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We are concerned with the follow-

Cng cluestion.

Question (Brenti-wWelker, 2008)

Does the face enulmer‘ating polyno-
mial of the barycentric subdivision
of a convex polytope have oniy

real roots ?



Recall that the barycentric subd:-
vision of o polyhedral complex L

is defined as

"

sd () simplicial complex of all
chouns of nonempty faces

of L

order complex of the poset
of nonempty faces of L,



Note. Order complexes form a

special class of f(qg simplicial
wom plexes (cligue complexes of

graPhS).



The §- and h—polgnomials of o (f(-
nite, aabstroct) (nM-A-dumensional

simplicial covmplex A are defined
oS

IF)
£(A X)) = od

FeA

" X
h(Ax) = (1-x) $(A, — )
j—2x

Thus

£(sd (L), x) = chain polynomial of
the poset of nonempty
faces of L.



Examp\e. For the boundary comp-

Lex of the 3-dimensional cube
) 3
F(A,x) = 4+26x+F2X +48x
MDA x) = (A=2002+ 26 x(A1-20" + 32’ U-x)
' 3
+ 48x

3
1+93x+93'xq+ x

Note. §(A,x) is real-rooted iff so s
h(A x),



Brente- Welkeyr (2008)

showed that hi(sd(P),x) is real-
rooted for every Simplicial poly-
tope P

asked whether the same holds

for ail polytopes,

Problem . Find a counterexample,

or a proof, at least for a broad
class of monsimplicial , nonsimple

polytopes.



Why ts it plausible that the que-

sthon has an affirmative answer?

h(sd(P),x) = h(sd(dP),x) has po-
Undromic and nonnegative coef-
fianents and (as observed by

Gal) can be expressed a s

Ln/y

4 -
Z X, (P)x (4+x)
t=0

for some y (P)eN (n=dim(pP)),



Why s the question interesting’!

It concerns flag f-vectors of poly-
topes.

It is part of a broader class of
questions about

flag triar\gulations of balls and
spheres

triangulations of polyhedral and

cell comP\exeS

order complexes of posets.



Theorem (A,2020+) hi(sd (L), x) is

real-rooted for every pure shell-
able cubical complex L,
In particutlor, h(sd(P) x) is real-

vrooted for every cubical polytope
P.



Recall that

a polyhedral complex 4L is said
to be cubical i§ every foce of L
(s combinatorially isomorphic to

o cube

o polytope P is cubical if so is

Its boundary womplex oP.



Note. Cubical complexes and po-

(ytopes are (mportant and my-
sterious objects IN mathematics
with hiahlg intrncate combinatori-

al properties .



Review of the simplicial case.

Given an (m-1)-dimensional sim -

pliccal complex A we write
n
K
h(a,x) = ZhK(A)I.
K=0

Then, there exist p, \(x) € N(a]
such that

N
h(sd(A),x) = Z h, (A) P,k ().
K=0
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Recurrence :

k"‘ m
(= (=K ’

=

n
ZCKPn.K(:x) is real-cooted whene-
K=0

vey ckzo for all k|



One possible approach: Could it be
that §or every n-dimensional po-

lgtOPQ P

mn
h(sd(P),x) - gockcm P (%)

for some ck(P) >0 7?

Note The ¢ (P) 20 are Uneov ine-

qualtities on the .;Iomg f§-vector of p.



Unfortumiately, mo.

There exist Y- dimensional cu-
bical neighborly Polytopes -}or
which this fails,

There exists o« 6-dimensional zo-

notope for which this fouls

Question (a) For which Pol\JtOPQS
c, (P)>0 for all K? (b) For which

polytopes ¢, (P)elN for all k7



Another approach: Let L be an -

dimensional cubicol complex and

Fx (L) # of k-dimensiomnal foces

X (L) = reduced €uler characteri-
stic

of L. The cubical h-vector and h-

pohdnomi al

nt+d

h(L,x) = ZhK(L) x
K=0



were defined by Adin (1996) by

the formula

m
Kb [y \V "
(4+x)h (L) = 4 + ZJ-K(«UI (!_9-:_:)
K=0

n N+
+ (-4) x(L) x

Note. h (L)20 for every pure shel-

lable cubical complex [ and all k.



Then

n+1

B
h(sd(d), x) = Z "lK(L) P (X)
K=0 ‘

(3
for some p,, (X) € Z(x),

K
n O 1 2 3
O 4 X

4
2  A4+6xX+ 4Qx4—'—lx2 ‘-ixHQxQ x+6121-x3

8
Py (%)



4+ 93x+?312+x

36 + 5‘419‘4- 4113
8

P?tk(x) = ’\9.3(+7-9.1Qi-49.x3
4 +54x% 363
x+9319‘+‘2313+xq

Recurvence :

K-A N+ A o
[
x D paixd 4 2 pix) =
(= (=K
B8
Payy, (X7, ke {on+2}
- 8

PnHK"‘)/Q. A< K<E<N+1



i+

8
= Z i P () (s real-rooted
K=0

whenever ckz O.



Geometric (nterpretation: [let

= (n-A)-dimensitonal stm plex

“n
T, = N-dimensional cube.

Then

Pn,k (X) = h-polynomial of relati-
ve simplicial complex o-
btained from sd(o5,) by

removing all faces on

Kk facets of 90, .






There is a stmilay interpretat{on

(2
oY e A€)
4 th Pn,k( )



One removes all faces of sd(t,) from

no facet of o0t,, for k=0

one facet of 0T, for k={

k—4 wmore Pou'rs of antipodal fa-
cets of 9T, for V<k<m

all facets of 0T, for K=n4+1.

Open: Find a combinatorial inter-
. %)
pretatnon of pn‘.‘(x),

Open: |s h(sd(Z),x) real-rooted for
every zonotope Z ?



Thank you for your attention!



