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X Parametric and Implicit <

Let V be a variety of dimension d in C".
Its codimension is c = n —d.

Parametric

A (rational) parametric description of V is a rational function
p:CY—C"
vV ={p(t) | t € C}

A standard implicit description of V is a set of polynomial functions
Fi:C"— C.
V={xeC"|F(x)=0,Vi}




Parametric

Implicit
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X Parametric and Implicit <

Parametric Representations
o Extensively used in CAGD
o Sample and display are simple
o Can be local (eg. Bezier curve/patch)
o Cannot be used for any variety (not closed under intersection)

<

Implicit Representations

o Provide geometric and algebraic informations (degree, genus,
ideal...)

o Intersection and membership are simple

o Allow raytracing technics

o Describe the whole variety
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X Representation Catalogue <+

Rational
parametric

Analytic
parametric

Radical
parametric

Parameterization
uonezniijduw

Implicit
polynomials

Implicit
procedures
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X |mplicitization Toolbox <=

Remark : «fi(x, t) := x; — pi(t) = O» is an easy first step towards
implicitization, where p is a parametrization.

Tools

o Groebner bases
Using algebraic tools (ideals, euclidean division...), find
equations equivalent to (£;); in (C[x, t]\C[x]) [I C[x],
o Elimination theory
Using resultants, eliminate the variable(s) t,

o Syzygy theory
Using syzygies and p-bases, build convenient implicit
representations.
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X |mplicit Representation Problems =

Problem () : the number of equations required is not obvious when
codim > 1.

A
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> |Implicit Representation Problems =

Problem () : the number of equations required is not obvious when
codim > 1.
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> |Implicit Representation Problems =

Problem (II) : implicit representations are not local.
Examples :

o Bézier curves self-intersecting
inside their control polygon

o Surface trimming
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X |mplicit Representation Problems =

Problem (II) : implicit representations are not local.
Examples :

o Bézier curves self-intersecting
inside their control polygon

o Surface trimming

Solution : solving the inversion problem
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X |mplicit Representation Problems =

Problem (1) : Instability
Floating-point arithmetic makes the evaluation of high degree
polynomials instable : rounding errors propagate and explode.

Example

P(x) := (x3 —1)(x— 10)15

2 2
P(—0.5 + 0.866025403784440i) ~ 1.652551896306318 + 8.724965314413668i
ﬁ(—0.5 + 0.866025403784440/) = 4.19138410839463 + 1.46574416565220i

P<—1+£i>:o
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ion Algorithms

Swept Volumes

x> Swept Volume <

C. Laroche. An Implicit Representation of Swept Volumes based on
Local Shapes and Movements. arXiv, 2020. Joint work with A. Raffo

RISC Software GmbH (Hagenberg, Austria) develops tools to
simulate drilling and shaping tools.

Moving tool

A base tool B is a bounded 3D model given by local implicit
patches (A;, fi)i<i<n :

o A; is an area (ball, cube, convex polygon...)

o f; is a local implicit procedure : given
x €A, fi(x) <0 < x€(BNA)

A sweeping transformation is a piecewise smooth map / — Iso™ (IR®)

v




Swept Volumes

Algorithms

X Swept Volumes : previous strategy <=

Inputs :

[

Point
Cloud

)

[

Rigid
Transformation

)

\.

J

Point Cloud of )

swept volume
Jii

Implicit
representation
of swept volume
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Swept Volumes

x> Swept Volumes : new strategy <

Implicit
- N representation
Inputs : of base volume
Point )
s lond J Implicit

representation
of swept volume

Rigid )
Transformation )

\.

\.
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Swept Volumes

X Example of local implicit patches : LR-BSplines <=

We combine LR-BSplines and sweeping transformations to have
implicit representation of swept volume.

L~ We can use it for boolean operations (intersection, difference,
etc).
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Swept Volumes

X Example of local implicit patches : LR-BSplines <=

We combine LR-BSplines and sweeping transformations to have
implicit representation of swept volume.

