¸seic isquroÔ entopismoÔ twn forèwn, se polÔ qamh-
lèc jermokrasÐec kai se qamhlèc sugkentr¸seic forèwn. Stic parak�tw enìthtec
anafèrontai oi pio shmantikoÐ mhqanismoÐ efhsuqasmoÔ forèwn, ìpwc h skèdash apì
ta LO kai LA fwnìnia, o mhqanismìc Auger, o efhsuqasmìc exitonÐou, h skèdash
poll¸n fwnonÐwn (multiphonon emission), kai h ekpomp  fwtonÐou me polÔ qamhl 
enèrgeia (emission of an FIR photon [136]).

skèdash apì fwnìnia

Me b�sh thn jewrÐa diataraq¸n pr¸thc t�xhc, o rujmìc skèdashc apì fwnìnia
dÐnetai apì ton qrusì kanìna Fermi:

τ−1 =
2π

h̄

∑

f,q

| < ψf |W |ψi > |2δ(Ef − Ei ± h̄ωq)× (nB(h̄ωq, Tl) + { 1
0
}) (3.49)

ìpou q = ωq/cs to kumat�nusma tou fwnonÐou, cs h taqÔthta tou  qou (3700m/sec
sto GaAs), nB h sun�rthsh Bose-Einstein twn fwnonÐwn se krustallikì plègma
jermokrasÐac T, kai

W = a(q) exp(∓iqr) (3.50)

H p�nw (k�tw) perÐptwsh antistoiqeÐ se ekpomp  (aporrìfhsh) fwnonÐou. Ta
| < ψf |W |ψi > | eÐnai ta stoiqeÐa pÐnaka thc allhlepÐdrashc. Genik�, gia thn skèdash
apì LO fwnìnia jewroÔme thn allhlepÐdrash Frölich (a ∝ q−1), en¸ gia thn
skèdash apì LA fwnìnia a ∝ q1/2. H èlleiyh diaspor�c tou energeiakoÔ f�smatoc
twn optik¸n fwnonÐwn se sunduasmì me tic diakritèc hlektronikèc katast�seic stic
teleÐec, empodÐzei thn pr¸thc t�xhc (Fröhlich) allhlepÐdrash, ektìc apì thn polÔ
eidik  perÐptwsh kat� thn opoÐa h diafor� twn dÔo hlektroniak¸n stajm¸n isoÔ-
tai me thn enèrgeia tou fwnonÐou. Kat� sunèpeia h skèdash apì optik� fwnìnia
èqei amelhtèa pijanìthta. Wstìso, mporeÐ na prokÔyei ènac peperasmènoc qrìnoc
skèdashc an me k�poio trìpo dieurunjeÐ to f�sma twn fwnonÐwn   twn hlektronÐ-
wn,   lìgw an¸terhc t�xhc allhlepÐdrashc (p.q. tautìqronh allhlepÐdrash me èna
optikì ki èna akoustikì fwnìnio).

Apì th �llh, h skèdash apì ta akoustik� fwnìnia eÐnai pijan  sthn energeiak 
perioq  pou kalÔptoun, mia kai èqoun suneqèc f�sma. Sto sq ma parousi�zontai oi
rujmoÐ skèdashc apì akoustik� fwnìnia gia 0D, 1D, 2D sunart sei thc diafor�c
enèrgeiac Ei arqik c kai telik c kat�stashc tou hlektronÐou kai thc qarakthris-
tik c di�stashc L. Sthn teleÐa, h enèrgeia Ei eÐnai h diafor� enèrgeiac arqik c
kai telik c kat�stashc lìgw tou egk�rsiou perioristikoÔ dunamikoÔ. ParathroÔme
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Sq ma 3.4: RujmoÐ efhsuqasmoÔ lìgw skèdashc hlektronÐou apì LA fwnìnia se
mhdenodi�stata, monodi�stata kai didi�stata sust mata [137].

ìti gia L > 200 nm, kai oi treÐc rujmoÐ skèdashc teÐnoun na tautistoÔn. Oi di-
aforèc metaxÔ twn dom¸n diaforetik c diastatikìthtac eÐnai mikrèc gia polÔ asjen 
egk�rsia perioristik� dunamik�. Epiplèon, sthn perioq  aut  oi rujmoÐ skèdashc
aux�nontai me aÔxhsh thc egk�rsiac diafor�c enèrgeiac Ei. H sumperifor� aut 
ofeÐletai sto gegonìc ìti o rujmìc skèdashc eÐnai an�logoc tou tetrag¸nou twn
stoiqeÐwn pÐnaka thc allhlepÐdrashc kai kat� sunèpeia an�logoc thc enèrgeiac tou
fwnonÐou (h̄ωq = Ei). Wstìso, ìtan to m koc kÔmatoc tou fwnonÐou pèsei k�tw
apì thn mikrìterh qarakthristik  di�stash thc teleÐac,   isodÔnama h enèrgeia tou
fwnonÐou pou tautÐzetai me thn Ei, gÐnei megalÔterh apì mia tim  katwflÐou [136]:

Ethreshold =
h̄2πcs

L
(3.51)

tìte to stoiqeÐo pÐnaka < ψf |eiqr|ψi > pou emfanÐzetai sthn Ex.(3.50) mei¸netai
ragdaÐa (olokl rwma polu gr gora talantoÔmenhc sun�rthshc). Kat� sunèpeia,
kai o rujmìc skèdashc mei¸netai kat� pollèc t�xeic megèjouc kai emfanÐzei talan-
t¸seic. AntÐjeta, sthn perÐptwsh twn 1D kai 2D dom¸n, oi telikèc katast�seic
tou hlektronÐou kai oi enèrgeiec tou fwnonÐou eÐnai suneqeÐc, ki ètsi akìma kai k�tw
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apì thn tim  katwflÐou h ex�rthsh twn rujm¸n skèdashc apì thn enèrgeia Ei eÐnai
asjenèsterh apì ìti sumbaÐnei stic mhdenodi�statec domèc.

Stic perissìterec kbantikèc teleÐec, oi enèrgeiec pou antistoiqoÔn sto egk�rsio
perioristikì dunamikì (merik� meV), den eÐnai polÔ megalÔterec sugkrinìmenec me
tic enèrgeiec dèsmeushc twn exitonÐwn. Sthn perÐptwsh aut , tìso to energeiakì
f�sma ìso kai oi idiìthtec efhsuqasmoÔ exart¸ntai apì ta exitonik� fainìmena kai
tìte anaferìmaste se efhsuqasmì exitonÐou lìgw skèdashc apì fwnìnia [137].

efhsuqasmìc me ekpomp  poll¸n fwnonÐwn

'Opwc eÐdame stic kbantikèc teleÐec h allhlepÐdrash pr¸thc t�xewc me ta optik�
  akoustik� fwnìnia mporeÐ na eÐnai mh apotelesmatik . Wstìso, mporeÐ na sum-
beÐ efhsuqasmìc me ekpomp   /kai aporrìfhsh perissotèrwn apì èna fwnonÐwn
diaforetikoÔ eÐdouc. 'Eqoun melethjeÐ jewrhtik� [138] diadikasÐec efhsuqasmoÔ
dÔo fwnonÐwn ìpwc gia par�deigma h skèdash apì dÔo akoustik� fwnìnia,   h
tautìqronh allhlepÐdrash me èna LO kai èna LA fwnìnio (ìpou anafèrontai ru-
jmoÐ thc t�xhc tou 109 s−1). Sthn perÐptwsh ekpomp c enìc LO fwnonÐou me
epiprìsjeth ekpomp    aporrìfhsh enìc LA fwnonÐou se analogÐa me thn 3.49 o
rujmìc skèdashc gr�fetai:

τ−1
q,k ∝

∑
q

∑

k

(Nq + 1)(Nk +
1

2
± 1

2
)δ(∆− h̄ωq ∓ h̄ωk) (3.52)

Oi mhqanismoÐ LO±LA dieurÔnoun to << energeiakì par�juro>> gÔrw apì thn enèrgeia
tou optikoÔ fwnonÐou, gia apotelesmatikì efhsuqasmì (6 meV se jermokrasÐa
dwmatÐou). Kai p�li ìmwc, to energeiakì par�juro eÐnai stenì sugkritik� me �llouc
mhqanismoÔc.

mhqanismìc efhsuqasmoÔ Auger

Up�rqoun diadikasÐec epanasÔndeshc zeÔgouc hlektronÐou-op c, pou den sunodeÔon-
tai apì ekpomp  fwtonÐou. Oi parap�nw mhqanismoÐ diakrÐnontai se mhqanismoÔc
epanasÔndeshc Auger kai se mhqanismoÔc epanasÔndeshc se atèleiec. H energeiak 
dom  twn mhdenodi�statwn susthm�twn apoteleÐtai apì diakritèc kat¸terec st�-
jmec pou exelÐssontai se yeudo-suneqeÐc (quasi-continuum) katast�seic sthn ko-
ruf  tou perioristikoÔ dunamikoÔ. Se pollèc efarmogèc diat�xewn   se peir�mata
fwtofwtaÔgeiac, apaitoÔntai meg�lec sugkentr¸seic forèwn. Ta zeÔgh hlektronÐwn-
op¸n dhmiourgoÔntai p�nw apì touc fragmoÔc. An�loga me thn isqÔ diègershc
kai apotelesmatikìthta twn mhqanism¸n pagÐdeushc kai efhsuqasmoÔ, mporeÐ na
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emfanisteÐ sthn perioq  tou suneqoÔc èna pl�sma hlektronÐwn-op¸n shmantik -
c puknìthtac. Sthn perÐptwsh aut  sumbaÐnei skèdash Coulomb metaxÔ twn en-
topismènwn stic diakritèc katast�seic hlektronÐwn kai sto pl�sma [134], to opoÐo
antall�ssei enèrgeia me to plègma. Jewr¸ntac èna didi�stato pl�sma hlektronÐwn-
op¸n o rujmìc skèdashc Coulomb metaxÔ tou 0D hlektronÐou kai tou 2D hlek-
tronÐou tou pl�smatoc eÐnai:

τ−1
i,j =

2π

h̄

∑
m,n,q

|Veff (q, i, j)|2|〈n|ρ̂q|m〉|2

× δ(En − Em − h̄ωij) exp(−Em/kT )/Z (3.53)

ìpou
ρ̂q =

∑

k

ĉ†k+qĉk (3.54)

eÐnai o telest c puknìthtac tou didi�statou hlektronikoÔ aerÐou, Em, En h enèrgeia
thc arqik c kai telik c kat�stashc tou didi�statou pl�smatoc, Veff ta stoiqeÐa pÐ-
naka tou dunamikoÔ Coulomb pou upologÐzontai apì tic perib�llousec sunart seic
twn arqik¸n kai telik¸n katast�sewn thc teleÐac kai tou didi�statou aerÐou hlek-
tronÐwn, kai h̄ωi,j eÐnai h energeiak  diafor� metaxÔ twn diakrit¸n katast�sewn i
kai j thc kbantik c teleÐac.

To statistikì b�roc thc arqik c kat�stashc eis�getai mèsw tou teleutaÐou
ìrou thc Ex.( 3.53), pou perilamb�nei thn sun�rthsh epimerismoÔ Z. Oi rujmoÐ efh-
suqasmoÔ pou prokÔptoun eÐnai thc t�xewc twn 1012 s−1. Tèloc, �lloi mhqanismoÐ
pou anafèrontai eÐnai o efhsuqasmìc me tautìqronh ekpomp  enìc fwtonÐou polÔ
mikr c enèrgeiac (FIR photon) [136],   o efhsuqasmìc apì skèdash se atèleiec
[133].

3.6.2 AktinoboloÔsa epanasÔndesh
H pijanìthta met�bashc metaxÔ twn katast�sewn twn hlektronÐwn kai twn op¸n,
dÐnetai apì to tetr�gwno tou oloklhr¸matoc epik�luyhc:

P ∝ |〈Ψe|Ψh〉|2 (3.55)

H omoiogen c dieÔrunsh koruf c (homogeneous broadening) sto f�sma ekpomp c
memonwmènhc kbantik c teleÐac, eÐnai endogen c idiìthta kai ofeÐletai ston peperas-
mèno qrìno zw c twn forèwn, sth skèdash twn forèwn apì ta fwnìnia kai sthn
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skèdash forèa-forèa. H kat¸terh tim  tou pl�touc thc koruf c sto f�sma ekpom-
p c sundèetai me ton qrìno aktinoboloÔsac epanasÔndeshc me thn sqèsh [139]:

Γmin ≈ h̄

τrad

(3.56)

Tupik  tim  tou qrìnou aktinoboloÔsac epanasÔndeshc eÐnai perÐpou 300 ps ki autì
antistoiqeÐ se 2.2 meV. Wstìso, sthn pr�xh eÐnai polÔ dÔskolo na epiteuqjoÔn
metr seic tìso mikroÔ eÔrouc koruf c, ektìc apì thn perÐptwsh fasmatoskopÐac
memonwmènhc teleÐac. AitÐa apoteleÐ h mh omoiogen c dieÔrunsh koruf c pou eÐnai
thc t�xhc twn merik¸n meV kai pou ofeÐletai se upèrjesh diaforetik¸n metab�sewn
se mia sullog  kbantik¸n telei¸n.



Kef�laio 4

Upologismìc tou topikoÔ
suntelest  aporrìfhshc

Sto kef�laio autì dÐnetai to jewrhtikì plaÐsio pou katal gei ston upologismì tou
topikoÔ suntelest  aporrìfhshc, o opoÐoc qrhsimopoieÐtai sthn jewrhtik  an�lush
fainomènwn ìpwc h optik  aporrìfhsh eggÔc pedÐou. Arqik� gÐnetai mÐa sÔntomh
anaskìphsh twn fainomènwn sunoq c [140]. Ta fusik� fainìmena pou kuriarqoÔn
sthn polÔ gr gorh (<<ultrafast>>) dunamik  twn forèwn se optik� dihgermènouc hmi-
agwgoÔc, mporoÔn na qwristoÔn se dÔo kathgorÐec:

• ta sunektik� (coherent) fainìmena pou sqetÐzontai me thn kbantomhqanik 
sunoq  f�shc pou ep�gei h diègersh me to laser kai

• ta mh-sunektik� (incoherent) fainìmena ta opoÐa ep�goun oi di�foroi
mhqanismoÐ skèdashc, pou katastrèfoun thn sunoq  f�shc (phase-breaking
mechanisms)

'Enac uyhl c suqnìthtac palmìc laser diatar�ssei apì thn isorropÐa tic sunart -
seic katanom c twn forèwn all� dhmiourgeÐ tautìqrona kai mia sunektik  pìlwsh.
H melèth thc coherent dunamik c xekÐnhse to 1980 me fainìmena ìpwc to optikì
fainìmeno Stark [141], oi talant¸seic fortÐou se dipl� phg�dia [142]   se u-
perplègmata [143], fainìmena poll¸n swmatidÐwn [144�147] kaj¸c kai ekpomp 
aktinobolÐac THz [148].

Ta parap�nw fainìmena den mporoÔn na analujoÔn jewrhtik� efarmìzontac thn
exÐswsh Boltzmann. O lìgoc eÐnai ìti h mikroskopik  optik  pìlwsh antanakl� mia
kal� orismènh sunoq  f�shc metaxÔ hlektronÐou kai op c h opoÐa den lamb�netai up-
ìyh sthn hmiklassik  jewrÐa Boltzmann. ApaiteÐtai epomènwc mia kbantomhqanik 
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perigraf , ìpou na lamb�nei kaneÐc upìyh ektìc twn sunart sewn katanom c kai
thn optik  pìlwsh san anex�rthth metablht . Di�forec proseggÐseic anafèrontai
sthn bibliografÐa ìpwc metasqhmatismoÐ Bogoliubov [149], sunart seic Green se
mh- isorropÐa [150,151]   h jewrÐa tou pÐnaka puknìthtac (density-matrix formalis-
m [152,153]. H teleutaÐa mèjodoc katal gei stic Hartree-Fock Hmiagwgikèc Exis¸-
seic Bloch pou perigr�foun thn qronik  exèlixh tìso twn sunart sewn katanom c
hlektronÐwn kai op¸n ìso kai thc optik c pìlwshc, se optik� dihgermènouc hmiag-
wgoÔc. Katìpin, dÐnetai h mikroskopik  èkfrash gia thn mh topik  epidektikìthta
χ san sun�rthsh twn kumatosunart sewn twn hlektronÐwn kai twn op¸n [154],
h opoÐa prokÔptei apì thn sÔgkrish thc mikroskopik c kai makroskopik c eikìnac
thc optik c pìlwshc tou sust matoc. H gn¸sh thc epidektikìthtac epitrèpei ton
upologismì tou topikoÔ suntelest  aporrìfhshc.

4.1 OrismoÐ

• Dephasing time: EÐnai o qrìnoc zw c thc sunektik c kbantomhqanik c up-
èrjeshc pou dhmiourgeÐtai apì mia taqeÐa diègersh me laser. To hlektromagn-
htikì pedÐo enìc polÔ gr gorou optikoÔ palmoÔ, dhmiourgeÐ mia makroskopik 
pìlwsh ston hmiagwgì. Oi foreÐc èqoun mia sunoq  f�shc tìso metaxÔ touc
ìso kai me to hlektromagnhtikì pedÐo. Aut  h sunektikìthta q�netai exaitÐac
twn diafìrwn mhqanism¸n skèdashc, ìpwc skèdash forèa-forèa, skèdash
forèwn apì fwnìnia, sthn di�rkeia enìc qrìnou thc t�xewc merik¸n dek�dwn
èwc ekatont�dwn fs. Oi qrìnoi dephasing stic teleÐec kumaÐnontai se merikèc
ekatont�dec ps se qamhlèc jermokrasÐec [155], en¸ antÐstoiqa se uyhlèc
jermokrasÐec anafèrontai qrìnoi thc t�xhc twn ekatont�dwn fs [156]. Gia ton
kajorismì tou qrìnou autoÔ peiramatik�, metriètai o rujmìc exasjènishc thc
optik c pìlwshc pou ep�gei diègersh me lèizer, me teqnikèc a) autepagìmenhc
fasmatik c kaÔshc op c (Self-induced spectral hole-burning   SI-SHB) kai
b) an�mixhc tess�rwn kum�twn (Four-wave mixing   FWM) [156].

• Optik  pìlwsh(optical polarization): H diègersh me lèizer enìc h-
miagwgoÔ dhmiourgeÐ mia kbantomhqanik  <<sunektik >> upèrjesh arqik c kai
telik c kat�stashc thc met�bashc pou kaleÐtai << optik  pìlwsh>>.
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4.2 H ènnoia thc sunektikìthtac
JewroÔme thn aploÔsterh perÐptwsh enìc sust matoc dÔo katast�sewn [157]:
miac jemeli¸douc a me enèrgeia Ea kai miac dihgermènhc b me enèrgeia Eb. Oi dÔo
katast�seic suzeÔgnutai amoibaÐa me kat�llhlo exwterikì pedÐo  /kai me thn metaxÔ
touc Coulomb allhlepÐdrash. H Hamiltonian tou sust matoc eÐnai:

H = H0 + HI (4.1)

ìpou sth deÔterh kb�ntwsh h Qamiltonian  tou mh allhlepidr¸ntoc sust matoc
gr�fetai

H0 = εaa
†
aaa + εba

†
bab (4.2)

en¸ o ìroc sÔzeuxhc eÐnai

HI = Ubaa
†
baa + Uaba

†
aab (4.3)

Ed¸, a†a (a†b) eÐnai o telest c dhmiourgÐac enìc hlektronÐou sthn kat�stash a   b an-
tÐstoiqa. Oi dÔo ìroi thc Qamiltonian c HI ep�goun metab�seic apì thn jemeli¸dh
st�jmh sthn dihgermènh kai antÐstrofa sÔmfwna me thn stajer� sÔzeuxhc Uba =
U∗

ab.
Arqik�, jewroÔme èna sÔsthma pou apoteleÐtai apì èna mìno hlektrìnio. ApousÐ-

a tou ìrou sÔzeuxhc èqoume dÔo st�simec lÔseic:

|a(t)〉 = exp(−iεat

h̄
)a†a|0〉

|b(t)〉 = exp(−iεbt

h̄
)a†b|0〉 (4.4)

Oi dÔo lÔseic antistoiqoÔn se èna hlektrìnio sthn kat�stash a   b antÐstoiqa.
Sthn antÐjeth perÐptwsh pou up�rqei sÔzeuxh metaxÔ twn dÔo energeiak¸n stajm¸n
(dhl. Uba 6= 0), h kat�stash tou sust matoc ja eÐnai en gènei ènac grammikìc
sunduasmìc twn katast�sewn (4.4):

|ψ(t)〉 = ca(t)|a(t)〉+ cb(t)|b(t)〉 (4.5)

ìpou oi suntelestèc ca(t), cb(t) ikanopoioÔn tic parak�tw exis¸seic kÐnhshc:

dca(t)

dt
=

Uab

ih̄
exp(

i(εa − εb)t

h̄
)cb

dcb(t)

dt
=

Uba

ih̄
exp(

i(εb − εa)t

h̄
)cb (4.6)
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Apì tic parap�nw lÔseic eÐnai fanerì ìti an U = 0, oi suntelestèc den metab�l-
lontai qronik�. 'Etsi, an gia par�deigma to sÔsthma briskìtan arqik� sthn kat�s-
tash |a〉, ja suneqÐsei na brÐsketai sthn Ðdia kat�stash. H sÔzeuxh metaxÔ twn en-
ergeiak¸n epipèdwn ep�gei thn qronik  metabol  twn suntelest¸n kai kat� sunèpeia
thc pijanìthtac na brejeÐ to sÔsthma se k�je mia apì tic dÔo katast�seic. To
montèlo twn dÔo katast�sewn apoteleÐ mia aploÔsteush thc allhlepÐdrashc tou
fwtìc me thn Ôlh eÐte se moriak� sust mata [157] eÐte se stere� [158]. O ìroc
sÔzeuxhc sthn Ex.(4.3), èqei thn morf  allhlepÐdrashc metaxÔ dÐpolou kai fwtìc
kai eidikìtera enìc sunektikoÔ pedÐou fwtìc. JewroÔme dÔo oriakèc peript¸seic:

a) Efarmog  enìc polÔ sÔntomou optikoÔ palmoÔ. Mia tètoia diègersh mporeÐ
na jewrhjeÐ wc dèlta sun�rthsh, dhlad  Uab(t) = ηδ(t) Sthn perÐptwsh aut 
to sÔsthma twn exis¸sewn (4.6) èqei analutik  lÔsh. ExaitÐac thc diègershc to
sÔsthma metabaÐnei stigmiaÐa apì thn jemeli¸dh (ca = 1, cb = 0) sthn dihgermènh
(ca = cos ϕ, cb = −i sin ϕ) me ϕ = η/h̄. 'Etsi, met� ton palmì to sÔsthma ja
parameÐnei sthn dihgermènh kat�stash:

|ψ(t)〉 = cos ϕ|a(t)〉 − i sin ϕ|b(t)〉 (4.7)

H kat�stash (4.7) eÐnai mia sunektik  kbantomhqanik  upèrjesh twn dÔo katast�sewn.
Up�rqei mia sunoq  f�shc metaxÔ twn suneisfor¸n thc jemeli¸douc kai thc dihger-
mènhc kat�stashc, oi suntelestèc ca kai cb diafèroun kat� π/2. Autì ennooÔme en
gènei me ton ìro optik� epagìmenh sunoq  f�shc.

b) Efarmog  enìc suneqoÔc palmoÔ se suntonismì me to sÔsthma twn dÔo
katast�sewn, dhl. Uab(t) = U0e

iωLt, me h̄ωL = εb− εa. Sthn perÐptwsh to sÔsthma
( 4.6) èqei analutik  lÔsh. An jewr soume arqikèc sunj kec: ca(0) = 1, cb(0) = 0
, to sÔsthma lìgw thc diègershc ja brejeÐ sthn kat�stash:

|ψ(t)〉 = cos(
1

2
ωRt)|a(t)〉 − i sin(

1

2
ωRt)|b(t)〉 (4.8)

ìpou ωR = 2U0/h̄ kaleÐtai suqnìthta Rabi. Ed¸ èqoume ènan periodikì epoik-
ismì kai apoikismì thc dihgermènhc kat�stashc pou ekfr�zetai apì thn |cb|2 =
sin2(1

2
ωRt). O ìroc sÔzeuxhc metaxÔ twn katast�sewn Uab perigr�fei ìqi mìno op-

tik  diègersh all� kai allhlepÐdrash Coulomb metaxÔ twn dÔo katast�sewn tou
sust matoc. Kai se aut  thn perÐptwsh, h kat�stash tou sust matoc prokÔptei
wc mia <<sunektik >> upèrjesh twn dÔo st�simwn lÔsewn |a(t)〉 kai |b(t)〉. Apì ta
parap�nw sumperaÐnoume ìti ta fainìmena sunoq c diakrÐnontai se aut� pou ep�gei
h optik  diègersh kai se aut� pou ep�gei h allhlepÐdrash Coulomb.
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Prokeimènou na perigr�youme thn allhlepÐdrash tou hlektronikoÔ nèfouc h-
miagwgikoÔ krust�llou me to fwc, ja prèpei to sÔsthma twn dÔo katast�sewn
na antikatastajeÐ apì mia statistik  sullog  pou na apoteleÐtai apì poll� tè-
toia anex�rthta sust mata dÔo katast�sewn. Gia thn perigraf  t c statistik c
sullog c qrhsimopoieÐtai o pÐnakac puknìthtac enìc swmatidÐou:

ρnn′ = 〈a†n′an〉 (4.9)

ìpou n sÔnolo kbantik¸n arijm¸n. Ta diag¸nia stoiqeÐa tou pÐnaka puknìthtac
fn = ρnn antistoiqoÔn stouc mèsouc arijmoÔc kat�lhyhc, en¸ ta mh diag¸nia s-
toiqeÐa ekfr�zoun thn sunoq  f�shc metaxÔ twn katast�sewn n kai n′. Sthn
perÐptwsh statistik c sullog c pou apoteleÐtai apì sust mata dÔo katast�sewn,
o pÐnakac puknìthtac eÐnai pÐnakac 2x2. Ta diag¸nia stoiqeÐa ρaa, ρbb perigr�foun
tic pijanìthtec kat�lhyhc twn katast�sewn a kai b antÐstoiqa, en¸ ta mh diag¸-
nia stoiqeÐa p ≡ ρba ekfr�zoun thn sunektikìthta f�shc metaxÔ thc jemeli¸douc
kai thc dihgermènhc kat�stashc. Efarmìzontac tic exis¸seic Heisenberg gia touc
telestèc dhmiourgÐac kai katastrof c tou hlektronÐou stic katast�seic a kai b,
dhlad  ih̄ d

dt
a†n = [a†n, H] kai ih̄ d

dt
an = [an, H], lamb�noume tic akìloujec exis¸seic

kÐnhshc gia ta stoiqeÐa tou pÐnaka puknìthtac:

d

dt
fb = − d

dt
fa =

2

h̄
Re(iUabp)

d

dt
p =

εb − εa

ih̄
p +

Uba

ih̄
(fa − fb) (4.10)

Oi parap�nw eÐnai gnwstèc wc optikèc exis¸seic Bloch. Oi optikèc exis¸seic Bloch
apoteloÔn thn aploÔsterh perÐptwsh perigraf c thc allhlepÐdrashc tou fwtìc me
thn Ôlh. An jewr soume thn perÐptwsh enìc suneqoÔc palmoÔ kentrik c suqnìth-
tac ωL (ìpwc k�name kai sthn perÐptwsh tou sust matoc dÔo katast�sewn),

Uab(t) = U0e
iωLt (4.11)

me arqikèc sunj kec: fa(0) = f0, fb(0) = 0, p(0) = 0 oi parap�nw exis¸seic gia
thn statistik  sullog  èqoun san lÔsh:

fa(t) = f0 cos2(
1

2
ωRt)

fb(t) = f0 sin2(
1

2
ωRt)

p(t) = − if0

2
exp(−iωLt) sin(ωRt) (4.12)
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To mètro twn mh diag¸niwn stoiqeÐwn eÐnai:

|p(t)|2 ∝ sin2(ωRt) ∝ cos2(
1

2
ωRt) sin2(

1

2
ωRt) ∝ fa(t)fb(t) (4.13)

ParathroÔme ìti to tetr�gwno tou mètrou twn diag¸niwn stoiqeÐwn eÐnai an�lo-
go tou ginomènou twn pijanot twn kat�lhyhc kai kat� sunèqeia ekfr�zei thn olik 
(  makroskopik ) dipolik  rop  tou sust matoc thn qronik  stigm  t.

'Etsi faÐnetai kajar� ìti h optik  diègersh ep�gei mia sunektik  kbantomhqanik 
upèrjesh twn dÔo katast�sewn, h opoÐa me thn seir� thc dhmiourgeÐ mia makroskopik 
pìlwsh. H optik  aut  pìlwsh ekfr�zetai apì ta mh diag¸nia stoiqeÐa tou pÐnaka
puknìthtac. Prèpei na tonisteÐ wstìso ìti h di�krish an�mesa sta diag¸nia kai mh
stoiqeÐa tou pÐnaka puknìthtac exart�tai rht� apì thn anapar�stash pou èqoume
jewr sei. Ta stoiqeÐa pou eÐnai diag¸nia se mia sugkekrimènh epilog  b�shc, mporeÐ
se k�poia �llh b�sh na mhn eÐnai, kai to antÐstrofo. An jewr soume san sÔnolo
sunart sewn b�shc tic idiosunart seic thc sunolik c Qamiltonian c ( 4.1) tìte o
pÐnakac puknìthtac eÐnai p�ntote diag¸nioc kai den mporoÔme na k�noume lìgo gia
sunoq  f�shc. 'Etsi, h sunolik  Qamiltonian  tou sust matoc ja prèpei na grafeÐ
wc �jroisma dÔo ìrwn: thc Qamiltonian c tou upì melèth sust matoc (H0) kai thc
Qamiltonian c pou perièqei thn allhlepÐdrash (HI). Sthn perÐptwsh aut , ta mh
diag¸nia stoiqeÐa tou pÐnaka puknìthtac sthn anapar�stash pou orÐzetai apì tic
idiokatast�seic thc Qamiltonian c H0 tou adiat�raqtou sust matoc (ìqi thc suno-
lik c) ja perigr�foun ton bajmì sunoq c tou sust matoc pou ep�gei h odhgìc
dÔnamh HI .

4.3 To fusikì sÔsthma
H Hamiltonian pou perigr�fei to sÔsthma twn forèwn oi opoÐoi diegeÐrontai apì
èna laser kai upìkeintai se èna exwterikì HM pedÐo dÐnetai wc [140]:

H = Hc + Hcc + (Hp + Hcp + Hpp) (4.14)

O ìroc Hcc ekfr�zei thn Coulomb allhlepÐdrash metaxÔ twn forèwn, en¸ o ìroc
Hc ekfr�zei to sÔsthma twn mh allhlepidr¸ntwn forèwn parousÐa tou exwterikoÔ
HM pedÐou kai dÐnetai apì thn sqèsh:

Hc =
[−ih̄∇r − q∗

c
Atot(r, t)]

2

2m
+ eφtot(r, t) + V l(r) (4.15)
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ìpou V l(r) to periodikì dunamikì tou krust�llou (  to trisdi�stato perioristikì
dunamikì sthn perÐptwsh thc kbantik c teleÐac). Oi treÐc teleutaÐoi ìroi aforoÔn
to sÔsthma twn fwnonÐwn kai den ja lhfjoÔn upìyh sthn paroÔsa melèth. H
allhlepÐdrash tou sust matoc me to plègma, h opoÐa odhgeÐ se katastrof  thc
sunoq c (dephasing), lamb�netai upìyh mèsw enìc fainomenologikoÔ ìrou pou
basÐzetai sthn prosèggish tou qrìnou efhsuqasmoÔ. Eis�gontac touc telestèc
pedÐou (<<second quantization field operators>>) Ψ̂†(r, t) kai Ψ̂(r, t), oi opoÐoi peri-
gr�foun mikroskopik� thn qronik  exèlixh tou sust matoc twn forèwn [158], h
sqèsh (4.15) gr�fetai:

Hc =
∫

Ψ̂†(r, t)[
(−ih̄∇r − q∗

c
Atot(r, t))

2

2m
+ eφtot(r, t) + V l(r)]Ψ̂(r, t) (4.16)

Sthn perÐptwsh twn kbantik¸n telei¸n (  en gènei sthn perÐptwsh twn optik¸n
metab�sewn), oi telestèc pedÐou ekfr�zontai sthn eikìna hlektronÐou-op c wc:

Ψ̂(r, t) =
∑
µ

cµ(t)Φµe(r) +
∑
ν

d†ν(t)Φ
νh∗(r) (4.17)

ìpou c†µ(cµ) o telest c dhmiourgÐac (katastrof c) enìc hlektronÐou sthn kat�s-
tash µ, d†ν(dν) o telest c dhmiourgÐac (katastrof c) miac op c sthn kat�stash ν
kai Φµe(r) kai Φνh(r) oi monoswmatidiakèc katast�seic hlektronÐwn kai op¸n. To
HM pedÐo kai kat' epèktash ta antÐstoiqa dunamik� eÐnai �jroisma dÔo suneisfor¸n:

• thc uyhl c suqnìthtac HM pedÐou tou laser, Al(r, t) h opoÐa ekfr�zei thn
ultrafast optik  diègersh ki

• enìc epiprìsjetou exwterikoÔ HM pedÐou A(r, t) pou dr� stouc fwtodihger-
mènouc foreÐc se megalÔterh klÐmaka qrìnou.

'Etsi gia to dianusmatikì kai to bajmwtì dunamikì gr�foume

Atot(r, t) = Al(r, t) + A(r, t)

φtot(r, t) = φl(r, t) + φ(r, t) (4.18)

en¸ gia tic antÐstoiqec sunist¸sec tou HM pedÐou gr�foume:

Etot(r, t) = El(r, t) + E(r, t)

Btot(r, t) = Bl(r, t) + B(r, t) (4.19)
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Gi� to uyhl c suqnìthtac pedÐo laser jewroÔme ìti Al = 0 kai

φl(r, t) = −El(t) · r (4.20)

ìpou
El(t) = E+(t) + E−(t) = E0(t)e

iωLt + E∗
0(t)e

−iωLt (4.21)

Ed¸, E0(t) to pl�toc tou hlektrikoÔ pedÐou tou laser, en¸ ωL h kentrik  tou
suqnìthta. Gia thn jewrhtik  melèth thc fasmatoskopÐac eggÔc pedÐou near field,
to pedÐo den eÐnai omogenèc, wstìso deqìmaste gia to topikì pedÐo th sqèsh ( 4.20),
¸ste sto ìrio tou makrinoÔ pedÐou (far field) na isqÔei h dipolik  prosèggish. M'
aut n thn epilog  twn dunamik¸n tou pedÐou h Hamiltonian tou sust matoc twn mh
allhlepidr¸ntwn forèwn parousÐa tou pedÐou "sp�ei� se dÔo ìrouc:

Hc = Hsp + Hcl (4.22)

ìpou o ìroc Hsp perigr�fei to mh allhlepidr¸n sÔsthma twn forèwn parousÐa tou
exwterikoÔ << argoÔ>> pedÐou kai dÐnetai apì thn sqèsh:

Hsp =
∫

drΨ̂†(r, t)[
(−ih̄∇r − q∗A(r, t))2

2m
+ q∗φ(r, t) + V l(r)]Ψ̂(r, t) (4.23)

en¸ o ìroc Hcl perigr�fei thn allhlepÐdrash me to pedÐo laser kai dÐnetai apì thn
sqèsh:

Hcl = q∗
∫

drΨ̂†(r, t)φl(r, t)Ψ̂(r, t) (4.24)

Tèloc, o ìroc pou perigr�fei thn allhlepÐdrash twn forèwn metaxÔ touc gr�fetai
[140]:

Hcc =
1

2

∫
dr

∫
dr′Ψ̂†(r, t)Ψ̂†(r′, t)Vcc(r− r′)Ψ̂(r′, t)Ψ̂(r, t) (4.25)

ìpou Vcc to dunamikì Coulomb.
Sta Parart mata Bþ-Dþ dÐnontai oi ekfr�seic gia tic parap�nw Qamiltonianèc

sthn perÐptwsh twn kbantik¸n telei¸n. Prèpei na tonisteÐ ìti oi ìroi thc Hamil-
tonian pou perigr�foun touc mh allhlepidr¸ntec foreÐc kaj¸c kai thn metaxÔ tou-
c Coulomb allhlepÐdrash apoteloÔn thn sunektik  dunamik  twn forèwn. 'Et-
si prokeimènou na melet soume thn mh sunektik  dunamik  (skèdash), ja prèpei
na p�roume stouc diataraqtikoÔc ìrouc thc many body Hamiltonian kai ìrouc
an¸terhc t�xhc [153].
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4.4 Oi Hartree-Fock Hmiagwgikèc Exis¸seic
Bloch

OrÐzoume tic:
f e

µµ′ ≡< c†µcµ′ > (4.26)

ìpou oi diag¸nioi ìroi (gia µ = µ′) ekfr�zoun thn sun�rthsh katanom c twn hlek-
tronÐwn en¸ gia oi mh diag¸nioi ìroi (gia µ 6= µ′) ekfr�zoun tic intraband pol¸seic.
'Omoia gia tic opèc,

fh
νν′ ≡< d†νdν′ > (4.27)

Tèloc, ta stoiqeÐa
pνµ ≡< dνcµ > (4.28)

kaloÔntai interband density-matrix elements ki ekfr�zoun thn optik  pìlwsh.
Prokeimènou na paraqjoÔn oi exis¸seic kÐnhshc gia tic parap�nw metablhtèc

[140], oi telestèc dhmiourgÐac kai katastrof c twn hlektronÐwn kai twn op¸n
ekfr�zontai sunart sei twn telest¸n tou pedÐou pou èqoun oristeÐ sthn sqèsh
( 4.17).

cµ =
∫

drΦµe∗(r)Ψ̂(r, t) (4.29)

kai
dν =

∫
drΦνh∗(r)Ψ̂†(r, t) (4.30)

Efarmìzontac thn exÐswsh Heisenberg gia ton telest  pedÐou Ψ̂(r, t), lamb�nontai
oi parak�tw exis¸seic kÐnhshc gia touc telestèc katastrof c (  dhmiourgÐac) twn
forèwn:

d

dt
cµ =

1

ih̄
[cµ, H] +

1

ih̄

∑

µ′
Ze

µµ′cµ′

d

dt
dν =

1

ih̄
[dν , H] +

1

ih̄

∑

ν′
Zh

νν′dν′ (4.31)

ìpou ta stoiqeÐa pÐnaka

Z
e/h
``′ = ih̄

∫
dr

d

dt
[Φ`e/h∗(r)Φ`′e/h(r)] (4.32)

perièqoun thn qronik  metabol  twn monoswmatidiak¸n kumatosunart sewn, h opoÐ-
a epÐshc ep�gei metab�seic metaxÔ twn diaforetik¸n katast�sewn. Ed¸, jewroÔme



4.4. Oi Hartree-Fock Hmiagwgikèc Exis¸seic Bloch 65

ìti oi kumatosunart seic twn hlektronÐwn kai op¸n den exart¸ntai apì to qrìno kai
ìti h qronik  metabol  twn telest¸n tou pedÐou emperièqetai apokleistik� stouc
telestèc dhmiourgÐac kai katastrof c twn forèwn. 'Etsi mporoÔme na gr�youme:

ih̄
∂

∂t
f e

µµ′ = < [c†µcµ′ , H] >

ih̄
∂

∂t
fh

νν′ = < [d†νdν′ , H] >

ih̄
∂

∂t
ph

µν = < [d†νcµ, H] > (4.33)

Sto Par�rthma Eþ èqoun upologisteÐ analutik� oi qronikèc metabolèc thc sun�rthsh-
c katanom c twn hlektronÐwn, ∂fµe

∂t
|sp, ∂fµe

∂t
|cl kai ∂fµe

∂t
|ee, pou antistoiqoÔn sto

sÔsthma twn mh allhlepidr¸ntwn forèwn, thc allhlepÐdrashc me to sunektikì
pedÐo tou laser kai thc allhlepÐdrashc forèa-forèa.

