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Abstract. This paper deals with the enumeration of the different classes of 2-element fuzzy hypergroups and with the 
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1. CRISP AND FUZZY HYPERGROUPS 

Hypercompositional algebra was born in 1934, when F. Marty, in order to study problems in non-commutative 
algebra, such as cosets determined by non-invariant subgroups, generalized the notion of the group, thus defining the 
hypergroup [14].  A (crisp) hypercomposition or hyperoperation in a non-empty set H is a function from H�H to the 
power set P(H) of H.  A non-void set H endowed with a hypercomposition “�” is called hypergroupoid if ab � �  
for any ,a b  in H; otherwise, it is called partial hypergroupoid.  Note that, if ,  A B  are subsets of H , then AB  
signifies the union 

� �,a b A B

ab
� �
� .  Since A�B=� 	 A=� or B=�, one observes that, if A=� or B=�, then AB=� and 

vice versa.  aA  and Aa  have the same meaning as 
 �a A  and 
 �A a  respectively. Generally, the singleton 
 �a  is 
identified with its member a .   

Definition 1. [14] A hypergroup  is a non-void set H  endowed with a hypercomposition, which satisfies the 
following axioms: 

i. � � � � ab c a bc�   for every  , ,  a b c H�  (associativity) and 
ii.  aH Ha H� �    for every   a H�  (reproduction). 

If only (i) is valid, then the hypercompositional structure is called semi-hypergroup, while if only (ii) is valid, then it is 
called quasi-hypergroup.  The quasi-hypergroups in which the weak associativity is valid, i.e. (ab)c
a(bc)�� for every 
a,b,c�H, were named HV-groups [30].  It is worth mentioning that the result of the hypercomposition of any two 
elements in a hypergroup or in an HV-group is always a non-void set (e.g. see [18]).  Subsequently, hypergroups were 
enriched with internal and external hypercompositions and so new hypercompositional structures came into being (e.g.: 
see [15, 16]).    

F. Marty also defined in [14] the two induced hypercompositions (right and left division) resulting from the 
hypercomposition of the hypergroup, i.e.: 


 �|a x H a xb
b
� � �

�
   and   
 �|a x H a bx

b
� � �

�
. 

It is obvious that, if the hypergroup is commutative, then the two induced hypercompositions coincide.  For the 
sake of notational simplicity, /a b  or :a b  is used to denote the right division (as well as the division in 
commutative hypergroups) and \b a  or ..a b  is used to denote the left division.  The use of these induced 
hypercompositions led to the definition of transposition and join hypergroups and HV-groups [9, 19, 20, 21]. 

As has been proven in [18], Definition 1 is equivalent to the following: 
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Definition 2.  A hypergroup is a non-void (crisp) set H  endowed with a (crisp) hypercomposition, which 
satisfies the following axioms: 

i. � � � �ab c a bc�   for every , ,  a b c H� (associativity) and 
ii.  a/b��   and  b\a��   for every ,  a b H� . 
Linking hypercompositional algebra with fuzzy set theory, one can distinguish three approaches, which were 

employed in order to link these two topics. One approach is to consider a certain hyperoperation defined through a 
fuzzy set (P. Corsini [1], P. Corsini - V. Leoreanu, [3], I. Cristea e.g. [4, 5], I. Cristea - S. Hoskova [6], M. 
Stefanescu - I. Cristea [25], K. Serafimidis et al. [24] etc.). Another is to consider fuzzy hyperstructures in a similar 
way as Rosenfeld did for fuzzy groups [22] (A. Hasankhani, M. Zahedi [8, 31], B. Davvaz [7] and others). The third 
approach is employed in the pioneering papers by P. Corsini - I. Tofan [2] and by I. Tofan - A. C. Volf [26, 27], 
which introduce fuzzy hyperoperations that induce fuzzy hypergroups.  This approach was further adopted by other 
researchers (Ath. Kehagias - e.g. [10, 11], V. Leoreanu-Fotea - e.g. [12, 13], K. M. Sen - R. Ameri et al. [23], etc.).   

A fuzzy hypercomposition maps the pairs of elements of the Cartesian product H H�  to fuzzy subsets of H. Thus, if 
we denote the collection of all fuzzy subsets of H by � �F H , then a fuzzy hypercomposition  is the map 

� �: H H F H� �� .  Hence, if �  is a fuzzy hyperoperation, then a b�  is a function and the notation � �� �a b x�  denotes 
the value of a b�  at the element  x.  The definition of the fuzzy hyperoperation subsumes the relevant definition of the 
crisp hyperoperation as a special case, since the latter results from the former through the use of the characteristic function.  

