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Abstract

The present thesis consists of two parts whose main protagonists are colored
quasisymmetric functions. In 1984, Gessel introduced quasisymmetric functions,
a generalization of symmetric functions. In 1993, together with Reutenauer they
studied specializations of families of quasisymmetric functions associated to subsets
of the symmetric group, which have many desirable properties, such as symmetry
and Schur-positivity. In 1998, Poirier introduced colored quasisymmetric functions,
a colored analogue of quasisymmetric functions. In the first part, we develop a
general theory of specializations of colored quasisymmetric functions in the spirit of
Gessel and Reutenauer’s work. This allows us to systematically prove refined Euler—
Mahonian identities on colored permutation groups and subsets of these, such as
derangements and involutions. In 2017, Elizalde and Roichman proved that the
quasisymmetric function of the product of a collection of permutations whose qua-
sisymmetric generating function equals the Frobenius characteristic of some char-
acter y of the symmetric group and an inverse descent class equals the Frobenius
characteristic of the character of the tensor product of y and the corresponding
descent representation of the symmetric group. The second part deals with proving
a colored analogue of Elizalde and Roichman’s result. More precisely, we introduce
a notion of colored ribbons and prove that the (colored) Frobenius characteristic of
the descent representation of colored permutation groups equals the colored qua-
sisymmetric generating function of colored ribbon shaped tableaux. This provides
a colored analogue of Gessel’s zig-zag shape approach to descent representations of
the symmetric group. In addition, exploiting Hsiao—Petersen’s theory of colored P-
partitions and the method developed in the first part, we prove a colored analogue
of Stanley’s shuffling theorem.



Introduction

It is said that if the twentieth century was the century of symmetric functions,
then perhaps the twenty-first century will be defined by the explosion of develop-
ments in the theory of quasisymmetric functions [26, Section 1]. The aim of this
thesis is to present further evidence for this hypothesis. In particular, it consists
of roughly two parts. The first part presents several generalizations of the author’s
published results [70, 71] on specializations of colored quasisymmetric functions and
the second part presents material on descent representations of colored permutation
groups and colored quasisymmetric functions.

A major theme in enumerative combinatorics is the study of distributions of
permutation statistics. It can be traced all the way back to MacMahon’s 1900
work on plane partitions (see [53, Section 3]). Stanley in his 1971 Ph.D. thesis
[86] developed the theory of P-partitions and used it to study, what we now call,
Euler-Mahonian distributions. Euler—-Mahonian distributions appear often at the
intersection of algebra, combinatorics and geometry (see, for example, [74]).

The most prominent example of an Eulerian distribution is the number of de-
scents, encoded via Eulerian polynomials. The n-th Eulerian polynomial is the
numerator on the right-hand side of the identity

n,.m ZwGGn xdes(w)
Z(m+1) = 11—z

m>0

often used as its definition (for all missing definitions we refer to Chapter 1). Sev-
eral interesting g-analogues of Eulerian polynomials exist in the literature (see, for
example, the notes of [90, Chapter 1]). The one involving the major index will be
of particular interest in this thesis. The generating polynomial for the distribution
of the Euler-Mahonian pair (des, maj) satisfies

Zwe@ xdes(w)qmaj(w)
(1—2)(1—=zq)--- (1 —2q")

D (4g+-+g™)a™ =
m>0

Identities of this type are called Euler—Mahonian identities.

Since the symmetric group is a Coxeter group, a common theme in algebraic
combinatorics is to generalize a combinatorial statement involving the symmetric
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group to other Coxeter groups or complex reflection groups, starting from the hype-
roctahedral group, namely the group of symmetries of the higher dimensional cube.
In the past two decades, several combinatorialists such as Adin, Brenti, Foata, Ges-
sel, Mansour, Roichman and Zeng, to name a few, have studied such generalizations
of Euler-Mahonian identities. A systematic approach to the case of colored per-
mutation groups was established recently in 2013 by Beck and Braun [20] using
techniques from polyhedral geometry.

Another possible approach is via symmetric/quasisymmetric functions. Qua-
sisymmetric functions appeared in Stanley’s work as generating functions of P-
partitions (see [26, Section 2]). Gessel in his 1984 paper [52] formalized this new
tool and studied the algebra of quasisymmetric functions. Gessel and Reutenauer
in a 1993 seminal paper [55] initiated a study of specializations of families of qua-
sisymmetric functions associated to subsets of the symmetric group, which have
many desirable properties, such as symmetry and Schur-positivity.

Poirier in his 1998 Ph.D. thesis [76] introduced a colored generalization of qua-
sisymmetric functions. It is our purpose in the first part of this thesis to develop
a general theory of specializations of colored quasisymmetric functions in the spirit
of Gessel and Reutenauer’s work. This will allow us to systematically prove refined
Euler-Mahonian identities on colored permutation groups. The main advantage of
this theory is that it allows us to prove new Euler—-Mahonian identities on several
important classes of colored permutations, such as involutions and colored permu-
tations without fixed points.

A major theme in algebraic combinatorics and combinatorial representation the-
ory is the study of character formulas which express the values of characters of the
symmetric group as weighted enumerations of combinatorial objects. An example of
such character formula is the Murnaghan—Nakayama rule [89, Section 7.17], where
the enumerated objects are border strip tableaux. Particularly interesting is the
discovery of such formulas expressing the values of characters in terms of the dis-
tribution of the descent set over certain classes of permutations. The archetypal
example is Roichman’s rule [78], a formula for the irreducible characters of the sym-
metric group where the enumerated objects are standard Young tableaux. It turns
out that the existence of such formulas is closely related to Schur-positivity.

Representation theory of the symmetric group is connected to the theory of sym-
metric functions via the Frobenius characteristic map. In particular, it maps the
irreducible characters of the symmetric group to Schur functions, which in turn, by
a result of Stanley, are the quasisymmetric generating functions of standard Young
tableaux. Adin and Roichman in 2015 [8] developed an abstract framework to cap-
ture this phenomenon. More recently, in 2017, Adin, Athanasiadis, Elizalde and
Roichman [1] introduced and studied a signed analogue, in which colored quasisym-
metric functions, in the special case of two colors, play a central role.

The set of elements in a Coxeter group having a given descent set carries a natural
representation of the group, called the descent representation. The study of descent
representations has its origin’s in Solomon’s work [82] on Weyl groups, where they
appear as alternating sums of certain permutation representations. This concept
was first extended to the hyperoctahedral group by Adin, Brenti and Roichman in
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a 2005 paper [3]. Shortly after, in 2007, Bagno and Biagioli [15] further extended it
to complex reflection groups. This construction involves the coinvariant algebra as
the representation space.

Descent representations are closely related to inverse descent classes of permuta-
tions. It is well known that the Frobenius characteristic of the descent representation
of the symmetric group can be expressed as the quasisymmetric generating function
of the corresponding inverse descent classes. Elizalde and Roichman [39] proved a
strengthening of this fact, where the descent representations are replaced by their
tensor product with some representation of the symmetric group. The second part
of this thesis aims to provide a colored analogue of this result, via studying descent
representations of colored permutation groups. In particular, a colored version of
Gessel’s approach to descent representations, which uses ziz-zag (or ribbon) shapes,
is developed by introducing a notion of colored ribbons. This could potentially yield
many instances of Schur-positive classes of colored permutations.

One of the main ingredients of the proof of the aforementioned result is of par-
ticular interest. Hsiao and Petersen [62] developed a colored analogue of Stanley’s
theory of P-partitions in order to exploit several connections between Hopf algebras
arising from colored quasisymmetric functions. Building upon their theory, we aim
to provide a colored analogue of Stanley’s shuffling theorem. Stanley’s shuffling
theorem asserts that the distribution of the descent set over all shuffles of two dis-
joint permutations v and v depends only on the descent sets of u and v and their
lengths. Recently, Gessel and Zhuang [56] formalized this remarkable property of
the descent set, called shuffle-compatibility and studied in depth several shuffle-
compatible permutation statistics such as the descent number, major index, peak
set, peak number, left peak set, left peak number and so on. In particular, we aim
to present a colored analogue of a small portion of their work and thus initiate the
study of shuffle-compatible colored permutation statistics.

This thesis is structured as follows. Chapter 1 reviews background material
needed for chapters that follow. In particular, it surveys Euler-Mahonian distri-
butions on colored permutation statistics and reviews the combinatorics of colored
permutation groups, symmetric/quasisymmetric functions and the connection be-
tween Schur-positivity, quasisymmetric functions and the representation theory of
the symmetric group. Chapters 2 and 3 and Chapters 4 and 5 comprise the first
and second part of this thesis, respectively.

Chapter 2 reviews the notion of colored quasisymmetric functions and develops
a method for specializing them to derive general refined formulas for the distribution
of a Mahonian statistic and the pair of an Eulerian and a Mahonian statistic. In
addition, it introduces the (k,¢)-flag major index of signed permutations, a notion
which generalizes both the major index and the flag major index and derives general
refined formulas for the distribution of this statistic and its joint distribution with
some Eulerian partner.

Chapter 3 applies the method developed in the previous chapter to prove refined
Euler-Mahonian identities. In particular, Section 3.1 refines known Euler—-Mahonian
identities on colored permutations. Section 3.2 refines known Euler—-Mahonian iden-
tities on colored derangements and proves several new ones. Section 3.3 studies re-



finements of fix—-Euler—-Mahonian distributions on colored involutions. Lastly, Sec-
tion 3.4 studies refinements of multivariate distributions, involving Eulerian and
Mahonian statistics on colored permutations.

Chapter 4 reviews Hsiao and Petersen’s theory of colored P-partitions and uses
it to prove colored analogues of Stanley’s shuffling theorem. Afterwards, it briefly
reviews Gessel and Zhuang’s theory of shuffle-compatible permutation statistics and
proves that the colored descent set and the colored peak composition are shuffle-
compatible.

Chapter 5 reviews elements of the combinatorial theory of colored permuta-
tion groups, especially Poirier’s version of the characteristic map and proves useful
identities for the sequel. In addition, it reviews descent representations and their
connection to quasisymmetric functions and reviews Schur-positivity in the colored
context. A notion of colored ribbons is introduced, similar to that of regular ribbons
(or zig-zag shapes), which is used to describe colored descent representations for col-
ored permutation groups. The rest of the chapter is devoted to the statement and
proof of the colored analogue of Elizalde and Roichman’s result mentioned above.
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A stagecoach passed by on the road and went on;
And the road didn’t become more beautiful or
even more ugly.

That’s human action on the outside world.

We take nothing away and we put nothing back,
we pass by and we forget;

And the sun is always punctual every day.

Fernando Pessoa



Chapter

Preliminaries

This chapter fixes notation and reviews background material on colored permu-
tation statistics, colored permutation groups, symmetric/quasisymmetric functions
and connections with the representation theory of the symmetric group.

Throughout this thesis we assume familiarity with basic combinatorics of the
symmetric group, including combinatorics of permutations and tableaux, represen-
tations and symmetric functions, as presented in [90, Chapter 1], [7], [89, Chapter 7]
and [80], as well as with basic theory of partially ordered sets (posets hereafter) as
presented in [90, Section 3.

1.1 Permutation statistics and the Euler-Mahonian iden-
tity

For a positive integer n, let &,, be the set of permutations of [n] := {1,2,...,n}.
We will think of permutations w € &,, as n-element words w = wyws - - - w,. For
w € G, an index i € [n — 1] is called a descent of w, if w; > w;y1. The set of all
descents of w, written Des(w), is called the descent set of w. The cardinality and
the sum of all elements of Des(w) are written as des(w) and maj(w), respectively,
and called the descent number and major index of w.

A statistic on &,, which is equidistributed with des (resp. maj) is called Fulerian
(resp. Mahonian). Let

An(z,q) = Y adesw)gmailw) (1.1)
wEGn

be the generating polynomial for the joint distribution (des, maj) on &,,, sometimes
called the n-th ¢-Eulerian polynomial'. The polynomial A, (z) := A,(x,1) is called
the n-th Fulerian polynomial and constitutes one of the most important polynomials

!Several g-analogues of Eulerian polynomials appear in the literature (see, for example, the
references in [90, Section 1]). In this thesis we focus on those involving the pair (des, maj) and
variants of those.



1.2 Colored permutation statistics 2

in combinatorics. They have been in the spotlight of research in combinatorics in
recent years and throughout the second half of the 20th century. For a detailed
exposition of their importance in combinatorics, algebra and geometry we refer to
Petersen’s excellent book [74].

MacMahon [65, Vol.2, Section IX] proved a formula which specializes to

An(z,q)
m+1]7 2™ = o : 1.2
2 m+1l; =)l —2q)- (1 2q") (12
where [n], == 1+ ¢+ ---+ ¢"! is the g-analogue of n. This formula is usually

attributed to Carlitz [30] and hence called the Carlitz identity. We will call it
the Fuler—-Mahonian identity. Several proofs of the Euler—-Mahonian identity are
known in the literature. For example, one can prove it using a “balls into boxes”
argument similar to that of [74, Exercise 1.14]. In Section 2.2, we provide a proof
of Equation (1.2) using (quasi)symmetric functions, which serves as the motivation
for the method developed in that chapter.

Remark 1.1.1. For ¢ = 1, Equation (1.2) reduces to the following identity [90,

Proposition 1.4.4]
" m Ap(z)
> (mt 1™ = A= g (1.3)

m>0

which is sometimes used as the definition of Eulerian polynomials.

1.2 Colored permutation statistics

Fix a positive integer r and let Z, be the additive cyclic group of order r. The
elements of Z, will be represented by those of [0, — 1] and will be thought of as
colors. We think of the set [n] x Z, as the set of r-colored integers

o 0 o0 0 11 ol 1 r—1 or—1 r—1
Qr={1°2",...,n°, 1,27, ...,n, .., 1727 o e/ T

We may often identify colored integers i with 3.

The r-colored permutation group, denoted by &, ,, consists of all permutations
of ), ,, i.e. bijective maps o : {2, , — -, such that

a(ao) = = O'(Cbi) Sy s (1.4)

where i + j is computed modulo 7 and the product of &,,, is composition of per-
mutations. The r-colored permutation group can be realized as the wreath product
Z, 1 G,, that is the semidirect product Z' x &,, for the usual permutation action
of the symmetric group &,, on Z}. It can be also realized as a complex reflection
group, consisting of all n X n matrices whose non-zero entries are rth roots of unity
such that there is exactly one non-zero entry in every row and every column.

Elements of &,,, are called r-colored permutations. We will think of colored
permutations w® € &,,, as n-element words w® = wi'ws® - - - w§* on Q. We will

call w = wiwsy - - - w, € &, the underlying permutation and € = (€1, €2, ..., €,) € Z7
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the color vector of w?. The product of two colored permutations in S, is given
by

u-v? = (uv)v(e)+§
where uv = u o v is evaluated from right to left, v(e) := (€4, €vyy---,€p,) and
the addition is coordinatewise modulo . The inverse of w® € &,,, is the element
(w_l)(s, where w1 is the inverse of w in &,, and § = —w™!(¢), where
—€:=(—€1,—€2,...,—€p)

where the entries are computed modulo 7. Also, define w€ := w3, The following
observation will be useful in Chapter 5.

Observation 1.2.1. For all w® € G,, ., we have (W)_1 = (w‘l)w_l(e). In addition, if

u= (wf)"", then

The case r = 2 is of special interest: &,, 2 is the hyperoctahedral group, written
B,,, the group of signed permutations of length n. The hyperoctahedral group is a
Coxeter group of type B, which can be realized as the group of symmetries of the
n-dimensional cube (see, for example, [74, Part III]). In this case, following [1], we
use the bar notation to indicate 1-colored integers, i.e.

Qn = Qn,? = {1,27...,H,T,§,...,ﬁ},

and the words color and colored are replaced by bar and barred, respectively. In
this case also, we think of signed permutations as n-element words w = wiws - - - wy,
on €2y,.

Following the success of the study of permutation statistics in the second half
of the twentieth century (although its origin traces back to the work of MacMahon
[65]) many authors studied combinatorial properties of the distributions of signed
permutation statistics. In particular, Brenti [29] studied a notion of descent for
signed permutations that arises when we view 9B,, as a Coxeter group. Around the
same time, Reiner [77] studied a notion of descent based on the usual geometric de-
scription of B,, using root systems. Later, Adin, Brenti and Roichman [2] addressed
Foata’s problem of extending the Euler-Mahonian distribution of (des, maj) to the
hyperoctahedral group B,,.

We discuss several developments on Foata’s problem for colored permutation
groups. For this purpose, we need to specify what colored permutation statistics
qualify as Eulerian, Mahonian and Euler—-Mahonian.

2When there is no case of confusion we will represent both the colored permutation and its
underlying permutation by the same letter.
3This is essentially the complex conjugate of w®, when viewed as a complex reflection group.
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1.2.1 Eulerian statistics

Steingrimsson in his Ph.D. thesis [92] initiated the study of colored permutation
statistics, by introducing a notion of descent for colored permutations. For w€ €
Sy, an index ¢ € [n] is called a descent of w€, if

o 1 <¢<n-—1and either ¢ > €41, or ¢ = €;41 and w; > w; 1

e i=n and ¢, # 0.

Consider the right lexicographic order on [n] x Z,, or in other words, the following
total order

0 0 1 1 -1 —1
17 <gp oo <semo <gp 17 <gp-o- <sent <gp o <gp 170 <gp e <ggn

on Q. We may equivalently® define a descent of w® as an index i € [n] such that

€i+1

e 1 <i<n—1and wj >g w;)

e i =n and ¢, # 0.

Let Des, (w) be the set of all descents of w® and des—g, (w®) be its cardinality.
Steingrimsson [92, Theorem 17| proved that

. Zw - xdes<St(w)
> (rm+ 1)t 2™ = €(1Lx)n+1 : (1.5)

m>0

This formula reduces to Equation (1.3) for 7 = 1 and generalizes a formula of Brenti
[29, Theorem 3.4 (ii)] for r = 2.

Biagioli and Caselli [22] studied a notion of descents by considering the right
lexicographic order on [n| x Z,, when the elements of Z, are ordered as r — 1 <’
-+- <"1 <’0. This is often called the color order and in terms of colored integers is
the following total order

r—1 0

i< on™ <o <o <ent <. 1%9<, - <.

on Q. For w® € &,,,, we define Des<, (w®) to be the set of all indices i € [n — 1]
such that w{® >, w;}}' together with 0, whenever €; # 0 and write des< (w®) for
its cardinality. It follows from their work [22, Corollary 5.3 for p = s = ¢ = 1]
that Equation (1.5) holds if we replace <g¢ with <.. This fact can also be proved
bijectively (see, for example, the proof of [11, Proposition 2.2]).

Another notion of descent set was studied by Biagioli and Zeng [24]. In partic-
ular, let <, be the following total order on €, ,

n"! <g--'<gn1 <g-~<g1r71 <g~”<gll <y 1° <g'”<gn0,

called the length order. For w® € &, ,, we define Des.,(w®) to be the set of all
indices 1 < i < n — 1 such that w{’ >, w;}}' together with 0, whenever € # 0

4For the purposes of this thesis it is more convinient to consider descents on colored permutations
according to some fixed total order on 2y, ;.
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and write des<,(w®) for its cardinality. They proved [24, Proposition 8.1 for ¢ = 1]
that Equation (1.5) still holds if we replace <g; with <,. It also follows from [22,
Proposition 7.1]. So, the above three mentioned distributions are all equidistributed
on &, , and define the Fulerian distribution on colored permutations.

1.2.2 Mahonian statistics

As a group, &,,, is generated by the set S := {s¢,s1,...,5,-1}, where sg :=
(1° 11) and s; := (i° (i + 1)°) in cycle notation, for all 1 < i < n — 1 (see, for
example, [6, Section 2] and [14, Section 2.2]). The length function, written g, with
respect to S satisfies [14, Theorem 4.4]

> g™ = T+ d'fr — 1), (1.6)

weGny, i=1

For r = 1, Equation (1.6) reduces to MacMahon’s celebrated formula

An(L,q) = [1]g[2]- - [nlq (1.7)

for the distribution of the major index over &, (see, for example, [90, Chap-
ter 1, Notes]).

From this point of view, a Mahonian statistic on &,, ,, is expected to be equidis-
tributed with the length function. Bagno [14, Theorem 5.2] introduced such a
statistic by using the length order. We recall its definition. For w® € &, ,, let

Imaj(w®) = maj,(w)+ Z ) + csum(w®),
¢;#0

where maj_, (w*) is the sum of all elements of Des’ (w*) := Des.,(w’) \ {0}° and
csum(w®) = €1 +ex+ -+ €,

is the color sum statistic.

It is worth noticing, as the authors in [22, Section 7] point out, that the length
order seems to be the suitable order for proving a combinatorial interpretation of
the length function of &,,,, whereas the color order is often used in the study of
some algebraic aspects, such as the invariant theory of &, .

Another Mahonian candidate, the flag major index, was introduced by Adin and
Roichman in their seminal paper [6]. We use the following combinatorial interpreta-
tion [6, Theorem 3.1] as our definition. The flag major index of w € &,,, is defined
by

fmaj__(w) := rmaj__(w)+ csum(w),

where maj__(w) is the sum of all elements of Des (w) := Des. (w)\ {0}. The
authors remark, after the proof of [6, Theorem 2.2], that the flag major index is not

5The #-descent set is often called type A descent set because it does not take into account the
descents in positions 0 or n (see, for example, [20, Definition 5.4]).
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equidistributed with the length function on &,,, for »r > 3. Haglund, Loehr and
Remmel [61, Equation (34)] were the first to explicitly compute a formula for the
distribution of the flag major index

3o gme = []g[2r], - [y (1.8)

wEGn,r

Because the right-hand side does not coincide with that of Equation (1.6) for
r > 3, considering the flag major index as a Mahonian statistic on &,,, is an abuse
of terminology, which is motivated by the following reasons. On the one hand, for
r = 1 Equation (1.8) reduces to MacMahon’s formula (1.7). On the other hand,
it is known that r,2r,...,nr are the degrees of &, ,, when viewed as a complex
reflection group, so the right-hand side of Equation (1.8) is the Hilbert series for the
coinvariant algebra of &,,, (see [18, Equation (1.4)]).

Chow and Mansour [36, Theorem 5] prove a different interpretation for the flag
major index using Steingrimsson’s total order on €2, ,, namely

fmaj_ (w) = rmaj_ (w) — csum(w),

where maj_  (w) is the sum of all elements of Des<y, (w), for all w € &,,. We
denote by fmaj_. the right-hand side of the above equation. It is also true that
Equation (1.8) holds if we replace <. by <y as the authors remark in [22, Propos-
tion 7.1] and [24, Remark 2.2]. Thus, fmaj_ for all <€ {<, <st, </} on €,, can
be called Mahonian statistics on colored permutations®.

1.2.3 FEuler—Mahonian statistics

Now that we have explained what it means for a colored permutation statistic
to be Eulerian or Mahonian, we discuss Euler—-Mahonian pairs of statistics. In
particular, we will be interested in (what we call) colored Euler—Mahonian identities,
meaning colored generalizations of Equation (1.2) involving generating polynomials
of distributions of triples (csum,eul, mah), where eul is an Eulerian statistic and
mah is a Mahonian statistic on colored permutations. For ease of notation, we will
write

A(eul,mah)

n,r (I, q, p) — Z ‘,relll(w)qmah(w)pcsum(w)’
wESy,r

for an Eulerian (resp. Mahonian) statistic eul (resp. mah) on &,, .
Biagioli and Caselli [22, Theorem 5.2 for s = p = 1] prove, in the more general

setting of projective reflection groups, the following colored Euler-Mahonian identity

Aldes<etmaicd) (0 p)

(1—z)(1—aq)- - (1 —aq™)

Z (Im + 1]gr + pa[m]gr[r — 1]pg)" 2™ = (1.9)

m>0

Equation (1.9) reduces to Equations (1.2) and (1.5) for » = 1 and g = 1, respectively,
and p = 1 and generalizes a formula of Chow and Gessel [34, Theorem 3.7| for r = 2

5For the applications, in Chapter 3, we will deal with the color order.
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and p = 1. Chow and Mansour [36, Theorem 9 (iv)] prove that the above identity
holds if we replace <. with <g;. It is worth mentioning that, in the case r = 2,
Chow—Mansour’s identity was first noticed by Biagioli and Zeng [23, Section 3].

In a subsequent paper, these authors showed [24, Proposition 8.1] that it also
holds if we replace <. by <,. Furthermore, they prove [24, Equation (8.1)] that

(des<e,maj<£)

— ml,)" 2™ = Anr (.4, p)
n;)([erl]qup[r 1],[mlq) (1—2)(1—=2q) (1 —2q")’ (1.10)

which reduces to Equations (1.2) and (1.5) for » = 1 and ¢ = 1, respectively and
generalizes a formula of Chow and Gessel [34, Equation (26)] for r = 2. We will
demonstrate how one can prove Equation (1.10) for <g¢ using the classical method
of “balls into boxes” [90, Section 1.9], [73].

Proposition 1.2.2. For every positive integer n,
(des<g, ;maj_ . )

— ml ) 2™ = An,r (x7Q7p)

Proof. Given a colored permutation w = wij'wg®---wg € &, there are n + 1
positions at the beginning, between letters and at the end of w. The right-hand
side of Equation (1.11) is the generating function of the number of bars, the sum
of all colors and the positions of bars (counted by x, p and ¢, respectively) over
all colored permutation w® € &, , with any numbers of bars inserted in the n + 1
available positions such that there must be a bar between w;" and wffll for every
i € Des<, (w°). In particular, if €, > 0, then there must be a bar after wg".

We will show that this is also equal to the left-hand side of Equation (1.11).
Suppose we have a colored permutation w € &, , and m bars. These bars create
m + 1 boxes for increasing colored integers according to Steingrimsson’s total order
to be placed. For each 1 < i < n, we have to make two choices:

e choose a color for 7 and

e choose in which box to put it.

The letters in each box are then placed in increasing order. Notice that the last
box cannot contain a positive-colored integer; otherwise n would be a descent, but
there would not be a bar succeeding the last letter. Therefore, if 7 is a letter of color
1 <j <r—1, then it contributes

Pl+g+--+q¢"")

to the sum and can be put in any of the first m boxes. But, if ¢ is a letter of color
0, then it contributes
IL+qg+-+q"
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in the sum and can be put in any of the m + 1 boxes. Therefore, we have a total
contribution of

n

r—1
Z (P’ [mlg) + [m +1]q = ([m+1]g +plr — 1]p[m]y)"™.
j=1
The proof follows by summing over all m > 0. O

Remark 1.2.3. The preceding proof can be refined, so as to keep track of each color
that appears in a colored permutation individually and not only the sum of those
colors. In particular, if p = (po,p1,...,pr—1) is a sequence of indeterminates, then
for every positive integer n

des<g, 7rnaj<st

n,m __ A”lﬂ" (w,q,p)
mz>0 (ol Bt (st p e el ) = (1—2)(1 —2q)-- (1 —zq")’
- (1.12)

d j € : € € € €
An'?:<swmaj<st (x7q’p) — Z xdes<St (w )qmaJ<St(w )pgo(w )pill(w ) 'p?r_—ll(w )7

weESy,

and n;(w®) := {7 € [n] : ¢ = j} for each 0 < j < r — 1. In Chapter 3, we will prove
several formulas like Equation (1.12), which refine known colored Euler-Mahonian
identities in the literature.

Bagno and Biagioli [15] defined the flag descent number of a colored permutation
we € Gy
fdes<.(w®) = rdest (w)+ e,

where desZ (w€) is the cardinality of Des® (w°), generalizing a notion first intro-
duced by Adin, Brenti and Roichman [2, Section 4] for the hyperoctahedral group
B,, (see also [11, Section 2.2]). They proved [15, Theorem A. 1] that

fd fmaj
A5L7TES<C7 maJ<g) ($7 q’ 1)

%[m+ 1]235’” = QI-—2)1—2"¢)1—27g¥) - (1—z7g")’

(1.13)

which generalizes Adin, Brenti and Roichman’s formula [2, Theorem 4.2] for r = 2.

