




Free and Cyclic Hypermodules (*). 

C~. G. M A s s e u s e s  

Summary.  - This paper is a study o/ the theory o/ hypermodules. A t  ]irst an example o / a  
hypermodule is given which leads us to some interesting applications. Alter that the/tee and 
the cyclic hypermodules are introduced and examined. 

l .  - I n t r o d u c t i o n .  

A n o n  vo id  se t  H e n d o w e d  w i t h  a h y p e r c o m p o s i t i o n  -[- is cal led canon ica l  
h y p e r g r o u p  if t he  fo l lowing a x i o m s  are  sat isf ied:  

i) (x + y) -[- z - ~  x ~ (y ~- z); 

ii) x + y = y + x ;  

iii) t h e r e  is an  e l e m e n t  0 e H such t h a t  for  e v e r y  x ~ H the r e  is one a n d  on ly  

one x ' e  H such as 0 e (x d- x ' )  (3 (x ' -~  x). W e  shal l  deno t e  x '  b y  - -  x a n d  
we shal l  call  i t  oppos i t e  of x;  m o r e o v e r ,  i n s t e ad  of x d- ( - -  Y) we  shall  
wr i t e  x - -  y ;  

iv) z e x d- Y impl ies  x e z - -  y. 

Rs~MA~X. ~ I t  can  be  eas i ly  p r o v e d  t h a t  0 is un ique  a n d  t h a t  x d- 0 =- 0 -4- x = x 
for  e v e r y  x e H .  (For  a s t u d y  of canon ica l  h y p e r g r o u p s  see [6], [14].) 

A non  vo id  se t  P e n d o w e d  w i t h  a h y p e r c o m p o s i t i o n  (( d- ~) a n d  w i t h  an  i n t e r n a l  
compos i t i on  ((. ~> is ca l led  h y p e r r i n g  if :  

i) (lP, d-) is a canon ica l  h y p e r g r o u p ;  

if) (P, .) is a m u l t i p l i c a t i v e  s emig roup  h a v i n g  0 as  a b i l a t e r a l l y  a b s o r b i n g  
e l e m e n t ;  

iii) z(x d- Y) ---- zx d- zy, (x + y ) z  -~ xz  Jr yz (d i s t r ibu t iv i ty ) .  

I f  P \ { 0 }  is a m u l t i p l i c a t i v e  g roup  t h e n  (P, d-," ) is a hyper f ie ld .  (The  p rope r t i e s  
which  de r ive  f r o m  t h e  s t r u c t u r e  of  these  m a t h e m a t i c a l  ob jec t s  a r e  discussed in [7], 
[8], [15] whi le  e x a m p l e s  a re  g iven  in [2], [3], [4], [5], [9], [11].) 

(*) Entr~ta  in Redazione il 25 agosto 1 9 8 6 .  

Indirizzo dell'A. : 54, Klious st., 155 61 Cholargos, Athens, Greece. 
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A commuta t ive  hyperr ing,  in which is vMid: ab ---- 0 => a -~ 0 or b ~ 0 is called 
an integral  hyperdomMn. 

A subset J of a hyper r ing  P is called a hyper ideal  of P if J is a subhypergroup 
o f /~  and whenever  x ~ P,  k E J then  k x  E J and x k  ~ J .  A hyper ideal  of  an integral  
hyperdomMn P is called principal hyperideM of _P, if i t  is generated by  a single 
element~ while P is called principal  hyperideM domain,  if i t  is an  integral  hyper-  
domain and every hyper ideal  of P is principal.  

The notions of the hyperfield and the  hyper r ing  were in t roduced by  M. K~AS~EU 
�9 (see [1]). Also IV[. K~)~S~EU in t roduced in [2] a class of hyperr ings and hyperfields, 
the quot ient  hyperr ings and hyperfields. Their  construct ion is as follows: Le t  
(P, + , .  ) be a ring and G a normal  subgroup of P ' s  mult ipl icat ive semigroup (i.e. 
xG -~ Gx for every  x E P).  Then the set P ~ P / G  of the classes modulo G becomes a 
hyper r ing  if we define the sum and the product  of P ' s  any  two elements  as follows: 

and 

xG + yG -~ {(xp -~ yq)G:  p ,  q e G} 

x G  yG ~ xyG . 

:Note tha t  if (P, 3 , ' )  is a field, then  (P, 3 , ' )  is a hyperfield. The existence of non 
quot ient  hyperr ings and hyperfields plays a ve ry  impor tan t  and quite determinat ive  
role in the independence,  selfsufficiency and fur ther  development  of the theory  of 
hyperr ings and hyperfields. The existence of such hyperr ings and hyperfields was 
proved in papers  [3], [4], [11]. )s the construct ion methods used there  
endowed this theory  wi th  new interes t ing classes of hyperr ings  and hyperfields 
except  the quot ient  one. 

A left  hypermodule  over a un i t a ry  hyper r ing  P is a canonical hypergroup M 
together  with an  external  composition, (a, m ) - +  am,  f rom _P • M to M satisfying 
the  condit ions:  

i) a(m + n) = am + an;  

ii) (a + b )m  : a m - I -  bin; 

iii) (ab)m = a(bm); 

iv) l m = m  and 0m----0; 

for M1 a, b ~ P and M1 m, n E M. (In [10] one c~n find another  aspect of axiom (ii). 
See also [15].) 

There is a similar definition of a r ight  P-hypermodule  in which the  elements of P 
are wr i t ten  on the right.  A r ight  and a left  P-hypermodule  will be called P-hyper -  
module f rom now on. Sometimes i t  is impor tan t  to have both  possibilities together  
i.e. a _P-hypermodule. Nevertheless for the sake of simplisity we shall continue 
considering P-hypermodules .  
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We shall go on now with an example of a hypermodule  which leads to some 
interest ing applications. Le t  M be a P-module,  where P is a un i t a ry  ring, and let  G 
be a subgroup of the  mult ipl icat ive semigroup o~ P,  which satisfies the Condition 
aG bG = abG, for every  a, b a P.  Note tha t  this condit ion is equivalent  to the 
normal i ty  of G only when P~{ 0 }  is a group, which appears only in the case of 
division rings (see [3]). Now we int roduce in M an equivalence relat ion ~ defined 
as follows : 

x , ~ y  c:> x = ty , t a G .  