Definition 3. [10, 11] If  � : H�H � F(H) is a fuzzy hypercomposition, then, for every a�H, B�F(H), the 
fuzzy sets a B�  and B a�  are defined respectively  by 

� �� � � �� � � �� �y Ha B z a y z B y�� � �� �� �� �   and � �� � � �� � � �� �y HB a z y a z B y�� � �� �� �� � . 

Per Definition 3, if , ,a b c H� : 

� �� �� � � �� � � �� �y Ha b c z a y z b c y�� � �� �� �� � � �   and  � �� �� � � �� � � �� �y Ha b c z y c z a b y�� � �� �� �� � � � . 

Definition 4. [10, 11] If  � : H�H � F(H) is a fuzzy hypercomposition, then, for every A,B�F(H), the fuzzy 
set A B�  is defined by   � �� � � �� � � � � �� �,x y HA B z x y z A x B y�� � � �� �� �� � . 

Definition 5. [2, 27] If � : H�H � F(H) is a fuzzy hypercomposition, then H is called a fuzzy hypergroup, if 
the following two axioms are valid: 

i. � � � � a b c a b c�� � � �      for every , ,  a b c H� (associativity), 
ii.  Ha H H a X� �� �        for every a H�  (reproduction). 

where HX  is the characteristic function of H.  If only (i) is valid, then H is called a fuzzy semi-hypergroup [23], while 
if only (ii) is valid, then H is called a fuzzy quasi-hypergroup.   

If H  is a non-void set endowed with a fuzzy hypercomposition � , then two new induced fuzzy 
hypercompositions “/” and “\” can be defined as follows: 

� �� � � �� �/a b x x b a� �   for every , ,a b x H�   and  � �� � � �� �\b a x b x a� �   for every , ,a b x H� . 
As in the case of crisp hypercompositions, the two induced fuzzy hypercompositions were named fuzzy right 

division and fuzzy left division respectively [18]. 
As has been proven in [18], if we replace the second axiom of Definition 5 with 

/ 0Ha b �  and  \ 0Ha b �     for every ,  a b H� , 
then the resulting structure is not a fuzzy hypergroup (as in the case of crisp hypergroups), but a new structure, 
which was called mimic fuzzy hypergroup (fuzzyM-hypergroup) [18].  Thus, the following definitions result: 

Definition 6.  If  � : H�H � F(H) is a fuzzy hypercomposition, then H is called a mimic fuzzy hypergroup 
(fuzzyM-hypergroup), if the following two axioms are valid: 

i. � � � � a b c a b c�� � � �    for every , ,  a b c H� (associativity), 
ii. / 0Ha b �  and  \ 0Ha b �     for every ,  a b H� . 

If only (ii) is valid, then H is called a mimic fuzzy quasi-hypergroup (fuzzyM-quasi-hypergroup), while, if the weak 
associativity is valid, instead of (i), H is called a mimic fuzzy Hv-group (fuzzyM H v -group).   

Definition 7.  A fuzzyM-hypergroup H will be called commutable fuzzyM-hypergroup, if a H H a�� �  for any a H� . 
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2. ON THE CLASSES OF TWO-ELEMENT FUZZY AND FUZZYM-HYPERGROUPS 

If the set 
 �H a,b�  is endowed with a fuzzy hypercomposition, then the following eight results are generated: 

� �� � � �� � � �� � � �� � � �� � � �� � � �� � � �� �       a a a , a a b , a b a , a b b , b a a , b a b , b b a , b b b� � � � � � � � . 

Proposition 1.  There are ten different classes of 2-element fuzzy hypergroups, as illustrated in the following table: 

TABLE (1) 

 i ii iii iv v vi vii viii ix x 

� �� �a a a�  1 1 1 1 1 1 1 1 1 1 

� �� �a a b�  1 1 t x z n h1 h2 p1 p2 

� �� �a b a�  1 1 1 1 1 m k1 k2 q1 q2 

� �� �a b b�  1 1 1 1 1 1 1 1 1 1 

� �� �b a a�  1 1 1 y 1 1 j1 j2 r1 r2 

� �� �b a b�  1 1 1 1 1 1 1 1 1 1 

� �� �b b a�  1 1 1 1 w 1 1 1 1 1 

� �� �b b b�  1 t 1 1 1 1 1 1 s1 s2 

where  t, y, x, w, z, m, n, j1, k1, h1, j2, k2, h2, p1, q1, r1, s1, p2, q2, r2, s2 � 1  and  for  (iv) x y� ,  for  (v) z w� ,  for  
(vi) n m� , for (vii) 1 1 1h k j� � , for (viii) 2 2 2h j k� � , for (ix) 1 1 1 1p q r s� � �  and for (x) 2 2 2 2p r q s� � � . 

