Eisagwgă sth Sunduastikă JewrÐa twn Merikÿc Diatetagmènwn Sunìlwn

Qrhstos A. Ajanasiadhs Tmhma Majhmatikwn Panepisthmio Ajhnwn Anoixh 2006

2

Perieqìmena

1 Arqikèc ’Ennoiec 5 1.1 ApeikonÐseic kai sqèseic isodunamÐac . . . . . . . . . . . . . . . . . . . . . . . 5 1.2 Merikèc diatĹxeic kai isomorfismoÐ . . . . . . . . . . . . . . . . . . . . . . . . 8 1.3 PrĹxeic se merikèc diatĹxeic . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 1.4 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2 AlusÐdec kai AntialusÐdec 23 2.1 AlusÐdec, antialusÐdec kai diabajmÐseic . . . . . . . . . . . . . . . . . . . . . 23 2.2 Ideÿdh kai fÐltra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 2.3 To Jeÿrhma tou Dilworth . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 2.4 Summetrikèc alusÐdec kai to Jeÿrhma tou Sperner . . . . . . . . . . . . . . . 32 2.5 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3 Ideÿdh kai Grammikèc EpektĹseic 45 3.1 MorfismoÐ merikÿn diatĹxewn . . . . . . . . . . . . . . . . . . . . . . . . . . 45 3.2 H merikă diĹtaxh twn idewdÿn . . . . . . . . . . . . . . . . . . . . . . . . . . 46 3.3 Grammikèc epektĹseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 3.4 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

4 SÔndesmoi 55 4.1 OrismoÐ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 4.2 EpimeristikoÐ sÔndesmoi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.3 SÔndesmoi kai kleistìthta . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 4.4 ArjrwtoÐ, hmiarjrwtoÐ kai gewmetrikoÐ sÔndesmoi . . . . . . . . . . . . . . . 65 4.5 GewmetrikoÐ sÔndesmoi kai mhtroeidă . . . . . . . . . . . . . . . . . . . . . . . 68 4.6 Stoiqeiÿdeic idiìthtec mhtroeidÿn . . . . . . . . . . . . . . . . . . . . . . . . 71 4.7 HmiepimeristikoÐ sÔndesmoi kai kurtèc gewmetrÐec . . . . . . . . . . . . . . . . 77 4.8 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

KefĹlaio 1

Arqikèc ’Ennoiec

Oi merikèc diatĹxeic eÐnai dimeleÐc sqèseic pou apolambĹnoun treic basikèc idiìthtec, thn anaklastikă idiìthta, thn antisummetrÐa kai th metabatikìthta. Oi dimeleÐc autèc sqèseic sunantÿntai kai paÐzoun shmantikì rìlo se èna eurÔtato fĹsma twn sÔgqronwn majhmatikÿn. Sto kefĹlaio autì eisĹgoume thn ènnoia thc merikăc diĹtaxhc se èna sÔnolo kajÿc kai autăn tou isomorfismoÔ dÔo merikÿc diatetagmènwn sunìlwn. Akìmh, dÐnoume paradeÐgmata kai perigrĹfoume basikoÔc trìpouc me touc opoÐouc mporoÔme na kataskeuĹsoume nèec (pio sÔnjetec) merikèc diatĹxeic apì mÐa ă perissìterec dosmènec diatĹxeic.

Ja qrhsimopoiăsoume touc exăc sumbolismoÔc:

∅: to kenì sÔnolo N = {1, 2, . . .}: to sÔnolo twn fusikÿn arijmÿn Z: to sÔnolo twn akeraÐwn Z_{≥0} = {0, 1, . . .}: to sÔnolo twn mh arnhtikÿn akeraÐwn Q: to sÔnolo twn rhtÿn R: to sÔnolo twn pragmatikÿn [n]: to sÔnolo {1, 2, . . . , n} #S: o plhjĹrijmoc tou sunìlou S.

1.1 ApeikonÐseic kai sqèseic isodunamÐac

JewroÔme gnwstèc basikèc ènnoiec thc jewrÐac sunìlwn, ìpwc autăc tou egkleismoÔ sunìlwn A ⊆ B, tou kartesianoÔ ginomènou (peperasmènou plăjouc) sunìlwn, thc apeikìnishc sunìlwn kai thc sÔnjeshc apeikonÐsewn kai grĹfoume A ⊂ B, ìtan A ⊆ B kai apokleÐetai h isìthta. Gia apeikìnish sunìlwn f : A → B kai y ∈ B sumbolÐzoume me

∘ f(A) = {f(x) : x ∈ A} kai me ∘ f^{−1}(y) = {x ∈ A : f(x) = y},

antÐstoiqa, thn eikìna tou A kai thn antÐstrofh eikìna tou y ∈ B (mèsw thc f) kai upenjumÐzoume ìti f(A) ⊆ B kai f^{−1}(y) ⊆ A . H apeikìnish f : A → B lègetai

∘ ènrriyh (ă 1`1 ă enrriptikă apeikìnish) an #f^{−1}(y) ≤ 1 gia kĹje y ∈ B, ∘ epÐrriyh (ă epÐ ă epirriptikă apeikìnish) an #f^{−1}(y) ≥ 1 gia kĹje y ∈ B, ∘ amfÐrriyh (ă 1`1 kai epÐ ă amfirriptikă apeikìnish) an #f^{−1}(y) = 1 gia kĹje y ∈ B.

Paradeigma. An A = {a, b, c, d}, ìpou a, b, c, d eÐnai diaforetikĹ anĹ dÔo stoiqeÐa tou A, kai B = {1, 2, 3}, tìte h apeikìnish f : A → B me f(a) = 2, f(b) = 3 kai f(c) = f(d) = 1 eÐnai epÐrriyh allĹ den eÐnai ènrriyh, diìti to f^{−1}(1) = {c, d} èqei dÔo stoiqeÐa. � H epìmenh basikă prìtash jewreÐtai gnwstă.

Prìtash 1.1.1 ’Estw f : A → B apeikìnish peperasmènwn sunìlwn.

(i) An h f eÐnai ènrriyh tìte #A ≤ #B. (ii) An h f eÐnai epÐrriyh tìte #A ≥ #B.

(iii) An h f eÐnai amfÐrriyh tìte #A = #B. �

Dimelăc sqèsh se èna sÔnolo S lègetai èna uposÔnolo R tou kartesianoÔ ginomènou S × S. Gia a, b ∈ S grĹfoume a R b an (a, b) ∈ R kai lème ìti to a sqetÐzetai me to b wc proc th dimelă sqèsh R. H ènnoia thc dimeloÔc sqèshc sto S genikeÔei thn ènnoia thc apeikìnishc f : S → S, me thn opoÐa kĹje stoiqeÐo a tou S sqetÐzetai me akribÿc èna stoiqeÐo tou S, to b = f(a). Mia shmantikă kathgorÐa dimelÿn sqèsewn eÐnai oi sqèseic isodunamÐac. H ènnoia thc sqèshc isodunamÐac sto S eÐnai stenĹ sundedemènh me autăn thc diamèrishc tou sunìlou S. Orismìc 1.1.1 ’Estw sÔnolo S. OnomĹzoume diamèrish (ă merismì) tou S èna sÔnolo π = {B_1, B_2, . . . , B_k} mh kenÿn uposunìlwn tou S pou anĹ dÔo eÐnai xèna metaxÔ touc kai h ènwsă touc eÐnai Ðsh me S. Ta uposÔnola B_i lègontai mèrh thc diamèrishc π.

Paradeigma. To π = {{1, 5, 9}, {2, 8}, {7}, {3, 4, 6}} eÐnai diamèrish tou [9]. GrĹfoume π = 159/28/7/346, ìpou h seirĹ me thn opoÐa anagrĹfontai ta mèrh thc π ìpwc kai h seirĹ me thn opoÐa anagrĹfontai ta stoiqeÐa se kĹje mèroc thc π, den èqei shmasÐa. � ’Estw π = {B_1, B_2, . . . , B_k} diamèrish tou S. JewroÔme th dimelă sqèsh ≡_π sto S pou orÐzetai wc exăc: gia x, y ∈ S èqoume x ≡_π y an ta x kai y anăkoun sto Ðdio mèroc B_i thc π. H sqèsh aută èqei profanÿc tic epìmenec treic basikèc idiìthtec:

(i) a ≡_π a (anaklastikă), (ii) an a ≡_π b, tìte b ≡_π a (summetrikă), (iii) an a ≡_π b kai b ≡_π c, tìte a ≡_π c (metabatikă)

gia ìla ta a, b, c ∈ S.

Paradeigma. An S = [9] kai π = {{1, 5, 9}, {2, 8}, {7}, {3, 4, 6}}, tìte 1 ≡_π 5, 5 ≡_π 9, 1 ≡_π 9, 2 ≡_π 8, 7 ≡_π 7 klp. �

Orismìc 1.1.2 Mia dimelăc sqèsh, èstw ≡, sto sÔnolo S lègetai sqèsh isodunamÐac (equivalence relation) an gia ìla ta a, b, c ∈ S isqÔoun ta exăc:

(i) a ≡ a, (ii) an a ≡ b, tìte b ≡ a, (iii) an a ≡ b kai b ≡ c, tìte a ≡ c.

Lème ìti to a eÐnai isodÔnamo me to b (wc proc th sqèsh isodunamÐac ≡) an a ≡ b.

’Wste gia kĹje diamèrish π tou S h ≡_π eÐnai sqèsh isodunamÐac sto S. AntÐstrofa, kĹje sqèsh isodunamÐac ≡ sto S orÐzei mia diamèrish π tou S gia thn opoÐa oi ≡_π kai ≡ tautÐzontai. Pio sugkekrimèna, klĹsh isodunamÐac tou a ∈ S lègetai to uposÔnolo C_a = {x ∈ S : x ≡ a} tou S pou apoteleÐtai apì ìla ta isodÔnama me to a stoiqeÐa tou S. ’Eqoume a ≡ a kai sunepÿc a ∈ C_a gia kĹje a ∈ S, pou shmaÐnei ìti oi klĹseic isodunamÐac eÐnai mh kenèc kai h ènwsă touc eÐnai to sÔnolo S. EpÐshc oi klĹseic C_a kai C_b eÐnai xènec metaxÔ touc ektìc an C_a = C_b. PrĹgmati, an C_a ∩ C_b ≠ ∅ tìte upĹrqei c ∈ C_a ∩ C_b, opìte c ≡ a kai c ≡ b. Apì tic sqèseic autèc, exaitÐac thc summetrikăc kai thc metabatikăc idiìthtac thc sqèshc ≡ èqoume a ≡ b. ’Estw tÿra tuqaÐo x ∈ C_a. Apì tic x ≡ a kai a ≡ b paÐrnoume x ≡ b, dhladă ìti x ∈ C_b. DeÐxame ìti C_a ⊆ C_b kai anĹloga apodeiknÔoume ìti C_b ⊆ C_a, Ĺra C_a = C_b. SumperaÐnoume ìti ta diakekrimèna apì ta sÔnola C_a gia a ∈ S apoteloÔn diamèrish π tou S, ta mèrh thc opoÐac eÐnai oi klĹseic isodunamÐac thc ≡, opìte h sqèsh ≡_π tautÐzetai me thn ≡.

Paradeigma. An S = {a, b, c} kai ≡ eÐnai h dimelăc sqèsh {(a, a), (b, b), (c, c), (a, b), (b, a)} sto S, tìte h ≡ eÐnai sqèsh isodunamÐac me dÔo klĹseic isodunamÐac C_a = C_b = {a, b} kai C_c = {c}. �

1.2 Merikèc diatĹxeic kai isomorfismoÐ

Me ton akìloujo orismì eisĹgoume thn ènnoia thc merikăc diĹtaxhc.

Orismìc 1.2.1 Mia dimelăc sqèsh, èstw ≤, sto sÔnolo P lègetai merikă diĹtaxh (partial order) an gia ìla ta a, b, c ∈ P isqÔoun ta exăc:

(i) a ≤ a, (ii) an a ≤ b kai b ≤ a, tìte a = b, (iii) an a ≤ b kai b ≤ c, tìte a ≤ c.

H idiìthta (ii) lègetai antisummetrÐa.

To zeÔgoc (P, ≤) lègetai merikÿc diatetagmèno sÔnolo kai sumbolÐzetai aploÔstera me P ìtan h merikă diĹtaxh ≤ eÐnai eunìhth. ’Otan anaferìmaste se èna merikÿc diatetagmèno sÔnolo P ja sumbolÐzoume th merikă diĹtaxh tou P me ≤ ă me ≤_P . Gia lìgouc suntomÐac, ja qrhsimopoioÔme suqnĹ ton ìro {merikă diĹtaxh} antÐ gia {merikÿc diatetagmèno sÔnolo}. Ta stoiqeÐa a, b tou P lègontai sugkrÐsima an a ≤ b ă b ≤ a. GrĹfoume a < b (kai b > a) an a ≤ b kai a ≠ b. Lème ìti to b kalÔptei to a (ă ìti to zeÔgoc (a, b) ă h sqèsh a < b eÐnai sqèsh kĹluyhc), an a < b kai den upĹrqei x ∈ P me a < x < b. An to P eÐnai peperasmèno, tìte to (P, ≤) apeikonÐzetai me to diĹgramma Hasse, to opoÐo perièqei ta stoiqeÐa tou P wc korufèc kai mia akmă pou na sundèei ta a kai b gia kĹje sqèsh kĹluyhc (a, b) sto P , me to b na emfanÐzetai yhlìtera apì to a.

Paradeigma. Sto Sqăma 1.1 apeikonÐzontai ta diagrĹmmata Hasse dÔo merikÿn diatĹxewn sta sÔnola P = {a, b, c, d} kai Q = {a, b, c, d, e}. Sthn prÿth èqoume tic sqèseic kĹluyhc a < b, c < b kai c < d kai sth deÔterh tic a < b, b < d, d < e, a < c kai c < e. Sthn perÐptwsh tou Q parathroÔme ìti oi a < d, a < e kai b < e den eÐnai sqèseic kĹluyhc kai sunepÿc den upĹrqoun oi antÐstoiqec akmèc sto diĹgramma. Oi akmèc autèc ja apoteloÔsan

Sqăma 1.1: DÔo merikÿc diatetagmèna sÔnola.

katĹ kĹpoio trìpo pleonasmì afoÔ, gia parĹdeigma, apì tic akmèc metaxÔ twn a, b kai b, d prokÔptei ìti a < b kai b < d kai sunepÿc ìti a < d apì th metabatikă idiìthta. Ta {a, c}, {a, d} kai {b, d} eÐnai zeÔgh mh sugkrÐsimwn stoiqeÐwn sto P , ìpwc kai ta {b, c} kai {c, d} sto Q. �

Ac exetĹsoume tÿra kai Ĺlla paradeÐgmata merikÿn diatĹxewn.

ParĹdeigma 1.2.1 H fusikă diĹtaxh ≤_Z twn akeraÐwn eÐnai merikă diĹtaxh sto Z, kajÿc kai se opoiodăpote uposÔnolo tou Z (oi idiìthtec tou OrismoÔ 1.2.1 sthn perÐptwsh aută jewroÔntai gnwstèc). Sth diĹtaxh aută (thn opoÐa sumbolÐzoume aploÔstera me ≤ ìtan pisteÔoume ìti den upĹrqei kÐndunoc sÔgqhshc) opoiadăpote dÔo stoiqeÐa tou Z eÐnai sugkrÐsima. Mia merikă diĹtaxh me aută thn idiìthta lègetai olikă diatĹxh ă grammikă diatĹxh ă alusÐda. Gia parĹdeigma, upĹrqoun dÔo alusÐdec sto sÔnolo {1, 2}, h 1 < 2 kai h 2 < 1. Genikìtera (Prìtash 2.1.1), kĹje olikă diĹtaxh se èna sÔnolo P me n stoiqeÐa eÐnai thc morfăc σ_1 < σ_2 < · · · < σ_n (dhladă isqÔei x ≤ y sto P an kai mìno an x = σ_i kai y = σ_j me i ≤_Z j) gia kĹpoia apì tic n! metajèseic (σ_1, σ_2, . . . , σ_n) tou P . DiagrĹmmata Hasse alusÐdwn me trÐa kai tèssera stoiqeÐa apeikonÐzontai sto tèloc thc prÿthc kai trÐthc seirĹc tou Sqămatoc 1.4. �

ParĹdeigma 1.2.2 ’Estw sÔnolo P kai h dimelăc sqèsh ≤ h opoÐa orÐzetai jètontac a ≤ b, gia a, b ∈ P , an a = b. H sqèsh aută eÐnai profanÿc merikă diĹtaxh sto P , lègetai antialusÐda kai apoteleÐ th monadikă merikă diĹtaxh sto P sthn opoÐa den upĹrqoun diakekrimèna sugkrÐsima (metaxÔ touc) stoiqeÐa tou P . DiagrĹmmata Hasse antialusÐdwn me trÐa kai tèssera stoiqeÐa apeikonÐzontai sthn arqă thc prÿthc kai deÔterhc seirĹc tou Sqămatoc 1.4. �

ParĹdeigma 1.2.3 ’Estw B_n to dunamosÔnolo (sÔnolo ìlwn twn uposunìlwn) tou [n] me th dimelă sqèsh ≤ tou egkleismoÔ, dhladă me S ≤ T an S ⊆ T gia S, T ⊆ [n]. Oi treic idiìthtec tou OrismoÔ 1.2.1 eÐnai fanerèc ìpou h antisummetrÐa, p.q., isodunameÐ me to gegonìc ìti an S ⊆ T kai T ⊆ S gia S, T ⊆ [n], tìte S = T . Sunepÿc h ≤ eÐnai merikă diĹtaxh sto B_n. Me aută th merikă diĹtaxh to sÔnolo B_n lègetai Ĺlgebra Boole tĹxhc n. To diĹgramma Hasse tou B_n apeikonÐzetai sto Sqăma 1.2 (a) gia n = 3.

Isqurizìmaste tÿra ìti sthn Ĺlgebra Boole B_n, to T kalÔptei to S an kai mìno an S ⊆ T kai #T = #S + 1. Upojètoume prÿta ìti to T kalÔptei to S. Tìte S < T , opìte S ⊆ T kai #T ≥ #S + 1. An eÐqame #T > #S + 1 tìte ja upărqan toulĹqiston dÔo diaforetikĹ stoiqeÐa a, b tou T − S kai ja eÐqame S ⊂ S ∪ {a} ⊂ T . Sunepÿc ja Ðsque S < S ∪ {a} < T sto B_n kai h S < T den ătan sqèsh kĹluyhc. H antÐfash aută mac odhgeÐ sto sumpèrasma ìti #T = #S + 1. AntÐstrofa an S ⊆ T kai #T = #S + 1 tìte eÐnai fanerì ìti S ⊂ T kai ìti den upĹrqei sÔnolo R me S ⊂ R ⊂ T , dhladă ìti to T kalÔptei to S. �

Sqăma 1.2: Oi merikèc diatĹxeic B_3 kai D_{12}.

Paratărhsh 1.2.1 H sqèsh tou egkleismoÔ mporeÐ na oristeÐ pĹnw se tuqaÐa sullogă A uposunìlwn enìc dosmènou sunìlou, jètontac S ≤ T gia S, T ∈ A an S ⊆ T . H sqèsh aută apoteleÐ merikă diĹtaxh sto A. Endiafèronta paradeÐgmata merikÿn diatĹxewn autoÔ tou eÐdouc emfanÐzontai se afjonÐa sthn Ĺlgebra kai th gewmetrÐa kai perilambĹnoun th merikă diĹtaxh (tou egkleismoÔ) sto sÔnolo twn grammikÿn upìqwrwn enìc dianusmatikoÔ qÿrou, sto sÔnolo twn upoomĹdwn miac omĹdac (me idiaÐterh shmasÐa gia th jewrÐa Galois), sto sÔnolo twn prÿtwn idewdÿn enìc antimetajetikoÔ daktulÐou (me idiaÐterh shmasÐa sth metajetikă Ĺlgebra) kai sto sÔnolo twn pleurÿn enìc kurtoÔ poluèdrou (ă poluedrikoÔ sumplègmatoc). Shmantikì parĹdeigma eÐnai epÐshc h {merikă diĹtaxh twn idewdÿn}, pou ja meletăsoume stic ParagrĹfouc 3.2 kai 4.2, kajÿc kai aută twn {kleistÿn sunìlwn} miac prĹxhc kleistìthtac, pou ja eisĹgoume sthn ParĹgrafo 4.3. �

ParĹdeigma 1.2.4 ’Estw h dimelăc sqèsh | sto sÔnolo N twn jetikÿn akeraÐwn me a | b an o b diaireÐtai me to a, dhladă an upĹrqei s ∈ N me b = as. H sqèsh aută eÐnai merikă diĹtaxh sto N. PrĹgmati, h anaklastikă idiìthta eÐnai faneră. Gia thn antisummetrÐa, parathroÔme ìti an a | b kai b | a, tìte a ≤_Z b kai b ≤_Z a kai sunepÿc a = b. Gia th metabatikìthta, parathroÔme ìti an a | b kai b | c, tìte upĹrqoun s, t ∈ N me b = as kai c = bt, opìte c = ast = aq me q = st ∈ N kai sunepÿc a | c. Se aută th merikă diĹtaxh oi akèraioi pou kalÔptoun to 1 (to elĹqisto stoiqeÐo thc diĹtaxhc) eÐnai autoÐ pou den èqoun diairèth Ĺllo apì to 1 kai ton eautì touc, dhladă oi prÿtoi arijmoÐ. Genikìtera to b kalÔptei to a sth merikă diĹtaxh | an kai mìno an b = ap gia kĹpoio prÿto arijmì p. �

ParĹdeigma 1.2.5 ’Estw n ∈ N kai èstw D_n to sÔnolo twn jetikÿn diairetÿn tou n me th sqèsh thc diairetìthtac tou ParadeÐgmatoc 1.2.4, dhladă me a | b sto D_n an o b diaireÐtai me to a. H sqèsh aută sto D_n eÐnai merikă diĹtaxh afoÔ, ìpwc èqoume ădh deÐxei, oi idiìthtec tou OrismoÔ 1.2.1 isqÔoun sto megalÔtero sÔnolo N. To diĹgramma Hasse tou D_n apeikonÐzetai sto Sqăma 1.2 (b) gia n = 12. �

ParĹdeigma 1.2.6 Gia n ∈ N èstw Π_n to sÔnolo twn diamerÐsewn tou sunìlou [n]. Gia π, σ ∈ Π_n jètoume π ≤ σ an kĹje mèroc thc diamèrishc π perièqetai se kĹpoio mèroc thc diamèrishc σ. Sthn perÐptwsh aută, lème ìti h π eÐnai eklèptunsh thc σ. An p.q. n = 9, π = 159/28/7/346 kai σ = 1579/23468, tìte π ≤ σ. H sqèsh ≤ kajistĹ to Π_n merikÿc diatetagmèno sÔnolo, to opoÐo anafèretai wc to sÔnolo twn diamerÐsewn tou [n] me merikă diĹtaxh thn eklèptunsh. Gia na epalhjeÔsoume thn antisummetrÐa (oi Ĺllec dÔo idiìthtec eÐnai fanerèc) parathroÔme ìti an π ≤ σ, tìte h σ èqei to polÔ tìsa mèrh ìsa kai h π. Epomènwc an π ≤ σ kai σ ≤ π tìte h σ èqei akribÿc tìsa mèrh ìsa kai h π enÿ kĹje mèroc thc π perièqetai se kĹpoio mèroc thc σ, opìte anagkastikĹ π = σ.

ParathroÔme epÐshc ìti isqÔei ^0 ≤ π ≤ ^1 gia kĹje π ∈ Π_n, ìpou ^0 eÐnai h diamèrish tou [n] ìla ta mèrh thc opoÐac èqoun èna stoiqeÐo kai ^1 eÐnai h diamèrish tou [n] me èna mìno mèroc. Epiplèon h σ kalÔptei thn π sto Π_n an kai mìno an h σ prokÔptei apì thn π enÿnontac dÔo diaforetikĹ mèrh thc π se èna kai afănontac ta upìloipa mèrh ametĹblhta. Gia n = 9, p.q. h π = 159/28/7/346 kalÔptetai, metaxÔ Ĺllwn, apì tic diamerÐseic 1579/28/346 kai 159/278/346. To diĹgramma Hasse tou Π_n apeikonÐzetai sto Sqăma 1.3 gia n = 3. �

Prwtarqikăc shmasÐac eÐnai h ènnoia tou isomorfismoÔ merikÿc diatetagmènwn sunìlwn.

Sqăma 1.3: H merikă diĹtaxh Π_3.

Orismìc 1.2.2 DÔo merikÿc diatetagmèna sÔnola (P, ≤_P ) kai (Q, ≤_Q) lègontai isìmorfa an upĹrqei amfÐrriyh f : P → Q ÿste gia x, y ∈ P na isqÔei x ≤_P y an kai mìno an f(x) ≤_Q f(y). Mia tètoia amfÐrriyh f lègetai isomorfismìc merikÿc diatetagmènwn sunìlwn.

ParĹdeigma 1.2.7 (i) ’Estw P = {a, b}, Q = {1, 2} kai f : P → Q, me f(a) = 1, f(b) = 2. An ta P, Q eÐnai merikÿc diatetagmèna kai isqÔei 1 < 2 sto Q, tìte h f eÐnai isomorfismìc an kai mìno an isqÔei a < b sto P . Ta P kai Q den eÐnai isìmorfa an ta a, b den eÐnai sugkrÐsima sto P .

(ii) H apeikìnish f : B_2 → D_6 me f(∅) = 1, f({1}) = 2, f({2}) = 3 kai f({1, 2}) = 6 eÐnai isomorfismìc merikÿc diatetagmènwn sunìlwn, ìpwc eÐnai epÐshc kai h g : B_2 → D_6 me g(∅) = 1, g({1}) = 3, g({2}) = 2 kai g({1, 2}) = 6.

(iii) Opoiesdăpote dÔo alusÐdec P kai Q me n stoiqeÐa eÐnai isìmorfec. PrĹgmati, èqoume σ_1 < σ_2 < · · · < σ_n sto P kai τ_1 < τ_2 < · · · < τ_n sto Q gia kĹpoiec metajèseic (σ_1, σ_2, . . . , σ_n) kai (τ_1, τ_2, . . . , τ_n) twn sunÐlown P kai Q (Prìtash 2.1.1) kai h apeikìnish f : P → Q me f(σ_i) = τ_i gia 1 ≤ i ≤ n eÐnai o zhtoÔmenoc isomorfismìc.

(iv) ’Estw 2^P to dunamosÔnolo enìc sunìlou P me n stoiqeÐa. Efodiasmèno me th merikă diĹtaxh tou egkleismoÔ, to 2^P eÐnai isìmorfo me thn Ĺlgebra Boole B_n (giatÐ?). �

H tautotikă apeikìnish i_P : P → P , h antÐstrofh apeikìnish f^{−1} : Q → P enìc isomorfismoÔ f : P → Q kai h sÔnjesh g ∘ f : P → R dÔo isomorfismÿn f : P → Q kai g : Q → R eÐnai ìlec isomorfismoÐ merikÿn diatĹxewn. ProkÔptei ìti h sqèsh isomorfismoÔ eÐnai sqèsh isodunamÐac sto sÔnolo twn merikÿn diatĹxewn. H klĹsh isodunamÐac tou P lègetai tÔpoc isomorfismoÔ tou P .

Sqăma 1.4: Oi merikèc diatĹxeic se 3 kai 4 stoiqeÐa.

Paradeigma. UpĹrqei ènac tÔpoc isomorfismoÔ merikÿn diatĹxewn me èna stoiqeÐo kai dÔo tÔpoi gia merikèc diatĹxeic me dÔo stoiqeÐa. Sto Sqăma 1.4 apeikonÐzontai ta diagrĹmmata Hasse twn pènte anisìmorfwn merikÿn diatĹxewn me 3 stoiqeÐa kai twn dekaèxi me 4 stoiqeÐa. � SuneqÐzoume me merikoÔc akìmh basikoÔc orismoÔc. ’Estw (P, ≤) merikÿc diatetagmèno sÔnolo kai a ∈ P . To a lègetai elaqistikì an den upĹrqei x ∈ P me x < a, megistikì an den upĹrqei x ∈ P me x > a, elĹqisto an a ≤ x gia kĹje x ∈ P kai mègisto an a ≥ x gia kĹje x ∈ P . ParathroÔme ìti to P mporeÐ na èqei to polÔ èna elĹqisto stoiqeÐo kai to polÔ èna mègisto stoiqeÐo. PrĹgmati, an ta a, b ătan kai ta dÔo elĹqista (ă kai ta dÔo mègista) stoiqeÐa, tìte ja eÐqame a ≤ b kai b ≤ a, Ĺra ja eÐqame kai a = b lìgw thc antisummetrÐac. ParathroÔme akìmh ìti kĹje elĹqisto (ă mègisto) stoiqeÐo (an upĹrqei) eÐnai elaqistikì (megistikì) kai ìti to antÐstrofo den eÐnai genikĹ alhjèc.

Paradeigma. Gia tic merikèc diatĹxeic tou Sqămatoc 1.1, to P èqei dÔo elaqistikĹ stoiqeÐa kai dÔo megistikĹ enÿ to Q èqei elĹqisto kai mègisto stoiqeÐo. Sth merikă diĹtaxh B_n to kenì sÔnolo ∅ eÐnai to elĹqisto stoiqeÐo kai to [n] to mègisto stoiqeÐo, diìti isqÔei ∅ ⊆ S ⊆ [n] gia kĹje S ∈ B_n. Sth merikă diĹtaxh tou ParadeÐgmatoc 1.2.4 o akèraioc 1 eÐnai to elĹqisto stoiqeÐo enÿ den upĹrqoun megistikĹ (ă mègista) stoiqeÐa. H merikă diĹtaxh D_n èqei elĹqisto stoiqeÐo to 1 kai mègisto stoiqeÐo to n. �

Lămma 1.2.1 Gia kĹje peperasmèno merikÿc diatetagmèno sÔnolo (P, ≤) kai kĹje x ∈ P upĹrqei elaqistikì stoiqeÐo a ∈ P kai megistikì stoiqeÐo b ∈ P me a ≤ x ≤ b. Eidikìtera, kĹje mh kenă peperasmènh merikă diĹtaxh èqei toulĹqiston èna elaqistikì kai toulĹqiston èna megistikì stoiqeÐo.

Apìdeixh. ApodeiknÔoume thn Ôparxh elaqistikoÔ stoiqeÐou. ’Estw ìti den upĹrqei elaqistikì stoiqeÐo a tou P me a ≤ x. Tìte to x den eÐnai elaqistikì kai sunepÿc upĹrqei x_1 ∈ P me x > x_1. To x_1 epÐshc den eÐnai elaqistikì kai sunepÿc upĹrqei x_2 ∈ P me x_1 > x_2. EpanalambĹnontac to Ðdio epiqeÐrhma brÐskoume mia Ĺpeirh akoloujÐa x = x_0 > x_1 > x_2 > · · · stoiqeÐwn tou P . Efìson to P eÐnai peperasmèno oi ìroi thc akoloujÐac autăc den mporeÐ na eÐnai ìloi anĹ dÔo diaforetikoÐ. Me Ĺlla lìgia upĹrqoun deÐktec i < j me x_i = x_j . Apì th metabatikìthta kai tic sqèseic x_i > x_{i+1} > · · · > x_j = x_i prokÔptei ìti x_i > x_{i+1} kai x_{i+1} ≥ x_i, sqèseic pou antibaÐnoun sthn antisummetrÐa. To zhtoÔmeno èpetai. AnĹloga apodeiknÔetai kai h Ôparxh megistikoÔ stoiqeÐou b ≥ x. �

1.3 PrĹxeic se merikèc diatĹxeic

Ac exetĹsoume kĹpoiouc basikoÔc trìpouc na kataskeuĹsei kaneÐc nèec merikèc diatĹxeic apì gnwstèc. ’Estw merikÿc diatetagmèno sÔnolo P .

Epagìmenec upodiatĹxeic. Gia kĹje uposÔnolo Q tou P o periorismìc ≤_Q thc sqèshc ≤_P sto Q × Q eÐnai merikă diĹtaxh sto Q. ’Etsi gia x, y ∈ Q èqoume x ≤_Q y an kai mìno an x ≤_P y sto P . H ≤_Q onomĹzetai epagìmenh merikă diĹtaxh sto Q kai to zeÔgoc (Q, ≤_Q) eÐnai to epagìmeno merikÿc diatetagmèno uposÔnolo tou P sto Q. Gia x, y ∈ P me x ≤_P y orÐzoume to uposÔnolo [x, y] = {z ∈ P : x ≤_P z ≤_P y} tou P . To sÔnolo autì, efodiasmèno me thn epagìmenh merikă diĹtaxh, lègetai kleistì diĹsthma sto P (me Ĺkra x kai y). OmoÐwc orÐzetai to anoiktì diĹsthma (x, y) = {z ∈ P : x <_P z <_P y} kajÿc kai ta hmianoiktĹ diastămata (x, y] kai [x, y). To P lègetai topikĹ peperasmèno (locally finite) an kĹje kleistì diĹsthma sto P eÐnai peperasmèno. ParathroÔme ìti [x, x] = {x} gia kĹje x ∈ P .

Paradeigma. (i) An P eÐnai h merikă diĹtaxh tou Sqămatoc 1.1 kai Q = {a, b, d}, tìte h epagìmenh merikă diĹtaxh eÐnai h monadikă merikă diĹtaxh sto Q gia thn opoÐa a < b kai to d eÐnai mh sugkrÐsimo me ta a, b.

(ii) An P eÐnai h merikă diĹtaxh B_3 kai x = {1}, y = {1, 2, 3}, tìte to to kleistì diĹsthma [x, y] = {{1}, {1, 2}, {1, 3}, {1, 2, 3}} thc P eÐnai isìmorfo me th B_2.

(iii) H merikă diĹtaxh tou ParadeÐgmatoc 1.2.4 eÐnai topikĹ peperasmènh qwrÐc na eÐnai peperasmènh. To kleistì diĹsthma [1, n] se aută th diĹtaxh sumpÐptei me th merikă diĹtaxh

D_n. �

Duïkìthta. H dimelăc sqèsh ≤^∗ pou orÐzetai sto P jètontac x ≤^∗ y an kai mìno an y ≤_P x eÐnai merikă diĹtaxh sto P kai onomĹzetai duïkă merikă diĹtaxh thc ≤_P . To sÔnolo P , efodiasmèno me th merikă diĹtaxh ≤^∗, sumbolÐzetai me P^∗. ’Etsi, ìtan to P eÐnai peperasmèno, to diĹgramma Hasse tou P^∗ prokÔptei apì ekeÐno tou P me anĹklash se mia orizìntia eujeÐa. To P lègetai autoduïkì (self-dual) an eÐnai isìmorfo me to P^∗, me Ĺlla lìgia an upĹrqei amfÐrriyh f : P → P me thn idiìthta x ≤_P y ⇔ f(x) ≥_P f(y) gia x, y ∈ P .