Let  ~ be the set of the  equivalence classes of M modulo ~ .  We endow ~1I wi th  a 
hypereomposi t ion .+ defined as follows: 

i.e. x .+ y consists of all the  classes ~ a M which are contained in the setwise sum 
of ~, ~. Then (M, .+) becomes a canonical hypergroup.  Le t  now P be the  quot ient  
hyper r ing  of P by  G. Next  let  us consider an external  composit ion f rom P • M to 2~ 
defined as follows: d 5 --~ a-~ for every  ~ a P ,  Z~ a 2~. This composition satisfies the 
axioms of the hypermodule  and so M becomes a P-hypermodulc .  

We shall show next ,  t ha t  this hypermodule  is s trongly related with the  analyt ic  
project ive geometries as well as with the Eucl idean spherical geometries. 

Le t  M be a module over  a division ring D. Since D* ~ D~{0} is a mult ipl icat ive 
group, by  using i t  we construct  the hypermodule  2~. Note  tha t  the zero e lement  
of 2~ is the zero 0 of M, while the  opposite of ~ a M is ~ itself:  ~ .-]- ~ ---- {~, 0}. We 
introduce now in M a new hypercomposi t ion 4- defined as follows : ~ d- ?~ ---- (~ .+ y) u 
u {~, ~} whenever  x # y. This hypercomposi t ion preserves the axioms of the can- 
onical hypergroup,  provided tha t  g 4 - g  will be defined to be the whole hyper-  
module 24r (for the proof see [5]). Now if we define the elements of _~ \{0}  as points 
and the result  of the hypercomposi t ion ~ 4- ~ of any  two points x, y, with ~ r ~, 
as lines, then  we form an analyt ic  project ive geometry.  Fur the rmore  all analyt ic  
project ive geometries can derive using this method  (see also [12]). 

Next  suppose tha t  V is a vec tor  space over an ordered field s Le t  /~+ be the 
posit ive cone of /~. Since /~+ is a mult ipl icat ive subgroup of F ,  we can construct  
by  this the vector  hyperspace V over  the  hyperfield F = {F +, 0, F-} .  Observe 
t ha t  this V creates exact ly  what  is called b y  P:gE~OWITZ and JANTOSCIAK (( ray  
join space ~) (see [12], [13]). Consider now a hypersphere  S of V centered a t  0. The 
map ~ --> x of F onto S k) {0} is one to one and ~ .+ b, ~ =/= b is mapped  to the minor  
arc a~-b of a great  circle wi th  end points  a, b. We remark  tha t  ~ .+ (-- Y~) ~-- {~, -- ~, 0} 
while the  two end points a, b do not  belong to ~-b since Y~, b r ~ .+ b. Bu t  if we 
consider the hypercomposi t ion 4-, then  ~, b c ~ d- b, the a r c ~  is closed an d  ~ 4- 
4- (-- g) ---- V i.e. two (~ opposite )~ points (( generate ~> the  whole hypersphere  S,  which 
seems more realistic since through these two points infinitely m a n y  g r e a t  circles 
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pass, which contain all the  points of S. Thus every  Eucl idean spherical geomet ry  
can be considered as a quot ient  hypermodule.  

We shall end this pa r t  by  giving the  definitions of the homomorphisms,  which 
have been in t roduced by  M. I~R• 

Le t  M, M' be two P-hypermodules  and ff(M') the  power set of M'.  Then a 
funct ion 9: M -+ ff(M') is called a homomorphism if: 

i) 9(kx) -~ k9(x ) for every  k ~ P ,  x ~ M and 

if) 9(x + y) _c 9(x) + 9(Y) for every  x, y e M;  

9:  M --~ ff(M') is called s trong homomorphism if instead of (if) we have:  

if)' 9(x + y) = 9(x) + 9(Y). 

A funct ion 9:  M -~ M'  is called str ict  homomorphism if the above axioms (i) and 
(if) are valid. 9: M - >  M'  is called normal  if (i) and (if) r are valid. 

2. - Free hypermodules .  

Let  M be a P-hypermodule .  Then 

DEPINITION. -- A linear combinat ion of a family (x,: i ~ I) of elements of M is a 
sum of the form ~ a~x,, where a~e P and the set (a~: a~r  O} is finite. (x~: i e I)  
is l inear dependent  if there  exists a linear combinat ion ~ a~x~ containing I 0, wi thout  
being all the  a~ equal to  0. Otherwise (x~: i e I)  is called linear independent .  

DEmNITION. -- A subset X of M generates M if every  element  of M belongs to a 

linear combinat ion of elements f rom X. 

DEFINITION. -- Le t  N be a P-hypermodule  and let  X be a subset of N. Then X 

generates 2r f reely if 

i) X generates N and 

if) for every  funct ion v 2 of X into a P-hypermodule  M there  exists a homo- 
morphism 9: N -+ $(M) such tha t  9(x) = {F(x)} for every  x e X. 

We shall call a hypermodule  57 free if there  exists a subset X of N which 
generates 57 freely. Any set which freely generates 57 is called a free basis of N. 

Le t  us const ruct  now a free hypermodule  over a hyper r ing  _P. For  this purpose 
we consider a non void set /2 and the set P~ of the functions with domain D and 
range /~. Next  we choose f rom P a  all these functions which vanish almost  every- 
where. Denote  this set by  E(•). Then E(/2) becomes a canonical hypergroup if 
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we introduce in i t  a hypercomposi t ion + defined as follows: 

] + g = {h e E(/2): (Vx e /2) ,  h(x) e ](x) + g(x)}. 