Biagioli and Caselli [22, Theorem 5.4] further generalized Equation (1.13) in
order to include the color sum statistic. For a nonnegative integer m, we write
m = rQ(m) + R(m) for some nonnegative integer Q(m) and 0 < R(m) < r. Then,

3" (1Q(m) + g + palr — Upg[Qm)]gr + pg" ™+ [R(m)]pg)" a™

m>0

B A,gies<c?fmaj<6)($,q,p)
(1 —2)(1—a7q")(1 —arg*) - (1 —a7q"")’
(1.14)

“In general throughout this thesis we will use boldface letters to represent r-partite concepts.
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For the sake of completeness, we remark that Bagno [14] introduced an Eulerian
partner to his lmaj statistic, defined by

ldes(w) := desZ,(w) + csum(w),

for every w € &, and proved the following Euler-Mahonian identity

A(ldes,maj) 1
S m+1pam = nr 7 (2,4,1) : (1.15)
m>0 (33; Q)n+1 (_x[r - 1]qx; Q)n-i-l
where (z;q), := (1 —2)(1 — 2q) -+ (1 — 2¢™). In Corollary 3.1.4, we prove refined
colored Euler-Mahonian identities for the pairs (ldes, maj) and (ldes, fmaj), where
both statistics are computed using the color order.

Furthermore, Bagno introduced an Euler—Mahonian pair (ndes, nmaj) on colored
permutations, which together with csum satisfy Equation (3.11). This serves as
a generalization of the “negative” statistics first considered by Adin, Brenti and
Roichman [2, Section 3] for the hyperoctahedral group B,,.

1.3 Compositions, partitions and Young tableaux

1.3.1 Compositions and sets

A composition of a positive integer n, written o F n, is a sequence a =
(1,0, ...,ak) of positive integers, called parts, summing to n. Compositions
of n are in one to one correspondence with subsets of [n — 1]. In particular, let
S(a) = {ri,72,...,7k_1} be the set of partial sums r; == a3 + ag + -+ + «,
for each 1 < i < k. Also, if S = {s1 < s9 < -+ < sg} C [n — 1], then let
co(S) = (s1,52 — S1,.-.,5k — Sk—1,n — Sg). The maps a — S(a) and S — co(S) are
bijections and mutual inverses.

It is often convenient to work with subsets of [n — 1] which contain n. For this
purpose, we define S := S U {n} for each S C [n — 1]. We remark that the maps®
o —S(a)and S — co(S) remain bijections and are mutual inverses. In other words,
compositions of n are in one-to-one correspondence with subsets of [n] containing
n. Let Comp(n) be the set of all compositions of n.

We consider the partial order of reverse refinement on Comp(n), whose covering
relations are of the form

(ozl,...,ai—l—aiﬂ,...,ak) < (Oél,...,Oéi,OéH_l,...,ak).

The corresponding partial order on the set 2["~1 of all subsets of [n — 1] is just
inclusion of subsets.

8Notice that §(a) ={ri,re,..., "%}
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{1,2,3} (1,1,1,1)
{1,2} {1,3} {2,3} (1,1 ,1)
X >< >< ><
{1} {3} (1,3) (3,1)

\\/ \

Figure 1.1: The posets 21 and Comp(4).

16}

1.3.2 Partitions and Young tableaux

A partition of n, written A - n, is a composition A of n whose parts appear in
weakly decreasing order. The number of parts of A, written £(\), is called the length
of A\. It is well known that partitions of n are in one-to-one correspondence with
conjugacy classes of G,,.

The Young diagram of X = (A1, A2, ..., A\x) F n is an array of n boxes into left-
justified rows such that the ith row contains A; boxes. A standard Young tableau
(resp. semistandard Young tableau) of shape A is a bijective filling (resp. filling)
of the boxes of the Young diagram of \ with the integers 1,2,...,n (resp. positive
integers) such that

e rows increase (resp. weakly increase) from left to right and

e columns increase from top to bottom.

We denote by SYT(A) and SSYT(A) the set of standard and semistandard Young
tableaux, respectively. We also write SYT,, for the set of all standard Young
tableaux of size n.

There exists a notion of descent for standard Young tableaux, which we now
recall. A descent of a standard Young tableau @) is an entry 1 < ¢ < n — 1 such that
i+ 1 appears in a lower row than 7. We denote by Des(Q) the descent set of @) and
write des(Q) for its cardinality. Also, we write maj(Q) for the sum of all elements

of Des(Q).

The Robinson—Schensted correspondence [89, Section 7.11] is a bijection from
the symmetric group &,, to the set of pairs of standard Young tableaux of the same
shape and size n with the properties that Des(w) = Des(Q(w)) and Des(w™!) =
Des(P(w)), where (P(w),Q(w)) is the pair of tableaux associated to w € &,,. The
Knuth class [89, Appendix 1], written Kp, corresponding to a standard Young
tableau T of size n is the set of all permutations w € &,, such that P(w) = T,
where P(w) is defined as before. If T' has shape A, then we say that Kr is a Knuth
class of shape A and by abuse of notation we may write K.
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1.3.3 Ribbons

A zig-zag diagram, also called ribbon®, skew hook and border strip is a connected
skew shape that does not contain a 2 x 2 square. Ribbons with n squares are in
one-to-one correspondence with compositions of n (and therefore subsets of [n —1]).

In particular, for & € Comp(n) let Z, be the ribbon with n cells whose row
lengths, when read from bottom to top, are the parts of a. Now, given S C [n — 1]
we construct a skew shape with n cells, labelled 1,2,...,n as follows: Start with a
single cell labelled 1. For every 1 < i < n — 1, place a cell labelled 7 + 1 directly
north (resp. east) of the cell labelled ¢ whenever i € S (resp. i ¢ S). Let Z,, g be
the underlying ribbon. The maps a — Z, and S — Z, g are bijections between
Comp(n) (resp. 2[*~1) and the set of ribbons with n cells. For example, for n =9
and S ={2,3,5,8,9} we have

Ips =
[
This ribbon is also equal to Zg,(g), where co(S) = (2,1,2,3,1).
For S C [n— 1], let

D,s = {we€ &, : Des(w) =S}
D;g = {we &, :Des(w ) =5}

be the descent class and the inverse descent class, respectively, corresponding to S.
Also, define

Rns = {we€ &, : Des(w) C S}

)

Rﬁg = {we &, :Des(w™t) C S}

It is well known that permutations of &,, correspond bijectively to standard Young
tableaux of ribbon shape with n cells. The following refinement of this fact explains
the connection between (inverse) descent classes and tableaux of ribbon shape (see,
for example, [7, Propositions 3.5 and 10.12)).

Lemma 1.3.1. For every S C [n—1], there exists a bijection from the set SYT(Z,, s)
to the descent class Dy, s such that Des(Q) = Des(w™!), where w is the permutation
associated to Q € SYT(Zy s). In particular, the distribution of the descent set is
the same over D;g and SYT(Zy,s).

9We will use the term ribbon.



1.4 Colored compositions, r-partite partitions and Young tableaux 12

1.4 Colored compositions, r-partite partitions and Young
tableaux

1.4.1 Colored compositions and colored sets

An 7-colored composition of a positive integer n [67, Definition 6.3]'° is a pair
(7,€), where v is a composition of n and € € me is a sequence of colors. We will
also represent a colored composition by ~¢ (or simply 7). Equivalently, it can be
viewed as a sequence of colored integers which when forgetting all colors sum to n.
For example,

y= (2 2,1, 1% 30 1%
is a 4-colored composition of 10. Let Comp(n,r) be the set of all r-colored compo-
sitions of n.

Colored compositions correspond bijectively to colored subsets of [n]. An r-
colored subset of [n] is a pair o = (S, ¢), where S C [n— 1] and € : S — Z, is the
color map which assigns to each element of S a color from Z,. The correspondence
between r-colored compositions of n and r-colored subsets of [n] is given by (v, €) —
(S(7), €) with inverse (S, ) — (co(S), €). We write (n, ) for the set of all r-colored
subsets of [n] which can also be viewed as subsets of €2, . where each i/ appears at
most once for 1 <4 < n — 1 and exactly once for i = n''. For example, the colored
subset of [10] corresponding to (20, 2!, 1!, 13, 3!, 12)is

o = {29,451, 63,9 10%}.

For an r-colored composition v = (77*,75%,...,7;%) of n, we may extend the
sequence € € ZF to € = (1,6, ...,&,) € Z7, called the color vector of v, by defining
€ 1= (61,61,...,61,62,62,...,62,...,Ek,ek,...,ek).

1 times 2 times vk times

Equivalently, for an r-colored subset o = (S, €) of [n], with § = {51 < s9 < --- <
Sk—1 < Sk := n} we extend € to a map € : [n] — Z, by setting é(j) = €(s;)
for every s;_1 < j < s; for each i € [k] where sy := 0. We refer to € as the
color vector of o and write (€1, €, ..., €,) instead. For example, the color vector of
o= {2941 563,91 10} (and (2°, 2!, 1%, 13, 3! 1%))is (0,0,1,1,1,3,1,1,1,2).

We consider the partial order of reverse refinement on consecutive parts of the
same color on Comp(n, ), whose covering relations are of the form
(7;17 R} (72 + ’Yi-i-l)gi? v 77]?) =< (7;17 v 77?772’611? v 77]?)

The corresponding partial order on the set ¥(n, ) is inclusion of subsets of the same
color vector. Notice that the posets Comp(n,r) and 3(n,r) are not connected, in
contrast to their uncolored counterparts.

108ee also [62, Section 3.2], [19, Section 5.2], [21, Section 2.1] and for the case r = 2 see [1,
Section 2.1].

"For a similar notion of colored subset see [88, Section 6] for » = 2 and [11, Section 3.2] for
r>3.
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Figure 1.2: A connected component of the poset 3(4,2) and its corresponding
component in Comp(4,2).

In enumerative combinatorics it is common to associate a composition (resp.
set) to each permutation in order to record its increasing runs (resp. descents),
called the descent composition (resp. descent set). Mantaci and Reutenauer [67,
Page 53] introduced a similar notion, called descent shape to record the lengths and
colors of increasing runs of constant color of colored permutations. Following [1]
and [62], we define the colored descent set and colored descent composition.

Definition 1.4.1. Let w® € &,,, be a colored permutation.

e The colored descent set of w¢, written sDes(w®), is the colored subset (S, €) of
[n], where S consists of all 1 <i <n — 1 such that ¢; # €11, or €; = €;41 and
w; > w;y1 and € : S — Z, is the map given by €(s) = €5 for each s € S.

e The colored descent composition of w®, written co(w®), is the colored compo-
sition corresponding to sDes(w®).

Two remarks on Definition 1.4.1 are in order. We denote both the color vector of
w® and the color map of sDes(w®) by the same letter. This notation is unambiguous
since the latter is completely determined by the former. The colored descent set
is called signed descent set in [1] and therefore, by analogy, it would be reasonable
to write cDes for the colored descent set. We choose to keep the notation sDes to
avoid any confusion created by the fact that cDes is widely used in the literature to
denote the cyclic descent set of a permutation, introduced by Cellini [31].

Example 1.4.2. To illustrate Definition 1.4.1, the colored descent set and the
colored descent composition of w® = 5413416120703 ¢ Sr6 are

sDes(w) = ({1,2,4,6,7},(4,3,1,0,0))
co(w®) = (1*,13,2,2°,19).

1.4.2 r-partite partitions and standard Young r-partite tableaux

An r-partite partition of n is a r-tuple A = (MO XD XC=D) of (possibly
empty) integer partitions of total sum n. In this case we write A - n. For example,

A= (2,321,1,1)

is a 4-partite partition of n = 10.
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The direct sum of two partitions A and p, written A\ @ p, is the skew shape
whose diagram is obtained by placing the diagrams of A and p in such a way that
the lower-left vertex of the diagram of u coincides with the upper-right vertex of
that of \. One can also think of an r-partite partition A = ()\(0), AL ,)\(T_l)) as
the direct sum of r partitions A=Y & .- @& A @ X0 For example, the 4-partite
partition A = (2,321,1,1) of 10 can be thought of as

[ 1]

[

A standard Young r-partite tableau of shape A = ()\(0), .. .,)\("_1)) F nis an
r-tuple Q = (Q(O), ey Q(’"_l)) of tableaux which are strictly increasing along rows
and columns such that Q) has shape A®), for all 0 < i < r—1 and every element of
[n] appears exactly once as an entry of Q%) for some 0 < i < r — 1. These tableaux
are called parts of Q. Let SYT(A) (resp. SYT,, ) be the set of all standard Young
r-partite tableaux of shape A - n (resp. of any shape and size n).

For @ = (Q©,...,Q~Y) € SYT,, ., an integer i € [0,n — 1] is called a descent
of Q, if

e 5 and i+ 1 belong in the same part of @ and 7+ 1 appears in a lower row than
1 does, or
e icQWandi+1eQW, forsome0<j<k<r—1,or

e i =0 and 1 appears in QU) for some j # 0.

The set of all descents of @, written Des(Q), is called the descent set of Q. The
cardinality of Des(@Q), denoted by des(@Q), is called the descent number of @. Also,
let Des*(Q) be the set obtained from Des(Q) by removing the zero, if present and
write maj(Q) for the sum of all elements of Des*(Q).

For example, an element of SYT(2,321,1,1) is

5

3[5]6]

We have Des(Q) = {1,3,6,7,9} and des(Q) = 5. Using the representation of an
r-partite partition as the direct sum of r partitions mentioned above, one sees that
the *-descent set of @ is essentially the descent set of the standard Young tableau
of this skew shape. In our running example, we have

1(9
Des
- =3 {1,3,6,7,9}.

W~
=
[en]

8]

The following definition of the colored descent set of an r-partite tableau first
appeared in [1, Definition 2.3] for the case of r = 2 and analogously to the case
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of colored permutations it records the lengths and colors of increasing runs in each
part of the r-partite tableau.

Definition 1.4.3. The colored descent set of Q € SYT),, ., denoted sDes(Q), is the
colored set (S, €) € X(n,r), where

e the set S consists of all entries 1 < ¢ < n — 1 of @ for which either ¢ and
i+ 1 appear in different parts or they appear in the same part of @ and i + 1
appears in a lower row than ¢,

e the map € : S — Z, is defined by €(i) = j, where j is the color of the part of
Q@ in which i € S belongs.

Also, we define the color vector € : [n] — Z, of Q by letting (i) = j, where j
is the color of the part in which ¢ belongs. We will use sequence notation for the
color vector of @. The 4-partite tableau of our running example has color vector
(0,2,1,1,1,1,1,3,0,1) and colored descent set

sDes(Q) = ({1,2,3,6,7,8,9,10},(0,2,1,1,1,3,0,1)).

The Robinson—Schensted correspondence has a natural colored analogue, first
considered by White [98, Corollary 9 and Remark 11] and further studied by Stanton
and White [91]. It is a bijection from the r-colored permutation group &, to the
set of pairs (P,Q) of standard Young r-partite tableaux of the same shape and
size n. It has the following property (cf. [18, Proposition 6.2], [5, Lemma 5.2]). If
w +— (P(w),Q(w)) via this map, then

sDes(w) = sDes(Q(w))

and
sDes(w ') = sDes(P(w)).

The Knuth class, written K, corresponding to a standard Young r-partite tableau
T of size n is the set of all r-colored permutations w € &, ,, such that P(w) =T,
where P(w) is defined as before. If T has shape A, then we say that Kr is a Knuth
class of shape X and by abuse of notation we may write K.

1.5 Symmetric and quasisymmetric functions and their
specializations

For a sequence x = (x1,x2, . ..) of commuting indeterminates, let C[[x]] be the C-
algebra of formal power series in x over the complex numbers C. The multiplication
in C[[x]] is the usual multiplication of formal power series. We denote by Sym(x)
(resp. QSym(x)) the C-algebra of symmetric (resp. quasisymmetric) functions in
x with complex coefficients.

Quasisymmetric functions are certain power series in infinitely many variables

that generalize the notion of symmetric functions. In particular, a quasisymmet-
ric function f(x) is an element of C[[x]] of bounded degree such that for every
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al,09,...,0r € 7+, we have
(0% QU 87 (0% (0% o
[y @il -2 f(x) = [af) 2?2k f (%),
for all 41 > ip > --- > iy and j1 > jo > --- > jg, where [z -2 *]f(x) is
the coefficient of the monomial z{"'z5? ---23* in f(x). There is an inclusion of C-

algebras Sym(x) — QSym(x), but not every quasisymmetric function is necessarily
a symmetric function. For example,

§ 2

1>7

is quasisymmetric, but it is not symmetric because x%xl appears as term whereas
2279 does not. Notice that adding

E : 2

>
makes it symmetric.

Quasisymmetric functions first appeared, not with this name yet, in Stanley’s
thesis [87] as generating functions of P-partitions (for a detailed description of Stan-
ley’s contribution to symmetric and quasisymmetric functions see [26]) and were
later defined and studied systematically by Gessel [52] (see also [89, Section 7.19]
and [53, Section 8.5]). In Section 4.1 we review the connection between the theory
of P-partitions and quasisymmetric functions.

Both Sym(x) and QSym(x) are graded C-algebras. We write Sym,,(x) (resp.
QSym,,(x)) for their n-th homogeneous components. The dimension of Sym,,(x)
(resp. QSym,,(x)) is the number p(n) of partitions of n (resp. 2"~!). It follows
immediately from the definition of QSym,,(x) that the set of

._ a2 Ok
My (x) = g zotwgl g
i1 >0 >y,
for all composition o = (a1, aq,...,ax) of n forms a basis for this vector space.

These elements are called monomial quasisymmetric functions. For S C [n — 1], we
write M, g(q)(X) := Ma(x).
Apart from the monomial basis, QSym,,(x) has another very interesting basis,

called the fundamental basis. The fundamental quasisymmetric function associated
to S C [n — 1] is defined by

Fos(x) = Z Tiy Tiy * - Tiy s (1.16)

112092 Zin
jeES = ij>ij+1

and Fp z(x) := 1. By groupping together the sequences iy > iz > --- > i, according
to whether ¢; > 4,41 or i; = i;11 we get

Fos(x) = Y Muyr(x).

SCTC[n—1]
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For example, we have

F4,{1}(X) = § Liy LigLizLiy
11>122>13 14
_ e + A + e e
= Ly X5, Liy LigLijg Ly LigLizTiy
11 >19=13=14 11 >19>13=14 11 >10>13>14

= My 113(x) + My 1,2y (%) + My 3)(x).

Remark 1.5.1. The original definition of quasisymmetric functions (see [52]and [89,
Section 7.19]) requires that the inequalities i1 > ig > -+ > i and j; > jo > -+ > ji
are reversed. These two approaches are equivalent. In particular, consider the
automorphism * : QSym — QSym defined by F} ¢(x) = F), ,—s(x) where n — S :=
{n—s:s€ S} forany S C [n— 1] and extending linearly (see, for example, [63,
Section 3.6]). It is not hard to see that

ns(x) = S wamiy e,

11 <ip<-<ip
JES =i;<ijq1

The main theme of Chapters 2 and 3 concerns specializations of symmetric
and quasisymmetric functions. Specializations of symmetric functions date back
to Stanley’s work on the enumeration of plane partitions [86]. Formally, a spe-
cialization of Sym(x) (resp. QSym(x)) is an algebra homomorphism Sym(x) — A
(resp. QSym(x) — A) where A is a (commutative) C-algebra. In this thesis, we
will be interested in specializations that arise from substituting elements of A for
the variables x;, when this substitution makes sense.

A well studied pair of specializations of this kind is that of principal specializa-
tions [89, Section 7.8]. In particular,

e the stable principal specialization is the homomorphism ps, : R — C[[q]] de-
fined by the substitutions

2
$1:17 T2 =g, T3 =(q ,...

e and the principal specialization of order m is the homomorphism ps, ,, : R —
Clg] defined by the substitutions

m—1
r1=1, 29=9¢q, ..., Ty, =¢q y Tmtl = Tpgo = - =0,

where R € {Sym(x), QSym(z)}.

We conclude this section by recalling some notable bases of Sym,,(x). The Schur
basis is perhaps the most important basis. We say that a semistandard Young
tableau @ has type (or content) o = (o, g, . ..) if it has «; entries equal to i. The
Schur function associated to A is
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where x@ = ;1:(111;1:32 ... For more information on Schur functions and their im-

portance in enumerative and algebraic combinatorics we refer to Stanley’s excellent
exposition [89, Chapter 7]. Here, we just recall the following well known expansion'?
[89, Theorem 7.19.7]

SX (X) = Fn,Dcs(w) (X) (117)

QESYT(N)

which will be used in the sequel. Other notable bases, which will be used throughout
this thesis are the complete homogeneous symmetric functions, written hy(x), the
elementary symmetric functions, written ey (x), the power sum symmetric functions,
written py(x) and the monomial symmetric functions, written my(x). Notice that
Fn,@(x) = hn(x) and Fn,[nfl] (X) = en(X).

1.6 Schur-positivity and quasisymmetric functions

It is well known that (complex, finite-dimensional) irreducible &,,-characters are
indexed by integer partitions. Let R(&,,) be the Z-module generated by irreducible
S,,-characters'® and let

R(G) = ZOR(61) DR(G2)®---.

The Z-module R(S) has a ring structure, induced by the induction product. The
induction product, written f o g, of an &;-character f and an &j-character g is
defined by
fog = (F®9) 1aria,.:

where 1 denotes induction and &, X G&,, is viewed as a subgroup of &, ,, in
the obvious way, that is &,, permutes the elements of [n] and &,, permutes the
elements of [n+1,n+m|. The ring R(S) is closely related to Sym via the Frobenius
characteristic map.

The Frobenius characteristic map ch : R(S) — Sym(x) is a ring isomorphism'4,

with the property that

ch(x*)(x) = sa(x),
where x? is the irreducible &,,-character corresponding to A - n. In particular, we
have

ch(1 TGZ>(X> = ha(x)
where G, is the Young subgroup corresponding to a and 1, denotes the trivial
&,,-character.

One of the primary objectives of combinatorial representation theory according
to [17] is the study of character formulas of the type

x(@) = ) weight,(T)
T

12This equation holds for every skew shape \/u (see [89, Proposition 7.19.7]).

3Elements of R(S,) are often called virtual &,,-characters.

Here Sym(x) is viewed as a Z-algebra, for which the complete symmetric functions h, are alge-
braically independent generators (see [89, Corollary 7.6.2]). In addition, Schur functions constitute
a basis for the Z-module Sym(x) (see the discussion after [89, Corollary 7.10.6]).
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where the sum runs over all 7" in a set of nice combinatorial objects and weight,, (7') is
a weight on those objects which depends on «. A well celebrated character formula
of this sort the Murnaghan—Nakayama rule [89, Section 7.17] for the irreducible
G,,-character, where the enumerated objects are border strip tableaux.

Many instances of these formulas occur in the literature (see, for example, [1, §]
and references therein). Adin and Roichman [8] proposed an abstract setting which
captures these phenomena for the symmetric group and has close connection with
Schur-positivity. A symmetric function is called Schur-positive if its expansion in
the Schur basis has nonnegative coefficients. Examples of Schur-positive symmet-
ric functions often reveal hidden structures in the symmetric group and thus the
problem of Schur-positivity is of interest.

A permutation w = wiws - - - w, € &, is called unimodal if there exists an index

1 < k < n such that
wp > > wE < - < Wy

For a composition a = (aq, ag,...,ax) of n and each 1 <i <k, let
Bi(a) :=[ri—1 + 1,74],

be the ith block of « of cardinality «; where r; are the partial sums of a and rg := 0.
A permutation w € &, is called a-unimodal if the restriction of 7 to each block of
a is unimodal. A subset S C [n — 1] is called a-unimodal if it is the descent set
of an a-unimodal permutation of &,,. For example, for o = (n) the set [n — 1] is
a-unimodal because it is the descent set of n(n —1)---21. Let U, be the set of all
a-unimodal subsets of [n — 1]. For more information on a-unimodality we refer to

8, 9.

We will say that a collection A of permutations of &, is Schur-positive if the
quasisymmelric generating function

F(.A7 X) = Z Fn,Des(w) (X)

weA

associated to A is symmetric and Schur-positive. Adin and Roichman [8, Theo-
rem 1.5 proved that A is Schur-positive if and only if the function x : Comp(n) —

Z defined by
XA(M) — Z (_1)|DeS(w)\S(u)|
weANU,,

is a nonvirtual character of the symmetric group &,. Adin and Roichman called
such A a fine set. Later, Adin et al. [1, Theorem 3.2] proved that x is a virtual
&,,-character if and only if

ch(x*)(x) = F(Ax)

and therefore in this case the distribution of the descent set over A is uniquely
determined by . We will say that A C &,, is Schur-positive for the &,-character
X, if A is Schur-positive and ch(y)(x) = F(A; x).
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To illustrate the phenomenon with a specific example, consider A = &,, to be the
whole symmetric group. On the one hand, the Robinson—Schensted correspondence
implies (see [89, Corollary 7.12.5])

F(Gn:x) = hi(x)™. (1.18)

The right-hand side of Equation (1.18) is known to equal'® the Frobenius character-
istic of 1, nglxmxgl. But, this is exactly the character of the reqular representation
of &,,, denoted by x™8. On the other hand, it follows by a result of Roichman (see
8, Corollary 3.8]) that x**& = x®», which completes the picture.

The concept of a Schur-positive set, as well as the results of this section, can
be generalized to any set of combinatorial objects equipped with a descent map.
They can also be generalized to multisets instead of just sets. In particular, for
a collection (with repetitions) A of combinatorial objects equipped with a descent
map Des : A — 21 we write

F(Aa X) = Z mA(a)Fn,Des(a)(X)a
acA

where m 4(a) denotes the multiplicity of a in A, for the quasisymmetric generating
function of A.

For every partition A, Equation (1.17) rewritten as
52(%) = FSYT(\); )

is an instance of a Schur-positive set of combinatorial objects endowed with a descent
map. The Robinson—Schensted correspondence implies that the distribution of Des
over SYT(A) is equal to its distribution over all permutations in the Knuth class
Kp for some P € SYT(A) and therefore

sx(x) = F(Kp;x).

Lemma 1.6.1. (cf. [39, Remark 3.4]) A (multi)set A of combinatorial objects
endowed with a descent map Des : A — 2"~ is Schur-positive if and only if there
exists a (multi)set partition A = Ay U Ay U--- U A, and Des-preserving bijections

./4@' —>Kpi

for Pt € SYT()\Y) and a partition X' = n, for all 1 <i < m.

Another consequence of the Robinson—Schensted correspondence is that inverse
descent classes are disjoint unions of Knuth classes and therefore Schur-positive. In
particular, for S C [n — 1] we have

-1 _

Dy = ] Ke
PeSYT,
Des(P)=S

53ee the discussion in [89, Example 7.18.8(c)].
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Inverse descent classes are connected to ribbon Schur functions.

Each ribbon defines a skew Schur function, sometimes called ribbon Schur func-
tion. For a subset S C [n — 1] (resp. composition a of n) we define r, g(x) =
57,.5(X) (resp. r4(x) := sz,(x)). Their study goes back to MacMahon [65] and in
recent years they appeared in seminal works of Gessel [52] and Gessel-Reutenauer
[55] and in Schur-positivity problems [25, 54]. Ribbon Schur functions are the im-
ages via the Frobenius characteristic map of the &,,-characters of Specht modules of
ribbon shape, often called the Foulkes characters. The latter were initially consid-
ered by Foulkes [47] and later studied by Diaconis and Fulman [38] and others. Their
connection with descent representations of the symmetric group will be reviewed in
Section 5.2

Combining Lemma 1.3.1 and Equation (1.17) yields the following result of Gessel
[52, Theorem 7] (see also [89, Corollary 7.23.4]).

Lemma 1.6.2. For every S C [n — 1], we have
ras(x) = F(D, %) = F(SYT(Zy,s); ).

In particular, inverse descent classes are Schur-positive for the Foulkes characters

of &, and
rs(x) = > ea(S)sa(x), (1.19)

AFn

where c)\(S) counts the number of standard Young tableaux @ € SYT(A) such that
Des(Q) = S.