Stic peript¸seic twn optik¸n diegèrsewn, oi ìroi 〈c†µ(t)cµ′(t)〉 gia µ 6= µ′ kai
〈d†ν(t)dν′(t)〉 gia ν 6= ν ′ pou antistoiqoÔn stic endozwnikèc pol¸seic (intraband
polarizations) eÐnai amelhtèoi [154]. 'Omoia upologÐzontai oi qronikèc metabolèc
thc sun�rthshc katanom c twn op¸n, kaj¸c kai thc optik c pìlwshc. ProkÔptoun
oi parak�tw exis¸seic gia tic sunart seic katanom c kai thn optik  pìlwsh:

ih̄
∂

∂t
fµe =

∑

ν′
(U renorm

µν′ p∗µν′ − U renorm∗
µν′ pµν′)

ih̄
∂

∂t
f νh =

∑

µ′
(U renorm

µ′ν p∗µ′ν − U renorm∗
µ′ν pµ′ν)

ih̄
∂

∂t
pµν =

∑

µ′ν′
(Ee,renorm

µµ′ δνν′ + Eh,renorm
νν′ δµµ′)pµ′ν′

+ U renorm
µν (1− fµe − f νh) (4.34)

Stic parap�nw sqèseic, me Ee,renorm
µµ′ , Eh,renorm

νν′ , kai U renorm
µν sumbolÐzoume tic epanakanon-

ikopoihmènec (renormalized) monoswmatidiakèc enèrgeiec hlektronÐwn kai op¸n kai
thn epanakanonikopoihmènh enèrgeia Rabi pou orÐzontai apì tic sqèseic:

U renorm
µν = Uµν −

∑

µ′ν′
V eh

µνν′µ′pµ′ν′ (4.35)

kai
Ee/h,renorm

`1`2
= E`1δ`1`2 −

∑

`3

V
ee/hh
`1`3`2`3

f `3,e/h (4.36)
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To sÔnolo exis¸sewn (4.34) apoteloÔn tic Hartree-Fock -Hmiagwgikèc Exis¸seic
Bloch (snt. HF-SBE ) gia tic kbantikèc teleÐec. Oi Hmiagwgikèc Exis¸seic Bloch
qrhsimopoioÔntai eurÔtata gia thn melèth twn fainomènwn sunoq c stouc bulk hmi-
agwgoÔc [140,159].

4.5 Makroskopikìc orismìc pìlwshc
To hlektromagnhtikì pedÐo E(r, t) sundèetai me thn epagìmenh makroskopik  pìl-
wsh P(r, t) me thn sqèsh:

P(r, t) =
∫

dr′
∫

dt′χ(r, r′; t, t′)E(r′, t) (4.37)

ìpou χ(r, r′; t, t′) eÐnai o tanust c thc mh topik c (tìso ston q¸ro ìso kai ston
qrìno) epidektikìthtac. Gia èna sÔsthma pou diathreÐtai amet�blhto sto qrìno, h
qronik  ex�rthsh thc epidektikìthtac upeisèrqetai mèsw mìno thc diafor�c t− t′,
dhlad  χ(r, r′; t, t′) = χ(r, r′; t − t′)(stationary regime). Tìte h parap�nw exÐsw-
sh metasqhmatÐzetai se mia <<topik >> sto q¸ro twn suqnot twn exÐswsh. Pr�g-
mati, lamb�nontac ton metasqhmatismì Fourier kai twn dÔo mel¸n thc Ex. (4.37)
prokÔptei:

∫
dt exp(−iωt)P(r, t) =

∫
dr′

∫ ∫
dt′ dt χ(r, r′; t− t′)E(r′, t′) exp(−iωt) ⇒

P(r, ω) =
∫

dr′
∫

dt− dt′χ(r, r′; t− t′) exp(−iω(t− t′))
∫

dt′E(r′, t′) exp(−iωt′) ⇒

P(r, ω) =
∫

dr′χ(r, r′; ω)E(r′, ω) (4.38)

ìpou E(r, ω) kai P(r, ω) o metasqhmatismìc Fourier tou qronik� metaballìme-
nou hlektrikoÔ pedÐou kai thc pìlwshc antÐstoiqa. Se arketèc peript¸seic ìp-
wc gia par�deigma sthn perÐptwsh enìc omogenoÔc hlektromagnhtikoÔ pedÐou ìpou
E(r, ω) = E(ω), h Ex. (4.38) gr�fetai P(r, ω) = E(ω)

∫
dr′χ(r, r′; ω) = E(ω)χ(r, ω)

ki ètsi ìpwc eÐnai fanerì, mporoÔme na amel soume thn mh topikìthta thc epidek-
tikìthtac [160]. Sthn perÐptwsh ìmwc pou jèloume na perigr�youme thn apìkrish
twn exitonik¸n katast�sewn se hlektromagnhtikì pedÐo me qwrik  èktash sug-
krÐsimh me thn aktÐna Bohr ja prèpei na diathrhjeÐ pl rwc o mh topikìc qarakt rac
thc epidektikìthtac.
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Prèpei na tonisteÐ ìti antÐjeta me ta stere� (bulk), oi exitonikèc katast�seic
stic nanodomèc den èqoun metaforik  summetrÐa. Autì shmaÐnei ìti h epidektikìth-
ta exart�tai qwrist� apì tic suntetagmènec r kai r′ kai ìqi apì thn metaxÔ touc
apìstash.

4.6 Mikroskopikìc orismìc pìlwshc
H topik  pìlwsh orÐzetai wc:

P(r, t) = q < Ψ̂†(r, t)rΨ̂(r, t) > (4.39)

ìpou oi Ψ̂†(r, t) kai Ψ̂(r, t) eÐnai oi telestèc pedÐou pou dÐnontai apì tic sqèseic
(4.17). Eis�gontac touc telestèc pedÐou sthn pìlwsh prokÔptei:

P(r, t) = q < (
∑
µ

c†µ(t)Φµe∗(r)

+
∑
ν

dν(t)Φ
νh(r))r(

∑

µ′
cµ′(t)Φ

µ′e(r)

+
∑

ν′
d†ν′(t)Φ

ν′h∗(r)) >

= q <
∑

µµ′
c†µ(t)Φµe∗(r)rcµ′(t)Φ

µ′e(r) >

+ q <
∑

νν′
dν(t)Φ

νh(r)rd†ν′(t)Φ
ν′h∗(r) >

+ q <
∑
µν

c†µ(t)Φµe∗(r)rd†ν(t)Φ
νh∗(r) >

+ q <
∑
µν

cµ(t)Φµe(r)rdν(t)Φ
νh(r) > (4.40)

Sthn èkfrash gia thn pìlwsh den lamb�noume [154] upìyh ta stoiqeÐa < c†µ(t)cµ′(t) >

kai < dν(t)d
†
ν′(t) > tou pÐnaka thc puknìthtac, ta opoÐa antistoiqoÔn se metab�seic

mèsa sthn Ðdia z¸nh ( intraband). 'Etsi h sqèsh (4.40) gr�fetai:

P(r, t) = q
∑
µν

< c†µ(t)d†ν(t) > Φµe∗(r)rΦνh∗(r) >

+ q
∑
µν

< cµ(t)dν(t) > Φµe(r)rΦνh(r) >

=
∑
µν

[pµν(t)M
∗
µν(r) + p∗µν(t)Mµν(r)] (4.41)
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ìpou ta
Mµν(r) = qΦµe∗(r)rΦνh∗(r) (4.42)

kaloÔntai <<topik�>> dipolik� stoiqeÐa pÐnaka (local dipole matrix elements) [154].

4.7 H exÐswsh thc mikroskopik c optik c pìl-
wshc

4.7.1 H mikroskopik  optik  pìlwsh sthn eikìna tou
sust matoc twn mh allhlepidr¸ntwn hlektronÐ-
wn kai op¸n

Ja upologÐsoume tic st�simec lÔseic twn hmiagwgik¸n exis¸sewn Bloch jewr¸ntac
ìti oi sunart seic fµe kai f νh eÐnai oi sunart seic katanom c sthn isorropÐa (quasi-
equlibrium regime), ki epomènwc den exart¸ntai apì ton qrìno. Antikajist¸ntac
sthn exÐswsh thc optik c pìlwshc ( 4.34) thn epanakanonikopoihmènh enèrgeia
Rabi (U renorm

µν ) apì thn Ex. (4.35) kai qrhsimopoi¸ntac ton sumbolismì ` ≡ µν,
prokÔptei telik�:

∂p`

∂t
=

1

ih̄

∑

`

S``′p`′(t) +
1

ih̄
Ū`(t) (4.43)

ìpou jèsame:

T``′ ≡ Ee,renorm
µµ′ δνν′ + Eh,renorm

νν′ δµµ′

W``′ ≡ V eh
µµ′νν′(1− fµe − f νh)

S``′ ≡ T``′ −W``′

Ū`(t) = U`(t)(1− fµe − f νh) (4.44)

Genik� oi idiotimèc Σλ tou pÐnaka Ŝ eÐnai migadikoÐ. 'Omwc, sthn grammik 
perioq  (1 − fµe − f νh ≈ 1) o pÐnakac autìc eÐnai ermitianìc kai isoÔtai me ton
exitonikì pÐnaka. Oi de pragmatikèc idiotimèc (Σλ = Eλ) eÐnai oi exitonikèc enèrgeiec.
An jewr soume èna zeÔgoc hlektronÐou-op c (opìte ameleÐtai h allhlepÐdrash e−e
kai h− h), h mikroskopik  optik  pìlwsh dÐnetai apì thn (4.43), all� me:

T` ≡ Eµe + Eνh

W``′ ≡ V eh
µµ′νν′

S``′ ≡ T`′δ``′ −W``′

Ū`(t) = U`(t) (4.45)
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4.7.2 H mikroskopik  optik  pìlwsh sthn exitonik 
eikìna

OrÐzetai ènan monadiaÐoc metasqhmatismìc pou sundèei thn arqik  b�sh |µν〉 ≡ |`〉
twn mh allhlepidr¸ntwn forèwn me thn exitonik  b�sh |λ〉:

|λ〉 =
∑

l

Cλ
` |`〉 (4.46)

Oi suntelestèc tou parap�nw anaptÔgmatoc eÐnai ta stoiqeÐa pÐnaka autoÔ tou mona-
diaÐou metasqhmatismoÔ (dhl. Cλ

` = 〈`|λ〉). Efarmìzoume ton monadiaÐo metasqhma-
tismì sthn exÐswsh thc mikroskopik c optik c pìlwshc:

∂p`

∂t
Cλ∗

` =
1

ih̄

∑

`′
S``′p`′(t)C

λ∗
` +

1

ih̄
Ū`(t)C

λ∗
` ⇒

∑

`

Cλ∗
`

∂p`

∂t
=

1

ih̄

∑

`′
p`′(t)(

∑

`

S``′C
λ∗
` ) +

1

ih̄

∑

`

Cλ∗
` Ū`(t) (4.47)

Qrhsimopoi¸ntac thn Ex.( �þ.6) h parap�nw gr�fetai:

∂

∂t

∑

`

Cλ∗
` p`(t) =

1

ih̄
Σλ(

∑

`

Cλ∗
` p`(t) +

1

ih̄
(
∑

`

Cλ∗
` Ū`(t)) (4.48)

OrÐzontac thn optik  pìlwsh sthn exitonik  eikìna:

pλ(t) =
∑

`

Cλ∗
` p`(t) (4.49)

prokÔptei telik� h exÐswsh thc mikroskopik c optik c pìlwshc sthn exitonik 
eikìna:

∂pλ

∂t
=

1

ih̄
Σλpλ(t) +

1

ih̄
Ūλ(t) (4.50)

ìpou:
Ūλ(t) =

∑

`

Cλ∗
` Ū`(t) (4.51)

Lamb�nontac ton metasqhmatismì Fourier thc exÐswshc (4.50) brÐskoume telik�:

pλ(ω) = − Ūλ(ω)

Σλ − h̄ω
(4.52)
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4.8 H Makroskopik  Pìlwsh sthn exitonik 
eikìna

Efarmìzontac sthn sqèsh (4.41) ton monadiaÐo metasqhmatismì pou sundèei thn
eikìna tou sust matoc twn mh allhlepidr¸ntwn forèwn me thn exitonik  eikìna kai
qrhsimopoi¸ntac ton sumbolismì ` ≡ µν, prokÔptei:

P(r, t) =
∑

`

[p`(t)M
∗
`(r) + p∗`(t)M`(r)]

=
∑

`

∑

`′
p`′(t)M

∗
`(r)δ``′ +

∑

`

∑

`′
p∗`(t)M`′(r)δ``′ (4.53)

Lamb�nontac upìyh thn sqèsh orjogwniìthtac twn exitonik¸n kumatosunart sewn
∑

λ

Cλ
` Cλ∗

`′ = δ``′ (4.54)

h makroskopik  pìlwsh gr�fetai:

P(r, t) =
∑

λ

[
∑

`′
Cλ∗

`′ p`′(t)
∑

`

Cλ
` M∗

`(r) +
∑

`′
Cλ∗

`′ M`′(r)
∑

`

Cλ
` p`∗(t)] (4.55)

H parap�nw sqèsh katal gei sthn:

P(r, t) =
∑

λ

[pλ(t)Mλ∗(r) + Mλ(r)pλ∗(t)] (4.56)

ìpou:
Mλ(r) =

∑

`

Cλ∗
` M`(r) (4.57)

Eis�gontac touc metasqhmatismoÔc Fourier (Zþ.4) sthn (4.56) kai lamb�nontac up-
ìyh thn sqèsh (4.52) prokÔptei gia thn makroskopik  pìlwsh:

P(r, ω) =
∑

λ

[Mλ∗−Ūλ(ω)

Σλ − h̄ω
+ Mλ(r)

−Ūλ∗(−ω)

Σλ + h̄ω
] (4.58)

To mètro tou hlektrikoÔ pedÐou èqei thn morf :

E(r, t) = E(r)[E0(t) exp(−iωLt) + E∗
0(t) exp(iωLt)] (4.59)
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ìpou E0(t) to pl�toc kai ωL h kentrik  suqnìthta tou laser. Lamb�nontac ton
metasqhmatismì Fourier tou hlektrikoÔ pedÐou prokÔptei:

E(r, ω) = E(r)[
∫ +∞

−∞
dtE0(t) exp[−i(ω − ωL)t] +

∫ +∞

−∞
dtE∗

0(t) exp[i(ω + ωLt)]]

(4.60)
H suzug c thc parap�nw sqèshc gr�fetai:

E∗(r,−ω) = E(r)[
∫ +∞

−∞
dtE∗

0(t) exp[i(ω + ωL)t] +
∫ +∞

−∞
dtE0(t) exp[i(ω − ωLt)]]

(4.61)
SugkrÐnontac tic (4.60) kai (4.61) prokÔptei:

E∗(r,−ω) = E(r, ω) (4.62)

O metasqhmatismìc Fourier thc makroskopik c pìlwshc gr�fetai:

P(r, ω) =
∑

λ

[Mλ∗−Ūλ(ω)

Σλ − h̄ω
+ Mλ(r)

−Ūλ∗(−ω)

Σλ + h̄ω
] (4.63)

Antikajist¸ntac sthn (4.58) tic ekfr�seic thc enèrgeiac Rabi sthn exitonik  eikìna
(sqèsh Zþ.2) kai twn topik¸n dipolik¸n stoiqeÐwn pÐnaka sthn exitonik  eikìna
(sqèsh 4.57), kai lamb�nontac upìyh thn sqèsh (4.62) gia to hlektrikì pedÐo
prokÔptei gia thn makroskopik  pìlwsh:

P(r, ω) =
∫

dr′
∑

λ,`,`′
[
Cλ

` Cλ∗
`′ M∗

`(r)M`′(r
′)

Σλ − h̄ω

+
Cλ∗

` Cλ
`′M`(r)M

∗
`′(r

′)
Σλ∗ + h̄ω

]E(r′, ω)(1− fµ′e − f ν′h) (4.64)

Sthn parap�nw èkfrash ameloÔme ton ektìc suntonismoÔ ìro Eλ∗ + h̄ω (Rotating
Wave Approximation). H Rotating Wave Approximation [161�164] eÐnai mia prosèg-
gish pou qrhsimopoieÐtai sthn atomik  fusik  kai ston magnhtikì suntonismì. Me
b�sh aut  thn prosèggish, ameloÔntai oi ìroi thc Qamiltonian c pou talant¸nontai
gr gora, dhlad  me suqnìthtec ω` + ω0, ìpou ω` h suqnìthta twn aporrofoÔmen-
wn   ekpempìmenwn fwtonÐwn kai ω0 h suqnìthta thc met�bashc. 'Etsi telik� h
èkfrash gia thn makroskopik  pìlwsh gr�fetai:

P(r, ω) =
∫

dr′
∑

λ,`,`′

Cλ
` M∗

`(r)C
λ∗
`′ M`′(r

′)(1− fµ′e − f ν′h)

Σλ − h̄ω
E(r′, ω) (4.65)
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4.9 H Mikroskopik  èkfrash gia thn mh top-
ik  epidektikìthta

SugkrÐnontac thn makroskopik  èkfrash thc pìlwshc (sqèsh 4.38) me thn mikroskopik 
èkfrash pou katal xame sthn prohgoÔmenh par�grafo, prokÔptei h mikroskopik 
èkfrash gia thn mh topik  epidektikìthta χ(r, r′; ω) sunart sei twn monoswmatidi-
ak¸n kumatosunart sewn hlektronÐwn kai op¸n:

χ(r, r′; ω) =
∑

λ,`,`′

Cλ
` M∗

`(r)C
λ∗
`′ M`′(r

′)(1− fµ′e − fν′h)

Σλ − h̄ω
. (4.66)

H parap�nw genik  èkfrash perigr�fei thn apìkrish tou sust matoc se mikroskopikì
epÐpedo, upì thn proüpìjesh ìti eÐnai gnwstèc oi monoswmatidiakèc katast�seic h-
lektronÐwn kai op¸n pou emperièqontai sta topik� dipolik� stoiqeÐa pÐnaka.

Gia thn perigraf  thc apìkrishc tou sust matoc se ènan topikì aniqneut  me
èktash sugkrÐsimh me thn exitonik  aktÐna Bohr enìc tupikoÔ hmiagwgoÔ ìpwc to
GaAs oi katast�seic tìso twn hlektronÐwn ìso kai twn barèwn op¸n upologÐzontai
me thn prosèggish thc perib�llousac sun�rthshc jewr¸ntac ìti oi diakum�nseic
se atomik  klÐmaka twn kumatosunart sewn emperièqontai stic bulk paramètrouc.
Amel¸ntac valence band mixing kai jewr¸ntac isotropik  sqèsh diaspor�c kai
gia ta hlektrìnia kai gia tic opèc [165] oi monoswmatidiakèc kumatosunart seic
hlektronÐwn kai op¸n gr�fontai wc:

Φµe(r) = uc(r)Φ
µe(r) (4.67)

Φνh(r) = uv(r)Φ
νh(r) (4.68)

ìpou Φµe(r) kai Φνh(r) eÐnai oi perib�llousec kumatosunart seic twn hlektronÐwn
kai twn op¸n antÐstoiqa, kai uc(r), uv(r) eÐnai oi atomikèc bulk sunart seic sta
ìria twn zwn¸n agwgimìthtac kai sjènouc antÐstoiqa. Ta topik� dipolik� stoiqeÐa
pÐnaka lìgw twn (4.67) gr�fontai:

Mµν(r) = q u∗c(r)ru
∗
v(r)Φ

µe∗(r)Φνh∗(r) (4.69)

JewroÔme ìti ta topik� dipolik� stoiqeÐa tou bulk mèrouc twn kumatosunart sewn
sta �kra twn zwn¸n isoÔntai proseggistik� me thn mèsh tim  touc se mia monadiaÐa
kuyelÐda ìgkou Ωc:

q u∗c(r)ru
∗
v(r) ≈ q Ω−1

c

∫

Ωc

u∗c(r)ru
∗
v(r) ≡ Mbulk (4.70)
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ìpou ta Mbulk kaloÔntai bulk dipolik� stoiqeÐa pÐnaka. 'Etsi ta topik� dipolik�
stoiqeÐa gr�fontai:

Mµν(r) = MbulkΦ
µe∗(r)Φνh∗(r) (4.71)

AntÐstoiqa, ta olik� dipolik� stoiqeÐa pÐnaka dÐnontai apì:

M0
µν(r) = Mbulk

∫
d3rΦµe∗(r)Φνh∗(r) (4.72)

Me b�sh thn parap�nw prosèggish o telest c thc epidektikìthtac χ gÐnetai di-
ag¸nioc, me stoiqeÐa

χ(r, r′; ω) = |Mbulk|2
∑

λ,µν,µ′ν′
Cλ

µνC
λ∗
µ′ν′ ×

(1− fµ′e − f ν′h)
Φµe(r)Φνh(r)Φµ′e∗(r′)Φν′h∗(r′)

Σλ − h̄ω
(4.73)

4.10 O topikìc suntelest c aporrìfhshc
H sunolik  aporrofoÔmenh isqÔc se ènan hmiagwgì dÐnetai apì [154]:

W (ω) ∝
∫

dr
∫

dr′=[E(r, ω)χ(r, r′; ω)E(r′, ω)] (4.74)

Sthn sun jh perÐptwsh omogenoÔc katanom c tou HM pedÐou tou aniqneut , o
mh topikìc qarakt rac thc epidektikìthtac ameleÐtai kai χ(r, r′) ∝ δ(r− r′). Sthn
antÐjeth perÐptwsh, prokeimènou na perigr�youme thn apìkrish twn kumatosunart -
sewn sto hlektromagnhtikì pedÐo tou aniqneut  me qwrik  èktash sugkrÐsimh me
thn exitonik  aktÐna Bohr, ja prèpei na diathr soume ton mh topikì qarakt ra thc
epidektikìthtac. Tìte ìmwc den eÐnai plèon efiktì na orisjeÐ ènac topikìc sun-
telest c aporrìfhshc pou na sundèei thn aporrofoÔmenh isqÔ me thn èntash tou
fwtìc.

Wstìso, jewr¸ntac èna pedÐo fwtìc E(r, ω) = E(ω)ξ(r−R) ìpou ξ(r−R) to
profÐl tou pedÐou gÔrw apì thn jèsh R thc dèsmhc, mporeÐ kaneÐc na orÐsei ènan
topikì suntelest  aporrìfhshc o opoÐoc eÐnai sun�rthsh thc jèshc thc dèsmh-
c kai sundèei thn olik  aporrofoÔmenh isqÔ me thn isqÔ thc topik c diègershc
(illumination mode):

αξ(R, ω) ∝
∫
=[χ(r, r′; ω)]

ξ(r−R)ξ(r′ −R)drdr′] (4.75)
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H parap�nw èkfrash den isqÔei mìno se peript¸seic asjenoÔc optik c diègersh-
c, all� perigr�fei tìso thn grammik  ìso kai thn mh grammik  apìkrish tou sust -
matoc. 'Opwc èqei anaferjeÐ, gia thn grammik  perioq  ìpou to �jroisma twn
sunart sewn katanom c twn hlektronÐwn kai op¸n eÐnai polÔ mikrìtero thc mon�dac,
h posìthta

Ψλ(re, rh) =
∑
µν

Cλ
µνΦ

µe(re)Φ
νh(rh) (4.76)

apoteleÐ thn exitonik  kumatosun�rthsh, oi de pragmatikèc idiotimèc (Σλ = Eλ) eÐnai
oi exitonikèc enèrgeiec. Sthn perÐptwsh aut , o topikìc suntelest c aporrìfhshc
èqei thn morf :

αξ(R, ω) ∝
∫

drdr′ξ(r−R)ξ(r′ −R)|Mbulk|2

= ∑

λ,µν,µ′ν′

Cλ
µνC

λ∗
µ′ν′Φ

µe(r)Φνh(r)Φµ′e∗(r′)Φν′h∗(r′)

Eλ − h̄ω
(4.77)

Telik� prokÔptei:

αξ(R, ω) = =[
∑

λ

αλ
ξ (R)

Eλ − h̄ω
] (4.78)

ìpou h posìthta:
αλ

ξ (R) = |
∫

drΨλ(r, r)ξ(r−R)|2 (4.79)

kaleÐtai isqÔc talantwt  (oscillator strength). An sumperil�boume ton ìro twn
sugkroÔsewn (dephasing) oi parap�nw sqèseic gr�fontai:

αξ(R, ω) = =[
∑

λ

αλ
ξ (R)

Eλ − iγ − h̄ω
] (4.80)

me
αλ

ξ (R) = |
∫

drΨλ(r, r)ξ(r−R)|2 (4.81)

H parap�nw exÐswsh emperièqei to fainìmeno thc qwrik c sunektikìthtac twn k-
bantik¸n katast�sewn sthn grammik  perioq . DiakrÐnoume treÐc perioqèc:

• Sto ìrio tou makrinoÔ pedÐou far field (ìpou to hlektromagnhtikì pedÐo tou
aniqneut  jewreÐtai omoiogenèc), to f�sma aporrìfhshc dÐnei plhroforÐec gia
thn mèsh tim  thc exitonik c sun�rthshc se ìlo ton q¸ro.
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• Sto antÐjeto ìrio, tou exairetik� leptoÔ aniqneut , ìpou to profÐl tou hlek-
tromagnhtikoÔ pedÐou eÐnai mia dèlta sun�rthsh, eÐnai αλ

ξ (R, ω) ∝ |Ψλ(R,R)|2,
opìte to topikì f�sma aporrìfhshc qartografeÐ thn exitonik  sun�rthsh
sthn jèsh tou aniqneut . Sthn perÐptwsh aut  o topikìc suntelest c a-
porrìfhshc eÐnai mh mhdenikìc se k�je shmeÐo pou h exitonik  sun�rthsh
èqei peperasmènh suneisfor�. EÐnai loipìn fanerì ìti metab�seic mh oratèc
(<< apagoreumènes>>) sto makrinì pedÐo mporoÔn na gÐnoun oratèc sto ìrio autì.

• Sthn endi�mesh perioq  enìc polÔ stenoÔ all� peperasmènou aniqneut  (near
field), lamb�netai h qwrik  mèsh tim  thc exitonik c sun�rthshc all� sthn
perioq  pou kajorÐzetai apì thn èktash thc fwtein c dèsmhc.

'Eqei apodeiqjeÐ [2, 166] ìti exitonikèc metab�seic pou eÐnai << apagoreumènes>> sto
makrinì pedÐo ( far field), mporoÔn na eÐnai oratèc sto eggÔc pedÐo. Epiplèon, sthn
perÐptwsh tou stenoÔ all� peperasmènou aniqneut , eÐnai dunatìn na mhdenÐzetai h
suneisfor� apì thn exitonik  sun�rthsh se di�fora shmeÐa tou q¸rou ki autì odhgeÐ
se ènan << entopismì>> tou f�smatoc aporrìfhshc. 'Etsi h èktash thc fwtein c
dèsmhc ephre�zei shmantik� to f�sma aporrìfhshc.



Kef�laio 5

Magnhtoaporrìfhsh eggÔc
pedÐou stic kbantikèc teleÐec

H ènnoia thc topikìthtac tou suntelest  aporrìfhshc [154] mac dÐnei thn dunatìth-
ta na anaptÔxoume mia jewrhtik  melèth tètoia ¸ste na sumperilamb�nei kai thn
efarmog  enìc exwterikoÔ magnhtikoÔ pedÐou me apotèlesma thn èkfrash tou sun-
telest  magnhtoaporrìfhshc eggÔc pedÐou kbantik¸n telei¸n.

Autì eÐnai kai to antikeÐmeno tou pr¸tou mèrouc thc paroÔsac didaktorik c
diatrib c. UpologÐzoume ton suntelest  aporrìfhshc eggÔc pedÐou apl¸n kai
dipl¸n kbantik¸n telei¸n pou upìkeintai se exwterikì magnhtikì pedÐo me poikÐlo
prosanatolismì kai mètro mèqri 20T.

Par�llhla exet�zoume ton rìlo pou paÐzoun tìso o qwrikìc (pou ofeÐletai sta
domik� qarakthristik� thc kbantik c teleÐac) ìso kai o magnhtikìc (pou ofeÐle-
tai sto exwterikì magnhtikì pedÐo) entopismìc sto f�sma aporrìfhshc. H e-
farmog  tou magnhtikoÔ pedÐou prokaleÐ mia anadi�rjrwsh twn monoswmatidiak¸n
katast�sewn twn forèwn, h opoÐa se sunduasmì me thn allhlepÐdrash Coulomb
metaxÔ hlektronÐwn kai op¸n, eis�gei mia plhj¸ra tropopoi sewn sto f�sma apor-
rìfhshc eggÔc pedÐou. Oi tropopoi seic autèc mporoÔn na parathrhjoÔn me touc
shmerinoÔc aniqneutèc meg�lhc diakritik c ikanìthtac.

Sto tèloc tou kefalaÐou, gia plhrìthta, gÐnetai mia sunoptik  parousÐash thc
exèlixhc thc fasmatoskopÐac eggÔc pedÐou, twn pleonekthm�twn kai thc basik c
jewrÐac thc. 'Ena apì ta basik� qarakthristik� tou SNOM eÐnai to ìti metab�seic
<�pagoreumèneς >> sto makrinì pedÐo mporoÔn na eÐnai oratèc sto eggÔc pedÐo [166].
An�logh sumperifor� parathr jhke kai sta kbantik� sÔrmata [154].

SÔmfwna me jewrhtikoÔc upologismoÔc [2], tìso h allhlepÐdrash Coulomb
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ìso kai h qwrik  epik�luyh twn exitonik¸n kumatosunart sewn me to profÐl tou
diegeÐrontoc hlektromagnhtikoÔ pedÐou, kajorÐzoun to f�sma aporrìfhshc eggÔc
pedÐou. Sugkekrimèna, apodeÐqjhke ìti exaitÐac twn allhlepidr�sewn Coulomb,
aux�nontac thn perioq  pou fwtÐzoume, parathroÔntai auxomei¸seic thc èntashc
twn metab�sewn (mh monìtonh sumperifor�), ìtan h perioq  pou fwtÐzoume gÐnei
sugkrÐsimh me thn exitonik  aktÐna Bohr.

An kai stic arqèc tou 1990 epiteÔqjhke an�lush ≈ 12 nm [167] (kat� thn
melèth mikr¸n telei¸n Al se upìstrwma gualioÔ), stic eterodomèc hmiagwg¸n h
qwrik  an�lush pou epiteÔqjhke wc ta tèlh tou '90  tan ≈ 100 − 200 nm. EÐnai
loipìn fanerì ìti gia teleÐec GaAs me exitonik  aktÐna Bohr ≈ 12 nm, den mporoÔse
na gÐnei sÔgkrish metaxÔ peir�matoc kai jewrÐac. Prokeimènou k�ti tètoio na eÐ-
nai efiktì, ja prèpei na sugklÐnoun trÐa pr�gmata: (a) Na meiwjeÐ to p�qoc tou
epistr¸matoc thc epif�neiac, to opoÐo dhmiourgeÐ mia anapìfeukth kai mh epijumht 
apìstash ≈ 50 − 100 nm metaxÔ twn proc anÐqneush exitonik¸n katast�sewn thc
teleÐac kai tou aniqneut , (b) na qrhsimopoihjeÐ hmiagwgìc me megalÔterh exitonik 
aktÐna Bohr, ìpwc gia par�deigma to InAs me ρ ≈38 nm, kai (g) na beltiwjeÐ h
qwrik  an�lush (fwtizìmenh perioq ) twn aniqneut¸n eggÔc pedÐou. Oi Matsu-
da et al. [4, 168] pètuqan qwrik  an�lush 30 nm (≈ λ/30, λ = 930 nm), kat�
thn apeikìnish autoorganoÔmenwn InAs kbantik¸n telei¸n, kaj¸c kai kat� thn
apeikìnish ston pragmatikì q¸ro thc kumatosun�rthshc tou kèntrou m�zac enìc
exitonÐou entopismènou se mia teleÐa GaAs.

H epituqÐa aut  se peiramatikì epÐpedo [4,168] èdwse nèa ¸jhsh se jewrhtikèc
melètec. Qarakthristik� anafèrontai jewrhtikoÐ upologismoÐ tou f�smatoc fwtofw-
taÔgeiac kai aporrìfhshc eggÔc pedÐou lìgw exitonik¸n metab�sewn kai di-exitonÐwn
(biexcitons) pou eÐnai periorismèna se hmiagwgikèc teleÐec pou sqhmatÐzontai lìgw
diakum�nsewn sthn endoepif�neia kbantik¸n phgadi¸n GaAs [5, 6] kaj¸c kai jew-
rhtik  perigraf  tou SNOM se makromìria [7].

Apì thn �llh, idiaÐtero endiafèron parousi�zei h melèth twn exitonÐwn se kban-
tikèc teleÐec pou upìkeintai se exwterikì magnhtikì pedÐo. Qarakthristik� anafèr-
oume: (a) thn melèth exitonÐwn se kbantikèc teleÐec InGaAs/GaAs pou apoteloÔntai
apì N hlektrìnia kai opèc, kai brÐskontai upì thn epÐdrash k�jetou magnhtikoÔ
pedÐou [169], (b) thn melèth thc epÐdrashc katakìrufou magnhtikoÔ pedÐou sta
exitìnia kbantik c teleÐac me asÔmmetro parabolikì dunamikì entopismoÔ sto xy
epÐpedo kai polÔ stenì phg�di ston �xona ton par�llhlo me to pedÐo [170],   (g)
thn melèth thc epÐdrashc polÔ uyhl¸n magnhtik¸n pedÐwn sta exitìnia teleÐac se
sq ma dÐskou [171].

'Opwc proanafèrjhke, sto pr¸to mèroc thc paroÔsac didak-



78 MAGNHTOAPORROFHSH EGGUS PEDIOU

torik c diatrib c upologÐzoume ton suntelest  magnhtoaporrìfhsh-
c eggÔc pedÐou apl¸n   dipl¸n kbantik¸n telei¸n. O upologismìc
autìc perilamb�nei tèssera basik� st�dia:

• To pr¸to afor� ston upologismì twn monoswmatidiak¸n katast�sewn
hlektronÐwn kai op¸n pou upìkeintai sto trisdi�stato perior-
istikì dunamikì thc teleÐac kai sto exwterik� efarmozìmeno
magnhtikì pedÐo.

• Sto deÔtero st�dio eis�goume thn allhlepÐdrash Coulomb
metaxÔ twn katast�sewn hlektronÐwn kai op¸n.

• Sto trÐto st�dio epilÔoume to exitonikì prìblhma upologÐ-
zontac tic exitonikèc katast�seic kai enèrgeiec.

• Tèloc, me b�sh ta parap�nw apotelèsmata upologÐzoume to
f�sma magnhtoaporrìfhshc eggÔc pedÐou.

H melèth uposthrÐzetai apì èna upologistikì prìgramma pou apoteleÐtai tèssera
antÐstoiqa mèrh.

5.1 Monoswmatidiakèc katast�seic
Stic hmiagwgikèc teleÐec oi foreÐc upìkeintai se trisdi�stato perioristikì dunamikì.
Jewr¸ntac ìti to perioristikì dunamikì metab�lletai polÔ lÐgo kat� m koc miac
plegmatik c stajer�c, mporoÔme na qrhsimopoi soume thn prosèggish perib�l-
lousac sun�rthshc (envelope-function approach). Epiplèon, epeid  h energeiak 
perioq  pou mac endiafèrei brÐsketai kont� sto energeiakì q�sma, gia thn eÔresh
thc dom c twn zwn¸n qrhsimopoioÔme thn prosèggish energoÔ m�zac miac z¸nhc,
tìso gia ta hlektrìnia ìso kai gia tic opèc. H Qamiltonian  upì magnhtikì pedÐo
eÐnai:

Ĥ =
(p− qA)2

2m∗ + V (r) (5.1)

ìpou: A = B×r
2

to dianusmatikì dunamikì, V (r) to trisdi�stato perioristikì
dunamikì thc teleÐac.

Gia par�deigma, gia thn apl  kbantik  teleÐa me isìtropo parabolikì perioris-
tikì dunamikì sto xy epÐpedo kai phg�di ston �xona z to trisdi�stato perioristikì
dunamikì dÐnetai wc:

V (x, y, z) = 1/2me/h,∗ω2(x2 + y2) + V (z) (5.2)
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Sthn parap�nw Qamiltonian  den l�bame upìyh to spin.
Gia thn eÔresh twn monoswmatidiak¸n katast�sewn |Φµe/h〉, tic anaptÔssoume

se orjokanonik  b�sh epipèdwn kum�twn, se koutÐ periodikìthtac Ω = LxLyLz,
dhlad 

|Φµ〉 =
∑

k

Cµ
k |k〉 (5.3)

Apì tic periodikèc sunj kec sunep�getai: ke,h
a = 2πne,h

a

La
, ne,h

a akèraioc kai a = x, y, z.
Oi monoswmatidiakèc enèrgeiec Eµ kaj¸c kai oi suntelestèc Cµ

k prokÔptoun apì
thn arijmhtik  lÔsh tou parak�tw probl matoc idiotim¸n:

∑

k′
[〈k|Ĥ|k′〉 − Eµδkk′ ]〈k′|Φµ〉 = 0 (5.4)

Gia thn lÔsh thc exÐswshc idiotim¸n (5.4), fti�xame ènan algìrijmo diagwniopoÐhsh-
c, ton opoÐo enswmat¸same sto pr¸to mèroc tou upologistikoÔ progr�mmatoc pou
eÐqame.

Upologistik�, èqoume thn dunatìthta na meletoÔme polÔplokec domèc kban-
tik¸n telei¸n upì magnhtik� pedÐa diafìrwn prosanatolism¸n. Epiplèon fti�xame
apeikonÐseic twn parap�nw monoswmatidiak¸n sunart sewn ston pragmatikì q¸ro,
¸ste na aniqneÔoume pijanèc summetrÐec kai na elègqoume grafik� tic lÔseic.

Sthn perÐptwsh thc apl c kbantik c teleÐac h sÔgklish stic enèrgeiec epiteÔqjhke
qrhsimopoi¸ntac 1200 epÐpeda kÔmata. Sta sq mata 5.1, 5.2 kai 5.3 parousi�zon-
tai oi pr¸tec 6 (Darwin-Fock) katast�seic twn hlektronÐwn, ìpwc upologÐzontai
lÔnontac arijmhtik� to prìblhma twn idiotim¸n (5.4) gia apl  parabolik  teleÐa
me pl�toc phgadioÔ z0 = 10 nm kai gia magnhtik� pedÐa B = 0T, Bz = 4T kai
Bx = 4T antÐstoiqa.

Sto Par�rthma Hþ perigr�foume ton algìrijmo pou kataskeu�same gia ton
èlegqo orjogwniìthtac twn monoswmatidiak¸n katast�sewn pou prokÔptoun apì
thn lÔsh tou probl matoc idiotim¸n (5.4). Katal xame se mia sqèsh orjogwniìth-
tac pou sundèei touc suntelestèc Cµ

k tou anaptÔgmatoc se epÐpeda kÔmata.
Epeid  se mhdenikì magnhtikì pedÐo oi katast�seic pou prokÔptoun apì thn

lÔsh tou probl matoc idiotim¸n (5.4) eÐnai ekfulismènec, kataskeu�same ènan al-
gìrijmo orjokanonikopoÐhshc pou basÐzetai sthn mèjodo Gram-Schmidt kai pou
upologÐzei touc nèouc suntelestèc Gµ

k tou anaptÔgmatoc se epÐpeda kÔmata, ¸-
ste to sÔnolo twn monoswmatidiak¸n katast�sewn na eÐnai orjokanonikì. Autì
apaiteÐtai gia thn an�ptuxh thc exitonik c kumatosun�rthshc se ìrouc monoswma-
tidiak¸n sunart sewn (par�grafoc 5.3). O algìrijmoc orjokanonikopoÐhshc pou
fti�xame perigr�fetai sto Par�rthma Jþ.
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5.2 Ta stoiqeÐa pÐnaka Coulomb

Qrhsimopoi¸ntac tic monoswmatidiakèc katast�seic ìpwc autèc upologÐzontai apì
to pr¸to b ma, brÐskoume ta stoiqeÐa pÐnaka Coulomb metaxÔ twn diafìrwn katast�sewn
hlektronÐwn kai op¸n, pou èqoun orisjeÐ sto Par�rthma Aþ wc:

V eh
µµ′,νν′ ≡

∫
d3re

∫
d3rhΦ

µe∗(re)Φ
µ′e(re)

e2

κ0|re − rh|Φ
νh∗(rh)Φ

ν′h(rh)) ≡ V eh
``′ (5.5)

me ` = µν. Apì thn Ex.(5.5) eÐnai fanerì ìti o pÐnakac V eh
``′ eÐnai ermitianìc.