W e  define now a map 

�9 : ~(P)x~(/2)--->r 

as follows: 

, (A, ]) = {g e E(/2):  (Vx ~/2), g(x) e U {a](x)}}. 
aeA 

Next  with the help of this map  we introduce an external  composit ion from ! ) •  
to E(/2), (a , / )  -~ af, where a/ is the only element  of the set �9 ({a}, ]). So if A _c p 
we define A] = . (A, ]). 

THEOI~EI~ 1. -- E(/2) endowed with the  hypercomposi t ion <~ + ~> and with the  
external  composit ion <(. ~>, becomes a P-hypermodule .  

P~ooF. - The neutra l  e lement  of the hypercompos i t ion  <( + ~> is the  zero funct ion,  
while the opposite of every  funct ion ] e E(/2) is obviously --  ], which also belongs 
to E(/2). The verification of the  commuta t iv i ty  and assosiativity presents  no diffi- 
culties. Suppose now tha t  h e ] + g. Then h(x) ~ ](x) + g(x) for every  x e /2 ,  thus  
](x) E h(x) -- g(x) for every  x ~/2 ,  so / ~ h -- g. Next  for every  a, b e P and l, g e E(/2) 
we have:  

a(/ + g) = a{h e E(/2): (Vx e /2 ) ,  h(x) e ](x) + g(x)} = 

= {ah e E(/2): (Vx e ~) ,  h(x)e  ](x) + g(x)} = a / +  ag 

also 

(a + b ) ] = .  ( ( a + b ) , ] )  = { g e E ( Q ) :  ( V x e Q ) , g ( x ) e  U {el(x)}}= 
cea+b 

= {g e E(/2): (Vx e /2) ,  g(x) e (a + b)l(x)} = 

= {g e E(Q):  (Vx e/2),  g(x) e a/(x) + b/(x)} ~-- a t + b/ .  

We shall end the proof here  since the verification of the other  axioms presents no 
difficulties. 

I t  is clear now, a f te r  the  proof of Theorem 1, why we have been led to t h a t  
(( strange ~) definition of t h e  externa l  composition. This derived from the  necessity 
of the axiom (ii) to be verified as i t  is established in the  present  article. The classical 
definition of the  external  composit ion does not  ver i fy  this axiom (see [10]). 



158 CH. G .  MASSOlmOS: Free and cyclic hypermodules 

THEOREM 2. -- The re  ex is t s  a subse t  B of E(~9) l inear  independent~  which  gen- 
e r a t e s  E(~9) ~nd such  as ca rd  B --~ ca rd  ~9. 

PROOF. - F o r  e v e r y  a e / 2  we define t he  func t ion  

] ~ ( x ) = I  1 ,  if  x = a  

t O, if x ~ = a .  

The  set  B of t he  f u n c t i o n s  /~ g e n e r a t e s  E(Q) .  Also B is l inear  i n d e p e n d e n t  since if 

0 e ~ r j J~ ,  t h e n  for  e v e r y  i (i = 1, 2, ..., k) we h a v e  0 e ~ r~]~, (as) = {r~} a n d  so 
J = l  ~=1 

r~ = 0. O b v i o u s l y  ca rd  B = c a r d  #2. 

DEFInITIOn.  - A n  e l e m e n t  x of a _P-hypermodule  M is ca l led  to rs ion  f ree  if a n d  
on ly  if rx ~- 0 impl ies  r ~ 0. M is cal led t o r t i o n  f ree  if all  i ts  e l emen t s  a re  t o r t i o n  
f ree .  

Pl~oPosi~ioN 3. - L e t  h r be  a _P-hypermodule  a n d  le t  B = {nl, .. . ,  nl~) be  a f ini te  

subse t  of  ~ .  T h e n  t h e  fol lowing a re  e q u i v a l e n t :  

i) B is a f ree  bas i s  of N ;  

ii) B is l inear  i n d e p e n d e n t  a n d  gene ra t e s  At; 

iii) for  e v e r y  n e s t he r e  are u n i q u e l y  def ined e l e m e n t s  sl,  . . . ,  s ~  P such as 
k 

~.=1 

iv) e v e r y  n,  is t o r s ion  f ree  a n d  

N = Pnl  (~ ... @ Pn~ 

PROOF. - (i) ==> (ii). 
def ini t ion,  for  t h e  func t i on  

Consider  t he  P - h y p e r m o d u l e  /~(B). Then ,  because  of t h e  

~p: B - ->/~(B) ,  ~p(n~) ----- ~.: (i = 1, .. . ,  4) 

t h e r e  ex is t s  a h o m o m o r p h i s m  

= = 1 ,  . . . ,  4 ) .  
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k k k 1~ 

if 0 2 then 0 = 9(0) 9( =5 C Z = and since the 
i=l i= i=l i=l 

l ~  (i = 1~ . . . ,  k) a r e  l i n e a r  i n d e p e n d e n t  r~-~ r~ . . . . .  r~ = 0. 

k It k !=:/) (ii) ~ (iii). S u p p o s e  t h a t  n ~  s~n~ (~ s tn~.  T h e n O ~ n - - n C _ ~ ( s ~ - - s ~ ) n t  
k ~ = I  " =  ~ = 1  

' (i = 1, k) f r o m  w h e r e  we  g e t  e~ = c~ . . . . .  c~ 0. or  0 e ~ ~ini for  some  cte  s~-- s t , . . . ,  
i = l  

! 
T h u s  0 ~ s~-- s t ,  (i = 1, . . . ,  k) a n d  t h e r e f o r e  s~ = s~ (i - -  1, . . . ,  k). 

