I'PAMMIKH AATEBPA

YvpnAnpoupatixés Aoxfoelg
Xewpepvo EEdunvo 2015

Xerotog A. Adavaciddng

YuuPoriloupe e O o undevind mivoxo xatahhAhwy oo tdoewy, ye 1 (optouévec
popéc, ue I,) tov n x n tautotixd mivaxa, pe det(A) v opilovoa evéc teTEAyWVIXOD
nivaxor A, pe F éva tuyodo oodpo xou pe Flz] 1o 8axtilo 1wy TohuenvOuey ot uetaBAnTh
x Je ouvieheoTéc anod To .

ITpd&eig ITwdxwy

1 0
1. Trohoylote tov mivaxar | 0 1
1 0

2. Alvovton ot mtivaxec

2 5 10 —3 -3
A:(S_‘ll _1) B=|-111], C= 2 5 =2
3 4 8 —8 -1

(o) Acilte 61t AB =TI xav BA=C.

(B) Xenowonowhvtag to (), unoroyiote tov mivaxa C™ yioe n € N.

3. 'Evag nivaxoag A € R™™ Aéyeton otoyaotikds av ta ototyelo Tou ebvar un apvntixol
aprduol xar to ddpoloua Twv cToyelny omolacdrtote yeuuunc Tou A elvon (oo ye 1.

(o) Aet&te 6 évag mivaxag A € R™™ ue otowyela un opvntixole aprduole eivor
OTOYACTIXOC av xaL Povo av oyler AX = X, 6nou X € R™! givon o mivoxoac -
oTHAN Oha Ta oTotyela Tou omofou elvon foo pe 1.

(B) Xuvdyete 6TL 10 YWOUEVO 5O OTOIWYOATOTE N X N GTOYAC TIXWY TVAXWY Elvor
eniong n X n oTOoYACTINOG TVOXAG.



4. T axepatoug 0 < k < n ypdgouue

(V)

omou m! =1-2---m y Yetixolg axcpaioug m xon 0! = 1 xotd ouBaon.

n n—1 n—1
’ , — < < o )
(o) Acilte 6T (k‘) ( i >+ <k—1> yul<k<n-1

(B) Av A, B eivon tetporywvixol mivoxeg ent tou F e Blog didotaone xaw AB = BA,
Oei&te o1t AmB™ = B"A™ vy 6ha T m,n € N.

(v) Av A, B eiva TeTpaywvixol ivaxeg el Tou F tne (Blag didotaone xow AB = BA,

Oeilte ot
" /n
A B no_ Ak:Bn—k
sy =3 (})

k=0

yia x&de n € N.

5. Atvovton nivaxeg A € F™*" B € TP yau C € FP*4,

(o) Exgpdote 1o otoyelo (7,7) tou ywopévou ABC ©¢ cuvdptnon twy oTolyeiwy

wwv A, B xau C.

(B) Tevixotepn, éotww Ay, As, ..., A, mivaxeg yia toug omoloug opileton TO YIvVOUEVO
A1 Ay -+ Ay Exgpdote 1o otoyelo (4, 5) tou mivoxo Ay As - -+ A, wg ouvdptnon
TV oToyelwy Twv Ay, Ag, ..., Ay

6. 'Eotww A, B € F™" 500 dve tprywvixol mivoxee.

(o) Acet&te 6TL 0 mivoxog AB etvan eniong dve Terywvixoc.

(B) Av xéle orouyeio oty wdpta dlorydvio Tou B ebvor (6o ye undév, deilte 6t to (Blo
oy Vel Yl Tov AB.

(v) Av xdde otoyeio otny xOpta Broryvio Tou A elvon (6o ye pndéy, ei&te 6L to (Blo
oy et Yl tov AB.
(6) Av Ay, Ay, .. A, € F™ elvan dve Tprywvixol ivoxeg xdide ototyeio otny xbpta
Oy Vo Twv onolwy elvar (oo ue undéy, dciéte 6t AjAy--- A, = O.
)



7. Alveton mivoxoc A = ( CCL Z ) e F?x2,

8. 'Eotw nivaxec A, B, P € F"*",
() Av o P eivan avtiotpédipog xou AP = O, oet&te 61t A = O.
(B) Av o P eivon avtiotpédipog xou PB = O, 6eiéte 61 B = O.
(v) Av AB = BA, A = B? xu 0 A+ B etvar avtioteéduuoc, delite 61t A = B.

1 -1 1
9. Alvovton ot mtivoxec A = 0 2 -1 xao B=A—1.
0 1 0

() TroroyioTe tov mivaxa B xou detlte 61t B? = O.
(B) Xuvdyete 6Tt 0 A elvon avtio TeéPuloc xat UTOAOYIGTE ToV avTiGTEOPS Tou.

(v) YTroloyiote tov mivoxa A" yian € N.

10. Troloyiote Toug TVaXES

n

A1 0 0 1 1
@[O0 x 1), @101
0 0 A 1 1 0
yion € Nxu A € F.
1 1 1 1
0 1 1 1
11. Aivetwon x n mivaxac A= | 0 0 1 1
000 - 1

() Trohoyiote Toug mivoeg A% xou A3.

(B) Tmohoylote tov mivoxar A™ yio tuyato m € N.
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12. T tuyoio mivoxo A € F**™ cupBoriloupe pe tr(A) to dbpolopa twv cToyelwy
NG xUpLag dtaywviou (tyvoc) Tou A.
() T A, B € F™™ xu X\ € F, dei€te ot
o tr(AA) = Atr(A),
o tr(A+ B) = tr(A) + tr(B),
o tr(AB) = tr(BA).
(B) Av yw tn ouvdptnon ¢ : F*" — F oy bouv
o p(AA) = Ap(A),
o p(A+ B) = @(A) + ¢(B),
o p(AB) = ¢(BA)

yioe 6houg toug mivaxeg A, B € F™™ xou xdde A € F, detéte 61t undpyel ¢ € F
tét010 wote p(A) = ctr(A) vy xdde A € F*",

13. Alveton ivaxoc A € Fr*™,

(o) TrohoyloTe o {yvoc tr(A?) wc cuvdptnon Twv otoyeiwy Tou A.

(B) Tuvdryete 6Tt av F =R xou o wivaxac A efvon ouppetpde, tote tr(A?) > 0 xou 1
LloOTNTA LoYVEL HOVO VLol TO UNOEVIXO TtivoaL.

14. Trdpyer Getinde axéparog n xou mivaxeg A, B, C € C™*" tétot01 ot

(0) AB—BA=1;
(B) AB—BA = Axou AC = I,

15. Alveton mtivaxac A € Fnxn,

() Av o A elvon ouppetpixde, del&te 6t o mivaxag PTAP elvor cupuetpde yio xdide
P e ™.

(B) Avo P'AP eivau OUUUETEIXOC Yo xdmotov avTio Teéduo mivoxa P € F™*™, deflte
otL o A elvon cuppeTEdE Thvoag.



16. I'a moloug Yetixolc axepaiouc n oyLel xadéva and To eENG;

(o) Av o mivaxog A € F™ ™ elvon cuppetpinde, TOTE ot 0 A? civan CUUMETELXOC.
(B) Av A € R™™ xou o mivaxog A? etvan CUUUETEIXOC, TOTE xou 0 A elvar cUUUETEIXOC.

(Y) Av o mivoxoc A € R™™ eivor avtiotpédruog ot o A? eivan CUUUETEIXOC, TOTE 0 A
elvon oupueTEIXOC.

(8) Av A € R™" xau o zwivaxoc (A + B)? elvor ouppetpixdc vl xde cUPPETEXS
nivoxa B € R™™", td1e 0 A elvor cUUUETELXOC.

17. 'Eotw mivaxag A € F™". Beeite dhouc toug mivaxeg B € F™ ™ yia touc omoloug
woyler AB = BA ot¢ e€rjg TERITTOOELC:

0 0 0 O 0 0 00

01 0 0 0 0 0 0
@A=lo o000 @A=lg 100

0 0 0 O 0 0 0O
(v) o A eivou droryviog xon o ototyelar Tou oty x0ptar Blory VLo efvon BlapopeTINd avd,

ovo,

0 1 0 0 0 0 0 1

0 0 1 0 00 0 --- 0
B A=]0 0 0 : () A= 0 0 0 - 0

, .
0 0 0 0 0 0 0 0

18. 'Eotw nivaxac A € Fnx",

(o) Av oyler AB = BA v xdde Swrydvio nivoxor B € F™™, detlte 61 o A eivon
Olary@viog Tivoxac.

(B) Avioyet AB = BA vy xdde B € F**", dei&te 61t A = A yio xdmowo A € F.

(v) Avioyber AB = BA vy xéde nivoxo B € F™*™ 1o otovyela atnv xOptor Slorydvio
Tou orolou etvor (oo e undéy, deilte ot A = AI yia xdmoo A € F.

(6) Avioyler AP = PA vy xéde avuoteéduyo nivaxa P € F**" beilte 61t A = NI
vl xdmowo A € F.

(e) T moloue mivoxeg A woyler AB = BA yu xdle dve tpryovixd tivaxa B € F™*",
Ta oTotyEla TNV x0pLar Blayvio Tou omolou ebvan (oo ue Undey;



19. "Evoc tetpoywvixde mivoxac A Aéyeton unodevodtvaupog av woyler A™ = O yu
xdmolo YeTind axcpono m.
(o) Acet&te 6Tl Bev LTdEYOLY AVTIOTEEPLIOL UNBEVOBUVIUOL THiVAXES.

(B) Act&te 61 av o mivaxag A elvon dve TELYOVIXOC xon OAaL TaL GTOLYE(O Tave GTNY
x0par Btayovio tou A ebvan {oa pe undéyv, téte o A elvon undevodivouog.

(v) Aci€te 61t av ov A, B elvou undevodivapol mivaxeg xow BA = AAB vy xdmoto
A €T, t6tc 0 A+ B elvan eniong undevodivauog mivaxoc.

(6) Awote Topddetypa 2 X 2 undevodivoumy mvixwy A, B tétouwy kote 0 A+ B va
elvon avTioTeédLuog mivoxag.

(€) Beelte 6houg toug 2 X 2 undevodivapouc mivaxec. Xuvdyete 6tL av ot A, B xau
A+ B ebvan 2 X 2 undevodivayor tivaxeg, tote AB = BA = O.

(o1) Andetel 6Tt av ot A, B xoau A+ B eivon 3 x 3 undevodivapol tivaxee, tote AB = O
i BA = AADB yw xdmowo \ € IF;

20. Bgeite 6houg toug avtioteédiuoug mivaxeg A € R™™ ue otouyeio un apvntioig
aprduoic Yo Toug omoloug Ta oTowyela Tou avtiotpogou wivoxa AT elvor emfong un
apvnTol apripol:

(o) yian =2,

(B) v tuyado Yetxd oxépono n.

21. 'BEotww A € F™" xou B € F™™. Aci€te 6 o nivaxac I,,, — AB etvan avtiotpédiuog
oy xou Yovo av o mivaxag I, — BA eivan avtioteédiuocg.

22. YupPoiiloupe pe K, (IF) o ovvolo dAwv twv mvdxwy e wopgpnc BC' — CB, 6nou
B,C e ™",

(o) Acette 6t tr(A) = 0 yio xdde nivaxar A € F™*" nou urogetl vo ypagel we ddpotoua
nenepoopévou mhfidouc ototyeinv tou I, (F).

, , , 0 1 0 0 1 0 ,
(B) Aci€te 6t o mivaxeg ( 0 0 ), ( L 0 > ol ( 0 —1 ) avrixouv oto Ko (F).

(v) Aci€te 6t xde nivoxoe A € F™" iyvoug undév umopel vor ypagel we ddpotoua
nenepoouévou thdoug atotyeiwy Tou K, (F).



Yrowyeiwdelg Metaoynuatiopol xo 'poppixd XvotApata

23. TrohoyloTe TNV oVNYHEVN XAUOXWTY| Hop@T) Tou Ttivaa

1 2 . m
n+1 n—+2 - 2n
n—-n+1 n*—n+2 --- n?

v n > 2.

24. No AoeTe To GUCTAUATI TWY YROUUXOY EELOWOENY:

( T+ Ty +x3 = 1 ( T +x3+x5 = 1
To+ T3 +x4 = 1 To+2Ty+2Tg = 1

(0() T3+ t+axs; = 1 (@) rs+as+xr = 1
[ Zos + g9 +T100 = 1 [ %o + Tos +T100 = 1

Téve o Tuyato owua F.

25. o g Budpope Tée Tou A € R, vo AOoeTe 10 00O TNUA TWV YRUUUXOY EELOOCEMY:

oy 4 - 1 >\$1+$2+$3 = 1
(0() { T l—l-)\$2 — )\ (ﬁ) ZE1+>\ZE2+JI3 =
1 2 [El—f-l'g—f—/\l'g = )\2
(v)
AC1+ 2o+ Tp 1T, = 1
ZE1+)\ZE2+"'+$”_1+ZL}L = )\
Tt Tyt A Fa, = AT
T+ To+ g+ A, = AT

\

yioo Tuyado oxépano n > 3.

26. Aivovtar detixol axépanol m, p xou un avtioteéduog nivoxag A € Fx",

(o) Acilte 6T UTBEYEL U undevixde mivaxag B € F™*P | tétolog vote AB = O.
(B) Act&te 6t undpyet un undevixde mivoxog C' € F™*" tétolog wote CA = O.
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27. Aiveton mivoxag A € F™ ™ ye m < n.

(o) Act&te 6Tl 10 oyoyevé Ypauuixo clotnua Az = 0 €yel un tetpyuévn hoon,.

(ﬁ) Av 10 ooua F etvon drelpo, deiéte 6TL t0 clotnua Az = 0 €yl dreipeg Aoelc.

28. 'Eotw nivaxec A € F™*™ xou B € F"™*" ye AB = I,.

(o) Acet&te 6Tl 0 oyoYEVES Ypauuixd clotnua B = 0 Bev €yet un tetpyuévn Ao,
(B) Xuvdyete 6T toyler n < m.

(v) Av n =m, deite 6T woylet eniong BA = I,,.

29. Aiveton mivoxac A € F™* ™. Aci&te 6Tt ol axdhoudec TEOTAOELS €lvot IGOBUVAUES:

(i) To ypouuxd cbotnua Az = b éyet o moA pla Aon yio xdde b € F™.
(ii) To opoyevéc ypauuxd cVotnua Az = 0 €yet uoévo v TeTpPévn Ao

30. Aiveton mivoxag A € F™". Aci&te 6L oL axdhoudec mpoTdoelc elvon IGOBUVIUES:

(i) O mivaxac A ebvan avuio tpéduuoc.
(i)
)
)

(i
(iv) To ypopuxd cbotnuoe Az = b éyel Ao yio xdde b € F™.

To ypouuxd cVotnua Az = b €yel povadinr) Aoor yia xdde b € F".
To ypouuxd cVotnuo Az = b €yel povadinr oo ya xdmoto b € F™.

31. Afveton mivaxag A € Q™" xou b € Q™. Aci&te 6Tt oy T0 ypauuxd cbotnua Az = b
eyel wyoadw) Aoon z € C", té1e 10 cloTua auTd €xel xa et Aoon x € Q™.

32. Aivovtar cOvoho S ue n oToyela xou un xevé umocivola Aq, Ag, ..., Ayqr TOU
S. Xpnowonowwvtag Ty ‘Aoxnon 27, 6eilte 611 UTdEYoLY N xevd, Eéva YeTall Toug
obvoha dewtwv I, J C{1,2,...,n+ 1} o BGote UierA; = Ujes Aj.



33. Trohoylote TOV AvVTIGTEOPO TWV N X N TUVAXWY:

D NP CANPEED o1 1 --- 1
0 1 X - X2 1 1 --- 1
(OO An — 0 0 1 . )\n—3 : (B) Bn _ 1 1 0 --- 1
0 0 O 1 1 1 1 0

v A € F xou n > 2, avtiotouyo.

1 2 3 n
2 2 3 n

34. Aivetor o mivaxac A, = 3 3 3 no1eR™",
n n n n

() Tmohoylote tov avtiotpogo tou A, yw n = 2,3,4,5.

7 7 4 4 4
(B) Tmohoyiote tov avtioTpopo tou A, yia Tuyaio Vetnd axépoto n.

0 1 1 1
—1 0 1 1

35. Aivetor o mivaxac A, = -1 -1 0 1 e R,
1 1 -1 - 0

(o) T moteg Tyéc tou n ebvan o mivoxag A, avtioteédulog;

4 4 4 4 7
(B) Trmohoylote tov avtioTpogo tou A, 6tay autde UTdEYEL.

36. 'Eotw nivaxac A € C**™,

(o) Av xdie otoyelo e xVptac darywviou Tou A elvon (0o pe n xou xadévo and T
unolowna cTotyela Tov A €yel uétpo wxpotepo 1 (oo tou 1, deilte 6Tt o mivaxag
A ebvan avtiotpéduoc.

(B) Ioylel to B0 av unodécoupe 6T xdle ototyeio g Blorywviou Tou A eivan (6o e
n—1;



37. 'Eotw nivaxeg A, B € F™*". Av undpyouv axépotor m > 1 xou p > 0 tétol0l (OO TE
AB™ = (I — B)P, 6ei€te 611 o mivaxag B elvan avtioteédupoc.

38. 'Eotw nivaxec A, B € C"*" ye AB = BAxu éotw P=A+ B+ 1.
() Av Pz = 0 yio xdnowo & € C*, detéte 6t (A + 1)z = (—B)*z yio x¢9e k € N.

(B) Av A™ = B™ = T yio xdnoto Yetixd oxépono m, detlte 61t o nivaxac P ebvou
avTlo TEEYLUOC.

(v) Akndelel to (B) yweic v unddeon 6t AB = BA;

39. 'Eotw nivaxeg A, B € F"*",

(@) Av AB = A+ B, delfte 61t AB = BA.

(B) Av P € F™" elvau avuiotpédutoc mivoxog xan oyler A = PB(A + P), dei€te 6
ABP = PBA.

(v) Axndelel to (B) yowplc Ty unddeon 6t o P elvar avtiotpédipog;

Opilovoeg

40. Ilow eivor T0 TEOOTUO TOU OPOU A13A25a31 046052064 OTO AVATTUYUA TNG 6 X 6
optloucog det(a;;);

41. Aciéte 6

1 a a®>+be 1 a a

(@) det [ 1 b b*4ac | = 2det| 1 b b |,
1 ¢ Z+ab 1 ¢ ¢
1 a a® a®+ bed
1 b b b +acd

(B) det 1 ¢ & A+abd =0
1 d d&* d&°+ abe

vt a,b,c,d € F.
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42. Trohoylote Tic n X n optlovoec:

1 -1 0 0 0
111 ! 0 2 —2 0 0
B ! 0 0 3 0 0
(a) det | =1 -1 1 1 (B) det ‘
_i _i _i 1 0O 0 0 ... n—=1 1-n
1 1 1 .- 1 1
43. Ozwpolue Ty n X n opiCouvoa
a+ « 0 0 0
16 a+ Q 0 0
¢, = det 0 B atp
: : .. a 0
0 0 8 a4+ Q
0 0 0 I5] a+

v, 3 € F.
(o) Acilte 6Tt ¢ = (v + B)en1 — aff ¢ Y > 2, 670U €9 = 1 x0otd oUuBaon.

(B) Xuvdryete évav TOmO YI0L TO €, TS PORPNS €y = Pr(a, B), 6ToU Dy (2, y) € Zx, Y]
elvol TOAUGYUUO UE OXEQUOUS CUVTEAEC TEC.

44. 'Eotw o n X n mivaxog A, g Aoxnong 34.
(o) Tmohoylote v opilovoa touv A, ywn =1,2,3,4,5.
(B) Tmohoylote tnv opilovoa tou A, yio Tuyaio Yetind axépoto n.
(v) Yrohoyiote tov mpoouptnuévo mivoxo tou A, yia Tuyaio Yetixd axépoto n.
)

(6) Na Moete 10 obotnua yeouuxoy eElo®oewy A, - = b, 6mou b eivor n oAk
urnpoug n 6ha To ototyelor Tng onolog elvon oo pe 1.

45. Acl&te 611 n opilouca Tou mpocupTNuévou Tivaxa evog Tivoxa A € ™" elvon {om
ue (det(A4))" .

46. 'Eotw avtioteédylog nivaxag A € F**". Acidte 6Tt 10 dlpolopa twv otoryelny
Tou avtiotpogou mivaxa A~ ebvan (oo pe 1/ det(A) enl o ddpoloua Twv 0pllovsmy eV

N TUVEXWY TOL TEOXVTTOUV oV TG TOVTOS Wi amtd TIC 1 YROUPES Tou A e TN Yeouun
(11 - 1).
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47. Alveton Y9etnde oaxépatoc m.

