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RemarK. The order complex A(P)
(s , meoming that every cli-
que in its one-skeleton 1s a face

of A(P).

not ;C(ag



Defimition. The f,h - polynomials
of A(P) are defined as

M
$(ACPY,X) = D Freyg (D) xS
K=0

M
2. (P)
K=0

= chain polynomial of P

T
-k
AAPYL) = 2 g (A) xS (1-x)
K=0

n
A
fea, X)),
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Example. (a)

De!
X

o $(AMP), ) = 4+6x +12x* + 8

« h(AWP), x) = (4-2) + 6 (4-x)2 +
Q¥ (4-x) + 8

(4+x)3

I



(b)

R A

o $(AP), ) = 4 +Fx + 12T + 65

« h(AMP), ) = (1-x) +Foc (4= )% 4

12 19”(4—:() + 63(.3

1+ 4o+ 2



Conjecture (Brent.- Welker ,b 2008)

£(AP),x) is real-rooted if P is
the face lattice of o polytope.

Conjecture (A - Kalamboaia Evange—
Linou) £(AP),x) is real- rooted

g P s a 8eometric lattice (the

lattice of flats of a wmatroid),






Remoark
£(AP),x) 1S real-rooted &

h(A(P),x) 1S real- rooted.

For 8eometric lattices, even

the unimodality of h(A(P),x)

LS open.



Even stronger conjectures moke

sSense .

Cmnjectu re

£(AP),x) 1S real-rooted ¥ P is

any rank-selected subposet of

the face lattice of o polytope

or

(o geometr*ic lattice.



Question For which fintte posets

P is £(A(P),x) real-rooted?

Questwon 1s f(A(P),x) real-rooted
for every oloubly Cohen - Moacaulay

poset P ?



Some answers :

» No for distributwe lattices
(Stembﬁdae, 200%)
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* Yes for Cohen-Macaulay sim-
plicial posets (Brent.- Welker,

Q008)
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°* Yes for face lattices of cubical

polytopes (wmore aener‘qlly , For

shellable cubical posets, A 2021),

|

S

Pyr(Q) and Prism(Q),

>
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e Yes for the face lattices of Pyr

£ SO for

the face lattice of Q (AKE, 2023)



* Yes for subspace lattices and
partition lacttices of types A
and B (A-KE 2023),

* Yes for the lattices of flats of
generalized paving matroids
(Brandem - Saut Mato Leite)

* Yes for ranK-selected subposets

of Cohen-Moacaulay stmplicial

posets (A-KE 2023),



o Yes for nor\crossing partition
lottices associated to finite

Coxeter groups (A-KE 2023).

* Yes for (3+4)-free posets (Sto-
nley, 1998) .



Basic method: Express h(A(P),x)

as a ﬂonnegative linear combimol-
tion of real-rooted polynomials

with ‘nonneaative coef{ficients

which have a common interleaver

Recall the for real-rooted polyno-

mials p(x), q(x) € R[x] with roots

N\

Sa, A €0
S PesPr €O

we say that p(x) q(x)
if € ¢ Pyt <P, <0 and

write



dLet

= Simplicial poset of

rankK n

H elements of ronk kK

m

n—-kK
Z {-K-i(P) IK()l—X)
K=0

e

K
Z hK(P) X
K=0

Note. | P s Cohen—Macaulqy,
then hK(P)BO for every k.



Proposition (Brenti- Welker , 2008)

For every sumplicial poset P of

rank n

R4
h(AP),x) = 2 h (P) p, (),
K=0 !

where

Pak (X) = > JColeslw)

we 6111—1 C W) = k1

for nelIN. €Equuvalently,



Pn x () v n-K om
— = m (A+mM) .
(4— ) m20

Note

[Ppo(x)\ [ 4 4\ [ Pa1,000

Pna () x 4 -1 P14 (X)
= | ¢ x - 1

\Pon) ] \x x x| \paynica)

and hence Pn,i(3¢) < an(ac) for
O<igyj&n.