(iii) ~ ( i v ) .  I f  kn~ = 0 t h e n  k = 0, s ince  e v e r y  e l e m e n t  be longs  to  a u n i q u e  
k 

l i n e a r  c o m b i n a t i o n .  I t  is  o b v i o u s  t h a t  ~V = ~ Pn~. S u p p o s e  t h a t  x ~ Pn t  ~ ~ Pn~. 

T h e n  ~ = s~n~ a n d  x ~  ~ sjn~. T h u s  0 ~ x - -  xC_s~n~-~ ... @ (-- s~n~) ~- ... -~- s~n~ 

so st = 0 (i = 1, . . . ,  k) a n d  t h e r e f o r e  t h e  conc lus ion .  

k k 

(iv) => (iii).  I f  x ~ (~2 s~ni) 6~ ( ~== s,n~' ) t h e n  8 ~ n i  = s:n~ (see [15]) f r o m  w h e r e  

! 
0 e (s~-- s~)n~ (i = 1, ..., k) a n d  t h e r e f o r e  s~ = s~ (i ----- 1, . . . ,  k) s ince  t h e  n~ a r e  t o r -  

s ion free.  

T h e  p r o o f  of t h e  s t a t e m e n t  (iii) ~ (ii) is s i m p l e  so we p r o c e e d  to  t h e  p r o o f  t h a t :  

(ii) ~ (i). F o r  e v e r y  x e iV t h e r e  a r e  s t e  P such  as x ~ s~n~ -]- .... -~ s~n~. T h e  

s~ (i = 1, . . . ,  k) a r e  ca l l ed  c o o r d i n a t e s  of  x. O b s e r v e  t h ~  t h e  c o o r d i n a t e s  of x a r e  

f u n c t i o n s  of x w i t h  va lue s  in  P .  L e t  t h e m  be  d e n o t e d  b y  ]1, ..., 1~. T h e n  we  h a v e :  

1 i f i = j  

/,(nj)= 0 i f i ~ j  

a n d  ]~(x ~- y) c_ f{(x) q-/~(y),  ]~(kx) ~- kfdx) ,  x, y ~ iV, k ~ P .  I f  M is a P - h y p e r m o d u t e  

a n d  y a f u n c t i o n  f r o m  B to  M we def ine  a h o m o m o r p h i s m  9 f r o m  N to  i f (M) as  

fo l lows : 

9(x) = ] l (x )~(n~)q- . . .  q-/k(x)~o(n~) for  e v e r y  x ~ h  T. 9 sat isf ies  t h e  c o n d i t i o n  

9(nt)  = {~v(n~)} a n d  i t  is i n d e e d  a h o m o m o r p h i s m  s ince :  

9(x  + y) = U 9(w) = U (/~(w)yJ(nl) -~ ... -~ ]~(w)~(nk)) _c U {/l(w)}~(n~) q- 
W E X + ~  W E ~ + ~  w ~ X + Y  

~- ... + U {/k(w)}~v(n~) = ]~(x + y)~(nO + ... + ]k(x ~- y)~p(nk) c ]l(x)yJ(nO ~- 
w ~ x  -b y 

q- ... q- ]k(x)~(n~) q- ]~(y)y~(n~) q- ... q-/~(y)~(nk) = 9(x) --~ 9(Y) 

a n d  

9 ( k x )  = k p ( x )  �9 
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N o w  let  9 '  be  a n o t h e r  h o m o m o r p h i s m  f r o m  N to  r  such as ~ ' ( n ~ ) ~  ~(n~) 

(i = 1, ..., k). T h e n  we h a v e  for  e v e r y  x e N :  

x e ]~(x)n~ Jr- ... --F f~(x)n~ => 9 ' ( x )  c_ q~'(f~(x)n~ -F ... JF ]~(x)n~) :=> 

:::>- ~ ' (x )  c_ ~ (x )~ (n~)  + ... + h(x)~(n~) ~ ~'(x) _c ~(x). 

Therefore  ~ is t he  m a x i m u m  h o m o m o r p h i s m  huv ing  the  p r o p e r t y  which  the  def ini t ion 

of t he  free h y p e r m o d u l e  demands .  

PI~0P0SlTION 4. - L e t  ~ be the  m u x i m u m  h o m o m o r p h i s m  f r o m  a free hype r -  

modu le  iv to  a h y p e r m o d u l e  M.  T h e n  ~(iv) is a s u b - h y p e r m o d u l e  of M. 

P~oo~ .  - L e t  {n,, ..., n,} be a free basis  of iv  a n d  x, y two e lements  of  ~(N). T h e n  

there  exis t  a~ b e iv  such us x e ~(a), y e ~(b). Thus  

= U l~(~)9~(n~) + ... + U s = 
Y~ (c)e~'~(a) +t'~ (b) f~(~) ~,t~:(a) +.f~.(b) 

J'~(c)~A(a) +f~(b) 

Also, if x ~ q~(N), t h e n  - -  x e ~(N) and  k x  ~ w(N) for  eve ry  k ~ P .  F u r t h e r m o r e  

0 e ~(N)  a nd  the  p ropos i t ion  is p roved .  

PI~OPOSITION 5. - L e t  M be a P - h y p e r m o d u l e ,  iV a f ini tely gene ra t ed  f r ee /7 -hype r -  

modu le  a nd  / :  M --> iv  a n o r m a l  ep imorph ism.  T h e n  M has  a s u b h y p e r m o d u l e  /7 

i somorph ic  to  iv  such  as :  

M = / 7 |  ke r  ] .  