L~ We can use it for boolean operations (intersection, difference,
etc).
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Swept Volumes

X Structure of our implicit representation <=

Cl — Al
= {(A0,008]), | [GoA=0] |Gi— Au

&

([




A few Implicitization Algorithms

Sparse Resultant

SINTEF (Oslo, Norway) develops C++ code manipulating
geometric objects (GoTools).

Let fy, ..., f, be polynomials in n variables.

The coefficients of f; are {¢;, |0 < i < nand a € A;} with
Support(f;) C A; C N".

Dense Resultant

Use A; = {a | |a| < deg(f)}

Then there is a polynomial Resy in C[c; o] such that :
o Resy(C) =0 <= dx such that fo(x) =--- =1f,(x) =0
o Vi, deg;(Resy) = [1;,; deg(f))

Sparse Resultant

Use A; = Newton Polytope of Support(f;). Then there is a
polynomial Ress verifying the same properties except that
deg;(Ress) = MixedVolume((4A;);£)




Sparse Resultant

V(NP(f), NP(f,))

e

MV(NP(f), NP()) = 3

@

V(NP(f1),NP(£))
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Sparse Resultant

X Sparse Resultant Matrix =

Algorithm (Maple [/ZE 2000] and C++ [CL 2018))
Q@ Compute Newton polytopes Q; of f;,

@ Compute mixed subdivision of Minkowski sum
Q:= Qo+ -+ Q, (from lower hull of a generic lifting),
Each cell is given by 0 = 59 + - - - + S, where S; C Q; and Jj,,
such that dim(S;,) =0,
Each point p € ((Q + 0) N N") belongs to a unique cell o(p),
where ¢ is a small generic translation.

© Construct

M = (coeff(xP~= @) f;, x7)), qe((@+8)m)

http://users.uoa.gr/~claroche/publications/SparseResultant.zip


http://users.uoa.gr/~claroche/publications/SparseResultant.zip

Sparse Resultant

> Mixed Subdivision =

fo = aoo + a10x + anxy + anxy i = bory + bax?y? + by x?y + byox
fo = coo + Cory + Xy + ciox

Each cell is Sg + S; + S> where at least one is reduced to a point




Sparse Resultant

> Mixed Subdivision <

fo = aoo + a10x + anxy + anxy i = bory + bax?y? + by x?y + byox
fo = coo + Cory + Xy + ciox

Each cell is Sg + S; + S> where at least one is reduced to a point
Sparse resultant matrix is indexed by integer points of @

xyfo
xy2fy
xy?f

x3y?f
x*y3h
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Chow Form

> Chow Form =

I. Z. Emiris, C. Konaxis, C. Laroche and |. Kotsireas. Matrix representations
by means of interpolation. ISSAC '17, pp149-156, jul 2017.
I. Z. Emiris, C. Konaxis and C. Laroche. Implicit representations of
high-codimension varieties. CAGD, 74 :101764, oct 2019.

Definition

Let Ho, ..., Hy be linear forms where H;(X) = ujoXo + - - - + uin X, for
i=0,....d

The Chow form of the variety V is the single polynomial Ry in the
variables ujj such that Ry(u;) =0 VN {Hy =0,...,Hy =0} # 0.

Proposition

V is uniquely determined by its Chow form. More precisely, a point
x € C" lies in V if and only if any (n — d — 1)-

dimensional linear subspace containing x belongs to the Chow form (ie.
the parameters defining this subspace are a root of Ry).




ation Algorithms trix Representations and S
0®00000

Chow Form

> Chow Form =

V = Zeros(Y — X2, X + Y) ={(-1,1),(0,0)} = {A, B}
Then the Chow Form is a polynomial in a, b, ¢ vanishing iff A or B
belongs to aX 4+ bY 4+ ¢c = 0.
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Chow Form

> Chow Form =

V = Zeros(Y — X2, X + Y) ={(-1,1),(0,0)} = {A, B}
Then the Chow Form is a polynomial in a, b, ¢ vanishing iff A or B
belongs to aX 4+ bY 4+ ¢c = 0.