ParĹdeigma 1.3.1 KĹje antialusÐda kai kĹje peperasmènh alusÐda eÐnai autoduïkèc merikèc diatĹxeic. H apeikìnish f : B_n → B_n, gia thn opoÐa f(S) eÐnai to sumplărwma [n] − S tou S sto [n], eÐnai amfÐrriyh kai gia S, T ⊆ [n] isqÔei S ⊆ T an kai mìno an f(S) ⊇ f(T ). Sunepÿc h Ĺlgebra Boole B_n eÐnai epÐshc autoduïkă merikă diĹtaxh. �

EujÔ kai diataktikì Ĺjroisma. ’Estw P kai Q merikèc diatĹxeic me P ∩ Q = ∅. To eujÔ Ĺjroisma (ă xènh ènwsh) P + Q twn P kai Q eÐnai h merikă diĹtaxh ≤ sto sÔnolo P ∪ Q pou orÐzetai jètontac x ≤ y an

∘ x, y ∈ P kai x ≤_P y ă ∘ x, y ∈ Q kai x ≤_Q y.

To diataktikì Ĺjroisma P ⊕ Q twn P kai Q eÐnai h merikă diĹtaxh ≤ sto sÔnolo P ∪ Q pou orÐzetai jètontac x ≤ y an isqÔei

∘ x, y ∈ P kai x ≤_P y ă ∘ x, y ∈ Q kai x ≤_Q y ă ∘ x ∈ P kai y ∈ Q.

’Etsi, ìtan ta P kai Q eÐnai peperasmèna, to diĹgramma Hasse tou P + Q prokÔptei topojetÿntac ta diagrĹmmata Hasse twn P kai Q to èna dÐpla sto Ĺllo, qwrÐc na sqediastoÔn epiplèon akmèc, enÿ autì tou P ⊕Q prokÔptei topojetÿntac to diĹgramma Hasse tou P kĹtw apì ekeÐno tou Q kai enÿnontac me akmèc kĹje megistikì stoiqeÐo tou P me kĹje elaqistikì stoiqeÐo tou Q. Me ìmoio trìpo (epagwgikĹ) mporeÐ kaneÐc na orÐsei to eujÔ kai diataktikì Ĺjroisma triÿn ă perissotèrwn merikÿn diatĹxewn.

Paradeigma. An P_1, P_2, . . . , P_n eÐnai merikèc diatĹxeic me èna stoiqeÐo h kajemiĹ, tìte to P_1 + P_2 + · · · + P_n eÐnai antialusÐda me n stoiqeÐa enÿ to P_1 ⊕ P_2 ⊕ · · · ⊕ P_n eÐnai alusÐda me n stoiqeÐa. �

Paradeigma. An P kai Q eÐnai alusÐdec, me dÔo stoiqeÐa h kajemiĹ, tìte to diĹgramma Hasse tou P + Q eÐnai to trÐto apì aristerĹ sth deÔterh grammă tou Sqămatoc 1.4 enÿ to P ⊕ Q eÐnai alusÐda me tèssera stoiqeÐa. �

EujÔ ginìmeno. ’Estw merikèc diatĹxeic P kai Q. To eujÔ ginìmeno P × Q twn P kai Q eÐnai h merikă diĹtaxh ≤ sto kartesianì ginìmeno P × Q twn P kai Q pou orÐzetai jètontac, gia (x, y), (x^′, y^′) ∈ P × Q, (x, y) ≤ (x^′, y^′) an kai mìno an x ≤_P x^′ kai y ≤_Q y^′. Sto Sqăma 1.5 apeikonÐzetai to diĹgramma Hasse tou ginomènou P × [2], ìpou P eÐnai h merikă diĹtaxh tou Sqămatoc 1.1 kai [2] = {1 < 2} eÐnai h alusÐda me dÔo stoiqeÐa.

Sqăma 1.5: To eujÔ ginìmeno dÔo merikÿn diatĹxewn.

Me ìmoio trìpo orÐzetai to eujÔ ginìmeno triÿn ă perissotèrwn merikÿn diatĹxewn. Gia parĹdeigma, h Ĺlgebra Boole B_n eÐnai isìmorfh me to eujÔ ginìmeno Q × Q × · · · × Q n antitÔpwn miac alusÐdac Q me dÔo stoiqeÐa (’Askhsh 2). Genikìtera, h merikă diĹtaxh D_n eÐnai isìmorfh me eujÔ ginìmeno alusÐdwn gia kĹje n ∈ N (’Askhsh 3).

1.4 Askăseic

1. ’Estw S_n to sÔnolo twn metajèsewn tou [n]. Gia σ, τ ∈ S_n me σ = (σ_1, σ_2, . . . , σ_n) kai τ = (τ_1, τ_2, . . . , τ_n) jètoume σ � τ an σ_1 + · · · + σ_i ≤ τ_1 + · · · + τ_i gia kĹje 1 ≤ i ≤ n.

(a) DeÐxte ìti h sqèsh � eÐnai merikă diĹtaxh sto S_n. UpĹrqei mègisto stoiqeÐo sth diĹtaxh (S_n, �)? UpĹrqei elĹqisto stoiqeÐo?

(b) SqediĹste to diĹgramma Hasse autăc thc merikăc diĹtaxhc gia n = 3.

2. ’Estw h Ĺlgebra Boole B_n.

(a) DeÐxte ìti gia ìla ta x, y ∈ B_n me x ≤ y to kleistì diĹsthma [x, y] sth B_n eÐnai isìmorfo me th B_k gia kĹpoio mh arnhtikì akèraio k.

(b) DeÐxte ìti h B_n eÐnai isìmorfh me to eujÔ ginìmeno Q×Q×· · ·×Q (n parĹgontec), ìpou Q eÐnai alusÐda me dÔo stoiqeÐa.

3. (a) DeÐxte ìti h merikă diĹtaxh D_n eÐnai isìmorfh me to eujÔ ginìmeno alusÐdwn gia kĹje n ∈ N.

(b) ’Estw k ∈ N. BreÐte n ∈ N tètoio ÿste h D_n na eÐnai isìmorfh me th B_k.

4. DeÐxte ìti kĹje kleistì diĹsthma sto Π_n eÐnai isìmorfo me to eujÔ ginìmeno merikÿn diatĹxewn thc morfăc Π_k me k ≥ 0.

5. ’Estw P_n to sÔnolo twn diamerÐsewn tou jetikoÔ akeraÐou n (blèpe Orismì 2.4.3). Gia λ, μ ∈ P_n me λ = (λ_1, λ_2, . . . , λ_r) kai μ = (μ_1, μ_2, . . . , μ_k) jètoume λ � μ an λ_1 + · · · + λ_i ≤ μ_1 + · · · + μ_i gia kĹje 1 ≤ i ≤ min(r, k).

(a) DeÐxte ìti h sqèsh � eÐnai merikă diĹtaxh sto P_n. UpĹrqei mègisto stoiqeÐo sth diĹtaxh (P_n, �)? UpĹrqei elĹqisto stoiqeÐo?

(b) Gia poia n ∈ N eÐnai h (P_n, �) alusÐda?

(g) DeÐxte ìti h (P_n, �) eÐnai autoduïkă merikă diĹtaxh gia kĹje n ∈ N.

6. ’Estw S_n to sÔnolo twn metajèsewn tou [n]. Gia σ, τ ∈ S_n me σ = (σ_1, σ_2, . . . , σ_n) jètoume σ � τ an h τ prokÔptei apì th σ antallĹssontac ta σ_i kai σ_{i+1} gia kĹpoio 1 ≤ i ≤ n − 1 me σ_i < σ_{i+1} kai σ ≤ τ an upĹrqoun k ≥ 0 kai σ_0, σ_1, . . . , σ_k ∈ S_n tètoia ÿste σ = σ_0�σ_1�· · ·�σ_k = τ. Gia parĹdeigma, gia n = 4 èqoume (2, 1, 4, 3) < (4, 2, 3, 1) diìti (2, 1, 4, 3) � (2, 4, 1, 3) � (2, 4, 3, 1) � (4, 2, 3, 1).

(a) DeÐxte ìti h sqèsh ≤ eÐnai merikă diĹtaxh sto S_n.

(b) UpĹrqei mègisto stoiqeÐo sth diĹtaxh (S_n, ≤)? UpĹrqei elĹqisto stoiqeÐo? (g) SqediĹste to diĹgramma Hasse autăc thc merikăc diĹtaxhc gia n = 3. (d) DeÐxte ìti h (S_n, ≤) eÐnai autoduïkă merikă diĹtaxh.

7. ’Estw S_n to sÔnolo twn metajèsewn tou [n]. Gia σ, τ ∈ S_n me σ = (σ_1, σ_2, . . . , σ_n) jètoume σ � τ an h τ prokÔptei apì th σ antallĹssontac ta σ_i kai σ_j gia kĹpoia 1 ≤ i < j ≤ n me σ_i < σ_j kai σ ≤ τ an upĹrqoun k ≥ 0 kai σ_0, σ_1, . . . , σ_k ∈ S_n tètoia ÿste σ = σ_0 � σ_1 � · · · � σ_k = τ.

(a) DeÐxte ìti h sqèsh ≤ eÐnai merikă diĹtaxh sto S_n kai ìti h τ kalÔptei th σ = (σ_1, σ_2, . . . , σ_n) sth diĹtaxh aută an kai mìno an h τ prokÔptei apì th σ antallĹssontac ta σ_i kai σ_j gia kĹpoia 1 ≤ i < j ≤ n gia ta opoÐa isqÔei (i) σ_i < σ_j kai (ii) den upĹrqei deÐkthc k me i < k < j me σ_i < σ_k < σ_j .

(b) UpĹrqei mègisto stoiqeÐo sth diĹtaxh (S_n, ≤)? UpĹrqei elĹqisto stoiqeÐo? (g) SqediĹste to diĹgramma Hasse autăc thc merikăc diĹtaxhc gia n = 3. EÐnai h (S_n, ≤) isìmorfh me th merikă diĹtaxh thc ’Askhshc 1?

(d) DeÐxte ìti h (S_n, ≤) eÐnai autoduïkă merikă diĹtaxh.

8. ’Enac merismìc π tou sunìlou [n] lègetai mh diastauroÔmenoc (noncrossing) an èqei thn exăc idiìthta: an 1 ≤ a < b < c < d ≤ n kai B, B^′ eÐnai mèrh tou π me a, c ∈ B kai b, d ∈ B^′, tìte B = B^′. ’Estw NC_n h epagìmenh merikă diĹtaxh tou Π_n sto sÔnolo twn mh diastauroÔmenwn merismÿn tou [n].

(a) DeÐxte ìti h NC_n èqei elĹqisto kai mègisto stoiqeÐo kai ìti gia σ, π ∈ NC_n h σ kalÔptei thn π sto NC_n an kai mìno an h σ prokÔptei apì thn π enÿnontac dÔo diaforetikĹ mèrh thc π se èna kai afănontac ta upìloipa mèrh ametĹblhta.

(b) DeÐxte ìti kĹje kleistì diĹsthma sto NC_n eÐnai isìmorfo me to eujÔ ginìmeno merikÿn diatĹxewn thc morfăc NC_k me k ≥ 0.

(g) DeÐxte ìti h NC_n eÐnai autoduïkă merikă diĹtaxh gia kĹje n ∈ N.

UpodeÐxeic - LÔseic

1. (a) H anaklastikă kai metabatikă idiìthta eÐnai profaneÐc. Elègqoume thn antisummetrÐa. An σ = (σ_1, σ_2, . . . , σ_n), τ = (τ_1, τ_2, . . . , τ_n) ∈ S_n me σ �τ kai τ �σ tìte σ_1 +· · ·+σ_i ≤ τ_1 +· · ·+τ_i kai τ_1 + · · · + τ_i ≤ σ_1 + · · · + σ_i gia kĹje 1 ≤ i ≤ n. ProkÔptei ìti σ_1 + · · · + σ_i = τ_1 + · · · + τ_i gia kĹje 1 ≤ i ≤ n, dhladă ìti σ_1 = τ_1, σ_1 + σ_2 = τ_1 + τ_2, . . . , σ_1 + · · · + σ_n = τ_1 + · · · + τ_n. DiadoqikĹ paÐrnoume σ_1 = τ_1, σ_2 = τ_2, . . . , σ_n = τ_n, dhladă σ = τ. Gia tuqaÐa anadiĹtaxh σ = (σ_1, σ_2, . . . , σ_n) sto S_n isqÔei 1+2+· · ·+i ≤ σ_1 +σ_2 +· · ·+σ_i ≤ n+(n−1)+· · ·+(n−i+1) gia kĹje 1 ≤ i ≤ n. Sunepÿc h merikă diĹtaxh (S_n, �) èqei elĹqisto stoiqeÐo to (1, 2, . . . , n) kai mègisto stoiqeÐo to (n, n − 1, . . . , 1).

(b) Blèpe to (a) tou Sqămatoc 1.6.

Sqăma 1.6: Ta diagrĹmmata Hasse dÔo merikÿn diatĹxewn sto S_3.

2. (a) ’Estw x = S kai y = T , ìpou S ⊆ T ⊆ [n], opìte [x, y] = {U ⊆ [n] : S ⊆ U ⊆ T }. ’Estw epÐshc R = T − S kai #R = k. To dunamosÔnolo 2^R tou R, efodiasmèno me th merikă diĹtaxh tou egkleismoÔ, eÐnai isìmorfo me th B_k (ParĹdeigma 1.2.7 (iii)). ArkeÐ na parathrăsoume ìti h apeikìnish f : [x, y] → 2^R me f(U) = U − S, gia U ∈ [x, y], eÐnai isomorfismìc merikÿn diatĹxewn (poia eÐnai h antÐstrofh thc f?).

(b) Gia S ⊆ [n] jètoume f(S) = (ε_1, ε_2, . . . , ε_n), ìpou

ε_i = { 1, an i ∈ S 0, an i /∈ S.

Jètontac Q = {0, 1} h apeikìnish f : B_n → Q^n eÐnai amfÐrriyh. Epiplèon an Q eÐnai h alusÐda {0 < 1} kai to Q^n eÐnai merikwc diatetagmèno wc eujÔ ginìmeno, tìte gia S, T ∈ B_n isqÔei S ⊆ T an kai mìno an f(S) ≤ f(T ) sto Q^n, opìte h f eÐnai o zhtoÔmenoc isomorfismìc.

3. (a) ’Estw n = p^{e1}_1 p^{e2}_2 · · · p^{ek}_k h anĹlush tou n se ginìmeno prÿtwn paragìntwn, ÿste oi p_i eÐnai diakekrimènoi prÿtoi arijmoÐ kai e_i ∈ N gia 1 ≤ i ≤ k. ’Estw epÐshc to eujÔ ginìmeno

P = [0, e_1] × [0, e_2] × · · · × [0, e_k],

ìpou [0, e_i] eÐnai h alusÐda {0, 1, . . . , e_i} sth diĹtaxh ≤_Z twn akeraÐwn. Gia d ∈ D_n èqoume d = p^{a1}_1 p^{a2}_2 · · · p^{ak}_k gia monadikoÔc akeraÐouc a_1, a_2, . . . , a_k me 0 ≤ a_i ≤ e_i gia kĹje i. AntÐstrofa, kĹje tètoio ginìmeno eÐnai stoiqeÐo tou D_n. OrÐzetai epomènwc h amfÐrriyh f : D_n → P me f(d) = (a_1, a_2, . . . , a_k). EÐnai gnwstì ìti gia d, d^′ ∈ D_n isqÔei d | d^′ an kai mìno an f(d) ≤ f(d^′) sto P . Sunepÿc h f eÐnai isomorfismìc merikÿn diatĹxewn. Gia parĹdeigma, gia n = 12 èqoume p_1 = 2, p_2 = 3, a_1 = 2, a_2 = 1 kai f(d) = (0, 0), (1, 0), (0, 1), (2, 0), (1, 1), (2, 1) gia d = 1, 2, 3, 4, 6, 12, antÐstoiqa.

(b) An to n = p_1p_2 · · · p_k eÐnai ginìmeno k diakekrimènwn prÿtwn tìte, ìpwc deÐxame sto (a), h D_n eÐnai isìmorfh me to eujÔ ginìmeno k alusÐdwn măkouc 1 kai sunepÿc, apì thn ’Askhsh 2 (b), eÐnai isìmorfh me th B_k.

4. ’Estw ^0 kai ^1, antÐstoiqa, to elĹqisto kai mègisto stoiqeÐo tou Π_n kai èstw x, y ∈ Π_n.

ParathroÔme ta exăc: (i) An h diamèrish x èqei k mèrh, tìte to diĹsthma [x, ^1] eÐnai isìmorfo me to Π_k. (ii) An h diamèrish y èqei r mèrh me plhjĹrijmouc k_1, k_2, . . . , k_r, tìte to diĹsthma [^0, y] eÐnai isìmorfo me to eujÔ ginìmeno Π_{k1} × Π_{k2} × · · · × Π_{kr} . Sth genikă perÐptwsh diastămatoc [x, y] to zhtoÔmeno prokÔptei apì tic prohgoÔmenec parathrăseic, efarmìzontac to (ii) sto diĹsthma [x, ^1].

5. (a) To ìti h (P_n, �) eÐnai merikă diĹtaxh prokÔptei ìpwc sthn ’Askhsh 1 (a). To elĹqisto stoiqeÐo eÐnai h diamèrish (1, 1, . . . , 1) tou n kai to mègisto h diamèrish (n) me èna mìno mèroc. (b) H merikă diĹtaxh (P_n, �) eÐnai alusÐda an kai mìno an n ≤ 5. ArkeÐ na elègxei kaneÐc tic periptÿseic n ≤ 5 kai na parathrăsei ìti oi diamerÐseic (n − 2, 1, 1) kai (n − 3, 3) tou n eÐnai mh sugkrÐsimec wc proc thn � gia n ≥ 6.

(g) Gia λ = (λ_1, λ_2, . . . , λ_r) ∈ P_n èstw λ^′ = (λ^′_1, λ^′_2, . . . , λ^′_k) ∈ P_n, ìpou λ^′_i = #{1 ≤ j ≤ r : λ_j ≥ i} kai k = λ_1. IsodÔnama, λ^′ eÐnai h diamèrish to diĹgramma Young thc opoÐac (blèpe parĹgrafo metĹ ton Orismì 2.4.3) prokÔptei apì autì thc λ me anĹklash sthn kÔria diagÿnio. Gia parĹdeigma eÐnai (3, 1)^′ = (2, 1, 1) gia n = 4 (apì thn perigrafă aută tou λ^′ eÐnai fanerì ìti λ^′ ∈ P_n). To λ^′ lègetai duïkă diamèrish thc λ. DeÐxte ìti λ � μ ⇒ μ^′ � λ^′ gia λ, μ ∈ P_n (kai an duskoleÔeste deÐte thn (1.11) tou KefalaÐou I sto [I.G. Macdonald, Symmetric Functions and Hall Polynomials, Oxford Mathematical Monographs, Oxford Science Publications, Clarendon Press, Oxford, 1995]). H apeikìnish f : P_n → P_n me f(λ) = λ^′ eÐnai amfÐrriyh me antÐstrofo ton eautì thc kai èqei thn idiìthta x � y ⇔ f(y) � f(y) gia x, y ∈ P_n.

6. (a) H anaklastikă kai metabatikă idiìthta eÐnai profaneÐc. Gia σ = (σ_1, σ_2, . . . , σ_n) ∈ S_n sumbolÐzoume me inv(σ) to plăjoc twn zeugÿn (i, j) me 1 ≤ i < j ≤ n gia ta opoÐa σ_j > σ_i kai parathroÔme ìti σ � τ ⇒ inv(τ) = inv(σ) + 1. ’Epetai ìti σ < τ ⇒ inv(σ) <_Z inv(τ), apì ìpou prokÔptei h antisummetrÐa gia thn (S_n, ≤). H merikă diĹtaxh ≤ lègetai (dexiĹ) asjenăc diĹtaxh (weak order) sto S_n.

(b) Ja deÐxoume ìti to elĹqisto stoiqeÐo eÐnai to (1, 2, . . . , n). ’Estw τ = (τ_1, τ_2, . . . , τ_n) ∈ S_n, opìte τ_i = n gia kĹpoio deÐkth i. Metafèrontac to τ_i me n − i diadoqikèc antallagèc sthn teleutaÐa jèsh (pou katalĹmbane arqikĹ to τ_n) prokÔptei h σ = (σ_1, σ_2, . . . , σ_n) ∈ S_n me σ ≤ τ kai σ_n = n. Efarmìzontac epagwgă sto n èqoume (σ_1, σ_2, . . . , σ_{n−1}) ≥ (1, 2, . . . , n − 1) sthn antÐstoiqh diĹtaxh sto S_{n−1}, opìte σ ≥ (1, 2, . . . , n) sto S_n kai sunepÿc τ ≥ σ ≥ (1, 2, . . . , n). OmoÐwc apodeiknÔoume ìti h (S_n, ≤) èqei mègisto stoiqeÐo to (n, n − 1, . . . , 1). (g) Blèpe to (b) tou Sqămatoc 1.6.

(d) H amfÐrriyh f : S_n → S_n, me f(σ) = (σ_n, σ_{n−1}, . . . , σ_1) gia σ = (σ_1, σ_2, . . . , σ_n) ∈ S_n, èqei thn idiìthta σ ≤ τ ⇔ f(τ) ≤ f(σ).

7. Parathrÿntac ìti σ �τ ⇒ inv(σ) <_Z inv(τ), h lÔsh sta perissìtera erwtămata eÐnai ìmoia me aută sta antÐstoiqa erwtămata thc prohgoÔmenhc Ĺskhshc. Gia ton proteinìmeno qarakthrismì twn kalÔyewn sto (a) arkeÐ na parathrăsoume ta exăc: ’Estw σ = (σ_1, σ_2, . . . , σ_n) ∈ S_n kai ìti h τ prokÔptei apì th σ antallĹssontac ta σ_i kai σ_j gia kĹpoia 1 ≤ i < j ≤ n me σ_i < σ_j . An upĹrqei deÐkthc k me i < k < j kai σ_i < σ_k < σ_j, tìte èqoume σ < σ^′ < τ sthn (S_n, ≤), ìpou h σ^′ prokÔptei apì th σ antallĹssontac ta σ_i kai σ_k kai sunepÿc h τ den kalÔptei th σ sthn (S_n, ≤). An den upĹrqei tètoioc deÐkthc k, tìte inv(τ) = inv(σ) + 1 kai sunepÿc h τ kalÔptei th σ. To diĹgramma Hasse thc (S_n, ≤) apeikonÐzetai gia n = 3 sto (a) tou Sqămatoc 1.6. H apĹnthsh sto erÿthma (g) eÐnai jetikă an n ≤ 3 kai arnhtikă diaforetikĹ. H merikă diĹtaxh ≤ eÐnai gnwstă wc h diĹtaxh Bruhat sto S_n.

8. ’Estw n shmeÐa pĹnw sthn perifèreia enìc kÔklou sto epÐpedo, ta opoÐa shmeiÿnoume diadoqikĹ me touc akeraÐouc 1, 2, . . . , n katĹ th forĹ twn deiktÿn tou rologioÔ. ParathroÔme ìti an gia B ⊆ [n] sumbolÐsoume me conv(B) to polÔgwno me korufèc ta shmeÐa i ∈ B (to polÔgwno autì eÐnai shmeÐo ă eujÔgrammo tmăma an to B èqei èna ă dÔo stoiqeÐa, antÐstoiqa) tìte gia mia diamèrish π ∈ Π_n isqÔei π ∈ NC_n an kai mìno an conv(B_1) ∩ conv(B_2) = ∅ gia opoiadăpote diakekrimèna mèrh B_1, B_2 thc π. Me autì wc dedomèno deÐxte ta (a) kai (b) (profanÿc to elĹqisto kai mègisto tou NC_n sumpÐptoun me ta antÐstoiqa stoiqeÐa tou Π_n). ’Oson aforĹ to (g), èstw π ∈ NC_n kai èstw 2n shmeÐa pĹnw sthn perifèreia tou Ðdiou kÔklou shmeiwmèna diadoqikĹ wc 1, 1^′, 2, 2^′, . . . , n, n^′ katĹ th forĹ twn deiktÿn tou rologioÔ. ’Estw π^′ h megalÔterh, wc proc th diĹtaxh thc eklèptunshc, diamèrish tou {1^′, 2^′, . . . , n^′} gia ta mèrh B^′ thc opoÐac isqÔei conv(B^′) ∩ conv(B) = ∅ gia kĹje mèroc B thc π. ’Estw f(π) ∈ Π_n h diamèrish pou prokÔptei apì thn π^′ antikajistÿntac to i^′ me to i gia 1 ≤ i ≤ n. DeÐxte ìti h apeikìnish f : NC_n → NC^∗_n eÐnai kalĹ orismènh kai apoteleÐ isomorfismì merikÿn diatĹxewn.

22

KefĹlaio 2

AlusÐdec kai AntialusÐdec

H domă miac merikăc diĹtaxhc kajorÐzetai se megĹlo bajmì apì th domă twn alusÐdwn kai antialusÐdwn se aută, ènnoiec oi opoÐec sundèontai metaxÔ touc katĹ trìpouc mh profaneÐc. Sto kefĹlaio autì eisĹgoume thn ènnoia thc diabajmismènhc merikăc diĹtaxhc kai apodukneÐoume dÔo klasikĹ jewrămata gia to mègisto plăjoc stoiqeÐwn miac antialusÐdac (plĹtoc) miac peperasmènhc merikăc diĹtaxhc: to Jeÿrhma tou Dilworth kai gia thn perÐptwsh thc Ĺlgebrac Boole to Jeÿrhma tou Sperner. DÐnoume epÐshc mia efarmogă tou Jeÿrhmatoc tou Dilworth sto Jeÿrhma tou GĹmou thc jewrÐac grafhmĹtwn.

2.1 AlusÐdec, antialusÐdec kai diabajmÐseic

UpenjumÐzoume ìti èna merikÿc diatetagmèno sÔnolo P lègetai alusÐda ă olikĹ diatetagmèno ă grammikĹ diatetagmèno an opoiadăpote dÔo stoiqeÐa tou P eÐnai sugkrÐsima kai antialusÐda an den perièqei diakekrimèna sugkrÐsima stoiqeÐa. H akìloujh prìtash qarakthrÐzei tic olikèc diatĹxeic pou ufÐstatai èna peperasmèno sÔnolo.

Prìtash 2.1.1 Mia merikă diĹtaxh P me n stoiqeÐa eÐnai alusÐda an kai mìno an upĹrqei metĹjesh (x_1, x_2, . . . , x_n) twn stoiqeÐwn tou P ÿste x_1 < x_2 < · · · < x_n.

Apìdeixh. ’Estw ìti to P eÐnai alusÐda. Ja deÐxoume me epagwgă sto n ìti upĹrqei metĹjesh (x_1, x_2, . . . , x_n) tou P me x_1 < x_2 < · · · < x_n. To zhtoÔmeno eÐnai profanèc gia n = 1. Upojètontac ìti n ≥ 2, èstw x_1 èna elaqistikì stoiqeÐo tou P (thn Ôparxh tou opoÐou egguĹtai to Lămma 1.2.1) kai èstw to merikÿc diatetagmèno sÔnolo Q = P − {x_1} me thn epagìmenh merikă diĹtaxh. To Q eÐnai epÐshc alusÐda kai sunepÿc, apì thn upìjesh thc epagwgăc, mporoÔme na grĹyoume Q = {x_2, . . . , x_n} me x_2 < · · · < x_n sto Q, Ĺra kai sto P . AfoÔ to P eÐnai alusÐda, èqoume x_1 < x_2 ă x_2 < x_1, me th deÔterh sqèsh na apokleÐetai apì thn epilogă tou x_1. Sunepÿc x_1 < x_2 kai P = {x_1, x_2, . . . , x_n} me x_1 < x_2 < · · · < x_n. AntÐstrofa, an P = {x_1, x_2, . . . , x_n} me x_1 < x_2 < · · · < x_n, tìte gia dÔo tuqaÐa diakekrimèna stoiqeÐa x_i, x_j tou P èqoume x_i < x_j an i < j kai x_i > x_j an i > j apì th metabatikă idiìthta. Sunepÿc ta stoiqeÐa autĹ eÐnai sugkrÐsima kai to P eÐnai alusÐda. �

’Estw tÿra P tuqaÐo merikÿc diatetagmèno sÔnolo.

Orismìc 2.1.1 ’Ena uposÔnolo A tou P lègetai alusÐda ă antialusÐda sto P an, antÐstoiqa, to A eÐnai alusÐda ă antialusÐda me thn epagìmenh merikă diĹtaxh.

Me Ĺlla lìgia, alusÐda sto P eÐnai èna uposÔnolo tou P me stoiqeÐa anĹ dÔo sugkrÐsima kai antialusÐda sto P eÐnai èna uposÔnolo tou P me stoiqeÐa anĹ dÔo mh sugkrÐsima. To kenì sÔnolo kai kĹje uposÔnolo tou P me èna stoiqeÐo eÐnai alusÐda kai antialusÐda tautìqrona.

Paradeigma. Sth merikă diĹtaxh Q tou Sqămatoc 1.1 ta sÔnola {a, d, e} kai {c, e} eÐnai alusÐdec enÿ ta {b, c}, {c, d} kai {a} antialusÐdec. Sth merikă diĹtaxh D_{12} tou Sqămatoc 1.2 (b) ta sÔnola {1, 3, 12}, {1, 2, 6, 12} kai {2, 4} eÐnai alusÐdec enÿ ta {2, 3}, {3, 4} kai {6} eÐnai antialusÐdec. Sth B_4 to sÔnolo {∅, {2}, {2, 4}, {1, 2, 4}} eÐnai alusÐda kai to {{1, 2}, {1, 3}, {1, 4}, {2, 3, 4}} antialusÐda. �

’Estw C alusÐda sto P . H C lègetai megistikă an gia kĹje alusÐda C^′ sto P me C ⊆ C^′ isqÔei C = C^′. H C lègetai koresmènh an den upĹrqoun x, y ∈ C kai z ∈ P − C me x < z < y tètoia ÿste h C ∪ {z} na eÐnai alusÐda sto P . Profanÿc kĹje megistikă alusÐda sto P eÐnai koresmènh. An h C eÐnai peperasmènh kai mh kenă, tìte apì thn Prìtash 2.1.1 èqoume C = {x_0, x_1, . . . , x_n} me x_0 < x_1 < · · · < x_n. Sthn perÐptwsh aută grĹfoume

C = {x_0 < x_1 < · · · < x_n}. (2.1)

O akèraioc n = #C−1 lègetai măkoc thc C. ParathroÔme ìti h alusÐda (2.1) eÐnai koresmènh an kai mìno an to x_i kalÔptei to x_{i−1} gia kĹje 1 ≤ i ≤ n (’Askhsh 1).

Paradeigma. H alusÐda {{1}, {1, 4}, {1, 3, 4}} tou B_4 eÐnai koresmènh allĹ ìqi megistikă. � Orismìc 2.1.2 ’Ena (mh kenì) merikÿc diatetagmèno sÔnolo P lègetai peperasmènou măkouc an upĹrqei jetikìc akèraioc m tètoioc ÿste kĹje alusÐda sto P na èqei măkoc to polÔ m. To P lègetai diabajmismèno (graded) an ìlec oi megistikèc alusÐdec sto P èqoun to Ðdio măkoc n. O akèraioc n lègetai tĹxh (rank) tou P .

Paradeigma. KĹje peperasmèno merikÿc diatetagmèno sÔnolo eÐnai peperasmènou măkouc. Gia tic merikèc diatĹxeic tou Sqămatoc 1.1, to P eÐnai diabajmismèno tĹxhc èna enÿ to Q den eÐnai diabajmismèno, diìti oi megistikèc tou alusÐdec {a, b, d, e} kai {a, c, e} èqoun diaforetikì măkoc. KĹje peperasmènh alusÐda eÐnai diabajmismènh me tĹxh Ðsh me to măkoc thc enÿ kĹje antialusÐda (peperasmènh ă Ĺpeirh) èqei peperasmèno măkoc kai eÐnai diabajmismènh merikă diĹtaxh mhdenikăc tĹxhc. �

Paratărhsh 2.1.1 Apì thn apìdeixh tou Lămmatoc 1.2.1 prokÔptei ìti to lămma autì isqÔei genikìtera gia merikèc diatĹxeic stic opoÐec kĹje alusÐda eÐnai peperasmènh (Ĺra kai gia merikèc diatĹxeic peperasmènou măkouc). Gia merikèc diatĹxeic P me aută thn idiìthta eÐnai fanerì ìti kĹje alusÐda perièqetai se toulĹqiston mÐa megistikă alusÐda thc P . �

Sthn epìmenh prìtash orÐzetai h tĹxh twn stoiqeÐwn miac diabajmismènhc merikăc diĹtaxhc.

Prìtash 2.1.2 ’Estw P diabajmismènh merikă diĹtaxh. UpĹrqei monadikă sunĹrthsh ρ : P → Z_{≥0} tètoia ÿste:

(i) ρ(x) = 0 gia kĹje elaqistikì stoiqeÐo x tou P , (ii) an to y kalÔptei to x, tìte ρ(y) = ρ(x) + 1.

Lème ìti to x ∈ P èqei tĹxh i an ρ(x) = i.

Apìdeixh. ’Estw n h tĹxh tou P kai èstw x ∈ P . H alusÐda {x} tou P perièqetai se kĹpoia megistikă alusÐda C = {x_0 < x_1 < · · · < x_n} tou P . Jètoume ρ(x) = i gia to monadikì deÐkth 0 ≤ i ≤ n me x = x_i kai parathroÔme ìti to ρ(x) eÐnai anexĹrthto thc epilogăc thc megistikăc alusÐdac C. PrĹgmati, èstw ìti autì den isqÔei opìte upĹrqei megistikă alusÐda C^′ = {x^′_0 < x^′_1 < · · · < x^′_n} tou P me x = x^′_j kai i ≠ j, èstw i < j. Tìte h x^′_0 < x^′_1 < · · · < x^′_j = x_i < x_{i+1} < · · · < x_n eÐnai alusÐda sto P măkouc megalÔterou tou n, prĹgma pou antibaÐnei stic upojèseic mac gia to P . Sunepÿc h sunĹrthsh ρ : P → Z_{≥0} eÐnai kalĹ orismènh. ’Estw x, y ∈ P me to y na kalÔptei to x. An C = {x_0 < x_1 < · · · < x_n} eÐnai tuqaÐa megistikă alusÐda tou P pou perièqei thn {x, y}, tìte x = x_i kai y = x_{i+1} gia kĹpoio 0 ≤ i ≤ n − 1, opìte ρ(x) = i kai ρ(y) = i + 1. Autì apodeiknÔei thn idiìthta (ii) enÿ h (i) eÐnai faneră apì ton orismì thc ρ.