PROOP. - L e t  B : {el, ..., e~} be a basis  of iv. Since ] is an  ep imorpk i sm there  

are  n~e M such as ](n~) = e~, (i -~ 1, ..., k). Consider  a func t ion  ~ :  B -+ M wi th  

~p(eJ ~ n~. Since iv  is free, the re  is a m a x i m u m  h o m o m o r p h i s m  9 :  iV -> if(M) such 

as ~(e/) : {y)(e/)} = {hi}, (i = 1, . . . ,  k). T h e n  ](99(ei)) - -  ](ni) = e/. So if  x e x l e l - F  ... -F 

+ x ~ e ~  iwe have l ( v ( x ) )  = / ( x , • , +  ... + x ~ )  = ~ e 1 +  ... + ~ e ~ x .  Thus x ~ l ( 9 ; ( x ) )  
for  eve ry  x e iV. Consider  now ~(iV). As it  is p r o v e d  in p ropos i t ion  4, th is  is a sub- 

h y p e r m o d u l e  of  M,  which  we shal l  deno te  b y / 7 .  T h e n  we h a v e  t(/7) ~ / ( ~ ( N ) )  D_ iv, 

b u t  ](/7) _c iv  t h u s  ](/7) = h r. I f  n ~ M the re  is an  e l emen t  n ' ~ / 7  such  a s / ( n )  = ](n ') ,  

f r o m  where  we h a v e  0 e ](n) - -  ](n') ,  or  0 e ](n - -  n ' ) ,  or (n - -  n ' )  n ker  ]ve  0, or  
n ~ / 7  ~_ k e r f .  Thus  M = ker  ] ~ / 7 .  N o w  let  m ~ ker  ] f~/7.  Since m ~ /7  the re  is 

an  e l emen t  x ~ iv  such as m E ~(x) a n d  since m e ke r  ], ] ( m ) =  0. Le t  x e x~e~ ~ ... -~ 

~-x~e~, t h e n  0 = ](m) e ](~o(x)) = ] (x ln l  -~ ... ~- xknk)  ---- x l e l  ~- ... ~-xke~,  which  m e a n s  

t h a t  x~ ---- x, . . . . .  xk. So x = 0, also m ---- 0 a n d  there fore  ker  ] (~/7 ~ (0}. 
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TEEO~E~ 6. - Le t  M be a free hypermodule  over  a c o m m u t a t i v e  un i t a ry  hyper -  
r ing P and  let  X - - - - { x ~ : i e I } ,  Y =  { y ~ : ~ r  be  two bases of it. Then c a r d I  

card  J .  

PROOF. -- W i t h  a hyper idea l  A of P we shall  consider the  sub-hypermodule  ( A M )  
genera ted  b y  all hyper idea l  mttltiplies of M and  the  corresponding quo t i en t /~ -hyper -  
module  M / ( A M )  of M by  (A M) .  Next  we observe  t h a t  M / { A M )  is no t  only a 
P - h y p e r m o d u l e  bu t  also a R /A-hypermodu le  if the  ex te rna l  composi t ion is defined 
as follows: (t ~- A)(x -~ (AM))  = tx ~ (AM) .  We ver i fy  t h a t  this  composi t ion is 
well defined. Le t  t @ A = s ~ A. Then  (t - -  s) (3 A =/= 0~ thus  (t - - s )x  ~ ( A M )  V= O~ 
or tx -~ ( A M )  = sx + (AM) ,  or (t ~- A)(x @ {AM))  = (s ~- A)(x ~- (AM)) .  The 
~ollowing s tage in this  proof  is to show that  (x~-~ ( A M ) :  i ~ I )  is a free basis  
for  the R/A-hypermodule M / ( A M ) .  Le t  ~ (t~ ~- A)(x~ + (AM) )  be a l inear  com- 

b ina t ion  of the  fami ly  conta ining the  zero (AM) .  Then { A M ) ~  U r ~ ( A M )  

i e I  

f rom where we get  ( Z t i x i )~  (AM) ~ O. So there  exis t  si~ A such t h a t  ( ~ tixi) 
i e I  i 

(~ ( ~ s,x 0 ~ 0 or 0 ~ ~ (t~-- s~)x~. But  since the  x~ are  l inear ly independen t  we 

get  O~t~--s~ or t~=  s~ for all i ~ I .  B u t  s~A~  so t ~ A  and therefore  t~-{-A = A 
for all  i e I .  Thus the  fami ly  is l inear independent .  The proof  t h a t  the  fami ly  

genera tes  the  hype rmodu le  presents  no difficulty. So we cont inue  b y  choosing a 
m a x i m a l  hyper idea l  of P .  Then (see [15]) P/A is a hyperfield and  thus  the  P/A- 
hupermodule  is a vec to r  hyperspace  hav ing  (x~ -~ {AM):  i ~ I) as a basis. So also 
is the  fami ly  (y~ -~ ( A M )  : ~ ~ J). But  two bases of a vec tor  hyperspace  have  the  
same cardinal i ty  (see [15]) and  thus  card I = card  J .  

L E ~  7. - Let  x ~ alX~ "@ .... -~ a~x~ and  y ~ b~x~ 4- ... -~ b~x~. Then for every  
e ~  a~@ b~ (i : 1, ...~ k) we have :  

(x + y) (~ [(a~ ~- b~)xl + ... -1- cx~ -[- ... + (aT: @ bk)xk] :/: O . 

k k 

P ooF. - Since x 2 and y 2 b,x,, there are 2 and 2 

such as x ~ w ~ a~x~ and y ~ w'-~ b~x~. F r o m  these relat ions we get :  gixi~ x - -  w 
and  b~x~ey-- w'~ or (a~-~ b~)x~C_ (x ~- y) -- (w @ w'). Thus for every  c~  a ~ -  b~ there  
are z ~ w - ~ w '  and  v ~ x @ y  such as c x ~ v - - z  or v ~ c x ~ - z .  Thus ( x @ y )  

(U [(w + w') + cx~]:/: 0 or (x + y)(~ [ (a~+  bl)x~ + ... + cx~+ ... + (a~ + b~)x~]:/: 0. 