Rv(a, b, c) =
(axa + bya + ¢)(axg + bys + ¢)
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ow Form

X Conical Hypersurface =

For a curve € in C? and a point G, we have
Cone(G,€) = Uyey Line(G, x).

For a curve € in C* and two points Gi, G,, we have
Cone(Gy, Gy, €) = Uyey Plane( Gy, Gy, x).




licitization Algorithms
0000®0000

Chow Form

X Conical Hypersurface =

For a curve € in C? and a point G, we have
Cone(G,€) = Uyxey Line(G, x).

Curve in 4 D

For a curve € in C* and two points Gy, G, we have
Cone(Gy, Gy, €) = Uyey Plane( Gy, Gy, x).

General Case

| N\

For a variety V of codimension ¢ in C” and ¢ — 1 points
Gi, ..., Ge_1, we have
Cone(Gy, ..., Ge1, V) = Usey Aff(Gy, . .., Gc_1, X).
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Chow Form

X Resultant for Implicitization <=

Given p : C¢ — C" a parameterization of V/,
we choose ¢ — 1 generic points Gy, ..., G._1 and &1, - - -, Eda-

Implicitization

Res, Gi -+ Ger & -0 boa p(t) X :
1 ... 1 1 ... 1 1 1
5 Gr o G Can oo G p(E) X)L
1 .. 1 1 .. 1 1 1
hypersurface that can be reduced to two components : Cone(G, V)
and an extraneous hypersuface E of degree d.
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Chow Form

X The Extraneous Factor =

The extraneous plane

Ho = AFF(G, &, X)
Hy = Aff(G, &, X)

} The extraneous plane is Aff(G, &, &1).

<

N‘U

Xe

The resultant vanishes when Hy N H; intersects the curve.
When X € Aff(G, o, &1), Ho = Hy and intersects the curve anyway.
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Chow Form

X The Extraneous Factor =

The extraneous hypersurface [IZE, CK, CL 2017]

In general, the extraneous factor is an hypersurface E of degree d.
Its equation is given by the following formula :
@7:0((;1 oo Gc—l N 5,'1 . .f;d VAN X) = 0
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Chow Form

X The Extraneous Factor =

The extraneous hypersurface [IZE, CK, CL 2017]

In general, the extraneous factor is an hypersurface E of degree d.
Its equation is given by the following formula :

@7:0(G1... Gc—l /\é',lf,d/\X) = 0

| A\

Degree

Note : Since the degree of the resultant is quite high compared to
the degrees of Cone(G, V) and of the extraneous factor, they
appear with some power.

Resultant = Cone(G, V)7 x  EP
—_— —

degree <89+ddd degree <69xg degree <dxp
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Chow Form

X Curves in C" =

http://users.uoa.gr/~claroche/publications/ChowFormImplicitize.zip
Although the method works for any variety of codimension ¢ > 1, it
runs better for curves.


http://users.uoa.gr/~claroche/publications/ChowFormImplicitize.zip
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Chow Form

X Curves in C" =

http://users.uoa.gr/~claroche/publications/ChowFormImplicitize.zip
Although the method works for any variety of codimension ¢ > 1, it
runs better for curves.

Simpler Terminating Condition [IZE, CK, CL 2017]

n equations are sufficient for describing a curve in C". We don’t
have an optimal terminating condition for arbitrary codimension.
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Chow Form

X Curves in C" =

http://users.uoa.gr/~claroche/publications/ChowFormImplicitize.zip
Although the method works for any variety of codimension ¢ > 1, it
runs better for curves.