Gia th monadikìthta, èstw ìti h sunĹrthsh ρ : P → Z_{≥0} ikanopoieÐ tic sunjăkec (i) kai (ii). ’Estw x ∈ P kai C = {x_0 < x_1 < · · · < x_n} tuqaÐa megistikă alusÐda tou P me x = x_i gia kĹpoio i. Profanÿc to x_0 eÐnai elaqistikì stoiqeÐo tou P kai to x_j kalÔptei to x_{j−1} gia kĹje 1 ≤ j ≤ n. Apì tic (i) kai (ii) prokÔptei ìti ρ(x_j ) = j gia kĹje 0 ≤ j ≤ n. Eidikìtera, ρ(x) = i. �

ParĹdeigma 2.1.1 KĹje peperasmènh alusÐda P = {x_1 < x_2 < · · · < x_n} me n stoiqeÐa eÐnai diabajmismènh merikă diĹtaxh tĹxhc n − 1, me ρ(x_i) = i − 1 gia 1 ≤ i ≤ n. �

ParĹdeigma 2.1.2 H B_n eÐnai diabajmismènh merikă diĹtaxh tĹxhc n. PrĹgmati, gia kĹje megistikă alusÐda S_0 ⊂ S_1 ⊂ · · · ⊂ S_m thc B_n èqoume S_0 = ∅ kai S_m = [n]. EpÐshc to S_i kalÔptei to S_{i−1} gia kĹje 1 ≤ i ≤ n kai sunepÿc #S_i = #S_{i−1} + 1 (apì to ParĹdeigma 1.2.3). ProkÔptei ìti #S_i = i gia kĹje i kai ìti m = n, ìti dhladă to măkoc thc alusÐdac eÐnai Ðso me n. ProkÔptei epÐshc ìti ρ(S) = #S gia kĹje S ∈ B_n. �

Paratărhsh 2.1.2 (gia anagnÿstec exoikeiwmènouc me th metajetikă Ĺlgebra). ’Estw antimetajetikìc daktÔlioc R kai P (R) to sÔnolo twn prÿtwn idewdÿn tou R, merikÿc diatetagmèno me th sqèsh tou egkleismoÔ. DiĹforec gnwstèc sunjăkec kai jewrămata gia eidikèc klĹseic daktulÐwn èqoun isqurèc epiptÿseic sth domă twn alusÐdwn tou P (R). Gia parĹdeigma o R eÐnai daktÔlioc thc Noether an kai mìno an kĹje alusÐda sto P (R) perièqei mègisto stoiqeÐo. EpÐshc, an o R eÐnai daktÔlioc thc Noether tìte, ìpwc prokÔptei apì klasikì jeÿrhma tou Krull, kĹje prwteÔon ideÿdec tou P (R) (blèpe sthn epìmenh parĹgrafo gia ton orismì) èqei peperasmèno măkoc. An o R eÐnai epiplèon daktÔlioc Cohen-Macaulay, tìte kĹje tètoio ideÿdec tou P (R) eÐnai diabajmismèno. An R = K[x_1, x_2, . . . , x_n] eÐnai o poluwnumikìc daktÔlioc se n anexĹrthtec metablhtèc pĹnw sto sÿma K, tìte to P (R) eÐnai diabajmismèno tĹxhc n. �

2.2 Ideÿdh kai fÐltra

’Estw (P, ≤) merikÿc diatetagmèno sÔnolo.

Orismìc 2.2.1 ’Ena uposÔnolo I tou P lègetai ideÿdec an gia kĹje x, y ∈ P me x ≤ y ∈ I isqÔei x ∈ I. To I lègetai fÐltro ă duïkì ideÿdec an gia kĹje x, y ∈ P me x ≥ y ∈ I isqÔei x ∈ I.

KĹje ideÿdec sto P eÐnai fÐltro sth duïkă merikă diĹtaxh P^∗ kai antÐstrofa. To kenì sÔnolo kai to P eÐnai ideÿdh kai fÐltra sto P tautìqrona.

Paradeigma. Sth merikă diĹtaxh B_3 ta sÔnola {∅}, {∅, {2}, {3}} kai {∅, {1}, {3}, {1, 3}} eÐnai ideÿdh enÿ ta sÔnola {{1, 2}, {2, 3}, {1, 2, 3}} kai {{1}, {1, 2}, {1, 3}, {1, 2, 3}} eÐnai fÐltra. �

ParĹdeigma 2.2.1 ’Estw P = {a, b, c} me th merikă diĹtaxh gia thn opoÐa ta a, b eÐnai diakekrimèna elaqistikĹ stoiqeÐa kai to c eÐnai to mègisto stoiqeÐo tou P . To P èqei pènte antialusÐdec, tic ∅, {a}, {b}, {c}, {a, b}, pènte ideÿdh, ta ∅, {a}, {b}, {a, b}, P kai pènte fÐltra, ta ∅, {c}, {a, c}, {b, c}, P . �

H epìmenh prìtash exhgeÐ th fainomenikă sÔmptwsh tou prohgoÔmenou paradeÐgmatoc.

Prìtash 2.2.1 Se kĹje peperasmèno merikÿc diatetagmèno sÔnolo P to plăjoc twn antialusÐdwn sto P eÐnai Ðso me to plăjoc twn idewdÿn kai me to plăjoc twn fÐltrwn sto P .

Prin apodeÐxoume thn prìtash aută ja eisĹgoume kĹpoiec akìmh shmantikèc ènnoiec. Gia A ⊆ P sumbolÐzoume me A^− to sÔnolo twn y ∈ P gia ta opoÐa isqÔei y ≤ a gia kĹpoio a ∈ A (ìpou ∅^− = ∅ katĹ sÔmbash). To A^− eÐnai ideÿdec tou P , afoÔ an x ≤ y ∈ A^− tìte x ≤ y kai y ≤ a gia kĹpoio a ∈ A, opìte x ≤ a me a ∈ A kai sunepÿc x ∈ A^−. Lème ìti to A^− eÐnai to ideÿdec tou P pou parĹgetai apì to A. OmoÐwc, to sÔnolo A^+ twn y ∈ P gia ta opoÐa isqÔei y ≥ a gia kĹpoio a ∈ A (ìpou ∅^+ = ∅) eÐnai fÐltro sto P kai lègetai to fÐltro tou P pou parĹgetai apì to A. To ideÿdec {a}^− := {y ∈ P : y ≤ a}, pou parĹgetai apì to monosÔnolo {a} ⊆ P , lègetai prwteÔon ideÿdec tou P pou parĹgetai apì to a kai sumbolÐzetai epÐshc me I_a. AnĹloga, to fÐltro {a}^+ = {y ∈ P : y ≥ a} eÐnai to prwteÔon fÐltro ă duïkì prwteÔon ideÿdec tou P pou parĹgetai apì to a kai sumbolÐzetai epÐshc me J_a.

Paradeigma. An P eÐnai h merikă diĹtaxh B_2 kai A = {{1}, {2}} tìte A^− = {∅, {1}, {2}} kai A^+ = {{1}, {2}, {1, 2}}. �

Gia tuqaÐo ideÿdec I tou P sumbolÐzoume me max(I) to sÔnolo twn megistikÿn stoiqeÐwn tou I (wc proc thn epagìmenh merikă diĹtaxh sto I). Profanÿc to sÔnolo autì eÐnai antialusÐda sto P kai isqÔei max(I) ≠ ∅ an I ≠ ∅ kai to P eÐnai peperasmèno (h teleutaÐa diapÐstwsh, kajÿc kai to mèroc (iii) tou akìloujou lămmatoc, isqÔoun kai ìtan to P eÐnai Ĺpeiro me thn proüpìjesh ìti kĹje alusÐda sto P èqei mègisto stoiqeÐo).

Lămma 2.2.1 Gia kĹje antialusÐda A kai ideÿdec I tou P isqÔoun:

(i) A^+ ∩ A^− = A.

(ii) max(A^−) = A.

(iii) max(I)^− = I, an to P eÐnai peperasmèno.

Apìdeixh. (i) Profanÿc A ⊆ A^+ ∩ A^−. Gia ton antÐstrofo egkleismì, èstw x ∈ A^+ ∩ A^−. Tìte upĹrqoun a, b ∈ A me x ≥ a kai x ≤ b. ProkÔptei ìti a ≤ b kai afoÔ h A eÐnai antialusÐda ìti a = b. Oi sqèseic x ≥ a kai x ≤ b dÐnoun x = a = b kai sunepÿc x ∈ A, ìpwc to jèlame.

(ii) Gia na deÐxoume ìti A ⊆ max(A^−) èstw ìti a /∈ max(A^−) gia kĹpoio a ∈ A. Tìte upĹrqei b ∈ A^− me b > a. AfoÔ a ∈ A, h teleutaÐa sqèsh dÐnei b ∈ A^+ kai sunepÿc b ∈ A^+∩A^−. Apì to (i) prokÔptei ìti b ∈ A. Autì eÐnai adÔnato diìti h A eÐnai antialusÐda kai b > a ∈ A, opìte to zhtoÔmeno èpetai. Gia na deÐxoume ìti max(A^−) ⊆ A, èstw b ∈ max(A^−). Tìte b ∈ A^− opìte b ≤ a gia kĹpoio a ∈ A. Profanÿc a ∈ A^− kai h upìjesh b ∈ max(A^−) apokleÐei th sqèsh b < a. Sunepÿc b = a ∈ A.

(iii) O egkleismìc I ⊆ max(I)^− eÐnai sunèpeia tou Lămmatoc 1.2.1 kai o max(I)^− ⊆ I prokÔptei apì to ìti to I eÐnai ideÿdec. �

Apìdeixh thc Prìtashc 2.2.1. ’Estw A(P ), J(P ) kai J^∗(P ) ta sÔnola twn antialusÐdwn, idewdÿn kai fÐltrwn tou P , antÐstoiqa. Apì ta mèrh (ii) kai (iii) tou Lămmatoc 2.2.1 prokÔptei ìti h apeikìnish ϕ : A(P ) → J(P ) me ϕ(A) = A^− gia A ∈ A(P ) eÐnai amfÐrriyh me antÐstrofh thn apeikìnish ϕ^′ : J(P ) → A(P ) me ϕ^′(I) = max(I) gia I ∈ J(P ). Ergazìmenoi omoÐwc (ă pernÿntac sth duïkă merikă diĹtaxh P^∗) apodeiknÔoume ìti h ψ : A(P ) → J^∗(P ) me ψ(A) = A^+ gia A ∈ A(P ) eÐnai amfÐrriyh. To zhtoÔmeno èpetai. �

2.3 To Jeÿrhma tou Dilworth

’Estw (P, ≤) merikÿc diatetagmèno sÔnolo. SumbolÐzoume me a(P ) to mègisto plăjoc stoiqeÐwn miac antialusÐdac sto P kai me c(P ) to elĹqisto plăjoc alusÐdwn stic opoÐec mporeÐ na diameristeÐ to P . O akèraioc a(P ) lègetai kai plĹtoc tou P . An to P eÐnai peperasmèno isqÔei c(P ) ≤ #P lìgw thc profanoÔc diamèrishc tou P se #P to plăjoc alusÐdec - monosÔnola.

Lămma 2.3.1 An A eÐnai antialusÐda se èna merikÿc diatetagmèno sÔnolo P kai upĹrqei diamèrish tou P se m alusÐdec, tìte #A ≤ m. Eidikìtera, isqÔei a(P ) ≤ c(P ) gia kĹje merikÿc diatetagmèno sÔnolo P .

Apìdeixh. ArkeÐ na deÐxoume thn prÿth prìtash. ’Estw diamèrish tou P se alusÐdec C_1, C_2, . . . , C_m. KĹje stoiqeÐo tou A anăkei se kĹpoio apì ta sÔnola C_i thc diamèrishc. An eÐqame #A ≥ m + 1, tìte (arqă tou peristerÿna) toulĹqiston dÔo stoiqeÐa tou A ja anăkan sthn Ðdia alusÐda kai sunepÿc ja ătan sugkrÐsima, se antÐfash me thn upìjesh ìti to A eÐnai antialusÐda. ’Epetai ìti #A ≤ m. �

Paradeigma. Sth merikă diĹtaxh D_{12} tou Sqămatoc 1.2 (b) upĹrqei antialusÐda me dÔo stoiqeÐa, p.q. h {3, 4} kai diamèrish se dÔo alusÐdec, p.q. tic 1 < 3 < 6 < 12 kai 2 < 4. ProkÔptei ìti c(D_{12}) ≤ 2 ≤ a(D_{12}) kai sunepÿc, apì to Lămma 2.3.1, ìti a(D_{12}) = c(D_{12}) = 2. Gia thn Ĺlgebra Boole B_3 upĹrqei antialusÐda me trÐa stoiqeÐa, p.q. h {{1}, {2}, {3}}, kajÿc kai diamèrish se treic alusÐdec, p.q. tic ∅ < {1} < {1, 2} < {1, 2, 3}, {2} < {2, 3} kai {3} < {1, 3}. ProkÔptei omoÐwc ìti a(B_3) = c(B_3) = 3. �

To prohgoÔmeno parĹdeigma dhmiourgeÐ to erÿthma an oi posìthtec a(P ) kai c(P ) eÐnai pĹntote Ðsec. To epìmeno jeÿrhma dÐnei katafatikă apĹnthsh. H apìdeixh pou ja dÿsoume ofeÐlletai ston M. Perles [6].

Jeÿrhma 2.3.1 (Dilworth [4]) Gia kĹje peperasmènh merikă diĹtaxh P isqÔei a(P ) = c(P ), dhladă to mègisto plăjoc anĹ dÔo mh sugkrÐsimwn stoiqeÐwn tou P eÐnai Ðso me to elĹqisto plăjoc alusÐdwn stic opoÐec mporeÐ na diameristeÐ to P .

Apìdeixh. ’Estw m = a(P ). Apì to Lămma 2.3.1 arkeÐ na deÐxoume ìti c(P ) ≤ m, dhladă ìti to P mporeÐ na diameristeÐ se m to polÔ alusÐdec. To zhtoÔmeno eÐnai fanerì an #P = 1. Upojètoume ìti #P ≥ 2 kai ìti to zhtoÔmeno isqÔei gia merikèc diatĹxeic me ligìtera apì #P stoiqeÐa. DiakrÐnoume dÔo periptÿseic:

(a) Opoiadăpote antialusÐda sto P me m stoiqeÐa perièqei eÐte ìla ta elaqistikĹ stoiqeÐa tou P (kai sunepÿc mìno autĹ) eÐte ìla ta megistikĹ stoiqeÐa tou P (kai sunepÿc mìno autĹ). ’Estw a elaqistikì kai b megistikì stoiqeÐo tou P me a ≤ b (to ìti tètoia stoiqeÐa upĹrqoun prokÔptei apì to Lămma 1.2.1) kai èstw Q = P − {a, b} me thn epagìmenh merikă diĹtaxh apì to P . Apì thn upìjesă mac gia to P prokÔptei ìti kĹje antialusÐda tou Q perièqei to polÔ m − 1 stoiqeÐa, dhladă ìti a(Q) ≤ m − 1. Apì thn upìjesh thc epagwgăc to Q mporeÐ na diameristeÐ se m − 1 alusÐdec, oi opoÐec eÐnai alusÐdec kai sto P . Autèc oi alusÐdec mazÐ me thn a ≤ b dÐnoun th zhtoÔmenh diamèrish tou P .

(b) UpĹrqei antialusÐda A ⊆ P me m stoiqeÐa h opoÐa den perièqei oÔte ìla ta elaqistikĹ stoiqeÐa oÔte ìla ta megistikĹ stoiqeÐa tou P . Me touc sumbolismoÔc thc ParagrĹfou 2.2 èqoume ìti (a) A^+ ∩ A^− = A apì to mèroc (i) tou Lămmatoc 2.2.1 kai isqurizìmaste ìti (b) A^+ ∪ A^− = P . PrĹgmati, gia to (b) arkeÐ na deÐxoume ìti P ⊆ A^+ ∪ A^−. ’Estw x ∈ P . An x ∈ A, tìte x ∈ A^+ ∩ A^− ⊆ A^+ ∪ A^−. An x /∈ A, tìte to A ∪ {x} èqei m + 1 stoiqeÐa kai sunepÿc den eÐnai antialusÐda sto P , prĹgma pou shmaÐnei ìti to x eÐnai sugkrÐsimo me kĹpoio a ∈ A. An x > a tìte x ∈ A^+, enÿ an x < a tìte x ∈ A^−, opìte x ∈ A^+ ∪ A^−.

’Estw tÿra A = {a_1, a_2, . . . , a_m}. Apì thn upìjesă mac gia to P se aută thn perÐptwsh èqoume ìti ta A^+, A^− eÐnai gnăsia uposÔnola tou P kai profanÿc (jewroÔmena merikÿc diatetagmèna me thn epagìmenh merikă diĹtaxh) a(A^+) = a(A^−) = m. Apì thn upìjesh thc epagwgăc ta A^+ kai A^− mporoÔn na diameristoÔn se m alusÐdec, tic opoÐec mporoÔme na arijmăsoume C_1, C_2, . . . , C_m kai D_1, D_2, . . . , D_m, antÐstoiqa, ÿste a_i ∈ C_i ∩D_i gia 1 ≤ i ≤ m. Apì to (a) prokÔptei ìti to a_i eÐnai to elĹqisto stoiqeÐo thc C_i kai to mègisto stoiqeÐo thc D_i gia 1 ≤ i ≤ m, opìte h ènwsh C_i ∪ D_i eÐnai alusÐda sto P . Apì to (b) prokÔptei ìti oi m alusÐdec C_i ∪ D_i gia 1 ≤ i ≤ m apoteloÔn diamèrish tou P , pou eÐnai h zhtoÔmenh. �

Pìrisma 2.3.1 An P eÐnai merikă diĹtaxh me toulĹqiston mn + 1 stoiqeÐa, tìte to P èqei alusÐda me toulĹqiston n + 1 stoiqeÐa ă antialusÐda me toulĹqiston m + 1 stoiqeÐa.

Apìdeixh. ’Estw ìti den upĹrqei antialusÐda me toulĹqiston m + 1 stoiqeÐa sto P . Tìte a(P ) ≤ m kai sunepÿc apì to Jeÿrhma 2.3.1 c(P ) ≤ m, dhladă to P mporeÐ na diameristeÐ se m to polÔ alusÐdec C_i. Apì thn upìjesh #P ≥ mn + 1 prokÔptei ìti C_i ≥ n + 1 gia toulĹqiston mÐa apì tic alusÐdec C_i. �

ParĹdeigma 2.3.1 Ja deÐxoume ìti kĹje akoloujÐa A = (a_1, a_2, . . . , a_{mn+1}) pragmatikÿn arijmÿn măkouc mn + 1 èqei aÔxousa upoakoloujÐa măkouc n + 1 ă gnhsÐwc fjÐnousa upoakoloujÐa măkouc m + 1, dhladă ìti upĹrqoun deÐktec 1 ≤ i_1 < i_2 < · · · < i_{n+1} ≤ mn + 1 me a_{i1} ≤ a_{i2} ≤ · · · ≤ a_{in+1} ă deÐktec 1 ≤ j_1 < j_2 < · · · < j_{m+1} ≤ mn + 1 me a_{j1} > a_{j2} > · · · > a_{jm+1} . Gia parĹdeigma, an m = n = 2 kai A = (1, 0, 2, 0, 1), dhladă a_1 = 1, a_2 = 0, a_3 = 2, a_4 = 0, a_5 = 1, tìte upĹrqei h aÔxousa upoakoloujÐa a_2 ≤ a_4 ≤ a_5 thc A măkouc 3.

Sqăma 2.1: Mia merikă diĹtaxh sto [5].

JewroÔme to zeÔgoc (P, �), ìpou P = [mn + 1] kai i � j an kai mìno an i ≤ j kai a_i ≤ a_j . EÔkola blèpei kaneÐc ìti h sqèsh � eÐnai merikă diĹtaxh sto sÔnolo P . To diĹgramma Hasse autăc thc merikăc diĹtaxhc dÐnetai sto Sqăma 2.1 gia thn perÐptwsh A = (1, 0, 2, 0, 1). Apì to Pìrisma 2.3.1 gnwrÐzoume ìti to P èqei alusÐda a_{i1} � a_{i2} � · · · � a_{in+1} ă antialusÐda {a_{j1} , a_{j2} , . . . , a_{jm+1} } me j_1 < j_2 < · · · < j_{m+1}. Sthn prÿth perÐptwsh èqoume i_1 < i_2 < · · · < i_{n+1} kai a_{i1} ≤ a_{i2} ≤ · · · ≤ a_{in+1} kai sth deÔterh j_1 < j_2 < · · · < j_{m+1} kai a_{j1} > a_{j2} > · · · > a_{jm+1} . Parathrăste ìti sto parĹdeigma A = (1, 0, 2, 0, 1) h alusÐda 2 � 4 � 5 orÐzei thn aÔxousa upoakoloujÐa a_2 ≤ a_4 ≤ a_5. �

Efarmogă: to Jeÿrhma tou GĹmou. ’Estw sÔnola A_1, A_2, . . . , A_n. Upì poiec sunjăkec upĹrqoun diaforetikĹ anĹ dÔo stoiqeÐa x_1, x_2, . . . , x_n thc ènwshc twn A_i ÿste x_i ∈ A_i gia kĹje 1 ≤ i ≤ n? Mia tètoia akoloujÐa (x_1, x_2, . . . , x_n) lègetai SÔsthma Diakekrimènwn Antiprosÿpwn (SDA) gia ta A_1, A_2, . . . , A_n. To prìblhma thc Ôparxhc SDA lègetai kai prìblhma tou gĹmou lìgw thc exăc ermhneÐac. An A_1, A_2, . . . , A_n eÐnai ta sÔnola twn gunaikÿn pou gnwrÐzoun n Ĺndrec y_1, y_2, . . . , y_n, antÐstoiqa, tìte èna SDA (x_1, x_2, . . . , x_n) gia ta A_1, A_2, . . . , A_n antistoiqeÐ se èna zeugĹrwma kĹje Ĺndra y_i me mia gunaÐka x_i pou gnwrÐzei.

Paradeigma. H akoloujÐa x_1 = 2, x_2 = 4, x_3 = 3, x_4 = 5, x_5 = 1 apoteleÐ SDA gia ta sÔnola A_1 = {1, 2, 3}, A_2 = {2, 4, 5}, A_3 = {3}, A_4 = {1, 5} kai A_5 = {1, 4}, afoÔ x_i ∈ A_i gia kĹje 1 ≤ i ≤ 5. To antÐstoiqo zeugĹrwma apeikonÐzetai sto Sqăma 2.2, sto opoÐo gia 1 ≤ i, j ≤ 5 ta A_i kai j sundèontai me akmă an j ∈ A_i. �

Sqăma 2.2: ’Ena SÔsthma Diakekrimènwn Antiprosÿpwn.

Paradeigma. Ta B_1 = {1, 3}, B_2 = {1, 3}, B_3 = {1, 2, 3, 4} kai B_4 = {1, 3} den èqoun SDA, diìti h ènwsh B_1 ∪ B_2 ∪ B_4 èqei mìno dÔo stoiqeÐa kai sunepÿc den eÐnai dunatì na epilegoÔn diaforetikĹ anĹ dÔo stoiqeÐa x_1 ∈ B_1, x_2 ∈ B_2, x_4 ∈ B_4. �

Mia èndeixh thc isqÔoc tou Jewrămatoc 2.3.1 eÐnai h apìdeixh tou parakĹtw jewrămatoc, gnwstoÔ kai wc Jeÿrhma tou GĹmou.

Jeÿrhma 2.3.2 (Hall, 1935) Ta sÔnola A_1, A_2, . . . , A_n èqoun SDA an kai mìno an gia kĹje 1 ≤ r ≤ n h ènwsh opoiondăpote r apì ta sÔnola autĹ èqei toulĹqiston r stoiqeÐa, dhladă an kai mìno an # (A_{i1} ∪ A_{i2} ∪ · · · ∪ A_{ir} ) ≥ r (2.2) gia kĹje epilogă deiktÿn 1 ≤ i_1 < · · · < i_r ≤ n.

Apìdeixh. An ta A_1, A_2, . . . , A_n èqoun SDA x_1, x_2, . . . , x_n, tìte h (2.2) isqÔei profanÿc diìti to sÔnolo A_{i1} ∪ A_{i2} ∪ · · · ∪ A_{ir} perièqei ta diakekrimèna stoiqeÐa x_{i1} , x_{i2} , . . . , x_{ir} . AntÐstrofa, èstw ìti h sunjăkh tou Jewrămatoc isqÔei kai èstw ìti A_1 ∪ A_2 ∪ · · · ∪ A_n = {b_1, b_2, . . . , b_m}. OrÐzoume mÐa merikă diĹtaxh ≤_P sto sÔnolo P = {A_1, A_2, . . . , A_n, b_1, b_2, . . . , b_m} sthn opoÐa ta A_1, A_2, . . . , A_n eÐnai megistikĹ stoiqeÐa, ta b_1, b_2, . . . , b_m eÐnai elaqistikĹ kai b_j <_P A_i an kai mìno an b_j ∈ A_i (sthn perÐptwsh A_1 = {1, 2, 3}, A_2 = {2, 4, 5}, A_3 = {3}, A_4 = {1, 5} kai A_5 = {1, 4} to diĹgramma Hasse tou P prokÔptei strèfontac to Sqăma 2.2 katĹ gwnÐa π/2 me th forĹ twn deiktÿn tou rologioÔ). Ja deÐxoume ìti a(P ) = m. ’Eqoume a(P ) ≥ m, diìti to {b_1, b_2, . . . , b_m} eÐnai antialusÐda me m stoiqeÐa. ’Estw ìti mia antialusÐda A tou P apoteleÐtai apì s stoiqeÐa A_i kai t stoiqeÐa b_j . QwrÐc blĹbh thc genikìthtac mporoÔme na upojèsoume ìti A = {A_1, . . . , A_s, b_1, . . . , b_t}. AfoÔ h A eÐnai antialusÐda èqoume b_j /∈ A_i gia 1 ≤ i ≤ s kai 1 ≤ j ≤ t. Sunepÿc A_1 ∪ A_2 ∪ · · · ∪ A_s ⊆ {b_{t+1}, . . . , b_m} kai apì th sunjăkh (2.2) prokÔptei ìti s ≤ # (A_1 ∪ A_2 ∪ · · · ∪ A_s) ≤ m − t kai epomènwc ìti s + t ≤ m, dhladă #A ≤ m. AfoÔ h anisìthta aută isqÔei gia tuqaÐa antialusÐda A tou P èqoume a(P ) ≤ m kai sunepÿc a(P ) = m. Apì to Jeÿrhma 2.3.1 prokÔptei ìti c(P ) = m, dhladă ìti to P mporeÐ na diameristeÐ se m alusÐdec. KajemiĹ apì tic alusÐdec autèc perièqei èna akribÿc apì ta stoiqeÐa thc megistikăc antialusÐdac {b_1, b_2, . . . , b_m}. An b_{ji} eÐnai to stoiqeÐo pou anăkei sthn alusÐda thc diamèrishc pou perièqei to A_i, tìte ta b_{j1} , b_{j2} , . . . , b_{jn} dÐnoun to zhtoÔmeno SDA gia ta A_1, A_2, . . . , A_n. PrĹgmati, ta stoiqeÐa autĹ eÐnai anĹ dÔo diaforetikĹ afoÔ anăkoun se anĹ dÔo diaforetikèc alusÐdec thc diamèrishc kai isqÔei b_{ji} ∈ A_i gia 1 ≤ i ≤ n, diìti èqoume b_{ji} <_P A_i sto P . �

2.4 Summetrikèc alusÐdec kai to Jeÿrhma tou Sperner

Sth merikă diĹtaxh B_n mia antialusÐda me k stoiqeÐa apoteleÐtai apì uposÔnola A_1, A_2, . . . , A_k tou [n] kanèna apì ta opoÐa den perièqetai se kĹpoio Ĺllo, dhladă tètoia ÿste na isqÔei A_i ⊆ A_j mìno an i = j, enÿ mia alusÐda me k stoiqeÐa eÐnai thc morfăc {A_1, A_2, . . . , A_k} me A_1 ⊂ A_2 ⊂ · · · ⊂ A_k ⊆ [n]. Poio eÐnai to mègisto plăjoc stoiqeÐwn a(B_n) pou mporeÐ na èqei mia antialusÐda sto B_n? Me Ĺlla lìgia poio eÐnai to mègisto plăjoc uposunìlwn tou [n] kanèna apì ta opoÐa den perièqetai se kĹpoio Ĺllo?

Paradeigma. ’Eqoume a(B_2) = 2 kai a(B_3) = 3. To mègisto plăjoc stoiqeÐwn epitugqĹnetai apì thn antialusÐda {{1}, {2}} tou B_2 gia n = 2 kai apì kajemiĹ apì tic antialusÐdec {{1}, {2}, {3}} kai {{1, 2}, {1, 3}, {2, 3}} tou B_3 gia n = 3 . �

Apì to epìmeno lămma prokÔptei ìti a(B_n) ≥

(_n

⌊n/2⌋ ) gia kĹje n, ìpou

(_n k ) =^{n!}_{k! (n−k)!} eÐnai to plăjoc twn uposunìlwn tou [n] me k stoiqeÐa.

Lămma 2.4.1 Gia 0 ≤ k ≤ n to sÔnolo {S ⊆ [n] : #S = k} eÐnai antialusÐda sto B_n. Eidikìtera upĹrqei antialusÐda sto B_n me

(_n

⌊n/2⌋ ) stoiqeÐa.

Apìdeixh. H prÿth prìtash prokÔptei apì thn paratărhsh ìti an #S = #T , tìte to S den perièqetai gnăsia sto T . H deÔterh prìtash prokÔptei apì thn prÿth gia k = ⌊n/2⌋. �

Paradeigma. Gia n = 4 èqoume

(_n

⌊n/2⌋ ) = (_4 2 ) = 6 kai h antialusÐda sto B_4 tou prohgoÔmenou lămmatoc apoteleÐtai apì ta èxi dimelă uposÔnola tou {1, 2, 3, 4}. �

To parakĹtw jeÿrhma kai to Lămma 2.4.1 dhlÿnoun ìti a(B_n) =

(_n

⌊n/2⌋ ) gia kĹje n.

Jeÿrhma 2.4.1 (Sperner [7]) Gia kĹje antialusÐda A sto B_n isqÔei #A ≤

(_n

⌊n/2⌋ ) . To Jeÿrhma 2.4.1 èqei poluĹrijmec apodeÐxeic, oi perissìterec apì tic opoÐec eÐnai exairetikĹ endiafèrousec. Edÿ ja dÿsoume mia apìdeixh basismènh sthn teqnikă thc {diĹspashc se summetrikèc alusÐdec}. H teqnikă aută mporeÐ na efarmosteÐ se diĹforec oikogèneiec merikÿn diatĹxewn, dÐnontac anĹloga apotelèsmata.

’Estw P peperasmènh, diabajmismènh merikă diĹtaxh tĹxhc n kai èstw ρ(x) h tĹxh tou x ∈ P . Jètoume P_i = {x ∈ P : ρ(x) = i} kai p_i = #P_i gia 0 ≤ i ≤ n. Oi akèraioi p_i lègontai arijmoÐ Whitney (deÔterou eÐdouc) tou P . Parathrÿntac ìti èqoume ρ(x) < ρ(y) gia kĹje x, y ∈ P me x < y, prokÔptei ìti to sÔnolo P_i eÐnai antialusÐda sto P gia kĹje 0 ≤ i ≤ n (to gegonìc autì genikeÔei to Lămma 2.4.1). Eidikìtera isqÔei

a(P ) ≥ max_{0≤i≤n} p_i. (2.3)

Orismìc 2.4.1 H P lègetai merikă diĹtaxh Sperner an isqÔei h isìthta sthn (2.3) ă, isodÔnama, an isqÔei #A ≤ max_{0≤i≤n} p_i gia kĹje antialusÐda A sto P .

Parathrhsh. To Jeÿrhma 2.4.1 dhlÿnei ìti h B_n eÐnai merikă diĹtaxh Sperner. �

UpenjumÐzoume (’Askhsh 1) ìti mia alusÐda C = {x_0 < x_1 < · · · < x_k} sto P lègetai koresmènh an kai mìno an to x_i kalÔptei to x_{i−1} gia kĹje 1 ≤ i ≤ k.

Orismìc 2.4.2 Mia koresmènh alusÐda C = {x_0 < x_1 < · · · < x_k} sto P lègetai summetrikă an ρ(x_0) + ρ(x_k) = n. Lème ìti h P èqei diĹspash se summetrikèc alusÐdec an upĹrqei diamèrish thc P kĹje mèroc thc opoÐac eÐnai koresmènh summetrikă alusÐda sto P .

Sqăma 2.3: Summetrikèc alusÐdec gia tic diatĹxeic B_3 kai D_{12}.

Sto Sqăma 2.3 apeikonÐzei mia diĹspash se summetrikèc alusÐdec gia tic merikèc diatĹxeic B_3 kai D_{12} (oi diakekomènec grammèc apeikonÐzoun tic akmèc tou diagrĹmmatoc Hasse pou den metèqoun stic alusÐdec). Apì thn epìmenh prìtash prokÔptei ìti an h P èqei diĹspash se summetrikèc alusÐdec, tìte h P eÐnai merikă diĹtaxh Sperner.

Prìtash 2.4.1 An h P èqei diĹspash se summetrikèc alusÐdec tìte:

(i) p_i = p_{n−i} gia kĹje 0 ≤ i ≤ n, (ii) p_0 ≤ p_1 ≤ · · · ≤ p_{⌊n/2⌋} kai (iii) #A ≤ p_{⌊n/2⌋} gia kĹje antialusÐda A sto P .

Apìdeixh. ’Estw {C_1, C_2, . . . , C_m} diamèrish tou P se koresmènec summetrikèc alusÐdec. Ta (i) kai (ii) prokÔptoun apì to gegonìc ìti kĹje alusÐda C_j èqei tìsa stoiqeÐa tĹxhc i ìsa kai tĹxhc n − i gia 0 ≤ i ≤ n (mhdèn ă èna fusikĹ) kai ìti ta stoiqeÐa tĹxhc i eÐnai toulĹqiston tìsa ìsa autĹ tĹxhc i − 1 gia 1 ≤ i ≤ ⌊n/2⌋. Gia to (iii) parathroÔme ìti m = p_{⌊n/2⌋}, diìti kajemiĹ apì tic alusÐdec C_j perièqei akribÿc èna stoiqeÐo tou P tĹxhc ⌊n/2⌋ kai kĹje tètoio stoiqeÐo tou P perièqetai se akribÿc mÐa apì tic alusÐdec C_j thc diamèrishc. Apì to Lămma 2.3.1 prokÔptei ìti #A ≤ m = p_{⌊n/2⌋} gia kĹje antialusÐda A tou P . �

To Jeÿrhma 2.4.1 prokÔptei apì to Lămma 2.4.1, thn Prìtash 2.4.1 kai thn akìloujh prìtash.

Prìtash 2.4.2 H merikă diĹtaxh B_n èqei diĹspash se summetrikèc alusÐdec gia kĹje n ∈ N.