TEEOEE~ 8. -- Le t  M be a finitely genera ted  free hypermodule  over  a pr incipal  
hyper ideM domain  P and  let  h r be a subhypermodule  of M. Then N is also free and  

d im N < dim M. 

P R O O F .  - IJet B = {x,: i = 1, ..., k} be a basis of M and  let  2V~= N(~  (xl ,  ..., xj}, 
j ---- O, 1, ..., k. No----- {0} and  N~ = h r. 2V1 = 3r c~ (x l )  is a subhypermodule  of (x~}. 
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The set  A ~ (a:  a E P and  axle  s is a hyper idea l  of P and  let  am be its generator .  
Thus hr~ ~ (alx~} and therefore  5r1 is (0} or i t  has  a basis wi th  only one element .  

Suppose now t h a t  s has  a free basis and  t h a t  d im N~<t .  We  consider the  set 
A -~ {a: a E P  and  there  exists  x ~ N ,  b~, b~, ..., b~eP such t h a t  x e  b~x~4- ... ~ b ~ x ~  

ax~+~} A is a hyperideM, because if a, a'~ A,  t hen  there  are x, x ~  N such as 
x e b~x~ ~ ... ~ b~x~ -~ ax~+~ and  x'~ b'~xl -~ ... ~- b~x~ -~ a'x~+~, f rom where we get  
x ~ x'C_ (b~ ~- b~)x~ -~ ... -~ (b~ -~ b~)x~ -~ (a ~ a')x~+~. B u t  according to the  above  
l e m m a  for every  c e a ~ a', we have  (x ~- x ' )  ~ [(b~ ~- b~)x~ -~ ... ~- (b~ -~ b~)x~ 

cx~+~] r ~. Thus a - ~  a ' g  A. The remain ing  condit ions can be easily prooved,  
so A is indeed a hyperideM. Le t  a~+l be  the  genera tor  of A. I f  a~+~---- 0 then  s s 

and  induct ion is complete.  I f  a~+~r 0, consider y e N~+~ such as y ~ a~xl ~- ... 
-~ a~x~ ~- a~+~x~+~. For  every  x e ~V~+~ there  is c ~ lP such as (x -- cy) (~ 5V~V= O. Thus 
iV--~ s (y~. B u t  l~ (~  ( y )  : (0}, so iV : s174 (y} and  the  induct ion is complete.  

TEEORE~ 9. -- E v e r y  finitely genera ted  tor t ion-free  P -hype rmodu le  is free wi th  a 
finite basis. 

P~ooF. - Le t  M be a finitely genera ted  tor t ion-free /~-hypermodule and  let  
C --~ (nl,  ..., n~} be a set which generates  M. Consider the  m a x i m u m  subset  B ---- 
---- (nl,  ..., n1r of l inear independent  e lements  of C and  let  L~ be the  subhypermodule  
of M generated b y  B. Then N,  because of proposi t ion 3, is free. Now according to 
our  hypothesis  every  set of the  fo rm (nl,  ..., nk, n~}, k < i < s is l inear  dependent .  
Thus in the  relat ion 0 c rln~ Jr ... -~ r~n~ ~ t~n~ not  all  the  coefficients are zero, and 
more  precisely the  t ~ e  0, since n~, ..., n~ are l inearly independent .  Now t~n~e-- 
- - ( r ~ n ~ - . . . - ~ r k n ~ )  so t ~ n ~ h  r for every  i > k .  Let  t - ~  tk+~, . . . , t~, t hen  t n ~ S V  
for every  i d s ,  so tnes  for every  h e m  and  therefore  the  m a p  ] : n - - * t n  is a 
normal  homomorph i sm f rom M to a subhypermodule  of N.  B u t  since M is tor t ion-  
free the  kernel  of ] is the  {0}, thus  M is isomorphic  to a subhypermodule  T of l~. 

Now because of theorem 8, T is free and therefore  M is also free. 

3. - Cycl ic  h y p e r m o d u l e s .  

I n  this chapte r  we shall use notions like: a decides b, uni t  e lement ,  p r ime  element ,  
re la t ively  pr ime elements,  associates elements,  grea tes t  common divisor e.t.c. All 
these notions are connected only wi th  the  mul t ip l icat ive  s t ruc ture  oi the  hyper r ing  
which is the  same as t h a t  of the  ring. Thus the i r  definitions r ema in  unchanged  for  

the  case of the  hyper r ings  and  there  is no need of repea t ing  them.  

DEFINITION. -- I f  a P - h y p e r m o d u l e  M is genera ted  b y  a single e lement ,  t hen  M 
is called cyclic hypermodule .  

I n  the  following R will signify a pr incipal  hyper idea l  domain.  
L e t  M be an  R-hypermodule .  Then,  if (x} is the  cyclic subhypermodule  of M 

which is genera ted  b y  x ~ M, we have  (x}  ~ l ~ / ( a } ,  where (a} is the  hyper ideM 
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which vanishes x. Indeed,  l e t / :  R --> <x> be a funct ion wi th / ( t )  ---- tx. / is a normal  
epimorphism between the two R-hypermodules R and <x>. Bu t  k e r / =  {t: t ~ _R 
a n d  tx = 0}, so <a> = ke r / ,  thus,  because of proposit ion 5, /~/ker/~_ <x} or R/<a} 

P~01~OSITION 10. -- Le t  a, b ~ R be relat ively pr ime and let  c = ab. Then 
R/@} ~ P~ ~ P~, where P~ ~ R/<a> and P~ ~ R/<b}. 