Simpler Terminating Condition [IZE, CK, CL 2017]

n equations are sufficient for describing a curve in C". We don’t
have an optimal terminating condition for arbitrary codimension.

| A\

Simpler Resultant Computation

We use the univariate Sylvester resultant instead of the multivariate
sparse resultant.
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Chow Form

X Curves in C" =

http://users.uoa.gr/~claroche/publications/ChowFormImplicitize.zip
Although the method works for any variety of codimension ¢ > 1, it
runs better for curves.

Simpler Terminating Condition [IZE, CK, CL 2017]

n equations are sufficient for describing a curve in C". We don’t
have an optimal terminating condition for arbitrary codimension.

| A\

Simpler Resultant Computation

We use the univariate Sylvester resultant instead of the multivariate
sparse resultant.

Simpler Extraneous Factor

Extraneous hyperplane = Aff(Gy, ..., G2, &0, &1).
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The method

X Syzygies <

L. Busé, C. Laroche and F. Yildirnm. Implicitizing rational curves
by the method of moving quadrics. CAD, 114 :101-111, sep 2019.

Let p = <% ..,%) a parameterization of a curve with deg(p;) = ¢

and | :=<pg,...,pn >

The Space of Syzygies
Syz(I) := {h— ho, ..., hy, \th,—O}

Syz(/) is a module.
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The metho

X Syzygies <

L. Busé, C. Laroche and F. Yildirnm. Implicitizing rational curves
by the method of moving quadrics. CAD, 114 :101-111, sep 2019.

Let p = (%, e %) a parameterization of a curve with deg(p;) = ¢

and | :=< pg,...,pn >
The Space of Syzygies

Syz(/) := {h_ ho, ..., hn \th,_o}

Syz(/) and Syz(/?) are modules.

SyZ(/2) — {h_(hOO-/---ahnn) | Z hUp/pJ_O}

0<i<j<n
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The method

X The different spaces involved <

Cle;+
SyZ(/)l, op=Logp C[t]y[XO, oo 7Xn]1
bp
Clt]v+s

With :
o L(ho,...,hy) =3 hix
o ¢p(X; hixi) =3 hipi
o Syz(/), = Ker(op)
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The method

X The different spaces involved <

crls)

v

P

Syz(/?), 0p9=L%¢,%  C[t],[x0; - - -, Xn]2

¢p?
Clt]va2s
With :
o L9%hgo, ..., hy) = > hij xi x;
9 ¢pQ(Zij hij Xin) — Zij hij Pi Pj
o Syz(1?), = Ker(o,“)
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The method

> Aka. Moving Planes following the Curve <=

X = X +Z=1
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The method

> Algorithm MRep -+

Input:p:(%,...,%) and v >0

@ Compute basis of Syz(/),.
So

@ Write this basis as : rows indexed by Rl',’“, columns

s,
indexed by basis elements.
Q Let MV = Z,- S,'X,'.

M, is a matrix of size dim(R,) x dim(Syz(/),) whose entries are
linear in xp, ..., X,.

For v > d — 1, it is a Matrix Representation of V. More accuratly,
V> fp+ pin—1 — 1 where pg < --- < pu, are degrees of u-basis.
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The method

> Algorithm QMRep =

Input : p = (%,...,%) and v >0
@ Compute M, (and Syz(/), in the process).
@ Compute basis of Syz(/?), modulo Syz(/),.
© Define Q, similar to MRep construction.
© Concatenate MQ, = (MV Qy).

Theorem [LB, FY, CL 2019

MQ, is a matrix whose entries are linear or quadratic in xg, ..., X,.
For v > pu, — 1, it is a Matrix Representation of V.