Apìdeixh. Ja apodeÐxoume thn prìtash me epagwgă sto n. Gia n = 1 èqoume th diamèrish tou B_n se mia alusÐda ∅ ⊂ {1} kai gia n = 2 th diamèrish se dÔo koresmènec summetrikèc alusÐdec ∅ ⊂ {1} ⊂ {1, 2} kai {2}. Upojètoume ìti n ≥ 3 kai ìti upĹrqei diamèrish tou B_{n−1} se koresmènec summetrikèc alusÐdec. Gia kĹje alusÐda A_0 ⊂ A_1 ⊂ · · · ⊂ A_k thc diamèrishc kataskeuĹzoume tic alusÐdec

A_0 ∪ {n} ⊂ A_1 ∪ {n} ⊂ · · · ⊂ A_{k−1} ∪ {n}, A_0 ⊂ A_1 ⊂ · · · ⊂ A_k ⊂ A_k ∪ {n} (2.4)

sto B_n, ìpou h prÿth alusÐda den ufÐstatai an k = 0. Oi nèec alusÐdec (2.4) apoteloÔn diamèrish tou B_n, diìti kĹje T ⊆ [n] grĹfetai me monadikì trìpo sth morfă T = S ă T = S ∪ {n} me S ⊆ [n − 1] kai sunepÿc emfanÐzetai akribÿc mÐa forĹ stic alusÐdec (2.4). Parathrÿntac ìti oi (2.4) eÐnai epÐshc koresmènec kai summetrikèc oloklhrÿnetai to epagwgikì băma kai sunepÿc kai h apìdeixh. �

Paradeigma. Apì th diamèrish tou B_2 stic koresmènec summetrikèc alusÐdec ∅ ⊂ {1} ⊂ {1, 2} kai {2}, h diadikasÐa pou perigrĹyame sthn prohgoÔmenh apìdeixh parĹgei th diamèrish tou B_3 stic koresmènec summetrikèc alusÐdec ∅ ⊂ {1} ⊂ {1, 2} ⊂ {1, 2, 3}, {3} ⊂ {1, 3} kai {2} ⊂ {2, 3} tou Sqămatoc 2.3 (a). �

Parathrhsh. Apì tic ProtĹseic 2.4.1 kai 2.4.2 prokÔptoun oi gnwstèc sqèseic

(_n i ) = (_n n−i ) kai ( n 0 ) ≤ ( n 1 ) ≤ · · · ≤ ( n ⌊n/2⌋ ) (2.5)

gia touc diwnumikoÔc suntelestèc. �

DiamerÐseic akeraÐwn kai h diĹtaxh Y (n, m). ’Alla paradeÐgmata merikÿn diatĹxewn Sperner (pou èqoun diĹspash se summetrikèc alusÐdec) dÐnontai stic Askăseic 8 kai 11. Gia to parĹdeigma pou akoloujeÐ (qwrÐc apìdeixh) ja qreiastoÔme thn ènnoia thc diamèrishc akeraÐwn. ’Estw n jetikìc akèraioc.

Orismìc 2.4.3 OnomĹzoume diamèrish ă merismì tou n mia akoloujÐa λ = (λ_1, λ_2, . . . , λ_r) me stoiqeÐa jetikoÔc akeraÐouc λ_1 ≥ λ_2 ≥ · · · ≥ λ_r pou èqoun Ĺjroisma n. Oi akèraioi λ_i lègontai mèrh ă ìroi thc λ.

GrĹfoume λ ⊢ n ă |λ| = n gia to Ĺjroisma twn merÿn thc diamèrishc λ. Gia parĹdeigma h (4, 4, 3, 1) eÐnai diamèrish tou n = 12 me tèssera mèrh. Sto Sqăma 2.4 apeikonÐzetai to diĹgramma Young gia aută th diamèrish, ènac apì touc trìpouc me touc opoÐouc mporoÔme na parastăsoume sqhmatikĹ diamerÐseic akeraÐwn. To diĹgramma Young thc λ = (λ_1, λ_2, . . . , λ_r), to opoÐo sumbolÐzetai me Y_λ, apoteleÐtai apì n = |λ| monadiaÐa tetrĹgwna paratagmèna se r seirèc. H seirĹ i perièqei λ_i tetrĹgwna kai oi r seirèc arqÐzoun apì aristerĹ apì thn Ðdia katakìrufo, ìpwc sto sqăma.

Sqăma 2.4: To diĹgramma Young tou (4, 4, 3, 1).

Gia n, m ∈ N sumbolÐzoume me Y (n, m) to sÔnolo twn diamerÐsewn λ = (λ_1, λ_2, . . . , λ_r) akeraÐwn gia tic opoÐec r ≤ n kai λ_1 ≤ m, sto opoÐo sumperilambĹnoume th monadikă diamèrish ∅ tou 0 (qwrÐc mèrh). IsodÔnama èqoume λ ∈ Y (n, m) an to Y_λ perièqetai se orjogÿnio diastĹsewn n × m (me n seirèc kai m stălec). JewroÔme to sÔnolo Y (n, m) merikÿc diatetagmèno apì th sqèsh ⊆ gia thn opoÐa λ ⊆ μ an Y_λ ⊆ Y_μ gia λ, μ ∈ Y (n, m). Me Ĺlla lìgia, gia λ = (λ_1, λ_2, . . . , λ_r) kai μ = (μ_1, μ_2, . . . , μ_k) jètoume λ ⊆ μ sto Y (n, m) an kai mìno an r ≤ k kai λ_i ≤ μ_i gia 1 ≤ i ≤ r.

Paradeigma. H merikă diĹtaxh Y (n, m) èqei elĹqisto stoiqeÐo to ∅ (diamèrish tou 0) kai mègisto th diamèrish (m, m, . . . , m) (n ìroi). An n = m = 2, tìte to Y (n, m) èqei 6 stoiqeÐa. H diamèrish (1) eÐnai to monadikì stoiqeÐo pou kalÔptei to elĹqisto ∅, h (2, 1) eÐnai to monadikì stoiqeÐo pou kalÔptetai apì to mègisto (2, 2) enÿ oi (2) kai (1, 1) eÐnai metaxÔ touc mh sugkrÐsimec. �

EÐnai eÔkolo na deÐxei kaneÐc (blèpe epÐshc ParĹdeigma 3.2.2) ìti h merikă diĹtaxh Y (n, m) eÐnai diabajmismènh tĹxhc nm, me tĹxh ρ(λ) = |λ| gia kĹje λ ∈ Y (n, m). Apì to epìmeno jeÿrhma prokÔptei ìti h Y (n, m) eÐnai merikă diĹtaxh Sperner kai ìti isqÔoun ta sumperĹsmata thc Prìtashc 2.4.1 (ìpou to n antikajÐstatai apì to nm). H apìdeixh qrhsimopoieÐ diaforetikèc teqnikèc apì autèc pou meletăsame sthn paroÔsa parĹgrafo kai paraleÐpetai.

Jeÿrhma 2.4.2 (Stanley, 1985) Gia kĹje n, m ∈ N h Y (n, m) èqei diĹspash se summetrikèc alusÐdec.

Oi gnwstèc apodeÐxeic tou Jewrămatoc 2.4.2 dÐnoun thn Ôparxh miac diĹspashc se summetrikèc alusÐdec gia to Y (n, m) kai ìqi thn (algorijmikă ă sunduastikă) kataskeuă miac sugkekrimènhc tètoiac diĹspashc (jèma pou sunistĹ èna endiafèron anoiktì prìblhma).

Parathrhsh. EÐnai gnwstì (blèpe, p.q., [9, Proposition 1.3.19]) ìti h èkfrash ( n + m n ) q = (1 − q)(1 − q^2) · · · (1 − q^{n+m}) (1 − q) · · · (1 − q^n) (1 − q) · · · (1 − q^m) , eÐnai poluÿnumo sto q bajmoÔ nm me mh arnhtikoÔc akèraiouc suntelestèc kai lègetai qdiwnumikìc suntelestăc (ă suntelestăc tou Gauss). Epiplèon, o suntelestăc tou q^i sto poluÿnumo autì eÐnai Ðsoc me ton akèraio p_i = #{x ∈ Y (n, m) : ρ(x) = i}. H apìdeixh twn anisotătwn p_0 ≤ p_1 ≤ · · · ≤ p_{⌊nm/2⌋} thc Prìtashc 2.4.1 (ii) sthn perÐptwsh aută eÐnai arketĹ duskolìterh apì ekeÐnh twn (2.5) (h prÿth apìdeixh eÐqe dojeÐ apì ton Sylvester to 1878). � 2.5 Askăseic

1. DeÐxte ìti mia alusÐda x_0 < x_1 < · · · < x_n se tuqaÐa merikă diĹtaxh P eÐnai koresmènh an kai mìno an to x_i kalÔptei to x_{i−1} gia kĹje 1 ≤ i ≤ n.

2. ’Estw P merikă diĹtaxh sthn opoÐa kĹje alusÐda eÐnai peperasmènh. An upĹrqei n ∈ Z_{≥0} kai sunĹrthsh ρ : P → Z_{≥0} tètoia ÿste

(i) ρ(x) = 0 gia kĹje elaqistikì stoiqeÐo x tou P , (ii) ρ(y) = ρ(x) + 1 an to y kalÔptei to x, (iii) ρ(x) = n gia kĹje megistikì stoiqeÐo x tou P

deÐxte ìti h P eÐnai (peperasmènou măkouc kai) diabajmismènh tĹxhc n kai ìti ρ(x) eÐnai h tĹxh tou x gia kĹje x ∈ P .

3. ’Estw (mh kenĹ, peperasmènou măkouc) diabajmismèna merikÿc diatetagmèna sÔnola P, Q.

(a) DeÐxte ìti kĹje kleistì diĹsthma sto P eÐnai (peperasmènou măkouc kai) diabajmismèno.

(b) Upì poiec sunjăkec eÐnai to P + Q diabajmismèno?

(g) DeÐxte ìti to P × Q eÐnai diabajmismèno kai upologÐste thn tĹxh twn stoiqeÐwn tou.

(d) OmoÐwc gia to D_n.

(e) OmoÐwc gia to Π_n kai gia th merikă diĹtaxh NC_n thc ’Askhshc 8 tou KefalaÐou 1. (st) OmoÐwc gia tic merikèc diatĹxeic twn Askăsewn 6 kai 7 tou KefalaÐou 1.

4. ’Enac isomorfismìc f : P → P lègetai automorfismìc thc merikăc diĹtaxhc P . BreÐte ìlouc touc automorfismoÔc thc B_n.

5. ’Estw merikÿc diatetagmèno sÔnolo P peperasmènou măkouc, me elĹqisto kai mègisto stoiqeÐo, me thn exăc idiìthta: an x, y eÐnai diakekrimèna stoiqeÐa tou P ta opoÐa kalÔptoun to u ∈ P , tìte upĹrqei stoiqeÐo tou P pou kalÔptei ta x, y. DeÐxte ìti to P eÐnai diabajmismèno.

6. ’Estw (P, ≤) tuqaÐo merikÿc diatetagmèno sÔnolo.

(a) DeÐxte ìti enÿseic kai tomèc idewdÿn (antÐstoiqa fÐltrwn) tou P eÐnai ideÿdh (antÐstoiqa fÐltra) tou P .

(b) ’Ena uposÔnolo Q tou P lègetai kurtì an [x, y] ⊆ Q gia ìla ta x, y ∈ Q me x ≤ y (ìpou [x, y] eÐnai to kleistì diĹsthma sto P me Ĺkra x, y). DeÐxte ìti to Q eÐnai kurtì an kai mìno an Q = I ∩ J gia kĹpoio ideÿdec I kai kĹpoio fÐltro J tou P .

7. ’Estw merikÿc diatetagmèno sÔnolo P peperasmènou măkouc kai èstw k to mègisto plăjoc stoiqeÐwn miac alusÐdac sto P . DeÐxte ìti to P mporeÐ na diameristeÐ se k antialusÐdec.

8. (a) Gia kĹje k ≥ 1 deÐxte ìti to eujÔ ginìmeno k peperasmènwn alusÐdwn èqei diĹspash se summetrikèc alusÐdec.

(b) Genikìtera, an oi (peperasmènec, diabajmismènec) merikèc diatĹxeic P_1, P_2, . . . , P_k èqoun diĹspash se summetrikèc alusÐdec deÐxte ìti to Ðdio isqÔei kai gia to eujÔ ginìmeno P_1 × P_2 × · · · × P_k.

(g) ’Estw oi alusÐdec [n] kai [m] sth diĹtaxh ≤_Z twn akeraÐwn. Poio eÐnai to mègisto dunatì plăjoc stoiqeÐwn miac antialusÐdac sto eujÔ ginìmeno [n] × [m]?

9. ’Estw P peperasmènh kai diabajmismènh merikă diĹtaxh tĹxhc n me p_i = #{x ∈ P :

ρ(x) = i} gia 0 ≤ i ≤ n.

(a) An h P eÐnai autoduïkă, deÐxte ìti p_i = p_{n−i} gia 0 ≤ i ≤ n.

(b) DeÐxte ìti h merikă diĹtaxh Y (n, m) eÐnai autoduïkă kai sunĹgete ìti h Y (n, m) ikanopoieÐ th sunjăkh (i) thc Prìtashc 2.4.1.

10. ’Estw L(n, m) to sÔnolo twn uposunìlwn tou [n + m] me n stoiqeÐa, merikÿc diatetagmèno me th sqèsh: {a_1 < a_2 < · · · < a_n} ≤_L {b_1 < b_2 < · · · < b_n} an a_i ≤ b_i gia kĹje i. DeÐxte ìti to L(n, m) eÐnai isìmorfo me to Y (n, m).

11. DeÐxte ìti h merikă diĹtaxh NC_n twn mh diastauroÔmenwn merismÿn tou [n] (’Askhsh 8 tou KefalaÐou 1) èqei diĹspash se summetrikèc alusÐdec.

12. (a) DeÐxte ìti h asjenăc diĹtaxh sto sÔnolo S_n twn metajèsewn tou [n] (’Askhsh 6 tou KefalaÐou 1) èqei diĹspash se summetrikèc alusÐdec gia n ≤ 4.

(b) IsqÔei to Ðdio gia kĹje n ∈ N?

(g) DeÐxte ìti h diĹtaxh Bruhat sto S_n (’Askhsh 7 tou KefalaÐou 1) èqei diĹspash se summetrikèc alusÐdec gia kĹje n ∈ N.

13. ’Estw P peperasmèno merikÿc diatetagmèno sÔnolo kai k ∈ N. Gia tuqaÐa diamèrish π tou P se alusÐdec C_1, C_2, . . . , C_m èstw

c_k(π) = m∑ i=1 min {k, #C_i}.

DeÐxte ìti to mègisto plăjoc stoiqeÐwn enìc uposunìlou tou P pou den perièqei alusÐda tou P măkouc k eÐnai Ðso me ton elĹqisto twn akeraÐwn c_k(π), ìpou h π diatrèqei ìlec tic diamerÐseic tou P se alusÐdec.

UpodeÐxeic - LÔseic

1. An h alusÐda C = {x_0 < x_1 < · · · < x_n} den eÐnai koresmènh, tìte upĹrqei z ∈ P − C me x_0 < z < x_n tètoio ÿste h C ∪ {z} na eÐnai alÔsÐda sto P . Apì thn Prìtash 2.1.1 èqoume x_{i−1} < z < x_i gia kĹpoio 1 ≤ i ≤ n kai sunepÿc to x_i den kalÔptei to x_{i−1} sto P . To antÐstrofo eÐnai fanerì.

2. KĹje megistikă alusÐda tou P eÐnai thc morfăc x_0 < x_1 < · · · < x_m gia kĹpoio m ≥ 0, ìpou to x_i kalÔptei to x_{i−1} gia kĹje 1 ≤ i ≤ m. Apì tic (i), (ii) kai (iii) èpetai ìti m = n kai ìti ρ(x_i) = i gia kĹje i.

3. ’Estw ρ_P (x) h tĹxh tou x ∈ P kai ρ_Q(y) h tĹxh tou y ∈ Q. Se kĹje perÐptwsh perigrĹfoume parĹdeigma sunĹrthshc ρ pou ikanopoieÐ tic sunjăkec thc ’Askhshc 2. Gia to (a), gia kleistì diĹsthma [x, y] sto P h sunĹrthsh ρ : [x, y] → Z_{≥0} me ρ(z) = ρ_P (z) − ρ_P (x) gia z ∈ [x, y] ikanopoieÐ tic sunjăkec thc Ĺskhshc me n = ρ_P (y) − ρ_P (x) kai sunepÿc to [x, y] eÐnai diabajmismèno tĹxhc ρ_P (y)−ρ_P (x). Gia to (g), jètoume ρ(x, y) = ρ_P (x)+ρ_Q(y) gia (x, y) ∈ P ×Q. Parathrÿntac ìti h sqèsh (a, b) < (c, d) eÐnai sqèsh kĹluyhc sto P × Q an kai mìno an a = c kai ìti to b kalÔptetai apì to d sto Q ă b = d kai to a kalÔptetai apì to c sto P , prokÔptei ìti h ρ ikanopoieÐ tic sunjăkec thc ’Askhshc 2. KatĹ sunèpeia to P × Q eÐnai diabajmismèno (tĹxhc Ðshc me to Ĺjroisma twn tĹxewn twn P kai Q) kai h tĹxh tou (x, y) sto P × Q eÐnai Ðsh me ρ(x, y). Gia to (d), jètoume ρ(x) = a_1 + a_2 + · · · + a_k an x = p^{a1}_1 p^{a2}_2 · · · p^{ak}_k ∈ D_n, ìpou n = p^{e1}_1 p^{e2}_2 · · · p^{ek}_k eÐnai h anĹlush tou n se ginìmeno prÿtwn paragìntwn kai efarmìzoume thn ’Askhsh 2 ă efarmìzoume to (g) kai thn ’Askhsh 3 tou KefalaÐou 1. Gia to (e), gia x ∈ Π_n jètoume ρ(x) = n − #x, ìpou #x eÐnai to plăjoc twn merÿn tou x. Apì to qarakthrismì twn sqèsewn kĹluyhc sto Π_n (ParĹdeigma 1.2.6) prokÔptei ìti h ρ ikanopoieÐ tic sunjăkec thc ’Askhshc 2. KatĹ sunèpeia to Π_n eÐnai diabajmismèno tĹxhc n − 1 kai h tĹxh tou x ∈ Π_n eÐnai Ðsh me ρ(x). Apì to Prìblhma 8 (a) tou KefalaÐou 1 prokÔptei anĹloga ìti ta Ðdia isqÔoun kai gia to NC_n. Gia to (st), gia σ = (σ_1, σ_2, . . . , σ_n) ∈ S_n jètoume ρ(σ) = inv(σ), ìpou inv(σ) eÐnai to plăjoc twn zeugÿn (i, j) me 1 ≤ i < j ≤ n gia ta opoÐa σ_i > σ_j . Apì th lÔsh twn Askăsewn 6 kai 7 tou KefalaÐou 1 prokÔptei ìti h ρ ikanopoieÐ tic sunjăkec thc ’Askhshc 2. KatĹ sunèpeia oi diatĹxeic autèc eÐnai diabajmismènec tĹxhc

(_n 2 ) kai h tĹxh tou σ ∈ S_n eÐnai Ðsh me ρ(σ). Gia to (b), to P + Q eÐnai diabajmismèno an kai mìno an h tĹxh tou P eÐnai Ðsh me thn tĹxh tou Q.

4. Gia kĹje amfÐrriyh σ : [n] → [n] h apeikìnish f_σ : B_n → B_n me f_σ(x) = {σ(i) : i ∈ x} gia x ⊆ [n] eÐnai automorfismìc thc B_n. Ja deÐxoume antÐstrofa ìti kĹje automorfismìc f : B_n → B_n eÐnai autăc thc morfăc. ParathroÔme prÿta ìti kĹje automorfismìc miac diabajmismènhc peperasmènhc merikăc diĹtaxhc diathreÐ thn tĹxh twn stoiqeÐwn (mia anĹlogh prìtash apodeiknÔetai sthn ’Askhsh 9 (a) kai sunepÿc #f(x) = #x gia x ⊆ [n]. Eidikìtera èqoume f(∅) = ∅ kai f({i}) = {σ(i)} gia kĹpoia amfÐrriyh σ : [n] → [n] kai 1 ≤ i ≤ n. Gia x ⊆ [n] h sqèsh {i} ≤ x ⇔ f({i}) ≤ f(x) sth B_n dÐnei i ∈ x ⇔ σ(i) ∈ f(x) gia 1 ≤ i ≤ n. ProkÔptei ìti f(x) = {σ(i) : i ∈ x} = f_σ(x) gia kĹje x ∈ B_n, dhladă ìti f = f_σ.

5. ’Estw ^0 kai ^1 to elĹqisto kai mègisto stoiqeÐo tou P , antÐstoiqa. Ac upojèsoume ìti to P den eÐnai diabajmismèno. ’Estw S to sÔnolo twn stoiqeÐwn x tou P , efodiasmèno me thn epagìmenh apì to P merikă diĹtaxh, gia ta opoÐa to kleistì diĹsthma [x, ^1] den eÐnai diabajmismèno. Apì thn upìjesă mac èqoume ^0 ∈ S kai sunepÿc to S eÐnai mh kenì. ’Estw u èna megistikì stoiqeÐo tou S kai megistikèc alusÐdec C = {u < x_1 < · · · < x_n = ^1} kai D = {u < y_1 < · · · < y_m = ^1} tou [u, ^1] me diaforetikĹ măkh n kai m. Ta x_1, y_1 eÐnai diakekrimèna stoiqeÐa tou P (lìgw thc megistikìthtac tou u) kai kalÔptoun to u. Sunepÿc upĹrqei stoiqeÐo v tou P pou kalÔptei ta x_1, y_1. ’Estw F = {v < z_1 < · · · < z_{k−1} = ^1} tuqaÐa megistikă alusÐda tou [v, ^1]. Oi F ∪ {x_1} kai F ∪ {y_1} eÐnai megistikèc alusÐdec twn diasthmĹtwn [x_1, ^1] kai [y_1, ^1], antÐstoiqa, măkouc k. ’Eqoume k ≠ n − 1 ă k ≠ m − 1 enÿ ta diastămata [x_1, ^1] kai [y_1, ^1] èqoun megistikèc alusÐdec măkouc n − 1 kai m − 1, antÐstoiqa. ’Epetai ìti x_1 ∈ S ă y_1 ∈ S, gegonìc pou brÐsketai se antÐjesh me thn upìjesh ìti to u eÐnai megistikì stoiqeÐo tou S. H antÐfash aută mac odhgeÐ sto sumpèrasma ìti to P eÐnai diabajmismèno.

6. (a) ’Ameso apì touc orismoÔc. ’Estw I, I^′ ideÿdh tou P . An x ≤ y ∈ I ∪ I^′, tìte x ≤ y ∈ I ă x ≤ y ∈ I^′ kai sunepÿc x ∈ I ă x ∈ I^′, dhladă x ∈ I ∪ I^′ kai to I ∪ I^′ eÐnai ideÿdec tou P . OmoÐwc gia thn tomă I ∩ I^′, enÿ gia ta fÐltra efarmìzoume ta prohgoÔmena sth duïkă merikă diĹtaxh P^∗. Ta parapĹnw isqÔoun gia enÿseic ă tomèc tuqaÐou (peperasmènou ă mh) plăjouc idewdÿn ă fÐltrwn tou P , antÐstoiqa.

(b) ParathroÔme ìti [x, y] = I_y ∩ J_x gia ìla ta x, y ∈ P . An to Q eÐnai kurtì tìte

Q = ⋃ x,y∈Q

I_y ∩ J_x = ⋃ y∈Q I_y ∩ ⋃ x∈Q J_x

= Q^− ∩ Q^+,

ìpou Q^− eÐnai to ideÿdec tou P pou parĹgetai apì to Q kai Q^+ eÐnai to fÐltro tou P pou parĹgetai apì to Q. AntÐstrofa, an I eÐnai ideÿdec tou P , J eÐnai fÐltro tou P kai Q = I ∩ J, tìte èqoume [x, y] = I_y ∩ J_x ⊆ I ∩ J = Q gia x, y ∈ Q, opìte to Q eÐnai kurtì.

7. Gia tuqaÐo x ∈ P sumbolÐzoume me f(x) to mègisto plăjoc stoiqeÐwn r miac alusÐdac x_1 <_P x_2 <_P · · · <_P x_r = x tou P . EÐnai fanerì ìti (i) 1 ≤ f(x) ≤ k gia kĹje x ∈ P kai (ii) x <_P y ⇒ f(x) < f(y) gia ìla ta x, y ∈ P . Jètoume B_i = {x ∈ P : f(x) = i} gia 1 ≤ i ≤ k. ExaitÐac thc (ii), to B_i eÐnai antialusÐda tou P gia kĹje i. Epiplèon, exaitÐac twn (i) kai (ii), èqoume f(C) = {1, 2, . . . , k} gia kĹje alusÐda C tou P me k stoiqeÐa kai sunepÿc B_i ≠ ∅ gia kĹje i. ProkÔptei ìti h π = {B_1, B_2, . . . , B_k} eÐnai h zhtoÔmenh diamèrish tou P .

8. (a) Ja exetĹsoume thn perÐptwsh k = 2. MporoÔme na upojèsoume ìti oi alusÐdec eÐnai oi [n] kai [m] sth diĹtaxh ≤_Z twn akeraÐwn. Upojètontac ìti n ≤ m, mia diamèrish tou [n] × [m] se koresmènec summetrikèc alusÐdec eÐnai h {C_1, C_2, . . . , C_n}, ìpou C_i eÐnai h alusÐda

(i, 1) < (i, 2) < · · · < (i, m − i + 1) < (i + 1, m − i + 1) < · · · < (n, m − i + 1).

H genikă perÐptwsh prokÔptei apì to (b).

(b) Qrhsimopoiÿntac epagwgă sto k mporoÔme na upojèsoume ìti k = 2. ’Estw diamerÐseic {C_1, C_2, . . . , C_r} kai {D_1, D_2, . . . , D_s} twn P_1 kai P_2, antÐstoiqa, se koresmènec summetrikèc alusÐdec. To P_1 × P_2 diamerÐzetai sta uposÔnola C_i × D_j kai kajèna apì autĹ, ìpwc deÐxame sto (a), me thn epagìmenh merikă diĹtaxh èqei diamèrish se koresmènec summetrikèc alusÐdec. Qrhsimopoiÿntac thn ’Askhsh 3 (g) epalhjeÔoume ìti oi alusÐdec autèc eÐnai (koresmènec kai) summetrikèc kai wc alusÐdec sto P_1 × P_2.

(g) Apì to (a) kai thn Prìtash 2.4.1(g) prokÔptei ìti to zhtoÔmeno mègisto eÐnai to elĹqisto twn n kai m. Wc enallaktikă lÔsh, èstw ìti n ≤ m. ParathroÔme ìti h antialusÐda {(n, 1), (n − 1, 2), . . . , (1, n)} tou [n] × [m] èqei n stoiqeÐa enÿ upĹrqei diamèrish tou [n] × [m] se n alusÐdec C_1, C_2, . . . , C_n, p.q. me C_i = {(i, 1), (i, 2), . . . , (i, m)}. To zhtoÔmeno èpetai apì to Lămma 2.3.1.

9. ’Estw P_i = {x ∈ P : ρ(x) = i} gia 0 ≤ i ≤ n.

(a) ’Estw amfÐrriyh f : P → P me thn idiìthta f(y) ≤ f(x) ⇔ x ≤ y gia x, y ∈ P . ParathroÔme ìti an ρ(x) = i tìte ρ(f(x)) = n − i, diìti gia tuqaÐa megistikă alusÐda x_0 < x_1 < · · · < x_n tou P me x_i = x upĹrqei h megistikă alusÐda y_0 < y_1 < · · · < y_n tou P me y_j = f(x_{n−j}) gia kĹje j kai y_{n−i} = f(x). Sunepÿc h f periorÐzetai se mia ènrriyh P_i → P_{n−i} kai omoÐwc, allĹzontac to i se n − i, periorÐzetai se ènrriyh P_{n−i} → P_i. ProkÔptei ìti h f periorÐzetai se mia amfÐrriyh P_i → P_{n−i} kai sunepÿc p_i = p_{n−i}.

(b) Gia λ ∈ Y (n, m) grĹfoume λ = (λ_1, λ_2, . . . , λ_n), ìpou kĹpoia apì ta mèrh tou λ epitrèpetai na eÐnai mhdèn kai jètoume f(λ) = (m − λ_n, m − λ_{n−1}, . . . , m − λ_1). IsodÔnama, f(λ) eÐnai h diamèrish to diĹgramma Young thc opoÐac prokÔptei apì to sumplărwma ekeÐnou tou λ sto n×m orjogÿnio metĹ apo strofă katĹ gwnÐa π. H f : Y (n, m) → Y (n, m)^∗ eÐnai o zhtoÔmenoc isomorfismìc.

10. Profanÿc to Y (n, m) eÐnai isìmorfo me to sÔnolo

Ỹ (n, m) = {(λ_1, λ_2, . . . , λ_n) ∈ Z^n : m ≥ λ_1 ≥ λ_2 ≥ · · · ≥ λ_n ≥ 0},

efodiasmèno me thn epagìmenh upodiĹtaxh apì to Z^n. ArkeÐ tÿra na parathrăsei kaneÐc ìti h apeikìnish f : Ỹ (n, m) → L(n, m) me f(λ_1, λ_2, . . . , λ_n) = {λ_1 + n, λ_2 + n − 1, . . . , λ_n + 1} eÐnai isomorfismìc merikÿn diatĹxewn.

11. Gia 1 ≤ i ≤ n èstw NC_n(i) h epagìmenh upodiĹtaxh tou NC_n pou apoteleÐtai apì tic diamerÐseic π ∈ NC_n gia tic opoÐec to i eÐnai o prÿtoc akèraioc apì aristerĹ sth lÐsta 2, 3, . . . , n, 1 pou anăkei sto Ðdio mèroc thc π me to 1. Parathrăste ìti to NC_n(i) eÐnai isìmorfo me to NC_{n−1} an i = 1 ă 2 kai me to eujÔ ginìmeno twn NC_{i−2} kai NC_{n−i+1} an 3 ≤ i ≤ n. Parathrăste epÐshc ìti h ènwsh NC_n(1) ∪ NC_n(2) eÐnai isìmorfh me to eujÔ ginìmeno tou NC_{n−1} kai miac alusÐdac me dÔo stoiqeÐa kai ìti ta NC_n(1)∪NC_n(2) kai NC_n(i) gia 3 ≤ i ≤ n eÐnai summetrikĹ embaptismèna entìc tou NC_n. Qrhsimopoiăste tic prohgoÔmenec parathrăseic, thn ’Askhsh 8 (b) kai epagwgă sto n gia na sumperĹnete to zhtoÔmeno. To apotèlesma autì eÐnai to Jeÿrhma 2 sto [R. Simion and D. Ullman, On the structure of the lattice of non-crossing partitions, Discrete Math. 98 (1991), 193–206].

12. (a) Mia tètoia diĹspash apeikonÐzetai sto Sqăma 2.3 gia n = 4 (oi diakekomènec grammèc apeikonÐzoun tic akmèc tou diagrĹmmatoc Hasse pou den metèqoun stic alusÐdec). Oi periptÿseic n ≤ 3 afănontai ston anagnÿsth.

(b) Apì ìsa gnwrÐzw to erÿthma autì paramènei anoiktì.

(g) QrhsimopoioÔme epagwgă sto n. Gia n = 1 ă 2 arkeÐ mÐa alusÐda enÿ gia n = 3 up- Ĺrqei p.q. h diĹspash stic alusÐdec (1, 2, 3) < (1, 3, 2) < (3, 1, 2) < (3, 2, 1) kai (2, 1, 3) < (2, 3, 1) (h diĹspash aută isqÔei kai gia thn asjenă diĹtaxh). Dosmènhc tuqaÐac diĹspashc {C_1, C_2, . . . , C_m} thc S_{n−1} se summetrikèc alusÐdec eÐnai dunatì na kataskeuasteÐ tètoia diĹspash C_1 ∪ C_2 ∪ · · · ∪ C_m thc S_n ìpou kĹje C_i eÐnai sÔnolo me stoiqeÐa koresmènec summetrikèc alusÐdec thc S_n, ètsi ÿste gia kĹje 1 ≤ i ≤ m ta stoiqeÐa tou C_i na eÐnai akribÿc oi metajèseic thc S_{n−1} pou prokÔptoun diagrĹfontac to n apì kĹpoia apì tic metajèseic twn alusÐdwn thc C_i. Sugkekrimèna, èstw C_i = {w_1 < w_2 < · · · < w_k} kai gia w ∈ S_{n−1} èstw f_i(w) ∈ S_n h metĹjesh pou prokÔptei parembĹllontac sta stoiqeÐa thc w to n sth jèsh i, metrÿntac apì ta dexiĹ. Gia parĹdeigma, an n = 6, w = (2, 5, 1, 4, 3) kai i = 3 èqoume f_i(w) = (2, 5, 1, 6, 4, 3). OrÐzoume wc C_i to sÔnolo twn koresmènwn summetrikÿn alusÐdwn

f_1(w_1) < f_2(w_1) < f_3(w_1) < · · · < f_n(w_1) < f_n(w_2) < f_n(w_3) < · · · < f_n(w_k) f_1(w_2) < f_1(w_3) < · · · < f_1(w_k) < f_2(w_k) < f_3(w_k) < · · · < f_{n−1}(w_k) f_2(w_2) < f_3(w_2) < · · · < f_{n−1}(w_2) < f_{n−1}(w_3) < · · · < f_{n−1}(w_{k−1}) f_2(w_3) < · · · < f_2(w_{k−1}) < f_3(w_{k−1}) < · · · < f_{n−2}(w_{k−1}) · · ·

thc S_n. Oi peretaÐrw leptomèreiec thc apìdeixhc afănontai ston anagnÿsth. GiatÐ den isqÔei to Ðdio epiqeÐrhma gia thn perÐptwsh thc asjenoÔc diĹtaxhc?

13. Blèpe [C. Greene and D.J. Kleitman, The structure of Sperner k-families, J. Combin. Theory Series A 20 (1976), 41–68]. H Ĺskhsh aută genikeÔei to Jeÿrhma 2.3.1, to opoÐo eÐnai h eidikă perÐptwsh k = 1.

Sqăma 2.5: Summetrikèc alusÐdec gia thn asjenă diatĹxh S_4.

KefĹlaio 3

Ideÿdh kai Grammikèc EpektĹseic

Sto kefĹlaio autì meletĹme to sÔnolo twn idewdÿn enìc merikÿc diatetagmènou sunìlou P kai th merikă diĹtaxh tou egkleismoÔ se autì. O qarakthrismìc twn megistikÿn alusÐdwn sth diĹtaxh aută odhgeÐ sthn ènnoia thc grammikăc epèktashc tou P , mia ènnoia me exèqousa shmasÐa gia th melèth twn aparijmhtikÿn idiotătwn tou P .

3.1 MorfismoÐ merikÿn diatĹxewn

’Estw (P, ≤_P ) kai (Q, ≤_Q) merikÿc diatetagmèna sÔnola.

Orismìc 3.1.1 Lème ìti mia apeikìnish f : P → Q eÐnai morfismìc (merikÿc diatetagmènwn sunìlwn) ă ìti h f diathreÐ th diĹtaxh, an f(x) ≤_Q f(y) gia ìla ta x, y ∈ P me x ≤_P y.

Paradeigma. (i) An to P eÐnai antialusÐda, tìte kĹje apeikìnish f : P → Q diathreÐ th diĹtaxh.

(ii) An [n] eÐnai h alusÐda sth diĹtaxh ≤_Z twn akeraÐwn, tìte h tautotikă apeikìnish f : D_n → [n] me f(i) = i gia i ∈ [n] diathreÐ th diĹtaxh afoÔ, an a | b gia a, b ∈ N tìte a ≤_Z b.

(iii). An f : Π_n → B_n eÐnai h apeikìnish gia thn opoÐa f(π) eÐnai to mèroc thc diamèrishc π tou [n] pou perièqei to 1, tìte h f diathreÐ th diĹtaxh.

(iv). ’Estw I ⊆ P kai h alusÐda {0, 1} me 0 < 1. H apeikìnish f : P → {0, 1}, me f(x) = 0 an x ∈ I kai f(x) = 1 an x /∈ I, diathreÐ th diĹtaxh an kai mìno an to I eÐnai ideÿdec tou P . �

Qrhsimopoiÿntac thn ènnoia tou morfismoÔ, o Orismìc 1.2.2 mporeÐ na anadiatupwjeÐ wc exăc: H apeikìnish f : P → Q eÐnai isomorfismìc merikÿc diatetagmènwn sunìlwn an h f eÐnai morfismìc kai upĹrqei morfismìc g : Q → P tètoioc ÿste h g ∘ f na eÐnai h tautotikă apeikìnish sto P kai h f ∘ g na eÐnai h tautotikă apeikìnish sto Q. To ParĹdeigma 1.2.7 (i) (epÐshc ta (i) kai (ii) tou prohgoÔmenou paradeÐgmatoc) deÐqnei ìti ènac morfismìc merikÿc diatetagmènwn sunìlwn f : P → Q mporeÐ na eÐnai amfirriptikìc qwrÐc na eÐnai isomorfismìc.