Corollary For every Cohen-Moacau
lay SimPlicial poset P of rank n,
h(A(P),x) (s real-rooted and 15 in-

terlaced by the Euleran polyno-

mial = Phg (X))
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P = cubical poset of rankK n4/

fr (P)

H# elements of ronk K+1

T
X(P) = -4+ 2> 0§ (P
K=0
n+1
h(P, ) = ZhK(P)xK
K=0

Nn-K

L
1

+ (-—ﬂn ;((P) xn+(2 }



Proposition For every

cubical poset P of rankK m+A,

n+A4
B8
h(AP),x) = 2 h (P) p_ (),
K=0
where
M m
5 (21 +14) ' K=0
m20
B
Pn,k(x) K—14 n-K
= qm (2m—4) (mM+1)
(A—acy" m20 m

> & 1€ K€M

o m
E (2mM—14) ¢ | k=n+1,

m21



B .
Note The py, y (x) satisfy o recu-
rsion similor to the one satisfied

by the pn’K(oc) .

Corollary For every shelloable cubt-
cal poset P of rankK n+1, h(A(P), x)

(s real-rooted and is intertlaced

by the Eulerian Polynomial

| B
© = Pn.o (x)-
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= Simplicioll poset of rankK m
Wwith mmmumum element 6
= p: P > {04,  n}

= ronk function of P

and for Sc{1,2, ...} let

I

{ xeP: px)eS}t ui{ot

S-rank selected subposet
of P.



Proposition (A-KE 2023+) For eve-
ry SimPlicial poset P of rank n
and every Sec {2, ... n}

N+4-5
h(A(P,),x) = Z h (P) P, (X,

where
PS (x) = > des(w)
n,K - |
we G‘I’H-j: wil1) = k+1

PJes(w)esS



Lemmo. For Sc {12 ... n}

S S
As a result, P, i () < Pn,; (X) for
O<uL¢y <N,



Corollary For every Cohen-Moacau-
lay simplicial poset P of ronk m
and every Sc{{2 .. n} h(A(PS),x)

(s real-rooted and interlaced by

_ > des(w)
X :

wee‘n: Pes(w)es




let

Tl = lattice of partitions of
{1,2,...,n}

1) x {1,142} x {1,141 2,2 3} x -

S

x{A4 .4, ., m-2 n-2 n-1}
Olnd {—Of‘ OC = (0-400-Q""l0ﬂ—1) EA,n

des (o) = & te {1,2, ... -2}

> :
0. 20,,,.



Proposition (A-KE 2023 +)

h(AW,), x) = D 5895

O‘G.A,n

IS real-rooted for every melN.



let

W = finite real reflection

group of roamk m

NC lattice of ﬂoncrossin8

poartitions associated to

wW

X = Coxeter type of W



Theorem

h(A(NCW),x) (S nonnegotive
linear combination of the polyno-
mials P, () For 0<¢k<mn and he-

nce reol—rooted.

et B, be the set of words w

m
= (0,0,  ,0,)€ Z such that

4..4 'q"‘qQ,,qn‘.ﬂ‘_‘

ond call te{4,2 ... n-1} o descent if



Then, h(A(NCW),x) 'S equal to

A > des(w)
N+ X ' X:An

we{1,2,. n+4}"

w
> ) xdES( ). X = Bn

we{JtQ:on}n

w
> xdes( )' X = Dn

weDn




let

5,.( > “nxn) = > amxn

n20 n=0

be the zeroth r-Veromese oper—ator,

Then, acnh(A(NCw),)\/x) equals

A n N+A4

+ v . =
— SnH(xH X+ - +X ) ), X A
S (x(4+.x+-~+acn—1)n”) X=B
n ’ n
Q Nn-2 N+4
Sn_‘((x+x)(4+x+-~-+ac ) ), X=D,



As o result (Jochemko, 2091),
h(A(NCW),x) has oo real-rooted
sgmmetric decomposition with

reéspect to m for every irreducible

W.