Foulkes characters appear in disguised form in Stanley’s work on group actions
on finite posets [88] as well as in Louis Solomon’s work on group algebras of Coxeter
groups [83] . In particular, we have (cf. [88, Theorem 4.3] and [83, Section 6])

b = 3 (~)IHB) 15480 (1.20)

B

for the Foulkes character ¢, associated to the composition a of n, where 13 is the
trivial &g-character. The symmetric function version of Equation (1.20)

ra(x) = Z (—1)H@) =) hg(x), (1.21)
B=a

which also follows from the work of MacMahon, was used by Gessel [52] as the defi-
nition of ribbon Schur functions. We write ¢,, g for the Foulkes character associated
to the subset S of [n — 1]. Both Equations (1.20) and (1.21) can be stated in terms
of subsets of [n — 1].



Chapter

Specializations of colored
quasisymmetric functions; General
formulas

This chapter reviews the notion of colored quasisymmetric functions and then
develops a method for specializing them to derive general formulas for the joint
distribution of

e a Mahonian statistic and the statistics which count the number of entries of
a colored permutation of a certain color

e an Eulerian statistic, a Mahonian statistic and the statistics which count the
number of entries of a colored permutation of a certain color

on colored permutation groups. In addition, it introduces the notion of (k,¥¢)-flag
major index on signed permutations which generalizes both the major and the flag
major index and derives general formulas involving the distribution of this statistic.

Let ¢, p, po, - - -, pr—1 be indeterminates and p = (pg, p1, - - ., Pr—1). For a function

f:Z, — N, we define

fo O 5 1)

Similarly, for a and other such bold variables. For a nonnegative integer n, let

(z;q)n = {17 ifn=0
yq)n = (1—$)(1—$q)"'(1_an71)7 1fn21

and set (q)n := (q,q)n. Also, for a statement P, let x(P) = 1, if P is true and
X(P) = 0, otherwise.
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2.1 Colored symmetric and quasisymmetric functions

A signed analogue of the algebra of quasisymmetric functions was introduced in
Chow’s Ph.D. thesis [32, Chapter 2]. Chow’s homogeneous type B quasisymmetric
functions of degree n are indexed by pseudo-compositions of n, which are composi-
tions of n whose first part is a nonnegative integer. Although, this notion may be
useful when viewing B8,, as a Coxeter group (see, for example, [16, 68]) this does
not seem to be the case when B, is viewed as a colored permutation group.

In this direction, Poirier [75, 76] introduced a colored analogue of the algebra
of quasisymmetric functions. For a comparison between Chow and Poirier’s notion
of signed quasisymmetric functions we refer to Petersen’s comprehensive note [72].
Throughout this thesis we deal with Poirier’s colored quasisymmetric functions.
This choice is motivated by their role in Adin, Athanasiadis, Elizalde and Roich-
man’s recent work [1] on developing a signed analogue of the concept of fine sets
and fine characters of Adin and Roichman [8], which will be reviewed in Section 5.3.

Since their introduction, colored quasisymmetric functions were studied by sev-
eral authors, including Baumann and Hohlweg [19] and Bergeron and Hohlweg [21]
from a Hopf algebra point of view. Later, Hsiao and Petersen [62] developed a
colored P-partition theory in which Poirier’s fundamental colored quasisymmetric
functions play the role of Gessel’s fundamental quasisymmetric functions to Stan-
ley’s P-partition theory. We will review the relation between quasisymmetric func-
tions and P-partitions, as well as Hsiao—Petersen’s theory of colored P-partitions in
Chapter 4.

We mostly follow the exposition of [1] and [62], although some adjustments have

to be made. Let x(9) = (:cgj ),:cgj ) ... ) be sequences of commuting indeterminates,
for each 0 < j < r — 1 and C[[X("]] be the C-algebra of formal power series in

X = (3350), xl(l), e ’$§r71))i21' The multiplication in C[[X("]] is again the usual
multiplication of formal power series. For ease of notation we will not mention the
variables x(V)| except when it is needed. Let Sym(r) be the subalgebra of all elements
of C[[X("]], which are symmetric in each x(*) separately. We call this the algebra of

colored symmetric functions.

The algebra Sym(r) can be viewed in two more ways. Firstly, as discussed in [64,
Chapter 1, Appendix B] it is the graded C-algebra generated by the independent
indeterminates p%o) , p;”, ey pg_l), for n > 1, where each of p$3 )is of degree n. With
this in mind, every pnj may be regarded as the n-th power sum symmetric function
in x). Secondly, we can think of Sym as the tensor product Sym ® Sym® - - - ®

Sym (r times). Since, the algebra of symmetric functions is generated by the power

()

sum symmetric functions, py’
lies in the jth component.

may be regarded as 1 ®@ - @ p, ® - -- ® 1, where p,

Consider the left lexicographic order on [n] X Z, or equivalently, the following
total order
r—1

0 1 -1 0 1
1 <llex 1 <lex *** <llex 1" <lex " " <lex N <Nex N <llex *** <llex N

on 2, . The following observation follows immediately from the definition of <jjy.
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Observation 2.1.1. Let 4,j € [n] and o, § € Z,..

o If a < f3, then i® >y j° if and only if i > j.
o If > (3, then 1% >jex jﬁ if and only if ¢ > j.

Definition 2.1.2. (cf. [62, Page 269]) A colored quasisymmetric function f is an
element of C[[X(]] of bounded degree such that for all ay,as,...,a € Zsg and all
€1,€,...,€; € Z, we have!

()% (2092 (0 ¢

(e1)*1_(e2)*2
i in i T e

= [a!

[x J1 J2 Jk

for all if" >yex 157 >liex =+ >liex 4" and ji' >tiex 75 >llex *** >llex Jp*-
Let QSym(T) be the C-algebra of colored quasisymmetric functions. There is a

natural inclusion of algebra Sym — QSym(), but not every colored quasisym-
metric function belongs to Sym("). For example, the element

02 (1) (1)
S a0 = A € gsymt
i0>llex] 7‘>]
2 2
does not belong to Sym( ) because {L‘é ) ( ) appears as term, whereas :L'g ) mgl) does
not. Notice that adding

2 2 2
3 a0 = a0 T € sl
7:1>llexjo 1’>J Z:]
makes it an element of Sym(?.
It is apparent from the descriptions above that Sym(") is a graded algebra. Let
™ be its homogeneous n-th component, whose dimension as a vector space
(r)

equals the number of r-partite partitions of n. A natural basis of Sym,,’ is spanned
by elements

Sym,,

ma(X") == myo (@ )mya) (M) - myeon (27Y)

for every r-partite partition A = ()\(0), MDA of .

The algebra of colored quasisymmetric functions QSym(”) is also a graded al-
gebra. Let QSymg) be its homogeneous n-th component, whose dimension as a
vector space equals 7(r 4+ 1)"~1, the number of r-colored compositions of n. It
follows immediately from Definition 2.1.2 that the set of

(ry .— ()M (e2)72 ~ (ex)7k
M. (X)) = Ty Liy Liy,
iil >11exi;2 >llex"'>llexizC

for all r-colored composition 7¢ = (y1*, 752, .. .,7;") of n forms a basis for this vector
space. These are called monomial colored quasisymmetic functions The following
lemma explains the connection between the monomial bases of Sym(™) and QSym ™).

1The notation is somewhat complicated but we will not need to exponentiate any colored variable
in what follows, expect for the current section.
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Lemma 2.1.3. (cf. [76, Lemma 12]) For an r-partite partition A = (A\O XD

A=Y of n, we have
= > M(xX") (2.1)
S

where the sum runs through all r-colored compositions v of n whose ith colored

component®, when arranged in decreasing order yields the underlying composition of
A,

Proof. The proof follows by expanding each m, (x()) on the left-hand side of
Equation (2.1) via the rule [89, Proof of Proposition 7.19.9]

myG ) Z (z)

where the sum runs through every composition v E |\?)| such that when rear-
ranging its parts in decreasing order yields the underlying composition A(®). O

Example 2.1.4. To illustrate Lemma 2.1.3, for the bipartition ((2), (1)) of 3 we
explicitly compute

m(2),1) (X, xV) = mg (x )ma)( x()
= M(z)(x ) (1))
2
_ (a:go) +x(0) )( ()—i-x(l) )
2 2 2
_ (0) (1)—1—305) (1) -~-+x() (1) (0) w(11)+
)2
= Zx(o (1)+Z£L' mgo) —1—29} :c
1>] ©>7
2
= Z JJO) + Z :r a:
10> 116t i1 >110xf0

== M(207]_1) "‘ M(11720).

It is quite interesting how the (left) lexicographic order comes into play in the second
to last equality.

We will now introduce the fundamental colored quasisymmetric functions. The
fundamental colored quasisymmetric function associated to v € Comp(n,r) is de-

fined by
(7”)) — Z Mﬁ(X(T)
v=p
Grouping together inequalities in the left lexicographic order as was done in Sec-
tion 1.5 yields an alternative formula for F,(X() similar to Equation (1.16). For

2By component of a colored composition we simply mean the composition obtained by merging
together all parts of certain color in order of appearance and forgetting the color.
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an r-colored composition v¢ = (77,757, ..., 7¢") of n, we have

(r)y — &,8 ., in
F’ye (X ) o Liy Ty Li
i1 2 llexin? Zllex Zlextn’

z% >Hexi§§.ﬁ, forall 1<j<k—1
= 2 e, (22)
11>122> >lp
€ <€jr1 = irj >irj+17 forall1<j<k-1
where the second equality follows from Observation 2.1.1. Therefore, if we define
Des(v¢) := {ri: € < €41, foreach 1 <i<k—1} C [n—1],
Equation (2.2) becomes
r _ €1 €
Fe(XM) = > wtal

112032 2in
j€Des(v®) = i;>0541

8

En (2.3)

in"
Example 2.1.5. To illustrate this argument, consider the 2-colored composition

v = (1°,11,21) of 4 with color vector (0,1,1,1). We have

F(10711721) == M(10711721)+M(1O711711711)

2
SO

. .1 11
1(1)>11ex12 >11ex13—7f4

E: (0), (1), (1) (1)

+ Ly iy Tig Ty
i(1)>llcxi%>llcxi%>llcxi}l

_ (0), (1) (1) (1)

= E , Liy Tiy Lig Liyg

7"?>llex7;%>llexi32116xi411
_ E : (0),.(1) (1), (1)
- Liy Liy Lig Tyy
11 >19>13>104

and Des(7¢) = {1,2}.

We define the monomial and fundamental colored quasisymmetric functions as-
sociated to a colored subset o of [n] as the monomial and fundamental colored
quasisymmetric functions associated to its corresponding colored composition. We
do the same with Des(c). The case where o is the colored descent set of an r-colored
permutation w® or a standard Young r-partite tableau @ € SYT,, , is of particular
interest. In particular,

Des(sDes(w®)) = DesZ_(w°)
Des(sDes(Q)) = Des*(Q)

and therefore Equation (2.3) becomes

Fipes(ur) (X)) = > z el (2.4)
1> > iy
Jj€DesL  (w€) = i;>ij41
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and similarly for Fipeyq). For ease of notation we will write Fiye := Fipeg(w) and
FQ = FsDes(Q)'

The original definition of colored quasisymmetric functions (see [19, Page 1533],
[21, Section 5.2] and [62, Page 269]) required that the inequalities in Definition 2.1.2
are reversed. This approach leads to a different definition of Des(7¢) than ours. The
advantage of our approach will be unveiled in the next section. Nevertheless, we
will explain why these two approaches are equivalent (see, also, Remark 1.5.1).

Consider the following operation on Comp(n, )

€k—1

(V95w = (-
In terms of colored subsets of [n], it reads
{si(sl), 53(52), . ,sz(s'“), ne(”)} — {ne(l), (n — 51)6(52), ey (n— Sk)e(”)}.

To emphasize the interplay between passing from a colored composition to a colored
subset and backwards and applying *, we notice the following commutative diagram

Comp(n,r) —— 3(n,r)

1 Q !

Comp(n,r) «— X(n,r).
For example, for n = 11 and » = 3 we have
(22,22,20,10 90 11, 10) 5 (10,11,20,10,20, 22 22) s {10, 21,40 50,70 92, 112}
and
(22,22,20,10 90 11 10) 1 {2242 60,70, 90, 10%, 110} v {112, 92, 70,50, 40, 21 101,

Lemma 2.1.6. The map * : QSym) — QSym() defined by FJe := Fyex, for all
7€ € Comp(n,r) and extending linearly is an algebra automorphism and’®

FrLx™) = 3 aiail - ag

& & &
11" hlexiy? Stlexcr llextn”

&5 €41 .

i) <ntexir §y > forall 1< j <k —1

_ €1,.€2 . .€n
= E P R
- 1 Si2<<in )
€j>€j11 = i <iriiq, foralll<j<k-—1

Closing this section, we recall the relation between the Schur basis of QSym (),
spanned by the elements

sy (X)) = 5,0 (X D)5,y (xD) -+ 53y (xT7D),

3This formula coincides with the definition of the fundamental colored quasisymmetric function
used in [19, 21, 62].
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for all r-partite partitions A = ()\(0), AL )\(“1)) of n and the fundamental basis
of QSym(’”). Recently, Adin et al. [1, Proposition 4.2] provided a signed analogue
of Equation (1.17). The following colored analogue

aX) = N Fp(xh), (2.5)
QeSYT(N)

follows from a trivial generalization of the proof of [1, Proposition 4.2] and will be
used in Section 3.1.

2.2 Specializations of symmetric/quasisymmetric func-
tions; Motivation

Gessel and Reutenauer, in their seminal paper [55], used the stable principal
specialization and the principal specialization of order m of fundamental quasisym-
metric functions, together with the fact that the quasisymmetric generating function
of the set of permutations of fixed cycle type is symmetric, to derive formulas for
the joint distribution of the descent statistic and major index on cycles, involutions
and derangements.

The principal specialization of order m and the stable principal specialization of
F,, s(x) satisfy the following formulas [55, Lemma 5.2] (see also the first half of [52,
Section 4])

$\5| qsum(S)
PSym (Frs(x)) 2™t = 2 2.6
qsum(S)
ps,(Fns(x)) = (2.7)

(@)n

where sum(.S) stands for the sum of all elements of S. The standard way to connect
quasisymmetric functions with permutation statistics is by letting S = Des(w) in
Equation (1.16), as done in [55, Section 5]. Equations (2.6) and (2.7) allow us to
study the Euler-Mahonian distribution on &,, by specializing the quasisymmetric
generating function associated to a subset A C &,. In particular, one has [55,
Theorem 5.3]

des(w) ,maj(w)
S psyn(F(Aix)) 2t = Zwea 704 (2.8)
=T (@3 @)n
EweA qmaj(w)

(@)n

psq(F(A;x)) = (2.9)

Gessel and Reutenauer [55] studied subsets of the symmetric group whose qua-
sisymmetric generating function is, in fact, symmetric and exploited a connection
with the representation theory of the symmetric group. Let us now illustrate how
one can specialize fundamental quasisymmetric functions in order to prove Equa-
tions (1.2) and (1.7). Although the relation between these formulas is not obvious,
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the above mentioned machinery allows us to easily prove both in a uniform way.
This proof will serve as a prototype for all proofs of our applications in Chapter 3.
For a similar approach, see Gessel and Zhuang’s recent work [57].

Proof of Equations (1.2) and (1.7). As we saw in Equation (1.18), the quasisym-
metric generating function of &,, has the following nice form

F(6n;X) = (1‘1—|—$2—|—'--)n. (210)

Taking the principal specialization of order m and the stable principal specialization
of Equation (2.10) yields

PSq.m (F(Sn; X)) = [mly

1
F(Sy; = —
pSQ( ( an)) (1_q)n’
respectively. Then, Equations (1.2) and (1.7) follow by substituting these compu-
tations in Equations (2.8) and (2.9), for A = &,,, respectively. O

This proof suggests that whenever F(A;x) has a nice form, then one can use
Equations (2.8) and (2.9) to prove Euler-Mahonian identities on .A. Particularly in-
teresting examples include (among others) the following collections of permutations

e derangements (permutations without fixed points)
e involutions (permutations which are equal to their own inverses)
e conjugacy classes (permutations of a given cycle type)

e inverse descent classes (sets of permutations whose inverse has a fixed descent
set)

In the following section we will provide various colored generalizations of Equa-
tions (2.8) and (2.9)

2.3 Main formulas

Fix a total order < on €2, ,. For an r-colored permutation w® € &,, ., we define
the following statistics

Desc(w) = {i€[n—1]:wi >w '} U{0: € # 0}
Des” (w®) := Des(w®)\{0}
des<(w?) = |Desc(w)|
dest (w?) 1= | Desty(w)]
fdes< (w®) = rdesi(w)+e
maj_(w) := sum(Desk (w))
fmaj_(w) := rmaj_(w) + csum(w)
nj(we) = [{i€n]:eg =7}, forall0<j<r—1
n(w®) = (no(w),ni(we),...,n—1(we)).
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For the rest of this section we omit the total order subscript in colored statistics for
ease of notation. Also, when there is no need to specify the color vector of a colored
permutation, we will simply write w instead of w*.

We begin by considering the specialization psgjr), defined by the substitutions

xz(‘j) = ¢"1pj for every i > 1 and 0 < j < r — 1, the specialization PS(qTI)),m defined
by the substitutions

(O) = q""po, 1<i<m

(j) = ¢ pj, 1<j<r—land1<i<m-1

(J) =0, otherwise

and the specialization psfl 1)) m, defined by the substitutions xl(-j ) = qiilpj for every
1<i<mand 0<j<r—1and xgj) = 0 otherwise.
Theorem 2.3.1. For a positive integer n and every w € G, ., we have

gmai(w) pa(w)

(7") (7") _
psi7) (Fu(X7)) = (2.11)
q, p( ) (Q)n
des(w) ,maj(w) yn(w)
(r) m—1 _ T q P
E PS , 4y = 2.12
= qp )) (l’, Q)n—‘rl ( )
des™ (w) ;maj(w) n(w)
55(7) XMyygm-t = £ ¢ P 2.13
m§>:1 b ) (%5 @)nt1 (213)

Proof. We prove Equations (2.11) and (2.12) in parallel. Equation (2.13) follows in
a similar way. For a colored permutation w® € &,,,, we have

psyp(Fue (XM)) = > gttt pn(wt) (2.14)
11 209> >in>1
JjEDes™ (W) =1 >1511
Psypan (Fue (X)) = 3 gttt pn@) (9 15)
Mi=10>11 212> >in>1
jEDes(we) = ij >Z‘j+1

Under the specialization psgfg,7m, substitutions :cﬁn), xg,%), .. .7%(7:—1) occur only if

€1 # 0, which in turn is exactly when 0 is considered a descent of w€, explaining the
first inequality under the sum on the right-hand side of Equation (2.15). Define

~.

! .
i = G TXG T T X1

o= ip,
where x; := x(j € Des(w®)), for every 0 < j < n — 1. Then, Equations (2.14)
and (2.15) become

psgp(Fue(XT)) = 37 g gy (2.16)
i iy > i >1
psYpm (Fue (X)) = > g1t i b maj(w) (e

m—des(we)>i, >i,>->il, >1

(2.17)
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because
n—1
des(w) = Y x;
j=0
n—1
maj(we) = Z IXG-
j=1
Now, let
ag = m — des(w®) — i}
an, = i, —1,

for every 1 < j <n — 1. On the one hand, Equation (2.16) becomes
qmaj(we)pn(ws)

pSéTr),(Fwe(X(r))) = Z qa1+2a2+---+nan+maj(wﬁ) pn(wf) _ (q)

a1,a2,...,an €N

On the other hand, Equation (2.17) becomes
(K)o ) e

where the sum runs through all N-solutions of ag +aj + - - - + a,, = m — des(w®) — 1.
This is exactly the coefficient of 2™~! in the expansion of the right-hand side of
Equation (2.12) and the proof follows. O

Notice that in the proof of [55, Lemma 5.2] (see also [89, Lemma 7.19.10]) the
authors deal with the comajor index, instead of the major index. Our choice of the
direction of inequalities in the definition of the fundamental colored quasisymmetric
functions (see Equation (2.3)) allows us to deal with the major index directly. This
observation explains the motivation behind our choice. The following formulas are
immediate consequences of Theorem 2.3.1.

Corollary 2.3.2. For a positive integer n and every A C &, ,, we have

, . Zw qmaj(w)pn(w)
paiip(F(AX) = St (2.18)

ZweA pdes(w) qmaj(w) pn(w)

(r) (MY om—1
g sop.m(F(A; X x = 2.19
2 pSg,pm (F'( ) (@ Qs (2.19)
des™ (w) ,maj(w) n(w)
S B0 (P(A X)) gl — L ET ORI
m>1 7’ ($;Q)n+1

Remark 2.3.3. Setting p; = p!, we have that p™(®) = pesum(w) hecause

r—1 r—1 n
Z Jjnj(w) = Z jHien]: e =3} = Z € = csum(w")
=0 =0 i=0

for every colored permutation w® € &,,,. Therefore, in this case, formulas presented
in Theorem 2.3.1 and Corollary 2.3.2 would involve the color sum statistic.
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) _

Next, we consider the specialization 1/1,57:[), defined by the substitutions x;

q"=VFIp; for every i > 1 and 0 < j < r — 1, the specialization dzgfg,m defined by
the substitutions

2" = gV, 1<i<m
xz(?):q”(ifl)*jpj, 1<j<r—land1<i<m-—1
xgj ) = 0, otherwise

©)

and the specialization {/;érr),m defined by the substitutions z;”” = g =D+ pj for every

1§i§mand0§j§r—1and:x(j):OotherWise.

%

Theorem 2.3.4. For a positive integer n and every w € &y, ., we have

fmaj(w) yn(w)
r r q P
VB (X)) = 2 (2:21)
des(w) ,fmaj(w)~n(w)
™ (g xOyyem-l = T L 2.22
Z Vg.p.m (Fu( )z (%; Q)n+1 (2.22)
m>1
. des™ (w) ,fmaj(w) n(w)
(r) "My m—1 _ L q p
m(F(X — : 2.2
Tnz>1 wq,l% ( ( ))$ (-x;Q)n—i-l ( 3)

Proof. The proof follows from Theorem 2.3.1 by setting ¢ — ¢" and p; — ¢ pj, for
all0<j<r—1. O

The following formulas are immediate consequences of Theorem 2.3.4.

Corollary 2.3.5. For a positive integer n and every A C &, ,, we have

> wed gmai(w) pn(w)

Pep(F(A X)) = @ (2:24)
des(w) ,fmaj(w) n(w)
B (F(A X)) gt = Zwea T 07D 2.25
9P,
m>1 (75 @)n+1
des™ (w) ,fmaj(w)n(w)
w(T) m(F .A, X(r) 21 ZwGA L q P 2.96
qp7
m>1 (T3 @)nt1

Lastly, we consider a more complicated specialization qbgg,,m defined as follows:
If m=rs+t, for some 1 <t <r and s > 0, then let mz(-J) = 0 if the pair (7,7) is
lexicographically greater than the pair (rs+ 1,¢ — 1) and otherwise

(2

L0 _ JaT Ty, ifi=1 (modr)
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We illustrate the definition of gb,(fl)),m by considering a specific example for r = 3
and m € {7,8,9}. The substitutions become

([P0 0 0 ¢*po 0 0 ¢y O
gpr 0 0 ¢*p1 0 0O 0O O , ifm=7
@p2 00 ¢° 0 0 0 O
po 0 0 ¢*pp 0 0 ¢°pp 0
(xﬁj))ogjgz = gpr 0 0 ¢'pr 0 0 ¢'p1 O , ifm=38
= @ps 00 ¢pr 00 0 0
po 0 0 ¢°po 0 0 ¢%qo O
gpr 0 0 ¢*p1 0 0 ¢"p1 O . ifm=09.
Pp2 00 ¢°p2 0 0 ¢®p2 O

Theorem 2.3.6. For a positive integer n and every w € &, ., we have

mfdes(w)quaj(w)pn(w)
(1 _ 1’)(1 _ (L.rqr)(l _ xrq27") . (1 _ xran) :

3 o m(Fu(XT)) 2t =

m>1
(2.27)
Furthermore, for every A C &,,, we have
fdes(w) ,fmaj(w) n(w)
() (O m—1 D wed T q p
mz>:1 Qb(IvP, ( ( )) (1 o $)(1 o :U”q”)(l _ xrq2r) . (1 o xrqm«)
(2.28)

Proof. Taking the specialization ¢g1)),m of the fundamental colored quasisymmetric
function associated to w* € &, , yields

¢((17’“I))’m (Fwé (X(T‘))) _ Z qi1+i2+---+infn+csum(wé) pn(wé), (229)
Mmi=ig>11 212> >in>1
j€Des(w®) = 15>0541
i1yeesin = 1 (mod r)
because as in Equation (2.15), :cy(qi),:v,(%), ... ,;1:7(72_1)
equivalent to 0 being a descent of w*. Define

occur only if €; # 0, which is

-/ .

p = W€ X1~ TXn—1
i .

Lj = %=X T T ML

i .

Zn = ZTL?

where x; = x(j € Des(w®)), for every 1 < j < n — 1. Then, Equation (2.29)
becomes

Bipm(Fure (X)) = 2 g e pre),
m—fdes(w®) > >il, > >i
=1 d

AN -/
1] 58 ey,

(2.30)
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because

n—1
fdes(w®) = ¢ + rz X
j=1

n—1

fmaj(w®) = rz Jx; + csum(w®).
j=1

The first inequality under the summation on the right-hand side of Equation (2.30)
is justified by the fact that the last nonzero substitution is 37572_—%1 = ¢™ ! where

m =t (mod r), for every 1 < ¢ <r. Now, making the substitution

ag = m — fdes(w®) — i}
_ i

a; i — 1541

an, = i, —1,

for every 1 < j <n — 1, Equation (2.30) becomes
((]T;)),m(FwE(X(T))) _ Z qal+2a2+...+nan+fmaj(wE)pn(we)’ (2'31)

where the sum runs through all N-solutions of ag+a1+as+- - -+a, = m—fdes(w®)—1
with the requirement that a1, ag,...,a, =0 (mod r), because they are differences of
two positive integers congruent to 1 (mod r). The right-hand side of Equation (2.31)
is precisely the coefficient of ™! in the expansion of Equation (2.27) and the proof
follows. O

Remark 2.3.7. All formulas presented in this section can be stated for general r-
colored subsets of [n]. For example, for ¢ = (S, €) € X(n,r) we have

gmai(@) pn(@)

m%@uxm>=‘*mf4a

(2.32)

where

maj(o) = Z i

i€Des(o)
n(o) = no(o) +m(o)+---+n_1(0),
ni(0) = |i € [n]: & = j}l.

Thus, letting o be the colored descent set of some colored permutation yields Equa-
tion (2.11).

2.4 The (k,/¢)-flag major index

For this section we work in the case r = 2. We will write x and y instead of
x(© and x| respectively. We fix a total order < on €, and assume the notation
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introduced at the beginning of the previous section with the following modifications
to match the barred notation

n_(w) := |{i € [n]: w; is barred}|

ny(w) = |{i € [n]: w; is not barred}|,

for every signed permutation w € B,,. We will also write neg(w) for n_(w) which
is the notation widely used in the literature.