(o) Av yio 800 n x n mivoxeg A = (a;;) xow B = (b;;) pe otovyeia axépoouc aptiuoie
oyvel a;; = by (mod m) yi 1 <, j <mn, dei&te 6t det(A) = det(B) (mod m).

(B) Act&te 6t 0 mivoxog

1 3331 6661 9991
9332 2662 5992 8002

— 4x4
4= 8663 2993 4333 7003 | © R
7994 1004 4334 6664
elvan avTio Teéduuoc.
48. 'Eotw o n X n mivoxac
1 1 1
ai 5] Qn
A = ai a3 a, |,
a™t a! a1
OTOV @y, Ay, . . ., Ay Elvan oToLYEl EVOC cwuaTog F.
(o) Acilre 6t det(A) = [],ijcn, (a5 — i)
(B) Av T aq,aq,...,a, cvou Swpopetixd avd 600, cuvdyete 6Tt o Tivaxag A eivou

ovTio TEéduog xan Bel€te 6TL To dpolopa TwWV GToLYElWY TOU A~ givan (oo ue 1.
(v) Aceigte 6

1 1 . 1
a/l a2 P an
2 @& - @
det ) , ) ) = (a1 +ag+ -+ ay) H (a; — a;).
: : : e
2 2 o 9 1<i<j<n
aq g ay,
n n n
al CL2 ) an

12



49. Trohoylote Ty n X n optlovou

1 1 1
1+ % Ty + U1 Tn + Y1
det (@1 + y1)(@1 + 32) (22 + 1) (2 +y2) - (@n + y1)(zn + y2)
(@1 +90) - (@14 9) e (@t ) (@ )
yior TEory Hoteo0g aEldUOUC T1, . ., Ty Yty -« - Yne1-

50. Eotw f(t) n optlouca tou n x n mivoxo

ci—t a—t a—t -+ a-—1t
b—t co—t a—t -+ a-—t
b—t b—t c—t -+ a—t 7
b—t b=t b=t - cp—1
6mou a,b, ¢y, ¢, ..., € C xou €0t T0 TOALGVLUO @(t) = (1 —t)(ca — t) - - -

(o) AcetZte 6t f(a) = p(a) xa 6T f(b) = (b).

, , _ bp(a)—ap(d)
(B) Av a #b, dei&te 6t f(0) = %-

51. No unoloyioete tnv opilouvoa tou (k + 1) x (k + 1) mivaxa
© @ (%)

A k) = | () (") ") |

bron (1) = sy, et (1) = (") + (1),

13
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52. 'Eotw A, B € F™"™ xou ay,as9,...,0,,b1,09, ..., by, 21, 29,..., 2, €F.

(o) Acilte 611 1 optlouca tou mivaxa A + B elvou {on ue to dpolopa twv optloucnv
TV 2" mVAXemv Tou TeoxinTouy omd Tov A avTixao TOVTIC XATOES and TIC
othheg Tou A (davde xoud 1 xon Oheg) e Tic avtioTolyes oThieg Tou B.

(B) Tmohoylote tv n X n opilovoo

a161 + T ale cee (llbn
det asby aghy + 19 - azby,
an,b1 Qb <o apby, + T,
(v) Ynohoyiote t0 plo
1 1 1
1 -1 1 1
—1)ln/2]
im CDT sl o1 o4 1
n—00 n' . . . . .
1 1 1 1+ (=1)"1n

53. 'Eotw n n x n opllovou

1 1 1

1 2l ]

1 1 1
d, = det 21 31 (n+1)!

i 1 . _1

n!  (n+1)! (2n—1)!

() Tmohoylote tn d,, yon =2 xun=3.

(B) Acigte 6T
) ()
WL = DU | (9 (3) - ()

I )

(v) Tnoroyiote t dy, Yo Tuyado Vetind oaxépono n.
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54. 'Eotw axépaog n > 2 xau ag, ai, - .., ap—1 € R.

(o) AciZte 6T

1 -1 0 0 0
1 1 -1 0 0
1 1 1 e 2 n—>2
det = aopt+a;+2as+2%as+- - +2" “a,_1.
: : R — 0
1 1 1 .- 1 -1
Qo ay Qg -+ Gp_2 dAp—1

(B) YTmdpyer 12x 12 nivaxag A o ototyeior Tou omolou avixouv oto obvoro {—1,0, 1},
tétolog wote det(A) = 2010;

55. 'Eotw Jetixol axéponol n, m xaw Tg, T1, ..., Tm—1 € F.
() Av A e F™" xau B = (b;;) € F™*™, eilte 6
buA  bppA  - DA
byt A bpA - by A
det . . . . = (det(A))™(det(B))".
(B) Eotw o m? x m? nivaxac Cy, = (¢5), 6mov 0 < 4,5 < m? — 1, ye orowyela
Cij = 0wy, OTOU § = To+mry, § = So-+msy xou 1o, 71, 50,51 € {0,1,...,m—1}.
Aciéte 6T

det(C,,) = <H <xi—a:j)> :

i>]

56. 'Eotw nivaxeg A € F™*" B € F™*™ o D € F™*™,
(o) Aceilte 6T
A B
det ( O D ) = det(A)det(D).

(B) Eotww 6t A, B € R™™ (dnhodof F = C xou n = m). Aci€te 6t

A B : .
det(_B A) = det(A —iB)det(A +1B)

A B
det(_B A)ZO.
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57. 'Eotw nivaxeg A, B,C, D € F™*",

(o) Act&te ot av o A etvan avuiotpéduuoc xaw AC = CA, tdte

A B
det( c D) = det(AD — CB).

(B) Ioylel to ouunépaopa tou (o) ywelc Ty unddeon AC = CA;

58. 'BEotw mivaxec A € F™*" you B € F**™,

() Av m > n, dei€te 61 det(AB) = 0.
(B) Avm < n, dellte 6t

det(AB) = Y det(As)det(Bs),
S

6mou 610 ddpotopa tou de€ol péhouc 0 S = {ji < Jo < -+ < Jim} Otatpéyel
6l tor utoovola tou {1,2,...,n} ue m ototyeio, Ag elvon 0 m X m nivaxoc pe
OTANES TIC J1, J2, - - -, Jm OTHAEC Tou A xau Bg ebvar 0 m x m nivaxog ye yooupéc
TUC J15 725 - - - Jm YOOUMES TOL B.

() T tuyeio mivaxa @ € R™ ™, deigte 6t det(Q'Q) > 0.

59. Aci€te 6T
aq as as --- Qp,
Qp a1 a2 st Qp— n—1 n
det p—1 AaAn Q1 -+ QAp—2 = (—1)”71 (Z (jkak> ,
: : N : =0 \k=1
(45} as Qa4 - ay
6mou ¢ = e2™/™ . Yuvéyete 6T
1 2 3 n
n 1 2 n—1
n—1
det| n—1 n 1 n—2 = (=)t (ntLn
) 2
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60. 'Eotw n x n nivaxoac A, xodévo and ta ototyela Tou onolou eivon (oo e 1 1 —1.

(o) Acet&te 6t 1 opilovoa tou A elvon oxépato TOAATALGIO TOU on—1,

(B) Tw Boopévo n, utohoyiote Ty ehdytotn Vetixr Tiur mou unopel va AdBeL 1 opi-
Covoa tou A.

61. Beeite 6houg toug Yetixolc axepaioug n mou €youv tny e€ng WdTNTa: 1 opillouca
%&ie ouppeTEoV N X N Tvoxa e oTotyela axepaioug aprluole xon UNBEVIXE TéVe TNV
x0plor Blary@vio etvan dptiog apriudc.

62. Trdpyet mivoxag A € R™™ tétolog dote A% = —T;

(o) AmavthoTe To epWdTNU AUTO
oy n =2,
oy n =3,
oyt Tuyaio YeTind axépao n.

(B) Beeite 6houc touc Yetixoic axepaioug 1 yior Toug omoloug Uty ouy avTio Teéduuot
mivoxec A, B € R™" tétoiol dote A2 + B? = O.

63. 'Eotw 6 A, B € R¥? elvar ouppetpwol avtiotpéduol nivaxec. Aelite 6t o
A? + B? civau enlong avuiotpédipog mivoxag. Ioylel o (Blo yio n X n mivaxeg;

64. Aiveton oopa F.

(o) Av 1o F éyet touldyiotov tpla ototyela, Bellte ot xdle mivaxag A € F™*™ unopet
var yeagel we ddpotopa 800 avTIG TEEPIUWY TVEX®Y, €vac and Toug onoloug elvor
GV TELYOWIXOS Xt O BAAOC XATL TELYWOVIXOC.

(B) Avn > 2, det&te 6t xdle mivaxag A € F™*™ unopel vo ypapel we ddpotoua 500
VT TEEPLUWY TVEXWY.

65. Alvetan Yetixdc axéponog n xou Tuyokor mporypatixol aprduol a;; v 1 < 4,5 < n
ue ¢ # j. Aeilte 6t undpyouv mpaypotixol aprduol a; € {0,1} v 1 < i < n, ool
wote o mivaxag A = (a;;) € R™™ va etvan avtio tpéduloc.
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66. Aciéte o6t
() Av Ay, Ay, .. Apy € F™™ etvan tuyadot miivoeg, TOTE UTAEYOUY A1, Az, . .., Adpg1 €
IF, oyt 6hot undéy, tétowa wote det(A Ay + Aods + -+ + A1 Anga) = 0.

(B) Trdpyouv mivaxec Ay, Ay € R¥*? pe v elfic iotntor av Ap, Ao ebvon tuyadot
mparyportixol aptiuol, oyt xar ot Vo undéy, téte det(AAr + AaAs) # 0.

(Y) Trdpyouv mivoxec Ay, Ag, Az, Ay € RY ue tny e€hc oo av Ap, Ao, Az, A
etvan Tuyadot Tparypotxol aprduol, oyt 6hot undéyv, téte det(A Ay + Ao Az + A3 A5 +
M Ag) # 0.

Té&Zn ITivaxa

YuuPoAiloupe pe rank(A) tnv té&n evéc mivoxa A € F™ " Snhodn to peyakitepo
puowod apud k yioo Tov omolo umdipyel un undevixr) k x k umoopilovoa tou A xau
vreviuuiCoupe 6Tt 1 TAEN €vOC Tivaxa O UETHBAAAETOL OTAV EXTEAOUUE G TOLYELOOELS
UETOOY NUOTIOMOUS OTIC YRoupES () aTic oTHAeS) Tou mivoxo ouTo.

67. Trohoylote Ty Té&n Tou mivaxa tng ‘Aoxnong 23 yia xdie Jetind oxépono n.

68. Afveton Yetinodg axéponog n. Ilow etvan 1 pé€ytotn duvaty| T8N evog UndevodLVaUoU
mivaxar A € ™™ (Snhodf n X n ivoxa ue A™ = O yua xdnoto Yetxd axépato m);
69. TN tuyaloug mivaxeg A € F™ " xou B € F™*P deilte ot

(o) rank(AB) < rank(A).
(B) rank(AB) < rank(B).

70. Aiveton mivaxag A € F™ ™. Aei€te 6Tt o1 oxdhovideg npotdoeic elvat loodOvaeS:

o) rank(A) =m.

B

)

) Tndpyet pio m x m vnoopilovco tou A 1 onoio elvor idpopr Tou Undevoc.
Y) To ypoupixd cbotnua Az = b elvor cupBiBactd v xdde b € FmxL.

)

(
(
(

(8) Tndpyet nivaxac B € F™™ tétooc wote AB = I,
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71. Abveton mivaxag A € F™*". Aei€te 6Tt o1 oxdhovldeg npotdoelc efval loodOvVaeS:

72. Io tuyaio nivaxo A € F™ ™ 8elgte otu:

(o) rank(PAQ) < rank(A) yio P € F™™ you @ € F**™.
®
(v

)
) rank(PA) = rank(A) yo x&de avtiotpéduo nivoxo P e Fm*m,
)
(®)

(PA
rank(AQ) = rank(A) yio xdie avtioteédipo nivoxo @ € F™*™.
rank(PAQ) = rank(A) yu 6houg touc avuoteéduyoue P e F™ ™ xou () € F ",

73. Acifte 6urank(A+B) < rank(A)+rank(B) v tuyoioug tivaxec A, B € F™*™,

74. Acilte 6Tt
rank(l — AjAy--- A,) < Z rank(l — A;)
i=1
yioo Tuyadoug mivaxeg Ay, Ao, ..., Ay € FP

75. Alvetan axéponog n > 2. ot ebvon 1) eAdylotn xou motor 1) U€yto T THur Tng TaEng

evoe n X n mivoa, To otowyela Tou omolou etvar axpBne ot axéponot 1,2, ..., n?;

76. 'Eotw Yeuxdc axéponog n xou nivoxog A = (a;;) € R™™ pe

0, v o=,
jais| = 1, OlopopeTIXd.

() Av o n eivon dptiog, Bet&te dTL 0 mivoxog A ebvan avtio Teéduoc.

(B) Eoww 61t 0 n elvon tepittodc. Iloteg ebvar or duvortée tiwée tng tééng tou A;

77. BEotw A évac n x n nivaxoc pe tic €€rc wiotntee: Kdde otoryeio tne wdptog
Olrywviou Tou A elvan (60 pe undév xon xadéva amd tar unéhoima oTotyeior Tou A etvan
(oo ye 1 A ue 2010. Aci&te 6T rank(A) > n — 1.
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78. Alveton mivaxag A € R™ ™ yio tov omolo oy Vel At + A= J, —I,, énou J, eivar o
n X n nivoxag xde otolyeio Tou onolou etvar (oo pe 1.

(o) Aeilte 6t rank(A) > n — 1.
(B) Adote napdderypo tétolou mivoxo pe rank(A) =n — 1.

(v) T n > 2, 8dote nopdderypo tétotou nivoxa ue rank(A) = n.

O Awavuopatixds Xopog Fr!

OplZoupe tov Tuphva evic mitvaxa A € F™ " ¢ ker(A) := {x € F™! : Az = 0} xa
v anexovion Ly : P — F™<t Gérovioc La(x) = Az v o € F™L

79. Alveton mivaxag A € F™ ", Aei€te 6Tt ot oxdhovldeg cuvifixeg etvar LloodOvaueS:

(o) O o6hAkec Tou A mapdyouv to ywpo F™*L,

(B) To yeopux6d cvotnua Az = b etvor ouufiBoactd yio xdde b € F™>L.

(v) H anewdvion Ly : FE — F™ efvou ent.
)

(3

rank(A) = m.

80. Aiveton mivoxag A € F™ ™. Aceilte 611 o1 axdhoudec cuvirineg elvor 1GoBUVAUES:

)

) To opoyevéc ypouuixd cbotnua Az = 0 €yet uévo v tetpyuévn hoon = = 0.
v) H anedvion Ly : FE — F™ gfvon 1-1.

)

81. 'Eotw dioxexpuévol mporypotixol aprduol Aj, Ag, ..., A, TOU BV avixouy 6To oU-
7 /4 7/ 7
voho {—1,—2,...,—n}. AciZte 61 o1 6THAeC TOU TV
1 1 o 1
A1+1 A1+2 A1+n
1 1 o 1
A2+1 A2+2 A2+n
1 1 o 1

elvol YRouUixwe aveldoTnTor BlavOoHaTa TOU R*1,
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82. 'Eotw W 10 olvoho twv ototyeiov (r1 z2 - - x,)" Tou OLLVUOUATIXOU Y(EOU Frxd
TIOU IXOVOTIOOUY TN GYEom X1 + g + - -+ + 2, = 0.
(o) AefZte 6t to W ebvor undywpoc tou F<L,

(B) Tmohoylote tn Bidotacn tou W xo Peeite wio Bdon autou.

83. Alveton mivaxac A € Fmxn,

(o) AciEre 6T n didoTaon tou utdyweou tou F™*! nou tapdyetor and Tic oThkEC TOU
A ebvou fon pe v té€n Tou A.

(B) Luvdyete OTL 1) BLAG TAGT) TOU UTOYWEOU TOU F™*! oy ToEYETOL A6 TIG OTHAEG

Tou A elvor {on Ye TN BIAOTACT TOU UTOYMEOU TOU F»1 1ou ToEdyETOL OO TIC
othiec Tou A’

84. Acifte 6t dimker(A) = n — rank(A) yioa xdde nivoxa A € F™*".

85. Bpeite 6Aouc Touc undyweouc W tou R7x1 ue Ty wtotnTa: av (21 oo - - )t ew
xou o efvon petddleon tou cuvéhou {1,2, ..., n}, T6T€ (To(1) To) =+ Tom))' € W. Tloteg
elvon oL BUVATES TWES TNG OLAC TACTC EVOS TETOLOU UTOY POV

86. Acilte 6Tt yia xde undywpo W tou yweou Frx1 UTdEYOLY VETINOC OXEPALOC T XAl
mivaxog A € F™*™ tétolor wote W = ker(A).

87. AciEte 6T v Tov mpoocoptnuévo mivoxa adj(A) evée mivaxa A € F™*™ 1oy bouv:

() Avrank(A) = n, téte rank(adj(A)) =n
(B) Avrank(A) =n — 1, t6te rank(adj(A)) =
(v) Avrank(A) < n — 2, t6te rank(adj(A))

88. Bpeite 6houg toug Yetixole axcpaloug n mou €youv Ty e€Ac wiotnta: av A = (a;;)
ebvon X n mivoag e otovyelo U undevixolg mpayuatxols apriuoic, Téte eivon duvaTdy
vo TolMamhaoldoouue xdde ototyelo a;; Tou A pe xdmolov Yetnd mporyotind aptdud b;
€toL o Te o mivaxag mou Va tpox el va €yel opiouca Undév.
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Apnenuévolr Atavuopatixol Xweot

YupBorifouye pe dim(V) tn Sidotoaon evée Sravuoyatinol yoeou Vo xon pe [ (]
tov F-Brovuopotind yhpo 6Awv v ToAuwviuwy p(z) € Flz] Baduol wxpdtepou 1| loou
TOU n.

89. TN ta SlavouaTo vy, Vs, - . ., Up, €VOS SlavuouaTixol yweou V enl tou F ioybouy o
Ll0OTNTES

n
E QU5 = Ov, 221,2,...,7’)1
j=1

Yo xdmoloug cuvteheotég a;; € IF, 6mou Oy elvan o undevind ctotyeio tou V. Av 7
TéEn tou mivaxar A = (a;;) € F™ ™ eivan (o ye n, 6ellte 6L vy = vy = -+ = v, = Oy.

90. Abvovtan Yeouuixde aveEdoTnTa SlavOoUOToL Uy, Us, - . . , Up, EVOC SLAVUCUOTIXOD Y-
eou V' xou Slovbouata vy, s, . . . , Uy, TOU TORdYOLY TO V. Xpnowonoiiote tny ‘Aoxnon
27 vy va Oetéete otL n < m.

91. TrohoyloTe TN BIACTUCT TWV TAUPAUXATE UTOYWEwY Tou F*™:

(o) TOL UTOYWEOU TWY GVe TELYWVIXWY 1 X 1 TUVEXWY,

(B) TOU LTOYWEOL TWV BVE TELYWVIXOY N X 1 TVEXwY, xdle oToyelo oty xbpl
OLY VIO TwV oTtolwv etvat (0o ue undey,

(Y) TOU UTOYWEOU TV GUUUETOIXWY N X 1 TVAXWY,

(8) TOU UTHYWEOU TWV AVTIGUUUETEIXMY 1 X 1 TUVAXWY.

92. Afvetan 10 olvoho W, = {A € F™ " : tr(A) = 0} hwv TV n X n TVexXwy Ue
ototyela amd to IF, 10 fyvog twv omolwv elvar (0o ue undév.
(o) Acet&te 6t 10 W, ebvan yvrolog undyweog tou F™*™. Tow elvon 1 Sidotacy| tou;

(B) Xuvdyete 6t omoowdrinote mivoxeg Ay, Ag, ..., Az € F™" pe tr(4;) = 0 yw
1 <i<n?eva YoouUXwe e€apTnuéva oTolyeio Tou F™X™,
elte yoauuxde aveldotnto oTolyeia 2 TOU TéTol OOGTE
() Bpeite ypoppuxc Edptn yelo Ay, Ay, Ay Frxn, ¢ ’
tr(A;) =1y 1 <7 <n?

