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Kepdiawo 1

Ewoayoym

1.1  Agvypatoinyia (Sampling)

H derypatonyia (sampling) amotelel o facikn kot Oepeldon texvikn g
VTOAOYIGTIKNG YEMUETPIOG KO TOV OAYOPIOU®V TNG. X& YEVIKES YPOUUES QpOopPaL TNV
EMIAOYN EVOG OVTITPOCHOTEVTIKOD VTOGVVOAOL OEGOUEVDV OO EVOL TTOAD LLEYOADTEPO
oUVOLO dedOUEVDV. AVTO EMITPETEL GTOVG aAAYOPOLOVS va Tpoceyyilovy amoTele-
OUATIKA TG AVoELS yopig va emeepydlovtot 1o TANPES GUVOLO 16000V, KATL TOV
elvat wdwitepa eTEEAEG OTAV TPOKELTOL Y1 LEYAA 1] VYNNG d1doTOoNG dEdOUEVOL.
210 TAO{G10 TNG VTOAOYIOTIKNG YEWUETPIOGC, 1 dEIYHaTOANYin OV elvar povo éva gp-
YOAELO Y10 TN HEI®MOT TOL VTOAOYIGTIKOD KOGTOVG, OALA KOl [0 GTPATNYIKT Y10 TN
dratnpnon g akpifelog Kot g a&lomiotiog Tov tpoceyyicemv. Atadpopatifet (o-
K6 pOAO 011 PerTioTOomOoINoN TNG AmTOd0oNS TV ahyopiBuwy, oty dttnpnon g
LUVIAUNG KOt GT1 SI0CQAALCT] TNG EXEKTAGIUOTITOG GE TPOKTIKES EPAPHOYES.

Mo ToALG yeopeTpikd TpoPAnpoate — Onwg avalnTnoelS TANGIEGTEPOL YEi-
TOVQ, EPOTHUOTO EDPOVS, TPOGEYYICEIS CYNUATOC Kol EVPECT GYKOV — 1 OEIYUO-
tolnyio fonBd oy emitevén 1ooppomiog petacd axpifetag kot taydrag. Avty
N ovuPPactiki Aon ival GuYVE aTapPAiTNTN GE TPAYHOTIKEG EPAPUOYEG OOV O
aKpPNG VTOAOYIGHOG popel va gtvat ToAD damovnpdg 1 aVEPLKTOG,.

[evikd, 1 VTOAOYIGTIKY] YEOUETPIO TOV YPNCUYLOTOLEL TIG TEYVIKEG TNG OELY IO
ToANyiag, amotedel Eva e£101KELIEVO KAADO TNG EMGTUNG TMV VTOAOYIGTMY TOV
EMKEVTIPMVETOL GTO GYESAG O, TNV AVAALGT KoL TNV EQAPLLOYY| aAYopiOu®Y Yo TNV
EMIAVOT YEOUETPIKOV TPOPANUATOV TOL 0POPOLY GNUELD, YPAUUES, TOADY®VA Kot
avtikeipeva vymAdTepNS dtdotaons. AroteAel ) Bewpntikn Pdon TOAAGOV GLGTN-

13



14 KEDAAAIO 1. EIXAT'QIH

LATOV YOPIKNG VTOAOYIOTIKNG Kot £XEL £VOL EDPV PAGLO EPOUPLOYDV GTOV TPOLYLLOL-
TIKO KOGLO G€ d1APOPOLS KAAOOVC.

H ypnon g derypatoAnyiog 6Toug YEOUETPIKOVG VITOAOYIGLOVG £xEL A0l
ONUOVTIKA TIG TEAeVTaiEC OekaeTiec. O mpmTotl alyopiBuot faciloviav cuyvd otV
Toyaio detypotoinyio, 6mov to onpeio 0E00UEVMV ETAEYOVTAY OLOLOUOPPOL KOl TV-
yoio oo £va GUVOLO SESOUEVAV Y10l TV EKTIUNOT O10THT®V 1 TNV KOTAGKELT YE®-
LETPIK®OV OOUAV, OT®G KVPTA TTEPIPAN AT Kot Otorypappoto Voronoi. Av Kot omin
KOl OTOTEAECUATIKT] GE TOAAEG TEPUTTMOCELG, 1] TUYOLN OETYLATOAN IO LEPIKES POPES
napovciale TpoPANUATO AVIENG KAALYNG 1| TOPAAEIYNG KPIGIULOV YOPOKTNPIOTIKMOV
TOV OEO0UEVOV.

[Na va avtipetomiotobv avtol o Teplopiopol el dnoay mo TponyUEveg Te-
YVIKEG, OTMOG 1] GTPOUATOTOMUEVT SEYHOTOAN Y0, 1] OEYLATOANY 0 ONUAGTOG KL T
derypotoinyio yopunAng arokiiong (nu-toyaio). Avtég ot péBodol otoxevovv otV
Topoyn KOAOTEPNG KAALYNG, OTN Helmon ¢ dlakvpavong Kot 6t Beitioon g
axpifelog TV ekTNGE®V — WwiTEPO GE YDPOLS VYNANG O1doTacN 1| OTAV G-
YKEKPLUEVEG TTEPLOYEG TV OEOOUEVOV EIVOL TTLO ONUOVTIKEG OO GALEG.

Ta televtaio ypdvia, ot pEBodoL detypatoAnyiag xovv miong TPocapUOcTE
wote va Toupldlovv o€ cuyKeKpIEVO odyoplfkd Tapadeiypata, OTmG coresets,
g-nets Kol VTOYPUUUIKOT aAYOPOLOL, d1ELPHVOVTAG TOL OPLa. TOV TL UTOPEL VOL LTTOAO-
ywotel anotedespoTikd otn yeopetpio. H avantoén autodv tov teqvikav el G-
Baier KaBOPIOTIKA GTO VO KATAGTEL 1] GUYYPOVI] VTOAOYIGTIKT YEOUETPIO TPOUKTIKN
KOl ETEKTACIUN).



Kepdiaro 2

Baowkéc MéBooor Aerypatoinyiog

2.1 Accept - Reject Sampling

H pébodog accept-reject | aAlmg rejection sampling amoteAel pia amod T1g mo
Baoukéc pebodovg detypatonyiog o kdmoto kotavoun. Eotm nwg 0éAovpe va mé-
povpue onueio evtdg kdmotlag Tuyaiog Kot SVGKOANG katavouns. H Pacikn Aoy
¢ peBodov Eykettal oy derypatoAnyic TAve Gg [o o €0KOAN KOTAVOLY TOV
TpoceYYILel TNV aPYIKN KOl GTNV GUVEXELX TNV AIOd0YN 1] OmOPPLYT TOV SEIYUATMOV
avtov Bdon pog mbovotntag.

®a dobe TNV YevIKN AoYiKn TG HeBdoov 6e pia S140TOeT MOTE VO KOTOVO-
NOGOLUE KOADTEPO TNV AOYIKT TNG. Oe®POVE o GLVEAPTNON TVKVOTNTOG TBAVO-
TG KATowg cuveyols tuyaiog petafintg. H toyaio ovt) petapfint dev éxet
TPOG TO TaPOV onpacio Tt ekepalet, pmopel vo agopd yio Tapadetypo Tig mloveg
TIES TV Babudy Tov podntodv evog tunuatos. Ag ovopdoovue toug fadpovg tmv
nabnTdv s Ko v cvuvaptmon mukvotntog mboavotnog g p(s). H cuvaptnon mo-
KvotTag TlavOTN TG diveTal MG 0 AOYOS LIOG LT OPVNTIKNG GUVAPTNONG TTOL divel
1660 mBavog etvar kaOe Pabudg dtonpepévn pe Eva TapdyovTa KaVOVIKOTOWoNG:

p(s) = (2.1)

omov o mapdyovrog kavovikoroinong NC diveton mg:

15



16 KEDAAAIO 2. BAXIKEY MEOOAOI AEII'MATOAHYPIAY

NC = / f(s)ds (2.2)

LE TO OAOKANPOUO VO, KIVEITOL GTO GOVOLO TOV TEGIOL OPIGLOV TNEG GLVAPTNONC.
XV ovcio 0 TOPAYOVTOS KOVOVIKOTOINGNG tval omapaitnTog MoTe vo LETOTPE-
WYOVLLE TNV GLUVAPTNOT GE o TUKVOTNTO TOAVOTNTAG, TO OAOKATPMLLO THG OTO10G
070 1edi0 0plopov TG va ivat 160 e TNV Hovado Kot €Tt va ekepalel mhovotnra.
Av16 onuaivel tmg n mbavotnta va Ppioketon yio mapadery o Kamolog Babpog amd
T0 —00 6T0 400 givor icog e TNV povada kat dpa clyovpa Evag Tuyaiog fadpog Ppi-
OKETOL GE OVTO TO JLACTN AL,

Ye moAég mepurtdoels yvopilovpe v cvvaptnong mbavomrog f (s) otov
aplOun aALG etvar eEopetikd SVGKOAN 1 €DPECT) TOV TAPAYOVTO KOVOVIKOTOIN-
o1M¢ 6TOV TaPOVORaoTH. O VITOAOYICUOG EVOC OAOKANPOUATOC OO TO —00 GTO +00
dev elvar mavta eVKOAN VOBeST Ko vVToAoyileTal avalvTikd Lovo oe Alyeg cuyke-
KPEVEG TEPMTOGELS. YTOOETOVE TG TO 1010 GEVAPLO 1GYLEL KO GTNV TEPIMTMOON

HLOG.

Otav 1 cuvdptnon TukvotnTag ThAVOTNTAS TS KATAVOUNG VOl YvmoTN, TOTE
N derypotoinyio yiveton €0KOAT. XKEPTEITOL Y10 TOPASELY O TV YKOOLGLOVT] 1] KO-
VOVIKT] KOTOVOUY. TNV TEPITTMOT HOG OUMS, 1| GLVAPTNON OVTY Eival dyveoTn.
[wg Aowwdv Ba yiver n derypotoinyio; H déa etvor ) derypatoinyia vo mpoypoto-
nomBel o€ Lo YvoOTH Katavoun Tov tpoceyyilel TNy Katavourn vro diepevvnon.
‘Eoto N kotavopr avth ovopdletat g (s). Baowég mpovmobdéoelg g katovopung
ot givort dvo: 1 detypatonyio Téve TG va elvatl E0KOAN Kol EMTAEOV TO TTEGIO0
OPIGLOV TNG VO EKTEIVETOL GTOV 1010 YDPO UE TNV apyIK Katovour. H opototnta
LE TNV 0pYIKN Katavoun 0gv amotelel amapaitntn tpovmdheon, ahdd 1 eyKHTNTA
avt Ba fonbnoel voloyioTikd TO PHOVTELO.

KaAvtepn katavonon Ba emtevyfel pe Eva mapaderypo. O@cmpovpe o Tuyoio
KATOVOUT Yo TV omoia yvmpilovpe TNV cuvaptnon mhavotnroc, aAAd 0 VITOAOYL-
OUOG TOL TOPAYOVTO KOVOVIKOTTOINGNG Y10l TV EVPECT TNE TUKVOTNTAG TOAVOTNTOG
nepthopPavel éva ToATAOKO OAOKA PO amd T0 —o0 610 +00. Agite ta mapo-
KAT® GYNUATO OOV apyKA EXOVLE TNV TLYAiN KOTavouY, 1 omtoia pdAiov Bopilet
TNV KOVOVIKY] KOTOVOUT TNV 0Ttoio Kot GYEIALOVIE GTNV GUVEXELD.

To endpevo Prpa givol vo TpOGopUOGOVLE THV KOVOVIKT Katavoun g (s) £tol dote
va Bpioketor whvio VYNAGTEPO GTO YPAPN O oo OTL 1] Tvyoia Katovourn. Ilpoga-
VOGS av 1 dsrypatoAnyio 6Ty TPy Katdotaor, vapyovv onpeia ta omoio o
Bpiokovtot pev evidc TG KOVOVIKNG KOTOVOUNG, 0AAG ekTOC TG Katavoung f. [
70V 6k0omd aVTd B TOAAUTAAGIAGOVE TV ¢ (S) KE KATOOV HEYANO EVOEYOUEVMGS
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Random distribution f

Zyua 2.1: Mo toyaio kotavoun f.

Random distribution f
Normal distribution

0351

03[
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0zr
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017

005

Zymua 2.2: Mia toyoio Katavour| f Kot 1 Kovoviky Kotavoun.

apOud M oote va v eépovpe ynAotepa omd Ty Katavoun f. Mropeite va deite
TNV TPOGOPLOYT QT GTO TOPUKAT® GY1LLOL.

Mmropel topa va Eekivioet 1 dstypotoAnyic. Apykd, dstypotoAnmtoOpe omd

™V €0KOAN katavopn g (). To onpeio ovtd pmopei va téceL 0ToVINTOTE e peyold-
tepn TOavOTNTO VO BploKeTaLl GE TEPLOYEG LEYOADTEPTG TUKVATNTOC TOAVOTNTOG.
3TNV GLVEYELN, ATOOEYOUOCTE 1| ATOPPITTOVLE TO Oetypa avtd Paon pog mbavotn-
TOG OV JiveTOL ATd TNV GYEoN:

Prob {ﬂ} (2.3)
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Random distribution {
MNormal distribution*M | 7

Iymua 2.3: Mia toyaio koravopr f kot n oxeddv kavovikn kotavouny Mg (s).

omov s 1o detypo mov mpape amd TV g (s). Amoterel o mapomive Adyog mbavo-
mra; H andvinon etvan mog vat, av Bopnbeite nwg to M emdéyOnie axpiog £tot
dote N Kotavopn M - g (s) va Bpioketar cuvexdg ndve amd v Kotavoun f (s).
Katd avtév tov 1pomo 1o khdopa avtd maipvet tipég amod 0 éog 1 ko dpa Tpdypatt
exepalel mbavotra.

Metd ond ekteTapévn derypotoinyio 0o KOTOANPOLUE LE OVO GUVOAL OELY-
pétwv, avtd Tov £xovpe arodeydel fdomn g mopamdve THAVOTNTOG KOl QVTH TOL
&yovpe amoppiyet. To paryucd Pripa g nebddov gival TG To GHVOAO TV SEIYUATOV
nov €yovpe anodeydel, Ppickovtar €€ 0AoKAPov EVTOE TG KOTavOUNS f Kot £Tot
glvat cav va £yovpe SetyotoAqyeL amd TV katavoun f. Mia pobnuotiky amddeién
OTOOEIKVVEL TOV TTAPOATAVE® 1GYVPICUO. Ag O0VUE AOITOV LE TL 1I00VTOL 1] TUKVOTNTO
mhavottag D (s|A) evdg deiypotoc, dedopévov ot to Exovpe amodeydei. Amd tov
vopo tov Bayes:

D (s|A) = —£12 21 (2.4)

ue P (Als) n mBavomta va épovpe amodeyfei to deiypa dedopévng g Tywig Tov,
D (s) n mokvotntog g tnig s kan P (A) n mbavomtag anodoyng evog deiypotoc.
Opwmg, n mbavotta vo Eyovpe amodeydel to detypa dedopévng g Tiung tov givan
axpiog n oxéon (2.3) péow g omoiag katackevdoape to chvoro A. [Tapdiinia,
1 TOKVOTNTA TOL s givar 1 g (s) and v omoia £xet mpoéAdet. ‘Etou:
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_ Ai[c;?l) g (3)

D(sl4) = 0

(2.5)

H mBavotta tdpa tov va amodeyBovpe éva delypo pmopel va vroAoylotet ebv
COPDOCOVIE TO GUVOAO TOV TH®V Kot TG Thavotntog vo arodeyfovue kdbe po
and oTEG:

P(A) = /g(s)']ég(?)s)ds:%/f(s)ds:%c (2.6)

To tehevtaio Prpa Tpoékvye amd v oxéon (2.2). Av GLVOLAGOLLLE TMPO TO. TOPOL-
VO KATOAYOVUE GTO £ENG GUUTEPACLLOL:

f(s)/M _ f(s)
D (s|A) = = = 2.7
614 = Ferar = we = PO @)
oL GVUEMVa Le TV (2.1) elvar akpiPog n ayvootn mokvotnto tbavotnrog e -
TOOUEVNG KATOVOUNG. AVTO onuaivel Tog o delypatTa Tov £xovue amodeydel, oko-
AovBovv TV TLKVOTNTA THAVOTNTAG TOV YA VOVLLE.

A&ilel va Kotavonoovpe KAmmg o dtosOntnid 1o yioti SovAedel avty N pé-
Bodog. Agite tov Adyo f (s)/g (s) mov eppaviCetor oy ThavoTTa 0mTodoyng evog
detypatog. Oco nmbavotta f (s) evog delypnatog HeYaA®VEL, TOGO o mhavo givat
10 deiypo avtd vo Bpioketar otny dyveot katavoun p (s) kabdg ta dvo peyéon ei-
Vo avaAloyo. ZuVendg, To 1010 to detypa £xet peydin mbavotnta va picketorl viog
¢ {nTovpevNS KOTAVOUNG Kat dpa £xel vomuo va to arodeyfovpe. Opoimg, av o
TOPOVOUACTNG HelwBel, ovTd onuaivel Tog To delypa eival OTAvVIo GTNV KOTOVOUY|
g (s), dev eppaviCetor ovyva, vVdpyel Opms kel mhavotta vo Ppicketatl oty
ntovuevn xatavoun. Tote kadd Ba Nrav va yivel omodektd, apov mbvawmg dev Oa
70 EAvadovE. XVVETADC, OGO PEYOADTEPOG O TAPOUTAV® AOYOGS, TOGO MO GTULAVTIKO
KoL e KOAES TPOOTTIKEG £lvat To VL e&€taom delypa Kot dpa amodeydpoote. O mo-
payovtag M vrépyet kel OGTE Vo KAVOVIKOTOMGEL TOV AOY0 awTd petald 0 ko 1
Kol £T61 VoL TO SOVUE WG TOAVOTNTA. ZVUVIEPAGLOATIKE AOUTOV, EXOVUE KATAPEPEL VO,
Thpovpe SEIYHOTO TO OTTOT0 OKOAOVOOVV L0l GUYKEKPIUEVT] TEPITAOKT] TLKVOTNTA
mOAVOTNTOG, SEIYLATOANTTOVTOS TAV® GE Lo EDKOAT KO YVMOGTI KOTOVOUN.

Mo amd TG Pacikég duokorieg g HeBddov amodoyns-amdppyYng ivar 1 ent-
AOYN TG KATAAANANG KOTOVOUTG OEYLATOANYING. AG Y10 TAPAELY LA O TAPAYOVTOG
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M yivel ToAD PeYAAOG MOTE 1) KATOVOUN TTOL £XOVE EMAEEEL VAL KOADWEL TV AyVO-
oTN KOTOVOUTY, T0TE 1| TmhovoTnTa e TV omoia Oa arodeydpacte delypata (oxéon
2.6) o yivel eAdiy1on e GLVETELN TO LTOAOYIOTIKO KOGTOG TG HeBdOov va avEnOet.

Av ka1 €00 Tapovctdcope TNV pEBodo ce pia ddotact, N AOYIKN TG EQOp-
poletan TavopoldTuIa Kot 6€ dVO0 1| TEPIGCOTEPES OLOCTAGELS, Y10l TAPASELY O OE
TEPLOYES EVTOG TOAVYDVOV TO, OTTOI0L LG EVOLOPEPOLY WLITEPAL. LTV TTEPITTOON
0TI, N KATOVOUT GTOYXO0G £IVaL 1) OLOIOHOPPT] KATAVOUT EVTOG EVOG TOADYDVOL, TO
omoio opiletar amd £€va GUVOAO OVIGOTIT®V TNG LOPPNC:

P = {(a:,y) € R?|a;x + by < ¢;,i = 1,2, ,k:}

H ocvvaptnon nukvotntog mbovotrog tng OHodHopeNS KATAVOUNG LEGO GTO
moAbywvo P diveton amd v oyéon:

B t, av (z,y) € P
p(z,y) = ,
0, SLpopeTIK

omov A, givar 1o eufaddv Tov Todvydvov kat 1 TocomTo 1/ Ap apopd TV TUKVO-
mra mbavottag oe kiBe onpelo vidc TOL TOAVYOVOL Kol 1| OAOKANPMOOT) TAV®
o€ 6Lo T0 TOADYWVO divel amotéheospa 1.

A&iler va onuelwBel por onpovtiky] dtopopd petalh g YeEVIKNG TEPIMTOONC
LG TVUYOHOG KOTOVOUNG MG O186TOoNG KO TG TEPITTMOONG OUOIOLOPPNG OELY IO
TOANY10G EVTOG EVOG TOAVYMDVOL. XTIV YEVIKT TEPITTMOT), 1) TUKVOTNTA THAVOTNTOG
p (s) dev givar yvootn TANpec, kabmg N kavovikorompévn otabepd NC' givor 60-
oKOAO va voloyiotel. Avtifeto, otV TEPITTMOOT OUOOUOPPONG KATAVOUNG HECH
o€ €va ToAvywvo P, n mokvotta mbovotntag eivon TANpS yvmotn Kot diveton
and v mapandve oyéon. Eropévmg, n néBodoc amodoync—andppyng oty o1c-
dlaoTATN TEPIMTMOT EVOC TOLVAVYMVOV, AEITOVPYEL AMADC MG YEOUETPIKO QIATPO.
AgtypotoAnmTovpe amd [ yvootn Kot e0KoAn katavoun (.. opfoydvio mov me-
pKAeiel T0 TOAY®VO) Kot 0modeYOHOoTE LOVO TO OTIELD TOV IKAVOTOLOUV TIG OVI-
GOTNTEG TOV TOAVYDOVOV, £EACPAAILOVTOG £TGL TNV OLOIOUOPEON KATAVOUT EVTOG TOL
P.

‘Etol Aowdv, emhéyovpe pa €0koAN katovoun ¢ (x,y) omd v omoio pmo-
POVLLE VO SELYHLOTOANTTNCOVIE AUEGA, KOL 1] OTO10L KOADTTEL TAPAOS TO TOAVYMVO
P. Zuvnbmg og g YpnoYLOTOEiTaL 1) OPOIONOPPN KaTavoun péoa o Eva opBoym-
vio (bounding box) mov mepiéyet to P. Agrypatoinmrovpe éva onpeio (x,y) and
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mv g (z,y). TéEhog, AEyyovpe ov T0 GNUEID 0VTO IKAVOTTOLET OAEG TIG AVIGOTNTES TTOV
opilovv 10 ToAVY®wVo P. Av vat, TO 0modEYOUACTE, AAMMDG TO OTOPPITTOVLLE.

XV mepintmon ™S OUOIOHOPPNG OELYLATOANYIOG GE TOADY®VO, 1) OITOd0YN
umopel va meprypagel pe tnv mbavotnto:

1, av(z,y) €P

Probaccept(z,y) =
(®:9) {O, SLLPOPETIKGL

H péfodog eivar dwaitepo amdn yotin f (z, y) €00 givor otabepn péoa 6o mo-
Mryovo kon undevikn € and avtd, omdTte Oev YPEIGLETOL VO VITOAOYICOVLE GLVTE-
Aeot) M. 6mw¢ oty yevikn mepintmon. H amodotikdtnta g pneddoov eEaptdron
amd Tov Adyo:

Ap

i 2.8
= (2.8)
6mov Ap eivar to gpPaddv tov bounding box. Oco peyolvtepn eivar n T g 7,
1660 Myotepa onueio amoppinTovTon Kot TOGO T YP1yopT ivor 1 detypatoAnyia.
H napoandve oyéon vroloyiletar evkola mg 1 mhavotnTo £va onueio e KaTovo-
UNG g va méoet vtog Tov P

1 A
”:RWWWMGH=/gmwmwwwwzfzwmwjf
R? r AB B

To Baocikd mpdPANUA TG TOPATAVE OTOSOTIKOTNTAG TNG LeBOdOL elvar Twg
duoTVYDG, 660 01 doTdoelg avcavouv, 0 Adyos TV eUPaddV Teivel 6TO UNoév.
Xmv wpdén, kabdg avéavel to d, o dykog tov bounding box mov dev avikel 6TV
TEPLOYN-OTOYO UEYUADVEL EKOETIKA L1 AMOTEAEGHLA 1] 7) VAL TELVEL TOAD YPT|YOPO GTO
undév. Avtd onpaivetl 0Tt yio va mapoyBel exapkng apuds anodextdv derypdtov
amorteiton TepdoTiog aptBprog SoKIU®Y, YeEYovOg Tov Kabiotd ) uébodo e&apetikd
OVOTOTEAEGLLATIKT] GE VYNAES OLUGTAGELC.

Av ka1 6TV TponyodueVN Topdypapo vrobEcape OTL 1| TEPLOYN OELYLOTOAN-
yiog eivat £vo ToADY®VO 0PIGUEVO A0 YPOUUIKES avVIGOTNTES, 1| LEBOJOG pUmopel va
emektafel aVTOLGLO Ko GE O TOAVTAOYO GYNLLOTO, OKOUT| Kol OTav ToL OptoL lvat
KOUTOAEG 1] Tapovstalovy Tuyaia popen. To pdévo mov amatteitan yio v €paproyn
g neBodov amodoync—amdppyng tvor n Hapsn evog UNYOVIGHOL OV, d0BEVTOG
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evog onpeiov (x,y), va propet va eréyEet av antd Bpioketat eviog 1| €KTOG TG TE-
pLoxNG.

2.2 E@apuoyn mg nefoddov ot povodldototn TepinTmon

H epappoyn tov Oempntikdv evvoldv fondd mdvia otnv KaADTEPT Kotavonon
tov6. ['o Tov oKomd avTd EgKvodpe amd TV HovodldoTatn mepinTmon, KaTd TNV
omoia Oa Tapov e o TVYOL KaTavopun 6Tdyn amd TNV omoia B0 TPOcTaONGOLLE Vi
exteléoovpe ostypatoAnyia pe tnv péBodo accept-reject sampling akorovBmvrog
™V Hopen TG

EeKIVOUUE LE oL TUYaio cuvapTnon THovOTNTAG SIKNG Lo ETAOYNG:
Fla)=e"/2. (sin® (6x) + 3 - cos® (z) - sin® (4z) + 1) (2.9)
210 GYNUO UTOPELTE VO OEITE TNV YPOPIKN TOPAGTOCT TNG GLVAPTNONG.

Plot of f(x) = e 2(sin?(6x) + 3cos2(x)sin2(dx] + 1)
4.5 T T T T T T T

Tynua 2.4: f (z) = e /2. (sin® (6z) + 3 - cos? (z) - sin® (4z) + 1).

H &0peon tov mapdyovia kavovikoroinong NC' givor duckoAn vodeor. Avtd on-
paivel Tog oev yvopilovpe v akpin cuvaptnon mukvotntog mhavotnTog HECH
™G omoiag VITaPYEL TOUVOTNTA Yo AUEST] detyatoinyia, Otav BEPaa ) Lopen g
etvar amn. Ta Tov okomd avto, n derypatonyio Ba yiver pe v pébodo accept-
reject.
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Apywcd pémet va, yivel katovontod Tt akpiBag 0Ehovpe va metvyovpe. H dety-
patoAnyio £yKettal otnv toyoio ETAOYN TIUOV £VTOG KATOOU SLOGTILATOSG, E0M
v Topaderypo amod to -3 ¢ 10 3. Qo1dc0, 0EAovE 01 TVYiES TIES IOV Bl ETAE-
Eovpe va givorl TEMKE KOTOVEUNIEVESG LE GUYKEKPIUEVO TPOTO PECOH GTO SLAGTILLOL
awTd. 10 TOPAOEYId HaG, o Tuyaio T €xel peyoidtepr mbovotnto va eivor m
0.5 a6 6t n 3. Etot, petd v emidoyn moAL®V TuxoimV SElYHATOV, TEPIEGOTEPL
and avtd mpénel va Ppickoviar kovid oto 0.5 and ot oto 3. [log Aowmdv, emaé-
yovtag Tuyxaiovug aplfpotds and to -3 €mg 10 3 B TETVYOVUE TNV KOTOVOUN OLTH;
2V mo anAn wepinton 6mov kdbe aplBuog £xel v 010 mBavoHTHTO EPPAVIONG,
N Katovoun tpopavag Ba etval opotdpopen. ‘Etot, avtod dev eivar apketo.

Eopopuolovrog v pébodo accept-reject, emA&yovpe o E0KOAN KOTAVOUT Ao
v omoia yvopilovpe twg va Adfovue detypota, yvopiloviag akplBag tnv cuvap-
o1 mokvotntag mbavomtag. H o andn mepintwon eivar 1 opotdpopen Koto-
voun. 261060, OTMG AVAPEPOLE TOPOTAVE®, 1| OLOLOLOPPT] KOATOVOUN Atd LoV TNG
dev etvar apket. ['lo Tov Adyo awtd, cOuemva e Ta Oca gidape oty Bempia, 1
Aod0YN N ATOPPIYN TOV TDV TNG OUOLOLOPPNG KATOVOUNG ETAPIETAL GE L0 GV-
YKEKPIUEVT TBOVOTNTO 1) OTToia SIVETOL G 0 AOYOG TV SVO KATOVOUMDV:

sl

270 EMOUEVO YPAPM O EXOVILE GYEIAGEL TIG HVO KATAVOUES, OOV TTPDTA EYOVLLE
KMUOKOGEL KATAAAN A0 TNV OPLOIOROPPN KoTavour moAlamiactdlovtag pe 25 (on-
radn M = 25).

Target function f(x) and proposal g(x)
4.5 T T T T T

Target f(x)
a0 NN | m—— Proposal g(x} |

36T

2]
T

Iynua 2.5: H toyaio katavopun f (x) kot 1 opodpopen katavoun v onoio Hew-
POVLE MG TNV EVKOAN KOTOVOUY] OELYLLOTOAN YOG,
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Eipaote éroot yio v derypotodnyio. EmAéyovpe o toyaio tipum and v
opowopopen Koatavoun petald -3 ko 3. Ag vmoBécovpe T oG £TuYE M TN -
1. H i ot meptrappdvetor 6to medio optopod kot tng Katavoung otoyov. H
epMTNON OUMC glvor av v amodeyopacte 1 0xl. H amdpaon mpokdmtel and v
epappoy” g mopandve mlavotrag pe v pébodo Monte Carlo. I'evikd, dtav
N OmTOEUCT LG YO Lo OPACT) ENOPIETOL GTNV EMAOYY €VOG TuYaioV apBpod, M
nébodog ovopaletar Monte Carlo. Xpnoylomolovpe TV OLOOLOPPT KATOVOUN GTO
(0,1) ko emAéyovpe Evav Toyaio apBuo, éoto u. Av u < f(x)/Mg (z) o deiypa
OV EMEAEYEL TAPOTAV® YIVETOL OTOJEKTO, AAMMDG amoppintetol. Buundeite Twg o
AOYOC aVTOHG £xEL TNV 1WO1OTNTA VO GUUTEPLPEPETOL OC TOAVOTNTO KOl APl VOL TOUPVEL
Tipég amd 0 g 1. T avtd kot propel va ypnoyromoin et katd avtdv ToV TPOTO.

[Nveton kotavontd g o€ kKabe Pripa emAéyovror dvo Tuyaiot apBuoi. O Evag
elval 1o Oetypa amd TV TPOTEVOUEVN KOTOVOUN Kol 0 dEVTEPOS Evag aplduog omd
pa opotopopen katoavoun oto (0,1) mov pog Bonda otnv andéeacn. To emduevo
oynua dtvel pia omTikn €wkova, yio tnv uEbodo Monte Carlo mov ypnoILOTOICOLLE.
BAémovpe 11g 6vo Katavopég kot 1o detypo mov emnehéyet, pali pe v kabetn oto
detypa.

Target function f(x) and proposal g(x)

4.5

Target f(x)
----- Proposal g(x} | 7

3.5

(=]
T

anoppupn )

Value
[
-

15T

05T y

{ anoboyrn)

Yyua 2.6: H mpdowvn katakdpueog £xel oxedlaotel oto delypa -1. Mmopobpe va
okeptovpe v péBodo Monte Carlo cov va emidéyovpe évav aplBud opotdpopea
TOV® GE QLTNV TNV KATOKOPLPO. ATOSEXOLOGTE OTAV O TVYai0g apBudg Ppioketal
O YOUNAG oo TNV KOUTOAN TOOVOTNTAG TG KOTAVOUNG, EVE OTOPPITTOVUE OA-
MoC.

‘Evo tpoPAnua e tnv emAoyn TS OLOOLOPPNG KOTAVOUNG O TPOTEWVOUEVNG
KOTAVOUNG detypatoinyiog eivat Tmg n meployn andppiyns etvor apketd peyoid-
TEPT OO TNV TTEPLOYN ATOS0YNG OT™G delyvel kat To oynpa. Katd avtodv tov tpomo
amontovvTol EmmALOV detypota Kol avEAVEL 1| VTOAOYLIGTIKY] ToAvTAOKOTTA. M1
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KOADTEPT] TEPIMTOON AMOTEAEL M YKOOLGLOVY KATOVOUN. AEITE TO EMOUEVO GYNLLOL
GTO OTO10 OLAMIGTMOVETAL 1 KAADTEPT TPOGAPUOYY| TNG KOVOVIKNG KOTOVOUNG GTNV
KOTOVOUT GTOYO.

Target function f(x) and Gaussian propesal

4.5

Target f{x}
4 LI | L Proposal c*g(x} | ]

35|

[
T

Zynua 2.7: H popen g katavoung otoxov pog Bopilet o kavovikn katavoun.
I Tov oKomd avTd Kot yro TNV PEATIGTONOINGT TS TOALTAOKOTNTOS TOV TPOPAN-
HATOG, M XPNNON TS KOVOVIKNG KOTAVOUNG MG KOTAVOUNG TPOTAOTG OMOTEAEL [at
T0 Glyovpn EMAOYT, 1 OTOL0L LELDVEL GTO EAAYLOTO TNV TTEPLOYN amoppync. O mo-
PAyOVTOG KAVOVIKOTTOINONG TNG KAVOVIKNG Kotavoung pe u=0 ka1 o=1 ®do1e va vmep-
KaAvyeL v cuvaptnon f (x) eivar M = 11

Ag ypayoopue éva pkpd Koppdtt Kodika mov epapuolel v péBodo accept-
reject sampling yio £K0GTN €K TOV TPOTEWVOUEVOV KOATAVOUDV:

import numpy as np

import scipy.stats as stats
import matplotlib.pyplot as plt
import time

# Our Target function
def target_fn(x):
return np.exp (-(x*%*2)/2) * (
np.sin(6*x)**2 + 3*np.cos(x)**2*np.sin (4*x)**2 + 1

)

# Both proposals, wuniform and gaussian will be used to compare
the timings.
# use_gauus_proposal boolean will determine what proposal %is used.
# M is the scaling constant and N the number of samples
def sampler (use_gauss_proposal, M, N=1_000_000):
# Proposal distributions
prop_norm = stats.norm(loc=0, scale=1) # Gaussian
proposal
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prop_uni = stats.uniform(loc=-3, scale=6) # Uniform on
[-3,3]

if use_gauss_proposal:

# Draw N samples from the standard mormal distribution

N(0,1).
# This is the Gaussian proposal distribution g(z).
X = np.random.randn(N) # samples from g(z)

# Evaluate the proposal density g(z) at each sampled
point X.

# For the Gaussian case, this gives g(z) = (1/sqrt (2)) *
exp(-z72 / 2).

# These walues are needed in the acceptance test u <=
f(z)/(M*g(z)).

# g_vals is thus an array containing these values

g_vals = prop_norm.pdf (X)

else:

# Draw from Untform

X = np.random.uniform(-3, 3, size=N)

g_vals = prop_uni.pdf (X)

# Draw untiform u ~ U(0,1)
u = np.random.rand(N)

# General acceptance condition: u <= f(z)/(M g(z))
accepted = X[u <= (target_fn(X) / (M * g_vals))]

return accepted

# Run both proposals and count the time

start = time.perf_counter ()
samples_uniform = sampler (False, M=25)
time_uniform = time.perf_counter () - start

print (f"Uniform proposal time: {time_uniform:.3f} seconds,
accepted rate: {len(samples_uniform)/1_000_000:.3f}")

start = time.perf_counter ()
samples_gaussian = sampler(True, M=11)
time_gaussian = time.perf_counter() - start

print (f"Gaussian proposal time: {time_gaussian:.3f} seconds,
accepted rate: {len(samples_gaussian)/1_000_000:.3f}")

Listing 2.1: Run the accept reject sampling using the example f(x) used and both
uniform and gaussian proposal.

H ¢Eodo¢ tov mapamdve kodka stvor 1 e€1g:

Uniform proposal time: 0.125 seconds, accepted rate: 0.235
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Gaussian proposal time: 0.156 seconds, accepted rate: 0.536

Ex mpdNg Oyemc n kavovikn katavoun £tpeée mo ypiyopa yio ta 1000000
detypata. [Ipo@avdgn kovovikn KaTavour| dtvetot omd pia o oAy oxéon. 261000,
M tayOvTa ektédeong Oev etvat 1o kVuplo pEYebog evolapépovtog. o v Kovoviky
Katovoun, £xovpe omodeyfel oG 1o 24% tov derypdtov, eved avtiBETog pe v
KOVOVIKT KOTOVOLT TO AVTIGTOLX0 T0G0GTo ivat H4%. Zuvemms, o puBuog amodoyns
OV YPOVIKT GTIYUN Y10 TV KOVOVIKT KOTAVOLY| DTEPLGYVEL TOV PLOLOV ATOSOYNG
NG OLOLOLOPPNG KOTAVOUNG, L YPGLUN WOTNTA OTOV 0 ¥POVOS Tov dtaféTovpe
etvau mepropiopévos. EmmAéov, gtavoupe og Kamotov entBuunto aptfpd amodektmv
SEYUATOV TOAD 1O YPNYOPa, KATL TOL GLVNOMG ATOTEAEL TOV OVTIKEWEVIKO OKOTTO
pag. Av petafdiovpe tov kmdtka wote va tepiuévoovpe 1000000 amodektd Tdpa
detypota, deite To amotéleopa:

Total accepted samples for uniform: 1000000
Uniform proposal time: 0.727 seconds
Total accepted samples for gaussian: 1000000
Gaussian proposal time: 0.382 seconds

SUVETMG, M XPNON TNS YKOOVGLUVIG KOTAVOUNG TapOVGIALEL ELPAVT TAEOVE-
KTNUOTA TV TOALTAOKOTNTA TC. ['eVikd 660 KaAvTEPN N TPOTOGT TG KATAVOUNG
npooeyyilel 10 610%0, TOGO TO KAADTEPO Yo TNV TOALTAOKOTNTA. Emdudkovpe M
TEPLOYN ATOPPIYNG VAL £xEL 0T duvaTOV ELdYIoTO péyedog.

Qpaia 6Aa avTd, aALE akolovBovv ta detypata Tov 6todyo pag; o Tov okond
avtd oyedldlovpe TO 1GTOYPAUO TOV derypdtov pe o matplotlib kot mapovoid-
Covpe to amotédecpa oto oynua 2.8. Onmg yivetor kaTtavonTd, To amodeKTd Oely-
pota akohovBovv v Katavour otdyo. Av kot omdn, n pébodog accept-reject amo-
tehel éva mavioyvpo epyadreio Yo v deypotoAnyic and SVCKOAEG KOTAVOUES.

2.3  Eopoapupoyn g uebdoov oe moldymva

®a ypnoyoromcovpe Tdpa TV HEBodo accept-reject sampling yio v dery-
patoAnyio e KOmolo Tuyaio ToADY®VO. EEKIVAOVTOS OTAd, oG BempnGovE TO TTO
amAO ToAYwVo, £va Tpiymvo. Agite 1o oynua 2.8.

H otpatmyum etvor n akdrlovdn. Apyucd, Ocwpovpe Tmg To TOADY®VO pog oi-
VETOL WG £V GUVOLO OVIGOTHTMV, TOL ATOTEAEL Lol amd TIg o cuvnOopuéveg Hebo-
d0LG Y10 TNV AVOTOPAGTACT] TOAVYOV®V. APoD Aoutdv, Yvopilovpe TG aVIGOTNTES
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Rejection sampling with Uniform proposal Rejection sampling with Gaussian proposal

0.7 1 Samples (uniform prop.) 0.7+ Samples (Gaussian prop.)

0.6 0.6 1

0.5 0.5

Density
Density

0.3 034

0.2 02

0.1 011

0.0 T T T T T T T 0.0

Yymua 2.8: To 10T0YpappL TV Am0dEKT®V SEIYUAT®V amd To chvoro Tov 1.000.000.
Ap1otepd ta detyLoTa Le TPOTUGT TV OLOOHOPEN KaTovoun Kot 0e€1d e TpdTaom
™V yKoovotavr. Iivetor pavepd mmg ta delypota akoAovBovv Ty katovoun otdyo
mov Bswpnoape apyikd. To mapamdve oyfuo delyvel Kotd avtdv Tov TpOTO TNV
dvvaun aAAG kot v arAdtnTo TG HEBOdoL accept-reject sampling.

Random triangle

2.5
— y>=05
—_— X >=0.5
—_—Xty<=2

2.04

1.5 1

1.0

0.5

0.0

0.0 0.5 10 15 2.0 2.5

Zynua 2.9: @empovpe to Tapordve Tuyaeio tpiywvo, To onoio divetot g To GHVOAO
TOV OVIGOTHTOV OV Paivovtal 6to oynua. O otdyog pag ival n opotdpopen dety-
patoAnyio VIO TOV TPIYDOVOUL.

TOL TPLYOVOV, TOTE apKel Yo kdOe detypa vo eEréyEovpe av anTo TIC Ikavomotel. Xtnv
nepintwon vt amodeydpoote aAlmg aroppintovpe. g onueio ekkivnong tov
OEYUATOV YPNGYLOTOLOVLE KO E0D L0 YVOOTN Kot EDKOAN KOTOVOUY OO GTNV
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povodidotatn mepintmon. Xvvibwg To bounding box Tov moAVY®VOL, INANOT Eva
TETPAy®VO, KOPO KTA oL TEPIAAUPAVEL £’ 0AOKAPOL TO VIO £EETAGT TOAVY®OVO.
>t ovvéyela, Oewpovpe opotdpopea delypata evrog tov bounding box ko amode-
YOUOGTE ALTE LOVO TOV OVIKOLV GTO TPiymvo pe Thoavotnta 1, evd amoppintovpe
aVTA EKTOG TOL TPLYOVOV.

O kmdKog givat oYeTKd amAog:

import numpy as np
import matplotlib.pyplot as plt

# Triangle check function. Return true if all inequalties are
satisfied
def is_inside_shifted_triangle(x, y):
X np.array (x)
y np.array(y)
return (-x <= -0.5) & (-y <= -0.5) & (x + y <= 2)

N_candidates = 1_000_000

# Generate candidate points in bounding dbox using uniform
distridbution

# Using arrays is recommended when working with Numpy instead of
using a for loop.

x_candidate = np.random.uniform(0.5, 1.5, N_candidates)

y_candidate = np.random.uniform(0.5, 1.5, N_candidates)

# Check which points are inside the triangle.
# Numpy makes things quite simple, only 2 lines needed

mask = is_inside_shifted_triangle(x_candidate, y_candidate)
samples = np.column_stack((x_candidate[mask], y_candidate [mask]))
#Efficiency

efficiency = len(samples) / N_candidates

print (f"Number of accepted samples: {len(samples)}")
print (f"Efficiency: {efficiency:.3f}")

Listing 2.2: Run the accept reject sampling over the triangle using as proposed
distribution the bounding box that includes the triangle.

H ¢€odoc¢ tov KMdIKa givat 1 TOPOKAT®:

Number of accepted samples: 499955
Efficiency: 0.500

Onwg Ba pavel kot 6T0 oy, to piod omd to onpeio Exovv yivel amodektd. H
amodoTIKOTNTA Eival ALTY TOV avapévovpe and v Bewpia, 0 Adyog Twv dvo eufa-
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dwv. To bounding box £yet dSuthdoio euPadd amd To Tpiymvo Kot £T61 1 BempnTIKN
TN TG amodoTikdTNToS lvan Tpdypott 0.5. Agite mov Bpickovrot to omodektd on-
peia og oyéomn pe 1o Tpiywvo oto enduevo oynua 2.10 to omoio £yovpe oyeddlet pe
TaL 0€00EVA EEOOOV TOV KOOIKOL.

Rejection sampling inside triangle
2.5

---- Bounding box
Accepted samples

2.0 4

L5 | ggmesmeemmemeesemeseene

1.0 4

0.5 1

0.0

T T T T
0.0 0.5 10 15 2.0 2.5

Yymua 2.10: 1o oynua BAETovE T0 Tpiywvo kat to bounding box mov £yovpe Oew-
pnoet. Me ypodpa gaivovtor ta amodektd onpeio g peboddov accept-reject ta omoia
Bpiokovtol evtdg TOV TPLYDOVOL, OLOLOLOPPO. KOTOVEUNLEVA.

Ag dovpe TOPA TNV OVOUEVOLEVT] aoTLYio TNG LeBdOov e To bounding box og
avaTepeg dlooTaoels. Xyeddlovpe to e€Ng meipapa. Xe kaOe dibdotoon Bewpovye
10 7O amAd GYNIO TOV VITAPYEL TO simplex. XTig Tpelg d1aoTdoelg avtd ival Eva
TETPAEdPO, ONAOT Eva oynpa Le TAeLPEG Tpiymva. EmmAéov, Bewpove To o amdo
bounding box mwov mepthapfavel To simplex, Evav vrepkvfo. Tpéxovpe v néBodo
OOimG LE TIG OVO SOOTAGELS. AEIYUATOANTTOVLE OUOIOLOPPO EVIOS TOL VITEPKLFOV
Kot amodeyopaote povo ta detypata eviog tov simplex. dtidyvoupe éva ypaonuo
7OV VoL OELYVEL TNV ATOJOTIKOTNTO CLVOPTHOEL TNG dLUoTAONG. Agite TO omoTéEAET L
t0 oynua 2.11.
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Rejection sampling efficiency in 2-10 dimensions

0.5 —e— Efficiency

0.4 4

0.3

0.2 q

Efficiency (fraction accepted)

0.1+

0.0 L g

yua 2.11: H arodotucotnta g pnebddov accept-reject oe oyéon e TIg O106TA-
o€1g G yeopetpiag. Qg oxnua otdyo £xovpe Bewpnoet Eva simplex yopw and v
apyn TOV 0EOVOV KOl MG KATAvoUn TpoTacT Evay vaepkOfo mov mepthapPdvet To
oynpa 6tdY0. AVoTUYDG 68 TOAAEG O10OTAGELS, O GYKOG TOV LITEPKVPOV YiveTO KOTA
TOAD PeYaAOTEPOG TOV simplex e cuvERELD TO TEPLGGATEPO delyorTa va Bpickovtol
eKTOG TOL simplex.

2.4 Teopetpikoi Toyaiotr mepinmator (MCMC pebodor)

2.4.1 Markov Chains

Ot oivoideg Markov mg 16éa tpoépyovtar amod Tig apyég Tov 200V oG amdvtnon
OTO EPMTNUO Y10 TO AV Ol VOOl TV ThovoTiTV 1oyvovy Yo eaptnuéva yeyo-
vota. Osmpnote to melipapa g piyng evog dikatov Laprov. Kabe plyn amoteret
éva aveEdptnto meipapa o€ oxéon Le mponyovpeves piyels. Extedévtog d1ad0yikég
PLYELS KOl KATOYPAPOVTOG TO OTOTEAEGLLA, TOPATPOVLLE TMG 1) OVOAOYIO KOPDVOG
KoL YPOpUAT®V cuyKAivel 6to 0.5, OnAadT oTIg HICEG PIYELS EYOVIE KOPDVO KOl OTIG
VROMTES YphppaTa. XT0 {010 AmoTEAEGHO KATOAYOVE epapuolovTag TIg W10TN-
TG TOV MOAVOTHTOV OOV 0PV LIAPYOLY FVO 1GOTIOAVA EVOEXOUEVA, TEPIUEVOVUE
avaroyio 50 - 50 yio kéBe Eva. Avto givar 0 VOROG TV peydlmv aploumy.

Ioybel dpmg o vopog TV peydlmv aplBudv oe TEPITTAOCELS OOV To TEPJ-
pota dev etvar aveEaptnta pHeTa&d Tovg; Tnv amdvinon £dmae o Markov o omoiog
amedElEe TOV IOYVPICUO AVTO. LTNV GLVEXELN, OC TOPAOEYILO LEAETNOE TO YPOLLL-
pato evog mopatog tov Pushkin, Aeov katéypaye tig 20000 mpdteg AEEELG Ko
agaipeoal Ta kevd Kot ta onpeia otiEng, pétpnoe nwg 43% tov ypoppdtov givat
QmVNEVTa Ve T0 YTOAOo 57% cvpemva. H mboavotmta dpog kdmoto yphppo piog
AEENG va gival cOLEOVO 1 POVNEV €EUPTATOL IGYLPE ATTO TOLO YPALLL TPONYELTOL
ot A&EN. 'Eto, emkevipdBnke otnv peAétn tv 4 Suvat®dV GLVIVACUOV, POVIEV-
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POVNEV, POVIEM-COUPMOVO, COLPOVO-QPMVNEV KOl GOUPOVO-GOUO®OVO. ZTNV TEPi-
TTOOTN aveEApTNTOV YPOUUATOV, N TOAVOTNTA SVO GLVEXOUEVOV PmVNEVTOV Oa
Nrav 0.43 x 0.43 = 0.18, ®01000 PETPOVTAS TV ELPAVIGT OA®V TV (eVYoplDV,
Bpnke g poAg to 6% Mrav Cevydpra poviev-emvnev. To yeyovog avtd amodet-
KvbhEL TV €£ApTNom Tov €100V Kdbe Ypappotog omd To Tponyovevo tov. Tdw ftav
TOL OMOTEAEGHOTO KO YiaL T VEOAOTaL Cevyn.

INo va eEléyéet Tov vopo tov peydiov aplumv, o Markov éotnoe pia pnyovn
TpoPAEYEDV ®G £ENG. OE®POVUE TIG OVO KOTAGTACELS, POVIEMY KOl GOUPOVO MG
Vo KOKAOLG amd ToLG 000V PEVYOLV BEAT TOV 0N YOVV GTIG VITOAOITES KATOGTA-
GELG. XNV TEPIMTMOT TNG KOTAGTAONG POVIEY, LIdpyel mbavotnta 0.06/0.43 =
0.13 va odnynBodpe méi o€ povhemv, eved vapyet mbovotnta 1.00 — 0.13 = 0.87
va 0dnynBovue oe cOUEOVO, apov OAEG O1 TEPIMTMGELS TTPEmeL va, afpoilovy ot
povada. Agite to oyfjua 2.12 Tov amoTVTOVEL T0 TAPUTAV®.

OO

Symua 2.12: H unyovn mopPAéyemv mov kataokévace o Markov. Egkivovtog amod
KaOe KATAGTAOT), COUPMVO 1| POWVNE®V, LITAPYOVY OLO EVOEYOUEVQ, EITE VO TOPO-
petvovpe oty id1o Katdotaon eite va mepdoovpe oty enduevn. Kabe petdfoon
ekQpaletl évav ek TV 4 THOVOV GLVOVACUAOV, POVAEV-QMOVIEV, POVIEV-GOUP®VO,
CUUPOVO-POVINEDV KOl COUPOVO-COUP®VO. MTopole TOPA VO EKTEAEGOVUE TO
nelpapo TOAAEG POpEG EEKVOVTOS A Lo TVY0L0 KOTAGTOGN KOl KATOYPAPOVTOS
™V aAANAOVYiO YPOUUATOV TOVL TPOKOTTTEL. METpDOVTAG TEAKA TO GVVOLO KAOE €i-
dovg ypappdtmv, Bpickovpe o tpokvmtovy 43% pwvhevia kot 57% copewva,
aKpIPOG OTwg To T060TA Tov 0 Markov pétpnoe pe To xEpL.

Mmrpoovpe Tdpa pe TV 1010 AoYiKn Tov piyvovpe TO VOGO, VO TPEEOVILE TO
OLYKEKPEVO TTEIPOLOL TOAAEG POPES. EEKIVOVTOG OO Lol TVYOHO KOTAGTAOT), EKTE-
Aovpe ToAAG Tuyoia Prpata, Katoypdeovtog Kabe popd TO YA TOV TPOKVTEL.
Ed® etvon mov pumaiver oty e&icmon kot 1 péBodoc Monte Carlo, apov 1 amdpaom
LLOG Y10 TO G€ TOLA KATAGTAOT 001 YOVUOCTE GE KAOE Pripal TPOKOTTEL O £VOlV TV-
xoio detypa TG opotdpopeng katavouns oto didotnpa [0,1]. Kébe frpa avtig g
dwdwociog amotelel Eva e£apTOUEVO TTEIPALLO GE GYECT LE TO TPONYOVUEVO Pua,
a@ov ot mhavatnTeg petdfaong aAldlovv avaAloyo LE TNV KOTAGTOCT GTIV 0ol
Bprokdpaote. Metd 1o mépag TG dladtkaciog, LeTpdpe To aplOud TV YPOUUATOV
OV aVTIoTOLYOVV G€ KaBe gidoc. Ilpokimtel mwg to 43% twv ypopudtov lvar eo-
VIAEVTQ, EVO TO. VTOAOITO GUUP®VO,, ETLPEPOLOVOVTAS TO EUTEPIKA OESOUEVOL.

Booum 8w mra tov alvcidov Markov givatl mog ka0e enduevo Prpo e€op-
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TaToL amd TNV KATAGTOCN TOL TOPvoy kot udévo Prpatos. H wotopia yia to mwg
ethoape o¢ 00 o0ev £xel Kapia onpacia. O Koupodg avplo Yo Tapaderypo eEaptd-
Tl OO TOV KapO ONUEPD, EVD GTOV KPOKOGHO, 1) GUUTEPLPOPE EVOC GOUATIOON
eCoptatal amd TV S1ataln TV VTOAOIT®Y TNV TOPWVN OTIYUN. AvTIfETmS, Eva Tel-
papo 6oL Yo Tapadetypa emAgyovpe aplipovg ympic enavabeon and 1o 1 wg o
100 dev amoteiet advcido Markov yiati i wotopia, oOniadn to mOcot aplBpol Exovpe
apopebel, emnpealel v mbavotnTa EPEAVIoNS KAOe evamopeivavta aptOpov.

