
JEWRIA ANAPARASTASEWN

Qeimerinì Ex�mhno 2009
Ask seic #1

Se ìti akoloujeÐ, G eÐnai peperasmènh om�da kai V eÐnai C-dianusmatikìc q¸roc
peperasmènhc di�stashc.

1. DeÐxte ìti h apeikìnish G×G→ G pou orÐzetai jètontac g ·x = gxg−1 gia g, x ∈ G
apoteleÐ dr�sh thc om�dac G p�nw ston eautì thc.

2. DeÐxte ìti oi mìnec anaparast�seic thc summetrik c om�dac Sn di�stashc èna
eÐnai h profan c anapar�stash kai h anapar�stash tou pros mou. (Upìdeixh: An
ρ : Sn → Cr{0} eÐnai anapar�stash kai T eÐnai to sÔnolo twn antimetajèsewn thc
Sn, deÐxte ìti eÐte ρ(t) = 1 gia k�je t ∈ T , eÐte ρ(t) = −1 gia k�je t ∈ T .)

3. 'Estw èna G-prìtupo V kai W ⊆ V ènac G-analloÐwtoc upìqwroc.

(a) DeÐxte ìti o q¸roc phlÐko V/W eÐnai epÐshc G-prìtupo, an jèsoume

g · (v +W ) = gv +W

gia g ∈ G kai v ∈ V .
(b) DeÐxte ìti oi V kai W ⊕ (V/W ) eÐnai isìmorfoi wc G-prìtupa.

4. 'Estw an�gwgh anapar�stash ρ : G→ GL(V ).

(a) An dimC(V ) ≥ 2 kai v ∈ V , deÐxte ìti
∑

g∈G gv = 0.

(b) An h ∈ G kai gh = hg gia k�je g ∈ G, deÐxte ìti ρ(h) = ζI gia k�poia rÐza thc
mon�dac ζ ∈ C.

5. 'Estw V an�gwgo G-prìtupo kai èstw 〈 , 〉 kai 〈 , 〉′ dÔo G-analloÐwta eswterik�
ginìmena sto V . DeÐxte ìti up�rqei c ∈ Cr{0}, tètoio ¸ste 〈v, w〉 = c〈v, w〉′ gia ìla
ta v, w ∈ V , wc ex c:
(a) DeÐxte ìti oi apeikonÐseic H,H ′ : V → V ∗ me H(v)(w) = 〈v, w〉 kai H ′(v)(w) =

〈v, w〉′ gia v, w ∈ V eÐnai suzugeÐc - grammikoÐ isomorfismoÐ dianusmatik¸n q¸-
rwn.

(b) DeÐxte ìti h apeikìnish φ = H−1 ◦H ′ : V → V eÐnai G-isomorfismìc.

(g) Sun�gete apì to L mma tou Schur ìti up�rqei c ∈ Cr{0}, tètoio ¸ste 〈v, w〉 =
c〈v, w〉′ gia ìla ta v, w ∈ V .
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Se ìti akoloujeÐ, G eÐnai peperasmènh om�da kai V eÐnai C-dianusmatikìc q¸roc
peperasmènhc di�stashc.

6. 'Estw anapar�stash ρ : G → GL(V ) thc G di�stashc d me qarakt ra χ kai
èstw g ∈ G. DeÐxte ìti χ(g) = d an kai mìno an ρ(g) = I, ìpou I : V → V eÐnai o
tautotikìc endomorfismìc tou V .

7. 'Estw G = {ε, g, g2, . . . , gn−1} h kuklik  om�da t�xhc n kai èstw h anapar�stash
ρ : G→ GL2(C) me

ρ(gk) =

 cos 2πk
n sin 2πk

n

-sin 2πk
n cos 2πk

n


gia k ∈ {0, 1, . . . , n − 1}. Poia eÐnai h an�lush thc ρ se eujÔ �jroisma an�gwgwn
anaparast�sewn thc G?

