
GRAMMIKH ALGEBRA II
Jèmata Exet�sewn SeptembrÐou 2007

B

1. 'Estw o 3× 3 pÐnakac A =

 −3 2 2
2 −3 2
2 2 −3

.

(a) BreÐte antistrèyimo pÐnaka Q ∈ R3×3 tètoion ¸ste o pÐnakac Q−1AQ na eÐnai diag¸nioc.

(b) BreÐte orjog¸nio pÐnaka P ∈ R3×3 tètoion ¸ste o pÐnakac P tAP na eÐnai diag¸nioc.

(g) 'Estw B = A + bI3. BreÐte tic timèc tou b ∈ R gia tic opoÐec isqÔei xtBx ≥ 0 gia k�je
x ∈ R3×1.

2. 'Estw a ∈ R kai A =

(
9 −2
a −9

)
.

(a) BreÐte ìlec tic timèc tou a ∈ R gia tic opoÐec to −1 eÐnai idiotim  tou A.

(b) BreÐte ìlec tic timèc tou a ∈ R gia tic opoÐec up�rqei antistrèyimoc pÐnakac P ∈ R2×2, tètoioc
¸ste o pÐnakac P−1AP na eÐnai diag¸nioc.

(g) BreÐte ìlec tic timèc tou a ∈ R gia tic opoÐec up�rqei antistrèyimoc pÐnakac P ∈ R2×2, tètoioc
¸ste o pÐnakac P−1AP na eÐnai �nw trigwnikìc.

3. 'Estw antistrèyimoc pÐnakac A ∈ C3×3.

(a) An to λ ∈ C eÐnai idiotim  tou A, deÐxte ìti λ 6= 0 kai ìti to 1
λ
eÐnai idiotim  tou A−1.

(b) An χA(x) = (λ1 − x)(λ2 − x)(λ3 − x), deÐxte ìti χA−1(x) = ( 1
λ1
− x)( 1

λ2
− x)( 1

λ3
− x).

(g) An o A eÐnai ìmoioc me ton A−1, deÐxte ìti toul�qiston ènac apì touc arijmoÔc 1 kai −1 eÐnai
idiotim  tou A.

4. Poiec apì tic akìloujec prot�seic eÐnai swstèc kai poiec l�joc (dikaiolog ste tic apant seic
sac)?

(a) An ìlec oi idiotimèc enìc diagwnÐsimou pÐnaka A ∈ R4×4 eÐnai Ðsec me 0, tìte o A eÐnai Ðsoc me
to mhdenikì pÐnaka.

(b) An gia ta el�qista polu¸numa dÔo pin�kwn A, B ∈ R3×3 isqÔei mA(x) = mB(x), tìte oi A kai
B eÐnai ìmoioi pÐnakec.

(g) Up�rqei pÐnakac A ∈ R8×8 me Ae6 = e6, Ae7 = e7, Ae8 = e8 kai qarakthristikì polu¸numo
χA(x) = x2(x2 + 1)(x2 − 1)2 (ìpou (e1, e2, . . . , e8) eÐnai h sun jhc b�sh tou R8×1).

(d) Up�rqei pÐnakac A ∈ R6×6 me el�qisto polu¸numo mA(x) = x3(x − 2) kai qarakthristikì
polu¸numo χA(x) = x2(x2 − 4)2.

(e) An ìlec oi idiotimèc tou pÐnaka A ∈ C3×3 eÐnai Ðsec me mhdèn, tìte ìlec oi idiotimèc tou pÐnaka
A3 eÐnai epÐshc Ðsec me mhdèn.
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