2.4.2 Eg@appoyn puog aivcidag Markov.

Ag omoovpe pa d1kn pag odvcida Markov dote vo LEAETIGOVUE MO AVOAL-
TIKG TO TG £Qaprolovtol ot mapomdve 1Wéeg. Xto oynua 2.13, unopeite va deite
TIG TOPAUETPOVS TOL TTaPAdELYHoToC pog. TIpoxettar yio éva cuotnua pe 3 koto-
o0Tdoe1g Kot ovykekplpéveg mhovotnteg petapaocns Hetald tov KoTaoTACEDY, 0-
¢ oL Qaivovtal oto oyfua. Ipdkettar yo o omd 11§ Mo anAég aAvGideg Tov
umopel va Bempnoet Kaveic apov yapaktnpiletor amd mpaiec 1010TnTEC OTMS TO OTL
KkdBe pérog g alvcidag etvar TpooPacipo and kabe diro. H alvcida dev pmopel
va vodtoupedel. Ze kGO mepintmon ot 1010t TEG TV ahvoidwv Markov Bpickovtot
aKTOG TAOGI®V TG Epyaciag.

0.2

@,

Yymua 2.13: Mo toyaio odvcida Markov pe 3 KaTaoTACELS Kol GUYKEKPIUEVEG TTL-
Bavotnreg petapaonc.

YroAoyilovpe apyucd v Bepntikn mhovotnto pedviong ke Katdotaong
pokponpofecpa oe kdmota otryur|. [ tov oxomd avtd KoAS glval va ElGHyOVLE TOV
amopoaitnto cuppolopd. Mmopovpe va dovpe To oynua 2.13 g Eva KatevBouvopevo
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ypdonua pe to fEAN va deiyvouv Tic dtabéotpeg katevbivoels. 'Eva té€toto ypaenuo
uropet va mapactadel oe popen mivaxka wg e&ng:

0.2 06 0.2
A=103 0.0 0.7
0.4 0.1 0.5

omov A;; N mbavomta petdfacng and Ty Katdotaon ¢ oty kKatdotoon j. ['evika,
o aAvcido Markov givar pia akoiovdio katactdoewv X, X1, Xo, ... pe mbovo-
mTeg pETAPaong:

Bj = PT’Ob(Xt+1 :j’Xt :Z)

onradn n mbavotnta va Bpebode oty katdotoaon j oto Prua ¢ + 1 egaptdron
uévo amd TV KatdoToom ¢ 6To Prua t.

Bewpriote TOpo TV TocoOTA F;j (1) @g TV ThavOTNTO VO PTAGOVUE 0Tt
TNV KATAGTACY| ¢ OTNV KATAGTACY J 6€ akplBdg n fApato. v amin nepintmon
v Topadetypa 6mov ¢ = 1,5 = 2,n = 1 vadpyel LOVO Lo O100POLUT TOV HOG
odnyel and v 1 oy 2 pe mBovoOTnTO TOV COUPOVE [LE TNV TPAOTN YPOLUN Kot
devtepn otAn Tov mivaka givar: Pia(1) = 0.6. Tevikd Aowmdv £xovpe Tog dtav 10
n = 1 1oyvel Tog:

Py (1) = Ay

Tt ovpPaivel oy mepintwon émov n = 2; Topa vIdPYOVY TEPIGGHTEPOL TOV
evog tpomot va kataAnEovpe omd v kotdotoon 1 oty katdctaon 2 og dvo Pi-
pata. Eite 610 mpdTo Prjpa va wape oty 3 kot amd ekel oty 2 gite va mapapeivoope
070 TP®TO Prna oty 1 Ko 6t0 devTePO Pripa va Bpebovue oty 2. Xe kdbe o ek
TOV TEPWTOCEWMV, 1| THAvOTNTA Vo LUPEL diveTan amd To yivopevo TV mhavot-
1oV ka0e petdfaong, niadn otny dwdpoun 1 — 3 — 2 givar Az X Azs = 0.02,
evo yuo v dwdpopny 1 — 1 — 2 givan Ay X Ao = 0.12. Zvvoiikd Aouwdv, 1
mhavotra va Bpebovpe and v 1 oy 2 o€ 6vo Ppata eivar 0.02+0.12 = 0.14.

Agite OU®G TNV YEVIKN EIKOVO, TOL TOG EYEL TPOKVYEL TO ATOTEAEGHO OVTO. AG
YPOWOLLLE AVAAVTIKA TNV EKQPOCT:

Py (2) = Ajp X Ajg + A1 X Aoy + Ajg X Asy
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Ot Topamdve cuVOLOGHOT ATOTELODV TIG LOVAOIKEG TEPITTOGELS Vo, BpeBolpe amd
v katdotaon 1 omyv Katdotoon 2 petd and dvo Prpata. Tov devTEPO OpO dEV
TOV VTOAOYIGAE TOPATAVE KOODS OV VITAPYEL TOAVOTNTO VO TOPAUEIVOVE TNV
KOTAoTOOT 2 OV OTACOLE GE AVTNV. MTOPOOLLE VO YPAWOLLLE TNV TOPATAV®D GYECT
LE SOVOGLOTIKTY LOPON Y10 OTAOTTOL:

Ara
Py (2) = [An Ao AlS} X | Az
Az

OOV TOPO PAIVETOL EVKOAN TG TPOKEITOL Y10l TOV TOALATAAGIOGUO TNG TPMTNG
YPOUUNG UE TNV Oe0TEPT] OTHAN TOV Tivaka TV petopdoewv. Mmopeite vo, emiPe-
BardoeTot To amoTéAEGH AVTIKOOIGTOVTOS TS TWEG. Me v 1d1a AoyikT| Tapoth-
pOVLE TG Y10, Tapddetypo 1 mbavomta Pis (2) diveton oc:

A
Pi3(2) = [An Ap A13} X | Asgs
Aszs

SVVENMS, 0 TPMOTOG OEIKTNG HOG OElYVEL TNV YPOUUT KOl O OEVTEPOG TNV GTHAN TIG
omoieg mpEMEL VoL TOAAATAAGIACOVLE MGTE VO BPOVLLE TO OMOTEAEGLOL.

O vroAoyopHOg TV Tapomdve ThovotHTemv Bupilel Ta oTotyElo TOV TOALO-
TAOGLOGLOV OVO TIVAK®OV. LT GUYKEKPIUEVN TTEPITTMOT TOL Tivako petafdcemv
LE TOV €00TO TOL. Ag doVpE OO £ivat TO OMOTEAEC AL

0.2 0.6 0.2 0.2 0.6 0.2 0.30 0.14 0.56
A2=1| 03 00 0.7 | x| 03 00 07 | =1 034 0.25 0.41
0.4 0.1 0.5 0.4 0.1 0.5 0.31 0.29 0.40

Asgite v 0éon 1,2 tov wivaka. TIpdketton BEPara o v mbavotnta Prs (2) mov
BpNKOLLE TOPATAV® 1) OTTOI0 TPOEKVLYE MG O TOAAATAAGIACUOG TG TPADTNG YPOUUNG
HE TNV OeVTEPN GTNAT, OTOTEAEGLO TTOV OVOTOPAYETOL KOTO TOV VITOAOYIGUO TOL
nivoxo A2 Tevikd Aomdv oyvet 1 €€ng opaia 1610t

P (2) = A?j
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Apyiler miéov va yivetar eLeovig 1 yevikevon oty mepintwon n fnudtov. H
mOavoTNTa Vo KOTOANEOVUE GTNV KOTAGTOOT J EEKIVAOVTOG Ao TNV ¢ EMELTA OO N
Bruata, dlvetor amd TV YEVIKY| oYEon:

Py (n) = A" (2.10)

Otav n — oo, mapatnpodpe mog kibe oA Tov mivaka A7 kotaAfyst otny idio
otafepn Tiun. Agite T0 amoTéEAEGHA Y10l TO TOPASELY LA LOG:

0.3139 0.2336 0.4526
A = | 0.3139 0.2336 0.4526
0.3139 0.2336 0.4526

To yeyovdc avtd vTodetkviel TmG Yo TOAAG Prpata, dev €xel onpacio To onueio
exkivnong g aivcidas. [pénel BEPata va kavomolovvtol Kamoleg mpaieg 1010t-
TEG TNG AALGI00G, OTTMG Vo €ivol adlaipeTn Klot amePLodkn, OTmG cuuPaivel €00,
®OTOGO N LEAETN oVTH PpilokeTan EKTOG TANIGI®V TG EpYACiag.

Ot Topamdve TYWEG AVTUTPOCSOTEDOVY AOUTOV, TNV GTUTIKY KOTOVOLY| TG 0AL-
oid0g Kot Tov vOUo TV peydiov aptBuov. Onwog oty nepintoon tov {aplov, kdde
TAEVPA TEPIUEVOVLE VO ELPAVILETOL CLYKEKPIUEVO aplOUO TEPMTOCEWMY, £TCL KO
€00 TO TOPATAV® TOGOGTA LOG dTVOLV TO TOGO cLYVA epPaviletal kO KaTaoTAOoN
UETA ad TOAAG Brjpato. MTopovLE VO, ATOUOVAOGOVE oL Od TIG YPAUUES TOL Ti-
VoKo Kol Vo OE@p1GOVUE TO SAVLGLO G TNV KATAGTAOT) LIGOPPOTiOG:

= ( 0.3139 0.2336 0.4526 )

Tt o€l Aomdv oV KaTdoTaoT 1660pomnioag; O ToAMATAAGIAGUOG LE TOV Ti-
VKO TOV LETOPACEDV APNVEL TO SLAVUCUA 6TOOEPO, ONANOT 1oYVEL TOGC:

TA=A

H napoandve e&icmon amotelel o eElomon WOTIUGV, TV OTO10 LTOPOVUE VoL AD-
COVLE Kol Vo, Bpovpie TiG 1010TNUEG TOV TTivaKa. Mo apy ki KOTAoToo TG 0AVGId0G
pumopet va elvoun m = ( 1 00 ) Kot TV omoia Pprokdpacte oty Katdotoomn 1.
Kabdg e€ehicovpe v katdotoon ovth HESH Tov Tivako petafdoemv, Bo KaToAn-
Eovpe v AN oty oTafePn KATAGTAOT 10OPPOTIOG TOV pag Oivel TG mBavOTNTES
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enpdviong kébe katdotaons. Teaucd Aoudv, apkel vo Avsovpe To cuatnua eE100-
ocemV NG €€10ONG WOI0TIUOV. XTO TOPASEYUd Hog:

0.2 0.6 0.2
7w = (m,m,m3), A= (03 0.0 0.7
04 0.1 0.5

0.2 0.6 0.2
TA=n <= (m,m,m3) |0.3 0.0 0.7| = (m,me,m3).
0.4 0.1 0.5

Avanticoovpe TIC EEI6MOELS:

(71 = 0.2 + 0.3m + 0.473,

g = 0.67T1 + 0.07T2 + 0.17T3,

\71'3 = 0.27T1 + 0.771'2 -+ 0.571'3,

KOl EI0AYOLLLE KOl TNV GLUVON KT KOVOVIKOTTOINoNG:

7T1+7TQ+7T3:1.

H cuvOnxm kavovikomoinong eival amapaitnm kabng kabe ToAaTA0c100TL-
KOG Tapayovtag TG Aong g e€lcmong I10TIL®Y Tapapével Abon g eElomong
a@o¥ amiomoteiton kot ota dvo pépn. Katd avtdév tov tpémno, eacoarilovpe kot
NV EPUNVELN TOV ATOTEAECLATOG MG TOOVOTNTA, 0pOoV TO GBpoIoHa TOV TOUVOTH-
TV vo Bpebovpe o€ Kamola Tuyoia katdotaot npénet va abpoilel otnv povéda. H
Adom Tov TaPUTAVE® GLGTAATOG, Elval aKpPdg 1 AVon Tov BprKapE TOAAATAACI-
Covtag Tov mivoka petafdoemv pe Tov avTO T0L TOAAEG popéc. [Tpoxetton PEPara
YL TOV 0AYEPPIKO VTOAOYIGHO TG CTOUTIKNG KOTAVOUTNC.

Ba gAéyEovpe ta mapondve pe Evan omAd KOS, 0 onoiog TpmTov Bo Av-
ver v e&icmon 110THdY vroAoyilovtag TV avapevopevn mbovotnta epeaviong
kd0e kotdotoong kot Emetta Bo TpEEet TV aAvcida Yo TANOmpa Pnpdtov dote va
emPBePardoet o amoteAESHATO. AEITE TOV KOIKA TOPAKATO.

1| import numpy as np
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# Our example transition array
A = np.array ([

[0.2, 0.6, 0.2],

(0.3, 0.0, 0.7],

(0.4, 0.1, 0.5]
D

# First, lets find the theoretical stationary distribution
# We solve the eigenvalue equation A = with 1+2+3 =1
W, v = np.linalg.eig(A.T)

stat = v[:, np.isclose(w, 1)]

stat stat[:, 0].real

stationary = stat / stat.sum()

print ("Theoretical stationary distribution:")
print(stationary)

# Lets simulate the Markov chain to check the theory
n_steps = 100_000
counts = np.zeros (3, dtype=int)

# start from state 0. It doesnt matter what state we choose
# 0,1,2 represent the example states 1,2,3
current = 0
for _ in range(n_steps):
counts [current] += 1
current = np.random.choice([0, 1, 2], p=A[current])

empirical = counts / counts.sum()

print ("\nEmpirical frequencies after 100000 steps:")
print (empirical)

Listing 2.3: This piece of code runs the Markov chain of our example both
theoretical and empirical.

To mapamdved KOPUATL KO Oeiyvel LEPIKES OO TIG EVIVTOGLUKEG OLVATO-
NTEG TOL nUMpy. Apyikd, oy ypouun 12 BPAEmovE TS LIAPYEL EVTOAN Y10 TV
aVTONATN ADOT EVOG GUOTHLATOG IOLOTIUADV. XPEldLeEToL OGTOGO VoL A\OGOVLE Y10 TOV
nivaxa AT Adyw Tov 611 N elcodoc Oswpeiton oe poper oTAANG. Avvovpe dnladn
mv ekicoon ATnT = 77 H petaPint) w eivor éva Siévocpia pe T1i¢ 110 THéG, v 1
petafAn v évog mivaxog 3 eni 3 pe kdBe GTNAN TOL VO AVTIGTOLXEL GTO AVTIGTOL(O
od1dvuopa Kabe wotiuns. 'Enetta, apkel vo kpaticovpe v 1010TIUn ion pe v
Hovada 1 omoio AVTIGTOLXEL 6TV OTATIKN KATAGTACT TG 0Avcidag Markov.

Aglte Tdpo TNV €vToAn oty ypouun 29. Edd emAéyovpe tuxaio v endpevn
katdotaot. O mo anhdog Tpomog Ba tav va emiééovpe Evav Tuyaio aptOpd opod-
popeng xatavouns and to 0 £émg to 1 kou pe o evrodn if else if va dakpivoope
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nepmt®cels. To numpy €xel TpofAEYEL ALTH TV AVAYKN LG Kot (oG divel EToyun
v Aon. H tpot mapdpetpog divel tovg ap1Bpotg amd toug omoiov Ba yivel n emi-
Aoyn, evd M 00 TEPN TOPAUETPOG divel TV Papdtnta pe v omoia emiéyeTon kKéOe
ap1Ouog. Current yio epdg eivat n TPV KATAGTOGN, 1) LOVOOIKN TOV oG £XEL OT)-
pocio otnv cuvéyela g aAvcidoc. 'Etot, avaioya pe v topwvi katdotaon 0,1 1
2 emAéyoviot g PBopdTnTeg N AVTIGTOLYN YPOLLLY| TOV TIVOKO LETARAGEWDV.

To amotéAeopa gival T0 TOPAKATO:

Theoretical stationary distribution:
[0.31386 0.23357 0.45255]

Empirical frequencies after 100000 steps:
[0.31487 0.23303 0.45210 ]

Katd avtdv tov tpodmo, n aAvcida akorlovbel Tov vOUo Tmv HeydAmv aplOpmv
napoTL N ThovOTHTO KAOE EMOUEVNG KATAGTOONG ivol deopeLUEVN OO TO OOTE-
AEGLLOL TOV TTPOMYOVUEVOL BTILLOTOG.

2.4.3 Mixing Time

O xpovog avapeéng (mixing time) pog aAvcidag Markov givat o ypdvog uéypt
N aAvcida Markov va mAncidoet v katovoun g otabepnc kotdotoong te. Ei-
OOLLE TG 0L L) TEPLOOIKT] KO LT OVOYDYLUT] 0AVGTION EYEL L0l LOVALOTKT] KOTOVOLT
7 Ko ave&hptnta amd TV apyKy Katdotao, 1 Katavoun e aAvcidag 6to ypovo
t ovykAivel oto T KaO®OG 1O ¢ TElvel oTo Amelpo. 'Etot, pia aivcida Markov dev €xet
VAN, 1 0AADG 1 0pYIKY] KOTAGTOOT gV ENNPEALEL GTO EAGYIOTO TNV KATACTOON
ooppomiag. To mixing time petpd Aowwdv to OG0 ypnyopa n ahvcida Eexvd tnv
apykn katdotaon e cuvénela to ke detypa va Bewpeitan oxedov avelhptnro.

g oyéon pe ta ToAvToma. Kot TV SerypatoAnyia o avtd mov Ba dodue otnv
GUVEYELQL, UTOPOVLLE VO, 0piGOvLLE TO mixing time wg e&h¢: 'Eotm moltomo P C RY
Kot oAvoida X, X1, ... LE OTATIKY] KATOVOUN T £5T® OLOIOLOPPN EVTO TOV TOAVTO-
7ov. O XpOVOG AVAUEIENG tmin (€) €lvar 0 pikpOTEPOG aptOUOG 0mtd Prpato ¢ TETOL0G
oote 1 Katavoun X; Eexvavtag amd orotodnmote onueio Xy € P va Ppioketan
o€ amdOoTACT HKPOTEPN OO € amd TNV KOTOVOUT IGOPPOTIOG 7 (G TPOG TNV OAIKY
HETOBOAN).
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tmix(8) = inf{t >0

sup HIP[Xt € - ’ Xy = xo] — 7THTV < 5} .

roEP

®uunBeite 10 Tapddetypa TNG TPOMNYOVUEVNG EVOTNTOGC. X€ KAOE Prpa, 1 KoTa-
voun TV movoTH TV EUEAVIoT g Kabe Katdotaong Tpocsceyyilel OAo Kol meEPLo-
00TEPO TNV oTabepn Katovour. Ao KATO10 onpelo Kot EmelTo AoV, 1 Slpopd
aTY] YIVETOL GUVEXDS LKPATEPT] £T61 OOTE OGO PIKPO apBud € Kot va eMAEEOLLE,
va 1oy0eL N Tapomdve cuvinkn. And to onpeio avtd Kot TEPa, Bewpovue TMG TO
cvoTnUo £l EEXYAGEL TNV OPYIKT KATACTOON KOl TO LETEMELTO Otypata elvat ave-
EGptnro peTa&y Tovg,.

Otav yo mapddetypo OEAOVUE VoL EMTHYOVLE L0 OPLOIOLOPPT) KATOVOUT EVTOG
EVOG TOAVTOTOV, TO aPYLKE delypata evog TUXOIOL TEPITATOL EYOVV GpEST) GYEON
pe to onpeio ekkivnong. Avtifétwg, énetto and kdmoo apBud Pnudrtwv, ta dely-
pato Tov Topdyovot o avtioToryohv 6Ty KoTtavoun 6tdyo. ZUVET®MG, T frpata
TOV mixing time amoteAoVV ToV EAAYIGTO aplOUd PNUATOV DOTE VO TETOYOVUE TNV
{ntovuevn Katavour| eviog Tov ToAVTOmov. Av 1 derypotoAnyio mepthapufavel A-
yOTEpQ Pripata, ovtd Katd peydin mbavotra Ba sivar cuoyetilopevo HeTa&d Tovg
kot dgv Ba avtamokpivovtal 6TV KaTovVoun 6TOYO.

2.4.4 Ball Walk

H amotvyio Tov accept - reject sampling yio tnv derypotoinyio o€ moAAEG Ola-
OTAGELS LOG 0ONYEL AvATOPEVKTO 6TV aval)Tnon OlaPopeTIK®V UeBOd®V deTypa-
tolnyiog, Wwavikd aveEdptnteg Tov aplfpod tov dtuctdoewv. H mpd amd avtég
11 peBodovg elvan n ovopaldpevn ball walk to dvopa g omoiag Oa yivel katavontd
OTY GULVEYELOL.

Aswpodpe éva Tolhywvo Tuxaiov Stactdceny P C R? xon wa aktive r > 0.
Apyikd, emA&yovue €va apytkd onueio eviog ToV TOAVYOVOL Ty € P. X1 cuvé-
xel, Bewpovpe TV vrepoeaipa e KEVTPO To onueio xg kKo axtiva r. Ovopalovpe
NV VIEPGPAipO AT “UTAAR” amd OTOL TPOEPYETOL KOL 1) OVOpGio TNG LeBddov.
Agtypotoinmrovpe Aowdv, and T undra B (z, 1) opoldpopea. Av to detypa Bpi-
OKETOL EVTOG TOV TOAVYADOVOL, ONAaON u € P, t0te 10 amodeydpacte Kot OEtovpe
11 = x1. To delypo yivetal Tdpa To Koatvovpylo KEVTPO oo To 0moio oyedtalovpe
™V VIEpoeaipa pe oktiva r. Av u ¢ P, 161e 10 anoppintovpe kot cuveyilovpe
TV detypatoAnyio evidc g idtog vepoeaipag £mg 6tov Ppovpe onpeio evtog Tov
moAvy®vov. H mapakdto eikova detyvetl ta Pripato g pneddoov.
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x0

\/

Zyquo 2.14: H pébodog tuyaiov mepurdrov ball walk. Eekivodpe and éva onpeio
T EVTOC TOL TOAVYDOVOL Kot BpioKovpEe TNV GQaipa pe akTiva 7 Kol KEVIPO TO Xp.
Aappdvoope €va dgtypa amd v oceaipo to omoio eA&yyovue eav Ppioketor vidg
oV TOAVYDVOVL. Xuveyilovpe pe Tov 1010 Tpdémo. H telkn didtaén twv detyudtmv
EVTOC TOVL TOAVYMVOV AKOAOLOEL TNV OLOOLOPPT KOTAVOUT, ONANOT 0 AOYOC OELy-
patwv/oyko gival otabepodg oe OAO TO TOADYWOVO.

[Mveton eavepn topa, to yoti n pébodog yapakmpiletor g MCMC. H odery-
patoAnyio Tpocopslmvel po. aAvcidoo Markov katd tnv omoia kKaOe véo meipapa
(n ebpeom evdg detypotog) etvar eEQPTOUEVO HOVO OO TO TPONYOVUEVE TOL, ON-
Aadn v B€om Tov KEVTPOL TG UTAANG O TNV OTTOi0L SEIYLATOANTTOVE GTO TAPOV
frua. H odvoida, Bdon g KaTaoKeLG TNG EXEL TIC IO1OTNTEG TOL E100LE GTO TOPEL-
derypo g mponyovpevng evotnrog. Etvat pun avaydyyn, oniadn kabe katdotaon
elvarl mpooPaciun amd OAeg TIC VIOAOUTEG £MET, amd Kavo aplfud Pnudtov Kot
amEPLOdIKT], SNAON dev VILApPYOLY PPdYYOL 6TOLG oToiovg M dladikacio eykAwPile-
tat. Telkd Aouwdv, 1 apyIkn KoTdoTaon, 1| 0AAM®G TO apykd oNUEID TOV ETAEYOVLE
woTte vo apyioeln detypatoAnyia ogv Exel onpacio a@ob n aAvcida dev xel Lvnun.
Ta detypata teMkd Oa KataveunBobv oe 6A0 Tov YKo Tov ToAVY®OVOL. EmmAéov,
N OTOTIKN KOTAGTOON TNG 0ALGIONG £IVOL 1 OLOIOHOPET KOTAVOU TV OEIYUATOV
€VTOG TOL TOAVYMOVOL Kot £TGL OEV Elval amapaiTnTn 1 YVOGT TG OKPPNG KATAVOUNG
TOV TOAVYMVOL EK TMOV TPOTEPWV.

INuavtikd poro moilel €0 1 emAoyn ¢ axktivog 7. Mukpr| axtivo kot o we-
piratog yivetor vepfolikd apyog pe Papd VTOAOYIGTIKO KOGTOC. ATO TV GAAN,
HEYAAN akTiva dlvel peydin mboavotnto ta deiypota vo fpiokoviot TEAKA EKTOG
™G Udhag kot £To1 1 dradikacio vo KoAldel kot va kootilet vtohoyiotikd. Idavikd
EMAEYOLUE TNV aKTiVO avdAoyd pe TNV YEOUETPia TOL ToAvy®Vov. KaAn emioyn
omotelel 1 avaroyio r ~ 1/v/d.
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Ag emPBePordcovpe TNV oNUOVTIKNY 1W10TNTO TOL 1oYLPILeToL TOC 1) TEMKN KO-
TAVOUN TOV OEYUAT®V £ival OLOIOROPON. e avtiBeon Le TO TapAdELYLOL TS TPOT)-
YOOHEVNG EVOTNTOG, KAOE KATACTOON TMPO 00MYEL O AMEIPES €V YEVEL KOTAGTACELS,
0ca ko to onpeio eviog e unarag. 'Etol, n mbovotnta petdfoong o kabe puo omd
OVTEG TIC ATELPEG KATAGTACELS etvan undevikn. ['a Tov Adyo awtd, avti tov mivaka
LETARACEDV XPNOLLOTOOVUE TP, TOV TupHva Markov o onoiog divel tnv mbovo-
mra petdPfaong avé povada dykov g pndrag K (z, dy). H mbavoémra petdfoong
TOPA, GE P10 KATACTOON EVTOS £vOG GuvOAoL B C K Ba divetal amd v oyéon:

Prob (X1 € B|X, =2) = /K (x,dy)
B

Mmnopovpe va defdcovpe to K ®g v mhavotnTa vo Tape ond TV KatdoTtoom
o€ £va LIKPO YOO YOpw amd TV Katdotaot y. Ontmg oty mepintwon g nenepa-
opévng aAvcidag to dfpotopa kb ypauung tov mivaka eival ico pe v povaoa,
€101 Kol €00 10YVEL TOG:

[ Ky =1

yeK

Kot 1 €€l0®oN WI0TIUGV TOL TPETEL VO ADGOVLLE Y10 TOV VITOAOYICUO TNG OTUTIKNG
Katovoung eivo n:

K =

2TV CLYKEKPIUEVT TEPITTOON, AVTL VO AVGOVUE TNV SVGKOAN KT TO. GAAQ
eElowon WoTHdV B ypnoorotcove po To gukoAn puébodo. Ioyvel to emod-
pevo Bedpnua (va kéve reference to paper): 'Eoto K o wivakog petofdcemv pog
alvcidag Markov X, kot vtoB€oTe TOG VILAPYEL KOTAVOUY| 7T TETOL0 MGTE VO IGYVEL
™ Ki; = 7 K;; (BopnOeite mwg K;; n mbavotnta petdfacng and Ty KatdoToon
otV Katdotaon 7). Tote n m eivon n otatiky Katavopun g alvoidog ko n X, etvan
avTIoTPEYIUN o€ oxéomn pe to 7. H amddei&n tov napandvem eivor amin:

ZTFLKZ‘J‘ = Zﬂ'jKji = TerKﬁ = 7Tj
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Kot ovvenwg ™ = wK, dpa 7 elvol 6TATIKY KATOVOUN 0pOAV tkavomotel TV e&i-
oMo WIOTIUOV.

XPNOOTOIDVTOS TV 1010TNTO OVTH, OPKEL VO LOVTEWYOVUE TNV CTOTIKN Ko
Tavoun Kot va dokipdoovpe ov emPefarmvel To Oedpnua. ‘Etor Aondv, €6t 7 1
KOTAGTOGT) OLOOLOPONG KOATOVOUNG:

1
dy) = ——=d K

omov A\(K) givar o 0ykog tov K.

Moz, y € K pex # y, £ovue nog:

1 1
dr) K (z. dy) = dx - L toyi<r dy,
m(dz) K (x, dy) NE) M Vol(B(0, 1) Hlevi<r 4

KOl TOPOLOTMG:

1 1

m(dy) Ky, dv) = 305 W GoiBo.,

Leijy—zl<rm dx.
)) {lly—=lI<r}

Onag ja—yj<ry = L{jy-oj<r}, Kot EnETON TG

m(dz) K(z,dy) = n(dy) K(y, dx).

Emeidn n mpotevopevn katavoun eivotl GOUUETPIKY 6T T KO Y, IOYVEL TO Oe-
opnua Kot apa K = 7. ZUVEm®S, 1 OLOIOLOPON KATOVOLT OTOTEAEL GTOTIKY Ko
TOVOUN TNG AALGIOAC TOV TVYOIOV TEPTATOV.

Mo KoAN EpMTNOT TOL TPOKVATEL OO TNV TAPATAVE® OVIAVCT) 0LPOPE TO TOLA
etvau n apywn katdotaon e aAvcidoc. Mropet va ivat omotodnnote onpeio eviog
TOV TOAVTOTOV, AOY® TNG WIOTNTOG TG AALGISNG VO NV KPATd LvAun, 0AAG ELELS
dev EEpovpe KavEVa TETO0 ONUELD. ZVVETADGC, 1| EVPECT VOGS aPYIKOV onueiov omd
omov Oa Eekvnoetl N detypatoAnyia yperaleton Eexmpiotn avdivon 1 omoio Oo @a-
Vel 6To mopddetypa TG enopevng evotntag. H yevikn pébodog yia tnv edpeon £vog
KatdAAnAov onpeiov gival o YpoUUIKOG TPOYPAUUATIGUOGC.

Oocov agopd to mixing time ¢ pebddov, cHppova pe v Pploypapio stvor
™G TaéNg Tov:
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O (dQRZ/r2 -log (é))

Omov R Ko 7 glvon 01 OKTIVEG TNG TEPLYEYPOLUEVNG KOL TNG EYYEYPOUUUEVNG UTAAOG
07O TOAVTOTO.

2.4.5 Eogappoyn g pneddéodov ball walk

Xto mponyovpeva eldape v Bewpio kot TNV Aoyikn wiom ond v pébodo
ball walk. ITpoketton yio puo yewpetpikn péodo tuyaiov mepurdtov tng Katnyopiog
MCMC v omoia kot 8o SOKIAGOVE EVOVS AUECHS LE VA XOPOKTNPLOTIKO TaLpd-
OELY O, TPDOTO OTIG ATOADTOG KOTOVONTEG SVO OL0GTAGELS, AAAL EMEITA KOl GE TTOAAML-
TAEC OL0OTAGELS. Apykd €lvol omapaitnTo Vo LEAETCOVUE KATOl0 E101KA OEpata,
TaL 0700 arodEKVOovTOL (OTIKNAG onuaciog oty epapuoyn g pebodov. To tpmTto
Ao VTA 0LPOPE TV OLOLOLOPPN dELYHOTOANYia Thve og pia vtepoaipa. Ensita
oo TV oxedlaon TG LIEPCPAIPAS LE KEVTPO TO TPONYOVUEVO £YKLPO dElyLaL, TTPE-
mel va fpovpe Eva Tuyaio onueio evtog avTiG.

Ag Eextvnoovpe opilovtog Ta avTIKEIEVO QVTA. XPMOLUOTOIOVE TOV OPO LTTEP-
oQaipa Yoo vo avagepBodue ot YEVIKN €KO0YN TNG oaipag o€ Evav avbaipeto
apBpd dwotdoewv. ‘Etol, 1 diod1dotatn vaepspaipa Kot 1 TPIGOAGTOTY VITEP-
oQaipa AVTIGTOLYOVV, AVTIGTOLY, G ALTO TOL GLVNO®G OVORALOVIE KUKAO Kot
o@aipa. Mmopovv emiong vo opioTovV VITEPGPAIPES e TOAAEG TEPIOCOTEPES O10L-
GTACELS, OKOUT KOl OV 1) IKOVOTNTA LOG VO TIG ATEIKOVIGOVUE VL TEPLOPIGLEVT
amd TV KAOMUEPIV LOG EUTELPIN TOV TPIOIAGTATOL YDPOL (TPOCTAONOTE Y10, o
OTLYUN VO QAVTACTEITE TV OYN Lo 0Qaipag o€ TEGGEPLS S10GTAGELS). 26TOGO, Yo
va yArooovpe amod to va dtofdlovpe ToAAEg pokpég AEEels, Bo avapepOLOOTE OTIG
vrepo@aipec andd og opaipec. EmmAéov, yio Adyovg amdotntag, Ba eEetdcovue
UOVO TNV TEPIMTOON TNG LOVADAS cPaipag, 1 omoia £yl axtivar = 1.

I'vopilovpe 10N va derypatoAnmrode oe pio opaipo PEGm TG accept-reject
peBddov Omov apkel va Ppodue Evav kOPfo mov v meptEyel. Qotdc0, N HEB0dOC
Katappéel 6 TOAEG d1oTdoels. [ Tov Adyo avtd xpelaldHaoTe po SopopETIKY
TpocEyyion ent Tov BEpatoc. Oa ¥PNOLOTOMGOVIE TNV KAVOVIKT (YKAOVGLOVT)
katovoun. H xotavoun avtn £xet v evolapEpouca 1010TNTe TMG 0 GLVOLOGHOG d
aveEOPTNTOV TETOLMV KOTAVOU®MV ONUIOVPYEL LU0l IGOTPOTIKY| KATOVOUN GE d Ola-
otdoelc. lootpomikn onpaivel opotdpopen o€ OAeS TIG KateLHHVOELS. LVVETMS, GE
omota katevBuvor and 10 KEVIPO TG oPaipag TPog ta £E® Korta&ovpe, Ba Bpovpe
Thveo KAT® ToV 1010 apliuo detypdtmv.
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O K®dKaS Yo va deiEovE TOV TOPATAVE 1oYLPIoUO Elval aTAOG. EEKIVOVTOG
amd TG 6Vo OoTAGELS, Bewpolpe Eva KOKAO pe k€vipo to 0 kot aktiva 1. Taip-
VOuUE TP, TUYaio dtavdcpata, kibe cuvtetaypévn twv omoiwv Tpoépyeton omd
éva Toyaio appd g kavovikng katavouns x,y ~ N (0, 1). Torobetodue ta on-
peto aLTd 6TO YPAEN O ACTE VoL LEAETHGOVLLE TV KOTOVOUT| TOVG.

n = 1000

X = np.random.normal (size=n)
y = np.random.normal (size=n)
# Plot

plt.figure(figsize=(6,6))
plt.scatter(x, y, c="cornflowerblue", s=20, alpha=0.6,
edgecolors="none"

s plt.xlabel ("x"

plt.ylabel("y")

plt.title("1000 random points (Gaussian)")
plt.grid(True, linestyle="--", alpha=0.5)
plt.show ()

Listing 2.4: We sample 2D vectors using the Gaussian Distribution.

To amotéhespa POIVETAL OTNV ETOUEVT EIKOVAL.

1000 random points (Gaussian)

Zyuo 2.15: Zro ypaenuo PAEmovpe tomobetmuéva 1000 delypata. H z ko n y
ovvteTaypévn kdbe detypatog £xovv TpoéABetl Tuyoio amd TV KOVOVIKT KOTOVOUY
pe pnécso to 0 ko amokAion 1.
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270 GYNUO TOPATNPOVUE TNV LIOYio EVOG KOKAOV OAAG LLE TO TEPICTOTEPQ
onpeia eotialovion yopw amd to KEVTPO. Xg khbe mepintmon OUWS, N 1G0TpOTia
G Kotavoung tvar dedopévn. EmmAéov, yia tnv KovoviKy Kotovour 1oyVel Tmg
f(z) < exp (-3 Hq;||2) ue ovvéneia N mhavotnta derypdtov ot Oplo Tov KHKAOL
va givat pkpn KaBdS LEYaADVELT) amdSTAoN 0d TO KEVTPO. 2T GLVEXELD delyvou e
KOLL TO OTOTEAEC LA Y10l TIG 3 OLUCTACELS.

1000 random points (3D Gaussian)

Zyqua 2.16: Zto ypdoenua PAémovpe tomobetnuéva 1000 delypata. H 2, n y koun z
ocvvteTaypévn kdbe detypatog £xouv TpoéABetl Tuyoi OO TNV KOVOVIKT] KOTAVOUN
pe pnéco to 0 ko amodkAlon 1.

AV Ko 1 KOTAVOUES ALTEG EIVOIL LIGOTPOTES, OEV EIVOIL OLLOLOLOPPES OTTMOGS ATOLTEL
n néBodog ball walk. [1pénet va petatpéyovpe avtd 10 chHvvepo amd onueia e P
télela opaipa. O TeAKOG 6TdYO0G elval va KATAANEOLLE G pia GTOOEPT TIUN Y1 TO
onueia/oyxo. [Ipénel va tpoceéovyie Wiaitepa kabmg 660 amopaKpLVOLACTE 0nd TO
KEVTPO, 0 OYKOG TNG GPAIPOS LEYOADVEL EKOETIKA Kol Apa YpeLdlovTal TEPIGTOTEPOL
onpeia Tpog 10 AKPO TG GPAIPUS DCTE VO TETVYOVLE TNV OUOIOLOPPT] KOTOVOWUT).

Apyikd, Kavovikomolovpe Kae dtdvuouo ®oTE To PETPO TOL Vo eivarl petald
0 kot 1. Apkel va droupéost kaveig pe v vopua tov davoopotos u = z/||z||.
21N GUVEYELD, TOPOTTPOVLE TOG O OYKOG THG 6Qaipag avédvel aviloyo pe to ¢
(Bounbeite 11 oYéoelg mov divouv TV emMPAvELN EVOG KUKAOL KoL TOV OYKO HLOG
opaipoag). Tote, av OEAovLE OLOIOLOPPT] KATAVOUT TPETEL:



2.4. T'EQMETPIKOI TYXAIOI IIEPITIATOI (MCMC ME®QOAOI) 47

Vv (r) T\
Pllz] <) = = = (5)
Av mopay®yicovpEe ®g TPog 7

d
fr) :@rd’l,()grg 1

Avtn givon 1 aKTIVIKT TOKVOTNTO THOVOTNTAG 1| OTTOle TEPTYPAPEL KOl TV OLOLO-
Hopon Kotovoun otnv oeaipa. o tov okond autd, KavoviKomoloOue TV VOPLLOL
60 Seiyparog pe Tov apdpod p = R-UY4 pe U éva toyoio deiypo Tng opoipopeng
katavoung amd to 0 oto 1, U ~ uniform[0,1]. O petacynuaticndg Aettovpyst
KaOdG Ta detyparta Oa KaTovEHLOVTOL TOPO OC:

r rd rd
Plosn=p(U<q)=r(U<(z) )= (5)
(<) =R =\r R
pe pokvotta Thovotnta wov SiveTal amd TNV Tapay®YIoT) OC TPOGS I KoL Gpo 1Ko
VOTO1EL TNV OLLOIOLOPOT] KATOVOULT).

O K®dKaG etvon oYeTIKA amAdC KaBmG To nuMpy TEPIEYEL ETOYLES GUVAPTIOELG
oV AHVOLV Ta TEPLGGOHTEPA TPOPANLATA HLOG:

def sample_ball(d, r=1.0, n=1):

This function samples n points uniformly from a d-dimensional
ball of radius r.

Args:
d : int
Dimension of the ball
r : float
Radius of the ball
n : int
Number of points to sample
Returns:

numpy array of shape (n, d)
#Sample Gausstian vector for direction
z = np.random.normal (size=(n, d))
norms = np.linalg.norm(z, axis=1, keepdims=True)
u = z / norms # unit wvectors
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#Scale samples using R * U~(1/d)
u_radius = np.random.uniform(0, 1, size=(n, 1))
rho = r * u_radiusx*x*(1/4d)

return u * rho

# --- Lets run the 2D case --—-
n_points = 5000
samples = sample_ball(d=2, r=1.0, n=n_points)

plt.figure(figsize=(6,6))

plt.scatter(samples[:,0], samples[:,1], s=5, alpha=0.6)

circle = plt.Circle((0,0), 1, color='r', fill=False,
linewidth=1.5)

plt.gca().add_artist(circle)

plt.gca() .set_aspect('equal', 'box')
plt.title("Uniform samples inside a 2D ball")
plt.show ()

Listing 2.5: This code samples n points uniformly from a d-dimensional ball of
radius r and displays the result.

Agite Tig ypoppég 16, 17 ko 21. TIpoxettal yio £TOUEG EVTIOAEG TOL NUMPY TOL
Bpiokovv Tuyaies TIHES €0 kaTovOouES 1} LIToAoYiovv avTdHOTA TIG VOPUES dLovy-
opdtov aveopttog dactdoemv. To anotélespata Tov divel 0 TaPUTAVe KO-
KOG QAIVETOL OTIC EMOUEVEG EIKOVES, TpOTA. Y10 TNV 2D Tepintwon kot Enetra yio tnv
3D.

Uniform samples inside a 2D ball

-1.00 -0.75 -0.50 -0.25 0.00 025 050 075 100

Zyua 2.17: Zro ypdoenua PAémovpe tonobetmuéva 1000 delypata. H z, n y koun z
ocvvteTaypevn kabe detypatog £xovv TpoéABetl Tuyoia amd TNV KOVOVIKY] KOTAVOUN
pe pnéco to 0 ko amodkAlon 1.

Datvetonr OOV TOS EYOVUE TNV COGTI KATOVOUT EVTOS TNG UTAANG. XVVETAOG,
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Uniform samples inside a 3D ball

Zyua 2.18: Zto ypdoenua PAémovpe tonobetmuéva 1000 detypata. H 2, n y koun z
ouvvteTaypévn Kabe detypotog yovv TpoéABetl Tuyaio 0md TNV KOVOVIKE KOTOVOUN
pe pnéco to 0 ko amodkAion 1.

n ddikacio pe v onoia Ba maipvovpe detypota amd Tig UndAeg Katd TV ddp-
KELOL TOL TVYOIOVL TTEPITATOV gival ToOpa Katavont. 'Eva onuavtikd mheovéktnuo
NG TOPATAVE HEBOOOVL LE TNV YPNOT TNG KOVOVIKTG KOTAVOUNG elval Twg Ogv Yi-
VETOIL EAEYYOGC Y10 TO OV TO TPOKLATAV delypa avikel otnv umdia. Olo to delypata
OV TPOKLTTOVV PpioKovtal Giyovpa EVIOC ALTNG, OPKEL va EMAEEOVIE COOTA TIG
TOPAUETPOVS TNG UTAAOG KOTA TNV EKTEAEGT] TOV KOJIKA.

Olo ta mopamdve BEPata, agopodv o pndic oy apyf Tov advov Kot
pe axtiva r = 1. Qo1600, Kotd TV d10dKAGia TNG SEYUATOANYING, TO KEVTIPO
™G uraiag Bo petafaileTon KOs eopd avaroya pe to Tpéxov oelypa. H avriyue-
TOTION VNG TNG OLOKOATNG elval apkeTd €0KOAN. MmopolLEe Vo cuveyicovpe va
OEIYHOTOANTTOVUE OO [0 W0AVIKY UTdAa otV apyn TOV afOvov Kot aming va
TPOGHEGOVLLE OTIC GUVTETOYHEVEG TOV OETYHATOG, TO VEO KEVTPO (Trenmos Yreiwo) =
(Zapyinos Yapyiro) + Crevrpov- Ol EVIOAEG TOV KOSIKOTOLOVV TNV GUUTEPLPOPE OWTH
elval ol TapakdTm:

#Consider a mew random center
center = np.array([2.0, 3.0])
#and a smaller ball radius

radius = 0.5
#Then, sample points inside a ball with given center and radius
samples = sample_ball(d=2, r=radius, n=n_points) + center

Listing 2.6: In order to sample from a ball with a random center, we just translate
the coordinates of the sample to the new center.




50 KEDAAAIO 2. BAXIKEY MEOOAOI AEII'MATOAHYPIAY

H opotdpopen kotavoun tov Setypdtomv 6V 0ALOIOVETOL 0lTd TETOEG YMPIKES
LETOTOTIOELS, L GLVETELD 1] TPOGHEST] TOV GLVIETAYUEVOV TOV VEOL KEVIPOL GTA
delypota, omAd vo To LETATOMIGEL 6TO EMBLUNTO GNUEID GTO YMDPO.

To emdpeEVO TPOPANU CLPOPA TOPO, TNV EVPECT] EVOS APYIKOV OELYLLOTOG EVTOG
TOV TOAVTOTOL Ot TO OO0 VoL EEKIVIAGEL O TVYOHOG TEPIMATOG. TV TEPIMTMOOT| TOV
10 TOAVTOTO JIVETOL G VAL GHVOLO OVIGOTHTMV, 1] KaADTEPN HEBOSOC Elvart o Ypo-
KOG poypappatiopoc. [pokertoan yuo po péBodo PeAtiotomoinong evog povté-
AOV, T AVTIKEIPEVA TOV 00OV EKPALOVTOL GTY] LOPPT aVIGOTT®V. TETOL0L £1d0VG
wpoPAnuota BeATioTomoinong UTopel va apopohv OTIONTTOTE, OTMG TNV LEYIGTOTO-
nomn tov kEPOOLG 1 TNV EAAYLGTOTOINGN TOL KOGTOLG oG Totpiog 1 v €0peon
€VOG onpeiov 6To E0MTEPIKO EVOG TOALTOTOV.

O ye®PETPIKOG TOTOG TOV CNUEIMV TOL TKOVOTOOVV TIC AVIGOTNTEG TOV TPO-
BAnpatog etvan éva Kuptd TOAVTOTO, 0oV KdbBe avicoOTNnTa TOVL 0plobeTel TO TPO-
BAnua avtirpocsmreveTol Le pio vbeia otov d1d1dotato Yopo. To TpdPAnua g
BeAtioTomoinong apopd v 0pect (oG HEYISTNG 1 g EAAYLoTNg TIUNG. Ot TYéG
OVTEG AVOYKOGTIKA PpioKoVTol 6T Kpo TOV YEMUETPIKOL TOTOV, dSNANIN TAV® OTIG
KOPLPEG TOV TOAVTOTOV.

Ag dovue éva amdo Tapaderypo. Ocmpnote T BELOVUE VO LEYIGTOTOMGOVE
™V TocdTTA 371 + 229 LE TOVG EENC TEPLOPIGUOVG: X1 + X2 < 4,21 > 0, 29 > 0.
210 TOPASEYLA OVTO VITAPYOVV TPELS AVIGOTNTEG TTOL TPEMEL VO TKOVOTOLOVVTAL.
KdéBe avicdtra delyvel éva nuueninedo oto diodidotato yopo. H toun dAmv tov
NUETTEI®V OVTOV, OIVEL TOV YEMUETPIKO TOTO TMV CNUEIDV TOV TIG TKOVOTOLOVV.
210 emOUEVO oyNUa £xovue oyedldoet Tic evbeieg Tov avTIGTOXOVV GE KAOE OVIGO-
TNTO KO £YOVUE YPOUATIGEL TNV TOUN TOV NUIETUTEI®V TOL 0pilovv.

H peyiotomoinom g {ntodpevng nocdtrag yivetat o€ kémota Tiodosio mov
AVTIGTOLYEL GE KOPLPT TOL TOAVTOTOV. TNV GUYKEKPIUEVT] TEPITTOOT] EYOVUE TIG

TPELS €ENG KOPLPEG:

Vertex (x1, zo) \ 3r1 + 225
(0,0) 3(0) + 2(0) = 0
(4,0) 3(4) + 2(0) = 12
(0,4) 3(0) +2(4) = 8

Yuvenmg, n PEATIGTN Ao Yo To TpdPANa avtod givoin 21 = 4 kot x5 = 0.

2TV TEPINTMOOT EVOG TOAVTOTOL 0 GKOTOG Lo dev elvar akpipdg 1 Pertioto-
moinon Kamoag TosoTNTAC, TaPd 1N EDPECT EVOG £YKVPOL GNUEIOL YO0 TO GHVOLO
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Feasible Region : z) +x2 <4, x1,20 =20

(0.4) _x1+x2:4

Feasible region

05 0 0.5 1 15 2 25 3 35 4

Yymua 2.19: Z1o ypaenpo BAETOVE TO YDPO TOV CNUEIDV TOV 1KAVOTOL0VV TOVTO-
YPOVO OAEC TIC OVIGOTNTEG.

TOV avicoTTeV Tov dtebétovpe. To onueio awtd umopel va ypnoipomondel yo
TNV EKKIVNOT TOL TUYAIOL TEPTATOV.

[Na kaAn pag toym, N python mpoceépet Etola makéta yio v entivon evog
TPOPALATOS YPOUULIKOD TPOYPOUUaTIGHoV. ['la Tov AdYo anTod ag Bewprcovpie KTt
AMyo moto ocVuvBeTo. Oewpove To €ENG TOAVTOTO:

Ty + @9 < 4,
ry —mxg < 1,
—x1 + 229 < 2,
T, + x5 > 0.5.

Ot avicotnteg mpémet va divovtatl otny popen Azr < B yuo avtd Kot v TeEdevtoio
avicodtrta v PAEToVE G —x1 — 2 < —0.5. Mmopobe va d0VLE TO YEMUETPIKO
TOTO TOV AVIGOTNTOV AVTOV 6TO oynua 2.20.

[N 1o oA ywvo awtd, Bo YPNCLOTOGOVLE YPOUULIKO TPOYPALUUATICUO DCTE
va Bpovpue éva BEATioTo onueio mov kavomotel OAeg Tig avicdtntec. Ommg avapé-
POLLLE KO TTPOTYOVUEVAGC, O OPOKTNPIOUOG BEATIOTO dEV £XEL £OM 1d10{TEPT ONUAGIL.
Mo apkel éva onpeio vioc Tov TOAVYDOVOL, 0POV OTOI0ONTOTE KoL oV Eivail oLTO
M KOTOVOUN LETE ammd opKETH PrLLOTO KOTAATYEL TAVTO OUOLOLOPOT).

Aglte tdpa OG0 £0KOAO €lvar TO TPOPANLLOL TOV YPOUULIKOD TPOYPAUUATIGHOD
pécm Tov makétov Scipy g python. Apyucd, opilovpe T0 GUVOAO TOV AVIGOTNTOV
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Feasible polygon

Yymua 2.20: O yeopeTpikodg TOTOG TV CNUEI®V TOL TKOVOTO0VV TOVTOYPOVOL TIG
OVICOTNTESG TOL TOPOOETYLLOTOG.

o€ HopeN TivaKa:

import numpy as np
from scipy.optimize import linprog

# Objective function (we just want a feasible point, so we set to
zero)
¢ = np.array ([0, 0])

# Inequalities in the form A*xxz <= b as required
A = np.array ([

[1, 11, # xl + 2 <= 4

[+, -11, # xl - z2 <= 1

[-1, 21, # -zl + 2z2 <= 2

[-1, -1] # -x1 - 22 <= -0.5 (z1 + z2 >= 0.5)

iD)
b = np.array([4, 1, 2, -0.5])

# No explicit bounds needed. The inequalities will define them.
bounds = [(None, None), (None, None)]

Listing 2.7: Here, we define the inequalities as a numpy matrix.

H Paowkn Agttovpyio T0U KOSIKO TPOYLUATOTOLEITE e TNV TOPAKAT® EVTOAN:

# Solve linear program
res = linprog(c, A_ub=A, b_ub=b, bounds=bounds, method='highs')

Listing 2.8: This line solves the linear programming.
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H ocvvaptnon linprog déxetar ta dedopéva 160000, EMAVEL TO TPOPAN LA LLE TN UE-
0060 HiGHS kot emotpéeet To amotéhespa 6o avTikeipevo res (1] TNV omotuyio e
Monc). H pébodog HIGHS eivan pua apketd exhentoopévn péhodog, tkavr yio tnv
EMIALON TOV TEPLGGOTEP®V TPOPANUATOV G GHVTOUO YPOVO. ZVVIGTATOL OTI TTE-
pLocoTEPEC TEPMTOGEIS. OOV 0POPA TO AVTIKEILEVO TeS, AVTO EKTOG TOV OTOTEAE-
OUATOG TEPIAAUPAVEL KOl TOAAEG EMTAEOV TANPOPOPIES TOV UTOPEL VO LLOG POVOLV
ypnopes. To povo mov amopével TP £Ivol VoL TUTMGOVLE TO OMOTEAEGLAL:

if res.success:

feasible_point = res.x

print ("Feasible starting point found:", feasible_point)
else:

print ("No feasible point exists.")

Listing 2.9: To print the result, we first check if there is one.

To amotéAeopa gival T0 TOPAKATO®:

Feasible starting point found: [0. 0.5]

To oynua 2.21 deiyver mov Ppioketar to onpeio mov €yl emotpapel. Agv TpoxKeLTan
Y10 KATTO10L KOPLOY| TOL TOAVTOTOL 0ALA avTd OeVv £xel onpacio. To onuovtiko gival
TG IKOVOTOLEL OAES TIG avicdTNTEC. AVTO Aoy Ba givarn Kot To onueio apetnpiog
TOV TTEPITATOV.

Feasible polygon

0.8
06 [0, 0.5]

0475

0.2

02

ymua 2.21: To onpeio Tov EMGTPEPEL O YPAUUKOS TPOYPAUUATIOUOG.

AoV Moaype Kot To TPOPANUa TG €0pecng Tov onpeiov ekkivnong, LEVEL TP vaL
GLVOLAGOVLE OAO T TOPATAV® DOGTE Vo TpEEovpE TV péBodo ball walk.
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AVOKEQAUAUIDVOLLE:

. Apywd opilovpe 10 TOAOTONO OGS MG £VOL GHVOLO OVIGOTTMV.

. 21N GLVEYELD, AOVOVLE TO TPOPANLA YPOLLUKOD TPOYPOUUUATIGHOD DOCTE VoL
Bpovpue éva onpelo Tov avnKEL GTO TOAVTOTO.

. Me apempia to onpeio avtd, Eekvovpe Tov Tuyaio mepinaro.

. Zyedrdlovpe po pmdAa pe KEVIPO TO apyIKO ONUELD Kol KATOolo aKTiva Ko-
TGAANAN Y100 To ToAvToTo. Tlaipvovpe éva delypa e opolOLOpEN KOTOVOUY
EVTOC TNG UIAANG KOl EAEYYOVLE OV TKOWVOTOLEL TIG 0vVieOTNTEG. AV Ol TTolip-
VOLUE Kovovpylo detypa, ov vor To amofnkevovpe kot oxedtdlovpe po véa
UTTAAQ LE OVTO MG KEVTPO Kal 101 axtiva. Xvveyilovpe Katd ovTtOV TOV TOV
TPOTO Y10 OG0 SelypaTo EMAEEOVLLE.