(8) 'Eotw nivaxac B € F™*" o onoloc dev givon tolanhdotlo tou I, ot €otw nivaxeg
Ay, Ay, A € TV Avaoyler A;B = BA; yio 1 <@ < n?, delfte 4TL oL
Ay, Ag,y o Az ebvan ypouuixds e€aptnuéva ototyeio Tou X7,
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93. Eotw V' 10 6Uvolo twv mvdxwy oto F™*" 1wy onolwy 1o otovyela xdie yoauunc
xan xde oThHANG Exouv ddpoloua undey.
(o) Acette 6t 0 V elvon ypouuinoe undywpog tou Fm .
(B) Beeite ot Bdon tou V' yioe m = 2 xou tuyaio n.
(v) Beette wa Bdon tou V' yia tuyade m xou n.
(8) Xuvdyete 6t dim(V) = (m — 1)(n —1).

94. Aivovton tohudvupa ¢o(z), g1 (), ..., ¢n(x) € Fylz].
() Av 10 ¢;(z) éxel Padud oo pe i Y 0 < i < n (ondte 10 ¢o(x) ebvan un undevixd
otoepd mohudvLpo), Bellte 6T ) (¢o(2), P1(2), ..., Pn(x)) elvon Bdon tou I,y [x].

(B) Eotw a € F. Xuvdyete and to (o) 6t 1o mohudvupa ¢;(z) = (z — a)’ yw
0 <@ < n anoteholv T orotyeio pac Bdong tou Fy,[z].

(v) AvF = C, exgppdote éva tuyaio mohudvupo p(x) € F,[x] oc yeauuxd cuvduooud
TV oTolyElwy Tng Bdone tou epwtiuatoc (B).

95. Eotw a € F.
(o) Aceigte 6n 10 alvoro W = {p(z) € F,[z] : p(a) = 0} elvar yvioroc undywpog
Tou davuopatixol yopeou Fy,[z].
(B) Av po(x),p1(x), ... ,pulx) € Fylz] xaw pi(a) = 0 yio 0 < i < n, Sellte 6u 1w
po(z),p1(z),. .., pu(z) eivon yoauuxde eZaptnuéva otoryeia touv F,[z].

(v) Eotw pn undevixd ctoiyeio b € F. Aeilte 611 undpyouy ypouuixde aveldotnta
po(2),p1(x), ... ,pu(x) € Fylx], tétota dote pi(a) =b vy 0 <i < n.

96. Aivovtar avd dVo dlaxexpulévo oTolyela ay, as, ..., a, evoc owpatoc F xou to
rolvovupa ¢(z) = (x —ay)(r—az) - - (x —ay) xou ¢;(z) = ¢(z)/(r—a;) yeu 1 <i<n
Tou FFlx].

(o) Aet&te ottt ¢1(x), Pa(x), . .., Pp() elvon ypopuxde aveldptnto oTotyeior TOU
F-Stavuopatixol yopou Flz].
(B) Aci&te 6t xéde nohuidvupo p(x) € Fla] ye Badud pixpdtepo tou n ypdpetar o

Lope
p(z) = c1¢1(r) + cado(x) + - + cun()
p(a;)

Hecizmytoclgign.
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97. Abvovtou 1o otowyeto ¢i(x) = 2'(1 4+ 2)" " tou Fyla] yiw 0 < i < n.

(o) Aette 6t n By, = (go(z), p1(x), ..., ¢n(x)) eivar Bdon tou [, [z].

(B) T 0 < k < n, ex@pdote T0 UOVHVUUO * e YOOUUIXO CUVOLACUS TWV GTOLYElWY
e Bdong B,,.

(Y) Av n =4, npdZe opolwe yio To Tohudvupo p(z) = 1+ + 2? + 23 + 2.

98. Atlvetar Stoavuopatinde ywpeoc V' ddotaong n xaw undyweol tou U xow W. Acilte
OTL oL axOAoV¥eC TPOTAOELS Efvor IGOOOVUEC:

i) V=UeW.

(ii)) V=U+ W xou dim(U) + dim(W) = n.

(iii) Yrdpyouvv Bdoec B xar C tov U xou W, avtictoya, ye BNC = @, n évwon twv
omolwv elvon Bdomn tou V.

(iv) T onoteadhnote Bdoeg B xou C twv U xau W, avtiotoya, woyvet BNC = & xou
1 évewon BUC eivon Bdon tou V.

99. Eow V, = R,[z]. YuuBoiiloupe pe U, 10 cOvolo TV Tolvwviuwy p(z) € V,
yior Tt omola toyVet p(—x) = p(z) xou ye W, 10 obvoro v moduwviuny ¢(x) € V,, v
o onofa toyler g¢(—x) = —q(x).

(o) Aette 6t o oUvoha U, xou W, elvon undywpot tou Savuouatixol yheou V.

(B) Tmohoylote T Swotdoeig twv U, xou W,.

(v) Aciére 6u 'V, = U, & W,,.

100. Aiveton évog F-dravuopotinde yopog V Bldotaong n xon €vag YVAolog LTdY weog
U wou V. Aci€te 611 0 U elvon i0og e Ty Topur OAwV Twv UToyweny ddotaong n — 1
Tou V' mou meptéyouy tov U.

101. Aiveton Stovuopatindg yoeog V didotaong n.
() Eotw U xaw W undywpeot tou V didotaong k xou n — 1, avtiotoyyo. Actgte 6t 7

dudotoone e touric U N W eivon fon e k — 1 1 k xau ot woyder dim(U N W) =
kesUCW.

(B) Av Wy, Wj ebvon 600 Sapopetixol undyweol tou V Sidotoong n — 1, toteg eivat ot
duvaTég TWES NG ddotaong tou Wi N Wa;

(v) Eotww axépaoc 1 <17 < n. Av Wy, Wa, ..., W, elvon undywpol tou V' Sidotoonc
n — 1, moteg ebvon oL duvatég TES TNg ddotaong Tou Wi N Wo N --- N W,
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102. Aivovtar undywpeot U, V, W evéc Slavuouatinol yweou.

(@) Aei€reon UNW + VNIW C (U+V)NW.
(B) Ioyver mévtote n wwétTnTa o0 (00);

(Y) Av ol U, V,W éyouv nenecpoouévn didotaon, deilte ot

dim(U +V +W) < dim(U)+ dim(V) + dim(W) — dim(U N'V)
—dim(UNW) —dim(V N W) +dim(UNV NW).

(6) Avou U, V,W éyouv nenepacuévn didatoor, cuvdyete and to (y) ot
dim(U) + dim(V) + dim(W) — dim(U + V + W) > m,

6mou m gbvor 0 péylotog twv oxepaiwy dim(UNV) +dim(UNW), dim(UNV) +
dim(V NW) o dim(U N W) + dim(V N W).

103. "Eva tohvevuuo ag+az+- - -+a,z" € Fy[z] Myetou ovupetpirs (§ maivdpouid)
av woyleL a; = ap—; Yo 0 <4 < n. BuyBorioupe W, e T0 GOVOAO TOV CUUUETEIXWY
ToAuwVOULY Tou I, [z].

(o) Aci€te 6t 0 W), elvon undywpog tou Savuopotixol yopeou [y, [z].

(B) Aci&te 6t ta mohudvupa pi(z) = 2 + 2" v 0 < ¢ < |n/2] anotelolv T
otowyela wog Bdone tov W, xou ouvdyete o6t dim(W,,) = [n/2] + 1.

(v) Acilte 6T a0 Tohudvupa ¢i(z) = ' + 2 4+ -+ 2"y 0 < 0 < n/2)
amotehoVy eniong ta ototyela pog Bdong tou W,.

©¢toupe tHpo F = R. "Evo cugueteind ToAGVULO ag + a1z + - -+ + a,2™ € R, [z]
AEYETOUL HOVOTPOTO OV
0<ap<ar<---<aps-

(8) Aci&te 6L éva ouuuetpixd tohudvupo p(x) € R, [z] eivon povétpono av xat uévo
av oL GUVTETAYUEVES Tou p(2) we Tpog TN Bdon tou Tou W), oo epdtnua () ebvor

un apvntixol aprduol.

(e) Xuvdyete 6t av to tohudvupe p(x) € R, [z] xou ¢(x) € Ry, [z] elvon ouppetpixd
X0 HOVOTEOTA, TOTE TO YoEVS Toug p(x)q(z) € R,y [2] elvon enlone ouypetpixd
%0l LOVOTEOTO.
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104. 'Eotw S éva cbvolo m BLoavuopdTeny To omolo ToEdyeL £VOL DLUYUOUATIXG YOEO
V dudiotaong n > 2. Trodétouue 611 10 dipoloua onowwvdrnote m — 1 ctoryelwy tou
S elvar ouyypauUix6 Ye to ototyelo Tou S mou meptooevet (800 Saviopota AéyovTto
CUYYPUUUIXS oV efva Yoouuxne eEaptnuéva).

(o) Acgigte 6ttn <m— 1.

(B) Aci&te 6t 10 dipotopa TV oTotyEimY Tou S Elvan (00 PE TO UNBEVIXG BtdvuouaL.

105. 'Eotw dwvuopatixde yoeoc V' tdve ot éva drewo coua. Acilte 6Tt o V' dev
elvon {00¢ Ue TNV EvwoT) TEMERUOUEVOL TAHDIOUS YVHACLWY UTIOYWEWY TOU.

106. 'Eoctw 600 Bdoeig B xou C evog dravuopatinol yweou V' TETEpaoEvng BLdo Taong.

(o) Aceite 6T ya xdde v € C undpyet u € B oo wote 1o obvoro (B{u}) U {v}
v ebvan Bdion tou yopou V.

(B) Aci&te 6ty xdde v € C undpyet u € B této0 Hote ta alvora (BN{u}) U {v}
xou (C~A{v}) U {u} va elvon xon tar 800 Bdoeic tou yohpou V.

107. 'Eotw dwvuoyotixdg yweog V' ddotaong n xaw éotw A évac n X n mivoxog
ue otoryela davbouata Tou V. Adocte amddelln 1) avTimopdOetyda Yoo Ty oxoioudn
meoTaon: Av xdie ypouuur Tou A eivon Bdon tou V', toTE elvon Suvartév var avadtortory Vet
xde ypauur Tou A €tol hoTe xdle oTHAN Tou Tivoxa Tou Vo TeoxDPEL va elvan eTtiong
Bdomn tou V.
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I'oappixég Anewxovioelg

Mo F-Srovuopatixote yweoug Voxaw W, cupforiCouye pe L(V, W) tov F-Siavuouoatixd
Y®E0 OAWY TV Yeouuix®y anexovicewy T : V. — W. O duixdg yopog V* tou V elvon
o F-Suavuopatixde ywpeoc LIV, F) dhwv tov yeauuxdy poppoy T : V — F.

108. Atvovton axépator 1 < k < n xou 1 amewovion T' : F* — F" n onola opiCeton
Vétovtac T'(z) = (x1,...,2%,0,...,0) yio © = (21, x9,...,x,) € F".
(o) Aet€te 6t n T ebvon ypouxr amexovion xou 6t (T (z) = T'(x) yo xdde z € F™.
(B) Beeite tov muphva xar v etxdva tng T xow UTOAOYIOTE TIC BLUG THOELS TOUC.
(v) T moteg tpée v k xou n etvar 1 T 10OUOPQIOUOC DIVUGUATIXOY Y ORMY;
)

(8) Trohoyiote Tov mivoxa ¢ T w¢ mpog 0 cuvAdn Bdon Tou F".

109. Alfveton o ypopuxods petooynuatiopos ' 1 F* — F" nou optleton Yétovtog
T(x) = (x1 — w9, x9 — T3, ..., Ty — 1) YL T = (T1,%2,...,2,) € F" (6n0u yia n = 1
éyoupe T'(x) = 0 yio xde = € F, xotd opPoon).

(o) Acet&te 6t n T ebvon YpoUixn amexdvion.
(B) Beeite tov muprva xan v eixdva tng T xow UTOAOYIOTE TIC BLG THOELS TOUG.

(Y) Eotwo n =2 xu F = R. Acite 6u yio € R?, 10 T(x) ebvou n opdoydvia
TpoPoly| Tou 2x oty evdela o + 29 = 0.

110. Alveton n ypouuixy aneixovion F-diavuouoatiney ywewy T : V' — U xou undyweog
W tou V.

(o) Acet&te 6t nexova T'(W) = {T(w) : w € W} tou W w¢ npog tnv anewdvion T
ebvon uTOY WO Tou U.

(B) Av oV éyel nenepoaouévn Sidotoon, bet&te 6Tt To (Blo toylel yia Ty exdva T (W)
xou 6t dim T’ (W) < dim(W).

111. Alveton dravuopatixde yopog V. Beelte dhec Tic ypouuixée aneixoviceic T': V' —
V' ue v e&rg wiotnTor o SlavOoUoToL U XAl T'(v) elvon ypaUxee eCopTnuéva ylo xde
veV.

112. Alveton ypouuixdg petooynuatiopoc T : V. — V evée davuopatixol yweou V o
didvuopa z € V. Av oybouy T™(z) = 0 xou T™ (z) # 0 yio xdmoto Jetind oxépono

m, det&te 6L o Savbopota z, T'(x), T?(x),. .., T™ () elvon ypopuxde aveZdpTnToL.
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113. Alveton ypouuixog petaoynuotionoc T : V. — V' evég davuouatinod yweou V.

(o) Av 21,29, . .., Tor ebvor oT0yEl TOU V 01 1oy Vouy T™ (2,,) # 0 xou T?™(z,,) = 0
yio 1 < m < 2% Beifte 6t 1 OLVOOUATO X1, T2, Ld, - - - , Lok ELVOL YRUUUXOC
ave&dpTnToL.

([3) Av o V éyel nenepacyuévn didotao, 6eilte 6TL undpyel VeTndg axépatog m TéTolog
oote ker(T™) N Im(T™) = {0}.

114. Alveton davuopoatixde yoeoc V, otovyeio vy, va, ..., U, € V' xot YOOUUXOS UE-
tooynuatiopos T2 Vo= Vo Av T(vy) = vr, T(v;) = vim1 +v; Yo 2 < 4 < n xot 10
vy ebvon un undeVInd Bidvuopa, Sel€te Tl To {v1, Vo, . .., Up } EIVOL YoOUUIXOS aveEdpTNTO
utocUvolo tou V.

115. Afveton dravuopatixdc ydpog V didotaong n. Av {uq, ..., Upir } xow {v1, ..., Upy1}
elvon utocUvoha tou V' ue n+1 otowyelo, xde yvrioto untocivoho xoevdg and To onola
elvon Ypouux®e aveldptnTo, delte OTL UTAPYEL YEouUXOS Woouopgiouoe T @ V. — V
TETOLOC MO TE T OLAVOOUITA T'(u;) xou v; vou gbvon Yoouuxwe e€apTnuéva yior xdie @ ue
1<i<n+1.

116. 'Eotw V o undyweog tou F™*™ mou amotekeiton and toug mivaxes ta o totyelor xdie
Yeouuhc xot xde oTAANG TwV omolwy €youv dlpoloua undév (ﬁkéns ‘Aoxnon 93). INo
X €V, éotw T(X) € Fm=Dx(=1 ¢ mivaxac mou mpoxintel and tov X OLoryedipovTag
NV TeEAeuTalo YoOoUU XU GTAAT.

(o) AclEte 6mun T : V — Fn=Ux(=1) givon yooupxd amecévion,

(B) Aci€te 6t n T elvar 1GOLOPPIOUOE BLAVUCUATIXWY YORPMY.

(v) Xuvéyete 6w dim(V) = (m —1)(n — 1).

117. T A € FPX™ xou Yetind oxépono n Yewpolue tny amewovion T’ T — FPxn
n omofa opileton Yétovtag T'(X) = AX vy X € F™*™,
(o) Acet&te 6t n amewdvion T etvon ypoux.

(B) Av p=m xa o nivoxoc A elvon avtioteédutog, 6eilte 6Tt n 1" elvon 1oogopplopde
OLLVUOUATIXDY Y OPWV.

(v) Av n T elvar 1o0pOp@IOUOS BIOVUCHOTIXOY YWE®Y, BEETE OTL p = m xou OTL O
mivoxog A ebvon avtioTeéduoc.

118. Aiveton ypopuixy| anewovion F-dwavuopatixay T : V. — W. Av o V éyel nenepo-
ouévn ddotaon, 6ei&te 6t dim(V') = dimker(7") 4+ dim Im(7").
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119. 'Eoto yeauuwol yetacynuatiopol S, T : V' — V evéc F-duavuopotinod yoeou V.
(o) Aei€te 61 o meptoptopde tne T' otov undyweo ker(ST') tou V' opilet par ypopupxn
anewxovion R : ker(ST) — ker(S).
(B) Act&te 6t ker(R) = ker(T) xou 6t Im(R) = ker(S) N Im(7).
(v) Av o V éyel nenepaopévn didotaon, ouvdyete 6t dimker(ST) < dimker(S) +
dimker(7") xou 611 1) o6t 1oy Vel av xan wévo av ker(S) C Im(7).

120. Aiveton 1 ypoupwr| ancixovion F-diavuopatixay ywewy T': V' — U xon undyweog
W tou U.
(o) Aci&re 6t n avtiotpogn exdva T H W) ={v e V : T(v) € W} touv W ¢ mpog
v T ebvar undyweog tou V.
(B) BEow 7 :U — U/W o guowdc empopglopde tou U ent tou ydpou mnhixo U/W.
Aeigre 6t T-HW) = ker(S), énouv S elvar 1 oovdeon mo T : V — U/W.

() Av oV xau U éyouv tenepacpévr didotaon, det&te 6t dim T (W) > dim(V) —
dim(U) + dim(W).

121. 'Eotw F-diavuopotixol yoeor Vo, Vi, ..., Vi, Vinpr pe Vo = Vo = {0}, Av
utdipyouv yeopuxec anewxovioeg T; : Vi — Vigy yia 0 <4 < m, t€10leC OOTE ker(T;) =
Im(T;_1) vy xdde 1 < i < 'm, deilte 6T

Z dlm = 0.

=1

122. 'Eotw F-dwvuouatixog yopeoc V didotaone n xou ypouuxés anewovicele S, T :
V = V. Acite 6T

() Av Im(T") = ker(T'), t61€ 0 n elvon dptiog axépatoc.

(B) Av Im(S) = ker(S), Im(T") = ker(T'), Im(S) N Im(7T") = Im(ST) xau ST =TS,
TOTE 0 N €lvol aXEQULO TOAAUTAGGLO ToL 4.

123. Ta A € F™ " dewpolye tny anewodvion Ty : F™™ — T n onolo opiletan Yétovtog
Ty(X) =tr(AX) yia X € F»m,
(o) Acet€te 6t n Ty ebvon ypopuxy anexévion yua xdde A € Fmrm,

(B) Av Ty : F™™ — F etvan ) undevixr anewxovion, oet&te 61t A = O.

)
(v) Eotww T : F™™ — (F™™)* n anewdvion nou opileton Vétovtac T(A) = Ty v
A e ™. Aei€te ot n T elvor YpouuLxr] amexovion).

(6) Aei&te 6 yia xde ypauur amewdvion L : F™*™ — [F undpyet povadixde nivoxog
A € F™ ™ tétoloc wote L =Ty
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124. 'Eotw nivaxeg A, B € F™*™,
(o) Av undpyel avuioteéduloc tivaxag P € F™ ™ tétoloc wote B = PA, 8el€te 6t
vz € F™ 1 ioybel 1) woduvopio Ax = 0 < Bz = 0.

(B) Av yur x € F™! oyder n woduvopia Ax = 0 < Bx = 0, delfte 6T undpyet
avtio teédipog mivoxag P € ™™ tétolog wote B = PA.

TdEn Feoppixng Aneixdviong

Treviuuilouue 6T 1 Téén wog yeouuxig anewovione 1 1 Vo — W oplleton o¢
rank(7") = dimIm(7). Ewwdrtepa, yio xdde nivoxo A € F™ " 1 18&n e yeouuxhc
amexovione Ly : Frxt — Fmx1 goy opileton Vétovtac La(x) = Az vz € F*1 etvon
fon ue N BldoTAUOT TOU LTOYWEOU TOU F™*1 nou TopdyeETaL oo TS OTHAES Tou A xan

ouvendd (‘Aoxnon 83) fon ue rank(A).

125. Aivovton Savuopatixol yopor Voxow W menepaouévng SldoTaong o yeuixy
amewxxovion I : V. — W.

(o) Aet€te 6t n T ebvon povouoppiopgde av xou wévo av rank(7") = dim(V).

(B) Aci&te 6t n T elvon empoppropdc av xou wévo av rank(7") = dim(W).

(v) Xuvdyete 6t n T elvou woopoppiopgde av xar pévo av rank(7) = dim(V) =
dim(W).