8. H summetrik  om�da S3 dra sto sÔnolo monwnÔmwn Mn = {xa1
1 x

a2
2 x

a3
3 : 0 ≤ ai ≤

n− 1} se metatijèmenec metablhtèc x1, x2, x3 me

π · u = xa1

π(1)x
a2

π(2)x
a3

π(3)

gia π ∈ S3 kai u = xa1
1 x

a2
2 x

a3
3 ∈Mn. Poia eÐnai h an�lush thc antÐstoiqhc anapar�s-

tashc metajèsewn se eujÔ �jroisma an�gwgwn anaparast�sewn thc S3?

9. Pìsec kl�seic suzugÐac èqei h summetrik  om�da S6?

10. Gia π ∈ Sn jètoume χ(π) = # {1 ≤ i ≤ n : π(i) = i} − 1.

(a) DeÐxte ìti h χ eÐnai qarakt rac k�poiac anapar�stashc ρ thc Sn.

(b) An p(n, k) = # {π ∈ Sn : χ(π) = k − 1}, deÐxte ìti
n∑

k=0

kp(n, k) =
n∑

k=0

k(k − 1)p(n, k) = n!.

(g) DeÐxte ìti h anapar�stash ρ eÐnai an�gwgh. (Upìdeixh: Qrhsimopoi¸ntac to
(b), deÐxte ìti 〈χ, χ〉 = 1.)
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11. 'Estw h dr�sh thc kuklik c om�dac G = {ε, g, g2, . . . , gn−1} t�xhc n sto sÔnolo
twn uposunìlwn thc Zn me dÔo stoiqeÐa, h opoÐa orÐzetai jètontac

gk · {i, j} = {i+ k, j + k}

gia diakekrimèna stoiqeÐa i, j ∈ Zn. 'Estw φ h antÐstoiqh anapar�stash thc G kai ρ
h kanonik  thc anapar�stash.

(a) Gia n = 7, deÐxte ìti h φ eÐnai isìmorfh me th ρ⊕ ρ⊕ ρ. GenikeÔste gia tuqaÐo
perittì n.

(b) Gia n = 8, deÐxte ìti h φ eÐnai isìmorfh me th ρ⊕ ρ⊕ ρ⊕φ′ gia k�poia anapar�-
stash φ′ thcG kai analÔste th φ′ se eujÔ �jroisma an�gwgwn anaparast�sewn.
GenikeÔste gia tuqaÐo �rtio n.

12. 'Estw χ, ψ an�gwgoi qarakt rec peperasmènhc om�dac G. DeÐxte ìti o χψ
perièqetai sthn kanonik  anapar�stash thc G, dhlad  ìti 〈χψ, φ〉 ≤ dimφ gia k�je
an�gwgo qarakt ra φ thc G.

13. 'Estw λ ` n.

(a) UpologÐste thn tim  tou qarakt ra thc anapar�stashc Mλ thc summetrik c
om�dac Sn sth met�jesh w ∈ Sn, an λ = (5, 4, 4, 1) kai h w èqei kuklikì tÔpo
(4, 3, 2, 2, 2, 1).

(b) DeÐxte ìti χλ(w) ∈ Z gia k�je w ∈ Sn, ìpou χλ eÐnai o an�gwgoc qarakt rac
thc Sn pou antistoiqeÐ sth diamèrish λ. (Upìdeixh: Qrhsimopoi ste to Pìrisma
10.16.)

14. Qrhsimopoi¸ntac mìno ton orismì twn arijm¸n Kostka, deÐxte ìti an λ, µ eÐnai
diamerÐseic tou n kai Kλµ 6= 0, tìte λ� µ.

15. Gia λ ` n sumbolÐzoume me λ′ th diamèrish tou n, to di�gramma Young thc opoÐac
prokÔptei apì ekeÐno thc λ me an�klash sthn kÔria diag¸nio. Gia par�deigma an
λ = (5, 4, 4, 1), tìte λ′ = (4, 3, 3, 3, 1). Gia diamerÐseic λ, µ tou n, deÐxte ìti λ� µ an
kai mìno an µ′ � λ′.
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16. 'Estw peperasmènh om�da G.