Sto Par�rthma ( IAþ) apodeiknÔoume ìti ta stoiqeÐa pÐnaka (5.5) sundèontai me
touc suntelestèc tou anaptÔgmatoc se epÐpeda kÔmata me thn sqèsh:

V eh
µµ′,νν′ =

e2

κ0

∑

qe,k′e,kh

Cµ∗
k′e+qe

Cµ′
k′eC

ν∗
kh

Cν′
kh+qe

4π

q2
e

(5.6)

5.3 To exitonikì prìblhma
To epìmeno b ma eÐnai to exitonikì prìblhma. Periorizìmaste sthn grammik  peri-
oq  (1− fµe − f νh ≈ 1), dhlad  jewroÔme ìti to sÔsthm� mac apoteleÐtai apì èna
zeÔgoc hlektronÐou-op c. Sthn perÐptwsh aut  oi exis¸seic (4.44) paÐrnoun thn
morf :

W``′ ≡ V eh
µµ′νν′

S``′ ≡ T`′δ``′ −W``′ (5.7)

ìpou: T` = Eµe + Eνh to �jroisma twn monoswmatidiak¸n energei¸n kai S``′ o exi-
tonikìc pÐnakac. H exitonik  kumatosun�rthsh anaptÔssetai se ìrouc monoswma-
tidiak¸n kumatosunart sewn:

Ψλ(re, rh) =
∑
µν

Cλ
µνΦ

µe(re)Φ
νh(rh) (5.8)

H posìthta |Ψλ(re, rh)|2 apoteleÐ thn pijanìthta na brejeÐ èna hlektrìnio sthn
jèsh re kai mia op  sthn jèsh rh. Sto Par�rthma Aþ eÐdame ìti to exitonikì
prìblhma idiotim¸n gr�fetai:

Σ`′ [S``′ − Eλδ``′ ]C
λ
`′ = 0. (5.9)

'Opwc èqei anaferjeÐ, o exitonikìc pÐnakac eÐnai ermitianìc sthn grammik  perioq .
H exÐswsh (5.9) lÔnetai arijmhtik� me qr sh thc routÐnac diagwniopoÐhshc. Gia
to an�ptugma thc exitonik c kumatosun�rthshc qrhsimopoioÔme wc b�sh 6 (12)
hlektrìnia kai 6 (12) opèc gia thn apl  (dipl ) teleÐa.
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5.4 O topikìc suntelest c magnhtoaporrìfhsh-
c

Tèloc, upologÐzoume to f�sma aporrìfhshc eggÔc pedÐou apì thn Ex. (4.80):

αξ(R, ω) = =[
∑

λ

αλ
ξ (R)

Eλ − iγ − h̄ω
] (5.10)

ìpou:
αλ

ξ (R) = |
∫

d3rΨλ(r, r)ξ(r−R)|2 (5.11)

eÐnai h isqÔc talantwt  (oscillator strength). JewroÔme ìti to pedÐo pou diegeÐrei
topik� to deÐgma, qarakthrÐzetai apì mia katanom  hlektrikoÔ pedÐou Eω(r) me de-
domèno profÐl ξ gÔrw apì thn jèsh R thc dèsmhc, dhlad  Eω(r) = Eωξ(r − R).
Gia ènan stenì all� peperasmèno aniqneut , lamb�netai h qwrik  mèsh tim  thc
exitonik c kumatosun�rthshc se mia perioq  pou kajorÐzei h èntash thc fwtein -
c dèsmhc. Gia to profÐl tou hlektrikoÔ pedÐou qrhsimopoioÔme mia Gkaousian 
ξ(x, y, z) ∝ exp(−x2+y2

2σ2 ) (jewr¸ntac bèbaia ìti o aniqneut c <<skan�rei>> thn epif�neia
thn par�llhlh sto xy epÐpedo). Tìte h qwrik  an�lush pou orÐzetai wc to mègejoc
thc perioq c pou fwtÐzetai apì ton aniqneut , dÐnetai apì to eÔroc hmÐseiac tim c
(Full Width at Half Maximum   FWHM) thc Gaussian, dhlad  apì 2

√
2 ln 2σ ≈

2.35σ.

5.5 Monoswmatidiakèc katast�seic se aplèc
kbantikèc teleÐec. O rìloc tou qwrikoÔ
kai tou magnhtikoÔ entopismoÔ

Prokeimènou na melet soume ton rìlo tou qwrikoÔ entopismoÔ, metab�lloume to
pl�toc tou phgadioÔ kai sugkekrimèna qrhsimopoioÔme pl�th phgadioÔ z = 10 nm,
z = 20 nm, kai z = 30 nm. AntÐstoiqa, prokeimènou na melet soume ton rìlo tou
magnhtikoÔ entopismoÔ metab�lloume tìso ton prosanatolismì (B//x   B//z), ìso
kai to mètro (0-20T) tou magnhtikoÔ pedÐou. JewroÔme arqik� mia apl  kbantik 
teleÐa me isìtropo parabolikì perioristikì dunamikì sto xy epÐpedo kai phg�di ston
�xona z [2].

Gia mhdenikì magnhtikì pedÐo, h teleÐa èqei kulindrik  summetrÐa lìgw thc dom -
c thc. Oi monoswmatidiakèc katast�seic (sq ma 5.1) eÐnai oi gnwstèc Darwin-
Fock [172,173] katast�seic pou perigr�fontai sto Par�rthma Iþ. Upì thn epÐdrash
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Sq ma 5.1: Apl  kbantik  teleÐa me tetragwnikì phg�di (pl�touc z0 = 10 nm)
ston �xona z kai parabolikì dunamikì sto epÐpedo xy. Didi�statec apeikonÐseic
twn monoswmatidiak¸n katast�sewn twn hlektronÐwn gia B = 0T. Darwin-Fock
katast�seic.



5.5. Monoswmatidiakèc katast�seic se aplèc kbantikèc teleÐec 83

-40 -30 -20 -10 0 10 20 30 40
-40

-30

-20

-10

0

10

20

30

40

x  (nm)

y 
 (n

m
)

-40 -30 -20 -10 0 10 20 30 40
-40

-30

-20

-10

0

10

20

30

40

x  (nm)

y 
 (n

m
)

0

0,02

0,04

0,06

0,08

0,10

0,12

0,14

0,16

-40 -30 -20 -10 0 10 20 30 40
-40

-30

-20

-10

0

10

20

30

40

x  (nm)

y 
 (n

m
)

-40 -30 -20 -10 0 10 20 30 40
-40

-30

-20

-10

0

10

20

30

40

x  (nm)

y 
 (n

m
)

-40 -30 -20 -10 0 10 20 30 40
-40

-30

-20

-10

0

10

20

30

40

x  (nm)

y 
 (n

m
)

-40 -30 -20 -10 0 10 20 30 40
-40

-30

-20

-10

0

10

20

30

40

x  (nm)

y 
 (n

m
)

Sq ma 5.2: Apl  kbantik  teleÐa me tetragwnikì phg�di (pl�touc z0 = 10 nm)
ston �xona z kai parabolikì dunamikì sto epÐpedo xy. Didi�statec apeikonÐseic
twn monoswmatidiak¸n katast�sewn twn hlektronÐwn gia Bz = 4T. Darwin-Fock
katast�seic.
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Sq ma 5.3: Apl  kbantik  teleÐa me tetragwnikì phg�di (pl�touc z0 = 10 nm)
ston �xona z kai parabolikì dunamikì sto epÐpedo xy. Didi�statec apeikonÐseic twn
monoswmatidiak¸n katast�sewn twn hlektronÐwn gia Bx = 4T.
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energìc m�za hlektronÐou: 0.067 m0

energìc m�za op c: 0.38 m0

dihlektrik  stajer� κ0: 12.9
asunèqeia thc z¸nhc agwgimìthtac gia ta hlektrìnia ∆VCB : 300 meV
asunèqeia thc z¸nhc sjènouc gia tic opèc ∆VV B: 200 meV
dunamik  enèrgeia periorismoÔ sto xy epÐpedo h̄ωe

pc gia ta hlektrìnia: 20 meV
dunamik  enèrgeia periorismoÔ sto xy epÐpedo h̄ωh

pc gia tic opèc: 3.5 meV

PÐnakac 5.1: Par�metroi tou ulikoÔ kai domikèc par�metroi thc teleÐac, pou qrhsi-
mopoi jhkan stouc upologismoÔc mac.

katakìrufou (B//z) magnhtikoÔ pedÐou to sÔsthma diathreÐ thn kulindrik  sum-
metrÐa tou (sq ma 5.2), en¸ to egk�rsio magnhtikì pedÐo (B//x   B//y) katastrè-
fei thn kulindrik  summetrÐa (sq ma 5.3). H sunolik  enèrgeia enìc hlektronÐou ( 
miac op c) dÐnetai apì thn sqèsh E = Exy + Ez ìpou oi Ez kajorÐzontai apì thn
lÔsh thc exÐswshc Schrödinger sto phg�di pl�touc z0, en¸ oi Exy dÐnontai apì thn
sqèsh:

Exy = h̄Ω(2nρ + |m`|+ 1)± h̄ωBm`

2
(5.12)

To (+) sthn parap�nw sqèsh antistoiqeÐ sta hlektrìnia kai to (−) stic opèc. nρ

eÐnai fusikìc arijmìc kai m` akèraioc. Oi katast�seic me nρ = 0, 1, 2... sumbolÐ-
zontai wc 1,2,3.... Oi katast�seic me m` = 0,±1,±2... qarakthrÐzontai wc s, p, d....
H suqnìthta Ω prokÔptei apì thn sqèsh:

Ω2 =
ω2

B

4
+ ω2

pc (5.13)

H enèrgeia h̄ωpc eÐnai mètro tou qwrikoÔ entopismoÔ en¸ h kuklotronik  enèrgeia
h̄ωB = h̄eB/m∗ apoteleÐ mètro tou magnhtikoÔ entopismoÔ. ExaitÐac thc sum-
metrÐac peristrof c gÔrw apì ton �xona z, kat� thn efarmog  katakìrufou magn-
htikoÔ pedÐou, diathreÐtai h z sunist¸sa thc stroform c me idiotimèc h̄m`.

AntÐjeta, me thn efarmog  egk�rsiou magnhtikoÔ pedÐou (B//x   B//y), <<sp�ei>>
h summetrÐa tou sust matoc, den eÐnai plèon kulindrik . Sthn perÐptwsh aut  oi
monoswmatidiakèc katast�seic prokÔptoun lÔnontac arijmhtik� thn exÐswsh ( 5.4).
KamÐa apì tic sunist¸sec thc stroform c den diathreÐtai.

Sto sq ma 5.4 parousi�zontai oi monoswmatidiakèc idioenèrgeiec hlektronÐou
kai op c upì egk�rsio   katakìrufo magnhtikì pedÐo, gia apl  kbantik  teleÐa me
tetragwnikì phg�di ston �xona z pl�touc z0 = 10 nm kai parabolikì dunamikì
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Sq ma 5.4: Apl  kbantik  teleÐa me pl�toc phgadioÔ z0 = 10 nm. Sqhmatik 
par�stash twn energei¸n hlektronÐwn kai op¸n gia tic 10 pr¸tec katast�seic,
san sun�rthsh tou magnhtikoÔ pedÐou, efarmozìmenou kat� thn x   kat� thn z
dieÔjunsh.

periorismoÔ sto xy epÐpedo. 'Eqoume dei sto Par�rthma Iþ, ìti oi Darwin-Fock
katast�seic eÐnai ekfulismènec gia mhdenikì magnhtikì pedÐo kat� om�dec twn 1-2-
3-4... katast�sewn. Lìgw tou polÔ stenoÔ phgadioÔ h diafor� twn energei¸n ston
�xona z eÐnai tìso meg�lh, pou mporoÔme na diakrÐnoume kajar� tic tèsseric om�dec
twn ekfulismènwn (gia B=0T) pou exelÐsontai se mh ekfulismènec se megalÔtera
pedÐa. Gia B=0T oi tèsseric kal� diaqwrismènec enèrgeiec Exyz pou emfanÐzontai,
antistoiqoÔn sthn jemeli¸dh Ez tou phgadioÔ kai stic enèrgeiec Exy twn 4 om�dwn
twn ekfulismènwn Darwin-Fock katast�sewn. Gia ton lìgo autì, h kbantik  teleÐa
me to phg�di pl�touc z0 = 10 nm apoteleÐ thn << idanik >> teleÐa sthn opoÐa efar-
mìsthkan oi pr¸tec jewrhtikèc mac parathr seic gia thn epÐdrash tou magnhtikoÔ
pedÐou [174, 175]. 'Opwc eÐnai anamenìmeno, lìgw tou polÔ stenoÔ pl�touc tou
phgadioÔ, to egk�rsio magnhtikì pedÐo ephre�zei el�qista tic monoswmatidiakèc
katast�seic. Gia ton lìgo autìn, sthn perÐptwsh aut c thc teleÐac exet�zoume
apokleistik� ton rìlo pou èqei h epÐdrash tou katakìrufou pedÐou.

Sto sq ma 5.5 parousi�zontai oi monoswmatidiakèc idioenèrgeiec san sun�rthsh
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Sq ma 5.5: Apl  kbantik  teleÐa me pl�th phgadioÔ z0 = 20 nm kai z0 = 30
nm. Sqhmatik  par�stash twn energei¸n hlektronÐwn kai op¸n gia tic 10 pr¸tec
katast�seic, san sun�rthsh tou magnhtikoÔ pedÐou, efarmozìmenou kat� thn x
dieÔjunsh. H kulindrik  summetrÐa pou èqei to sÔsthma se mhdenikì magnhtikì
pedÐo lìgw thc dom c thc teleÐac, katastrèfetai me thn efarmog  tou egk�rsiou
magnhtikoÔ pedÐou.

tou egk�rsiou magnhtikoÔ pedÐou (B//x) gia teleÐec me z0 = 20 nm kai z0 = 30
nm. Kaj¸c aux�netai to pl�toc tou phgadioÔ ston z �xona, o rìloc tou qwrikoÔ
entopismoÔ mei¸netai kai antÐstoiqa aux�nei o rìloc tou magnhtikoÔ entopismoÔ [95]:
to egk�rsio magnhtikì pedÐo ephre�zei perissìtero tic katast�seic.

Epiplèon, ìpwc eÐnai anamenìmeno, gia megalÔtero pl�toc phgadioÔ h diafor�
twn energei¸n Ez gÐnetai pio mikr  ki ètsi gia B=0T parathroÔme perissìterec
apì tèsseric enèrgeiec (dhl. perissìterec enèrgeiec apì tic tèsseric om�dec twn
ekfulismènwn katast�sewn). H an�mixh twn katast�sewn gÐnetai megalÔterh sthn
perÐptwsh thc kbantik c teleÐac me pl�toc phgadioÔ z0 = 30 nm.
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5.6 O rìloc thc allhlepÐdrashc Coulomb sth-
n << idanik >> kbantik  teleÐa.

'Opwc proanafèrjhke, h kbantik  teleÐa me to phg�di pl�touc z0 = 10 nm apoteleÐ
thn << idanik >> teleÐa. Sto sq ma 5.6 parousi�zetai to f�sma magnhtoaporrìfhshc
thc << idanik ς >> kbantik c teleÐac, eÐte lamb�nontac upìyh eÐte amel¸ntac thn allh-
lepÐdrash Coulomb. Sthn teleÐa efarmìzetai magnhtikì pedÐo mètrou: B = 0 T,
Bz = 1 T kai Bz = 4 T. K�je om�da diagramm�twn antistoiqeÐ se diaforetik 
tim  thc aktÐnac (≈ 2.35σ) thc fwtizìmenhc perioq c (qwrik  an�lush), dhl. (a)
σ = 0.1 nm , (b) σ = 10 nm kai (g) σ = 50 nm. 'Opwc faÐnetai sto sq ma 5.6,
gia σ = 50 nm, to f�sma exart�tai polÔ lÐgo apì thn jèsh tou aniqneut  ki e-
pomènwc h tim  aut  tou σ antistoiqeÐ sto makrinì pedÐo (Far Field   FF). Se k�je
om�da diagramm�twn oi dÔo diaforetikèc st lec antistoiqoÔn se apotelèsmata me
kai qwrÐc allhlepÐdrash Coulomb, en¸ oi diaforetikèc grammèc antistoiqoÔn stic
diaforetikèc timèc tou magnhtikoÔ pedÐou. O suntelest c aporrìfhshc αξ(R, ω)
parousi�zetai sunart sei tìso thc jèshc (Q) tou aniqneut  kat� thn x dieÔjunsh
ìso kai thc fwtonik c enèrgeiac h̄ω. Sthn y dieÔjunsh o aniqneut c èqei tejeÐ sthn
arq  twn axìnwn (U=0).

Gia thn eÔresh twn exitonik¸n kumatosunart sewn kai energei¸n l�bame wc
b�sh 6 katast�seic hlektronÐwn kai 6 katast�seic op¸n (perigraf  6e − 6h).
Epanal�bame touc upologismoÔc mac qrhsimopoi¸ntac 10 katast�seic hlektronÐwn
kai 10 katast�seic op¸n (perigraf  10e − 10h). Gia meg�lec enèrgeiec fwtonÐwn
oi dÔo eikìnec apoklÐnoun, en¸ gia mikrèc tautÐzontai.

Ston pÐnaka 5.2 parousi�zontai ta exitìnia kai oi kÔriec metab�seic apì tic
opoÐec apoteloÔntai, sto energeiakì di�sthma pou kalÔptei kai ta 36 exitìnia sthn
perigraf  6e−6h. Sthn perigraf  10e−10h emfanÐzontai dÔo nèa exitìnia pou ìmwc
èqoun <<skoteinèς >> sunist¸sec sto makrinì pedÐo: 1p(−1) − 2p(+1) kai 1p(+1) −
2p(−1). EÐnai loipìn fanerì ìti ìson afor� sta exitìnia me fwteinèc sunist¸sec
sto makrinì pedÐo, oi dÔo perigrafèc sumpÐptoun.

H allhlepÐdrash Coulomb èqei san apotèlesma thn metatìpish tou f�smatoc
proc qamhlìterec enèrgeiec, exaitÐac thc elktik c allhlepÐdrashc metaxÔ hlek-
tronÐou kai op c pou odhgeÐ stic dèsmiec exitonikèc katast�seic, kaj¸c kai thn
metafor� thc isqÔoc tou talantwt  apì tic uyhlèc stic qamhlèc enèrgeiec. Ta
fainìmena aut� parathroÔntai kai sta kbantik� sÔrmata [170] ki ètsi mporoÔn na
jewrhjoÔn san mia genik  ekd lwsh thc allhlepÐdrashc Coulomb stic optikèc
idiìthtec twn nanodom¸n.

Wstìso, h allhlepÐdrash Coulomb eÐnai upeÔjunh kai gia thn emf�nish epiprìs-
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KÔria met�bash Eλ Eλ Cλ
κυριας µεταβασης Cλ

κυριας µεταβασης

tou exitonÐou 6e− 6h 10e− 10h 6e− 6h 10e− 10h

1s(0)− 1s(0)∗ : 51.9 51.7 (0.96,0.00) (0.96,0.00)
1s(0)− 2s(0)@ : 65.4 65.3 (0.96,0.00) (0.96,0.00)
1p(−1)− 1p(+1)∗: 77.1 76.8 (0.94,0.00) (0.93,0.00)
1p(+1)− 1p(−1)∗: 85.9 85.6 (0.96,0.00) (0.95,0.00)
1p(−1)− 2p(+1)@: 87.3 (0.96,0.00)
1p(+1)− 2p(−1)@: 95.7 (0.95,0.00)
2s(0)− 1s(0)@ : 98.4 98.1 (0.88,0.00) (0.83,0.00)
1d(−2)− 1d(+2)∗: 99.7 99.5 (0.87,0.00) (0.80,0.00)
2s(0)− 2s(0)∗ : 107.7 107.5 (0.97,0.00) (0.95,0.00)
1d(+2)− 1d(−2)∗ : 115.9 115.9 (0.98,0.00) (0.98,0.00)

PÐnakac 5.2: 'Ola ta exitìnia gia Bz = 4T sto di�sthma energei¸n pou perilamb�nei
kai ta 36 hlektrìnia sthn perigraf  6e − 6h. H perigraf  10e − 10h anadeiknÔei
dÔo nèa exitìnia me kÔria sustatik� tic <<skoteinèς >> sto makrinì pedÐo metab�seic:
1p(−1)−2p(+1) kai 1p(+1)−2p(−1). O asterÐskoc dhl¸nei <<fwteinèς >> metab�seic
sto makrinì pedÐo, en¸ to sÔmbolo @ dhl¸nei <<skoteinèς >> metab�seic [95].

jetwn koruf¸n sto f�sma aporrìfhshc, ta opoÐa parousi�zoun mia asun jisth mh
monìtonh sumperifor�.

Gia par�deigma, gia B=0T emfanÐzetai mia nèa koruf  sta ≈ 65 meV, h opoÐa
eÐnai arket� èntonh gia σ = 0.1 nm, sqedìn exafanÐzetai gia σ = 10 nm kai eÐnai
kai p�li èntonh sto makrinì pedÐo. H koruf  aut  apodÐdetai se metab�seic metaxÔ
thc hlektronik c kat�stashc 1s kai twn katast�sewn 1s, 1p kai (2s, 1d) twn
op¸n. Ta exitìnia me kÔria sustatik� tic metab�seic autèc èqoun antÐstoiqa −s,
−p   −d summetrÐa. H kÔria suneisfor� sthn koruf  twn ≈ 65 meV proèrqetai
apì èna s−tÔpou kai dÔo p−tÔpou exitìnia. Sto makrinì pedÐo ìpou αλ

ξ (R) =
| ∫ drΨλ(r, r)|2, h suneisfor� apì ta dÔo p−exitìnia mhdenÐzetai. 'Etsi h suneisfor�
twn dÔo p−tÔpou exitonÐwn eÐnai fjÐnousa sun�rthsh tou σ. Den sumbaÐnei wstìso
to Ðdio me to s−tÔpou exitìnio. H qwrik  mèsh tim  thc kumatosun�rths c tou eÐnai
mh mhdenik  kai kat� sunèpeia eÐnai oratì tìso sto makrinì ìso kai sto eggÔc
pedÐo.

H mh monìtonh sumperifor� tou qarakthristikoÔ sta 65 meV, ofeÐletai se
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antÐstoiqh mh monìtonh sumperifor� thc posìthtac [2]:

Iλ
ξ ∝

∫
dRαλ

ξ (R) (5.14)

h opoÐa parèqei èna mètro thc suneisfor�c k�je exitonÐou sto f�sma aporrìfhshc,
sunart sei tou σ. Kaj¸c to σ aux�nei, h suneisfor� twn dÔo p−tÔpou exitonÐwn
fjÐnei, mèqri pou telik� mhdenÐzetai gia σ ≈ 20 nm. AntÐjeta to s−tÔpou exitìnio
parousi�zei mia mh monìtonh sumperifor� pou antanakl�tai kai sto f�sma. Sug-
kekrimèna, mei¸netai kaj¸c aux�nei to σ, mèqri pou mhdenÐzetai gia σ ≈ 5.11 nm  
isodÔnama ìtan 2.35σ ≈ ρ = 12 nm ìpou ρ h exitonik  aktÐna Bohr gia to GaAs.
Sthn sunèqeia aux�netai kaj¸c to σ aux�nei.

Sto sq ma 5.6 parousi�zontai ta jewrhtik� mac apotelèsmat� mac gia thn magn-
htoaporrìfhsh thc apl c kbantik c teleÐac gia mikr� magnhtik� pedÐa. Parathr¸n-
tac to sq ma sumperaÐnoume ìti gia Bz = 1T kai Bz = 4T h mh monìtonh sumper-
ifor� thc koruf c sta 65 meV ìqi mìno diathreÐtai all� gÐnetai kai pio èntonh.
Epiplèon, gia pedÐo Bz = 4T, up�rqoun kai �llec nèec korufèc (sta 98−100 meV)
me an�logh sumperifor�.

Prokeimènou na d¸soume mia pio saf  eikìna twn metab�sewn, parousi�zoume
sto sq ma 5.7, to f�sma makrinoÔ pedÐou (σ = 50nm) gia thn apl  parabolik 
teleÐa me z0 = 10 nm sunart sei mìno thc enèrgeiac twn fwtonÐwn. JewroÔme
arqik� thn perÐptwsh ìpou ameleÐtai h Coulomb allhlepÐdrash.

Sto makrinì pedÐo αλ
ξ (R) ∝ | ∫ d3rΨλ(r, r)|2 epitrèpontai mìno metab�seic stic

opoÐec h z sunist¸sa thc sunolik c stroform c eÐnai Ðsh me mhdèn. H anagkaÐa
sunj kh eÐnai dhlad  : me

` + mh
` = 0. Wstìso h sunj kh aut  den eÐnai kai

ikan . Dhlad  gia na << epibi¸sei>> mia met�bash sto makrinì pedÐo ja prèpei kai
to olokl rwma tou aktinikoÔ mèrouc na eÐnai epÐshc mh mhdenikì. H �rsh tou
ekfulismoÔ pou ep�gei to katakìrufo magnhtikì pedÐo èqei san apotèlesma thn
aÔxhsh tou arijmoÔ twn epitrept¸n metab�sewn sto makrinì pedÐo apì 3 (gia B=0T)
se 6 (gia Bz = 4T).

Epiplèon, gia B=0T, h qamhlìterh energeiak� met�bash (1s(me
` = 0) se 1s(mh

` =
0)) den eÐnai ekfulismènh, h amèswc epìmenh energeiak� met�bash (1p(me

` = ±1) se
1p(mh

` = ∓1)) eÐnai dipl� ekfulismènh kai h an¸terh energeiak� (1d(me
` = ±2) se

1s(mh
` = ∓2) kai (2s(me

` = 0) se 2s(mh
` = 0) ) eÐnai tripl� ekfulismènh. Gia ton

lìgo autì h isqÔc talantwt  akoloujeÐ thn analogÐa 1:2:3, ìpwc parathroÔme kai
sto sq ma 5.7. Apì thn �llh pleur�, gia Bz = 4T exaitÐac thc �rshc tou ekfulis-
moÔ ìlec oi metab�seic èqoun thn Ðdia perÐpou èntash. Oi korufèc emfanÐzontai
stic enèrgeiec Eµe + Eνh. Gia Bz = 4T kat� aÔxousa enèrgeia oi 6 metab�seic
eÐnai: 1s(me

` = 0) se 1s(mh
` = 0), 1p(me

` = −1) se 1p(mh
` = +1), 1p(me

` = +1)
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Sq ma 5.6: Apl  kbantik  teleÐa me tetragwnikì phg�di (pl�touc z0 = 10 nm)
ston �xona z kai parabolikì dunamikì sto epÐpedo xy. Didi�stath apeikìnish tou
topikoÔ suntelest  aporrìfhshc sunart sei thc jèshc X tou aniqneut  (Y = 0)
kai thc enèrgeiac h̄ω twn fwtonÐwn, gia diaforetikèc timèc thc qwrik c an�lushc
(≈ 2.35 ln σ). Sthn pr¸th st lh k�je om�dac diagramm�twn èqei lhfjeÐ upìyh h
allhlepÐdrash Coulomb en¸ sthn deÔterh st lh ameleÐtai. H fwtonik  enèrgeia
metr�tai sunart sei tou energeiakoÔ q�smatoc.
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Sq ma 5.7: To f�sma aporrìfhshc makrinoÔ pedÐou tou sq matoc 5.6 san
sun�rthsh thc fwtonik c enèrgeiac.

se 1p(mh
` = −1), 1d(me

` = −2) se 1s(mh
` = +2), 2s(me

` = 0) se 2s(mh
` = 0), kai

1d(me
` = +2) se 1s(mh

` = −2).

H allhlepÐdrash Coulomb anamignÔei tic metab�seic metaxÔ hlektronÐwn kai
op¸n.

H sqetik  suneisfor� k�je met�bashc µ(e) → ν(h), ekfr�zetai apì ton sunte-
lest  Cλ

µν sthn sqèsh ( 5.8). Ston pÐnaka 5.2 apeikonÐzontai ìla ta exitìnia me
mÐa toul�qiston fwtein  sto makrinì pedÐo met�bash (FF bright), sto energeiakì
di�sthma twn 36 exitonÐwn thc perigraf c 6e − 6h. O pÐnakac perilamb�nei epÐshc
sÔgkrish thc perigraf c 6e − 6h me thn 10e − 10h. ParathroÔme ìti sthn peri-
graf  10e− 10h emfanÐzontai dÔo nèa exitìnia me k�poia toul�qiston FF fwtein 
sunist¸sa: aut� me thn FF kÔria sunist¸sa 1p(−1)−2p(+1) kai 1p(+1)−2p(−1).
Oi dÔo perigrafèc par�goun parìmoia apotelèsmata.
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5.7 Apl  kbantik  teleÐa upokeÐmenh se
uyhl� pedÐa

H efarmog  mikroÔ magnhtikoÔ pedÐou aÐrei ton ekfulismì twn katast�sewn kai
tropopoieÐ to f�sma aporrìfhshc. Wstìso, kuriarqeÐ o qwrikìc entopismìc. Prokeimè-
nou na doÔme thn shmasÐa tou magnhtikoÔ entopismoÔ qrhsimopoioÔme stouc upol-
ogismoÔc mac uyhl� magnhtik� pedÐa (8-20T) [95]. PolÔ shmantikì rìlo paÐzei kai
p�li o prosanatolismìc tou pedÐou.

Sto sq ma 5.8 parousi�zetai to f�sma aporrìfhshc kbantik c teleÐac me
z0 = 10 nm gia meg�lec timèc katakìrufou magnhtikoÔ pedÐou, sumperilamb�nontac
thn allhlepÐdrash Coulomb. Se uyhl� magnhtik� pedÐa sumbaÐnei mia << epanadi�r-
jrwsh>> twn katast�sewn me thn ènnoia ìti sto an�ptugma thc exitonik c kumato-
sun�rthshc suneisfèroun nèec katast�seic me megalÔterouc kbantikoÔc arijmoÔc
nρ kai m`, en¸ antÐjeta k�poiec apì tic katast�seic me mikrìterouc kbantikoÔc ar-
ijmoÔc pou qrhsimopoi jhkan sta mikrìtera pedÐa, paraleÐpontai. Aut  akrib¸c
h <ápanadi�rjrwsh>> twn katast�sewn antanakl�tai ston arijmì twn epitrept¸n
exitonik¸n metab�sewn sto makrinì pedÐo. 'Eqoume tonÐsei ìti to katakìrufo pedÐo
diathreÐ thn kulindrik  summetrÐa lìgw dom c (pou up�rqei dhlad  gia B=0T). Gia
ton lìgo autì skan�rontac to deÐgma eÐte kat� thn x dieÔjunsh (diathr¸ntac U=0),
eÐte kat� thn y dieÔjunsh (diathr¸ntac Q=0), to f�sma aporrìfhshc eÐnai akrib¸c
to Ðdio.

Sta sq mata 5.9 kai 5.10 parousi�zetai to f�sma aporrìfhshc se uyhl�
egk�rsia magnhtik� pedÐa gia thn kbantik  teleÐa me z0 = 30 nm <<skan�rontaς >>
to deÐgma kat� thn x kai y dieÔjunsh antÐstoiqa. 'Eqoume  dh anafèrei ìti to
egk�rsio pedÐo katastrèfei thn summetrÐa. Gia to lìgo autì kai ta dÔo f�smata
eÐnai diaforetik� [176, 177]. Autì to sp�simo thc summetrÐac anadeiknÔetai gia
σ = 0.1nm kai σ = 10nm all� q�netai sto makrinì pedÐo [178].

Diapist¸noume ton shmantikì rìlo thc magnhtoaporrìfhshc eggÔc pedÐou sthn
an�deixh tou �xona summetrÐac miac kbantik c teleÐac: An èqoume gia par�deigma mia
kbantik  teleÐa me kulindrik  summetrÐa, h efarmog  magnhtikoÔ pedÐou par�llhla
ston �xona summetrÐac thc, den ja ephre�sei thn summetrÐa thc teleÐac ki epomènwc
skan�rontac thn dom  upì opoiad pote dieÔjunsh sto egk�rsio epÐpedo, to f�sma
ja eÐnai to Ðdio. AntÐjeta, h efarmog  magnhtikoÔ pedÐou se dieÔjunsh diaforetik 
apì ton �xona summetrÐac thc teleÐac, katastrèfei thn summetrÐa, me apotèlesma
ta f�smata pou prokÔptoun skan�rontac thn dom  upì diaforetikèc dieujÔnseic
sto egk�rsio epÐpedo na eÐnai diaforetik�. H shmantik  aut  idiìthta q�netai sto
makrinì pedÐo.
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Sq ma 5.8: Apl  kbantik  teleÐa me phg�di (pl�touc z0 = 10 nm) ston �xona
z kai parabolikì dunamikì sto epÐpedo xy. O topikìc suntelest c aporrìfhshc
san sun�rthsh thc jèshc X tou aniqneut  kai thc fwtonik c enèrgeiac. H jèsh
tou aniqneut  kat� thn dieÔjunsh y diathreÐtai sthn arq , dhl. Y = 0. K�je
st lh antistoiqeÐ se diaforetikèc timèc thc qwrik c an�lushc (≈ 2.35 ln σ), en¸
k�je gramm  antistoiqeÐ se diaforetik  tim  tou katakìrufou magnhtikoÔ pedÐou.
H <<domik >> kulindrik  summetrÐa diathreÐtai upì to katakìrufo pedÐo.
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Sq ma 5.9: Apl  kbantik  teleÐa me phg�di (pl�touc z0 = 30 nm) ston �xona z
kai parabolikì dunamikì sto epÐpedo xy. O topikìc suntelest c aporrìfhshc san
sun�rthsh thc jèshc X tou aniqneut  kai thc fwtonik c enèrgeiac wc proc to en-
ergeiakì q�sma. H jèsh tou aniqneut  kat� thn dieÔjunsh y diathreÐtai sthn arq ,
dhl. Y = 0. K�je st lh antistoiqeÐ se diaforetikèc timèc thc qwrik c an�lushc
(≈ 2.35 ln σ), en¸ k�je gramm  antistoiqeÐ se diaforetik  tim  tou egk�rsiou magn-
htikoÔ pedÐou. H <<domik >> kulindrik  summetrÐa pou èqei to sÔsthma se mhdenikì
pedÐo, katastrèfetai apì to egk�rsio pedÐo.
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Sq ma 5.10: Apl  kbantik  teleÐa me phg�di (pl�touc z0 = 30 nm) ston �xona z
kai parabolikì dunamikì sto epÐpedo xy. O topikìc suntelest c aporrìfhshc san
sun�rthsh thc jèshc Y tou aniqneut  kai thc fwtonik c enèrgeiac wc proc to en-
ergeiakì q�sma. H jèsh tou aniqneut  kat� thn dieÔjunsh x diathreÐtai sthn arq ,
dhl. X = 0. K�je st lh antistoiqeÐ se diaforetikèc timèc thc qwrik c an�lushc
(≈ 2.35 ln σ), en¸ k�je gramm  antistoiqeÐ se diaforetik  tim  tou egk�rsiou magn-
htikoÔ pedÐou. H <<domik >> kulindrik  summetrÐa pou èqei to sÔsthma se mhdenikì
pedÐo, katastrèfetai apì to egk�rsio pedÐo. Gia ton lìgo autì to <<skan�risma>>
ston x �xona (Y = 0) dÐnei diaforetik  eikìna apì to skan�risma ston y �xona
(X = 0).
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5.8 Dipl  kbantik  teleÐa
JewroÔme mia prwtìtuph dipl  kbantik  teleÐa [2] me didi�stato parabolikì dunamikì
entopismoÔ sto epÐpedo xy kai tetragwnikì phg�di z0 = 10 nm ston �xona z.
To dunamikì ston �xona x parousi�zei dÔo el�qista sta shmeÐa x = ±xd

2
, ìpou

xd = 30 nm h apìstash twn dÔo telei¸n pou eÐnai kai h apìstash twn dÔo elaqÐst-
wn thc dunamik c enèrgeiac. H morf  tou dunamikoÔ thc dipl c teleÐac ston �xona
x prokÔptei apì thn sunj kh to dunamikì na eÐnai omalì kai suneqèc sta shmeÐa
x = ±xd

2
. Me b�sh thn parap�nw sunj kh to dunamikì perigr�fetai wc:
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Sq ma 5.11: Dipl  kbantik  teleÐa me phg�di (pl�touc z0 = 10 nm) ston �xona z
kai apìstash kat� ton �xona x metaxÔ twn telei¸n xd = 30 nm. Ston �xona y to
dunamikì periorismoÔ eÐnai parabolikì. Parousi�zontai oi idioenèrgeiec hlektronÐwn
kai op¸n gia tic pr¸tec 12 katast�seic, sunart sei tou magnhtikoÔ pedÐou B kat�
thn z   thn x dieÔjunsh.

• an |x| > xd

2

V e,h(x, y) =
1

2
m∗ω2[(|x| − xd)

2 + y2] (5.15)
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• an |x| < xd

2

V e,h(x, y) =
1

2
m∗ω2[(

x2
d

2
− x)2 + y2] (5.16)

Sto sq ma 5.11 parousi�zontai oi monoswmatidiakèc katast�seic gia thn prwtì-
tuph aut  dipl  teleÐa, san sun�rthsh tou magnhtikoÔ pedÐou Bx   Bz. Gia thn
lÔsh tou exitonikoÔ probl matoc qrhsimopoi same wc b�sh 12 hlektrìnia kai 12
opèc.

Sto sq ma 5.12 parousi�zetai o suntelest c aporrìfhshc gia thn dipl  teleÐa,
upì thn epÐdrash polÔ isquroÔ pedÐou Bz = 20T. To polÔ isqurì pedÐo odhgeÐ se
isqurì entopismì twn exitonÐwn. Me �lla lìgia, h qwrik  èktash twn exitonik¸n
kumatosunart sewn mei¸jhke kat� ≈ 1/3 ki emfanÐzetai mia metatìpish tou f�s-
matoc proc uyhlìterec enèrgeiec. Ed¸ ja prèpei na epishmanjeÐ wc kÐnhtro gia
touc peiramatikoÔc, ìti autèc oi tropopoi seic pou epifèrei to magnhtikì pedÐo ja
mporoÔsan se peiramatikì epÐpedo na aniqeutoÔn qrhsimopoi¸ntac aniqneut  eggÔc
pedÐou me qwrik  an�lush 2

√
2 ln 2× 10 nm ≈ 23.5 nm.

5.9 H jemeli¸dhc enèrgeia dèsmeushc
tou exitonÐou

Tìso ta domik� qarakthristik� thc teleÐac (pou kajorÐzoun thn morf  tou perior-
istikoÔ dunamikoÔ) ìso kai to magnhtikì pedÐo, ephre�zoun shmantik� tic monoswma-
tidiakèc katast�seic. Epiplèon ephre�zoun thn allhlepÐdrash Coulomb h opoÐa me
thn seir� thc metab�llei tic exitonikèc idioenèrgeiec. Profan¸c, autì prosfèrei
ènan trìpo diamìrfwshc (engineering) thc jemeli¸douc enèrgeiac dèsmeushc tou
exitonÐou, h opoÐa orÐzetai wc:

Eb = Ee + Eh − Exc (5.17)

ìpou Ee (Eh) h jemeli¸dhc idioenèrgeia tou hlektronÐou (thc op c) kai Exc eÐ-
nai h jemeli¸dhc exitonik  enèrgeia. Sto sq ma 5.13 parousi�zetai h jemeli¸dhc
exitonik  enèrgeia dèsmeushc san sun�rthsh tou katakìrufou   egk�rsiou magn-
htikoÔ pedÐou gia tic teleÐec me pl�th phgadioÔ z0 = 10, 20, 30 nm. ParathroÔme
ìti gia mhdenikì pedÐo to mègejoc thc teleÐac kajorÐzei thn enèrgeia dèsmeushc.

Sthn mikrìterh teleÐa up�rqei pio isqur  allhlepÐdrash metaxÔ hlektronÐwn kai
op¸n, me apotèlesma h exitonik  enèrgeia dèsmeushc na eÐnai megalÔterh. Kaj¸c
aux�nei to egk�rsio pedÐo, stic kbantikèc teleÐec me ta megalÔtera pl�th phga-
dioÔ, parathreÐtai aÔxhsh thc exitonik c enèrgeiac dèsmeushc giatÐ o magnhtikìc
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Sq ma 5.12: Dipl  kbantik  teleÐa me phg�di (pl�touc z0 = 10 nm) ston �xona
z kai apìstash kat� ton �xona x metaxÔ twn telei¸n xd = 30 nm. Ston �xona
y to dunamikì periorismoÔ eÐnai parabolikì. O topikìc suntelest c aporrìfhshc
san sun�rthsh thc jèshc X tou aniqneut  kai thc fwtonik c enèrgeiac wc proc
to energeiakì q�sma. H jèsh tou aniqneut  kat� thn dieÔjunsh y diathreÐtai sthn
arq , dhl. Y = 0. K�je st lh antistoiqeÐ se diaforetikèc timèc thc qwrik c
an�lushc (≈ 2.35 ln σ: σ = 0.1 nm kai σ = 10 nm. K�je st lh antistoiqeÐ
diaforetik  tim  tou katakìrufou magnhtikoÔ pedÐou: B = 0T kai Bz = 20T .
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Sq ma 5.13: H jemeli¸dhc enèrgeia dèsmeushc Eb tou exitonÐou san sun�rthsh tou
katakìrufou   tou egk�rsiou magnhtikoÔ pedÐou gia tic tèsseric qarakthristikèc
peript¸seic pou parousi�sthkan sta sq mata 5.4 kai 5.5.

entopismìc fèrnei pio kont� hlektrìnia kai opèc. AntÐjeta, gia thn mikr  teleÐa h
aÔxhsh tou egk�rsiou pedÐou den ephre�zei thn enèrgeia dèsmeushc, giatÐ uperisqÔei
o qwrikìc entopismìc.