H vAomoinon tov mapoandve adyopifuov cuvdvdlel A0 T TUNHOTO KOOTKO

nov £yovpe ot £mg Tdpa. Apyilovpe opilovtag To mapaderypd pog:

np.array ([

(1, 11,
(1, -11,
(-1, 21,
(-1, -1]

np.array([4, 1, 2, -0.5])

Listing 2.10: The first step is to define our polytope.

[Ipdkettan yio To 1010 TOPASELY O TOV XPNCLOTOMGOLE TPONYOLUEVOGS Y10l TV ETi-
Avon Tov ypappkob tpoypappaticpot. H emioyn BéPara tov moivtdmov dev emn-
pealel ToV KMOOIKO 6T GLUVEXELN, apKeL anTO va opiletan KaAdg Ko va eivon meme-
pacpévo. Emumiéov, ed® dovievovpe o€ 2 d106TAGELS. Ba SOVUE TNV YEVIKEVOT) GE
TEPLOCOTEPES OLCTAGELS GTNV GLVEXELO.

Xvveyilovpe pe YPOUUKO TPOYPOUUOTIGUO, Y10 TV EVPECT] EVOG OPYLKOL OT-

peio mov avnkel 610 ToAHTOMO Ko ad 1o omoio Ha Eekvnoet o Tuyaiog TepinaTod.

np.array ([0, 0])
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res = linprog(c, A_ub=A, b_ub=b, bounds=[(None, None), (None,
None)], method='highs')
if not res.success:
raise ValueError("No feasible starting point found!")
current = res.X

Listing 2.11: Use linear programming to find a starting point.

Opilovpe T1g TOPAUETPOVS TOL TTEPITATOV, dNANON TOV apBUd TV PrnudTov
mov emBovpovpe, kabmg Kot v axtiva kdbe PTdAag ovaAloyo Le TO GO TOV
derypotoinmrovpe. H aktiva dev mpémel va givor ovte oAy peydn, yoti Oo yd-
vovpe ToAAG detypata Ta otoia Bo amoppintovtal, 0ALG 00TE KOl TOAD pIKPn YioTi
Oa eE0VTANCOVLE TOLG VTTOAOYLIGTIKOVG TOPOVS YWPIG avTikpioud. Y TAPYEL TPOCEY-
YIOTIKEG TEYVIKEG DOTE VO EMALEEL KOVEIG 0L KOAT aKTiva, 0AAG TTpog To Tapov Oa
v 0écovpe eumEPIKA.

# _____________________________

# 3. Ball walk parameters

# _____________________________

n_steps = 40000

radius = 0.2

samples = [current.copy()] # store only actual positions

Listing 2.12: Set random walk parameters.

[Ipoympovpue todpa oty Kopdd g peBoddov, tov Tuyaio mepimato. Xpnopo-
TO10VUE TNV cvvaptnon sample-ball Tov mapovoidoape oto Listing 2.5.

# _____________________________
# 4. Ball walk loop

# _____________________________
n_accepted = 0

for i in range(l, n_steps):
step = sample_ball(d=2, r=radius) [0] # sample in current ball
proposal = current + step # find new coordinates

# check whether new point satisfy the inequalities
if np.all(A @ proposal <= b + 1le-12):

current = proposal # accept

n_accepted += 1 # count how many got accepted

samples.append(current.copy()) # add sample to list

samples = np.array(samples)

Listing 2.13: Execute the radnom walk.
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®oa petproovpe eMTAEOV TO TOGA o Uei YivovTal amodekTd, dNAadn Tov puouod
anodoync. o tov oxomd avtd opilovpe (o petafAnt mov va Kpatd avtd Tov
apOuo. T ovvéyetla Eekva o mepinatog. Tpéyovpe pio emavainyn e OA0 TO €V-
POG TV PNUATeV oL £Yovpe EMALEEL. EEKIVOVTAG AO TO apyIKO onpeio mov Bpn-
KOUE L€ YPOUUKO TPOYPAUUATICUO, YPTNCLULOTOLOVLLE TNV cuvaptnon sample-ball
omoia eMGTPEPEL £val Oely oL OLOLOLOPPONG KATAVOUNG TTAVD GE L0 GOAIPOL OKTIVOG
7 Kol pe KEVTPO To TpEYOV Oetypa. EAéyyovpe av avtd wavomotel OAeg TG avicdTn-
TEG KOl TPATTOVUE OVAAOYO, LE L0 HIKPY] VOYY] O€ OKPOIES TEPMTMOCELS OOV TO
onpeio TEPTEL KOVTA GTOL AKPO TOL TOAVTOTOV. Agite €0® TV dvvaun tov NumPy
otV ypauun 11. Me pa pévo evioin, divoovpe v odnyia va ereyydet av o mopdv
onpeio wavomotel OAEG TIC OVICOTNTEG.

KAgtvoupe extvnmvovtag tov puOud amodoyng detypdtov. e 600 J0CTACELS
UTOPOVUE VO ETITOYOVUE UEYOAES TIUES OTOOOYNG, OALA QLTH TEPTEL APKETO OGO
TPOYWPOVLLE OE TEPIGGOTEPES OLOGTAGELS OTMS Ol Yivel pavepd 6T GLVEKELD.

# _____________________________

# Acceptance rate

# _____________________________
acceptance_rate = n_accepted / n_steps
print ("Total steps:", n_steps)

print ("Accepted moves:", n_accepted)

print ("Acceptance rate:", acceptance_rate)

Listing 2.14: Print the results.

H £€o0d0¢ tov kKddwka etvon 1 €€Ng:

Total steps: 40000
Accepted moves: 35590
Acceptance rate: 0.88975

Amooyn oyxedov 90% esivon e€opetikn). 2otOC0, TOW Evol 1) KOTAVOUT OA®V
aVTOV TOV onUeiwv. Ac oyedidcovpe o Ypdenuo Torobetdvtag To onueion avtd
oto eninedo. Agite to oynua 2.22. To oynpa mwov tpokvmtetl Bupiletl évrova to mo-
Adtomo tov mapadeiypatoc. To yeyovog avutd dev gival Tuyaio BEPata, KabOmG PAE-
movpe Kabapd TNV opolOHopPN KATOvVouUr Tov akoAovBohv ta dstypatd pog evtog
TOV TOAVTOTOL TOV TOPOSEIYHOTOC. 2 Evag eMTALOV EAEYXOG TNG OLOLOLOPPLOC, O
OYEOAGOVE EVa BEPIKO YAPTT, OTTOV Y®PILOVUE TO TOAVTOTO GE UIKPA TUNLLOTOL
ka1 fpiokovpe Tov AOYO SEYUATOV avE ETQAVELQL.

Mmnopovpe va SOKIULAGOVE OPKETA EVILAPEPOVTO TEWPAUATA. AG SOKILAGOVLLE
apywd va mepdéovpe v aktiva r g undlog, 0Etoviag akpaies TYES GE ALTNV.
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Ball Walk Samples inside Polygon

L

2.0 1

1.5

1.0+

0.5 4

0.0

T T T T T T
0.0 0.5 1.0 15 2.0 2.5
x1

Zyquoe 2.22: To Stbrypopipia SooTopas TV OmOdEKTMOV GNUEIDV TNG Oy TOANYiog
pog pe v uébodo ball walk.

Density of Ball Walk Samples
2.00

175 4 0.007

0.006

o
o
=1
v

1.00
0.004

0.75 4

o
]
j=]
@
Normalized frequency

0.50

0.002

) 0.001

-0.25

T T T T T 0.000
0.0 0.5 1.0 15 2.0 25
x1

Symua 2.23: O Bepuikoc yaptne TV omodekTadv derypdtov. H Oeppommra etvon mo-
popoln 6e OAEG TIG TTEPLOYEG, LE OMELPOEALYIOTEG SLOPOPES O OTOTEG LIEDVOVTOL
KON TEPLGGOTEPO e TNV aénon TV fnudtov. H katovoun sivat siyovpa opotd-
HopeN 6€ OAO0 TO EUPOSOV TOV TOAVTOTOV.

Aoxpalovpe tig €€ng evowopépovoeg Tipés: 1 = 0.002,r = 0.02,r = 1,r = 2.
[Tpdkertan yio Tipég ta&elg pneyébong S10popeTikés amd TV mpaic T Tov XPNol-
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pomomoape £mg todpa. Eeappolovtog 61000y 1kd Tig TYEG QVTEG KOl TPEYOVTOS TNV
péBodo, oyedtdlovpe TO SAYPAUL SUGTTOPAS MGTE VO OTTIKOTOMGOVIE TV K-
TOVOUN TOV CNUEIDV Kot Ta TOPOVSIALOVLE TAVTOYPOVA MGTE VA YIVEL 1] GLYKPLOT).
Toavtoypova, divovpe Kot tov puOud amodoyns. Aeite 1o oynua 2.24.

radius r = 0.002, accept = 1.00

radius r = 0.02, accept = 0.99

-0.10 -0.05 0.00
X1

radius r = 1.0, accept = 0.50

154

1.04

0.5 1

0.0 1

Zyqua 2.24: 210 mopandve ypaenuo PAETOVUE TNV KATOVOUN TOV OELYLATOV Y10
J00POPETIKEG KTIVEG TNG UdAag, kabmg Kot Tov puBud amodoyng yo kibe mepi-
TTOON.

Soppaivouv Ta €ENG evOlaPEPOVTA TO OTTOL0 aVapEVOLULE amd TNV Bewpia. T
HIKPEG OKTIVEG, 0 TEPITOTOG OEV EYEL TPOAAPEL VO KAAVWYEL TO LEYOAVTEPO UEPOG TOL
TOALTOTOV. ZTO YPAPTLLOL Y10 TV UIKPN OKTIVa, UTOPEITE LAAOTO Vo OEITE KO TOL
TUYOi0 LOVOTLATIO TOV £XOVV TPOKVYEL KOOGS Kot TO Tmg avtd dtadidovtat. O pvd-
nog amodoyng sivor BéPara kovtd oto 100% oA avtd dev Exel onuacio. Eyxovpe
YPNOLOTOUCEL TNV VIOAOYICTIKY LOG 1YV Y10 VO KAADWOVUE LOMG Lo YOvio TOV
TOALTOTOV. AVTIOETMC, OTIC HEYAAES OKTIVES, TOPE TOL TOALA Pjpata, 1 TuKVOTHTO
TOV onueiov avd empdvelo kpatiétol o YounAd emineda. Ot umdieg pe téroleg
OKTIVEG VTTEPKOAVTTOVY TO TOAVTOTO [LE GUVETEL TO TEPIGGOTEPA delypata va Ppi-
okovtol €kt0c. H mtdon tov puBpod amodoyng ivatl SpopoTik).

['o v cuvéyeln, pmopovpe va eAéyEovpe v Tprodtdotorn nepintoon. Mmo-
POVLE VO KPOTGOVUE TNV 1010 TOToA0Yio Kot Vo TpocBEcoVE oAl ol ETTAEOV
petafANT] ®ote va. pag enekteivel oty 3n otdotaon. o Tov okomd avtd, Tpo-
oBétovpe v avicodmra 0 < z3 < 1, v omoia BEPara mpémet va dodue mg dvo
avicotres, Tic 3 < 1, —x3 < 0. Zouvenwg, to TOAVTONd pag opileTot TOPU WG
edng:
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A = np.array ([

(1, 1, o1,
(1, -1, o],
(-1, 2, o],
(-1, -1, oI,
o, o, 11,
o, o, -1l

iD)
b = np.array([4, 1, 2, -0.5, 1, 0])

Listing 2.15: We expand our example to the 3D case by adding an extra variable.

Agv Egyvape emiong vo aAlaCovpe v Tapdpetpo g cuvdptnong sample-ball oe
3, Ty mov dnAdveL Tig véeg olaotacelc. H epappoer e pebddov divet to oymua
2.25 ko puOud amodoyng pikpotepo amd v 2D mepintmon.

Total steps: 40000
Accepted moves: 33435
Acceptance rate: 0.835875

3D Ball walk Samples inside Polytope

Symua 2.25: H epapuoyn g pebodov ball walk yia tpeig dwaoctdoels.

To oyfua Tov Tapadetypotog £xel oynuatiotel Eexdbapa, VA PaiveTal Kot 1
enéktTaon oty 3n 0dotacn oniadn and Thve mpog ta kKdte. To onuavikd eivan
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TG 1 KOTOVOUT TOPOUEVEL OLOIOLOPOT] KOl AP0 1] GLVONKT LTI TOPAUEVEL OTO-
Oepn| o€ emmAoV O10GTAGELS, YWPIg Vo ypeldleTon OmTIKOG EAEYYOG, KATL TOVL £lvarn
BéPara advvaro.

Yvveyilooue pe 4, 6, 8, 10 dwnotdoels. [a kabe emumAiéov didoTaon, Tpoché-
TovpEe (o akoun petafantn énwg oty 3D mepintwon, oniadn 0 < x; < 1. Opi-
Covpe ek VEOUL TIG KATAAANAES aVIGOTNTES, OAALALOVIE TNV TAPAUETPO TOV YPOULLLL-
KOV TTPOYPOULUATIGLOV, TNV TAPAUETPO TNG cuvapTnong sample-ball, tqv mapdye-
Tpo bounds evtog Tov linprog kou tpéyovpe Tov Kodika. Ta aroteAéopato paivovrol
GTNV GUVEYEL.

Dimensions: 4

Total steps: 40000
Accepted moves: 31466
Acceptance rate: 0.78665

Dimensions: 6

Total steps: 40000
Accepted moves: 29235
Acceptance rate: 0.730875

Dimensions: 8

Total steps: 40000
Accepted moves: 26850
Acceptance rate: 0.67125

Dimensions: 10

Total steps: 40000
Accepted moves: 24570
Acceptance rate: 0.61425

IMveton eppavng 1 peiwon Tov puOBpov amodoyng kabm¢ avédvovtot ot SloeTd-
o€1g. Avtd ovpPaivel yloti 6e TEPIGGOTEPES O10GTAGELS, 1 ETPAVELL TOV TOAVTOTOV
o€ oY£oM UE ToV 0YKO avEAveL. ZUVENADC, PPIOKOUACTE Y10 TEPIOCOTEPO. PLLOTA KO-
VvTh oto eEmTEPIKA LITEPETITES A TOV 0PiLOoVV TO TOAVTOTO KO Apa TEPIGTOHTEPQ BN]-
HaTo TEPTOLV EKTOC TOV TOALTOTOVL. M1 KOAN GTPOTIYIKNY Y10 VO, LEWGOVLE TOV
OVTIKTLTO TOV TOADV S0GTAGEMY EIVOL 1 AVATPOCAPLOYT TNG OKTIVAG TNG UTd-

Aog avaroya pe Tov aplfud tov dlaotdcewy r ~ 1 / Vd. Eidape 610 Tponyodievo
neipapa Tog n peimon g axtivag avdvel Tov pubpd amodoyng aAld apyel va ko~
Aowyet 1o moAvtono. H mapandve avaroyio Aowwdv, Bewpeitat ) ypvot toun yuo tnv
TIUN TG OKTIVOG.
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2.4.6 Hit and Run

H pébodog ball walk dev etvar 1 povn dwebéoun pébodog yio detypatoinyio
eVTOG £vOG ToALTOMOV. MAAGTO, 08 TOAAEG S10GTAGELS 1] OTOOOGN TNG LELDOVETAL
OGS elyope TNV gvKAPic VO SIOTIGTOGOVIE GTNV TPONYOLUEVT evoTnTa. Mia pébo-
do¢ mov €pyeto va Aol avtd o TpoPAnua etvor n péBodog hit and run. [poxerton
evokd yioo prioo MCMC péBodo, dmov kabe Prpa eaptdTon amd 10 TPONYOUUEVO
TOV Kot pdvo Ko £tot oynuatilel o alvoido Markov. Emotpépet delypota evidg
€VOG OE00UEVOV TOAVTOTOV GE OUOLOLOPPT KATAVOLUT EVTOG TOV OYKOV TOV.

H pébodog Aettovpyei oe moArd onpeia mapopowo pe v ball walk: ‘Ectwo mo-
Mtomo P = {x € RYAz < b} KoL va apy ko Tov onpeio xg. Bewpovpe o Toyoio
kotevBvvon (pe SerypotoAnyia and pwo povadioio opaipa) u € ST kot oyedid-
Covpe pua gvBeio Tov TEPVA amd To mapov onpeio Uy, (t) = zx+tu,t € R. Bpickovpe
10 onpeia Topng g gvbeiog pe ta cHhvopo Tov ToAVTOTOV [ (1) N P. AT6 T0 €V-
B0vypappo Tunpa mov opilovv Ta onueio avtd, Aappdvovus éva toyoio delypo pe
OLLOLOLOPPT KATOVOLT OTO SLAGTNUO [lin, lmax]- TO Setypa owtd ivar tdpa 0 véEo
pog onuelo rx1 = xx + tu, oamd to omoio cvveyileton N ddikacio pe tov 1010
tpomo. To emduevo oynua divel pa onTikn e neddoov.

Zyquo 2.26: H pébodog hit-and-run. Ta véa onpeia mpokdntovy omd v opod-
popen detypotoAnyia mive o€ éva toyaio evBuYpappo TUNHe ToV TEPVE omd TO
TOPVO onueio.

210 TEA0G TNG OL0OIKOGIOG, 1 KOTAVOUN TTPOKVTTEL OLLOLOLOPPT| EVTOG TOV TTO-
Atémov. H anddeién eivon mopdpoto pe v nepintwon g ball walk kot dev pog
amoacyoiel e00. e avtiBeon pe v ball walk 6mov ke Prpa etvon kot 610 TPON-
yoOuevo Kot o adydpipog eykimpBileton yro pkpéc axtiveg, 1 hit-and-run pmopet va
TPOYUATOTOLEL TEPAOTIO GApOTO G€ KAOE Prpa, omd 1o €va dkpo 610 GAAO, LE G-
vémeo, akouN Kot yio Ayo frpata n amwddoom va eivorl IKovoTomTikY| Kot ETmALoV,
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VO KOAOTTOVE TEPLGGOTEPO OO TOV OYKO TOL TOAVTOTOV.

2.4.7 Eg@appoyq tng Hit and Run

[Tepvape evBOG apécmg oty epappoyn g peboddov. Expetaiievopacte 6to
EMOKPO TOV KMOKA Yoo TV péBodo ball walk katd v omoia Exovpe avamtd&et
TOALEG QO TIG TEXVIKEG TTOV YPEWLOUACTE EQVA, OTMS TNV OEYUATOANYiN TAV®D GE
VIEPCPOIPOL KOL TOV YPOUUKO TPOYPUUUATICUO Y10l TNV €0PECT] €VOG OPYLKOD GN-
peiov. Oa YPNOIUOTOUCOVLE TOV 1510 aKPBOSC KMOKA Y10 TIG EPYACIES OVTEG.

Mia cuvOnKn pe v omoia dev €yovpe aoyoAnbei etvar 1 ebpeon TV onueiov
TOUNG Lo EVOEING LLE TO VITEPETIMES QL TOV OTOTEAOVV TOL OPLOL TOV TOAVTOTOV. Ag
HEAETNGOLLLE TIG TEPUTTAGELS OVTEC UE EVA TAPASELY O OE 2 d10TAGELS. OewpnoTe
10 apykd onueio (0, 0.5) mov divel 0 YPOUMKOS TPOYPUUUATIGHOS Y10 TO TOAD-
TOTO TTOV YPNCIUOTOIOVUE MG Topddetya. Bpiockovue tdpa pia toyaio katevbovon
070 YMPO. AEyHATOANTTOVUE GTOV HOVOSLOi0 KUKAO KOl €0TM EMGTPEPEL TO G-
peto (0.5, 0.5). To onueio avtd, av To dove MG ddvucua ExEl £vo LETPO KOL LLd
dtevbuvon). Emeidn gpnag pog evolapépet povo 1 61e08vuvor), Kovovikomolov e To 01d-
VOGO OVTO:

2 (0.5,0.5)
u— — = (0.707,0.707
Izl v0.52 +0.52 ( )

Mmnopovpe Thpa VoL GYNUATICOVLE TNV TOPAUETPIKT eElcwon TG evbeiag Tov mepva
oo To apyd onpeio og eENG:

@) — 204 tu — 0], ,[om0r) _ [ o707t
= o= g g 0707] — [05+0.707¢|

TO OTO{0 AVOALTIKA yiveTar:

w1(t) = 0+ 0.707¢ = 0.707¢
zo(t) = 0.5 4 0.707¢

Epoppolove Ti¢ Tapamdve 6YECELG GTO GOVOAO TOV AVIGOTHTOV TOV TEPLYPJ-
(OVV TO TOAVTOTO:
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(2 + 25 < 4 = 0.707t + (0.5 + 0.707t) < 4 = t < 2.474

T, — 129 <1 = 0.707t — (0.5 4+ 0.707t) < 1 = 1oyvel Thva
4205 <2 = —0.707t +2(0.5+0.707t) <2 = t < 1.414
|~ — 22 < 05 = —0.707t — (0.5+0.707t) < —0.5 = t >0

= tel0,1.414]

Agrypatoinmrovpe opotdpopea oto dtdotnua 0 éog 1.414. "Ectm toyaiver ¢ = 0.9.
Avtikafiotov e Ko EYOVE:

Tnew = To + tu = (0,0.5) + 0.9 - (0.707,0.707) = (0.636,1.136)

O 1poMOC e TOV 0Ol EYOovUE KATAANEEL 6TO VEO onueio, Hog eyyvdTol Tmg
Bpioketor evtdg Tov TOAVTOTOV. AVTO TOPKVMTEL GO TO YEYOVOG MG EYOVE Ol0L-
AéEel cLYKEKPEVO TOL OPLOL TNG TOPOUETPOL ¢ £TGL MGTE VO IKAVOTOLOVVTOL OAES O1
avicOTNTEG OV 0pilovV TO TOAVTOTO. XVVEN®G, avtifeta pe tnv uébodo ball walk,
oAa ta detyparta g hit-and-run yivovion amodektd. H povn acdesio mov vedpyet
etvat oto Hoa detypata ypelalOHaoTe MOTE VO, KAAOWYOLE KOVOTOUTIKA TO TOAD-
TOTO.

Katd v d1dpkeia Tov akyopiBuov ta tpdypata eivor Aiyo d10popeTiKd kobmg

dev yvopilovue ek TOV TPOTEP®V TIG AKPPES TIES TOV TPOKVITTOVV Yid TO OELyLaLTaL.
Ac dovpe Vv yevikn mepintwon. 'Eoto pio €K TV avicoTiToOv:

a'r < b,

Kot e evBeia omd To onpeio zy otV KoTrevhLvoN !

z(t) =x0+tu, teR.
Avtikabiotovpe v gvbeio otV avicdtnToL!

a (vo+tu) <b = (a'u)t <b—a'm.
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[Ipéner tdpa va Avcovpe og tpog t. To TpoPAnua edm sivor g dev EEpovpe v
@opd TG avicoTTag. AT E0PTATAL OO TO TPOGNUO TOV GLUVTEAECTY| UTPOGTA
and to t. ['ta tov Adyo avtd, OTOV KOOKOTOIOVE TOV AAYOPIOLO 0VTO, TPEMEL TPATA
V0L VTTOALOYICOVLE TOV GUVTEAEGTY| ALTO KO VAL SLOKPIVOVUE TEPITTMGELS OVAAOYOL LLE
70 TPOGNUO TOL. YTTApYovV 3 TEPINTOGELS:

OcTIkdg ovvTELEsTiE — o' u > 0:

bh— T
t < #, emTpendpevo, opia: t € (—oo, (b —a' zp)/(a' u)].
a'u

ApvTikég cvvrereotig — a ' u < 0:

-
b—a' xg

a'u

t> enutpendpeva opio: t € [(b— a'xq)/(a’ u), +00).

T

Mnodevikdg ovvrereotic—a v = 0:

0<b—a'zy (kavévogmeplopiopdsotot), 0 >b—a'zy (Sevvmdpyovy onueia ToUH).

®povrtilovpe Aowmdv, yuo kébe avicdmra va avapaduiovpe cwotd To Opto Tov t.
"o ToV 6K0Md AVTO TPEMEL VOL VTOLOYIGTEL TO £6MTEPIKO YIVOpEVO al u Tptv amd v
OO0 ATTOPAOT] LLOC.

Avaxe@aioidvoovpe ta fripoto Tov alyopifuov:

1. Apywd opilovpe T0 TOATOTO LOG MG VO GUVOAO OVIGOTHTOV.

2. X1 ovvéyela, ADVovUE TO TPOPANLO YPOUUKOD TPOYPOUUUOTICHOD OCTE VO
Bpovpue éva onpeio mov avinKel 6To TOAVTOTO. Me apetnpia To onpeio avtod,
Eexwvovpe Tov Tuyaio mepimato pe v péBodo hit-and-run.

3. Emi\éyovpe pio toyaio kotevbouvon oto ydpo. Avtd yiveton pe TV Opolo-
popen derypotoinyio og o povadiaio oeaipa. To ddvuopa KEvtpo-deiypa
Ba dmoetl Tnv (nTovpevn tuyoio Katevbvvon.

4. Zyeordlovpe Vv gubeia mov mePVA amd T0 TOPVO onueio Kot Ppickovpe ta
onueio ToUNG Le TO TOAVTOTO.

5. AglypotoANTTOVUE [E TNV OHOOLOPPN KaTavou 6€ OAO TO UNKOG TOL VOV-
YPOLLOL TUMHOTOC TOV PpiokeTal vTOG TOL ToAVTOTOL. To VEO avTd onpeio
nog odnyet 6to endpevo Pripa.
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To Prpota 1, 2 Kot 3 Advovtat Pe ToV KOOKE, TOL YPTCLULOTOWCAUE TNV UE-
Bodo ball walk. Aeite ta Listing 2.5, Listing 2.10 xon Listing 2.11. Ag dobue topa
Vv ovoia ™¢ nedddov, TUNUOTIKA:

# _____________________________

# Hit-and-Run loop

# _____________________________

n_steps = 40000 # number of steps

samples = [current.copy()] # current is the starting point

for i in range(l, n_steps): # loop n_steps times
# Random direction on unit circle
direction = sample_ball(d=2, r=1.0, n=1) [0] # See listing 2.5
for sample_ball
direction /= np.linalg.norm(direction) # Normalise the
vector, keep only the direction

Listing 2.16: We begin the hit-and-run loop by defining the number of steps and the
starting point that was calculated with linear programming. Loop over step count
and start each loop by finding a random direction.

EeKIVApE e TO apyKO ONUED, ATOTEAEGLLO TOV YPOUUUKOD TPOYPOLLOTIGHOD
Kol Tov oplOpo Tov fnpdtov. Ipd dovieio o kKaOe Prna (dnAadn o KAOe emavd-
Anym) n evpeon piag tuyaiog dievduvonc. XpnoLoToloVUE TV YVMOGTH GUVAPTNON
sample-ball and to Listing 2.5 1 onoio emoTpEEEL £va TUYOLO OPOIOPOPPO delypaL
0€ oL CQOIPO GUYKEKPLUEVAOV SOCTAGEMY Kol 0KTivag, 00 povadiaiog. Kavovi-
KOTOLOVUE TO OElY L oVTO KOt £TG1 TPOKLITEL 1] TVYAi d1evOVVEN. Xvveyilovpue:

# Find intersection of line {current + txdirection} with Az

<=b
# For each constraint: a_i-(current + t u) <= b_1
# => (a_i-u) t <= b_14i - a_i-current
t_min, t_max = -np.inf, np.inf # start the bounds to infinity
for a_i, b_i in zip(A, b): #zip <s a nice function that

pairs each row of A with <ts row in b.
#Thus, this loop iterates over each
inequality.

a_dot_u = np.dot(a_i, direction) # Find the product a T*u.
rhs = b_i - np.dot(a_i, current) # Find the right hand
side (rhs)

# As explained in the text, we constider cases.
if abs(a_dot_u) < le-12:
# This is the zero case, direction ts almost parallel
to thtis constraint
if rhs < O:
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# Entire line 1s infeasible
t_min, t_max = 0, -1 # empty interval
break
else:
continue # no bound from this constraint

bound = rhs / a_dot_u # The result of the inequality

if a_dot_u > O:
# t <= bound

t_max = min(t_max, bound) # Update maz bound
else:

# t >= bound

t_min = max(t_min, bound) # Update min bounds

Listing 2.17: This is the part of the code that holds the main logic of the hit-and-
run method. We need to find the bounds of parameter t that will constrain the line
inside the polytope. We begin with the infinite line. For each inequality, calculate
the coefficients and based on their sign update the bounds accordingly.

Ta oydMa eEnyodv oyoraotikd KAOE vToAn. ZvvonTikd, apyilovpe pe TV €v-
Osio va Kveitonr wg 10 anelpo. YToAoyiLovEe TOVS GUVTEAEGTEG TOV EENYNOULE AVOL-
ADTIKA 6TO TOPAdELY LD, ONAAON TIG TOGOTNTEG TOV TPOKVTTOVV OO TNV OVTIKOTA-
otoomn G evbeiog og kaOe o ek TV avicottov. [Ipocélte mwg vdpyet o 5¢-
VTEPT EMAVAANYN TTOV TPEYEL O OAES TIC OVIOTNTEG. [l KB avicOTTO, OVOAOYOL
HE TO TPAOGN O T®V GLVTEAEST®V avafaduilovpe To KATAAANAO OP1O Y10 TNV TOPEL-
HETPO T £G OTOV TEMK( KATAANEOVVE GTOL oGTA Oplo Tov Teplopilovy v gvbeia
€VTOC ToV ToAVTOTOV. H cuvéyeia tdpa ivort ToAD amAn:

# Sample t uniformly in [t_min, t_maz]
t = np.random.uniform(t_min, t_max)

# Move to new point
current = current + t * direction
samples.append (current.copy())

samples = np.array(samples)

plt.figure(figsize=(6,6))

plt.scatter(samples[:,0], samples[:,1], s=5, alpha=0.5,
color='blue')

plt.xlabel('x1"')

plt.ylabel('x2"')

plt.title('Hit-and-Run Samples inside Polygon')

plt.grid(True)

plt.axis('equal')
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20| plt.show()

Listing 2.18: Sample uniformly inside the calculated bounds. This is the new step
of the random walk.

AgYPOTOANTTOOUE OUOIOHOPPO EVTOS TOV LIOAOYICUEVEOV opimv. To numpy
exterel avtopota Vv epyacio avt. To Tuyaio onueio mov TPoKHTTEL AmOTEAEL TOV
emopEVO KpdKo otV aAvcido Markov tov Tvyaiov mepurdTov g peboddov hit-and-
run. Ot vtolowneg eviorég oxed1dlovy 10 YpaPNU TV dEYHATOV 6ToV 2D Ydpo.
To gv AMoy® ypaonua givol 10 TopoKaTE.

Hit-and-Run Samples inside Polygon

2.0

N
NNy

x2

0.0

N 4
h 4
A 4

T T T T T T
0.0 0.5 1.0 1.5 2.0 2.5
x1

yqua 2.27: To yphonpa dStaomopdg twv detypdtov g pedddov hit-and-run. Agite
TNV TEAELO OLOLOHOPPT] KAAVYT] TOL TOAVTOTOV TOL TALPOUSELYLOTOG,

H pébodog hit-and-run £xet Aodv kdmolo TAEOVEKT AT GE GYEon pe TV ball
walk. [Topatnprote Tog dev Exovpe aoyoAndel KaBOAOL e THV EXAOYY OKTIVOG 1)
pe puOpovg amodoyns. OAa ta detypoto mov eMGTPEPEL 1) LEBODOG AVIKOVY EK KOLTOL-
OKEVNG EVTOC TOL TOAVTOTOL. Katd cuvénmeia, 1 néBodog Bewpeiton To10 0modoTIKY
aro v ball walk, €181Kd 6€ TEPITTOGEIS TOAADV S10GTACEWDV. AEV £YOVUE AVOPEP-
Oel BéParta axdpa oto mixing time TV peBoOd®V. Avtd Ba yivel cLYKEVIP®TIKA G
EMOUEVT] EVOTNTOL.

Y& moAES dooTAoES 0 KMdKAG givar oyeddv 1d10c. O TpdmOC e Tov omoio
EYOVLE OPIOEL TIG DIAPOPES EXAVOANYELG KO TPAEELS EVaL AveEAPTNTOG A0 TO TOGES
doTtdoelg Ko ToceS avicotnteg vtdpyovy. 'Eotm 6 dwactdoels. [IpocHétovpe, 4
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emmAéov petafintég ol omoieg kivovvror and 10 0 wg to 1. Enexteivovpe €to1 0
oYNHO TOL TaPAdElYaTog o€ emmALOV dlaotdoels. To moAvtomo Tmdpa, opiletar wg
e&Ng (BuunBeite mog 1o 0 < z; < 1 wpémet va to dovue wg x; < 1 ko —x; < 0 ko
€101 KdOe d1dloTOoN TPOGHETEL OLO AVICOTNTES):

A = np.array ([
[+, 1, o, o, o, 0J,

[+, -1, o0, o, o ,01,
[-1, 2, 0, 0, 0, O,
[-1, -1, 0, 0, 0, O],
[o, o, 1, o, o, 01,
(o, o, -1, o, o, ol,
(o, o, o, 1, o, 01,
[0, o, o, -1, o, o1,
[0, o, o, o, 1, o1,
[o, o, o, o, -1, ol,
[o, o, o, o, o, 11,
[o, o, o, 0, 0, -1l

iD)
b = np.array([4, 1, 2, -0.5, 1, 0, 1, O, 1, O, 1, 01)

Listing 2.19: This is a definition of a 6D polytope based on our 2D example.

Ot voloumeg ahdayég evtomilovTol 6TV aAAayn TG TOPAUETPOV NG sample-ball
o€ 6 KoL TNV aAAAYY| TOV TOPAUETPOV TOV YPOUUIKOD TPOYPULUUATIGHLOD MCTE VO
avVTOmoOKpivovTol 6€ 6 O10GTAGELS:

¢ = np.array ([0, O, O, 0, O, 0])
res = linprog(c, A_ub=A, b_ub=b, bounds=[(None,None)]*6,
method="'highs')

Listing 2.20: Changes to linear programming to accomodate 6D.

OMla to vréAouta Tapapévouy g Exovv. Tpéyovtag v nEBodo Yo 6 d10TAGELS,
UTOPOVUE VO TUTTMGOVUE KATOL OTd TaL OETYpLaLTOL:

Last 5 samples:

[1.91233743 1.66151881 0.49191862 0.6369366 0.5939465 0.89776445]
[2.26715258 1.55695573 0.4193729 0.38261959 0.28192524 0.67343816]
[2.05618278 1.89110734 0.10869821 0.20156858 0.1803433 0.66443523]
[1.93479388 1.94434458 0.15205338 0.38542244 0.27939236 0.76030397]
[2.04975209 1.93664461 0.22759441 0.2796369 0.51125325 0.53955223]
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2.4.8 Dikin Walk

Mo evariaxtikn MCMC pébodo amotehei n Dikin Walk. H pébodog avtn ypn-
olomotETOL Y10l TNV JEIYHATOANYIN GE KUPTE TOADY®VO, TETVLYOIVOVTAG TNV OLOLO-
LOPPN KOTAVOUY GTO GUVOAO Tov 0YKov toug. H Bacikn dtapopd pe tig ball walk
kot hit-and-run givol Tog N pEB0S0G EKUETAALEVETOL TNV TOTIKY] YEOUETPIO YOP®
amd To TopOV P, SEIYUATOANTTOVIOG GE £VO, EAAELYOEIDES TO 0moio VToAoyile-
Tl 6€ GYEOT LE TO TOV PPIOKOUOGTE GTO TOADTOTO TNV TOPWVH GTIYUN. AVTO €xel
OC ATOTEAEG LA VO TETVYOEVEL KAADTEPO MIXINg time G€ GYECT LE TIG TPOTNYOVEVES
pebddovg.

‘Eoto to noddtono P = {x € R?: a;"x < b;,i =1, ..., m} mov Sivetan o éva
ovvoro avicoTtev. Kédbe avicotnta pmopovpe vo v dovue og €ENG:

CLZ‘TZE < bz = bz —CLZ‘TJI >0

Ag ovopdoovpe s; () = b; — a;T x, pe cuvéneia to. onueia evIdg TOL TOAVTOTOL Vo,
IKOVOTOLOVV T1G 6X£GELS S; () > 0. H Aoy givat Tdpa vo opiGovpe [io Towv yio
onpeio wov Ppickovtat KovTd 6T Opla TOL TOAVTOTOV. AVTO UTOPEL VAL YIVEL UE TNV
ouvdptnon tov Aoyapifuov, n oroia okdel dtav TAnclalovue To UNdEv. Oempovpe
AOUOV TIC TOGOTNTEC:

—log (s (7))

To mpdonpo eivar apvntikd wote va anelpiletar Betikd. Oco to =, ONAadn 10 on-
ueio, TANo1aLEL To. GHVOPA TOV TOAVTOTOV, L0, TOLAYLGTOV Otd TIG TOGOTNTES S; ()
TE€lVEL 67O UNdEV, VTN TOV AVTIGTOLYEL GTO GVUVOPO TTOV TPOGEYYILEL TO oNUED HOG.
Yuvenmg, o Aoyapliuog teivel oto dmelpo. Aviifétmg, Lokpld amd To GHVOPQ 1) TOVY|
ot etvan pkprn. Opilovpe Aomdv v cuVAPTNOT PPAYLATOS MG TO AOPOIC U OA®V
TV hoyapiBumv yua dreg TG mocotTES S; (7):

m

o) = —log (s ()

=1

H cuvéptnon avt) pog amokoAVTTEL TO 0V PPIOKOUACTE KOVTE GE KOTOL0 GV-
vopo, aALG dev pag Aéel Timota yio TNV KatevBvuvon mov eivan emikivovvn. [poxet-
Tot yuo éva Babuwtd péyedog. I'a tov okond awtd, maipvovpe tov Eccovo mivaxa
(Hessian) tng mapamndve cuvdptnong.
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Oupilovpe tov opiopd e Esotovic. To pio fadpot cuvépmon ¢ : R — R
€Yovpe tnVv KAlon ¢ cuvAPTNONG:

9
8$1

"

8xd

ka1 v Eoolavn mov otnv ovcia eitvar n devtepm mopdywyog:

&’ P ]
0x? 0x101,
Vi) = | i
o . P
| 0140, ox?

To tyvog Tov Ecolavov mivaxa divel v yvmoT AATA0GLov) TS GUVAPTNONG:

82

€Ts

2
of S-

<

Ag(x) = Tr(V*o(x) = 3

O Eooclovog mivokag deiyvel Tnv LETABOAN TNG KLPTOTNTOG TG GUVAPTNONG OTIG
dupopeg dtevduveeic. 'ETot, kKovid 610 chvopo LG EK TOV OVIGOTHTOV 1) KUPTOTNT
ekpOyveTOL HOVo o€ KatevBuvoelg mov PAETOVY TTPog TV emPdvela Tov opilel To
OUVOPO. LVVETAGC, 1 OELYLATOANYio OEV TPETEL VO TPOYWPNGEL TOAD TPOG TO. EKEL
yloti KivouvEVOLLLE VA BYOVUE EKTOG TOV TOAVTOTOV.

Xpnowonrowovpe topa, Tnv Ecclavn yua va opicovpe to oynuo and to onoio

detypatoAnmrovpe og kaOe Prjna. Ilpoxertan yio to eAdenyoedég Dikin, to omoio
opileton mg:

E(@)={ye R (y—2) V(@) (y—2) <1}

Mmnopovpe va okeptode g 1 Ecotav opiletl pio Hetpik 6Tov Y®po Tov TOAL-
tomov. Mo petpkn opilel tov tpdmo e TOV 0mol0 PETPALE TIS OTOGTAGELS GTNV
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yveopetpia pag. H petpikn g Eootavig pog Aéet Tmg GuumepipépeTal | KuptodTnTOo
€VTOG T0L ToAVTOTOoV. Kovtd ota cuvopa givarl £vIovn, EVd 6T0 E0OTEPIKO HIKPO-
1epn. H mocomta (y — x) eivar amhdg 1 amdotaon evog vmoyneiov onueiov wov
EMEWYOELD0VG 0O TO KEVTPO, TOV £ivat To Tapdv deiypo. To cuvoro TV dpwv ov-
TV opilovv pa vopua:

(y—2) Vi (2) (y —2) = |ly — 2|

O deikng « pog Aéel Twg Eyovpe TNV TomKN vOpua oto onueio x. H mapamdveo
oyéon glval OpoLo e TNV YVOOTH 6Y£0T Hog Yo TV e€lomon evog khkiov. H vopua
elvar toTe:

|w—ﬂ@=@—wfw—w%=ZXw—%f

=1

eva M e€lomon g opaipag elvat:

ly — |5 < r°

Katd avtov tov 1pomo, n oyéon:

ly — || <

opilet éva eddetyoeldés, avdroya pe v tomikn kuptdtra oto detypa. To eAder-
YOEWEC Bl EIVOl CUUTTIEGHEVO KOVTA GTOL GUVOPO KOl EKTETOUEVO KOVTH GTO KEVTPO
tov ToAvtomov. Etot, og kdBe véo Prina opilovpe to eAAelyoedEg ko Aapdvoope
éva oetypa evtog Tov. To detypa avtd amotedel To VEO KEVTIPO Y10, TO ETOUEVO EAAEL-
YOELDEG, Le ToV 1010 Tpdmo mov otV ball walk kéOe véo delypa amoteAel To k€vipo
™G avtioToyns HrndAag.

Mdéhota, dev yperaletar va mhpovpe delypa an’subeiog evroOg TG KOTAVOUNG
TOV EAMAELYOEIDOVG, OAAG LTTOPOVLLE VO TAPOVLLE Oty ol amd pior povadtoio Hmdio To
01010 GTN GLVEYELD VO LETOTPEWYOVLE GTNV KOTOVOLUT TOL EALENYO0EL000C. Oa dovpe
TNV UETOTPOTY| VTN oTNV enOpevn evotnta. [Ipénet edd va onpelmdel mwg av kot
70 véo detypa €xet pkpn mbavotnta va Bpebet ektdg ToL TOAVTOTOV, EVTIOVTOIC 1
mBavotnta avtn givor vropkt. [0 Tov 6Kond aVTO CLYVA TPOYUATOTOLOVUE VOl
frua amodoyng Metropolis—Hastings.
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2.49 Eg@appoyn g Dikin Walk

®a tpoomadncovpe £d® va epappocovpe v Dikin Walk frjpa frjpoa dote va
AdPovpe detypota vtdg TOL YVOGTOV TOAVTOTOV OV YPTCILOTOIOVUE MG TOPO
o115 dvo dlactdoels. IToAld amd ta oToryeia Tov KMo elvar To 1d1a OV Eyovpe
del £0¢ TP, OTWS O YPOUUIKOG TPOYPUUUOTIGHOS Kot 1) cuvaptnon sample-ball,
omote dgv Ba emavardfovpe Ta oTotryein aVTA.

[Tpwv mpoywpricovpe, ag Bupunbovue to Prjpata e pedddov:

1. Opilovpe 10 TOATOTO MG £V GUVOLO OVIGOTHTMV.

2. XpNGUYOTOIOVUE YPOUUIKO TPOYPUUUATICUO DGTE Vo Bpodpe Eva apytkod on-
LELo EVTOG TOV TOAVTOTOV.

3. Ymoloyilovpe v cuvaptnon @paypatos ¢ () mov aviietoryel 6to mold-
TOTO LG,

4. Ymoloyilovue tov Ecclavo mivaka tng cuvapnong epayurotos. Agv ypetd-
Cetan va Tapay@yicovpe TV GLVAPTNON PPAYLOTOS GTOV KOJKA. AV EKTE-
Aécovpe Tovg BempnTIKOVG VITOAOYIoHOVG, | Ecotovn divetat amd v oyéon:

a; CLZT

H(r) = Z (b — a.Tx)Q

i=1
ONA0OT GLVOPTAHGEL LOVO TWV GYEGEDV OPIGLOV TOL TOAVTOTOV.

5. Ymoloyilovpue 10 H (a:)fl/ ?, 10 omoio Lo O1VEL TOV PHETAGYNUOTIGHO omd TNV
KOTOVOUT n)g povadtaiog UTAANG GTNV KOTOVOUN TOV EAALEWOEW0VG: § =
x+ H (35)_1 “u HE © OHOIOHOPPN KOTOVOUT| EVTOG UG UTAANS OKTIVOG 7.

6. Aoppdvovpe £va detypo 6To EMAELYOEIDES KOl EAEYYOVLE OV OVI)KEL EVTOG TOL
TOALTOTOV. AV Val, TO OTOdEYOUACTE Ko cuveyilovpe TNV HEB0dO pe KEVTPO
70 V€O avTd delypaL.

Katd avtov tov tpdmo, apod opicovpe 10 YvOOTO TOAHTOTO TV dVO SGTA-
ce®V oL umopeite vo dgite oto Listing 2.10, Bpiokovpe éva apyikd onueio eviog
TOV TOALTOTOL PEGH TOV YPapUIKoL Tpoypappatiopot Kisting 2.11. Ipoxvmret
N avAayKn Yo (o HiKpn ALy GToV Ypoppkd mpoypopupaticpd. Exedn to on-
peto mov emotpépel PpiokeTon 6TO0 GHVOPO TOL TOAVTOTOL, KATL TO OTO{0 OMOTEAEL
axpaio mepintmon yo v pébodo Dikin walk, Tpomomolovpe Tov kKo dGTE TO
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onpeio va PpiokeTar 660 T0 SOLVOUTOV ECMOTEPIKA TOL TOAVTOTOV. AVTO YiveETUL E1GA-
YovTag po Topdpetpo o yio kébe avicoOtnta TV omoia cuvéyeln (nTode va peyt-
otomomcovpe. Ot AETTOUEPELEG OEV LG EVOLAPEPOVY £0M, AAAL TO ONUAVTIKO Elval
TG 10 apykd onpeio Ba oArGEet omd to [0, 0.5] mov PAémovpe oto oynua 2.21 6to
onpeio [0.75,0.833] to omoio Ha dovpe 6TV GUVEYELQ.

Ag d00pE TOV XEPOKIVITO VTOAOYIGUO TNG GUVAPTONG PPAYIOTOS KOL TOV EA-

Aewyoedong yia 1o apykd onpeio, K&t to onoio Oa pag fondnocel oty cuveyea
oTOV KOO Apyilovpe pe TV GLVAPTNON EPAYHOTOGC:

o(z) = = 3_log(b; — a[ )

Ynoloyilovpe Tig mocotTES S; () Yo kKGOg avicdTnTaL:

s1=4—(1-0.75+1-0.8333) = 2.4167
s9=1—(1-0.75+ (—1) - 0.8333) = 1.0833
s3=2— (—1-0.75+2-0.8333) = 1.0833
s4=—0.5—(=1-0.75+ —1-0.8333) = 1.0833

H tyun Aowdv g cuvaptnong epduyatog oto apykd onueio xg givol:

d(x0) = — (log(2.4167) + 3 - log(1.0833)) ~ —1.122

[Ipoywpovpe otnv Ecoavn, and tov tomo:

T

4

84
i=1 v

Extelovpe avaiutikd Toug vroloyiopovg:

1. ay =[1,1], s =24167

11 11
aa |1 1} |1 1] 01712 0.1712
s2 241672 5840 ~ |0.1712 0.1712



74 KEDAAAIO 2. BAXIKEY MEOOAOI AEII'MATOAHYPIAY

2. a=1[1,-1], s =10833

1 -1
asag [—1 1] 0852 —0.852
2 11736  |-0.852 0.852

3. as = [—1,2], S3 = 1.0833

+ 1 =2 I 1 I =20 10852 1704
a3ty = | _5 4 5T 11736 | -2 4| T |—1.704 3.408

4 ay=[-1,-1], s4=10833

S P I 0.852 0.852
M1 17 10.852 0.852

Yvvendg, n T ¢ Eoowavng givor 1o dBpotopa tov mapondve 0pmv 10 omoio
glvat to:

2.727  —1.533
—1.533  5.283

Mmnopovpe Tdpa va Bpodpe v avaAvTikn e&icwon Tov ehdetyogldong Dikin yopw
amd 10 apyKo onueio cOLP®VA LLE TNV GYEOT:

{y €R*: (y —w0) H(0)(y — m0) < 1}

Avtikafiotov e Tovg Topanave dpovg:

i — 075 1" [ 2727 —1.533] [ v — 0.75 -
yo —0.8333] |—1.533 5.283 | |y — 0.8333

KO TO OTOTEAEGLOL GTNV TETPAYWOVIKT LOPOT| Eivot:

2.727(y; — 0.75)* — 3.066(y1 — 0.75) (2 — 0.8333) + 5.283(y, — 0.8333)* < 1

Mmopodpe vo 6XeSIGOVUE TO TOPUTAVE® EALELYOELDES DGTE VOL EYOVLLE L0 E1-
KOvVa, Yo TV Hopen tov. Agite to emdpevo oynpa 2.28. Z1o 1610 ypdonua PAETOLLE
70 TOAVTOTO KOOGS Kot TNV BEGN TOL aPYIKOV CTUEIOL.
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Polytope with Dikin Ellipsoid at Starting Point

~

b @ Starting Point

. [ Dikin Ellipsoid
2.5 e A

2.0 4 o< .

1.5 1

x2

1.0 4

0.5 +

0.0

—-0.5

-1.0

Zyquo 2.28: Zmnv ewova PAETOLUE Ta OpLOL TOV TOAVTOTOV TOL TAPUSELYUATOG, TO
apykd onuelo To 0moio TPOEKLYE OO TOV YPOUUUKO TPOYPOUUOTIGUO, KOOMG Kot
10 eMeyoedég Dikin mov avtiotolyel 6to 6€dopUEVO ompEio.

['o v cuvéyela, Tpénel va Tdpovpe Eva OHOIOHOPPO JElYa VTOG TOL EAAEL-
YO0EL000¢ TO 0mo10 Ba lvat Kot TO Kotvovpylo KEVIPO Y10l TO ETOUEVO EAAELYOELDEG,.
Onmg ava@Epape Topamive, LTOPOVLE VO EKTEAEGOVILE TNV OEYLOTOANYid GE ta
umdia e v ovvdptnon sample-ball Tov Listing 2.5 kot 6ty cuvéyelo va 10 e-
TATPEYOVUE GE ONUEID TAVED 0TO EALENYOELDES. O CMGTOG PETATYNUATIGUOG Elvart
0:

y=z+H(z) " u

[Na va emPefordcovie TOV TAPATAVE 1GYVPIGUD, YPNCLOTOLOVUE TO EAAEL-
YOEWOEC TOV LOALG £YOVILE VTTOAOYIGEL AVOAVTIKG Y10 TO OPYIKO GNUEID TOL TOAVTO-
nov. To meipapd pca Ba Aertovpynoet g e€ng: Ba AdPovpe 1000 onpeio o€ oporo-
HOPON KOTAVOUN TTAV® GE ol Lovadtlaio ceaipa HEco g cuvaptnong sample-ball
Kot 0o o peTatpéyoope oe onueio 6to eEAAENYOELDEC. [daviKd, avapévovue N Ko-
TOVOLT VO TOPOALEIVEL OLOLOLOPON Kot EVTOG TOV EAAELYOEB0VG. Mepikéc amd Tig
YPOUUES KOOIKA TOV EKTEAOVV TNV TTapamave dtadukadio stvor ot €ENg:

1{n_samples = 1000
2lv = sample_ball(d=2, r=1.0, n=n_samples)
3l points_ball = x0 + v
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points_elli = x0 + (Hx_inv_sqrt @ v.T).T ‘

Listing 2.21: Part of the code to run the transformation experiment to verify that
sampling uniformly on a ball can give us a uniform distribution on the ellipsoid as
well.

Zyedralovpe T0 YPAENULO SLUCTOPAS Yo TO TOPATAVE® onueia kabhg kot To
opla TOV eEALENY0EO0VC. Agite To EndpEVO oynua 2.29 Y10 TO ATOTEAEGLAL.

Uniform samples in Euclidean ball

Samples transformed into Dikin ellipsoid

®
[ Dikin ellipsoid

02 04 0.6 0.8 1.0 12 14

-025 000 025 050 075 100 125 150 175

Yymua 2.29: Apiotepd 1 koatavoun tov 1000 onueiov omv oeaipa ko 6e€1d n
KOTOVOUTN TOV UETACYNUATICUEVOV onpeiov oto eAlenyoeldés. H katavoun €xet
TOPAUEIVEL OLLOIOLOPPT] GTOV OYKO TOV EALENYOELDOVC.

Mmnopodpe todpa, vo Eekiviicove te To factkd onpeia ToV KOOKO TOL VITOAO-
yilovv Vv cuvaptnon epayunatog kol v Ecclovn. ['a v cuvaptnon epdyupartog,
TOAD omAd glvat:

def phi(x, A=A, b=b):
s =b - AQx
if np.any(s <= 0):
return np.inf
return -np.sum(np.log(s))

Listing 2.22: Here we define the border function ¢ (). The @ symbol is just the
matrix multiplication operator introduced in later python versions.

eva v v Eoolovn éyovpe 1o mapakdtm:

def hessian_phi(x, A=A, b=Db):
#Remember that H = sum_4i (a_1 a_1°T) / (b_i - a_4i°T z) 2
s =b - AQx
# Case that = not im polytope
if np.any(s <= 0):
return np.eye(len(x)) * 1e30
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H = np.zeros((d, 4))
# Also rememebr that zip pairs every row of A with every rouw
of s
for a_i, s_i in zip(A, s):
# Convert ai from row to column so that matriz
multiplication works fine.

ai = a_i.reshape(-1, 1)
H+= (ai @ ai.T) / (s_i**2)
return H

Listing 2.23: This function calculates the Hessian at the given point.

2V mepintwon Tov To T €ivail EKTOC TOV TOAVTOTOV EMIGTPEPOVIE U0 TEPACTIO
Tiun o¢ town. H epintoon avtn) BEPara elvar eEopetikd omavia kabmg To EALEL-
Yoeés Ppioketat €€’ 0AOKANPOV VIO TOL TOAVTOTOL. ZT1] GLVEXELD, OTAG VTTOAO-
yiCooue v Ecolav Bdon g oyéong mov eidape mapomdve. Ot mapdpuetpot g
ouvaptnong eivat ot wivakeg A kKo B, dnAadr| T0 TOADTOTO KOl TO TPEYWOV O UELO.