Let k and ¢ be a positive and a nonnegative, respectively, integer. For w € B,,,
we define
fmaj, ,(w) := kmaj(w) + fmeg(w)

to be the (k, ¢)-flag magjor index of w. The (1,0)-flag major index coincides with the
major index and the (2,1)-flag major index is just the flag major index on signed
permutations. We are going to derive general formulas for the joint distribution
of des,fmaj; , and neg, by considering a (k,£)-variation of the specializations of
Theorem 2.3.4 for r = 2.

k

b defined by substitutions 2; = ¢*("Yq and y; =

Consider the specialization

qk(i_l)”b7 for every i > 1, the specialization 19’;:2 bom defined by the substitutions

)

z; = ¢*Va, for every 1 <i<m
Yi = qk(i_l)Hb, forevery 1 <:<m—1
x; =y; =0, otherwise

and the specialization 5’;’£bm defined as ﬂl;’f;bm,
Ty = ¢ D+, For (k,£) = (1,0) and (k, £) = (2,1), these specializations coincide

with psg?g,, ps((fg,,m, pNS((fAm and w(gi)), 1/)15721),7,71, @ch?r)xm for p = (a,b), respectively.

but including the substitution

Theorem 2.4.1. For a positive integer n and every w € B, we have

g2, (1) gt (w) o (w)

k.l

19q,a,b(Fw (Xa y)) = (qk) (233)

des(w) fmajk,[(w)amr(w)bn, (w)
9L (Fy(x,y))em !t = T4 9.34
m%:l sabm(Ful53)) (54"t (2.34)

~ des™ (w) jfmajy, o (w) ;0 (w) pn— (w)
ot Fu(x,y))z™ ! = v 4 . 2.35
mzx q’a’b’m( ( ) (236 )ns1 ( )

The proof of Theorem 2.4.1 is a variant of the proof of Theorem 2.3.1 and is
therefore omitted. The following formulas are immediate consequences of Theo-
rem 2.4.1.
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Corollary 2.4.2. For a positive integer n. and every A C B,,, we have

ZweA quajk,é (w) i+ (w) pn— (w)

Iy (F(Ax,y)) = @ (2.36)
des(w) ,fmaj, (w) ny (w)pn_ (w)
T, (A, x D)) gt = e TG D
m>1 e (234" )n+1
(2.37)
_ des™ (w) fmaijj. o (w) oy (w) o (w)
Tl (F(Axy)) el = dweA ™ q
> Typm(F(Ax,y)) P

m>1

(2.38)



Chapter

Specializations of colored
quasisymmetric functions; Applications

This chapter applies the corollaries of Section 2.3 to prove color sum Fuler—
Mahonian identities on colored permutation groups, colored derangements and ab-
solute involutions. In particular, Section 3.1 proves most of the Euler—-Mahonian
identities mentioned in Section 1.2 and introduces new examples. Section 3.2 stud-
ies color sum Mahonian and color sum Euler—-Mahonian distributions on derange-
ments, providing a colored analogue of a result of Wachs [96, Theorem 4] (see [55,
page 209]). Section 3.3 studies Eulerian and fix-Euler-Mahonian distributions on
involutions and their colored analogues and generalizes a formula of Désarménien
and Foata [37, Equation (1.8)] and Gessel and Reutenauer [55, Equation (7.3)] (see
also [57, Section 5]) and a formula of Athanasiadis [12, Equation (40)]. Lastly,
Section 3.4 studies color sum bimahonian and multivariate distributions, involving
Eulerian and Mahonian statistics on colored permutations. In what follows, we use
the color order for colored permutation statistics.

3.1 Colored permutations

The following observation, which appears in [75, Proposition 1.13] in the more
general setting of wreath products of the symmetric group and a finite abelian group,
is a generalization of Equation (2.10) and computes the colored quasisymmetric
generating function associated to the r-colored permutation group &, ,. It is the
key that allows us to pass from general formulas to Euler—-Mahonian identities by
suitable specialization. We will give two independent proofs of this fact, one in
Section 4.4 using a theory of colored P-partitions and one in Section 5.1 using the
Frobenius formula for &, .

Lemma 3.1.1. For a nonnegative integer n, we have

F(&,X1) = (h (@) + b (xD) 4o+ () (3.1)
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where hy(xW)) := 37, 51T for every 0 < j <r—1.

For a positive integer n, let

Azu}n,mah(x7 q, p) — Z xeul(w)qmah(w)pn(w)
’u}GGn,r

Anat(gop) = AR (L, q,p),

where eul and mah is an Eulerian and a Mahonian statistic on &,, ,., respectively.
We will specialize Equation (3.1) and apply the corollaries of Section 2.3 to prove
colored Euler-Mahonian identities.

Corollary 3.1.2. For a positive integer n, we have

AM(q,p) = (po+p1+ -+ pr—1)"[ng! (3.2)
and
v om AR (,q,
S ol + 1+ (1 + pe)ly)" 2™ = A2 _DDR)
m>0 (x’q)n-‘rl

des™,maj
An77‘ (

n z,q,Pp
> (o+pi+-+pe1)m+1]) = _ ), (3.4)

m>0 (.’IJ, Q)n+1
Proof. Specializing Equation (3.1) as in Theorem 2.3.1 yields

r po+pr+---+Dpro1 "
DSy (F(G0i X)) = ( ( )
a1

P8 (F(S03 X)) = (polmly + (pr + -+ proa)fm — 1,)"

550 m (F(073 X)) = ((po+p1 4+ +pr-1)[m]y)"
The proof follows by substituting in Corollary 2.3.2 for A = &, ;. O

Notice that Equation (3.3) appeared as Equation (1.12) in Section 1.2.3, but
in that section the descent number and the major index were computed using the
Steingrimsson’s order. Equations (3.2) and (3.3) for p; = p’ are due to Assaf [10,
Equation (13)] and Biagioli and Zeng [24, Equation (8.1)], respectively.

Corollary 3.1.3. For a positive integer n, we have

Am2i(g p) = (po+prg+--+pr_1q” )" [n]yr! (3.5)
and
B Ades,fmaj z,q,
Z (polm + g+ (pra+ - + pr—1d" mlg)" 2™ = = r( ¢.p) (3.6)
m>0 (239" )n+1

n A "™ (2, q, p)
Yo (po+piat-+pagHm 1)) @™ = TSR (3.7)
>0 (234" )n+1




3.1 Colored permutations 39

Proof. The proof follows from Corollary 3.1.2 by setting ¢ — ¢" and p; — I pj for
each 0 <j<r—1. O

Equation (3.5) refines a computation due to Haglund, Loehr and Remmel [61,
Equation (34)] for the distribution of the flag major index over colored permutations
and Equation (3.6) for p; = p’ appears in the work of Biagioli and Caselli [22,
Theorem 5.2].

Corollary 3.1.4. For a positive integer n, we have

ldes, maj
Z [m + 1]n M = An,?'S maj(x, q, p) (38)
q (%3 @)ns1(po +xp1 + -+ - + 2" Ip,_1)"

m>0

Aldes,fmaj (1‘, q, p)
dm+1pam = — - e r—— (3.9)
= (@;q")n+1(po + zgp1 + -+ + (2q)" " 'pr-1)

Proof. The proof follows by setting p; — x pj for each 0 < j < r — 1 in Equa-

tions (3.4) and (3.7), respectively. O
Remark 3.1.5. Equations (3.3) and (3.6) for ¢ =pp = --- = p,—1 = 1 become
. Zwe@n ) xdcs(w)pcsum(w)
Z (m[T]p + 1) €T = (1 — x)n+1 , (3.10)
m>0

which reduces to an identity of Brenti [29, Equation (12)] for » = 2. In particular,
the polynomial »_ s gdes(w) pesum(w) . — S o @nri(p)at satisfies the formula

i1 = 3 w1

and therefore has only real roots' for every positive integer n and every p > 1 (cf.
[29, Corollary 3.7]). Although this result may not be new, it served as a motivation
to introduce the parameters p; which keep track of the number of entries of a colored
permutation of each color.

The following corollary for p; — p? appears in the work of Biagioli and Caselli
[22, Theorem 5.4].

Corollary 3.1.6. For a nonnegative integer m, we write m = rQ(m) + R(m) for
some nonnegative integer Q(m) and 0 < R(m) < r. Then

n

R(m) . r—1 . [r]:p A%lﬁs,fmaj (.%', q, p)
Z Z i@’ [Q(m) + 1]gr + Z pid [Qm)]gr | 2™ = (J;r D)
m>0 \ j=0 j=R(m)+1 & e+l
(3.11)

'Real-rooted polynomials appear often in combinatorics, algebra and geometry (see, for example,
28])
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Proof. Suppose m = rs+t, for some 1 <t <r. In order to compute ¢¢(17:1);,mF(6n,r),
imagine the defining substitutions as entries of the following r x (s — ¢ 4+ 1)-matrix
and then take the sum of all its elements

(0) (0) (0) (V)

SR N S 1l
1 1 1 1
1‘1 o oe. errl e xr(s_1)+1 e "BrsJ’,]_
t;l t;l t—i t;l
xg()> xf,;r)l) xggga)ﬂ RO
t t t
Ty T Tsmna 0
r;l r;l r—i /
N B 0

Notice that, by definition, the last nonzero substitution occurs in the
t—-1,s—t+1) = (t—-1,rs+t—t+1) = (t—1,rs+1)
position. Therefore, we have

‘(ZTI)),mF(Gn,T) = (po(l+q + - +¢EV ¢+
p1(q + g+ 4 qT(Sfl)H 4 qrs+1) T
pro1(g O o (s DEED) sty
(@ g g I 4y
Proi(q L gD L g gDy

n

t—1 r—1
= | Yo pidls+ e+ pidlsly
=0 =t

The proof follows by substituting in Equation (2.27) for A = &,, , and noticing that
going from m to m + 1 leaves s intact and changes t to ¢ + 1. O

For the remainder of this section we assume that » = 2. The following corol-
lary gives a formula for the joint distribution of the (k, ¢)-flag major index and the
pair (n_,ny) on signed permutations of B,. Equation (3.12) below refines Adin
and Roichman’s formula [6, Theorem 2] for the distribution of the flag major in-
dex. Furthermore, it computes signed Euler—-Mahonian identities on 25, for the
Mahonian statistic fmaj, ,. We remark that Equation (3.13) reduces to Chow and
Gessel’s formulas [34, Equation (26)] for (k,¢) = (1,0) and a = 1 and refines [34,
Theorem 3.7] for (k,¢) = (2,1) (see also [23, Remark 5.2]).

Corollary 3.1.7. For a positive integer n, we have

ﬁnﬂkx

Ao " (ga,0) = (a—l—bqg)”[n]qk!, (3.12)
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and
des,fmaj,, ,
A,y “(z,q,a,b)
alm + 1] + bgt[m] )" 2™ = ’ - 3.13
3 (afm+ U+ bl I (3.13)
des*,fmajy, ,
An?” ’ ) ) ’b
3 (a+bg")m+ 1) 2™ = 2 k(f”’ 4.0, (3.14)

Proof. The proof follows by specializing Equation (3.1) for » = 2 as in Theorem 2.4.1
and substituting in Corollary 2.4.2 for A = 9B,,. O

In view of Theorem 2.4.1 and Corollary 2.4.2 we pose the following question.

Question 3.1.8. Does the (k, ¢)-flag major index have some algebraic meaning for
k> 1 and ¢ > 2, similar to that of the flag major and major indices?

3.2 Colored derangements

Permutations in &,, without fixed points are called derangements. Let D,, be
the set of all derangements in &,,. For a positive integer n, let

Dn(x,q) — Z xdes(w)qmaj(w)
wGDn

be the n-th (z, q)-derangement polynomial and d,(q) := Dy(1, q) the g-derangement
numbers. The g-derangement numbers satisfy the following formula

n

da(g) = [nlg! ) (=1)

2 g

(3.15)

proved bijectively by Wachs [96, Theorem 4] and later by Gessel and Reutenauer [55,
page 209]. Eulerian and Mahonian distributions on derangements have been studied
by many authors (see, for example, [12, Section 2.1.4] and references therein). The
following theorem provides an Euler-Mahonian identity on derangements in &,
which refines Wachs’ formula (3.15). For 0 < k < n, the g-binomial coefficient,

written (Z)q is defined by
0, b
k), k] Nn — K],V

where [n],! :=[1]4[2]4 - - - [n]q for all n > 1 and [0],! := 1.

Theorem 3.2.1. For a positive integer n, we have

> znj(_nkq(’;) (m;—l) [m+ 127 F 2™ = Dula,q) (3.16)

m>0 k=0 q (90; Q)n—&—l'
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Proof. Setting A = D,,, Equation (2.8) becomes

3" DSy (F(Duix)) 2™ = Dulz,q) (3.17)

Gessel and Reutenauer [55, Theorem 8.1] computed the quasisymmetric gener-
ating function of D,

n

F(Dp;x) = Y (=1)Fep(x)ha(x)"*. (3.18)
k=0

The principal specialization of order m of elementary symmetric functions is given
by [89, Proposition 7.8.3]

psmlex(x)) = o) (’}j) (3.19)

Taking the principal specialization of order m of Equation (3.18) and computing,
using Equation (3.19), yields

P (F(Pix0) = 3 (080 () s (3.20)

k=0 q

The proof follows by substituting Equation (3.20) in Equation (3.17). O

Another proof of Equation (3.15) can be obtained by considering the stable
principal specialization of Equation (3.18) instead and following the steps of the
previous proof, as done by Gessel and Reutenauer [55, Theorem 8.4]. Next we
consider a colored analogue of Theorem 3.2.1.

An element of &,, , without fixed points of zero color is called a colored derange-
ment. Let Dy, , be the set of all colored derangements in &,,,. Faliharimalala and
Zeng [40, Equation (2.7)] (see also [10, Theorem 2.1], where colored derangements
are called cyclic derangements) proved the following formula

n - (_1)k
|Dn,r| = r"n! Tk‘!’ (321)
k=0

which generalizes the well known formula [90, Equation (2.11)] for the number of de-
rangements in the symmetric group &,,. In a subsequent paper [41, Equation (2.5)],
where the authors use the color order, they provide a formula for the colored g¢-
derangement numbers

| " o®)
Z gimaiw) [T]q[2r]q---[nr]q2(—1)k [r]q[27?]q~--[k7“]q7 (3.22)

WEDn k=0

which reduces to Wachs’ formula (3.15) for r = 1 and generalizes a formula of Chow
[33, Theorem 5] for r = 2.
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For a positive integer n, let

Z);aLui,mah(lr7 q, p) — Z $eu1(w)qmah(w)pn(w)
’wEDn,r

Dah(q,p) = DUMaA(1 g, p),

where eul and mah is an Eulerian and a Mahonian statistic on &,, ,., respectively.

The corollaries which follow provide a refinement of Equation (3.22) as well as

several colored Euler-Mahonian identities on colored derangements. Our starting

point will the following colored analogue of Gessel and Reutenauer’s formula (3.18)
n

F(Dpp; X)) = > (=1)Per(xO) (ha (xO) + -« + ha(xU D))k (3.23)

k=0

It was recently proven for » = 2 by Adin et al. [1, Theorem 7.3]. Equation (3.23)

can be proved by trivially generalizing Adin et al.’s argument in the proof of [1,

Theorem 7.3] for general r and using [76, Theorem 16].

Corollary 3.2.2. For a positive integer n, we have
Di(a.p) = ( Pl Y (1) o
, = iy nl! —
n, \&s P Do +P1 DPr—1 q ] (po +p1+ -+ pr_1)F[k],!
(3.24)

550 04 (") Gl 1+ )l e

Dgeﬁ,maj .q,
_ Do @aP) (g o
(75 @)n1
- by (m+1 ek m
S5 04 (") ottt 1)
m>0 k=0 q
,DleeTS"*ymaj 94
(75 @)n+1

Proof. The proof follows by specializing Equation (3.23) as in Theorem 2.3.1 and
substituting in Corollary 2.3.2 for A = D, ,. O

Equation (3.24) for p; = p/ can be found in Assaf’s work [10, Theorem 3.2].
The following corollary can be proven by setting ¢ — ¢" and p; — ¢ pj for each
0 <j <r—1in Corollary 3.2.2. Equation (3.27) below refines Equation (3.22) and
Equation (3.28) reduces to Equation (3.16) for r = 1.

Corollary 3.2.3. For a positive integer n, we have
Dimai(q,p) =
1 o 70
po+pig+--+ 1" )" 0! -1
( )l L T T A
(3.27)
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> Zn: (~1rg G (™ T ! (polm + g + (p1g + -+ +pr—1¢" ) [mlg)"* 2™
k .

D™ (2, q,p)
(1’§qr)n+1
(3.28)
n B (m+1 _ _
SO (i s e
m>0 k=0 q"
des* ,fmaj
_ D (z,q,p)
(w§qr)n+1
(3.29)

Setting p; — 27p; for each 0 < j < r—1 in Equations (3.26) and (3.29) yields the
following colored Euler-Mahonian identities for the pairs (Ides, maj) and (ldes, fmaj)
on colored derangements.

Corollary 3.2.4. For every positive integer n, we have

(") o+ 10

IPNE e

m

m>0 k=0
_ D™ (2,4, p) (3:30)
(z; Q)n+1(P0 +prx+ -+ pgarh)n
gy PO
>0 k=0 (po +pigr + - + pr_1(qx)" 1)k
D™ (.4, p)

_ . (3.31
(25" ) nt1(po + prgx + - - - + pr_1(qz)"—1)" (3.31)

Concluding this section, we turn our attention to the signed case r = 2. The
following corollary computes signed Euler-Mahonian identities on D, > involving
the (k,¢)-flag major index, the first of which refines a formula due to Chow [33,
Theorem 5|. Furthermore, it computes a formula for the joint distribution of the
(k, £)-flag major index and the statistics which keep track of the number of barred
and unbarred entries of a signed permutation over signed deragnements, which re-
fines another formula of Chow [33, Theorem 5].

Corollary 3.2.5. For a positive integer n, we have

n
fmaj
Doz " (@po,p1) = (po+p1a")" [l 3 (=
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and
> S0 (") ol 1l a0
m>0 i=0 ! q*
des,fmaj
angs ajk’e(x7Q7p07p1>
= T (3.33)
(3 6%)nt+1
n
iy (m41 i —
Z (—l)zqk(z) < . ) (po +p1qé)n Z[77’L + 1]2’“ L™
m>0 i=0 ! a*
des™,fmajy, ,
Dng ’ (x7Q>p07p1)
= : T . (3.34)
(37;(] )n-i-l

Proof. The proof follows by specializing Equation (3.23) for » = 2 as in Theo-
rem 2.4.1 and substituting in Corollary 2.4.2 for A = D, ». O

3.3 Colored involutions and absolute involutions

Permutations in &,, which are equal to their own inverse are called involutions.
Let Z,, be the set of all involutions in &,,. For a positive integer n, let

Io(z,q,a) = Z ges(w) gmai(w) g fix(w)
wely,

where fix(w) is the number of fixed points of w and a is an indeterminate. Also,
set Z,(x,q) := Z,(x,q,1) and Z,(q) := I,(1,¢,1). This polynomial was considered
by Désarménien and Foata [37, Section 6] and later by Gessel and Reutenauer [55,
Section 7], where they computed a generating function for Z,,(z, ¢, p). In particular,
Désarménien and Foata proved [37, Equation (6.2)] (where (g; q), is to be replaced

by (t;q)n+1)

T L
Y TR o S gy [ 02 39)
n>0 (@3 @nt1 m>0 0<i<j<m
where Zy(x, q,a) := 1.

One can prove Equation (3.35) by taking the principal specialization of order m
of the quasisymmetric generating function for involutions according to fixed points
[55, Equation (7.1)]

Z Z F, Des(w) (X) afixW)n — H(l —azx;) ! H (1—22z2;)™t (3.36)
n>0wel, 1>1 1<i<y

This is essentially the approach of Gessel and Reutenauer in the proof of [55,
Equation (7.2)]. The connecting link between the Désarménien—Foata and Gessel-
Reutenauer approaches is Equation (1.17).
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In particular, one has [89, Corollary 7.13.8 and Exercise 7.28]

Z sx(x) a®’ N A = H(l —azx) ! H (1 — 22aw;) 7, (3.37)

A i>1 1<i<j

where the sum runs through all partitions A and

e col°()) is the number of columns of A of odd length and

e |)| is the size of A, that is the sum of all of its parts.

Therefore Equation (3.36) follows from Equation (3.37), when you combine Equa-
tion (1.17) and the fact [89, Corollary 7.13.9] that the Robinson—Schensted corre-
spondence restricts to a des-preserving bijection between the set of involutions of
G, and the set of all standard Young tableaux of size n.

An Euler-Mahonian identity on involutions involving the “hook-content for-
mula” for Schur functions can be derived in the following way. Recall from [64,
Example 1 of Section 3] the following notation?

7’L> B H 1— qn—c(u)
T _ oh(u)
<)\ q UEN 1=q )

slightly altered to match our notation, where for a cell u € A\, ¢(u) and h(u) are the

content and the hook length of u, respectively. Then, Macdonald’s interpretation
of Stanley’s well celebrated “hook-content formula” [89, Theorem 7.21.2] becomes

a0 = () (3.38)

where b(A) := 37,5 (i — 1)\, for a partition A = (A1, Ag,...) and X" denotes the
conjugate partition to A.
The quasisymmetric generating function associated to Z, is known to satisfy
F(Tyx) = > sa(x). (3.39)
AFn

Applying the principal specialization of order m to this formula, substituting in
Equation (2.8) for A = Z,, and using Equation (3.38) yields the following Euler—
Mahonian identity on Z,.

Proposition 3.3.1. For a positive integer n, we have

S (M) e - Dl (3.40)

m>0 Aln (; Q)n+1.

2This notation is justified, as the author in [64, Example 1 of Section 3] mentions, because

letting A = (k), the partition with one part of length k, yields ((Z>) = (Z)q.
q

3We refer to [89, Section 7.21] for more details on these concepts.
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Now, recall from [89, Corollary 7.21.3] the the stable principal specialization of
the Schur function

psy(sa(x)) = ¢*M @ —¢"™)" (3.41)

UEA

Applying the stable principal specialization to Equation (3.39), substituting in
Equation (2.9) for A =Z,, and using Equation (3.41) yields

- by Infgt
) % ! Hue)\ [h(u)}q7 (3-42)

a formula which bears connection with the well known Stanley’s g-hook length
formula [89, Corollary 7.21.5].

The purpose of this section is to discuss colored analogues of Equations (3.35),
(3.36), (3.40) and (3.42). We deal with two types of involutions in colored per-
mutation groups, the colored involutions and the absolute involutions. A col-
ored (resp. absolute) involution is an element w € &,, ., such that w™! = w (resp.
w ! =w)! Let T, (resp. If{}?,?) be the set of all colored (resp. absolute) invo-
lutions in &,,,. Absolute involutions do not coincide with colored involutions for
r > 3. For example, the colored permutation 3'2°134%635! ¢ Se,4 is an involu-
tion, but not an absolute involution and on the other hand the colored permutation
312011426353 ¢ Gg 4 is an absolute involution, but not an involution.

Chow and Mansour [35, Section 4] studied colored involutions. In a similar
fashion, for w* € If{g,s we see that

e w e, and

e if w(i) = j, then €,(;) = ¢;, computed modulo r

for some i,j € [n]. Modifying the arguments of Chow and Mansour [35, Proposi-
tion 7] yields the following formulas

[n/2] k
abs) _ ..n (1/2T)
Zy 7| = r'n! E Tn — 201

— |
= (n — 2k)
Z | abs _ er(12/2+z)
n>0
where ]Ig}ﬂ := 1 and the following recurrence formula for the number of absolute

involutions in &,, .,
T2 = (T + Ty,

for every positive integer n > 1, with initial condition |If};5] =r.
A polynomial f(z) with real coefficients is called ~-positive if
[n/2]

Z’YZ 1+wn21

—e€

4Recall that we is defined as the colored permutation w
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for some n € N and nonnegative reals 70,71, ...,7|n/2)- Chow and Mansour im-
plicitly proved [35, Proposition 8] that the generating polynomial of the excedance
statistic on colored involutions is ~-positive for every even color r. The number of
excedances of w® € &,,,, written exc(w), is defined to be the number of all indices
i € [n], such that w; > i, or w; =i and ¢; > 0. Recall from [92, Theorem 15| that
the excedance statistic is Eulerian on colored permutations.

For every even color r, [35, Proposition 8| states that

(/2]
Z exc(w) __ Z Vi & 1_|_x)n 22 (343)

’lUGIn r

where 7, ; is the number of w € Z,, having ¢ two-cycles multiplied by rt. Gamma-
positivity is an elementary property that implies symmetry and unimodality and ap-
pears often in combinatorics. For more information we refer the reader to Athanasia-
dis’ comprehensive survey [12].

In fact, one can further argue as in [35, Proposition 8] and prove the following

[n/2]
Z exc(w Z 'Ynzx 1+ ?”—1) )n 21 (3'44)

weTabs

where 7, ; is the same as in Equation (3.43). Equation (3.44) coincides with the
corresponding formulas of Chow and Mansour [35] for r < 2.

Absolute involutions appeared in Adin, Postnikov and Roichman’s study [5] of
Gelfand models for colored permutation groups &,, . They are suitable for providing
a colored analogue of Désarménien and Foata’s Formula (3.35). In particular, the
colored Robinson—Schensted correspondence restricts to a des-preserving bijection
between I%k;,s and SYT),, ,, the set of all standard Young r-partite tableaux of size

. In addition, from its description (see, for example, [5, Section 5]), the number of
ﬁxed points of color j of an absolute involution in &, , equals the number of odd
columns of the jth part of the P-tableau, which corresponds to w via the colored

Robinson—Schensted correspondence.

Let a = (ag,a1,...,a,—1) be a sequence of indeterminates. For a positive integer
n, we consider
FI5 X0 a) = Y Fu(X0)afx®),
weLabs

the quasisymmetric generating function for absolute involutions according to fixed
points of various colors, where fix(w) = (fix’(w), fix' (w), ..., fix" " (w)) and fix’ (w)
is the number of fixed points of w € &,,,- of color j. The following theorem provides
a colored anagolue of Equation (3.36) by computing the generating function of
F(Z2%; XM, a).

n,r?

Theorem 3.3.2. We have

ZF(IZ‘H?,X(T),a) 2= H H(l—zatx(t)) ! H (1—z2x§t)x§-t))_1. (3.45)

n>0 t=0 i>1 1<i<j
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In particular, for a positive integer n we have
F(Z XM a) = 3 sy (X0) ™), (3.46)
AbEn

where col®(A) = (col®(A©), colo(AM), ... col® (A=) for a r-partite partition X =
AO XD A=)y,

Proof. The discussion before the statement of the theorem implies that
I SEEED 3 S o R
n>0 n>20 AFn QeSYT(A

Thus, by Equation (1.17) we have

Z FI,ZLb:, (r) a Z H )\(J) ) 0010()\(.7)) |)\|’ (3'47)
A

n>0 =0

where the sum runs through all r-partite partitions A = (A, ... AC=D)and | A | :=
IANO| 4 ... 4+ |AC=D|. Now, Equation (3.46) follows by extracting the coefficient of

" in Equation (3.47) and Equation (3.45) follows by expanding the right-hand side
of Equation (3.47) according to Equation (3.37) for every color. O

We will now specialize Equations (3.45) and (3.46) and via Theorems 2.3.1, 2.3.4,
2.3.6 and 2.4.1 we will derive colored analogues of Désarménien and Foata’s Formula
(3.35) and Equations (3.40) and (3.42) respectively. For a positive integer n, let

Zzui,mah (x’ R a) — Z l,eul(w)qmah(w)pn(w)aﬁx(w)
meZabs

g, p,a) = Iy (1,¢,p,a)

where eul and mah is an Eulerian and a Mahonian statistic on colored permuta-
tions, respectively. Also, set IS";}’mah(x,q, p,p,a) := 1. We start by specializing
Equation (3.46).

Corollary 3.3.3. For a positive integer n, we have

° [n]g!
Imaj q7p7 qb()\ size(A Col N — (348)
)%:n Hj:é [Tuerw [h(u)]q

and
r—1 es,maj
b\ size(A) _cole(A) (M0 + 1 m m I (2,q,p,a)
Z Zq p a ( )\(0), H )\(J)/ ql’ o (x;q)n+1

m>0 A q =0
(3.49)

r—1 es* maj
b(A) . size(A) ,col®(A m+1 m Igﬂ“ ' J(ajv%paa)
St W T (7)) e = B R,

m>0 X §=0 (25 @)nt1
(3.50)

where the sums run through all r-partite partitions X = (A(O),...,)\(T_l)) of n,
bA) :=bAO) + ... £ AT and size(A) = (IXO[, XD, ... [IAC=D),
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Proof. Specializing Equation (3.46), as in Theorem 2.3.1 yields

1A
pSéﬂ))(F(Iﬁ}??, ) Z HS)\(]) (1,pjq,pid*, ... a C.O( ).
A =0

But, because of the homogeneousness of Schur functions we have
AG) )\(J) b A) h
30 (Lpia, i) =0 T psy(sy0 () = ) 1A T (1 = )7L,
ued)

where the last equality follows from Equation (3.41). Combining these equations
yields

r—1
r abs r size col(A) w)y —
psUL (P X, a)) = 37 "Wpsie® TT @O TT (1 - gh)~!
A j=0

ued)

The proof of Equation (3.48) follows by substituting in Equation (2.18) for Iﬁf}s.
The proofs of the remaining two equations follow in a similar manner, but using
Equation (3.38) instead and therefore are omitted. O

For r = 1, Equation (3.48),(3.72) (and (3.73)) become Equations (3.40) and (3.42),
respectively. Also, setting ¢ — ¢" and p; — ¢ pj in the formulas of Corollary 3.3.3

yields analogous formulas for the polynomials Ifff}aj(q, p,a), Zn% fmaj(, 4.p,a) and
o (2. q,p, ).