H sqetik� meg�lh -sugkrinìmenh me thn jermik  enèrgeia se jermokrasÐa dw-
matÐou (kBT ≈ 26 meV)- jemeli¸dhc exitonik  enèrgeia dèsmeushc eÐnai aparaÐthth
gia thn ikanopoihtik  leitourgÐa twn optik¸n diat�xewn se jermokrasÐa dwmatÐou.
Apì to parap�nw di�gramma faÐnetai ìti ènac trìpoc gia na aux soume thn Eb eÐ-
nai na mei¸soume to mègejoc thc teleÐac  /kai na aux soume to magnhtikì pedÐo,
anagk�zontac ètsi ta hlektrìnia kai tic opèc na èrjoun pio kont�.

Wstìso aut  h <<sumpÐesh>> twn monoswmatidiak¸n kumatosunart sewn exart�tai
apì thn asunèqeia stic z¸nec sjènouc kai agwgimìthtac twn dÔo ulik¸n (GaAs/AlGaAs
ed¸). Gia par�deigma [113], se sfairikèc teleÐec h sqèsh pou sundèei thn kat¸terh
krÐsimh di�metro me thn asunèqeia sthn z¸nh agwgimìthtac twn dÔo ulik¸n eÐnai:

Dmin =
πh̄√

2m∗∆Ec

(5.18)
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ìpou ∆Ec h asunèqeia sthn z¸nh agwgimìthtac twn dÔo ulik¸n kai m∗ h energìc
m�za tou hlektronÐou. Epiplèon, mei¸nontac to pl�toc tou phgadioÔ peraitèrw, oi
monoswmatidiakèc kumatosunart seic eisqwroÔn ston AlGaAs fragmì.

'Eqei deiqjeÐ ìti sta kbantik� sÔrmata, genik� oi enèrgeiec dèsmeushc eÐnai
megalÔterec apì tic antÐstoiqec sta kbantik� phg�dia, eÐnai wstìso mikrìterec
apì kBTroom [179]. ParathroÔme ìti o sunduasmìc pou k�name, dhlad  meÐwsh tou
pl�touc tou phgadioÔ me tautìqronh aÔxhsh tou pedÐou, èqei san apotèlesma h Eb

na plhsi�sei thn jermik  enèrgeia se jermokrasÐa dwmatÐou.

5.10 Perigraf  tou mikroskìpiou s�rwshc
kontinoÔ pedÐou

H peiramatik  melèth twn susthm�twn hmiagwgik¸n kbantik¸n telei¸n, me thn
paradosiak  mikroskopÐa makrinoÔ pedÐou, parèqei plhroforÐec kat� mèso ìro gi-
a to sÔnolo twn telei¸n. Par� ta pleonekt mata kai to eÔroc twn efarmog¸n
thc sumbatik c optik c mikroskopÐac, to kuriìtero perioristikì gn¸risma tou op-
tikoÔ mikroskopÐou eÐnai h qamhl  diakritik  ikanìthta. Gia ta sumbatik� op-
tik� mikroskìpia, epib�lletai apì ton ulikì qarakt ra tou fwtìc, èna jemeli¸dec
kat¸tero ìrio (fr�gma Abbe [180]) sth qwrik  diakritik  ikanìthta pou mporeÐ na
epiteuqjeÐ me aut� ta ìrgana.

Sthn pr�xh ta upì melèth deÐgmata apoteloÔntai apì ènan arijmì telei¸n me di-
aforetik� megèjh, sq mata kai pollèc forèc kai sÔnjesh, h anapìfeukth anomoio-
gen c diapl�tunsh twn koruf¸n kalÔptei pollèc apì tic idiìthtec twn apomon-
wmènwn kbantik¸n telei¸n. 'Etsi ènac trìpoc gia na melet soume tic idiìthtec twn
memonwmènwn kbantik¸n telei¸n pou an koun se mia sullog , eÐnai h qr sh optik¸n
mejìdwn me qwrik  an�lush upopollapl�sia tou m kouc kÔmatoc.

O aisjht rac enìc mikroskopÐou kontinoÔ pedÐou qrhsimopoieÐ ènan mikrì k-
wnikì aniqneut  (probe) me aktÐna kampulìthtac sthn koruf  autoÔ, thc t�xhc twn
dek�dwn   ekatont�dwn nm. Genik�, ènac tètoioc aniqneut c mporeÐ na èqei mia
adiafan  (sun jwc metallik ) epÐstrwsh stic pleurèc tou, èqontac sto �kro tou
èna upopollapl�sio tou m kouc kÔmatoc �noigma. H qwrik  an�lush kajorÐzetai
apì thn di�metro tou anoÐgmatoc kai kumaÐnetai apì 10-100 nm. Se �llec diat�xeic,
mporeÐ na eÐnai qwrÐc epÐstrwsh. Kai stic dÔo peript¸seic, sqhmatÐzetai mia eikìna
mèsw s�rwshc tou aniqneut  sto kontinì pedÐo thc epif�neiac tou deÐgmatoc, en¸
o aniqneut c mporeÐ na leitourgeÐ eÐte wc phg  (sth leitourgÐa fwtismoÔ) eÐte wc
aniqneut c (sth leitourgÐa sullog c) aktinobolÐac. 'Ena tètoio ìrgano anafèretai
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wc optikì mikroskìpio s�rwshc kontinoÔ pedÐou   NSOM (Near-field Scanning Op-
tical Microscope). To s ma (I) pou lamb�netai se k�je pixel, analÔetai se ìrouc
allhlepÐdrashc metaxÔ tou HM pedÐou pou fwtÐzei to deÐgma (Eillum), thc apìkrishc
tou proc melèth antikeimènou sto pedÐo autì kai tou dianusmatikoÔ pedÐou sullog c
tou deÐgmatoc (Ecollect). Oi endogeneÐc idiìthtec tou antikeimènou sumbolÐzontai me
ton pÐnaka R. H apìkrish tou antikeimènou sto HM pedÐo pou fwtÐzei to deÐgma,
perilamb�nei diergasÐec ìpwc an�klash, aporrìfhsh, epakìloujh ekpomp  klp. M-
poreÐ bèbaia na perilamb�nei kai dhmiourgoÔmena me mh optikì trìpo optik� pedÐa
(hlektrofwtaÔgeia...) To pedÐo Eillum kajorÐzetai apì thn fwtein  phg , fÐl-
tra, kai ì,ti �llo paremb�lletai metaxÔ phg c kai antikeimènou. KleÐnei mèsa tou
ton qrìno, to kumat�nusma, thn pìlwsh kai tic qwrikèc idiìthtec tou fwtìc pou
diegeÐrei to deÐgma. AntÐjeta, to pedÐo Ecollect, kajorÐzetai apì ta fÐltra, tou-
c analutèc, touc aniqneutèc kai ì,ti �llo paremb�lletai metaxÔ antikeimènou kai
aniqneut . To s ma pou lamb�netai se èna pixel dÐnetai sqhmatik� apì:

I(r, λ, t) =
∫

r′

∫

λ′

∫

t′
Eillum ·R · Ecollectd

3r′dλ′dt′ (5.19)

Mia apeikìnish perilamb�nei mia sullog  shm�twn kaj¸c sar¸nei kaneÐc thn sqetik 
jèsh thc �krhc tou aniqneut  kai tou deÐgmatoc gia èna sÔnolo tim¸n (x, y). Autì
pou qartografeÐtai se mia diadikasÐa apeikìnishc eÐnai h dianusmatik  posìthta
Eillum ·R (se leitourgÐa fwtismoÔ), eÐte h dianusmatik  Ecollect ·R (se leitourgÐa
sullog c). Parak�tw perigr�fontai oi dÔo kÔriec leitourgÐec tou mikroskopÐou
s�rwshc kontinoÔ pedÐou.

5.10.1 LeitourgÐa fwtismoÔ
To �kro tou aniqneut  leitourgeÐ wc phg  fwtìc sto eggÔc pedÐo kai h qwrik 
an�lush epitugq�netai mèsw thc s�rwshc tou deÐgmatoc apì to �kro tou aniqneut 
(sq ma 5.14), en¸ oi allagèc pou prokaleÐ h allhlepÐdrash me to deÐgma aniqneÔon-
tai sto makrinì pedÐo. H peiramatik� parathroÔmenh posìthta, h opoÐa aniqneÔetai
mèsw enìc shmeiakoÔ fwtoaniqneut , eÐnai h èntash tou hlektromagnhtikoÔ pedÐou
E se k�poio shmeÐo r0 sto makrinì pedÐo. Gia na afairejeÐ to upìbajro, upologÐze-
tai h sqetik  metabol  thc èntashc exaitÐac thc Ôparxhc tou deÐgmatoc [181]:

S(r0) =
|E|2 − |E0|2

|E0|2 (5.20)

E0 eÐnai to HM pedÐo qwrÐc to deÐgma kai E eÐnai to HM pedÐo pou ep�gei h allh-
lepÐdrash me to deÐgma.
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Sq ma 5.14: Sqhmatik  par�stash enìc NSOM stic dÔo basikèc leitourgÐec
tou [181].

5.10.2 LeitourgÐa sullog c

EpÐpedo diegeÐron kÔma prospÐptei upì gwnÐa olik c an�klashc apì ton pujmèna
tou upostr¸matoc, ìpwc faÐnetai sto sq ma 5.14. To prospÐpton kÔma dhmiourgeÐ
parodik� kÔmata epifaneÐac pou diatrèqoun thn epif�neia tou upostr¸matoc kai
allhlepidroÔn me thn sullog  apì teleÐec. Sthn koruf  aut c thc gewmetrÐac
efarmìzetai èna NSOM se leitourgÐa sullog c. To pedÐo pou ekpèmpoun oi kban-
tikèc teleÐec sullègetai apì to �kro tou aniqneut . 'Enac fwtoaniqneut c metr�
thn puknìthta ro c enèrgeiac, thc aktinobolÐac, se ìlh thn epif�neia tou �krou
tou aniqneut  [181]:

w(L0) =
c

4π

∫ ∫
dxdyRe(E ×H∗)z (5.21)
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Prokeimènou loipìn na lhfjoÔn oi parap�nw peiramatik� parathroÔmenec posìtht-
ec, ja prèpei na upologistoÔn ta antÐstoiqa hlektromagnhtik� pedÐa. Aut� prokÔp-
toun apì thn lÔsh twn exis¸sewn Maxwell gia to olikì hlektrikì pedÐo E:

∇2E−∇∇ · E− 1

c2

∂2

∂t2
E =

4π

c2
0

∂2

∂t2
P (5.22)

Sthn grammik  perioq , qrhsimopoi¸ntac mia grammik  epidektikìthta χ, h pìlwsh
gr�fetai wc:

P(r, ω) = χ(r, ω)E(r, ω) (5.23)

ìpou èqei jewrhjeÐ ìti to mèso eÐnai optik� isìtropo kai qarakthrÐzetai apì topik 
apìkrish. Gia to magnhtikì pedÐo èqoume mia parìmoia exÐswsh:

∇2B +
ω2

c2
0

B =
4πiω

c0

∇×P (5.24)

'Etsi, lÔnontac thn Ex.(5.22), brÐskoume katìpin thn pìlwsh apì thn Ex. (5.23),
(gnwrÐzontac bèbaia thn èkfrash thc topik c epidektikìthtac) kai sthn sunèqeia
upologÐzoume to magnhtikì pedÐo apì thn Ex. (5.24).

Ektìc apì tic proanaferjeÐsec, up�rqei èna pl joc dunat¸n diat�xewn enìc
mikroskopÐou s�rwshc eggÔc pedÐou. Sto sq ma 5.15 apeikonÐzontai èxi apì touc
sunhjèsterouc trìpouc leitourgÐac, sto opoÐo èqoume upojèsei gia lìgouc aplìth-
tac ìti to stoiqeÐo metafor�c tou s matoc eÐnai mia optik  Ðna kwnik c diatom c.
QrhsimopoioÔntai kai �llec kataskeuèc, ìqi ìmwc tìso suqn� ìso h kwnik  Ðna. Se
ìlec tic peript¸seic pou deÐqnontai sto sq ma 5.15, to deÐgma upotÐjetai ìti brÐske-
tai ep�nw se èna epÐpedo upìstrwma apeujeÐac k�tw apì thn koruf  thc Ðnac. Stic
eikìnec 5.15(a-e), oi pleurèc thc Ðnac endeqomènwc epikalÔptontai me mia metallik 
membr�nh. Sthn eikìna 5.15(f) den ufÐstatai tètoia epÐstrwsh. Sth leitourgÐa
sullog c NSOM (eikìna 5.15a), sullègetai fwc mèsw tou diafr�gmatoc sto �kro
thc Ðnac en¸ parèqetai fwtismìc apì mia di�taxh makrinoÔ pedÐou. Sth leitourgÐa
fwtismoÔ NSOM (eikìna 5.15b), to deÐgma fwtÐzetai me fwc apì èna di�fragma,
all� sullègetai sto makrinì pedÐo. Sth leitourgÐa fwtismoÔ/ sullog c NSOM
(eikìna 5.15c), to deÐgma fwtÐzetai mèsw tou Ðdiou diafr�gmatoc. Sth leitourgÐa
pl�giac sullog c NSOM (eikìna 5.15d), to deÐgma fwtÐzetai pl�gia me mia di�taxh
makrinoÔ pedÐou kai to fwc sullègetai sthn Ðna afoÔ per�sei mèsa apì to di�frag-
ma. Sth leitourgÐa pl�giou fwtismoÔ NSOM (eikìna 5.15e), to deÐgma fwtÐzetai
me fwc apì to di�fragma kai to s ma sullègetai pl�gia me mia di�taxh makrinoÔ
pedÐou. Sth leitourgÐa skoteinoÔ pedÐou NSOM(eikìna 5.15f), to prospÐpton fwc
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Sq ma 5.15: Oi èxi dunatoÐ trìpoi leitourgÐac enìc NSOM.(a) sullog , (b)
fwtismìc, (c) fwtismìc/ sullog , (d) pl�gia sullog  (e) pl�gioc fwtismìc, (f)
skoteinì pedÐo [182].

exanagk�zetai se olik  eswterik  an�klash apì thn epif�neia upostr¸matoc. To
fwc sullègetai mèsw miac anepÐstrwthc Ðnac topojethmènhc sto kontinì pedÐo tou
deÐgmatoc.

PolÔ shmantikìc par�gontac sthn beltÐwsh thc diakritik c ikanìthtac apoteleÐ
h kataskeu  tou anoÐgmatoc tou aniqneut . Oi T. Saiki kai K. Matsuda [168],
pètuqan qwrik  an�lush thc t�xhc twn 30 nm, mei¸nontac to m koc thc metal-
lik� epistrwmènhc perioq c tou kumatodhgoÔ (pou qarakthrÐzetai apì shmantikèc
ap¸leiec tou s matoc), kataskeu�zontac mia dipl  kwnik  dom  sthn koruf  tou
kumatodhgoÔ (sq ma 5.16). Epiplèon h dipl  kwnik  dom  èqei to pleonèkthma
ìti to �noigma tou aniqneut  èqei polÔ oxÔ �kro ki autì suneisfèrei shmantik�
sthn apotelesmatik  dhmiourgÐa kai anÐqneush tou parodikoÔ pedÐou sthn geitoni�
tou deÐgmatoc. Tèloc, kat�feran epiprìsjeth aÔxhsh thc apìdoshc tou aniqneut 
mei¸nontac to p�qoc tou epifaneiakoÔ str¸matoc pou kalÔptei thn epif�neia twn
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telei¸n gia thn apofug  thc fjor� touc, to opoÐo ìmwc dhmiourgeÐ mia anapìfeukth
kai mh epijumht  apìstash ≈ 50 − 100 nm metaxÔ thc proc anÐqneush teleÐac kai
tou aniqneut .

Sq ma 5.16: (a) Sqhmatik  par�stash thc optik c Ðnac tou aniqneut  pou
kataskeu�sthke apì touc T. Saiki kai K. Matsuda [168] me thn dipl  kwnik  dom ,
(b) pleurik  tom  kai (g) k�toyh apì p�nw thc sqism c me di�metro 100 nm.

5.11 SÔnoyh
Parousi�sthke mia jewrhtik  melèth tou f�smatoc magnhtoaporrìfhshc eggÔc
pedÐou apl¸n kai dipl¸n telei¸n. DiereunoÔme thn epÐdrash tou magnhtikoÔ pedÐou
sto f�sma aporrìfhshc kaj¸c kai ton antagwnismì metaxÔ qwrikoÔ kai magn-
htikoÔ entopismoÔ. Aut  h diereÔnhsh mac parèqei ènan trìpo qeirismoÔ twn exi-
tonik¸n kumatosunart sewn kai sugkekrimèna thc exitonik c enèrgeiac dèsmeushc
thc jemeli¸douc kat�stashc.
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Qrhsimopoi¸ntac mia apl  kbantik  teleÐa me isìtropo parabolikì dunamikì s-
to xy epÐpedo kai phg�di ston �xona z kai metab�llontac to pl�toc tou phgadioÔ
kaj¸c kai to mètro kai ton prosanatolismì tou pedÐou sumperaÐnoume:
A) H kulindrik  summetrÐa pou èqei h kbantik  teleÐa lìgw thc dom c thc gia mh-
denikì magnhtikì pedÐo, diathreÐtai upì katakìrufo kai katastrèfetai upì egk�rsio
magnhtikì pedÐo.
B) Kaj¸c aux�nei to pl�toc tou phgadioÔ ston �xona z, o rìloc tou qwrikoÔ en-
topismoÔ mei¸netai ki antÐstoiqa aux�nei o rìloc tou magnhtikoÔ entopismoÔ.
G) H �rsh tou ekfulismoÔ pou ep�gei to magnhtikì pedÐo èqei san apotèlesma thn
aÔxhsh tou arijmoÔ twn epitrept¸n metab�sewn sto makrinì pedÐo.
D) H allhlepÐdrash Coulomb epifèrei shmantikèc tropopoi seic sto f�sma apor-
rìfhshc, ìpwc:

• metatìpish tou f�smatoc proc qamhlìterec enèrgeiec lìgw thc elktik c allh-
lepÐdrashc metaxÔ hlektronÐou kai op c

• metafor� thc isqÔoc talantwt  apì tic uyhlèc stic qamhlèc enèrgeiec

• emf�nish nèwn koruf¸n me mh monìtonh sumperifor� sthn èntas  touc kaj¸c
aux�netai h qwrik  an�lush (≈ 2.35 ln σ).

E) Exet�zontac to f�sma aporrìfhshc thc apl c kbantik c teleÐac me pl�toc
phgadioÔ z0 = 10 nm upokeÐmenh se polÔ uyhl� magnhtik� pedÐa kai lamb�non-
tac upìyh thn allhlepÐdrash Coulomb, sumperaÐnoume ìti all�zei o arijmìc twn
epitrept¸n metab�sewn sto makrinì pedÐo. Autì ofeÐletai sthn epanadi�rjrwsh
twn katast�sewn lìgw tou pedÐou.
ST) Efarmìzontac sthn kbantik  teleÐa me kulindrik  summetrÐa uyhlì magnhtikì
pedÐo par�llhla ston �xona summetrÐac thc, den ephre�zetai h summetrÐa thc, ki ètsi
skan�rontac thn dom  upì opoiad pote dieÔjunsh sto egk�rsio epÐpedo to f�sma
eggÔc pedÐou eÐnai to Ðdio. AntÐjeta, efarmìzontac magnhtikì pedÐo se dieÔjunsh
diaforetik  apì ton �xona summetrÐac thc, katastrèfetai h summetrÐa thc teleÐac,
ki ètsi skan�rontac thn dom  upì diaforetikèc dieujÔnseic sto egk�rsio epÐpedo,
prokÔptoun diaforetik� f�smata eggÔc pedÐou. Aut  h dunatìthta q�netai sto
makrinì pedÐo. Aut  h polÔ shmantik  idiìthta tou f�smatoc magnhtoaporrìfhsh-
c ìson afor� sthn an�deixh tou �xona summetrÐac thc kbantik c teleÐac apoteleÐ
qarakthristik  diafor� an�mesa sto eggÔc kai makrinì pedÐo.
Z) To magnhtikì pedÐo kai to mègejoc thc kbantik c teleÐac apoteloÔn kajoris-
tikoÔc par�gontec gia thn exitonik  enèrgeia dèsmeushc thc jemeli¸douc kat�s-
tashc. Sugkekrimèna, o sunduasmìc pou k�name dhlad  meÐwsh tou pl�touc tou
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phgadioÔ me tautìqronh aÔxhsh tou magnhtikoÔ pedÐou, èqei san apotèlesma h Eb

na plhsi�sei thn jermik  enèrgeia se jermokrasÐa dwmatÐou. H sunj kh aut  eÐnai
anagkaÐa gia thn ikanopoihtik  leitourgÐa twn optik¸n diat�xewn se jermokrasÐa
dwmatÐou.

Exet�zontac to f�sma magnhtoaporrìfhshc (se uyhl� pedÐa) dipl c kbantik c
teleÐac, parathreÐtai mia metatìpish se uyhlìterec enèrgeiec kai meÐwsh thc èk-
tashc twn kumatosunart sewn kat� perÐpou 1/3.



Kef�laio 6

Oi exis¸seic fwtofwtaÔgeiac
stic kbantikèc teleÐec kai h
analutik  epÐlus  touc

To kef�laio autì apoteleÐ to deÔtero mèroc thc paroÔsac diatrib c. Parousi�ze-
tai h prwtìtuph paragwg  twn exis¸sewn fwtofwtaÔgeiac stic kbantikèc teleÐec
ìpwc autèc prokÔptoun apì thn kbantomhqanik  perigraf  thc allhlepÐdrashc tou
sust matoc twn forèwn pou eÐnai entopismènoi sthn kbantik  teleÐa, tìso metaxÔ
touc, ìso kai me to pedÐo twn fwtonÐwn. LÔnontac analutik� tic exis¸seic fwtofw-
taÔgeiac sthn grammik  perioq , katal goume sthn èkfrash pou dÐnei thn èntash
tou ekpempìmenou fwtìc dhlad  to f�sma fwtofwtaÔgeiac stic kbantikèc teleÐec.

Sthn paragwg  thc exÐswshc pou dÐnei ton suntelest  aporrìfhshc, gia thn
perigraf  thc dunamik c tou sust matoc, jewr same thn allhlepÐdrash twn forèwn
mìno me to sunektikì pedÐo tou lèizer (ìroc Hcl). Kat� thn diadikasÐa aut  up-
�rqei ìmwc kai o prìsjetoc ìroc Hcγ thc allhlepÐdrashc twn forèwn me to up-
ìbajro pedÐo twn fwtonÐwn (background photon field [183]), o opoÐoc odhgeÐ sthn
aujìrmhth ekpomp . O ìroc autìc prokÔptei apì thn kbantomhqanik  perigraf 
tou pedÐou fwtìc. Oi diadikasÐec aujìrmhthc ekpomp c sumbaÐnoun se qrìnouc polÔ
megalÔterouc sugkritik� me �llec diadikasÐec skèdashc. 'Etsi, kat� thn melèth thc
polÔ gr gorhc (ultrafast) dunamik c twn forèwn pou diegeÐrontai apì to sunektikì
pedÐo tou lèizer, eÐnai  ssonoc shmasÐac. Gia ton lìgo autì sthn paragwg  tou
suntelest  aporrìfhshc den l�bame upìyh ton ìro Hcγ, o opoÐoc perikleÐei thn
allhlepÐdrash twn forèwn me ta fwtìnia pou prokÔptoun apì thn apodiègersh tou
sust matoc.

109
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AntÐjeta, sta peir�mata fwtofwtaÔgeiac, autì pou metr�tai peiramatik� eÐ-
nai to f�sma twn ekpempìmenwn fwtonÐwn, kai h diadikasÐa epanasÔndeshc eÐnai
o sundetikìc krÐkoc metaxÔ twn jewrhtik¸n upologism¸n kai twn peiramatik¸n
parathr sewn. Kat� sunèpeia gia ton upologismì tou f�smatoc fwtofwtaÔgeiac,
ja prèpei na sumperil�boume thn Qamiltonian  thc allhlepÐdrashc tou sust matoc
me to pedÐo twn fwtonÐwn. Sthn perÐptwsh kat� thn opoÐa sunektikèc phgèc fwtìc
(lèizer) diegeÐroun sugqrìnwc se suntonismì thn kbantik  teleÐa [25] (sunektik 
fwtofwtaÔgeia), sthn jewrhtik  melèth lamb�nontai upìyh tìso h allhlepÐdrash
twn forèwn me to upìbajro tou pedÐou fwtìc (ìroc Hcγ), ìso kai allhlepÐdrash
me to lèizer (ìroc Hcl).

Sthn paroÔsa diatrib  melet�tai h mh-sunektik  fwtofwtaÔgeia, h opoÐa prokÔptei
apì thn apodiègersh tou plhjusmoÔ twn dihgermènwn hlektronÐwn kai op¸n. Sthn
perÐptwsh aut  mhdenÐzoume ton ìro Hcl thc allhlepÐdrashc me to lèizer kai h suno-
lik  Qamiltonian  apoteleÐtai apì ton ìro twn mh allhlepidr¸ntwn forèwn Hsp,
ton ìro thc allhlepÐdrashc metaxÔ twn forèwn Hcc, ton ìro twn mh allhlepidr¸n-
twn fwtonÐwn Hγ kai tèloc ton ìro Hcγ. H exÐswsh pou dÐnei ton teleutaÐo ìro
gia tic kbantikèc teleÐec par�getai sthn enìthta 6.3. Efarmìzontac thn exÐswsh
kÐnhshc tou Heisenberg stic anamenìmenec timèc tou arijmoÔ twn fwtonÐwn (〈a†qaq′〉),
twn sunart sewn katanom c twn forèwn kai twn ìrwn susqetismoÔ metaxÔ twn
telest¸n dhmiourgÐac (katastrof c) fwtonÐou kai katastrof c (dhmiourgÐac) enìc
zeÔgouc hlektronÐou-op c,(〈a†q℘µν〉 ≡ 〈a†qdνcµ〉), lamb�noume èna sÔnolo exis¸sewn
fwtofwtaÔgeiac se kbantikèc teleÐec.

6.1 H ènnoia thc fwtofwtaÔgeiac
H fwtaÔgeia (Luminescence) eÐnai diadikasÐa aujìrmhthc ekpomp c kat� thn opoÐ-
a oi foreÐc pou èqoun metabeÐ se dihgermènec katast�seic met� apì kat�llhlh
diègersh, epanasundèontai ekpèmpontac tautìqrona hlektromagnhtik  aktinobolÐa.
Gia na sumbeÐ ekpomp  ja prèpei oi foreÐc na brÐskontai se kat�stash mh-isorropÐac.
'Etsi apaiteÐtai èna eÐdoc diègershc. An h diègersh gÐnetai me hlektrikì reÔma,
tìte h diadikasÐa kaleÐtai hlektrofwtaÔgeia (electroluminescence), an h diègersh
gÐnetai me dèsmh hlektronÐwn kaleÐtai kajodofwtaÔgeia (cathodoluminescence),
  an gÐnetai me fwc kaleÐtai fwtofwtaÔgeia (photoluminescence snt PL). Me mia
pr¸th mati� h aporrìfhsh kai h fwtofwtaÔgeia eÐnai summetrikèc diadikasÐec. Sth-
n pr¸th, lìgw thc aporrìfhshc enìc fwtonÐou, èna hlektrìnio metabaÐnei apì mia
kat�stash thc z¸nhc sjènouc se mia kat�stash thc z¸nhc agwgimìthtac me tautì-
qronh dhmiourgÐa op c, kai aniqneÔontai ta fwtìnia pou den èqoun aporrofhjeÐ.
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Sthn perÐptwsh thc fwtofwtaÔgeiac, to hlektrìnio kai h op  pou brÐskontai se di-
hgermènec katast�seic mh isorropÐac, epanasundèontai, ki aniqneÔontai ta fwtìnia
pou ekpèmpontai.

Up�rqei wstìso mia ousi¸dhc diafor�: h aktinoboloÔsa diadikasÐa thc ekpom-
p c sunup�rqei me �llec mh-aktinoboloÔseς diadikasÐec (fainìmeno Auger, sÔllhyh
apì baji� kèntra, k.a) pou stèlnoun touc foreÐc se kat¸terec katast�seic apì tic
opoÐec epanasundèontai eÐte ekpèmpontac fwtìnia, eÐte ìqi. 'Etsi en¸ sthn apor-
rìfhsh èna fwtìnio dhmiourgeÐ akrib¸c èna zeÔgoc hlektronÐou-op c, h fwtofw-
taÔgeia eÐnai ènac mìno apì touc pijanoÔc mhqanismoÔc pou mporoÔn na sumboÔn.
Epiplèon, se pollèc peript¸seic, kat� thn diègersh forèwn apì ton palmì enìc
lèizer, h diadikasÐa efhsuqasmoÔ sthn jemeli¸dh kat�stash eÐnai polÔ pio gr gorh
apì thn diadikasÐa epanasÔndeshc. Gia par�deigma se kbantik� sÔrmata sq matoc
V [126] èqei apodeiqjeÐ ìti h diadikasÐa epanasÔndeshc eÐnai thc t�xhc twn 300 ps
en¸ h diadikasÐa efhsuqasmoÔ eÐnai thc t�xhc twn 50 ps. Kat� sunèpeia, se pollèc
peript¸seic me ta f�smata PL den mporoÔme na apokalÔyoume thn dom  twn zwn¸n
all� na melet soume tic jemeli¸deic katast�seic twn dom¸n pou dÐnoun ta f�smata.

Gia na faneÐ kalÔtera h di�krish metaxÔ aporrìfhshc kai fwtofwtaÔgeiac,
parousi�zoume sto sq ma 6.1 èna sÔsthma tess�rwn katast�sewn. Oi foreÐc
diegeÐrontai sthn kat�stash |4〉. Ja melet soume ta s mata ekpomp c mìno apì tic
st�jmec |3〉 kai |2〉, dhlad  stic enèrgeiec E3 − E1 kai E2 − E1, antÐstoiqa. Me
Ti1 shmei¸netai o qrìnoc thc aktinoboloÔsac epanasÔndeshc |i〉 → |1〉, en¸ me τij

o qrìnoc thc mh aktinoboloÔsac met�bashc |i〉 → |j〉. Jewr¸ntac ìti h st�jmh |3〉
epoikÐzetai qwrÐc tautìqronh ekpomp  aktinobolÐac apì thn |4〉, arkeÐ na gr�youme:

dn3

dt
=

n0

τp

− n3

τ32

− n3

T31

dn2

dt
=

n3

τ32

− n2

τ21

− n2

T21

(6.1)

Sthn st�simh kat�stash, dni

dt
= 0 oi parap�nw exis¸seic gÐnontai:

n3 =
n0

τp

T31

1 + T31/τ32

n2 =
n0

τp

T31

1 + T31/τ32

T21

τ32

1

1 + T21/τ21

(6.2)

Ta s mata PL stic enèrgeiec E3−E1 = h̄ω31 kai E2−E1 = h̄ω21 eÐnai an�loga twn
plhjusm¸n n3 kai n2 antÐstoiqa. An o qrìnoc thc mh aktinoboloÔsac met�bashc
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Sq ma 6.1: To sÔsthma twn tess�rwn katast�sewn. Oi foreÐc diegeÐrontai arqik�
sthn kat�stash |4〉 kai metabaÐnoun stic kat¸terec st�jmec eÐte me tautìqronh
ekpomp  fwtonÐwn (shmei¸nontai me tic eniaÐec grammèc) eÐte qwrÐc aktinobolÐa (es-
tigmènec). Me Ti1 shmei¸netai o qrìnoc thc aktinoboloÔsac met�bashc |i〉 → |1〉,
en¸ me τij thc mh aktinoboloÔsac met�bashc |i〉 → |j〉.

apì thn st�jmh |3〉 sthn |2〉 eÐnai polÔ mikrìteroc apì ton qrìno thc aktinoboloÔsac
epanasÔndeshc apì thn |3〉, dhl. an τ32 ¿ T31, tìte eÐnai fanerì apì tic sqèseic
(6.2) ìti n3 ¿. Autì shmaÐnei ìti ìloc sqedìn o plhjusmìc tou epipèdou |3〉
qrhsimopoieÐtai gia ton epoikismì tou epipèdou |2〉 ki el�qisto posostì summetèqei
sthn diadikasÐa thc ekpomp c.

Kat� sunèpeia, akìma ki an h puknìthta katast�sewn thc st�jmhc |3〉 eÐnai
megalÔterh apì aut n thc st�jmhc |2〉 (  èqei megalÔtero bajmì ekfulismoÔ), to
s ma fwtofwtaÔgeiac sthn enèrgeia h̄ω31 ja eÐnai polÔ pio asjenèc apì to sq ma
sthn enèrgeia h̄ω21. To antÐjeto bèbaia ja sunèbaine sthn perÐptwsh thc apor-
rìfhshc, ìpou an o bajmìc ekfulismoÔ thc |3〉  tan megalÔteroc autoÔ thc kat�s-
tashc |2〉, kai h isqÔc talantwt   tan h Ðdia, tìte profan¸c to s ma aporrìfhshc
sthn enèrgeia h̄ω31 ja  tan polÔ pio isqurì apì to s ma sthn enèrgeia h̄ω21.

Ta peir�mata PL apoteloÔn basik� ergaleÐa gia thn melèth twn diakrit¸n
katast�sewn stic kbantikèc teleÐec. H kentrik  idèa enìc peir�matoc PL eÐnai
h ex c: Dèsmh lèizer kat�llhlou m kouc kÔmatoc diegeÐrei hlektrìnia apì thn
z¸nh sjènouc sthn z¸nh agwgimìthtac kai dhmiourgeÐ zeÔgh hlektronÐwn-op¸n.
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An�loga me thn isqÔ diègershc, aut� ta zeÔgh katalamb�noun tic diakritèc katast�-
seic thc teleÐac,   tic katast�seic tou 2D suneqoÔc,   tic katast�seic tou bulk
suneqoÔc gia polÔ meg�lec enèrgeiec diègershc. 'Ena mèroc twn swmatidÐwn pou
dhmiourgoÔntai efhsuq�zoun qwrÐc ekpomp  aktinobolÐac sthn jemeli¸dh kat�s-
tash   stic kat¸terec dihgermènec katast�seic thc teleÐac. Sthn sunèqeia ta zeÔgh
hlektronÐwn-op¸n pou eÐnai pagideumèna stic diakritèc katast�seic thc teleÐac
epanasundèontai ekpèmpontac fwtìnia ta opoÐa kai aniqneÔontai.

Up�rqoun dÔo eÐdh peiram�twn fwtofwtaÔgeiac: ta peir�mata PL kai ta peir�-
mata fwtofwtaÔgeiac diègershc (photoluminescence excitation snt PLE). Sta
pr¸ta katagr�fetai h èntash thc aktinobolÐac Iem twn ekpempìmenwn fwtonÐwn
sunart sei thc enèrgei�c touc, gia sugkekrimènh èntash Iexc thc prospÐptousac
(diegeÐrousac) aktinobolÐac. Dedomènou ìti o arijmìc twn exitonÐwn pou dhmiour-
goÔntai eÐnai eujèwc an�logoc thc isqÔoc diègershc (dhl. Iexc ∝ dn/dt), diakrÐ-
nontai dÔo pijanèc peript¸seic:

(a) Gia polÔ asjen  diègersh o arijmìc twn exitonÐwn pou dhmiourgoÔntai eÐnai
tìso mikrìc, ¸ste k�je for� èna to polÔ exitìnio pagideÔetai se mia kat�stash
thc teleÐac (dhlad  k�je exitìnio epanasundèetai prin thn pagÐdeush tou epìme-
nou exitonÐou). 'Otan o qrìnoc efhsuqasmoÔ eÐnai polÔ mikrìteroc apì ton qrìno
epanasÔndeshc ( autì isqÔei sta stere� kai sta kbantik� phg�dia), sqedìn ìla ta
exitìnia efhsuq�zoun sthn jemeli¸dh kat�stash kai emfanÐzetai mÐa mìno koruf  s-
to f�sma PL. Wstìso, h emf�nish koruf¸n se uyhlìterec enèrgeiec ofeÐletai sthn
Ôparxh metastaj¸n exitonik¸n katast�sewn gia tic opoÐec o qrìnoc efhsuqasmoÔ
eÐnai sugkrÐsimoc me ton qrìno aktinoboloÔsac epanasÔndeshc.

(b) Gia meg�lec enèrgeiec diègershc pagideÔontai N hlektrìnia sthn teleÐa.
Sthn perÐptwsh aut  h epanasÔndesh apì thn (arqik ) jemeli¸dh kat�stash twn N
exitonÐwn gÐnetai eÐte sthn (telik ) jemeli¸dh eÐte stic telikèc dihgermènec katast�-
seic twn N-1 exitonÐwn. Autì èqei san apotèlesma thn Ôparxh koruf¸n sto f�s-
ma ekpomp c, se uyhlìterec enèrgeiec, oi jèseic twn opoÐwn exart¸ntai apì tic
enèrgeiec diègershc tou sust matoc twn N-1 exitonÐwn.

Sta peir�mata PLE katagr�fetai h èntash thc ekpomp c Iem apì sugkekrimènh
koruf  thc PL (dhlad  apì sugkekrimènh enèrgeia Ei), sunart sei thc enèrgeiac
twn fwtonÐwn diègershc h̄ωexc. Ta f�smata PLE emfanÐzoun korufèc se enèrgeiec,
pou deÐqnoun ìti h ekpomp  eÐnai isqur  gia sugkekrimènh enèrgeia fwtonÐwn. Autì
sumbaÐnei ìtan mia dihgermènh kat�stash èqei diegerjeÐ se suntonismì (dhl. Ei =
h̄ωexc), prokal¸ntac ètsi isqur  apodiègersh. Kat� sunèpeia, h melèth tou f�s-
matoc PLE bohj� sthn tautopoÐhsh twn dihgermènwn katast�sewn.



114 OI EXISWSEIS FWTOFWTAUGEIAS STIS KBANTIKES TELEIES

6.2 To fusikì sÔsthma
'Opwc anafèrjhke sth eisagwg  tou kefalaÐou, h sunolik  Qamiltonian  pou peri-
gr�fei to fusikì mac sÔsthma sthn perÐptwsh thc aujìrmhthc ekpomp c èqei thn
morf :

H = Hsp + Hcc + Hcγ + Hγ (6.3)

ìpou o ìroc Hsp ekfr�zei to sÔsthma twn mh allhlepidr¸ntwn hlektronÐwn kai
op¸n pou eÐnai entopismènoi sthn kbantik  teleÐa parousÐa tou exwterikoÔ magn-
htikoÔ pedÐou, o ìroc Hcc perièqei thn Coulomb allhlepÐdrash metaxÔ hlektronÐwn
kai op¸n. O ìroc Hcγ ekfr�zei thn allhlepÐdrash twn forèwn me to pedÐo twn
ekpempomènwn fwtonÐwn (background photon field [183]) kai o ìroc Hγ ekfr�zei
to sÔsthma twn mh allhlepidr¸ntwn fwtonÐwn kai dÐnetai apì thn sqèsh:

Hγ =
∑
q

h̄ωqα
†
q(t)αq(t) (6.4)

OrÐzoume touc k�twji telestèc:

n̂µµ′ = c†µcµ′

n̂νν′ = d†νdν′ (6.5)

Oi mèsec timèc twn diagwnÐwn ìrwn (µ = µ′ kai ν = ν ′) twn telest¸n aut¸n
ekfr�zoun tic sunart seic katanom c twn hlektronÐwn kai twn op¸n, en¸ oi mh
diag¸nioi ìroi ( µ 6= µ′ kai ν 6= ν ′ ) ekfr�zoun tic intraband metab�seic EpÐshc
orÐzoume ton telest :

℘µν(t) = dν(t)cµ(t) (6.6)

H mèsh tim  tou parap�nw telest  ekfr�zei thn optik  pìlwsh. Sto Par�rthma
IBþ èqei upologisteÐ h qronik  metabol  thc optik c pìlwshc sto hmiklassikì ìrio:

∂pµν

∂t
=

1

ih̄

∑

µ′ν′
(Ee,renorm

µµ′ δνν′ + Eh,renorm
νν′ δµµ′)pµ′ν′

− 1

ih̄

∑

µ′ν′
V eh

µνν′µ′pµ′ν′(1− fµe − f νh)

− C
∑

q′
ω

1/2
q′ M0

µν〈αq′〉(1− fµe − f νh) (6.7)
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Jewr¸ntac to sÔsthma amèswc met� thn diègersh (t = t0), ìpou up�rqoun mìno oi
foreÐc (leÐpei o ìroc Hγ) katal goume sthn exÐswsh:

∂pµν

∂t
=

1

ih̄

∑

µ′ν′
(Ee,renorm

µµ′ δνν′ + Eh,renorm
νν′ δµµ′)pµ′ν′

− 1

ih̄

∑

µ′ν′
V eh

µνν′µ′pµ′ν′(1− fµe − f νh) (6.8)

OrÐzontac, ìpwc kai sto kef�laio 4 thn optik  pìlwsh sthn exitonik  eikìna wc

pλ(t) =
∑

`

Cλ∗
` p`(t) (6.9)

prokÔptei h exÐswsh thc mikroskopik c optik c pìlwshc sthn exitonik  eikìna:

∂pλ

∂t
=

1

ih̄
Σλpλ(t) (6.10)

PaÐrnontac ton metasqhmatismì Fourier thc exÐswshc 6.10 prokÔptei:

(Σλ − h̄ω)pλ(ω) = 0 (6.11)

Sthn geitoni� twn exitonik¸n suntonism¸n eÐnai fanerì ìti: pλ(ω) = 0 kai kat�
sunèpeia p`(t > t0) = 0.