(A matrix depending on xq, ..., X, is a Matrix Representation of V
when its rank drops on x iff x € V.)
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The method

> Examples =

Twisted Cubic

The twisted cubic is p = (¢, t2, t3).
. N (x zy
Its MRep (with v = 1) is (1 y x)

v

QMRep is the Implicit Equations

lts QMRep (with v = 0) is (xy—z zx — y? X2—y)
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The method

> Examples =

Degree 7 Curve : MRep

A generic degree 7 curve has p-basis of degrees (2,2, 3).
A MRep (with v = 4) is

-X-z -z 0 -z 0 0 0 y+4z
%dez 2ytz lyf%z x+%y %y 0 f%yf%z -4y+16z
1= 73y+122 f§y+3z §y+3z = 2y+101 xley+4z %y 5y-2z 9y-32z
5y+14z l+%y+2z = %y-z §y+62 2z X- %y+4z = §y+4z -10y-24z
-8z -2z 1-z -4z 0 2z X+y+T7z 16z
y

Degree 7 Curve : QMRep

Its QMRep (with v = 1) is
3x24 ... 41822 32x%4...+482%  4xP+...-162°  -x*+...-97°
x+...-1302>  100x>+...+2040z>  y+...-82>  -B5x*+...-1002°
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The method

> Examples =

Degree 7 Curve : MRep

A generic degree 7 curve has p-basis of degrees (2,2, 3).
A MRep (with v = 4) is

-X-z -z 0 -z 0 0 0 y+4z
%dez §y+z %yf%z x+%y %y 0 f%yf%z -4y+16z
1= 73y+122 -5y+3z Fy+3z - §y+101 xley+4z %y 5y-2z 9y-32z
5y+14z l+%y+2z —%y-z §y+62 2z x—%y+4z —§y+4z -10y-24z
-8z -2z 1-z -4z 0 2z X+y+T7z 16z

| A\

Degree 7 Curve : QMRep

Its QMRep (with v = 1) is
3x24 ... 41822 32x%4...+482%  4xP+...-162°  -x*+...-97°
x+...-1302>  100x>+...+2040z>  y+...-82>  -B5x*+...-1002°

Theorem says we can use v = 2 for a 3 x 7 QMRep.
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The method

> Moving Quadrics following the Curve =




Sylvester Forms

X Sylvester Forms =

Quadratic Relations from Linear Syzygies

Some quadratic relations come from resultants of the p-basis :

n Mk
deg(hy) = px, hi = Z (ai,os”kl o+ Z ajst it "r) X;

i=0 j=1
n 12
deg(hk/) = k', hk’ = E b,"osuk/71 -0+ E b,'JSMk/ - 1.471 T | Xi
i=0 j=1
sl ‘ linear in xg, ..., xn | s 71 x ’ linear in xg, . . . , Xn
Res, - (h, he) = degree jus — 1 in s, t, degree yix — 1 in s, t,
linear in xg, . . ., Xn linear in xg, . .., Xn

Resultant produces a quadratic relation of degree 1, + px — 2.
Because of factorization, it also produces syzygies of /> down to
degree max gk, pxr) — 1.
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Sylvester Forms

X Sylvester Forms =

Example : pi1 = pp =2

hy = agso + (a15 + axt)r
h2 = b()SO' aF (bls a4 b2t)’7'
ag ai1S + aot

fep =g bo b15+b2t

= s[s(a0b1 — albo) == t(a0b2 — azbo)]

But also :

h; = (805 == alt)a + axtT

h, = (boS aF blt)O' + botT

Res = t[t(albg — a2b1) = S(aobg — agbo)]

Total : 1 element of Syz(/?) of degree puy + pp —2 =2
and 2 elements of Syz(/?) of degree yi; + pp —3 =1




Sylvester Forms

> Computing Syz(/?) with Sylvester Forms =

Combinatorial Formula

For each couple of degrees px < e of the p-basis, there are :
> 1 element of Syz(/?),,,, 4,2
> 2 elements of Syz(/?),,, +u,—3

> ji elements of Syz(/?),,, 1

Example : = (3,5,7)

In degree v = 3 — 1 =6, dim(Syz(/?)s) =3+5+1=9
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Sylvester Forms