(a) DeÐxte ìti oi akìloujoi dÔo qarakt rec thc G tautÐzontai: (i) o qarakt rac
thc dr�shc σ : G→ S(G) thc suzugÐac thc G p�nw ston eautì thc, dhlad  me
σ(g)(x) = gxg−1 gia g, x ∈ G kai (ii) o qarakt rac

∑
χ χ̄χ, ìpou sto �jroisma

to χ diatrèqei ìlouc touc an�gwgouc qarakt rec thc G.

(b) 'Estw ψG o qarakt rac tou (a). DeÐxte ìti 〈ψG, χ〉 =
∑

K χ(K) gia k�je
an�gwgo qarakt ra χ thc G, ìpou sto �jroisma to K diatrèqei ìlec tic kl�seic
suzugÐac thc G. Sun�gete ìti

∑
K χ(K) ≥ 0 gia k�je an�gwgo qarakt ra χ

thc G.

17. 'Estw akèraioi n, k me 1 ≤ k ≤ n/2. H summetrik  om�da Sn dra p�nw sto
sÔnolo An,k twn uposunìlwn tou {1, 2, . . . , n} me k stoiqeÐa wc ex c:

π · {a1, a2, . . . , ak} = {π(a1), π(a2), . . . , π(ak)}

gia π ∈ Sn kai {a1, a2, . . . , ak} ∈ An,k. Poia eÐnai h an�lush thc antÐstoiqhc ana-
par�stashc se eujÔ �jroisma an�gwgwn anaparast�sewn thc Sn? (Upìdeixh: Qrhsi-
mopoi ste ton kanìna tou Young.)

18. Na ekfr�sete th monwnumik  summetrik  sun�rthsh m(2,2) sth b�sh {sλ : λ ` 4}
tou Λ4

Q.

19. DeÐxte ìti gia λ, µ ` n isqÔei

φλ(µ) =
∑
ν`n

χν(µ)Kνλ,

ìpou φλ kai χλ eÐnai oi qarakt rec twn anaparast�sewn Mλ kai Sλ thc summetrik c
om�dac Sn, antÐstoiqa, kai Kνλ eÐnai oi arijmoÐ Kostka.

20. DeÐxte ìti to qarakthristikì polu¸numo tou endomorfismoÔ ω : Λn
Q → Λn

Q eÐnai
Ðso me

(x− 1)
p(n)+c(n)

2 (x+ 1)
p(n)−c(n)

2 ,

ìpou p(n) eÐnai to pl joc twn diamerÐsewn tou n kai c(n) eÐnai to pl joc ekeÐnwn twn
diamerÐsewn λ tou n gia tic opoÐec λ′ = λ.
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21. Na ekfr�sete:

(a) to tetr�gwno thc sun�rthshc Schur s(2,1) sth b�sh {sλ : λ ` 6} tou Λ6
Q,

(b) to ginìmeno twn summetrik¸n sunart sewn s(2,2) kai p(2,2) sth b�sh {sλ : λ ` 8}
tou Λ8

Q.

22. DeÐxte ìti

hk(x1, x2, . . . , xn) =
n∑

i=1

xn+k−1
i∏

j 6=i (xj − xi)

gia mh arnhtikoÔc akeraÐouc n, k me n ≥ 1.

23. 'Estw jetikìc akèraioc m kai h diamèrish λ = (m,m− 1, . . . , 1) tou n =
(

m+1
2

)
.

(a) DeÐxte ìti

sλ(x1, x2, . . . , xm) = x1x2 · · ·xm

∏
1≤i<j≤m

(xi + xj).

(b) UpologÐste thn tim  χλ(µ) tou qarakt ra χλ thc summetrik c om�dac Sn gia
m = 4 kai µ = (3, 3, 3, 1).

(g) DeÐxte ìti χλ(w) = 0, an h t�xh thc met�jeshc w ∈ Sn eÐnai �rtioc arijmìc.

Proairetik  'Askhsh: BreÐte (me apìdeixh) ìlec tic diamerÐseic λ ` n gia tic opoÐec
isqÔei χλ(w) = 0 gia k�je met�jesh w ∈ Sn me �rtia t�xh.
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