6.3 AllhlepÐdrash twn forèwn me to pedÐo
twn fwtonÐwn

H Hamiltonian pou perigr�fei to sÔsthma twn mh allhlepidr¸ntwn forèwn parousÐ-
a tou exwterikoÔ hlektromagnhtikoÔ pedÐou eÐnai:

H =
1

2m
(p− q∗Atotal)

2 + q∗φtotal + Vc(r)

=
1

2m
(p− q∗Atotal)(p− q∗Atotal) + q∗φtotal + Vc(r)

=
1

2m
[p2 − q∗pAtotal − q∗Atotalp + q2A2

total] + q∗φtotal + Vc(r) (6.12)

ìpou

Atotal = A + Aγ

φtotal = φ + φγ (6.13)
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to olikì bajmwtì kai dianusmatikì dunamikì tou hlektromagnhtikoÔ pedÐou pou
sunÐstatai apì to exwterikì pedÐo A pou dra stouc fwtodihgermènouc foreÐc kai
to hlektromagnhtikì pedÐo Aγ twn fwtonÐwn pou par�gontai apì thn apodiègersh
tou sust matoc. 'Opwc anafèrjhke sthn melèth thc mh-sunektik c fwtofwtaÔgeiac
èqoume mhdenÐsei to sunektikì pedÐo tou lèizer. Antikajist¸ntac to olikì pedÐo
sthn èkfrash thc Qamiltonian c kai amel¸ntac deÔterhc t�xewc ìrouc wc proc
to pedÐo twn fwtonÐwn pou dhmiourgoÔntai apì thn apodiègersh tou sust matoc
prokÔptei:

H =
1

2m
[(p− q∗A)2 + q∗φ + Vc(r)] +

1

2m
(−q∗pAγ − q∗Aγp + q∗φγ)

= Hsp + Hcγ (6.14)

ìpou
Hsp =

1

2m
[(p− q∗A)2 + q∗φ + Vc(r)] (6.15)

h Qamiltonian  twn mh allhlepidr¸ntwn forèwn parousÐa tou exwterikoÔ pedÐou
A. 'Opwc eÐdame sto Par�rthma Bþ, h Qamiltonian  aut  gia tic kbantikèc teleÐec ki
èqontac epilèxei orjokanonikèc monoswmatidiakèc kumatosunart seic dÐnetai apì:

Hsp =
∑
µ

Eµec†µ(t)cµ(t) +
∑
ν

Eνhd†ν(t)dν(t) (6.16)

ìpou Eµe kai Eνh oi monoswmatidiakèc enèrgeiec hlektronÐwn kai op¸n. H Qamiltoni-
an  thc allhlepÐdrashc tou dipìlou hlektronÐou kai op c me to pedÐo twn fwtonÐwn
gr�fetai:

Hcγ = − q∗

2m
(pAγ + Aγp) + q∗φγ(r) (6.17)

Epilègontac bajmÐda aktinobolÐac (”radiation gauge”) dhlad 

∇Aγ = 0

φγ = 0 (6.18)

lìgw thc [Aγ,p] = Aγp − pAγ = ih̄∇Aγ = 0, h Qamiltonian  pou ekfr�zei thn
allhlepÐdrash me to pedÐo fwtìc gr�fetai telik�:

Hcγ = −q∗

m
(Aγp) (6.19)
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To dianusmatikì dunamikì tou pedÐou fwtìc ekfr�zetai sunart sei twn telest¸n
dhmiourgÐac kai katastrof c twn fwtonÐwn stouc di�forouc trìpouc [184]:

Aγ(r, t) =
∑

q,λ

(
2πh̄2

υ
)1/2ω−1/2

q ξa(q, λ) exp(iqr)(α†qλ(t) + αqλ(t))

= A
1/2
γ0

∑

q,λ

ω−1/2
q ξa(q, λ) exp(iqr)(α†qλ(t) + αqλ(t)) (6.20)

Up�rqoun dÔo egk�rsioi trìpoi tal�ntwshc, ènac gia k�je egk�rsia dieÔjunsh, kai
o deÐkthc l ajroÐzetai se autoÔc touc dÔo trìpouc. To monadiaÐo di�nusma pìlwshc
ξa(q, λ) dÐnei thn dieÔjunsh tou k�je trìpou. Jewr¸ntac ènan trìpo (”one mode
photon field”) kai dipolik  prosèggish, to dianusmatikì dunamikì gr�fetai:

Aγ(r, t) =
∑
q

Aγ0ω
−1/2
q ξa(q)(α

†
q(t) + αq(t)) (6.21)

H Qamiltonian  thc allhlepÐdrashc me to hlektromagnhtikì pedÐo twn fwtonÐwn
gr�fetai:

Hcγ = −q∗

m

∫
Ψ†(r, t)AγpΨ(r, t) (6.22)

Oi telestèc pedÐou ekfr�zontai sunart sei twn periballous¸n sunart sewn hlek-
tronÐwn kai op¸n pou eÐnai entopismènoi sthn kbantik  teleÐa wc:

Ψ†(r, t) =
∑
µ

c†µ(t)Φµe∗(r) +
∑
ν

dν(t)Φ
νh(r)

Ψ(r, t) =
∑
µ

cµ(t)Φµe(r) +
∑
ν

d†ν(t)Φ
νh∗(r). (6.23)

Eis�gontac thn Ex. (6.23) sthn Ex.(6.22) kai amel¸ntac ta stoiqeÐa pou antis-
toiqoÔn se metab�seic sthn Ðdia z¸nh, h Qamiltonian  Hcγ gr�fetai:

Hcγ = − q∗

m

∫ ∑
µν

Φµe∗c†µ(t)ApΦνh∗(r)d†ν(t)

− q∗

m

∫ ∑
µν

Φνhdν(t)ApΦµe(r)cµ(t) (6.24)

Sthn parap�nw sqèsh antikajistoÔme to dianusmatikì dunamikì tou hlektromagn-
htikoÔ pedÐou tou fwtìc ìpwc dÐnetai apì thn sqèsh (6.21) kai prokÔptei:

Hcγ = − q∗A1/2
γ0

m

∑
qµν

ω−1/2
q (α†q(t) + αq(t))

∫
Φµe∗c†µ(t)pΦνh∗(r)d†ν(t)
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− q∗A1/2
γ0

m

∑
qµν

ω−1/2
q (α†q(t) + αq(t))

∫
Φνh(r)dν(t)pΦµe(r)cµ(t) (6.25)

All� isqÔei h sqèsh:

1

m
< Φ1|p|Φ2 >=

d

dt
< Φ1|r|Φ2 > (6.26)

h opoÐa sundèei ta stoiqeÐa pÐnaka thc orm c me ta dipolik� stoiqeÐa pÐnaka [128].
Efarmìzontac thn parap�nw sqèsh sta stoiqeÐa pÐnaka thc orm c pou emfanÐzontai
sthn sqèsh (6.25), prokÔptei:

Hcγ = − q∗A1/2
γ0

∑
qµν

ω−1/2
q (α†q(t) + αq(t))

∫
Φµe∗(r)rΦνh∗(r)

d

dt
(c†µ(t)d†ν(t))

− q∗A1/2
γ0

∑
qµν

ω−1/2
q (α†q(t) + αq(t))

∫
Φνh(r)rΦµe(r)

d

dt
(dν(t)cµ(t))(6.27)

Lamb�nontac upìyh ton orismì twn dipolik¸n stoiqeÐwn pÐnaka stic kbantikèc
teleÐec:

M0
µν(r) = q∗

∫
Φµe∗(r)rΦνh∗(r) (6.28)

h parap�nw sqèsh gr�fetai:

Hcγ = − A
1/2
γ0

∑
qµν

ω−1/2
q (α†q(t) + αq(t))M

0
µν

d

dt
(c†µ(t)d†ν(t))

− A
1/2
γ0

∑
qµν

ω−1/2
q (α†q(t) + αq(t))M

0∗
µν

d

dt
(dν(t)cµ(t)) (6.29)

Gia touc telestèc dhmiourgÐac kai katastrof c tou hlektronÐou kai thc op c isqÔ-
oun oi sqèseic [185]:

c†µ(t) = c̃µexp(iEµet/h̄)

cµ(t) = c̃µexp(−iEµet/h̄)

d†ν(t) = d̃νexp(iEνht/h̄)

dν(t) = d̃νexp(−iEνht/h̄) (6.30)

Eis�gontac tic qronikèc metabolèc twn parap�nw telest¸n sthn sqèsh (6.29)
prokÔptei :

Hcγ = −A
1/2
γ0

∑
qµν

ω−1/2
q (α†q(t) + αq(t))
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[M0
µν

d

dt
(c̃µd̃ν exp i(Eµe + Eνe)t/h̄) + M0∗

µν

d

dt
(c̃µd̃ν exp−i(Eµe + Eνh)t/h̄)]

= −A
1/2
γ0

∑
qµν

ω−1/2
q (α†q(t) + αq(t))

[M0
µν(c

†
µ(t)d†ν(t))i(Eµe + Eνh)/h̄−M0∗

µν(cµ(t)dν(t))i(Eµe + Eνh)/h̄]

(6.31)

Ston suntonismì h̄ωq = Eµe + Eνh kai h parap�nw sqèsh gr�fetai :

Hcγ = −A
1/2
γ0

∑
qµν

ω−1/2
q (α†q(t) + αq(t))

[M0
µν(c

†
µ(t)d†ν(t))iωq −M0∗

µν(cµ(t)dν(t))iωq]

= −A
1/2
γ0

∑
qµν

ω1/2
q (α†q(t) + αq(t))

(M0
µνc

†
µ(t)d†ν(t)−M0∗

µνcµ(t)dν(t)) (6.32)

'Eqontac orÐsei ℘†µν = d†ν(t)c
†
µ(t) h Qamiltonian  thc allhlepÐdrashc me to pedÐo

tou fwtìc gr�fetai telik�:

Hcγ = A
1/2
γ0 i

∑
qµν

ω1/2
q [M0∗

µνα
†
q(t)℘µν

−M0
µναq(t)℘

†
µν −M0

µνα
†
q(t)℘

†
µν + M0∗

µναq(t)℘µν ] (6.33)

H parap�nw Qamiltonian  èqei thn sun jh morf  allhlepÐdrashc dÐpolou- hlek-
tromagnhtikoÔ pedÐou [186�188]. Oi ìroi α†q(t)℘

†
eh kai αq(t)℘eh pou ekfr�zoun

thn dhmiourgÐa zeÔgouc hlektronÐou-op c me tautìqronh ekpomp  fwtonÐou kai thn
katastrof  zeÔgouc hlektronÐou-op c me tautìqronh aporrìfhsh fwtonÐou antÐs-
toiqa, odhgoÔn se polÔ asjeneÐc metab�seic [183], kai den touc lamb�noume upìyh.

6.4 H mh sunektik  fwtofwtaÔgeia
To f�sma fwtofwtaÔgeiac dÐnetai apì thn ro  twn ekpempìmenwn fwtonÐwn [25,
189]:

Iem(q) ∝ ∂

∂t
〈a†qaq〉 (6.34)

Sthn paroÔsa diatrib  melet�me thn mh sunektik  fwtofwtaÔgeia (incoherent
photoluminescence) kat� thn opoÐa, oi foreÐc diegeÐrontai ìqi se suntonismì me
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tic dèsmiec exitonikèc katast�seic, kai polÔ p�nw apì to q�sma. Sthn perÐptwsh
aut  jewroÔme ìti paÔontac thn epÐdrash tou diegeÐrontoc fwtìc (lèizer), mìno oi
foreÐc eÐnai parìntec sto sÔsthma kai h optik  pìlwsh amèswc met� thn diègersh
me ton palmì mhdenÐzetai lìgw skèdashc twn forèwn eÐte metaxÔ touc, eÐte me ta
fwnìnia, sthn di�rkeia tou qarakthristikoÔ qrìnou (dephasing time [25,190]). Oi
arqikèc sunj kec gr�fontai:

pνµ ≡ 〈℘µν(t = t0)〉 = 0

〈aq(t = t0)〉 = 0 (6.35)

Upì autèc tic sunj kec, ìpwc eÐdame kai sthn Enìthta 6.2, apodeiknÔetai gia t > t0,

pνµ ≡ 〈℘µν(t)〉 = 0 (6.36)

OmoÐwc, isqÔoun oi sqèseic [25]:

〈aq(t)〉 = 0

〈c†µcµaq(t)〉 = 0

〈d†νdνaq(t)〉 = 0

〈℘µνaq(t)〉 = 0

〈aq′(t)aq(t)〉 = 0 (6.37)

Oi mìnec mh mhdenikèc posìthtec eÐnai oi: fµe, f νh, < α†q(t)αq′(t) > kai < α†q(t)℘µν(t) >.

6.5 Oi exis¸seic fwtofwtaÔgeiac stic
kbantikèc teleÐec

Sto Par�rthma IGþ, èqei upologisteÐ analutik� h qronik  metabol  pou sqetÐze-
tai me ton ìro < α†q(t)αq′(t) >, o opoÐoc ekfr�zei touc susqetismoÔc tou pedÐou,
sunart sei ìlwn twn ìrwn thc Qamiltonian c (6.3). MazeÔontac ìlouc touc ìrouc
katal xame sthn pr¸th exÐswsh fwtofwtaÔgeiac:

ih̄
∂

∂t
< α†q(t)αq′(t) > = h̄(ωq′ − ωq)〈α†qαq′〉

+ A
1/2
γ0 i

∑
µν

ω
1/2
q′ M0∗

µν〈α†q℘µν〉

+ A
1/2
γ0 i

∑
µν

ω1/2
q M0

µν〈αq′℘
†
µν〉 (6.38)



6.5. Oi exis¸seic fwtofwtaÔgeiac stic kbantikèc teleÐec 121

Sto Par�rthma IDþ, èqei upologisteÐ h qronik  metabol  tou ìrou 〈α†q(t)℘µν(t)〉
o opoÐoc ekfr�zei thn allhlepÐdrash pedÐou fwtìς-forèwn, sunart sei ìlwn twn
ìrwn thc Qamiltonian c (6.3). MazeÔontac ìlouc touc ìrouc katal xame sthn
deÔterh exÐswsh fwtofwtaÔgeiac:

ih̄
∂

∂t
〈α†q(t)℘µν(t)〉 = (Eµe + Eνh − h̄ωq))〈α†q℘µν〉

− ∑

µ′ν′
V eh

µνν′µ′(1− fµe − f νh)〈α†q℘µ′ν′〉

− ∑

µ1µ′
V ee

µ1µµ1µ′ < α†q℘µ′ν(t) > fµ1e

− ∑

ν1ν′
V hh

ν1νν1ν′ < α†q℘µν′(t) > f ν1h

− A
1/2
γ0 i

∑

q′
ω

1/2
q′ M0

µν〈α†qαq′〉(1− fµe − f νh)

+ A
1/2
γ0 iω1/2

q M0
µνf

µef νh (6.39)

'Eqontac ìmwc orÐsei sthn sqèsh (4.36) tic <ápakanonikopoihmèneς >> monoswma-
tidiakèc enèrgeiec prokÔptei gia ta hlektrìnia (omoÐwc gia tic opèc):

Ee,renorm
µµ′ = Eµδµµ′ −

∑
µ1

V ee
µµ1µ′µ1

fµ1e ⇒
∑

µ′ν′
Ee,renorm

µµ′ δνν′ < α†q℘µ′ν′ > = Eµe < α†q℘µν >

− ∑

µ1µ′
V ee

µ1µµ1µ′ < α†q℘µ′ν(t) > fµ1e (6.40)

Antikajist¸ntac sthn Ex.(6.39) ton ìro (6.40) gia ta hlektrìnia, kaj¸c kai ton
antÐstoiqo ìro gia tic opèc, h sqèsh (6.39) gr�fetai:

ih̄
∂

∂t
< α†q(t)℘µν(t) > =

∑

µ′ν′
(Ee,renorm

µµ′ δνν′ + Eh,renorm
νν′ δµµ′

− V eh
µνν′µ′(1− fµe − f νh))〈α†q℘µ′ν′〉

− h̄ωq〈α†q℘µν〉
− A

1/2
γ0 i

∑

q′
ω

1/2
q′ M0

µν〈α†qαq′〉(1− fµe − f νh)

+ A
1/2
γ0 iω1/2

q M0
µνf

µef νh (6.41)
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OrÐzoume wc isqÔ thc aujìrmhthc ekpomp c [25] thn posìthta:

ΩSE(q) = iA
1/2
γ0 ω1/2

q M0
µν (6.42)

kai wc exanagkasmènh ekpomp  (  aporrìfhsh, an�loga me tic sunj kec diègershc)
thn posìthta:

ΩST (q) = A
1/2
γ0 i

∑

q′
ω

1/2
q′ M0

µν〈α†qαq′〉

+ V eh
µνν′µ′ < α†q℘µ′ν′ > (6.43)

Me b�sh touc parap�nw orismoÔc h deÔterh exÐswsh fwtofwtaÔgeiac gr�fetai
telik�:

ih̄
∂

∂t
< α†q(t)℘µν(t) > =

∑

µ′ν′
(Ee,renorm

µµ′ δνν′ + Eh,renorm
νν′ δµµ′

− h̄ωqδνν′δµµ′)〈α†q℘µ′ν′〉
− (1− fµe − f νh)ΩST (q) + fµef νhΩSE(q) (6.44)

O pr¸toc ìroc sthn Ex.(6.43), ekfr�zei thn suneisfor� exaitÐac twn susqetism¸n
tou pedÐou (〈α†qαq′〉), en¸ o deÔteroc ìroc apoteleÐ thn suneisfor� thc Coulomb
allhlepÐdrashc. H posìthta 〈α†q℘µ′ν′〉 dÐnei to mètro thc diergasÐac kat� thn opoÐa
epanasundèetai èna zeÔgoc hlektronÐou-op c me tautìqronh ekpomp  enìc fwtonÐou
Ðshc orm c. Apì thn stigm  pou dhmiourghjoÔn dihgermènoi foreÐc sthn teleÐa, ìpwc
faÐnetai apì thn deÔterh exÐswsh fwtofwtaÔgeiac, o ìroc autìc arqÐzei kai aux�nei
diìti akìma kai an h suneisfor� tou pedÐou tejeÐ arqik� Ðsh me mhdèn, o ìroc ΩSE

eÐnai mh mhdenikìc. Apì thn pr¸th exÐswsh fwtofwtaÔgeiac prokÔptei ìti tìte
arqÐzoun kai aux�nontai oi susqetismoÐ tou pedÐou (〈α†qαq′〉) kai kat� sunèpeia kai
o ìroc thc exanagkasmènhc suneisfor�c (ΩST ), o opoÐoc metab�llei me thn seir�
tou to f�sma. Telik¸c h fwtofwtaÔgeia pou parathreÐtai eÐnai apotèlesma thc
dunamik c allhlepÐdrashc metaxÔ twn ìrwn 〈α†q℘µ′ν′〉 kai (〈α†qαq′〉) pou me thn seir�
touc ephre�zontai apì touc ìrouc thc aujìrmhthc ekpomp c kai exanagkasmènhc
suneisfor�c.

Sta Parart mata Eþ kai IEþ èqoun upologisteÐ oi qronikèc metabolèc thc sun�rthsh-
c katanom c twn hlektronÐwn sunart sei tou ìrou twn mh allhlepidr¸ntwn forèwn,
twn ìrwn thc e− e, e− h, h− h Coulomb allhlepÐdrashc. ExaitÐac twn arqik¸n
sunjhk¸n, dhl. mhdenik  arqik  optik  pìlwsh kai mhdenikì sunektikì pedÐo (pedÐo
tou laser), oi parap�nw qronikèc metabolèc isoÔntai me mhdèn.
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'Etsi h trÐth exÐswsh fwtofwtaÔgeiac gr�fetai:

ih̄
dfµe

dt
= ih̄

dfµe

dt
|cγ

= 2iA
1/2
γ0

∑
qν

ω1/2
q =[−iM0∗

µν〈α†q℘µν〉] (6.45)

H fÔsh thc fwtofwtaÔgeiac faÐnetai kajar� apì thn sÔgkrish thc metabol c
tou sunolikoÔ arijmoÔ twn hlektronÐwn (  twn op¸n) me thn metabol  tou suno-
likoÔ arijmoÔ twn fwtonÐwn. Apì tic exis¸seic IEþ.4 kai 6.50 prokÔptei:

∂

∂t

∑
q

< α†q(t)αq(t) >= − ∂

∂t

∑
µ

fµe (6.46)

H parap�nw exÐswsh mac lèei ìti k�je for� pou epanasundèetai èna zeÔgoc hlektronÐou-
op c, dhmiourgeÐtai èna fwtìnio.

Prokeimènou na upologisteÐ to f�sma ekpomp c, ja prèpei na lÔsoume kai tic
treÐc exis¸seic fwtofwtaÔgeiac:

• H pr¸th exÐswsh gr�fetai:

ih̄
∂

∂t
< α†q(t)αq′(t) > = h̄(ωq′ − ωq)〈α†qαq′〉

+ A
1/2
γ0 i

∑
µν

ω
1/2
q′ M0∗

µν〈α†q℘µν〉

+ A
1/2
γ0 i

∑
µν

ω1/2
q M0

µν〈αq′℘
†
µν〉 (6.47)

• H deÔterh exÐswsh gr�fetai:

ih̄
∂

∂t
〈α†q(t)℘µν(t)〉 = (Eµe + Eνh − h̄ωq))〈α†q℘µν〉

− ∑

µ′ν′
V eh

µνν′µ′(1− fµe − f νh)〈α†q℘µ′ν′〉

− ∑

µ1µ′
V ee

µ1µµ1µ′ < α†q℘µ′ν(t) > fµ1e

− ∑

ν1ν′
V hh

ν1νν1ν′ < α†q℘µν′(t) > f ν1h

− A
1/2
γ0 i

∑

q′
ω

1/2
q′ M0

µν〈α†qαq′〉(1− fµe − f νh)

+ A
1/2
γ0 iω1/2

q M0
µνf

µef νh (6.48)
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• H trÐth exÐswsh gr�fetai:

ih̄
dfµe

dt
= 2iA

1/2
γ0

∑
qν

ω1/2
q =[−iM0∗

µν〈α†q℘µν〉] (6.49)

Wstìso, sthn kat�stash jermodunamik c isorropÐac, oi sunart seic katanom c
mporoÔn na jewrhjoÔn stajerèc. Aut  h prosèggish isqÔei sthn perÐptwsh ìpou
o qrìnoc skèdashc twn forèwn entìc thc idÐac z¸nhc eÐnai polÔ mikrìteroc apì
ton qrìno dhmiourgÐac kai epanasÔndeshc twn forèwn. Tìte up�rqei èna <<par�-
juro>> ìpou oi foreÐc lìgw skèdashc forèa-forèa   forèa-fwnonÐou apoktoÔn jer-
modunamik  isorropÐa me stajerèc sunart seic katanom c. Mia tètoia kat�stash
parathreÐtai peiramatik� ìtan metr�me thn fwtofwtaÔgeia sth geitoni� tou q�s-
matoc, met� apì diègersh tou sust matoc sthn perioq  thc aporrìfhshc [25].

6.6 Analutik  lÔsh twn exis¸sewn fwtofw-
taÔgeiac sthn grammik  perioq 

Gia polÔ asjen  diègersh, h epanakanonikopoÐhsh stic monoswmatidiakèc enèrgeiec
eÐnai amelhtèa. Oi exis¸seic fwtofwtaÔgeiac sthn grammik  perioq  (1− fµe − f νh ≈ 1)
paÐrnoun thn morf  [191]:

ih̄
∂

∂t
< α†q(t)αq′(t) > = h̄(ωq′ − ωq)〈α†qαq′〉

+ A
1/2
γ0 i

∑
µν

ω
1/2
q′ M0∗

µν〈α†q℘µν〉

+ A
1/2
γ0 i

∑
µν

ω1/2
q M0

µν〈αq′℘
†
µν〉 (6.50)

kai

ih̄
∂

∂t
< α†q(t)℘µν(t) > =

∑

µ′ν′
(Eµeδνν′ + Eνhδµµ′ − h̄ωqδνν′δµµ′)

× 〈α†q℘µ′ν′〉
− ΩST (q) + fµef νhΩSE(q) (6.51)

Oi parap�nw exis¸seic lÔnontai arijmhtik�. Oi Kira et al. [25] èlusan arijmhtik� tic
exis¸seic fwtofwtaÔgeiac gia kbantikì phg�di, mhdenÐzontac ton ìro twn susqetism¸n
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tou pedÐou apì thn deÔterh exÐswsh fwtofwtaÔgeiac, kai diapÐstwsan ìti h prosèg-
gish epifèrei el�qisth allag  apì thn lÔsh lamb�nontac upìyh ton pl rh ìro.
OmoÐwc, anazhtoÔme mia proseggistik  lÔsh twn exis¸sewn fwtofwtaÔgeiac sthn
st�simh kat�stash, mhdenÐzontac ton ìro 〈α†qαq′〉 apì thn sqèsh (6.43). Tìte, h
deÔterh exÐswsh PL gr�fetai:

ih̄
∂

∂t
< α†q(t)℘µν(t) > =

∑

µ′ν′
[(Eµe + Eνh − h̄ωq)δνν′δµµ′

− V eh
µνν′µ′ ] < α†q℘µ′ν′ > +fµef νhiA

1/2
γ0 ω1/2

q M0
µν (6.52)

Qrhsimopoi¸ntac ton sumbolismì ` ≡ µν h Ex. (6.52) gr�fetai:

ih̄
∂

∂t
< α†q(t)℘`(t) > =

∑

`′
(S``′ − h̄ωqδ``′)〈α†q℘`′〉

+ fµef νhiA
1/2
γ0 ω1/2

q M0
` (6.53)

ìpou, ìpwc èqoume deÐ sto kef�laio 5 o exitonikìc pÐnakac sthn grammik  perioq 
dÐnetai apì thn Ex.(5.7):

S``′ ≡ T`′δ``′ − V eh
``′ (6.54)

me
T` ≡ Eµe + Eνh (6.55)

to �jroisma twn monoswmatidiak¸n energei¸n.
Jètoume:

R``′ ≡ S``′ − h̄ωδ``′ (6.56)

kai
Q` = 〈α†q(t)℘`(t)〉 (6.57)

gia ton ìro twn susqetism¸n forèwn-fwtìc sthn eikìna twn mh allhlepidr¸n-
twn forèwn. Lamb�nontac upìyh thn exÐswsh idiotim¸n tou exitonikoÔ pÐnaka
(Par�rthma �þ), eÔkola prokÔptei ìti kai h exÐswsh idiotim¸n toÔ pÐnaka R̂ eÐnai:

∑

`

Cλ∗
` R``′ = (Eλ − h̄ω)Cλ∗

`′ (6.58)

Antikajist¸ntac sthn Ex. (6.53) tic sqèseic (6.56), kai (6.57), prokÔptei h
parak�tw exÐswsh gia thn st�simh kat�stash:

∑

`′
R``′Q`′ = −iA

1/2
γ0 ω1/2

q fµef νhM0
` ⇔
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∑

`

∑

`′
R``′Q`′C

λ∗
` = −iA

1/2
γ0 ω1/2

q

∑

`

M0
`f

µef νhCλ∗
` ⇔

∑

`′
[
∑

`

Cλ∗
` R``′ ]Q`′ = −iA

1/2
γ0 ω1/2

q

∑

`

M0
`f

µef νhCλ∗
` ⇔

(Eλ − h̄ω)[
∑

`′
Cλ∗

`′ Q`′ ] = −iA
1/2
γ0 ω1/2

q

∑

`

M0
`f

µef νhCλ∗
` (6.59)

OrÐzontac ton ìro twn susqetism¸n forèwn-fwtìc sthn exitonik  eikìna wc

Qλ ≡ ∑

`′
Cλ∗

`′ Q`′ (6.60)

h Ex. (6.59) gr�fetai:

Qλ =
−iA

1/2
γ0 ω1/2

q

∑
` M

0
`f

µef νhCλ∗
`

Eλ − h̄ω
(6.61)

H pr¸th exÐswsh fwtofwtaÔgeiac gia q = q′ gr�fetai:

ih̄
∂

∂t
< α†qαq > = A

1/2
γ0 iω1/2

q

∑

`

M0∗
` Q` + A

1/2
γ0 iω1/2

q
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`
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`Q

∗
` ⇔

∂
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A
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γ0 ω1/2

q

h̄
[
∑

`

M0∗
` Q` +

∑

`

M0
`Q

∗
` ] ⇔

∂

∂t
< α†qαq > =

A
1/2
γ0 ω1/2

q

h̄
[
∑

`′

∑

`

M0∗
` Q`′δ``′ +

∑

`′

∑

`

M0
`′Q

∗
`δ``′ ] (6.62)

Qrhsimopoi¸ntac thn sqèsh orjogwniìthtac thc exitonik c: ∑
λ Cλ

` Cλ∗
`′ = δ``′ , h

parap�nw sqèsh gr�fetai:

∂

∂t
< α†qαq > =

A
1/2
γ0 ω1/2

q

h̄

∑

λ

[
∑

`′

∑

`

M0∗
` Cλ

` Q`′C
λ∗
`′

+
∑

`′

∑

`

M0
`′C

λ∗
`′ Q∗

`C
λ
` ] (6.63)

Lìgw twn orism¸n twn dipolik¸n stoiqeÐwn pÐnaka sthn exitonik  eikìna Mλ(r) =∑
` Cλ∗

` M`(r) kai tou ìrou twn susqetism¸n forèwn-fwtìς (Ex. 6.60) sthn exi-
tonik  eikìna, h qronik  metabol  thc anamenìmenhc tim c tou arijmoÔ twn fwtonÐwn
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pou prokÔptoun apì thn apodiègersh tou sust matoc gr�fetai:

∂

∂t
< α†qαq > =

A
1/2
γ0 ω1/2

q

h̄

∑

λ

(QλMλ∗ + Qλ∗Mλ

=
A

1/2
γ0 ω1/2

q

h̄

∑

λ

(
Mλ∗(−i)A

1/2
γ0 ω1/2

q

∑
` M

0
`f

µef νhCλ∗
`

Eλ − h̄ω

+
MλiA

1/2
γ0 ω1/2

q

∑
` Cλ

` M0∗
` fµef νh

Eλ − h̄ω
)

=
−iAγ0ωq

h̄

∑

λ

[
Mλ∗ ∑

` Cλ∗
` M0

`f
µef νh

Eλ − h̄ω

−Mλ ∑
` Cλ

` M0∗
` fµef νh

Eλ − h̄ω
]

=
−iAγ0ωq

h̄

∑

λ

2i=Mλ∗ ∑
` Cλ∗

` M0
`f

µef νh

Eλ − h̄ω

=
2Aγ0ωq

h̄
=∑

λ

∑
`′ C

λ
`′M

0∗
`′

∑
` Cλ∗

` M0
`f

µef νh

Eλ − h̄ω
(6.64)

Antikajist¸ntac ta olik� dipolik� stoiqeÐa pÐnaka apì thn Ex. (6.28), kaj¸c kai
thn exitonik  kumatosun�rthsh apì thn Ex.(5.8), to f�sma ekpomp c dÐnetai telik�
apì thn sqèsh:

Iem ∝ =∑

λ

∫
d3rΨλ(r, r)

∑
`

∫
d3r′Cλ∗

` Φµe∗(r′)Φνh∗(r′)fµef νh

Eλ − h̄ω
(6.65)

An sumperil�boume fainomenologik� (Par�rthma I�þ) touc mhqanismoÔc pou katas-
trèfoun thn sunektikìthta tou sust matoc ìpwc eÐnai h skèdash apì fwnìnia, h
parap�nw exÐswsh gr�fetai:

Iem ∝ =∑

λ

∫
d3rΨλ(r, r)

∑
`

∫
d3r′Cλ∗

` Φµe∗(r′)Φνh∗(r′)fµef νh

Eλ − h̄ω − iγ
(6.66)

ìpou h stajer� γ eÐnai mia fainomenologik  stajer� pou sqetÐzetai me ton qrìno
zw c thc sunektikìthtac tou sust matoc (dephasing time) me thn sqèsh τ = h̄

γ
.

H exÐswsh (6.66) apoteleÐ ton sundetikì krÐko metaxÔ thc dunamik c twn forèwn
me to f�sma twn ekpempìmenwn fwtonÐwn, ìpwc autì parathreÐtai sta peir�mata
fwtofwtaÔgeiac.
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An jewr soume èna eleÔjero aèrio hlektronÐwn kai op¸n, h deÔterh exÐswsh
fwtofwtaÔgeiac (Ex. 6.39) gr�fetai:

ih̄
∂

∂t
〈α†q(t)℘µν(t)〉 = (Eµe + Eνh − h̄ωq))〈α†q℘µν〉

− A
1/2
γ0 i

∑

q′
ω

1/2
q′ M0

µν〈α†qαq′〉(1− fµe − f νh)

+ A
1/2
γ0 iω1/2

q M0
µνf

µef νh (6.67)

Sthn st�simh kat�stash, kai mhdenÐzontac ton ìro twn susqetism¸n tou pedÐou
prokÔptei:

〈α†q℘µν〉 =
−A

1/2
γ0 iω1/2

q M0
µνf

µef νh

(Eµe + Eνh − h̄ωq)
(6.68)

Antikajist¸ntac sthn pr¸th exÐswsh fwtofwtaÔgeiac (Ex.6.50), kai sumperilam-
b�nontac kai ton ìro twn sugkroÔsewn (dephasing), prokÔptei to f�sma ekpomp c
gia to eleÔjero aèrio hlektronÐwn-op¸n:

Ifree
em =

2Aγ0ωq

h̄
=∑

µν

|M0
µν |2fµef νh

Eµe + Eνh − h̄ωq − iγ
(6.69)

Lamb�nontac upìyh [192] ìti sto ìrio ε → 0

lim
ε
=(

1

k − iε
) = πδ(k) (6.70)

h Ex.(6.69) gia polÔ mikr  stajer� dephasing gr�fetai:

Ifree
em =

2πAγ0ωq

h̄

∑
µν

|M0
µν |2fµef νhδ(Eµe + Eνh − h̄ωq) (6.71)

pou den eÐnai tÐpota �llo par� o qrusìc kanìnac Fermi.

6.7 SÔnoyh
Sto parìn kef�laio ègine mia pl rhc kbantomhqanik  an�lush pou odhgeÐ sthn
paragwg  twn exis¸sewn fwtofwtaÔgeiac gia thn perÐptwsh kbantik¸n telei¸n,
h analutik  epÐlush twn opoÐwn mac dÐnei thn èntash thc fwtofwtaÔgeiac sthn
grammik  perioq .



Kef�laio 7

SÔgkrish me to peÐrama

Sto kef�laio autì qrhsimopoioÔme ta jewrhtik� apotelèsmat� mac tou prohgoÔme-
nou kefalaÐou gia thn anaparagwg  tou f�smatoc fwtofwtaÔgeiac se jermokrasÐa
dwmatÐou, apl c kbantik c teleÐac InxGa1−xAs sq matoc fakoÔ kai sÔgkrish me to
peiramatik� parathroÔmeno f�sma [26].

Sq ma 7.1: Sqhmatik  anapar�stash miac InxGa1−xAs autoorganoÔmenhc kbantik c
teleÐac wc tm ma sfaÐrac p�nw se èna stenì str¸ma diabroq c. Inset: egk�rsio
perioristikì dunamikì [193].

Oi autoorganoÔmenec kbantikèc teleÐec sq matoc fakoÔ (lens-shaped) apoteloÔn-
tai apì èna stenì kbantikì phg�di pou kaleÐtai str¸ma diabroq c (wetting layer  

129
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WL) p�qouc tW kai mporeÐ na jewrhjeÐ wc tm ma sfaÐrac sunolikoÔ Ôyouc l0 kai
aktÐna b�shc ρ0. Mia tètoia teleÐa apeikonÐzetai sto sq ma 7.1

O pujmènac thc z¸nhc agwgimìthtac tou ulikoÔ tou WL kai thc teleÐac (dhl.
tou In0.5Ga0.5As) eÐnai k�tw apì ton pujmèna thc z¸nhc agwgimìthtac tou perib�l-
lontoc ulikoÔ (GaAs). 'Etsi oi foreÐc pou arqik� eÐnai entopismènoi sto stenì
kbantikì phg�di, entopÐzontai kai egk�rsia sthn perioq  thc teleÐac exaitÐac thc
aÔxhshc tou p�qouc tou str¸matoc se aut� ta shmeÐa. Oi teleÐec èqoun aktÐna
b�shc thc t�xhc twn nm me apotèlesma to egk�rsio perioristikì dunamikì na eÐnai
shmantikì.

O upologismìc tou f�smatoc ekpomp c perilamb�nei tèssera
basik� st�dia: To pr¸to afor� ston upologismì twn monoswma-
tidiak¸n katast�sewn hlektronÐwn kai op¸n pou upìkeintai s-
to trisdi�stato perioristikì dunamikì thc teleÐac. Sto deÔtero
kai trÐto st�dio akoloujoÔme diadikasÐa an�logh me aut n pou
efarmìsame ston upologismì tou suntelest  aporrìfhshc sto
kef�laio 5, dhlad  eis�goume thn allhlepÐdrash Coulomb metaxÔ
aut¸n twn katast�sewn, ki epilÔoume to exitonikì prìblhma up-
ologÐzontac tic exitonikèc katast�seic kai enèrgeiec.

Tèloc, upologÐzoume to f�sma ekpomp c, ìpwc autì dÐnetai
sthn Ex. ( 6.66). H eÔresh tou f�smatoc ekpomp c uposthrÐzetai apì èna upol-
ogistikì algìrijmo pou kataskeu�same.

7.1 Arijmhtik  eÔresh twn monoswmatidiak¸n
katast�sewn

H upì melèth kbantik  teleÐa èqei sq ma fakoÔ me aktÐna sthn b�sh s kai Ôyoc
h. 'Opwc faÐnetai sto sq ma 7.2 èna kbantikì phg�di pl�touc l0 = h + tW mporeÐ
na gÐnei lens-shaped kbantik  teleÐa me Ðdio sunolikì Ôyoc l0 = h + tW kai aktÐna
ρ0 (an sumperil�boume kai to str¸ma diabroq c). Efarmìzontac apl  gewmetrÐa
brÐskoume:

ρ0 = l0

√
1 +

s2 − h2 − 2twh

hl0

zB =
s(1− A2)

2A
− tW

zN =
s(1− A2)

2A
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zG =
s(1 + A2)

2A
(7.1)

ìpou A = h/s.

7.1.1 To trisdi�stato perioristikì dunamikì kbantik -
c teleÐac se sq ma fakoÔ

Sthn enìthta aut  perigr�foume ton algìrijmo pou qrhsimopoi same gia thn peri-
graf  tou trisdi�statou perioristikoÔ dunamikoÔ miac kbantik c teleÐac se sq ma
fakoÔ. To perioristikì dunamikì V (r) kajorÐzetai me b�sh to sq ma thc teleÐac.
EÐnai mhdèn sto eswterikì thc teleÐac kai tou str¸matoc diabroq c kai isoÔtai me
thn asunèqeia twn zwn¸n agwgimìthtac (  sjènouc) (V = ∆VCB   V = ∆VV B)
sto eswterikì tou fragmoÔ. 'Estw npos to sÔnolo twn shmeÐwn pou qrhsimopoioÔme

Sq ma 7.2: Diatom  miac ideat c teleÐac se sq ma fakoÔ. Me kÐtrino diafaÐnetai to
ulikì tou fragmoÔ pou eÐnai ekatèrwjen thc teleÐac kai tou str¸matoc diabroq c.

sthn dieÔjunsh z gia thn perigraf  tou dunamikoÔ. Tìte

n1 =
npos − 6

2
+ 1 (7.2)

n2 = npos − 6− n1 (7.3)

eÐnai ta shmeÐa diamèrishc sto eswterikì thc kbantik c teleÐac kai tou str¸matoc
diabroq c antÐstoiqa. To str¸ma diabroq c qwrÐzetai kat� thn dieÔjunsh z se
n2 eujÔgramma tm mata m kouc dpos2 = tW /n2, en¸ h kbantik  teleÐa (sfairikì
tm ma) se n1 eujÔgramma tm mata m kouc dpos1 = h/n1. 'Etsi, h diamèrish ston
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�xona z èqei wc ex c:

z(1) = −Lz

2
z(2) = zB − 10−6

z(3) = zB + dpos2

z(4) = zB + 2dpos2

·· · · · ·
z(n2 + 3) = zN − 10−6

z(n2 + 4) = zN + dpos1

z(n2 + 5) = zN + 2dpos1

·· · · · ·
z(npos − 1) = zG + 10−6

z(npos) =
Lz

2
(7.4)

Lz eÐnai h pleur� tou <<koutioÔ>> periodikìthtac kat� thn z dieÔjunsh. EÐdame ìti to
perioristikì dunamikì V (r) eÐnai mhdèn sto eswterikì thc teleÐac kai tou str¸matoc
diabroq c kai Ðso me thn asunèqeia twn zwn¸n agwgimìthtac (  sjènouc) (V =
∆VCB   V = ∆VV B) sto eswterikì tou fragmoÔ. 'Etsi, me b�sh thn parap�nw
diamèrish, to trisdi�stato perioristikì thc teleÐac orÐzetai wc ex c:

• an z < zB: tìte V (x, y, z) = ∆VCB (  ∆VV B).