> Computing Syz(/?) with Sylvester Forms =

p-basis : hy, hy, hs of degrees 3,5,7 :

hy h, h;

J

1x degree 10

2x degree 9
1x degree 8 3x degree 8
2x degree 7 4x degree 7

2x degree 5
3% degree 4
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Sylvester Forms

X Space of Quadratic Relations =

Dimension of moving quadric spaces Dimension of moving quadric spaces

G &

|
e
N
—~
=
@
&

L L L L L L L L L v

6 7 8 9 10 11 12 13

(Ih ,Ilz:.ua)=(1,1,13) : (;‘1 ,;lz,ﬂg):(l, 7’ 7)
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Sylvester Forms

X Space of Quadratic Relations =

Dimension of moving quadric spaces Dimension of moving quadric spaces
29 29
28 28
27 27
26 26
25 25
24 24
23 23
22 22
21 21
20 20
19 19
18+ 18+
17 17
16 - 16 -
15 15
14 14
13+ 13+
12+ 12+
1 1
10 10

9 9
8 8
TF TF
6 6
5 5
4t 4t
3t 3t
2F 2F
1f 1f
A . . . . .
1 2 10 11 v 1

(u1,2,15)=(3,3,9)
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Sketch of proof

A= <C[X07X1-/X2,X3]h°m

R := Cls, t; xg, X1, X2, X3]"™ (all the moving hypersurfaces)
m:=<s,t> (localisation ideal)
hl, h2, h3 = ,u-basis for P

J :=<hy,hy, h3 > (gen. by moving hyperplanes — p)
J' := Zeros(h — h(s, t; p(s, t))) (moving hypersurfaces — p)

J" is the saturation of J

hy, hy, hs form a regular sequence in R outside V(m).
J = (J:gm™) = {h € R such that 3k € N, hm* C J}
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Sketch of proof

A = C[xp, x1, X2, x3]™™

R := C[s, t; x0, X1, X2, x3]™™ (all the moving hypersurfaces)
mi=<s,t> (localisation ideal)
hl, hz, h3 = ,u—basis for P

J :=<hy,hy, h3 > (gen. by moving hyperplanes — p)
J' := Zeros(h — h(s, t; p(s, t))) (moving hypersurfaces — p)

J'" is the saturation of J

hy, hy, hs form a regular sequence in R outside V(m).
J = (J:gm™) = {h € R such that 3k € N, hm* C J}

MQ, is a Matrix Representation for v > pu3 — 1

The theorem we want to prove is rewritten as :
Vv > ps—1, J, = (J(2),
where J'(2) is generated by J' N Ryeg(x)<2-
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Sketch of proof

Cech complex

The Cech complex of B := R/J is given by :
Co(B):0— B B @B, ® By, ® By, -+ S5 By — 0

v

Local cohomology

Except for HS, the local cohomology of B with support in m is the
cohomology of the Cech complex :

H°(B) = {h € B such that 3k € N, hm* = 0}
=(J:gm™)/J=J/J
HI(B) = Ker(&)/Im(&_1), fori>1

.y z
H2(R) ~ A®c S, where S := —t(C[s’l, ']
S

N,




> Koszul Complex <=

Remember that J =< hy, hy, hs > is graded both w.r.t. C[s, t] and
to C[X07X1,X2,X3].
Degree shifts w.r.t. C[s, t] : [-]
Degree shifts w.r.t. C[xo, x1, X2, x3] : {—}
K, :0 — R[—Ml—ug—ﬂ3]{—3}ﬁ>"'
- % Rl-ul{~1} ® R[-2l{~1} ® R[-pss]{~1} > R = 0

We have that Hy(K,) = R/J = B.