Xmv ovvéyela, xpelaldlacTe Kot TNV TETpoy®viKn pilo Tov avTioTpoPov TG
Eccloving dote vo LETOTPEYOVLE TNV KOTOVOUY GTNV UTAAQ GTNV KOTOVOUN GTO
eMenyoedéc. H gvpeon tov avtiotpdeov vrofonddtar amd 1o yeyovog nog n Eo-
owovn etvon coppetpkn. [pdypatt, yio toug dpovg mov gppaviCovror otnv Ecotavn
oY VEL TOG:

T

i

T

(aia i

Av16 onpaivel Tog 0 Tvakog v Tog Eivat GCLUUETPIKOG Ko £T01 EAGPUMIOVE TG
1) €xel mparypatikég 1010TIEG Ko 2) pmopel va dtorywvomomBel og eENg:

H=VAVT

6mov V' évag opboydviog Tivakag TV 1010d1avus Ty Tov H kat A évag d1oy®viog
mivakog pe Tig Wotipég tov H. Tote, Oa éxovpe mog:

H—1/2 _ VA—l/QvT

Kol apo etvar e0KoAo va. BPoVLE TOV avTIGTPOPO TIVOKOL.

Me Bdon ta mopandve, o cuvaptnon mov vroioyiletl to {nroduevo givor n
TOPUKAT®:
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def inv_sqrt_matrix(H, eps=1le-12):

# Numpy can find eigenvalues/eigenvectors easily.
vals, vecs = np.linalg.eigh(H)

# This 1s a check to ensure walues are not too small.
vals_reg = np.maximum(vals, eps)

# Now find the necessary matric.

inv_sqrt_vals = 1.0 / np.sqrt(vals_reg)

H_inv_sqrt = (vecs * inv_sqrt_vals) @ vecs.T

return H_inv_sqrt, vals_reg

Listing 2.24: This function calculates the inverse square root of H.

Mével topa, va tpéovpe tov Tuyaio mepinato. Opilovpe apykd TG mopa-
pétpovg tov mepmdrov. Oétovpe 40000 Pruarta, mepOmplo AabBovg to le-12 ko
axtiva TG oeaipoc 0.2 On®g Kot 6TIG TPONYOOUEVEG TEPUTTOCELS. A dOVUE TNV
pébodo:

for i in range(l, n_steps):
# Compute H and its tnverse sqrt using the functions we
defined abowve
Hx = hessian_phi(current)
Hx_inv_sqrt, eigvals_x = inv_sqrt_matrix(Hx, eps=1e-12)

# Sample in Euclidean ball and transform into ellipsoid
v = sample_ball(d=d, r=r, n=1) [0]
proposal = current + Hx_inv_sqrt @ v

n_proposed += 1

# ACCEPT 4if instde polytope, otherwise REJECT
if np.all(A @ proposal <= b + tol):
# accept case
move_norm = np.linalg.norm(proposal - current)
accepted_move_norms.append(move_norm)
current = proposal
n_accepted += 1
else:
# reject case
n_outside += 1

samples.append (current.copy())

samples = np.array(samples)

Listing 2.25: Run the Dikin walk with n-steps = 40000, r = 0.2 and tol = 1e-12.

YroAoyilovpe apywcd v Ecoavi kot v avtictpoen g yia kabe delypa,
YPNOLOTOIDOVTOAG TIG GLUVOPTNGELS TOV OPICOALE TAPATAVE®. AEYUATOANTTOVUE GE
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Lo GOOipa OLOLOLOPPO. KO LETATPETOVUE TO delYa 6TO EALEWWOELDEG. EAEyyoupe
av 1o detypa Ppioketar evidg 1 €KTOC TOL TOAVTOTOV. XTNV TEPITTM®OT TOL PpioKeTan
EVTOC TO OTOOEYOUACTE, TO ATOONKEVOVLE KO TO YPNCLUOTOIOVUE MG TO VEO JETYLLL.

A@ob tpééovpe TOV TOPATAVED KOOWKA, oYeOALOVIE TO YPAPN LA SLOCTOPAC

TV oNUEIDV TTOL £X0VV TPOKVYEL KAOMDGS Kot To Opla TOV TOAVTOTOV TOV TOPAdELY-
potog. To amotéAecpo POIVETOL GTO TOPOKAT® YPAETLLOL:

Dikin Walk Samples

2.0

1.5

1.0 1

x2

0.5 4

0.0 4

—0.5 4

T T T T T T
0.0 0.5 1.0 15 2.0 2.5
x1

ymua 2.30: To dbypappa dtaomopds Tmv dstypatov pe v uébodo Dikin Walk.
[Tpopavmg n derypatonyd £xel amotvyet. [Tapatpodpe Twg evd 1 uEBodog Eekvd
Ao o apykd onueio TOAALG VTOGYOUEVT), EVTOVTOIS KATAPPEEL OTAV TPOGEYYIoEL
K@mo1o chHvopo TOV TOAVTOTOV.

H pé00odog £xetl amotvyet vo SMGEL o OLLOIOLOPPT] KATAVOUT EVTOG TOV TOAV-
toémov. Daivetarl Tog eykAmPileton dtav TANGLAGEL KATO10 0o To. GHVOPO TOL TO-
Mtomov. Kovtd ota ohvopa, 1 mocdtnta s; () mov aviiotoryel 6to chvopo Tteivel
010 0. Xvvenwg, n Ecotavn], 6mov 1 tocdtnta avt EHEaviLETOL GTOV TOPOVOLOGTY
™mg, yivetor vepPoiikd peydan. To anotédeso eivol To0 EAAEIYOELDEG VOl ETUNKD-
vetal otnv 0tEvhuvon tov Guvopov, aALE va copmeletor oty kdbetn devBvvon.
Agite to emdpevo oynua 2.31 6mov deiyvouLe TO VTOAOYIGUEVO EAAELWOELDES YiaL VL
onueio Kovtd 6to GHVOPO.

Mia okéym yuo v d10pBmaon tov mpoPAnpartog givar n €€ng: Bdon tov oyn-
potog 2.31, n opoOHOPEN KATOVOUN TAV® GTO EAAEWWOELDEG Elval AOKN, VLO TNV
évvolo Tm¢ 1o vEo dstypa Exel oAy peydAn mbavotnta va Ppedel mapdAinia kon
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3.0

@® x0 near boundary
—— Dikin ellipsoid
2.5

2.0 4

1.5 4

x2

1.0

0.5

0.0 1

—0.5 T T T T T T
—0.5 0.0 0.5 1.0 15 2.0 2.5 3.0
x1

Zyqua 2.31: Otav to onueio mAincidlel T0 GVVOPO, TO EAAENWOELOES EMUNKOVETOL
oV d1evbBvouomn Tov GLVOPOL Kot GLUTIECETOL OTNV KAOETN dtevOvvon).

KOVTG 6T0 6HVOPO o€ oo pe TNV mavotnTa va Bpedei mo pokpid. o tov okomd
0VTO, TPOTOTOLOVUE TNV EXIAOYN TOV SEIYLOTOS TAV® GTO EAAENYOEIOES KATA TETOLOV
TPOTO DOTE VO, LILAPYEL peyaAlvTepn TBavoTNTa Vo Bpodie To onpueio oty kdbe
670 GVVOPO O1EHBVVEN ad OTL 6TV TAPAAANAN 610 GVVOpo. Evoag tpdmog va yivel
avtd givor va Tpocbécovpie Kamolo TapPAPETPO 5 GTNY UETOTPOTMN TNG KATOVOUNG
amd TNV UTAAN 6TO EAAELYOEIDEC. AVTN 1) OKEYT] ®GTOCO, LAAAOV LOG 001 YEL KOVTA
otV uébodo ball walk, apov Ba petatpéyovpe v katavoun derypatoAnyiog oty
HOPPT] L0 UTLAAOG.

Muo 0e0tepn oxéyn eivon vo atpiyovpe To EAAElY0EDES Katd 90 poipeg. Avtd
Ba BonOnoet va EgkoAAncovpe amd 1o cHVOpPo, aAAd Ba ddGeL TOALL onueia eKTOC
TOV TTOAVTOTOV KOl EMTAEOV TPOKLITEL TO EPMTNUO TO KOTA TOGOV aKolovbovue
nAéov v pébodo Dikin. Xe kdbe mepintwon, aprnvovpe to TpdPAnHa avtd ovoIKTo.

2.4.10 Billiard Walk

H endpevn puéboodog tuyaiov mepimdrov Paciletal 6Tov VOUO TNG AVAKANCNG
oL YvoPIlovpe amd TNV LGIKT. ZVYKEKPLUEVA, OTAV TO YOG TPOCTIMTEL GE £val
kaBpéntn N yovia tpécTTtoong sivat idta pe v yovia avikiaons. To idto copPai-
VEL KO LE TIG PUTAAES TOV UMIAMAOPOL OTAY TPOGKPOVOVY GTA Pl TNG EMLPAVELNS.
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Av ytomcovpe pio pddo pe dvvapun, 1 topeio mov akolovbel Kabmg yTuTdEL ot
OploL IKOVOTTOLEL TOV VOUO NG avAKA0oNS, €50V Kol TO Ovopa g Hebddov. Eekt-
vovtag Aomdv, amd Eva apytkod onpeio Kot Tpog pa Tuyaio katevbuvon otédvoupe
éva copotioro va Kivnoel evtog Tov ToALTOTOV. AVA TOKTA YPOVIKA S10GTH AT, KO-
taypdpovpe v Béom tov copotdiov. Otav o copaTidlo ¥TLTNCEL KATO0 AKPO,
161E 0KOAOVOEL TOV VOO TN avakiaong Kot cuveyilel v Topeia Tov.

ITio cuykekpipéva, éoto mohvtono P = {z € R : Az <b}pe A € R™4 b e
R™. Bpiokovpe to apyd onueio Pe YPOUUIKO TPOYPOUUOTICUO Kot Aapavoupe
poe Toyoio Katevhuvon e OpOIOHOPPY) OELYLOTOANYIO TAV® GE Lo oQipa u €
S4-1 @empovpue emmréov unxog L 1o omoio Qo eivor to prkog Seryporonyiog.
KéBe popd onhadn mov tagidevovpe avtd 10 PNKoG, kKpatdpe to delypo. Eektvode
mv kivnon oty kotevbovon L (1) = xo + Tu, 7 > 0, SNhadn Tdve otnv gubeia
mov opilel n KatevOBvvon. Av dev TETHYOVE KATO10 GVUVOPO LETA amd amdotaot L,
101€ BéTovpe 21 = X9 + Lu. Le S10QOpETIKN TEPIMTMOOT, EGTMO WG TETVYAIVOVLLE TO
ocvvopo al x = b;. H epappoyf tov vopov g avikiaong dtvetot og:

U/ =Uu-— 2(“, i>a'
7
Hain

Avt givan kou 1 véa KatevBuvon Katd v onoia Oa Kivn et To copatidio. Xv-
veyiler v mopeia Tov £mg 6tov cupTAnpwBel To unKog L. Anobnkedovpe To delypa
Kot EeKtvoope omd v apyn v owdikacio pe véo unkog L kot véa katevBuvon.
H swdwaocio tpéyel £mg £va ouykekpipuévo apBud Pnudatwv. H tapakdtom ikova
delyvel o evoelkTikn ektédeon g neboddov.

Zymua 2.32: Mo evOeIKTiKn e@approyn ™ nebddov Billiard Walk.
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2.4.11 Eg@appoyn g Billiard Walk

Oa emyelpnoove TOPA Vo paprocovpe v pébodo Billiard walk, apyikd oto
2D mopdoety Lol LLoG KO 6T GLVEXEL GE TAPOTAV® d1ooTdoels. [ToAAL and Ta oTot-
xela mov yperalopacte Ta Exovpe det oty pEBodo hit-and-run, 6mwg TV EMAOYY
toyoaiog KatehvOuvong kat v e&icmon g evbeioc. Apyukd ag 60vUE OVOADTIKA T
fruata Tov adyopiBuov:

1. Opilovpe 10 TOAMITOTO MG £va GHVOAO OVICOTHTOV.

2. XpNGUYOTOIOVUE YPOLUIKO TPOYPALUATICUO DGTE VO Bpovie Eva apyikod on-
ueto evtdg tov moAvtdémov.

3. Aoappdvovpe po toyoio katevhuven 6To ydpo HEGH TNG OEYHOTOANYING omd
Ho udAo, icmv 0100TAGEMY.

4. Oewpovpe éva Toyaio unkog Pruatog L péow g detypotoinyiog amd o
KOTOVOLLT), T}, OLLOLOLOPON 1| EKOETIKNY.

5. EeKivdvtag amd To opyKod onueio Kol TNV apyikn Katevbuvon, Kivoouaote
ukog L. Av yTomoovpie o€ Kamolo chvopo, Bpickovpe v véa katedBuvon
HEG® TOV VOLOV TNG OVAKANONG. Z1UEIMVOVLLE TO VEO GNUEID KO ETOVOAOL-
Bévovpe yia tov katdAAnio apBud Pnudtov.

Ag ypyovuLE (o GUVEPTNOT QTN TNV POPA, AGTE VO Vot To AmAOG O TELPaL-
HaTIGROG oty cvveyea. Opilovpe TV TOPOKAT® GLVAPTNON:

def billiard_walk(A, b, start, n_samples=1000, L_scale=1.0):

Billiard walk inside polytope {x : A x <= Db}

A: (m, d) inequality matrix

b: (m,) vector b

start: starting point (found by linear programming)
n_samples: number of samples to generate

L_scale: mean length for exponential distribution

Returns: array of shape (n_samples, d)
d = A.shape[1]

samples = []

current = np.array(start, dtype=float)

Listing 2.26: Define the billiard walk function. Each parameter is explained in the
comments.
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H ocvuvéptmon déxetar g mapaptéTpoug to ToAVTONO, TO apylkd onueio, Tov
apOpd Tov fnudTov Kot po Toparetpo Puatomy 1 oroia givat xprouun OcTE va
petaBdAlovpe To PKoG o IKPOTEPO 1 peyoivtepo uéyebog. Me d eivar ot dtootd-
OE1G TOVL TOAVTOTOL 01 OTOiES ivar OGEC Kot 01 aveEAPTNTES LETOPANTEG TOL A.

21 cuvéyela yayvooupue va Bpovpe pa toyaio KatevBuvon. Xpnoiponotode
Tov KOdka omd to Listing 2.16 mov eidape otnv pébodo hit-and-run. o tov Adyo
vt Ogv emavarapPdvovpe tov kaddwo 0. Akolovdel n derypotoinyio evog pn-
Kovg Prpotog, Sniadn to toco Ha tagidéyovpe 610 Tapdv Ppa. Zuovndmg To uKog
eMALYETAL PEGM NG ekOeTIKNG Katavouns. KaAlota dpmg pumopel va ypnoiponot-
n0ei kKo n opodpopen Katavoun and 0 wg kdmow L,,ax.

# Step 4. Sample travel length L
L = np.random.exponential (scale=L_scale)
remaining = L

Listing 2.27: Sample travel lenght L, how much we will move this step.

XpnowomotoOpe o emmAéov pHetafANT remaining pe tnv omoio B petpodpe
OGO UNKOG OTOUEVEL ETELTA OO TNV OVOKAOGT GE KOTOL0 GUVOPO.

[Tepvape topa otnv ovoia g nedddov billirad walk. ‘Evac tpomoc va epapuo-
covpe TV pEBodo eivar va Bpode T6G0 améyel 1o GHvVopo otV TuYaia KateBvvon
u, ®ote va EEpovpe av Ba vapEet avakiaon 1 oyl ovdAoya Le TO oV 1] ATOCTOON
ot givon peyadvtepn 1 Oyt tov L. [Ipémer Aowmdv va pabovpe 1o onpeio Topng me
nuevdeiag mov opiler n katevvOvomn u KoL TO aPyIKO OMUELO e TO AVTIoTOYO GV-
VOpo 6€ aTNV TNV kotevBuvor. o tov Adyo awtd mpémetl va Abcovpe v eicwmon:

al (wo +tu) = b,
Y k60 ¢ GHVopo. Av AGovle WG TPOG t:

T
t_bi—(lil'()
- T

a; U

Onog eidape oty pébooo Dikin walk, o apBuntig €dd eivon mhvta Oetikdg yio
onueia mov aviKovy gvtdg Tov moAvTomov s; = b; — al kg > 0 ko dpa To Th-
vta Ba e&optnBodv and 10 TPAGNO GTOV TAPOVOLOCTY, ONAAST| TO TPOGN O TOL
ECMTEPIKOV YIVOLEVOL a u. YTApyouv ot eE7g TepmTOGELS:

OeTiKb Yvopevo — a'u > 0: Ty mepintoon ot 1 Topeia Seiyvel mpog To
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vrepeninedo ¢ mov oynpatifel to chHvopo Tov ToAvtomov. Tote, 1oyvEL eniong Twg
t > 0. Avt glvar pos vToYNELoL TPOG TO EUTPOS TOUN G AnOGTAOT T KAUTA KOG
™G aKTIVOC.

ApvTiké ywvopevo — a'u < 0: H mopeio mpog v xotedvOvven u eivar
avtifetn o€ GYECT LE TO VIEPETIMEDO U LLE GUVETELL VO NV VILAPYEL TEPITTOGT VL
TETVYOVUE TO GVVOPO AVTO.
Mndeviké yrvopevo — a ' u = 0: KotedhOvvon u kar vrepeninedo sivon mopdh-
AnAa Kot dpo OV VILAPYEL TEPITTOON VAL VTTAPEEL KPOVGT KO OVAKAOGT.

Onwc mavta, YpNOYLOTOI0VUE EKTEAOVUE TOV EAEYYO GE oxéom Oyt e to 0, aAAG
pe kdmota pikpn ovoyn mov Bal pag AVGEL TO TPOPANLA TOV OPLIK®V TEPUTTOCEDV
KOl TNG OTPOYYLAOTOINGNG Tov vIoAoyloty|. [Ipémel Aowwdv, Katd TV dtdpKeLn TOV
KOO VOL VTTOAOYIGOVHE VT TO EGMOTEPIKO YIVOLEVO KOl VOL EAEYEOVLE TO TPOGT|LO
tov. Ag dovpe g Ba yivel avto.

# Step 5. Follow trajectory with reflections

while remaining > le-12: # while we still have length to
travel
t_hit = np.inf # Set <initial t_hit to infinity. No wall
hit yet
hit_index = -1 # This wvartable holds the index of the

border we hit

# Find nearest boundary intersection in current direction
for i, (a_i, b_i) in enumerate(zip(A, b)): # Check all
borders
a_dot_u = np.dot(a_i, direction) # <nner product a Tu.
if a_dot_u <= 1le-12:
continue # mowing away or parallel to this
constraint, move on to the next

numerator = b_i - np.dot(a_i, current)

t = numerator / a_dot_u

if le-12 < t < t_hit: # walid forward intersection
t_hit = t
hit_index = 1

Listing 2.28: We try to find the borded that we might crash into. For this reason we
check every border and find the inner product discussed above.

Apykd, n eEmtepikn emavainym eAEYyeL To evamopeivay unkog. Oco sivor pe-
YOAOTEPO TOV UNOEVOS, TPEMEL VAL EAEYEYOVLLE Y10 TUYOV OVOKAAGELS. XTIV CUVEYELD
opifovpe dvo petapintéc. H t-hit o amobnkevel To vmoyMelo onpeio mpog ava-
KAaon, eved N hit-index 1o vioynElo cvvopo. Apyikd Tovg divovpe kdmoteg mepi-
TEPYEG TIHEC. ZEKVA TOPO, 0 EAEYYOG Yo kKBe GOvVopo. Apov N katevBuvon eival
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Toyaia, oev yvopilovpe ek TOV TPOTEP®V GE TOLO GLVOPO B YTLTGOLE KO Y10l
avto Oa mpémet va to eAéyEovpe OAa. o kdBe chvopo, vToroyilovie TO EcMTEPIKO
YWOUEVO a] - u KoL ELEYXOVHE v Eivot pHeyaADTEPO TOL UNBEVOS (L0 GUYKEKPLUEVE,
HEYOADTEPO OO Eva EAAYLETO OP1O avOoYNG). Av val, TOTE T0 GHVOPO PpickeTol otV
mopeia oG Ko £T61 LIAPYEL TOUVOTNTO VAL TO XTVTNoOVUE. ATO OAa TO BETIKA ¢
KpoTape to pikpotepo. Ta vorouro OTIKA ¢ AVTIGTOLYOVV Kol L TE GE GHVOPL TOV
Bpiokovpe otnv mopeia pog, aArd n toun yivetal ektdg TV 0piwV TOV TOAVTOTOV.

Yvveyilovpe Tdpa, e ToV EAEYYO Y10 TO OV TEMKA B0l YTLTGOLLE TO GVHVOPO
ka1 Oa yivel n avakioon:

# Distance to next wall

if t_hit > remaining or hit_index == -1:
# We can travel full remaining length without hitiing
boundary
current = current + remaining * direction
remaining = 0.0
else:
# Travel to the wall
current = current + t_hit * direction
remaining -= t_hit
# Reflect direction: u' = u - 2 (u-n / [[Inl]/72) n
a_i = A[hit_index]
n = a_i / np.linalg.norm(a_i) # normalized normal
direction = direction - 2 * np.dot(direction, n) * n

samples.append (current.copy ())

Listing 2.29: Finally, check if there is sufficient distance left to hit the border. If
not, just update the current point, is yes find the reflected distance and move the
remaining distance.

EEKIVOVLLE LLE TOV EAEYYO Y10l TO OV TO VTTOYTPLo onleio pickeTorl o€ amdGTOOT
peyoAvtepn tov L M dev vdpyetl Kovéva vroyneto onpeio (awtd Bempntikd eivon
advvartov, umopel va copPel HéEvo og oplaKeg TEPIMTMOGELS 1 av £xel AABOC 0 KDO1-
KaG). Av to onueio Toung Bpioketar o€ peyaAn andcTooT, TOTE GTNV OVGIO TO LOVO
Tov £yovpe va kKdvovue gtvan va avaPaduicovpe To Tpéyov onueio. vundeite mwg
70 Stdvuopa TS katevBuvong etvar povadiaio kot dpa 0 TOALATAAGIAGHOG [LE OVTO
dev aALALeL TO PETPO. LE SLUPOPETIKT TEPIMTMOOT| O YTLTGOVIE GTO GLVOPO. APal-
POVLE TNV ATOGTACT] TOL £YOVLE SLOVUGEL OO TO remaining Kot VTOAOYILOVE TNV
Kkatevhuvon g avakioaong amd tov TOo oL gidape oy Bempia. Telkd, apov 1
TIUN NG remaining givot HEYaAVTEPN TOL UNOEV, EUVE UTOIVOVIE GTNV ETOVAANYT)
while ka1 cuveyilovpe v dladikacioL.

Mmnoopobpe Tdpa va tpéEovpe TV HEB0SO Yo To Tapaderypud pog ko yio 40000
frrata og cuvnBmg. ApKel va KOAEGOVLLE TNV GLVAPTNON LE TOPAUETPOVS TOL A KO
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b Tov mapadeiyparog kot n-samples = 40000. ['a v dpa og aproovpe L = 1. To
OTOTEAEGLLO POIVETOL GTNV TOPAKATO ELKOVOL.

Billiard Walk Samples inside Polytope

Zyqua 2.33: To amotélecpa g detypatoinyiog 40000 onpeiov 6To TOAVTOTO TOV
napadeiypartog pe v uébodo Billiard Walk.

H pébodoc €xet Asrtovpynoet dyoyo Kot xEL GYNUOTICEL Lol OLLOIOLOPT] KOTO-
VOUN OELYHATWV GTO GUVOAO TNG EMLPAVELXG TOV ToALTOTOVL. Oc0oV apopd to L-scale
OV OEYETAL WG TAPALUETPO 1] GLVAPTNGT, TPOPAN LA TOPKVTTEL LOVO Y10, TOAD HIKPAL
UMK KaBdg o mepimotog dev mporafaivel va KaAdyel OA0 TOo TOAVTOTO. AVTIOETMC,
peydio unkn o kaAdyWouv opoldopea To TOAVTOTO, A Bo acvéncovv Tov Ypovo
™G 1ebddov Kabmg Ba TpaypatomromBovy moALES avaKAGGELC.

H ovvéptnon billiard-walk pmopei va ypnoyorombei kot o mepiocodtepeg amd
dv0o 0100TACELC. Xe Kavéva onueio 0ev opilovie TIg O100TAGELS OTIG omoieg epyalo-
paote. Apkel Aomdv, vo opicovpe T0 TOATOTO € OGEC O10GTAGELS BEAOVE Kot
va pé€ovpe TNV cuvaptnon. Ag dokipdoovpe apykd 3 dwaotdoeic. To amotélecua
(QOIVETAL GTNV GUVEXELOL.

3D Billiard Walk Samples inside Polytope

ymua 2.34: To amotéheoua g detypatoinyiog 40000 onpeiwv 610 TOATOTO TOV
napadetypatog pe v pébooo Billiard Walk og 3 dwnotdoes.
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Ag dokipaoovpe emiong 6 dtauotdoelc, pe 1o moAvtono tov Listing 2.19. Tunm-
vovpe to teEhevToia 5 delypara.

Last 5 samples:

[0.34140269 0.94313671 0.99271327 0.85519785 0.68699482 0.98557651]
[0.47232794 0.78231602 0.71675207 0.54859619 0.90744534 0.7238048 ]
[0.08106716 0.5897296 0.97076318 0.56439334 0.83822999 0.64571987]
[0.14803628 0.6299687 0.89828939 0.71725236 0.64312259 0.80508464]
[0.20821193 0.55092719 0.94187131 0.74486167 0.6372729 0.79616081]

To wopamdve onpeio 0KoAo UTOPOVUE VO EAEYEOVE TWE TKOVOTOL0VV TIG OLVL-
0OTNTEG TOL TOALTOTOV.

2.4.12 Xapktoviavi) Mnyoavikng

H endpevn pébodog mpoxwpd tnv 10£a TS OVTILETMOMIONG TG OELYLATOAN YOG
HEG® £VOG COUOTIOION OV Kiveital vTOg Tov ToAvTdmoL €va Pripa mwaparépa. To
OOUOTIO TOPO OV AVOKAATOL ATAG GTO GUVOPQ TOV TOALTOTOV, OAAG akoAlovOel
KOTd TNV KV o1 TOL TOLS PLGIKOVS VOLLOVGS TTOV OLETOVV T, TPOYLOTIKE COUATIOW.
[To cvykekpyéva, 1 Kiviomn Tov SOKIAGTIKOD COUATIOI0N aKOAOVOEL TIg EE16M0ELS
0V XAUATOV TOV UTOPOVLLE VOL TIG OOVLE MG TNV YEVIKEVGT TOV SEVTEPOV VOOV TOV
Nevtova. ['a tov okond avto, KpiveTon avaykaio vo 0wl pia pikpr| elooymyr otV
XOUATOVIOVT SUVOLIKT.

H debtepn e&iocwon tov Nebtwva meptypdpetl Tov TPOTO TOL KIVOUVTOL TO, GO-
LoTiow 6ToV YMPO SEGOUEVIG TNG SVVOUNG TOV OCKEITOL GE QVTE KOL TV OPYIKMV
ocuvOnKov:

F=mi

H napomdve Bedpnon £xet kdmota mpoPAnpata. [lpmdtov vTapyet avaykn yuo
po ovofempnon ™S ota TAAIGLO TNG GYETIKOTNTOG AALA KO TNG KPOVTOUNYOVIKNC.
Agvtepov, mpémetl va yvopilovpe tnv dOVOUN TOL aoKEITOL 6TO VST KATL TOL
TOALEG OpEG Oev eivan amAd. Tpitov, n popen tov e€locdcewv Kivnong eEaptdrton
EVTOVO 0t0 TO GUGTNO. GUVIETOYUEVMV TOV YPTGULOTOLOVLLE.

Mo eVOAAOKTIKY TTopeior G OYEOMN HE TNV VELTOVELL UNYavVIK divel 1 apyn
tov Hamilton. Zopeova pe v apyn avt, vrdpyet o OepeMddng cvvdptnon
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TV 0E0EmV KoL TOV TOYLTHTOV oV Yopaktnpilel 10 ekdotote LoKO cvotnua. H
ocuvdptnon avtn etvon n Aaykpaviavn covaptnon L. ['a unyavikd cvetipato ved
TNV EMLOPOCT CLVTNPNTIKAOV SVVAUEMVY, OTMOS CTNV TEPITTMOT| HOG, 1| Aaykpaviovn
ouvdptnon ivar 1 dtoopd LETOED TNE KIVITIKNG KO TNG OVVOUIKNG EVEPYELNG TOL
GLGTNULOTOC:

L=T-U

YOppova pe v apyn tov Xapdtov Aomdv, Eva couatioto mov Eekivé amd o
onueio A v xpovikn oTiyun t4 Kot tdvel 6to onueio B v xpovikn oTiyun tg,
aKoAoVOEl 6TO EVOLAUESO YpoViKd dldoTnua TNV dadpoun eketvn yia v omoia 1
dpdon, dSnradn n TocdTNTA:

tp

5= [ Lai

ta
kafiotatol oTdoiun.

H dpdon amotelel £éva cuvaptnooedég LITO TV Evvolo TmG OV EE0PTATAL OO
Kamoleg LETAPANTEG OAAG atd TNV 010 PO TOL aKOAOVOEL TO UNYaVIKO GOGTN L.
M této10 TocOTTO KOBIoTOTOL GTAGIUN, OV Y10 [id JUKPT HETABOAN € TNg dOlo-
Spoung, n dpdon dev petaBdileton og TpGOTN TAEN Al povo og 1één O (£2). Acite
TOPA TOG 1 TOPATAV® 10€0 00N YEL APESHOE 6TO VOLO TOL NELT®VAL.

‘Eoto ¢ (t) 1 pvokn dwadopur| mov axolovdei éva copatiolo, Sniadn n dwo-
dpopn| mov KaboTd TV dpdom mov avTioTotyel oTNV Aaykpaviiov

1
§mu2 -V (z)

otdoun. Av tapekkiivoope Alyo amd v dadpoun avtn, n dpdon dev Bo aAAdEeL
aoOntd (Ba mopapeivel apeTaPANT 68 0povG TAENG €. [Ipémel Inradn va 1oyveL:

S (o (t) +en(t)) — S (zo (1) = O (&%)

omov 7 (t) eipor pror wBaAipETN CLVEYDG TOPAYMYIGUL GLVACPTNON TOL dEiXVEL [E
OOV TPOTO 1] KAvoUpylo Oldpopn omokAivel amd v euoikn dwadpour]. H po-
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VoKt amaitnon mov npénet vo. ikavorotel n 7 (t) givan va woydel g 1 (ta) =
N (tg) = 0, dNAad) To coONATIO0 Vo EeKva Kot vo Katarnyet ota idto onpeio. Ymo-
Aoyilovpe Vv dropopd oTig Svo dpAoEls:

S(xo +en) — S(xo) = [/tB%m(rweﬁ)zdt—/sv(:ﬂwen) dt]

A ta

tp 1 tp
ta 2 ta

_ /t ’ llm((j;of + 2ty + 2(0)) — (Viwo) + V(o) + O(2))

5 dt

_ / " [4m(d0)? — V(ao)] dt

ta

_c /tB [my‘coﬁ — V(o) n} dt + O(£?).

ta

Me 0LoKAP®GON KOTA TOPAYOVTES TO TPMTO OLOKANPOILO. OTTOKTE TV HOPPN:

tp tp ip
/mioﬁdt = mx'onﬁﬁ — /miondt = —/mjigndt
ta ta ta

ywti wyvet twg 1 (ta) = n (tg) = 0. Zvvenmg, n dpdon givar oTdoun 6tav o dpog
OV OMOTEAEL TOV GUVTEAESTN TOV € YivETO UNOEVIKOG:

tp

/ [miﬁo + V' (z0)| ndt =0

ta

Eme1on 10 mopanave npénet va woyvet Yo ke avbaipetn cuvdptnon 1 mpénel ova-
YKOGTIKA 1) TOGOTNTA GTIG AYKVAEC VOl £IVOL TOVTOTIKA UNOEVIKTY, dNANOT Vo 15YVEL
TOG:

!

m[i'g =-V (.To)
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nov givat akpPag o devTEPOG VOROS TOL NevTmva apod Yio GUVTPNTIKEG SOLVALELS
oyvernog F' = —dV /dz.

Epappolovrog v mapamdvem AoYIKn 6T YEVIKT TEPItT®on o Aaykpaviio-
VNG, TPOoTOOMOVTAG ONANOT VO, GTOUGILOTOMGOVUE TNV OpAcn Yo £va. TUX0L0 GV-
omnpa, KatoAnyovpe otig eElowoelg Euler-Lagrange ot omoieg divovton oc:

OL _d (0L _,

v KaOe 2, 6oL ¢ o1 suvietaypéves. H AMon tov mopandve eElomeemy 0e0TEPNG
TaENG Kab1oTA TNV dpdon oTdcIun Kol Apa Log dtvouv Tic eE1I0MGELS Kiviiong Tov
GLGTNLOTOG,.

To Baocikd TpdPAnpa Aowmdv givar va ypayovpe TV KatdAAnAn Aaykpoviiovn
v k@B punyavikd suotpa. Ot eglomoelg g kivnon Oa d00oHv ToAD amAd pe pept-
k&G mapaywyicels. 'Eva amdo mapdderypo anoteAel éva copatidlo mov Kveital 6to
Bapvutikd medio g I'ng. Onwg £xovpe det, Yo unyavikd cuetnuata N Aoykpoaviovn
etvat 1 d1Popd KIvNTIKNG Kot SUVOUIKNG EVEPYELOS. ZVUVETMG GTO TOPAOELY LA OVTO:

1

2
L:§m T}x) +m?-7:%m(:fc2—l—yz+22)—mgz

2Oopeova e v apyn eAdytotng Spdong n PLGIKY| JPPOUT TPETEL VAL efvat
TETOL0 MOTE 1) OpAoT va KaBioTaTol GTAGIUN Kol GUVETMS VO IKOVOTOLEL TIG EE100-
oeig Euler-Lagrange. Xvvendg, £yovpe Tmg:

(o)
Or dt \ Ot
o (on
dy dt \ Oy
3_13_1(‘2)_0
0z dt \ 0z

o1 omoigg divouv:

ma =0
my =
mz+mg =10
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pe Avon tv:

x(t) = xo + uyt
Y (t) = yo + uyt
z (t) = 20 + u.t — Sgt?

2V yopAtoviavy Bedpnon g Kivnong evog GLGTHHATOC, N BOCIKN GLVEAP-
T1\OT| TOV TEPLYPAPEL TO GLGTN O ovoudleTal yoktoviavn. H yapudtoviavn pe pe-
tafintés g Oéoerg ko g opuég H (g, p, t) pmopel va mpokvyet omd Ty Aoykpov-
Govn L (q, ¢, t) péoo evog petaoynuatiopod Legendre. Eoto o cvvaptnon f ().
H mapdywydg g opilet pia véa cuvéptnon

d
p@Zé

O petaoynuatiopog Legendre g f (z) givon ekeivn n cuvéptmon g p, g (p),

omoia el TNV 1810TNTA VO £YEL O TAPAYMYO TNV AVTIGTPOET cuvaptnon g p (),
mv

_ dg

x@—@

H ouvOnkn dmapéng petaoynuaticpov Legendre eivai

dp _ &°f
dv  dx?

ywti pdévo 1ote vVIapyeL N avtiotpoen g p. [pémer dnAadn N KOUTLAOTNTO TNG

f(z) oto didotnpa mov pag evideepet va £xel otabepd mpdonpo. O yevikn oyéon
Aomdv mov mpocdopilet tov petacynuaticpd Legendre givor n:

9)=z@)p—[f(zp)
Mmnopovpe edkora va eniefotdGovUE TOV TOPATAVE 10YLPICUO Tapayyilovtag:

dg  dx(p) df dz (p)
%_d—pp x(p)—%d—p—w(]?)
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apov €&’ oplopod givaw p = df /dx.

Avtiotpopme, av vrapyel petooynuatiopos Legendre g f (x) ko givon o
g (p), 101€ 0 petaoynuotiopds Legendre g g (p) vrapyet kot givan o:

f(z)=pz—g(p)

‘Etot howmodv, Eekvavtag amd o AaykpavQovny L (qr, -, Gny G1y o5 Gn,y t) 0p-
YKd o1 oppég opilovion og:

oL
b= 94

Yopig Kapio ovaeopd ot PLGIKN Kivnon Tov cvothpatos. H XapuAtoviavn opi-
Cetan tpa g 0 petacynuatiopog Legendre g AaykpovQioving g mpog OAeg TIg
YEVIKEVUEVEG TOYVTNTESG, ONANOY| €lval 11 cuvApTNON:

H <QI7 <oy Q4n, P1, 7pn7t)

N omoio tkavomotet T 6y€on Tov petacynuaticpov Legendre:

B oH
B Op;

i

YVVETMG, amd TNV YEVIKN GYEGT TOV LETACYTNLLOTIGUOV, 1] XOUUATOVIOVY STVETOL (OC:

n
H (QIa <oy 4n, P1, 7pn7t) = sz% - L
i=1

I'pagovrag 1g e€lomoeig Euler-Lagrange pécm g otATOVIOVIG Kol Y PN OLULO-
TOLOVTOG TOV 0PIoUO HEGM TOV peTocynpotTicpov Legendre, £xovpe T1g dvo mopa-
Kato e€lodoelg Tov XAauATov:
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0H
0q;

pi =

O1 emilvon TV Tapandve eEI0MGEMV diveL TNV TpoYio TOL COUATIOION GTOV YMPO
TOV PdoenVv 2n dnotdoewv. Ot 2n e£lo®oelg Tov XAWATOV elvat d1apopikes eEl6m-
GELG TPATNG TAENG ®G TPOG TO YPOVO, 160dVVaLES LE TIG n eElomaelg Euler-Lagrange
01 omoieg Op®G etvan devTEPNC TAENG (G TPOG TOV YPOVO.

g éva chotnua To omoio mepLypdeeTol amd pio xpovoaveEApTNTN Adykpov-
GQuavn, 1 Xopdtoviovn TpokOTaet vo givot atafepd g Kivnong Kot Teptypaeet tnv
evépyela Tov cvotuatog. Etvat onAadn to 0potspo KiviTikng Kot OUVOUKNG EVEP-
yewg. Xe kbe mepintmon Opme, Tov factkd poro Exern Aaykpaviovn, n oroia pmo-
PEL VO KOTOGKELOOTEL AIECO OO TIC GUUUETPIEG TOV GLGTHLATOC, EVO 1) EVEPYELQ
dev mpokHTTEL Auesal.

2.4.13 Xopatiow o€ kovti 1 dwdotaong

['o v KaAdTEPN KATOVON O TNG EPUPUOYNG TOV EEICMGEMY 0C EEKIVIIGOVLLE
amo v povodidotarn nepintwon. Eotm éva kovuti pog dtdotaong amod to 0 £mog to
L 6mov (et to copoatidio. Extog Tou Koution, to duvapukd eivar dreipo. Oa Bpodpe
v e&iomon kivnong kabm¢ Kot TOTE AvVaKAATOL TO GOUATIO0 GTO TOLYMDUATO.

"Eotm 1o kovti [0, L] kot to duvoputko:

0, q€(0,L),
400, ¢ ¢10,L].

Ulq) =

H Xopiktoviavn ginape mwg eivort ) evépyesio Tov copatidiov, dniadn to abpoioua
KWNTIKNG Kot Suvaptkng evépyetas. 'ETol 6o e6mteptkd TOov KOuTlov eivat:

2 2

H(q,p)zg—mﬂLU(q):—

O e&omoelg Tov Xaphtov givar Aouov:

OH p

1= T m
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OH

_8_q_0

p=

Ozwpovpe ©g apykés ovvinikes Tig ¢ (0) = L/2,u (0) = wg. 'Etor pg = mug. H
Mon tov e&lodcewv XAWATOV, gilvat TOAD amAd:

Po
q(t) = qo+ =t = qo + uot
m
p(t) =po
Otov 10pa 10 GOUATIO0 YTV GE KOO0 cVVOPO, £€0TM 610 + = L, tote
TPOPAVAGS 0V Uopel va mePAGEL apoL TO OLVOLKS gival Amelpo, AAAL avaKAGTOL.
H avaxiaon elvatl dupeon kot €€l ¢ GLVERELR TV GTPOPTN TS KaTeLBUVONG TNG

opung katd 180 poipec p — p’ = —p. H xpovon eivor eEL0oTIKY HE GUVETELL 1)
KWVITIKT EVEPYELQ VAL dloTnpEiTaL.

H mpot xpovon Ba yivel oe ypdvo:

L — qo

tl -
Ug

EVD 1) 0EVTEPN KPOVGT GTO OPLOTEPO TOTYMUA GE YPOVO:

L
lo =1+ —
Uo

Me v id1a Aoy, n k£ kopvon Ba yivel 6 ypdvo:

L
0

Muo 7o xproyn K60yN Yo TV KOKomoinom e kivnong, ivat va ypayoovue
Vv 0€om ToL COUATIOV GE KAEIGT LopPn. AvTd pmopet va yivel ¢ €ENG:

q(t) = r(t) = (qo + vot) mod (2L).
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pe TayvuTNTOL:

Katd avtov tov tpdmo, umopovue e0KOAO Vo YPAWYOLLE £VOL KOOLKO TOL VOl
voroyilel TNV Béom o€ S18.POoPES XPOVIKES GTLYUEC.

def box_motion(qO0, vO, L, t):

q0 = float (q0)

v0 = float(v0)

t = np.asarray(t, dtype=float)

s = q0 + v0 * ¢t

r = np.mod(s, 2.0 * L)

q = np.where(r <= L, r, 2.0 * L - r)
v = np.where(r <= L, v0, -vO0)

Listing 2.30: Simple function to find the position of the particle for different time
values.

Yxeordlovtog To ypaonua xpdvov-0éomng, 1 ekdva glval 1 TopoKiTo:

1D particle in a box (reflecting walls)

position glt)

time t

Zyqua 2.35: H ypaeikn topdotacn g Kivnong Tov copatidiov 6to HovodtioTo-
GTO KOVTL.

[No TeprocoTEpeg dl0GTACELS, TO TPAYHOTA 0V OAAALOVY onuavTikd. Mg to
duva ko 0 péca 6To KouTi, LTopovUE Vo, eTeepyaoTOVNE KAOE GUVTETAYUEV avE-
Eaptnra amd Tic dAAes. [ kdBe cuvtetaypévn Aowdv Ba 1oyvovy ot Tapamdve e&t-
omoelg mov gidape yio v 1D mepintoon. Apkel va cuvdvdcovpe Oleg Tig BEoelg
®oTte va Bpovpe TV Tpaypotikny 6€6m 1oV cOUATIdI0V EVIOS TOV KOLTLOD.
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2.4.14 Reflective Hamiltonian Monte Carlo method

v mepinT®o™ oL TO SVVAMIKO £VTOG TOL TOALTOTOL €lval UNOEVIKO OTMGC
OTO TOPAOELYLLOL TG TPONYOVLEVNG EVOTNTOGC, 1 KIVI|G1) TOV COUATIZION OV S1apEPEL
amd Vv kiviion mov akoAovbei éva copatiolo kotd v pébodo Billiard walk mwov
eldape og mpornyovuevn evotra. To copatiowo kveitar eEAévBepa oe evBeia ypopun
€m0G OTOL YTLINGEL KATOL0 GUVOPO (TEPOV SLVOUIKOD KOl OVOKANGTEL EAAGTIKG,
ONAadn ympig anmdAieleg evépyelas. Mia tétota avakAiaot akoAovBel Tpo@avag Tov
VOLO NG aVAKAQONG.

AvtiBétwg, kotd tnv Hamiltonian pebodo mov B€Llovpe va akohovBncovpie €0,
TO QLUVOUIKO £VTOC TOL TOAVTOTOL dev Ba etvar TAEOV undevikd, oAAd pia Guvap-
mon f (z). Tevikd Aowdv, £6Tm £va TOADTOTO TNG YVOOTNG LOPONG TOV OVIGOTH-
TOV. XTNV YEVIKY| TEPIMTTOON, OEV LOG EVOLUPEPEL LOVO 1] OLOTOPOPPT OELYLLOTOAT-
yio evtog ToAVTOTOV, 0ALA UTopel THAVOV Vo YiYVOLLLE KATO10 TOAD E101KY| KOTO-
voun. Ot puéBodot Tov eldape 6e TPONYOVUEVES EVOTNTES YPNCLLOTOIOVVTOL KUPIMG
v opodpopoen oetypatoinyio. H Hamiltonian pébodog wotdco, pumopet gvkora
va ypnoyomon et yia po cuyKkekpuévn mepiepyn derypatonyia, avdioya pe mv
ouvaptnon duvoptkod mov Ba emiéEovpe. Otav n cuvdptnon duvapkov dev givat
UNOEVIKY], TO GOUATION0 0KOAOVOEL KAmolo KOUTOAN Tpoyia Kol TEPVE SLOPOPETIKO
TO0GOGTO TOV YPOVOL GE SLOPOPETIKE OMUEIN TOV TOAVTOTOV.

Ag Bewpnoovpe Lomdv, TOC N KATAVOUT 0TOYOG amd TV omoio BEAovue va
yiver n derypatoinyio givat n TopakdTm

7 (x) oc e /@

[Mopatmpnote Twg N Katavoun otodyog puduiletat amd TV cLVAPTNOT SVVOLKOD
€VTOC TOL TOAVTOTOV (0T GVVOPO Kot EE® e£akoAovOel TO duVapIKO va etvat ATeLo).
[Ipoxertan ovslaoTiKd Yio v Katavour Boltmann. H katoavoun Boltzmann givat
po KaTovoun mlovotnTog Tov Jivel TNV mlavOoTNTo P0G CUYKEKPIUEVIC KATAGTO
ONG G GLVAPTNGN TNG EVEPYELNG OVTNG TNG KATACTAGNS Kot TG Beppokpaciog Tov
GLGTNIOTOG 6TO 0Toio epappoletal | katavour. H evépysio oty nepintmon pog
elvat axpifac n cvvdptnon XauATov 1ov copaTidiov.

Xe mepoyég omov M cuvaptnon f (x) maipver pkpés Tipég To exBeTikd peya-
ADVEL KOl APa OVTIOTOLYEL GE TEPLOYN LEYAANG TOOVATNTOC Y10 TV KATOVOUT). TNV
avtibet mepintwon, otav n f () Aapfavel peydieg Tipnég to ekBeTikd piKpaivet
Kot po. avTIoTOLEL GE TEPLOYES MKPNG TOAVOTNTAG Y10 TNV KOTAVOLY. LVVETMG,
10 oL Ba Bpovpe ta meprocdTEPA delypoTa EPTATOL AUESH OO TO SLVOLIKO.
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211 YA®GGO TG QLGIKNG, OTaV TO duvapikod givotl peydrlo PPIoKOUAGTE GE TTe-
ployn OTOL M KATAGTACT] TOL GLGTIHLOTOG EXEL LEYAAN EVEPYELD Kot TO avTifeTO.
Qo1600, 6mwg yvopilovue, KB cVoOTNUO TEMKO KOTAANYEL GTNV KOTATAOT €AG-
YLOTNG EVEPYELNG KOl LEYIGTNG EVIPOTING. XVVENTMOC N TOavOTNTO VO, BpodpEe TO G-
OTNUO € KATO10 KATACTOOT YOUNANG eVEPYELOGS lvat peyalvtepn. EmmAgov, n popen
0T TNG KATAVOUNG EVOL PN OLUN OTAV ELEOVIGTOVY AOYAPIOUKES TOGOTNTES. XV-
VOGS, Yo TNV amoPLYN OKPAIOV TIUAV GE PETAPANTES KOl LEYAADV GOPAALATOV
YPNOLUOTO0VE TO AoYdp1Opo TG Katavourg mbavotntag. Tote Opmg to exBeTicd
Katapyeitol kot pag PEVEL povo N ocuvaptnon duvapkoo logm (z) = — f (z).

Onwg suvnbilovpe éog todpa, Eva mapddstypo Bo Bondnoel. Ag Bemprioovpe
®G GLVAPTNON SVVOKOD TNV:

EVO Yo TNV Kivntikn evépyeta Ba Exovpe (Bewpovpe palo m = 1):

1
K (p) = §||p||2

Mmropobpe Topa va ypdyovue TV XoUATOVIOVH TOL GOUATIO0V:

Lo 1o o
H == =
(2.0) = 5l + 5
ka1 va Bpovpe Tig e§lomoelg Tov XAATov:

. OH
a:—ap—
. OH
P= or

p

—T

Mo kamoteg apykég ouvinkeg x (0) = xg, p (0) = po, Ol TAPOTAV® VO EELGAOGELS
avayvopilovor e0KoAN OC 01 EEIGMGELS EVOG OPUOVIKOD TOAAVTOTY:

x (t) = xgcost + posint
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LLE YOVIOKT cLYVOTNTO w = 1. XUVENMG, EVTOG TOL TOALTOTOV, 1 Kiviomn etvat mepto-
O pe mepiodo 2. Ouunbeite TG T0 T €0M ivan £val dAvucLa, GTIS OLO SOGTA-
oeicr = (21, 25) kon ||z]|* = 212 + 25 Katd ovtdv tov tpdmo, 1 kivnon axolovdei
NV TEPLOOIKN TPOYia o€ KAOE pia €K TOV OLO SOGTACEMV.

H cuvéptnon duvapko mov £ovpe opicel 1o mapadetypa ovtd avédvetl 660
OTTOLLOKPVVOLOGTE OO TO apyIKO onpeio. Zuvendc, To delypata £xouv avénuévn
mBavotnra vo fpefovv kovtd 6To apyikd onpeio, Kot pkpn mibovotnta va Bpebovv
O HOoKPLd. Xovendg 1 kaTavour mov Oa AdPovpe dev givat TAEOV OLOIOHOPON.

210 TOPOUTAVE TPOKVTTEL TO EPATNLLO, OTTO TOLO GTUEID OVOPOPAG LETPALE TNV
andotaot. To z exppalel TNV amdGTOGT OO TNV 0PYT] TOL GLGTHUATOS AVOPOPAS
¢mg ) 0éon tov onueiov. Emedn to molvtomo Bewpnrikd pmopel vo tomobetn et
0GOONTOTE LOKPLE OO TNV 0PYT] TOV CLGTNHATOS AEOVOV, LI 1OEN TTOV LITOPOVLLE
VO XPNCLOTOMGOVE EIVOL VOL KOVOVIKOTTOLOVUE TNV 0doTaoT KA popd oe oyéon
LLE TO aPYIKO oNUEO TOV OIVEL O YPOLUUIKOG TTPOYPOUUOTIGHOG EVTIOS TOV TOAVLTOTOV.
OvclooTtikd vo TomoBeTCOVLE TO GUGTNUA TOV 0EOVOV TAV® GTO apyKO onpeio
TOV TOAVTOTOV. XTNV TEPITTMON QLT Y10 TV apytkn B€om Ba 1oyvel Toc:

Tnew (t) =2 (t) — o = Tpew (0) =29 — 29 =0

Le ovvémeln o1 £loMoELg Kivnomg va yivouv:

Tpew (1) = posint

Pnew (1) = po cost

KOl GUVETMG 1) TEPLOOTKN Kivion va eEapTtdtol HOVO amd TNV apyLK| 0PI TOL GO-
patidiov.

Buunbeite mwg 1 oppun givor dtovocpaticd péyebog. ‘Exel kamowa katehBouvon
KOl KGO0 HETPo. Av 1 opun mapopeivel otabepn KabBOAN tnv d1dpKela TG Oty Lo-
TOANYIaG, TOTE TO GOUATION AKOAOVOEL Lo GLYKEKPIUEVT KIvNom Kol EMCTPEPEL
010 apyké onueio. H derypatonyio Oo ddoeL delyuaTa Tavm G [P0 GUYKEKPIUEVT
KapmOAn. o tov Adyo avto, KaAd ivort vo SEIYUOTOANTTOVUE L0 VEX OPYIKT OPUN
oV apyn kabe Prjnatog. Xe TePITTOON TOPA, TO GOUATIO0 KOTA TNV TopEia TOV
YTUTNGEL KATO0 GHVOPO TOV TOAVTOTOV, £€QUPUOLOVLE TOV VOO TNG OVAKAAOTG
Kot cvveyiloope v kivnon.
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2.4.15 Eg¢oappoyn ™mc Hamiltonian pe@dédov

®ao mpoomadncovpe vo avamrapdyovpe v Aoyikn g pebooov. H yevikn et-
Kova givon ) e&ne:

1. "Exovpe 10 moldtomo wg £va ohvoro avicotntov. Opilovpe apykd (o cv-
vapton f(x) n omoia ovtirpocomnedel To SLVOpIKO EVTOG TOL TOAVTOTOV Kot
dtvel v katavoun mov BEAOVLE VO ETITUYOVLE COUP®VA LE TO EKBETIKO TOV
gldape oty Bewpia. To dvvapikd ektoG givar dmelpo.

2. Bpioxovpe éva apykd onpueio, gite e YPOPPIKO TPOYPULUUATIGUO, EITE XEL-
pokivnta. Avti Ba givat Kot 1 apykn B€om yio v Kivnon Tov copaTdiov.
Eneon o petapépovpie to cuomnua a&d6vov 61o onpeio avtd, n apykn 0éon
oV copatdiov Ba sivar 0. ['a TNV apyikn opun, SEIYUATOANTTOVUE L TV-
yoio Ty o€ Kabe Prpa.

3. XpnoipomoloVE TIg EEI6MOELS TOL XAUATOV OCTE VO, AVamTOEOVLE TNV TPO-
yio Tov copatdiov. Oa ypnooromcovpe v Leapfrog nébodo xotd v
omoio O1KPITOTOI0VUE TG EEIGMOELG KO TPOYWPOVLE G LUKPE PApaTo yio
ta omoia M Tpoyia Bewpeitan evOHYpapun.

4. Av GUYKPOVGTOVUE LE KATO10 GHVOPO TOV TOAVTOTOV, EPUPUOLOVIE TOV VOLO
¢ avdxiaonc. Bpiockovpe ta vroymela covopa pe v péBodo mov idape
aVOALTIKG Katd v gpapuoyn g pebodov Billiard walk. Avatpélre oto
avtiotolyo €da¢1o. ‘Exovpe 10 dikaiopo ovtd yoti kotd tor pikpd frpoto
N Tpoyia Bewpeitor vOOYpapu.

5. ZekdBe Pripa g HeBOdov, Oy LATOANTTOVLLE L0l OPYLKT) OPUN, TPEXOVLE TNV
puéboodo Leapfrog yio kdmoro apBud Pnudtov kot arobnkebdovpe v TEAKN
0éom Tov onpeio. Avto etvan ko To detypa pog. Xvveyilovpe v daudikacio
ue Baon 1o véo detypa.