Lămma 3.1.1 An h f : P → Q diathreÐ th diĹtaxh kai I eÐnai ideÿdec tou Q, tìte to f^{−1}(I) eÐnai ideÿdec tou P .

Apìdeixh. ’Estw I ideÿdec tou Q kai x ≤_P y ∈ f^{−1}(I). Ja deÐxoume ìti x ∈ f^{−1}(I). ’Eqoume f(x) ≤_Q f(y) diìti h f eÐnai morfismìc, me f(y) ∈ I. Epeidă to eÐnai I ideÿdec, prokÔptei ìti f(x) ∈ I, dhladă ìti x ∈ f^{−1}(I). �

3.2 H merikă diĹtaxh twn idewdÿn

’Estw (P, ≤) tuqaÐo merikÿc diatetagmèno sÔnolo. To sÔnolo twn idewdÿn tou P , efodiasmèno me th merikă diĹtaxh tou egkleismoÔ, dhladă me I_1 ≤ I_2 an I_1 ⊆ I_2, sumbolÐzetai me J(P ) kai lègetai h merikă diĹtaxh twn idewdÿn tou P . Profanÿc to J(P ) èqei elĹqisto stoiqeÐo to kenì sÔnolo kai mègisto to P .

ParĹdeigma 3.2.1 (i) An P eÐnai h alusÐda [n] me th diĹtaxh ≤_Z twn akeraÐwn, tìte to J(P ) eÐnai alusÐda măkouc n diìti ta ideÿdh tou P eÐnai akribÿc ta sÔnola [i] me 0 ≤ i ≤ n kai ∅ ⊂ [1] ⊂ [2] ⊂ · · · ⊂ [n].

(ii) An P eÐnai h antialusÐda sto [n], tìte to J(P ) sumpÐptei me th merikă diĹtaxh B_n diìti kĹje uposÔnolo tou [n] eÐnai ideÿdec tou P .

(iii) Sto Sqăma 3.1 apeikonÐzetai to diĹgramma Hasse tou J(P ) gia th merikă diĹtaxh P tou Sqămatoc 1.1. �

Lămma 3.2.1 An to P eÐnai peperasmèno kai I_1, I_2 eÐnai ideÿdh tou P , tìte ta akìlouja eÐnai isodÔnama:

(i) To I_2 kalÔptei to I_1 sto J(P ).

(ii) I_2 = I_1 ∪ {x} gia kĹpoio elaqistikì stoiqeÐo x tou P − I_1.

Sqăma 3.1: H merikă diĹtaxh J(P ) gia to Sqăma 1.1.

(iii) I_1 ⊆ I_2 kai #I_2 = #I_1 + 1. �

Apìdeixh. Oi sunepagwgèc (ii) ⇒ (iii) kai (iii) ⇒ (i) eÐnai fanerèc. Gia thn (i) ⇒ (ii), èstw ìti to I_2 kalÔptei to I_1 sto J(P ), opìte I_1 ⊂ I_2. ’Estw x tuqaÐo elaqistikì (wc proc thn epagìmenh apì to P merikă diĹtaxh) stoiqeÐo tou I_2 − I_1 (h Ôparxh tou x prokÔptei apì to Lămma 1.2.1). Ja deÐxoume ìti to x eÐnai elaqistikì stoiqeÐo tou P − I_1 kai ìti to I_1 ∪ {x} eÐnai ideÿdec tou P . To zhtoÔmeno èpetai diìti h sqèsh I_1 < I_1 ∪ {x} ≤ I_2 sto J(P ) dÐnei I_2 = I_1 ∪ {x}. Gia ton prÿto isqurismì, parathroÔme ìti an to x den eÐnai elaqistikì stoiqeÐo tou P − I_1, tìte upĹrqei y ∈ P − I_1 me y < x. AfoÔ x ∈ I_2 kai to I_2 eÐnai ideÿdec èqoume y ∈ I_2, Ĺra kai y ∈ I_2 − I_1. Epomènwc to x den eÐnai elaqistikì stoiqeÐo tou I_2 − I_1, se antÐfash me thn upìjesh. Gia to deÔtero isqurismì, èstw y ∈ P me y ≤ z ∈ I_1 ∪ {x}. Ja deÐxoume ìti y ∈ I_1 ∪ {x}. An z ∈ I_1, tìte y ∈ I_1 diìti to I_1 eÐnai ideÿdec tou P , Ĺra y ∈ I_1 ∪ {x}. An z /∈ I_1, tìte z = x kai sunepÿc eÐte y = x eÐte y < x. Sthn prÿth perÐptwsh to zhtoÔmeno eÐnai fanerì enÿ sth deÔterh èqoume y ∈ I_1 lìgw tou ìti to x eÐnai elaqistikì stoiqeÐo tou P − I_1. �

H epìmenh prìtash dÐnei mia basikă idiìthta tou J(P ), ìtan to P eÐnai peperasmèno. Sthn ParĹgrafo 4.2 ja apodeÐxoume ìti to J(P ) eÐnai peperasmènoc {epimeristikìc sÔndesmoc} kai ìti h idiìthta aută qarakthrÐzei tic merikèc diatĹxeic thc morfăc J(P ).

Prìtash 3.2.1 An to P èqei n stoiqeÐa, tìte h merikă diĹtaxh J(P ) eÐnai diabajmismènh tĹxhc n. Epiplèon to I ∈ J(P ) èqei tĹxh ρ(I) = #I.

Apìdeixh. Apì to Lămma 3.2.1 kai to gegonìc ìti to J(P ) èqei elĹqisto stoiqeÐo to kenì sÔnolo kai mègisto to P prokÔptei ìti h sunĹrthsh ρ : J(P ) → Z_{≥0} me ρ(I) = #I gia I ∈ J(P ) ikanopoieÐ tic sunjăkec thc ’Askhshc 2 tou KefalaÐou 2. To zhtoÔmeno èpetai. �

ParĹdeigma 3.2.2 ’Estw P to eujÔ ginìmeno twn alusÐdwn [n] kai [m] sth diĹtaxh ≤_Z twn akeraÐwn. Gia merismì akeraÐou λ = (λ_1, λ_2, . . . , λ_r) jètoume I_λ = {(i, j) ∈ N^2 : 1 ≤ i ≤ r, 1 ≤ j ≤ λ_i} kai parathroÔme ìti to I eÐnai ideÿdec tou P an kai mìno an I = I_λ gia kĹpoio λ ∈ Y (n, m), ìpou Y (n, m) eÐnai h merikă diĹtaxh thc ParagrĹfou 2.4. ParathroÔme epÐshc ìti I_λ ⊆ I_μ an kai mìno an λ ⊆ μ. ProkÔptei ìti h apeikìnish f : Y (n, m) → J(P ) me f(λ) = I_λ eÐnai isomorfismìc merikÿn diatĹxewn. Apì thn Prìtash 3.2.1 èpetai ìti h Y (n, m) eÐnai diabajmismènh merikă diĹtaxh tĹxhc Ðshc me #P = nm, me tĹxh ρ(λ) = |λ| gia ìla ta λ ∈ Y (n, m). �

3.3 Grammikèc epektĹseic

Sthn parĹgrafo aută ja asqolhjoÔme me thn ènnoia thc grammikăc epèktashc enìc peperasmènou merikÿc diatetagmènou sunìlou.

Prìtash 3.3.1 ’Estw (P, ≤_P ) merikÿc diatetagmèno sÔnolo me n stoiqeÐa kai h alusÐda [n] sth diĹtaxh ≤_Z twn akeraÐwn. ’Estw (w_1, w_2, . . . , w_n) mia metĹjesh twn stoiqeÐwn tou P kai σ : P → [n] h amfÐrriyh me σ(w_i) = i gia 1 ≤ i ≤ n. Ta akìlouja eÐnai isodÔnama:

(i) H apeikìnish σ : P → [n] diathreÐ th diĹtaxh.

(ii) w_i <_P w_j ⇒ i < j gia 1 ≤ i, j ≤ n.

(iii) To sÔnolo {w_1, w_2, . . . , w_i} eÐnai ideÿdec tou P gia kĹje 1 ≤ i ≤ n.

Apìdeixh. To ìti oi (i) kai (ii) eÐnai isodÔnamec eÐnai Ĺmesh sunèpeia tou OrismoÔ 3.1.1. Gia thn (i) ⇒ (iii), parathroÔme ìti gia 1 ≤ i ≤ n to [i] eÐnai ideÿdec tou [n] kai sunepÿc an h σ diathreÐ th diĹtaxh, tìte to {w_1, w_2, . . . , w_i} = σ^{−1}([i]) eÐnai ideÿdec tou P (apì to Lămma 3.1.1). ’Estw tèloc ìti isqÔei h (iii). An w_i <_P w_j, tìte to w_i anăkei se kĹje ideÿdec tou P pou perièqei to w_j . Epomènwc anăkei kai sto ideÿdec {w_1, w_2, . . . , w_j}. ’Ara i < j kai deÐxame ìti (iii) ⇒ (ii). �

Mia metĹjesh tou P pou ikanopoieÐ tic isodÔnamec sunjăkec thc Prìtashc 3.3.1 lègetai grammikă epèktash (linear extension) tou P . SumbolÐzoume me L(P ) to sÔnolo twn grammikÿn epektĹsewn tou P kai me e(P ) to plăjoc twn stoiqeÐwn tou L(P ).

Pìrisma 3.3.1 Gia kĹje peperasmèno merikÿc diatetagmèno sÔnolo P to plăjoc e(P ) twn grammikÿn epektĹsewn tou P eÐnai Ðso me to plăjoc twn megistikÿn alusÐdwn tou J(P ).

Apìdeixh. ’Estw n = #P . Apì thn Prìtash 3.2.1 gnwrÐzoume ìti kĹje megistikă alusÐda tou J(P ) èqei th morfă ∅ = I_0 ⊂ I_1 ⊂ · · · ⊂ I_n gia ideÿdh I_i tou P me #I_i = i gia kĹje i. Apì tic ProtĹseic 3.2.1 kai 3.3.1 prokÔptei ìti h apeikìnish pou stèlnei th grammikă epèktash (w_1, w_2, . . . , w_n) tou P sthn alusÐda ∅ = I_0 ⊂ I_1 ⊂ · · · ⊂ I_n me I_i = {w_1, w_2, . . . , w_i} gia kĹje 0 ≤ i ≤ n, apoteleÐ amfÐrriyh apì to L(P ) sto sÔnolo twn megistikÿn alusÐdwn tou J(P ). To zhtoÔmeno èpetai. �

Paradeigma. Gia th merikă diĹtaxh P tou Sqămatoc 1.1, to L(P ) apoteleÐtai apì tic metajèseic (a, b, c, d), (a, b, d, c), (b, a, c, d), (b, a, d, c) kai (b, d, a, c) kai sunepÿc e(P ) = 5. Oi pènte megistikèc alusÐdec tou J(P ) faÐnontai sto Sqăma 3.1. H grammikă epèktash (b, a, d, c) antistoiqeÐ sth megistikă alusÐda ∅ ⊂ {b} ⊂ {a, b} ⊂ {a, b, d} ⊂ {a, b, c, d}. �

To prìblhma tou upologismoÔ tou plăjouc e(P ) twn stoiqeÐwn tou L(P ) emperièqei pollĹ klasikĹ problămata aparÐjmhshc, ìpwc faÐnetai apì ta akìlouja paradeÐgmata.

ParĹdeigma 3.3.1 KĹje alusÐda P èqei monadikă grammikă epèktash kai sunepÿc e(P ) = 1. An P eÐnai antialusÐda me n stoiqeÐa tìte e(P ) = n!, diìti kĹje metĹjesh twn stoiqeÐwn tou P eÐnai grammikă epèktash tou P . �

ParĹdeigma 3.3.2 ’Estw P h xènh ènwsh twn alusÐdwn [n] = {1 < 2 < · · · < n} kai [m]^′ = {1^′ < 2^′ < · · · < m^′}. Isqurizìmaste ìti

e(P ) = ( n + m n ) . (3.1)

PrĹgmati, grammikă epèktash tou P eÐnai mia metĹjesh w = (w_1, w_2, . . . , w_{n+m}) tou [n]∪[m]^′, sthn opoÐa ta stoiqeÐa 1, 2, . . . , n emfanÐzontai apì dexiĹ proc ta aristerĹ me th fusikă touc seirĹ (ìqi kat’ anĹgkh suneqìmena) kai omoÐwc gia ta 1^′, 2^′, . . . , m^′. Antistoiqÿntac sth w to sÔnolo ϕ(w) = {1 ≤ i ≤ n + m : w_i ∈ [n]} orÐzetai mia amfÐrriyh ϕ apì to L(P ) sto sÔnolo twn uposunìlwn tou [n + m] me n stoiqeÐa. ’Epetai h (3.1). Gia parĹdeigma an n = m = 2, tìte h ϕ eÐnai h antistoiqÐa

(1, 2, 1^′, 2^′) → {1, 2} (1^′, 1, 2, 2^′) → {2, 3} (1, 1^′, 2, 2^′) → {1, 3} (1^′, 1, 2^′, 2) → {2, 4} (1, 1^′, 2^′, 2) → {1, 4} (1^′, 2^′, 1, 2) → {3, 4}. � ParĹdeigma 3.3.3 ’Estw P_n = [2] × [n] to eujÔ ginìmeno twn alusÐdwn [2] kai [n] sth diĹtaxh ≤_Z twn akeraÐwn. To P_n èqei 2n stoiqeÐa, ta a_i = (1, i) kai b_i = (2, i) gia 1 ≤ i ≤ n kai isqÔei x ≤ y sto P_n an kai mìno an

∘ x = a_i kai y = a_j me i ≤ j ă ∘ x = b_i kai y = b_j me i ≤ j ă ∘ x = a_i kai y = b_j me i ≤ j.

Gia n = 5 to diĹgramma Hasse tou P_n apeikonÐzetai sto Sqăma 3.2. Grammikă epèktash tou P_n eÐnai mia metĹjesh w = (w_1, w_2, . . . , w_{2n}) tou P_n sthn opoÐa to x brÐsketai sta aristerĹ tou y, gia kajemiĹ apì tic parapĹnw treic periptÿseic. Antikajistÿntac sth w kĹje stoiqeÐo a_i me to 1 kai kĹje stoiqeÐo b_i me to −1 prokÔptei eÔkola (oi leptomèreiec afănontai ston anagnÿsth) ìti to L(P ) brÐsketai se 1`1 antistoiqÐa me to sÔnolo C_n twn akoloujiÿn (ϵ_1, ϵ_2, . . . , ϵ_{2n}) ∈ {1, −1}^{2n} gia tic opoÐec ϵ_1 +ϵ_2 +· · ·+ϵ_{2n} = 0 kai ϵ_1 +ϵ_2 +· · ·+ϵ_i ≥ 0 gia kĹje 1 ≤ i ≤ 2n. Gia parĹdeigma, sth grammikă epèktash (a_1, a_2, b_1, a_3, b_2, b_3) tou P_3 antistoiqeÐ h akoloujÐa (1, 1, −1, 1, −1, −1) tou C_3. To plăjoc twn stoiqeÐwn tou C_n (kajÿc kai miac plhjÿrac sunìlwn se 1`1 antistoiqÐa me to C_n, ta stoiqeÐa twn opoÐwn perigrĹfontai me kĹpoio sunduastikì trìpo) eÐnai o gnwstìc n-stìc arijmìc Catalan, dhladă

e(P_n) = 1 n + 1 ( 2n n ) . (3.2)

’Ena Ĺllo tètoio sÔnolo eÐnai autì twn monopatiÿn sto Z^2 me afethrÐa to shmeÐo (0, 0) kai tèloc to (2n, 0), ta opoÐa èqoun 2n bămata thc morfăc (1, 1) ă (1, −1) kai brÐskontai exoloklărou sto kleistì hmiepÐpedo x ≥ 0 tou R^2 (arkeÐ na antikatastăsei kaneÐc touc ìrouc 1 kai −1 twn stoiqeÐwn tou C_n me ta bămata (1, 1) kai (1, −1), antÐstoiqa). �

Young tamplÿ. Gia to teleutaÐo mac parĹdeigma, èstw diamèrish λ = (λ_1, λ_2, . . . , λ_r) tou n me diĹgramma Young Y_λ (blèpe ParĹgrafo 2.4) kai to uposÔnolo

P_λ = {(i, j) ∈ N^2 : 1 ≤ i ≤ r, 1 ≤ j ≤ λ_i}

Sqăma 3.2: H merikă diĹtaxh P_5 = [2] × [5].

tou N^2 me thn epagìmenh merikă diĹtaxh, dhladă me (a, b) ≤ (a^′, b^′) sto P_λ an kai mìno an a ≤_Z a^′ kai b ≤_Z b^′. To plăjoc e(P_λ) twn grammikÿn epektĹsewn tou P mporeÐ na ermhneuteÐ wc exăc. ’Ena Young tamplÿ sqămatoc λ eÐnai mia 1`1 antistoiqÐa twn akeraÐwn 1, 2, . . . , n sta n tetrĹgwna tou Y_λ tètoia ÿste oi akèraioi pou antistoiqoÔn sta tetrĹgwna kĹje grammăc kai kĹje stălhc tou Y_λ na auxĹnoun proc ta dexiĹ kai proc ta kĹtw, antÐstoiqa. To plăjoc twn Young tamplÿ sqămatoc λ sumbolÐzetai me f^λ. Ta Young tamplÿ kai oi arijmoÐ f^λ èqoun exèqousa shmasÐa sth jewrÐa anaparastĹsewn thc summetrikăc omĹdac S_n twn metejèsewn tou [n]. Edÿ ja arkestoÔme na shmeiÿsoume ìti oi arijmoÐ f^λ, ìpou λ ⊢ n, dÐnoun tic diastĹseic twn (migadikÿn) anĹgwgwn anaparastĹsewn thc S_n.

Paradeigma. ’Eqoume f^{(3,3)} = 5. Ta pènte Young tamplÿ sqămatoc (3, 3) apeikonÐzontai sto Sqăma 3.3. �

Sqăma 3.3: Ta pènte Young tamplÿ sqămatoc (3, 3).

Prìtash 3.3.2 ’Eqoume e(P_λ) = f^λ gia kĹje diamèrish λ tou jetikoÔ akeraÐou n.

Apìdeixh. Antistoiqÿntac sto (i, j) ∈ P_λ to tetrĹgwno sth grammă i kai stălh j tou Y_λ, ìpou h arÐjmhsh grammÿn gÐnetai apì pĹnw proc ta kĹtw kai sthlÿn apì aristerĹ proc ta dexiĹ, to P_λ tautÐzetai me to sÔnolo twn tetragÿnwn tou Y_λ. Me thn taÔtish aută mia grammikă epèktash w tou P_λ tautÐzetai me mia arÐjmhsh (τ_1, τ_2, . . . , τ_n) twn tetragÿnwn tou Y_λ gia thn opoÐa isqÔei i < j, ìpote to τ_i brÐsketai dutikĹ (aristerĹ) sthn Ðdia grammă ă bìreia sthn Ðdia stălh tou τ_j . Antistoiqÿntac to i sto tetrĹgwno τ_i gia kĹje 1 ≤ i ≤ n paÐrnoume èna Young tamplÿ T_w sqămatoc λ kai h apeikìnish pou stèlnei th w sto T_w eÐnai amfÐrriyh apì to L(P_λ) sto sÔnolo twn Young tamplÿ sqămatoc λ. To zhtoÔmeno èpetai. �

Gia tetrĹgwno x tou Y_λ sumbolÐzoume me h(x) to plăjoc twn tetragÿnwn tou Y_λ pou brÐskontai sthn Ðdia grammă me to x allĹ ìqi anatolikĹ tou x ă sthn Ðdia stălh me to x allĹ ìqi bìreia tou x. Oi arijmoÐ h(x) apeikonÐzontai sto Sqăma 3.4 gia λ = (4, 4, 3, 1). GrĹfoume x ∈ Y_λ an to x eÐnai tetrĹgwno tou Y_λ. H apìdeixh tou akìloujou jewrămatoc xefeÔgei apì tic mejìdouc pou exetĹzoume se autèc tic shmeiÿseic kai paraleÐpetai.

Jeÿrhma 3.3.1 (Hook Length Formula) Gia kĹje diamèrish λ tou jetikoÔ akeraÐou n isqÔei

f^λ = n! ∏ x∈Y_λ h(x) .

Sqăma 3.4: Oi arijmoÐ h(x) gia λ = (4, 4, 3, 1).

Paradeigma. An λ = (4, 4, 3, 1), tìte e(P_λ) = f^λ =^{12!}_{7·6·5·43·3·22·13} = 2970. �

3.4 Askăseic

1. Pìsec megistikèc alusÐdec èqei h B_n?

2. ’Estw merikÿc diatetagmèna sÔnola P, Q me P ∩ Q = ∅. DeÐxte ìti h merikă diĹtaxh J(P + Q) eÐnai isìmorfh me to eujÔ ginìmeno J(P ) × J(Q).

3. (a) DeÐxte ìti h posìthta e(P ) ikanopoieÐ thn anagwgikă sqèsh

e(P ) = ∑ x∈max(P )

e(P − {x}),

ìpou max(P ) eÐnai to sÔnolo twn megistikÿn stoiqeÐwn tou P kai to P − {x} jewreÐtai efodiasmèno me thn epagìmenh merikă diĹtaxh. (b) DeÐxte ìti e(P ) = e(P^∗). (g) DeÐxte ìti e(P ⊕ Q) = e(P )e(Q). (d) DeÐxte ìti e(P + Q) =

(_{n+m} n ) e(P )e(Q), ìpou n = #P kai m = #Q.

UpodeÐxeic - LÔseic

1. GnwrÐzoume ìti B_n = J(P ), ìpou P eÐnai h antialusÐda sto sÔnolo [n]. Apì to Pìrisma 3.3.1 kai to ParĹdeigma 3.3.1 prokÔptei ìti h B_n èqei e(P ) = n! megistikèc alusÐdec.

2. ’Ena uposÔnolo I tou P + Q eÐnai ideÿdec tou P + Q an kai mìno an ta I ∩ P kai I ∩ Q eÐnai ideÿdh twn P kai Q, antÐstoiqa. EÐnai fanerì ìti gia I, J ⊆ P + Q isqÔei I ⊆ J an kai mìno an I ∩ P ⊆ J ∩ P kai I ∩ Q ⊆ J ∩ Q. ’Epetai ìti h apeikìnish f : J(P + Q) → J(P ) × J(Q) me f(I) = (I ∩ P, I ∩ Q) eÐnai isomorfismìc merikÿn diatĹxewn.

3. ’Estw n = #P kai m = #Q. Gia to (a), parathrăste ìti h (w_1, w_2, . . . , w_n) eÐnai grammikă epèktash tou P an kai mìno an to x = w_n eÐnai megistikì stoiqeÐo tou P kai h (w_1, . . . , w_{n−1}) eÐnai grammikă epèktash tou P −{x}. Gia to (b) ìti h (w_1, w_2, . . . , w_n) eÐnai grammikă epèktash tou P an kai mìno an h (w_n, w_{n−1}, . . . , w_1) eÐnai grammikă epèktash tou P^∗ kai gia to (g) ìti h (w_1, w_2, . . . , w_{n+m}) eÐnai grammikă epèktash tou P ⊕ Q an kai mìno an h (w_1, w_2, . . . , w_n) eÐnai grammikă epèktash tou P kai h (w_{n+1}, w_{n+2}, . . . , w_{n+m}) eÐnai grammikă epèktash tou Q. Tèloc, gia to (d) parathrăste ìti h (w_1, w_2, . . . , w_{n+m}) eÐnai grammikă epèktash tou P + Q an kai mìno an upĹrqoun deÐktec 1 ≤ i_1 < i_2 < · · · < i_n ≤ n + m kai 1 ≤ j_1 < j_2 < · · · < j_m ≤ n + m me {i_1, i_2, . . . , i_n} ∪ {j_1, j_2, . . . , j_m} = [n + m] ÿste h (w_{i1} , w_{i2} , . . . , w_{in} ) na eÐnai grammikă epèktash tou P kai h (w_{j1} , w_{j2} , . . . , w_{jm} ) na eÐnai grammikă epèktash tou Q.

KefĹlaio 4

SÔndesmoi

Oi sÔndesmoi apoteloÔn mia shmantikă klĹsh merikÿn diatĹxewn stic opoÐec kĹje dÔo stoiqeÐa èqoun katÿtato Ĺnw frĹgma kai anÿtato kĹtw frĹgma. AfoÔ exetĹsoume kĹpoiec stoiqeiÿdeic idiìthtèc touc, epikentrÿnoume thn prosoqă mac se treic eidikèc kathgorÐec peperasmènwn sundèsmwn. Prÿta apodeiknÔoume to jemeliÿdec jeÿrhma gia peperasmènouc epimeristikoÔc sundèsmouc tou Dilworth [4], me to opoÐo oi sÔndesmoi autoÐ qarakthrÐzontai wc oi merikèc diatĹxeic twn idewdÿn peperasmènwn merikÿc diatetagmènwn sunìlwn kai èpeita asqoloÔmaste me touc gewmetrikoÔc kai hmiepimeristikoÔc sundèsmouc. Oi gewmetrikoÐ sÔndesmoi parèqoun èna afhrhmèno montèlo gia th sunduastikă melèth (gnwstă kai wc jewrÐa twn mhtroeidÿn) thc ènnoiac thc grammikăc exĹrthshc se èna peperasmèno sÔnolo dianusmĹtwn se dianusmatikì qÿro. Oi hmiepimeristikoÐ sÔndesmoi parèqoun èna afhrhmèno montèlo gia th melèth thc ènnoiac thc kurtìthtac se èna peperasmèno sÔnolo shmeÐwn sto qÿro R^d.

4.1 OrismoÐ

’Estw (P, ≤) merikÿc diatetagmèno sÔnolo kai x, y ∈ P . To z ∈ P lègetai Ĺnw frĹgma (antÐstoiqa, kĹtw frĹgma) twn x, y an x ≤ z kai y ≤ z (antÐstoiqa, z ≤ x kai z ≤ y). ’Ena Ĺnw frĹgma (antÐstoiqa, kĹtw frĹgma) z twn x, y lègetai katÿtato Ĺnw frĹgma (antÐstoiqa, anÿtato kĹtw frĹgma) an z ≤ w (antÐstoiqa, w ≤ z) gia kĹje Ĺllo Ĺnw frĹgma (antÐstoiqa, kĹtw frĹgma) w twn x, y. Lìgw thc idiìthtac thc antisummetrÐac, to katÿtato Ĺnw frĹgma (ìpwc epÐshc kai to anÿtato kĹtw frĹgma) twn x, y eÐnai monadikì, efìson bèbaia upĹrqei. To katÿtato Ĺnw frĹgma twn x, y lègetai sÔndesh (join) twn x, y kai sumbolÐzetai me x ∨ y.

To anÿtato kĹtw frĹgma twn x, y lègetai sunĹnthsh (meet) twn x, y kai sumbolÐzetai me x ∧ y.

Paradeigma. ’Estw h merikă diĹtaxh tou Sqămatoc 2.1 sto sÔnolo [5]. Ta stoiqeÐa 1, 2 èqoun dÔo Ĺnw frĹgmata, ta 3 kai 5, allĹ den èqoun katÿtato Ĺnw frĹgma. OmoÐwc ta 3, 5 èqoun kĹtw frĹgma to 1 kai to 2 allĹ den èqoun anÿtato kĹtw frĹgma. Ta 3, 4 èqoun monadikì kĹtw frĹgma to 2, to opoÐo epomènwc eÐnai kai to anÿtato kĹtw frĹgma touc, enÿ den èqoun Ĺnw frĹgma. �

Orismìc 4.1.1 To (P, ≤) lègetai sÔndesmoc (lattice) an kĹje zeÔgoc stoiqeÐwn x, y tou P èqei katÿtato Ĺnw frĹgma kai anÿtato kĹtw frĹgma.

Sto Sqăma 4.1 apeikonÐzetai to diĹgramma Hasse enìc sundèsmou me 13 stoiqeÐa.

Sqăma 4.1: ’Enac sÔndesmoc me 13 stoiqeÐa.

ParĹdeigma 4.1.1 (i) KĹje alusÐda (P, ≤) eÐnai sÔndesmoc, diìti gia x, y ∈ P isqÔei x ≤ y ă y ≤ x kai sunepÿc (Prìtash 4.1.1 (iii)) x ∨ y = y kai x ∧ y = x ă antÐstrofa. Mia antialusÐda eÐnai sÔndesmoc an kai mìno an èqei akribÿc èna stoiqeÐo.

(ii) H merikă diĹtaxh B_n eÐnai sÔndesmoc me x ∨ y = x ∪ y kai x ∧ y = x ∩ y gia ìla ta x, y ∈ B_n. PrĹgmati, jètontac z = x ∪ y, èqoume x, y ⊆ x ∪ y, pou shmaÐnei ìti x, y ≤ z sto B_n. EpÐshc an x, y ≤ w sto B_n, tìte x, y ⊆ w, opìte kai x ∪ y ⊆ w, dhladă isqÔei z ≤ w sto B_n. ProkÔptei ìti z = x ∨ y kai omoÐwc x ∩ y = x ∧ y.

(iii) H merikă diĹtaxh tou ParadeÐgmatoc 1.2.4 eÐnai sÔndesmoc ston opoÐo to x∨y eÐnai to elĹqisto koinì pollaplĹsio kai x ∧ y eÐnai o mègistoc koinìc diairèthc twn x, y ∈ N. ’Epetai ìti h merikă diĹtaxh D_n tou ParadeÐgmatoc 1.2.5 eÐnai epÐshc sÔndesmoc (’Askhsh 2).

(iv) ’Estw grammikìc qÿroc V pĹnw se èna sÿma K kai èstw L(V ) to sÔnolo twn grammikÿn upìqwrwn tou V , merikÿc diatetagmèno me th sqèsh tou egkleismoÔ, dhladă me W_1 ≤ W_2 an W_1 ⊆ W_2. To L(V ) eÐnai sÔndesmoc me W_1 ∧ W_2 = W_1 ∩ W_2 kai W_1 ∨ W_2 = W_1 + W_2 gia W_1, W_2 ∈ L(V ). O qÿroc V eÐnai to mègisto stoiqeÐo tou L(V ) kai o mhdenikìc upìqwroc {0} to elĹqisto. �

Prìtash 4.1.1 Gia sÔndesmo (L, ≤) kai x, y, z ∈ L isqÔoun:

(i) x ∨ y = y ∨ x kai x ∧ y = y ∧ x, (ii) (x ∨ y) ∨ z = x ∨ (y ∨ z) kai (x ∧ y) ∧ z = x ∧ (y ∧ z), (iii) x ∨ y = y ⇔ x ∧ y = x ⇔ x ≤ y.

Apìdeixh. Gia thn (iii), parathroÔme ìti an x ∨ y = y (antÐstoiqa, x ∧ y = x), tìte to y eÐnai Ĺnw frĹgma (antÐstoiqa, to x eÐnai kĹtw frĹgma) gia ta x, y kai sunepÿc x ≤ y. AntÐstrofa, an x ≤ y, tìte oi x ∨ y = y kai x ∧ y = x prokÔptoun Ĺmesa apì touc orismoÔc. Oi apodeÐxeic twn (i) kai (ii) afănontai ston anagnÿsth. �

Oi idiìthtec (i) kai (ii) mac epitrèpoun na orÐsoume to katÿtato Ĺnw frĹgma (ă sÔndesh) ⋁ S = ⋁ x∈S x kai to anÿtato kĹtw frĹgma (ă sunĹnthsh) ⋀ S = ⋀ x∈S x tuqaÐou peperasmènou uposunìlou S ≠ ∅ tou sundèsmou L, me epagwgă sto #S.

Lămma 4.1.1 ’Estw P peperasmèno merikÿc diatetagmèno sÔnolo.

(i) An to P eÐnai sÔndesmoc, tìte èqei elĹqisto kai mègisto stoiqeÐo. (ii) An to P èqei mègisto stoiqeÐo kai upĹrqei to x ∧ y gia ìla ta x, y ∈ P , tìte to P eÐnai sÔndesmoc.

(iii) An to P èqei elĹqisto stoiqeÐo kai upĹrqei to x ∨ y gia ìla ta x, y ∈ P , tìte to P eÐnai sÔndesmoc.

Apìdeixh. (i) To ⋁ P eÐnai to mègisto kai to ⋀ P eÐnai to elĹqisto stoiqeÐo tou P .

(ii) ArkeÐ na deÐxoume ìti upĹrqei to x ∨ y gia ìla ta x, y ∈ P . Dosmènwn twn x, y ∈ P , to sÔnolo S = {z ∈ P : x ≤ z, y ≤ z} eÐnai mh kenì diìti perièqei to mègisto stoiqeÐo tou P . Apì thn upìjesh prokÔptei, me epagwgă sto plăjoc twn stoiqeÐwn tou Q, ìti upĹrqei to anÿtero kĹtw frĹgma ⋀ Q gia kĹje mh kenì Q ⊆ P . Sunepÿc upĹrqei to ⋀ S kai isqurizìmaste ìti x ∨ y = ⋀ S. PrĹgmati, to x eÐnai kĹtw frĹgma gia ìla ta stoiqeÐa tou S, opìte x ≤ ⋀ S kai omoÐwc y ≤ ⋀ S. Epiplèon kĹje Ĺnw frĹgma z twn x, y eÐnai stoiqeÐo tou S kai sunepÿc ⋀ S ≤ z. Gia thn (iii) ergazìmaste ìmoia ă efarmìzoume thn (ii) sth duïkă merikă diĹtaxh P^∗. �

ParĹdeigma 4.1.2 To Π_n èqei mègisto stoiqeÐo th diamèrish tou sunìlou [n] me èna mìno mèroc, to [n]. EpÐshc gia x, y ∈ Π_n, me x = {B_1, B_2, . . . , B_k} kai y = {B^′_1, B^′_2, . . . , B^′_ℓ}, to x ∧ y upĹrqei kai eÐnai Ðso me th diamèrish tou [n] ta mèrh thc opoÐac eÐnai ta mh kenĹ apì ta sÔnola B_i ∩ B^′_j gia 1 ≤ i ≤ k, 1 ≤ j ≤ ℓ. Apì to Lămma 4.1.1 (ii) prokÔptei ìti to Π_n eÐnai sÔndesmoc gia kĹje n ∈ N. Poia eÐnai h sÔndesh x ∨ y twn x, y sto Π_n? �

ParĹdeigma 4.1.3 ’Estw peperasmènh omĹda G kai èstw L(G) to sÔnolo twn upoomĹdwn thc G, merikÿc diatetagmèno me th sqèsh tou egkleismoÔ, dhladă me x ≤ y an x ⊆ y. Profanÿc h G eÐnai to mègisto stoiqeÐo tou L(G), enÿ x ∧ y = x ∩ y gia ìla ta x, y ∈ L(G), afoÔ h tomă dÔo upoomĹdwn thc G eÐnai epÐshc upoomĹda thc G. Apì to Lămma 4.1.1 (ii) prokÔptei ìti to L(G) eÐnai sÔndesmoc. MĹlista autì isqÔei qwrÐc thn upìjesh ìti h G eÐnai peperasmènh. Poia eÐnai h sÔndesh x ∨ y twn x, y sto L(G) gia tuqaÐa omĹda G? Poio eÐnai to elĹqisto stoiqeÐo tou L(G)? �

4.2 EpimeristikoÐ sÔndesmoi

Sthn parĹgrafo aută ja orÐsoume thn klĹsh twn peperasmènwn epimeristikÿn sundèsmwn kai ja deÐxoume ìti aută sumpÐptei me thn klĹsh twn merikÿn diatĹxewn J(P ) (gia peperasmèno P ) pou meletăsame sthn ParĹgrafo 3.2.