Corollary 3.3.4. For a positive integer n, we have

.|
IfmaJ q’ p.a q A)+r(X) sme()\)acolo(A) — [’I’L]q : (351)
Az;n [15=0 [uero (w)],
and
r—1 des,fmaj
rb(A)+r(X)  size(A) ,col®(A _ Imr J(xa q, P, a)
> D p-ra <o>' T (5
(3.52)
r—1 es*,fmaj
Z Z qr b()\)—i-r()\) size(A col0 H (m + 1) 2 — Igﬂ" J(xa q,P, a)
m>0 X =0 A (%3 )nt1
(3.53)
where the sums run through all r-partite partitions A = ()\(0), el /\("*1)) of n and

r(A) == 2520 4A)].

Remark 3.3.5. For a Q € SYT,,,, letting 0 = sDes(Q) in Equation (2.32) and
summing over all r-partite standard Young tableau of shape A and size n yields

Soesyroy @ @pr@

() MYy —
p q,p(F(SYT(A)7X )) (Q)n )

(3.54)
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where F(SYT(A); X("), maj(Q) and n(Q) are defined analogously to colored per-
mutations. Now, substituting Equation (2.5) in Equation (3.54) yields the following
colored analogue of Stanley’s g-hook length formula [89, Corollary 7.21.5]

maj(@)..n(@) _ . b(A).size(A) [n]q!
" ¥p = q¢p — : (3.55)
QESZY:T(A) 1520 [Tuexo M(w)],

This formula refines one of Stembridge [93, Equation 5.6] (see also [7, Corollary 10.28].
Following this reasoning, one can prove Euler-Mahonian identities on (r-partite)
standard Young tableaux of a fixed shape.

Setting p; — a/p; for each 0 < j < r — 1 in Equations (3.53) and (3.73)
yields colored Euler-Mahonian identities for the pairs (ldes,maj) and (ldes, fmaj)
on absolute involutions.

Corollary 3.3.6. For a positive integer n, we have

-1 1des,maj
Z Z PO psize(X) geol” (A) h (m + 1> Lt _ oy " (z, q, p, a)’
q

mZO )\ j:0 )\(j)/ (xaQ)n-H
(3.56)
r—1 * fmaj
ST g P psise o) T (m Jf,1> Smr) _ T (g, q,p,a)7
m>0 A =0 )\(j) qr (.le;qr)n+1
(3.57)

where the sums run through all r-partite partitions X = ()\(0), ey A(T_l)) of n.

One could specialize Equation (3.46) as in Theorem 2.3.6, but the resulting
formula would be too complicated to write it in a nice form and we therefore omit
it. We continue by specializing Equation (3.45). For the next few corollaries, we
need to introduce one more piece of notation

()00 = H(l—xqi).

>0
Corollary 3.3.7. We have
Imaj(q p a) r—1 - L
> e = Mo [T 0-2ta™) @59)
n>0 Tn t=0 0<i<j
and
Igers’maj(fﬂ 7,p,a) 1 2.2 itjy—1
» s 45 Py _ _
D e Rk D D LT i § G TR
n>0 '@+l m>0 0<i<j<m
r—1
[ Garsan' T -22pid™) " a™
=1 0<i<j<m—1
(3.59)
Ige;*,maj(x q,p a) r—1 . ) 9 i1
2 " ) = Y [ Gapsayly TI =2 am,
n>0 »4)nt1 m>0 t=0 0<i<j<m

(3.60)
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Proof. The proof follows by specializing Equation (3.45) as in Theorem 2.3.1 and
substituting in Corollary 2.3.2 for A = I,?PTS. O

Corollary 3.3.8. We have

fmaj -1
Iy (q,p,a) , _ ] t. ry—1 2.2 r(i4g) 42ty —1
Z — N ¢ = H (zaipeq’; 4" ) oo H (1 —2"piq ) (3.61)
t=0

n>0 (@")n 0<i<j
and
des,fmaj
Z In?rs maj(l‘aq’ p,a) Zn —
= @ )n
Y (zaoposa )y [T (1= 2"pia )7t x
m>0 0<i<j<m
r—1
11 Gaped's et T (0= 2P T2 ta™ (3.62)
t=1 0<i<j<m—1

Z ISL:BTS ’fmaj(x)qvpaa) Zn _

r—1
Z H (zatptqt; qr);n1+1 H (1 _ Z2pt2qr(2+J)+2t)—1 m (3.63)
m>0 t=0 0<i<g<m

Proof. The proof follows from Corollary 3.3.7 by setting ¢ — ¢" and p; — ¢ pj for
each 0 <j<r—1. O

Corollary 3.3.9. We have

Z [x]r Iff??s’fmaj (.ZC, 4, P, a) Pr
>0 (34" )n+1
> Gaopo:d )y I (= 220Fd ) x
m=0 0<i<j<|m/r]
r—1
H (zatptqt; qr)iéj H (1 N ZQP%qT(i-‘rj)-f—%)—l 2. (3.64)
t=1 " o<icy<| met

Proof. The proof follows by specializing Equation (3.45) as in Theorem 2.3.6 and
substituting in Equation (2.28) for A = I;‘{PTS. O

Although formulas presented in Corollaries 3.3.7 to 3.3.9 look complicated and

not so easy to handle, one may consider appropriate specializations of Zgw™" (z, q,

P, a) to study enumerative aspects concerning Euler-Mahonian statistics on absolute
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involutions. For example, letting ¢ = p,ag = a1 = --- =a,—1 =1 and p; = p’ for
each 0 < j <r —1, Equation (3.59) becomes

Z Ig?ﬁ(w,p) o Z ™
(1_l.)n+1 _ —_ 2\Mm (5. \Ym( 52. 2(7;)7
= 750 (1= 2)(1 = 22)m(z ) (2 )
where
Ig?f($,p) — Z wdes(w)pcsum(w).
weTabs

This equation for r = 2 and p = 1 was recently considered in [69], where the author
used it to prove a linear recurrence for the coefficients of IS?QS (x), which eventually
leads to its unimodality via an inductive argument (see [69, Sections 3 and 4]).

We continue by providing a colored version of a formula due to Athanasiadis [12,
Proposition 2.2.] (see also [57, Corollary 5.7 (b)]), which expresses the generating
polynomials of the distribution of the number of descents on Z,, and Z,, 2 in terms
of Eulerian polynomials A, (z) and A, 2(x), respectively.

The following result assumes familiarity with the cycle type of a colored permu-
tation, a colored version of the Frobenius characteristic map introduced by Poirier
[76] and the colored power sum basis of Sym("). Although all of these notions are
defined in Section 5.1, we find it more suitable to include the following result here.
For w € &,,,, let ¢/ (w) be the number of colored cycles of w of color j, for every
0 < j <r —1. The following corollary reduces to [12, Proposition 2.22] for r < 2
and p = 1.

Corollary 3.3.10. For a positive integer n, we have

1 __
T3 (x,p) = ST (@)™ Ade L (@), (3.65)

rp) e <O (ww),r
w n,r

where Ades(x p) = A%?Ts’mah(x, 1,p) for any mahonian statistic mah on colored per-
mutations®.

Proof. Substituting A = Igf’,.s,q = 1 and pj = p/ for each 0 < j < r— 1 in
Equation (2.19) yields

Ides (.CIZ' p)

A—z)tl — D A RN N (i L Fl (3.66)
m>1
where (p’)® in the above notation means that xgj) = xgj) = .. = xgj) = p’ and
xgﬂzl = x(Qz = ... =0 etc.. Applying Equation (3.46) for ap = a1 =--- = a,_1 = 1,
Equation (3.6 ) becomes
Ides
1 8}\(0) S)\(l) (p _1) e SA(T—I)((pT 1)m 1) xm—l’ (367)
(1 —a)nt

m>1

5Recall this notation from Section 1.2.3
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where the second sum runs through all r-partite partitions A = ()\(0), cees )\(’"*1)) of
n. From the properties of the characteristic map, we know that

530 (1) 85 (™) -+ 530 (P H™ ) = ch, (M)A p™ L (7™

and we can use Equation (5.1) to expand it in the colored power sum basis, as
follows

Chr(X)\)(lm,pm_l, o ’(p'r’—l)m—l) —

Z X/\(w)pct(wfl)(lm7pmila ce (pril)milx

where y* is the irreducible S, -character associated with the r-partite partition
A F n. But,

Pesw-1y (1™, ™1 ("™

= H(m + (pCT 4 p2CH 4 DI (g — 1)) ()

=0

= ([rlylm 1) + 1) f[ - 1))

= ([rlp(m — 1) + 1)),

because ,
T T
pCl +p?C 4 .. +pr—1§(r—1)j — M -1 = -1
1 —p¢i ’
for every 1 < j < r —1 and c®(w™!) = %(w). Combining these calculations,

substituting in Equation (3.67) and changing the order of summation yields

Idcs (IL' p)

(1njx)7n+1 - r”n' Z (ZX ) Z([T]pm+1)co(w)xm . (3.68)

wESH,r \AFn m>0

A special case of a well known result due to Frobenius and Schur (see, for example,
[89, Exercise 7.69 (c)] and references therein) is that the sum of all irreducible
G,,-characters computed in the conjugacy class corresponding to the cycle type of
w € &, is equal to the number of square roots of w in &,,. Adin, Postnikov and
Roichman [5, Theorem 3.4] extended this result to colored permutation groups by
proving the following

Z XA(w) = {ue 6, uu=w}|, (3.69)
AFn

for every w € &,,,. Therefore, the proof follows by substituting Equation (3.69) in
Equation (3.68) and using Equation (3.10). O
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Remark 3.3.11. Continuing the arguments of Remark 3.3.5 one can prove a formula

for the polynomials
Z mdes(Q)qcsum(Q)
QeSYT(N)

similar to that of Equation (3.65). In particular, we have

1 0
des(Q) ,csum(Q) __ A A n—c’(w
E x es qcs = gl E X (’UJ) co(w),r(x>p)(1 l‘) cw) (370)

QeSYT(A) weEGy

for every r-partite partition A of n.

For the remainder of this section, we limit our discussion to the signed case r = 2.
The next few corollaries compute formulas similar to those of Corollaries 3.3.3, 3.3.7
and 3.3.8 for signed involutions, involving the (k,¢)-flag major index. The proofs
of the following corollaries are entirely similar to that of Corollaries 3.3.3 and 3.3.7
and are therefore omitted.

Corollary 3.3.12. For a positive integer n, we have

fmayjy, o _ kb )+ | ~size(A, ) L col® (A, ) [”]q’“!
In (q7 p7 a) - q H " p " a H
p (A%n ] T
(3.71)
and
Z Z PO+l ysize() ool () (m; 1) <77”f> m
m>0 (\u)Fn g \H/ g+
des,fmaj
o In,2 Jk‘é(xvcbp?a)
(25 ¢%) 1
(3.72)

ST gl psine ) oot ) (m; 1) <m+,1> 2"
m>0 (Ap)Fn gt N\ H S gk

des™,fmajy, ,

o In72 (x7q7p7p07p1)
(23 ¢%)nt1 ’
(3.73)
Corollary 3.3.13. We have
fmayjy
Iny (g, P2 - -
> %Z” = (2a0p0: ¢*)x' (zp1a14'p ¢") ! x
= (¢*)n

[T @—=22p8d" )71 = 22pigh ) +2h =1 (3.74)
0<i<y
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and

Ides,fmaj ")

n,r (x7Q7 p7a) n __
E : & =
(z3q

n>0 )n+1
> (zaopo;a")ta (zaipids )yt [T (1= 22pod™ ) x
m>0 0<i<j<m

0<i<j<m—1

Ides* Jmaj,,

Z n,r (‘T7Qap7a) n __
> =

n>0 (:Ca q )n+1

> (za0po; "),k 1 (za1p1d’s ),k 1 %
m>0
H (1 22p2qk(z+j)) (1 N ZZP%)qu(i+j)+2€)fl M
0<i<j<m

(3.76)

3.4 Multivariate colored permutation statistics

In what follows, the generating polynomials of permutation statistics are set to
equal 1 for n = 0. For a colored permutation statistic stat and a colored permutation
w, we write istat(w) := stat(w™!) and istat(w) := stat(w~'). A pair of statistics
is called bimahonian if it is equidistributed with (maj,imaj). A celebrated result,
due to Foata and Schiitzenberger [46, Theorem 1], states that the pair (maj,inv)
is bimahonian on &,,. Gessel [51, Theorem 8.5] computed the following generating
function for the bimahonian statistic (inv, maj)

inv(w), maj(w)
Z Zween( q p - .;7 (377)
n>0 q)”(p)” (Zu Q7p)oo,oo

where

(24 P)ooce = | []] (1 — 24P

i>15>1

Equation (3.77) also holds for the bimahonian pair (maj,imaj). This appeared
implicitly in Gordon’s work [58] and made explicit by Roselle [79]. Because of that,
Equation (3.77) for the bimahonian pair (maj,imaj) is often called Roselle identity.
Garsia and Gessel [49] studied bieulerian-bimahonian distributions, meaning the
four-variate distribution (des,ides, maj,imaj) and proved the following generating

function
Zwe6 xdes(w)yides(w)qmaj(w)pimaj( ) /M2

D =22

= (%3 @41 (Y; PInta =02y B Pmitimatt”
(3.78)
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where
E o1

(zig.p)eg =[] Q= 2P,
i=1j=1
for every all integers k, (.

Equations (3.77) and (3.78) can be proved by taking the stable principal spe-
cialization and the principal specialization of order m of the following identity [89,
Equation (7.114) and Equation (7.44)]

Z Z n,Des( w) Fn,Des(w—l)(Y) 2" = H H (1- inyj)_lﬂ (3.79)

n>0wes, 1>15>1

and using Equations (2.8) and (2.9) for A = &,,, respectively. This is essentially the
approach of [89, Corollary 7.23.9] (see also [37]). This section develops a colored ana-
logue of this approach and provides colored analogues of Equations (3.77) and (3.78)
for bimahonian and bieulerian-bimahonian distributions on colored permutations.

(yy (7 ) (j ) ... ) be another sequence of commut-

ing indeterminates and let Y() := (y( ),yl(l) ,yi(T_l))izl. The following lemma,

essentially due to Poirier [76, Lemma 4], is a colored analogue of Equation (3.79).

Forevery 0 < j < r-—1, lety()

Lemma 3.4.1. We have

> FuXT) (Y HHH — 2y )7L (3.80)

n>0weGy t=01:>1j>1

Proof. Recall from [76, Lemma 4] that

ZZS,\(X(T))S HHH zx y] ) L (3.81)

n>0 AFn t=01:>1j>1

The proof follows by expanding the product sy (X))sy(Y)) in the left-hand side of
Equation (3.81) according to Equation (2.5) and then applying the colored Robinson—
Schensted correspondence. O

For a positive integer n, let

Aeul ieul,mah,imah

eul (l‘, v, q,p, a, b) — Z xeul(w)yieul(w)qmah(w)pimah(w)acsum(w)bicsum(w)
ween,r'

mah,imah ._ peulieul,mah,imah
An,r (q’p’ a, b) = An,r (LLQapa a, b)v

where eul, mah are an Eulerian and a Mahonian statistic on colored permutations,
respectively and a, b are indeterminates. For ease of notational complexity we will
deal with the color sum statistic instead of the statistic which counts the number
of entries of certain color of a permutation. Therefore in specializations that fol-
low we are referring to those versions involving csum instead of (ni,ng,...,n,_1).
The following corollary specializes Equation (3.80) as in Theorem 2.3.1 and obtains
formulas for the generating functions for the distributions of the following tuples



3.4 Multivariate colored permutation statistics 58

e (maj,imaj, csum, icsum)

e (des,ides, maj,imaj, csum, icsum)

e (des™,ides™, maj, imaj, csum, icsum).

Biagioli and Zeng [24, Theorem 7.1] computed the generating function for the sec-
ond tuple. In this paper the authors use the length order and by Reiner [77, Corol-
lary 7.3, where he considers i € [n] to be a descent of w € &,,,., if £g(ws; ') =
ls(w) — 1, where s1, s2,...,8,—1 and s, := So, as defined in Section 1.2. For r = 2,
Equation (3.83) below coincides with Biagioli and Zeng’s formula.

Corollary 3.4.2. We have

(3.82)

A?ij’ima‘j D, ,b r—1 1
Z 7 (0,2, 1) 2= H t ’
(@n(P)n o (2(a0)% ¢, p)oo 00

n>0

and

des,ides,maj,imaj
ATL r? y Js J(

Z s xayaq)p)avb) Zn:

750 (%3 Onr1(¥; P)nt1

xml ym2

>

1
mi,ma2>0 (Z7 q, p)m1+1,m2+1 H;:l (Z(ab)t; q, p)ml,m2

(3.83)
Z A?leg*’ides*’maLm(xa Y,4,p,a, b) n Z z™ me
2" = — )
>0 (@3 On+1 (Y3 P)nt1 a0 H::&(z(ab)t; 4 D)mi+1,mat1
(3.84)

Proof. The proof follows by combining Equation (3.80) and Equations (2.11) to (2.13).
O

Setting ¢ — ¢", p — p” and a — aq”, b — bp" in Corollary 3.4.2 yields formulas
for the generating functions for the distributions of the following tuples

e (fmaj,ifmaj, csum, icsum)

e (des,ides, fmaj, ifmaj, csum, icsum)

e (des™,ides*, fmaj, ifmaj, csum, icsum).

Generating functions for the distribution of first tuple have been proved by Foata
and Han [43, Equation (4.3)] for r = 2, where the authors use the integer order,
by Biagioli and Zeng [24, Proposition 8.5], where the authors use the length order
and by Biagioli and Caselli [22, Equation (21) for p = s = 1], where the authors use
the color order. The latter also proved [22, Proposition 6.2] a generating function
for the distribution of the second tuple. For r = 2, Equation (3.85) below coincides
with Biagioli-Zeng’s formula.
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Corollary 3.4.3. We have

Afmaj,ifmaj b r—1 1
|| e (389)
= @)@ L3 (z(apab)’; g7, p")oo 00

and

>

des,ides,fmaj,ifmaj
An?“ (mayaQapaa’b) Zn_

= (@3¢ nt1 (43 P )nta
)3

my a0 (P )i+ 1mat1 1,1 (2(apab)t; a7, p" )y s

(3.86)
Z A?L?Ts‘*yﬁimaj’m(xa Y,4,p,a, b) n Z z'™ ym2

VA = — .

e (254" )1 (U5 P )1 a0 H::é (2(gpab)t; q", P" )mi+1,mat+1
(3.87)

The following corollary computes the generating function for the distribution of
(fdes, ifdes, fmaj, ifmaj, csum, icsum). Its proof is analogous to the proof of Corol-
lary 3.4.2 and is therefore omitted. For a similar formula for r» = 2 see [43, Theo-
rem 1.1], where the authors use the integer order.

Corollary 3.4.4. We have

7] [T]y Agis’ifdes’fmaj jifmaj (

3 2,4,4:p,a0) o _

= (@734 ) n+1 (Y5 P Int

Z X

r—1
mim2=0 (z;q7, p") my g m2 4 tl;II(Z(qpab)t; ¢ ") mist g sty

mi,,m2

Y

(3.88)

For the next corollary we limit our discussion to the signed case r = 2. It
computes the generating functions for the distributions of the following tuples

e (fmajj 4, ifmajy 4, neg, ineg)

e (des, ides, fmajj ;,ifmajy 4, neg, ineg)

e (des",ides”, fmajj ,, fmajj ,, neg, ineg).

for positive integers k, k' and nonnegative integers ¢, ¢'.
Corollary 3.4.5. We have
Afmajk’e,ifmajk/’gx

PR LR 1 9
n>0 (qk)n(pk )n (Z§ qk7pk )oo,oo(zqepe ;qk’pk )oo,oo
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and

des,ides,fmajy, ,,ifmaj,/ ,

Z n,2 (fU,y,q,p,a,b) o

= (@3 ¢ )nr1 (4 P It

my

ym?

X
/ ! / (3.90)
ml%;ZO (Z; qk7pk )m1+1,m2+1(zabq£p£ ;qupk )ml,mz
des™,ides* fmaj,, 4,ifmaj,, ,
Z An,2 " e (:Uaya q,p, a, b) Zn _
>0 (5 qk)n-i-l (y; pk/)n-i-l
xmlym2
! ! / (3.91)
2 (2365, P¥ )imy +1,ma+1(2abg D" 6%, P )iy 1m0 41

mi,m22>0

Proof. The proof follows by combining Equation (3.80) and Equations (2.33) to (2.35).
O

Remark 3.4.6. Assigning different values to k, &/, £, ¢’ in Corollary 3.4.5 yield formu-
las for the distributions of the following tuples

e (maj,ifmaj, neg, ineg)

e (fmaj,imaj, neg, ineg)

e (des,ides, maj, ifmaj, neg, ineg)
e (des,ides, fmaj,imaj, neg, ineg)
e (des*,ides*, maj, ifmaj, neg, ineg)
e (des™,ides™, fmaj,imaj, neg, ineg)

among others, which may be of interest.



Chapter

A colored shuffling theorem and
shuffle-compatibility

This chapter reviews Hsiao—Petersen’s theory of colored P-partitions and proves
a colored analogue of Stanley’s shuffling theorem. Furthermore, it proves that the
colored descent set is shuffle-compatible and provides further examples of shuffie-
compatible colored permutation statistics.

4.1 P-partitions, quasisymmetric functions and shuffle-
compatibility

As we mentioned in the introduction, quasisymmetric functions first appeared
as generating functions of P-partitions in Stanley’s work [87]. We review basic
concepts of this theory related to fundamental quasisymmetric functions. We also
recall a connection with shuffle-compatibility and Stanley’s shuffling theorem. For a
thorough treatment on P-partitions we refer to [90, Section 3.15], [89, Section 7.19]
and [74, Chapter 3].

Let (P,<p) be a naturally labeled poset with n elements. A P-partition is a
function f : P — Z~q such that

(I) @ <p j implies f(7) > f(j)
(I) i <p j and i >7 j implies f(i) > f(j),

for all 4,7 € P. Let A(P) be the set of all P-partitions and consider the generating

function
F(P;X) = Z H a;f(z)

fEA(P) i€P

This is a (homogeneous) quasisymmetric function of degree n.

61
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Example 4.1.1. If P is the poset

4
1 3
2
then
F(P;X) = Z T )T £(2)T£(3)Tf(4) S QSym4(x).
F)<f(2)>f(3)>f(4)
If P is a permutation w € G,,, viewed as the chain w1 <p ws <p -+ <p wp,

then

AP) = {f:P—Zso: f(wr) > f(wz) = > f(wn)
and i € Des(w) = f(w;) > f(wiy1)}

and therefore I'(P;X) = F), pes(w)(X). Also, notice that if P is an antichain with
n elements, then I'(P;x) = hi(x)". The fundamental lemma of P-partitions [89,
Theorem 7.19.4] states that

F(P7 X) = Z Fn,Des(w) (X)v
)

weL(P

where £(P)! is the set of all linear extensions of P. In our working example, we
have L(P) = {2134,2314, 2341} and therefore

D(P;x) = Fyq1y(x) + Fy g2y (%) + Fy 43 (%)

Given two disjoint permutations u € &,, and v € &,,,, a shuffle of u and v is a
permutation of length n + m, in which both u and v appear as subsequences. We
write u LW v for the set of all shuffles of v and v. The multiplication in QSym(x) in
terms of the fundamental basis amounts to shuffling permutations. Specifically, we
have

Fn,Des(u) (X)Fm,Des(v) (X) = Z Fn+m,Des(w) (X)
w € ullv
This is a consequence of the fact that the set of linear extensions of the disjoint union
of two chains is the set of shuffles of those chains. In general, the set A(P + Q)
of (P 4 Q)-partitions of the disjoint union of two posets P and @ with n and m
elements is in one-to-one correspondence with the cartesian product A(P) x A(Q)
and therefore
L(P+Q;x) = T'(P;x)I'(Q;x).

The discussion of the previous paragraph leads to the following remarkable fact,
observed by Stanley [90, Exercise 161], about the descent set statistic and shuffles:

Tt is often called the Jordan—Hdlder set of P (see [90, Section 3.15]).
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for two disjoint permutations v and v, the multiset {Des(w) : w € u W v} depends
only on Des(u), Des(v) and the lengths of u and v. Recently, Gessel and Zhuang
[56] initiated a systematic study of shuffle-compatible permutation statistics. A
permutation statistic stat is called shuffle-compatible if for any disjoint permutations
u and v, the multiset {stat(w) : w € w W v} depends only on stat(u),stat(v) and
the lengths of u and v.

To each shuffle-compatible statistic stat, we can associate a C-algebra in the
following way. We say that permutations u and v are stat-equivalent if they have
the same length and stat(u) = stat(v). Let [u]stat be the stat-equivalence class of
u. Let Agat be the complex vector space whose basis is the set of stat-equivalence
classes of permutations. This vector space becomes a C-algebra with multiplication
given by

[u] stat [U] stat = Z [w]stat;

w € ullv

which is well defined because stat is shuffle-compatible. This is called the shuffle
algebra of stat. As noticed by Gessel and Zhuang [56, Corollary 4.2], the shuffle-
compatibility of the descent set implies that the shuffle algebra Ape of Des is
isomorphic to QSym as a graded complex algebra via

[w]stat = F|w|,Des(w) (X)

where |w| is the length of w.

More examples of shuffle compatible statistics include the major index, the de-
scent number, the peak set and the peak number, the left peak number and the pair
(des,maj). These are all descent statistics, in the sense that they depend only on
the descent composition (see [56, Section 2.2]). Given a permutation w € &, we
recall their definitions:

e The comajor index, written comaj(w), of w is defined by

comaj(w) := Z (n—1).

i€Des(w)
e The peak set, written Pk(w), of w is defined by
Pk(w) = {i€[2,n—1] :wi—1 <w; > wiy1}

and the peak number of w is defined as pk(w) := | Pk(w)].
e The left peak set, written LPk(w), of w is defined by?

LPk(w) = {i€[n—1]:wi—1 < w; > wiy1},
where wp := 0 and the left peak number is defined as lpk(w) := | LPk(w)].

We urge the reader to recall [56, Theorems 4.5-4.10], where the authors describe
the shuffle algebras associated to des, (des, comaj), Pk, pk, LPk and Ipk.

2In other words it consists of all peaks of w plus 1 whenever it is a descent of w.
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4.2 Colored P-partitions and colored quasisymmetric functions

8

1
1
1

N
; 7
6
'~/ \
3
/ -
2
1

Figure 4.1: The permutation w = 87154623 € Sg has Pk(w) = {4,6} and LPk(w) =
{1,4,6}, both determined by the descent composition co(w) = (1,1,2,2,2).

Lastly, we recall the celebrated Stanley’s shuffling theorem. It computes the
distribution of the major index over shuffles of disjoint permutations with a given
For any

number of descents in terms of g-binomial coefficients.

Theorem 4.1.2. (Stanley [87, Proposition 12.6 and Equation (24)])
disjoint permutations u and v of length n and m, respectively, and any integer

maj(u)+maj(v)+(k—des(u))(k—des(v)) %

0<k<n,
Z qmaj(w) = gq
w € ulllv
des(w)=k
n — des(u) + des(v)\ [m — des(v) + des(u) (4.1)
k — des(u) . k — des(v) " '
In particular,
§ o gmei) - gmaiu-mai) (7 Tmy (4.2)
" /g

w € ullv

4.2 Colored P-partitions and colored quasisymmetric

functions
Hsiao and Petersen [62] developed a theory of colored P-partitions in which
colored quasisymmetric functions appear naturally as generating functions of those.
We recall their construction.
,i"~1} appears

Let (P,<p) be a finite poset of cardinality n. A colored labeling of P is an
injection w : P — €, , such that exactly one element of {i%4% ...
in the image of w for every i € [n]. A poset equipped with a colored labeling will
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be called a colored poset. For the rest of this chapter we assume that posets are
equipped with a colored labeling, unless otherwise stated. For example, a colored
labeling of an n-element chain is just a colored permutation of length n in window
notation®.