• an zB < z < zN , dhlad  entìc tou str¸matoc diabroq c: V (x, y, z) = 0.

• an zN < z, tìte orÐzoume thn aktÐna r =
√

x2 + y2 sto egk�rsio epÐpedo.
DiakrÐnoume dÔo upopeript¸seic:

– an r > s, dhlad  sthn perioq  ektìc tou sfairikoÔ tm matoc thc teleÐac,
V (x, y, z) = 0.

– an r < s, orÐzoume z` =
√

z2
G − r2 gia na perigr�youme to sfairikì

tm ma thc teleÐac. 'Etsi, an z < z` (eswterikì tou sfairikoÔ tm matoc),
V (x, y, z) = 0, en¸ an z > z`, V (x, y, z) = ∆VCB (  ∆VV B).
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7.2 To f�sma ekpomp c
Efarmìzoume [194] ta jewrhtik� mac apotelèsmata gia thn ermhneÐa twn peira-
matik¸n dedomènwn tou Matsuda et al. [26] pou aforoÔn sto f�sma ekpomp c eggÔc
pedÐou se jermokrasÐa dwmatÐou, kbantik c teleÐac In0.5Ga0.5As sq matoc fakoÔ.
s h aktÐna b�shc thc teleÐac kai h to Ôyoc thc. To p�qoc tou str¸matoc diabro-
q c eÐnai tW = 4ML [26]. Ston pÐnaka 7.2 dÐnontai oi par�metroi tou ulikoÔ kai

energìc m�za hlektronÐou: 0.0632 m0

energìc m�za op c: 0.11 m0

dihlektrik  stajer� κ0: 12.9
asunèqeia thc z¸nhc agwgimìthtac gia ta hlektrìnia ∆VCB : 224 meV
asunèqeia thc z¸nhc sjènouc gia tic opèc ∆VV B: 180 meV
aktÐna b�shc s thc kbantik c teleÐac: 16.8 nm
Ôyoc h thc kbantik c teleÐac: 9.5 nm
p�qoc tou str¸matoc diabroq c tW = 4ML: 1.1 nm

PÐnakac 7.1: Par�metroi tou ulikoÔ kai domikèc par�metroi thc teleÐac, pou qrhsi-
mopoi jhkan stouc upologismoÔc mac [195,196].

oi domikèc par�metroi thc teleÐac, pou qrhsimopoi jhkan stouc upologismoÔc mac.
Sta sust mata hmiagwg¸n III-V h diadikasÐa Stranski-Krastanow [70] odhgeÐ ston
sqhmatismì nhsidÐwn InAs p�nw se GaAs, ìpou tìso oi kbantikèc teleÐec ìso kai
h perib�llousa m tra eÐnai qwrÐc exarjr¸seic kai t�sh (strain). 'Etsi mporoÔme
na p�roume thn energì m�za hlektronÐou kai op c sthn teleÐa In0.5Ga0.5As Ðsh me
thn energì m�za tou bulk GaAs. Epiprìsjeta, gia to strained ulikì deqìmaste tic
z¸nec twn op¸n aposuzeugmènec, kai kat� sunèpeia jewroÔme mia z¸nh gia tic opèc
(barièc opèc), ìpwc akrib¸c kai gia ta hlektrìnia, all� me diaforetik  energì m�za
kai perioristikì dunamikì. UpologÐzoume tic monoswmatidiakèc katast�seic, hlek-
tronÐwn kai op¸n, sta plaÐsia thc prosèggishc energoÔ m�zac kai perib�llousac
sun�rthshc.

AnaptÔssoume tic monoswmatidiakèc katast�seic se orjokanonik  b�sh epÐped-
wn kum�twn, dhl. |Φµ〉 =

∑
k Cµ

k |k〉, se koutÐ periodikìthtac Ω = LxLyLz. Oi
diast�seic tou koutioÔ pou qrhsimopoi same ¸ste oi monoswmatidiakèc kumato-
sunart seic na eÐnai kal� entopismènec eÐnai: 60-60-40 nm. Katìpin lÔnoume ari-
jmhtik� to prìblhma idiotim¸n (Ex. (5.4) kai upologÐzoume tic idioenèrgeiec Eµ kai
touc suntelestèc Cµ

k tou anaptÔgmatoc.
H sÔgklish stic enèrgeiec epiteÔqjhke qrhsimopoi¸ntac 1600 epÐpeda kÔmata.



134 SUGKRISH ME TO PEIRAMA

-20 -10 0 10 20

-20

-10

0

10

20

x (nm)

y 
(n

m
)

-20 -10 0 10 20

-20

-10

0

10

20

x (nm)

-20 -10 0 10 20

-20

-10

0

10

20

x (nm)

y 
(n

m
)

0
0,02
0,04
0,06
0,08
0,10
0,12
0,14
0,16

-20 -10 0 10 20

-20

-10

0

10

20

x (nm)

-20 -10 0 10 20

-20

-10

0

10

20

x (nm)

y 
(n

m
)

-20 -10 0 10 20

-20

-10

0

10

20

x (nm)

Sq ma 7.3: Apl  kbantik  teleÐa sq matoc fakoÔ aktÐnac s = 16.8 nm kai Ôyouc
h = 9.5 nm. Didi�statec apeikonÐseic twn 6 pr¸twn katast�sewn twn hlektronÐwn.
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Sto sq ma 7.3 apeikonÐzontai oi 6 pr¸tec katast�seic twn hlektronÐwn thc kban-
tik c teleÐac se sq ma fakoÔ. EÐnai fanerì pwc oi monoswmatidiakèc katast�seic
èqoun kulindrik  summetrÐa kai moi�zoun me tic Darwin-Fock katast�seic [172,173].
Katìpin, gnwrÐzontac tic monoswmatidiakèc katast�seic upologÐzoume ta stoiqeÐa
pÐnaka Coulomb (Ex. 5.6). AnaptÔssoume thn exitonik  kumatosun�rthsh se b�sh
pou kataskeu�zetai apì 6 katast�seic hlektronÐwn kai 6 katast�seic op¸n. Sthn
sunèqeia, upologÐzoume tic exitonikèc enèrgeiec kai kumatosunart seic lÔnontac to
exitonikì prìblhma idiotim¸n (Ex. 5.9). Tèloc, upologÐzoume to f�sma fwtofw-
taÔgeiac gia thn apl  teleÐa se jermokrasÐa dwmatÐou apì thn Ex.(6.66). Stic
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Sq ma 7.4: To f�sma ekpomp c se jermokrasÐa dwmatÐou miac apl c In0.5Ga0.5As
kbantik c teleÐac se sq ma fakoÔ, me di�metro b�shc 33.6 nm kai Ôyoc 9.5 nm.
Gia ton upologismì tou f�smatoc qrhsimopoi same 6 katast�seic hlektronÐwn kai
6 katast�seic op¸n.

uyhlèc jermokrasÐec oi plhjusmoÐ hlektronÐwn (op¸n), fµe (f νh), dÐnontai apì tic
sunart seic katanom c Fermi-Dirac [113,118]. Epiplèon, ìpwc eÐdame sto Kef�laio
3, ìtan oi foreÐc se ìlec tic teleÐec thc sullog c brÐskontai sthn Ðdia kat�stash
jermik c isorropÐac, èqoun koin  st�jmh Fermi, h opoÐa gia asjen  isqÔ diègershc
brÐsketai kont� sto mèso tou q�smatoc [117]. Ta apotelèsmat� mac gia thn èntash
thc fwtofwtaÔgeiac kbantik c teleÐac aktÐnac b�shc s apeikonÐzontai sto sq ma
7.4.

ParathroÔntai dÔo korufèc: H pr¸th sta 1100.1 meV, sunÐstatai kurÐwc apì
thn met�bash 1s(e) → 1s(h), dhl. thn met�bash jemeli¸douc st�jmhc. H deÔterh
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koruf  sta 1146.8 meV, sunÐstatai apì tic parak�tw metab�seic: 1s(e) → 2s(h)
kai 1p(e) → 1p(h).

Katìpin epanal�bame thn diadikasÐa anaparagwg c tou f�smatoc fwtofwtaÔgeiac
qrhsimopoi¸ntac 10 katast�seic hlektronÐwn kai 10 katast�seic op¸n kai katal x-
ame sto Ðdio f�sma. Prokeimènou na èqoume thn peiramatik� parathroÔmenh di-
apl�tunsh koruf c (FWHM=10meV), qrhsimopoioÔme gia thn stajer� γ thn tim 
4.9meV. H tim  aut  mèsw thc sqèshc τ = h̄

γ
odhgeÐ se dephasing time τ = 130

fs, tim  h opoÐa sumfwneÐ me tic timèc pou anafèrontai sthn bibliografÐa gia ton
qrìno katastrof c thc sunoq c tou sust matoc lìgw skèdashc apì optik� fwnì-
nia [197�199].
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Sq ma 7.5: To f�sma ekpomp c se jermokrasÐa dwmatÐou miac apl c In0.5Ga0.5As
kbantik c teleÐac se sq ma fakoÔ, gia pènte diaforetikèc timèc Ôyouc kai aktÐnac
thc b�shc thc. O qarakthristikìc lìgoc Ôyoc/aktÐna eÐnai stajerìc.

Tèloc, upologÐsame to f�sma fwtofwtaÔgeiac gia pènte diaforetikèc timèc
thc aktÐnac kai tou Ôyouc thc kbantik c teleÐac In0.5Ga0.5As sq matoc fakoÔ,
diathr¸ntac wstìso stajerì ton qarakthristikì lìgo Ôyoc/aktÐna. Ta apotelès-
mata mac apeikonÐzontai sto sq ma 7.5. Kaj¸c mei¸netai to mègejoc thc kbantik c
teleÐac parathreÐtai metatìpish twn koruf¸n thc fwtofwtaÔgeiac proc uyhlìterec
enèrgeiec. To fainìmeno autì èqei parathrhjeÐ kai peiramatik� (gia par�deigma se
kbantikèc teleÐec GaN [200]) kai ofeÐletai sthn metatìpish twn hlektronik¸n sta-
jm¸n proc uyhlìterec enèrgeiec lìgw tou trisdi�statou perioristikoÔ dunamikoÔ,
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se sunduasmì me thn aÔxhsh thc Coulomb allhlepÐdrashc lìgw thc antÐstoiqhc
sumpÐeshc thc exitonik c aktÐnac Bohr. Epiplèon, parathreÐtai ìti kaj¸c aux�nei
to mègejoc thc kbantik c teleÐac aux�nei shmantik� h èntash thc fwtofwtaÔgeiac.
Pr�gmati, h aÔxhsh tou megèjouc thc kbantik c teleÐac sunep�getai meÐwsh thc
apìstashc twn monoswmatidiak¸n energeiak¸n epipèdwn apì thn st�jmh Fermi.
Autì odhgeÐ se ekjetik  aÔxhsh twn sunart sewn katanom c Fermi-Dirac kaj¸c
aux�nei to mègejoc thc kbantik c teleÐac.

7.3 SÔnoyh
H paraqjeÐsa èkfrash gia thn èntash thc fwtofwtaÔgeiac sthn grammik  perio-
q , dÐnei epituq  apotelèsmata sthn anaparagwg  tou peiramatik� parathroÔmenou
f�smatoc ekpomp c kbantik¸n telei¸n stic uyhlèc jermokrasÐec.



Kef�laio 8

EpÐlogoς-Ereunhtikèς
prooptikèς

A) Anaforik� me to mèroc thc paroÔsac diatrib c pou diereun� thn aporrìfhsh,
eÐdame ìti h epÐdrash tou magnhtikoÔ pedÐou anèdeixe nèa qarakthristik� sto f�sma,
kaj¸c kai nèec shmantikèc dunatìthtec.

Kat� thn melèth tou f�smatoc aporrìfhshc eggÔc pedÐou, gia thn perigraf 
thc z¸nhc twn op¸n qrhsimopoi same thn prosèggish thc exÐswshc energoÔ m�zac
miac z¸nhc. Epiplèon den l�bame upìyh mac thn allhlepÐdrash tou magnhtikoÔ
pedÐou me to spÐn. EÐnai loipìn fanerì ìti h akrib c epÐlush thc exÐswshc energ c
m�zac gia tic z¸nec twn bari¸n op¸n, tic z¸nec twn elafri¸n op¸n (kai twn op¸n
diaqwrismoÔ), kaj¸c kai o sunupologismìc thc allhlepÐdrashc me to spÐn, ja d¸sei
mia pio oloklhrwmènh perigraf  tou f�smatoc aporrìfhshc kaj¸c ja eis�gei mia
plhj¸ra tropopoi sewn.

Endiafèron parousi�zei h melèth tou f�smatoc eggÔc pedÐou twn di-exitonÐwn
(biexcitons) kbantik¸n telei¸n pou upìkeintai se magnhtikì pedÐo me poikÐlo mètro
kai prosanatolismì (kat� analogÐa me [5, 6] gia mhdenikì pedÐo).

B) Anaforik� me to mèroc thc paroÔsac diatrib c pou diereun� thn ekpomp ,
h lÔsh twn exis¸sewn fwtofwtaÔgeiac se polÔ asjeneÐc diegèrseic kai se uyhlèc
T kai kat� sunèpeia se polÔ mikrèc timèc sunart sewn katanom c twn forèwn,
od ghse sthn paragwg  tou f�smatoc fwtofwtaÔgeiac sthn grammik  perioq .

Stic qamhlèc jermokrasÐec, oi sunart seic katanom c den mporoÔn plèon na
proseggistoÔn apì thn sun�rthsh katanom c Fermi-Dirac all� apì thn mega-
lokanonik  katanom  Gibbs [118]. Autì èqei san apotèlesma oi sunart seic katanom -
c hlektronÐwn kai op¸n na mhn eÐnai polÔ mikrèc sugkrinìmenec me thn mon�da. Tìte
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ìmwc ja prèpei na epilÔsoume analutik� tic exis¸seic fwtofwtaÔgeiac (6.47) kai
(6.48) (mh grammik  perioq ), antÐ twn (6.50) kai (6.51) pou antistoiqoÔn sthn
grammik  perioq . H epèktash thc sqèshc pou dÐnei to f�sma fwtofwtaÔgeiac sth-
n mh grammik  perioq  ja mac d¸sei thn dunatìthta na melet soume kai tic qamhlèc
jermokrasÐec. Par�llhla stic qamhlèc jermokrasÐec  /kai se endi�mesec sug-
kentr¸seic forèwn, ta fainìmena epoikismoÔ twn exitonik¸n katast�sewn gÐnontai
shmantik� kai ja prèpei na lhfjoÔn upìyh diorjwtikoÐ ìroi thc morf c ∆〈Q†

νQν〉,
ìpou Q†

ν (Qν) oi telestèc dhmiourgÐac (katastrof c) enìc exitonÐou sthn kat�stash
n [190, 201]. ApoteloÔn sunep¸c anoikt� jèmata proc diereÔnhsh, o upologismìc
twn statistik¸n idiot twn twn exitonÐwn aut¸n stic qamhlèc jermokrasÐec, thc
sun�rthshc katanom c touc kai p¸c eÐnai dunat  h anÐqneus  touc peiramatik�.

Epiplèon, peir�mata pou meletoÔn magnhto-fwtofwtaÔgeia anafèrontai se qamh-
lèc jermokrasÐec [202�206].

MporoÔme epÐshc na melet soume analutik� thn epÐdrash twn mhqanism¸n skèdash-
c apì optik�   akoustik� fwnìnia, eis�gontac sthn Qamiltonian  (6.3) tic antÐs-
toiqec allhlepidr�seic.

IdiaÐtero endiafèron parousi�zei h an�ptuxh antÐstoiqhc jewrhtik c perigraf c
tìso thc sunektik c (coherent) fwtofwtaÔgeiac memeonwmènwn kbantik¸n telei¸n
gia thn ermhneÐa antÐstoiqwn peiramatik¸n dedomènwn [207], ìso kai thc fwtofw-
taÔgeiac eggÔc pedÐou.



Par�rthma Aþ

H exÐswsh idiotim¸n thc
exitonik c kumatosun�rthshc

EÐdame sto kef�laio 3 ìti h exitonik  kumatosun�rthsh gr�fetai san an�ptugma
me ìrouc monoswmatidiakèc katast�seic hlektronÐwn kai op¸n:

Ψλ(re, rh) =
∑
µν

Cλ
µνΦ

µe(re)Φ
νh(rh) (Aþ.1)

H exitonik  kumatosun�rthsh ikanopoieÐ thn exÐswsh idiotim¸n:

HΦλ(re, rh) = EλΦλ(re, rh) (Aþ.2)

ìpou
H = Hse + Hsh + Heh (Aþ.3)

Oi Hse kai Hsh eÐnai oi Qamiltonianèc twn mh allhlepidr¸ntwn forèwn kai Heh h
Qamiltonian  pou ekfr�zei thn allhlepÐdrash hlektronÐou-op c. Eis�gontac to
an�ptugma (Aþ.1) sthn exÐswsh (Aþ.2) prokÔptei:

∑

µ′ν′
Cλ

µ′ν′(HseΦ
µ′e(re))Φ

ν′h(rh) +
∑

µ′ν′
Cλ

µ′ν′(HshΦ
ν′h(rh))Φ

µ′e(re))

+
∑

µ′ν′
Cλ

µ′ν′Φ
ν′h(rh)

−e2

κ0|re − rh|Φ
µ′e(re) =

∑

µ′ν′
Cλ

µ′ν′E
λΦν′h(rh)Φ

µ′e(re) (Aþ.4)

Pollaplasi�zontac kai ta dÔo mèlh thc Ex.(Aþ.4) me
∫

d3re

∫
d3rhΦµe∗(re)Φ

νh∗(rh)
prokÔptei:

∑

µ′ν′
Cλ

µ′ν′E
µ′e

∫
d3reΦ

µe∗(re)Φ
µ′e(re)

∫
d3rhΦνh∗(rh)Φν′h(rh)
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+
∑

µ′ν′
Cλ

µ′ν′E
ν′h

∫
d3rhΦνh∗(rh)Φν′h(rh)

∫
d3reΦ

µe∗(re)Φ
µ′e(re)

+
∑

µ′ν′
Cλ

µ′ν′

∫
d3re

∫
d3rhΦµe∗(re)Φ

µ′e(re)
−e2

κ0|re − rh|Φ
νh∗(rh)Φν′h(rh)

=
∑

µ′ν′
Cλ

µ′ν′E
λ

∫
d3reΦ

µe∗(re)Φ
µ′e(re)

∫
d3rhΦνh∗(rh)Φν′h(rh) (Aþ.5)

OrÐzontac ta stoiqeÐa pÐnaka Coulomb wc:

V eh
µµ′,νν′ ≡

∫
d3re

∫
d3rhΦµe∗(re)Φ

µ′e(re)
e2

κ0|re − rh|Φ
νh∗(rh)Φν′h(rh) ≡ V eh

``′

(Aþ.6)
me ` = µν, kai lamb�nontac upìyh tic sqèseic orjogwniìthtac twn monoswma-
tidiak¸n kumatosunart sewn

∫
d3riΦ

µi∗(ri)Φ
µ′i(ri) = δµµ′ (i = e, h), h Ex.(Aþ.5)

katal gei sthn parak�tw exÐswsh idiotim¸n thc exitonik c kumatosun�rthshc:

Σ`′ [T`′δ``′ − V eh
``′ − Eλδ``′ ]C

λ
`′ = 0. (Aþ.7)

O ìroc T` = Eµe + Eνh sumbolÐzei to �jroisma twn monoswmatidiak¸n energei¸n.
Apì thn parap�nw exÐswsh me diagwniopoÐhsh upologÐzontai arijmhtik� oi sunte-
lestèc Cλ

` tou anaptÔgmatoc thc exitonik c kumatosun�rthshc. H exÐswsh (Aþ.7)
eÐnai h exÐswsh (3.48) tou keimènou.



Par�rthma Bþ

H Qamiltonian  tou sust matoc
twn mh allhlepidr¸ntwn forèwn

H Qamiltonian  tou sust matoc twn mh allhlepidr¸ntwn hlektronÐwn kai op¸n pou
eÐnai entopismènoi se mia kbantik  teleÐa, parousÐa tou exwterikoÔ hlektromagn-
htikoÔ pedÐou pou dra se megalÔterh klÐmaka qrìnou dÐnetai apì thn sqèsh:

Hsp =
∫

drΨ̂†(r, t)[
(−ih̄∇r − q∗

c
A(r, t))2

2m
+ q∗φ(r, t) + V (r)]Ψ̂(r, t) (Bþ.1)

ìpou V (r) to trisdi�stato perioristikì dunamikì thc teleÐac. Eis�gontac sthn
parap�nw sqèsh ta anaptÔgmata (4.17) gia touc telestèc pedÐou, prokÔptei:

Hsp =
∫

d3r{∑
µµ′

c†µ(t)Φµe∗(r)[
(−ih̄∇r − q∗

c
A(r, t))2

2m
+ q∗φ(r, t) + V (r)]cµ′(t)Φ

µ′e(r)

+
∑

νν′
dν(t)Φ

νh(r)(
(−ih̄∇r − q∗

c
A(r, t))2

2m
+ q∗φ(r, t) + V (r))d†ν′(t)Φ

ν′h∗(r)

+
∑

µν′
c†µ(t)Φµe∗(r)(

(−ih̄∇r − q∗
c
A(r, t))2

2m
+ q∗φ(r, t) + V (r))d†ν′(t)Φ

ν′h∗(r)

+
∑

µ′ν
cµ′(t)Φ

µ′e(r)(
(−ih̄∇r − q∗

c
A(r, t))2

2m
+ q∗φ(r, t) + V (r))dν(t)Φ

νh(r)}(Bþ.2)

Sthn parap�nw Qamiltonian  ameloÔme touc dÔo teleutaÐouc ìrouc pou antis-
toiqoÔn se sÔzeuxh twn zwn¸n sjènouc kai agwgimìthtac lìgw tou exwterikoÔ
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HM pedÐou. 'Etsi, gr�foume telik� :

Hsp =
∑

µµ′
Ee

µµ′c
†
µ(t)cµ′(t) +

∑

νν′
Eh

νν′d
†
ν(t)dν′(t) = Hse + Hsh (Bþ.3)

ìpou orÐzontai [140]:

Ee
µµ′ =

∫
drΦµe∗(r)(

(−ih̄∇r − q∗
c
A(r, t))2

2m
+ q∗φ(r, t) + V (r))Φµ′e(r)

Eh
νν′ = −

∫
drΦνh∗(r)(

(−ih̄∇r − q∗
c
A(r, t))2

2m
+ q∗φ(r, t) + V (r))Φν′h (Bþ.4)

ta stoiqeÐa pÐnaka thc Qamiltonian c twn mh allhlepidr¸ntwn hlektronÐwn kai op¸n
parousÐa tou exwterikoÔ pedÐou. Ta diag¸nia stoiqeÐa apoteloÔn tic monoswmatidi-
akèc enèrgeiec Eµe kai Eνh. Epeid  epilègoume orjokanonikèc monoswmatidiakèc ku-
matosunart seic, h Qamiltonian  twn mh allhlepidr¸ntwn forèwn gr�fetai telik�:

Hsp =
∑
µ

Eµec†µ(t)cµ(t) +
∑
ν

Eνhd†ν(t)dν(t) = Hse + Hsh (Bþ.5)



Par�rthma Gþ

H Qamiltonian  thc
allhlepÐdrashc tou sust matoc
me to pedÐo tou laser

H Qamiltonian  h opoÐa perigr�fei thn allhlepÐdrash tou sust matoc me to uyhl c
suqnìthtac pedÐo tou laser gr�fetai:

Hcl = q∗
∫

d3rΨ̂†(r, t)φl(r, t)Ψ̂(r, t) (Gþ.1)

Eis�gontac touc telestèc pedÐou (sqèsh 4.17), kaj¸c kai to bajmwtì dunamikì
(sqèsh 4.20) h Qamiltonian  gr�fetai:

Hcl = −q∗
∫

d3r[
∑
µ

c†µ(t)Φµe∗(r) +
∑
ν

dν(t)Φ
νh(r)]El(r, t) · r

[
∑

µ′
cµ′(t)Φ

µ′e(r) +
∑

ν′
d†ν′(t)Φ

ν′h∗(r)]

= −q∗
∫

d3r[
∑

µµ′
c†µ(t)Φµe∗(r)El(r, t) · rcµ′(t)Φ

µ′e(r)

+
∑

νν′
dν(t)Φνh(r)El(r, t) · rd†ν′(t)Φν′h∗(r)

+
∑

µν′
c†µ(t)Φµe∗(r)El(r, t) · rd†ν′(t)Φν′h∗(r)

+
∑

µ′ν
cµ(t)Φµe(r)El(r, t) · rdν′(t)Φ

ν′h(r)] (Gþ.2)
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Efìson endiaferìmaste gia tic optikèc metab�seic pou ep�gei to pedÐo tou laser,
ameloÔme touc dÔo pr¸touc ìrouc pou antistoiqoÔn se metab�seic mèsa sthn Ðdia
z¸nh. 'Etsi h parap�nw sqèsh paÐrnei thn telik  morf :

Hcl =
∑
µν

c†µ(t)d†ν(t)Uµν(t) +
∑
µν

cµ(t)dν(t)U
∗
µν(t) (Gþ.3)

ìpou
Uµν(t) = −

∫
d3rMµν(r)El(r, t) (Gþ.4)

kai Mµν(r) = qΦµe∗(r)rΦνh∗(r) ta topik� dipolik� stoiqeÐa pÐnaka pou èqoun orisjeÐ
sthn sqèsh ( 4.42). H posìthta Uµν(t) jewr¸ntac hlektrikì pedÐo El(r, t) =
El(r)(E0(t)e

iωLt gr�fetai:

Uµν(t) = −
∫

d3rMµν(r)El(r))E0(t)e
iωLt = U0e

iωLt (Gþ.5)

'Eqei kat� sunèpeia thn morf  (4.11) kai gia ton lìgo autì kaleÐtai enèrgeia Rabi.



Par�rthma Dþ

H Qamiltonian  thc
allhlepÐdrashc metaxÔ twn
forèwn

H Qamiltonian  thc allhlepÐdrashc twn forèwn metaxÔ touc dÐnetai sthn deÔterh
kb�ntwsh apì:

Hcc =
1

2

∫
dr

∫
dr′Ψ̂†(r, t)Ψ̂†(r′, t)V cc(r− r′)Ψ̂(r′, t)Ψ̂(r, t) (Dþ.1)

Antikajist¸ntac sthn parap�nw touc telestèc pedÐou apì thn sqèsh (4.17) prokÔptei:

Hcc =
1

2

∫
dr

∫
dr′[

∑
µ1

c†µ1
Φµ1e∗(r) +

∑
ν1

dν1Φ
ν1h(r)] · [∑

µ2

c†µ2
Φµ2e∗(r′ +

∑
ν2

dν2Φ
ν2h(r′))]

V cc[
∑
µ3

cµ3Φ
µ3e(r′) +

∑
ν3

d†ν3
Φν3h∗(r′)] · [∑

µ4

cµ4Φ
µ4e(r) +

∑
ν4

d†ν4
Φν4h∗(r)]

=
1

2

∑
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3cµ4

∫
dr

∫
dr′Φµ1e∗(r)Φµ2e∗(r′)V ccΦµ3e(r′)Φµ4e(r)

+
1

2

∑
µ1µ2µ3ν4

c†µ1
c†µ2

cµ3d
†
ν4

∫
dr

∫
dr′Φµ1e∗(r)Φµ2e∗(r′)V ccΦµ3e(r′)Φν4h∗(r))

+
1

2

∑
µ1µ2ν3µ4

c†µ1
c†µ2

d†ν3
cµ4

∫
dr

∫
dr′Φµ1e∗(r)Φµ2e∗(r′)V ccΦν3h∗(r′)Φµ4e(r)

+
1

2

∑
µ1µ2ν3ν4

c†µ1
c†µ2

d†ν3
d†ν4

∫
dr

∫
dr′Φµ1e∗(r)Φµ2e∗(r′)V ccΦν3h∗(r′))Φν4h∗(r))
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+
1

2

∑
µ1ν2µ3µ4

c†µ1
dν2cµ3cµ4

∫
dr

∫
dr′Φµ1e∗(r)Φν2h(r′))V ccΦµ3e(r′)Φµ4e(r)

+
1

2

∑
µ1ν2µ3ν4

c†µ1
dν2cµ3d

†
ν4

∫
dr

∫
dr′Φµ1e∗(r)Φν2h(r′)V ccΦµ3e(r′)Φν4h∗(r)

+
1

2

∑
µ1ν2ν3µ4

c†µ1
dν2d

†
ν3

cµ4

∫
dr

∫
dr′Φµ1e∗(r)Φν2h(r′)V ccΦν3h∗(r′)Φµ4e(r)

+
1

2

∑
µ1ν2ν3ν4

c†µ1
dν2d

†
ν3

d†ν4

∫
dr

∫
dr′Φµ1e∗(r)Φν2h(r′)V ccΦν3h∗(r′)Φν4h∗(r)

+
1

2

∑
ν1µ2µ3µ4

dν1c
†
µ2

cµ3cµ4

∫
dr

∫
dr′Φν1h(r)Φµ2e∗(r′)V ccΦµ3e(r′)Φµ4e(r)

+
1

2

∑
ν1µ2µ3ν4

dν1c
†
µ2

cµ3d
†
ν4

∫
dr

∫
dr′Φν1h(r)Φµ2e∗(r′)V ccΦµ3e(r′)Φν4h∗(r)

+
1

2

∑
ν1µ2ν3µ4

dν1c
†
µ2

d†ν3
cµ4

∫
dr

∫
dr′Φν1h(r)Φµ2e∗(r′)V ccΦν3h∗(r′)Φµ4e(r)

+
1

2

∑
ν1µ2ν3ν4

dν1c
†
µ2

d†ν3
d†ν4

∫
dr

∫
dr′Φν1h(r)Φµ2e∗(r′)V ccΦν3h∗(r′)Φν4h∗(r)

+
1

2

∑
ν1ν2µ3µ4

dν1dν2cµ3cµ4

∫
dr

∫
dr′Φν1h(r)Φν2h(r′)V ccΦµ3e(r′)Φµ4e(r)

+
1

2

∑
ν1ν2µ3ν4

dν1dν2cµ3d
†
ν4

∫
dr

∫
dr′Φν1h(r)Φν2h(r′)V ccΦµ3e(r′)Φν4h∗(r)

+
1

2

∑
ν1ν2ν3µ4

dν1dν2d
†
ν3

cµ4

∫
dr

∫
dr′Φν1h(r)Φν2h(r′)V ccΦν3h∗(r′)Φµ4e(r)

+
1

2

∑
ν1ν2ν3ν4

dν1dν2d
†
ν3

d†ν4

∫
dr

∫
dr′Φν1h(r)Φν2h(r′)V ccΦν3h∗(r′)Φν4h∗(r) (Dþ.2)

Oi ìroi pou perièqoun ginìmena twn telest¸n dhmiourgÐac kai katastrof c hlek-
tronÐwn kai op¸n thc morf c: c†e1c

†
e2d

†
h3ce4, c†e1dh2ce3ce4, d†h1d

†
h2c

†
e3dh4 kai d†h1ce2dh3dh4

ekfr�zoun diadikasÐec kat� tic opoÐec den diathreÐtai o arijmìc twn swmatidÐwn
ìpwc epanasÔndesh Auger kai (impact ionization) [208] kai den tic lamb�noume
upìyh ed¸ [140]. Epiplèon, ameloÔme touc ìrouc pou perièqoun ta ginìmena
c†µ1

dν2cµ3d
†
ν4

∫
dr

∫
dr′Φµ1e∗(r)Φν2h(r′)V ccΦµ3e(r′)Φν4h∗(r) kai

dν1c
†
µ2

d†ν3
cµ4

∫
dr

∫
dr′Φν1h(r)Φµ2e∗(r′)V ccΦν3h∗(r′)Φµ4e(r) pou ekfr�zoun allhlepÐdrash

antallag c metaxÔ twn zwn¸n (interband exchange interaction)   alli¸c allh-
lepÐdrash dipìlou-dipìlou. H prosèggish aut  isqÔei ìso h exitonik  enèrgeia
dèsmeushc eÐnai mikr  sugkrinìmenh me to q�sma.
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OrÐzontac ta stoiqeÐa pÐnaka Coulomb wc:

V cc
`1`2`3`4

≡
∫

dr
∫

dr′Φ`1∗(r)Φ`2∗(r′)V cc(r− r′)Φ`3(r′)Φ`4(r) (Dþ.3)

h Qamiltonian  pou perièqei thn allhlepÐdrash forèa-forèa gr�fetai telik�:

Hcc =
1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3cµ4

+
1

2

∑
ν1ν2ν3ν4

V hh
ν4ν3ν2ν1

dν1dν2d
†
ν3

d†ν4

− ∑
µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

c†µ1
d†ν1

dν2cµ2

= Hee + Hhh + Heh (Dþ.4)



Par�rthma Eþ

H qronik  metabol  thc
sun�rthshc katanom c twn
hlektronÐwn

Eþ.1 H qronik  metabol  thc sun�rthshc katanom -
c twn hlektronÐwn pou ofeÐletai sto sÔsth-
ma twn eleujèrwn forèwn

Me b�sh thn exÐswsh tou Heisenberg:

ih̄
dfµe

dt
|sp =< [c†µcµ, Hsp] > (Eþ.1)

ìpou sp dhl¸nei to sÔsthma twn mh allhlepidr¸ntwn forèwn (single-particle).
Eis�gontac thn Qamiltonian  twn mh allhlepidr¸ntwn forèwn (sqèsh Bþ.5) ston
metajèth [c†µcµ, Hsp] prokÔptei:

[c†µcµ, Hsp] =
∑

µ′
Eµ′ec†µcµc

†
µ′cµ′ +

∑

ν′
Eν′hc†µcµd

†
ν′dν′

− ∑

µ′
Eµ′ec†µ′cµ′c

†
µcµ −

∑

ν′
Eν′hd†ν′dν′c

†
µcµ

=
∑

µ′
Eµ′ec†µ(δµµ′ − c†µ′cµ)cµ′ −

∑

µ′
Eµ′ec†µ′cµ′c

†
µcµ

= Eµec†µcµ −
∑

µ′
Eµ′ec†µ′c

†
µcµ′cµ −

∑

µ′
Eµ′ec†µ′cµ′c

†
µcµ = 0 (Eþ.2)

149



150 H qronik  metabol  thc sun�rthshc katanom c twn hlektronÐwn

Eþ.2 H qronik  metabol  thc sun�rthshc katanom -
c twn hlektronÐwn pou ofeÐletai sthn
allhlepÐdrash twn forèwn me to sunek-
tikì pedÐo tou laser

Apì thn exÐswsh Heisenberg:

ih̄
∂fµe

∂t
|cl =< [c†µcµ, Hcl] > (Eþ.3)

Eis�gontac ston metajèth [c†µcµ, Hcl] thn Qamiltonian  Hcl apì thn sqèsh Gþ.3
prokÔptei:

[c†µcµ, Hcl] =
∑
µ1ν1

Uµ1ν1c
†
µcµc

†
µ1

d†ν1
+

∑
µ1ν1

U∗
µ1ν1

c†µcµdν1cµ1

− ∑
µ1ν1

Uµ1ν1c
†
µ1

d†ν1
c†µcµ1 −

∑
µ1ν1

U∗
µ1ν1

dν1cµ1c
†
µcµ

=
∑
µ1ν1

Uµ1ν1c
†
µ(δµµ1 − c†µ1

cµ)d†ν1
− ∑

µ1ν1

U∗
µ1ν1

dν1c
†
µcµ1cµ

− ∑
µ1ν1

Uµ1ν1c
†
µ1

d†ν1
c†µcµ −

∑
µ1ν1

U∗
µ1ν1

dν1cµ1c
†
µcµ

=
∑
µ1ν1

Uµ1ν1c
†
µδµµ1d

†
ν1
− ∑

µ1ν1

Uµ1ν1c
†
µc
†
µ1

cµ′d
†
ν1

− ∑
µ1ν1

U∗
µ1ν1

dν1(δµµ1 − cµ1c
†
µ)cµ −

∑
µ1ν1

Uµ1ν1c
†
µ1

d†ν1
c†µcµ

− ∑
µ1ν1

U∗
µ1ν1

dν1cµ1c
†
µcµ

=
∑
ν1

Uµν1c
†
µd
†
ν1
−∑

ν1

U∗
µν1

dν1cµ (Eþ.4)

Telik� prokÔptei:

ih̄
∂fµe

∂t
|cl =

∑
ν1

(Uµν1p
∗
νµ1

− U∗
µν1

pµν1) (Eþ.5)
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Eþ.3 H qronik  metabol  thc sun�rthshc katanom -
c twn hlektronÐwn pou ofeÐletai sthn
allhlepÐdrash forèa-forèa

EÐdame sto Dþ ìti h Qamiltonian  pou perièqei tic allhlepidr�seic metaxÔ twn
forèwn gr�fetai wc �jroisma tri¸n ìrwn Hcc = Hee +Hhh +Heh. Eis�gontac touc
parap�nw ìrouc sthn exÐswsh Heisenberg prokÔptei:

ih̄
∂fµe

∂t
|cc =< [c†µcµ, Hee + Hhh + Heh] > (Eþ.6)

Proc q�rin eukolÐac, upologÐzoume xeqwrist� touc metajètec tou ginomènou c†µcµ

me kajènan apì touc ìrouc thc parap�nw Qamiltonian c. O pr¸toc ìroc gr�fetai:

[c†µcµ, Hee] =
1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µcµc
†
µ1

c†µ2
cµ3cµ4

− 1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3cµ4c
†
µcµ

=
1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ(δµµ1 − c†µ1
cµ)c†µ2

cµ3cµ4

− 1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3cµ4c
†
µcµ

=
1

2

∑
µ2µ3µ4

V ee
µµ2µ3µ4

c†µc
†
µ2

cµ3cµ4

− 1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µc
†
µ1

(δµµ2 − c†µ2
cµ)cµ3cµ4

− 1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3cµ4c
†
µcµ

=
1

2

∑
µ2µ3µ4

V ee
µµ2µ3µ4

c†µc
†
µ2

cµ3cµ4

− 1

2

∑
µ1µ3µ4

V ee
µ1µµ3µ4

c†µc
†
µ1

cµ3cµ4

+
1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ1
c†µ2

c†µcµ3cµ4cµ

− 1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3cµ4c
†
µcµ
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=
1

2

∑
µ2µ3µ4

V ee
µµ2µ3µ4

c†µc
†
µ2

cµ3cµ4

− 1

2

∑
µ1µ3µ4

V ee
µ1µµ3µ4

c†µc
†
µ1

cµ3cµ4

+
1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ1
c†µ2

(δµµ3 − cµ3c
†
µ)cµ4cµ

− 1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3cµ4c
†
µcµ

=
1

2

∑
µ2µ3µ4

V ee
µµ2µ3µ4

c†µc
†
µ2

cµ3cµ4

− 1

2

∑
µ1µ3µ4

V ee
µ1µµ3µ4

c†µc
†
µ1

cµ3cµ4

+
1

2

∑
µ1µ2µ4

V ee
µ1µ2µµ4

c†µ1
c†µ2

cµ4cµ

− 1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3(δµµ4 − cµ4c
†
µ)cµ

− 1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3cµ4c
†
µcµ

=
1

2

∑
µ2µ3µ4

V ee
µµ2µ3µ4

c†µc
†
µ2

cµ3cµ4

− 1

2

∑
µ2µ4µ3

V ee
µ2µµ4µ3

c†µc
†
µ2

cµ4cµ3

+
1

2

∑
µ1µ2µ4

V ee
µ1µ2µµ4

c†µ1
c†µ2

cµ4cµ

− 1

2

∑
µ2µ1µ4

V ee
µ2µ1µ4µc

†
µ2

c†µ1
cµ4cµ (Eþ.7)