Orismìc 4.2.1 ’Enac sÔndesmoc L lègetai epimeristikìc (distributive) an gia ìla ta x, y, z ∈ L isqÔoun x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z) x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z).

(4.1)

ParĹdeigma 4.2.1 KĹje alusÐda eÐnai epimeristikìc sÔndesmoc (giatÐ?). H merikă diĹtaxh B_n eÐnai epimeristikìc sÔndesmoc, diìti gia x, y, z ⊆ [n] isqÔoun

x ∪ (y ∩ z) = (x ∪ y) ∩ (x ∪ z), x ∩ (y ∪ z) = (x ∩ y) ∪ (x ∩ z). (4.2)

O sÔndesmoc Π_3 (Sqăma 1.3) twn diamerÐsewn tou [3] den eÐnai epimeristikìc. An ^0 kai ^1 eÐnai, antÐstoiqa, to elĹqisto kai mègisto stoiqeÐo tou Π_3 kai x, y, z eÐnai ta upìloipa trÐa stoiqeÐa se tuqaÐa seirĹ, tìte x ∨ (y ∧ z) = x ∨ ^0 = x enÿ (x ∨ y) ∧ (x ∨ z) = ^1 ∧ ^1 = ^1. �

UpenjumÐzoume ìti J(P ) eÐnai h merikă diĹtaxh twn idewdÿn tou P pou orÐsthke sthn ParĹgrafo 3.2.

Prìtash 4.2.1 H merikă diĹtaxh J(P ) eÐnai epimeristikìc sÔndesmoc gia kĹje merikÿc diatetagmèno sÔnolo P .

Apìdeixh. H ènwsh kai h tomă dÔo idewdÿn tou P eÐnai epÐshc ideÿdh tou P (’Askhsh 6 tou KefalaÐou 2). ProkÔptei Ĺmesa ìti to J(P ) eÐnai sÔndesmoc me J_1 ∨ J_2 = J_1 ∪ J_2 kai J_1 ∧ J_2 = J_1 ∩ J_2 gia J_1, J_2 ∈ J(P ). Epeidă oi sqèseic (4.2) isqÔoun gia tuqaÐa uposÔnola tou P , autèc isqÔoun kai gia ideÿdh tou P . Epomènwc isqÔoun oi sqèseic (4.1) gia to J(P ) kai sunepÿc to J(P ) eÐnai epimeristikìc sÔndesmoc. �

ParĹdeigma 4.2.2 H merikă diĹtaxh Y (n, m) thc ParagrĹfou 2.4 eÐnai isìmorfh me to J(P ), ìpou P eÐnai eujÔ ginìmeno dÔo alusÐdwn (ParĹdeigma 3.2.2) kai sunepÿc h Y (n, m) apoteleÐ epimeristikì sÔndesmo. �

To epìmeno jeÿrhma anafèretai wc to Jemeliÿdec Jeÿrhma twn Peperasmènwn Epimeristikÿn Sundèsmwn.

Jeÿrhma 4.2.1 (Birkhoff) KĹje peperasmènoc epimeristikìc sÔndesmoc eÐnai isìmorfoc me th merikă diĹtaxh J(P ) gia kĹpoio, monadikoÔ tÔpou isomorfismoÔ, peperasmèno merikÿc diatetagmèno sÔnolo P .

Gia thn apìdeixh tou jewrămatoc, h opoÐa dÐnetai sto tèloc autăc thc paragrĹfou, ja qreiastoÔme kĹpoiec nèec ènnoiec. ’Estw L peperasmènoc epimeristikìc sÔndesmoc me elĹqisto stoiqeÐo ^0. ’Ena stoiqeÐo x tou L lègetai anĹgwgo an x ≠ ^0 kai den upĹrqoun y, z ∈ L − {x} me x = y ∨ z. Gia parĹdeigma, ta anĹgwga stoiqeÐa thc B_n eÐnai ta mh kenĹ uposÔnola tou [n] ta opoÐa den mporoÔn na grafoÔn wc ènwsh dÔo gnhsÐwn uposunìlwn touc, dhladă ta monosÔnola {i} gia 1 ≤ i ≤ n, enÿ ta anĹgwga stoiqeÐa tou sundèsmou J(P ) tou Sqămatoc 3.1 eÐnai ta {a}, {b}, {b, d} kai {a, b, c}. Parathrăste ìti h epagìmenh merikă diĹtaxh tou J(P ) sta tèssera autĹ anĹgwga stoiqeÐa eÐnai isìmorfh me thn P (Sqăma 1.1).

Lămma 4.2.1 Gia kĹje peperasmèno merikÿc diatetagmèno sÔnolo P , ta anĹgwga stoiqeÐa tou J(P ) eÐnai akribÿc ta prwteÔonta ideÿdh tou P .

Apìdeixh. Dosmènou prwteÔontoc ideÿdouc I_x = {y ∈ P : y ≤ x} tou P prèpei na deÐxoume ìti an I_x = I ∪ I^′ me I, I^′ ∈ J(P ), tìte I_x = I ă I_x = I^′. PrĹgmati, èqoume x ∈ I_x = I ∪ I^′ kai sunepÿc x ∈ I ă x ∈ I^′. AfoÔ ta I, I^′ eÐnai ideÿdh prokÔptei ìti I_x ⊆ I ă I_x ⊆ I^′ kai sunepÿc I_x = I ă I_x = I^′. AntÐstrofa, èstw ìti to ideÿdec I tou P eÐnai anĹgwgo stoiqeÐo tou J(P ), dhladă ìti den grĹfetai san ènwsh dÔo gnăsiwn upoïdewdÿn. ’Estw A = {x_1, . . . , x_k} to sÔnolo max(I) twn megistikÿn stoiqeÐwn tou I, opìte I = A^− apì to

Lămma 2.2.1 (iii). An k ≥ 2, tìte to I grĹfetai wc ènwsh I = {x_1}^− ∪ B^− dÔo idewdÿn {x_1}^− kai B^−, ìpou B = {x_2, . . . , x_k}. Epeidă ta ideÿdh {x_1}^− kai B^− eÐnai gnăsia uposÔnola tou I, h isìthta I = {x_1}^− ∪ B^− antibaÐnei sthn upìjesă mac gia to I. Sunepÿc k = 1, dhladă to I = {x_1}^− = I_{x1} eÐnai prwteÔon. �

Prìtash 4.2.2 Gia kĹje peperasmèno merikÿc diatetagmèno sÔnolo P , to sÔnolo twn anĹgwgwn stoiqeÐwn tou J(P ), me thn epagìmenh merikă diĹtaxh, eÐnai isìmorfo me to P . Eidikìtera, gia dÔo peperasmèna merikÿc diatetagmèna sÔnola P kai Q, ta J(P ) kai J(Q) eÐnai isìmorfa an kai mìno an ta P kai Q eÐnai isìmorfa.

Apìdeixh. ’Estw J_0(P ) to sÔnolo twn anĹgwgwn stoiqeÐwn tou J(P ), me thn epagìmenh merikă diĹtaxh. Apì to Lămma 4.2.1 gnwrÐzoume ìti to J_0(P ) eÐnai to sÔnolo {I_x : x ∈ P } twn prwteuìntwn idewdÿn tou P , me I_x ≤ I_y sto J_0(P ) an kai mìno an I_x ⊆ I_y. H teleutaÐa sqèsh profanÿc isqÔei an kai mìno an x ≤ y sto P . Sunepÿc h apeikìnish ϕ : P → J_0(P ), me ϕ(x) = I_x gia x ∈ P , eÐnai o zhtoÔmenoc isomorfismìc.

Gia thn teleutaÐa prìtash, parathroÔme ìti an f : J(P ) → J(Q) eÐnai isomorfismìc, tìte autìc periorÐzetai se isomorfismì f_0 : J_0(P ) → J_0(Q) metaxÔ twn epagìmenwn merikÿn diatĹxewn sta anĹgwga stoiqeÐa. Apì ta parapĹnw prokÔptei ìti ta P kai Q eÐnai isìmorfa. To antÐstrofo eÐnai fanerì. �

To akìloujo stoiqeiÿdec lămma ja qrhsimopoihjeÐ sthn apìdeixh tou Jewrămatoc 4.2.1.

Lămma 4.2.2 ’Estw L peperasmènoc sÔndesmoc me elĹqisto stoiqeÐo ^0.

(i) KĹje stoiqeÐo x ≠ ^0 tou L grĹfetai sth morfă x = x_1 ∨ x_2 ∨ · · · ∨ x_r, ìpou r ≥ 1 kai x_1, x_2, . . . , x_r eÐnai anĹgwga stoiqeÐa tou L.

(ii) An to x ∈ L eÐnai anĹgwgo kai x = x_1 ∨ x_2 ∨ · · · ∨ x_r me x_1, x_2, . . . , x_r ∈ L, tìte x = x_i gia kĹpoio 1 ≤ i ≤ r.

Apìdeixh. (i) An to x eÐnai anĹgwgo, tìte arkeÐ na pĹroume r = 1. An ìqi, tìte x = y ∨ z me ^0 < y, z < x. Qrhsimopoiÿntac epagwgă sto plăjoc twn stoiqeÐwn tou [^0, x] mporoÔme na upojèsoume ìti ta y kai z grĹfontai sth zhtoÔmenh morfă, opìte to Ðdio prokÔptei gia to x = y ∨ z.

(ii) Profanÿc mporoÔme na upojèsoume ìti r ≥ 2. Apì th sqèsh x = x_1 ∨ (x_2 ∨ · · · ∨ x_r) kai thn upìjesh ìti to x eÐnai anĹgwgo prokÔptei ìti x = x_1 ă x = x_2 ∨· · ·∨x_r. Qrhsimopoiÿntac epagwgă sto r h deÔterh dunatìthta dÐnei x = x_i gia kĹpoio 2 ≤ i ≤ r. �

Apìdeixh tou Jewrămatoc 4.2.1. ’Estw peperasmènoc epimeristikìc sÔndesmoc L me elĹqisto stoiqeÐo ^0 kai èstw P to sÔnolo twn anĹgwgwn stoiqeÐwn tou L, me thn epagìmenh merikă diĹtaxh. Ja deÐxoume ìti to L eÐnai isìmorfo me to J(P ). Autì apodeiknÔei thn Ôparxh tou P sth diatÔpwsh tou jewrămatoc, enÿ h monadikìthta èpetai apì thn Prìtash 4.2.2.

Gia x ∈ L jètoume ϕ(x) = {z ∈ P : z ≤ x}. EÐnai fanerì ìti to ϕ(x) eÐnai ideÿdec tou P . Ja deÐxoume ìti h apeikìnish ϕ : L → J(P ) eÐnai isomorfismìc, pou shmaÐnei ìti isqÔei x ≤ y sto L an kai mìno an ϕ(x) ⊆ ϕ(y) kai ìti h ϕ eÐnai epÐrriyh. An x ≤ y sto L, tìte ϕ(x) ⊆ ϕ(y) apì th metabatikă idiìthta sto L. AntÐstrofa, èstw x, y ∈ L me ϕ(x) ⊆ ϕ(y). Ja deÐxoume ìti x ≤ y. Asfalÿc mporoÔme na upojèsoume x ≠ ^0 opìte apì to Lămma 4.2.2 (i), èqoume x = x_1 ∨ x_2 ∨ · · · ∨ x_r ìpou x_1, x_2, . . . , x_r ∈ P . Profanÿc x_i ≤ x gia kĹje 1 ≤ i ≤ r, Ĺra x_i ∈ ϕ(x) kai sunepÿc x_i ∈ ϕ(y), dhladă x_i ≤ y gia kĹje 1 ≤ i ≤ r. ’Epetai ìti x = x_1 ∨ x_2 ∨ · · · ∨ x_r ≤ y. Mènei na deÐxoume ìti h ϕ eÐnai epÐrriyh. Gia tuqaÐo ideÿdec I tou P ja deÐxoume ìti I = ϕ(x), ìpou x = ⋁ y∈I y ∈ L. O egkleismìc I ⊆ ϕ(x) eÐnai fanerìc diìti gia kĹje y ∈ I èqoume y ≤ x sto L. AntÐstrofa, èstw z ∈ ϕ(x). ParathroÔme ìti ⋁ y∈I y = ⋁ y∈ϕ(x)

y = x

afoÔ I ⊆ ϕ(x) kai y ≤ x gia kĹje y ∈ ϕ(x). PaÐrnontac th sunĹnthsh twn dÔo prÿtwn ekfrĹsewn me to z kai qrhsimopoiÿntac ton epimeristikì nìmo pou isqÔei sto L brÐskoume ìti ⋁ y∈I y ∧ z = ⋁ y∈ϕ(x)

y ∧ z.

To dexiì mèloc eÐnai Ðso me z afoÔ y ∧ z ≤ z gia kĹje y ∈ ϕ(x) kai z ∈ ϕ(x). Sunepÿc ⋁ y∈I y ∧ z = z. ’Omwc z ∈ ϕ(x) ⊆ P , Ĺra to z eÐnai anĹgwgo stoiqeÐo tou L. Apì to Lămma 4.2.2 (ii) prokÔptei ìti z = y ∧ z gia kĹpoio y ∈ I, dhladă ìti z ≤ y gia kĹpoio y ∈ I kai sunepÿc z ∈ I. Epomènwc ϕ(x) ⊆ I. �

4.3 SÔndesmoi kai kleistìthta

Shmantikì rìlo sto upìloipo tou kefalaÐou ja paÐxei h ènnoia thc prĹxhc kleistìthtac. ’Estw S tuqaÐo sÔnolo. UpenjumÐzoume ìti me 2^S sumbolÐzoume to dunamosÔnolo tou S.

Orismìc 4.3.1 Mia prĹxh kleistìthtac sto S eÐnai mia apeikìnish 2^S → 2^S, mèsw thc opoÐac h eikìna tou A ⊆ S sumbolÐzetai me A, me tic idiìthtec

(i) A ⊆ A,

(ii) A ⊆ B ⇒ A ⊆ B kai

(iii) A = A

gia ìla ta A, B ⊆ S. To A lègetai kleistă jăkh tou A ⊆ S. To A lègetai kleistì an A = A.

Apì ta Ĺfjona paradeÐgmata prĹxewn kleistìthtac pou sunantĹ kaneÐc sta proptuqiakĹ majhmatikĹ anafèroume thn prĹxh thc grammikăc jăkhc se grammikì (dianusmatikì) qÿro V , thn prĹxh pou antistoiqeÐ se uposÔnolo S omĹdac G thn upoomĹda S pou parĹgetai apì to S sth G, thn prĹxh thc kleistăc jăkhc se ènan topologikì qÿro X, thn prĹxh thc kurtăc jăkhc ston EukleÐdeio qÿro R^d klp. Edÿ ja mac apasqolăsoun kurÐwc paradeÐgmata ìpwc ta akìlouja.

ParĹdeigma 4.3.1 ’Estw S peperasmèno uposÔnolo enìc grammikoÔ qÿrou V pĹnw sto sÿma K. Gia A ⊆ S jètoume A = KA ∩ S, ìpou KA eÐnai h grammikă jăkh (dhladă to sÔnolo ìlwn twn grammikÿn sunduasmÿn twn stoiqeÐwn tou A me suntelestèc apì to sÿma K) sto V . H apeikìnish 2^S → 2^S pou antistoiqeÐ sto A to A eÐnai prĹxh kleistìthtac sto S (h apìdeixh eÐnai eÔkolh kai afănetai ston anagnÿsth). To sÔnolo S sto Sqăma 4.2 apoteleÐtai apì pènte dianÔsmata v_1, v_2, v_3, v_4, v_5 ston R^3, apì ta opoÐa ta v_1, v_2, v_3 eÐnai sunepÐpeda, ìpwc kai ta v_3, v_4, v_5, kai isqÔoun {v_1, v_2} = {v_1, v_2, v_3}, {v_1, v_4} = {v_1, v_4}, {v_3, v_5} = {v_3, v_4, v_5} kai {v_1, v_2, v_4} = S. �

Sqăma 4.2: DianÔsmata ston R^3.

ParĹdeigma 4.3.2 ’Estw P merikÿc diatetagmèno sÔnolo. Gia A ⊆ P ac sumbolÐsoume me A to ideÿdec A^− tou P pou parĹgei to A (ParĹgrafoc 2.2). Isqurizìmaste ìti h apeikìnish 2^P → 2^P pou antistoiqeÐ sto A to A eÐnai prĹxh kleistìthtac sto P . PrĹgmati, ta axiÿmata

(i) kai (ii) eÐnai fanerĹ. Gia na epalhjeÔsoume to (iii) arkeÐ na deÐxoume ìti A ⊆ A. An x ∈ A, tìte x ≤ y gia kĹpoio y ∈ A. EpÐshc y ≤ z gia kĹpoio z ∈ A. ProkÔptei ìti x ≤ z gia kĹpoio z ∈ A kai sunepÿc x ∈ A. �

ParĹdeigma 4.3.3 ’Estw S peperasmèno uposÔnolo tou R^d. Gia A ⊆ S jètoume A = conv(A) ∩ S, ìpou

conv ({a_1, a_2, . . . , a_k}) = { k∑ i=1 λ_ia_i : λ_i ≥ 0, k∑ i=1 λ_i = 1}

eÐnai h kurtă jăkh tou {a_1, a_2, . . . , a_k} ⊂ R^d (isodÔnama, to mikrìtero kurtì uposÔnolo tou R^d pou perièqei to {a_1, a_2, . . . , a_k}). H apeikìnish 2^S → 2^S pou antistoiqeÐ sto A to A eÐnai prĹxh kleistìthtac sto S. PrĹgmati, ta axiÿmata (i) kai (ii) eÐnai fanerĹ enÿ to (iii) prokÔptei apì thn paratărhsh ìti an a ∈ conv(A), tìte conv(A ∪ {a}) = conv(A). To sÔnolo S sto Sqăma 4.3 apoteleÐtai apì èxi shmeÐa ston R^2 kai isqÔoun {a_1, a_4} = {a_1, a_4, a_5}, {a_1, a_5} = {a_1, a_5} kai {a_2, a_3, a_4} = {a_2, a_3, a_4, a_6}. �

Sqăma 4.3: ShmeÐa ston R^2.

Lămma 4.3.1 ’Estw prĹxh kleistìthtac sto S.

(i) An ta A, B ⊆ S eÐnai kleistĹ, tìte to A ∩ B eÐnai epÐshc kleistì. (ii) An to C ⊆ S eÐnai kleistì kai A, B ⊆ C, tìte A ∪ B ⊆ C.

Apìdeixh. (i) H sqèsh A∩B ⊆ A kai to axÐwma (ii) tou OrismoÔ 4.3.1 dÐnoun A ∩ B ⊆ A = A. OmoÐwc A ∩ B ⊆ B kai sunepÿc A ∩ B ⊆ A ∩ B. Apì to axÐwma (i) èqoume A ∩ B ⊆ A ∩ B kai epomènwc A ∩ B = A ∩ B, dhladă to A ∩ B eÐnai kleistì.

(ii) ’Eqoume A ∪ B ⊆ C kai sunepÿc A ∪ B ⊆ C = C apì to axÐwma (i). �

SumbolÐzoume me L(S) to sÔnolo twn kleistÿn uposunìlwn tou S efodiasmèno me th merikă diĹtaxh tou egkleismoÔ. H epìmenh prìtash prokÔptei Ĺmesa apì to Lămma 4.3.1.

Prìtash 4.3.1 Gia tuqaÐo sÔnolo S efodiasmèno me prĹxh kleistìthtac, h merikă diĹtaxh L(S) apoteleÐ sÔndesmo me

A ∧ B = A ∩ B, A ∨ B = A ∪ B

gia ìla ta A, B ∈ L(S). �

Sto Sqăma 4.4 apeikonÐzetai to diĹgramma Hasse tou sundèsmou L(S) gia thn prĹxh kleistìthtac tou ParadeÐgmatoc 4.3.1 kai to sÔnolo twn dianusmĹtwn tou Sqămatoc 4.2, ìpou o deÐkthc i sumbolÐzei to diĹnusma v_i.

Sqăma 4.4: O sÔndesmoc L(S) gia to Sqăma 4.2.

H akìloujh prìtash dhlÿnei ìti kĹje peperasmènoc sÔndesmoc L eÐnai isìmorfoc me to sÔndesmo twn kleistÿn sunìlwn miac prĹxhc kleistìthtac pĹnw se kĹpoio peperasmèno sÔnolo, dÐnontac èna antÐstrofo gia thn Prìtash 4.3.1. H prìtash aută ja faneÐ qrăsimh stic ParagrĹfouc 4.5 kai 4.7.

Prìtash 4.3.2 ’Estw peperasmènoc sÔndesmoc L kai S to sÔnolo twn anĹgwgwn stoiqeÐwn tou L. Gia A ⊆ S jètoume A = {p ∈ S : p ≤ ⋁ A} (4.3)

(ÿste ∅ = ∅). Tìte h apeikìnish 2^S → 2^S pou antistoiqeÐ sto A to A eÐnai prĹxh kleistìthtac sto S kai h ϕ : L → L(S) me ϕ(x) = {p ∈ S : p ≤ x} gia x ∈ L eÐnai isomorfismìc merikÿn diatĹxewn. Tèloc isqÔei ϕ(x ∧ y) = ϕ(x) ∩ ϕ(y) gia x, y ∈ L.

Apìdeixh. Ja deÐxoume prÿta ìti isqÔoun ta axiÿmata (i) - (iii) tou OrismoÔ 4.3.1. Gia to (i) parathroÔme ìti a ≤ ⋁ A sto L gia kĹje a ∈ A ⊆ S, opìte A ⊆ A. ’Estw A ⊆ B ⊆ S.

Profanÿc ⋁ A ≤ ⋁ B sto L kai epomènwc gia kĹje p ∈ A, opìte kai p ≤ ⋁ A, isqÔei p ≤ ⋁ B, dhladă p ∈ B. ProkÔptei ìti A ⊆ B, dhladă deÐxame to (ii). Gia to (iii), arkeÐ na parathrăsei kaneÐc, qrhsimopoiÿntac thn Prìtash 4.1.1 (iii), ìti ⋁ A = ⋁ A gia kĹje A ⊆ S.

Apì to Lămma 4.2.2 (i) sunĹgoume ìti x = ⋁ ϕ(x) gia x ∈ L. Apì thn teleutaÐa idiìthta kai thn (4.3) prokÔptei ìti ϕ(x) = ϕ(x) gia x ∈ L, dhladă ϕ(x) ∈ L(S) kai h ϕ eÐnai kalĹ orismènh. EpÐshc, jètontac ψ : L(S) → L me ψ(A) = ⋁ A gia A ∈ L(S), prokÔptei ìti ψ(ϕ(x)) = x gia x ∈ L. Parathrÿntac ìti isqÔei ϕ(ψ(A)) = A gia A ∈ L(S) èpetai ìti h ψ eÐnai h antÐstrofh thc ϕ apeikìnish. EÐnai fanerì ìti oi ϕ kai ψ diathroÔn th diĹtaxh kai sunepÿc h ϕ eÐnai isomorfismìc merikÿn diatĹxewn me antÐstrofo thn ψ. H isìthta ϕ(x ∧ y) = ϕ(x) ∩ ϕ(y) eÐnai faneră, apì ton orismì tou x ∧ y. �

Parathrhsh. Sthn apìdeixh thc Prìtashc 4.3.2 qrhsimopoieÐtai mìno h idiìthta tou S ìti autì perièqei ìla ta anĹgwga stoiqeÐa tou L. Sunepÿc, h prìtash isqÔei me thn asjenèsterh aută upìjesh. Gia parĹdeigma an S = L kai x ∈ L, tìte to ϕ(x) eÐnai to prwteÔwn ideÿdec I_x tou L kai to apotèlesma sumfwneÐ me thn Prìtash 4.2.2. �

4.4 ArjrwtoÐ, hmiarjrwtoÐ kai gewmetrikoÐ sÔndesmoi

’Estw peperasmènoc sÔndesmoc L.

Orismìc 4.4.1 O sÔndesmoc L lègetai arjrwtìc (modular) an eÐnai diabajmismènoc kai isqÔei ρ(x) + ρ(y) = ρ(x ∨ y) + ρ(x ∧ y) (4.4)

gia ìla ta x, y ∈ L, ìpou ρ(x) eÐnai h tĹxh tou x ∈ L. O L lègetai (Ĺnw) hmiarjrwtìc (semimodular) an eÐnai diabajmismènoc kai isqÔei

ρ(x) + ρ(y) ≥ ρ(x ∨ y) + ρ(x ∧ y) (4.5)

gia ìla ta x, y ∈ L.

Paradeigma. (i) KĹje peperasmènh alusÐda eÐnai arjrwtìc sÔndesmoc.

(ii) H merikă diĹtaxh B_n eÐnai arjrwtìc sÔndesmoc, diìti isqÔei #x + #y = #(x ∪ y) + #(x ∩ y) gia kĹje x, y ⊆ [n].

(iii) ’Estw L h (epagìmenh) merikă diĹtaxh pou prokÔptei apì th B_3 afairÿntac to uposÔnolo {2} tou {1, 2, 3}. H L eÐnai hmiarjrwtìc sÔndesmoc (giatÐ?) allĹ ìqi arjrwtìc. An x = {1, 2} kai y = {2, 3} tìte ston L isqÔei ρ(x) = ρ(y) = 2, ρ(x ∨ y) = ρ([3]) = 3 kai ρ(x ∧ y) = ρ(∅) = 0, se antÐjesh me thn (4.4).

(iv) O sÔndesmoc tou Sqămatoc 4.4 eÐnai hmiarjrwtìc allĹ ìqi arjrwtìc (giatÐ?). �

H akìloujh prìtash dÐnei èna eÔqrhsto kritărio gia to an ènac dosmènoc peperasmènoc sÔndesmoc eÐnai hmiarjrwtìc.

Prìtash 4.4.1 ’Enac peperasmènoc sÔndesmoc L eÐnai hmiarjrwtìc an kai mìno an gia ìla ta x, y ∈ L isqÔei to exăc: an ta x, y kalÔptoun to x ∧ y, tìte to x ∨ y kalÔptei ta x, y.

Apìdeixh. ’Estw ìti o L eÐnai hmiarjrwtìc kai ìti ta x, y kalÔptoun to x ∧ y. Tìte ρ(x) = ρ(y) = ρ(x ∧ y) + 1 kai sunepÿc h (4.5) dÐnei ρ(x ∨ y) ≤ ρ(x) + 1 = ρ(y) + 1. ’Omwc apì thn upìjesh prokÔptei ìti x ≠ y, Ĺra x ∨ y > x, y sto L kai katĹ sunèpeia ρ(x ∨ y) ≥ ρ(x) + 1 = ρ(y) + 1. SumperaÐnoume ìti ρ(x ∨ y) = ρ(x) + 1 = ρ(y) + 1, to opoÐo shmaÐnei ìti to x ∨ y kalÔptei ta x, y.

AntÐstrofa, upojètoume ìti isqÔei h sunjăkh thc prìtashc. Apì thn ’Askhsh 5 tou KefalaÐou 2 prokÔptei ìti h L eÐnai diabajmismènh merikă diĹtaxh. Mènei na deÐxoume ìti isqÔei h (4.5) gia x, y ∈ L. Qrhsimopoiÿntac diplă epagwgă mporoÔme na upojèsoume ìti h (4.5) isqÔei gia kĹje zeÔgoc u, v ∈ L me ρ(u ∧ v) > ρ(x ∧ y) kajÿc kai gia kĹje zeÔgoc u, v ∈ L me ρ(u∧v) = ρ(x∧y) kai ρ(u)+ρ(v) < ρ(x)+ρ(y). Profanÿc h (4.5) isqÔei an x = y kai prokÔptei apì th sunjăkh thc prìtashc an ta x, y kalÔptoun to x ∧ y. Ac upojèsoume loipìn ìti to x den kalÔptei to x ∧ y (h perÐptwsh katĹ thn opoÐa to y den kalÔptei to x ∧ y eÐnai ìmoia) kai èstw x^′ ∈ L me x∧y < x^′ < x. ParathroÔme ìti x^′ ∧y = x∧y kai ρ(x^′) < ρ(x) opìte, apì thn upìjesh thc epagwgăc, prokÔptei ìti

ρ(x^′) + ρ(y) ≥ ρ(x^′ ∨ y) + ρ(x ∧ y). (4.6)

ParathroÔme epÐshc ìti oi sqèseic x > x^′ kai x^′ ∨ y ≥ x^′ sto L dÐnoun x ∧ (x^′ ∨ y) ≥ x^′ > x ∧ y sto L kai sunepÿc

ρ(x) + ρ(x^′ ∨ y) ≥ ρ(x ∨ x^′ ∨ y) + ρ(x ∧ (x^′ ∨ y)), (4.7)

apì thn upìjesh thc epagwgăc. Prosjètontac katĹ mèlh tic (4.6) kai (4.7) kai parathrÿntac ìti x ∨ x^′ ∨ y ≥ x ∨ y kai x^′ ≤ x ∧ (x^′ ∨ y) sto L, h (4.5) èpetai. �

Paratărhsh 4.4.1 ’Ena peperasmèno merikÿc diatetagmèno sÔnolo P lègetai (Ĺnw) hmiarjrwtì an gia tuqaÐa diakekrimèna stoiqeÐa x, y tou P , ta opoÐa kalÔptoun kĹpoio stoiqeÐo tou P , upĹrqei stoiqeÐo tou P to opoÐo kalÔptei ta x kai y kai olikĹ hmiarjrwtì (totally semimodular) an to P èqei mègisto kai elĹqisto stoiqeÐo kai kĹje kleistì diĹsthma sto P eÐnai hmiarjrwtì. Apì thn Prìtash 4.4.1 prokÔptei ìti gia peperasmènouc sundèsmouc o parapĹnw orismìc thc hmiarjrwsimìthtac sumfwneÐ me autìn tou OrismoÔ 4.4.1. �

ParĹdeigma 4.4.1 Apì thn Prìtash 4.4.1 kai to qarakthrismì twn sqèsewn kĹluyhc tou sundèsmou Π_n twn diamerÐsewn tou [n] (ParĹdeigma 1.2.6) prokÔptei ìti o Π_n eÐnai hmiarjrwtìc. Oi leptomèreiec afănontai ston anagnÿsth. �

Se mia merikă diĹtaxh P me elĹqisto stoiqeÐo ^0 ta stoiqeÐa pou kalÔptoun to ^0 lègontai Ĺtoma.

Orismìc 4.4.2 ’Estw peperasmènoc sÔndesmoc L me elĹqisto stoiqeÐo ^0.

(i) O L lègetai atomikìc sÔndesmoc an kĹje stoiqeÐo tou L − {^0} eÐnai sÔndesh atìmwn tou L. (ii) O L lègetai gewmetrikìc sÔndesmoc an eÐnai atomikìc kai hmiarjrwtìc.

Parathrhsh. Se kĹje peperasmèno sÔndesmo L ta Ĺtoma eÐnai anĹgwga stoiqeÐa, me thn ènnoia pou dÿsame ston ìro {anĹgwgo stoiqeÐo} sthn ParĹgrafo 4.2. O sÔndesmoc L eÐnai atomikìc an kai mìno an ta Ĺtoma eÐnai ta mìna anĹgwga stoiqeÐa tou. �

Paradeigma. (i) Mia alusÐda măkouc n eÐnai atomikìc sÔndesmoc an kai mìno an n ≤ 1.

(ii) H merikă diĹtaxh B_n eÐnai atomikìc sÔndesmoc, diìti ta Ĺtoma thc B_n eÐnai ta monosÔnola {i} me i ∈ [n] kai kĹje mh kenì uposÔnolo tou [n] grĹfetai wc ènwsh monosunìlwn. Epomènwc h B_n eÐnai gewmetrikìc sÔndesmoc.

(iii) O sÔndesmoc Π_n eÐnai atomikìc. PrĹgmati, ta Ĺtoma tou Π_n eÐnai oi diamerÐseic tou [n] oi opoÐec èqoun èna mèroc me dÔo stoiqeÐa kai ta upìloipa mèrh touc (anagkastikĹ n − 2 se plăjoc) monosÔnola. Epiplèon, kĹje σ ∈ Π_n eÐnai h sÔndesh twn atìmwn π tou Π_n me π ≤ σ. Epomènwc (èqontac upìyh to ParĹdeigma 4.4.1) to Π_n eÐnai gewmetrikìc sÔndesmoc.

(iv) O sÔndesmoc tou Sqămatoc 4.4 eÐnai gewmetrikìc. �

Oi gewmetrikoÐ sÔndesmoi (ii) - (iv) tou prohgoÔmenou paradeÐgmatoc eÐnai ìloi thc morfăc L(S) gia kĹpoio peperasmèno sÔnolo dianusmĹtwn S kai thn prĹxh kleistìthtac tou ParadeÐgmatoc 4.3.1 pĹnw se autì. Sthn epìmenh parĹgrafo ja deÐxoume ìti ìloi oi sÔndesmoi autăc thc morfăc eÐnai gewmetrikoÐ, gegonìc to opoÐo exhgeÐ thn orologÐa {gewmetrikìc sÔndesmoc}.

4.5 GewmetrikoÐ sÔndesmoi kai mhtroeidă

ArqÐzoume aută thn parĹgrafo me ton orismì thc ènnoiac tou mhtroeidoÔc.

Orismìc 4.5.1 ’Estw prĹxh kleistìthtac se peperasmèno sÔnolo S, mèsw thc opoÐac h eikìna tou A ⊆ S sumbolÐzetai me A. To S efodiasmèno me thn prĹxh aută lègetai mhtroeidèc (matroid) an isqÔei

(iv) p /∈ A, p ∈ A ∪ {q} ⇒ q ∈ A ∪ {p}

gia ìla ta p, q ∈ S kai kĹje A ⊆ S. To mhtroeidèc autì lègetai aplì an epiplèon isqÔei

(v) ∅ = ∅ kai {p} = {p} gia kĹje p ∈ S.

To axÐwma (iv) lègetai axÐwma thc antallagăc (exchange axiom) kai apoteleÐ thn krÐsimh idiìthta pou kĹnei tic prĹxeic kleistìthtac, tic opoÐec orÐsame pĹnw se peperasmèna sÔnola dianusmĹtwn sto ParĹdeigma 4.3.1, na xeqwrÐzoun apì Ĺllec.

Lămma 4.5.1 ’Estw S peperasmèno uposÔnolo enìc grammikoÔ qÿrou V pĹnw sto sÿma K. H prĹxh kleistìthtac tou ParadeÐgmatoc 4.3.1 pĹnw sto S orÐzei mhtroeidèc sto S, to opoÐo eÐnai aplì an kai mìno an ta stoiqeÐa tou S eÐnai mh mhdenikĹ kai dÔo opoiadăpote apì autĹ eÐnai grammikÿc anexĹrthta.