Let P(") := Z-( x Z, be the set of colored integers. We regard the elements of
P(") as colored integers i®, for i € Z~g and « € Z,. We assume that P(") is equipped
with the left lexicographic order, written <jjex.

Definition 4.2.1. (cf. [62, Definition 3.3]) A colored P-partition is a function
f: P — P" such that

(I) @ <p j implies f(i) >nex f(J)
(IT) i <p j and i >, j implies f(i) >pex f(J)

(ITI) the color of i, determined by the colored labeling of P, and the color of f(7)
is the same and we denote it by (i),

for all 4,5 of P.

Let A (P) be the set of all colored P-partitions and consider the colored qua-
sisymmetric generating function

opx) = 3 T A
feAr (p) i€P

This is a homogeneous element of QSymg).

Example 4.2.2. For n =4 and r = 2, if P is the poset

41

10 31

NS

20

then 20 <p 19 and 2° >, 19, 20 <p 31 and 2° >. 3!, and 3! <p 4! and 3! <, 4! and
therefore
. (0 1y _ 0 _© @) (1)
e > T p(10)T p(20) T p(31) T p(a1)
f(10)<llexf(20)>llexf(31)zllexf(41)

Any colored permutation w = w* € &,,, can be viewed as the n-element chain

W <y W <y - <y Wi

30ne reconstructs the whole permutation of Q, , via the rule (1.4).



4.2 Colored P-partitions and colored quasisymmetric functions 66

with the obvious colored labelling and the set of colored w-partitions can be shown
to equal

A (w) = {f:w—P": fw) > fw?) > flwgr

and i € Dest (w) = f(wi’) > f(wii)}.

Therefore, in view of Equation (2.3), we have

D(w; XM) = Fu (X)), (4.3)

The fundamental lemma of colored P-partitions implies that [62, Corollary 3.6]

N(P:X0) = FEOFP)RXT) = 37 D X0)
wEE(T)(P)

where L") (P) is the set of linear extensions of P, viewed as a subset of CH

Example 4.2.3. The set of linear extensions of the poset P in Example 4.2.2 is
LA(P) = {2°1°93141, 20311041 20314110}

and therefore
F(P) == F(10710721) + F(lo,ll’lo’ll) + F(10’21710).

Now, consider two finite, colored posets P, @ of cardinality n and m, respectively.
Hsiao and Petersen [62, Section 3.1] in order to introduce the Hopf algebra of colored
posets defined a poset P LI, @ reminiscent of the disjoint sum of usual (uncolored)
posets as follows. If as subsets of colored integers P and () have any elements of the
same underlying integer, then replace ) by another colored poset with m elements
that is label-equivalent® to @ and whose elements have different underlying integers
from those of P. The poset P L, @ is just the disjoint sum P + ). In the case that
P and @ have distinct colored labelings, then P U, @ is just their disjoint sum and
we will simply write P 4+ ). We can define P, U, P, LI, - - - LI, Py for a finite number
of colored posets Py, P, ..., P, in a similar fashion.

Hsiao and Petersen [62, Lemma 3.7] prove that the set of r-colored (P U, Q)-
partitions is in one-to-one correspondence with the cartesian product of A" (P) and
A)(Q). This observation implies the following useful formula®

D(PU, QX)) = T(P;XM)r(Q; X1). (4.4)

If P and Q are two disjoint® chains u, v of length n and m, respectively, then the
set of colored (u 4 v)-partitions depends only on sDes(u) and sDes(v) and £ (u +
v) = u W wv. Here, u W v denotes the set of all r-colored permutations of length

4Two posets are label-equivalent if there exists a color-preserving poset isomorphism which
respects the left lexicographic order (for the precise definition we refer to [62, Section 3.1]).

5This formula holds for any finite number of disjoint posets.

In the sense that they have distinct labelings.
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n 4+ m in which both u and v appear as subsequences. For example, for u = 122°
and v = 3!, we have

3\

90 3t 20 20
]

£® 31 | = {90 31 g2 ¢ = {12203! 123120, 311220},
12 o
12 12 3!

Applying Equation (4.4) in this case leads to a formula for computing the product
in QSym(’") in terms of the fundamental basis which involves shuffles of colored
permutations.

Theorem 4.2.4. (Hsiao-Petersen [62, Equation (3.4)]) Let ¢ , be the number of
colored permutations w € uwl v such that sDes(w) = 7, where u and v are disjoint
colored permutations with sDes(u) = o and sDes(v) = o. Then

FU(X(T))FQ(X(T)) = Z - FT(X(T))' (4'5)

Co,0
TeX(n,r)

4.3 Colored shuffling theorem

For a finite, colored poset P with n elements, we define

A?l’mah(a}, q, p) — Z xeul(w)qmah(w)pn(w)
weL () (P)

m 1,mah
Ap(q,p) = AP (1,q,p)

where eul and mah are an Eulerian and a Mahonian statistic on colored permutations
and n(w) is defined as in Section 2.3.

Suppose P is an antichain with n elements. Each color vector € € Z7' determines
a colored labeling on P. We write P. for the one corresponding to €. The discussion
at the end of the previous section implies that

LO(P) = 19 W22 W wn™,
and therefore by Equation (4.4) we have
D(P; XY = hy(x)hy(x(2) - by (x(0)). (4.6)

On the other hand, summing over all € € Z! the left-hand side of Equation (4.6)
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becomes F(&,,,; X)) and therefore

F(&n i XD) = 37 FLD(P):X")

ecIn

— Z By (xR (x(2)) - - - Ry ()

1<i<n
0<e;<r—1

= H ( )) + ha(x ())+'--+h1(x(r_1)))
(1t

)4+ ha(xW) - hl(xoﬂ—l)))”,

in agreement with Equation (3.1). We write n—;(€),n<;(e),n>;(€) and nx;(e) for
the number of 1 < i < n for which ¢; = j,¢; < j,¢; > j and ¢; # j, respectively, for
al0<j<r—1.

Theorem 4.3.1. For every e = (€1,€,...,€,) € Z,, we have

APY(2,0,P) = Doy P []g]

and . )
A es,maJ(

Z[m+ }n 0(6 n7é0(‘€ Hpﬁz _ P z 9, p)

In addition, assuming the notation of Corollary 3.1.6 we have

n fdes,fmaj
S [Q(m) + 15O Qm) 5 O T gt 2™ = (AR (@, ,0)
m>0 ! 1 L1 (@3¢ s

Proof. The proof follows by specializing Equation (4.6) as in Theorems 2.3.1 and 2.3.6
and substituting in Equations (2.18), (2.19) and (2.28), respectively, for A = L") (P,).
For example, we compute

n
S s @Bz = S [ pe (L +a+- -+ 2+ ¢ (e = 0) 2™

m>1 m>11=1
n
_ Z [m]f;:‘)(e) [m — 1]2;&0(5) H Pe, 2™ 1
m>1 i=1
Substituting this to Equation (2.19) yields the second formula. O

Remark 4.3.2. Notice that
Agtmah(z g.p) = Y ARz, q,p)
ecZ?

Atg,p) = > AR™(¢,p)
ecIn

where eul and mah is an Eulerian and a Mahonian statistic on colored permutations.
Therefore summing over all € € Z' in both sides of the equations that appear in
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Theorem 4.3.1 yields alternative proofs of Equations (3.2), (3.3) and (3.11). For
example, we compute

Z [m + 1]n 0 e) n;éo (e) H De,

0<e; <r—1
1<i<n

n

= Z (Z) (po[m + 11g)" (1 + -+ + pr_1)[mlg)" "

k=0
= (po[m +1]g + (p1 + -+ +pr-1)[mly)",

which is in agreement with the left-hand side of Equation (3.3).

The following theorem generalizes the first formula of Theorem 4.3.1 to any
poset. It also serves as a colored analogue of the second part of Stanely’s shuffling
theorem (cf. [87, Equation (24)]).

Theorem 4.3.3. If P and QQ are colored posets of cardinality n and m, respectively,
then

maj n+m maj maj
azSglan) = (") ARp)AZap) (47)
q
m n+m maj maj
ARo(a.p) = ( . >TA§3 Y(¢,p)AG™ (g, ) (4.8)
q

In particular, for any disjoint r-colored permutations u and v of length n and m,
respectively, we have

Z qmaj(w)pn(w) _ <n + m) qmaj(u)+maj(v) pn(u)+n(v) (4.9)
w € ullv n q
maj(w) . n(w n-+m maj(u)+fmaj(v) . .n(u)+n(v
Y J()p()_( ) i) +Hmaj(w) pn(u)n(v), (4.10)
w € ulllv n q"

where
n

pn(u)+n(v) — Hp?i(u)'*‘ni(v)_
=1

Proof. Specializing Equation (4.4) as in Theorems 2.3.1 and 2.3.4 and substituting
in Equations (2.18) and (2.24) yields Equations (4.7) and (4.8), respectively. Equa-
tions (4.9) and (4.10) are immediate consequences of Equations (4.7) and (4.8),
respectively. O

For a mahonian statistic mah on colored permutations, we define

n

A%es,mah(my%p) — ZAmah( )CCk,
k=0

where
Amah( p) — Z qmah(w)pn(w).

weL()(P)
des(w)=k
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The next theorem provides a colored analogue of the first part of Stanely’s shuffling
theorem (cf. [87, Proposition 12.6]).

Theorem 4.3.4. If P and QQ are colored posets of cardinality n and m, respectively,
then

Agi&@(q’ p)
—~ —i)(k—j n+j—i n+i—j maj maj
Z 3y gtk J>( i- ) ( ‘ .]> A (g, p)ABY (g, p) (4.11)
== n—i J,\ n—j /,
fmaj
APuaTJQ(qa p)

3

r(k—i)(k—j) (M T — 1 n+i—j fmaj] fmaj
q ( noi )\ nj qTAp,i (¢:P)Aq ;" (¢, P)

[e=]

I

.
Il
o

J
(4.12)

In particular, for any disjoint r-colored permutations u and v of length n and m,
respectively, we have

Z qmaj(w)pn(w) _ qmaj(u)+maj(v)+(kfdes(u))(kfdes(v))pn(u)Jrn(v) «

w € ullly
des(w)=k

n — des(u) + des(v)\ [m — des(v) + des(u)

k — des(u) g k — des(v)
(4.13)
Z quaj(w)pn(w) _ quaj(u)+fmaj(v)+r(k7des(u))(kfdes(v))pn(u)+n(v) %
w € ullly

des(w)=k

(), (),
(4.14)

Proof. Equations (4.13) and (4.14) are immediate consequences of Equations (4.11)
and (4.12), respectively and it suffices to prove Equation (4.11). The proof follows
the exact same steps as Stanley’s proof of [87, Proposition 12.6]. We reconstruct
the argument.

We introduce the following notation
Us(Pig,p) = Psgﬂ),,sH(F(P; X)),
Equation (2.19) for A = L") (P) becomes

des, maj
S Un(Pig.p)t = A2 (20:P) (115)
>0 ? o (x;Q)n—i-l
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Recall from [90, Equation (1.87)] the following idendities’

n+1
@i = > DO (" ) (1.16)
k=0 q
1 _ n+m "
(T Qn1 ;( n >q ' (1

On the one hand, rewriting Equation (4.15) as

o
AR (2,q,p) = @it | Y UN(Piq.p)a” |
s>0

substituting Equation (4.16) and extracting the coefficient of z* yields

k

azam) = S04 (") vppiap) (4.18)

=0

On the other hand, substituting Equation (4.17) in Equation (4.15) and extracting
the coefficient of = yields

Ur(Pigp) = 3 ("+k> Ami (P, (4.19)

n
k=0

Next, applying Equation (4.18) for the poset P L. @ of cardinality n + m and
substituting Equation (4.19) yields

k

A (@,p) = Z(—l)iq“) (”*m“) UL (P Uy Qia.p)

=0 q

n+m+1 . -
= ( ) Ui—i(P;4,p)Uj_;i(Q; ¢, P)
B Zk: (n+m+1>
=0
k—i k—i
n+7 ma m+] ma
Z( ) PkJ 71— j(Q7p) < ) ij i— ](Q7p) )
Jj=0 7=0

(4.20)

where the second equality follows from the fact that the specialization ps(q 1)) m 1S an

algebra homomorphism. Now, as Stanley points out the coefficient of
A (4, )AL (4, p)

"Equation (4.16) for & — —x is often called the g-binomial theorem.
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in the far right-hand side of Equation (4.20) is equal to

(h—t)(k—s) (T 5— 1 n+t—s
e n—t J,\ n—s /,
and the proof follows. O

In view of the bijective proof of Stanley’s shuffling theorem that exist in the
literature [59, 85] we propose the following problem.

Problem 4.3.5. Find bijective proofs of Theorems 4.3.83 and 4.5.4.

4.4 Shuffle-compatible colored permutation statistics

We say that a colored permutation statistic stat is a colored descent statistic if
it depends only on the colored descent composition of sDes. Examples of colored
descent statistics include®

sDes, Des, des, maj, fmaj, (des,maj), (fdes,fmaj), csum

as well as the colored peak composition, introduced by Bergeron and Hohlweg [21],
which will be defined later in this section. We will now describe the shuffle algebras

associated to some of these statistics following the arguments of Gessel and Zhuang
[56].

Theorem 4.2.4 implies that QSym(T) is isomorphic to the shuffle algebra for
the colored descent set with the fundamental basis corresponding to the basis of
sDes-equivalence classes.

Theorem 4.4.1. The colored descent set sDes is shuffle compatible and the linear
map on Aspes defined by
[w]sDes — Fy

is a C-algebra isomorphism from Aspes to QSym(").
Theorem 4.4.2. (a) The shuffle algebra of maj is isomorphic to the shuffle al-
gebra of the uncolored major index as described in [56, Theorem 3.1].

(b) The linear map on Agma;j defined by

quaj(w) o]

[lwl]qr!
is a C-algebra isomorphism from Agmaj to the span of

J
{q'x”:nzo, OSer(Z)—Fn(r—l)},

[n]qr!

[W]fmaj

a subalgebra of C[[q]][x]. The n-th homogeneous component of Apmaj has di-
mension 7 () +n(r —1) + 1.

8We assume that they are computed using the color order, although it does not really depend
on the total order of 2.
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Proof. The proof follows the exact steps of the proof of [56, Theorem 3.1] but
one needs to apply Equation (4.10) for pg = p1 = -+ = p,—1 = 1 instead of
Stanley’s shuffling theorem. The possible values for the flag major index for r-
colored permutations of length n range from 0 to T(g) + n(r — 1), the latter being
attained for n"~1...2r—117—1, O

Following [56], we denote by C[[z*, ¢]][t] the algebra of polynomials in ¢ whose
coefficients are formal power series in x and ¢, where multiplication is ordinary
multiplication in the variables ¢t and ¢, but is the Hadamard product in z. More
precisely, the Hadamard product * on formal power series in x is given by

g anx™ | * E by | = E anbpx™.
n>0 n>0 n>0

In addition, we write Clg,¢]N for the algebra of functions N — C[q, t].
Theorem 4.4.3. (a) The linear map on A(ges maj) defined by

q

|wl

is a C-algebra isomorphism from A(gesmaj) to the span of

. 1
{1}U{qk<m Jtmn >t”:n21,0§j§n,
q

n

a subalgebra of Clq, t]N?.
(b) The linear map on A(gesmaj) defined by

xdes(w)—f—lqmaj (w)

(el if w| > 1
[w](des,maj) = 1($; q)|w|+1

; if fw| =0

1—z

is a C-algebra isomorphism from A(gesmaj) to the span of

1 Jj+1 .k
{1 }U{(xqt”:nnosjgn
— X

90;6])n+1
2 2

“Functions N — C[g, ] are understood in the variable m.

a subalgebra of C[[z*, q]][t].
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(¢c) The n-th homogeneous component of A(des,maj) has dimension ("?;1) +n+1.
The proof is essentially a trivial generalization to the colored case of Gessel and
Zhuang’s proof of [56, Theorem 4.3]. The nontrivial part is to replace the principal
specialization of order m with the specialization pséfl)),m forpp=p1=---=pr—1=
1. We record a criterion for the shuffle-compatibility of a colored descent statistic,

which is a colored version of [56, Theorem 4.3].

Lemma 4.4.4. A colored descent statistic stat is shuffle-compatible if and only if

there exists a C-algebra homomorphism @stat : QSym(™) — A, where A is a C-algebra

with basis {ua} indeved by stat-equivalence classes o of r-colored compositions'®,

such that @siat(Fy) = uq whenever v belongs in the class «. In this case, the linear
map on Agiar defined by
[w]stat = Ug

where co(w) belongs in the class a is a C-algebra isomorphism from Agay to A.

We are ready to prove Theorem 4.4.3.

Proof of Theorem 4.4.3. We first prove (a). Our goal is to apply Lemma 4.4.4 for
A being the subalgebra of C[g, ™ spanned by

—j -1
{HU{q’“(m o >t”:n21,0§j§n
q

L Gt}

For a positive integer m and an r-colored quasisymmetric function f we define

B () = DSty (f) D),

(r) (r)

where pspq is just psylgp When pg = p; = --- = p,—1 = 1 and deg(f) denotes the
degree of f. Also, let @Eg)es,maj)(f) be the constant term in f. Since (I)&?s,maj) :

QSym ™ — Clq, t] is a homomorphism, the map ©(des,maj) : QSym) — C[g, )N that
takes a colored quasisymmetric function f to the function

(des,maj
is an algebra homomorphism.
The proof of Equation (2.12) and Remark 2.3.7 imply that

¥ (des,maj) (FW (X

r sum(Des m — | Des +n—1 n
) (m) = gD (v))( | (;)V ) ;
q

10A colored descent statistic stat induces an equivalence relation on colored compositions, since
colored permutations with the same colored descent composition are necessarily stat-equivalent.
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for every r-colored composition v of n and all m > 1 and ¢ (des maj) (Fo (XM))(0) = 1.
Furthermore, similarly to the classical case, we have

Z <m - ’ DGS(’}/)‘ +n— 1) - Z (m + n) xm-H Des(v)[+1 _ gl Do)+
m>0 n q m>0 n q (.%'; Q)n-‘rl
(4.21)

for every r-colored composition v of n and therefore the functions
m—j+mn-—1
n q

are linearly independent. The proof follows from Lemma 4.4.4 and the fact that (cf.
[56, Proposition 2.4])

e for any w € &,,, with des(w) = j, we have'!

(;) < maj(w) < nj- (”jl),

e and if j € [0,n —1] and (% <k<nj-— (j;rl), then there exists w € &, such
that des(w) = j and maj(w) = k.

To prove (b), we notice that the map C[g, {|N — C[q, t][[z*]] defined by

fo= > fmyam

m>0

is an isomorphism and by Equation (4.21), the images of the basis elements in (a)
are those given in (b), which belong to C[[zx, q]][t].

The dimension of the n-th homogeneous component of A(ges maj) 15

i<<nj_<j;1>>_<;>+l> = i(”j—JQJrl) = (n;_l)—i-n—i—l,

j=0 7=0

which settles (c). O

Theorem 4.4.5. (a) The linear map on Aqes defined by

m — des(w) + |w| — 1> ol
|w]

[W]des + (

is a C-algebra isomorphism from Aqes to the span of

{1}U{<m‘jznl>t”:nzl, ongn},

a subalgebra of Cm,t].12.

1 Among all r-colored permutations with j descents, the smallest possible value of the major
index is attained when the descent set is [0, 5 — 1].
2Polynomial functions in characteristic zero may be indentified with polynomials.
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(b) Ages is isomorphic to the span of
{(BU{r(m -1 +1)7t":n>1, 1 <j<n+1},
a subalgebra of Clm,t].
(c) The linear map on Ages defined by
:Cdes(w)Jrl
[waes =+ § (L= @)l

1
1—2’

thelif w] > 1

if lw| =0
s a C-algebra isomorphism from Ages to the span of

1 pIt1
———t":n>10<j<
Ul ez o<

a subalgebra of Cllxx]][t].

(d) The n-th homogeneous component of Aqes has dimension n + 1.

As with the proof of Theorem 4.4.3, the proof of Theorem 4.4.5 is essentially
a trivial generalization to the colored case of Gessel and Zhuang’s proof of [56,
Theorem 4.6]. The nontrivial part is the specialization. We omit the proof, but
notice that it uses a colored version of [56, Theorem 3.3] and Theorem 4.4.5. One
can prove a similar description for the shuffle algebra of the flag descent number.

Stembridge [95] studied a subalgebra of QSym using a variant of P-partitions,
called enriched P-partitions. A composition of n such that all but its last part
must greater than 1 is called peak composition. These compositions appear as the
compositions associated to the peak set of some permutation. For example, for w =
87154623 € Gg we have Pk(w) = {4,6} and the corresponding peak composition
is co(Pk(w)) = (4,2,2). The number of peak compositions of n equals the n-th
Fibonacci number (see, for example, [62, Section 2.5]). Starting from a composition
a of n, one can obtain a peak composition @ of n by replacing consecutive 1s with
their sum added to the next part to the right:

(s i s L1 L Qg ds o) > (oo Gy Qb1 110,000 ).
>1 m >1
In our running example, we have co(w) = (1,1,2,2,2) and therefore ¢o(w) =

(4,2,2), in agreement with our previous computation.

For oo € Comp(n), let

Kq,(x) = Z 265 My (%),

a=p*

where §* is the refinement of 8 obtained by replacing every part §8; > 2 with two
parts (1,5; — 1) for all ¢ > 1. Let II,, be the subalgebra of QSym,, spanned by the



4.4 Shuffle-compatible colored permutation statistics 77

set of all K,(x) for a peak composition o of n. Stembridge [95] proved that the
map QSym — II defined by
Fo(x) = Ka(x)

is a surjective algebra homomorphism, where I := CHIl; @ Ilo & - --. This is called
the algebra of peak functions and each K, (x) indexed by a peak composition « is
called a peak function.

Peak functions arise as generating functions of enriched P-partitions. The theory
of P-partitions provides a rule for multiplying peak functions which involves shuffles
of permutations. In particular, for two disjoint permutations v and v of length n
and m, respectively, we have

Kn,Pk(u) (X)Km Pk( v) Z n+m,Pk( )( )7 (422)

weullv

where K, pi(y)(X) := Keo(pk(u)) (%) Gessel and Zhuang [56, Theorem 4.7] noticed
that Equation (4.22) implies that the peak set Pk is shuffle-compatible and that the
linear map on Apy defined by

[wlpk = Kjw|,Pr(w)(X)
is a C-algebra isomorphism from Apy to II.

Begeron and Hohlweg [21] introduced a generalization of Stembridge’s peak al-
gebra, introducing the notion of colored peak composition'®. Our goal for the re-
mainder of this section is to derive a colored analogue of Gessel and Zhuang’s result
for the shuffle compatibility of the colored peak composition.

Following [21, Section 2] and [62, Section 3.6], the rainbow decomposition of an
r-colored composition v of n is the unique expression

_ LW @ (k)
T T e e
of v as the concatenation of compositions 7(;), such that all the parts of ;) have
the same color €(;) and no two consecutive ~(;) have the same color. For example,
for n =12 and r = 6 we have

(3%,1%,1,31,2°2%) = (3%)(1%)(1",3")(2°,2°).

An r-colored peak composition is an r-colored composition such that each part
of its rainbow decomposition, when forgetting the color, is a peak composition. For
example, the 6-colored composition we considered in the previous example is not a
colored peak composition, because (1,3) is not a peak composition. Colored peak
compositions arise as peak compositions of colored permutations in the following
way. For w® € &,,,, we write!!

— W W@
W= Wy Wa) Wy

3Petersen studied a subalgebra of Chow’s type B quasisymmetric functions, which is isomorphic
to the shuffle algebra of the left peak set. For more information we refer to [56, Section 4.4] and
references therein.

This is essentially the rainbow decomposition of a colored permutation.
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where each wzg) is an r-colored permutation in which each letter has the same color
€() and no two consecutive words have the same color, that is €;) # €41). We
define the peak composition of we, written €¢6(w®), as the concatenation of the peak
compositions of each w;) with color €(;). For example, the 6-colored permutation

w = 5*8*9* 13 6l4110'12! 207030110
S~

w?

(1) wy.

1
w (4)

(3)

w3

(2)

has peak composition
@(w) = (3M)(1%)(4H (2% 2%).

Starting from a colored composition one can obtain a colored peak composition by
applying the operation ~ to every part of its rainbow decomposition. For example,

(34,13,11,31,20,20) - (3%)(13)(41) (20, 2).

1) .2 €(k)

For ~v = ’y(i) Yoy Yy € Comp(n,r), let

My — (B +HB)+HBEI A o . . (r)
Yy 2B

Let Hg) be the subalgebra of QSymng) spanned by the set of all KV(X(T)) for an
r-colored peak composition v of n. Bergeron and Hohlweg [21, Theorem 5.3] proved
that the map QSym( — II(") defined by

P (X0) o K5 (X0)

is a surjective algebra homomorphism, where II(") := C & HY) <) Hg) @ ---. This is
called the algebra of colored peak functions and each Ky(X(T)), indexed by a colored
peak composition v, is called a colored peak function.

Hsiao and Petersen [62, Section 3.7] developed a variant of their colored P-
partitions, called colored enriched P-partitions, in which colored peak functions
arise as generating functions in a similar fashion to the uncolored case. The theory
of colored enriched P-partitions provides a rule [62, Equation 3.13] for multiplying
colored peak functions which involves shuffles of colored permutations. In particular,
for two disjoint r-colored permutations u and v of length n and m, we have

Koo X Kopy) (X)) = 37 Koy (X) € I, (4.23)
weullv
where Kmspk(u)(X(’”)) = Co(spk(u))(X(”)) and sPk(u) is the r-colored subset of

[n] corresponding to the peak composition of u, called the colored peak set of w.
Equation (4.23) implies the following theorem.

Theorem 4.4.6. The colored peak set sPk is shuffie-compatible. In addition, the
linear map on Agpyk defined by

[wlspr — Kop(X™)

is a C-algebra isomorphism from Agpx to ),



Chapter

Descent representations and
quasisymmetric functions

5.1 Combinatorial representation theory of colored per-
mutation groups

The (complex) character theory of colored permutation groups was developed by
Wilhelm Specht [84]. For a complete account of it we refer to [19, Section 4.2], [60,
Section 4.5] and [93, Section 4]. Irreducible complex &,, ,-characters are indexed
by r-partite partitions of n. Let R(S,, ) be the Z-module generated by irreducible
S, -characters and let

R(GM)=ZOR(61,) ®R(Gy,) @ ---

As in the uncolored case, the Z-module R(&() has a ring structure induced by
the induction product. The induction product f o g of an &;,-character and an
S, r-character g is defined by

6i j,T
fog = (f®9) s, Xe,,:

where &;, x 6, = 7,16, is viewed as a subgroup of &;4;,. The ring R(G(T))
is closely connected to Sym(™) via a colored version of the Frobenius characteristic
map. We will describe Poirier’s version of the colored characteristic map [76, Sec-
tion 2], which is a variant of Macdonald’s [64, Appendix B]' (see, for example, [60,
Chapter 4] and [19, Section 4.2]). For this we need to introduce some notation.

As we discussed in Section 1.4.2, conjugacy classes in &, , are in one-to-one
correspondence with r-partite partitions of n. We now describe the cycle type of
a colored permutation. Starting with a colored permutation, first form the cycle
decomposition of the underlying permutation and then provide the entries with their

1Stembridge [94, Section 5] considered yet another variation of Macdonald’s map in the case
r=2.
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original color, forming colored cycles. Then, define the color of a colored cycle to
be the sum of colors of all its entries computed modulo r. Now, the cycle type
of w € &,,,, written ct(w), is the r-partite partition of n, whose j-th part is the
integer partition formed by the lengths of the colored cycles of w having color j, for
every 0 < j <r — 1. For example,
w = 6°2°4*31155% = (196" 5%) (3! 4% (2°) € Ggg
N—— N—— ~—~
1-colored cycle 5-colored cycle 5-colored cycle
has cycle type (2, (3),9, 9, (2,1),d, 2). It is well known that colored permutations

are conjugate if and only if they have the same cycle type (see, for example, [76,
Proposition 1]).