EeKIVOOUE 0 KATOLES ATAEG GUVOPTNGELS TIC OTTOTEG LTOPOVLLE EVKOAN VOL KM-
JIKOTOMGOVLLE KO 01 OTTOLES VO ATOPOITNTES Y10l TV GUVEYELD. APYLKEL, Yiat Koo
duvapikd f (x) mpémel vo voloyicovpe TNV TaPAY®YO TOL MG TPOG T APOV AVTY
epoaviCeton oy e&iocwon tov Xauktov. H yapidtoviavn tov copatdiov givor m
evépyela:

2
_p
2m

H + f(x)
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Ko GUVENAS N e&lomon Tov XAWATOV YPAPETAL MG:

p=—VpH (z,p) =-Vf(x)

OOV EYOVLLE YPTCUOTOUCEL TOV TO EMIGNLO GUUPBOMSUO LLE TO AVASEATA TOV GULL-
BoAilel TNV kAo TNG GLVAPTNONC, ONANOT TNV TAPAYWYO MG TPOG KADE GLVIGTOGN
10V Staviopatog . Ocov agopd v GAAN e&icwon etvat TOAD amAd ToG:

. 0H

r = — =
dp P

H Adon pmopet va Bpebet gite vroroyilovtog tpdta 10 p amd v TpdT e&icwon
Kot avtikafiotdvtag oty dgvtep, ite mapaywyilovtag tnv devtepn e&icmon kot
avVTIKOOIGTOVTOG 6TV TPOTN va fpodue v BEom.

H 7o 6ot avTipet®dmion t1ov vwoAoyiopov g KAIoNS Tov duvaptkov Oa ftov
N xPNo1 Kamwowag opfuntikng pebodov, 6mmg g Runge-Kutta 4ng tédéng. Qotoco,
avtd Oa mpocbicet éva emmAéov Pabpd moALTAOKOTNTOS TOL eV oG XPEGleTOn Yol
avtn Vv eleoyoyn oy uébodo. I'o tov okomd avtd Ba mepropioTodie 6e duva-
LKA Yo To omoio pmopove e0KOAN va vtoloyicovpe Bewpnrtikd v KAion Tovg,
OTMG GTO TOPAOELY LA TTOV EIOOUE GTNV TPONYOVUEVT EVOTNTA. APOV VTOAOYIGOVE
™V KMon, TNV €l6ayovpe XEPpokivnTo 6ToV KOdKa Kot cuveyilovpe. Zuvenmg, To
HUOVO oL €xovpe Vo KAVOLLE glval VoL OpICOVLE Lol GLVAPTNGN TOL Y10, KATO0 &
EMOTPEPEL TNV TIUN TNG KAIoNC.

def grad_f(x, x_start):
diff = x - x_start
return diff

Listing 2.31: We will use simple potentials that we can find the gradient on paper
and plug it in.

10 mopATAvV® Topddetypa £xovue Bemproel TNV cvuPaoT KaTd TNV omoio HETa-
QEpovUE TNV apyn TOV aOveV 6To apykd onueio Kot to duvapukd mov eidapLe 6To
TAPASELYLLOL TNG TTPOTYOVLEVIG EVOTNTOG

HE Tapaymyo
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of I
%i x
Oz 2
of

Ba Td

Avtd Tov €xel onuocio gival TO¢ Yo KABe cuvApPTNON SLVOUIKOD, VITOAOYI-
Covpe TV TOPAY®YO Kot TNV E1GAYOVUE GTNV TAPOTAve cvviptnon grad-f. Mia
aKOUN XPNOUN GLVAPTNGON €IVl LTI TOV KOVOVIKOTOLEL £val SIAVUCUO DGTE V.
&xel povaotaio pétpo. I'a dravdopota mov pog deiyvouv KatehBovvon, dev pog ev-
Stapépetl 1o PéTpo toug. I[ToAd amhd:

def unit_normal(a):
return a / np.linalg.norm(a)

Listing 2.32: Normalize a vector.

H pébodog tov NumPy vroroyiletl to pétpo Tov davhcpatog

la|| = \/a% +a3+...+a?

Kot Olopel Pe TNV T VTN OGTE Vo O1vLG A VoL YIVEL Lovadilado.

"Eva axoun ypriotpo dtdvoopa etvat autod mov Hog divel TV ovoKAMIEVT KOTED-
Buvon Tov copatdiov 6tav YTV CEL Kdmolo Tolympo. Onmg eidape otV HeAén
e pebodov Billiard walk, ypnoyomoidvioag tov vopo e avakiaong Kotd tnv
TTMOOT TOL COUATIOIOL GTO EPAYUO ATEPOV SLVOLKOD TOV £ival KATO0 GUVOPO
TOV TOAVTOTOV, 1| VEQ KatehBuvon divetal amd v oyéon:

w=u—2(u-n)n

r ’ 14 4 4 4 r r
o6mov pe u M véa katevbuvon, u 1 Twpvn Katevbuveon Kot 1 to kabeto povodiaio
SIVLGLOL TAVE® GTO GUVOPO TTOL YTLTLAUE. ZVVETADGC:

def reflect_vector(current_u, wall_n):
n = unit_normal(wall_n)
return current_u - 2.0 * np.dot(current_u, n) * n

Listing 2.33: Find the reflected vector of momentum.




[ N Ve

102 KEDAAAIO 2. BAXIKEY MEOOAOI AEII'MATOAHYPIAY

BéBata,  ypnon g cvvaptnong avdkiaons tpoimobitel mwg EEpove To TOi-
youpa Tov o yTurncovpe otnv cuvéyeln g kivnong. [pénet pe kdmolov TpodTO VoL
avTipetonicovpe 10 TpoPAnua avtd. Evtuymdg yuo epdg £xovpe avTIHETOTIGEL TO
TpoPAnua avtd Eavd otn pébodo Billiard walk. o éva apyikd onueio x kot pa
Tuyaio Katevbuvon u, Tpémel va akolovdncovpe Ty mopeio avt Kot va Bpovue To
TPAOTO GLVOPO TOV GUVAVTALLE:

a;’ (z +ut) = b;

H nuevbeia avt) mbavaog tépvel ToALL cOvopa, aAAd uévo 1 TpdTn Tou Ppi-
OKETOL TAV® T OPLoL TOL TOAVTOTOV. O LIWOAOITES TOUES GLUPOIVOVY EKTOG TOL
noAvTomov. ' Tov Adyo avtd, yayvoupe 10 eAdytoto ¢ yio To 0moio KavoTolEiTol
N wotnta dokiudlovtag OAa ta chvopa. Agite TV evOTNTA Yot TNV EPOPUOYN TNG
Billiard walk 6mov éyovpe Bempnoet OAeg TIg TEPIMTOGEL,.

Enedn oty mepintwon moAdv 0106Tace®V Kot TOAADV facets 1 emovainyn
v og oA yiveTal KAmmg apyn, B ypayovpue Ty cuvapTNoN XPNOILOTOLOVTOS
VUG LOTIKY AOYIKY], a@rvovtag 6to NumPy 1ig emovoAnyels. Ag dodue v ov-
véptnon:

def intersection_candidates(A, b, x, u, tol=le-12):

# Remember t = (b_41 - aT_i* z0) / (aT_4i * u)

a_dot_u = A.dot(u) # denominator

s = Db - A.dot(x) # numenator

t_candidates = np.full(A.shape[0], np.inf) # Start with
infinite t. No wall hit yet

mask = a_dot_u > tol # Create a mask that will ignore
negative t. We move away from these borders.

t_candidates [mask] = s[mask] / a_dot_ulmask] # Apply the mask

valid = (t_candidates > tol) & (t_candidates <= 1.0 + tol) #
We only care about solutions during our finite step from
z to z+u te. for t:(0,1]

if not np.any(valid): # If no walid t, we hit no border.
Return nothing.
return None, None

t_hit = np.min(t_candidates[valid]) # Otherwise, we hit the
border for the lowest t.

hit_idx = np.nonzero(np.abs(t_candidates - t_hit) <= max(tol,
le-14)) [0] # Special case where we hit a corner. We
return all indices.

return float(t_hit), hit_idx

Listing 2.34: Find if and which border we hit by checking all of them and comparing
them with the direction we move in.
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[Mopatnpnote mog dev Exovpe kopio emavainyn for, aAdd spapudlovpe Tig
TpA&elg mive o€ OAa To oTOtYElN TOL TTivaka Tov ToAVTOTOL. ETat, 1 Aoyikn| Tpéyet
O YPNYOPO GE GYECT UE TIG EMAVOANYELS KaTA TNV epappoyn g Billirad Walk.
Yvvictovpe avd va dgite v evotnto pe v gpappoyn g Billiard walk 6mov
e€nyobpe avarvtikd 10 g Ppickope to chHvopo Tov Ba ¥TVTNGOLE GTNV TVYO
KatevBuvon u. Xe Yevikég Ypappés, Advovpe v eElocwon ¢ Tpog t

. b— AT.CEO

t
ATy

kot vwoloyilovpe apOunt) Ko Tapovopaotn. O apBuntig eivor mwhvto BeTikdg
€VTOG TOL TOALTOTOV KOl Gpal TO TPOSN O KaBopileTat amd ToV TOPOVOUOTY. O¢-
TIKO TPOCTIO GNUOIVEL TS KIVOOLOGTE TPOG TO GLVOPO, EVEM OPVITIKO MG KO-
paote amd o oOvopo. ['a tov Adyo avtd amoppimtovpe TIC 0pvNTIKEG AVGELS Y10 TO
t epappodlovtag po cuvOnkn (mask) oe Gha ta oToryeia Tov mivaka a-dot-u doTE O
VIOAOYIGUOG VaL YIVEL LOVO Y1 Ta OETIKA. TN GUVEXELD LOG EVOLAPEPEL VO BpodpLe
Kol Top] LOVOo Yo TO TPEYOV Pral Kot OYL YEVIKG TNV TOUN LE TO KOVTIIVOTEPO
ovvopo. [ avtd mepropilovpe T Avoelg amd 1o 0 wg to 1. Emetpépovpie none av
dgV LIAPYEL GLYKPOLGT), EVD EMICTPEPOVUE TO ¢ KOl TOV OEIKTY] TOV GLVOPOL TOL
YTUTALLE.

Ag BéPara okepTel KOVEIC AyOd TEPIGGATEPO TNV TAPOUTAVE® GLVAPTNGN, TPO-
KOmtel to e€ng epdtnua. H dradikacio mov akolovdncape gival idwa pe tnv Billiard
Walk, anld tdpa dovAéyoape dtovocpatikd mov givot o ypryopo. Katd avtdv tov
TpOTOo, N nEB0OOG e TV omoia VToAoyilovpe TO OO GUVOPO YTLTALE GTNV TLYOLO
katevbuvon u givarl va Oemprioovpe v gubeia mov opiletl n KatevBvvon av Kot
va Bpodue Vv andotaocr HeTalD apykol onueiov kot Kovivotepov cuvopov. H
kivnon dnAadr evog vtobeTikov copatdiov ivar evBHypapun. Qotdco, oty me-
pintoon g XapAtoviavig kivnong, n kivnon dev gival kot avéykn evBoypopun,
OAAG KapmoAn ov e€optdton amd To SLVVOUIKO EVTOG TOL TOAVTOTOV. [0l TOV 6KOTTO
oVTO, O TOPATAVE® VITOAOYIGUOG TOL GNUEIOV KPOVONG OV £XEL 1O10HTEPO VO LLOL Y10l
ends. To copatiowo dev Ba Kiveibel evbeio TPog T0 GVVOPO TOV Bal YTLANGEL, AAAL
Ba akolovOnoet po KOpmOAN Pe GUVETELD TO VTOYNOLO TPOS GLYKPOLGT] GHVOPO
Vo LETOPAALETOL OO GTIYUY| GE GTIYUN).

H Mon oto mapoandve mpdfAnue eival va S10KpLtomocovpe Tig EI6MOELG
tov XapAtov. Avti va vtoAoyiCOVLE GUVOAKE TNV TPOYIN TOV GOUATIOOV EVTOG
TOV TOALTOTOV, YWPILOVILE TOV LITOAOYICUO TNG TPOYIOG O HIKPA PriLaTa, TOV OUMG
JTNPOVV TNV GUVOAIKT] EVEPYELX KOl TOV OYKO TNG TPOYLAS GTO YMDPO TOV PAGEMV
(d1dypappa Béons-toyvtntog). [o Tov oKomd avtd Grdpe TOV VTOAOYIGHUO GE EV-
dlapeco nuIPuata yio tnv opun Kot o€ Pripata yo tny 0éon:
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Pres = Po— 3V f (@)

Tpt1 = Tn + NPpy 1

n
Pny1 = pn+% - §Vf (xn+1>

omov 1 10 péyebog tov Prjnatog, Evog Hkpoc aptBuog aviioyo pe v akpifeta
nov BéAovpe. H Aoyikn €0d eivar va yopicovpe TV Kotd to GAAa KopUmoAn Tpoyio
TOV COUOTIOION GE PKPE, 6YedOV LOVYPOLLILO TULOTO Y10 TOL OTTOT0. LTOPOVLLE VOl
epapuocovpe T peBddovg mov eidape mo mave. H opun avaPaduiletor mpiv kon
HETA oo TNV To Prina g B€ong Kot Yo Tov Adyo avtd 1 nébodog avty ovopdleTot
Leapfrog. Opun kot 06om evaALAGGOVTOL GTOVS VTOAOYIGHOVG

Pptl = Tnt1 = Pntl

Kot dpo o o amd opun o€ opun Ko 0€om oe B¢om Bvpilet o Pripa vog Patpdiov.

Ag dovpe g Ba epapuocovue v Leapfrom pébodo oe anid Ppata. Asite

TOV TOPAKAT® KOIKAL.

def

leapfrog_reflect(x, v, eta, A, b):

nnn

Vv: current momentum

v_hat: momentum at half step

grad_f: The gradient of f

u: distance moved this step eta * p_(n+1/2)

X_new: new position after considering reflections, also
update momentum

v_new: Second momentum update

nnn

# half momentum update

v_hat = v - 0.5 * eta * grad_f(x, x0)

# position update (with reflections) and reflect wv_hat
accordingly

u = eta * v_hat

x_new, v_hat_new, n_refl = reflect_segment_with_velocity(x,
u, v_hat, A, b)

# final half momentum update at new position

v_new = v_hat_new - 0.5 * eta * grad_f(x_new, x0)

return x_new, v_new

Listing 2.35: Apply the leapfrog method. Split the curved trajectory into really small,
almost linear segments. Update each step using the discrete Hamiltonian equations.
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Ynoioyilovpe apyukd To nui-prpa g opung. H kiion tov duvapukov vroroyileton
070 0PYKO onpeio. Xtn cvveyeta vmoroyilovpe o Ppa g Béong. Yndpyer ©otd60
TEPIMTMOOT VO EYOVE OVAKANOT GE KATO10 GUVOPO Kol Yol avTO YEPILONACTE TNV
0¢om oe Eeympiotn cuvaptnon mov Ba dovue oty cuvéyela. Télog, avapaduilovpe
€K VEOL TNV opun cOLPOVO Le TV nEBodo.

Mo va égovpe pia aAnBogovn tpoyio TPEMEL Vo TPEEOVUE TV TOPATAVE® GL-
véptnom moArEg popéc, avdroya pe to Prpa 1. Ipémet Oniadn va aprncovpe ypovo
otV Tpoyd va eEelyBel. Katd tnv didpkeia ovTdv TV UKpOV fNUdtov wropet va
ouUPovv po N TEPIGGOTEPES AVAKAGGELS GTO PPAYLOTA SVVAUIKOD TOV GLVOPM®V.
Avtd ta avtipetonilovpe pe v cvvaptnon reflect-segment-with-velocity dote va
pog Bopilet vo avafaduicovps kot v tayvta (opun). H Aoy eivar amin. Ze
KaOe ppKd Ppa Ppickovpe to vIOYNPLO oneio kKpovong and TNV intersection-
candidates kot eAéyyovpe av éxovpe petaxvnOel Katd to o ovTd 0pKETE OOTE
VO TO XTVTNGOLUE. AEITE TNV AVOALTIKT GLVAPTNON:

def reflect_segment_with_velocity(x, u, v_hat, A, b, tol=le-12,
max_reflections=200) :

x_curr = x.copy() # current particle position

u_curr = u.copy() # remaining displacement vector for this
leapfrog step

v_curr = v_hat.copy() # current momentum (velocity) to be
reflected

reflections = 0 # reflection counter, steps are small but we

might be close to a corner
# Move until there is displacement left to travel.
# We also set a maximum number of relections in order to
avoid corner traps.
while np.linalg.norm(u_curr) > tol and reflections <
max_reflections:
# Find the candidate facet we are about to hit
t_hit, hit_idxs = intersection_candidates(A, b, x_curr,
u_curr, tol=tol)
# If t_hit is too far, we are safe to move the rest of
the distance. End while loop.
if t_hit is None:

X_curr = X_curr + u_curr

u_curr = np.zeros_like(u_curr)

break
move = t_hit * u_curr # Movement until first hit
X_curr = Xx_curr + move # New position at the wall
u_curr = u_curr - move # Movement left after reflection
normals = A[hit_idxs]

# If multiple walls are hit simultaneously, get a
combined reflection direction

combined = np.sum(normals, axis=0)

# If the sum is near zero (numerical issue), just use the
first wvalue.
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if np.linalg.norm(combined) < le-16:

combined = normals[0]
# reflect remaining displacement and wvelocity vectors
u_curr = reflect_vector(u_curr, combined)
v_curr = reflect_vector(v_curr, combined)

reflections += 1
# Tiny nudge away from the wall to avoid hitting the same
wall again due to numertical rounding.
x_curr = x_curr + le-14 * (combined /
np.linalg.norm(combined))
if reflections >= max_reflections:
# Keep track to avoid infinite loops tf stuck im a corner.
raise RuntimeError ("Too many reflections in one position
update.")
nmnn
***xReturn variables*x**
x_curr: final position after all reflections in this step
v_curr: updated momentum after reflections
reflections: number of reflections occurred

return x_curr, v_curr, reflections

Listing 2.36: Check at every Leapfrog step if we hit any wall. To do this, find the
distance to the closes border and compare it to the distance we will travel this step.
If we dont travel far enough, just update the position. If we do manage to hit the
wall, reflect position and momentum and travel the remaining distance to the new
reflected direction. Return final position and momentum.

H ocvvéptnon déxeton g eilcodo v twpiv BEom Kot oppr|, kabmg Kot To V-
VOpO, TOL TOAVTOTOV. AempidvTag eVOVYpapun kivnon (Kt To omoio 1woydHEL Yo TO
Leapfrog Prjnata) Bpickovpe 6o pokpld eivoat o Toiyog Kot GUYKpIvou e TNV amo-
o100 VTN pe T0 TG0 Ba KivnBovpe 6g avtd o Prina. Av dev TAVOLLLE TO onpeio
KpovoNG, TO LOVO TOL EYOVUE VO Kévovpe givat va KivnBovpe otnyv katehBovvon g
OpPUNG KOTA TV AmOGTACT TOL PUATOG. XE TEPITTMOT OUMG TOV TOYEL VAL GLYKPOL-
oTOVUE, Ppickovpe Ta avakAdpevo davicpata BEong Kot opung Ko cvveyilovpe
TO VTOAOUTO TNG Kivong Katd v katevbuvon avtn.

Katd v d1dpketa g dwadikaciog mpoomabolpe va Adovpe HETPA amévavTt
0€ 0KPOiEg TEPMTMGELS. AV V1o TAPASELY O PPIOKOUAOTE KOVTH GE KATOL0 KOPLOT
TOV TOALTOTOL OOV GLVOVTAOVTAL dVO cLVOPA (1] TEPICCOTEPL GE TEPICCOTEPES
OloTACELS), VILAPYEL TEPIMTMOOT VO KOAA|GOVUE TPAYUATOTOUDVTIOG CUVEYOUEVES
EMAVOANYELS Y®PIg Vo Tpoywpovue kaBolov. Emumiéov, vdpyel 1o evoeyOUEVO 1
Kivnon va oTopaTNGEL TOG0 KOVIQ GTO GUVOPO DGTE O KMOKAG VO BE®PGEL MG
Bplokopacte mOve o€ oVTO Kol VO TPAYLOTOTOMOEL pia avaitio avakiaon. [
TOVG TAPATAV® AGYOVG EXOVUE EIGAYEL KATOLES OVOYEG OTIG TIULES TV UETARANTOV.
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Amopével va epoppocovpe OAa o Topandve. Xpeltaldpaote Eva apykd on-
peio, apOuo Pnudrov, apBud Pnudtov Leapfrog kor péyebog Puatog n. Osw-
povue toyaio apyiky opun o€ kébe emavdinym kot apykn 6Eon 1o TponyovEVO
detypo.

def simulate_reflective_hamiltonian(x0, n_steps=200, w=20,

eta=0.1):
# Lets simulate a single chain.
# At every iteration, sample momentum ~ N(0,I) and run w

leapfrog steps.
x = x0.copy ()
traj = [x.copy()]
for it in range(n_steps):
# sample momentum
v = np.random.normal (size=x.shape)
# integrate w leapfrog steps
for _ in range(w):
x, v = leapfrog_reflect(x, v, eta, A, b)
traj.append(x.copy())
return np.array(traj)

# --—— Inittal parameters ----

x0 = np.array([2, 1.8])

traj = simulate_reflective_hamiltonian(x0, n_steps=5000, w=10,
eta=0.15)

Listing 2.37: Set random walk parameters and apply the method.

Ed® Bétovpe To apyikd onpeio Tov ToAVTONOL LE TO XEPL DGTE VO SOKILAGOVLLE
Sapopeg TEPMTAOCELS. B0 UTOPOVUE VO EXOVUE YPTCLOTOUCEL TOV ETAVENUEVO
YPOUUIKO TPOYPOUUUATIOUO Y10 TNV €DPECT] GNUEIOV OTO EGMOTEPIKO TOL TOAVTOTOV.
Ot petapAntég n-steps, w, eta opilovv TIC TOPAUETPOVS Y10 TOV GUVOAIKO aptOud
detypatov, emavainyelg e Leapfrog kou to frjpa e Leapfrog. Extehodpe doeg
EMOVOANYELS OaLTEL 1 TOPAPETPOG. EEKIVALE apYIKE 0l TO To TNG UPECKELNG LLOG
Kol o€ KAOe enduevo Pripol xpnOILOTOIOVHE MG apyIkn BEom To TPONYOOUEVO T EVD
Yo TNV OpUN OELYUOTOANTTOOUE ard TNV Kavovikn kotavoun. I[Ipogavdg tkavo-
TOL0VUE TIG OMOLTNOEL Hag alvoidag Markov 6mov kabe emdpevo detypata eEop-
TdTol amd TO TPONYOOUEVO Kol LOVO. AEITE T OVTIOTOLYO KEQAALL.

"HpbBe Aowrdv n dpa va mapovsidoovpe kdmota ond ta anoteAéspota. To TpdTo
duvapko mov dokipalovpe stvat BERata v TO TOL YPNGYLOTOGOUE GTO TOPAELYLOL

fe) =Gl = VF (@) =2

Ti avapévovpe amd 10 duvapkod ovtd; Oco 1o z avéavet, n TOavoTNTA TNG K-
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tovopnc 7 () o e~/ @) va Toyet To onpueio ot BEom avt petdvetor. H peyokdtepn
mBavotnra gviomiletal 6to va fpovie T0 = Kovtd 6to apykd onueio. [epuévoope
AOUTOV 1o KOTOVOUN Yo TNV omtoia Ta Teptocdtepa deiypata Oa fpiokovion kovtd
07O OPYIKO onueio xg, EVO Ba apaidvovy pokpld amd avto.

Q¢ mapadeLya, YPNOLUOTOOVLE TO YVOGTO TOADTOTO TOL EXOVLE EneEepya-
o1el g TP 0TIS SO JCTAGELS. Ba doVLE dVO YPAPN AT, GTO TPDTO opilove
T0 apyKd oNUEIO GTO APIGTEPE TOV TOAVTOTOV VD GTN dgvTEPN oTaL 0&Ld. Agite
10 omotélecpa ot oynpota 2.36 ko 2.37.

Reflected Hamiltonian samples

samples

@ start (xo)

2.0

151

1.0 4

0.5 9

0.0 1

Zyqua 2.36: Aetypotolnyio pe v pébodo Reflective Hamiltonian kot duvopiko
f(x) = =] Apyd onpeio to [2, 1.8].

Ta detypata akoAovBobv v cuopmepLpopd mov avapévovpe. H katovourn toug
elval mo oKV Kovtd oTo apykd onueio, ONAadn oto onueio OTOV TO SLVOLKO
elvatl unodév Ko dpa amoterel £vol TN yAdt SUVOUIKOV, KOl TTO 0Pl GTOV YDPO OOV
10 duvapkd etvor peydAo kot dpa m evépyeta givar emiong meplocoTEP.

Ag doxypaoovpe €va mo akpoio SuVaUIKO, EKOETIKNG LOPENG DOTE VO Ol

OTOCOLLE av To delypaTa Oo cuYKeEVTPOOOULV aKOUT TO KOVTIA GTO TN YAl SLVOLL-
KOV:

f(z)=e" = Vf(z)=2ze”
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Reflected Hamiltonian samples

204 * samples
@ start (xo)

1.5

1.0

0.5 4

0.0 q

T f T T T T
-0.5 0.0 0.5 1.0 15 2.0 2:5

Yymua 2.37: Astypatodnyio pe v uébooo Reflective Hamiltonian kot duvapikod

f(x) = L||=|]*. Apywd onpeio o [0.7, 0]

To amotéheopa g detypatoAnyiog eaivetot oto oyniua 2.38 émov &yovpe 1610 ap-
yd onpeio pe 10 2.37 dote va yivel n 60yKplon ko 2.39.

Reflected Hamiltonian samples

samples

204 @ start (xo)

1.5 4

1.0

0.5 1

0.0 q

T T f Y T T T
=0.5 0.0 0.5 10 15 2.0 25

Zyuo 2.38: Aetypotolnyio pe v pébodo Reflective Hamiltonian kot Suvopikod
f(z) = €. Apyikd onueio o [0.7, 0], 6Twg pe To mponyoduevo duvapkd. H ka-
Tavour| €€l aALAEEL Kot £YEL TPOCEYYIGEL TO OPYIKO OMUELD AKOUN TEPIOTOTEPO.
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Reflected Hamiltonian samples

« samples

2.0 @ start (x0)

1.5

1.0

0.5 1

0.0 4

Yymua 2.39: Astypatodnyio pe v pébooo Reflective Hamiltonian kot duvapikod
f(z) = e*”. Apyo onueio to [1.2, 1].

Oocov apopd Ti¢ mapapéTpong g Hebddov, YiveTal KatavonTd TS 1 KOTOVOUN
eCaptatal amd to apykd onueio. Amd kel ko mépa, WoiTeEPN oNUAcio £xEL 1| TTa-
papuetpoc 1. [ToAd pikpn Tyun g mapapétpov, oev aprvel v Leapfrog pébodo va
Kivellet apketd. Av dokipdoete yio mapdostypo tipn n = 0.001 o tepimatog mov Ha
deite dev Ba etvar kot 1660 TVYi0G. O PToPOHGOLE VO TOVLE TWG TO 1) £XEL AVAAOYO
pOLO e TO pfKog TG umaiag otn uébodo Ball Walk. Téhog, yio tnv mapdpetpo w,
dgv paivetol kKdmoo SoPopd 6TV Katavour 6mota T Kot ov ETAEEOVLE, EKTOG
arnd 10 0 puod 6oL Oev TaipvovE KOVEVE OETY L.

‘Eva onueio to omoio mapaAeiyape Katd tnv dokun e pebodov wote va
OTAOTOMGOVE TNV dtodikacia, apopd to Prpa d10pbwong Metropolis—Hastings.
2ty 2D mepintmon dev vapye kdmoo TpoPANUa, dAL0 GE TOAAEG SLOGTAGEL Ei-
vt po Adov ypnotpo va vrapyel. H Xopktoviave, onAadn n evEpysio TOL GOUATL-
dlov mapoapével otabepn ko’ OAN TV d1dpKeLd TNG KIVIONG 1 TOVAAYLOTOV TPETEL
va Tapoapével otabepn. Qotdc0o, amd TNV OTLYUN TOL JEV EXOVUE AVGEL AVOALTIKA
115 e€lomaelg aAld Exovpe epapuodoet v Leapfrog pébodo, petapépovpe oe kibe
BNpo KATOo EAAYIGTO GOAALLD, TETOLO MGTE VO, IGYVEL

H(xt,pl) # H(x,p)

Av10, cuGcOPELTIKA 0dNYEl 0TV 0AlGONoN TOL CONATISIOL GE TEPLOYES OLOPOpE-
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TIKNG EVEPYELONG KOl €V TEAEL GTNV aAloiwo™ TG kKatavounc. [ Tov Adyo avtd, oe
Kkd0e drakprtd Prpa vroroyilovpe pia TOAVOTNTO ATOOOYNS TG LOPPNG

a =min (1,exp (—H («/,p") + H (z,p)))

N omoia pog kabopilel To av Ba amodeyBovpe to véo Prpa 1 Oxl. Xe mepinton
amdpPIYNG, TOPAUEVOVUE GTO 1010 onueio. AO TNV GTIYUN TOV JEIYUATOANTTOVUE
™V opun o€ kdBe Pruna, povo n BEon Exel poAo otV Tapomdve TOavOTNTOL.

Ag do0pe Tdpa PEPIKES dEIYIOTOANYIES G 3 Sl0oTACELS. Xe KavEVa oneio Tov
KOOKO, 5eV EYEL Yivel avapopd oTig dtootdoels Tov A kot b mov opilovv 10 TOA-
tomo. To NumPy extelel T1g 1016 Tpa&eig Yo OAa To peyedn twv mvaikov e16600v.
Apkel Lomdv va eneKTEIVOLLE TO TOADTOTO LOG G 0L ETTAEOV SLAGTACT) KoL VoL
TO EIGAYOVE OTOV KOOIKA. Agite TO amoTéAespa oTig 1kOveg 2.40 ko 2.41.

Reflective Hamiltonian Samples (3D)

« samples
@ start (xo)

Yymua 2.40: Astypatoinyio pe v uébooo Reflective Hamiltonian kot duvapikod

f(x)= %||35||2 Apywo onpeio to [0.7,0,0.1].

[Topatnpeiote TOC Kol GTIG VO TEPUTTOCELG 1] KATOVOUT BPICKETOL CLYKEVTP®-
HEV YOP® 0md TO apy ko onpeio mov givol TomofeTnUEVO KATM 0pIGTEPE GTO Gy LLCL,
xopig va mapafralovtal ta dplo Tov TOAVTOTOV. MTopoviE Aowtdv Tdpa, v puo-
pilovpe v kaTovou Katé T0 00KOVV, avAAoyd pe To duvapukd mov opilovpe. Av
Béhovpe yio mapddetypa vo oTp®EOLUE T dEIYHATO LOKPLE oo TO apyLKO onueio



112 KEDAAAIO 2. BAXIKEY MEOOAOI AEII'MATOAHYPIAY

Reflective Hamiltonian Samples (3D)

« samples
@ start (xo)

Yymua 2.41: Astypatodnyio pe v pébooo Reflective Hamiltonian kot duvapikod
f(z) = e Apyo onueio 1o [0.7,0,0.1].

KOl TAV® 0PLoTEPG GTO TOAVTOTO, apKel va TpocshEcovpe Eva apvnTikd TPOGN O
oV €kOETIKN GLVAPTHON SVVALLKOD.

Reflective Hamiltonian Samples (3D)

samples
@ start (xo)

Symua 2.42: Astypatodnyio pe v pébooo Reflective Hamiltonian kot duvapikod
f(z) = e . Apyixo onpeio 1o [0.7,0,0.1].
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2.5 Metpkég ohykAIoNg

‘Ewgtdpa dev £yovpe pridknoet kaBOA0L Yo To av TeEMK T delypaTo TS AALGT-
dag Markov mov divel o Tuyaiog mTEPITUTOG, TPAYLATL IKOVOTOLOUV TIG 1O1OTNTES TTOL
npémel vo yopaktnpilovv o aivcido Markov. Metd to mépag ¢ detypotoinyiog,
ta delypatd pog etvor Tpdrypatt aveEaptnta amd v 06om Tov apyikod onueiov Kot
emmAESV £XOVV KOTAANEEL GTNV GTATIKN KOTaVOUT; AEITE Y10 TOPAOELY L0l TO GYNLLOL
2.24 pe 1o amoteAéopata and v uébodo ball walk. Exel, avdroya pe v napdpe-
TPO 7 TNG OKTIVOG TNG UTAANG, 1] OVAUEIEN TV onueiov PpiokeTol € d10POPETIKO
0TA010 o€ KAOE TePITT®ON. L& TOALEG S10GTACELS OOV OEV LILAPYEL OTIKY| EMPaPai-
®oN TOV amotelecudtov, mpénel vo eipacte og BEon va dakpivovpe pe Kmoov
TPOTO OV M OKTIVa TTOL EYovpe EMAEEEL £xEl dMGEL GOOTA amoteAéspata. [a Tov
oKomd avTo, Hal YPNGIUOTOGOVE GVO HETPIKEG TOV ATOVTOVV GTO EPMOTNLA VT
11¢ Potential Scale Reduction Factor 11 PSRF ko tv Effective Sample Size 1} ESS.

2.5.1 PSRF

O Potential Scale Reduction Factor amoteiel évav amd 100G 10 S1010€00EVOVG
eAEYYOVG Yoo TV oOYKAon pog advcidag Markov kot Kot’eméktaon piog pebodov
MCMC. H hoywn givar amdn: av kot dgv EEpovpe To av o alvoida £xel KoTaAnget
OTNV GTOTIKN TNG KATAVOUT LETE TO TEPAG EVOS TEPAATOG, T VAOTOINGT) TNG 0AVGI-
d0g TOAAEG POopEG VTG TIG 101EG cLVONKES B TPEmeL vaL dDTEL 6€ KAOE EMavAAN YN TNV
010 kaTavoun, n omoia B Elval TPOPAVMOG 1| GTATIKT. L& SUPOPETIKT TEPITTMOT), TO,
delypotao mov emoTpEPEL 1) KAOe alvcida dev £xovv Tpordpet va diayvBovv oe GA0
TOV Y®OPO KOt £TGL VA aveEapTnTonomBovv 6nws cuUPAivEL GTNV GTATIKY KATOVOUN.
211V 0vGio GLYKPIVOLLLE TIC SLUKVHAVOELS KAOE aALGISOG LE TIC VTTOAOLTEC.

210 Topaderypo Tov oyfuatog 2.24, 6To TAvVe aplotepd Ypaen o 6oL 1 EmL-
Aoyn g akTivag ™¢ pmdAog ostypatoAnyiog eival AavBacuévn, PAémovpe Eexd-
Bapa To povomatia Tov £xEl GyNUATicEL 0 TVYoiog mepitatog. H emavainyn tov
alyopiBuov Ba dmaoet Eava TéToto LovomaTio, OAAL GE JaPOPETIKEG BEcELS GTOV
xdpo. Avt 1 dapopd Ba pavel otov vroroyiopd g petpikng PSRF pe amoté-
Aeopa va BePaiwBovpe g 0 mePimaTdg Hag 0V EYEL KATAANEEL GTNV GTATIKT TOV
KATOGTOON.

Ag dovpe ta Tpaypota o ovoAuTikd. ' Eotm tog tpéyovpe m mapaAinieg alv-
oldeg, kaOe (o ek TV omoimv mapdyet n detypata Kanowg petafinmce X. ‘Eoto
x;; 10 J-670 detypo g 1-6TNg aAvcidag, yw i = 1,... mxar j = 1,..., n. Ia
ké0e aAvcida opilovpe T pHEON TN Kot TNV SIOKOLLOVON:
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n
B 1
nz I
Jj=1
n

1
2 _ = \2
Si—n_lz(%—%)-

j=1

H ovuvolikn péon tyun yuo OAeG T1g olvoidec Oa sivar
A

Opilovpe TV dlaxvuavon HETOED TV 0ALGIOWV B 1 omola Hetpd To OGO Hokpld
Bpickovtal o1 ahvcidec:

Ynoioyilovpe téhog TV optlakn omicHia Stakvpoven:

- 1 1
v=(1-2)wen
n

n

H petpwcn PSRF opileton oc:

. 1%
R=1[=.
W

21V TePInToT Tov OAEG 01 AAVGIOES EYOVV GLUYKAIVEL GTNV 1010 CTOTIKY KO-
TAVOUN, 01 OLO TOPOTAVE SUKLUAVGELS Elvar 101eG Kot dpa 1oyvel tog R ~ 1. M
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T R xovté oto 1 VTOINA®VEL OTL OAES 01 0AVGIdES AapPdvouy detypata amd v
010 kotavopun kot 0t 1 aAvcioa MCMC éyxet ptacel o€ otactpodtnTo. TIpég mOAD
peyordtepeg omd 1 vrodNA®VoLY OTl LEALOV ATTOUTOVVTOL TEPOUTEPM EMAVOANYELC.
Axopn kot Tipég kovid oto 1.10 pmopovv va BempnBovv oplakd amodektés. Amo
ekel kot €merta OUS, 01 AAVGIOES SLAPEPOVV OPKETAL.

2.5.2 ESS

H Effective Sample Size anotelel Pacikd deiktn modtrag oy avéivon MCMC
pefodmv. Xkomog g etvor va petpnoet moca omd ta deiypato piog aAvcidog pro-
povv va BewpnBovv otatioTikd aveEaptnra, Aappdvovtog vroyT TV GLCYETION
OV VIAPYEL LETAED SLUOOYIKDV SEYUATWOV.

e wo TéAEL0 aveEAPTI TN Oty atoAnyia, KAOE delyo TpoEPyETOL OO TNV Kol
Tavoun otdyo ywpis Kapio e&dptmon and ta tponyovueva. X1ig MCMC pebddovg,
OL®G, £ovpe avaldoel Tmg kKaBe vEo delypa e€aptdtal omd To TPONYOLUEVO, OTOTE
T 0EOOUEVA TOPOVGIALOVY AVTOGVGYETICN KOl 1] TPAYLATIKY TANPOPOPia. TOV (E-
povv gtvar pukpdTEPN Omd TOV 0PLOUO TOV GLVOMK®DV OEYLATWOV.

Ozwpodue 6t drabétovpe N detypota {xy, zs, . .., xy } amd po olvcida Markov.
H avtocvoyétion tpmng 1aEng opiletar mg:

_ Cov(wy, w4 41)
Pk = — 7\
Var(z;)

OOV Py, €VOL O CUVTEAEGTIG ALTOGLGYETIONG Yo XPOViKN votépnon k. Oco
peyoAhTepn etvar 1 BETIKY AVTOGVOYETION, TOCO LUKPOTEPN ELVAL 1] GTATIOTIKN OVE-
Eapmnoio TV detypdtwmy.

H petpucyy ESS opileton ooc:

N

ESS = ———=5—,
1+2 Ek:l Pk

OOV 1O ABpolGHa EKTEIVETAL LEYPL TO ONUEIO TOL Ol HVTOGVGYETIGELS Py KO-
Biotavtar acnuovtec. Av OAa ta detypota nTav aveEaptnta, 10te pr, = 0 yio kdOe
k > 0 xon emopévarg ESS = N. Avtifeta, 660 mo oyvpn elvatl n ovtocvuoyétion,
1660 [KpoOTEPO Yivetar to ESS.
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2V mpdén, 0 VITOAOYIGHOG ToL ES'S yivetal ypnoIULOTOUDVTAG TEPLOPICUEVO
apOuo ypovikav votepnoewv (lags), onioadn Aappdvovral vdyn HOVo o1 TPMOTES
OVTOGVGYETIGELS, LEYPL TO onpueio dmov avtég kKabiotavtal apeintéec. To £.SS vro-
hoyileton Eeymprotd o KaOe d106TAcT TOV OVOGHATOS TopapéTpov. o Tapd-
delypa, og P TPLeddoTaTy aALGida ot TIéS Tov £SS pumopel va dtapépouvv yia
TIG GUVIOTACEG X1, To KOL T3, OVOAOYQ [LE TO TOCO €AeVBepa KiveiTal 1 dAVGId GE
Kk&0e kotevbuvon.

H gpunveia tov deiktn elvar amAn: to £S5 S 1codvvapet pe tov aptbud aveédp-
NTOV SEYHATOV IOV Ha Tapnyayay TV idla oTaTioTikn akpifela pe to N cuoyett-
opéva detypara e MCMC. I'a mapddetypa, av pe aivcida tov 40,000 derypdtov
&xet £SS = 600 og kamowa d1d6T06N, 0VTO oMpaivel 6Tt 1| TANPOPOpia TOV TEPLE-
yeTon avtiotoryel mepimov og 600 avesdptnta delypoto.

Eivar onuovtikd va onueiwdei 6ti to ESS pumopel, 6€ 0pIGUEVEG TEPUTTOCELS,
va vrepPei 1o N. Avtd copfaivel dtav ot d1adoyIKES TIUESG TaPOLGLALOVY OPVNTIKNA
OLTOGLGYETION, ONAAON OTOV 1 dALGida Kiveitat eVOAAAE e avTifeteg KaTeLOVV-
OE1G KO TOPAYEL AMOTEAEGLOTIKG TTL0 «oveEdpTnTon delypata. H cupmepipopd avtn
VROONA®VEL TOAD KaAn avapuén (mixing) e aAvcioogs.

2.5.3 Egappoyn tov PSRF kot ESS

Ba epappocovpe Tl TOPOVCIAGAUE GTIG TPOTYOVLEVEG EVOTNTEG GE OVO ATO
11 o Pacikég pedddovg detypatoinyiog, Tig Ball Walk kat hit-and-run. O k®dkog
vtV kéBe pnéEBodo givort NN ETOUOG Kot SOKIHAGHEVOC (O€iTe Ta avTioTOL O KEPA-
A01ol), GUVETMG TO LOVO TOV EXOVUE VO KAVOLLLE EIVOL VO TPOGOEGOLE TNV AOYIKN
VIOAOYIOHOV TNG peTPkNG. Onwg mavta, eipacte Tuyepol KabBMG n dovAeld avty
€xel MO yiver ko mepiapPaveror oto mokéto arviz g python. To makéto ovtd
TPOGPEPEL EToLa epyareia Yo Tov voAoyiopd g PSRF kot g ESS ko pdhota
YPNOUOTOLEL VAV TT0 EKAETTUOUEVO ahyOp1B0 amd Ot eldape otnv Bewpia.

I'a To PSRF, pepikéc and 11¢ avmTEPES TEYVIKES TOL YPNGYLOTOLOVVTOL Elval
ot e&ng: (va kévo reference to Vehtari et al., 2021) ké0e aivcida yopiletoar o
péon, dumhactalovtog tov aptipd Tov alvcidwv. Av kdbe Tunpa g aAvcidog £xet
SLLPOPETIKEG LEGES TILES KO OTOKAMOELS, 1) ATOVGI0 GTAGIULOTNTOS YIVETOL ELPAVIG.
21 ovvéyela, Oev pNOLOTOoLEl Ta 1010 Tar detypota, OAAGL L0 KOVOVIKOTTOUUEVT
Hop@Y| TOLG M 0Toio BonBd 6TOVG VITOAOYIGOVG Kol ATOKAEIEL AKPOIES TEPUTTDOGELC.
Téhog vmoroyilel To R move oTIG Ve TIHES Kot aAvcides. Opoimg, yuo tnv ESS
KAmOo1eg AETTOUEPELES DAPEPOVY GE GYECN LE TNV OTTAT EQOUPLOYN TOV TOHTOV TOV
eloape.
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e khBe mepintwon, 1 ¥PNoN TOL TAKETOV Eival APKETH AmAY. AV avatpEEeTe
OTOV KOO HaG, kel KATA TNV SEYHATOANYIN TPEYOVUE M0 GAVGIOO ot POPAL.
Qo1660, 0o Tpénel Tdpa va EYovpe ota xEpLa pag Evo TAn0og amd aivcides. o tov
AOYO0 avTd, E16GYOVE OAN TG AOYIKT TOV KAOE TLYOIOV TEPIMATOL GE 10 GLVAPTN O
TNV OTO{0L LTOPOVLLE GTN GLVEYELD VO KAAEGOVLE EVTOG PG emovaAnyng. H ev Adym
emovéAnyn 0o kabopicetl Tov apBud tov aAvcidmv mov Ba tpé€ovpe, 4 @aivetat
évag KaAog apiuog.

Agite TOpa, TOS B YPNGIULOTONGOVUE TO TAKETO KO TOS B0l TUTDOGOLE TA
OTOTEAECLLATOL.

n_chains = 4
n_steps = 40000
all_chains = []

for i in range(n_chains):
start = find_feasible_point ()
# Uncomment or comment based on the method you prefer to
study.
# chain = ball_walk(start, n_steps=n_steps)
chain = hit_and_run(start, n_steps=n_steps)
all_chains.append(chain)
print (f"Chain {i+1} finished, last point: {chain[-1]1}")

chains_array = np.stack(all_chains, axis=0) # shape: (chains,
draws, dims)
idata = az.from_dict(posterior={"x": chains_array})

rhat = az.rhat(idata)['x'].values
ess = az.ess(idata)['x'].values

print ("\nPSRF (R_hat) per dimension:")
for i, val in enumerate(rhat):
print (£f" x{i+1}: {val:.4f}")

print ("\nEffective Sample Size (ESS) per dimension:")
for i, val in enumerate(ess):
print (£" x{i+1}: {val:.1f}")

Listing 2.38: Apply the PSRF and ESS metrics to Ball Walk and Hit-and-Run
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methods for the example polytope in 3D.

H Aoy tov mapandve kdowa eival edkoda katovont. Mdlota, givot idia
vy TV kéBe pébodo apkel va emaélete mowa amd T1g cuvaptnoelg ball-walk 1 hit-
and-run 0éAete va ypnoomomoete. OnmMS avaQEPLLE Kot TPONYOLUEVMG, 1| KAOE
L0 €K TOV GUVAPTICEDV OVTOV EVOLAAKOVEL TNV A0YIKT TNG avticToymg pebodov
aKpPOS 0TS T1G £ldaE KATA TNV EPOPUOYT TOVG. O KOOKOS EMGTPEPEL TAL OTOTE-
AéoLOTO G o EDOLAKPLTN LOPPN TNG ETAOYNG LOG, YOPIOUEVT] OV GUVTETOYUEVT).

Q¢ Baomn, xPNOUOTOIOVE TAVTA TO YVOGTO TOAVTOTO TTOL £YOVUE OEL £WG TOPA
oe O6ha ta Topadetypota, otig 3 dactdoels. Tpéyovpe Tov KOdKA Yo TIg €ENG Tte-
PUTTOGELS, OVO PopES Yo tnv Ball Walk, pa yuo v kot emiloyn axtivag pmdiog
r = 0.002 ko po yo v koA emAoyn aktivag umdiog r = 0.2 ko T€A0g po
@opd yio v Hit-and-Run. T'a tv KaAvtepn Tapovsioon, To aroTteAEGHATO EXOVV
ovyKevIpwBel 6TOVG TOPAKAT® dVO TIVAKES.

M£00d0g Amodoyi PSRF,, PSRF,, PSRF,;
Ball Walk (r = 0.002)  0.988 23862 23680 1.5582
Ball Walk (r = 0.2) 0.833  1.0072 10082  1.0009
Hit-and-Run 1.000  1.0001  1.0001  1.0000

[Tivakag 2.1: [Toocootd amodoyng kot deiktng ocvykhong PSRF avd didotaon yo tic
pedddovg Ball Walk won Hit-and-Run.

M£00d0¢ ESS;:1  ESS,> ESS;3
Ball Walk (r = 0.002) 4.9 4.9 7.2

Ball Walk (r = 0.2) 549.9 640.5 2976.7
Hit-and-Run 12067.9 14729.8 41937.8

[Tivakoag 2.2: Agiktng (ESS) avd didotaon yia Tig idieg peboddove. To ES'S exppdlet
TOV aplOUO oXEOOV aVEEAPTNTMV OEIYUAT®V TOL TPOEKLYOV OO TNV AALGIOOL.

O AOYog Tov emAEELE TO TOPATAV® TTEWPALOTA Elval Tpoeavis. ' Tic 3 alv-
oideg &yovpe ontikn emPePaimon g cHyKAIONG N UN TOV TUXOU®V TEPITATOV GTNV
GTOTIKY] KOTOVOUY]. ZVVETMOGC, LWTOPOVUE VO, YPNCLLOTOU|GOVLE T TEPALATO AVTE
wote v emPBePordcovpe ta ophA ATOTEAEGHATA TOV UETPIKAOV. A avaADGOVUE
TAOPA, TO OTOTEAEGLLOTO TTOV TPOEKVLYOALV.

Apykd, Bopiloope Tov apBud amodoyns yo 1g dvo pebodove. Ex katackeunc,
OAa ta delypota oty hit-and-run Té€Tovy evidg Tov TOAVTOTOV, AvTiBET®C, TO dEly-
pota katd v ball walk vdpyet mepintmon va Ppebodv ektdc TOL TOAVTOTOL HTOV
10 KEVTPO NG Umdrag Bpedel kovid ota Ghvopa Kol Apa £V TOGOGTO TNG LITAAOG
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Bpioketon kTG TOV TOAVTOTOVL. OG0 peyaldtepn N aktiva, T0c0 o ThAvO va da-
TEPAGOLUE TO 6UVOPO. 1o Tov Adyo avTo, Yoo TNV HKPN aKTiva eEAdylota onueio
TEMKA PpiokovTot EKTOG TNG UTAANG EVOD YL TV UEYAAN TO TOG0GTO avePaivel. e
EKOTOVTAOEC O100TAGELS OE®POVUACTE TUYEPOL OV TO TOGOGTO OWTO TANGIALEL TO
10% pe 20%. e ToAAEG SLOGTAGELS, TO TOGOGTO TOV GLVOPOL GE GYECT LLE TO EGM-
TEPIKO TOV TOAVTOTOV AVEAVEL [LE GLVETELD TEPLGTOTEPQ delypata vo Ppiokovtol
KOVTO 6To OploL KOl TEPICCOTEPES UITAAES VO £XOVV LEPOG TOV OYKOV TOVS EKTOG TOV
TOAVTOTOV.

Ocov agopd tov dciktn PSRF, 10 amoteAécpata yioo v Kokn €TA0YN TG
axtivag 7 = 0.002 eivar anoyontevtcd. Tég peyolvtepeg tov 1.1 Bewpodvron
anopadektes OG0 PAALOV TYEG peyaAvTepeg TOL 2. Buunbeite mwg Eyovpe TpEEeL
4 aAvcideg kot Exovpe vroloyioel Tig amokAicelg petalh Toug. Ot amokAicelg avtég
Aowov givor oD peyaies. Av kdBe aAvcida glye emTOYEL TNV KOWVY| GTATIKT KO-
Tavoun, o dgiktng Ba NTav 1. Avtd onuaivel Lomdv, twg Kabe aAvcida Exel ODOGEL
KoL SLOPOPETIKT KOTAVOLT TV SEYUATMOV TNG TPAYLLOL TTOV LG 00N YEL GTO GUUTE-
POCLO TG 1) 0ALGION deV £xel TPOAAPEL VO PTACEL OTNV GTATIKY Kotavoun Bdon
tov tapapétpov n = 40000 kot r = 0.002. Zto oynua 2.24 (og 2D) BAénovpe tov
Adyo. O tuyaiog mepimatog dev gival Kot TOG0 TuYaiog apov dtakpivovpe Eexdbapa
TO LOVOTLATL TOL €Yl oyMuatiodel. Xe ke o amod t1g 4 ahvcideg Exovpe Aafet do-
(POPETIKA LLOVOTIATLO. TOL 07010, EAGYLOTN OYEom Exovv HETAED TovG. AvTifETmG, otV
KoAx emthoyn r = 0.2 kot oty hit-and-run o dgikng etvor TéAe10g. O aAvcideg dev
EYouV Kapio amOKAon apoh OAEG EXOVV KOTOANEEL GTNV GTOTIKY TOVS KOTAVOLLT.

Térog, yia 1o ESS 10 kaAvtepa amoteléopata diverl | hit-and-run emPefoim-
VOVTOG £TG1 TG OMOTEAEL TNV KAAVTEPT EMAOYY| 6€ GYéon e v ball walk. ' thqv
Kok emhoyn aktivag, oo ta 40000 detypata teptiapfdvovy v id1a TAnpopopia
pe poAg 51 7 tuyaia detypota wov Oa siyape mhpet om’ evbeiog amd po opodpopen
KATOVOUT GTOV 0YKO Tov ToAvTOmov. [Ipogpavmg, apov o mepintatog npoywpd eAd-
ylota o€ Kabe Prina, ta meptocotep onueio Ppickovtal to £va mOve 6To GAAO LE
woyvpn e&bptnomn peta&d toug. Katd avtdv tov 1pomo, HOAG pepikd aveEaptnra on-
peia etvar tkava va Teptypéyouy TNV GUUTEPIPOPE QLTT. TNV KOAT OKTIVO LITAPYEL
tepdotia feltioon, akoun kot £T61 OpUmG TOAAY and Ta onpeio oxetiCovran peta&y
toug. H BéAtiotn petpkn evromiletan yio v hit-and-run 6mov pdiicta o deiktng
Exel T peyoAdtepn amd tov aplfud Tov dstypdtov yio v z katevbuvon. E&n-
YNoaue TOAVEG outieg Yo TV GUUTEPIPOPE QLTI GTNV TEAELTAIO TOPAYPOPO TNG
pebooov ESS.

Noa onueidoovpe T€A0G, TG Kopio amd T1g dvo PeTpikég dev emPefaidverl 10
oV 1 TEAMKN KoTovoun tTov detypdtov givatl n opotdpopen 1 oxt. To pévo mov vro-
dekvhouy glval av 1 0ALGIO £XEL GLYKAMVEL GTNV GTOTIKNY TG Kotavoun. To mwold
elval 1 oTATIKY QLT KOTOVOUN OgV TEPIAAUPAVETOL GTOV OPIOUO TWV OEIKTAOV.
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2.5.4 Global Radial Scaling Diagnostic - KS test

We consider a convex polytope
P ={zxcR: Az < b},

and a collection of samples {z;}Y, C P, typically produced by a Markov chain
Monte Carlo (MCMC) method.

The goal of the diagnostic is to assess whether the samples are uniformly distributed
in volume along rays emanating from a chosen interior point. This diagnostic does
not require computing the volume of P.

Choice of Center
We define a reference point as the empirical mean of the samples,

1 N
CZN;%, (2.11)

which corresponds to the code:
VT center = samples.rowwise().mean();

The center c is not required to be a sample itself; it serves only as an interior
reference point. If ¢ lies on or outside the boundary of P, the diagnostic becomes
invalid.

Re-centering the Polytope

Writing each sample as
r=c+gq,

the polytope constraints become
Ag < b-— Ac.