126. Aivovton F-Savuopotixol yopor U, V, W nenepaouévng SIAoTaONG X0 YROUUIXES
anewovicei T : U -V xow S:V — W.

(o) AeiZte 6t rank(ST) < min{rank(S), rank(7)}.

(B) Xuvdyete 6u rank(AB) < min{rank(A),rank(B)} v mivaxec A € F™*" xou
B e F*xP.

127. Atvetan F-oravuopatinde ywpeoc V didotaone n xo yeauuixéc omewxovioewe S, T, R :
V—=V.

(o) Aeite 6t rank(S + 7T') < rank(S) + rank(7T").
(B) Aci&te 6t rank(S) + rank(7T") < n + rank(ST).
(v) Aceigte 6u rank(SR) + rank(RT') < rank(R) + rank(SRT).
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128. 'Eotw nivaxac A € F™". Tlow eivon 1 u€yiotn duvoty| Tiun tne tééne tou A
(o) av A% = O;
(B) av A* = O;

129. Aiveton F-Savuopatindg yohpog V' B140TooNg 1 xot YRUUUIXOS UETACY NUATIOUOS
SV = V. Opilouue 10 ypauuxd petaoynuatioud 7' : V. — V Gétovtoc T'(x) =

r—S()ywzreV.
(o) Acigte 6t S(T(x)) = T(S(x) yio xdde z € V.
(B) Act&te 6t rank(S) + rank(7") > n.
(v) Aci€te 6T o1 axdhoule ouvirxnes eivar loodUVOEC:
(i) V =Im(S) & Im(T).
(i) Im(S) N Im(T) = {0}.
(111) rank(S) 4 rank(7T") = n.
iv) Im(S) = ker(T).
)
)

_
<

(v) ker(S) =1Im(T).
(vi) S(T(z)) =T(S(z)) =0y xdde z € V.
[N tuyaio mivaxa A € F™™ cuvdyete o e€ric:
(0) rank(A) +rank(l — A) >n
() Ioyver rank(A) 4 rank(l — A) = n ov xou povo av A% = A.

130. Acite 6T

(o) T Tuyodoug mivaxeg A, B € F™**™ woyletl rank(AB) — rank(BA) < [n/2].
(B) Yrdpyouv mivaxeg A, B € F™*" &ote rank(AB) — rank(BA) = [n/2].

(v) Av yw touc A, B € F™™ 1oyber AB = O xau ot ivoxeg A + A? xou B + B* eivan
avtioteéduol, bellte 6Tl rank(A) = rank(B) = n/2.

131. 'Eotw Swviopoata u,v € C" pye u # 0. Acl€te 611 undpyEl CUUUETEXOC Tivoxag
P € C"" tétowoc ote Pu = .

31



ITivaxag piag 'papuixns Aneuxoviong

132. Atvovton dravuouatixol yweol Vo oxoaw W didotaong n xoa m, avitloTolyo, xou
yoouuwer anewxovion T : V- — W. 'Eotww A € F™" o nivaxag g T' wg mpog Tuyoleg
Bdoec twv V xow W.

(o) Aci€te 6t rank(7") = rank(A).

Yuvdyete ot n 1" ebvou:

(B) povouoppioude av xou wévo av rank(A) = n,
(v) empopgiopdc av xar uévo av rank(A) = m,

(d) LOOHOPPLONOS av ot UOVo av o Tiivaxag A etvan avtioTeéduog.

133. Oewpolpe ty anewévion T : R, [z] = R, [x] mou opileton Vétovtac T'(p(x)) =
p(a) = p/(z) yio p(z) € Ry [z].

(o) Acet&te ot n amewdvion T etvon ypoux.

(B) Beeite tov nivaxa tne T' we mpog ) Bdon (1, z,...,2") touv R, [z].

(

)
)
Y) Xuvdyete ot n T elvon YRoUix6S l0OUOp@LoPOS xon UTohoY(oTe To {yvog Tne.
(8) Bpeite 6ha T mohudyvupa p(z) € Ry, [z] yio ta omola woyver T'(p(x)) = x™.
)

n

(e) Trmohoyiote to otadepd 6po tou p(z) € Ry [z], ov T'(p(x)) =14+ 2+ -+ - + 2™

134. 'Eotw A € FP*™ Jetindg axéponog n xan 1) yeouxy| amewxovion T : Fmxm — Fpxn
n omofa opileton Yétovtag T'(X) = AX vy X € F™™ (Bréne ‘Aoxnon 117).

(o) Tmohoylote tov mivoxa e 1" we mpoc Tic ouvidelg Bdoeic (xortdhhnia Srortetary-
UEVES) Ty F™*™ yan FP*7.
(B) Aci&te 6t rank(T') = nrank(A).

(v) Xuvdyete 6t n T elvat LOOUOPPIOUOC BLOVUGUOTIXMDY YDEWY oY XL LOVO oY p = M
xou o mivaxag A ebvan avtioteéduuog.

(8) Av p=m, dei&te 6n tr(T) = ntr(A), omou e tr(T") oupPorilouye o fyvoc Tou
mivoxa Tng T ¢ mpog omoladrrote Bdon Tou FMX (@\ém ‘Aoxnor 145).
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135. Alvovta mivoxeg A € FP*™ o B € F™*9 you 1 ypopxr| amewxovion 1" : Fmxm —
[FP*4 1 onolo optletan Vétovtag T(X) = AX B yo X € F™*™,

(o) Acet&te ot n amewdvion T' etvon Yo,

(B) Aci&te 6t n T eivor 10OLOPPIOUOS SLAVUCUATIXMY YWEWY oV X0l HOVO oV p = m,
q = n xou ol wivoxeg A xou B elvon avtio tpédiyot.

(v) YTrohoyiote tov mivaxa tng 1" we mpog Tic ouvAdel Bdoeic (xatdAinha Satetory-
uévec) twv Fm™ ™ yan FP*9.

(6) Eotw 6t woybouwy p = m xa ¢ = n. Aeite 6u tr(T) = tr(A)tr(B) xo 6t
det(T") = (det(A))" (det(B))™, émou ye tr(T") xou det(T") oupPorilouye To fyvog
xou Ty optlovoa Tou mivaxa g 1" w¢ mpog onoadhote Bdor tou FMX™ (ﬁ)\éns
‘Aoxnor 145).

136. XupBoriCoupe pe V,, oV mparyUotind Slovuouatixd yompeo didotaong 2" wa Bdon
oL 0molov elvat T GUVOANO OAWY TV UTOGUVOA®Y Tou cuvélou [n] = {1,2,...,n}.
OcWEOVUUE TN YROUUXT) ATEXOVICT @y, @V, — V), Tou oplleton Yétovtog

pu(S) = 3 (-1 T

TCln)

v xdde S C [n]. Do mopdderyua, yan = 2 éyouue ¢, ({1,2}) = o—{1} —{2}+{1, 2}.
Trohoyiote T0 (yvog xou TNV 0pllouca TN Py. LUVAYETE OTL 1) o, ivon avTIoTEEPYN
yioe xdle Yetnd axgpono n.

I, O

137. Alveton o mivaxoe J, = ( O O

> e F»*" 6mou 0 <r <n.

() Avn > 2, 8el&te 6T 0 mivaag J, umoget vor ypopet we ddpotopa 500 avTio Tpéduwy
TVAXWY T GToLYEl0 TwY oTolwy avrixouv oto civoro {—1,0,1}.

(B) Luvdyete and 1o (o) 6Tt av n > 2, tote xdie nivoxog A € F™*™ unopel vou ypocpet
0¢ ddpotopa 500 AVTIOTEEPYWY TVEXWY.
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138. 'Eoww enl anewxévion f: R™™ — {0,1,...,n} v v onofa woyler f(AB) <
min { f(A), f(B)} yw 6houc toug mivaxec A, B € R™". Agilte 6t f(A) = rank(A)
yio xdde A € R™™ ¢ e€c:

(o) Acetgte 6t f(PA) = f(AP) = f(A) vy xdde A € R™™ xou xdde avtiotpédipo
mivaxo P € R™".

(B) T A € R dei&te ot f(A) = f(Ji), 6mou k = rank(A) xou J, eivor o Brorydviog
mivoxag tééne k ue otovyeio 1,...,1,0,...,0 otny xdpla Slorydvio.

(v) Aceigte 6u f(Jg) < f(Jgsr) Yok =0,1,...,n— 1.
(8) Xuvdyete 6T f(A) = rank(A) yio xdde A € R,

139. Oewpolye yeopuuxd yetaoynuationd T : V. — V evég F-diavuopotixol yweov V
xou Oétoupe Fix(T) = {x € V : T'(z) = x}.
(o) Aci€te 6t 10 Fix(T) elvon undywpog tou V.

(B) Aci&te yevixdtepa 61t yio xde A € F, 1o ovoro VA(T) ={z € V : T'(x) = Az}
elvon udywpog Tou V.

(v) Eotww 61t o V éyel nenepoouévn didotaor. AciZte ot Fix(T) # {0} ov o pévo
av undpyet y € V tétoo dote y # x — T'(x) yo xdde x € V.

(6) Eotw 6tto V éyel nenepaopévn Sidotoon xat éotw k € N. Aetgte 6t dim Fix(T) >
k av xou pévo av undpyet dtatetaypévn Bdorn tou V' w¢ mpog Ty omolo o mivonog

e 1" €xer TN Yopon
I, B
o C /)

(e) Ioylet 1o (y) yweic v unddeon ot o V éyel tencpoouévn didotaon;
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140. Aiveton ypauuixode yetaoynuatiopos I : V. — V' evéoe F-duavuoupatinod yoeou V
yto tov onolo woyler T(T'(x)) = T(x) ywo xdde x € V.

(o) Acetgte 6t Im(T') = Fix(T') (6nov 1o Fix(T') oplotnxe atnv ‘Aoxnon 139).
(B) Acgte 6t V =ker(T) @ Fix(T).

(v) Eotww ott oV éyel nencpacuévn didotaon. Aei&te 6t undpyet dlotetorypévr Bdon
Tou V' w¢ mpog v omola o mivaxag tng T' €yel tn popen

(65)

141. Atveton ypouuxog petaoynuotiopos T : Vo — V' evog F-dravuouatixol yweou V
ytor tov omofo oyvel T'(T'(x)) = =y xdde x € V.

(o) Acette 6t 0 T elvon YpoUXoC LGOPOPPLOHOC.

(B) ©ewpolye toug undyweoue Fix(T) xauw U = {z € V : T'(z) = —x} tou V mou
oplotnray oty ‘Aoxnon 139. Aci€te 61z + T'(z) € Fix(T) xu x — T(x) € U
v x&e x € V.

Trodétoupe thpo 6Tl toyler —1 # 1 oto F (Snhadr 611 1 yapoxtnpiotny| touv F
etvan Bidpopn Tou 2).

(v) Acitre 6ou V =Fix(T) @ U.

(6) Eotw 61t o V éyel nenepaopévn Sidotaon n. Acite ot undpyet dtatetoryuévn
Bdomn tou V' w¢ mpog tnv omolo o mivoxag tne 17 Eyel Tr Lo

—1Iy 0
@) Infk '

35



142. Alveton ypouuixog yetaoynuoationoc TV — V evée R-Srovuouatixod yweou V
yto tov onolo oyler T(T(x)) = —x yo xdde € V.
(o) Act&te 6t 0 T elvon YpoUixog lGOPOPPLOHOC.

(B) Act&te 6t yia xdde un undevixd didvuopo x € V, ta Swavioparta x xow T'(z) eivon
YOS AVEEGOTNTAL

Trovétouue Twpa 6TL 0 V' €yel nenepacuévr Sldotaon n.
(v) Aci€te ot undpyet Bdon tou V' tng pwopehc {us, ..., un} U{T (u1),. .., T (up)}
X0l CUVAYETE OTL O M Efvol GOTIOC AXEQALOC.

(0) Aei&te 6T undpyet dateToryUEV Bdomn tou V' w¢ mpog v onola o wivoxag tng T

EXEL TN HopYN o
—I,
(n 75)

143. 'Eotw F-dwvuopatindg ywpog V' didotaong n xan yeouuxr anewovion T': V' —
V. Eow enlone W,,, = Im(T™) y Yetixoie axepoioug m.

(o) Acet&te 6t av oyvouy T™ = O yua xémoto Yetind axépono m xow W; # {0}, tdte

(B) Aci&te 6n undpyer Vetxde oaxéponog m, tétotog wote IT™ = O av xou u6évo ov
umdpyet Bdon Tou V' we mpog tnv omolo o mivaxag g 1T elvon dve TELymvIXOS Xa
x(dde ototyelo oy A0pLa Blary VLG To glvon (60 e UndEV.

(v) AciEte drav T = O xau T 1 # O, téte undpyet Bdon tou V w¢ tpog v onola
o nivaxag g T' elvon (cog pe

0 1 0 0
0 0 1 0
0 0 O

: 1
0 0 O 0

(6) Aei&te 6t av T™ = O yia xdmoto Yetnd axépono m, téte T = O.
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OporétnTa ITivdxwy

Yreviuuilouue 6T U0 Tivoxec A, B € F™™ héyovtan duotor av undpyer ovTioTeé-
Jyog nivaxac P € F™*™ tétolog dote B = P7TAP.

144. Alveton mtivaxac A € Fx",

() Eotw 61t A = A v xdnowo A € F. Aeigte ét av B € F™*™ eivon mivaxag 6potog
ue Tov A, té1e B = A.

(B) Eotw 61t A # M yuuxdde A € F. Aei&te dn vndpyet nivaxag B € F™*" 8idgpopoc
Tou A, o omolog elvor dpotog pe tov A.

145. Aivovta 6uotol mivaxeg A, B € ™",

(o) AciZte 6t tr(A) = tr(B), 6t det(A) = det(B) xo 6w rank(A) = rank(B).

(B) Aci&te 6t oL mivaxeg A™ xaw B™ eivan 6uotot yio xéde m € N.

(v) AciZte 6t ot mivaxeg ¢(A) xou ¢(B) etvon duotot yia xdie toluodvupo ¢(z) € Flz].
)

(8) Eotww n > 2 xa C,D € R™". Av vy xdie axéparo m > 2 ot nivaxec C™ xau
D™ eivan 6poto, eivan uoypewtind ot C' xar D duoto;

146. Afveton o wtivaxoc C = ) o € F»*" énou n > 2.
0 --- 0 0
(o) AefZte 6Tt av o nhvaxag A € F™™ efvan potog pe tov C, tdte A2 = O xou A # O.

(B) Twn =2, detlre 6T x&de un undevinde mivaxoc A € F2*? ue A% = O elvon duotog
ue tov C.

(v) Twn =3, delEte 6T xdde un undevixde nivaac A € F**3 pe A% = O etvar bpotoc
ue tov C'.

(8) Ioyver to Blo y n = 4;

147. Na efetdoete av elvor dpotol oL axdroudol Tivoxes:

1 1 0 0 1 1 .0 0
0100 s 01 0 s

() 00 1 1 e F** o 00 1 0 e F+*4,
0 0 0 1 0 0 0 1
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1 1 0 0 1 1 0 O
0110 » 0100 »

B) 00 1 0 e F¥4 yau 00 1 1 € F4x4,
0 0 0 1 0 0 0 1

. , . I, O
148. Aivovtar axépotor 0 < 7 < n xou o wivoxog J, = < 5 0 ) € [nxn,
(o) Aeitlre 6L v %8¢ ivoar A € F™*™ nou elvon bpotoc pe Tov J,. toyler A% = A.

(B) AeiZte 6T av yia tov tivaxa A € F™" ioyter A% = A, 16t 0 A elvar dpolog pe
Tov J, 6mou r = rank(A).

149. Aivovtar axéponor 0 < k < n xou o mivaxog Ji, = ( _Ojk IO ) g Frxn,
n—k

(o) ActEre 6t v x&e mivoxar A € F™*™ nou elvon bpotoc pe tov Jj woyver A% = 1.

(B) Aci&re 6t av v tov mivaxa A € F™*™ éyoupe A% = T xon woyber —1 # 1 o070 F,
T6Te 0 A elvon dpoloc ye tov Ji Yo xdmota Tiur Tou k.

(v) Akndelel to (B) yweic v unddeon ot oyler —1 # 1 oo F;

(O

150. Atveton o mivoxag J,, = ( L0

) c IEQmXQm.

(o) Aetlre 6ty xdde mivaxor A € F2™*2™ oy ebvon bpotog pe tov Jy, oyber A% =
—1.

(B) Aci&re 6t av yio Tov thvaxa A € F™*™ ioyter A2 = —1, 161 0 n eivon dpTiog xou
o A eivan bpotog pe tov mivoxa Jp, Yoo m = n/2.

151. 'Ectw
1 0 0
0 1 X 0
A,(N) = 0 0 e e
R A
O 0 0 --- 1

vy A € F. Aelgte 6n o mivaxeg Ap(A) xon A, () ebvon duotor yior tuyodar pn undevixd
otowyela A\, p € F.

38



Xoapaxtnerotixd IToAvwvupo

Iedpoupe xa(x) = det(A — z1) Yo TO YAUROXTNEIOTIXG TOAUWMVUUO EVOS TETEOY G-
vixo0 mivoxa A.

152. 'Ectw o n X n wivaxoc

1 0 0 0 1
1 10 0 0
0 1 1 0 0

An =1 0 1 N
1
00 0 11

6Tov n > 2.

(o) Tmohoylote 10 YAUpUXTNEIOTIXG TOAUGYLUO Tou A,,.

(B) T moteg Tyée tou n ebvan o A, avtioteédylog;

153. 'Eotw detixol axépaiol p,q. Xupfoiilovue pe J tov mivoxa xatoahhieov Olo-
otdoewy, xdlde otoryclo Tou omolou ebvar (oo ye 1. TrohoyloTe TO YopaXTNEIGTING
TOANUWVLUO:

(o) Tou p X p mivoxa J + g,
(B) wou (p+4q) x (p+ q) mivaxa ( “7opl, )

154. 'Eotww avuoteéduyioc mivaxag A € F™™ ye ya(z) = (M —2)( Ao —2) -+ - (A, — ),
v xdmota A; € F.

(o) Acet&te 6t Ay # 0 vy xdde Seixtn i xou OTL
Xa1(2) = (= —a) (= —2)-- (= —2)

(B) Av o A ebvou bpotoc pe tov A~1 xau o n ebvon Teprttoc, detlte 6t A € {—1,1} yw
evay TouAdyLotov oeixtn 1 <@ < n.

155. INa wivaxee A € F™*" you B € F™*™ §ellte 6Tl
z"det(xl,, — AB) = z™det(xl, — BA).
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156. 'Eotw nivaxag A € F™" 1o otoyela xdie ypouuuhc xou xdde 6TAANG Tou omolou
€youv dpoloua undév. Av A;; elvar o mivoxag Tou mpoxUTTEL and Tov A Sorypdpovtag

TNV @ YROUUY Xou TN J CTAAN xou

n

xa(z) = Z o,

=0

delgte 6t ¢ = (—1)" P ndet(4;;). Suvdyete o n ambhuty Tk e det(A;;) etva
aveldoTNTN TWV © XL J.

157. 'Eotw F-Swvuopatixol yodeor Vo, Vi, ..., Vi, Viprr pe Vo = Vi = {0} xou
yvoouuxée anewxovioelg f; 1 Vi — Vigq v 0 <4 <m, té€tolec hote ker f; = Im f;1 v
xdde 1 < i < m. Eotw ypauuxol evdopoppouol T; : Vi — Vi yia 1 <7 < m, téTol0t
WoTE
Tipiofi = fioTl;
vl <i<m—1. Av p;(x) ebvar 0 yapoxtnetotixd tohuwvuuo tou T; : V; = V; v
1 <7 <m, 6ei€te 6TL
(@) ps(x) -+ = pa(x)palz) -
o yam =2,
oyt m =3,

o vy Tuyato VeTind axépato m.
YuvdyeTe and To Topandve To {ntoduevo tne ‘Acoxnong 121.
158. 'Eotw éva dnepo oouo F xow A € F™*". Av o mivoxoag (A+B)2 elvot GUUUETEXOC

Yo xde ouppeTeid Tivaxa B € X" yio tov onolo o A+ B ebvan avtiotpéduuog, dellte
6Tt 0 A elvon cuppeTEdS Thvoxa.

159. Aciéte 6t
(o) Kdlle 2 x 2 mivaxac pe otouyela mpaypotinols aptdpods unopel vo ypagel o
wopph B2 + cI, ye B € R*¥? xou ¢ € R.

(B) Kdlde 2 x 2 mivoxac pe otoryela mporypotinolc aprduolc umopel vor ypagel o1
wopgt) B+ C? ue B,C € R**2.

