
Grammik  'Algebra I
Jèmata Exet�sewn SeptembrÐou 2012

1. DÐnetai o pÐnakac A =

 1 1 −1
3 1 1
5 1 3

 ∈ R3×3.

(a) (10 mon�dec) BreÐte ìla ta dianÔsmata b = (b1 b2 b3)
t ∈ R3×1 gia ta opoÐa to grammikì

sÔsthma Ax = b èqei �peirec lÔseic.

(b) (5 mon�dec) BreÐte ìlec tic lÔseic tou grammikoÔ sust matoc Ax = b gia b = (1 2 3)t.

(g) (5 mon�dec) Na exet�sete an up�rqei jetikìc akèraioc m gia ton opoÐo to omogenèc grammikì
sÔsthma Amx = 0 èqei mìno thn tetrimmènh lÔsh x = 0.

2. DÐnontai o dianusmatikìc q¸roc V = R2×2, o pÐnakac A =

(
1 −1
0 −1

)
kai o grammikìc

metasqhmatismìc T : V → V me T (X) = X t + AX gia X ∈ V .

(a) (15 mon�dec) BreÐte mia b�sh tou pur na ker(T ) tou T . EÐnai o T antistrèyimoc?

(b) (10 mon�dec) BreÐte mia b�sh thc eikìnac Im(T ) tou T .

(g) (5 mon�dec) Na exet�sete an up�rqei grammikìc metasqhmatismìc S : V → V , tètoioc ¸ste
na isqÔei Im(S) = Im(T ) kai S(S(X)) = O gia k�je X ∈ V .

3. DÐnontai dianusmatikìc q¸roc V epÐ tou R, diatetagmènh b�sh v = (v1, v2) autoÔ kai grammikoÐ
metasqhmatismoÐ S : V → V kai T : V → V me pÐnakec

(S : v,v) =

(
2 1

−3 −2

)
, (T : v,v) =

(
3 1

−2 1

)
wc proc th v. JewroÔme to grammikì metasqhmatismì R : V → V o opoÐoc orÐzetai jètontac
R(x) = S(T (x)) + T (S(x)) gia x ∈ V .

(a) (15 mon�dec) UpologÐste ton pÐnaka tou R wc proc th b�sh v. EÐnai o R antistrèyimoc?

(b) (5 mon�dec) Ekfr�ste to R(2v1 − v2) wc grammikì sunduasmì twn v1 kai v2.

(g) (10 mon�dec) DeÐxte ìti isqÔei S(R(x)) = R(S(x)) gia k�je x ∈ V .

4. Poiec apì tic akìloujec prot�seic eÐnai swstèc kai poiec l�joc (dikaiolog ste pl rwc tic
apant seic sac)?

(a) (5 mon�dec) An A, B ∈ R2×2 kai isqÔoun AB = −3I2 kai det(A) = 2, tìte det(B) < 0.

(b) (5 mon�dec) An u, v, w eÐnai diaforetik� an� dÔo stoiqeÐa enìc dianusmatikoÔ q¸rou V kai
ta {u, v}, {u, w} kai {v, w} eÐnai grammik¸c anex�rthta uposÔnola tou V , tìte to {u, v, w}
eÐnai epÐshc grammik¸c anex�rthto uposÔnolo tou V .

(g) (5 mon�dec) Up�rqei upìqwroc W tou R1×4 di�stashc 3 gia ton opoÐo isqÔei (λ, µ, λ, µ) ∈ W
gia ìla ta λ, µ ∈ R.

(d) (5 mon�dec) An A eÐnai o pÐnakac enìc grammikoÔ metasqhmatismoÔ T : R2×1 → R2×1 wc
proc mia diatetagmènh b�sh (v1, v2) tou R2×1, tìte o pÐnakac thc T wc proc th b�sh (v2, v1)
eÐnai Ðsoc me At.

Na dikaiolog sete pl rwc tic apant seic sac.
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