This is implemented in the code as:
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VT b_shifted = b - A * center;

This change of variables expresses the polytope in coordinates centered at c,
which enables a ray-based analysis.

Radial Coordinate

For each sample x;, we define a radial coordinate r; € [0, 1] as follows. Let
qi = i — €

and consider scaling the ray ¢ + t¢;, ¢ > 0, until it intersects the boundary of the
polytope. The maximal admissible scaling factor satisfies

r. — max (Arqi)
YTk by — (Age)’

In code, this is computed as:

VT q = samples.col(i) - center;
VI u = A % q;
r max = max_k (ulk] / b_shifted[k]);

The value r; measures how far the sample lies along its own ray, relative to the
boundary in that direction:

» r; = 0: the center c,

» r; = 1: the boundary of P in the direction of z; — c.

Importantly, r; is not a Euclidean distance.

Probability Integral Transform

If the samples are uniformly distributed in P, then the volume of the set

{zeP rx)<r}
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scales as 7, independent of the shape of P. Therefore, the transformed variable

(2

is uniformly distributed on [0, 1].

This transformation is implemented as:

uvals.push_back(std::pow(r, dim));

Kolmogorov—Smirnov Test

After optional thinning to reduce autocorrelation, a Kolmogorov—Smirnov (KS)
test is applied to the empirical distribution of {u;} against the uniform distribution
on [0, 1].

This tests the null hypothesis:
Hy : u; ~ Uniform(0, 1),

which is equivalent to correct radial scaling of the samples.

Volume Shell Diagnostics

For visualization, we define volume shells corresponding to expected coverage
levels
ar =0.1,0.2,...,1.0,

with corresponding radial thresholds

1/d
T = 0 .

The observed fraction of samples satisfying r; < rj is compared to ay. These
shells represent fractions of volume, not Euclidean balls.

What the Diagnostic Detects

The test fails when the radial distribution of samples is incorrect, including:
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» bias toward the center,
» over-representation near the boundary,
» direction-dependent radial truncation,

» burn-in contamination.

In these cases, the empirical distribution of u; deviates from uniformity.

Failure Modes of the Diagnostic

The diagnostic is invariant under uniform radial contraction:
T =c+ o(Tre), 0<a<l.

If samples are uniformly distributed within a homothetic copy of P, the distribution
of u; remains uniform and the test passes.

Consequently, the diagnostic does not detect:

» confinement to a strict subset of the polytope,
» missing angular regions,
» poor directional mixing (e.g., coordinate hit-and-run in elongated polytopes),

» multimodality with correct radial statistics.

Role of the Maximum over Constraints

A common source of confusion is the appearance of a maximum over constraints
in the computation of the radial coordinate. One might initially expect that the
diagnostic measures the Euclidean distance from the center to the boundary along
the direction of the sample. This is not the case.

For a given sample = = ¢ + ¢, each inequality



124 KEDAAAIO 2. BAXIKEY MEOOAOI AEII'MATOAHYPIAY

induces a candidate intersection time along the ray c + tq,

. bk —AkC

tk )
Arq

for Apq > 0.
The ray intersects the boundary of the polytope at the first constraint that becomes
active:

tmax = n}jn tg.

The radial coordinate used in the diagnostic is therefore

1 ma Arq
r= =max ———.
tmax k bk — AkC

Thus, the maximum does not correspond to scanning multiple directions; it selects
the most restrictive constraint along the single direction defined by the sample.

[lustrative Example: Long Thin Rectangle

Consider the two-dimensional rectangle
P ={(z,y): |z| <1, |y| <100},

with center ¢ = (0, 0).

Suppose a sampling algorithm produces samples uniformly distributed in
re[-1,1], ye[-10,10],
1.e., the chain fully explores the short dimension but only a small fraction of the long

dimension.

For a sample = = (z, y), the radial coordinate is

_ vl
r = max| |z|, 100,

Since |y|/100 < 0.1 for all samples while |z| € [0, 1], the short-side constraint
dominates and
r = |z| almost surely.

Consequently, the radial distribution is identical to that of samples uniformly
distributed in the full rectangle, despite the fact that the chain explores only 10%
of the available extent in the long direction. The volume shell diagnostics therefore
exhibit negligible deviation from their expected values.
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Interpretation

This example illustrates a fundamental limitation of the diagnostic: the radial
coordinate is determined by the first constraint encountered along the ray, and
constraints that are not active in that direction do not influence the statistic. As a
result, confinement along long directions of the polytope may remain undetected if
shorter directions are fully explored.

In summary, the diagnostic verifies correct radial scaling with respect to the
most restrictive constraint along each ray, but it does not detect missing volume
associated with constraints that are never active.

2.6 Polytope Rounding

g TEPMTAOCELS OOV T TOADTOTA 6T, 0TTot0 BEAOVLE VO EKTEAEGOVLE DELY O
tolnyia dve £rovv éva mpaio oynua émov Evag vrepkvpog N £va simplex, 1ot ot
alyopiBpot Tov gidape mg Topa apyitovv va gppavitovv mopPAnuata chykAong.
Tétowo moAvtomo pmopel vo efvot EMPETIKG EMUNKVUEVA 1] AETTA GE OPIGUEVES
KaTeLOVLVGELG 1 VO £XOVV OTOLONTOTE AAAN 1O10UOPPia, YEYOVOS TOL KaO1oTA TN
JEYHOTOAN Y0 KOl TOVG TUYOIOVE TEPITATOVG TTOAD OPYOVG,.

Otav éva cdpa Aomdv, dev eivar KOAYL 1IGOPPOTNUEVO YEMUETPIKA, Ol TUYOLES
KWWNOELG (PEALOVTOL TOAAEG ETOVOAYELS Y10 VO KAADYOLY OLLOIOLOPPOL TOV YMDPO.
H otpoyyvronoinon (rounding) pé€ocw £vOog apvikov LETOOYNUATIOUOD TOL KaO1oTH
TO GOUO GYEOV 1GOTPOTIKO (dNAadN PaiveTan 1010 TPog dOToln KaTELOBVVOT Kot av
KOITAEOHVE) EENGPOAILEL OTL OAES O1 KATELOVVGELS £XOVV TOPHLOLN SLUCTOPA, LELD-
VOVTOG OPOCTIKA TOV XpOVo WENG TV aAvcidowv Markov kot Kabiotdvtag QT ™)
derypotoinyio kKou petémetto BEPata Tov VTOAOYIGHO Gykov Kot T BeATioTOMOIN O
0€ TOAVIIAGTATOVS YDPOVG UE TOAVMVUUIKY] TOAVTAOKOTNTA.

210%0¢ pag givol topa, va gépovpe Eva kuptd copo K C R™ og oyeddv 160-
TPOTIKT LOPOPT] LEG® EVOG OLPIVIKOV PETACYNUATIGHOV. [1]

H Baowmn 18éa eivar n e€ng: emhéyovpe éva petacynuoatiopd F(x) = Az —p)
(OOTE TO PETACYNUATIGUEVO COLN
K = F(K)
va glvat KaAd 1GOpPOTNUEVO YEMUETPIKA, SNAOON VO IKAVOTOLEL:

B, € K C O(v/n)B,.
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7oV oNpaivel Tog Toplalet akpPdg peta&h piog KpNg SEoipag LOVAdOS KOt LG
LEYOADTEPTC OQUIPAG IE OKTIVO OVAAOYT TPOG /7.

H ovykekpyévn dwdikacio wov Ba dovue Bacileror oto Dikin Walk, o omoiog
elval aQviKa avaAlloimTog Kot EMOUEVOS OEV ATOLTEl TOALUTAEC PAGELS GTPOYYL-
Aomoinong.

‘Eva copo K C R™ pe opotdpopen Katavopur] m ovopdieTol 160TPOTKO OTOV:
EL[X] =0, E[XX']=1I.

uéon Ty ko dteomopd. Av X = (X1, ..., X,,), 10te X X7 givan évag n x n nivaxag
ne otoyelo X;.X; karo Er [X XT] Sivel éva péco 6po tov Tipdv avtdv.

Avtictorya, K elval p-oyeddv 1GOTPOTIKO QV:
(1 =), = EW[XXT] = (1 + @),
omov ¢ € (0,1).

H petagopd evoc cOUOTOC G€ 1GOTPOTIKT BEGN EMTVYXAVETAL LE TOV QPIVIKO
LETACYNULOTIGHLO:
K={"Yz—p) :zeK},

Omov p kot X gfvat 0 HEGOG OPOC KAl 1) GLVILAKVLOVOT] THG OPLOIOHOPONG KATAVOUNG
naveo oto K.

Ag Bempnoovpe 6t 0 cmpa K opiletor péom evog opaypot F(x), yio mapd-
derypo

F(z) =~ log(b; —a ),
i=1
1o éva modvtomo K = {x : Az < b}. H mapaydyion devtepng taéng divel
LLETPIKN TOV COUOTOG:
H(z) = V*F(z).
[ k60e = € int(K), opilovpe eAdetyoedéc Dikin:
Dy(r)={y: (y — ) H(z)(y — z) < r*}.

O tuyaiog mepinatog Dikin Walk givar apivikd avairoiwtog kot cuykAivel otnv
OLLOLOLLOPPT] KOTOVOLT TOV GOUATOS K.
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A6 v otatiotikn, ywo T detypata X, . .., X ~ 7, ektipovpe:

T T
1 1 _
X:—E:X 2:—§ X, - X)X, —X)".
T & b thl(’* )(Xe )

O aQvIKOG PETAGYNUOTIOUOG Y10 TN GTPOYYLAOTOINoT ivat:
F(a) =%""2(z - X),
omOTE TO VEO GOUA gfvat:

K={F(z):z€K}.

['a ) dtoediion g 6xedoOV 160TPOTIKNG BEoNG ((P-100TPOTIKOTNTA), CLTTOL-
teiton TAN00g detypdtov: 3
T = O(n’v),
Omov v gival 1 TOPAPETPIKT] TOAVTAOKOTNTO TOV PPOYUOV (T.). iom pe Tov apiuod

TEPLOPICUAV Y10 £V TOADTOTO).

H andoeién Baciletor oty avicdtta Bernstein yio Mapkofiavég aAlvoideg
(Paulin, 2015) kot otnv vmapén edopatog vy = Q2(1/(nv)) ywa tov mepinaro Dikin
(Narayanan, 2016).

Me mBavotnta TovAdyiotov 1 — n:

IS7AE + (X = p)(X =) )2 =T < .
H ocvvoAiikn moAvmhokdtta elva:

» [0 ToAVESPIKO GO UE T TEPLOPIGUOVS: V = M.
» Yroloyioudg escravig H(x) = ATS;2A pe kdéotog O(mn“~1).

» XVVOoMKO KOGTOG: O(C n3v), 6mov ¢ 10 KOGTOG VIOAOYIGUOD TNG EGGLAVIG.

H pébodoc otpoyyviomoinong pe tov tuyaio mepinato Dikin mwapéyet po opt-
VIKQ avoALOT®MTN O1001KAGTI0 TOV ETTVYYAVEL IGOTPOTIKT BE0M e TOAV®VVLUKT] TTO-
Amlokotnta. Xe avtifeon pe T1¢ Khaowég pedddovg (Lovasz—Vempala, Kannan
K.0.), amortel povo pia @don derypatoAnyiog kot aEonotel Tig YempeTpikes 110t -
TEC TOL PPOYLOV. g KAOE mepinTwon divel T Pacikn 10£a Y10 TOV TMG EMTYXAVETOL
N 6TPOYYLAOTOINGT VOGS TOAVTOTOL.
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2.6.1 Eg@appoyn tov Polytope Rounding

Ag e@apUOGOVUE EOM U0, EEQPETIKG OTAOTOMUEVT] EKOOYN TNS OTPOYYLAOTO1-
nong &vog moAvténov. Emiéyovpe Aowmodv, évav 3D kvfo tov omoio dpmg ppovri-
Covpe va daotpePrdoovpe dote va emunkuvlel mpog (o KatevBovon. Xt ov-
véyew, Ba dovpe Tmg Bo LETAUGYNUOTICOVIE TO TOAVTOTO GE IGOTPOTIKO HLEGH TNG
OEYHOTOANYI0G GTO ECMTEPIKO TOV KO GTY GUVEXELD EQAPUOLOVTAG TNV AOYIKT] TOVL
OQIVIKOD LETOCYNUOTICUOV.

O K®dKoS glvat 0 TOPUKAT®:

# Start by sampling wuniformly from a 3D cube
N = 8000
X = np.random.uniform(-1, 1, size=(N, 3))

# Then, apply a linear transformation to distort the cube

A = np.array([[2.0, 0.8, 0.0],
[0.0, 1.5, 0.5],
[0.0, 0.0, 0.5]11)

X_distorted = X @ A.T

# Consider mow that these samples belong to our unknown polytope
# that we need to round. We need to compute mean
# and covariance of distorted body

mu = np.mean(X_distorted, axis=0)
Sigma = np.cov(X_distorted.T)

# Finally, compute the rounding transform (whitening)

eigvals, eigvecs = np.linalg.eigh(Sigma)

Sigma_inv_sqrt = eigvecs @ np.diag(1.0 / np.sqrt(eigvals)) @
eigvecs.T

Y = (X_distorted - mu) @ Sigma_inv_sqrt.T # rounded samples

Listing 2.39: Simple rounding of a distorted 3D cube.

To NumPy mepthapavel £TOYLES EVTOAEC Y10, TOV DVTOAOYICUO TMOV GTATIGTIKOV
peyebmv. Avarvtikd, ol eElomaoelg Tov eaprolovie ddOYIKA Etval Ol TaPUKATM:

1 i
H= E Z X(gis)toned

1 i i
Y= Z (X(gis)toned - :u) (Xcgis)torted - M)T

i=1
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Y =VAVT A=diag(\,...,\)
1 1
N VT
VAL w—)
Y = (Xdistorted - :U’) X

ST =V diag(

N

To amotéhespo UTOPOVUE VO TO GYEOIAGOVE KOl PAIVETAL OTMG GTNV AP0~
KaTo gwdva:

Before Rounding After Rounding

Yymua 2.43: To amoTtéAeso TS GTPOYYLAOTOINOTG EVOC TOPOUOPPOUEVOL TOAD-
tomov. To amotéhecpa eival 1IGOTPOTIKO. AV KO QUIVETOL TO GYLOTO VO, SLUPEPOVY
OPKETE, GE AVAOTEPES SUGTAGELS 1] SLLPOPH GTOV YDPO TOV KATOAAUPAVOLY T SLO
TOADTOTOL LELDVETOL GUVEXDG.

2.7 Null Space Technique

To enable volumetric sampling on Netlib linear programming instances, we
must first address the geometric degeneracy caused by equality constraints.

2.7.1 The Problem: Zero Volume

A standard Netlib problem is defined by a system of linear equations and bounds:

Ax=b, Ib<x<ub (2.13)
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where x € R" is the decision variable vector, and A is an m X n constraint matrix
(with m < n).

Geometrically, the equality constraint Ax = b restricts the feasible region to
an affine subspace within the high-dimensional ambient space. As a result, the n-
dimensional volume of the polytope is strictly zero. Volumetric samplers (such as
Volesti) require a full-dimensional body with positive interior volume to correctly
define and sample from a probability distribution.

2.7.2 The Solution: Parameterization

To extract the full-dimensional “core” of the polytope, we project the problem
into its Null Space. We decompose the variable x into a fixed component and a free
component:

X =Xy + Zv (2.14)

The components are defined as follows:

» X, (Particular Solution): A strictly feasible point that satisfies Ax, = b and
respects the bounds Ib < xy < ub. We identify this using Linear Programming
to ensure the origin of our new coordinate system lies strictly inside the polytope.

» Z (Null Space Basis): An orthonormal matrix where AZ = 0. The columns
of Z represent the “free directions” in which we can move without violating
the equality constraints.

» v (Reduced Coordinates): The new variable vector. If A has rank m, then
v € R"™™, This effectively reduces the dimension of the problem from n to
n —m.

2.7.3 Transforming the Constraints

We substitute the parameterization X = Xy+Zv into the original bound constraints
(Ib < x < ub):
Ib<xy+Zv<ub (2.15)

We rearrange this inequality into the standard H-polytope format (Av < |) required
by the sampling algorithms. The constraints decompose into:

Zv < (ub — x¢) (2.16)

—Zv < (xg — Ib) (2.17)
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This yields the final system in block matrix form:
Z ub —xg + €
<
[—Zlv_ [xo—lb—l—e} (2.18)
2.7.4 Numerical Conditioning

To ensure robust sampling stability for ill-conditioned Netlib instances, we
applied three pre-conditioning steps during extraction:

1. Feasibility Check: We solve a Phase-1 LP to find an x that is strictly interior
relative to the bounds, ensuring the right-hand side vector is non-negative.

2. Epsilon Padding: We introduced a relaxation factor ¢ = 10~ to the bounds.
This prevents “zero-width” facets that cause numerical instability in rounding
algorithms (e.g., John Position or Maximum Volume Ellipsoid).

3. Infinity Handling: Unbounded directions (where ub; = oo) were capped at
101 to ensure the polytope is compact (closed and bounded).

The result is a full-dimensional polytope in R”~"™ that preserves the exact combinatorial
structure of the original problem while being amenable to Markov Chain Monte
Carlo (MCMC) sampling.
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Kepaiaro 3

Volesti

Oleg o1 pédobot derypotolnyiog mov eidape oty Bewpio Exovv vAomomOet
o€ kamoto PBabud amd v KowdTTo Kot TEPIAAUPAVOVTOL GE SLAOPPO TOKETO, VITO-
AOYLOTIKNG YempeTpiag TapdAinia pe aAla BEpata. Ot vanilla vAiomomcelg mov &i-
dape oty Bempio, oV KOl TPOSPEPOLV LU0 TOAD KOAT EI0AYWOYT GTNV GIA0GOQia Kot
oV xpnon ke nebddov Ko etvar ypMGULES TAdAYMYIKA, EVTOVTOLS TOVG AgimeL N
aVoTNPOTNTO KOl 1 OTOPOPT] VAOTOINGT TOL AALTOVVTOL GTHV OKPIPY|, OTOTEAE-
OUOTIKT KOl 0mOO0TIKN detypatoAnyio o€ OAa ta Thova ToAOTOTO KOl Y10 EKOTO-
vtadeg oaotdoelc. o Tov okomd avtd, Ba vyovpe and to sandbox mepidArov
oL dOVAEVOLE £mG TOPA Kol Bo pLeTafode GTOV TPAYUATIKO KOGHO OTOL 1 VAO-
noinomn evog akyopibuov derypatonyiog tpémet va avtipetonilel Oheg Tig mBavég
€16000VG GTO KATH TO OLVOTOV GUVTOUOTEPO YPOVO Kat ydpo. Tnv vAomoinon avt
TPOGPEPOLV Ta TPoavVaPEPOEVTA TakéTo ToL 0moia Bo LEAETGOVLLE.

3.1 Volesti Library

Volesti is an open-source C++ library for computational geometry, designed to
perform high-dimensional geometric computations such as volume approximation,
random sampling, and optimization over convex bodies. It supports various convex
representations—including H-polytopes, V-polytopes, zonotopes, and spectrahedra—
and implements efficient randomized algorithms like Hit-and-Run and Ball Walk
for sampling and volume estimation. Volesti is widely used in fields such as convex
optimization, probabilistic inference, and computational geometry research, and it
also provides convenient interfaces for R and Python, making its advanced geometric
capabilities accessible across multiple programming environments. You can find the

133
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library here Volesti GitHub Repository. The readme file contains all the information
you might need, like author names, documentation and tutorials.

3.2 Installing Volesti

Volesti includes sophisticated algorithms for sampling in any dimension and
for any polytope (sampling is quite useful in volume calculations, the main focus of
the package, but we don’t cover that here). Thus, we can experiment with different
sampling algorithms and compare with the vanilla versions in regard to time and
efficiency. The first order of business is to install the library itself.

Now, despite what you might think, installing the library is a huge task requiring
a lot of patience. Should you ever feel the need to break your PC don’t. Take a
timeout and continue later. Your mental health is more important that any project.

3.2.1 Failed attempts

Unfortunately, the tutorial provided by Volesti regarding the installation is quite
brief and not very useful, especially if this is your first time you attemp something
like this. Another thing to worry about is your operating system. If you are on
Windows, you can forget about installing the library. I personally made various
failed attemps before  moved on. In the beginning I tried using Visual Studio Community
2022 and the rather useful option to clone a repository. VS community comes with
integrated support for CMake so it immediately identified the CMakeLists.txt file
and run it. Several problems arised while trying to build the files by clicking build-
all (about 800 errors). Many of these problems came down to CMakeLists.txt file
expecting linux style paths compared to windows ones, a problem that is quite
common as you will see.

Since VS community acts weird, we change our plan to completing things
manually. The repository clone was placed in a separate folder and custom tools
were used to build it. MSYS2 was chosen, since it provide linux like commands for
windows. Good thing is that cmake, vepkg and boost (required libraries for volesti)
where already installed and tested form our CGAL days so we added everything in
the CMakeLists.txt file and did cmake .. Well, that was the end of it, not even the
CMakeLists could be properly translated without an error. Thus, there was only one
option left to explore, an option recommended by every computer geek out there:
install Linux.


https://github.com/GeomScale/volesti
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3.2.2 Successful attempt

The last option before formatting a disk and installing Linux was to install
Windows Subsystem Linux - WSL (also recommended in the official tutorial, I
credit them for that). Now, for the comfort of all those that will follow, I will provide
step by step instructions on how to download and build the volesti library using WSL
in Windows systems. Believe me, his will save you a lot of time and from the need
to talk for hours with an Al. So follow along.

1. Make sure you have atleast 12GB free. Install WSL. Open Powershell as
Administrator and run:

wsl —-- install

2. Afterit finishes, Ubuntu will run automatically (or open it yourselfifit doesn’t
- just select Ubuntu in the start menu). It will ask you to create an account.
Type a username and a password. After you are all set up, type these commands:

sudo apt update
sudo apt upgrade -y

3. Install development tools, Git, CMake, GCC, and Boost. Just type:

sudo apt install -y build-essential git cmake libboost-all-dev sudo apt install
-y ninja-build

4. Time to clone Volesti. Type:

cd ~
git clone https://github.com/GeomScale/volesti.git
cd volesti

5. You should now find yourself in your home folder inside volesti. Create a
build folder:

mkdir build \&\& cd build

and type:

cmake ..
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Ideally you will see messages such as

-— Autodiff library not found locally, downloading it.
-- Eigen library not found locally, downloading it.
-- lp_solve library not found locally, downloading it.

meaning the system will download all necessary libraries.

. Now, use ninja to build the library. This task is quite demanding in resources

like processing power and memory. The first time I tried, the virual environment
crashed immaterially. To avoid this, we will allocate more resources to the
Ubuntu virtual environment. Go to

C:\Users\<YourUsername>

Create a new .txt file containing these lines

[ws12]
memory=8GB
processors=4

Rename the file .wslconfig and ignore the warning message. Restart WSL. I
do hope you have at least 5 GB of free RAM when you start building. I have
16GB on my PC and it jumped from 8 used to 12 used at some point during
the process.

. Now go back to the build folder and type:

ninja -j4

It will start building the library. This will take some time. If you crash at any
point, try reallocating more resources or using less cores (the integer in the
end is the cores used). Ninja is supposed to better than make, thats why we
used it here. The last line I saw was:

[46/46] Linking CXX executable test_internal_points

. Now, inside the build folder we created earlier, you will see a lot of files

looking like this:

logconcave_sampling_ test
matrix_sampling_test
mcmc_diagnostics_test
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These are tests that you can run by typing (while inside the build folder):
./mcmc_diagnostics_test
The result we got was:

[doctest] doctest version is "2.4.9"

[doctest] run with "--help" for options

--- Testing psrf on Billiard Walk and H-cubelO
psrf = 1.00269

--- Testing psrf on Billiard Walk and H-cubelO

univariate psrf = 1.00005 0.999911 0.999988 0.999911 0.999943 1.00023

--- Testing psrf on Billiard Walk and H-cubelO

1.00007 0.9¢

interval psrfs = 1.00051 1.00003 1.0002 1.0007 1.00025 1.00092 1.00103 1.00041 1.0C

-—— Testing psrf on Billiard Walk and H-cubelO

ess = 9880.89 10000 9887.83 9794.59 9943.22 7775.64 10000 10000 9703.68 9467 .23

--— Testing psrf on Billiard Walk and H-cubelO

geweke = 1

-—-— Testing psrf on Billiard Walk and H-cubelO

raftery walk length to get indepedent samples, 1st coordinate = 1

[doctest] test cases: 6 | 6 passed | O failed | O skipped
[doctest] assertions: 6 | 6 passed | 0 failed |
[doctest] Status: SUCCESS!

3.3 Running the tutorial example

Let’s try now to run our first example, the one given in the Volesti tutorial. In the
tutorial you can find some cpp code and a CMakeLists.txt and you are encouraged
to copy paste them. The first question that is not answered is where exactly are we
supposed to save these files? Inside the volesti library we just built or somewhere
else and does this question even matter? Well, since we are left with the choice,
I personally like good organization so we create a new folder in our home folder
called volesti-sampling. Navigate to this folder and create the two files mentioned
in the tutorial. Since I am kinda naive about Linux, I used nano but I am sure there
are better solutions out there.

The procedure is known. Create a build folder, navigate to it and do cmake ..
and then make. If it worked, allow me to congratulate you for making the impossible
possible. We were not so lucky however as we go an error that:
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CMake Error at CMakelLists.txt:6 (include):
include could not find requested file:

../../external/cmake-files/Eigen. cmake

Great, there seems to be a problem with finding some of the libraries. This
is were a better tutorial could be of assitance. Anyway, we ask an Al for a better
CMakelLists that will run without problems. We eagerly follow its advice and end
up with other mistakes:

fatal error: 1lp_lib.h: No such file or directory
fatal error: minimum_ellipsoid/khach.h: No such file or directory

All the headers mentioned above belong in the external categories used by
Volesti to do a number of difficult calculations. It seems, that these headers are not
correctly linked. To this end, we manually plug in ALL external header files in the
CMakeLists.txt file so as to avoid further trouble. This is our how our CMakeLists
looks like:

cmake _minimum_required(VERSION 3.10)
project (my_sampler)

set (CMAKE_CXX_STANDARD 17)
set (CMAKE_CXX_STANDARD_REQUIRED ON)

set (VOL_ESTI_DIR "/home/chrthegreat/volesti")
add_definitions(-DDISABLE_NLP_ORACLES)

include_directories(
${VOL_ESTI_DIR}/include
${VOL_ESTI_DIR}/external/_deps/eigen-src
${VOL_ESTI_DIR}/external/Spectra/include
${VOL_ESTI_DIR}/external/PackedCSparse
${VOL_ESTI_DIR}/external/cmake-files/../_deps/autodiff-src
${VOL_ESTI_DIR}/external/_deps/lpsolve-src
${VOL_ESTI DIR}/external
${VOL_ESTI_DIR}/external/minimum_ellipsoid
${VOL_ESTI DIR}/external/cmake-files
${VOL_ESTI_DIR}/external/ChebTools
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)

add_executable(my_sampler my_sampler.cpp)

target_link_libraries(my_sampler
${VOL_ESTI_DIR}/build/liblp_solve.a
${VOL_ESTI_DIR}/build/1ibQD_LIB.a

Finally, go back to the build folder, type:

rm -rf *

to delete everything and do again cmake .. It worked for us, I hope you are lucky
too. Then type, make and enjoy the fruits of your troubles. Typing:

./my_sampler

returns the result expected by the tutorial ie:

Polytope:
6 3 double

A
]
=

O O =
I
—

00
10«
01«

]
—

-100
-1 0<=1
0 -1

Volume of the cube: 8.22251

If you reached this far into reading and following this guide, congratulations for
your patience. I hope the steps above will work for you on first try.
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3.4 Running a sampling example with billiard walk

Volesti comes with an examples folder containing a lot of different use cases of
the library. Essentially, each example is designed to demonstrate the usage of basic
functions and methods of the library making it easier to use. We can use the code of
each example as the basis when trying to implement the methods we care about.

In that regard, we choose an example that deals with sampling in polytopes,
since its relative to the main theme of this papaer. Go to examples folder and then
to sampling-hpolytope-with-billiard-walks. This folder contains a cpp file with the
code, a readme file with commands on how to build and run and the necessary
CMakelLista.txt file with instructions to the system on how to build the files and
where are the libraries included. Create a build folder as before and go in it. According

to the tutorial we need to link a specific library called liblpsolve55.so. In order to
find where this is located, tpe the following command:

find /usr -name "liblpsolveb5.so" 2>/dev/null

You will get something like this in return:
/usr/1ib/1p_solve/liblpsolveb5.so

Now, initiate cmake by typing:

cmake .. -DLP_SOLVE=/usr/lib/lp_solve/liblpsolveb5.so
Finally, to build the files, type:

make

You will probably see a ton of warning about everything, but just ingore them. The
important thing is to get the end result. If you see these lines at the end of the build
process:
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[ 92%] Linking C static library liblp_solve.a

[ 92%] Built target lp_solve

[ 96%] Building CXX object CMakeFiles/sampler.dir/sampler.cpp.o
[100%] Linking CXX executable sampler

[100%] Built target sampler

then things have gone quite nicely. The build folder is now full with all kind of files,
but the important one is the one called sampler that is the executable. The way to
run this is to just type:

./sampler

No parameters are needed since the code uses a custom defined polytope

and samples over it with various variations of billiard walk. The following image
shows how this example polytope looks like:

Yynua 3.1: The polytope used by the sampling hpolytope with billiard walks
example.

Running the example doesn’t return anything to the console. Instead, you will
see 3 txt files created in the build folder. Each one of these contains the samples of
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Billiard Walk Sampling Methods

Uniform Billiard Walk Accelerated Billiard Walk Gaussian Billiard Walk

Zynpa 3.2: Sampling results using the 3 variations of billiard walk.

one of the methods. In order to display these results, a segment of python code is
provided by the tutorial. Make sure to have the necessary libraries and that the txt
files are in the same folder as your python file. The result is shown in the next figure.

The first note is that the example works. The sampling does give results inside
the requested polytope. Thus, we can copy the way the sampling methods are executed
in this example, for our own sampling in the future.

3.5 Sampling example analysis

Understanding how the cpp code works, what’s different from the vanilla python
version we suggested earlier in the theory and how is the billiard walk implementing
in comparison to the vanilla case, is quite useful and educational, especially for those
who have never seen anything like it before.

To this end, we will take a look at the source code to gain a deeper understanding
ofhow we can use the library. The way the code has been structured for this particular
example of sampling with billiard walk is quite instructive for this purpose. Of
course, the basic function of sampler.cpp, which contains the source code for the
example, is to call the functions that are necessary for its purpose. The functions
and their basic logic are hidden in the header files, which we will look at next.

So, the example in sampler.cpp obviously starts by including the necessary
libraries:

#include <iostream>
#include <vector>
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#include <fstream>
#include <boost/random.hpp>
#include "Eigen/Eigen"

The first libraries are external to Volesti and concern basic C++ input/output functions,
a part of the boost library (on which Volesti is based) that specializes in returning
high-quality random numbers, and the Eigen library, which we could say has a role
almost analogous to NumPy in the sense that it deals with linear algebra.

Next, we include functions from Volesti’s own ecosystem:

#include "cartesian_geom/cartesian_kernel.h"

#include "sampling/random_point_generators.hpp"
#include "random_walks/random_walks.hpp"

#include "preprocess/max_inscribed_ellipsoid.hpp"
#include "preprocess/inscribed_ellipsoid_rounding.hpp"
#include "convex_bodies/ellipsoid.h"

#include "convex_bodies/hpolytope.h"

In detail, each of these headers does the following:

» cartesian_geom/cartesian_kernel.h: Defines the core numeric types
(NT = double), the Cartesian kernel for geometric computations, and the
Point class.

» sampling/random_point_generators.hpp: Provides template classes such
asRandomPointGenerator and MultivariateGaussianRandomPointGenerator,
which are responsible for producing random samples (uniform or Gaussian)
inside convex bodies.

» random_walks/random_walks.hpp: Defines algorithms for different random
walks (e.g., BilliardWalk, AcceleratedBilliardWalk, HitAndRun, etc.)
used to explore the geometry of convex sets.

» preprocess/max_inscribed_ellipsoid.hpp: Contains algorithms to compute
the largest ellipsoid that fits inside a polytope, which is useful for rounding
and Gaussian-based sampling.

» preprocess/inscribed_ellipsoid_rounding.hpp: Provides utilities for
using the inscribed ellipsoid to round or normalize the polytope, improving
numerical conditioning for sampling algorithms.
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» convex_bodies/ellipsoid.h: Defines the E11ipsoid class, representing
an ellipsoid as a geometric object.

» convex_bodies/hpolytope.h: Defines the HPolytope class, which models
convex polytopes of the form Az < b. This is the main convex body used in
Volesti sampling examples.

We continue with the following definitons:

typedef double NT;

typedef Cartesian <NT> Kernel;

typedef typename Kernel::Point Point;

typedef Eigen::Matrix<NT, Eigen::Dynamic, Eigen::Dynamic> MT;
typedef Eigen::Matrix<NT, Eigen::Dynamic, 1> VT;

typedef BoostRandomNumberGenerator<boost::mt19937, NT> RNGType;
typedef HPolytope <Point> HPOLYTOPE;

The typedef keyword in C++ is used for aliasing existing data types, user-
defined data types, and pointers to a more meaningful name. Typedefs allow you
to give descriptive names to standard data types, which can also help you self-
document your code. Mostly typedefs are used for aliasing, only if the predefined
name is too long or complex to write again and again. The unnecessary use of
typedef is generally not a good practice. In any case, if we carefully analyze these
commands, we can conclude that:

» typedef double NT; — Defines the numeric type used throughout the code.
Here ofcourse, double is renamed to NT.

» typedef Cartesian<NT> Kernel; — Creates a Cartesian geometry kernel
using NT as the scalar type. It’s a template class in Volesti that bundles geometric
primitives (like points, vectors, operations) using a specific numeric type. For
this example we consider the Cartesian system with all the known distance
definitons etc.

» typedef typename Kernel::Point Point; — Defines a shorthand for
the point type provided by the kernel. Point just represents a point in Euclidean
space and for simplicity Kernel::Point (ie point in cartesian space) is renamed
to Point. When we call Point, the code understands that we need a point that
lives in Cartesian space.
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» typedef Eigen::Matrix<NT, Eigen::Dynamic, Eigen::Dynamic> MT;
— Defines a dynamic-size Eigen matrix type for the constraint matrix A. It
reminds us of the NumPy call, as we saw in the vanilla code. The matrix is
defined to use double values and have dynamic size of rows and columns as
is renamed to MT (matrix type).

» typedef Eigen::Matrix<NT, Eigen::Dynamic, 1> VT; — Definesadynamic-

size Eigen column vector type for the constraint vector b, renamed to VT
(vector type, just a column).

» typedef BoostRandomNumberGenerator<boost::mt19937, NT> RNGType;

— Defines the random number generator type, based on Boost’s Mersenne
Twister. It returns NT values (ie double). In the python version we had used
np.random.default function provided by NumPy.

» typedef HPolytope<Point> HPOLYTOPE; — Defines a polytope class (in
H-representation, inequalities form) using the Point type from the geometry
kernel. The polytope is defined using Points, which in our case means d-
dimensional points in cartesian space.

Let’s move on to this line:

PushBackWalkPolicy push_back_policy;

In Volesti, the random walk algorithms are written in a generic, policy-based style
(actually its a common design pattern in modern C++ template libraries). Instead
of hard-coding what to do when a new sample is found like in the vanilla code, the
library accepts a policy object that defines that behavior. In this case, every new
sample is pushed it into the output vector (by calling the std::vector::push_back()
on each generated point). Remember from the theory that in billiard walk all samples

are 100% inside the polytope. We can define other policies if needed like DiscardWalkPolicy

or StatisticsWalkPolicy.

We now enter the important part of the logic. Some more typedef lines follow
below:

typedef BilliardWalk::template Walk<HPOLYTOPE, RNGType> BilliardWalkType;

typedef AcceleratedBilliardWalk::template Walk<HPOLYTOPE, RNGType>
AcceleratedBilliardWalkType;

typedef GaussianAcceleratedBilliardWalk::template Walk<HPOLYTOPE, RNGType>

GaussianAcceleratedWalkType;
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These three typedefs specify which kind of Billiard Walk algorithm is going to be
used for sampling points inside a convex polytope. These lines are a bit long and
include a lot of information so lets try to decode the big picture. The general pattern
is this:

<Algorithm>::template Walk<BodyType, RNGType>

where Algorithm is one of Volesti’s random walk algorithms (BilliardWalk etc.),
BodyType is the convex body you are sampling from (in this case, HPOLYTOPE is a
polytope in halfspace representation) and RNGType is the random number generator
type (here the boost generator we defined earlier). So each typedef picks one specific
algorithm and ties it to the geometric object we’re sampling from and the random
generator we’ll use for randomness. So, each of the 3 lines gives a better name to
one of the 3 variants of billiard walk.

As far as the 3 different variants used here, the standard Billiard Walk uses the
logic we explained in the theory. The accelarated version uses numerical shortcuts
or adaptive steps to reduce correlation between samples and improve convergence.
In the Gaussian weighted version samples follow a multivariate normal distribution
restricted to the polytope instead of being uniform.

Next, there is a write-to-file fucntion that does exactly that, writes the samples
to an output file for further processing. Why no graph you might ask? Because its
c++ and that kinda hard to do here. Even the authors themselves provide a python
script to draw the graph, the one we used to generate images 3.2. There is no point
is showing the code of this write function here, go check it out in the library if you
are so interested in it.

We move on to the actual functions that set things in motion. The definition of
the usual billiard walk function :

void sample_using_uniform_billiard_walk(
HPOLYTOPE& HP,

RNGType& rng,

unsigned int walk_len,

unsigned int num_points)

These parameters are defined:
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» HPOLYTOPE& HP: the convex region we want to sample from (defined by
linear inequalities). This is passed by reference so the function can use the
same object efficiently.

» RNGType& rng: the random number generator (here BoostRandomNumberGenerator<boost::mt1993
NT>). Passing by reference avoids copying its internal state and ensures reproducibility.

» walk len: how many reflections (steps) each random walk should take before
accepting the next sample. This is different from our vanilla version. There
we gave the distance travelled as a parameter (L-scale, listing 2.27) and not
the number of reflections.

» num_points: how many random samples to generate.

The body of the function follows:

std::string filename = "uniform_billiard_walk.txt";
typedef RandomPointGenerator<BilliardWalkType> Generator;

std::vector<Point> randPoints;

Point q(HP.dimension()); // origin

Generator: :apply(HP, g, num_points, walk_len,
randPoints, push_back_policy, rng);

write_to_file(filename, randPoints);

Begin by defining the name of the output file. Next, RandomPointGenerator is a
template class that implements a general mechanism for generating random points
inside convex bodies. It is parameterized by a specific walk type — in this case,
BilliardWalkType, which we defined earlier as BilliardWalk::Walk<HPOLYTOPE,
RNGType>. So Generator here is essentially a random point generator that uses
the Billiard Walk algorithm for sampling inside a polytope. After that, prepare data
structures. Define a vector of type Points (each Point is a geometric object from
the Volesti kernel, Cartesian points in our case) called randPoints that will hold the
sampled points. Point q(HP.dimension()) initializes a starting point (usually at the
origin, ie. all zeros). The Billiard Walk algorithm starts here and begins bouncing
inside the polytope.

In the end, running the sampler is all that reamins. So far we only defined stuff.

In order to run the Generator call the apply method with the following arguments
that we defined above:

» HP: The convex polytope to sample from.
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» q: Starting point of the random walk.

» num_points: Number of random points to generate.

» walk len: Number of reflections per sample.

» randPoints: Vector to store the results.

» push back policy: Policy that stores each sample in the vector using push_back.

» rng: Random number generator used for directions and distances.

The rest of the functions are defined in the same way, just choose the variation
of Billiard walk yuo want. The only different part is inside the Gaussian variation
where a preprocessing step is added to calculate an inscribed ellipsoid inside the
polytope. In Gaussian billiard sampling, we want to draw samples proportional to
a Gaussian density (rather than uniform) inside a convex polytope. However, to do
this efficiently and stably, the algorithm needs to know the shape and scale of the
region so it can adapt the step directions and handle correlations between dimensions
properly. To that end we begin with:

/] —————————- Get inscribed ellipsoid -----———=————-—---
EllipsoidParams<NT> params;
params.barrier_params.maxiter = 150;

where a parameter object for the ellipsoid computation is created, accepting NT
(double) values. Maxiter parameter sets the max amount of iterations the algorithm
will run in order to converge to the exact solution. The next lines are these:

auto ellipsoid_result = compute_inscribed_ellipsoid
<MT, EllipsoidType::VOLUMETRIC_BARRIER>(HP.get_mat(), HP.get_vec(),
q.getCoefficients(), params);

const MT E = get<0>(ellipsoid_result);

The variable is defined as auto, which is possible only on later versions of c++
and it allows the code itself to define the type of the variable based on the value
it is assigned to it. This variable holds the result of the calculation. The template
parameter EllipsoidType::VOLUMETRIC BARRIER tells it which definition of
inscribed ellipsoid to use. AS usual there are many of these definitions, volumetric



3.5. SAMPLING EXAMPLE ANALYSIS 149

is one of them. As for the arguments, it recieves matrix A and veector b (the polytope
definition) the coefticients defining the origin point and some optimization parameters,
ie. the max number if iterations we defined earlier. The final line extracts the first
component of a tuple, which also means that the ellipsoid_results is itself a tuple
probably in the form of (E, center, status). E is type MT, a matrix with dynamic
rows and columns and double values (check the typedef where it is defined). This
E is added to the Generator arguments.

Its finally time to run the main function using an example polytope:

HPOLYTOPE visualization_example() {

MT Ab(5, 3);
Ab << -1, 0, 1, // x >= -1
0, -1, 1, /]y >= -1
1, -1, 8, // x-y <= 8
-1, 1, 8, /] x-y >= -8
1, 1, 50; // x+y <= 50

MT A = Ab.block(0, 0, 5, 2);
VT b = Ab.col(2);
return HPOLYTOPE(2, A, b);

int main(int argc, char const *argv[]) {
unsigned int walk_len = 10;
unsigned int num_points = 1000;

HPOLYTOPE HP = visualization_example() ;
HP.ComputeInnerBall();

RNGType rng(HP.dimension());

sample_using uniform_billiard_walk(HP, rng, walk_len, num_points);
sample_using_uniform_accelerated_billiard_walk(HP, rng, walk_len, num_points);
sample_using_gaussian_billiard_walk(HP, rng, walk_len, num_points);

return O;

Begin by defining some of the parameters and using the example polytope defined
before main. Then, a function called ComputelnnerBall is called on the polytope.
This is probably intended for calculating a starting point on the polytope as there is
no usage of LP. The code will find small sphere fully contained in the polytope and
pick a starting point randomly. In addition, a random number generator is created
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bases on the polytopes dimensions. This rng uses the boost random number generator
we discussed earlier. Finally, the functions are called for each variation of billiard
walk using the arguments we defined earlier.

3.6 Billiard walk in Volesti

In chapters 2.4.10 and 2..4.11, we presented the vanilla billiard walk in depth.
Now would be a good time to revise those chapters if you want to refresh your
memory regarding the core foundation of the method. In any case, here we will
try to analyse the method as it is implemented in Volesti. The main objective is to
understand the advanced techniques that dramatically improve the temporal complexity
of the code and stability in borderline cases, compared to the simple implementation
of the vanilla version.

Volesti sets up the method using the struct data structure of C++. If we think
about it in terms of Python or any other language, the analogy would be a class.
Therefore, each call to Billiard Walk will be an instance of this class with its own
parameters and variables. Let’s look at the initial definition:

// The main structure encapsulating the Billiard Walk algorithm
struct BilliardWalk
{

// Constructor with explicit step length L.

// Initializes parameter struct with L and a flag

// indicating it's user-defined.

BilliardWalk(double L)

param(L, true)

{}

// Default constructor: no step length provided.
// Initializes parameter struct with L=0 and
// flag "false" (not set by user).
BilliardWalk()

param(0, false)
{3

// Internal parameter structure
// This nested struct stores step length configuration.
struct parameters

{
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// Constructor: accepts step length L and a boolean flag.
parameters(double L, bool set)

m_L(L), set_L(set)
{}

double m_L; // The walk length parameter (total travel distance)
bool set_L; // Flag indicating whether m_L was explicitly set
3

parameters param; // Instance of the parameters struct

The code start by defining a data type called BilliardWalk and two constructors.
The one constructor is used when passing an argument to the call of the class, while
the other is the default behaviour when no argument is given. The : syntax after
the parentheses is called a member initializer list, which initializes class members
directly. It is equivalent to param = parameters(L, true). The final line declares
that each BilliardWalk object has one parameters object inside it, named param.
Thus, each of the constructors initializes this param object with some values based
on the argument given, if we pass some L then param is initialized with values
(L=L, set=true), othewise we get (L=0, set=false). We can see the definition of the
parameters object as a nested class inside BilliardWalk. The constructor of parameters
demands 2 values, a double m_L (the values of the wealk length) and a bool set L
(a flag that indicates whether the length is set or not).

Next, the code continues by defining a template. C++ template is a powerful
tool for creating generic classes or functions. This allows us to write code that works
for any data type without rewriting it for each type. Think of a function that adds
two numbers. Since c++ is statically typed (it must know the types at compile time)
we would have to take all cases of whether the numbers are int, float etc. This is
where templates come into play, allowing us to compile the code for any type of
variable. To that end, we’re defining a version of the Walk struct that can work with
any kind of polytope representation and any kind of random number generator, not
just one fixed type:

// The actual implementation of the walk algorithm.
// It depends on two template types:
// - Polytope: the geometric body we walk inside
// - RandomNumberGenerator: the RNG used for sampling
template
<
typename Polytope,
typename RandomNumberGenerator
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There are 2 template parameters defined here. This is useful since the struct Walk
that follows depends on two types, one representing the polytope and one representing
the random number generator that can be anything. The angle brackets < ... > are
used to define the template parameters. The struct Walk follows:

struct Walk

{
// Define shorthand types for clarity
typedef typename Polytope::PointType Point;// Type of a geometric point
typedef typename Point::FT NT; // Underlying numeric type (double)

We already explained that typedef is used to rename stuff with more conveniently.
So, we essentially tell the code that inside whatever Polytope type you give me,
there exists a nested type called PointType; we are going to call that Point here for
convenience. In addition, look inside the Point type (double, float, ...) find its field
type (FT), and call that NT (number type) locally. Typename in front is required
when referring to a nested type in a template.

Lets now take a look at the Walk constructors:

// Constructor 1: Automatic step length computation
template <typename GenericPolytope>
Walk(GenericPolytope &P, Point const& p, RandomNumberGenerator &rng)
{
// Compute the diameter (max distance across the polytope)
_Len = compute_diameter<GenericPolytope>
::template compute<NT>(P);

// Initialize walk from point p
initialize(P, p, rng);

// Constructor 2: Uses user-specified or computed step length

template <typename GenericPolytope>

Walk(GenericPolytope &P, Point const& p, RandomNumberGenerator &rng,
parameters const& params)

{
// If user provided a valid step length (set_L == true),
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// use it; otherwise, compute polytope diameter.

_Len = params.set_L 7?7 params.m_L
: compute_diameter<GenericPolytope>
::template compute<NT>(P);

// Initialize walk state
initialize(P, p, rng);

The Walk struct defines two template constructors that initialize a billiard walk
inside a polytope. Both constructors are templated on GenericPolytope, allowing
them to accept any polytope type. The first constructor takes a reference to a polytope
P, a starting point p, and a random number generator rng as parameters. Inside, it
computes a characteristic length Len using a predefined method, which represents
the polytope’s diameter and scales the billiard walk steps. It then calls initialize (P,
p, rng) to set up internal variables like the current position p and direction _v.
Note that in C++, using an underscore _ at the beginning of a variable name is a
common naming convention to indicate that the variable is a private member of a
class or struct.

The second constructor adds a parameters object to its arguments. This allows
the user to optionally provide a fixed step length m_L as discussed earlier. The
ternary conditional operator ? : is used to set Len. params.set L is the condition,
if the user has provided a length, this condition is true and _LenLen gets the value
params.m_LenL. If nothing is provided the calculation is made automatically. Finally,
it calls initialize(P, p, rng) just like the first constructor. These template
constructors provide flexibility to work with different polytope types while properly
setting up the walk’s length and initial state.

Finally, the core logic of billiard walk follows hiding behind some methods.
The first of these is called apply:

// Core method: apply()

// Executes multiple billiard walk steps

template

<

typename GenericPolytope

>

inline void apply(GenericPolytope &P,
Point& p, // Starting point
unsigned int const& walk_length,
RandomNumberGenerator &rng)
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{
unsigned int n = P.dimension(); // Dimensionality of the polytope
NT T = rng.sample_urdist() * _Len // Random travel distance
const NT dl = 0.995; // Damping factor (prevents overshooting)

The method is ofcourse templated on GenericPolytope parameter, which means it
can work with any type of polytope object as long as that object implements the
methods the function needs. The parameters passed on to the method are a reference
P to the polytope inside which we are sampling, a point of type Point used as the
starting point of the walk, the walk length which is the number of reflections per
sample and rng, the random number generator (taken by boost library). As far as
inline is concerned, an inline function is a function in C++ whose code is expanded at
the point of call at compile time. It reduces function-call overhead. Inlined functions
have their body replace the call at compile time, so no separate symbol is created.

Next, some important parameters of the problem are defined. The number of
dimensions n retreived using the dimension() method of GenericPolytope. T which
is the initial travel distance along the random direction. Len is the maximum length
scale of the polytope (either user-specified or computed from its diameter as discussed
earlier). The call rng.sample urdist() returns a random number in [0,1], so T is scaled
randomly along Len. Finally, dl is a damping factor used in the algorithm to slightly
reduce the distance after each reflection. This is a numerical safeguard to prevent
the walk from sticking exactly at a face due to rounding errors (like our tolerance
used in the vanilla walk).

Its time for the billiard walk:

// Repeat for the specified number of steps

for (auto j = Ou; j < walk_length; ++j)

{
T = rng.sample_urdist() * _Len; // New travel distance per step
_V = GetDirection<Point>::apply(n, rng); // Random direction vector

Point p0 = _p; // Save initial position
int it = 0; // Reflection iteration counter

// Limit reflections to 50 * n to prevent infinite loops
while (it < 50 * n)
{

// Compute intersection with the next boundary

auto pbpair = P.line_positive_intersect(_p, _v, _lambdas,



3.6. BILLIARD WALK IN VOLESTI 155

_Av, _lambda_prev);

// If remaining distance T is smaller than the intersection
// distance, move inside and stop the iteration.
if (T <= pbpair.first) {

_p+= (T x _v); // Move point
_lambda_prev = T;
break;

// Otherwise, travel until boundary, reflect, and continue.
_lambda_prev = dl * pbpair.first; // Slightly scale down step
_p += (_lambda_prev * _v); // Move to boundary

T -= _lambda_prev; // Reduce remaining distance

// Reflect direction vector against boundary normal
P.compute_reflection(_v, _p, pbpair.second);

it++;

// If too many reflections, revert to original position
if (it == 50 * n){
-p = p0;

For each iteration j of the outer loop (the u means that j is unassigned) , a random
travel length 7" ~ U(0, L) is drawn, where L denotes the maximum path length. A
random unit direction v is then sampled uniformly on the n-dimensional sphere. The
algorithm repeatedly advances the current point p along this direction until either the
total travel distance 7 is exhausted or a boundary of the polytope is reached. The next
intersection with the boundary is obtained by callingP.1ine_positive_intersect (),
which returns both the distance to the next facet and the index of the facet hit.
If the remaining distance 7' is shorter than the distance to the next boundary, the
point simply moves forward by 7" and the step terminates. Otherwise, the point
is advanced to the boundary (slightly inside by a factor of 0.995 for numerical
stability), the remaining travel distance is reduced, and the direction vector v is
reflected with respect to the facet normal using P. compute_reflection(). This
process repeats until the entire length 7" has been traversed or a safety limit of 50n
reflections is reached, in which case the point is reset to its previous position. Most
of these steps where applied by our vanilla version as well.
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Finally, lets check the initialize method:

// Performs the first billiard trajectory from the initial point

template
<
typename GenericPolytope
>
inline void initialize(GenericPolytope &P,
Point const& p,
RandomNumberGenerator &rng)

unsigned int n = P.dimension();
const NT dl1 = 0.995;

// Reset helper vectors to correct dimensions
_lambdas.setZero(P.num_of_hyperplanes());
_Av.setZero(P.num_of_hyperplanes());

_P = p; // Start point

_v = GetDirection<Point>::apply(n, rng); // Random direction
NT T = rng.sample_urdist() * _Len; // Travel distance
Point p0 = _p;

int it = 0;

// Find first boundary intersection
std::pair<NT, int> pbpair
= P.line_positive_intersect(_p, _v, _lambdas, _Av);

// If travel distance is less than boundary distance, move and finish
if (T <= pbpair.first) {

p += (T *x _v);

_lambda_prev = T;

return;

// Otherwise, move to boundary and reflect
_lambda_prev = dl * pbpair.first;

_p += (_lambda_prev * _v);

T -= _lambda_prev;

P.compute_reflection(_v, _p, pbpair.second);
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// Continue walking until total distance traveled or iteration limit
while (it <= 50 * n)

{
std: :pair<NT, int> pbpair
= P.line_positive_intersect(_p, _v, _lambdas,
_Av, _lambda_prev);

if (T <= pbpair.first) {
p += (T x _v);
_lambda_prev = T;
break;

} else if (it == 50 * n) {
// Fallback case if stuck: move a random small distance
_lambda_prev = rng.sample_urdist() * pbpair.first;
_p += (_lambda_prev * _v);
break;

+

// Continue reflecting

_lambda_prev = dl * pbpair.first;

_p += (_lambda_prev * _v);

T -= _lambda_prev;

P.compute_reflection(_v, _p, pbpair.second);

it++;

}

The initialize () method is responsible for setting up and executing a single
billiard trajectory within a polytope. It is a templated function that accepts a generic
polytope type GenericPolytope, a starting point p, and a random number generator
rng. The procedure begins by retrieving the dimension of the polytope and initializing
several internal vectors, such as _lambdas and _Av, to zero. The current point _p
is set to the provided starting point, and a random direction vector _v is sampled
uniformly from the unit sphere using the random generator.