(v) T xdide detind oxépato 1 UTdPYEL 1 X N tivaxog UE o Tolyelor TporyorTixoUg aptd-
uolc o omoloc dev unopel va ypopel ot popeh B? + C?, énou B, C' € R™™ eivau
nivaxec ue BC' = CB.
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160. T évav n X n wivoxa A pe otowyela oépotouc aprdpole woyver det (A% —T) = 1.

(o) Acilte 6tidet (A—1)=1.
(B) Avn =2, deite 6u A2 =0.

161. 'Eotww 6u yw toug nivaxeg A, B € F™™ éyovpe det(A +rB) = 0 yiu r =
1,2,...,n+ 1. IoyVel utoypewtixd 6T det(A) = 0;

IdwoTipéEg xan Idtodtaviopata

162. 'Eotw V évag F-dlavuouatinds y@peog SLEcTUoNG 1 Ko YROUULXY) ATEMOVION
T:V = V. BEotw ot undpyouv n + 1 wbodaviopata tng 1', omoladnroTe n amd To
omola ebvor ypouuixde aveldptnro. Aceilte ot undpyet A € F pe T'(z) = Az yio xde
zeV.

163. Trnoloylote Tig WOLOTIES TOL Tvaa

0 a b ¢
a 0 ¢ b
A = b ¢ 0 a |’
c b a O
vt a,b,c € F.
164. Alveton o 2n X 2n wivaxac
a b a b
b a b a
C, = a b b |,
b a b a

ue a,b € C.

(o) Tmohoylote v té&n tou C,.
(B) Tmoloylote g wiotég tou C,.

7 7 2 / 4 7
(v) YTroroyiote tnv opilouca tou mivoxa tou tpoxintel and tov C), avTixoho TOVTIC
xdde ototyelo e Sorywviou Tou pe doouévo € C.
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165. Aivovton mivaxeg A, B € F™*™,

() Av ot A xou B etvor épotot, dei&te 61t yio xdde A € F ol Boydeot tov A xou B
ue avtioTouyn wotur A €youv loeg dlacTdoelS.

(B) Eotww 61 F = C xou 61y xdde A € C, o dioydpor twv A xau B pe avtiotouyn
Wty A €youy loeg dlactdoelg. Eivon utoypewmtind ot A xou B duotot;

166. 'Eotw mivoxoac A € C*™,

() Av xa(x) =N —x)( Ay — )+ (N, — x), Beilte 6T

xa2 () = A\ = 2)(A3 —2) -~ (N — ).
Trotétouue Topa 6Tt 0 A elvar duolog e Tov A2

(ﬁ) Ioteg ebvor ot Suvatée Tég tng opiloucag Tou A;

(v) Aceigre on yio x84 Wonuh A tou A, o A? ebvan eniong Wiotiph Tou A xon 6t
unipyet Wotuh 1 tou A tétota hote A = .

(6) Aci&te ot yio xdde un pundevir) oty A tou A, undpyet Yetindg axéponog m
nc poperc 28 — 1 tétooc hote A = 1.

(e) Xuvéyete 6 tr(A) = rank(A), av dhec ov Wotwéc tou A elvor mporyuaTiXol
apriuol.

167. Eotw mivaxac A = (a;;) € C™™ yio Tov omolo woybouy a; = 1 xa 377 |ai;| < 2

yio 1l <@ < n.

(o) Aei€te 6t |A — 1] < 1 vy x&e ot A € C tou A.
(B) Av bhec ou Wotiéc Tou A ebvan mporypatixol aprdpol, 6ei&te 6t 0 < det(A) < 1.

168. Aivovta nivaxec A, B,C € C"*" ye AB = BA, AC = CA xau BC = CB.

(o) Acet&te 6t undpyouv A, 1, v € C xou un undevixd didvuopa y € C", tétowa hote
Ay = Ny, By = py xou Cy = vy.

(B) Xuvdyete 6T undpyouv o, B, € R, tétow dote det(ad + BB + yC') = 0.
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Alaywvicinotnta xow Kavovixée Mopgég

171.

. Oewpolye tov mivaxa A, tng Aoxnong 152.

Beelte dhec Tic TWéc Tou n Yo Tic onoleg o A, eivon Siarywviowoc ent tou C.

Beelte dhec Tic TWéc Tou n Yo Tic onolec o A, elvon Siarywviowoc ent tou R.

Mo xodeptd amd Tic EMOUEVES TPOTACELS OOOTE ATOOELEN 1) VTLTORAOELY L.
Av o mivaxac A € F™*" ebvan drarywviowog, t6te 0 A™ elvon Srorywvioog yia xdie
etind axépano m.

Av ot A, B € F™" elvar draywviowol mivaxeg, TOTE €vag TouAdyioToV amd Toug
mivoxeg A + B, AB xou BA eivou Sraywvicwoc.

Av ot A, B € F™" eivou drywviotuor mivoxeg xow AB = BA, t6t€ oo A+ B xou
AB elvou enione Sarywviciuot tivaxeg.

Av A € R™" you A% = I, t61€ 0 A cbvan otaywvioyog tévew oto R.

Av A € C" xu A" = I 4 —I vy xdnowo Yeuxd axépono r, 161€ 0 A elvon
otaywvioog méve oto C.

‘Eotw axépoaog n > 2. T xadeyid and Ti¢ enOUeVES TEOTAGELS BOOTE ATOBEEN

1) AV TLTUEADELY L.

()

172.

Av A € C™™", 161e umdpyel ToUAdyLoTOV Evag VeTINdS axépanog m Yo Tov onofo
o mivaxog A™ etvar Sorywvicloc.

Av A e C" o 0o A™ elvon drarywviowog yia xdde Yetind axépono m > 2, T6Te
o A elvau Swrywvicoc.

Av A € CY™™ o ot A% xou A® elvan dlrywviowot, tote o A™ elvon dlarywviotuog
yio xdde Yetnd axépono m > 2.

Av A € C¥% xor or A xon A% Bev ebvon drorywviouot, t6te 0 A™ Bev elvon drorye-
viowog yia xavévo YeTixd axépono m.

Av A € C¥ xaw or A xou A? Bev ebvon Saywviowol, tdte 0 A™ dev elvor diory -
VIoWOog yia TouldytoTov €va YeTind axépono m > 3.

'‘Eotw tivaxac A € C™" tétoloc dote A3 = A. Acléte 6T

rank(A) + rank(A+ 1) + rank(A—1) = 2n.
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173. 'Eoctww nivoxac A = (a;;) € C™™ xou e > 0. Aci€te 6T undpyet daywvioyog
nivoxog B = (b;;) € C™™, tétotoc HdoTe |a;; — bij| < ey 1 <4, j <n.

174. Bpeite houc toug detixolc axepaioug n Ye v &g WOWOTNTA: AV Lo To Yo-
EoUXTNELO TG Xt EAGyloTa ToAvwvuua Twv A, B € C™™ woylel xa(zr) = xa(zr) xo
ma(x) = mp(zx), téte ot nivoxeg A xou B elvor buotot.

175. I A € C™™ Yewpolpe 1 ypauuxh anexovion Ty : C" — C" pe Ta(X) =
AX — XA yio X € C™,

(o) Aci€te 6Tt av o A, B € C™™ elvau dpotot nivaxee, téte woyler dim (kerTy) =
dim (ker T's).

(B) Aci&re 6t dim(ker Ty) € {2,4} v xdde mivoxa A € C**2.
(v) Aci&te 6n dim(ker T4) > n vy xéde nivoxa A € C ™.

Mmndevodivapor Ilivaxeg

TreviuiCouue (Aoxnon 19) 6t évac tetpaywvixdc mivaxag A Aéyetoan pndevodv-
vauos av woyvel A™ = O v xdmoto Yetind oxépoto m.
176. TINo mivoxa A € F™*7, Seilte 6Tt tor axdhouda ebvan tloodUvaa:

(o) o A elvou pndevodivapoc,
(B) wylel det(z] + A) = 2" oo Flz],
() A" =0.

177. To nivaxa A € C™™, Bet&te 611 o oxdhovda elvon tGodUvoua:

(o) o A elvou undevodivapog,
(B) ke ov wotiég Tou A elvan {oeg Ye undEY,
(v) tr(A*) =0 v x80e Yetind oxépono k.

178. 'Eotw nivaxec A, B € C™*™.

(o) Avioytet AB — BA = A, 8ei€te 61t 0 A elvon undevodivopioc.
(B) Av C = AB — BA xau wyber AC = CA, dei&te 6t o C eivor undevodivopoc.
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179. Anovtiote oto axdroutor epwThUoTOL

(o) Beeite 6houg toug Yetinolc axepaioug 1 yia Toug omoloug UTEEYEL UNdEVOBUVOUOC
mivoxog A € R™™ xan avtiotpédipog mivaxag P € R™", tétool khote o P+ A
vo. efvon undevodivauog mivaxac.

(B) Aci&te 6t av 0 A € F™™ eivar undevodivapog nivoxos, o P e F™™ eivan o-
viioteédipog mivaxag xow AP = PA, t6te o P + A eivou eniong avtiotpédiuog
nivaxac xou toyvet det(P + A) = det(P).

(v) Aci€te 6Tt av o A € F™ " eivon undevodivopog mivaxac, to ooua F etvon dmetpo
xou AP = PA yw xdmowo P € F**" téte det(P + A) = det(P).

(8) Eotww A € C™™ xa éotww 61t 0 P + A eiva avTioTeédiuog mivoxag Yo xdie
avuioteédipo mivoxa P € C™™ yio tov onolo woyler AP = PA. Aciéte 6110 A
elvon undevodivopog mivoxag.

180. Ectww B = (b;;) € F™™ o nivoxog ye

b 1, av ¢=1xwuj=n,
Y10, BpopeTixd.

[ molouc Yetixolc axepaiouc n uTdpyet Tivaxac A € F™*™ tétoloc wote A2 = B:
)

181. 'Eotw tuyaiol nivaxeg A, B € F™*",

(o) Acilte 6t av (AB)" T = O, t61e (BA)"™! = O.
(B) T motoug Yetinole axepaiove n woyler 6t av (AB)™ = O, téte (BA)" = O;
(v) T motoug Yetixole axepatouc n woyver ot av (AB)? = O, t6te (BA)? = O;
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Avypappixécs Mopgég, Euxieidsior Xwpot

INoc wivoxar A € ™™ ypdgpouue ker(A) = ker(La) xou Im(A) = Im(Ly), 6mou
Ly :F" — F™ eivon 1 ypopuxy| anexévion ye La(x) = Az ywo z € F™.

182. Afveton mpaypatixde Euxkeldetoc yodpoc E. MuuBoiiloupe e ||ul] to uhxog evég
olvoopatoc u € E.

(o) Aet&te 6ty z,y, 2 € E ioybe
3(Il2l1* + My + 12l1%) = lle+y+=2I” + lz—yl* + lly— 2" + [z — 2|

(B) Aci&te 6T avdyeoa oe Tplor OTOLONTOTE YROUUIXWS AveEdPTNTA DlotvDOUATY TOU
E, urnopolv mdvtote va emtheyolv 600 Ta onola oyrnuotiCouv petald Toug yovia
uxpoTepn and 2m/3.

() T Swavoopota z,y, 2 € E ye ||zf] = |ly|| = [|z]| = 1, Beeite ) péyiot duvath
Ty tou adpolopatog ||z —y|| + |y — 2| + ||z — ]

183. 'Eotw tuyaiot mivaxeg A, B € R™*™ xou 611 0 yopoc R™ elvon egodiacuévog pe
T0 GUVNUEC ECMTEPIXO YIVOUEVO.

(o) Acilre 6t (ker(A))*t = Im(AY).
(B) Aceigte 6t ker(A) C ker(B) < Im(A") D Im(B?).
(v) Av vndpyer nivoxag C' € R™™ tétoog dote B = CA, beite 6t ker(A) C

ker(B).
(6) Eotw 6u ker(A) C ker(B). Trndpyet unoypewtxd nivaxac C' € R™™ tétolog
wote B = CA;

184. Alveton mthvaxac A € R™*™,

(o) AciZte 6t ker(A*A) = ker(A).
(B) AeiZte 6t Im(A"A) = Im(A").
(v) Xuvéyete 6t rank(A'A) = rank(A).

185. Bpeite v t8&1 xou TNV LTOYEAPT| TNS CUUHETEXAC SLY pauUXAC Lop@pnc (A, B) =
tr(AB) tou ywpou R™™.
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Yovppetpwxoi, Eppitiavol xaw Opdoywviol ITivaxeg

Treviuuilouye 6T évac cupeTeixds Tivoxag A € R™™ Aéyeton Jetikd nuiopiouévog
av oyver ' Az > 0 yio xdde nivaxa - otiin x € R™ xou Oetikd opopévog av o A eivon
Vetnd nuoptopévoc xou emhéov toylel ' Az = 0 pévo v x = 0.

186. Aivovtar ouppetpwol nivaxeg A, B € R™".

(@) Av ot A, B etvar detixd nuroptopévor, Sei€te 6t o A + B elvar emlone detxd
NULOPIOUEVOC.

({3) Av o A eivan Yetnd nuopiopyévoc xan o B ebvar Hetind oplouévoc, detlte 61l o
A+ B elvanr 9etixd oplouévoc.

(v) Acei&te 6T 0 n X n nivaxog

d t ot t
t dy t t
t ot ds t
t ot ot d,

elvon Vetind oplopévoe yior Tuyaioug mporypotixolg aprduole dy,ds, ..., dy,t UE

dy,ds, ... dy>t>0.

187. Afveton ouppetpinods, detind oplopévoe mivoxos A = (a;;) € R™™.

(o) Acilte 6t tr(A) tr(A™) > n?
(B) Act&te 6n undpyel deixtne 1 < m < n, T€T010C HGOTE VoL LOYVEL Ajj < Uy YL
ohata 1 <4, 5 < n.
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188. Afveton ouppetpide mivaxag A = (a;;) € R™™.
(o) Acgilte 6T

rank(A) - (i A?) > (i )\Z) :

OTOU A1, Ag, ..., A, ebvon o BloTiuég Tou A.

(B) Xuvdyete 6Tt av o A dev elvar 0 undevixdc mivaxag, TOTe

n 2
rank(A) > M.
Zi,j:l ;5

(v) Ioyler 1o (B) ywelc v urdieon étL o mivaxag A elvar CUUPETEIXOC;

189. 'Eotw nivaxec A € R™*™ xou B € RP*™,

(@) Avz € R xau A"Azx = 0, dellte 6t Az = 0.
(B) Av Im(A) = ker(B), dei&te 6t o nivoxac AA" + B'B eivon Yetind optopévoc.

190. 'Eotw oupuetpwxol, Yetixd oplopévol nivaxeg A, B € R™ ",

(o) Aci€te 6t det( + B) > 1+ det(B).
(B) Act&te 6t det(A+ B) > det(A) + det(B).

191. Eotw ouupetpwol mivoxeg A, B € R™ . Av évac Touhdylotov and toug A, B
elvon VeTind nuLoplouévog, dellte 6Tl Oheg ot loTES Tou Tivaxa AB eivon mporypotixot
oprdyol.

192. Atvovton n xuxhwol dioxol Ky, Ky, ..., K, oto enincdo. Oewpolye tov mivoxa
A = (a;;) € R™", émou a;; ebvan 1o eyfado tne touic K N Ky 1 <4, 5 < n.

(o) Acet&te 6TL 0 mivoxog A ebvan GUIUETEIXOS Xou VETXE TULOPLOPEVOC.

(B) Xuvdyete 6n det(A) > 0.

193. Eotww A € R™™ évoc avtouppetpxdc (dnhadh A" = —A) nivaxac.

(o) Av o n elvon teptttoe, detlte 6t det(A) = 0.
(B) Av o n eivon dptiog, detlte 6L det(A) > 0.

(v) Aci€te 61 n t8&n tou A eivan dpTiog oxépanog yia xdie Jetind axépato n.
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194. Aiveton nivoxoag A € C™" tétolog Hote A* — A = 2al, v xdnowo a € C.

) Aci€te 61 0 a eivor avtooTindg apLiuoc.
) Acei&te 611 xdde ot Tou A €yer pavtaoTixd pépog (oo ye a.

Yuvdyete 6n |det(A)] > |a|*. Tmobétovtoc 6t a # 0, dellte emniéov 6Tt 1
looTNTOL Loy el povo av A = al,.

195. Eotw P € R™" oploywviog mivoxag.
(o) Acette 6t det(P) =114 —1.

(B) Av det(P) = —1, de&te 6t 10 —1 elvon dtoTips Tou P.
(¥)

Y) Ioylel 1o (B) yio povadiadoug mivaxeg U € C*7;

196. Acigte 611 0 udvog cuuueTEindc, VeTind optopévoe, opdoymviog tivaxag A € R™*™
elvat o TawToTINdC Tivanac.

197. Bpeelte dhoug Touc:

(o) ouppeTpixole pndevodivapoug nivaxeg A € C*2)
(B) epurtiavoie undevodivopoug mivoxeg B € C™™.

198. Eotw nivoxoac A € C*".
(o) Aci&te 6t 1 opilovoa det(A*A + I) eivon mporypotinde aprduoe.
(B) Act&te 6t o mivoxog A*A + I eivon avtioteédiuoc.
(v) Aceigte 6 det(A*A+1) > 1.

199. Eotw 61t o yweog C" elvon e@odlocuévoc Ue to cOVUEC EQUITIONVG YIVOUEVO.
Aei&te ot ot ypoupéc evoe mivoxa U € C™*™ etvon opdoxavovixéc av xot Yovo oV oL
othreg Tou U elvan opdoxavovixée.

200. 'Eotww ypauuxés popgéc 11,15,...,1, : C* — C, 6nou o ywpeog C" civa
€QOBLACPEVOC UE To cUYNIES EpULTIoVO Yvouevo. Av

m
D ATEIE = 1=
i=1

v xdde z € C™, deilte 6T m > n.
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201. 'Eotw epuitioavog mivaxag A € C" xon T : C* — C™ 1) ypouuxr] ameixovion e
T(z) = Az yix x € C™.
(o) Av to w € C™ gvor 1Bodidvuopa tou A, delEte 6Tt 0 utdywpog {w}t Tou C™ eivou

T-ovorholwToc.

([3) Acite 6Tt av o B € C™*" elvan enfong eppitiavoc mivaxog xou woyler AB = BA,
ToTE UTdpyEL Yovadiatog mivaxag U € C™" tétolog wote ot nivaxeg U*AU xou
U*BU va givan dloryoviot.

202. Ectww sppiniavol nivaxeg Ay, Ag, ..., A, € C™*".

(o) Avioyber A;A; = AjA; vy 6houg toug deixteg 1 <@ < j < p, Bel€te 6T uTdpyEL
uovadlatoc mivoxac U € C™*™ tétoloc wote o mivoxac U*A;U va ebvan Storydviog
vie xqe 1 < i < p.

(B) Avioyler A;A; = O vy 6houg toug deixtec 1 <@ < j < p, 6ei&te 61 rank(A;) +
rank(As) + - - - +rank(A4,) < n.

203. AciZte 6T yio xdde ouuueTed avtioteédiuo mivaxa A € C™*™ undpyel mivoxag
P € C™" tétowoc wote A = PP.

204. 'Eotw dwydviog tivaxoag A € C™™ o mivaxeg A, B € C**™,

() Av AB = BA, deilte 61t A*B = BA*.

(B) Av o A eivar xavovixde xaw AB = BA, beite 61 A*B = BA*.

(v) Avou A, B elvou xavovixol xaw AB = BA, 6ei€te 611 0 AB eivou enlong xovovixoc.
(6) Andelel 6t av ou A, B elvon tuyaiot xovovixol mivoxee, tote o AB eivon enlong

HAVOVIXOC THVOXOC;

Adpopa IpoBApata

205. Eotw nivaxeg A, B € R™™",
() Av o n ebvor eprttoc xaw A2 + B = O, deléte 6 det(A) = det(B) = 0.

(B) Av bhec o Biotipéc v A, B eivon nparypotixée xau tr(A% + B?) = 0, deilte o
ot A xou B elvor undevodivopot.

(Y) Av ou A, B elvor Srorywvioot méve oto R xou tr(A% + B?) = 0, delite 61t A =
B=0.

(8) Av o A, B eivau drywviowor méve oto R xow woyouv det(A? + B?) = 0 xa
AB = BA, dei&te 6t det(A) = det(B) = 0.
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YT rodeielg

. Trohoylote tov mivaxa tne doxnone v n = 1,2, 3,4, yavtédte éva yevind timo xou anodellte
TOV UE ENAYWYN OTO M.