Fix ( a primitive r-th root of unity. For a nonnegative integer k and any 0 <
1<r—1,1let
p (X)) = p(x®) + Ipr(x D) + -+ O (D) € Sym ™.

For example, for r = 2, we have ( = —1 and therefore?

p](CO)(X(O),X(I)) = pe(x) + pp(xM)
i (x@,x W) = pp(x@) — pr(x).

Also, for an integer partition A = (A, A2,...)Fnand any 0 < j <r —1, let
P (X0) = g (X (XO) - e sy

To an r-partite partition A = ()\(0), AL ,)\(7"*1)) of n we associate the following

element of Symg)

pa(X0) = pl (X))

(0 A1) (X(T)) e p(ﬂf_ll)) (X(T))

which we call the colored power sum symmetric function. The set {py : A F n}

forms yet another basis for Symg).

The colored Frobenius characteristic map ch,. : R(S(T)) — Sym(r) defined by

ch, () (X)) = . Y X(W)peru1)(XT) (5.1)

’ ’we@n,r
is a ring isomorphism® with the property that [76, Section 2]
ch, (M) (X)) = sx(X1),

where y* is the irreducible S, r-character associated to the r-partite partition A =
AO XD A=Y of

2They are denoted by pz and p; respectively in [1, Section 2.3].

3 As in the uncolored case, we view Sym(" as a Z-algebra for which pﬁf), foralln >0,0<j <r-1
are algebraically independent generators (see Section 2.1). In addition, the elements sy form a basis
of the Z-module Sym ") (see the discussion in [19, page 1501]).
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We are in position now to prove Lemma 3.1.1, as we promised at the beginning
of Chapter 3.

Proof of Lemma 5.1.1. The Frobenius formula [15, Theorem 6.1] for &, , states

pa(XT) = > P (X)), (5.2)
AbFn

where x*(u) is the value of x* at the elements of Gn,r of cycle type p - n (see
[89, Equation (7.76)] for the r = 1 case and [1, Equation (2.6)] for the r = 2 case).
Notice that the conjugacy class of the identity element in &,,, corresponds to the
r-partite partition of n, whose part of color 0 is (1) and all the other parts are the
empty partitions, written (17, @"~!). Therefore, we have

P(in g1y (X7 = pE?L)(X(r)) _ <p50)(x(r))> - <p1(x<0))+.._+ pl(x(r71)>> ’

which is exactly the right-hand side of Equation (3.1). Furthermore, x*(1?, @"~1)
equals the dimension of x*, which is known to equal the number of r-partite stan-
dard Young tableaux of shape A (see, for example, [5, Section 2]). Therefore, Equa-
tion (5.2) for p = (1", @"~1) becomes

par oy (XM =" Y Fp(x™),

Abn P,QESYT(A)

using the expansion (2.5). This in turn is exactly the left-hand side of Equation (3.1)
by the colored Robinson—Schensted correspondence and its properties. The proof
follows by combining the two calculations. O

There are 2r one-dimensional &, ,-characters (see, for example, [22, Section 4]),
which are of the form

X (W) = (1)) eomm(w)

where inv(w) := {1 <i < j <n:w() > w(j)} is the inversion number of w for
every 0 < j <r—1and w® € &,,. The character® 1, := X+,; corresponds to the
irreducible &,, ,-character corresponding to x? weo(m)@ where the nonempty part
occurs in the jth color.

For w € &,,,, recall that ¢/(w) denotes the number of j-colored cycles, for all
0 <j <r—1. The color sum of w is also given by

r—1
csum(w) = Z g (w).
=0

Therefore, 1,, ; acts on the conjugacy class K(A) of &, corresponding to A = (A
AL /\(T_l)) as follows

L) = FEAMFAAE et (rDEATT)), (5.3)

‘For r = 2, the B,,-character x 1 corresponding to the bipartition (&, (n)) is sometimes called
the parity character (see, for example, [50, Section II] and [94, Section 1], where it is denoted by
d).
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We will now examine what is the effect of tensoring some &,, ,-character with 1, ;
on the level of elements of Sym(T) via the colored characteristic map. But first, let
us recall some facts about tensor products (see [48] and [60, Section 4.1]).

Representation Theory Digression. Let G be a finite group. Given two finite, com-
plex G-representations V and U, G acts on their tensor product V ® U via

g-v®u = (g-v,9-u).

This is called the diagonal action of G on V ® U. The resulting G-representation,
denoted also by V ® U, is sometimes called the inner tensor product (or Kronecker
product) of V and U. The character xV®V of V ® U is given by the product x" xV
of the characters x and xV of V and U, respectively. Sometimes, to emphasize
this fact it is convinient to write xV®V = yV @ yV.

Now, let G and G’ be finite groups and let V' (resp. V') be a finite, complex G
(resp. G’)-representation. The direct product G x G’ acts on the tensor product
V@V’ via

(9,9') - (v,0") == (g-v,9 V).
The resulting G x G’-representation, denoted by V X U, is sometimes called the
outer tensor product of V and U. The (pointwise) product ¢ x ¢» € CF(G x G') of
two characters ¢ of G and 1 of G’, given by

(0 x¥)(g,9") = o(9)v(d),

where CF(G x G’) is the space of (complex) class functions of G x G’ is also a
character corresponding to some outer tensor product just described. In general,
if V and V' are irreducible G and G’-characters respectively, then V X V' is an
irreducible G x G'-character and every irreducible G x G’ arises in this way (see, for
example, [48, Exercise 2.36)).

For a color j € Z,, we define an operator shift; on colored partitions and elements
of C[[X™)]] as follows

shift (A<0), A0 ,)\(7’_1)> — DA\
shift (f(x(o), xM ,x(’"*l))> = f(x(j),x(jJrl)? o 7X(J'*1)),

for each r-partite partition (A, XM .  AC=DYy and f € C[[X")]], where the ex-
ponents are computed modulo r.

(0)

Lemma 5.1.1. For every partition \, we have shift;(p,”’) = p(o)

and
Shiftj(p()\i)) — Cj(r—i)Z(A)pE\i)

forevery0<j<r—1andl <i<r-—1.
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Proof. The first equality is obvious by the definition of pg\o)_ Forevery 1 <i<r-—1

and A = (A1, Ag,...) we have

I
>

(N

G000 = DO TT (i, (x0) + Cipa, (D) 4 -+ (0 Vi, (x77))
k=1

L)
H <<J r=Dpy, (xO) 4 ¢Ir=DFip, (x(Dy 4

+CJ(H rfl)‘p)\k(x(rfl)))'
Now, since j(r — i) + ji = jr =0 (mod r), the far right-hand side above becomes
D (x@) xGHD) . xG=D)
and the proof follows. O

Lemma 5.1.2. (cf. [50, Proposition II.1] and [76, Lemma 21]) For every finite,
complex &,, ,-character x we have

ch,(x ® 1,;) = shift;(ch,(x)).
In particular,
chy (Lo ) (X)) = ha(x1),
for every 0 < j <r—1.
Proof. If a colored permutation has cycle type ()\(0), A ,)\(T_l)), then its in-

verse has cycle type (A, X=1) . A1) (see [75, Proposition 7.8]). Therefore, by
Equation (5.1) we have

0 1 r—1
r(x @ 1ng) ! Z KA ‘()‘)p(xg)p(xz—n "'p(m) )
AEn
= SR (¢TI0 (GO
T”n! A0 A1) N
AFn
= Z\K )Ix(A) shift;(p © ) shift ; ( ) ) - - shift; ( (7“—1))
,,nnnl X A(0) p)\(r 1) ) J p)\(l)
Abn
i 0 1 r—1
= S IO O shifty (0 p0 - pe )
AFn
= shift; (ch, (x)).

where the third equality follows from Lemma 5.1.1. The second implication follows
from the first for x = 1,0 = 1,, the trivial &,, ,-character and the fact that

ch,(1,)(X™) = h,(x).
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5.2 Descent representations and products of Schur-posi-
tive sets

The set of elements of a Coxeter group having a fixed descent set carries a natural
representation of the group, called the descent representation. Descent representa-
tions first appeared in Solomon’s work [81] on Weyl groups as alternating sums of
permutation representations. This concept was extended by Bagno and Biagioli [15]
to complex reflection groups. Their construction of descent representations involves
the coinvariant algebra as the representation space and builds upon work by Adin,
Brenti and Roichman [3] who treated the case of Weyl groups of type A and B.

There is another description for descent representations by Gessel [52] using
ribbons. Lemma 1.6.2 asserts that the quasisymmetric generating function of an
inverse descent class of the symmetric group equals the corresponding ribbon Schur
function. Thus, the &,,-characters of descent representations for the symmetric
group correspond to Foulkes characters. Recall the discussion of Section 1.6 and in
particular Lemma 1.6.2.

Closely related to descent representations and quasisymmetric functions is an-
other remarkable discovery by Solomon [82], the so-called Solomon’s descent algebra.
In particular, he proved (in the more general setting of Coxeter groups) that the set

Z w:S Cn—1]

wGDn,S

spans a subalgebra, written Sol,,, of the group algebra C&,, of the symmetric group
of dimension 2"~!. Gessel [52, Section 4] showed that the comultiplication® A on
QSym induced by the map

fx) = flxy),

where xy is the product of the sequences x and y of commutating indeterminates
ordered lexicographically

11 < iQ, or
Ti1Yjr <lex LTizYjo = i =iy, and ji < ja
- Y

acts as follows on the fundamental basis

A(F,) =Y ¢l sFa® Fp
a’ﬁ

for every integer composition vy, where cl g 18 the number of pairs (u,v) of permu-

tations such that co(u) = a, co(v) = and uv = w, where w is a permutation with
co(w) = . Therefore, Solomon’s descent algebra Sol := C @& Soly @ Soly @ - - - is
isomorphic to the graded dual QSym® of the algebra of quasisymmetric functions.

Remark 5.2.1. The interaction of all these structures; Sym, R(&) (partitions), QSym,
Sol (compositions), IT (peak compositions), and shuffle algebras is fascinating. For

SFor the notion of comultiplication and graded dual, we refer to [60].
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more information we refer to [60, 62, 72] and references therein. The following
diagram illustrates the relations between them.

-APk — -ADes

E s Cdual QSym® = Sol > TI°
Sym __dual Sym as rings (&)

Elizalde and Roichman [39, Proposition 5.3] observed that the fact that Sol,
forms an algebra implies that the multiset and set products of inverse decent classes
in &,, are Schur-positive. The (multiset-)product of two subsets A, B C &,,, written
AB, is defined to be the multiset of all permutations of the form wv for u € A
and v € B. They actually proved a significant strengthening about products of
Schur-positive sets and inverse descent classes, in which Foulkes characters come
into play.

Theorem 5.2.2. (Elizalde-Roichman [39, Theorem 5.12], Bloom [27, Theorem 3.3])
Let A C &, be a fine multiset for the &y, -character x with corresponding &,,-
representation p. For every S C [n — 1], the following hold.

e The product .ART_L{Q is a fine multiset for the &, -character (x Lgco(s)) 16,

o The product AD;}g is a fine multiset for the &,-character x ® ¢n s of the
(internal) tensor product representation of p and the Foulkes representation
corresponding to S.

o The distribution of the descent set over .AD;ls and over D;}g.A is the same.
In particular,
F(AD, ;%) = F(D, s A;x).

This result, as the authors in [39] illustrate, provides a general method for con-
structing Schur-positive sets and multisets. Adin, Athanasiadis, Elizalde and Roich-
man [1] extended the theory of fine sets and fine characters to the hyperoctahedral
group. They managed to provide signed analogues for several interesting Schur-
positive sets and their corresponding characters (see, for example, the discussion
in [1, Section 1]), except for the case of inverse signed descent classes where the
authors do not provide the corresponding characters.

Motivated by this, later in the chapter, we prove that inverse colored descent
classes corresponding to colored sets are Schur-positive for the characters of descent
representations of &, ,, studied by Bagno and Biagioli [15]. Our proof involves a
colored analogue of Gessel’s approach to descent representations. More precisely, we
introduce a notion of colored ribbons and associate the image of descent represen-
tations of &,,, via the characteristic map to Schur functions in Sym( indexed by
colored ribbons. We also provide a colored analogue of Theorem 5.2.2, which could
potentially lead to many instances of Schur-positive subsets of colored permutations.
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5.3 Schur-positivity of colored quasisymmetric functions

A (multi)set A endowed with a colored descent map sDes : A — X(n,r) is called
Schur-positive if

F(A7 X(T)) = Z mA<a)FsDes(a) (X(T))
acA

is a Schur-positive element of Sym(r), meaning

PAXT) = " s (X0)
An

for some nonnegative integers cy. By Equation (2.5), we have

sx = F(SYT(V) = > HQeSYT():sDes(Q) =o}| F,

oeX(n,r)

for all r-partite partitions A of n. Comparing with the definition of F(A; X)) we
get

ma(a)[{a € A:sDes(a) =0}| = > cx[{Q € SYT(A) : sDes(Q) = o}|  (5.4)
AFn

for all o € ¥(n,r). Equation (5.4) is equivalent to the existence of a (multi)set
partition A = Ay U A U --- U A, and sDes-preserving bijections A — SYT()\i),
for some r-partite partitions A’ of n, for all 1 < i < m. Since the distribution of
sDes over SYT(XA) and Kp is the same, for some P € SYT(A) (recall the discussion
towards the end of Section 1.4) we have the following criterion for Schur-positivity.

Theorem 5.3.1. A (multi)set A endowed with a colored descent map sDes : A —
Y(n,r) is Schur-positive if and only if there exists a (multi)set partition A = A; L
Ao U+ -- U Ay, and sDes-preserving bijections

for P* € SYT(XY) and r-partite partitions X of n, for all 1 < i < m.

Adin et al. [1] developed an abstract framework to capture this phenomenon
in the case r = 2, providing a signed analogue of Adin and Roichman’s theory
of fine sets [8]. We review (a small portion of) their work, stated for general r.
Let 0 = (@, €) € ¥(n,r) and 4° € Comp(n,r). The r-colored set o is called ~°-
unimodal if S is y-unimodal, that is if S is unimodal with respect to the underlying
composition of 4°.

Definition 5.3.2. (cf. [1, Definition 3.4]) The weight weight.s(0) of o = (g, €) €
Y(n,r) with respect to 9 = (’yfl,ygz, e ,ygk) € Comp(n, ) is defined as follows:

e weight.s(0) := 0, if either o is not ~v%-unimodal or for some index 1 < i < k
the color vector € of o is not constant on B;(7)°.

5This is the ith block of v of cardinality ; (recall the discussion in Section 1.6).
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e Otherwise we set
weight (o) = (2i-0 715 0%5)(_1)ISS] (5.5)

where nj('ya; o) denotes the number of indices 1 < i < k for which th~e elements
of B;(7y) are assigned the color j by both the color vectors € and ¢ of o and

'y‘s, respectively.

Definition 5.3.3. (cf. [1, Definition 3.5]) Let x be an &,, ,-character. A collection
A, endowed with a colored descent map sDes : A — X(n,r), is said to be fine set
for y if
x(1) = 3 ma(a) weight, (sDes(a))
acA
for every colored composition v of n.

The following lemma states that the set of standard Young r-partite tableaux
of shape A - n endowed with the colored descent map defined in Definition 1.4.3 is
a fine set for the irreducible &, ,character x». Tt is essentially [1, Theorem 4.1] for
general 7.

Lemma 5.3.4. For all r-partite partitions A = (A, XD XO=D) and p of n
and every r-colored composition v of n whose ith colored component is a permutation
of A\

XMu) = > weight, (sDes(Q)). (5.6)

QeSYT(N)

Proof. The proof is essentially a trivial generalization of the proof of [1, Theorem 4.1]
for r > 3. We derive a formula for the left-hand side and a formula for the right-
hand side of Equation (5.6) and show that they are equal. To compute x*(u) for

p=(pO u® . D) we expand the left-hand side of Equation (5.2) as
p% (X(T))p&)l) (XY 'Pfﬂf_lf) (X))
f('u(o))
= [[ (pﬂgm (X(O)) +p'ul(_0> (x(l)) et pugo) (X(r—l))> y

o(uD)
H <pu(_l) (X(O)) + Cpu(w(x(l)) 4+ .+ Crilpu(l)(x(ril))) "
=1 ¢ i :

(=)
H (pu(_rfl) (X(O)) + Cr_lpu(rfl) (X(l)) + .
i=1 ‘ i

— 71 _

Yy pu<_r—1>(X(T 1))>

> CZ;;(%jl{lgigé(“(j>)1€£j>:j}|X
E(j)EZf,(“(j>)

Py (x)p, 0y (xM) - p oy (xTY),
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where () is the composition consisting of the parts u,(co) of 19 with eg)) = 3,

followed by those parts ,u,(fl) of ™M with 6](61) = j, etc. until the parts ,u,(:_D of p(r=1)
with e,(:*l) = j, for each 0 < j < r — 1. Now, expressing each py(j>(x(j)) in the

Schur-basis of Sym(x")) and comparing to Equation (5.2) yields

X'\(V)
r—1 - Y. ) .
_ } : CZFS]I{ISSK(M”)-EJ fJ}\X/\“’)(,/(O))XA“)(,,(1)) ) "XM 1’(,,(7"—1))_

e(d) EZﬁ(u(j))

(5.7)

We now derive a formula for the right-hand side of Equation (5.6). Given color

éj(im)) € Zf(“m) forall 0 < j <r —1, we write fye(o)"“’e(r_l)
for the r-colored composition, whose underlying composition is that of v and whose
parts are colored according to the colors of the parts of 9 assigned by €(). Next,
denote by ’y;(o)""’wil) the composition obtained from v +<""" by removing all
parts of colors other than ¢ and forgetting the colors. The blocks of v partition the

set [n], i.e.

vectors el) = (egj), S €

[n] = Bi(y)UBz(y)U-- U By (7)-

(0) (r—1)
We denote by R €

J
() ((r=1)

of v , for all 0 < 5 < r — 1. Comparing Definitions 1.4.3 and 5.3.2 the
right-hand side of Equation (5.6) equals

the union of those segments which correspond to parts

3 (TSIt =5)] Z(_l)mes(@@)\swg(” """ Y

e(j>eZ£(“(j)) QO

(rfl)m’e(rfl)
—1

Z (—1)IPes(@TINS(; )l

Q(r—1)

9

where the jth sum ranges over all standard Young tableaux QU) of shape AU and

©) r-1) ©)  (r-1)
content R, with 5

this becomes

-unimodal descent set. By [1, Theorem 2.4]

r—1 . . iN..(3) _ (0) (r—1) (r—1) (0) (r—1)
o {1<i<e(uD e =53 AO _e0) e A e e
E ' Czj,o { (1) }\X (v JEREDY (e, )
(N
"

6<j)EZ£(
and since the values y(a) of an irreducible &,-character do not depend on the
ordering of the parts of a composition a of n, comparing with Equation (5.7) yields
Equation (5.6) and the proof follows O

The proof of the following theorem is essentially the same as the proof of [1,
Theorem 3.6], but using Lemma 5.3.4 instead, and is therefore omitted.
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Theorem 5.3.5. Let x be an &, ,.-character and A be a collection of combinatorial
objects endowed with a colored descent map sDes : A — X(n,r). If

ch, ()(X") = F(4;X")
then A is a fine multiset for x.

We will say that a (multi)set A, endowed with a colored descent map sDes :
A — X(n,r) is Schur-positive for the &,, ,-character x if A is Schur-positive and

chy (x)(X™)) = F(4;XM).

Examples of Schur-positive sets of colored permutations with their corresponding
character include

e standard Young r-partite tableaux or Knuth classes of r-colored permutations
and irreducible &, ,-characters (see Lemma 5.3.4)

e absolute involutions of &, , and the characters of Gelfand model of &,, , (see
[1, Section 5] and [5]

e conjugacy classes on &, , and the colored analogue of the Lie character (see
[1, Section 7] and [76, Section 4])

e colored permutations of fixed flag inversion number” or flag major index and
the characters of the &,, ,-action on the homogeneous components of the coin-
variant algebra of &,, . (as a complex reflection group) (see [15], [1, Section 6]).

5.4 Colored ribbons, colored compositions and colored
sets

Definition 5.4.1. An r-colored ribbon with n cells is a direct sum Z = Z1 @ Zs ®
-+ - @ Zj, of ribbons with a total number of n cells each summand of which has been
assigned a color from Z, with the property that consecutive summands cannot have
the same color. Summands of Z are called parts. We will denote colored ribbons as
pairs (Z, €), where € : [k] — Z, is a color map.

For example, there exist two 2-colored ribbons with 1 cell

(D7(+))7 (Dv_)

and six 2-colored ribbons with 2 cells
(L] (), (L1, (=),
(&) (HH =h),
G (e

"The flag inversion number of w® € &, , is defined as finv(w®) := rinv(w) + csum(w®) and was
introduced by Foata—Han [44] for » = 2 and Fire [42] for general r. It is equidistributed with the
flag major index over Gy, .
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Proposition 5.4.2. The set of r-colored ribbons with n cells is in one-to-one cor-
respondence with Comp(n,r) and therefore with X(n,r).

Proof. For an r-colored composition of n with rainbow decomposition

€, @) . Ek)

7T Yy Yy Y

we define
Zy = Z7(1> @ va) G- P Zv(k),

where each summand Z'm-)v for all 1 < ¢ < k, has been assigned the color €(i)- For
example, for n = 9,7 = 2 and v = (2°)(11,21)(3%,1°) we have

Zy = 2 ®%a2®%31) =

1]
with colors 0, 1 and 0. The map v + Z, is the desired bijection. O

If (Z,¢€) is a colored ribbon with k parts, then the colored descent set of a
standard Young tableau Q € SYT(Z) is defined to be the pair sDes(Q) = (5,0) €
Y(n,r) where

e & is the restriction to S of the map 6 : [n] — Z, defined as §(i) = &(j), where
1 < j <k is the color of the part of Z in which ¢ appears in ), and

e €S, if §; # d;y1, or else if 4; = §;11 and i € Des(Q).

Example 5.4.3. Let Z = (Z2)®Z(1,2)®Z3,1),(0,1,0)) be the 2-colored ribbon
with 9 cells and 3 parts considered in the proof of Proposition 5.4.2. If

3
2[5[8

[4]6]
then 6 = (1,0,0,0,0,0,1,0,1) and
sDes(Q) = {11,3%5%,6% 71,89 9!}
For o = (5,¢) € S(n, ), let

D, = {we &, :sDes(w) =0}
D;l = {w e &, : sDes(w
ﬁ;l = {w € &,, : sDes(w

o}
o}

be the colored descent class, the inverse colored descent class and the conjugate-
inverse colored descent class respectively, corresponding to . Also, define @ as the
r-colored subset of [n] with underlying set S and color map —e.

_1)
_1)
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Lemma 5.4.4. For all o € ¥(n,r),

=D!. (5.9)

Proof. We will prove Equation (5.9). Equation (5.8) can be proved in a similar way.
Let o = (S, €). Notice that if w? € 5;1, that is

—-1
sDes(w? ) = o,

then by Observation 1.2.1 we have € = w~!(4), since a colored permutation and its
colored descent set have the same color vector. But, this is equivalent to

sDes(w™!) =7
and therefore w® € Dgl. O

The following observation exploits the connection between tableaux of colored
ribbon shape and (conjugate-inverse) colored descent classes and therefore consti-
tutes a colored analogue to Lemma 1.3.1.

Proposition 5.4.5. For every o € X(n,r), there exists a bijection from the set
SYT(Zs) to the colored descent class D, such that

sDes(Q) = sDes(w 1),

where w is the r-colored permutation associated to the tableau Q € SYT(Zy). In
particular, the distribution of the sDes is the same over ﬁ;l and SYT(Z,).

Proof. Given a tableau Q@ € SYT(Z,), we define an r-colored permutation w® € &,, ,
as in the case r = 1 (see, for example, the proof of [7, Proposition 10.12]) by reading
the cell entries of () in the northeast direction, starting from the southwestern corner
and assigning each cell entry a color from Z,. according to the color of each cell, which
is determined by the color vector of o. It follows directly from the definition that
the colored descent set of w equals o and therefore w® € D,. This process can be
reversed in a unique way and therefore resulting in a bijection.

For the second assertion, suppose sDes(Q) = (?, 9). By the definition of sDes(Q),
for all i € [n], 6(i) records the color of the part of Z in which ¢ appears in Q. Since
w€ is the reading word of @, this means § = w~!(e), which by Observation 1.2.1
is exactly the color vector of sDes(E_l). To conclude the proof notice that if
€t = €yl and w; s wijrll, then i + 1 appears to the left of 7 in w and therefore
1+ 1 appears in a lower cell than ¢ does in ) which implies ¢ € T'. O

Example 5.4.6. To illustrate Proposition 5.4.5 let n = 10,7 = 3 and consider

o=1{3%,46',82,9%,10"} +— co(o) = (3)*(1)"(2)* (2,1)? (1)}
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and therefore

-

If, for example,

[e )

Q = 6|105 e SYT(Z,)

1(2|7

then the corresponding reading word is
w = 1222729°6' 10" 5282423 €D, .
Now, one computes

w ! = 1°2210'97°5' 3282 4%6!
sDes(w ') = {22,342, 5% 61,82, 9% 101}

as well as
sDes(Q) = sDes(w1).

5.5 Colored ribbons and descent representations for col-
ored permutation groups

Recall that any product of (skew) Schur functions is a (skew) Schur function
(see the discussion on page 339 of [89]). In particular, notice that for skew shapes
A1, A2, ..., A, we have

SN @Ao@® BN, = SA1SAy SN,
Each r-colored ribbon (Z,¢€) with n cells defines an element of Symﬁf), which is
the product of ribbon Schur functions in xO x® and xY. In particular, if
L =01DLyD D Ly, let

S(Z,E) (X_(T)) = Szl (X(Gl))SZ2 (X(EQ)) e SZk (X(Gk))

Definition 5.5.1. For an r-colored subset o of [n], the (unique) &, ,-character x,
defined by

chy (X ) (X)) = sy (X)) (5.10)

is called the descent character of G, ; corresponding to o. The corresponding &,, ,-
representation, written ¢, is called the descent representation of &, , corresponding
to 0. We define the descent character (resp. representation) corresponding to an
r-colored composition in a similar way and denote by r, (X(’”)) the right-hand side
of Equation (5.10).

co(o)
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Remark 5.5.2. Given o € ¥(n,r), notice that for each tableau @ € SYT(Z,), there
exists a standard Young r-partite tableau @ € SYT (ZE,O), Z((,l), . Z,(,T_l)) (uniquely)
obtained in the obvious way, where Zgj ) is the direct sum of ribbons of color j, for
all 0 < j < r — 1 appearing in Z, (in order of appearance), with the property
that sDes(Q) = sDes(Q). For example, the standard Young 3-partite tableau which

corresponds to the tableau () of Example 5.4.6 is

(4]
@ = (@ 1, 1)

[ed]

and
sDes(Q) = {22,3',4% 5%,6',82,9°,10'},

which coincides with sDes(Q). Having in mind the construction of irreducible &,, -
representations as presented, for example, in [93, Section 4] or [50, Section II], [94,
Section 5] for r = 2, one can see that descent representations of Definition 5.5.1 are
actually extensions of Specht modules of skew shape from the symmetric group to
the r-colored permutation group.

The following colored analogue of Lemma 1.6.2 proves that conjugate-inverse
colored descent classes are Schur-positive sets for the descent characters of colored
permutation groups and therefore contributes one more item to the list at the end
of Section 5.3. The fact that inverse colored descent classes are Schur-positive (and
in particular fine sets) was proved in [1, Poposition 5.5(i)]. The new result is that
they correspond to descent characters of colored permutation groups, the lack of
which was part of our motivation.