PaooF.  - R/<c> is a cyclic R-hypermodule  whose generator  is 1 + <e>. Since a, b 
are re la t ively pr ime there  are x, y e ~ such as 1 e xa + yb (see appendix).  So if 
d e  R then  d + <c} e d(xa + yb) + <c> c_ dx(a + <c}) + dy(b + <c}) _c <a + <c}> + 
+ <b + <c}> where <a + <c>>, <b + <e>> are subhypermodules  of R/<c> which are 
generated f rom a + <c}, b + <c} respectively.  N o w  the  set <a + <c>) (~ <b + <c>> 
has both  a and b annihilators,  so if p + <c> e <a + <c}} n <b + <c>}, then  a p e  <c> 
and bp ~ @>. Thus for every  k, s e R we have (ka + sb)p = kap + sbp _c @}. Since 
a , b  are re la t ively prime there  are x , y ~ R  such ~s l e x a + y b ,  so 1 vanishes 
<a + <c}~ ~ <b + <c}>. Bu t  1 vanishes only <c} thus <a + <v}> (h <b + <c}> ---- <v} ; 
~nd so R/<c} = <a + @}> ~ <b + <c}}. Bu t  <b} vanishes a + <e> and <a> ~anishes 
b +  <c} so <a + <v>> ~R/<b> and <b + <c}} ~ / < a } .  

PnOP0SiTION 11. -- Le t  p be a pr ime in ~ and M an /~-hypermodule such as 
M - ~  t~x~| ... | Rx~, where the Rxt are cyclic hypermodules  of order  p~' with 
a~<...<a~. I f  m ~ M  and c is an integer  with O<~c<a~ such as p~-~m = 0 then  
m = p~n for some n e  M. 

k k 

P~OOF. - M belongs to a sum of the form ~ttx~,  t t e ~  so 0 = p~ ~p~-~t tx t  

f rom where p~'-ottxt= 0 for every  i = 1, ..., k. Thus p~ so p~Ip~-% for 
k 

every  i = l ~ . . . , k ,  f rom where we get POItt. I f  t t = p %  then  m e p  o~stx~ and 
/r i - - 1  

therefore  m = p~n with  n e ~ six c_ M. 

DEFINITION. -- An R-hypermodule  M will be called p- tor t ion,  where p is a prime, 
i f  p~M---- (0} for some integer a. 

PROPOSITION 12. Le t  M be a p- tor t ion  /~-hypermodule generated by  elements 
ml, ..., ink, where mt has order p~', al <~... < ak. Then there  exist  n~, ..., n~, where nt 
has order  p~ with bt = a~ and M = Rn~ + ... + Rn~. 

k k 

PgooF.  - We shall prove this proposit ion by  induct ion on ~ at. Le t  ~ at > 0, 
k i = l  i = 1  

a ~ > 0  and k > l .  We denote b y M t h e  ~ R m ~ .  T h e n M = R m ~ + M a n d b e c a u s e  
i = 2  

of the induct ion M = t~n2G . . .ORn~ where the order of nt is pb~ with bt<a~. I f  
b~< at for some at the  proposit ion is valid. If  b~ = a~, i = 2, ...~/~ we consider the  
hyper ideal  I which annihilates m~ + 1~ e M#~ .  Then I = tR with tip ~' from where 
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we h a v e  t h a t  the  o rder  of m ~ - M  is p~ wi th  O<c<a~,  so p ' m ~ =  m * e  M f r o m  

where  we h a v e  p ~ - ~ m * =  0 or p ~ r ~ m * =  0 and  because  of p ropos i t ion  11 m* = p ~ ,  

e M .  Thus  the re  is n ~  m~-- ~ such t h a t  p~n~ = 0 f r o m  where  we ge t  m~e n~ ~ 

and  there fore  M = Rnl  -~ 2~. ~ o w  if y n ~  Rn~ ~ M ,  y ~ R t h e n  ymk~ yn~ ~ y ~  g _M 

so p~ t h u s  y n ~ =  0 a n d  so M = Rn~O M.  

P~Ot'OSITIO~N 13. -- L e t  M be a non  t r iv ia l  R - h y p e r m o d u l e  a n d  let  d M  = O, 

where  d e / ~  while i t  is ne i the r  zero, nor  belongs  to  the  g roup  of  un i t s  of R. Le t  

d ~-- up~ ~ ... p ~  where  u is a un i t  ~nd  p~ is re la t ive ly  pr ime.  T h e n  M can be wr i t t en  

as  a d i rec t  sum  M = M~@ . . . |  M~, where  p ~ ' M i =  {0}. 

P~oo~.  - L e t  us deno te  the  diPS'= u 1-[ P~ b y  d~. Then,  if  M can  be w r i t t e n  

as t he  a b o v e  p ropos i t ion  c la ims we shall  p rove  t h a t  d~M = M~. Obvious ly  d~M ~_ 
_~ d~ M~ ~- ... ~- d~ M~ = d~ M~_~ M~. Also since (d~ p~') = 1 the re  are  r, s ~ R such as 

rdi ~- sp~'~ 1. Thus  if m ~ M~ we h a v e :  m ~ (rd~ Jr sp~')m = rd~m ~ spasm = d~(rm) e 

d~M. So M ~ C d ~ M c d ~ M ~ .  B u t  d~M~-~M~ so M ~ - - d i M .  W e  shall  p rove  now 

t h a t  M has  a decompos i t ion  as  the  p ropos i t ion  ment ions .  F o r  this  pu rpose  we define 

M~ = d~ M. Obv ious ly  p~' M~ = {0). N o w  since dl, ..., d~, a re  r e l a t ive ly  p r ime  there  

are  r l , . . . ,  r~r ~ such as ~ r~d~ ~ 1. Thus  if x ~ M,  t h e n  x = l x  e ~ d~(r~x) _c ~ d~ M ---- 

= Z M ~ .  N o w l e t y e ( Z M ~ ) n M i .  T h e n d ~ y  0 and  ~ ---- ---- p~ y 0. I f  we chose 
- r  - i 

prope r  r, s we h a v e  rd~ ~- s p ~  1 thus  y ~ (rd~-~ sp~')y = rd~y ~- sp~.~y = O~ the re fo re  

y---- 0 a nd  t he  p ropos i t ion  is p roved .  