Ha(Hn(Ke)) = Hn(B) = J'/J
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Sketch of proof

> Double Complex =

In order to prove the lemma, consider C(K.) :

0 0
1
0— R[-m—pp—ps3]{-3} —--—= R =0
| A
! ol

0—R [_,ul — M2 — /13] {_3}X0X1X2X3 — RX0X1X2X3 —0
4 {

0 0



Sketch of proof

X Spectral Sequences =

The spectral sequence corresponding to the column filtration of this
double complex converges at the second step because hy, hy, hs
form a regular sequence outside V(m) :

Ha(Hs(K.))  Ha(Ha(K.)) Ha(Hi(K.))  Ha(B)
0 0 0 H(B)
0 0 0 0

The row filtration of our double complex gives another spectral
sequence that also converge at the second step :

0 0 0 0
0 0 0 0
Hy(Ha(K.)) Ha(HR(K)) Hi(HA(K.))  Ho(Hr(K.))

They both converge to the same limit : the homology of the total
complex of C3(K.). Thus Hy(H2(K.)) = H2(B).



Sketch of proof

H,(H?(K,)) is obtained from the sequence H2(K,) :
Ha(Ks) = Ha(Kz) — Hi(Ki)

Using H2(R) ~ A®¢ S and the expression of Ki, we obtain :
(H2(K1))o = (S0 © Bpio @ Sopy) ® A{-1}

In particular, Vv > p3 — 1, H2(K;), = 0.

The decisive exact sequence

The following sequence of graded A-modules is exact for v > 3 — 1
(S ® S ® Spiays) B A{=2} = (S'/ ) = 0

Thus (J'/J), = ((J'/J)(2)), and J, = (J'(2))..




Applications

X Comparison Table (Space Curves) =

Degree (u-basis degree) | MRep size | QMRep size
4(1,1,2) 3x5 x4
5(1,2,2) 4x7 2x5
6 (2,2,2) 4x6 2x6
6 (1,1,4) 5x9 4x8
7(2,2,3) 5x 8 3x5(2x4)
7(1,3,3) 6 x 11 3x7
7(1,1,5) 6 x 11 5 x 10
10 (3,3,4) 7x11 | 4x10(3x7)
15 (5,5,5) 10 x 18 5x 15

Notes : > i =0

Evenly distributed p-bases are the generic case.

Syzygies

O0e0000
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X Self-Intersection =

Application : border of a sliced cross-cap

1—%2 y 0 —%xz %22
MQ> = y %z 0 xy-y?+ayz
—1—|—%z -y —}/2—1—22—@22 —yz—%yz
fxyf—yz xy+5yz xX+3 zf—xzf%z2
X- y—i—llz——xz—i—ayz—foz2 -y?-2yz —y—§z+3yz+20 2
-y-3z+3yz+3 2222 y-y24 874 1yz-2 22

(x,y,z) =(0,0,0) is a self-intersection

Rank(MQ2(0,0,0))
Ker(MQ5(0,0,0)7)

1
{(1,1,1),(1,-1,1)} ~- the two pre-images of
(0,0,0) aret=1and t =

-1

O—II
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X Curve Intersection <

Two parameterized curves : C; (deg. 7) and C, (deg. 4).
MQ@, of C; is of size (3,7) and can be computed numerically.
MQa(p2(t)) ~

48.618t*-78.594t3-310.76t2+560.59t-228.16

... 255.76t8-1097.4t7+1144.4t541095.2t°-3526.1t*+4008.7t3-2886.4t2+1292.7t-253.06

(x,y,z) ~ (—0.126,2.743,3.1833) is an intersection

Using SVD, we check that the rank drops at t = 0.731
p1(0.731) =~ p(0.731) ~ (—0.126,2.743,3.1833)




Applications

X Distance Approximation <

Trick : det(MQ,.MQ)]) gives a single implicit equation of V NR"
The following is a figure of

det(MQ,.MQ/) = 0 (black) and

det(MQ, MQ/) = ¢ (yellow)



‘ IT!III’;;I:""'}.'IEJ.I;:HH)
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