Next, a total travel length T is drawn uniformly in the range [0, L]. The algorithm
then determines the distance to the first intersection between the line p + ¢v and
the boundary of the polytope using the method P.1ine_positive_intersect ().
If the total travel length T is smaller than the distance to the first boundary, the
point simply moves forward by T units and the function terminates. Otherwise, the
walker reaches the boundary before completing its intended distance. In this case,
the position is updated to just inside the boundary (scaled by a damping factor d; =
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0.995 to avoid numerical overflow), the remaining distance is reduced accordingly,
and the direction is reflected using the method P. compute_reflection().

The reflection process continues iteratively while the remaining travel distance
is positive and the iteration counter does not exceed a safety limit proportional to
the polytope dimension (50*n). Each reflection is handled analytically, ensuring that
the new direction maintains the billiard dynamics. If the iteration limit is reached,
the algorithm performs a fallback step by advancing the point by a random fraction
of the last intersection distance, preventing the walk from stalling due to numerical
degeneracies.

The code ends up with some private data members that can only be accessed
by methods nested inside the struct:

// Private data members

NT _Len; // Step length or polytope diameter
Point _p; // Current position

Point _v; // Current direction vector

NT _lambda_prev; // Distance from previous reflection
typename Point::Coeff _lambdas;// Vector for constraint distances
typename Point::Coeff _Av; // Stores Axv results for efficiency

3.7 Vanilla billiard walk vs Volesti

So, after all this analysis what are the main differences between the simple
vanilla implementation of billiard walk and the advanced implementation of Volesti.
We can sum up the most important distinctions in the following categories:

» Basic set up

e Vanilla: Python, single function, easy to read and modify.

e Volesti: C++, structured as a struct BilliardWalk with nested Walk
template. Encapsulates state and logic in a class-like design.

» Travel distance selection:

e Vanilla: Each step draws an exponential distance: remaining = rng.exponential (sc:

e Volesti: Each step draws a uniform distance along the polytope diameter:
T = rng.sample_urdist() * _Len.
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» Direction selection:

e Vanilla: Random unit direction from a standard normal distribution.
e Volesti: Random direction computed using GetDirection<Point>: :apply(n,
rng), optimized for uniform sampling on the unit sphere.
» Boundary intersection and reflection:
e Vanilla: Computes all forward intersections and selects the nearest; combines
normals when hitting multiple faces.
e Volesti: Uses line_positive_intersect and compute_reflection;
includes hard-coded iteration limits and handles reflections internally.
» Iterations:
e Vanilla: Moves and reflects until the full step distance is traveled (while
remaining > tol).
e Volesti: Loops over walk_length steps; inner loop capped at 50*n iterations;
resets point if stuck.
» Handling multiple faces:
e Vanilla: Sums normals for simultaneous face hits and normalizes for
reflection.
e Volesti: Reflection logic is handled internally by the polytope’s method,
multiple faces processed automatically.

» Initialization:

e Vanilla: Finds an interior point using find_interior_point.
e Volesti: Starts from a given point; initializes vectors _v and _lambdas;
precomputes the first reflection if needed.

» Step scaling:

e Vanilla: No explicit damping applied.

e Volesti: Uses a damping factordl = 0.995 to prevent numerical overshoot
near boundaries.
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3.8 Billiard Walk Variations

Volesti includes a couple of variations of the normal uniform billiard walk we
analyzed earlier. First, the Accelerated Billiard Walk (lets call it ABW for short)
differs from the normal Billiard Walk in several key ways. First, the travel distance
T is sampled exponentially in ABW as T" = —log(rand) * _L (like our vanilla
version), whereas the normal walk uses a uniform step along the polytope diameter
T = rand[0, 1]* L. ABW checks and normalizes the polytope to improve sampling
efficiency, while the normal walk does not. Reflection handling in ABW is more
advanced: it uses sparse-aware reflection computations (compute _reflection
_abw_sparse) and maintains a boundary heap (BoundaryOracleHeap) to optimize
high-dimensional or sparse problems, whereas the normal walk performs standard
dense reflections. The iteration limit is also different: ABW uses an adaptive upper
bound rho = 1000 = dim for reflections, compared to a fixed 50 x n iterations in the
normal walk. ABW precomputes AA = AAT to speed up boundary intersections,
while the normal walk has no such pre-computation. Step lengths in ABW are
adaptive and can be updated during a burn-in procedure (parameters_burnin)
to match polytope geometry, whereas the normal walk uses a fixed Len. Starting
points in ABW can be generated inside the inner ball, and the burn-in procedure
allows for dynamic adjustment, unlike the normal walk which simply starts from a
given point. Distance bookkeeping is also implemented in ABW through the moved
_dist variable to efficiently handle reflections in high-dimensional or sparse polytopes,
while the normal walk does not track such distances. For the exact code check the
Volesti github.

Second, the Gaussian Accelerated Billiard Walk (GABW) extends the ABW to
sample from a Gaussian distribution over a polytope rather than a uniform distribution.
The primary difference is that each step direction v is transformed using the Cholesky
factor of the inverse covariance matrix, effectively sampling according to the Gaussian
ellipsoid defined by F/, whereas ABW uses a uniform random direction. In GABW,
the travel distance 7' is scaled dynamically by a coefficient computed from the
quadratic form v” E'v, accounting for the local geometry of the Gaussian distribution;
ABW uses fixed or exponentially sampled step lengths along the polytope diameter.
Both walks handle reflections at boundaries, but GABW additionally adjusts 7'
by this coefficient during each reflection to respect the Gaussian scaling. GABW
also precomputes matrices  AFE and _AF A to efficiently handle covariance-related
computations and interactions with the polytope, while ABW only precomputes
_AA for standard boundary intersections. Sparse vs. dense handling is retained in
both, but in GABW the Cholesky decomposition of the covariance is computed
once and reused to transform directions, adding extra linear algebra operations.
Other structural features, like iteration limits, boundary heap updates, and fallback
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mechanisms when stuck, are inherited from ABW, ensuring robust sampling.

3.9 Creating our own example for sampling

The analysis in the previous paragraphs was deemed necessary for a better
understanding of, first, the syntax of C++, which is considerably more complex than
Python, and, second, the advanced techniques used for sampling with Volesti. The
fact that we analysed the billiard walk method was probably a result of its use in the
Volesti example. This does not negate the fact that the other sampling methods from
Volesti are implemented with the same philosophy and logic. For more details on
the other methods, please refer to the source code found on GitHub. If you have read
the previous paragraphs, you will now be able to easily decode the other methods as
well as the advanced techniques used to improve the time complexity and stability
of each method.

What we will aim to do next is to design and implement our own sampling
example, using the same logic we used in the vanilla version. Specifically, we will
use specific polytopes on which we will run all sampling methods, extracting the
convergence parameters and runtime for each method. The whole experiment will
become clearer as it progresses. What matters is that we manage to call the sampling
methods so that we can run them. In the Volesti example we implemented before,
we saw in detail how one can call the desired variation of the billiard walk and
the parameters that must be set. For the other methods, there are two strategies:
either we search deep into the source code and find how each method is defined so
that we know which parameters we need, or we find an example where the method
has already been called and then we can simply copy the logic. The second strategy
seems easier and quicker. So let’s see what we can glean from the existing examples.

3.9.1 Setting up the necessary files

Remember from chapter 3.3 that we created a new folder called volesti sampling
and inside that we built and run the tutorial example. Lets keep working here in order
to avoid damage to the main volesti source code. Create our own examples folder
and inside it an example we conveniently call general sampling. If you print the
working directory you should see something like this:

$ pwd
/home/<your_name>/volesti_sampling/examples/general_sampling
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Now, copy and paste all the files from the tutorial example to this new folder, except
build and plot.py. We will use them as the basis of our own example. Rename
sampler.cpp file to general sampling.cpp and delete everything after the typedef
commands in the beginning. Do not mess with the include statements. What I always
believe is that its better to include more dependencies than searching for the ones you
are missing. Most of them will be eventually used during our example. In addition,
you can delete all contents from readme.md file as we will write our own summary
and instructions. The most important part is the CMakeLists.txt file. Don’t even
consider deleting anything from there, as it could break it. If it works, it works. We
are now ready to begin our own example.

3.9.2 Starting to work on our example using Ball Walk

First of all, we will need a polytope for sampling. We can use the well-known
polytope from the vanilla method or, alternatively, define a random polyhedron, but
as you will recall from the vanilla method, this is somewhat tedious procedure. The
good thing about Volesti is that it offers ready classes that create instances from
known polytopes such as cubes and ellipsoids.

Navigate to volesti/examples/hpolytpe-volume and check the cpp file. There,
we are lucky enough that the method for creating any dimensional cubes is used.
Specifically we read that:

// Generating a 4-dimensional cube centered at origin
HPOLYTOPE HP1 = generate_cube<HPOLYTOPE>(4, false);

Be careful thought. This knowledge doesn’t come for free. There are probably
new dependencies that we need to add to the tutorial code used as basis of this
example. Checking the includes of this example vs our own, one can determine that
we should probably add these two:

#include "hpolytope.h"
#include "known_polytope_generators.h"

dependencies to our project. (Since I have already experimented with all the new
dependencies trust me when I say its these two exactly). It doesn’t matter if extra
stuff is added but its pretty easy to realize that the dependencies including the word
volume are probably not needed for sampling.
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We are not done yet though. We need to tell the compiler where to find these
new dependencies as they are hiding somewhere inside the volesti include folder.
Cmake will link them for us automatically if the correct additions are made to the
CMakelLists.txt file. In order to determine what extra paths are needed to be specified
we again compare the CMakeLists.txt with our own. The only path that is missing
is the one leading to generators (again after trial and error this path is required). Add
it to our CMakeLists.txt:

${VOL_ROOT}/include/generators

Now, lets set up an example to generate a cube. Just copy paste the code from

the volume example where the cube was used to our own example. Your main should
look like this:

int main(int argc, char const *argv([]) {
// Generating a 4-dimensional cube centered at origin
HPOLYTOPE CUBE = generate_cube<HPOLYTOPE>(4, false);
std: :cout<<"Polytope CUBE: \n";
CUBE.print () ;
std::cout<<"\n";

return O;

Create a build folder if you haven’t already and enter it. Do cmake .. (no extra
arguments needed so far) and then make. It should compile just fine. Run general sampling
to get this output:

Polytope CUBE:

8 4 double
1000<=1
0100«<=1
0010«<x=1
0001<=1
-1000«<=1
0-100«<x=1
00-10«<x=1
000 -1<=1

To get a better idea of how these cubes are created you can navigate to include /
generators / known_polytope generators.h and check out the generate cube function.
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There are two variations offered, one returns the cube in H-representation and the
other in V-representation depending on whether the boolean argument is true of
false. Here we chose false so that the cube in is H-rep. The generation function
simply creates 2 matrices and assign 1 and -1 to the proper positions. This header
file also include use-ready functions for other known polytopes. Lets try a simplex.

HPOLYTOPE SIMPLEX = generate_simplex<HPOLYTOPE>(4, false);

The exit was:

Polytope SIMPLEX:
5 4 double

N
1]

O = O O
= O O O
AN AN A
o
o O O O

O O O+
O O —» O

-1 -1 -1 -1 <=

Using this format we can create any type of polytope that we have a function for.

Now that we have our polytope, it is time to sample over its volume. Billiard
walk is already known and we can simply copy the code form before and call the
function using the generated cube. However, we want to try out all the sampling
methods we saw in their vanilla version, as well as what extra Volesti has to offer,
methods that are mainly variations of the methods we studied in theory and try
to improve some important aspect like the mixing time. We will try them all. In
addition, the sampling distribution for now will be uniform as it is the simpler and
works with any sampling method.

Let’s begin with the ball walk. Go to include / random_walks / uniform_ball
_walk.hpp. The basic format of the ball walk is quite similar to the billiard walk
one. To get a better understanding of the source code, read the chapter 3.6 where the
billiard walk source code was explained in detail. In any case, what we are looking
for is the apply method of the walk struct inside ball walk in order to know what
arguments it requires. Lucky for us, the arguments are the same, so we can call it
by repeating the billiard walk call. The walk length in this case tells us after how
many balls we keep the sample. Our code looks like this:

typedef BallWalk::template Walk<HPOLYTOPE, RNGType> BallWalkType;
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void sample_using_ball_walk (HPOLYTOPE& CUBE, RNGType& rng,
unsigned int walk_len, unsigned int num_points) {
std::string filename = "uniform_ball_walk.txt";
typedef RandomPointGenerator<BallWalkType> Generator;

std: :vector<Point> randPoints;
Point q(CUBE.dimension());
Generator: :apply(CUBE, g, num_points, walk_len,
randPoints, push_back_policy, rng);
write_to_file(filename, randPoints);
std::cout << "Saved " << randPoints.size()
<< " points sampled by Ball Walk to " << filename << std::endl;

int main(int argc, char const *argv([]) {
std::cout << "Starting Process" << std::endl;

std::cout << "Creating 3D CUBE" << std::endl;
HPOLYTOPE CUBE = generate_cube<HPOLYTOPE>(3, false);
std::cout << "CUBE Ready" << std::endl;

unsigned int walk_len = 1;
unsigned int num_points = 3000;
RNGType rng(CUBE.dimension());

CUBE. ComputeInnerBall();

auto innerBall = CUBE.ComputeInnerBall();
auto center = innerBall.first;

auto radius = innerBall.second;

std::cout << "Inner ball radius: " << radius << std::endl;
std::cout << "Inner ball center: ";
center.print(); // prints the point to stdout

std::cout << std::endl;

std::cout << "Ball Walk Sampling" << std::endl;
sample_using_ball_walk(CUBE, rng, walk_len, num_points);

return O;

As you can see, we have copied the technique used to perform the billiard
walk. First, we create a shortcut for creating ball walk objects. All these structs that
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represent the various sampling methods include a nested struct called Walk. This
design choice really helps consistency and efficiency plus it matches the Random
Point Generator engine. Generally speaking, the outer BallWalk is used to configure
the parameters of the walk, while the walk nested struct links it to a specific polytope
and a random generator. The apply method of the Walk struct runs the logic of the
sampling algorithm.

Inside the sample-using-ball-walk function, a filename for the output is defined
and then we link the BallWalkType to a random point generator (from boost library).
This holds the logic for creating random numbers. Then all that needs to be done is
to call the apply method of the Walk struct that runs the sampling algorithm for ball
walk using rng to generate a random number when needed. We write the results to
a txt file using the example function.

Inside main, a lot of messages have been added to check the progress of the
execution. In addition, effort has been directed towards understanding what the call
of ComputelnnerBall does. You can find this method by navigating to include /
convex_bodies / zpolytope.h (line 362) where it returns this:

std: :pair<Point, NT> (center, radius)

That way, it is possible to print these values with the lines we have added to the
code and check that they indeed return the radius and the center of a ball. This ball
is the largest possible ball fully contained inside the polytope and its used to get a
starting point for the walk (its center). Just a call to this method is required since it
updates an internal cached value inside CUBE saving the starting point and the ball
radius for later. This radius is used immediately to compute the proper radius of the
sampling ball (in python we gave that by hand) using this formula:

4.r

= Va

If you run the code without calling ComputelneerBall there will be no errors but
you are in for a surprise when you check the txt file. All samples will be zero since
probably all values have defaulted to zero.

If you kept the includes and typedefs from the initial example and added those
that where discussed earlier this main should compile without the need to do cmake
.. again. Just type make. The result should look like this:
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Starting Process
Creating 3D CUBE

CUBE Ready

Inner ball radius: 1
Inner ball center: 0 0 O

Ball Walk Sampling

Saved 1000 points sampled by Ball Walk to uniform_ball_walk.txt

In order to be sure of the correct implementation of the method we should check
the txt file with the samples. I will show you the first 10 samples below:

o O O O
O O O O
o O O O

-0.0272577 0.624748 -0.522942
-0.0272577 0.624748 -0.522942
0.203095 0.93175 -0.957666
0.203095 0.93175 -0.957666
0.203095 0.93175 -0.957666
0.203095 0.93175 -0.957666
0.203095 0.93175 -0.957666

Well, that’s unexpected. I told you I will present the 10 first samples but it looks loke
there are only 3 different samples here and one of them is the starting point. The first
suspect of this problem is the walk len=1. That is what we changed compare to the
billiard walk. Back to the source ball walk code, the part where walk len is used is
this for loop inside apply method of Walk struct:

for (auto j = Ou; j < walk_length; ++j)

{
Point y = GetPointInDsphere<Point>::apply(P.dimension(),
_delta,
rng);
y *=p;
if (P.is_in(y) == -1) p = y;
}

The sampler returns a random point y in the ball with radius delta calculated
from the math formula we saw earlier. Then, current point p is added to y and a
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check is made of whether this new point is inside the polytope. If the result is not -1,
then the point is outside the polytope and we do not update current point. There are
a couple of reasons of why this condition should be false again and again. Firstly,
the geometric one: the current point could be really close to the boundary of the
polytope so that the ball is mostly outside the borders. This way the sample has a
hight chance to find itself outside the polytope and the current point fails to update
for many steps. Secondly the programming one: maybe the new point is randoml
chosen so close to zero that the code rounds up the displacement to what is was.
Whatever the case, we should increase the walk len.

unsigned int walk_len = 20;
After we re-compile and run again the new 5 first samples are these:

0.220432 -0.346057 -0.430803
-0.749733 0.819683 -0.227501
0.0155678 0.539782 -0.769278
-0.529927 0.897745 0.151633
-0.956973 -0.334199 -0.355999

The results look far better, but are they compose a uniform distribution inside a
cube? To find out, we design the scatter plot of these samples. This is the graph:

Ball Walk Samples

Yymua 3.3: Scatter plot of 3000 samples in a 3D cube using Volesti Ball Walk with
walk len 20.

The results are now confirmed. We are confident that things work as intended and
the code is correct.
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3.9.3 Applying the convergence metrics

The scatter graph was useful indeed but in higher dimension we need to use
the convergence metrics. Check chapter 2.5 for analytical explanation on what they
are and how to use them. Again, Volesti does implement these metrics in a more
advanced and elegant way. Thus, we only need to find how to call upon them
using the sample results from the random walks. To that end, check examples /
correlation_matrices / sampler.cpp (lines 203 - 213). There the metrics are calculated
with the only argument being a matrix of the sampled points.

We gonna need more headers to our source file. In order to accommodate the
new functions add these extra includes AFTER our current includes:

// These are related to PSRF and ESS

#include "sampling/sample_correlation_matrices.hpp"
#include "matrix_operations/EigenvaluesProblems.h"
#include "diagnostics/effective_sample_size.hpp"
#include "diagnostics/univariate_psrf.hpp"

I deliberately wrote the word after with capital letters. Believe me when I say
that it will cause an error if you add them before, I didn’t had the courage to test out
why. The CMakeLists.txt needs no changes. Everything needed is already linked
to our source file. Now, it is time to update our sample-using-ball-walk function in
order to calculate the metrics. All we need to do is copy the code from the volesti
example.

As usual there is a trick. The metrics expect an Eigen object (Eigen is the
NumPy for c++) but are samples are returned as the custom Points type. That is
why they must be converted. The code of the example though will give you errors.
That’s why you should add this code in order to do the conversion:

// getCoefficientsFromMatrix<NT, MT> a compatible

// Eigen object, not a Volesti Point. We need to convert randPoints.

MT samples(CUBE.dimension(), num_points);

for (unsigned int jj = 0; jj < randPoints.size(); ++jj) {
samples.col(jj) = randPoints[jj].getCoefficients();

}

Then, simply add these lines:
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//calculate psrf

std::cout << "Calculating PSRF" << std::endl;

VT psrf = univariate_psrf<NT, VT, MT>(samples);
double max_psrf = psrf.maxCoeff();

std::cout << "PSRF = " << max_psrf << std::endl;

//calculate ess

std::cout << "Calculating ESS" << std::endl;

unsigned int min_ess = 0;

VT ess_vector = effective_sample_size<NT, VT, MT>(samples, min_ess);

std::cout << "Effective Sample Size = " << min_ess << std::endl;

std::cout << "Average Effective Sample Size = " << min_ess/(double)num_points << st
std::cout << std::endl;

}

After running the code the result looks like this:

Ball Walk Sampling

Saved 3000 points sampled by Ball Walk to uniform_ball_walk.txt
Saved Eigen matrix representation to samples_matrix.txt
Calculating PSRF

PSRF = 1.00068

Calculating ESS

Effective Sample Size = 2351

Average Effective Sample Size = 0.783667

Note that we printed the samples matrix in order to check if the samples are
translated correctly. This was super useful during debugging but is not needed any
more. In any case, we got some nice results, since the values of the metrics are
excellent and verify the success of the sampling. To learn more about the meaning
of these values check chapter 2.5.

3.9.4 Generating samples dynamically based on ESS

Briefly, ESS tells us how many of the dependent Markov chain samples can be
considered independent. If we sample 10000 points but ESS is 10 or something, then
we are wasting our time. To that end, a good idea is to keep generating samples until
ESS reaches a target value while PSRF is close to 1 of course. It will be necessary
to modify out existing function a bit.
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Our strategy consists of these steps: we will add an extra parameter called
target_ess to replace number of samples. The sampling will take place in small
batches, of size 100 for example. After every 100 samples collected with the same
method used so far, ESS will be calculated again. While the new ESS is lower than
our target, we keep sampling until we have enough samples. These modifications
will turn the code to this:

void sample_using_ball_walk (HPOLYTOPE& CUBE, RNGType& rng,
unsigned int walk_len,
unsigned int target_ESS) {

std::string filename = "uniform_ball_walk.txt";
typedef RandomPointGenerator<BallWalkType> Generator;

std: :vector<Point> randPoints;
Point q(CUBE.dimension()); // origin

unsigned int batch_size = 100; // number of points to generate
per batch
MT samples(CUBE.dimension(), 0); // dynamic number of columns

unsigned int total_points = 0; //Total points so far
unsigned int current_ESS = 0; //Starting ESS vcalue

while (current_ESS < target_ESS) {
std: :vector<Point> batchPoints;
Generator: :apply(CUBE, q, batch_size, walk_len,
batchPoints, push_back_policy, rng);

// Append batchPoints to randPoints
randPoints.insert(randPoints.end(), batchPoints.begin(),
batchPoints.end());

// Convert batch to Eigen and append as new columns to samples

MT batchMat (CUBE.dimension(), batchPoints.size());

for (unsigned int jj = 0; jj < batchPoints.size(); ++jj) {
batchMat.col(jj) = batchPoints[jj].getCoefficients();

}

// Append batchMat to samples

MT tmp(samples.rows(), samples.cols() + batchMat.cols());
if (samples.cols() > 0) tmp << samples, batchMat;

else tmp = batchMat;

samples = tmp;
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total_points += batchPoints.size();

// Calculate ESS

unsigned int min_ess = 0;

VT ess_vector = effective_sample_size<NT, VT, MT>
(samples, min_ess);

current_ESS = min_ess;

std::cout << "Generated " << total_points
<< " points, current ESS = " << current_ESS
<< std::endl;

// Save all sampled points to file
write to _file(filename, randPoints);

std::cout << "Finished sampling. Total points: " << total_points
<< ", ESS reached: " << current_ESS
<< ", Saved to " << filename << std::endl;

//calculate psrf

std::cout << "Calculating PSRF" << std::endl;
VT psrf = univariate_psrf<NT, VT, MT>(samples);
double max_psrf = psrf.maxCoeff();

std::cout << "PSRF = " << max_psrf << std::endl;

int main(int argc, char const *argv([]) {
std::cout << "Starting Process" << std::endl;
std::cout << "Creating 3D CUBE" << std::endl;
HPOLYTOPE CUBE = generate_cube<HPOLYTOPE>(3, false);

std::cout << "CUBE Ready" << std::endl;

unsigned int walk_len = 20;
unsigned int target_ESS = 3000;

RNGType rng(CUBE.dimension());
CUBE. ComputeInnerBall();

std::cout << "Ball Walk Sampling" << std::endl;
sample_using_ball_walk(CUBE, rng, walk_len, target_ESS);

return O;
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The code is simple but a bit inefficient since we create new temp matrices every
step in order to copy paste the new values, but it works without the need for extra
headers. The result of this code is the following:

Starting Process
Creating 3D CUBE
CUBE Ready

Ball Walk Sampling

Generated 100 points, current ESS = 85
Generated 200 points, current ESS = 157
Generated 3400 points, current ESS = 2934

Generated 3500 points, current ESS = 3093

Finished sampling. Total points: 3500, ESS reached: 3093.
Saved to uniform_ball_walk.txt

Calculating PSRF

PSRF = 1.0001

Everything seems to work fine and the debugging messasing are confirming
it. There are a number of tasks left, first to expand the number of dimensions,
second to apply the rest of the random walk methods and third to explore different
distributions. One task at a time.

3.9.5 Applying for all random walk methods and adding time

In order to generalize the experiment for any of the offered uniform methods,
it is best to create a template function with a template parameter referring to the
preffered walk method. Again, we can have a look to the offered examples in order
to help us with this task. Go back to the example that the metrics where found
(examples / correlation matrices / sampler.cpp) and check the templates. They all
come with a parameter called WalkType that represents an object of any given
random walk struct. We can use this idea for our experiment.

We can begin by altering the name of our template to a more general description
and adding these new parameters:

template <typename WalkType>
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void sample_using_walk (HPOLYTOPE& Polytope, RNGType& rng,
unsigned int walk_len,
unsigned int target_ESS,
const std::string& walk_name)

All that needs to be done now is to pass this argument to the typedef line where
we defined the short name for our walk:

typedef RandomPointGenerator<WalkType> Generator;

Generator will now be an instance of any WalkType we pass as argument when
calling the template. So, later in the function where we do Generator::apply, the code
will use the apply method that corresponds to the walk type chosen, thus applying
any random walk we need without creating such a function for every single type of
walk.

We present here what the end product looks like with all the mentioned changes
applied. We also count the time it takes for every generator to run. The clock starts
and ends right before and after the Generator apply line where the actual random
walk runs. Copying new batches and calculating ESS is not included in the time.
Finally, we change the name of the polytope from CUBE to just Polytope since we
will use more shapes in the future.

// This template can be used with any random walk
template <typename WalkType>
void sample_using_walk (HPOLYTOPE& Polytope, RNGType& rng,
unsigned int walk_len,
unsigned int target_ESS,
const std::string& walk_name)

std::string filename = "uniform_" + walk_name + ".txt";
typedef RandomPointGenerator<WalkType> Generator;

std: :vector<Point> randPoints;
Point q(Polytope.dimension()); // start point

unsigned int batch_size = 100; // number of points to generate
per batch
MT samples(Polytope.dimension(), 0); // dynamic number of columns
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unsigned int total_points = O;
unsigned int current_ESS = 0;
double total_sampling_time = 0.0;

std::cout << "[" << walk_name << "] Starting sampling...\n";

// Continue sampling until we hit ESS target
while (current_ESS < target_ESS) {

std::vector<Point> batchPoints;

// Time only the generation of samples

auto start = std::chromno::steady_clock: :now();

Generator: :apply(Polytope, q, batch_size, walk_len, batchPoints,
push_back_policy, rng);

auto end = std::chrono::steady_clock: :now();

double batch_time = std::chrono::duration_cast<std::chrono
::microseconds>(end - start).count();
total_sampling_time += batch_time;

// Append batch points
randPoints.insert (randPoints.end(), batchPoints.begin(),
batchPoints.end());

// Convert to Eigen matrix, needed for the ess function

MT batchMat(Polytope.dimension(), batchPoints.size());

for (unsigned int jj = 0; jj < batchPoints.size(); ++jj)
batchMat.col(jj) = batchPoints[jj].getCoefficients();

// Append columns to samples

MT tmp(samples.rows(), samples.cols() + batchMat.cols());
if (samples.cols() > 0) tmp << samples, batchMat;

else tmp = batchMat;

samples = tmp;

total_points += batchPoints.size();

// Compute ESS for the samples so far

unsigned int min_ess = O;

VT ess_vector = effective_sample_size<NT, VT, MT>(samples, min_ess);

current_ESS = min_ess;

// These extra print lines shows the ESS for every new batch.
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//std::cout << "[" << walk_name << "] Generated "

// << total_points

// << " points, current ESS = " << current_ESS

// << ", batch time = " << batch_time << " micros"
// << std::endl;

// Save samples to a txt file. One column for every dimension.
write_to_file(filename, randPoints);

// Print final results
std::cout << "[" << walk_name << "] Finished sampling.\n"
<< "[" << walk_name << "] Total points: "
<< total_points << "\n"
<< "[" << walk_name << "] ESS reached: "
<< current ESS << "\n"
<< "[" << walk_name << "] Saved to: " <<
filename << std::endl;

// Calculate PSRF
// std::cout << "[" << walk_name << "] Calculating PSRF..."
<< std::endl;
VT psrf = univariate_psrf<NT, VT, MT>(samples);
double max_psrf = psrf.maxCoeff();
std::cout << "[" << walk_name << "] PSRF = " << max_psrf
<< std::endl;

// Print timing summary at the end

std::cout << "[" << walk_name << "] Total sampling time: "
<< total_sampling_time << " micros" << std::endl;

In order to use this new upgraded function, just add these lines inside your
main:

typedef BallWalk::template Walk<HPOLYTOPE, RNGType> BallWalkType;
sample_using_walk<BallWalkType>(Polytope, rng, walk_len,
target_ESS, "BallWalk");

The output looks like this:

Starting Process...
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Creating Polytope...
Polytope Ready. Dimensions: 3

[BallWalk]
[BallWalk]
[BallWalk]
[BallWalk]
[BallWalk]
[BallWalk]
[BallWalk]

Starting sampling...

Finished sampling.

Total points: 4100

ESS reached: 3097

Saved to: uniform_BallWalk.txt
PSRF = 1.00073

Total sampling time: 8605 micros

3.9.6 Expanding for multiple dimensions

177

So far our we used a 3D cube for testing the code. This is a good choice during
the debugging phase as it is quite fast to sample in a 3D cube with any walk. For the
next phase of our experiment, we will expand the polytope (cube for now) to many
many dimension. To that end we will create a list of int numbers that represent
dimension. Then, a for loop will be used to create a polytope and run the sampling
function for each dimension. In orded to achieve all of these, we just need to modify
our main a bit:

int main(int argc, char const *argv([]) {

std: :vector<unsigned int> dimensions = {10,15,20,25,30,35,40,45,50};
unsigned int walk_len = 20;
unsigned int target_ESS = 3000;

for (auto dim : dimensions) {

HPOLYTOPE Polytope = generate_cube<HPOLYTOPE>(dim, false);
std::cout << "Polytope Ready. Dimensions: " << Polytope.dimension()

RNGType rng(Polytope.dimension());

Polytope.ComputeInnerBall();

<< std::endl;

sample_using_walk<BallWalkType>(Polytope, rng, walk_len, target_ESS,

return O;

"BallWalk");
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As you may have noticed most of the cout messages have been removed. The
same plan is applied for the sample function. Writing to a file a also commented out
since there is no point in creating a graph for more than 3 dimensions. Lastly, the
time is now calculated in seconds as it will become significant for many dimensions.
We can now run this version:

Polytope Ready. Dimensions: 10

[BallWalk] Total points: 11400

[BallWalk] ESS reached: 3036

[BallWalk] PSRF = 1.00074

[BallWalk] Total sampling time: 0.0427142 s
Polytope Ready. Dimensions: 15

[BallWalk] Total points: 21600

[BallWalk] ESS reached: 3045

[BallWalk] PSRF = 1.00094

[BallWalk] Total sampling time: 0.12277 s
Polytope Ready. Dimensions: 20

[BallWalk] Total points: 35600

[BallWalk] ESS reached: 3000

[BallWalk] PSRF = 1.00124

[BallWalk] Total sampling time: 0.316353 s
Polytope Ready. Dimensions: 25

[BallWalk] Total points: 53000

[BallWalk] ESS reached: 3011

[BallWalk] PSRF = 1.00132

[BallWalk] Total sampling time: 0.643154 s

Unfortunately, while these results show that the actual sampling doesn’t take
that long, the runtime of the code is super high. That’s why we only show the results
for up to 25 dimensions. Also, notice how many more samples the code has to find
in order to reach the ESS threshold. From 10 to 20 dimension the necessary point
have more than tripled and this effect will only grow.

3.9.7 Optimizing the code

It will probably be a good idea to increase the batch_size in order to calculate
ess fewer times. According to the data we collected in the previous chapter for ball
walk, there is no point in calculating the ess every 100 or even 1000 points since the
amount of samples needed is too great. Following this line of thought, an adaptive
batch_size sounds like the best idea. To that end we create the following function:
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// Function to dynamically compute the batch size

// based on the walk type and dimension

unsigned int compute_batch_size(const std::string& walk_name,
unsigned int dim) {

// Default base size
unsigned int batch_size = 500;

// Adaptive logic by walk type

if (walk_name == "BallWalk") {
batch_size = dim * 100;

}

else if (walk_name == "AcceleratedBilliardWalk") {
batch_size = dim * 1 + 200;

+

else if (walk_name == "BilliardWalk") {
batch_size = dim * 2 + 200;

}

else if (walk_name == "DikindWalk") {
batch_size = dim * 100;

}

else if (walk_name == "JohnWalk") {
batch_size = dim * 15;

}

else if (walk_name == "VaidyaWalk") {
batch_size = dim * 15;

}

else if (walk_name == "CDHRWalk") {
batch_size = dim * 2 + 200;

}

else if (walk_name == "RDHRWalk") {
batch_size = dim * 50;

}

return batch_size;

What we did here is set the batch_size in relation to the dimension and the method
used. These values have been selected after a lot of trials for the different methods.
For ball walk, the number of points needed is too great so we are more psecific in
setting up the correct number. For the billiard walk methods, points come out quite
independent so the batch size doesn’t have to be too large.

The same variable behaviour needs to be implemented for the walk length
as well. For ball walk, a big walk length is needed for the method to converge
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properly, while for the billiard walks walk length of 1 is sufficient for the method to
work as intended. To that end we introduce another helper function responsible for
manipulating the walk length based on the walk name.

// We choose the walk_len appropriate for each method
unsigned int set_walk_len(const std::string& walk_name,
unsigned int dim) {
static const std::unordered_map<std::string,
std::function<unsigned int(unsigned int)>> walk_len_map = {

{"BallWalk", [](unsigned int dim){ return dim*2; 1}},
{"BilliardWalk", [](unsigned int){ return 1; }},
{"AcceleratedBilliardWalk", [](unsigned int){ return 1; 1}},
{"CDHRWalk", [](unsigned int dim){ return dimx2; }},
{"RDHRWalk", [](unsigned int dim){ return dim*2; 1}},
{"DikinWalk", [](unsigned int){ return 10; 1}},
{"JohnWalk", [](unsigned int){ return 10; }},
{"VaidyaWalk", [](unsigned int){ return 10; }}

};

if (auto it = walk_len_map.find(walk_name); it != walk_len_map.end())
return it->second(dim);

return 10; // default fallback

Further experiments can tune these numbers even better, but for now there are more
important matters to attend to.

Another problem is how to store the batches. To that end, a vector is chosen
to store the values. A vector in C++ is like a resizeable array. Both vectors and
arrays are data structures used to store multiple elements of the same data type.
The difference between an array and a vector, is that the size of an array cannot be
modified (you cannot add or remove elements from an array). A vector however,
can grow or shrink in size as needed. This property is exactly what we need here.

For every step of the loop, we create a specific amount of samples equal to batch
size. For these samples ESS is calculated (only after there are atleast ess-threshold
number of samples created, no reason to calculate ESS before that). If the threshold
is not reached, new samples are created in the next loop and are added to the vector.
This way, all samples generated so far are stored and contribute in calculating the
ESS. This vector will hold data of type Point, that represent our samples in Cartesian
space:
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// Dynamic vector that will grow automatically
std::vector<Point> allSamples;
allSamples.reserve (4000) ;

Generator: :apply(Polytope, q, num_points, walk_len, batchPoints,
push_back_policy, rng);

allSamples.insert(allSamples.end(), batchPoints.begin(), batchPoints.end());

Next, we need a timer to count the work load of every process; the samples
generation, the ess calculation and the psrf calculation. We could type std::chrono
before and after each command but why not create a class and refresh our memory
of object oriented programming:

class Timer {
public:
Timer (const std::string& name = "") : walk_name(name), total_time(0.0) {3}

void start() { start_time = std::chrono::steady_clock::now();

// Stop and accumulate
double stop(const std::string& label = "") {
auto end_time = std::chrono::steady_clock: :now();
double elapsed = std::chrono::duration<double>(end_time
- start_time).count();
total_time += elapsed;
if (!label.empty())
std::cout << "[" << walk_name << "] " << label << " ="
<< elapsed << " s\n";
return elapsed;
}
double get_total_time() const { return total_time; }

private:
std::string walk_name;
std::chrono::steady_clock::time_point start_time;
double total_time;

};

There are 2 methods, start and stop each one working as named. The stop
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method can accept a message that will cause it to output sad message along with
time elasped since the last start. Its easy now to count times:

Timer ess_timer (walk_name) ;

// Compute current ESS

ess_timer.start();

current_ESS = compute_ess<NT, VT, MT>(samples);
ess_timer.stop("");

Finally, we need to be careful with the starting point. So far, we only experimented
with a hypercube so taking (0,0,0,...,0) as a starting point is right on track. However,
for more complex polytopes it is essential for the stability of the methods that we
use an inner point as the start. To that end, some extra lines of code are added to
take advantage of the ComputelnnerBall method that calculates an inscribed ball
(hypersphere) and returns its center among others.

//These lines will return the coordinates of the center of
//the inner ball that will be used as our starting point
auto inner = Polytope.ComputeInnerBall();

Point center = inner.first;

Then, we pass this starting point as an argument to our sampling function:

sample_using walk<BallWalkType>(Polytope, center, rng,
target_ESS, "BallWalk");

(inside the function)
Point starting_point = start_point; // start point

Generator: :apply(Polytope, starting_point, num_points, walk_len,
batchPoints, push_back_policy, rng);

3.10 Running our example

Our example is complete, tested and ready to execute. The main purpose is
to test Volesti’s sampling algorithms regarding the required time to reach a certain
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ess value on some polytope. Our code doesn’t come with any user input so each
experiment must be carefully prepared by changed a few lines of code or commenting
and un commenting some other lines. Each test will vary based on one of 4 things,
the type of polytope used, the random walk used and the ess threshold used and the
number of dimensions.

3.10.1 Time trial for d-hypercube and constant ess threshold

For this first experiment we will test the time each random walk needs in order
to reach 3000 Ess score for a hypercube. The identity of this experiment is:

Polytope: Hypercube (rotated by 53° over all planes)
Dimensions: 10 to 120

ESS threshold: 3000

ESS tolerance: up to +100

Final PSRF: <1.003

Distribution: Uniform

Random Walk: Varied

vV vV vV v v v vY

Output: Graph of dimension vs time

As shown in Figure 3.4, the sampling time increases with the dimension of
the polytope for all methods. Among the tested algorithms, the BilliardWalk and
AcceleratedBilliardWalk consistently exhibit the lowest sampling times, making
them the most efficient in higher dimensions. In contrast, the BallWalk method
struggles in higher dimensions, with its runtime growing rapidly as the dimension
increases. The same is true for RDHRWalk, while CDHRWalk seems to be the
fastest. Check out the great difference between Coordinate Direction Hit-and-Run
and Random Direction Hit-and-Run. CDHR is the best while RDHR competes with
ball walk for last place.

Lets focus on the 2 fastest walks, Accelareated Billiard and CDHR and push
on to 1000 dimensinos. The results are displayed in Figure 3.5.

Is is quite clear that Accelerated Billiard grows way faster than CDHR while
dimensions are increasing. Lets try fitting a power law y = ax® to find the best
equation describing this behaviour. The results are these:
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Dimension vs Generation Time (rotated hypercube)

—©— Ball Walk
=g Billiard Walk
Accelerated Billiard Walk

CDHR Walk

—she— RDHR Walk
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3000)
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100

Total Time (seconds, ESS

10
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Dimension

Yyquo 3.4: This graph shows the results of running our random walk example.
The polytope used is a hypercube rotated by 53° over all planes to reduce unfair
advantage of some methods over a nicely centred cube. In x axis we have dimensions
of the cube and in y axis the time it took the generator to create enough samples
to reach 3000 ESS threshold (more accurately 3000-3100 ESS, so there is some
infinitesimal error). Axis y is in log-scale and walk len for non billiard methods is
dim*2.

AcceleratedBilliardWalk: time
CDHRWalk: time

0.000032 * dim ~ 2.21
0.000191 * dim = 1.91

We draw these lines along with the experimental points to check the fitness. The
following graph holds the results Figure 3.6. The difference between the methods
is now clear, ABWalk grows to the power of 2.1 while CDHR grows to the power
of 1.9. The expected advantage of coordinate direction hit and run when sampling
from a nice cube is verified.

3.10.2 Time trial for 500-hypercube and varied ess threshold

In this section, we aim to study the time it takes for some method to reach a
specific ESS threshold. Of course linear dependence is expected i.e. we will reach
4k ess in double the time it takes reach 2k ess. All we have to do is draw a graph of
ess threshold vs time to generate enough points. Lets choose Accelerated Billiard
walk that is considered on of the best sampling methods.
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Accelerated Billiard Walk vs CDHR for rotated hypercube
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yua 3.5: Accelerated Billiard Walk vs Coordinate Direction Hit-and-Run for up
to 1000 dimensions hypercube. Same parameters as before.

Power-Law Scaling of CDHR and AccelBilliard
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102 |- O  AccelBilliard data
O CDHR data

— AccelBilliard fit: T = 3.22e-05 d*2'
= CDHR fit: T = 1.38¢-04 d''

10"

Total Time (s)

101 L L L L L 1 L 1 I
0 100 200 300 400 500 600 700 800 900 1000

Dimension d

Yynpa 3.6: Sampling times (needed to reach 3k ess for a hypercube) as a function
of dimension for Accelerated Billiard Walk time = 3.22-10~° - dim*?' and CDHR
Walk time = 1.38 - 1074 - dim"*".

» Polytope: Hypercube
» Dimensions: 500

» ESS threshold: Vaired
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» ESS tolerance: up to +100

» Final PSRF: <1.003

» Distribution: Uniform

» Random Walk: Accelerated Billiard Walk

» Output: Graph of ess threshold vs time

Graph Figure 3.7 confirms our results.

45

Accelerated Billiard Walk: Time vs ESS Threshold (500-Dimensional Hypercube)
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Yynua 3.7: Sampling time as a function of ess threshold for Accelerated Billiard
Walk. The linear equation fitted is time = 8.1 - 1072 - ESS + 1.86. The hypercube
has 500 dimensions.

3.10.3 Walk length vs total points for constant ess threshold

Walk length is quite an important parameter as it controls how well each subsequent
sample is mixed compared to its previous neighbour. Selecting a good walk length
for each method is crucial for converging as fast as possible. For the billiard walk
methods walk length must be equal to 1 by default. But, for ball walk and hit and
run methods different walk length provide different results. Lets focus on a 50
dimensinal hypercube, rotated and ess threshold of 3000.
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» Polytope: Hypercube (rotated)

» Dimensions: 50

» ESS threshold: 3000

» ESS tolerance: up to +100

» Final PSRF: <1.003

» Distribution: Uniform

» Random Walk: Ball, CDHR, RDHR

» Output: Graph of walk length vs total points

You can check out the results at graph Figure 3.8.

walk_len vs Total Points (50D Rotated Hypercube)
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yquo 3.8: Total points required to reach 3k ess vs walk length. Time it took to
generate enough samples in independent of walk length, around 0.2s for CDHR,
around 5s for RDHR and around 10s for ball walk. The trend is the same for all 3
methods. As walk length increases, fewer samples are required to reach target ess
but it takes slightly longer to generate them. Thus, time remains constant. What is
important though is that the fewer the points the faster it is to calculate ess at every
iteration. Thus a big walk length is preferable. Choosing dim*2 like we did during
sampling sounds like a perfrct choice.
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3.10.4 Time trial for barrier functions walks for hypercube

For this experiment we will test the three random walks offered by Volesti
that use geometric objects to determine where they will sample next. These are
Dikin, John and Vaidya walks. For information about Dikin walk you can find in
this section 2.4.8. Lets summarize all three methods here. Each random walk is
defined by a different interior geometry:

» Dikin Walk. Uses the classical log-barrier

o(z) = — Zlog(bi —a; ),
i=1
whose Hessian
H(x) = V¢(x)

defines the Dikin ellipsoid. Steps are drawn from a Gaussian scaled by H (x) ™!,
corresponding to the Riemannian metric induced by the log-barrier.

» John Walk. Based on the geometry of the John ellipsoid, the maximum-
volume ellipsoid inscribed in the polytope. The method approximates the
isotropic shape of this ellipsoid through the contact points, yielding a globally
well-conditioned proposal distribution.

» Vaidya Walk. Uses the Vaidya barrier, a leverage-score weighted log-barrier
oy (z) = Z w;(z) log(b; — a] ),
i=1

whose Hessian produces a more isotropic local metric than the classical Dikin
barrier. This results in improved mixing while still retaining barrier-based
geometry.

Experiment 1d:

» Polytope: Hypercube (rotated)
» Dimensions: 3 to 10
» ESS threshold: 3000

» ESS tolerance: up to +100
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» Final PSRF: <1.003

» Distribution: Uniform

» Random Walk: Dikin, John, Vaidya
Results at Figure 3.9.

Sampling Time vs Dimensions for geometric walks (hypercube)
T T T T T T

=—— DikinWalk
—&— JohnWalk
VaidyaWalk

Total Time to Generate Samples (s)

10°

L ! | | | !
3 4 1) 6 g 8 9 10
Dimension

YyMuo 3.9: Total time to generate enough samples to reach 3k ess for Dikin, John and
Vaidya walks. These methods rely on geometric objects for sampling and are thus
quite expensive. The reason we study them separately from the rest of the methods
is that they are orders of time more expensive to sample from a hypercube.

If we try to fit a power law using the experimental samples, the result is:

0.0566 * dim ~ 2.17
0.5737 * dim = 2.74
0.1689 * dim ~ 2.05

Dikin: time
John: time
Vaidya: time

3.10.5 Time trial for Simplex and 3k ess threshold

All of the previous discussions where based on hypercubes. It is the most simple
of polytopes to sample from and thus is useful to develop and optimize the code.
Plus, the expected results are well known so the reliability of our code is also confirmed.
Time to move to more complicated polytopes, like the simplex:
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Polytope: Simplex (rotated)
Dimensions: 5 to 100

ESS threshold: 3000

ESS tolerance: up to +100
Final PSRF: <1.003

Distribution: Uniform

vV v v v v v.Y

Random Walk: Varied

The batch sizes needs some twining since each walk now needs quite more
saples to reach 3k ess. The results are presented in the following graph Figure 3.10.

5 Generation Time vs Dimension for Simplex (rotated)
10° F

i@ B llWalk
el Billiard Walk
AcceleratedBilliard

2L
107 F | —@—cDHR
e B OHR
h
L 1
=9 L
2 10
[
[45]
z
i
o .10{.‘_
=
5]
(4]
[=]
=)
B ol
£ 10
£
102 F

-3
10
0 10 20 30 40 50 60 70 80 90 100

Dimension

Yymua 3.10: Total time to generate enough samples to reach 3k for various methods.
Polytope is a simplex as generated by Volesti, but rotated by 45° degrees to avoid
over fitting of any particular walk. The graph uses log y axis.

3.10.6 Time trial for Birkhoff and 3k ess threshold

In this section we try a birkhoff polytope for all our methods. The Birkhoff
polytope B, is a set of all n x n doubly stochastic matrices. The dimension of such
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a polytope is dim (B,) = (n — 1)*, where n will be the number of dimension we
pass as parameter. So when we give dim = 3, the polytope that is created will have
4 dimensions, while if we give 10 input the polytope will have 81 dimensions.

» Polytope: Birkhoff (rotated)
Dimensions: 4 up to 100

ESS threshold: 3000

vV v VY

ESS tolerance: up to +100
» Final PSRF: <1.003
» Distribution: Uniform

» Random Walk: Varied

Results here Figure 3.11.

Generation Time vs Dimension for Birkhoff Polytope

—G— BallWalk
i BilliardWalk
AcceleratedBilliard

Time to Generate enough Samples
_D‘n
T

1 1 1 1 1 1 1 1 ]
] 10 20 30 40 50 ) 70 B0 90
Dimension

YyMua 3.11: Total time to generate enough samples to reach 3k for various methods.
Polytope is a Birkhoff as generated by Volesti, but rotated by 45° degrees to avoid
over fitting of any particular walk. The graph uses log y axis.
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Kepaiaro 4

PolytopeWalk

4.1 PolytopeWalk Library

In this section, we will explore another package dealing with polytope sampling
using random walks. As we read in the documentation, PolytopeWalk is a modern
computational framework designed for efficient sampling within convex polytopes
using MCMC methods. Developed in C++ for performance and equipped with a
convenient Python interface, the library provides a unified environment for generating
samples uniformly distributed over polytopes of arbitrary shape and dimension.

The package not only implements a variety of state-of-the-art random walk
algorithms, but also automates key preprocessing and initialization steps that are
critical for reliable high-dimensional sampling. In particular, PolytopeWalk performs
Facial Reduction to transform potentially degenerate or lower-dimensional constraint
systems into full-dimensional form, and employs interior-point initialization strategies
to ensure the random walk begins in a feasible region of the polytope.

Implementations of several basic and advanced MCMC random walks are included:

» Ball Walk
» Hit-and-Run
» Dikin Walk

» Vaidya Walk

193
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» John Walk

» Lee-Sidford Walk

These are provided in both dense (full-dimensional) and sparse (constraint-
based) formulations, allowing users to balance numerical efficiency and memory
usage depending on problem structure. PolytopeWalk thus serves as a flexible, high-
performance tool for exploring and analyzing high-dimensional convex bodies through
random walks. We will use PolytopeWalk for sampling from high-dimensional polytopes,
comparing the behavior and convergence properties of its various walk implementations
and organize a standoff against Volesti.

Further information and source code are available in the official GitHub repository:
PolytopeWalk GitHub Repository.

4.2 Installing PolytopeWalk

As mentioned, Polytope Walk is equipped with a convenient Python interface
so its ready to use without the need to compile any c++ files ourselves. For this
reason, we will use the most guaranteed and basic way to use it. Follow the steps
below. These commands will work on Windows and git bash terminal. You might
need variations in order to run in the terminal or system of your choice.

1. Create a new folder. I named mine PolytopeWalk for reasons beyond your
understanding.

2. Create a python virtual environment using:
-python -m virtualenv (name)

If you are looking for originals names, call it PolyWalk.
3. To activate this virtujal environment type:

source PolyWalk/Scripts/activate

4. Install the necessary libraries:


https://github.com/ethz-randomwalk/polytopewalk
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pip install -U polytopewalk
pip install numpy

pip install matplotlib

pip install scipy

pip install arviz

I might be forgetting something, so if you get a module not found error then
you might need to install something more

5. We are now ready to use PolytopeWalk.

4.3 Running polytope walk tutorial example

To understand the library and its usages, its always useful to analyse the examples
provided by the authors. To that end, there is a folder called examples containing
a couple of very interesting jupyter files using the main functions offered by the
package. Lets have a look at the dense walks example.

We begin by importing the necessary classes and functions:

# Import Standard Random Walks

from polytopewalk.dense import BallWalk, HitAndRun

# Import Barrier Random Walks

from polytopewalk.dense import DikinWalk, VaidyaWalk, JohnWalk,
DikinLSWalk

# Import Initialization Algorithm

from polytopewalk.dense import DenseCenter

# Import Facial Reduction Algorithm

from polytopewalk import FacialReduction

# Import End-to-End Pipeline

from polytopewalk import denseFullWalkRun

We are already familiar with ball-walk ( 2.4.4), hit-and-run ( 2.4.6) and dikin-
walk ( 2.4.8). The rest of the barrier random walks uses the same logic as dikin
walk. They exploit barrier functions (smooth convex functions that blow up at the
boundary) to define local geometry, improving movement and mixing in high-dimensional
spaces. Remember that Dikin walk uses the Hessian of the logarithmic barrier.
VaidyaWalk adapts the local metric further by incorporating leverage scores, while
JohnWalk uses an approximation of the John ellipsoid (max-volume inscribed ellipsoid),



196 KEDAAAIO 4. POLYTOPEWALK

providing yet another adaptive step distribution. Lastly, DikinLSWalk is a Lee—
Sidford variant of the Dikin walk with an improved theoretical mixing bound.

Some generation functions follow, setting up known polytopes in H-representation
in order to be used by the walks. For example, the following fucntion creates dim
dimensional cubes:

def generate_hc(dim):
dim = dim // 3
col = np.concatenate((np.arange(0, dim), np.arange(0, dim), np.arange(dim, 3 *
np.concatenate ((np.arange(0, 2 * dim), np.arange(0, 2 * dim)))
ones = np.ones(dim)
negative_ones = np.repeat(-1, dim)
data = np.concatenate((ones, negative_ones, ones, ones))
A = sparse.csr_array((data, (row, col)), shape=(2 * dim, 3 * dim))
b = np.array([[1]] * (2 * dim))
x = np.concatenate((np.array([[0]] * (dim)), np.array([[1]] * (2 * dim))))
return x, A, b, 2 * dim, 'hypercube'

Irow

The function internally builds an embedding of the cube in a higher dimensional
space, specifically a space of size 3 * dim. Dim is divided by 3 at the beginning
because later it is multiplied by 3 when constructing the constraint matrix shape (2
* dim, 3 * dim). The matrix representing a hypercube is quite sparse. Most values are
0 except one value per line corresponding to the variable describing each dimension.
The resulting shape of A is (2 - dim, 3 - dim) ie 3 - dim dimension, the same value
passed as argument.

Next, the parameters of the walks are defined:

THIN = 10 # keep every 10th sample

ITER = 100_000 # total samples

BURNIN = 1_000 # discard initial samples

SEED = 8888 # Used for pseudo number generation

These parameters are cleverly used to improve the independence of the produced
samples. First of all, some initial points are discarded in order to avoid these points
being correlated to the starting point inside the polytope. Then, there is a thin parameter
that tells us after how many samples to store the point. This way, each stored sample
is further away in the walk from the previous one decreasing autocorrelation. Ofcourse,
there is a cost we pay regarding the total samples returned by the walk but it is
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generally better to have less non-correlated samples than many correlated ones. Total
number of generated samples are defined by iter.

These lines follow:

dikin = DikinWalk(r=0.5)
vaidya = VaidyaWalk(r=0.5)
john = JohnWalk(r=0.5)

Each of these lines creates an instance of a barrier-based random walk. The
parameter r controls the step radius.