Remarks.  (a) Concerning the variables of Table 1, the obvious limitations for values 0 and 1 are in effect, so as not 
to have the same fuzzy hypergroups in two different classes. For example, if t=1, then (i) results from (ii) and (iii). 
Classes (vii), (viii) and (ix), (x) contain common elements when there are equalities in their variables. 
(b) Each of the above classes has one isomorphic class.  For example, class (vii) is isomorphic to the following: 

TABLE (2)

� �� �a a a�  � �� �a a b�  � �� �a b a�  � �� �a b b�  � �� �b a a�  � �� �b a b�  � �� �b b a�  � �� �b b b�  

1 1 1 j1 1 k1 h1 1 

(c) The classes (v), (ix) and (x) are called main. If the parameters of Table 1 are all equal to 0, then we take the eight 
non-isomorphic 2-element crisp hypergroups [29].  The non-isomorphic 3-element hypergroups are enumerated in 
[28] but the enumeration of the different classes of the 3-element fuzzy hypergroups remains an open question.   

If we replace 1 by another number of the interval (0,1) in (i) of Table 1, then reproduction is not valid; however, 
the left and the right divisions are non-zero.  Therefore, the resulting structure is a fuzzyM-hypergroup.  

Proposition 2.  If the fuzzy hypercomposition is commutative, then � �H ,�  is a fuzzy semihypergroup when  

� �� � � �� � � �� � � �� �  a a a a b b , b b b a b a� �� � � � and  

� �� � � �� � � �� �
 �a a b max a b a , a b b�� � �  and � �� � � �� � � �� �
 �b b a min a b a , a b b�� � �  

or   � �� � � �� � � �� �
 �b b a max a b a , a b b�� � �  and � �� � � �� � � �� �
 �a a b min a b a , a b b�� � � . 

Proposition 2 reveals a class of commutative fuzzyM-hypergroups when the left and the right divisions are non-
zero.  Another class of commutative fuzzyM-hypergroups results from the following proposition: 

Proposition 3.  If the fuzzy hypercomposition is commutative and � �� � � �� �a b a b b a�� � , � �� � � �� �a b b b b b�� � , 

then � �H ,�  is a fuzzy semihypergroup when � �� � � �� �
 � � �� � � �� �
 �max a a a , a a b max b b a , b b b�� � � � . 

2215

Downloaded 17 Oct 2012 to 89.210.61.105. Redistribution subject to AIP license or copyright; see http://proceedings.aip.org/about/rights_permissions



Table 3 below presents five fuzzy semihypergroups: 
TABLE (3)

� �� �a a a�  � �� �a a b�  � �� �a b a�  � �� �a b b�  � �� �b a a�  � �� �b a b�  � �� �b b a�  � �� �b b b�  
0,11 0,6 0,5 0,9 0,7 0,8 0,4 0,7 
0,11 0,6 0,5 0,9 0,7 0 0 0,7 
0,11 0,6 0 0,9 0,7 0,8 0 0,7 
0,11 0,6 0,5 0,9 0 0,8 0 0,7 
0,11 0,6 0 0,9 0 0 0 0 

The first two are fuzzyM-hypergroups, while the next two are not, since / 0Ha b �  is valid for the third one and 
\ 0Hb a �  is valid for the fourth one.  Nevertheless, 0Hx H ��  and 0HH x �� ,  
 �x a,b�  is true for the third and 

the fourth ones, while 0Hb H ��  is valid for the last one.  This property leads us to the following definition:   

Definition 8.  A fuzzy semihypergroup � �H ,�  will be called pseudo fuzzyM-hypergroup, if 0Ha H ��  and 
0HH a ��  for any a H� . 

The enumeration of the different classes of 2-element fuzzyM-hypergroups and pseudo fuzzyM-hypergroups 
remains an open question.  
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