71 yien € N xou delte €nerta 6L Yoo n > 1 oy el

. T to (B) napatnpriote npdta 1t (AB)™ =
= B(AB)---(AB)A = B(AB)" 'A=7"YBA) =

C" = (BA)" = (BA) (BA) --- (BA)
ol

. To (a) elvon cuvETELR TOU 0pLOROL TOL YVOUEVOU Tvdxwy. To (B) mpoximtel and to (o), ool
av vl toug n X n wivaxeg A, B oyvet AX = BX = X, t61tc (AB)X = A(BX) = AX = X.

. T to (B) egappdote emaywyn oto n, agol Tpdta anodellete Ty nepintwon n = 1 ye enaywyy
oto m. T 1o (Y), epapudloviac enaywyh oTo n, napatneioTe 6T

n—1

(A+B)" = (A+B)(A+B)" ' = (A+B) Y (“;1),4’63”“
k=0
n—1 n n—1 1
_ k+1 pn—k—1 k pn—k—1
Z(k)A B +Z<k>BAB

k=0 k=0

xau yenowonoiote ta (o) xou (B) yior var xotodhiete oo {ntodpevo Tono.

. T to () 9éote A = (a;;) € F™*", B = (b;;) € F**P xau C = (¢5) € FP*9. Topatnpriote 6T
av di¢ ebvan o ototyelo (i,€) tou nivaxa AB € F*P, téte dip = Y| <) <,, Qik bre x4 cUVEYETE
611 10 otowyelo (i, ) Tou ywopévou (AB)C = ABC eivau {0 pe to ddpolopa

E digcej = E ik bre coj.

1<(<p 1<k<n,1<(<p

Iapatneriote 6Tt 610 (Blo anotéheopa tdvel xavelc utoloyilovac to otoyeio (4, j) tou A(BC).
TN o (B) napatneriote 61 undpyouv Yetixol axépouol ng, N, . . ., Ny TET0WL OOTE 0 A, vo elvan
nivaxac ny—1 X ny v 1 <7 < p. BuyPohrilovroc ye a( " 2o otowyeio (i,7) tou Ay, dellte pe
emaywyh 6o p 61 10 otoiyelo (4, 4) tov A1 As--- A, swou oo ue

1) @ a'?
Z al(ﬂl 2112 o Zp 1lp

vyl <i<ngxaul<j<n,, émou 1o ddpolopa Satpéyel Ohec Tic axohouldiee (ig, i1, - .-, ip)
we do =1, i = j xou iy € {1,2,...,n,} yio 1 <7 <p—1. Hopatnprote 6u n nepintwon p =1
elvon TeTEWPEVT, OTL N Tep{TTwoN p = 2 elvan LloodVVaUY HE TOV 0pLoUd TOU Yivouévou Aj Ay v
mvdxwy Ay xou Ag xou 6T p = 3 elvan 16od0vopn pe To epdTNpa (o).

. '‘Botw A = (a;j), B = (bij) xu AB = (¢;5), ondte ¢ij = Y p_y @irbrj. Xenowomodviag i
oyéoewc a;; = b = 0 v i > 7, 0el€te 6TL ¢ = 0 v § > j xou 6T ¢ = a4by v 1 < i < m.
Ané autd oupnepdvete dTL loybouv ta (o), (B) xou (). T to (3) yenoionooTe To anoTENESH
ot Moo e ‘Aoxnone 5 (B), 1 deilte pe enaywyh oto k > 1 61 to otoyeio (4, j) Tou Yvouévou
A1 As - - Ay ebvou loo e undév yia 6houc toug Belxteg ¢, j yia toug onoloug j < i+ k — 1.

. T 7o (o) umoroylote euvdéwe Ty napdotaon A% — (a+d)A+ (ad —be) I. T 1o (B), ouvdyete
an6 1o () 6L toyler A% = O av xon pévo av a +d = ad — be = 0. T 7o (Y), ouvdyete and 1o
(o) 611 oyer A% =T av xon pévo av elte A =1, elte A= —1I,elte a+d =0 xu ad — be = 1.

ol



10.

11.

Epyaodeite napdpola yio 1o (8). Andvinon: Ou 2 x 2 nivaxec A pe A2 = O elvor autol tne

wopqric
a b 0 0
-a?/b —a )’ c 0 )’

6mou a,c € F xou b € FN{0}. Ou 2 x 2 nivaxeg A pe A% =T elvon ov I, —I xou autol Trc popgrc

(1-a®)/b —a )’ c -1 ) 1)
( a b ) ( 1 0 ) ( 1 0 )

6mov a,c € F xou b € FN{0}. Ot nivaxeg A € R?*? pye A% = —I elvau ool tng popghc
a b
—(1+a*)/b —a )’

T 70 (@), Todhamhaoidote ) oyéon AP = O and ta de€id ye tov P71 xou egopudote tny
TPOoETOUPLO TLXN BLOTNTAL Y1 TO Yvouevo mvéxwy. Epyoaoteite avdhoya v to (B). T to (y),
nopatnerote 6t (A — B)(A + B) = O xou eopuécte 10 ().

6mov a,c € R xou b € R\{0}.

T 7o (B) mopatneriote 6t A(I — B) = (I + B)(I — B) = I — B? = I o cupnepdvete 61t
A7l =T-B=2I—-A. Tw o (Y), epapuéloviac to Aiwvupixd Oedenua e Aoxnone 4 (),
dellte 6 A" =(I+B)"=1+nB=nA—(n—1)I.
‘Eotw A o doopévoc 3 x 3 mivaxog Ty 1 8Ovoun tou onolov {ntdue va utohoyicoupe. T to (o)
epyaoTteite onwg oty ‘Aoxnon 1, B} yeddte tov nivaxa A ot popphy A = A + B yio xotdhinho
3 x 3 mivoxar B xou avorrtvZte tov (A 4 B)™ olupova pe to Atwvuuixd Oedpenua tne ‘Aoxnone 4
(), mopotnemvrac 6t B2 = 0. Andvtnon:

A Al %n(n _ 1) A2

A" = 0 A" nA" 1
0 0 A"

T to (B) napatnprote 61t A = J — I, énou J eivar 0 3 x 3 wtivaxac xéde otoryeio tou onolou
ebvon (oo pe 1, xou 611 o1 mhvokee J xon I petatidevion. Aclfte ét J™ = 3™ LT yio m > 1.
Egapuélovtac 1o Awwvuuixd Oedpnuo e ‘Aoxnone 4 (y) otov nivaxa (J — I)™ mpoxintel 6Tt

An ﬁi(—1y**(Z)Jk = (-1)"I + 53(—1Y”*<Z)3”4J

k=0 k=1
n 1 - _1\n—k N\ ok
(- I + 3J'Z;( 1) (k>3.

Troloylote 10 teheutaio dpoioua YENOLHOTOIOVTUS TO AlwVuuixd OedENUo X0l CUUTEREVETE
o A" = ¢, J + (—1)" I, 6mou ¢, = (2" + (—1)"71)/3.

T o (B), dellte pe enaywyh oto m 6

G () () e ()

0 () e (Y
Al 7

SRS

o0 0 o)



12.

13.

14.

15.

16.

17.

, n\ __ n!
omov (3) = Bl (n—k)l*

’ 7 ’ ’ _ n n h.. A — ..
Do v teheutaia oyéon tou (o) Sellte 6n tr(AB) = 37,1, > 5, aijbji, 6mou A = (a;;) xou
B = (b;j), xau ouvdyete to {ntovuevo. Ia 1o (B), éotw E;j 0 n X n nivaxag o (i, j) otoyeio
Tou omolou elvar (0o pe 1 xou Tor undAoima oTotyela Tou onolou elvon (oo ue UNdEY, ondte Eyouue

_ Eifa av j: ka
EijEre = { O,  BpopeTixd.
Iapotnehiote 6tLav A = (a;5), tote A = ZZJ‘:1 ai; E;j won emopévee p(A) = szzl w(a;; Eij) =
szzl aijp(Eij). Oétovtac B = Eyp oty wétnra 9(AB) = ¢(BA), pe 1 < k, £ < n, dellte

6t @(E11) = @(Fa2) = -+ = @(Enn) xou 61 @(E;;) = 0 yior Oeixteg @ # j xou oUPTERAVETE TO
{nrolyevo.
T to (o), yenowonodvtag Toug oyeTxols oplopols xou Vétovtoe A = (agj), del&te 6n

tr(A?) = doi i1 @ijaji. Topatnerhote enlone 6 av o A eivos ouppetpixds, TTe 0 TponYolUEvOS
TOmoc ypdgeto tr(A%) =37

ij=1 a3; o ouvéyete ot loylel o (B).
H ondvinon eivan apvnuind xou yior to d0o epwthpata. o to (o) yenowonomote Tic W1bTNTES
ToU {yvouc evic teTparywvixol Tivaxa (Aoxnor 12). T to (B) npd&te opolng, TopatnedvTaC

6t ABC — B =1 xou 6t tr(ABC) = tr(ACB) = tr(B).

Mopatnpfote 6t (PPAP)! = PTAY(P)! = PA'P. T to (B) Yuundeite 6T av évac tetpayw-
vixde mivaxag P etvon avtioteédupog, téte 0o P! elvan eniong avtioteédipog xon ypnowonothote
v ‘Aoxnon 8.

St (o) xou (3) m mpdraoy woyvel v 6k o 1, eved otar (B) xan () wyder pévo v n = 1.
T to (o) Sei&te yevixdtepa 6Tt Yo ouppetpxolc Tvaxes A, B, o AB eivol GURHETEIXOC oV X0
wovo av AB = BA. Tw o (B) xou () Beeite my. un ovupetowd mivaxa A € R pe A% = I,
omou n > 2. T to (B), ¥étovtag B = O xou B = I, tpoxintel 6t oL wivaxeg C' = A? you
D = (A +I)? etver ouppetpixol. Anéd autd oupnepdvete 61 0 A = (D — C — I)/2 elvon enlore
CUMUETEXOC.

Tedte B = (b;j) € F**™, unohoyiote oe xdde nepintwon toug nivaxec AB xoaw BA xou Bpeite
Oha T byj yie Tor omolo woyver AB = BA. Andvimon: T ta (o) xou (B), ebvan dhot ov mivoxeg

™e popghc

bir. 0 bz b bir b2 0 big
0 boo 0 0 0 b 0 0
ol ;
bs1 0 b3z b3y bs1 b3z b b3
bsn 0 baz  bas bsr baz 0 bag

avtiotouya, pe bi;, b € F. T 1o (y) ebvan axpiBcde oL Sorydowior mivaxeg. Tt to (8), ebvon dhot ol
nivaxec e Lopphc

¢i C2 C3 - Cn
0 C1 C2 s Cn—1
0 0 C1
oo T s
0 0 0o --- c1
WE €1,C2,...,Cp € F. T 10 (€), eivon bhot ov mivaxeg B = (b;;) € F™"*™ e byy = bpp, bin =0

vl <i<nxuwb,; =0yl <j<n.
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18.

19.

20.

21.

22.

23.

24.

‘Eotw E;j o n x n nivaxeg mov oploaue ot Mon g ‘Aoxnone 12. 'Eotww enlong A = (a;5) =
>oij=1@ijEij. Tw 1o (2) epuppoote my wétna AB = BA yio B = Epp xw 1 < k < n
xou epyaoTelte 6nwe oty ‘Aoxnon 17 (ue toug péhouc twv A xou B avtestpapévous). To
(B) émetn and 1o (y). T o (v) xon (€) epappdote Ty wétnta AB = BA, avtiotoyo, yia
B=FEypek#LlxuyaB=FEypl<k<{l<n Oulientopépeec v to () ebvar o
e&fc: ‘Eyouvue A = ZZj:1 a;; Eij xon emopévorc AEg = > 1 aip By xou By A = Z?:l ag; Er;.
Ané v wotna AEy, = EeA npoxOntel 6T a, = ag; = 0 Yy i # Kk xou j # £, avtioTtouya,
xoL OTL Gk = age. Aol autd Woybouv Y 6houg toug delxteg k, ¢ ye k # £ ouunepalvouyue
6Tt A = A, 6mou A = aj; = -+ = app. Andvinomn v to (g): eivon dhol oL mivoxee g
popphic A = A + peyn, 6mou A\, pu € F. T 1o (8) napatneriote b1t o ivoxog P = I + Ejy
elvon avtioteédpog yior 6houg Toug deixteg k, € pe k # £ xou 6tL omd v woétnra AP = PA
npoxVntel 61 AEy, = EppA. Enoyévic 1o ouunépoaoya mpoxintel 6nws oto ().

T 1o (o), Yuundeite 6L T0 yvéuevo avtioTeéduumy mvdxny elvan avtioteéduuog mivaxag 1
xenowonoiote Ty ‘Aoxnon 8. T 1o (B), cuvdyete and v Aoxnon 6 (3) 6t A™ = O, bnov
n ebvow 1 Bidotaon touv A. T to (), det&te 6t (A+ B)?*™ = 0, av A™ = B™ = 0. T 70 (d)
Soxpdote toug mivoxeg A = Erg xou B = Egq (610U 0 E;; ebvan 6nwe otn Mon e Aoxnong
12). Tw 7o (&), det&te mpmTa 611 yio Tuydo 2 X 2 undevodivepo mivaxa A woyter A% = O (o
yevixotepn npdtoon Yo Serydel oty ‘Aoxnon 143 (8) xou v Aoxnon 176). Enouévee ol 2 x 2
undevodivayor nivoxeg etvan awtol mou Perxaye ot Aon e ‘Aoxnone 7 (8). H andvinon oo

1 0 1 0 1 0
(o7) etvon apvnTnd). Aoxdote Toug Tivaxee A = 0 0 -1 |xuB=[ 0 0 1
-1 0 -1 0 0 O

'Eotw A = (a;;) xou éotw B = (b;;) 0 avtiotpogoc tivaxag tou A. Xenoylonotdviag Tic oyEoels
Sorey aikbe; = 0y i # j, delEte 6t dev undpyel ypopph (4 oThAn) Tou A ue TepilocbTepa TOU
eVOC N undevind otoiyela. Xuvdyete 6Tl oL mivoxeg pe TI¢ doopéveg WLoTnTES ebvan awtol mou
unopolV vo teoxuouy amd Soryodvio mivaxa A € R™*™ mou éyel Yetinoic apripoic we ototyelo
oy xOpLoL Slaydvio pe petddeon twv Yeopupdy (H otnhodv) tou A. T n = 2, autol elvon o

, , a 0 0 b
mivoxe e popgnc | g | o s pe a,b>0.

Av X eivou o avtiotpogoc tou I,,, — AB, onéte X — ABX = X — XAB = I,,,, del&te 61l 0
BXA + I, ebvon o avtiotpogog tou I, — BA.

T to (o) ypnowonotioTte Tic WbTNTeES Tou {yvoug Tou pépouc (o) tne Aoxnone 12. T to (B)
nopatnefote yevixdtepa OTL vl i, 5 € {1,2,...,n} ye i # j éyovue E;; = E;Ei; — BBy wou
Eii — Ej; = Ei;E;; — Ej;E;j xou ovvende 6u Eyj, By — Ejj € K, (F). Yuvdyete 6t oy de
xou 10 () apol xdle mivaxac A = (a;5) € F™ ™ iyvoug undév ypdgpeton we 1o ddpoloua twy
Tvanov a;; Eij v i # 5 xon v ai (B — Epp) Yol <i<n—1.

Agopéote TV TdTN Yeauun omd TIC UTOAOLTES %o CLUVEYIOTE UE XATIAANAOUS GTOLYELWDELS
UETOOYNUATIOUOOE YEUUUMY. ATdvtnon:

1 0 1 1

o1 2 -+ n-1

00 0 - 0

0 0 0 - 0
Andvtnon v to (o) @1 = T4 =27 = -+ = Ty00 = A, Tg = Ty = Ty = -+ = Tgg = b AU
T3 =T =2Tg =+ =Tgg =1 —X—p, 6mov 1t A, i € F nofpvouv audaipete twéc. Amdvtnon
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25.

26.

27.

28.

29.

30.

31.

32.

vyt B): v1 =27 =213 = =Tgr =\, Ty =Ty = T4 = -+ = Tgg = [, T3 = Tg = T15 =
= Tg9 =V, Ty =T10 =T1e = = T100 = P, Ts = T11 = T17 = 0 = Tgs = 1 — A — v xou
Te=1Ti2 =18 = -+ ==Tgg = 1 — b — p, 6mov o A\, pt, v, p € F maibpvouy audaipetes Tipée.

To (o) €yer amewpior MNoewv v A € {—1,1} xou povodxs; Aoon (mow;) Sogpopetind. T to
(B) epyaoteite pe Tov enawdnuévo mivoxa, Y. AVTOAAICCOVTOC TROT THY TENOTN UE TNV Tpltn
yvoopun. AclZte 1 1o clonua éyel aneplo Moocewv v A = 1 (npogovéc), 6Tt ebvan adbvato
oo A = —2 xou 6t €yl ) povadxr Ao 1 = —(A + 1)/(A + 2), 22 = 1/(A + 2) xa
3 = (A + 1)2/(A + 2) oe %x8de &N mepintwon. Tw to (), Tpdta npocdéote oTny TEHOTN
yooupr Tou eTaLENUEVOLU Tivaxa OAEC TIC UTONOLTES YROUUES, DLOUPECTE TNV TEWTY] YPUUUY UE
A+ n —1 xo ouveylote v anahoipn tou Gauss xatd to Yvwotd. To cbotnua €yet anciplo
Noewv v A = 1 (mpogavég), elvor addvato yio A = —n + 1 xou €yel povadix Aon yio Ti¢
uméhoineg TWES Tou A, TNV ornola propeite va urtohoyloeTe.

Aol o A Bev elvor avtiotpéduuog, undpyet un undevixd didvuopa € R™ ye Az = 0. T 10
(o), del&te 6T 0 m X p nivaxac B xdde othln Tou onolou eivan fon pe x €xer tic {ntodpeveg
Wiotntee. T to (B), epyaoteite avdhoya B egappdote to (o) oTov avdotpogo nivoxa tou A.

Ivooté and ) Yewpla. Oewphote vy avnyuévn xhpoxeth woppr) A’ tou A, dei&te o (o) xon
(B) ywt o opoyevée ypouuxd cbounua A’z = 0 xa Jupndeite 6T o ouothgoto Az = 0 xou
A’z = 0 éyouv 10 (8lo ohvoho hioewy.

T to (), tohamhaoidote Ty wétnta Bxz = 0 and opiotepd pe tov nivaxa A. To () mpoxintel
and 1o (a). T 1o (Y), ouvdyete and to (o) 61 o wivaxag B elvon avtiotpédutoc xon deilte bt
B~ l=A

Trodéote 6t woylel o (i) xou étL € xau & ebvon dVo Aooeig Tou ovotiuatoc Az = b. Tlopa-
wefote 6Tt A(E — &) = 0 xou ouunepdvete 6L & = & xou enopévne 6Tt oyvel to (ii). To
avtiotpogo elvon pavepd.

Tt ouvenayoyt (iil) = (i), vnodéote 6Tt To obotnue Az = b €xel povadixn Ao o xdnolo
b € F", del&te bt 10 (Blo Loy lel yio 0 opoyevég cbotnua Az = 0 xow cugnepdvete 6Tl 0 Tivoxag
A ebvon avuiotpédutoc. Tty (iv) = (i), Yewphiote wa Aon &; € F™ tou suothuatoc Az = e;,
omou e; € F™ givon 1) i-othAn tou I,,, deite bt yio tov mivoxa B € F**™ ye othhec 1,82, ..., &n
woyver AB = I, xou ouvdryete and v Aoxnon 28 61t o A eivon avuotpédipoc. OL cuvemoywyée
(i) = (i), (ii) = (iii) xou (ii) = (iv) elvon YvwoTtéc f TeTpUUMEVEC.

Ocwphote Y avnyuévn xhpoxeth woppr| (A’ | V') tou emawgnuévou nivaxa (A | b) tou cuoTh-
wartoc. Hapatnerote 61t A € QM xou bV € Q™ xou 61 1 wovduvapla Az = b & Az = b
woyLel xou yioo v nepintwon £ € C™ xou vy v £ € Q. Agol 10 Az = b éyel ANoor mdve
oo C, cuunepdvete 6Tt To TARdoC TwV N undevixdyv yeapuoy tov A’ elvon ico ye excivo tou
(A" | b'). Ané 1o tedevtaio ovunepdvete 6t 1o A’z = b éyel Mon ndvew 610 Q xou emouéveg
otL 10 (810 loyvel Yo To Ax = b.