Apìdeixh. Gia ton prÿto isqurismì, prèpei na epalhjeÔsoume to axÐwma thc antallagăc. ’Estw A = {v_1, v_2, . . . , v_k} ⊆ S kai p, q ∈ S. An p ∈ A ∪ {q} kai p /∈ A, tìte èqoume

p = c_1v_1 + c_2v_2 + · · · + c_kv_k + cq

gia kĹpoia c_1, . . . , c_k, c ∈ K me c ≠ 0. Apì thn teleutaÐa isìthta prokÔptei ìti q =^1_c (p − c_1v_1 − · · · − c_kv_k) kai Ĺra q ∈ A ∪ {p}. O deÔteroc isqurismìc eÐnai fanerìc. �

’Ena mhtroeidèc pĹnw sto sÔnolo S ja sumbolÐzetai me M(S). Ta kleistĹ sÔnola sto M(S) lègontai kai epÐpeda (flats) kai o sÔndesmoc L(S) twn kleistÿn sunìlwn lègetai kai sÔndesmoc twn epipèdwn (lattice of flats) tou M(S). To akìloujo jeÿrhma eÐnai to kÔrio apotèlesma autăc thc paragrĹfou kai dhlÿnei ìti oi ènnoiec tou gewmetrikoÔ sundèsmou kai tou mhtroeidoÔc eÐnai katĹ kĹpoio trìpo isodÔnamec.

Jeÿrhma 4.5.1 (Birkhoff-Whitney)

(i) Gia kĹje mhtroeidèc M(S) h merikă diĹtaxh L(S) twn epipèdwn tou M(S) apoteleÐ gewmetrikì sÔndesmo.

(ii) KĹje peperasmènoc gewmetrikìc sÔndesmoc L me sÔnolo atìmwn S eÐnai isìmorfoc me to sÔndesmo twn epipèdwn enìc aploÔ mhtroeidoÔc pĹnw sto S. To mhtroeidèc autì orÐzetai apì thn (4.3), dhladă jètontac

A = {p ∈ S : p ≤ ⋁ A} gia A ⊆ S.

To akìloujo lămma ja qrhsimopoihjeÐ sthn apìdeixh tou mèrouc (i) tou jewrămatoc.

Lămma 4.5.2 ’Estw mhtroeidèc M pĹnw sto sÔnolo S. Gia A, B ∈ L(S) to B kalÔptei to A an kai mìno an B = A ∪ {p} gia kĹpoio p ∈ S me p /∈ A.

Apìdeixh. Upojètoume prÿta ìti to B kalÔptei to A (opìte A ⊂ B) kai jewroÔme p ∈ B −A. ’Eqoume A ⊂ A∪{p} ⊆ B kai, efarmìzontac to Lămma 4.3.1 (ii), paÐrnoume A < A ∪ {p} ≤ B sto L(S). ’Epetai ìti B = A ∪ {p}. AntÐstrofa, èstw A, B ∈ L(S) me B = A ∪ {p} kai p ∈ S − A. Upojètontac ìti A ⊂ C ⊆ B gia kĹpoio C ∈ L(S), arkeÐ na deÐxoume ìti C = B. ’Estw q ∈ C − A. Apì tic sqèseic q ∈ A ∪ {p}, q /∈ A = A kai to axÐwma thc antallagăc prokÔptei ìti p ∈ A ∪ {q}. ’Omwc A ∪ {q} ⊆ C kai sunepÿc A ∪ {q} ⊆ C apì to Lămma 4.3.1 (ii), opìte p ∈ C. ’Ara A ∪ {p} ⊆ C kai sunepÿc, exaitÐac tou Ðdiou lămmatoc èqoume B = A ∪ {p} ⊆ C. ’Epetai ìti B = C, ìpwc to jèlame. �

Apìdeixh tou Jewrămatoc 4.5.1 (i). GnwrÐzoume apì thn Prìtash 4.3.1 ìti to L(S) eÐnai sÔndesmoc. Apì to Lămma 4.5.2 gnwrÐzoume epÐshc ìti ta Ĺtoma tou L(S) eÐnai ta sÔnola thc morfăc {p} me p /∈ ∅. Gia A ∈ L(S) èqoume A = ⋃ a∈A {a} (4.8)

(giatÐ?). Apì thn Prìtash 4.3.1 to dexiì mèloc thc (4.8) eÐnai Ðso me th sÔndesh sto L(S) twn {a} me a ∈ A. ’Epetai ìti o sÔndesmoc L(S) eÐnai atomikìc. Mènei na deÐxoume ìti o L(S) eÐnai kai hmiarjrwtìc. Apì thn Prìtash 4.4.1 arkeÐ na deÐxoume ìti an ta x, y kalÔptoun to x ∧ y sto L(S), tìte to x ∨ y kalÔptei ta x, y. SÔmfwna me to Lămma 4.5.2 mporoÔme na upojèsoume ìti x ∧ y = A ∈ L(S), x = A ∪ {p} kai y = A ∪ {q} me p, q ∈ S − A. Apì tic idiìthtec (i) - (iii) tou OrismoÔ 4.3.1 kai thn Prìtash 4.3.1 brÐskoume ìti

x ∨ y = x ∪ y = A ∪ {p, q} = x ∪ {q} = y ∪ {p}.

Profanÿc ta x, y den eÐnai sugkrÐsima sto L(S) kai sunepÿc p /∈ y kai q /∈ x. Apì tic prohgoÔmenec isìthtec kai to Lămma 4.5.2 prokÔptei ìti to x ∨ y kalÔptei ta x, y. �

Pìrisma 4.5.1 An S eÐnai peperasmèno uposÔnolo enìc grammikoÔ qÿrou V pĹnw sto sÿma K, tìte h merikă diĹtaxh L(S) twn kleistÿn sunìlwn, wc proc thn prĹxh kleistìthtac tou ParadeÐgmatoc 4.3.1 pĹnw sto S, eÐnai gewmetrikìc sÔndesmoc.

Apìdeixh. SunduĹzoume to Jeÿrhma 4.5.1 (i) me to Lămma 4.5.1. �

Parathrhsh. Oi gewmetrikoÐ sÔndesmoi B_n kai Π_n eÐnai isìmorfoi me sundèsmouc thc morfăc L(S), ìpwc sto Pìrisma 4.5.1. PrĹgmati, an S eÐnai bĹsh (grammikĹ anexĹrthto uposÔnolo me n stoiqeÐa) tou grammikoÔ qÿrou R^n, tìte kĹje uposÔnolo tou S eÐnai kleistì kai to L(S) apoteleÐtai apì ìla ta merikÿc diatetagmèna me th sqèsh tou egkleismoÔ uposÔnola tou S. Sunepÿc eÐnai isìmorfo me to B_n. Isqurizìmaste epÐshc ìti an {e_1, e_2, . . . , e_n} eÐnai bĹsh tou R^n kai S = {e_i − e_j : 1 ≤ i < j ≤ n}, tìte to L(S) eÐnai isìmorfo me to Π_n (ja apodeÐxoume mia genikìterh prìtash sthn ParĹgrafo 4.6). �

Paradeigma. Sto Sqăma 4.5 apeikonÐzetai ènac gewmetrikìc sÔndesmoc tĹxhc 3 me sÔnolo atìmwn S = {a, b, c, d}. Me thn prĹxh pou orÐzei h (4.3), èqoume {a, b} = {a, c} = {b, c} = {a, b, c}, {a, d} = {a, d}, {b, d} = {b, d}, {c, d} = {c, d} kai {a, b, d} = {a, c, d} = {b, c, d} = {a, b, c, d}. �

Apìdeixh tou Jewrămatoc 4.5.1 (ii). Ja deÐxoume prÿta ìti h (4.3) orÐzei èna aplì mhtroeidèc sto sÔnolo S twn atìmwn tou L. ParathroÔme ìti to S sumpÐptei me to sÔnolo twn anĹgwgwn stoiqeÐwn tou L, ìpwc autì orÐsthke sthn ParĹgrafo 4.2. Sunepÿc to ìti ta axiÿmata (i) - (iii) tou OrismoÔ 4.3.1 isqÔoun prokÔptei apì thn Prìtash 4.3.2. Gia to (iv) (axÐwma thc antallagăc), upenjumÐzoume ìti o gewmetrikìc sÔndesmoc L eÐnai diabajmismènoc. ’Estw ρ(y) h tĹxh tou y ∈ L kai èstw A ⊆ S, p, q ∈ S me p /∈ A kai p ∈ A ∪ {q}. Jètontac x = ⋁ A èqoume p ≰ x kai p ≤ x ∨ q. Apì thn (4.5) èqoume

ρ(x ∨ q) ≤ ρ(x) + ρ(q) − ρ(x ∧ q) ≤ ρ(x) + 1.

Sqăma 4.5: ’Enac gewmetrikìc sÔndesmoc me tèssera Ĺtoma.

Apì tic upojèseic mac isqÔei x < x ∨ p ≤ x ∨ p ∨ q = x ∨ q kai sunepÿc

ρ(x) + 1 ≤ ρ(x ∨ p) ≤ ρ(x ∨ p ∨ q) = ρ(x ∨ q) ≤ ρ(x) + 1.

UpoqrewtikĹ loipìn isqÔei pantoÔ h isìthta. H sqèsh ρ(x ∨ p) = ρ(x ∨ p ∨ q) dÐnei x ∨ p = x ∨ p ∨ q kai sunepÿc q ≤ x ∨ p, dhladă q ∈ A ∪ {p}, ìpwc to jèlame. To axÐwma (v) tou OrismoÔ 4.3.1 eÐnai fanerì. To ìti o sÔndesmoc L eÐnai isìmorfoc me to sÔndesmo L(S), twn kleistÿn sunìlwn tou mhtroeidoÔc pou orÐsame, prokÔptei epÐshc apì thn Prìtash 4.3.2. �

4.6 Stoiqeiÿdeic idiìthtec mhtroeidÿn

H jewrÐa twn mhtroeidÿn parèqei èna kajarĹ sunduastikì plaÐsio sto opoÐo mporoÔn na melethjoÔn oi ènnoiec thc grammikăc exĹrthshc kai anexarthsÐac peperasmènou plăjouc stoiqeÐwn (dianusmĹtwn) enìc grammikoÔ qÿrou. Pollèc apì tic ènnoiec kai kataskeuèc pou sunantĹ kaneÐc sth jewrÐa aută proèrqontai apì (kai genikeÔoun katĹllhla) antÐstoiqec ènnoiec kai kataskeuèc sth jewrÐa twn grafhmĹtwn. Sthn parĹgrafo aută dÐnoume kĹpoiouc apì touc pio basikoÔc orismoÔc kai idiìthtec twn mhtroeidÿn kai sth sunèqeia, antÐ na proqwrăsoume perissìtero me th stoiqeiÿdh jewrÐa touc (enallaktikĹ sustămata axiwmĹtwn, diagrafă kai sustolă, duïkìthta klp), perigrĹfoume ta mhtroeidă pou orÐzontai apì grafămata.

’Estw mhtroeidèc M pĹnw sto sÔnolo S kai A ⊆ S. To A lègetai anexĹrthto an p /∈ A − {p} gia kĹje p ∈ A (opìte to A = ∅ eÐnai anexĹrthto) kai parĹgon an A = S. An to A eÐnai tautìqrona anexĹrthto kai parĹgon, tìte lègetai bĹsh tou M. ’Ena elaqistikì exarthmèno (dhladă ìqi anexĹrthto) uposÔnolo tou S lègetai kÔklwma. Ja sumbolÐzoume (pio swstĹ) me L(M) to sÔndesmo L(S) twn epipèdwn tou M. Apì to Jeÿrhma 4.5.1 (i) gnwrÐzoume ìti o sÔndesmoc L(M) eÐnai diabajmismènoc. H tĹxh tou lègetai tĹxh tou M. Ta stoiqeÐa tou L(M) tĹxhc 1 kai 2 lègontai shmeÐa kai eujeÐec tou M, antÐstoiqa.

Paradeigma. Sto Sqăma 4.6 apeikonÐzetai èna aplì mhtroeidèc F tĹxhc 3 me eptĹ shmeÐa kai eptĹ eujeÐec, to legìmeno epÐpedo tou Fano. ’Etsi o sÔndesmoc twn epipèdwn L(F ) apoteleÐtai apì to kenì sÔnolo, ta eptĹ shmeÐa, tic eptĹ eujeÐec kai to sÔnolo S twn eptĹ shmeÐwn, merikÿc diatetagmèna me th sqèsh tou egkleismoÔ. H kleistă jăkh tou A ⊆ S orÐzetai apì thn (4.3). Sto parĹdeigma autì kĹje eujeÐa èqei trÐa shmeÐa kai apoteleÐ kÔklwma tou F enÿ bĹsh eÐnai kĹje sÔnolo triÿn mh suneujeiakÿn shmeÐwn. Afănetai ston anagnÿsth na epalhjeÔsei ìti to F eÐnai isìmorfo me to mhtroeidèc pou orÐzoun ta eptĹ dianÔsmata tou tridiĹstatou grammikoÔ qÿrou F^3_2, pĹnw sto sÿma F_2 = {0, 1} me dÔo stoiqeÐa, pou faÐnontai sto sqăma. Shmeiÿnoume ìti upĹrqoun mhtroeidă pou den mporoÔn na prokÔyoun wc mhtroeidă dianusmĹtwn grammikoÔ qÿrou pĹnw se sÿma K, gia kanèna K. �

Sqăma 4.6: To epÐpedo tou Fano.

Oi epìmenec protĹseic genikeÔoun gnwstèc protĹseic thc grammikăc Ĺlgebrac.

Lămma 4.6.1 ’Estw mhtroeidèc M pĹnw sto sÔnolo S.

(i) An A ⊆ B ⊆ S kai to B eÐnai anexĹrthto, tìte to A eÐnai epÐshc anexĹrthto.

(ii) ’Estw ìti to A ⊆ S eÐnai anexĹrthto kai p ∈ S − A. Tìte to A ∪ {p} eÐnai anexĹrthto an kai mìno an p /∈ A.

Apìdeixh. (i) ’Estw ìti to B ⊆ S eÐnai anexĹrthto kai A ⊆ B. ’Estw tuqaÐo p ∈ A, opìte kai p ∈ B. Epeidă to B eÐnai anexĹrthto èqoume p /∈ B − {p}. Akìmh A − {p} ⊆ B − {p} kai sunepÿc A − {p} ⊆ B − {p}, opìte p /∈ A − {p}. ’Eqoume deÐxei ìti p /∈ A − {p} gia kĹje p ∈ A kai epomènwc, to A eÐnai anexĹrthto.

(ii) Upojètoume prÿta ìti to sÔnolo A ∪ {p} eÐnai anexĹrthto. Tìte, sÔmfwna me ton orismì thc anexarthsÐac, èqoume p /∈ (A ∪ {p}) − {p}, dhladă p /∈ A. Upojèsoume tÿra ìti p /∈ A kai jewroÔme q ∈ A ∪ {p}. Ja deÐxoume ìti q /∈ (A ∪ {p}) − {q}. PrĹgmati, autì eÐnai isodÔnamo me thn upìjesh p /∈ A an q = p. ’Estw q ≠ p, opìte apì th sqèsh aută kai thn q ∈ A ∪ {p} èqoume q ∈ A. ExaitÐac thc anexarthsÐac tou A, èqoume q /∈ A − {q}. Apì th sqèsh aută prokÔptei ìti q /∈ (A − {q}) ∪ {p} diìti, an eÐqame q ∈ (A − {q}) ∪ {p}, tìte sÔmfwna me to axÐwma thc antallagăc, ja eÐqame kai p ∈ (A − {q}) ∪ {q} = A, se antÐfash me thn upìjesh p /∈ A. Sunepÿc q /∈ (A − {q}) ∪ {p} = (A ∪ {p}) − {q}, ìpwc to jèlame. SumperaÐnoume ìti to A ∪ {p} eÐnai anexĹrthto. �

Prìtash 4.6.1 ’Estw mhtroeidèc M pĹnw sto sÔnolo S.

(i) KĹje anexĹrthto uposÔnolo tou S mporeÐ na epektajeÐ se bĹsh tou M. (ii) KĹje parĹgon uposÔnolo tou S perièqei toulĹqiston mÐa bĹsh tou M. (iii) ’Olec oi bĹseic tou M perièqoun r stoiqeÐa, ìpou r eÐnai h tĹxh tou M.

Apìdeixh. (i) ’Estw anexĹrthto A ⊆ S. An to A den eÐnai bĹsh, tìte upĹrqei p ∈ S me p /∈ A. Apì to Lămma 4.6.1 (ii) prokÔptei ìti to A ∪ {p} eÐnai anexĹrthto. SuneqÐzoume na prosjètoume, an autì eÐnai aparaÐthto, sto A ∪ {p} stoiqeÐa me ton Ðdio trìpo èwc ìtou ftĹsoume se bĹsh tou M.

(ii) ’Estw A ⊆ S me A = S. An to A den eÐnai bĹsh, tìte den eÐnai anexĹrthto kai sunepÿc upĹrqei p ∈ A me A − {p} = A, opìte A − {p} = S. SuneqÐzoume na afairoÔme, an autì eÐnai aparaÐthto, stoiqeÐa apì to A − {p} me ton Ðdio trìpo èwc ìtou ftĹsoume se bĹsh tou M. (iii) An B = {p_1, p_2, . . . , p_m} eÐnai bĹsh tou M, tìte apì to Lămma 4.5.2 prokÔptei ìti h

∅ ⊂ {p_1} ⊂ {p_1, p_2} ⊂ · · · ⊂ {p_1, p_2, . . . , p_m} = S

eÐnai megistikă alusÐda tou sundèsmou twn epipèdwn L(M). Epomènwc to măkoc m thc alusÐdac eÐnai Ðso me thn tĹxh tou M. �

Mhtroeidă apì grafămata. ’Estw V sÔnolo me n stoiqeÐa. ’Ena aplì grĹfhma sto sÔnolo korufÿn V eÐnai èna zeÔgoc G = (V, E), ìpou E eÐnai uposÔnolo tou sunìlou

(_V 2 ) twn uposunìlwn tou V me dÔo stoiqeÐa (ja jewrăsoume mìno aplĹ grafămata se ìti akoloujeÐ gia lìgouc aplìthtac). Ta stoiqeÐa twn V kai E lègontai korufèc kai akmèc tou G, antÐstoiqa. Gia U ⊆ V to epagìmeno upogrĹfhma tou G sto sÔnolo korufÿn U eÐnai to zeÔgoc G_U = (U, E_U ) me E_U = E ∩

(_U 2 ) , enÿ gia A ⊆ E sumbolÐzoume me G_A to grĹfhma (V, A). Lème ìti dÔo korufèc a, b ∈ V sundèontai sto G an upĹrqoun m ≥ 0 kai {u_0, u_1}, {u_1, u_2}, . . . , {u_{m−1}, u_m} ∈ E ÿste u_0 = a kai u_m = b (jewrÿntac m = 0, parathroÔme ìti kĹje korufă sundèetai me ton eautì thc). H sqèsh thc sÔndeshc metaxÔ korufÿn eÐnai sqèsh isodunamÐac sto V . Ta epagìmena upografămata tou G stic klĹseic isodunamÐac thc sqèshc autăc lègontai sunektikèc sunistÿsec tou G. To G lègetai sunektikì an èqei mÐa kai mìno sunektikă sunistÿsa, dhladă an opoiesdăpote dÔo korufèc tou sundèontai sto G.

Sqăma 4.7: ’Ena aplì grĹfhma me tèsseric korufèc.

Paradeigma. Sto Sqăma 4.7 apeikonÐzetai èna aplì grĹfhma sto sÔnolo korufÿn V = {a, b, c, d} me akmèc {a, b}, {a, c}, {a, d}, {b, c} kai {c, d}. To epagìmeno upogrĹfhma tou G sto sÔnolo korufÿn U = {b, d} eÐnai to grĹfhma me korufèc b, d qwrÐc akmă. �

’Estw G = (V, E) ìpwc prohgoumènwc, me V = {v_1, v_2, . . . , v_n} kai èstw {e_1, e_2, . . . , e_n} mia dosmènh bĹsh tou grammikoÔ qÿrou R^n. JewroÔme to uposÔnolo

S = {e_i − e_j : 1 ≤ i < j ≤ n, {v_i, v_j} ∈ E} (4.9)

tou R^n kai parathroÔme ìti h apeikìnish ϕ : E → S me ϕ({v_i, v_j}) = e_i − e_j eÐnai amfÐrriyh. ’Estw M(S) to aplì mhtroeidèc pĹnw se kĹpoio sÔnolo S dianusmĹtwn tou R^n pou orÐzetai apì to ParĹdeigma 4.3.1 (blèpe Lămma 4.5.1). OrÐzoume to aplì mhtroeidèc M_G pĹnw sto sÔnolo E jètontac A = B sto M_G gia A ⊆ E, an ϕ(A) = ϕ(B) sto M(S). Me Ĺlla lìgia, qrhsimopoioÔme thn amfÐrriyh ϕ gia na metafèroume th domă tou mhtroeidoÔc M(S) apì to S sto E.

H domă tou mhtroeidoÔc M_G kajorÐzetai apì to G mèsw gnwstÿn ennoiÿn thc jewrÐac grafhmĹtwn, tic opoÐec upenjumÐzoume sÔntoma sto shmeÐo autì. To grĹfhma G lègetai kÔklwma măkouc r an E = {{u_1, u_2}, {u_2, u_3}, . . . , {u_{r−1}, u_r}, {u_r, u_1}} gia kĹpoiec diakekrimènec korufèc u_1, u_2, . . . , u_r ∈ V me r ≥ 3. To G lègetai dĹsoc an den perièqei kÔklwma (wc upogrĹfhma thc morfăc G_A me A ⊆ E). IsodÔnama, to G eÐnai dĹsoc an èqei to polÔ n − 1 akmèc kai akribÿc n − #E sunektikèc sunistÿsec. To G lègetai dèndro (Sqăma 4.8) an eÐnai sunektikì dĹsoc ă, isodÔnama, an eÐnai sunektikì kai èqei akribÿc n − 1 akmèc. KĹje sunektikă sunistÿsa enìc dĹsouc G eÐnai dèndro, wc epagìmeno upogrĹfhma tou G.

Paradeigma. To grĹfhma G tou Sqămatoc 4.7 eÐnai sunektikì kai perièqei dÔo kuklÿmata măkouc 3 kai èna măkouc 4. To upogrĹfhma G_A eÐnai dèndro gia 8 (akribÿc) sÔnola A ⊆ E, ìla me trÐa stoiqeÐa, ìpwc p.q. ta A_1 = {{a, b}, {a, c}, {c, d}} kai A_2 = {{a, c}, {b, c}, {c, d}}. To G_A eÐnai dĹsoc an kai mìno an eÐnai dèndro ă isqÔei #A ≤ 2. �

Sqăma 4.8: ’Ena dèndro me dekapènte korufèc.

Prìtash 4.6.2 ’Estw aplì grĹfhma G = (V, E) sto sÔnolo korufÿn V = {v_1, v_2, . . . , v_n} me k sunektikèc sunistÿsec kai èstw M_G to antÐstoiqo mhtroeidèc.

(i) Gia A ⊆ E kai {v_i, v_j} ∈ E èqoume {v_i, v_j} ∈ A sto M_G an kai mìno an oi korufèc v_i kai v_j anăkoun sthn Ðdia sunektikă sunistÿsa tou G_A. Eidikìtera, isqÔei A ∈ L(M_G) an kai mìno an to A perièqei kĹje akmă tou G ta Ĺkra thc opoÐac anăkoun sthn Ðdia sunektikă sunistÿsa tou G_A.

(ii) To A ⊆ E eÐnai anexĹrthto sto M_G an kai mìno an to grĹfhma G_A eÐnai dĹsoc.

(iii) To A ⊆ E eÐnai kÔklwma sto M_G an kai mìno an to grĹfhma G_A eÐnai kÔklwma.

(iv) To A ⊆ E eÐnai parĹgon sto M_G an kai mìno an to G_A èqei k sunektikèc sunistÿsec.

(v) To A ⊆ E eÐnai bĹsh tou M_G an kai mìno an to grĹfhma G_A eÐnai dĹsoc me k sunektikèc sunistÿsec. Eidikìtera, h tĹxh tou M_G eÐnai Ðsh me n − k kai an to G eÐnai sunektikì, tìte to A ⊆ E eÐnai bĹsh tou M_G an kai mìno an to grĹfhma G_A eÐnai dèndro.

Apìdeixh. ’Estw to sÔnolo twn dianusmĹtwn S, ìpwc sthn (4.9).

(i) ’Estw ìti ta v_i kai v_j anăkoun sthn Ðdia sunektikă sunistÿsa tou G_A, opìte upĹrqei m ≥ 1 kai akmèc {v_{i0} , v_{i1} }, {v_{i1} , v_{i2} }, . . . , {v_{im−1} , v_{im} } ∈ A me i_0 = i kai i_m = j. Tìte to diĹnusma e_i − e_j eÐnai Ðso me to Ĺjroisma twn stoiqeÐwn e_{ir} − e_{ir+1} gia 0 ≤ r ≤ m − 1 tou ϕ(A) kai sunepÿc anăkei sth grammikă jăkh tou ϕ(A) ston R^n. SumperaÐnoume ìti e_i − e_j ∈ ϕ(A) sto M(S), pou shmaÐnei ìti {v_i, v_j} ∈ A sto M_G. AntÐstrofa, èstw ìti {v_i, v_j } ∈ A kai èstw W h grammikă jăkh tou ϕ(A) ston R^n, opìte e_i − e_j ∈ W . EÐnai stoiqeiÿdec na deÐxei kaneÐc ìti o grammikìc qÿroc phlÐko R^n/W èqei diĹstash Ðsh me to plăjoc twn sunektikÿn sunistwsÿn tou G_A kai ìti mia bĹsh tou qÿrou autoÔ apoteleÐtai apì tic eikìnec twn dianusmĹtwn e_r (upì th fusikă probolă R^n → R^n/W ) gia r ∈ I, ìpou ta v_r gia r ∈ I apoteloÔn epilogă miac korufăc gia kĹje sunektikă sunistÿsa tou G_A. Efìson oi eikìnec twn e_i kai e_j eÐnai Ðsec sto qÿro phlÐko, upoqrewtikĹ ta v_i kai v_j na anăkoun sthn Ðdia sunektikă sunistÿsa tou G_A.

(ii) Apì ton orismì thc anexarthsÐac kai thn (i) èqoume ìti to A ⊆ E eÐnai anexĹrthto sto M_G an kai mìno an gia kĹje a = {v_i, v_j } ∈ A ta v_i kai v_j den anăkoun sthn Ðdia sunektikă sunistÿsa tou G_{A−{a}}. Autì sumbaÐnei an kai mìno an to G den perièqei kÔklwma, dhladă an kai mìno an to G eÐnai dĹsoc. (iii) ProkÔptei Ĺmesa apì to (ii).

(iv) Apì to sqetikì orismì kai thn (i) èqoume ìti to A ⊆ E eÐnai parĹgon sto M_G an kai mìno an gia kĹje {v_i, v_j} ∈ E ta v_i kai v_j anăkoun sthn Ðdia sunektikă sunistÿsa tou G_A, pou shmaÐnei ìti kĹje sunektikă sunistÿsa tou G paramènei sunektikă pernÿntac sto upogrĹfhma G_A.

(v) O prÿtoc isqurismìc prokÔptei Ĺmesa apì tic (ii) kai (iv). Gia to deÔtero, upenjumÐzoume ìti kĹje dĹsoc me n korufèc kai k sunektikèc sunistÿsec èqei n − k akmèc. �

Pÿc mporeÐ na perigrafeÐ o sÔndesmoc twn epipèdwn tou M_G apì to grĹfhma G?

Orismìc 4.6.1 ’Estw aplì grĹfhma G = (V, E). Mia diamèrish π tou sunìlou V lègetai sunektikă an gia kĹje mèroc B thc π to epagìmeno upogrĹfhma G_B tou G eÐnai sunektikì.

To sÔnolo twn sunektikÿn diamerÐsewn tou G, efodiasmèno me th merikă diĹtaxh thc eklèptunshc (dhladă me π ≤ σ an kĹje mèroc thc π perièqetai se kĹpoio mèroc thc σ), lègetai sÔndesmoc twn sustolÿn (lattice of contractions) tou G kai sumbolÐzetai me L_G.

Paradeigma. An G eÐnai to grĹfhma tou Sqămatoc 4.7, tìte to L_G èqei elĹqisto stoiqeÐo th diamèrish tou V se tèssera monosÔnola, mègisto stoiqeÐo th diamèrish tou V se èna mìno mèroc, 5 Ĺtoma ta opoÐa eÐnai diamerÐseic tou V se èna disÔnolo kai dÔo monosÔnola kai antistoiqoÔn stic 5 akmèc tou G kai 6 akìmh stoiqeÐa. Afănetai ston anagnÿsth na epalhjeÔsei ìti to L_G eÐnai isìmorfo me to gewmetrikì sÔndesmo tou Sqămatoc 4.4. �

Gia kĹje grĹfhma G = (V, E) to L_G èqei elĹqisto stoiqeÐo th diamèrish tou V se monosÔnola kai mègisto stoiqeÐo th diamèrish tou V stic sunektikèc sunistÿsec tou G. H akìloujh prìtash dÐnei perissìterec plhroforÐec gia th domă tou L_G.

Prìtash 4.6.3 O sÔndesmoc L(M_G) twn epipèdwn tou M_G eÐnai isìmorfoc me th merikă diĹtaxh L_G. Eidikìtera to L_G eÐnai gewmetrikìc sÔndesmoc tĹxhc n − k, ìpou n kai k eÐnai to plăjoc twn korufÿn kai twn sunektikÿn sunistwsÿn tou G, antÐstoiqa.

Apìdeixh. Gia A ∈ L(M_G) èstw f(A) h diamèrish tou V , ta mèrh thc opoÐac eÐnai ta sÔnola korufÿn twn sunektikÿn sunistwsÿn tou G_A. EÐnai fanerì ìti f(A) ∈ L_G kai ìti h apeikìnish f : L(M_G) → L_G diathreÐ th diĹtaxh. Gia π ∈ L_G èstw A = g(π) to sÔnolo ìlwn twn akmÿn {v_i, v_j} ∈ E gia tic opoÐec ta v_i kai v_j anăkoun sto Ðdio mèroc thc π. Apì thn Prìtash 4.6.2 (i) èqoume A = A, opìte h g : L_G → L(M_G) eÐnai kalĹ orismènh kai profanÿc diathreÐ th diĹtaxh. Tèloc parathroÔme ìti g(f(A)) = A gia kĹje A ∈ L(M_G) apì thn Prìtash 4.6.2 (i) kai ìti f(g(π)) = π gia kĹje π ∈ L_G. ’Epetai ìti h f eÐnai isomorfismìc merikÿn diatĹxewn me antÐstrofo th g. O teleutaÐoc isqurismìc thc prìtashc prokÔptei apì to Pìrisma 4.5.1 kai thn Prìtash 4.6.2 (v). �

Paratărhsh 4.6.1 H klĹsh twn gewmetrikÿn sundèsmwn L_G perièqei tic B_n kai Π_n gia kĹje n ∈ N. An G = (V,

(_V 2 ) ) eÐnai to plărec grĹfhma sto sÔnolo korufÿn V = [n], tìte kĹje diamèrish tou [n] eÐnai sunektikă kai sunepÿc L_G = Π_n. EpÐshc an G eÐnai to grĹfhma sto sÔnolo korufÿn V = {0, 1, . . . , n} me tic n akmèc {0, 1}, {0, 2}, . . . , {0, n}, tìte to L_G eÐnai isìmorfo me th B_n. PrĹgmati, oi sunektikèc diamerÐseic tou G eÐnai akribÿc oi diamerÐseic π_S , ìpou S ⊆ [n], pou apoteloÔntai apì to mèroc {0} ∪ S, kai ta monosÔnola {i} gia i ∈ [n] − S kai h apeikìnish f : B_n → L_G me f(S) = π_S eÐnai isomorfismìc merikÿn diatĹxewn. ’Epetai ìti oi B_n kai Π_n eÐnai gewmetrikoÐ sÔndesmoi. �

4.7 HmiepimeristikoÐ sÔndesmoi kai kurtèc gewmetrÐec

Sthn paroÔsa parĹgrafo orÐzoume tic ènnoiec tou hmiepimeristikoÔ sundèsmou kai thc kurtăc gewmetrÐac kai apodeiknÔoume ìti autèc susqetÐzontai katĹ trìpo anĹlogo me ekeÐnon pou susqetÐzontai oi ènnoiec tou gewmetrikoÔ sundèsmou kai tou mhtroeidoÔc. ArqÐzoume me tic kurtèc gewmetrÐec.

Orismìc 4.7.1 ’Estw prĹxh kleistìthtac se peperasmèno sÔnolo S, mèsw thc opoÐac h eikìna tou A ⊆ S sumbolÐzetai me A. To S efodiasmèno me thn prĹxh aută lègetai kurtă gewmetrÐa (convex geometry) an isqÔei

(iv^′) p, q /∈ A, p ≠ q, p ∈ A ∪ {q} ⇒ q /∈ A ∪ {p}

gia ìla ta p, q ∈ S kai kĹje A ⊆ S. Sthn perÐptwsh aută ta kleistĹ uposÔnola tou S lègontai epÐshc kurtĹ uposÔnola.

Oi prĹxeic kleistìthtac twn ParadeigmĹtwn 4.3.2 kai 4.3.3 dÐnoun dÔo basikĹ paradeÐgmata kurtÿn gewmetriÿn.

ParĹdeigma 4.7.1 ’Estw P peperasmèno merikÿc diatetagmèno sÔnolo. H prĹxh kleistìthtac tou ParadeÐgmatoc 4.3.2, h opoÐa apeikonÐzei to A ⊆ P sto ideÿdec A = A^− tou P pou parĹgei to A, orÐzei kurtă gewmetrÐa sto P . Gia na epalhjeÔsoume to axÐwma (iv^′) èstw p, q ∈ P kai A ⊆ P me p, q /∈ A, p ≠ q kai p ∈ A ∪ {q}. ’Eqoume p ≤ a gia kĹpoio a ∈ A ∪ {q}. Efìson p /∈ A ja prèpei a = q, dhladă p ≤ q. OmoÐwc an Ðsque q ∈ A ∪ {p} tìte q ≤ p, opìte anagkastikĹ p = q, se antÐjesh me tic upojèseic mac gia ta p, q. ’Ara q /∈ A ∪ {p}. Me thn prĹxh aută ta kleistĹ uposÔnola tou P eÐnai ta ideÿdh tou P kai sunepÿc o sÔndesmoc L(P ) eÐnai o epimeristikìc sÔndesmoc J(P ) twn idewdÿn tou P pou meletăsame stic ParagrĹfouc 3.2 kai 4.2. �

ParĹdeigma 4.7.2 ’Estw S peperasmèno uposÔnolo tou R^d. Ja deÐxoume ìti h prĹxh kleistìthtac tou ParadeÐgmatoc 4.3.3 orÐzei kurtă gewmetrÐa sto S, dhladă ìti isqÔei to axÐwma (iv^′). ’Estw A = conv(A) ∩ S gia A ⊆ S (ìpwc sto ParĹdeigma 4.3.3) kai èstw p, q ∈ S kai A ⊆ S me p, q /∈ A, p ≠ q, p ∈ A ∪ {q} kai q ∈ A ∪ {p}. Jèloume na katalăxoume se antÐfash. Apì tic sqèseic p ∈ A ∪ {q} kai q ∈ A ∪ {p} èqoume

p = λq + (1 − λ)a q = μp + (1 − μ)b (4.10)

me 0 ≤ λ, μ ≤ 1 kai a, b ∈ conv(A). H upìjesh p ≠ q dÐnei λ, μ < 1. ApaleÐfontac to q apì tic (4.10) prokÔptei ìti p = (1 − λ)a + λ(1 − μ)b 1 − λμ . H parĹstash sto dexiì mèloc autăc thc isìthtac eÐnai kurtìc sunduasmìc twn a kai b kai sunepÿc p ∈ conv({a, b}) ⊆ conv(A), opìte p ∈ conv(A) ∩ S = A, se antÐjesh me tic upojèseic mac. Sto parĹdeigma autì ofeÐletai h orologÐa {kurtă gewmetrÐa} tou OrismoÔ 4.7.1. �

Paradeigma. Sto Sqăma 4.9 apeikonÐzetai èna sÔnolo S = {a, b, c} triÿn shmeÐwn sto R kai o antÐstoiqoc sÔndesmoc L(S) twn kurtÿn uposunìlwn tou S. ParathroÔme ìti o sÔndesmoc L(S) den eÐnai epimeristikìc. �

Sqăma 4.9: O sÔndesmoc twn kurtÿn sunìlwn miac kurtăc gewmetrÐac.