Apì ton orismì twn stoiqeÐwn pÐnaka Coulomb wc:

V cc
`1`2`3`4

≡
∫

d3r
∫

dr′Φ`1∗(r)Φ`2∗(r′)V cc(r− r′)Φ`3(r′)Φ`4(r) (Eþ.8)

prokÔptei ìti V ee
µµ2µ3µ4

= V ee
µ2µµ4µ3

kai V ee
µ1µ2µµ4

= V ee
µ2µ1µ4µ, opìte h sqèsh (Eþ.7)

gr�fetai:

[c†µcµ, Hee] =
∑

µ2µ3µ4

V ee
µµ2µ3µ4

c†µc
†
µ2

cµ3cµ4
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+
∑

µ1µ2µ4

V ee
µ1µ2µµ4

c†µ1
c†µ2

cµ4cµ (Eþ.9)

Antikajist¸ntac ton metajèth sthn exÐswsh Heisenberg, prokÔptei:

ih̄
∂fµe

∂t
|ee =

∑
µ2µ3µ4

V ee
µµ2µ3µ4

< c†µc
†
µ2

cµ3cµ4 >

+
∑

µ1µ2µ4

V ee
µ1µ2µµ4

< c†µ1
c†µ2

cµ4cµ > (Eþ.10)

H parap�nw exÐswsh perièqei ginìmena tess�rwn telest¸n entìc thc mèshc tim c.
H kat¸terhc t�xhc suneisfor� lamb�netai apozeugnÔontac touc pÐnakec puknìthtac
dÔo swmatidÐwn se ginìmena pin�kwn puknìthtac enìc swmatidÐou. To proseggis-
tikì autì sq ma aposÔzeuxhc (decoupling) kaleÐtai Hartree-Fock prosèggish

< a†1a
†
2a3a4 > |HF =< a†1a4 >< a†2a3 > − < a†1a3 >< a†2a4 > . (Eþ.11)

Efarmìzontac thn prosèggish Hartree-Fock sthn exÐswsh Heisenberg katal goume
sthn parak�tw èkfrash gia thn qronik  metabol  thc sun�rthshc katanom c twn
hlektronÐwn lìgw thc allhlepÐdrashc hlektronÐou-hlektronÐou:

ih̄
∂fµe

∂t
|ee =

∑
µ2µ3µ4

V ee
µµ2µ3µ4

δµµ4f
µδµ2µ3f

µ2

− ∑
µ2µ3µ4

V ee
µµ2µ3µ4

δµµ3f
µδµ2µ4f

µ4

+
∑

µ1µ2µ4

V ee
µ1µ2µµ4

δµµ1f
µδµ2µ4f

µ4

− ∑
µ1µ2µ4

V ee
µ1µ2µµ4

δµµ2f
µδµ1µ4f

µ1

=
∑
µ2

V ee
µµ2µ2µf

µfµ2 −∑
µ4

V ee
µµ4µµ4

fµfµ4

+
∑
µ4

V ee
µµ4µµ4

fµfµ4 −∑
µ1

V ee
µ1µµµ1

fµfµ1

= 0 (Eþ.12)

'Omoia upologÐzetai h qronik  metabol  thc sun�rthshc katanom c twn hlektronÐ-
wn (  twn op¸n) pou ofeÐletai sthn allhlepÐdrash hole-hole. O metajèthc tou
ginomènou c†µcµ me ton trÐto ìro thc allhlepÐdrashc forèa-forèa Heh, gr�fetai:

[c†µcµ, Heh] = − ∑
µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

c†µcµc
†
µ1

d†ν1
dν2cµ2
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+
∑

µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

c†µ1
d†ν1

dν2cµ2c
†
µcµ

= − ∑
µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

c†µ(δµµ1 − c†µ1
cµ)d†ν1

dν2cµ2

+
∑

µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

c†µ1
d†ν1

dν2cµ2c
†
µcµ

= − ∑
µ2ν1ν2

V eh
µν1ν2µ2

c†µd
†
ν1

dν2cµ2

− ∑
µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

c†µc
†
µ1

d†ν1
dν2cµ2cµ)

+
∑

µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

c†µ1
d†ν1

dν2cµ2c
†
µcµ

= − ∑
µ2ν1ν2

V eh
µν1ν2µ2

c†µd
†
ν1

dν2cµ2

+
∑

µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

c†µ1
d†ν1

dν2c
†
µcµ2cµ)

+
∑

µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

c†µ1
d†ν1

dν2cµ2c
†
µcµ

= − ∑
µ2ν1ν2

V eh
µν1ν2µ2

c†µd
†
ν1

dν2cµ2

+
∑

µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

c†µ1
d†ν1

dν2(δµµ2 − cµ2c
†
µ)cµ)

+
∑

µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

c†µ1
d†ν1

dν2cµ2c
†
µcµ

= − ∑
µ2ν1ν2

V eh
µν1ν2µ2

c†µd
†
ν1

dν2cµ2

+
∑

µ1ν1ν2

V eh
µ1ν1ν2µc

†
µ1

d†ν1
dν2cµ

= − ∑
µ1ν1ν2

V eh
µν1ν2µ1

c†µd
†
ν1

dν2cµ1

+
∑

µ1ν1ν2

V eh
µ1ν1ν2µc

†
µ1

d†ν1
dν2cµ (Eþ.13)

Antikajist¸ntac ton metajèth sthn exÐswsh Heisenberg, kai lamb�nontac upìyh
ton orismì thc optik c pìlwshc, prokÔptei telik�:

ih̄
∂fµe

∂t
|eh =

∑
ν1

(∆Uµν1p
∗
µν1
−∆U∗

µν1
pµν1) (Eþ.14)
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ìpou:
∆Uµν1 = − ∑

µ1ν2

V eh
µν1ν2µ1

pµ1ν2 (Eþ.15)

apoteleÐ thn <ápanakanonikopoÐhsh>> sthn enèrgeia Rabi [140]. AjroÐzontac tic
sqèseic (Eþ.5) kai (Eþ.14) prokÔptei telik� gia thn qronik  metabol  thc sun�rthshc
katanom c twn hlektronÐwn:

ih̄
∂

∂t
fµe =

∑

ν′
(U renorm

µν′ p∗µν′ − U renorm∗
µν′ pµν′) (Eþ.16)

ìpou
U renorm

µν = Uµν −
∑

µ′ν′
V eh

µνν′µ′pµ′ν′ (Eþ.17)

Oi Ex.(Eþ.16) kai (Eþ.17) apoteloÔn thn pr¸th apì tic Ex.(4.34) kai thn Ex.(4.35)
tou keimènou antÐstoiqa.



Par�rthma �þ

H exÐswsh idiotim¸n tou
exitonikoÔ pÐnaka

An jewr soume ìti Σλ eÐnai oi idiotimèc tou pÐnaka Ŝ, tìte gr�foume:

Ŝ|λ〉 = Σλ|λ〉 ⇒
〈`|Ŝ|λ〉 = Σλ〈`|λ〉 (�þ.1)

Eis�gontac sthn parap�nw sqèsh thn ∑
`′ |`′〉〈`′| = 1, h opoÐa ekfr�zei thn or-

jokanonikìthta twn sunart sewn twn mh allhlepidr¸ntwn hlektronÐwn kai op¸n,
prokÔptei: ∑

`′
〈`|Ŝ|`′〉〈`′|λ〉 = ΣλCλ

` (�þ.2)

Lamb�nontac upìyh thn sqèsh 〈`|λ〉 = Cλ
` prokÔptei h exÐswsh idiotim¸n tou exi-

tonikoÔ pÐnaka: ∑

`′
S``′C

λ
`′ = ΣλCλ

` (�þ.3)

'Omoia, apodeiknÔetai h suzug c thc parap�nw sqèshc, dhlad 

〈λ|Ŝ† = 〈λ|Σλ∗ (�þ.4)

An Ŝ ermitianìc h �þ.4 gr�fetai:

〈λ|Ŝ = Σλ〈λ|
〈λ|Ŝ|`′〉 = Σλ〈λ|`′〉 (�þ.5)
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Lìgw thc 〈λ|`〉 = Cλ∗
` h parap�nw gr�fetai telik�:

∑

`

Cλ∗
` S``′ = ΣλCλ∗

`′ (�þ.6)

To Par�rthma autì anafèretai sthn Enìthta 4.7.2.



Par�rthma Zþ

MetasqhmatismoÐ Fourier

Zþ.1 Thc enèrgeiac Rabi sthn exitonik  eikìna

O metasqhmatismìc Fourier thc enèrgeiac Rabi sthn exitonik  eikìna gr�fetai:

Ūλ(ω) =
∫ +∞

−∞
Ūλ(t) exp(iωt)dt (Zþ.1)

Antikajist¸ntac sthn Ex.(Zþ.1) thn èkfrash gia thn enèrgeia Rabi sthn exitonik 
eikìna prokÔptei:

Ūλ(ω) =
∫ +∞

−∞

∑

`

Cλ∗
` Ū`(t)exp(iωt)dt

=
∫ +∞

−∞

∑

`

Cλ∗
` U`(t)(1− fµe − f νh)exp(iωt)dt

=
∫ +∞

−∞

∑

`

Cλ∗
` [−

∫
d(r)M`(r)E((r), t)](1− fµe − f νh)exp(iωt)dt

= −∑

`

Cλ∗
`

∫
d(r)M`(r[

∫ +∞

−∞
E((r), t)exp(iωt)dt](1− fµe − f νh)

= −
∫

d(r)(
∑

`

Cλ∗
` M`(r))E(r, ω)(1− fµe − f νh) (Zþ.2)
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Zþ.2 Thc optik c pìlwshc sthn exitonik  eikìn-
a

O metasqhmatismìc Fourier thc optik c pìlwshc gr�fetai:

pλ(ω) =
∫ +∞

−∞
dtpλ(t) exp(iωt) (Zþ.3)

Apì thn sqèsh Zþ.3 prokÔptoun oi antÐstrofoi metasqhmatismoÐ:

pλ∗(t) =
∫ +∞

−∞
dωpλ∗(−ω) exp(−iωt)

pλ(t) =
∫ +∞

−∞
dωpλ(ω) exp(−iωt) (Zþ.4)

To Par�rthma autì anafèretai sthn Enìthta 4.8.



Par�rthma Hþ

'Elegqoc orjogwniìthtac twn
monoswmatidiak¸n katast�sewn

EÐdame sto kef�laio 5 pwc oi monoswmatidiakèc perib�llousec sunart seic anap-
tÔssontai se orjokanonik  b�sh epipèdwn kum�twn:

Φµ(r) =
1√
Ω

∑

k

Cµ
keik·r (Hþ.1)

H sunj kh orjogwniìthtac twn monoswmatidiak¸n katast�sewn ston pragmatikì
q¸ro eÐnai: ∫

Ω
d3rΦµ∗(r)Φµ′(r) = δµµ′ (Hþ.2)

Antikajist¸ntac sto pr¸to mèloc thc sqèshc orjogwniìthtac (Hþ.2) to an�ptugma
(Hþ.2), prokÔptei:

∫

Ω
d3r

1√
Ω

∑

k′
Cµ∗

k′ e
−ik′·r 1√

Ω

∑

k

Cµ′
k eik·r =

∑

k′

∑

k

Cµ∗
k′ C

µ′
k

1

Ω

∫

Ω
d3rei(k−k′)·r =

∑

k′

∑

k

Cµ∗
k′ C

µ′
k δ(k− k′) =

∑

k

Cµ∗
k′ C

µ′
k (Hþ.3)

ìpou k�name qr sh thc idiìthtac:
∫

Ω
d3reiq·r = Ωδ(q) (Hþ.4)
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'Etsi, antÐ thc sunj khc orjogwniìthtac ston pragmatikì q¸ro, qrhsimopoioÔme
thn sunj kh orjogwniìthtac ston q¸ro twn k:

∑

k

Cµ∗
k Cµ′

k = δµµ′ (Hþ.5)

H sqèsh aut  eÐnai qr simh giatÐ susqetÐzei touc suntelestèc tou anaptÔgmatoc
twn monoswmatidiak¸n sunart sewn, ìpwc autoÐ prokÔptoun apì thn lÔsh tou
probl matoc idiotim¸n ( 5.4).



Par�rthma Jþ

Efarmog  thc orjogwniopoÐhshc
Gram-Schmidt stic
monoswmatidiakèc katast�seic

Jþ.1 Perigraf  thc mejìdou
H orjogwniopoÐhsh Gram-Schmidt eÐnai mia mèjodoc pou paÐrnei èna mh orjog¸nio
sÔnolo grammik� anex�rthtwn sunart sewn kai kataskeu�zei èna sÔnolo orjog¸ni-
wn sunart sewn se èna aujaÐreto di�sthma qrhsimopoi¸ntac èna aujaÐreto par�gon-
ta b�rouc w. Sthn gl¸ssa thc Grammik c �lgebrac h diadikasÐa aut  eÐnai an�logh
me èna metasqhmatismì omoiìthtac metaxÔ enìc set orjog¸niwn ki enìc set mh or-
jog¸niwn sunart sewn. Oi sunart seic mporeÐ na eÐnai pragmatikèc   migadikèc.
JewroÔme trÐa sÔnola sunart sewn:

• to arqikì sÔnolo pou perièqei tic sunart seic un(x), n = 1, 2, 3..., pou eÐnai
grammik� anex�rthtec, mh-orjog¸niec kai mh kanonikopoihmènec,

• èna kainoÔrio sÔnolo ψn(x), n = 1, 2, 3... sunart sewn pou eÐnai grammik�
anex�rthtec, orjog¸niec all� mh kanonikopoihmènec kai

• to telikì sÔnolo φn pou eÐnai oi kanonikopoihmènec ψn(x)

H n-ost  sun�rthsh ψn kataskeu�zetai apì thn arqik  un sun èna �gnwsto
grammikì sunduasmì twn prohgoÔmenwn φn. H apaÐthsh k�je ψn(x) na eÐnai or-
jog¸nia me kajemÐa apì tic prohgoÔmenec φn parèqei tic aparaÐthtec exis¸seic gia
ton orismì twn �gnwstwn suntelest¸n pou qrhsimopoioÔme gia thn an�ptuxh twn
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ψn(x). Katìpin kanonikopoi¸ntac thn ψn(x) lamb�noume thn φn . H diadikasÐa
epanalamb�netai gia thn ψn+1(x). Gia n = 1 , orÐzoume:

ψ1(x) = u1(x) (Jþ.1)

Kanonikopoi¸ntac thn ψ1(x) , lamb�noume thn φ1:

φ1(x) =
ψ1(x)√∫ |ψ1|2w(x)dx

(Jþ.2)

ìpou: w(x) eÐnai par�gontac b�rouc o opoÐoc kajorÐzetai apì thn sunj kh kanon-
ikopoÐhshc twn φn,

∫ b

a
φ∗i (x)φj(x)w(x)dx = δi,j (Jþ.3)

Gia n = 2 proqwroÔme sthn kataskeu  thc epìmenhc sun�rthshc:

ψ2(x) = u2(x) + a∗21φ1(x) (Jþ.4)

ApaitoÔme h ψ2(x) na eÐnai orjog¸nia me thn φ1(x). Aut  h sunj kh orjogwniìth-
tac odhgeÐ sthn exÐswsh prosdiorismoÔ tou �gnwstou suntelest  a21 :

∫
ψ∗2(x)φ1(x)w(x)dx =

∫
u∗2(x)φ1(x)w(x)dx + a21

∫
|φ1(x)|2w(x)dx = 0 (Jþ.5)

Apì thn sqèsh (Jþ.2) faÐnetai ìti h sun�rthsh φ1 eÐnai kanokikopoihmènh, opìte
prokÔptei:

a21 = −
∫

u∗2(x)φ1(x)w(x)dx (Jþ.6)

'Etsi sthn sqèsh (Jþ.4) eÐnai ìla gnwst� gia ton upologismì thc ψ2(x). Kanon-
ikopoi¸ntac thn ψ2(x) prokÔptei h φ2(x):

φ2(x) =
ψ2(x)√∫ |ψ2|2(x)w(x)dx

(Jþ.7)

GenikeÔontac, èqoume:

φi(x) =
ψi(x)√∫ |ψi|2(x)w(x)dx

(Jþ.8)
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ìpou
ψi(x) = ui + a∗i,1φ1(x) + a∗i,2φ2(x) + ... + a∗i,i−1φi−1(x) (Jþ.9)

Oi suntelestèc aij dÐnontai apì thn sqèsh:

aij = −
∫

u∗i (x)φj(x)w(x)dx (Jþ.10)

Shmei¸netai ìti h sqèsh (Jþ.10) eÐnai gia kanonikopoÐhsh sthn mon�da. Ja doÔme
t¸ra p¸c efarmìzetai h orjogwniopoÐhsh Gram-Schmidt sthn kataskeu  enìc
sunìlou orjokanonik¸n idiodianusm�twn thc Hamiltonian se mhdenikì magnhtikì
pedÐo.

Jþ.2 Efarmog  thc mejìdou stic monoswma-
tidiakèc katast�seic pou antistoiqoÔn se
mhdenikì magnhtikì pedÐo

Oi idiosunart seic mac èqoun thn morf :

un(r) =
1√
Ω

∑

k

Cn
k exp(ik · r) (Jþ.11)

'Opwc anafèrjhke sthn prohgoÔmenh par�grafo, orÐzoume trÐa sÔnola sunart -
sewn:

• to sÔnolo pou apoteleÐtai apì tic arqikèc idiosunart seic mac pou dÐnontai
apì thn sqèsh (Jþ.11),

• to sÔnolo pou apoteleÐtai apì tic sunart seic

ψn(r) =
1√
Ω

∑

k

Rn
k exp(ik · r) (Jþ.12)

kai tèloc

• to sÔnolo pou apoteleÐtai apì tic kanonikopoihmènec ψn:

φn(r) =
1√
Ω

∑

k

Gn
k exp(ik · r) (Jþ.13)
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Me b�sh touc orismoÔc twn suntelest¸n tou anaptÔgmatoc twn sunart sewn se
epÐpeda kÔmata Cn

k , Rn
k kai Gn

k, ja an�goume tic sqèseic metaxÔ twn sunart sewn
sthn prohgoÔmenh enìthta, se sqèseic metaxÔ twn suntelest¸n touc. H sunj kh
orjogwniìthtac gr�fetai:

∫

Ω
d3(r)u∗m(r)un(r) = δmn (Jþ.14)

h opoÐa an�getai sthn sqèsh orjogwniìthtac metaxÔ twn suntelest¸n:
∑

k

Cm∗
k Cn

k = δmn (Jþ.15)

H parap�nw sqèsh mac upodeiknÔei na qrhsimopoi soume wc par�gonta b�rouc
w(x) = 1. Gia n = 1 èqoume:

ψ1(r) = u1(r) (Jþ.16)
  isodÔnama,

R1
k = C1

k k = 1, nsort (Jþ.17)

[normfactor(1)]2 =
1

Ω

∫

Ω
|ψ1(r|2d3r

=
1

Ω

∫

Ω

∑

k′
R1∗

k′ e
−ik′·r ∑

k

R1∗
k eik·r

=
1

Ω

∑

k′

∑

k

R1∗
k′R

1
k

∫

Ω
ei(k−k′)·r

=
∑

k

|R1
k|2 (Jþ.18)

ìpou k�name qr sh thc idiìthtac:
∫

Ω
eiq·r = Ωδ(q) (Jþ.19)

Antikajist¸ntac sthn (Jþ.10) ta anaptÔgmata (Jþ.11) kai (Jþ.13) prokÔptei:

a`j = −
∫

d3r
1√
Ω

∑

k

C`∗
k exp(−ik · r) 1√

Ω

∑

k′
Gj

k′ exp(ik · r)

= − 1

Ω

∑

kk′
C`∗

k Gj
k′

∫
d3r exp(i(k− k′) · r)

= −∑

k

C`∗
k Gj

k (Jþ.20)
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Antikajist¸ntac sthn (Jþ.9) ta anaptÔgmata (Jþ.11), (Jþ.12) kai (Jþ.13) prokÔptei:
∑

k1

R`
k1

exp(ik1 · r) =
∑

k2

C`
k2

exp(ik2 · r) +
∑

j

a`j

∑

k3

G`
k3

exp(ik3 · r) (Jþ.21)

Pollaplasi�zontac thn (Jþ.21) me exp(−ik · r) kai oloklhr¸nontac ston ìgko Ω,
prokÔptei telik� h anadromik  sqèsh pou sundèei touc suntelestèc:

R`
k = C`

k +
∑

j

a∗`jG
`
k (Jþ.22)

me j = `− 1. Tèloc,

G`
k =

R`
k

normfactor(`)
(Jþ.23)

ìpou normfactor(`) =
√∑

k |R`
k|2.



Par�rthma Iþ

Katast�seic Darwin-Fock

Iþ.1 Gia mhdenikì magnhtikì pedÐo
H kÐnhsh enìc hlektronÐou thc z¸nhc agwgimìthtac periorismènou se didi�stato
parabolikì phg�di, perigr�fetai sthn prosèggish energoÔ m�zac apì thn akìloujh
Qamiltonian  se kulindrikèc suntetagmènec:

Ĥ = − h̄2

2m∗
1

ρ

∂

∂ρ
(ρ

∂

∂ρ
) +

1

ρ2

∂2

∂φ2
+

m∗ω2

2
ρ2 (Iþ.1)

ìpou m∗ h energìc m�za. Oi idiokatast�seic thc Qamiltonian c aut c thc morf c kai
oi antÐstoiqec idioenèrgeiec orÐsthkan analutik� apì touc Fock kai Darwin [172,173]
polÔ prin thn emf�nish twn nanodom¸n. AnazhtoÔme lÔseic thc morf c:

ψ(ρ, φ) = R(ρ)eim`φ (Iþ.2)

Antikajist¸ntac thn Ex.(Iþ.2) sthn Ex.(Iþ.1) prokÔptei h exÐswsh pou ikanopoieÐ to
aktinikì mèroc:

d2R(ρ)

dρ2
+

1

ρ

dR(ρ)

dρ
+ (

2m∗E
h̄2 − m∗ω2ρ2

h̄2 − m2
`

ρ2
)R(ρ) = 0 (Iþ.3)

AntikajistoÔme ta megèjh ρ kai E me tic adi�statec metablhtèc: r = ρ/a0 kai
W = E/(h̄ω). H metablht 

a0 =

√
h̄

m∗ω
(Iþ.4)
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èqei diast�seic m kouc kai parèqei èna mètro thc èktashc twn katast�sewn Darwin-
Fock. Sunart sei twn nèwn adi�statwn metablht¸n h exÐswsh pou ikanopoieÐ h
aktinik  kumatosun�rthsh gÐnetai:

d2R(r)

dr2
+

1

r

dR(r)

dr
+ (2W − m2

`

r2
− r2)R(r) = 0 (Iþ.5)

Jètoume σ = r2 kai h Iþ.5 gr�fetai:

σ
d2R(σ)

dσ2
+

dR(σ)

dσ
+ (

W

2
− m2

`

4σ
− σ

4
)R(σ) = 0 (Iþ.6)

AnazhtoÔme lÔseic thc morf c:

R(σ) = e−σ/2σ|m`|/2F (σ) (Iþ.7)

Tìte, h sun�rthsh F (σ) ikanopoieÐ thn exÐswsh Kummer:

σF ′′(σ) + F ′(σ)(|m`|+ 1− σ)− [
1

2
(|m`|+ 1)− W

2
]F (σ) = 0 (Iþ.8)

me lÔseic ta energeiak� epÐpeda Darwin-Fock:

Enρ,m`
= h̄ω(2nρ + |m`|+ 1) (Iþ.9)

kai tic katast�seic:

ψnρ,m`
(ρ) =

1√
2πa0

√
2nρ

(|m`|+ nρ)!
(

ρ

a0

)|m`|e
−ρ2

2a2
0 L|m`|

nρ
(
ρ2

a2
0

)eim`φ (Iþ.10)

ìpou L|m`|
nρ

(ρ2

a2
0
) ta polu¸numa Laguerre.

Gia tic Darwin-Fock katast�seic qrhsimopoioÔme ton atomikì sumbolismì. Oi
katast�seic me nρ = 0, 1, 2... sumbolÐzontai wc 1,2,3..., en¸ oi katast�seic me
m` = 0,±1,±2... sumbolÐzontai wc s, p, d.... O ekfulismìc twn Darwin-Fock
katast�sewn eÐnai D = 2nρ + |m`|+ 1 me nρ ≥ 0.

Iþ.2 Gia magnhtikì pedÐo diaforetikì tou mh-
denìc

H Qamiltonian  upì magnhtikì pedÐo eÐnai:

Ĥ =
(p− qA)2

2m∗ + U(r) (Iþ.11)
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ìpou A = B×r
2

eÐnai to dianusmatikì dunamikì tou magnhtikoÔ pedÐou kai U(r) =
1
2
m∗ω2ρ2 to parabolikì perioristikì dunamikì. H Qamiltonian  gr�fetai:

Ĥ =
p2

2m∗ +
1

2
m∗(ω2 +

ω2
B

4
)ρ2 ± 1

2
ωB`z

= Ĥ|B=0(Ω)± 1

2
ωB`z (Iþ.12)

Sthn parap�nw sqèsh to prìshmo (+) antistoiqeÐ sta hlektrìnia kai to (-) stic
opèc. EpÐshc, ωB = eB

m∗ eÐnai h kuklotronik  suqnìthta kai

Ω2 = ω2 + ω2
B/4 (Iþ.13)

Eis�gontac tic katast�seic Darwin-Fock (sqèsh Iþ.10) sthn Qamiltonian  (Iþ.13)
prokÔptei:

Ĥψnρ,m`
(ρ, φ) = h̄Ω(2nρ + |m`|+ 1)ψnρ,m`

(ρ, φ)± h̄ωB

2
m`ψnρ,m`

(ρ, φ) (Iþ.14)

Apì thn parap�nw sqèsh eÐnai fanerì ìti oi idiokatast�seic èqoun Ðdia morf , all�
oi idioenèrgeiec gr�fontai:

Enρ,m`
= h̄Ω(2nρ + |m`|+ 1)± h̄ωB

2
m` (Iþ.15)

Kat� sunèpeia, to katakìrufo magnhtikì pedÐo (B//z) aÐrei ton ekfulismì kai
all�zei thn diafor� energei¸n metaxÔ dÔo diadoqik¸n katast�sewn.



Par�rthma IAþ

Upologismìc twn stoiqeÐwn
pÐnaka Coulomb

Ta stoiqeÐa pÐnaka Coulomb orÐzontai wc:

V eh
µµ′,νν′ ≡

∫
d3re

∫
d3rhΦµe∗(re)Φ

µ′e(re)
e2

κ0|re − rh|Φ
νh∗(rh)Φν′h(rh)) (IAþ.1)

Antikajist¸ntac tic monoswmatidiakèc perib�llousec kumatosunart seic

Φµ(r) =
1√
Ω

∑

k

Cµ
keik·r (IAþ.2)

sthn sqèsh (IAþ.1) prokÔptei:

V eh
µµ′,νν′ =

e2

κ0Ω2

∑

ke,k′e,kh,k′h

Cµ∗
ke

Cµ′
k′eC

ν∗
kh

Cν′
k′h

∫
d3re

∫
d3rhe

−iqere
1

|re − rh|e
−iqhrh (IAþ.3)

ìpou qe/h = ke/h − k′e/h.
KaloÔme r = re − rh. Ek twn r, re, rh ta dÔo eÐnai anex�rthta. 'Etsi antÐ gia

dÔo oloklhr¸mata sta re, rh mporoÔme na èqoume dÔo oloklhr¸mata sta r, rh.
'Etsi prokÔptei:

V eh
µµ′,νν′ =

e2

κ0Ω2

∑

ke,k′e,kh,k′h

Cµ∗
ke

Cµ′
k′eC

ν∗
kh

Cν′
k′h

∫
d3rhe

−i(qe+qh)rh

∫
d3r

1

r
e−iqer (IAþ.4)

170



PARARTHMA IA' 171

OrÐzontac ton metasqhmatismì Fourier wc:

f̂(k) =
1

Ω

∫

Ω
d3rf(r)e−ikr (IAþ.5)

kai thn dèlta sun�rthsh wc:

δ(q) =
1

Ω

∫

Ω
d3reiqr (IAþ.6)

h sqèsh (IAþ.4) gr�fetai:

V eh
µµ′,νν′ =

e2

κ0Ω2

∑

ke,k′e,kh,k′h

Cµ∗
ke

Cµ′
k′eC

ν∗
kh

Cν′
k′h ×

Ωδ(−qh − qe)
4π

q2
e

Ω

=
e2

κ0

∑

qe,k′e,kh

Cµ∗
(k′e+qe)

Cµ′
k′eC

ν∗
kh

Cν′
(kh+qe)

4π

q2
e

(IAþ.7)

H Ex.(IAþ.7) eÐnai h Ex.(5.6) tou keimènou.



Par�rthma IBþ

H qronik  metabol  tou telest 
℘µν(t)

IBþ.1 H qronik  metabol  tou telest  ℘µν(t)

pou ofeÐletai sto sÔsthma twn eleu-
jèrwn forèwn

Me b�sh thn exÐswsh tou Heisenberg:

ih̄
∂

∂t
℘µν(t)|sp = [℘µν(t), Hsp] (IBþ.1)

Antikajist¸ntac ston metajèth thn Hamiltonian tou sust matoc twn mh allh-
lepidr¸ntwn forèwn apì thn sqèsh Bþ.5 prokÔptei:

[℘µν(t), Hsp] =
∑

µ′
Eµ′edνcµc

†
µ′cµ′ +

∑

ν′
Eν′hdνcµd

†
ν′dν′

− ∑

µ′
Eµ′ec†µ′cµ′dνcµ −

∑

ν′
Eν′hd†ν′dν′dνcµ

=
∑

µ′
Eµ′edν(δµµ′ − c†µ′cµ)cµ′ +

∑

ν′
Eν′h(δνν′ − d†ν′dν)dν′cµ

− ∑

µ′
Eµ′ec†µ′cµ′dνcµ −

∑

ν′
Eν′hd†ν′dν′dνcµ

= Eµe℘µν + Eνh℘µν (IBþ.2)
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IBþ.2 H qronik  metabol  tou telest  ℘µν(t)

pou ofeÐletai sthn allhlepÐdrash metaxÔ
hlektronÐwn kai op¸n

'Opwc kai sta prohgoÔmena h qronik  metabol  dÐnetai apì:

ih̄
∂

∂t
℘µν(t)|eh = [℘µν(t), Heh] (IBþ.3)

ìpou:
Heh = − ∑

µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

c†µ1
d†ν1

dν2cµ2 (IBþ.4)

Antikajist¸ntac thn Qamiltonian  thc allhlepÐdrashc, o metajèthc [℘µν(t), Heh]
gr�fetai:

[℘µν(t), Heh] = − ∑
µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

dνcµc
†
µ1

d†ν1
dν2cµ2

+
∑

µ1µ2ν1ν2

V ceh
µ1ν1ν2µ2

c†µ1
d†ν1

dν2cµ2dνcµ

= − ∑
µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

dν(δµµ1 − c†µ1
cµ)d†ν1

dν2cµ2

+
∑

µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

c†µ1
d†ν1

dν2cµ2dνcµ

= − ∑
µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

dνδµµ1d
†
ν1

dν2cµ2

+
∑

µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

dνc
†
µ1

cµd
†
ν1

dν2cµ2

+
∑

µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

c†µ1
d†ν1

dν2cµ2dνcµ

= − ∑
µ2ν1ν2

V eh
µν1ν2µ2

dνd
†
ν1

dν2cµ2

+
∑

µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

c†µ1
d†ν1

dν2cµ2dνcµ

+
∑

µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

(δνν1 − d†ν1
dν)c

†
µ1

cµdν2cµ2

= − ∑
µ2ν1ν2

V eh
µν1ν2µ2

(δνν1 − d†ν1
dν)dν2cµ2

+
∑

µ1µ2ν2

V eh
µ1νν2µ2

c†µ1
cµdν2cµ2
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− ∑
µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

d†ν1
dνc

†
µ1

cµdν2cµ2

+
∑

µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

d†ν1
dνc

†
µ1

cµdν2cµ2

= − ∑
µ2ν2

V eh
µνν2µ2

dν2cµ2

+
∑

µ2ν1ν2

V eh
µν1ν2µ2

d†ν1
dνdν2cµ2

+
∑

µ1µ2ν2

V eh
µ1νν2µ2

c†µ1
cµdν2cµ2 (IBþ.5)

Me b�sh thn parap�nw exÐswsh, h qronik  metabol  gr�fetai:

ih̄
∂

∂t
℘µν(t)|eh = − ∑

µ2ν2

V eh
µνν2µ2

℘µ2ν2 +
∑

µ2ν1ν2

V eh
µν1ν2µ2

d†ν1
dν℘ν2µ2

+
∑

µ1µ2ν2

V eh
µ1νν2µ2

c†µ1
cµ℘ν2µ2

= − ∑
µ2ν2

V eh
µνν2µ2

℘µ2ν2

+
∑

µ2ν1ν2

V eh
µν1ν2µ2

(δνν1 − dνd
†
ν1

)dν2cµ2

− ∑
µ1µ2ν2

V eh
µ1νν2µ2

c†µ1
dν2cµcµ2

= − ∑
µ2ν1ν2

V eh
µν1ν2µ2

dνd
†
ν1

dν2cµ2

− ∑
µ1µ2ν2

V eh
µ1νν2µ2

c†µ1
dν2cµcµ2

= − ∑
µ2ν1ν2

V eh
µν1ν2µ2

dν(δν2ν1 − dν2d
†
ν1

)cµ2

− ∑
µ1µ2ν2

V eh
µ1νν2µ2

c†µ1
dν2cµcµ2

= − ∑
µ2ν2

V eh
µν1ν1µ2

dνcµ2

+
∑

µ2ν1ν2

V eh
µν1ν2µ2

dνdν2d
†
ν1

cµ2

− ∑
µ1µ2ν2

V eh
µ1νν2µ2

c†µ1
dν2cµcµ2

=
∑

µ2ν1ν2

V eh
µν1ν2µ2

dνdν2d
†
ν1

cµ2
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− ∑
µ1µ2ν2

V eh
µ1νν2µ2

c†µ1
dν2cµcµ2 . (IBþ.6)

'Omwc me b�sh to Hartree-Fock (Eþ.11) sq ma aposÔzeuxhc

〈dνdν2d
†
ν1

cµ2〉 = 〈dνcµ2〉〈dν2d
†
ν1
〉 − 〈dνd

†
ν1
〉〈dν2cµ2〉

= 〈dνcµ2〉δν1ν2(1− f ν1h)− 〈dν2cµ2〉(1− f νh)δνν1 (IBþ.7)

kai

〈c†µ1
dν2cµcµ2〉 = 〈c†µ1

cµ2〉〈dν2cµ〉 − 〈c†µ1
cµ〉〈dν2cµ2〉

= δµ1µ2f
µ2e〈dν2cµ〉 − δµ1µf

µe〈dν2cµ2〉. (IBþ.8)

H qronik  metabol  thc optik c pìlwshc gr�fetai:

ih̄
∂

∂t
〈℘µν(t)〉|eh =

∑
µ2ν2

V eh
µν2ν2µ2

〈dνcµ2〉(1− f ν2h)

− ∑
µ2ν2

V eh
µνν2µ2

〈dν2cµ2〉(1− f νh)

− ∑
µ2ν2

V eh
µ2νν2µ2

fµ2e〈dν2cµ〉

+
∑
µ2ν2

V eh
µνν2µ2

fµe〈dν2cµ2〉

= − ∑
µ2ν2

V eh
µνν2µ2

〈dν2cµ2〉(1− fµe − f νh), (IBþ.9)

ìpou l�bame mhdenik� ta stoiqeÐa pÐnaka Coulomb V eh
µν1ν1µ2

, V eh
µν2ν2µ2

kai V eh
µ2νν2µ2

,
giatÐ to hlektrìnio kai h op  kat� thn skèdas  touc den all�zoun jèsh   kat�s-
tash.

IBþ.3 H qronik  metabol  tou telest  ℘µν(t)

pou ofeÐletai sthn allhlepÐdrash metaxÔ
twn hlektronÐwn

Me b�sh thn exÐswsh tou Heisenberg:

ih̄
∂

∂t
℘µν(t)|ee = [℘µν(t), Hee] (IBþ.10)



176 H qronik  metabol  tou telest  ℘µν

ìpou:
Hee =

1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3cµ4 (IBþ.11)

Antikajist¸ntac thn parap�nw Qamiltonian , o metajèthc [℘µν(t), Hee] gr�fetai:

[℘µν(t), Hee] =
1

2

∑
µ1µ2µ3µ4

dνcµV
ee
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3cµ4

− 1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3cµ4dνcµ

=
1

2

∑
µ1µ2µ3µ4

dν(δµµ1 − c†µ1
cµ)V ee

µ1µ2µ3µ4
c†µ2

cµ3cµ4

− 1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3cµ4dνcµ

=
1

2

∑
µ2µ3µ4

V ee
µµ2µ3µ4

dνc
†
µ2

cµ3cµ4

− 1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

dνc
†
µ1

cµc
†
µ2

cµ3cµ4

− 1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3cµ4dνcµ

=
1

2

∑
µ2µ3µ4

V ee
µµ2µ3µ4

dνc
†
µ2

cµ3cµ4

− 1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

dνc
†
µ1

(δµµ2 − c†µ2
cµ)cµ3cµ4

− 1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3cµ4dνcµ

=
1

2

∑
µ2µ3µ4

V ee
µµ2µ3µ4

dνc
†
µ2

cµ3cµ4

− 1

2

∑
µ1µ3µ4

V ee
µ1µµ3µ4

dνc
†
µ1

cµ3cµ4

+
1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3cµ4dνcµ

− 1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3cµ4dνcµ

(IBþ.12)
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K�nontac thn enallag  µ3 ↔ µ4 ston pr¸to ìro tou dexioÔ mèlouc kai jètontac
µ1 = µ2, h parap�nw sqèsh paÐrnei th morf :

[℘µν(t), Hee] =
1

2

∑
µ1µ3µ4

V ee
µµ1µ4µ3

dνc
†
µ1

cµ4cµ3

− 1

2

∑
µ1µ3µ4

V ee
µ1µµ3µ4

dνc
†
µ1

cµ3cµ4

= − ∑
µ1µ3µ4

V ee
µ1µµ3µ4

dνc
†
µ1

cµ3cµ4 . (IBþ.13)

H qronik  metabol  thc optik c pìlwshc gÐnetai:

ih̄
∂

∂t
〈℘µν(t)〉|ee = − ∑

µ1µ3µ4

V ee
µ1µµ3µ4

〈dνc
†
µ1

cµ3cµ4〉. (IBþ.14)

Efarmìzontac to Hartree-Fock sq ma aposÔzeuxhc (Eþ.11) kai jewr¸ntac mhdenik�
ta mh diag¸nia stoiqeÐa tou pÐnaka puknìthtac pou antistoiqoÔn stic endozwnikèc
(intraband) pol¸seic

< c†µ1
cµ2 > = δµ1µ2f

µ1e

< d†ν1
dν2 > = δν1ν2f

ν1h, (IBþ.15)

prokÔptei:

ih̄
∂

∂t
〈℘µν(t)〉|ee = − ∑

µ1µ3µ4

V ee
µ1µµ3µ4

(〈dνcµ4〉〈c†µ1
cµ3〉 − 〈dνcµ3〉〈c†µ1

cµ4〉)

= − ∑
µ1µ3µ4

V ee
µ1µµ3µ4

(δµ1µ3f
µ1e〈dνcµ4〉 − δµ1µ4f

µ1e〈dνcµ3〉)

= − ∑
µ1µ4

V ee
µ1µµ1µ4

〈dνcµ4〉fµ1e

+
∑
µ1µ3

V ee
µ1µµ3µ1

〈dνcµ3〉fµ1e. (IBþ.16)

'Omwc apì ton orismì twn stoiqeÐwn pÐnaka Coulomb o ìroc

V ee
µ1µµ3µ1

=
∫

dr
∫

dr′Φµ1∗(r)Φµ∗(r′)V cc(r− r′)Φµ3(r′)Φµ1(r) (IBþ.17)

ìpou to hlektrìnio kat� thn skèdas  tou den all�zei oÔte jèsh oÔte kat�stash
eÐnai mhdenikìc. 'Etsi, h qronik  metabol  thc optik c pìlwshc gr�fetai:

ih̄
∂

∂t
〈℘µν(t)〉|ee = − ∑

µ1µ4

V ee
µ1µµ1µ4

〈dνcµ4〉fµ1e (IBþ.18)
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'Omoia upologÐzetai h qronik  metabol  tou telest  ℘µν(t) exaitÐac thc allh-
lepÐdrashc h− h.