‘Eotww S = {ai,as,...,an}. Oewpolue 10 0goyevéG GUGTNUA TOV N YEUUUIXOVY ELGOGEWY
Z r, = 0, 1<k<n
re{l,...,n+1}: ar€A,

oe n + 1 ayvdotoug Z1, T2, ..., Tnt1 € R Blugwva ye tnv ‘Aoxnon 27, éva tétolo cbotnua
€xel un undevueh Aoon (21,22, .., Tpy1). Botw I = {i:z; > 0} xau J = {j : z; < 0} xou
€otw y; = —x; Y j € J. Hpogavaeg to I xon J ebvon un xevd, Eéva petagd toug uTocUVOAd
Tou ouvéhov {1,2,...,n+ 1} xou vy xdde k € {1,2,...,n} woydet

2. m= > w

i€l: ap€A; jEJ: ar€A;
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33.

34.

35.

And v wooTnTor auTh EmeTon OTL ap € Uzer A ov xan uévo av ap € UjesA; v xdde k, ondte
UierA; = Uje s Aj.

Epyooteite pe toug enavinuévous mivaxes (A, | In) o (B, | Ip). T to (o), agponpdviac A
popéc TN debTEPn YPuUUT amd TNV TEWTN, A Popéc TNy Teitn and T deltepn xou 00Tw xodedng,
Oci&te 6T

1 A 0 - 0

0 1 - 0
A=10 o 1

: : : .=

o 0 0 - 1

T o (B), tpocdécte TpdTa 0TV TEMOTY YROUWH OAeC TIc UTOAOLTES Ypoupés. ATdvinon:

—(n—2) 1 1
1 1 —(n—=2) - 1
B! = : :

n

n—1 :
—(n—2)

Epyoalépevol pe tov enauénuévo nivaxa (A, | I,), tolhamhactdote Ty teheutoda Ypoups pe 1/n
xo e Loy ES AAAAYES YROUUMY, UETAPERETE TNV TAVL omd TNV TE®TN Yeouur. Axolobiwd,
opapécTe  Popéc TNV TEWTN Yeou and ) yeouud i + 1 yie 1 < i < n — 1. Agapécte
yooupn ¢ 4+ 1 and ™ ypouuh ¢ yio i = 2,...,1n — 1 xou 6T CUVEYELX APALEESTE T1) Yeouun ¢ + 1
omo T yeoupn ¢ v i =1,2,...,n — 1. Andvinon:

-1 1 0 0 0
1 -2 1 0 0
0 1 -2 1 0
-1 _
A0 = 0 0 1
: -2 1
0 0 0 1 —n=l

Epyootelte pe tov enauinuévo nivaxa (A, | I,). Agapdvtog tn dedtepn ypouun and tny tpd,
v Tpltn and TN deltepn xou 0UTK xodeEng xou EnelTa TPoc¥ETOVTAG OTNY TEAEUTALL YUY TOU
Tivaxar Tov Tpoéxude to ddpolopa TV Yeauuoy 20 — 1y 1 < ¢ < n/2, dellte T o mivaxog
A, ebvon avtioteédupoc av xat pévo av o n elvan dptiog axéponog. Xuveyilovtog pe xotdAAnioug
O TOLYELWOELS PETATYNUATIOLOUS YR, del&te ot

o -1 1 - 1 -1

1 0 -1 - -1 1

-1 1 0 - 1 -1

At = : :
-1 1 -1 - 0 -1

1 -1 1 -~ 1 0

yioe xdde dpTio n.
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36.

37.

38.

39.

40.
41.

T o (o), 8ei&te yevixdtepa dtL av o mivaxag A = (a;;) € C™*™ éyer v BT

jazi| > > lai]
J#i
v 1 <4 < n, 16T€ 10 opoyevéS Yoouuixd clotnua Ax = O €yel uOvo TNV TETPLUEVN AoT),
o¢ e&fc: Trodéote 1o avtideto xou Yewphiote éva un undevixd ddvuopa = = (z1 - )" €
C" pye Az = O. Emié&te deixtn 1 < i < n vy tov onolo 10 yétpo tou x; elvon Uéyloto
X0 YPNOWOTOOTE TNV Lo6TNTA Z;L:l a;;x; = 0 vy va xotohhgete oe dromo. T o (B)
napatnenote 6Tl av xdde otolyeio tng xdplac Sorywviou tou A eivon (oo ye n — 1 xou xdde dhho
otouyelo Tou A elvou ioo pe —1, téte oyler Axr = O yiwz = (11 -+ 1) xou enopévec o A dev
elvor avtio teédipog.

Xernowonoldvtog T doouévn wodtnta, deléte Tl 10 opoyevég Yeouuixd cbotnuo Bz = 0 éyel
uovo TNy TeTEWUEVN Abon = = 0.

T to (o) mapotneriote 6t (A + 1)z = —Bx xou eapudote enaywyh oTo k, Yenoylonotdviag
w oxéon (A+1)B = B(A+1I). T 1o (B) apxel vo deiler xavelc ot av Pz = 0 yio xdnoto
x € C", w61 x = 0. YTro¥étovtac 61 Pr = 0, ouvdyete and to (o) 61t (A+ )" Ha = —z
xou 6Tt A™x = x. 'Enerta detlte 61t to0 mohudvupa p(z) = (2 + 1)201 + 1 xau g(2) = 22010 — 1
dev €xouv xown plla oto C (napatnehote dt av z € C eivon xowd| pila, téte |2| = |z + 1| =1,
ovunepdvete 6t to z ebvan Tpltn pila g povddoc xau xatahfite ot dtomo). Xuvdyete Ot
untdipyouy Torvmvupa a(z),b(z) € Clz] ye a(2)p(z) + b(2)q(z) = 1 xou cvunepdvete and To
nopandve 6tz = 0. T to (Y) Peelte avunapdderypo n.y. ye n=m = 2 xou

ae (U0 = (S ()

yior XatdAANAn T Tou a, émou (1 xou (o elvar ot un mpaypaté teiteg pllec tng povddoc.

T to (@), yedte t Soopévn wodmta g (A—I)(B—1I) = I xou ypnowonoiote Ty ‘Aoxnon 28
(v). Epyaotelte opoing yia 10 (B), ypdpoviac Tn doouévn wwétnta we (P71 — B)(A + P) =
I. H andvinon oo (y) evon detixry. H axdhouvdn xoudn Moo 869nxe and tov Hila Zadix
(devtepoeth gortnth touv TuAuatoc Modnuatixdv tou Iavemotnuiov Adnvedv Tov OxtdBeto
Tou 2010). H Soopévn wodtnra yedyeton we (I — PB)A = PBP. ITohamhaowdlovtog omd dedid
e tov B mpoxintel 61 (I — PB)AB = (PB)?. Tladpvovtac Toug avdoTpopouc Tivaxes otny
tehevtalol lodTNTo X Ypnoulonotdvtas Ty ‘Aoxnon 37 npoxintel 6Tt o mivaxac I — PB elvau
avtioteédoc. O avtiotpopog Tou mivoxa autol yetatidetar pe tov I — PB xou GUVETAOC PE ToV
PB. Enopévoc, oné tnoyéon A = (I—PB)"'PBP éretu 61 ABP = (I-PB)"'PBPBP =
PB(I — PB)"'PBP = PBA.

Andvtnon: —1.
T to (o) mapatneriote 6Tl yio abe # 0 woy el
1 a be 1 a 1/a a a® 1
det| 1 b ac = abc-det| 1 b 1/b = b b 1
1 ¢ ab 1 ¢ 1/c c 2 1
1 a ad?
= det| 1 b ¥?
1 ¢ ¢

xolL YeNoWonotote TN Yeaupwdtnta e opilovcas we mpog Ty tekevtaia oTAAY. Epyooteite
nopbpoa Y to (B).
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42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

T to (o) TpocVéoTe TNV TEAOTN YeouWh Tou doopévou Tivoxa oe xadeuior omd Tic UTOAOLTES Xou
ouvéyete 6TL opllouca tou Tivaxa autol ebvon fon pe 271 T to (B) mpocdéote oY TEMTN
oTHAN bhec Tic OTARES EXTOC TG TEWTNG xou avantugte Ty opilouca Tou TEOXVTTEL XoTd Tal
otoyelo e Tpdne otiine. Andvinon: nl.

T to (o), avantite ) doouévn opilovoa xutd to otowyeia tne tpdne othing. T to (B),
yenowonoote to (o) xou enoywyh 670 1 yio vo deléete 6Tt ¢ = @ + QT IB + -+ BT

T 7o (B) nopatneriote ot det(A,) = ndet(B,,), 6nou o B, npoxintel and tov A, ToNNomho-
owdlovtac v teheutoda Yoouun e 1/n. Xt cuvEYELL aPUpESTE 1 POPES TNV TENELTALOL YROUUY)
tou By, and Tt yeouud i yio 1 < i < n — 1. Andvinon: det(4,) = (—=1)"n. T 1o () xon
(3) YeNOWOTOAoTE T oY ECT TOU GUVIEEL TOV TPOCUPTNLEVO TVOXXL LUE TOV AVTIOTPOPO XoL TNV

‘Aoxnon 34 (B).

Ané v tawtdtnta A - adj(A) = det(A) - I, xou yvwotéc WBoTnTee Twv 0ptllouchy cUVAYETE
ot det(A) - det(adj(A)) = (det(A))". Suunepdvete 1o {ntoduevo napatnemvtas 6Tl 1 opilovoa
eVOC TETPAY WVIXOL Tivaxa B elvon un undevixd mohuwvupo ota otolyela Tou B ue axépatoug ou-
VIEAEGTEC YOl YPNOULOTIOLWVTAS TO YEYOVOC OTL YLol TONUMVUMA P X0 § UE AXEQOLOUS CUVTEAEG TEQ
woytetpg=0=p=07%qg=0.

Xernowponowdvtog to avdntuypa Laplace napatnerote dti i opiCouca tou mivaxa mtou npoxdntel

’, . 7 /7 ’ ’ n ’
avTxao TovTag TV i ypoupr Tou A pe T yeoppd (1 1 -+ 1) ebven fon pe 7 cij, OTOU ¢y
elvar o (4, 7)-ovunapdyovtoag tov A. Egapudote énerta 10 YvooTtd TOTO Yol TOV avTioTpogo
nivoat, oUPLve pe Tov onolo o (i,7) otouyelo Tou A7t ebvou (oo pe ¢j;/ det(A).

T to (o) egappdote enaywynh 610 n, avanticoovtog Tic opillovoes twv A, B xotd to ototyeio
e Tpwne othine. T to (B) egapudote o (o) v m = 3 xou nopatneoTe 6Tl

1 1 1 1
det(A) = j _1 } } — 8 = —1 (mod 3)
-1 -1 -1 1

yio v oupnepdvete 6t det(A) # 0.

T to (o) mapotnehioTe 6L 1) opilovsa tou A elvon opoyevée tohudvuuo Baduol n(n—1)/2 ot
petoBAnTéc a1, az, . . . , ap, T0 onoto undevileton av a; = a; xou cLUVETES dloupelton UE TN SLopopd
a; —a; vl <4< j <mn, dpa xou Ue TO YIVOUEVO H1§i<j§n(aj —a;). H opilovoa tou A elvou
N Yvwot opllovoa Vandermonde. Xpnowonojote mopouoto oxentxd yio to (v). T'a to (B)
epopuocte TNy ‘Aoxnon 46.

Ocwpeioe ) Soouévn opilovoa kC TONUOVLUO GTIC UETUBANTES Z1, T2, . .., Ty XU EQYAUCTE(TE
6mwe ot hoon tne ‘Aoxnone 48 yio v Seilete ot etvan lon pe [ [ ;o j<, (T —2:1), dpar aveldpTnTn
TOV Y1+ Yn—1-

To (a) ebvan edxoro. Acelte 6t 1o f(t) elvar mohudvupo oto t Porduod pixpdtepou 1 icou Tou
1 xaw ouvdryete o (B) pe ypron tou (o).

IMopatnehote 6T

1 1 0 0
11 0

Anyk) | 0 0 1 . | = An+1,k)
Do 1
0 0 0 1



92.

53.

54.

35.

96.

57.

58.

%ot cUVAYETE Pe enaywyh oto n 6Tt det A(n, k) = 1 yiot kot Tt 1w k.

T to (o) ypenotponothote Ty ToAUYpoumxéTnTe Tne opillovong evdg Tivaxa k¢ TPoc T OTHAES
tou. T 1o (B) epapudote xatddinha to (o) xou v to (Y) egappdote xatddinia to (B).

Andvinon v to (B): xixe - an (14 >0, a;t’ ). Andvinon yw to (y): 1+ log?2.

Andvtnon vy to (a): —1/12 xon —1/8640 vy n = 2 xou n = 3, avtiotorya. Dot yevxd
nepintwon, dei€te du 1 opilovoa tou mivaxa oo 8eZld péhog e wwbtnrag oto (B) elvon fom pe

n(n—1) , , , ) , , ,
(—1)" = eqopudlovtog oTOYEUODES TEAEELS YPUUUDY Yio VoL METOTEEPETE TOV mivaxa autd o
évay mivaxo Tor ototyela Tou omofou elvon (oo pe UNdEY XdTw and T SEUTEPEDOVCA BLAY VIO Xol
HE €Val AV GE oUTH.

T to (o) epyacTteite pe otoyelddelc Tpdielc ot oThHAEC Tou doouévou mivoxa 1 pe dAho
napopoto teono. Ta to (B), va Yéoete n = 12 oto (o) xou va Beeite ag,ai,...,a11 € {0,1}
WoTE ag + a1 + 2a9 + 22613 +---+ 210a11 = 2010.

T to (o) TopotnERoTe GTL EXTERDMVTOSC O TOLYELODELS TPAZELS OF Ypopuéc ot OTAAES, O mivaxag
B ymopel vo petatpanel o dlaymvio mtivaxa, €0Tw Pe Slorydvia oTolyeld Ar, Ag, ...y Ay, OOTE
det(B) = Az -+ Ay ‘Enerto nopotnphioTte 6Tt oL avtio Touyec TpdEels o8 YRoES Xou OTHAES
Tou dlapepiopévou mivaxa, Ty opllovoa Tou omoiou Yéhouye va umohoyicouye, Pépvouv TOV
nivoxa auTd TN LopYY

MA O O - (0]
O XA - (0]
0] o - AA

xou 6Tt 1) opilousa tou teheutaiou Tivaxa etvon {om pe (det(A))™ ATAY - - - A%, Mo Spopetixnd
oo diveton oty Aoxnon 135. T 1o (B) epopudote o (o) oe xatdhhnhoug m X m mivoxes A
xou B.

T 1o (o) e@appdoTe ENAYWYH 610 N, avomtioGovTos THY opllovoa xotd ta oToLyelo TNG TEMTNG
otiine. T 1o (B) epapudote xatdhAnhes oToLyelddels TREEElS OTIC OTANES XaL TIC YPOUUES TOV
Tivaxa 6T0 opLoTEPd WEAog o yenowlonoticte 1o (o). o to (Y) yenowonofiote o YeYovoe

6t det(C) = det(C) yio xdde C' € C™ ™, dmou 1 nadha noploTdver T wyadin ouluyio.

T to (o) arodei&te mpdta ot
A7l O A B _ I, A7lB
-C A C D o O AD-CB
%o 0T CLVEYELW EELOMOTE TIC 0plloVoES TV TUVEXWY oTa V0 WA auTic TNE LooTHTOC.

T to (o) mapoatneriote 6Tt 0o AB elvor m x m nivoxag xou 6t rank(AB) < rank(A) < n < m.
T to (B) Yewphiote TV Wbt

I, A A O B O AB
o I, -1, B o -1, B
X0 CUVAYETE and AUTAHY OTL
A O O AB
det<_ln B) —det<_In B)
xou (T.y. xenowonowdvtoag 1o pépoc (o) tne Aoxnone 52) 6t 1oy Vel 1] TPOTEWOUEVY TAVTOTNHTOL.

H tautdétnta auth ebvar yvwo ) xa we Ocdpnpa Binet-Cauchy. T to (Y) xenowonomote o

(o) xou (B) pe A=Q" xu B=Q.

29



99.

60.

61.

62.

63.

Dot TNY TpATN TROTEWOPEVT, LOHTNTAL, TOANAMAACLAGTE TNV M TN 0THAN pe ¢J, T dedtepn oAk
e ¢¥ xhm xou Tpooéote GheC Tic GTANES Yiol VoL oupTepdveTe 6TL 1) optlouoa ebvon {om pe undév
av > i, ¢(PFay = 0. T tn dedTepn TpoTEWOUEVY HTNTY, VoL DECETE a; = i GTNY TEGTN ol Vol
yenotonoiote (ool anodellete) v wodtnta
1

. nlnt1) w w1,

okt =
Pt nz"t? — (n+ D"t + o
(z—1) ’

OLAPOPETLNDL,

w DS How TS
n—1

¢ o= (=), IIW-1=nn
j=1

T to (o) apanpéote TNV TEMTN Yeouuh Tou A and tic unéhoites xan delfte ot 1 opllovoa Tou
nivoa Tou TpoxTTEL elvon axépono molhamhdoto tou 2" T to (B), yenowonotfote to (o)
Yoo vou del€ete 6L M {ntolpevn eNdytoTn T etvon fon pe 271

An\d mapodelypato delyvouv otL ol dptiol Yetixol axépatot dev €xouv auth v Widtnta. To
avtiteto axpPddc toydet yio toug mepittole. Ilpdypatt, Yewpolye tov tono

det(A) = Z e(w) A1w(1)A2w(2) " * Cnw(n)

wES,

yioo Ty opllovoa evée n X n mivaxa A = (a;5), émou e(w) € {—1,1} elvon t0 mpbonuo e
petdeong w € Sy, xou umoYétovye 6L 0 A elvon cuppeTExde ivaxog pe oxépoua oTolyela
%o Undevixd mdve oty xdplar dlaydvio. Tote ou dpol tou adpolopatoc oL avtloToLYOLY GE
peTordéoelc Tou €youv TouhdyloTov €va o Tadepd onpeio etvor lool ue undév. Av o n elvon nepittoc,
61 oL umdhownec petaéoeic ywellovton ot Levydpto {w, w1} petodéoewy pe w # wt, 1o
WA w xon wt v omolwy éxouv TNy Bl cuveElspopd oTo &dpoloua. Autd Bdelyver 6L 1
op{lovoa tou A elvan dptiog axépatog.

T to (o) Beeite 2 x 2 wivaxa 10 TeTpdywvo Tou omolou eivar ico ye —I xou and oUTéV xUTo-
oxeudote n X n nivaxa A pe A2 = —T v tuycio detio Yetind oxépono n. Ernione, nalpvovtoc
opllovoec oy WodTTAL A? = ], Belfte 6n N amdvTnom elvol apvnTxn 6tay o n elval TEPLTTOC.
T 1o (B) xenowonotiote ) Aoon Ttou (), btay o n elvan dptiog, xon dei€te b dev undpyouv
tétolol Thvaxeg 6ty o n ebvan mepLttdg, elotvovtag Tic opilovoes ota 800 UEAN TNE LoOTNTAC
A? = -B2%

Xenowomoldvtag T Yewpio Twv YeTixd 0ploUEVLY CUUUETEXOY TVAXwWY Utopel xavelc vo delel
6Tl To ouunépaopa Loy Vel YEVIX Yot 1 X 1 ivaxeg. Mo oTolyelndn anddelén yio 2 X 2 mivoxeg
ebvan 1 e€fc. Hopatnpolye npdta (EEnyHote ) 6Tl To TeETPdYwVo *dle avtioTeédulou cupue-
TEoU 2 X 2 Tivoxa €xel YeTxd ototyela oty xlpta dtarydvio xou Yetery opilovoa. Mropolue

ETOUEVLC VoL Ypdpouue
ee(32) we (0
b c Yy oz

émou a, ¢, x, z ebvon Vetixol mparypotixol aprduol pe ac > b% xou xz > y?. Téte det(A? + B?) =
(a+z)(c+2) — (b+y)? xu

(b+y)? = V*+y*+2by < ac+zz+2Vacrz
< actaztaztcx = (a+z)(c+ 2),

60



64.

65.

66.

onéte det(A% + B?) > 0.