Sthn ParĹgrafo 4.5 eÐdame ìti ènac peperasmènoc sÔndesmoc L eÐnai isìmorfoc me to sÔndesmo twn epipèdwn enìc mhtroeidoÔc an kai mìno an o L eÐnai gewmetrikìc. Ja doÔme ìti parìmoioc qarakthrismìc upĹrqei kai gia touc sundèsmouc twn kurtÿn sunìlwn miac kurtăc gewmetrÐac. Apì to ParĹdeigma 4.7.1 kai to Jeÿrhma 4.2.1 kajÿc kai apì to parĹdeigma tou Sqămatoc 4.9, prokÔptei ìti h kathgorÐa autÿn twn sundèsmwn perièqei gnăsia ìlouc touc peperasmènouc epimeristikoÔc sundèsmouc.

Orismìc 4.7.2 O peperasmènoc sÔndesmoc L lègetai hmiepimeristikìc (meet-distributive) an kĹje diĹsthma thc morfăc [x, y] sto L, ìpou x eÐnai h sunĹnthsh twn stoiqeÐwn tou L pou kalÔptoun to y, eÐnai isìmorfo me mia Ĺlgebra Boole.

Paradeigma. (i) O sÔndesmoc tou Sqămatoc 4.9 eÐnai hmiepimeristikìc (allĹ ìqi epimeristikìc).

(ii) Qrhsimopoiÿntac to Jeÿrhma 4.2.1 mporeÐ kaneÐc na deÐxei ìti kĹje peperasmènoc epimeristikìc sÔndesmoc eÐnai hmiepimeristikìc. O isqurismìc autìc eÐnai eidikă perÐptwsh thc miac kateÔjunshc tou Jewrămatoc 4.7.1 pou akoloujeÐ. �

To akìloujo jeÿrhma eÐnai to kÔrio apotèlesma autăc thc paragrĹfou.

Jeÿrhma 4.7.1 (Edelman, 1980) ’Enac peperasmènoc sÔndesmoc L eÐnai isìmorfoc me to sÔndesmo twn kurtÿn sunìlwn miac kurtăc gewmetrÐac an kai mìno an o L eÐnai hmiepimeristikìc.

Lămma 4.7.1 ’Estw kurtă gewmetrÐa pĹnw sto sÔnolo S kai A, B ∈ L(S). To B kalÔptei to A sto L(S) an kai mìno an B = A ∪ {p} gia kĹpoio p ∈ S − A.

Apìdeixh. ’Estw ìti to B kalÔptei to A sto L(S) kai èstw p ∈ B − A. Apì th sqèsh A ⊂ A ∪ {p} ⊆ B èqoume A ⊂ A ∪ {p} ⊆ B kai sunepÿc A ∪ {p} = B. Ac upojèsoume ìti A ∪ {p} ⊂ B, me q ∈ B, q /∈ A ∪ {p}. Efarmìzontac to axÐwma (iv^′) sth sqèsh q ∈ A ∪ {p} prokÔptei ìti p /∈ A ∪ {q} kai sunepÿc A ⊂ A ∪ {q} ⊂ B, opìte h A ⊂ B den eÐnai sqèsh kĹluyhc sto L(S). H antÐfash aută odhgeÐ sto sumpèrasma ìti B = A∪{p}. To antÐstrofo eÐnai fanerì. �

To akìloujo pìrisma apodeiknÔei th mia apì tic dÔo kateujÔnseic tou Jewrămatoc 4.7.1.

Pìrisma 4.7.1 O sÔndesmoc twn kurtÿn sunìlwn miac kurtăc gewmetrÐac pĹnw sto S eÐnai hmiepimeristikìc.

Apìdeixh. ’Estw X, Y ∈ L(S) me X = Y_1 ∧ Y_2 ∧ · · · ∧ Y_k, ìpou Y_1, Y_2, . . . , Y_k eÐnai ta stoiqeÐa tou L(S) pou kalÔptontai apì to Y . Apì to Lămma 4.7.1 èqoume Y_i = Y − {q_i} gia 1 ≤ i ≤ k, ìpou ta q_i eÐnai diakekrimèna anĹ dÔo stoiqeÐa tou Y kai apì thn Prìtash 4.3.1 isqÔei X = Y_1 ∩ Y_2 ∩ · · · ∩ Y_k = Y − {q_1, q_2, . . . , q_k}. Epiplèon, kĹje uposÔnolo Z tou S me X ⊆ Z ⊆ Y eÐnai Ðso me thn tomă, Ĺra kai me th sunĹnthsh sto L(S) kĹpoiwn apì ta Y_i (sugkekrimèna twn Y_i me q_i /∈ Z). Eidikìtera Z ∈ L(S). ’Epetai ìti to diĹsthma [X, Y ] sto L(S) apoteleÐtai apì ìla ta sÔnola Z me X ⊆ Z ⊆ Y kai ìti h apeikìnish f : [X, Y ] → 2^{Y −X} me f(Z) = Z − X eÐnai isomorfismìc apì to [X, Y ] sthn Ĺlgebra Boole tĹxhc k twn uposunìlwn tou Y − X = {q_1, q_2, . . . , q_k}. �

Prin asqolhjoÔme me thn antÐstrofh kateÔjunsh ja exĹgoume kĹpoia akìmh sumperĹsmata gia touc sundèsmouc L(S).

Pìrisma 4.7.2 O sÔndesmoc twn kurtÿn sunìlwn miac kurtăc gewmetrÐac pĹnw sto S eÐnai diabajmismènoc tĹxhc #S.

Apìdeixh. ProkÔptei Ĺmesa apì to Lămma 4.7.1 kai to gegonìc ìti to L(S) èqei mègisto stoiqeÐo to S kai elĹqisto stoiqeÐo to kenì sÔnolo. �

’Opwc sthn perÐptwsh twn mhtroeidÿn (ParĹgrafoc 4.6), to A ⊆ S lègetai anexĹrthto an p /∈ A − {p} gia kĹje p ∈ A. ParathroÔme ìti ta anexĹrthta sÔnola sthn kurtă gewmetrÐa tou ParadeÐgmatoc 4.3.2 eÐnai akribÿc oi antialusÐdec thc merikăc diĹtaxhc P , enÿ se aută tou ParadeÐgmatoc 4.3.3 eÐnai ta uposÔnola tou shmeiosunìlou S pou brÐskontai se kurtă jèsh. EpÐshc to A ⊆ S lègetai parĹgon uposÔnolo tou K ∈ L(S) an A = K. H epìmenh prìtash genikeÔei thn exăc prìtash: KĹje ideÿdec se peperasmènh merikă diĹtaxh P parĹgetai apì monadikă antialusÐda thc P .

Prìtash 4.7.1 KĹje kurtì sÔnolo K ∈ L(S) miac kurtăc gewmetrÐac pĹnw sto S èqei monadikì anexĹrthto parĹgon uposÔnolo.

Apìdeixh. H Ôparxh anexĹrthtou parĹgontoc uposunìlou tou K prokÔptei apì thn apìdeixh thc Prìtashc 4.6.1 (ii), h opoÐa den qrhsimopoieÐ to axÐwma thc antallagăc. Gia th monadikìthta, èstw ìti A kai B eÐnai anexĹrthta parĹgonta uposÔnola tou K. Ja deÐxoume ìti A = B. ’Estw tuqaÐo p ∈ A kai B_0 elaqistikì uposÔnolo tou B me (A − {p}) ∪ B_0 = K (tètoio uposÔnolo upĹrqei diìti (A − {p}) ∪ B = K). To B_0 eÐnai mh kenì afoÔ to A eÐnai anexĹrthto. ’Estw loipìn q ∈ B_0. Jètontac C = (A − {p}) ∪ (B_0 − {q}) èqoume C ⊂ K, apì thn kataskeuă tou B_0 kai C ∪ {p} = C ∪ {q} = K, opìte

p ∈ C ∪ {q}, q ∈ C ∪ {p}.

Epiplèon p /∈ C kai q /∈ C, diìti alliÿc ja eÐqame A ⊆ C ă (A − {p}) ∪ B_0 ⊆ C kai epomènwc C = K. Apì to axÐwma (iv^′) prokÔptei ìti p = q. Sunepÿc kĹje p ∈ A eÐnai stoiqeÐo tou B, dhladă A ⊆ B. OmoÐwc B ⊆ A. �

Sthn apìdeixh tou Jewrămatoc 4.7.1 ja qrhsimopoiăsoume thn akìloujh jemeliÿdh arqă aparÐjmhshc.

Prìtash 4.7.2 (Arqă EgkleismoÔ-ApokleismoÔ) Gia peperasmèna sÔnola A_1, A_2, . . . , A_k isqÔei # k⋃ i=1 A_i = k∑ t=1 (−1)^{t−1} ∑ 1≤i_1<···<i_t≤k

#(A_{i1} ∩ · · · ∩ A_{it} ). � Apìdeixh tou Jewrămatoc 4.7.1. Dedomènou tou PorÐsmatoc 4.7.1 èqoume na deÐxoume ìti kĹje peperasmènoc hmiepimeristikìc sÔndesmoc L eÐnai isìmorfoc me to sÔndesmo twn kurtÿn sunìlwn miac kurtăc gewmetrÐac. Apì thn Prìtash 4.3.2 gnwrÐzoume ìti o L eÐnai isìmorfoc me to sÔndesmo L(S) twn kleistÿn sunìlwn thc prĹxhc kleistìthtac (4.3) pĹnw sto sÔnolo S twn anĹgwgwn stoiqeÐwn tou L kai ìti h apeikìnish ϕ : L → L(S) me

ϕ(x) = {p ∈ S : p ≤ x}

gia x ∈ L eÐnai isomorfismìc merikÿn diatĹxewn, tètoioc ÿste ϕ(x ∧ y) = ϕ(x) ∩ ϕ(y) gia x, y ∈ L. Jèloume na deÐxoume ìti h prĹxh (4.3) ikanopoieÐ to axÐwma (iv^′). Ja deÐxoume prÿta ìti o L eÐnai diabajmismènoc kai ìti h tĹxh ρ(y) tuqaÐou y ∈ L dÐnetai apì thn isìthta

ρ(y) = # ϕ(y). (4.11)

’Estw ^0 to elĹqisto stoiqeÐo tou L. Qrhsimpoiÿntac epagwgă pĹnw sto plăjoc twn stoiqeÐwn tou [^0, y], ja deÐxoume ìti to [^0, y] eÐnai diabajmismèno tĹxhc # ϕ(y) gia kĹje y ∈ L. Autì arkeÐ, afoÔ to L èqei mègisto stoiqeÐo. To zhtoÔmeno eÐnai fanerì an y = ^0 ă to y eÐnai Ĺtomo tou L, dhladă an # [^0, y] ≤ 2. ’Estw y_1, y_2, . . . , y_k ta stoiqeÐa tou L pou kalÔptontai apì to y, sta opoÐa efarmìzetai h upìjesh thc epagwgăc. An k = 1, tìte to y eÐnai anĹgwgo kai [^0, y] = [^0, y_1] ∪ {y} (’Askhsh 5), opìte to [^0, y] eÐnai diabajmismèno tĹxhc ρ([^0, y_1]) + 1 kai # ϕ(y) = # ϕ(y_1) + 1 = ρ([^0, y_1]) + 1 = ρ([^0, y]). Upojètoume tÿra ìti k ≥ 2. ’Estw x = y_1 ∧ y_2 ∧ · · · ∧ y_k kai èstw r − k h tĹxh tou [^0, x], r ≥ k. Epeidă to diĹsthma [x, y] eÐnai Ĺlgebra Boole tĹxhc k, kĹje z ∈ [x, y] grĹfetai (me monadikì trìpo) san sunĹnthsh kĹpoiwn apì ta y_1, y_2, . . . , y_k. Apì thn upìjesh thc epagwgăc, to [^0, z] eÐnai diabajmismèno gia kĹje z ∈ [x, y] − {y}. Epiplèon an to z ∈ [x, y] − {y} eÐnai h sÔndesh i ek twn y_1, y_2, . . . , y_k, tìte to [^0, z] èqei tĹxh r − i, afoÔ ta [^0, x] kai [x, z] eÐnai diabajmismèna tĹxhc r − k kai k − i, antÐstoiqa. Eidikìtera, kajèna apì ta [^0, y_j] eÐnai diabajmismèno tĹxhc r − 1. ’Epetai ìti to [^0, y] eÐnai diabajmismèno tĹxhc r kai mènei na deÐxoume ìti r = # ϕ(y). ParathroÔme ìti

ϕ(y) = ϕ(y_1) ∪ ϕ(y_2) ∪ · · · ∪ ϕ(y_k) (4.12)

kai ìti gia 1 ≤ j_1 < j_2 < · · · < j_i ≤ k me i ≥ 1 èqoume

# (ϕ(y_{j1} ) ∩ ϕ(y_{j2} ) ∩ · · · ∩ ϕ(y_{ji} )) = # ϕ(y_{j1} ∧ y_{j2} ∧ · · · ∧ y_{ji} ) = r − i, (4.13)

ìpou qrhsimopoiăsame thn upìjesh thc epagwgăc sto z = y_{j1} ∧ y_{j2} ∧ · · · ∧ y_{ji} gia to opoÐo èqoume ρ([^0, z]) = r − i. Efarmìzontac thn arqă egkleismoÔ-apokleismoÔ (Prìtash 4.7.2) sthn (4.12) kai qrhsimopoiÿntac thn (4.13) paÐrnoume

ϕ(y) = k∑ i=1 (−1)^{i−1} ( k i ) (r − i) = r

(’Askhsh 11), ìpwc to jèlame, oloklhrÿnontac thn epagwgă.

Apì thn (4.11) èpetai ìti an to y kalÔptei to x sto L, tìte # ϕ(y) = # ϕ(x) + 1. IsodÔnama èqoume # (B − A) = 1 gia kĹje sqèsh kĹluyhc A ⊂ B sto L(S). Gia na deÐxoume ìti isqÔei to axÐwma (iv^′) èstw A ⊆ S kai p, q ∈ S me p, q /∈ A, p ∈ A ∪ {q} kai q ∈ A ∪ {p}. Ja deÐxoume ìti p = q. Apì ta prohgoÔmena gnwrÐzoume ìti upĹrqei megistikă alusÐda

A ⊂ A ∪ {p_1} ⊂ A ∪ {p_1, p_2} ⊂ · · · ⊂ A ∪ {p_1, p_2, . . . , p_m} = A ∪ {q}

măkouc m sto L(S). AfoÔ to A ∪ {p_1, p_2, . . . , p_i} eÐnai kurtì kai perièqetai gnăsia sto A ∪ {q} gia i < m èqoume q /∈ A ∪ {p_1, p_2, . . . , p_i} gia i < m kai sunepÿc q = p_m. Apì tic upojèseic mac gia ta A, p, q èqoume A ∪ {q} = A ∪ {p} kai sunepÿc to Ðdio epiqeÐrhma dÐnei p = p_m. ’Ara p = q. �

4.8 Askăseic

1. Dÿste parĹdeigma peperasmènou sundèsmou L me tic idiìthtec: (i) to mègisto stoiqeÐo tou L eÐnai Ðso me th sÔndesh twn atìmwn tou L kai (ii) o L den eÐnai atomikìc.

2. (a) DeÐxte ìti kĹje kleistì diĹsthma se sÔndesmo eÐnai epÐshc sÔndesmoc.

(b) An oi L, M eÐnai sÔndesmoi deÐxte ìti to Ðdio isqÔei gia tic merikèc diatĹxeic L^∗, L ⊕ M kai L × M.

3. DeÐxte ìti h merikă diĹtaxh NC_n twn mh diastauroÔmenwn merismÿn tou [n] (’Askhsh 8 tou KefalaÐou 1) eÐnai sÔndesmoc.

4. ’Estw ≤ h asjenăc diĹtaxh sto sÔnolo S_n twn metajèsewn tou [n] (’Askhsh 6 tou KefalaÐou 1) kai èstw Inv(σ) = {(i, j) : 1 ≤ i < j ≤ n, σ_i > σ_j } gia metĹjesh σ = (σ_1, σ_2, . . . , σ_n) ∈ S_n.

(a) DeÐxte ìti σ ≤ τ ⇔ Inv(σ) ⊆ Inv(τ) gia σ, τ ∈ S_n. (b) DeÐxte ìti to (S_n, ≤) eÐnai sÔndesmoc.

5. ’Estw L peperasmènoc sÔndesmoc me elĹqisto stoiqeÐo ^0 kai y ∈ L−{^0}. DeÐxte ìti to y eÐnai anĹgwgo an kai mìno an to y kalÔptei akribÿc èna stoiqeÐo tou L. Sthn perÐptwsh aută isqÔei [^0, y) = [^0, x], ìpou x eÐnai to monadikì stoiqeÐo tou L pou kalÔptetai apì to y.

6. ’Enac sÔndesmoc (L, ≤) me elĹqisto stoiqeÐo ^0 kai mègisto ^1 lègetai orjìc (ortholattice) an upĹrqei apeikìnish^⊥ : L → L me tic idiìthtec

(i) x ∧ x^⊥ = ^0 kai x ∨ x^⊥ = ^1, (ii) x ≤ y ⇒ x^⊥ ≥ y^⊥, (iii) x^{⊥⊥} = x

gia x, y ∈ L. DeÐxte ìti h merikă diĹtaxh B_n kai h asjenăc diĹtaxh sto sÔnolo twn metajèsewn tou [n] (’Askhsh 6 tou KefalaÐou 1) eÐnai orjoÐ sÔndesmoi.

7. Gia 1 ≤ k ≤ n èstw B_{n,k} h epagìmenh upodiĹtaxh thc B_n sto sÔnolo twn uposunìlwn S tou [n] me #S ∈ {0, 1, . . . , k − 1} ∪ {n}. DeÐxte ìti h B_{n,k} eÐnai gewmetrikìc sÔndesmoc.

8. ’Estw Π̃_n to sÔnolo twn diamerÐsewn π tou sunìlou {−n, −n + 1, . . . , n} gia tic opoÐec isqÔoun: (i) an kĹpoio mèroc B thc π perièqei ta i kai −i gia kĹpoio 1 ≤ i ≤ n, tìte 0 ∈ B kai (ii) an B eÐnai mèroc thc π, tìte to −B = {−x : x ∈ B} eÐnai epÐshc mèroc thc π. DeÐxte ìti to Π̃_n, efodiasmèno me th merikă diĹtaxh thc eklèptunshc, eÐnai gewmetrikìc sÔndesmoc tĹxhc n.

9. Gia akeraÐouc 1 ≤ k < n èstw P (n, k) h sullogă ìlwn twn sunìlwn thc morfăc {S_1, S_2, . . . , S_m}, ìpou m ≥ 0 kai kĹje S_i eÐnai uposÔnolo tou [n] me toulĹqiston k + 1 stoiqeÐa, tètoia ÿste na isqÔei # ⋃ i∈I S_i > k + ∑ i∈I (#S_i − k) (4.14)

gia kĹje sÔnolo deiktÿn I ⊆ [m] me toulĹqiston dÔo stoiqeÐa. Gia S, T ∈ P (n, k) jètoume S ⪯ T an kĹje stoiqeÐo tou S perièqetai se kĹpoio stoiqeÐo tou T .

(a) DeÐxte ìti gia k = 1 to zeÔgoc (P (n, k), ⪯) eÐnai isìmorfo me to sÔndesmo Π_n twn diamerÐsewn tou [n].

(b) DeÐxte ìti to zeÔgoc (P (n, k), ⪯) eÐnai gewmetrikìc sÔndesmoc tĹxhc n − k gia kĹje 1 ≤ k < n.

10. ’Estw (P, ≤) peperasmèno merikÿc diatetagmèno sÔnolo. Gia A ⊆ P èstw A to sÔnolo twn stoiqeÐwn p tou P gia ta opoÐa upĹrqoun a_1, a_2 ∈ A me a_1 ≤ p ≤ a_2. DeÐxte ìti h apeikìnish 2^P → 2^P pou stèlnei to A ⊆ P sto A orÐzei mia kurtă gewmetrÐa sto P .

11. Gia k ≥ 2 deÐxte ìti_k ∑ i=0 (−1)^i ( k i ) (r − i) = 0.

UpodeÐxeic - LÔseic

1. H merikă diĹtaxh Q tou Sqămatoc 1.1 apoteleÐ parĹdeigma sundèsmou me autèc tic idiìthtec.

2. (a) An [u, v] eÐnai kleistì diĹsthma sto sÔndesmo L kai x, y ∈ [u, v], tìte ta x ∨ y kai x ∧ y anăkoun sto [u, v] kai sunepÿc apoteloÔn to elĹqisto Ĺnw frĹgma kai mègisto kĹtw frĹgma, antÐstoiqa, twn x, y kai sto [u, v].

(b) ’Estw x, y ∈ L ⊕ M. An x ∈ L kai y ∈ M, tìte x ≤ y sto L ⊕ M kai sunepÿc x ∨ y = y, x ∧ y = x sto L ⊕ M. An ta x, y anăkoun kai ta dÔo sto L ă kai ta dÔo sto M, tìte to katÿtato Ĺnw frĹgma kai to anÿtato kĹtw frĹgma touc ston antÐstoiqo sÔndesmo èqoun thn Ðdia idiìthta sto L ⊕ M. Gia thn perÐptwsh tou L × M parathroÔme ìti ta stoiqeÐa (x, x^′) kai (y, y^′) èqoun katÿtato Ĺnw frĹgma kai anÿtato kĹtw frĹgma (x ∨ y, x^′ ∨ y^′) kai (x ∧ y, x^′ ∧ y^′), antÐstoiqa, sto L × M, me thn profană ènnoia. H perÐptwsh tou L^∗ afănetai ston anagnÿsth.

3. ParathroÔme ìti gia x, y ∈ NC_n to mègisto kĹtw frĹgma twn x, y sto Π_n, to opoÐo perigrĹyame sto ParĹdeigma 4.1.2, anăkei sto NC_n kai sunepÿc apoteleÐ to mègisto kĹtw frĹgma twn x, y kai sto NC_n. To zhtoÔmeno èpetai apì to Lămma 4.1.1 (ii).

4. (a) H sunepagwgă ⇒ prokÔptei amèswc apì ton orismì thc asjenoÔc diĹtaxhc enÿ to antÐstrofo prokÔptei me epagwgă sto plăjoc twn stoiqeÐwn tou Inv(τ)−Inv(σ). Oi leptomèreiec afănontai ston anagnÿsth.

(b) Lìgw tou (a), thc Ôparxhc mègistou stoiqeÐou gia thn asjenă diĹtaxh (’Askhsh 6 b tou KefalaÐou 1) kai tou Lămmatoc 4.1.1 (ii) arkeÐ na deÐxoume to exăc: gia ìla ta x, y ∈ S_n upĹrqei z ∈ S_n tètoio, ÿste gia kĹje w ∈ S_n me Inv(w) ⊆ Inv(x) ∩ Inv(y) na isqÔei Inv(w) ⊆ Inv(z) ⊆ Inv(x) ∩ Inv(y). Ja lème ìti èna uposÔnolo A tou E_n = {(i, j) : 1 ≤ i < j ≤ n} èqei th metabatikă idiìthta an (i, j), (j, k) ∈ A ⇒ (i, k) ∈ A. Isqurizìmaste ìti gia kĹje A ⊆ E_n me thn idiìthta aută upĹrqei z ∈ S_n tètoio, ÿste gia kĹje w ∈ S_n me Inv(w) ⊆ A na isqÔei Inv(w) ⊆ Inv(z) ⊆ A. Profanÿc kĹje sÔnolo thc morfăc Inv(x) ∩ Inv(y) me x, y ∈ S_n èqei th metabatikă idiìthta kai sunepÿc arkeÐ na deÐxoume ton isqurismì. Dosmènou A ⊆ E_n me th metabatikă idiìthta, jètoume z = u_n ìpou ta u_1, u_2, . . . , u_n eÐnai metajèseic me u_i ∈ S_i gia 1 ≤ i ≤ n pou orÐzontai epagwgikĹ wc exăc. ’Eqoume u_1 = (1) kai gia 1 < m ≤ n h u_m eÐnai h monadikă metĹjesh (a_1, a_2, . . . , a_m) ∈ S_m me tic idiìthtec (i) h u_{m−1} prokÔptei apì th u_m diagrĹfontac ton ìro m, (ii) an m = a_i kai i ≥ 2, tìte (a_{i−1}, m) /∈ A kai (iii) an m = a_i kai i < m, tìte (a_j , m) ∈ A gia kĹje deÐkth j me i < j ≤ m. Gia parĹdeigma, an n = 6 kai A = {(1, 2), (1, 6), (3, 4), (3, 5), (3, 6), (4, 5)}, tìte u_1 = (1), u_2 = (2, 1), u_3 = (2, 1, 3), u_4 = (2, 1, 4, 3), u_5 = (2, 1, 5, 4, 3) kai u_6 = (2, 1, 5, 4, 6, 3).

Ja deÐxoume me epagwgă sto m ìti Inv(u_m) ⊆ A gia 1 ≤ m ≤ n kai ìti an w ∈ S_m kai Inv(w) ⊆ A, tìte Inv(w) ⊆ Inv(u_m). H perÐptwsh m = n dÐnei to zhtoÔmeno. MporoÔme na upojèsoume ìti m ≥ 2. Apì thn kataskeuă tou u_m èqoume amèswc ìti Inv(u_m) ⊆ A. Gia na katalăxoume se Ĺtopo, èstw ìti upĹrqei w ∈ S_m kai (r, s) ∈ Inv(w) − Inv(u_m). Apì thn epagwgă sto m ja prèpei s = m. ’Estw u_m = (a_1, a_2, . . . , a_m) kai m = a_i. Efìson (r, m) /∈ Inv(u_m) èqoume i ≥ 2 kai r = a_k me k < i. EpÐshc (a_{i−1}, m) /∈ A apì thn kataskeuă tou u_m kai k < i − 1 afoÔ (r, m) ∈ Inv(w) ⊆ A. DiakrÐnoume dÔo periptÿseic. An r > a_{i−1} tìte (a_{i−1}, r) ∈ Inv(u_m) ⊆ A kai exaitÐac tou ìti (r, m) ∈ A kai thc metabatikìthtac tou A èqoume (a_{i−1}, m) ∈ A, prĹgma adÔnato ìpwc èqoume ădh epishmĹnei. An r < a_{i−1} tìte (r, a_{i−1}) /∈ Inv(u_{m−1}), opìte (r, a_{i−1}) /∈ Inv(w) apì thn upìjesh thc epagwgăc. Dedomènou ìti (r, m) ∈ Inv(w) prokÔptei ìti (a_{i−1}, m) ∈ Inv(w) kai sunepÿc h antÐfash (a_{i−1}, m) ∈ A.

5. Upojètoume ìti to y kalÔptei akribÿc èna stoiqeÐo tou L, èstw to x. Ja deÐxoume ìti [^0, y) = [^0, x] kai ìti to y eÐnai anĹgwgo. Gia tuqaÐo z ∈ [^0, y) mporoÔme na epilèxoume megistikă alusÐda z < z_1 < · · · < z_k = y tou diastămatoc [z, y] sto L. AfoÔ to y kalÔptei to z_{k−1} sto [z, y], Ĺra kai sto L, èqoume anagkastikĹ z_{k−1} = x kai sunepÿc z ≤ x, opìte z ∈ [^0, x]. DeÐxame dhladă ìti [^0, y) ⊆ [^0, x]. O egkleismìc [^0, x] ⊆ [^0, y) eÐnai fanerìc. EpÐshc gia tuqaÐa u, v < y èqoume u, v ∈ [^0, y) = [^0, x], dhladă u, v ≤ x, Ĺra u ∨ v ≤ x kai sunepÿc u ∨ v ≠ y. ProkÔptei ìti to y eÐnai anĹgwgo stoiqeÐo tou L. AntÐstrofa, an to y eÐnai anĹgwgo tìte den eÐnai dunatì na kalÔptei dÔo diaforetikĹ stoiqeÐa u, v tou L, diìti sthn perÐptwsh aută (dedomènou tou ìti to L eÐnai sÔndesmoc) profanÿc isqÔei y = u ∨ v.

6. Gia th B_n arkeÐ na orÐsei kaneÐc x^⊥ = [n] − x gia x ⊆ [n]. Gia thn asjenă diĹtaxh sto sÔnolo twn metajèsewn tou [n] (h opoÐa eÐnai sÔndesmoc apì thn ’Askhsh 4 b) orÐzoume x^⊥ = (a_n, a_{n−1}, . . . , a_1) an x = (a_1, a_2, . . . , a_n). Oi zhtoÔmenec idiìthtec prokÔptoun apì thn ’Askhsh 4 a kai th sqèsh Inv(x^⊥) = {(i, j) : 1 ≤ i < j ≤ n} − Inv(x).

7. EÐnai eÔkolo na deÐxei kaneÐc ìti to B_{n,k} eÐnai isìmorfo me to sÔndesmo L(S) tou PorÐsmatoc 4.5.1, ìpou S eÐnai tuqaÐo sÔnolo n dianusmĹtwn ston R^k se genikă jèsh (opoiadăpote k stoiqeÐa tou S eÐnai grammikÿc anexĹrthta). To zhtoÔmeno èpetai apì to Pìrisma 4.5.1.

8. An {e_1, e_2, . . . , e_n} eÐnai bĹsh tou grammikoÔ qÿrou R^n deÐxte ìti to Π̃_n eÐnai isìmorfo me to sÔndesmo L(S) tou PorÐsmatoc 4.5.1, ìpou to S apoteleÐtai apì ta dianÔsmata e_i gia 1 ≤ i ≤ n, ta dianÔsmata e_i − e_j gia 1 ≤ i < j ≤ n kai ta dianÔsmata e_i + e_j gia 1 ≤ i < j ≤ n. To zhtoÔmeno èpetai apì to Pìrisma 4.5.1.

9. (a) Gia k = 1 h (4.14) dÐnei # (S_i ∪ S_j) ≥ #S_i + #S_j,

dhladă S_i ∩ S_j = ∅, gia i ≠ j. AntÐstrofa, an ta S_i eÐnai anĹ dÔo xèna metaxÔ touc tìte isqÔei h (4.14). ProkÔptei ìti h apeikìnish f : P (n, 1) → Π_n, gia thn opoÐa f({S_1, S_2, . . . , S_m}) eÐnai h diamèrish tou [n] se mh monosÔnola mèrh S_1, S_2, . . . , S_m, eÐnai isomorfismìc merikÿc diatetagmènwn sunìlwn.

(b) DeÐte to Ĺrjro C.A. Athanasiadis, The largest intersection lattice of a discriminantal arrangement, Beiträge Algebra Geom. 10 (1999), 283–289.

10. Ja epalhjeÔsoume to axÐwma (iv^′). Pio sugkekrimèna, ja deÐxoume ìti an gia p, q ∈ P kai A ⊆ P isqÔoun p, q /∈ A, p ∈ A ∪ {q} kai q ∈ A ∪ {p}, tìte p = q. Apì thn upìjesh p ∈ A ∪ {q} èqoume a ≤ p ≤ b gia kĹpoia a, b ∈ A ∪ {q}. Efìson p /∈ A ja prèpei q = a ă q = b. ’Estw q = b opìte a ≤ p ≤ q me a ∈ A ∪ {q} (h Ĺllh perÐptwsh eÐnai parìmoia) kai mporoÔme na upojèsoume ìti a ∈ A. OmoÐwc apì tic upojèseic q ∈ A ∪ {p} kai q /∈ A èqoume a^′ ≤ q ≤ b^′ gia kĹpoia a^′, b^′ ∈ A ∪ {p} me p = a^′ ă p = b^′. H prÿth perÐptwsh dÐnei a ≤ p ≤ q ≤ b^′ me b^′ ∈ A∪{p}. ExaitÐac tou ìti p /∈ A, upoqrewtikĹ èqoume b^′ = p kai sunepÿc p = q. OmoÐwc, h deÔterh perÐptwsh dÐnei a ≤ p ≤ q ≤ p, apì ìpou prokÔptei epÐshc ìti p = q.

11. Gia f : Z → Z orÐzoume Δf : Z → Z me Δf(n) = f(n) − f(n − 1). Tìte gia k ≥ 1 èqoume Δ^kf(n) =

∑_k i=0 (−1)^i

(_k i ) f(n − i). An h f eÐnai poluÿnumo sto n bajmoÔ d, tìte h Δf eÐnai poluÿnumo sto n bajmoÔ d − 1 (pou shmaÐnei ìti h Δf eÐnai tautotikĹ mhdèn an d = 0). Efarmìzoume ta parapĹnw gia to grammikì poluÿnumo f(n) = n.

88

BibliografÐa

[1] Martin Aigner, Combinatorial Theory, Springer-Verlag, Berlin, Heidelbarg, New York, 1979; deÔterh ektÔpwsh, Classics in Mathematics, Springer-Verlag, Berlin, Heidelbarg, New York, 1997.

[2] Ian Anderson, Combinatorics of finite sets, Oxford Science Publications, Oxford University Press, New York, 1987.

[3] Garrett Birkhoff, Lattice theory, Amer. Math. Soc. Colloq. Publ. No. 25, American Mathematical Society, Providence, RI, 1967.

[4] Robert P. Dilworth, A decomposition theorem for partially ordered sets, Ann. of Math.

51 (1950), 161–165.

[5] Paul H. Edelman, Meet-distributive lattices and the anti-exchange closure, Alg. Univ.

10 (1980), 290–299.

[6] M.A. Perles, A proof of Dilworth’s decomposition theorem for partially ordered sets, Israel J. Math. 1 (1963), 105–107.

[7] Emanuel Sperner, Ein satz über untermengen einer endlichen menge, Math. Z. 27 (1928), 544–548.

[8] Richard P. Stanley, Weyl groups, the hard Lefschetz theorem and the Sperner property, SIAM J. Discrete methods 1 (1980), 168–184.

[9] Richard P. Stanley, Enumerative Combinatorics, vol. 1, Wadsworth & Brooks/Cole, Pacific Grove, CA, 1986; deÔterh ektÔpwsh, Cambridge University Press, Cambridge, 1997.