Theorem 5.5.3. For all o € X(n,r),
FDz4X0) = FD, ", X") = F(SYT(Zy); X)) = ro(X™). (5.11)

In particular, conjugate-inverse colored descent classes are Schur-positive for the
descent characters of &, , and

re(XT) = 3" ea(o)sa (X)), (5.12)
AFn

where cy(o) counts the number of standard Young r-partite tableaur @ € SYT(X)
such that sDes(Q) = o.

Proof. The first equality of Equation (5.11) follows from Lemma 5.4.4. The second
equality follows directly from Proposition 5.4.5. Remark 5.5.2 together with Equa-
tion (2.5) yields the second equality of Equation (5.11). For the second assertion,
notice that the colored Robinson—Schensted correspondence implies that

L r r
F(D, ,X( )) = Z Z FsDes(Q)(X( ))
AFn P,QeSYT(A)
sDes(P)=c

which expands to the right-hand side of Equation (5.12) by Equation (2.5). O
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The expansion in Equation (5.12) coincides with [15, Theorem 10.5] for the
case of colored permutation groups and emphasizes the connection with Bagno and
Biagioli’s descent representations for complex reflection groups. For a different
notion of type B descent representations we refer to [76, Section 5].

Example 5.5.4. We verify Theorem 5.5.3 in a specific example by computing®
F(D;1x@ xM) and 7,(x@, xM) for o = {1°,2',3°} € £(3,2). On the one hand,
we have

D;l — {102130, 103021’ 2110307 213010, 3010217 302110}
and therefore

FD;5xO,xW) = Fiy 55", xW) + Foq (x®,xW) + Fp 5 (x©,x0)
t Py gy (O, xW) + Fpy o 5 (0 x W) + Fy 55 (%)
= 5(2) (X(O))S(l)(x(l)) 4 3(171)(X(0))8(1)(X(1))_

On the other hand, we have
=

7o =

[]

with color vector (0, 1,0) and therefore
re(x@,xM) =50y (x )51 (x) 50y (x V)
= (s 6+ 50 () sy ()
= 50 (xD)s1) (x) + 51,1y (x D)5 0y (xM).

The corresponding standard Young bitableaux of shape ((2),(1)) and ((1,1),(1))
with colored descent set o are

1
(e, @), (@)
respectively.
Definition 5.5.5. For an r-colored composition v¢ = (vi',75%,...,7;") of n, let

1. .= 1

5 x 1 X - x1

Y1,€1 V2,€2 Vk €k

be the character of the outer tensor product representation
]171,61 X IL72,62 XX :H"Yk7€k
of &y p =6y X Gy X -+ X &y, . For an r-colored subset o of [n] we write

]]_g = ]lco(cr)'

Since the characteristic map ch, is a ring homomorphism, it is easy to compute
the image of 1. In particular, we have

chr(]l'y6 Tg::)(X(”) = ChT(]l'yl,q)(X(r)) Chr(]lvz,EQ)(X(r)) o 'Chr(]]"Yk,Ek)(X(T))
= h’n (X(€1))h'y2 (X(Q)) T h’yk (X(ek))7 (5'13)

8In the case r = 2 notice that w = w for all signed permutations w € B,.
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where the second equality follows from Lemma 5.1.1.

The following theorem provides a formula’ for the descent characters as the
alternating sums of inductions of the characters introduced in Definition 5.5.5, thus
providing a colored analogue of Equation (1.20). It will play a central role later, in
the proof of Theorem 5.6.5.

Theorem 5.5.6. For all r-colored compositions v of n

Xy = 3 (DO D agg (5.14)

B=v
Proof. Since the characteristic map is an isomorphism it suffices to prove

(s — Gn,r s
TW(X( )) = Z (_1)6(7) £{(B) ch, (14 TGB,T)(X( ))’ (5.15)
B2y

for all r-colored compositions v of n. Let v¢ be an r-colored composition of n with
rainbow decomposition
e _ ) 6@ €(k)
T Tm e ey
Expanding each term of the right-hand side of Equation (5.10) according to Equa-
tion (1.20) yields

k
X(T H T ( X))

=1
k

H (V(z)) 2(Bey) hﬁ (x (E(i)))
=18 270
_ (— 1) ﬂ(l))_"'_e(ﬁ(k))hﬂ (x (6(1))) .. hﬁ(k) (X(E(k)))’ (5.16)

1<i<k
By 2v6)

since the length of 7 is the sum of all lengths of ;). Now, if welet 5 := B(1)B2) - - B

and assign to each ;) the color €(;), then

o U(B) =L(By) + LBy + - +L(B), and
e conditions f(;) = (), for each 1 <i <k are precisely equivalent to 8 <.

By this observation and Equation (5.13), Equation (5.16) becomes Equation (5.15)
and the proof follows. O

5.6 Products of Schur-positive sets

Mantaci and Reutenauer [67] introduced a subalgebra of the group algebra CS,,
of &, which arises naturally when working with colored descent sets and contains
Solomon’s descent algebra of type B, for r = 2. We recall its statement, following
the exposition of [72, Section 3.

Tt was communicated to the author by Athanasiadis [13] for r = 2.
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Theorem 5.6.1. (Mantaci-Reutenauer [67, Section 3]) For an r-colored subset o

of [n], let
dy = Z w.
weD,
For any o, € ¥(n,r), we have
dod, = Y &, dy, (5.17)
e€X(n,r)

where the multiplication takes place in CS,,, and g, counts pairs (u,v) € Sy, X
Sy, such that sDes(u) = o,sDes(v) = 7 and sDes(uv) = p. In particular, the
set {dy : 0 € B(n,r)} spans a subalgebra, written MR,,, of C&,,, of dimension’
r(r 4+ 1)""! called the Mantaci-Reutenauer algebra.

It follows from the work of Baumann-Hohlweg [19], Bergeron—Hohlweg [21]
and Petersen [72] that QSymT(f) can be given a structure of a coalgebra in a sim-
ilar way to the uncolored case such that the Mantaci-Reutenauer algebra MR :=
C@®MR; ®MRy @ - is isomorphic to the graded dual QSym™ ° of the algebra of
colored quasisymmetric functions. In addition, Bergeron and Hohlweg [21, Theo-
rem 2.12 and Theorem 5.3] prove that the set

Z w : 7y is a colored peak composition of n

u}EGn,T
N~
CO(w)=y

spans a subalgebra of MR,, which is isomorphic to the graded dual Hg)o of the
algebra of colored peak functions.

Remark 5.6.2. The following diagram illustrates the relations between the colored
analogues of the structures which appear in 5.2.1: Sym(’"), R(G(T)) (r-partite parti-
tions), Sym(™), MR (r-colored compositions), II(") (colored peak compositions) and
shuffle algebras of sDes and sPk.

Ast E— AsDes

% o)

" — QSym™ -4l QSym(° « » MR < m°
Sym(") --dual__ gy (7) R(SM)

as rings

The (multiset-)product of two subsets A, B C &,,,, written AB, is defined to
be the multiset of all r-colored permutations of the form uv for u € A and v € B.
Similarly to the uncolored case, the fact that MR,, forms an algebra implies that
products of (conjugate-)inverse colored descent classes are Schur-positive.

10This is the number of r-colored subsets of [n].
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Proposition 5.6.3. Products of (conjugate-)inverse colored descent classes are
Schur-positive.

Example 5.6.4. We verify Proposition 5.6.3 forn = 3,7 = 2and o = {1',2°,3%}, 7 =
{1%,3°}. On the one hand, we have

D;l — {113020, 301120’ 302011}
D;l — {1120307 201130’ 203011}

and therefore

DDt = {19392°, 301020, 309010 311190  ql3to0 119031 319071
203111’ 201131}

-1 -1 -1
= D{2(173()} UD{][)Q(]’SU} UD{1172(]’31} .

On the other hand, we have
D, = {1'3%20 2!3919 312010}
D, = {1'2093% 211930 311090}

and therefore

DT Do‘ — {103020’ 213011’ 312011, 2030107 113021’ 311121’ 30201()7
= D{Q[)7;3()} U D{l()_2[173(1} U D{1172[1’31} .
For all o € ¥(n,r), let
R, = {we G, :sDes(@ ') <o} = U D"
T<0
The following theorem is a strengthening of Proposition 5.6.3. It provides a method
of constructing Schur-positive sets of colored permutations from known ones by tak-

ing the product with some (conjugate-)inverse colored descent class. It is essentially
a colored analogue of Theorem 5.2.2.

Theorem 5.6.5. Let A C &,,, be a Schur-positive multiset for the &y, ,-character
X. For all o € ¥(n,r) the following hold.

(1) The product Aﬁ;l is Schur-positive for the character (x ls,, ® 1) 19m.

(2) The product Aﬁ;l is Schur-positive for the character x ® xo of the inner
tensor product of the &, ,-representation with character x and the descent
representation of &y, corresponding to o.

Before proceeding to prove Theorem 5.6.5, we take a look at the special case o =
{n’}, for all 0 < j < r — 1. We will use the following consequence of Lemma 5.1.1.
We remark that Lemma 5.6.6, below, holds also for Knuth classes.
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Lemma 5.6.6. For all r-partite partitions XA of n and all 0 < j <r—1,

F(SYT(shift_;(A)); X™) = ch,(x* ® 1,,,;)(X") (5.18)
and
F(SYT(Shlft*J(A))v X(T)) = Z Fshiftj(sDes(Q))(X(r))' (519)
QESYT(N)

Proof. Let A = (AQ XD . X0=1) be an r-partite partition of n. Since
ch, (M) (X)) = sy (X)),
Lemma 5.1.1 implies that

chy (x* ® 1n,)(X™) = shift, (SA(X“)))
= SA=9) (X(O))Sxfﬁl) (X(l)) T SA(=Ar=1) (X(T_l))
= senite_; (X))
— F(SYT(shift_;(X)); X)),
where the last equality follows from Equation (2.5) and the proof of Equation (5.18)
follows. For the proof of Equation (5.19), notice that every element of SYT (shift_;(X))

is of the form
(Q(—j)7 QU ’Q(—j-i-r—l))
for some Q = (Q©,..., Q1Y) € SYT(A) and that
sDes (Q(*j),Q(*jH),...,Q(*jﬂ’*l)) = shift;(sDes(Q)).
O

Theorem 5.6.7. Let 0 < j <r —1. If A C &, is a Schur-positive multiset for
the G, --character x, then Aﬁ{_nlj} is Schur-positive for the &, .-character x ® 1,, ;.

Proof. Since A is Schur-positive for x, by Theorem 5.3.1 there exists a multiset
partition A = A; U A9 U --- U A, and sDes-preserving bijections A; — SYT(X")
for some r-partite partition A of n. Now, 5{7711]'} consists only of 1727 ...nJ and

multiplying each A; by 5{_73]'} amounts to shifting all colors inside A’ by —j. In
particular, we have

—1 r r
F(AiD{nj}§X( )) = Z Fshiftj(sDes(Q))(X( )
QesSYT(AY)
= F(SYT(shift_;(A%)); X™)
= b, (" ©1,,)(XD), (5.20)
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where the second and third equalities follow from Equations (5.19) and (5.18), re-
spectively. Taking the sum over all 7 in Equation (5.20) yields

F(Aﬁ{_nj} Zch N ®1n] ) = ch, ((Zx )@]lmj) =ch,(x ® 1)

and the proof follows. O

Most of the remaining of this section is devoted to the proof of Theorem 5.6.5.
The strategy for the proof is essentially the same as Elizalde and Roichman’s in
[39, Section 5] for the unsigned case. We start by noticing that (1) implies (2) in
Theorem 5.6.5.

Proof that (1) implies (2) in Theorem 5.6.5. Suppose that Aﬁ;l is a Schur-positive
multiset for the &, ,-character (x |s,, ® 1,) 1Gnr . By definition, we have

F(AR, X)) = 37 F(AD, X))
T0
and therefore by the principle of inclusion—exclusion we get
F(AD,;X™) = S (-1l RUARX0) e sym ™, (5.21)
T=<0

where |o| denotes the cardinality of the underlying set of o.

By the following observation in the representation theory of finite groups (see,
for example, [97, Corollary 4.3.8]) we know that

(X \l/67','r ® II'T) TGTL’T = X @ II‘T TGTL’T

for all r-colored subsets 7 of [n]. Taking the (alternating) sum over all 7 < ¢ on
both sides yields

S () Je,, ® 1) 1% =x @ | Y (-1 19 | = x @ xo,
TX0 TXo
(5.22)
where the last equality follows from Equation (5.14). Finally, taking the character-
istic map on the far left-hand side and the far right-hand side of Equation (5.22)
and comparing with Equation (5.21), we conclude

F(AD;S X)) = chy(x @ x0) (X)),
as required. O

We will review the strategy of Elizalde-Roichman’s proof in a specific example,
before proceeding to the colored version. Consider the set of derangements in G3

= {231, 312}.
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We have

A key observation is that for all S = {s; < s2 < --- < s} C [n—1],
Rg}g = (1,2,...,81) W (s1+1,81+2,...,8) W---W(sg+ 1,8t +2,...,n)
(see, for example, [4, Observation 2.1]). Thus, we have

123 = {123}, ifS=o
gl _ J1w23={123, 213, 231}, if§={1}
38 12w 3 = {123, 132, 312}, if S = {2}
1Ww2Wws3 =63, if §={1,2}.

Theorem 5.2.2 asserts that

D37 lfSZQ
2131 21 ir 5 = {1
DyRyL = { WA UELRD, iS5 =11 (5.23)
’ (23W1) U (31w 2), it S = {2}
Qw3wl)u@Bwiw?), ifs={1,2}

is fine multiset for the &,,-character

X(Ql) \1/6 TGS_XQD ifS =g
’ X3 e, )1, it § = {2}
X(Z’l) ‘L6(1,1,1)T63’ if §={1,2}.

The proof proceeds as follows: The set D3 can be partitioned (see [39, Propo-
sition 5.9]) in such a way that each block is in Des-preserving bijection with a
Cartesian product of Knuth classes'! determined by S

Kp3(2,1) U Kp3(1,2), if S =0
(K[l]( ) X K 3](1 1)) U (K[l](l) X K[2,3}(2)) , if S={1}
(K9(2) x Ky (1)) U (Kpy(1,1) x K53(1)),  if S = {2}
(Kpj(1) x Koy (1) x K5(1))°, if §={1,2}.

(5.24)

and each one of these is fine for the &g-character

XY le,=x®Y, ifS=0o
X(2,1) i@is _ Xg 1; ‘1/6(1 2)? lf S = {1}

X \LGzl)’ 1fS:{2}

X% de 1) if §={1,2}.

""Here, abusing notation, we write K[, 4)()) for Kp, where P € SYT(A) with content [a, b].
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Because the descent set is shuffle compatible, (5.24) implies that the distribution of
Des is the same over (5.23) and over

K[3}(2,1)UK[3](1,2), ifS=0
(Ky(1) w Kpg(1,1) U (K (1) w Kpg(2), if S={1}
(K[Q](Q) LU K{g}(l)) U (K[Q}(l, 1) w K{g}(l)) , if S ={2}
(K (1) W Koy (1) W Ky (1)), it § = {1,2}.

(5.25)

Now, because shuffles of Knuth classes correspond to induction of characters (see
[39, Lemma 5.6]) the sets in (5.25) are fine for the &3-characters

X(271), ifS=o
(X(l) X X(l’l)) 163 4 (X(l) X X(2)) 163 if § = {1}
2 (xR D & D) 163, if S ={1,2}.

Analysing x(*1 les as a sum of irreducible Gg-characters via the decomposition

(5.24) and keeping in mind that Knuth classes correspond to irreducible characters
yields

X3, if $ =0

(X(l) X X(Ll)) + (X(l) X X(Q)) . if S ={1}

(X(2) X X(l)) + (X(l,l) X X(l)) . ifS={2}

2 (xWR Y RYWD), if §={1,2}

XY g, =

and the proof follows by basic properties of induction.

We turn our attention now to the colored case, by proving a couple of technical
lemmas which will be used in the proof of Theorem 5.6.5. We begin with the
following, a signed version of which can be found in [4, Lemma 4.1].

Lemma 5.6.8. For all 0 = (5 = {s1 < s3 < -+ < sj < spp1 :=n},€) € S(n,7)
= (10 ) )

(5.26)
L ((Sk + 1)6(5k+1), - ’32(48-’?1)) )

In particular, if o is a minimal element of X(n,r) then the left-hand side of Equa-
tion (5.26) becomes 5;1.

Proof. Given an r-colored permutation w’, we can describe sDes(W_l) in the fol-

lowing way: We read numbers 1,2,...,n in the window notation of w’ in their
natural order until either

o their color, which is determined by J, changes

e or we reach the end of w®
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and then, we start at the beginning. To each i € [n] we assign the color §, 1. The
set, of all last entries of each run together with its assigned color forms the cofljugate—
inverse colored descent set of w® (see, also, the discussion in [90, Page 37] for the
unsigned case). Using this observation one can determine Equation (5.26). O

Example 5.6.9. For example, for w = 3'41596°1222 ¢ S6,4 with color vector
(1,1,0,0,2,2) we have the following runs

12227 31417 5060

and therefore sDes(w—!) = {22,4,6%}. In addition, w—! = 52621612!3°4% which
coincides with our computation. This is an example of an element in

E{_212,31,41,60} = 1222 L 31 LI 41 L1 5060‘

Lemma 5.6.10. Let ¥ = (71",75%,...,7;") be an r-colored composition of n and by
abuse of notation consider the Knuth classes Kp, () (X*) for some r-partite partitions

A of i, for all1 < i <k. The set
Kpy () (A1) W W K5, ) (A)

is Schur-positive for the &,, ,.-character
Al AR n,r
(X X...Xy )TG»\,E,r'

Proof. It suffices to prove it for the case k = 2. In this case, we have to prove that
the set K (Ahw Kijt1,n] (A?), for all r-partite partitions A' and A? of k and n — k,

respectively, is Schur-positive for the &,, ,-character (X)‘l X X)‘2> Tg?};r . On the

one hand, by the properties of the characteristic map , see that

ch, ((X’\I&X)‘2> TG"’T ) = 5)18)2 = S)lga?,

S (k,n—k),r

where the direct sum of two r-partite partitions A' and A? is defined to be the r-
partite partition whose j-colored part is the direct sums of the j-colored parts of A
and A2. On the other hand, we also know that

F(KpW); XO)F(Ky(W%); X)) = s31,2(X0)
and therefore by Equation (2.5) it suffices to prove
PO W K1, (W21 X0) = FSYTN @X:X0). (5.27)

This essentially a colored version of [39, Theorem 2.5].

We describe an sDes-preserving bijection

@t KjggA") WK1, (A% — SYT(A' @ A?)
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as follows. For a colored permutation w’ € K (ah WK (jg1,n] (A?) there exist unique
u € Ky (AY) and v € K410 (A?) such that w® € u W v. Let

{w;':1<i<k} = {m<ar<-<a}
{wilik+1<i<n} = {by <by<--- <by_p}

be the list of positions of the letters of u (resp. v) in w®. Now, consider the r-partite
tableau Q(u) @ Q(v) whose j-colored part is the direct sum of the j-colored parts
of the recording tableau of w and v via the colored Robinson—Schensted correspon-
dence. Let ¢(w®) be the standard r-partite tableau of shape A' @ A? obtained from
Q(u) ® Q(v) by replacing each letter i by a; if i < k and by b;_ if i > k. Then one
sees that sDes(w®) = sDes(p(w¢)) and the proof follows. O

Example 5.6.11. We will illustrate the correspondence ¢ described in the proof of
Lemma 5.6.10 with a specific example. Consider the Knuth classes corresponding
to

P! — ( 3"“,,) e SYT((3,1),2,(1))
P? = ([6[8],[7],[9]) € SYT((2),(1),(1)).

Let u = 1939592240 ¢ Kpi,v= 71699280 ¢ Kp2 and consider the shuffle

[o]~

w="7'6"1"3"5"22978"4" € Kpi W Kpo.
We compute

{wy':1<i<k} = {3<4<5<6<9}
{wy':k+1<i<n} = {1<2<7<8}

and

o
QoW = ([MZE ™ oY) € SYT((3. 1.0 (1) @ (2). (1), (1),

Therefore, we have

ot = (et f )

sDes(w) = sDes(p(w)) = {11,2°,5% 72 8% 901

and thus

as expected.

We are now in position to give the proof of Theorem 5.6.5.

Proof of Theorem 5.6.5 (1). Let

o= (@z{sl < Sy < v < S < Skl ::n},e) € X(n,r).
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There exists a multiset partition A = A; U Ao U --- U A, and sDes-preserving
bijections

A — K )AD) X Ky s1,5](A5) X -+ X Kjg 41,611 (M%)

for some r-partite partitions )\j- of sj11 —s;, forall 0 < j < k. (cf. Theorem 5.3.1).
Notice that in terms of &,, ,-character this implies that the decomposition of x |, .
into irreducible &, ,-characters is

Xleo, = Y. TR’ (5.28)

. . =51 .
Lemma 5.6.8 implies that AR~ consists of all elements of
o1+ 0sy+ Os, +1+€(Skt1) 0sp 1 +e(sk+1)
(wl1 6(81)’ Wy E(Sl)) e <ws;@1f|-+11 o )T 7w8k]r;1 i

for all w® € A. Since

e multiplying each A; by ﬁ;l amounts to shifting all colors inside A’ by —e(s;),
and

e sDes is shuffle-compatible (see Theorem 4.4.1)

we get that the distribution of sDes is the same over Aiﬁgl and

K[s1] (Shift_e(SI)(/\1))LLIK[51+1782] (Shift_E(SQ) (/\2))LLI . "—UK[sk—l-l,sk_,_l] (Shift Ak))

—€(Sk+1)(

By Lemma 5.6.10 and Equation (5.18), the latter is Schur-positive for the &,, ,-
character

i 7 Gn Id
((XAl ® ]131,5(51)) XX (X)\k ® ]lsk+1_sk’ (sk+1) )) TG":T .

Therefore Aﬁ;l is Schur-positive for the &,, ,-character

i i G
Z ((XAl & 151,6(81)> .- (X)\k & 15k+1_5k7 (Sk+1) )) TGJT

( i 6717‘
X1 151,5(81)) - (X)‘k ® ]]-sk+1—sk, (Sk+1) >> T@UT

i 7 Gn r
(X BB XAk) ® (]151,5(31) bg--- X 15k+15k:€(3k+1))> Te,,

Xz\ig...gx)\?;> )Tg“

X bs,, ®15) T2,

(s
-
(((

where the last equality follows by Equation (5.28) and the proof is concluded. [J
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Comparing Equation (5.21) and Equation (5.15) yields

FER,X™) = ch, (10 Tﬁw) (X), (5.29)

for all o € ¥(n,r), which can be easily computed via Equation (5.13). This enables
us to compute a refined distribution of the (flag) major index over conjugate-inverse
colored descent classes. Garsia and Gessel [49, Theorem 3.1] computed the distri-
bution of the major index over inverse descent classes of &,, and Adin, Brenti and
Roichman [4, Theorem 3.3] computed the distribution of the flag major index over
inverse descent classes of type B. We remark that the authors in [4] use a notion of
descent of a signed permutation which arises when one views the hyperoctahedral
group a Coxeter group of type B,,.

For nonnegative integers oy, g, ...,a such that a; + as + -+ + a = n, we
define the g-multinomial coefficient to be

n L [1],!
<a1,a2, e ozk>q T [a1]g!aa]q! - - [ak]q!

For k = 2 we get the usual ¢-binomial coefficient, defined in Section 3.2. For
S={s1<sy<---<sp}C[n—1],let

O e R
AS q' 51,80 — 81,...,1 — S} q'

Theorem 5.6.12. For every r-colored subset o = (/g ={s1 <sp < - <5 <
Sk+1 = n}v 6);

k
Z_l qmaJ(w)pn(w) _ (Ans) Hpjg.ll)—&

weR, 7i=0

k

maj(w)_ n(w n ko (sip1—8i)e(s; Si+1—S;

S g <AS> Sl Tl
eﬁfl q =0

w e

where sg := 0.

Proof. In view of Equation (5.13), the proof follows by specializing Equation (5.29)
as in Corollaries 2.3.2 and 2.3.5 for A = E;l and using the formulas

(r) Gy PS
PSq,p (An(x =

. - q"py
w(,) B (x)) = —L

q p( ( ) (qr)n

O

Remark 5.6.13. An alternative proof of Theorem 5.6.12 can be given as follows.
Consider the r-colored poset P which is the disjoint union of the chains

(si+ 1)6(5i+1) <p (si + 2)6(8i+1) <p---<p (8i+1)5(8i+1)7
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for all 0 < ¢ < k. Lemma 5.6.8 implies that

k
1 r r €(s;
FR, ;XM =1(P; X)) = Hhsiﬂ—si(x( (s2))y,
=0

where the second equality follows from Equation (4.4) and the proof follows in the
same way as above.

We finish by this chapter by posing the following conjecture.

Conjecture 5.6.14. For a Schur-positive multiset A C &,,, and every r-colored
subset o € X(n,r), the distribution of the colored descent set over AD;! and over
D;l A is the same. In particular,

F(AD;1, XMy = F(D;' A;X™).



Keep thy mind in hell and despair not.

Saint Silouan the Athonite
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Ap(x) n-th Eulerian polynomial

A(P) set of P-partitions

A(P) set of r-colored P-partitions

Astat shuffle algebra of stat

B, hyperoctahedral group of order 2"n!
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C complex numbers

Cl[x]] algebra of formal power series in x over C

ch Frobenius characteristic map
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ct cycle type of a colored permutation

Comp(n) set of all compositions of n

Comp(n,r)  set of all r-colored compositions of n

co (colored) composition corresponding to a (colored)
set

col®(A) number of columns of A of odd length

comayj comajor index
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D, set of all derangements of &,,

Dnr set of all r-colored derangements of &, ,
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des descent number
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D! inverse colored descent class corresponding to o
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sponding to o
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hy complete homogeneous symmetric function associ-
ated to A

T, set of all involutions of G,,
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LPk left peak set

Ipk left peak number
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(N) length of A
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M, monomial quasisymmetric function corresponding
to a

M, monomial colored quasisymmetric function corre-
sponding to ¢

my monomial symmetric function associated to A
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[n] {1,2,...,n}
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Pk peak set

pk peak number

DS, stable principal specialization

PSq.m principal specialization of order m

QSym algebra of quasisymmetric functions

QSym(™ algebra of colored quasisymmetric functions

q indeterminate

(@)n 1-q)(1—¢*---(1—q")

R(S,) Z-module generated by irreducible &,,-characters

R(Sn,r) Z-module generated by irreducible &,, ,-characters

Ry.s union of descent classes corresponding to T' C S

R_}g union of inverse descent classes corresponding to

’ TCS

E;l union of conjugate-inverse colored descent classes
corresponding to 7 < o

Ta ribbon Schur function associated to «

Tn,S ribbon Schur function associated to S

|S cardinality of S

S SuU{n}

sum(.S) sum of all elements of S

S Schur function associated to A

sDes colored descent set

G, Young subgroup corresponding to «

G symmetric group of [n]
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sPk colored peak set

Sol Solomon’s descent algebra of type A

Sym algebra of symmetric functions
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SYT(X) set of all standard Young tableaux of shape A

SYT(X) set of all standard Young r-partite tableaux of
shape A
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SYT, set of all standard Young tableaux of size n

SYT,, . set of all standard Young r-partite tableaux of size
n

shift; shift operator; shifts all colors by j positions to
the left

w™! inverse of a (colored) permutation w

we colored permutation with underlying permutation
w and color vector €

we colored permutation with underlying permutation

w and color vector —e
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Zz integers

Z, additive cyclic group of order r

7,16, wreath product of &,, and Z,.

Za (colored) ribbon corresponding to the (colored)
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a peak composition corresponding to «

€ color vector of €

¢ a primitive r-th root of unity

A integer partition
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II algebra of peak functions

X(n,r) set of all r-colored subsets of [n]

P irreducible G,-character corresponding to A
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Q, set of all barred integers of [n]

Qpr set of all r-colored integers of [n]
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<y length order on €, ,

<g¢ Steingrimsson’s order on £,
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i restriction of representations

T induction of representations

o induction product
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<) direct sum
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