P~oPosI~IO~ 14. - L e t  M ---- M~ @ ... Q M~ where  M~ are  cycl ic  t o r t i on  hype r -  

modules  of  o rder  r~ a n d  (r~, r~) 1~ if  i ~ ~. T h e n  M is cycl ic  of order  r 

P R O O F . -  L e t  M ~ = / ~ m ~  a n d  m ~  m ~ - . . .  ~ - m k .  Also le t  d be the  r l ' . . . ' r~ .  

N o w  if for  some s e R  we have  s i n =  0 t h e n  s m ~ = O  for  eve ry  i. Thus  dIs a n d  

the  order  of m is d. N e x t  let  us deno te  d/r~ b y  d~. T h e n  we h a v e  dim ~ d~m~ a n d  

since (r~, d~) = 1 the re  are s, t ~  such  as t r ~ -  s d ~ l .  Thus  m ~  (tr~-~ sd~)m~= 

= tr~m~ ~ sd~m~ = sd~m~, so m~ = s d ~ m ~  ~ ( d i m i )  ~-- ~7~(dim) c Rm.  Therefore  R m  

con ta ins  eve ry  m~ a n d  so R m  = M. 

Ttl:EOI~E~ 15. -- L e t  M be a f ini tely gene ra t ed  h y p e r m 9 d u l e  over  a p r inc ipa l  

hyper ideM d o m a i n  R. T h e n  M can  be  expressed as an  ( i n t e r n a l ) d i r e c t  sum 
MI �9 ... |  where  the  M~ are non  t r iv ia l  cycl ic  s u b h y p e r m o d u l e s  of M of order  d~ 

a n d  dildi+l (i = 1, ..., s - -  1). 

P~OOF. - L e t  T be  t o r t i on  s u b h y p e r m o d u l e  of M. T h e n  M / T  is a t o r t i o n  free 

h y p e r m o d u l e  and ,  because  of t h e o r e m  9, i t  is also free. Thus ,  accord ing  to  proposi -  
t ion  5, M = T O / 7 ,  where  /7 is a free s u b h y p e r m o d u l e  of  M f ini te ly  genera ted .  

T h e n  T = M//7 a n d  so T is f ini tely genera ted .  L e t  T = (xl, ..., xt). The  x~ a rc  tor -  

t ion  e lements  thus  the re  are r~e/~,  r ~ r  0 (i = 1, ..., t) such us r~x~= 0. D e n o t e  



OH. G. MASSOUROS: Free and cyclic hypermodules 165 

b y  r the  p roduc t  r~.....r~. Then r ~ 0 and  since every  w e T belongs to a l inear  

combina t ion  ~ qix~, qie R we get  rw ~ r( ~ qtxi) = ~, q~rxi = 0 for every  w e T. 
i = 1  ~=1  i = 1  

Thus rT  = 0. I f  r is a uni t  e lement ,  then  T = {0}. Otherwise r = upa~*'... ,p~. But  
in this case, because of proposi t ion 13, we have  T =  T~@ T ~ ) . . . |  where T~ 
are finitely genera ted  p~-tortion hypermodules .  Thus because of proposi t ion 13: 

T~ = Tll + ... -F T~ 

where the  T~j are cyclic hypermodules  of order p~'~ and  a ~ < a ~ < . . . < a ~ .  ~ o w  let  
M~ = T~j |  | Tk~. Then the Mj are cyclic hypermodules  of order  dj = p~,~p~J ... p~J. 
Thus d~Id~ ] ... [d~. Also T -  M~|  M ~  . . . |  M~. Nex t  the  free subhypermodule  F 
is (according to proposi t ion 3) the  direc% sum of non t r ivial  to r t ion  free cyclic hyper -  

modules,  hence F = M,+~ | ... (~ M~ and therefore:  

M = M 1 0  ... | M~ 0 M.+I  0 ... G M . .  

4.  - Appendix .  

In  this appendix  we shall show tha t  in a pr incipal  hyper ideal  domain  R every  
two e lements  a, b different f rom 0 have  a grea tes t  common divisor,  which belongs 
to a l inear  combinat ion  of the  fo rm 

ka ~ sb with k, s E R . 

Indeed,  let  C(a, b) be the  set U (xa -F yb). For  every  p, q e C(a i b), there  are 
~,yER 

xl,  x~, y~, y~e R such as p e xla + yxb, q e x2a ~- y~b f rom where we have :  

P -F qC_ (x~a + y~b) ~- (x2a -~ y~b) = (xl~- x2)a -F ( y ~  y2)b = 

= U (xa}+ U {yb}. 

So p -F q c C(a, b) for every  r e R. Also 0 e C(a, b) and for every  x e C(a, b) we have  
- - x s C ( a , b )  and r x s C ( a , b )  for every  r s R .  Thus C(a,b) is a hyperideal ,  and  
since R is g pr incipal  hyper ideal  domain,  there  is d ~ C(a, b) such as <d} = C(a, b). 
Yet  d belongs to k a ~ - s b  for some k, s s R .  a ,b  b o t h  belong to C(a,b) because 
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a --- l a  ~- Ob, b --~ Oa ~ lb. As m e m b e r s  of t h e  h y p e r i d e a l  ( d ) ,  b o t h  a, b a re  mul -  

t i p l e s  of  d. N o w  if  c is a c o m m o n  d iv i so r  of a, b, t h e n  a ~ a'c a n d  b -~ b'e for  some 

a'~ b ' ~ R .  T h u s  d ~  ka ~ sb -~ k a ' c - ~  sb'c : (ka'-~ sb')c w h i c h  m e a n s  t h a t  t h e r e  

ex i s t s  t ~ h a ' +  sb' such as  d = re. T h e r e f o r e  d is a m u l t i p l e  of c. 
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