A quite important line follows:

fr = FacialReduction()

Before running any random walk, we apply a facial reduction algorithm. But
what is this algorithm about? We have not seen anything similar so far. Lets check the
source file. Go to src/utils/FacialReduction.cpp. There, an algorithm is implemented
manipulating the polytope. We will not show the code here, go check out github. We
will make an attemt to explain what this Facial Reductio algorithm does:

1. The algorithm first attempts to find a vector y satisfying
ATy =10,2], (byy)=0, 2>0, z#0,

with x4m = d — k being the expected dimension of the reduced system.
The existence of such a vector indicates that the current system is not strictly
feasible, and that certain constraints are redundant or linearly dependent. This
step is formulated and solved as a sparse linear program (LP).

2. Once a nonzero vector z is found, the algorithm constructs a sparse selection
matrix V' that extracts the coordinates corresponding to zeros in z. This effectively
defines a projection onto the subspace where the system remains feasible.

3. The reduced system AV is analyzed using a sparse QR decomposition to
identify linearly independent rows. A projection matrix P is formed to retain
only the independent constraints, removing redundancy and ensuring numerical
stability.
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4. The process of finding z, constructing V', and applying P is repeated recursively
until no further degeneracy is detected (i.e., the LP in £indZ fails to produce a
valid z). The product of all V' matrices is accumulated in savedV, representing
the total transformation applied to the original system.

5. Finally, the algorithm combines all reduction steps and, if a dense formulation
is requested, performs a QR decomposition to transform the reduced sparse
system into a full-dimensional dense system (A’, &) suitable for dense random
walk samplers. The procedure also stores auxiliary matrices () and z; that
allow converting between the reduced and original coordinate systems.

In summary, the facial reduction algorithm systematically projects the original
constraint system (A, b) into its minimal representation by removing redundant and
dependent inequalities. This guarantees that the resulting polytope is strictly feasible
and full-dimensional, which is a necessary condition for the convergence and numerical
stability of the subsequent random walk sampling algorithms. In many cases, the
constraint system (A, b) can be degenerate, meaning that the feasible region lies in
a lower-dimensional affine subspace of R¢. If this degeneracy is not removed, the
barrier-based random walks (such as Dikin, Vaidya, or John Walks) may fail because
the local metric defined by the barrier Hessian becomes singular.

Back to the example, time to create the polytope, that is later fixed using facial
reduction:

_, A, b, k, name, dim = generate_simplex(5)
polytope = fr.reduce(A, b, k, sparse=False)
dense_A = polytope.dense_A
dense_b = polytope.dense_b

dc = DenseCenter()
init = dc.getInitialPoint(dense_A, dense_b)

These lines are more familiar for us. A polytope is created using some generator
function that is then passed by the facial reduction class. Then, A and b are retrieved
and are passed to another class, destined to find an interior point by solving the linear
program. That all. You can check out DenseCenter at src/utils/DenseCenter.cpp for
further information.

Time to run the walks by calling:

dikin_res = dikin.generateCompleteWalk(ITER, init, dense_A, dense_b,
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burnin=BURNIN, thin=THIN, seed=SEED)
vaidya_res = vaidya.generateCompleteWalk(ITER, init, dense_A, dense_b,
burnin=BURNIN, thin=THIN, seed=SEED)
john_res = john.generateCompleteWalk(ITER, init, dense_A, dense_b,
burnin=BURNIN, thin=THIN, seed=SEED)

Each method needs the number of iterations, the initial point, matrices A and
b, and the rest of the parameters we defined before. The samples will be returned in
a list and are ready to be used. Lets check out the exit of this example. We actually
copied the jupyter code to a python file so we just need to type: python dense-
example.py to run it. You can use the jupyter file if you like. In any case, this is
the exit.

Barrier Walks on 5D Simplex (2D Projection)

Dikin Walk Vaidya Walk John Walk
0.6 1

oA ] 06

Yynpa 4.1: Exit of the dense example of PolytopeWalk. We did made some minor
changes like printing all walks together.

4.4 Creating our own polytope walk example

The knowledge gained by the tutorial will now be used to code our own example.
Our main goal is to use the barrier function walks to sample from polytopes and
explore the timings and the convergence of the methods.

4.4.1 Setting up the diagnostic functions

An important observation that can be made for Polytope Walk, is that it does not
implement its own ess and psrf function, but they rather use a python package called
arviz. The thing is that arviz expects multiple Markov chains in order to calculate
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these metrics which of course is the correct way to work. That means that we will
have to run the random walks multiple times and we choose to avoid this fact.

As demonstrated in Volesti, these metrics can be evaluated by manipulating the
samples of a single chain. For ess an autocorrelation factor can be calculated, while
for psrf the single chain can be randomly split in half and these two halves will be
compared in order to determine stationary convergence. Using this logic, we can
make the use of the arviz ourselves with only one chain.

The end product is the following:

import numpy as np
from numpy.fft import fft, ifft
import arviz as az

def ess(samples):

ds = az.convert_to_dataset(samples[None, :, :])
ess_vals = az.ess(ds).to_array() .values
ess_min = float(np.nanmin(ess_vals))

return ess_min

def psrf(samples):
arr = np.asarray(samples)

N, d = arr.shape
half =N // 2

# Split the single chain into two halves
chains = np.stack([arr[:half, :], arrl[half:, :]], axis=0)

# Convert to ArviZ dataset and compute R-hat
ds = az.convert_to_dataset(chains)

rhat_vals = az.rhat(ds).to_array() .values

# Handle NaNs safely

if np.all(np.isnan(rhat_vals)):

return np.nan

return float(np.nanmax(rhat_vals))

For more information on these metrics check 2.5. Also check the Volesti example
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to remember how the metrics are used.

4.4.2 Setting up the polytope generators

There is not to say in this section. For now we will use the functions provided
by the tutorials. We presented the hypercube in the previous sections. In additon,
these are also available:

def generate_hc(dim)
def generate_simplex(dim)
def generate_birkhoff (dim)

4.4.3 Basic set-up of our example

Great, we are now ready to apply the random walks and measure their runtime
plus check their convergence. To run the walks, we use the commands presented in
the tutorial. The end product looks like this:

import time

from polytope_generators import *
from polytope_diagnostics import *

from polytopewalk.dense import BallWalk, HitAndRun

from polytopewalk.dense import DikinWalk, VaidyaWalk, JohnWalk,
DikinLSWalk

from polytopewalk.dense import DenseCenter

from polytopewalk import FacialReduction

from polytopewalk import denseFullWalkRun

# Parameters of our walk

THIN = 10 # keep every thin-th sample

ITER = 100_000 # total samples

BURNIN = 1_000 # discard initial samples

SEED = 8888 # Used for pseudo number generation

total_samples = int((ITER - BURNIN) / THIN)
print (f"\nFinal total samples: {total_samples:,}")
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dikin = DikinWalk(r=0.5)
vaidya = VaidyaWalk(r=0.5)
john = JohnWalk(r=0.5)

fr = FacialReduction()

# Polytope generation. Use one of the fucntions in generators.py
_» A, b, k, name, dim = generate_cube(5)
print (f"Polytope {name} ready. Number of dimensions: {dim}")

polytope = fr.reduce(A, b, k, sparse=False)
dense_A = polytope.dense_A
dense_b = polytope.dense_b

# Find initial polytope point
dc = DenseCenter()
init = dc.getInitialPoint(dense_A, dense_b)

# For each method measure the runtime.

# Dikin Walk

start = time.time()

dikin_res = dikin.generateCompleteWalk(ITER, init, dense_A, dense_b,
burnin=BURNIN, thin=THIN, seed=SEED)

runtime_dikin = time.time() - start

# Vaidya Walk

start = time.time()

vaidya_res = vaidya.generateCompleteWalk(ITER, init, dense_A, dense_b,
burnin=BURNIN, thin=THIN, seed=SEED)

runtime_vaidya = time.time() - start

#John Walk

start = time.time()

john_res = john.generateCompleteWalk(ITER, init, dense_A, dense_b,
burnin=BURNIN, thin=THIN, seed=SEED)

runtime_john = time.time() - start

# Find ess using our Volesti like function
ess_dikin = ess(dikin_res)

ess_vaidya = ess(vaidya_res)

ess_john = ess(john_res)

# Find PSRF (or r_hat) using ou Volesti like function
psrf_dikin = psrf(dikin_res)
psrf_vaidya = psrf(vaidya_res)
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psrf_john = psrf(john_res)

# Print results
print (f"Dikin Walk: ESS

{ess_dikin:.0f}, PSRF = {psrf_dikin:.5f},
Time = {runtime_dikin:.8f}s")
{ess_vaidya:.0f}, PSRF = {psrf_vaidya:.5f},
Time = {runtime_vaidya:.8f}s")
{ess_john:.0f}, PSRF = {psrf_john:.5f},
Time = {runtime_john:.8f}s")

print (f"Vaidya Walk: ESS

print (f"John Walk: ESS

Note that we have not included the code for the rest of the methods since its
quite repetitive. The basic logic is simple. Set up the parameters, create the walk
instances, use Facial Reduction as presented before, find initial polytope point, run
the walks, calculate the runtime and the metrics, return the results. Confirm that the
walks have converged by hoping that psrf value is close to 1, check the minimum
independent points per some dimension by looking at ess and save the time value
for some later graph.

The output of this basic example is the following:

Final total samples: 9,900
Polytope hypercube ready. Number of dimensions: 3

Ball Walk: ESS = 4893, PSRF = 1.00018, Time = 0.03235745s
Hit-and-Run: ESS = 9900, PSRF = 0.99991, Time = 0.31133127s
Dikin Walk: ESS = 1207, PSRF = 1.00324, Time = 0.23393559s
Vaidya Walk: ESS = 836, PSRF = 1.00075, Time = 0.42393088s
John Walk: ESS = 1129 PSRF = 1.00114, Time = 1.95301199s

So, we set 100000 iterations, with thin 10 and burn 1000. That will give us
a total of 9900 samples at the end for each method. Surprisingly, hit and run ess
have returned a perfect score. We shall see if this nice score will remain in higher
dimensions.

4.4.4 Run for multiple dimensions and up to 3k ESS

We modify the code to run each method for up to 3k ESS. The function that
does exactly that is the following:
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run_until_target_ess(walk, name, start_point, A, b,
target_ess=3000, batch_iter=10000,
r=0.5, thin=10):

Runs the random walk in batches until the Effective Sample

Size (ESS) reaches the target_ess.

nnn

print (f" [{name:<11}] Batch size: {batch_iter} , r: {r} , thin:

# Storage for the cumulative chain
all_samples = None
total_time = 0.0

# State tracking

current_init = start_point.copy()

0.0

0

200 # Safety break: stop if we loop 100 times

current_ess
batch_count
max_batches

while current_ess < target_ess and batch_count < max_batches:
batch_count += 1

# We only use burn-in for the very first batch.
# Subsequent batches are continuations, so burnin=0.
current_burnin = 100 if batch_count == 1 else 0O

# Start timer
start_t = time.time()

# Run the C++ backend sample generator
new_batch = walk.generateCompleteWalk(

batch_iter, # How many samples
current_init, # Starting point

A, b, # Matrices
burnin=current_burnin, # Burn first points
thin=thin, # Only keep 1 in 10 samples

seed=8888 + batch_count # Change seed slightly
# to ensure randomness

# Calculete time the generator is running
batch_time = time.time() - start_t
total_time += batch_time

# Stack new samples onto the history

{thin}")
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if all_samples is None:
all_samples = new_batch
else:
all_samples = np.vstack([all_samples, new_batch])

# UPDATE STATE
# The next batch must start where this one ended
current_init = all_samples[-1, :]

# Calculate ESS
try:

current_ess = ess_arviz(all_samples)
except Exception as e:

# If ESS crashes

current_ess = 0

# Log progress
print (f" [{name:<11}] Batch {batch_count}: Samples={len(all_samples):,},//
// ESS={current_ess:>5.0f}, TotalTime={total_time:>6.5f}s", end='\r')

# Print Done
print (f"\n[{name:<11}] -> DONE. Final ESS: {current_ess:.0f}")

return current_ess, total_time, all_samples

As parameters to this function we pass the walk, the name of the walk, the
starting point of the random walk (found using the the getlnitialPoint porvided by
the library), A and b the matrices of the polytope created by our generate polytope
functions, the ess_threshold, the batch size and finally the thin parameter. The code
works with the same logic as in Volesti. Start sampling points from the polytope
until their collective ESS becomes more than 3k.

Special attention is paid to every batch of samples in order to continue expand
the initial chain. To that end, we pass as initial point of the next batch of points, the
last sample of the previous batch. We also change the seed of the random numbers to
avoid repeating the same random sequence. This way, all samples ends up belonging
to a big connected MCMC chain and the diagnostics can run accurately on them.

Inside main, we run this function like this:

# Here type the dimensions you want to test
dims = [20]
results = []
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for dim in dims:

print (£"\n{'='*40}")
print (£"***Running for dimension {dim} and ESS {TARGET_ESS}*x*x")

# Calculate radii for each method
r_ball = get_radius("ball", dim)
r_hit get_radius("hit", dim)

# Get thin parameter
thin_ball = get_thin("ball", dim)
thin_hit = get_thin("hit", dim)

# Construct walk objects
ball BallWalk(r=r_ball)
hitrun HitAndRun(r=r_hit)

# Generate rotated polytope hypercube

init, dense_A, dense_b, name = generate_rotated_hypercube_direct //
//  (dim, angle_deg=53)

print (f"Generated {namel}.")

dc = DenseCenter()
init = dc.getInitialPoint(dense_A, dense_b)

# BALL WALK

#bs_ball = get_batch_size("ball", dim)

#e_ball, t_ball, samples_ball = run_until_target_ess(ball, //
// "Ball Walk", init, dense_A, dense_b, TARGET_ESS,
// bs_ball, r_ball, thin_ball)

#psrf_ball = psrf_arviz(samples_ball)

results.append ({
"dim": dim,

"Ball_ESS": e_ball,
"Ball_PSFR": psrf_ball,
"Ball_Time": t_ball,
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4.5 Running our example

4.5.1 Walks vs r parameter

Lets examine ball walk.cpp where the code for the (dense) ball walk is located.
In there we see this line:

VectorXd new_x = generateGaussianRVNorm(n, gen) * R/sqrt(d) + x;

This implies that:

Tpew = T +£ §
new old \/a

where ¢ is a standard normal vector. R dictates how far the walker attempts to jump
in each step. This R is the same r we pass as argument to the walker.

Sometimes, based on polytope dimensions and the value of r (whether it is too
big) we can get the following error while trying to calculate ESS:

RuntimeWarning: invalid value encountered in scalar divide
(between_chain_variance / within_chain_variance + num_samples - 1) / (num_samples)

One example of this error was forr = 3.5andd =3 orr =8.5and r = 5.

The distance of each new point is analogous to R. If R is too big compared to the
polytope, then the new point almost always lands outside the boundaries Az < b.
Thus, it is rejected and you add the previous point to the list of samples (the if
statement in the ball walk code is skipped). If this happens too many times in a row,
the all the samples will be the same, so arviz tries to calculate the ESS, the variance
is zero and thus we get the error.

All of this discussion leads us to a dynamic r. For each dimension, a different r
seems to the the best choice. For a 10D hypercube, check Figure 4.2 and Figure 4.4.
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r vs Total Time for 3K ESS on 10D hypercube (thin=100)

Total Time (s)

YyMuoa 4.2: PolytopeWalk vs r parameter for 10D rotated hypercube, ESS threshold
3000 and thin parameter 100. r parameter is usually used to determine the range of a
candidate new sample. Small r lead to the chains getting stuck in one place while big
r ends up rejecting most of the new samples. To that end, there seems to be a sweet
spot for r where it offers the best mixing time and the most independent samples.
Based on this graph, check 4.5.2 for the choices we made.

r vs Total Samples for 3k ESS on 10D hypercube (thin=100)

10° ~

Samples

YyMua 4.3: PolytopeWalk vs r parameter for 10D rotated hypercube, ESS threshold
3000 and thin parameter 100. In this graph we see total number of samples while in
Figure 4.2 we see Total Time.
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4.5.2 Choosing r parameter

209

» Ball Walk: Based on the optimum value of r for 10 dimensions and the failure
of this optimum at 3 dimensions, after a series of experiments we choose

r = /d for the ball walk.

» Hit and Run: For hit and run, r parameter has no significant part to play. It is
actually ignored by the source code. That is to be expected from hit and run
since we choose a uniform random point on a chord of the polytope. R in this

case is linked to the distance of this cord.

» Dikin/Vaidya/John Walk: These methods scan the local geometry. If the
polytope gets narrow, they automatically shrink their step. If it gets wide,
they expand. Because they effectively normalize the space themselves, some
specific r always means a safe step to the nearest wall, regardless of whether
you are in 3 dimensions or 100 dimensions. To that end, based on the 10D
experiment we choose r_dikin = 1.5, r_vaidya = 2.0 and r_john = 5.0.

4.5.3 Time trial for hypercube

108 - Runtime vs Dimension for rotated cube and 3k ESS thresohold

102 b

Runtime (s)
e}
T

100

10—1 = O L 1 L Il 1 J
0 5 10 15 20 25 30 35
Dimension

YyMuo 4.4: Time trial for rotated hypercube. ESS threshold is 3k and thin parameter

is 100. The plot is dimension vs time to reach this 3k threshold. Axis y is log.
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PolytopeSampler

As we read from the readme file, PolytopeSampler is a Matlab implementation
of constrained Riemannian Hamiltonian Monte Carlo for sampling from high dimensional
disributions on polytopes. It is able to sample efficiently from sets and distributions
with more than 100K dimensions. Check it out here PolytopeSampler GitHub Repository.
To learn more about how a Hamiltonian Monte Carlo method works, check this out
2.4.14.

5.1 Installing PolytopeSampler

In order to use this MatLab library you need Matlab. Who would have guessed
right? If you are part of any academic institution, there is high chance that you have
free access to MatLab. Check availability with your institution. In any case, find a
way to install Matlab. For this project, we use Matlab R2025b.

Next, create a folder somewhere, but make sure its path contains only ASCII
characters. Inside this folder download the source code from the github repository
(link in introduction of this chapter). Either use git and clone it or go to the website
and download and extract the zip.

After you are finished downloading, open Matlab and select this folder you
created and contains the library. You will see two .m files. One of them is called
initSampler.m and it is essential to tell Matlab where it can find the library whenever
you call it by adding the package folders to Matlab’s path. The other file is called
demo.m and contains some useful examples. If you run this file some graphs will
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pop up and a useful output will be displayed in the command window. Lets check
out this demo so that we understand how the library is used.

5.2 Running demo tutorial

This demo is split into several parts, each part executing sampling over some
polytope. Lets begin with the first part of the demo.

%% Example 1: Sample uniform from a simplex
initSampler

P = struct; 4 = 100;
P.Aineq = ones(1, d);
P.bineq = 1;
P
o
s

.1b = zeros(d, 1);

= sample(P, 2000);

o.samples;

histogram(sum(s), 0.9:0.005:1)
title('distribution of 11 norm of simplex');
distribution test(o, struct('toPlot', true));
drawnow ()

First, it adds the package folders to MATLAB’s path. You can run initSampler.m
once and forget about it or you can leave it like this. It doesn’t matter that much.
Next, an empty struct (or class) P is created and a dimension is chosen. The polytope
follows. These two lines:

P.Aineq = ones(1, d);
P.bineq = 1;
P.1b = zeros(d, 1);

create a simplex as they set the polytope inequalities A-z < bto A = [1,1,1...,1],b =
1 and the linear bounds to zeroes ie. all z must be non-negative x; > 0. The sampler
is call by the command:

o = sample(P, 2000);
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The function sample will: 1) Find an initial feasible point, 2) Run constrained Hamiltonian
Monte Carlo and 3) Test convergence of the sampling algorithm by computing
Effective Sample Size (ESS) and terminate when ESS >= N. If the target distribution

is uniform, a uniformity test will also be performed. The output is a struct o, which
stores samples generated in o.samples and a summary of the sample in o.summary.
o.samples is an array of size dim x #steps.

Running this demo will yield the following outputs. First, during execution
there is an output on the command window informing us of the progress. Here is a
snapshot of this progress bar:

>> demo
Time spent | Time left | Progress | Est Samples |
00d:00:00:14 | 00d:00:00:01 | ##dHttHHHHEH | 1832 / 2000 |

The demo also returns a useful convergence metric in the form of a graph.
Check it out here Figure 5.1

Empirical CDF of the radial distribution (pval = 0.5178)
T o | T T ) T =% T - T

09+ v |
08| A

07k 7 4
06| R

> s
Xosl i ]
%05 -

Yyquoa 5.1: Empirical CDF of the transformed radial variable for samples drawn
from the 100—dimensional simplex by the demo mentioned above. The empirical
curve closely follows the theoretical uniform CDF and the Kolmogorov—Smirnov
test yields a non-small p-value, indicating that the sampler produces samples
consistent with the uniform distribution on the simplex.
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5.2.1 Understanding the result - the K-S statistic

Let us give some more background to what Figure 5.1 tells us. This is the first
time we encounter such a diagnostic metric, and it is worth understanding precisely
what is being tested [2].

Let
d
Ad:{ﬂfERdIIiZO, szgl}
i=1
denote the standard d—dimensional probability simplex. For a point x € Ay, we

define its radial position r as its L; norm:

d

r = E X;.

i=1

Geometrically, » measures how far z lies from the origin relative to the simplex
boundary. The volume of a simplex scaled by a factor r is proportional to r?. Therefore,
when z is drawn uniformly from A, the random variable r follows a power-law
distribution with cumulative distribution function (CDF):

F.(r) =1, 0<r<il.
The corresponding probability density function is:

fo(r) = dr®t.

For areal-valued random variable X, the cumulative distribution function (CDF)
is defined as
Fx(z) =Pr(X < z).

The CDF fully characterizes the distribution of X. In particular, the Probability
Integral Transform theorem states that if X has a continuous CDF Fy, then the
random variable U = F'x(X) follows a standard uniform distribution:

U ~ Uniform(0, 1).

In our setting, this implies that if we transform the observed radii using the theoretical
CDF:
uw=F,(r)=r%

the resulting values should be uniformly distributed on [0, 1. Graphically, the empirical
CDF of these transformed values should lie on the diagonal line y = .
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PolytopeSampler computes the radii 7(V), ..., 7™ of the generated samples,
applies the transformation u*) = (r(*))2, and plots the empirical cumulative distribution
function F'(u). To formally assess agreement with the target distribution, the sampler
performs a Kolmogorov—Smirnov (K—S) test. The K-S statistic is defined as

D = sup ’ﬁ(u)—u :
]

u€el0,1

which represents the maximum vertical deviation between the empirical CDF and
the theoretical uniform line.

A plot in which the empirical CDF tracks the diagonal closely, yielding a small
D statistic and a non-significant p-value, indicates that the sampled points exhibit
the correct radial distribution. This provides evidence that the Markov chain has
mixed well and that the sampler is correctly exploring the ”onion layers” of the
high-dimensional body. Conversely, systematic deviations from the diagonal signal
that the walker is getting stuck near the center (if the curve is above the diagonal)
or near the boundary (if below).

5.2.2 Methodology and Implementation
The Geometry of High-Dimensional Volume

For any convex body K C R? containing the origin, the volume scales as a
power of the dimension. Specifically, if we scale the body by a factor r € [0, 1], the
volume of the shrunken body r K is given by:

Vol(rK) = r% - Vol (K) (5.1)

The Radial Distribution

If a point X is drawn uniformly at random from K, its “radial position” r
(defined as its relative distance from the center to the boundary along the ray passing
through X) follows a specific probability distribution. Since volume concentrates
near the boundary in high dimensions, the probability of finding a point within a
relative distance r corresponds exactly to the volume fraction at that distance:

Paung%%%%:d

Thus, the Cumulative Distribution Function (CDF) of the radial position is:
Fr(r)=7r% 0<r<1 (5.3)

(5.2)
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The Probability Integral Transform

To statistically test if samples are truly uniform, we utilize the Probability Integral
Transform theorem. If a random variable R has a continuous CDF Fg, then the
transformed variable U = Fr(R) must follow a standard Uniform distribution on
[0, 1]. Applying this to our setting:

U = R* ~ Uniform(0, 1) (5.4)

This transformation effectively collapses the complex high-dimensional geometry
into a 1D variable that can be tested against a known standard distribution.

Algorithmic Implementation

Our implementation performs this diagnostic in distinct steps:

Empirical Centering

Since the analytic center of the polytope is often computationally expensive
to compute, we approximate the center using the empirical mean of the generated

samples:
| N
CcC = N lg 1 €T;

We then conceptually shift the polytope constraints Az < b relative to this center to
measure the “outward” distance of each sample.

Computing the Radial Gauge

For every sample z;, we calculate its radial coefficient (gauge function) r;. This
involves projecting the vector (z; — ¢) onto all constraint normals. The value r; is
determined by the constraint that is ’closest” to the point relative to the center:

T(y. _
r; = max (M) (5.5)

. L T
J b; ajc

where r; ~ 0 implies the point is near the center, and r; ~ 1 implies the point is
near the boundary.
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Statistical Independence

Markov Chain Monte Carlo (MCMC) samples are inherently correlated. Standard
statistical tests assume independent data. To satisfy this requirement, we apply a
thinning strategy:

» We calculate a thinning factor 7 based on the Effective Sample Size (ESS) or
use a conservative fixed factor.

» We extract a subset of samples Sy, = {uk, Ugtr, Uki27s - - - }-

This ensures the P-value calculation is statistically valid and not artificially inflated
by autocorrelation.

Kolmogorov-Smirnov (KS) Test

We compare the empirical distribution of our thinned, transformed samples ()
against the theoretical Uniform(0,1) distribution. We compute the KS statistic D:
D= sup |F(z)— z| (5.6)
z€0,1]
where F (x) is the empirical CDF. The associated P-value is calculated using the

Kolmogorov distribution. A P-value > 0.05 indicates consistency with the uniform
distribution.

Volume Shell Analysis

As a secondary diagnostic, we calculate the percentage of points falling into
theoretical volume shells” (e.g., the inner 10% volume, 20% volume, etc.) using the
full dataset. We compare the Expected Volume vs. the Observed Volume to visualize
systematic biases (e.g., sampler getting stuck in the center vs. the boundary).

5.3 Creating our own demo

The basic logic of what we indent should now be clear to anyone that managed
to read any of the previous chapters. We want to keep sampling from the polytope
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of choice until we reach some ESS threshold. PolySampler package brings another
random walk to the table and we intend to take advantage of that.

Lets begin with a hypercube. In example 3 of the demo.m a hypercube is created
like this:

P.1b
P.ub

-ones(d,1);
ones(d,1);

where the upper and lower bounds of our variables are set to -1 and 1. This is exactly
the H-representation of a hypercube. As discussed in the Volesti section, we need to
rotate the cube from this perfect position in order to avoid some method over fitting
and thus gaining a temporary advantage. Matlab provide a way to randomly rotate
any polytope of choice:

% Rotation Function

function R = random_rotation(d)
[Q, ~] = gr(randn(d));
R =Q;

end

Using this function, the hypercube can be easily rotated. We will use a boolean to
control whether this rotation is applied. Up to the good stuff:

initSampler

% Experiment Parameters

dims = [3];

targetESS = 3000;

times = zeros(size(dims));

USE_ROTATION = true; 7% Boolean controlling rotation

% Run the experiment for multiple dimensions
for i = 1:length(dims)

d = dims(i);

fprintf ('Running dimension d = %d...\n', d);

% First, build an axis-aligned cube as linear inequalities
% eye is just the unit matrix I(d).
A =1[ eye(d) ; -eye(d) 1; % 2d x d
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b = ones(2x%d,1);

% Then choose whether to rotate or not
if USE_ROTATION
R = random_rotation(d); % orthogonal matrix

A rot = A x R'; % rotate constraints: A_rot * y b
A _use = A_rot; % rotated version

else
A_use = A; % unrotated axis-aligned cube

end

% Build polytope struct
P = struct;

P.Aineq = A_use;
P.bineq = b;

% Sample until ESS >= targetESS

% Remember that this is exactly how sample struct
% works as explained in the library documentation
o = sample(P, targetESS);

times(i) = o.sampleTime;

fprintf(' Time: %.4f seconds\n', times(i));

% Diagnostics for this d
% Built-in KS test + autocorrelation diagnostics
figure;
distribution_test(o, struct('toPlot', true));
sgtitle(sprintf('Diagnostic test for dimension d = %d', d));
drawnow() ;

end

We enter the desired parameters. Dims is an array holding all the dimensions the
hypercube will have. Then, using the for loop we sample over all hypercubes of
every dimension. The cube is created based on dim and rotation and then sample is
called to sample from it. Result are retrieved and stored for plotting. The lines of
code that plot the results are not presented here. They are trivial and not particularly
interesting.

Lets plot the code results for sampling in a 3D rotated cube in order to verify
its results. You can see the scatter plot of these samples in Figure 5.2.
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Samples from 3D cube

Yymua 5.2: Scatter plot of samples created from our demo. The shape of a 3D cube
is clearly visible.

5.4 Running our demo

5.4.1 Time trial for d-hypercube using 3k ess threshold

We run the following experiment experiment:

» Polytope: Hypercube (rotated)
» Dimensions: 10 up to 155

» ESS threshold: 3000

» Distribution: Uniform

» Random Walk: Riemannian Hamiltonian Monte Carlo

Results in the followind Figure 5.3.

The best fit for these values seems to be a quadratic equation that you can see
in the following Figure 5.4.
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10°
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Runtime (s) for 3k ESS

10!

OUR DEMO

Riemannian, Dimension vs Runtime for 3K ESS threshold
T T T
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[=—8—Riemannian MCMC walk - PolytopeSampler |
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Dimension

120 140 160

ymua 5.3: Time to generate enough samples to reach 3k ess vs dimension for
RHMC method using PolytopeSampler. Polytope used is a hypercube randomly
rotated using Matlab’s random function. Y axis is log-scale.
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Yymua 5.4: Power law fit for hypercube results. Y axis is now linear not log-scale.
The equation is shown in the legend top left on the graph.
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10° Riemannian MCMC — Simplex — Runtime vs Dimension
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Yynua 5.5: Time Trial on Simplex polytope using Riemannian MCMC from
PolytopeSamplera for 3K ESS threshold. Y axis is log.

5 Simplex Sampling Scaling

® Simplex Data
Fit. T = 0.0006 - d?

400 -

350

Runtime (s)
- N n W
w o w o
o o o o

iy
o
o

50

1 1 L 1
0 20 40 60 80 100 120 140
Dimension (d)

Zynuo 5.6: Power law fit for the time.

5.4.2 Time Trial for d-Simplex and 3k ESS threshold

5.4.3 Cube vs Simplex
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Riemannian MCMC: Cube vs Simplex
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Yynpa 5.7: Simplex vs Cube for PolytopeSampler Riemannian MCMC and 3k ESS
threshold.
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Kepalaro 6
Dingo

Dingo is a Python package that analyzes metabolic networks. It relies on high
dimensional sampling with Markov Chain Monte Carlo (MCMC) methods and fast
optimization methods to analyze the possible states of a metabolic network. To
perform MCMC sampling, dingo relies on the C++ library volesti, which provides
several algorithms for sampling convex polytopes. dingo also performs two standard
methods to analyze the flux space of a metabolic network, namely Flux Balance
Analysis and Flux Variability Analysis.

Original Stretched Cube After Rounding

1000

Yynuo 6.1: Samples in original polytope and in the polytope after rounding with
dingo.
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PvP

7.1 Barrier Walks

Check graph Figure 7.1.

109 Volesti vs PolytopeWalk: Barrier walks for rotated hypercube (3k ESS threshold)

—Q—Volesti Dikin
PolytopeWalk Dikin
—8— Volesti Vaidya
PolytopeWalk Vaidya
== Volesti John
PolytopeWalk John

3000)
2

1014

Time (seconds for ESS

100

L L Il 1 J
6 7 8 9 10
Dimension

w
=
o

Yynua 7.1: Volesti vs PolytopeWalk runtime for barrier walks. Polytope is a rotated
hypercube (53 degrees) for 3 up to 10 dimensions. ESS threshold is 3k as usual.
Each walk has a different color and each package has a different shade of this color.
It’s quite clear that PolytopeWalk has an edge over Volesti.

227
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7.2 Ball Walk, Hit and Run

Check graph Figure 7.2.

Volesti vs PolytopeWalk — Time to Generate Samples (rotated hypercube, ESS = 3000)

=—Q— \/olesti Ball Walk
=—@— Volesti CDHR
=== \olesti RDHR
=il PolytopeWalk Ball
—@— PolytopeWalk Hit

100

Time for 3K ESS

102

Dimension

YyMquoa 7.2: Volesti vs PolytopeWalk runtime for ball walk and hit and run. Polytope
is a rotated hypercube (53 degrees) for 3 up to 20 dimensions. ESS threshold is 3k
as usual. Each walk has a different color and each package has a different shade of
this color. It’s quite clear that Volesti has an edge over PolytopeWalk.

7.3 Free for All

7.3.1 Cube for 3k ESS

Fit power laws. Check graph Figure 7.3.

Algorithm | Exponent | Coeff
Ball Walk (Volesti) | 3.7178 | 0.000005
Billiard (Volesti) | 2.2867 | 0.000032
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Acc. Billiard (Volesti) | 1.9067 | 0.000123
Coord HR (Volesti) | 1.7139 | 0.000340
Random HR (Volesti) | 3.1915 | 0.000020
Ball Walk (PolyWalk) | 2.7322 | 0.000187
Hit&Run (PolyWalk) | 2.6148 | 0.001578
Dikin Walk (PolyWalk) | 3.8617 | 0.000259
Vaidya Walk (PolyWalk) | 3.5064 | 0.002242
John Walk (PolyWalk) | 4.1712 | 0.006485
Riemannian (PolySample) | 1.9668 | 0.070703

10%

102 |-

100 b

Runtime (s)

A A
,,,,,,,,,,

B-O-O-0

......

=—&— Ball (Volesti)
=== Billiard (Volesti)
Acc. Billiard (Volesti)
—&— CDHR (Volest)
—— RDHR (Volesti)
— A Dikin (PolyWalk)
=~ Vaidya (PolyWalk)
== w=_John (PolyWalk)
=& Riemannian (PolySample)

1021

108 I I I I I I 1 I 1 )
0 5 10 15 20 25 30 35 40 45 50

Dimension

yquoa 7.3: Volesti vs PolytopeWalk vs PolytoSampler for rotated hypercube and
3K ESS threshold.

7.3.2 Simplex for 3k ESS

Fit power law. Check graph Figure 7.4.

Algorithm | Exponent b | Coeff a | R72
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Ball (Volesti) | 3.0675 | 0.000182 | 0.993
Billiard (Volesti) | 1.4571 | 0.001104 | 0.984
Acc Billiard (Vol) | 1.5240 | 0.000735 | 0.989
Coord HR (Volesti) | 1.6718 | 0.001203 | 0.974
Random HR (Volesti) | 2.8969 | 0.000212 | 0.985
Riemannian (PolySampler) | 0.3673 | 2.7565148 | 0.796
Dikin Walk (PolyWalk) | 3.2355 | 0.004883 | 0.976
Vaidya Walk (PolyWalk) | 3.0697 | 0.014743 | 0.977
John Walk (PolyWalk) | 3.7888 | 0.016567 | 0.968

Riemannian exponent increases with dimensions. Check Chapter 5.

100 = Runtime vs Dimension for rotated Simplex and 3K ESS threshold
F |—©— Ball (Volesti)

[ |=—©&— Billiard (Volesti)

| Acc. Billiard (Volesti)

5 | |—©— CDHR (Volesti)

10° |5 RDHR (Volesti)

E | ==& Riemannian (PolySample)

B Dikin (PolyWalk)
L Vaidya (PolyWalk)
John (PolyWalk)

102 |

Time (s)

100 L

Dimension

Yymua 7.4: Volesti vs PolytopeWalk vs PolytoSampler for rotated Simplex and 3K
ESS threshold.

7.3.3 Cube for 800 ESS

For 800 ESS hypercube check graph Figure 7.5.
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Hypercube for 800 ESS
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Zynua 7.5: Volesti vs PolytopeWalk vs PolytoSampler for rotated Cube and 800
ESS threshold.

7.3.4 Simplex for 800 ESS

For 800 ESS Simplex check graph Figure 7.6.
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Simplex for 800 ESS threshold
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Yynua 7.6: Volesti vs PolytopeWalk vs PolytoSampler for rotated Simplex and 800
ESS threshold.

7.3.5 KS test for S00 Hypercube

KS test for 500 dimension rotated hypercube, 3k ESS and Accelerated Billiard
Walk. Check Figure 7.7.
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1.0

Empirical CDF of Transformed Radial Variable
(500-dim AcceleratedBilliardWalk)
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Yynuo 7.7: Empirical CDF of transformed radial variable. Hypercube, 500 dim,

AccBilliard, 3k ESS.
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7.3.6 Birkhoff for 800 ESS

105 Birkhoff Time to reach 800 ESS

Time to 800 ESS (seconds)

Accel. Billiard

Riemannian
«==@-== Dikin
eedhens Vaidya
eoqges= John

Matrix Size n (Dimension (n-1)?)

YyMuo 7.8: Volesti vs PolytopeWalk vs PolytoSampler for Birkhoff and 800 ESS
threshold.
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7.3.7 E.Coli polytope for 200 ESS

Sampling on E. coli Model (dimension=524)

EFFICIENCY COST TOTAL WAIT TIME
Time required for 1 independent sample Time to reach 200 ESS

43426 8685s
(2.4 hrs)

=1

10% |

3
Total Time (Seconds)

Seconds per 1 ESS (Lower is Better)
)

e

101 L

Accel Billiard  Billiard CDHR RDHR Accel Billiard ~ Billiard CDHR RDHR

Yymua 7.9: The polytope used in this graph comes from biology. It is a mathematical
reconstruction of the metabolism of the E. coli bacterium (specifically strain K-
12 MG1655). The polytope is rounded but a transformation matrix is provided to
reconstruct the original. Using the H-representation, we sampled over it using the
methods we talked about so far. Threshold is now at 200 ESS since sampling from
such a complex polytope takes a lot of time.
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7.3.8 Mixing Time and Time efficiency for Simplex

Mixing Rate (step/sample) for Simplex
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Yymua 7.10: We use the results of the 800 ESS simplex experiment to find the mixing
time vs dimension. The step/sample ratio is calculated. The number of the steps an
algorithm took is the final number of samples returned multiplied by the walk length
(since for thinning purposes we ignore some steps). This result is divided by the final
ESS to get the ratio. It tells us how many steps we need to move before generating
an independent sample inside the polytope.
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Time (s) / ESS (Log Scale)
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Yymua 7.11: This graph is just the time to reach the threshold ESS for the simplex
with each method divided by the final ESS. How much time we took to generate
one independent sample.

7.3.9 Mixing Time and Time efficiency Birkhoff
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yquo 7.12: Mixing time for Birkhoff.
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Birkhoff Efficiency (time/sample)
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Zyquo 7.13: Time per ess for Birkhoff

7.3.10 Mixing Time and Time efficiency for Biological Polytopes

Sampling on Metabolic Network Polytopes
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Yymua 7.14: Mixing time and time efficiency for the biological polytopes.
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7.3.11 Mixing Time and Time efficiency for Rounded Birkhoff

In this section, we have used Dingo to create and round a Birkhoff polytope.
The resulting polytope is saved in .csv files and is then passed onto Volesti and
PolytopeSampler packages. You can see the results in Figure 7.15.

106 - Mixing Ratio for Rounded Birkhoff 102 - Time Efficiency for Rounded Birkhoff
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Yyquo 7.15: Mixing time and time efficiency for rounded Birkhoff polytope
(rounded using Dingo and saved in csv files).

7.3.12 Comparing rounded vs original Birkhoff

We now place the results for the rounded Birkhoff in the same graph as the non-
rounded. This way the effects of rounding will become crystal clear. See Figure 7.16.



240 KEDAAAIO 7. PVP

Mixing Rate: Rounded vs Non-Rounded . Time Effici : vs N

Mixing Time (Steps / ESS)
ency (Seconds / ESS)

Time Efficis

Yymua 7.16: Mixing time and time efficiency for rounded Birkhoff polytope
(rounded using Dingo and saved in csv files) vs non rounded natively generated
Birkhoft in each package. Continuous lines are for the rounded results while dotted
lines are for the non rounded results. Each colour represents a method. As it is clearly
visible, all the continuous lines are below dotted lines, showcasing the impovement
in performance for the rounded case. The only exception is the CRHMC method
of PolytopeSampler package that is dropping in performance. Barrier methods are
heavily relying on the sparseness of the matrices to reduce workload. Since rounding
often turns a sparse matrix into a dense matrix, this result confirms this.

7.3.13 Empirical CDF yw tnv CDHR

[Mivaxag 7.1: Volume Shells Analysis, 500D rotated cube, 3K ESS

Exp Vol % | Obs Vol % | Deviation
10.0% 10.2% |  +0.16%
20.0% 20.1% | +0.09%
30.0% 30.1% |  +0.14%
40.0% 40.2% | +0.24%
50.0% 50.0% | +0.02%
60.0% 60.1% | +0.10%
70.0% 70.1% | +0.11%
80.0% 80.2% | +0.16%
90.0% 90.0% | +0.02%

100.0% 100.0% | +0.00%
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7.3.14 Dingo vs Volesti Sampling time

[Tivakag 7.2: Performance Comparison: 50D rotated Simplex

Method Samples Thinning Time (s) Min ESS
C++ Dingo C++ Dingo
Acc. Billiard 7,750 1 0.146 0.148 1152 1121
RDHR 76,000 100 10.150 10.350 1209 1141
Ball Walk 132,500 100 18.760 20.010 1226 1134
CDHR 15,000 100 0.278 0.3050 1036 981

[Tivaxag 7.3: Performance Comparison: 100D rotated Cube

Method Samples Thinning Time (s) Min ESS
C++ Dingo C++ Dingo
Acc. Billiard 3,200 1 0365 0440 1,199 1,235
CDHR 3,000 200 0318 0382 1,040 1,026
RDHR 18,000 200 20.088 20.330 1,104 1,019
Ball Walk 49,500 200 80.986 85.464 1,616 1,604

[Tivaxag 7.4: Performance Comparison: 3D rotated cube
Method Samples Thinning Time (s) Min ESS
C++ Dingo C++ Dingo

Acc. Billiard 200 1 0.0002 0.0017 130 120
CDHR 200 6 0.0001 0.0013 113 113
RDHR 150 6 0.0002 0.0015 116 111
Ball Walk 350 6 0.0003 0.0015 106 113

Results are mostly the same but notice that for 3D cube where sampling is
negligible, Dingo is one order of magnitude slower, a price we have to pay for the
Dingo wrapper.

7.3.15 NetLib Polytopes

NetLib polytopes where extracted from their .mat format inside the PolytopeSampler
package using the Null space technique to convert the equalities plus bounds to
inequalities. These polytopes though are way too edgy to sample with using the
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random walks of Volesti. To that end, first they are simplified using a package called
Polyround found here PolyRound GitLab. This will help the polytopes become a bit
more wide, so that their volume at any given dimension is not close to zero as that
will confuse the rounding process. Then the polytopes are passed through Dingo to
be rounded using John ellipsoid method. This will stretch them in order to make
them behave more smoothly in all dimensions. Finally, these polytopes are fed to
Volesti random walks to be sampled from.

Notes: Only some of the simpler NetLib polytopes have been sampled, those
that needed less than 30min to be simplified. In addition, blend polytope even though
it was simplified in less than 30min, even after rounding Volesti methods got stuck
near the center or is some corner. ESS couldn’t grow at all for any method. Maybe
round it a second time?

Prepr ing Time & C itioning for NetLIb Polytopes
T T T

—e— Simplification (PolyRound)
—&— John Ellipsoid
Min Ellips:

Time (seconds)

L I Il 1 Il I Il
0 50 100 150 200 250 300 350 400 450
Dimension (n)

Yymua 7.17: Time it took to simplify and round each of the NetLib polytopes. Blue
line is the simplify time and the rest represent the rounding times for the John
ellipsoid and min ellipsoid methods. No other method was recognised by Dingo.
The number you see above each rounding point represents the ratio of the inner ball
vs the outer ball.


https://gitlab.com/csb.ethz/PolyRound
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Mixing Rate for NetLIb Volesti

Mixing Rate (Steps / ESS)

10?

Dimension (d)

243

Time Efficiency for NetLib Volesti
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Yynuo 7.18: Mixing rate and time efficiency for the simplified rounded NetLib
polytopes sampled with Volesti methods.
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T

108 |

103

Mixing Rate (Steps / ESS)

102

=—@— CRHMC (MatLab)
—©— Accelerated BW

CDHR
Billiard Walk
Sparse Billiard

Afiro

Degen2

Etamacro

Scorpion

AGE

Beaconfd

80bau3b

Sierra

25fva7

Degen3

Dimension (d)

) |
10° 104

Yynpa 7.19: Mixing rate comparison between all methods. MatLab polytopes have
higher dimension because they are still in their original .mat form with equalities

and boundaries.
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Time Efficiency for NetLib Polytopes
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Yyuoa 7.20: Time efficiency comparison between all methods. Preprocessing time
for the Volesti methods is not included.
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Yymua 7.21: Time required to reach 1000 ESS based on the time efficiency of the
previous graph. Preprocess time is now included for the Volesti methods (simplify
time and john rounding time).

7.3.16 Sparse Billiard vs Normal Billiards

In this section we test a brand new Volesti method, the sparse Billiard walk. The
method takes advantage of sparse matrices to reduce calculations load and improve
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the time efficiency of the billiard walks. In order to test the method against the
regular billiard walks, the most obvious sparse polytope matrix was used, that of a
cube. In the first experiment, the cube was used in its infant axis aligned form where
most entries of the matrix are 0. In the second experiment, the cube was rotated by
some angle (53 deg), thus turning the matrix is a dense one. In theory, the sparse
billiard efficiency is expected to drop significantly in the second experiment. See
the results in Figure 7.22 and Figure 7.23.

Mixing Time Sparse Billiard vs Normal Billiards

—6— Accelerated (Normal)
—&— Billard (Normal)
—A— rmal)

Mixing Time (Samples / ESS)

-e- (Rotate
~ B -Billard (Rotated)
— A - Sparse (Rotated)

6
100 200 300 400 500 600 700
Dimension

Yynpa 7.22: Mixing Time for sparse billiard vs normal billiard walks. Continuous
lines are for the axis aligned cube (sparse matrix) while the dotted lines are for the
rotated cube (dense matrix).
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Time Efficiency Sparse Billiard vs Normal Billiards

Time Efficiency

1 I | ]
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Yymua 7.23: Time efficiency for sparse billiard vs normal billiard walks. Continuous
lines are for the axis aligned cube (sparse matrix) while the dotted lines are for the
rotated cube (dense matrix).

7.3.17 Breaking the KS test

For a better understanding of the KS test read the theory. In this section we will
try to create a case where the test will save us from a faulty sampling over some
polytope. By faulty we mean that despite the ESS being quite good and increasing
with every sample, the samples generated are not uniformly distributed in the polytopes
volume. The KS test is having difficulties ensuring uniform sampling over wide and
short polytopes in a needle like shape (ESS will save the sampling in these cases),
but for convex rounded polytopes it is quite useful.

We tried a variety of polytopes in all shapes and dimensions. One of the main
focuses was the skinny cube provided by Volesti generators. Check Figure 7.24 for
the samples results.
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3D Samples
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Yymua 7.24: Ball walk sampling in a 3D skinny cube (normal cube with one
dimension extended). 50k samples taken.

While we see the samples spread uniformly all over the skinny cube, nevertheless
the uniform walk results couldn’t confirm it:

[BallWalk] Samples: 50000 | ESS: 15 | Time: 0.0335417s
[BallWalk] DONE. Final ESS: 15

Volume Shells Analysis (Expected vs Observed):

Exp Vol) | Obs Vol), | Deviation

10.0% | 9.3% | -0.73%
20.0% | 19.2% | -0.82%
30.0% | 29.8% | -0.21%
40.0% | 40.1% | +0.06%
50.0% | 50.3% | +0.26Y%
60.0% | 60.3% | +0.33Y%
70.0% | 70.3% | +0.35Y%
80.0% | 80.4% | +0.36%
90.0% | 90.4% | +0.45Y%

100.0% | 100.0% | +0.00%
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You can see that the Volume Shell analysis does confirm the uniformity of the
samples but the ESS couldnt confirm this. Thus, the ESS metric failed while the KS
test worked. And yes we did use the ball walk as it is the least efficient walk.

In the second experiment, we deliberately asked for fewer samples so that we
would not cover the polytope completely. Check Figure 7.25.

3D Samples

Yynuo 7.25: Ball walk sampling in a 3D skinny cube (normal cube with one
dimension extended). Only 2k samples taken.

The sampling metrics are these:

[BallWalk] Samples: 2000 | ESS: 11 | Time: 0.00201971s
[BallWalk] DONE. Final ESS: 11

Volume Shells Analysis (Expected vs Observed):

Exp Vol) | Obs Vol), | Deviation

10.0%
20.0Y%
30.0Y%
40.0%

| 20.5% | +10.50%
| 32.6% | +12.60%
| 44.1% | +14.15%
| 53.7% | +13.70%
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50.0% | 63.7% | +13.70Y%
60.0% | 72.7% | +12.65Y%
70.0% | 80.5% | +10.55Y%
80.0% | 87.4Y% | +7.35Y%
90.0% | 94.0% | +4.00%
100.0% | 100.0% | +0.00%

ESS is still broken in this case, but now we see the KS test start to break as
well. Checking the radial values of the samples, we see that in the left side of the
polytope, fewer samples exist and thus more samples are located in smaller shells.
Anything more than 1 to 2 percent in this shell analysis is beggining to look weird.

Still, the question about how to have a good ESS value but break the shells
remain. To that end we execute a final experiment. We will cheat in order to achieve
our goal. We now sample from a normal cube but we only keep samples located in
the upper quarter of the cube. This way, the samples will be well spread in the upper
quarter and the ESS will be good, while the KS test will fail since the border are not
equaly distributed around the samples. Check Figure 7.26.
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3D Samples
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Yymua 7.26: Ball walk samples in a normal cube but only those in the upper quarter

of the cube.

The sampling results are these:

[BallWalk] Samples: 15450 | ESS: 5985 | Time: 0.010669s
[BallWalk] DONE. Final ESS: 5985

Volume Shells Analysis (Expected vs Observed):

Exp Vol% | Obs

10

.0%
20.
30.
40.
50.
60.

0%
0%
0%
0%
0%

25.
39.
49.
60.
69.
78.

Vol% | Deviation

8% | +15.83Y%
0% | +18.96Y%
9% | +19.89Y%
2% | +20.18%
3% | +19.33Y%
1% | +18.12%
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70.0% | 86.8% | +16.77Y%
80.0% | 92.9% | +12.94Y
90.0% | 96.8% | +6.78Y%
100.0% | 100.0% | +0.00%

The 15450 samples gave an awesome 6k ESS score, 1 in 3 samples in independent.
Yet, the KS test saves us from an obvious failure since the samples are located in
the upper quarter of the cube. The test can detect this deficiency. Thus, we found a
case where ESS is good but the KS test fails.

7.3.18 Vanilla Birkhoff benchmark

First of all, by the term vanilla we imply that the Birkhoff we sampled from is
native to each package and method, we didn’t change anything regarding rotation or
alignment. The main purpose for this design choice was to test whether the sparseness
of the Birkhoff definition in the A x x < b form has any effect for some of the
methods used compared to the dense matrices we used before.

Some of the packages generated the Birkhoff in the equalities form plus some
constraints since that is the input they expect for the sampling methods to work.
This discrepancy in the definition of the Birkhoff is not expected to alter the main
logic of the experiment in any significant way since the in both cases the polytope
is the same. In a different read of the situation, each packages performance will be
compared to the rest of them and their choice of definition will be evaluated.

The results of the benchmark can be seen in the following graphs Figure 7.27
and Figure 7.28.
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Mixing Ratio for Vanilla Birkhoff
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YyMuoa 7.27: Mixing ratio for the vanilla Birkhoff (see section intro for more details).
We can see some interesting results. First of all, the barrier walks from PolytopeWalk
are lagging way behind even though the sparse version of the sampling is quite more
efficient than the dense one. Secondly, the sparse billiard, accelarated billiard and
the two CRHMC methods are all competing for the first place. Finally, the hit and
run methods apply many steps in order to achieve independent samples.
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Time Efficiency for Vanilla Birkhoff
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Yymua 7.28: Time efficiency for the vanilla Birkhoff (see section intro for more
details). Firstly, the sparse billiard walk is quite disappointing in this benchmark,
achieving the same time efficiency as the normal billiard walk. On another note,
CDHR method turns out to be the king of the sparse vanilla sampling. The nice
aligned vanilla Birkhoff entertains the method, same with the sparse cube we saw
earlier, while our rotated polytopes gave the method troubles. Additionally, the
barrier methods looks like they will overthrow the geometric methods in huge
dimensions, as is expected by the theory. Finally, the Volesti CRHMC method
challenges the Matlab method up to a point, but is then slowed down before it
continues its normal trend. Eventually the CRHMC methods will become the most
efficient ones in the long run.

7.4 Biological Polytopes Preprocessing

Genome-scale metabolic models (GEMs) were obtained from the BiGG Models
database in SBML (. xm1) format. The steady-state solution space of each metabolic
network is inherently defined as a convex polytope:

P={xeR"|Sx=0,1b<z<ub} (7.1)

where S is the sparse stoichiometric matrix, x represents the flux vector, and /b, ub
are the lower and upper thermodynamic flux bounds, respectively.

To prepare these highly ill-conditioned spaces for uniform sampling, we utilized
the PolyRound Python package. First, the models were simplified to remove redundant
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constraints and fixed variables, drastically reducing the dimensionality of the constraint
system. Next, the equality constraints (Sz = 0) were eliminated by projecting the
polytope into a full-dimensional basis within the null space of S. This transformation
yields a strict inequality system:

Pt’rans = {y S Rk | A?/ S b} (72)

where k£ < n.

Finally, because biological polytopes frequently exhibit extreme aspect ratios
due to disparate flux bounds (forming “needle-like” geometries), geometric rounding
was required. We applied rounding algorithms from Dingo to compute an affine
transformation matrix, 7". Applying this transformation scales the polytope into a
well-conditioned, isotropic shape:

Pround = {Z € Rk | (AT)Z < b} (73)

This rounding step mitigates the numerical challenges of floating-point arithmetic
and is strictly necessary to ensure the convergence and mixing efficiency of subsequent
Markov Chain Monte Carlo (MCMC) flux sampling algorithms.

Biological Polytopes Simplification and Rounding
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Yymua 7.29: Simplify and rounding for the biological polytopes. We downloaded as
xml from BIGG, fed to Polyround to simplify, then fed to Dingo to transform and
round.
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