IBþ.4 H qronik  metabol  tou telest  ℘µν(t)

pou ofeÐletai sthn allhlepÐdrash me to
pedÐo twn fwtonÐwn

ih̄
∂

∂t
℘µν(t)|cγ = [℘µν(t), Hcγ] (IBþ.19)

ìpou:
Hcγ = A

1/2
γ0 i

∑
qµν

ω1/2
q [M0∗

µνα
†
q(t)℘µν −M0

µναq(t)℘
†
µν ] (IBþ.20)

Jètoume:

Hcγ1 = C
∑
qµν

ω1/2
q M0∗

µνα
†
q(t)℘µν

Hcγ2 = −C
∑
qµν

ω1/2
q M0

µναq(t)℘
†
µν (IBþ.21)

ìpou C = A
1/2
γ0 i. Gia lìgouc eukolÐac, ja upologÐsoume ton metajèth tou ℘µν(t)

me k�je ìro thc parap�nw Qamiltonian c qwrist�:

[℘µν(t), Hcγ1 ] = C
∑

q′µ′ν′
ω

1/2
q′ M0∗

µ′ν′℘µνα
†
q′℘µ′ν′

− C
∑

q′µ′ν′
ω

1/2
q′ M0∗

µ′ν′α
†
q′(t)℘µ′ν′℘µν

= C
∑

q′µ′ν′
ω

1/2
q′ M0∗

µ′ν′α
†
q′dνdν′cµcµ′

− C
∑

q′µ′ν′
ω

1/2
q′ M0∗

µ′ν′α
†
q′dν′dνcµ′cµ = 0 (IBþ.22)

kai

[℘µν(t), Hcγ2 ] = −C
∑

q′µ′ν′
ω

1/2
q′ M0

µ′ν′℘µναq′℘
†
µ′ν′

+ C
∑

q′µ′ν′
ω

1/2
q′ M0

µ′ν′αq′℘
†
µ′ν′℘µν



PARARTHMA IB' 179

= −C
∑

q′µ′ν′
ω

1/2
q′ M0

µ′ν′dνcµαq′c
†
µ′d

†
ν′

+ C
∑

q′µ′ν′
ω

1/2
q′ M0

µ′ν′αq′c
†
µ′d

†
ν′dνcµ

= −C
∑

q′µ′ν′
ω

1/2
q′ M0

µ′ν′(δνν′ − d†ν′dν)cµαq′c
†
µ′

+ C
∑

q′µ′ν′
ω

1/2
q′ M0

µ′ν′αq′c
†
µ′d

†
ν′dνcµ

= −C
∑

q′µ′
ω

1/2
q′ M0

µ′νcµαq′c
†
µ′

+ C
∑

q′µ′ν′
ω

1/2
q′ M0

µ′ν′d
†
ν′dν(δµµ′ − c†µ′cµ)αq′

+ C
∑

q′µ′ν′
ω

1/2
q′ M0

µ′ν′αq′c
†
µ′d

†
ν′dνcµ

= −C
∑

q′µ′
ω

1/2
q′ M0

µ′νcµαq′c
†
µ′

+ C
∑

q′ν′
ω

1/2
q′ M0

µν′d
†
ν′dν)αq′

= −C
∑

q′µ′
ω

1/2
q′ M0

µ′ν(δµµ′ − c†µ′cµ)αq′

+ C
∑

q′ν′
ω

1/2
q′ M0

µν′d
†
ν′dναq′

= −C
∑

q′
ω

1/2
q′ M0

µναq′ + C
∑

q′µ′
ω

1/2
q′ M0

µ′νc
†
µ′cµαq′

+ C
∑

q′ν′
ω

1/2
q′ M0

µν′d
†
ν′dναq′ . (IBþ.23)

H qronik  metabol  thc optik c pìlwshc gr�fetai:

ih̄
∂

∂t
〈℘µν(t)〉|cγ = −C

∑

q′
ω

1/2
q′ M0

µν〈αq′〉

+ C
∑

q′µ′
ω

1/2
q′ M0

µ′νδµµ′f
µe〈αq′〉

+ C
∑

q′ν′
ω

1/2
q′ M0

µν′δµν′f
νh〈αq′〉

= −C
∑

q′
ω

1/2
q′ M0

µν〈αq′〉(1− fµe − f νh). (IBþ.24)
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IBþ.5 H exÐswsh thc optik c pìlwshc sto h-
miklassikì ìrio

Sugkentr¸nontac ìlouc touc parap�nw ìrouc kai h exÐswsh thc optik c pìlwshc
gÐnetai telik�:

∂pµν

∂t
=

1

ih̄

∑

µ′ν′
(Ee,renorm

µµ′ δνν′ + Eh,renorm
νν′ δµµ′)pµ′ν′

− 1

ih̄

∑

µ′ν′
V eh

µνν′µ′pµ′ν′(1− fµe − f νh)

− C
∑

q′
ω

1/2
q′ M0

µν〈αq′〉(1− fµe − f νh) (IBþ.25)

H Ex.(IBþ.25) eÐnai h Ex.(6.7) tou keimènou.



Par�rthma IGþ

H qronik  metabol  tou ìrou
< α†q(t)αq′(t) >

IGþ.1 H qronik  metabol  tou ìrou < α†q(t)αq′(t) >

pou ofeÐletai sto sÔsthma twn mh allh-
lepidr¸ntwn fwtonÐwn

Me b�sh thn exÐswsh tou Heisenberg:

ih̄
∂

∂t
< α†q(t)αq′(t) > |γ =< [α†q(t)αq′(t), Hγ] > (IGþ.1)

Antikajist¸ntac ston metajèth thn Hamiltonian tou sust matoc twn mh allh-
lepidr¸ntwn fwtonÐwn apì thn sqèsh (6.4) prokÔptei:

[α†qαq′ , Hγ] = Σq′′h̄ωq′′α
†
qαq′α

†
q′′αq′′ − Σq′′h̄ωq′′α

†
q′′αq′′α

†
qαq′

= Σq′′h̄ωq′′α
†
q(δq′q′′ + α†q′′αq′)αq′′ − Σq′′h̄q′′α

†
q′′(δqq′′ + α†qαq′′)αq′

= h̄(ωq′ − ωq)α
†
qαq′ (IGþ.2)
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IGþ.2 H qronik  metabol  < α†q(t)αq′(t) > pou
ofeÐletai sthn allhlepÐdrash me to pedÐo
twn fwtonÐwn

'Eqoume dei ìti:
[α†qαq′ , Hcγ] = [α†qαq′ , Hcγ1 ] + [α†qαq′ , Hcγ2 ] (IGþ.3)

me

Hcγ1 = C
∑
qµν

ω1/2
q M0∗

µνα
†
q(t)℘µν

Hcγ2 = −C
∑
qµν

ω1/2
q M0

µναq(t)℘
†
µν (IGþ.4)

kai C = A
1/2
γ0 i.

O pr¸toc ìroc gr�fetai:

[α†qαq′ , Hcγ1 ] = C
∑

q′′µν

ω
1/2
q′′ M0∗

µνα
†
qαq′α

†
q′′℘µν − C

∑

q′′µν

ω
1/2
q′′ M0∗

µνα
†
q′′℘µνα

†
qαq′

= C
∑

q′′µν

ω
1/2
q′′ M0∗

µνα
†
q(δq′q′′ + α†q′′αq′)℘µν − C

∑

q′′µν

ω
1/2
q′′ M0∗

µνα
†
q′′℘µνα

†
qαq′

= C
∑
µν

ω
1/2
q′ M0∗

µνα
†
q℘µν (IGþ.5)

O deÔteroc ìroc gr�fetai:

[α†qαq′ , Hcγ2 ] = −C
∑

q′′µν

ω
1/2
q′′ M0

µνα
†
qαq′αq′′℘

†
µν + C

∑

q′′µν

ω
1/2
q′′ M0

µναq′′℘
†
µνα

†
qαq′

= C
∑

q′′µν

ω
1/2
q′′ M0

µνα
†
q + αq′′αq′)℘

†
µν + C

∑

q′′µν

ω
1/2
q′′ M0

µν(δq′′q + α†qαq′′)αq′℘
†
µν

= C
∑
µν

ω1/2
q M0

µναq′℘
†
µν (IGþ.6)

EÐnai profanèc ìti oi qronikèc metabolèc ∂
∂t

< α†q(t)αq′(t) > |sp kai ∂
∂t

< α†q(t)αq′(t) > |cc
isoÔntai me mhdèn efìson oi telestèc dhmiourgÐac kai katastrof c twn fwtonÐwn
antimetatÐjetai me touc telestèc dhmiourgÐac kai katastrof c twn forèwn. AjroÐ-
zontac tic parap�nw suneisforèc prokÔptei h exÐswsh:

ih̄
∂

∂t
< α†q(t)αq′(t) > = h̄(ωq′ − ωq)〈α†qαq′〉
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+ A
1/2
γ0 i

∑
µν

ω
1/2
q′ M0∗

µν〈α†q℘µν〉

+ A
1/2
γ0 i

∑
µν

ω1/2
q M0

µν〈αq′℘
†
µν〉 (IGþ.7)

H Ex. (IGþ.7) eÐnai h Ex. (6.50) tou keimènou.



Par�rthma IDþ

H qronik  metabol  tou ìrou
< α†q(t)℘µν(t) >

IDþ.1 H qronik  metabol  tou ìrou < α†q(t)℘µν(t) >

pou ofeÐletai sto sÔsthma twn eleu-
jèrwn forèwn

Me b�sh thn exÐswsh tou Heisenberg:

ih̄
∂

∂t
< α†q(t)℘µν(t) > |sp =< [α†q(t)℘µν(t), Hsp] > (IDþ.1)

Antikajist¸ntac ston metajèth thn Hamiltonian tou sust matoc twn mh allh-
lepidr¸ntwn forèwn apì thn sqèsh (Bþ.5) prokÔptei:

[α†q(t)℘µν(t), Hsp] =
∑

µ′
Eµ′eα†qdνcµc

†
µ′cµ′ +

∑

ν′
Eν′hα†qdνcµd

†
ν′dν′

− ∑

µ′
Eµ′eα†qc

†
µ′cµ′dνcµ −

∑

ν′
Eν′hα†qd

†
ν′dν′dνcµ

=
∑

µ′
Eµ′eα†qdν(δµµ′ − c†µ′cµ)cµ′ +

∑

ν′
Eν′hα†q(δνν′ − d†ν′dν)cµdν′

− ∑

µ′
Eµ′eα†qc

†
µ′cµ′dνcµ −

∑

ν′
Eν′hα†qd

†
ν′dν′dνcµ

= Eµeα†q℘µν + Eνhα†q℘µν (IDþ.2)
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Gr�foume telik�

ih̄
∂

∂t
< α†q(t)℘µν(t) > |sp = (Eµe + Eνh) < α†q℘µν > (IDþ.3)

IDþ.2 H qronik  metabol  tou ìrou < α†q(t)℘µν(t) >

pou ofeÐletai sthn allhlepÐdrash metaxÔ
hlektronÐwn kai op¸n

'Opwc kai sta prohgoÔmena h qronik  metabol  dÐnetai apì:

ih̄
∂

∂t
< α†q(t)℘µν(t) > |eh =< [α†q(t)℘µν(t), Heh] > (IDþ.4)

ìpou:
Heh = − ∑

µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

c†µ1
d†ν1

dν2cµ2 (IDþ.5)

Antikajist¸ntac thn Qamiltonian  thc allhlepÐdrashc, o metajèthc [α†q(t)℘µν(t), Heh]
gr�fetai:

[α†q(t)℘µν(t), Heh] = − ∑
µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

α†qdνcµc
†
µ1

d†ν1
dν2cµ2

+
∑

µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

c†µ1
d†ν1

dν2cµ2α
†
qdνcµ

= − ∑
µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

α†qdν(δµµ1 − c†µ1
cµ)d†ν1

dν2cµ2

+
∑

µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

c†µ1
d†ν1

dν2cµ2α
†
qdνcµ

= − ∑
µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

α†qdνδµµ1d
†
ν1

dν2cµ2

+
∑

µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

α†qdνc
†
µ1

cµd
†
ν1

dν2cµ2

+
∑

µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

α†qc
†
µ1

d†ν1
dν2cµ2dνcµ

= − ∑
µ2ν1ν2

V eh
µν1ν2µ2

α†qdνd
†
ν1

dν2cµ2

+
∑

µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

α†qc
†
µ1

d†ν1
dν2cµ2dνcµ
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+
∑

µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

α†q(δνν1 − d†ν1
dν)c

†
µ1

cµdν2cµ2

= − ∑
µ2ν1ν2

V eh
µν1ν2µ2

α†q(δνν1 − d†ν1
dν)dν2cµ2

+
∑

µ1µ2ν2

V eh
µ1νν2µ2

α†qc
†
µ1

cµdν2cµ2

− ∑
µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

α†qd
†
ν1

dνc
†
µ1

cµdν2cµ2

+
∑

µ1µ2ν1ν2

V eh
µ1ν1ν2µ2

α†qd
†
ν1

dνc
†
µ1

cµdν2cµ2

= − ∑
µ2ν2

V eh
µνν2µ2

α†qdν2cµ2

+
∑

µ2ν1ν2

V eh
µν1ν2µ2

α†qd
†
ν1

dνdν2cµ2

+
∑

µ1µ2ν2

V eh
µ1νν2µ2

α†qc
†
µ1

cµdν2cµ2

=
∑

µ1µ2ν2

V eh
µ1νν2µ2

c†µ1
dν2α

†
qcµ2cµ

+
∑

µ2ν1ν2

V eh
µν1ν2µ2

dνdν2α
†
qd
†
ν1

cµ2 (IDþ.6)

Me b�sh thn parap�nw exÐswsh, h qronik  metabol  gr�fetai:

ih̄
∂

∂t
< α†q(t)℘µν(t) > |eh =

∑
µ1µ2ν2

V eh
µ1νν2µ2

〈c†µ1
dν2α

†
qcµ2cµ〉

+
∑

µ2ν1ν2

V eh
µν1ν2µ2

〈dνdν2α
†
qd
†
ν1

cµ2〉. (IDþ.7)

H exÐswsh IDþ.7 perièqei mèsec timèc thc morf c 〈α†1α†2ÔF α3α4〉, dhlad  ginìme-
na tess�rwn telest¸n swmatidÐwn ki enìc telest  mpozonÐou (ÔF ). H aposÔzeux-
h aut¸n sta plaÐsia tou genikeumènou sq matoc Hartree-Fock gÐnetai b�sei thc
sqèshc [25]:

〈α†1α†2ÔF α3α4〉 = 〈ÔF 〉〈α†1α†2α3α4〉HF

+ 〈α†1ÔF α4〉〈α†2α3〉
− 〈α†1ÔF α3〉〈α†2α4〉
− 〈ÔF 〉〈α†1α†2α3α4〉HF

+ 〈α†2ÔF α3〉〈α†1〉
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− 〈α†2ÔF α4〉〈α†1α3〉
− 〈ÔF 〉〈α†1α†2α3α4〉HF

(IDþ.8)

Epiplèon jewroÔme mhdenik� ta mh diag¸nia stoiqeÐa tou pÐnaka puknìthtac pou
antistoiqoÔn stic endozwnikèc pol¸seic::

< c†µ1
cµ2 > = δµ1µ2f

µ1e

< d†ν1
dν2 > = δν1ν2f

ν1h (IDþ.9)

Efarmìzontac ta parap�nw proseggistik� sq mata IDþ.8 kai IDþ.9 oi mèsec timèc
gr�fontai:

〈c†µ1
dν2α

†
qcµ2cµ〉 = 〈c†µ1

α†qcµ〉〈dν2cµ2〉
− 〈c†µ1

α†qcµ2〉〈dν2cµ〉+ 〈c†µ1
cµ〉〈dν2α

†
qcµ2〉

− 〈c†µ1
cµ2〉〈dν2α

†
qcµ〉

= δµ1µf
µ1e〈α†q℘µ2ν2〉 − δµ1µ2f

µ2e〈α†q℘µν2〉 (IDþ.10)

kai

〈dνdν2α
†
qd
†
ν1

cµ2〉 = 〈dνα
†
qcµ2〉〈dν2d

†
ν1
〉 − 〈dνα

†
qd
†
ν1
〉〈dν2cµ2〉

+ 〈dνcµ2〉〈dν2α
†
qd
†
ν1
〉 − 〈dνd

†
ν1
〉〈dν2α

†
qcµ2〉

= −δν1ν2f
ν2h〈α†q℘µ2ν〉 − δν1ν(1− f ν1h)〈α†q℘µ2ν2〉 (IDþ.11)

Sthn mh sunektik  fwtofwtaÔgeia, oi ìroi thc morf c 〈dνi
cµj
〉 pou ekfr�zoun op-

tik  pìlwsh eÐnai mhdenikoÐ. 'Etsi, h qronik  metabol  thc posìthtac 〈α†q(t)℘µν(t)〉
lìgw thc Qamiltonian c thc Coulomb allhlepÐdrashc metaxÔ hlektronÐwn kai op¸n
gr�fetai telik�:

ih̄
∂

∂t
< α†q(t)℘µν(t) > |eh =

∑
µ2ν2

V eh
µνν2µ2

fµe〈α†q℘µ2ν2〉

− ∑
µ2ν2

V eh
µ2νν2µ2

fµ2e〈α†q℘µν2〉

− ∑
µ2ν2

V eh
µν2ν2µ2

f ν2h〈α†q℘µ2ν〉

− ∑
µ2ν2

V eh
µνν2µ2

(1− f νh)〈α†q℘µ2ν2〉. (IDþ.12)
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'Omwc apì ton orismì twn stoiqeÐwn pÐnaka Coulomb oi ìroi

V eh
µ2νν2µ2

=
∫

dr
∫

dr′Φµ2∗(r)Φν∗(r′)V cc(r− r′)Φν2(r′)Φµ2(r) (IDþ.13)

kai

V eh
µν2ν2µ2

=
∫

dr
∫

dr′Φµ∗(r)Φν2∗(r′)V cc(r− r′)Φν2(r′)Φµ2(r), (IDþ.14)

ìpou to hlektrìnio kai h op  kat� thn skèdas  touc den all�zoun oÔte jèsh oÔte
kat�stash eÐnai mhdenikoÐ. 'Etsi h qronik  metabol  paÐrnei telik� thn morf :

ih̄
∂

∂t
< α†q(t)℘µν(t) > |eh = − ∑

µ2ν2

V eh
µνν2µ2

(1− fµe − f νh)〈α†q℘µ2ν2〉. (IDþ.15)

IDþ.3 H qronik  metabol  tou ìrou < α†q(t)℘µν(t) >

pou ofeÐletai sthn allhlepÐdrash metaxÔ
twn hlektronÐwn

ih̄
∂

∂t
< α†q(t)℘µν(t) > |ee =< [α†q(t)℘µν(t), Hee] > (IDþ.16)

ìpou:
Hee =

1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3cµ4 (IDþ.17)

Antikajist¸ntac thn parap�nw Qamiltonian , o metajèthc [α†q(t)℘µν(t), Hee] gr�fe-
tai:

[α†q(t)℘µν(t), Hee] =
1

2

∑
µ1µ2µ3µ4

α†qdνcµV
ee
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3cµ4

− 1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3cµ4α
†
qdνcµ

=
1

2

∑
µ1µ2µ3µ4

α†qdν(δµµ1 − c†µ1
cµ)V ee

µ1µ2µ3µ4
c†µ2

cµ3cµ4

− 1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3cµ4α
†
qdνcµ
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=
1

2

∑
µ2µ3µ4

α†qdνV
ee
µµ2µ3µ4

c†µ2
cµ3cµ4

− 1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

α†qdνc
†
µ1

cµc
†
µ2

cµ3cµ4

− 1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3cµ4α
†
qdνcµ

=
1

2

∑
µ2µ3µ4

V ee
µµ2µ3µ4

dνc
†
µ2

α†qcµ3cµ4

− 1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

α†qdνc
†
µ1

(δµµ2 − c†µ2
cµ)cµ3cµ4

− 1

2

∑
µ1µ2µ3µ4

V ee
µ1µ2µ3µ4

c†µ1
c†µ2

cµ3cµ4α
†
qdνcµ

=
1

2

∑
µ2µ3µ4

V ee
µµ2µ3µ4

dνc
†
µ2

α†qcµ3cµ4

− 1

2

∑
µ1µ3µ4

V ee
µ1µµ3µ4

dνc
†
µ1

α†qcµ3cµ4 (IDþ.18)

H qronik  metabol  gr�fetai:

ih̄
∂

∂t
< α†q(t)℘µν(t) > |ee =

1

2

∑
µ2µ3µ4

V ee
µµ2µ3µ4

〈dνc
†
µ2

α†qcµ3cµ4〉

− 1

2

∑
µ1µ3µ4

V ee
µ1µµ3µ4

〈dνc
†
µ1

α†qcµ3cµ4〉

=
1

2

∑
µ2µ3µ4

V ee
µµ2µ3µ4

I1

− 1

2

∑
µ1µ3µ4

V ee
µ1µµ3µ4

I2 (IDþ.19)

Oi ìroi I1 kai I2 perièqoun mèsec timèc thc morf c 〈α†1α†2ÔF α3α4〉, dhlad  ginìmena
tess�rwn telest¸n swmatidÐwn ki enìc telest  mpozonÐou (ÔF ). Me b�sh thn IDþ.8
o ìroc I2 gr�fetai:

I2 = 〈dνcµ4〉〈c†µ1
α†qcµ3〉 − 〈dνcµ3〉〈c†µ1

α†qcµ4〉
− 〈c†µ1

cµ4〉〈dνα
†
qcµ3〉+ 〈c†µ1

cµ3〉〈dνα
†
qcµ4〉 (IDþ.20)

Sthn mh sunektik  fwtofwtaÔgeia, oi ìroi thc morf c 〈dνi
cµj
〉 pou ekfr�zoun op-

tik  pìlwsh eÐnai mhdenikoÐ. 'Etsi, I2 = −δµ1µ4f
µ1e〈α†q℘µ3ν〉 + δµ1µ3f

µ1e〈α†q℘µ4ν〉.
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'Omoia, brÐskoume ton ìro I1 = −δµ2µ4f
µ2e〈α†q℘µ3ν〉 + δµ2µ3f

µ2e〈α†q℘µ4ν〉. H sqèsh
IDþ.19 gr�fetai:

ih̄
∂

∂t
< α†q(t)℘µν(t) > |ee = −1

2

∑
µ2µ3µ4

V ee
µµ2µ3µ4

δµ2µ4f
µ2e〈α†q℘µ3ν〉

+
1

2

∑
µ2µ3µ4

V ee
µµ2µ3µ4

δµ2µ3f
µ2e〈α†q℘µ4ν〉

+
1

2

∑
µ1µ3µ4

V ee
µ1µµ3µ4

δµ1µ4f
µ1e〈α†q℘µ3ν〉

− 1

2

∑
µ1µ3µ4

V ee
µ1µµ3µ4

δµ1µ3f
µ1e〈α†q℘µ4ν〉

= −1

2

∑
µ2µ3

V ee
µµ2µ3µ2

fµ2e〈α†q℘µ3ν〉

+
1

2

∑
µ2µ4

V ee
µµ2µ2µ4

fµ2e〈α†q℘µ4ν〉

+
1

2

∑
µ1µ3

V ee
µ1µµ3µ1

fµ1e〈α†q℘µ3ν〉

− 1

2

∑
µ1µ4

V ee
µ1µµ1µ4

fµ1e〈α†q℘µ4ν〉. (IDþ.21)

'Omwc apì ton orismì twn stoiqeÐwn pÐnaka Coulomb oi ìroi

V ee
µ1µµ3µ1

=
∫

dr
∫

dr′Φµ1∗(r)Φµ∗(r′)V cc(r− r′)Φµ3(r′)Φµ1(r) (IDþ.22)

kai

V ee
µµ2µ2µ4

=
∫

dr
∫

dr′Φµ∗(r)Φµ2∗(r′)V cc(r− r′)Φµ2(r′)Φµ4(r), (IDþ.23)

ìpou to hlektrìnio kat� thn skèdas  tou den all�zei oÔte jèsh oÔte kat�stash
eÐnai mhdenikoÐ. H qronik  metabol  < α†q(t)℘µν(t) > gr�fetai telik�:

ih̄
∂

∂t
< α†q(t)℘µν(t) > |ee = −1

2

∑
µ1µ4

V ee
µ1µµ1µ4

fµ1e〈α†q℘µ4ν〉

− 1

2

∑
µ2µ3

V ee
µµ2µ3µ2

fµ2e〈α†q℘µ3ν〉

= − ∑
µ1µ4

V ee
µµ1µ4µ1

fµ1e〈α†q℘µ4ν〉 (IDþ.24)



PARARTHMA ID' 191

ìpou qrhsimopoi same thn sqèsh: V ee
µ1µµ1µ4

= V ee
µµ1µ4µ1

, pou prokÔptei apì ton oris-
mì twn stoiqeÐwn pÐnaka Coulomb ( Eþ.8). 'Omoia upologÐzetai h qronik  metabol 
thc posìthtac < α†q(t)℘µν(t) > lìgw thc allhlepÐdrashc h− h.

IDþ.4 H qronik  metabol  tou ìrou < α†q(t)℘µν(t) >

pou ofeÐletai sthn allhlepÐdrash me to
pedÐo twn fwtonÐwn

ih̄
∂

∂t
< α†q(t)℘µν(t) > |cγ =< [α†q(t)℘µν(t), Hcγ] > (IDþ.25)

ìpou:
Hcγ = A

1/2
γ0 i

∑
qµν

ω1/2
q [M0∗

µνα
†
q(t)℘µν −M0

µναq(t)℘
†
µν ] (IDþ.26)

Jètoume:

Hcγ1 = C
∑
qµν

ω1/2
q M0∗

µνα
†
q(t)℘µν

Hcγ2 = −C
∑
qµν

ω1/2
q M0

µναq(t)℘
†
µν (IDþ.27)

ìpou C = A
1/2
γ0 i. Gia lìgouc eukolÐac, ja upologÐsoume ton metajèth tou α†q(t)℘µν(t)

me k�je ìro thc parap�nw Qamiltonian c qwrist�:

[α†q(t)℘µν(t), Hcγ1 ] = C
∑

q′µ′ν′
ω

1/2
q′ M0∗

µ′ν′α
†
q℘µνα

†
q′℘µ′ν′

− C
∑

q′µ′ν′
ω

1/2
q′ M0∗

µ′ν′α
†
q′(t)℘µ′ν′α

†
q℘µν

= C
∑

q′µ′ν′
ω

1/2
q′ M0∗

µ′ν′α
†
q′α

†
qdνdν′cµcµ′

− C
∑

q′µ′ν′
ω

1/2
q′ M0∗

µ′ν′α
†
q′α

†
qdν′dνcµ′cµ = 0 (IDþ.28)

kai

[α†q(t)℘µν(t), Hcγ2 ] = −C
∑

q′µ′ν′
ω

1/2
q′ M0

µ′ν′α
†
q℘µναq′℘

†
µ′ν′



192 H qronik  metabol  tou ìrou < α†q(t)℘µν(t) >

+ C
∑

q′µ′ν′
ω

1/2
q′ M0

µ′ν′αq′℘
†
µ′ν′α

†
q℘µν

= −C
∑

q′µ′ν′
ω

1/2
q′ M0

µ′ν′α
†
qdνcµαq′c

†
µ′d

†
ν′

+ C
∑

q′µ′ν′
ω

1/2
q′ M0

µ′ν′αq′c
†
µ′d

†
ν′α

†
qdνcµ

= −C
∑

q′µ′ν′
ω

1/2
q′ M0

µ′ν′α
†
q(δνν′ − d†ν′dν)cµαq′c

†
µ′

+ C
∑

q′µ′ν′
ω

1/2
q′ M0

µ′ν′(δqq′ + α†qαq′)c
†
µ′d

†
ν′dνcµ

= −C
∑

q′µ′
ω

1/2
q′ M0

µ′να
†
qcµαq′c

†
µ′

+ C
∑

q′µ′ν′
ω

1/2
q′ M0

µ′ν′α
†
qd
†
ν′dν)(δµµ′ − c†µ′cµ)αq′

+ C
∑

µ′ν′
ω1/2

q M0
µ′ν′c

†
µ′d

†
ν′dνcµ

+ C
∑

q′µ′ν′
ω

1/2
q′ M0

µ′ν′α
†
qαq′c

†
µ′d

†
ν′dνcµ

= −C
∑

q′µ′
ω

1/2
q′ M0

µ′να
†
qcµαq′c

†
µ′

+ C
∑

q′ν′
ω

1/2
q′ M0

µν′α
†
qd
†
ν′dναq′

+ C
∑

µ′ν′
ω1/2

q M0
µ′ν′c

†
µ′d

†
ν′dνcµ

= −C
∑

q′µ′
ω

1/2
q′ M0

µ′να
†
q(δµµ′ − c†µ′cµ)αq′

+ C
∑

q′ν′
ω

1/2
q′ M0

µν′α
†
qd
†
ν′dν)αq′

+ C
∑

µ′ν′
ω1/2

q M0
µ′ν′c

†
µ′d

†
ν′dνcµ

= −C
∑

q′
ω

1/2
q′ M0

µνα
†
qαq′

+ C
∑

q′µ′
ω

1/2
q′ M0

µ′να
†
qc
†
µ′cµαq′
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+ C
∑

q′ν′
ω

1/2
q′ M0

µν′α
†
qd
†
ν′dναq′

+ C
∑

µ′ν′
ω1/2

q M0
µ′ν′c

†
µ′d

†
ν′dνcµ

+ C
∑

µ′ν′
ω1/2

q M0
µ′ν′c

†
µ′d

†
ν′dνcµ

= −C
∑

q′
ω

1/2
q′ M0

µνα
†
qαq′

+ C
∑

q′µ′
ω

1/2
q′ M0

µ′να
†
qc
†
µ′cµαq′

+ C
∑

q′ν′
ω

1/2
q′ M0

µν′α
†
qd
†
ν′dναq′

+ C
∑

µ′ν′
ω1/2

q M0
µ′ν′c

†
µ′(δνν′ − dνd

†
ν′)cµ

= −C
∑

q′
ω

1/2
q′ M0

µνα
†
qαq′

+ C
∑

q′µ′
ω

1/2
q′ M0

µ′να
†
qc
†
µ′cµαq′

+ C
∑

q′ν′
ω

1/2
q′ M0

µν′α
†
qd
†
ν′dναq′

+ C
∑

µ′
ω1/2

q M0
µ′νc

†
µ′cµ

− C
∑

µ′ν′
ω1/2

q M0
µ′ν′c

†
µ′dνd

†
ν′cµ (IDþ.29)

Efarmìzontac to Hartree-Fock sq ma aposÔzeuxhc prokÔptoun oi k�twji sqèseic:

〈α†qc†µ′cµαq′〉 = δµµ′f
µe〈α†qαq′〉 (IDþ.30)

〈α†qd†ν′dναq′〉 = δνν′f
νh〈α†qαq′〉 (IDþ.31)

〈c†µ′dνd
†
ν′cµ〉 = δµµ′δνν′f

µe(1− f νh) (IDþ.32)

Oi sqèseic (IDþ.28) kai (IDþ.29) lìgw twn Ex. (IDþ.30) gr�fontai telik�:

ih̄
∂

∂t
< α†q(t)℘µν(t) > |cγ = −C

∑

q′
ω

1/2
q′ M0

µν〈α†qαq′〉(1− fµe − f νh)

+ Cω1/2
q M0

µνf
µef νh (IDþ.33)
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IDþ.5 H qronik  metabol  tou ìrou < α†q(t)℘µν(t) >

pou ofeÐletai sto sÔsthma twn eleu-
jèrwn fwtonÐwn

H Qamiltonian  twn mh allhlepidr¸ntwn fwtonÐwn dÐnetai apì thn sqèsh (6.4). O
metajèthc thc posìthtac α†q(t)℘µν(t) me thn Qamiltonian  aut , eÐnai:

[α†q(t)℘µν(t), Hγ] =
∑

q′
h̄ωq′α

†
q℘µνα

†
q′αq′ −

∑

q′
h̄ωq′α

†
q′αq′α

†
q℘µν

=
∑

q′
h̄ωq′α

†
q℘µνα

†
q′αq′ −

∑

q′
h̄ωq′α

†
q′(δqq′ + α†qαq′)℘µν

= −∑

q′
h̄ωq′α

†
q′δqq′℘µν

= −h̄ωqα
†
q℘µν (IDþ.34)

'Etsi telik�:
ih̄

∂

∂t
< α†q(t)℘µν(t) > |γ = −h̄ωq〈α†q℘µν〉 (IDþ.35)

AjroÐzontac tic parap�nw suneisforèc prokÔptei telik�:

ih̄
∂

∂t
〈α†q(t)℘µν(t)〉 = (Eµe + Eνh − h̄ωq))〈α†q℘µν〉

− ∑

µ′ν′
V eh

µνν′µ′(1− fµe − f νh)〈α†q℘µ′ν′〉

− ∑

µ1µ′
V ee

µ1µµ1µ′ < α†q℘µ′ν(t) > fµ1e

− ∑

ν1ν′
V hh

ν1νν1ν′ < α†q℘µν′(t) > f ν1h

− A
1/2
γ0 i

∑

q′
ω

1/2
q′ M0

µν〈α†qαq′〉(1− fµe − f νh)

+ A
1/2
γ0 iω1/2

q M0
µνf

µef νh (IDþ.36)

H Ex.(IDþ.36) eÐnai h Ex.(6.39) tou keimènou.



Par�rthma IEþ

H qronik  metabol  thc
sun�rthshc katanom c twn
hlektronÐwn pou ofeÐletai sthn
allhlepÐdrash me to pedÐo twn
fwtonÐwn

'Eqoume dei ìti:

Hcγ1 = C
∑
qµν

ω1/2
q M0∗

µνα
†
q(t)℘µν

Hcγ2 = −C
∑
qµν

ω1/2
q M0

µναq(t)℘
†
µν (IEþ.1)

kai C = A
1/2
γ0 i.

O metajèthc thc posìthtac c†µcµ me ton pr¸to ìro gr�fetai:

[c†µcµ, Hcγ1 ] = A
1/2
γ0 i

∑

qµ′ν
ω1/2

q M0∗
µ′νc

†
µcµα

†
q℘µ′ν

− A
1/2
γ0 i

∑

qµ′ν
ω1/2

q M0∗
µ′να

†
q℘µ′νc

†
µcµ

= A
1/2
γ0 i

∑

qµ′ν
ω1/2

q M0∗
µ′νc

†
µcµα

†
qdνcµ′

− A
1/2
γ0 i

∑

qµ′ν
ω1/2

q M0∗
µ′να

†
qdνcµ′c

†
µcµ
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= A
1/2
γ0 i

∑

qµ′ν
ω1/2

q M0∗
µ′νc

†
µcµα

†
qdνcµ′

− A
1/2
γ0 i

∑

qµ′ν
ω1/2

q M0∗
µ′ν(δµµ′ − c†µcµ′)cµ

= −iA
1/2
γ0

∑
qν

ω1/2
q M0∗

µνα
†
q℘µν (IEþ.2)

O deÔteroc ìroc gr�fetai:

[c†µcµ, Hcγ2 ] = −iA
1/2
γ0

∑

qµ′ν
ω1/2

q M0
µ′νc

†
µcµαqwp†µ′ν

+ iA
1/2
γ0

∑

qµ′ν
ω1/2

q M0
µ′ναqwp†µ′νc

†
µcµ

= −iA
1/2
γ0

∑

qµ′ν
M0

µ′ναqc
†
µ(δµµ′ − c†µ′cµ)d†ν

+ iA
1/2
γ0

∑

qµ′ν
ω1/2

q M0
µ′ναqd

†
νc
†
µc
†
µcµ

= −iA
1/2
γ0

∑
qν

ω1/2
q M0

µναqwp†µν (IEþ.3)

AjroÐzontac touc ìrouc (IEþ.2) kai (IEþ.3), h qronik  metabol  thc sun�rthshc
katanom c twn hlektronÐwn gr�fetai telik�:

ih̄
∂fµe

∂t
|cγ = 2iA

1/2
γ0

∑
qν

ω1/2
q =[−iM0∗

µν〈α†q℘µν〉] (IEþ.4)

H Ex.(IEþ.4) eÐnai h Ex. (6.45) tou keimènou.



Par�rthma I�þ

O ìroc twn mh sunektik¸n
diergasi¸n sthn fwtofwtaÔgeia

'Opwc eÐdame sto kef�laio 6, h exÐswsh fwtofwtaÔgeiac sthn grammik  perioq 
eÐnai:

ih̄
∂

∂t
< α†q(t)℘`(t) > =

∑

`′
(S``′ − h̄ωqδ``′)〈α†q℘`′〉

+ fµef νhiA
1/2
γ0 ω1/2

q M0
` (I�þ.1)

'Opwc eÐdame, gia ton paragwg  twn exis¸sewn fwtofwtaÔgeiac stic kbantikèc
teleÐec, qrhsimopoi same thn prosèggish Hartree-Fock. Sthn prosèggish aut 
den perilamb�nontai ìroi dephasing kai screening, oi opoÐoi eis�gontai mèsw tou
teleutaÐou ìrou tou deÔterou mèlouc thc Ex.( I�þ.1). O epiprìsjetoc autìc ìroc,
apoteleÐ ton ìro twn sugkroÔsewn kai perilamb�nei tic mh sunektikèc diergasÐec
(pq. skèdash apì fwnìnia), oi opoÐec katastrèfoun thn sumfwnÐa f�shc pou ep�gei
h diègersh me to laser. 'Etsi, h pl rhc exÐswsh gia ton ìro susqetismoÔ pedÐou
fwtìc kai optik¸n diegèrsewn gr�fetai:

ih̄
∂

∂t
< α†q(t)℘`(t) > =

∑

`′
(S``′ − h̄ωqδ``′)〈α†q℘`′〉

+ fµef νhiA
1/2
γ0 ω1/2

q M0
`

+ ih̄(
∂

∂t
< α†q(t)℘`(t) >)coll (I�þ.2)
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Gia ton ìro twn sugkroÔsewn qrhsimopoioÔme-fainomenologik�- thn prosèggish
tou qrìnou efhsuqasmoÔ [209] me b�sh thn opoÐa

(
∂ < α†q(t)℘`(t) >

∂t
)coll = −(< α†q℘` >)(t)− (< α†q℘` >0)(t)

τ
(I�þ.3)

ìpou o ìroc < α†q℘` >0 (t) apoteleÐ ton ìro susqetismoÔ pedÐou fwtìc kai optik¸n
diegèrsewn se jermik  isorropÐa, apousÐa exwterik¸n pedÐwn, dhlad  ìtan to h-
lektromagnhtikì pedÐo tou laser eÐnai mhdèn. 'Otan h exwterik  optik  diègersh h
opoÐa ep�gei sunoq  sto sÔsthma, p�yei na ufÐstatai, h mikroskopik  optik  pìl-
wsh mei¸netai exaitÐac twn sugkroÔsewn, mèqri pou met� apì qrìno τ (dephasing
time) mhdenÐzetai. 'Ara < α†q℘` >0)(t) = 0.

Merik  lÔsh thc I�þ.3 eÐnai: < α†q℘` >)(t) = exp(−t/τ). OrÐzoume thn posìthta

γ =
h̄

τ
(I�þ.4)

me diast�seic enèrgeiac, pou antistoiqeÐ ston qrìno dephasing. H (I�þ.2) lìgw twn
(I�þ.3) kai (I�þ.4) gr�fetai

∂ < α†q℘` >

∂t
=

1

ih̄

∑

`′
(S``′ − iγδ``′ − h̄ωqδ``′) < α†q℘`′ > (I�þ.5)

pou diafèrei apì thn (6.53) sto ìti èqoume sumperil�bei ton ìro twn sugkroÔsewn.
OmoÐwc, o pÐnakac R̂ gÐnetai:

R``′ ≡ S``′ − h̄ωδ``′ − iγδ``′ (I�þ.6)

me exÐswsh idiotim¸n:
∑

`

Cλ∗
` R``′ = (Eλ − h̄ω − iγ)Cλ∗

`′ (I�þ.7)

Qrhsimopoi¸ntac diadikasÐa an�logh me aut n twn exis¸sewn (6.59) èwc (6.64)
prokÔptei h sqèsh pou dÐnei thn èntash thc fwtofwtaÔgeiac sumperilambanomènou
tou dephasing.

Iem =
2Aγ0ωq

h̄
=∑

λ

∫
d3rΨλ(r, r)

∑
`

∫
d3rCλ∗

` Φµe∗(r)Φνh∗(r)fµef νh

Eλ − h̄ω − iγ
(I�þ.8)

H sqèsh (I�þ.8) eÐnai h sqèsh (6.66) tou keimènou antÐstoiqa.
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