‘Eotw A = (a;5) € F**". T 10 (o) Yewphiote dve tprywvind mivaxa B = (b;;) € F™*™ ue
bij = a;; Ywui < juon by = a; —x; vl < i <nxo xdto tpryevind tivaxa C' = (¢;;) € F7<”
WE Cij = g5 YW i > j xon ¢z = 3 o 1 <4 < n. Tapatneriote 61t A = B + C xou emhéEe
o T, X2, ..., Ty € F €10l dote vo woyouy det(B) # 0 xou det(C) # 0. T to (B) unopeite vo
vnodéoete 6Tt F = {0, 1} elvon to odpa pe dvo otouyela. Aeilte npdta 6Tt T0 {nTodpevo oy le
v = 2 xou ouveyioTe pe emaywyh oto n w¢ e€hfg: Trnodéote mpwta 6Tl az; = 0 Yo xdmoloug
detuteg ¢ xou § xan Yewprote tov mivaxa A, mou mpoxintel and Tov A dlarypdPovTag T YeouWn
i xou T oTHAN J. Amé v unddeon e enaywyrc, unopolue va ypdouue A, = P+ Q vy
wdmotoug avtioteéduioue mivaxeg P, Q € F(=Ux(=1) " Qewprote nivaxec B = (b;;) € Fxn
o C = (c;5) € F"*™ e byj = ¢i5 = 1, ye by = 0 v k # 4 xou byg = aze yioo £ # j xon ye
Ckj = apj YW k # @ xan cie = 0 vy £ # j. Emié€te ta undhoina ototyela twv B xou C €tol
OO TE Ol TVOXES OV TEOXUTTOUV and Touc B xou C' Slaypdpovtag 0 yeouun ¢ xou T oTHAT J
vo ebvan ot P xon @, avtiotouya. Aeléte 61t A = B + C xon 61t ou B xou C' elvan avtiotpédugol
Y1 VoL ONOXANEWOETE TO BrUe TG emaywYrig oty nepintwon outh. Av a;; = 1 yio Ohot tor § xou
J, TOTE Yedte m.Y.

0 0 0 0 1 11 1 10
1 0 0 0 1 0 1 1 10
1 1 0 0 1 0 1 1 0
A= + .
1 1 1 - 0 1 00 0 1 0
1 1 1 - 1 0 00 0 1

Mo evahhonetinsy Aoom v to () diveton oty ‘Aoxnon 137.

Egappéloviac enaynyh oto n, emhédte twa a; € {0,1} yia 2 <4 < n étoL dote o nivaxag B
7oL TEOXUTTEL amd Tov A dlaypdpovtas TNy TedTN Yeauuh xou oThAn vo eivon avtio teédipoc.
‘Enetta nopatnpfiote 6t det(A) = xdet(B) + ¢, émouv z = ag; € {0,1} %o to ¢ dev e€optdton
and o T.

‘Eotw A = MA1 + Xds + - + Mp14n41. T 10 (o), ypnowonowdvtag v Aoxnon 27,
deléte 6Tl uTdPYOUY A1, A2, ..., App1 € F, Oyl 6ha undéyv, tétola dote o mivaxag A va €yel po
undevixt| ypoup xou cuvende opillovca undév. T to (B), mopatnercte 6Tt yia

1 0 0 -1
ve(on) e ()

woybel det(A) = A7 + A3. T 10 () va Yéoete

1 0 0 0 01 0 0 00 1 0
0 -1 0 0 1 0 0 0 0 0 0 -1
A1_00—10’A2_0001’A3_1000
0o 0 0 -1 0 0 -1 0 01 0 0
nol

0 0 0 1

0 0 1 0

Ade=1109 _1 0 o0

1 0 0 0

xon vo del€ete 6t det(A) = —(AF + A2 + A2 + A\9)2
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67.
68.

69.

70.

71.

72.

73.

74.

Ané n Moo tne ‘Aoxnong 23 mpoxdntel 6tL n TéEn ebvan lon ue 1y n =1 xon ye 2 av n > 2.

Acel&te 6t n {nrodyevn péylotn Ty ebvan fom pe n — 1 wg e€hc. Hopatnerote tpdto 611 xdde
undevodiivagog n X n ivoxac el opllouca ion e UNdEV xou EMOPEVLC TEEN WXEOTERT] TOU N.
SupPouvievteite énerta tnv Aoxnon 19 (B) xou ddote nopdderypo undevodivopou n X 1 mivoxa
pe té&n lon e n — 1.

T to (), yvweiloupe étL undpyouv otoyewddelc ivaxes Ey, Ea, ..., B € F™*™ yio toug
omoloug o mivoxog A” = Ej--- EsE1 A eivon whipoxeytoc xon 6t ) t8&n tou A elvon {om e
o tidoc, €otw T, TV PN undevixdv yeoupodv tou A’ Tvwpllouye enione 6t rank(AB) =
rank(Ey, - -- EoE1AB) = rank(A’'B). Agob o A’ éyev r un undevixée ypouuéc, o nivoxac A’'B
€xel To TONO T pn pndevixéc ypouués xou ouvende rank(A'B) < r. Amd ta mponyolueva
npoxintel 61l rank(AB) = rank(A’B) < r = rank(4). T 1o (B) yenotwonowlpe to (o)
xou PBploxovye 6Tt rank(AB) = rank(AB)! = rank(B'A?) < rank(B?) = rank(B).

H woduvapio (o) < (B) elvon ouvénewa tou opiopol tne tédne. Aeilte ot (o) = (v) = (9)
= (o) wc e&ic: T ) ovvenaywyh (o) = (Y) dewphiote avnyuévo xhpoxwtd ivaxa A’ €
F™>™ yoauuoiocodivapo tou A, napatneiote 6t hec oL ypoppés tou A’ elvon un undevixéc xou
ouuepdveTe 6Tl T0 Ypopuxé clotnua A’z = b elvar oupPBactéd v xdde b € FXL T

m (v) = () dewpfote Tic oTHAEC €1, €2, .. ., €y TOU Tivaxa Iy, (tou amoptilouv Ty xavovixh
Baon touv F™*1) | emréEre diaviopoata &1,8s, ..., Em € F™ ue AL = ¢; v 1 < i < m xou
deilte 6t o mivaxac B ye othheg &1, &, . . ., Em avornoel v wétnta AB = I,,. T (8) =

(o) yenowwonolote v ‘Aoxnon 69 vy va deifete 6T m = rank(l,,) = rank(AB) < rank(A)
xou ouvunepdvete ot rank(A) = m.

H woduvapia (o) < (B) elvon cuvéneto Tou opiopol e tééne. T Ty wooduvapio (o) < ()
napatnefiote 6t rank(AY) = n xou egoppdote ™V wooduvapia (o) < (8) tne Aoxnone 70 oTov
nivoxar At € F™>™. Téhog delite 6t (B) = (v) = (8) = (o) wc e&hc: T ) ouveraywyh
(B) = (v) nopatneriote 6Tt yia x&de b € F™*! 10 ypoupxd choTnua tou anotehelton and Tic
e€lotoel Tov Az = b Tou AVTIOTOLYOLY GTIC YRUUUES TNG N UNBEVIXC 1 X 1 uTtoopiloucag Tou
A éyer povadu Moom xou cupnepdvete 6Tl 10 clonua Az = b €yel o ToAD pla Moom. Tt (3)
= (o) Yewphote avnypévo xhpaxetéd tivoxo A € F™*™ yoauuoicodivopo tou A, napatnefoTe
OTL ypopupd cvotnua A’z = 0 éyel uévo tny tetpypévn Aon = = 0 xou cuunepdvete 6Tt o A’
EyelL axpPoe o un undevixée yoouués, ondte rank(A) = rank(A’) = n. H ovvenoywyr (v) =
(3) ebvan teTpyUEVY.

I to (o) egappdote v ‘Aoxnon 69. T to (B) yenowwonoiote o yeyovée ot o P ypdgeton
©S YWOPEVO oTOEWdMY Tvdxwy. T 1o (Y) yenowomowote to (B) xau cupnepdvete 6t
rank(AQ) = rank(AQ)" = rank(Q'A’) = rank(A') = rank(4). To (8) éneton amd o (@), #
ond T (B) xou (v).

Egopuélovtac v Aoxnor 52 (o), deilte npdta 6t rank(A + B) < rank(A| B), énov A|B
elvar 0 m X 2n mivoxag mou mpoxUntel Topotétovtos Tic oTHAES Tou B ota 8edld v oTNAGY
touv A. Aci&te énerta 6u rank(A | B) < rank(A)+rank(B) exteAdvTog xotdhANAC GTOLYELODELS
HETACY NUATIONOUS OTIC YPUUUES TOU avdo Tpogou Tou Tivaxa A | B.

HMoapatnenote tpdta 6TL

I_A1A2"'Am = (I_Am)"‘r(Am_AmflAm)'f'+(A2Am71Am_A1A2Am)
= > (I-4)B,
i=1

omov B; = Ajpq- A1l vl <4 < m — 1 xaw By, = I, xou g@oppdote €netta Tig
aoxnfoelc 73 xon 69.
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75.

76.

e

78.

79.

80.

81.

‘Eotw A = (a;;) mivaxag ye tic Soopévee wiomree. Ilpogavdg woyvel rank(A) < n. Aeléte 6m
rank(A4) > 2 we e&hc: Aol yetadétovtac Tic Yeaupés N Tic o THAES EVOC Ttivaxa de peToBdAleToL
N TéEn awtol, unopeite va utoléoete (yiotl;) 6Tt 1 = a1 < a2 < --- < a1p X 6T aqp <
ag < -+ < ap1. Acelte 6t n 2 X 2 unoopilovoa Tou A mou oynpatiletoan and TRV TEMTN
xou tehevtoda yoouuy ot oA elvon apvnTixh xar cuvdyete to {nroduevo. ‘Erneita, detlte ot
urdpyet avtioteéduoc mivoxac (dniadh mivaxac téEne n) pe Tic doopévec WLOTNTES we e&Rc:
Eméte ta otoryela otnyv xdpla Sloryedvio tou A va efvan dhat mepittol axéponol xou exetvor mave
ané v xOpla Slorywdvio va efvan dAa doTiol axéponol xou detlte 61l M opllouca evdg Ttétolou
nivaxa efvon epLttoc axépanoc. Téhog, ouunepdvete and tic Aoxfoeig 23 xaw 67 6TL 1 lodTNTA
rank(A) = 2 elvou enlone epueth. Tuvende 1 {ntoduevn eldyotn tur ebvan {on pe 2 %o
uéYloTn (on ue n.

Av o n eivan dptiog, dei&te 6Tt N opilovoa tou A elvon TEPITTOC AXEPAUOC XL CUUTEPAVETE OTL
o A elvar avuotpédoc. Av o n elvan mepittoe, delte ot o mbavée Twwée e Tddne tou A
glvoaw o m — 1 xou n o e€hc: Suvdyete and o (a) 6t n (n — 1) x (n — 1) vroopilovoa tou
nivaxa mou oynuatilouy ol mpwteg n — 1 ypouués o othreg Tou A elvon Sidpopn Tou Pndevog
xou ouunepdvete 6t rank(A) > n — 1. ‘Eneita deldte dn av 6ho ta otoyeio tou A extdc e
xOplac dtaywviou ebvon (oo e 1, téte det(A) = (=1)""1(n — 1) xou ouvende rank(A) = n.
Téhoc nopatneNoTe 6Tl OTOLOGONTOTE AVTICUUUETPIXOS N X N TVOXOC HE G ToLyEla Ty HaTiXoUg
oprduole et opllovoo undév xon cuvdyete 6t 1 odtnra rank(A) = n — 1 elvou enlong eQuet.

Oswpenote tov n X n nivaxa J xdde otoiyelo tou onolou elvan (oo ye —1 xou napatneoTe 6T
det(A + J) = (—1)" modulo 2009. Xuvdyete 6t o mivaxag A + J elvou avuoteéduyioc xo
eqopubéote Ty ‘Aoxnone 73 yia toug mivoxee A xon J v vo def€ete 6 rank(A4) > n — 1.

T to (o) epyoaocdeite we e€fc: Trodéote bt rank(A) < n — 2 xoa Yewpriote tov (n+ 1) x n
nhvoxar B mou npoxdntel and tov A mpoodétovtac ) yeopupd (1 1 -+ 1) (my. oto téhog).
Iapoatneriote 6t rank(B) < n — 1 xou ocvunepdvete 6Tt UTEEYEL U1 UNdevixd Bidvuopo & =
(r1 29 -+ 2p)t € R™L ye Bz = 0, dnhodf ue Az = 0 xou 71 + 22 + -+ + 2, = 0. KotohhEte
oe dromo mapatneovtac 6t zt (Al + A)z = ztAlz + 2t Az = (Az)'z + 2'(Az) = 0 xou 6T
2 (J, — I)r = 2t Jpx —2le = (x1 + -+ 2,)? — 2tz = —(23 + -+ 22) < 0. Tw 70 (B)
YewprioTe T0 Povadind dve Terywvixd mivoxa A € R ye A+ A = J, — I,,. Tw 7o (v) delte
6t o mivoxog Jy, — I, ebvan avtiotpédupog v n > 2 xou Yéote A = (J,, — I,,)/2.

T v woduvapia (o) < (B) napotnehoTe OTL av v1,Va, ..., Uy ebvar oL oThhec Tou A, t61e
S v = Az 6mou &= (A1 Az -+ Ap)t € F™1 H wwoduvapia (B) < (y) ebvon cuvéreto Tou
optopol e anewxdvione L. H wwoduvapia (B) < (3) eivon toautdonun pe v wooduvopia (o) <
(v) e Aoxnong 70.

T v woduvapia (o) < (B) napotnehote OTL av v1,Va, ..., Uy eivar oL oThAES Tou A, T61E
St v = Az dmov = (A1 Ay -+ Ap)t € F™*L T v 1ooduvapia (B) < () nopatneiote
6t La(x) = La(y) & A(z—y) = 0. Hiooduvopia (B) < (3) elvon tawtdonun pe v tooduvayio
() & (d) tne ‘Aoxnone 71.

Trodéote 6L oL 6THREC TOU Boouévou mivaxo elvor YEUUUXDS EEVPTNUEVES XL CUUTEQHVETE
6Tl umdpyouv mpaypatixol aptduol ci,Ca, ..., Ch, Ol ONOL UNBEV, TETOLOL WGTE 1) CLVAETNON
fiR={-1,-2,...,—n} > Rpe

Jx) = Z xc—lH

i=1

VoL EyeL SoxexpLpévec Tpaypatinés pllec A1, Az, ..., Ap. HHohhanhaotdote v e&lowon f(x) =0
pe (z+1)(x +2)--- (z+n) xou dei&te 6Tt avwtd elvar adlvato.
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82.

83.

84.

85.

86.

87.

88.

To () ebvon evxoho. Andvnon v 10 (B): Eotw (e1, €, ..., e,) 1 xavovixh Bdon tou FPx1.
M Bdon tov W oelvon 1 (€1 — ey, €2 — €ny. .o yn_1 — ). Miot Sy ebvon 1 (e1 — eg,e0 —
€3,...,En_1 — €p). Edxdtepa, éxouye dim(W) =n — 1.

T 1o (o) Yewpriote xhpaxwtd nivaxa B € F™ ™ yoouuoicodivapo tou At. Tapatnehote 6Tt
o undywpoc Tou F™*! nou nopdyeton amd Tic oThHAES Tou A elvan {oog pe exelvov Tou mopdyeTon
an6 Tic oThleg Tou BY, Bellte 6Tl oL un undevixéc othreg tou B elvon ypouuxde aveZdptnTa
otouyeto tou F™X1 yan oupnepdvete d1L 1 {ntouuevn didotaon eivon (o pe rank(B?) = rank(A).
To (B) elvou ouvéneia Tou (o) xou g woodTnTac rank(A) = rank(A?).

Oewpolpe oVNYPEVO xhpaxwté mivoxo A € F™*" yoouuoicodivapo tou A, ondte ker(A) =
ker(A’) xow rank(A) = rank(A’) eivar 10 TAAlOC TV un undevixdyv ypouumv (dpo xou Twv
nyetwv ototyeinv) tov A'. Advovtog to opoyevée yeouund clotnua A’z = 0 ye ) Yvewo
dldixacio mpoximtel 6t ker(A) = (ug,uz,. .., ug) Yo xdmolo uy, Uz, ..., up € FP*1 émou
k = n — rank(A) elvar to mAAdoc twv oTnhdvV Tou A ywplc Nyetd otowyeio (1oodlvopa, To
TAdoC Twv petaAnTav oTic onoleg divovton audaipetec Tiwéc). Aciyvouue 6t k and Tic ypouuée
(awtéc Tou avtisTolyoly oTic k othheg Tou A ywelc nyetind ototyeio) Tou nx k nivaxa pe otheg

UL, U2, . .., U oxNuatilouvy Tov k X k tautotind mivaxo xar cuvdyoude and tnyv ‘Acxnon 80 étu
TOL Up, Uz, - - ., Ug EbVOL YROUUIXOC aveEdpTnTa otowyela Tou F™*1. And to mopomdve éneton ot
dimker(A) = k = n — rank(A).

Acl&te 6T undpyouv cuvolixd téooeplc duvatdtntec. Av loylel 1 = T3 = -+ = Ty Yo x&e
(x1 w9 -+ x,)t € W, Bel&te 6T 0 W elvan elte o UNBEVIXOC UTOYWEOC, ElTE 0 LOVODBLAC TaTOg
undYLeoc Tou R™*! mou napdyeton améd to ddvuopa (11 --+ 1)t Av undpyet (x1 22 -+ z,)t €
W xou delxteg i, j pe z; # x4, delEte 6T 0 W nepiéyel tov undywpeo {(z1 z2 - x,)t € R™¥1:

1+ 22+ -+ x, = 0} ddotoone n — 1 tou R™1 xau cuvdyete 6t eite o W elvan {ooc ue
auTdV TOV UTdYWEO, tlte W = R™*1,

anl t

Oewpenote 10 obvoho U ye otowyelo to Slaviopato u € yia o omolo oylel u'z = 0 yia
x&9e z € W. Aciéte 61 1o U elvon unbywpoc tou F*1 yau dewphiote wa Bdon (ur, ug, .. ., uy)
avutoV, 6mou r = dim(U), xadde xou tov nivaxa A € F™™" pe yooppée ul,ub, ... ul. Acigte

ot W = ker(A) oc e€hc. Mopatnerote tpdta 6Tt Az = 0 yio xdde © € W xon ouunepdvete bt
W C ker(A). Apxel enopévoe va deilel xavelc 6t dim(W) = dimker(A). Eotw dim(W) = k

xou éote Phon (wi,wa, ..., wg) Tou W. Aelte 61 U = {u € F™! : vlwy = vwlwy = -+ =
utwy = 0} xo ovunepdvete 61t U = ker(B), 6mou B € FF*™ eivon o mivoxac pe ypopuée
whiw, . wh. Ané tny ‘Aoxnon 80 cuvdyete 6 rank(A) = r = dim(U) xou rank(B) = k

xow and v Aoxnon 84 6t dim(U) = dimker(B) = n — rank(B) = n — k xou cuunepdvete bt
rpdypott dim(W) = k =n — dim(U) = n — rank(A) = dim ker(A).

T to (o) yenowwornofiote v ‘Aoxnon 45. T to (B) yenowonoiote TedTo TOvV oploud TNe
T4ENC o TOL TPOCUPTNUEVOL Tivoxa Yo va detlete OtL adj(A) # O. 'Encita nopatnehote bt
dimker(A) = 1 xou 6t det(A) = 0 xou ovunepdvete 6t A - adj(A) = O. And v tehevtaio
lodTNTa cLVAYETE OTL 0L o THAES ToL Tivaxa adj(A) avixouy otov nuphva ker(A) xou cupnepdvete
70 {nrodyevo. T to (Y) ypnowonoticTe Tov 0plopd NS TEENC %ol TOU TROCUPTNUEVOL Tivaxo
yio va deiete 6 adj(A) = O.

EOxohot amoxAelovton ot mepintddoeic n = 1 xou n = 2. Oo deloupe dtL xdde axépoioc n > 3
EYEL TNV WBOTNTAL TNE doxnomng. Oewpolue Tic oThkeg Tou Tivoar A wg Slaviopata v1, v, . .., Up
670 YOpo R™L yau yio %8¢ & = (e1,€2,...,6n) € {—1,1}" Yewpolpe t0 UTOGUVOLO

Q. = {(z1 22 - 2,) €R™Y: gy2y >0, 69m0 >0,...,6,2, >0}

tou R™ 1. Tlopoatnpodue 6Tt x8e ddvuoua v; avixel o axpBos éva, €0t To £, omd autd To
UTOGUVORA X0t OTL O TOANATAACLUCUOS TWY GTOLYEIWY Tou A pe tuyaioug VeTixole mpaypatixois

64



89.

90.

91.

92.

93.

aptdpole tooduvapel e Ty avtixatdo taor xdde Slaviopatoc v; Ue Tuyolo oToLyelo Tou cuVOAOU
; oo onolo 1o v; avixel. Kotd ouvéneia, apxel va del€oupe 6T undey oLy YEauuuXdS eEapTNUE VYL

BLovOoUoTaL U, Us, - .« , Uy TOU R 1ét0100 dote u; € Q; yia xdde i. Agol undpyouv axpBic
2" ohvoha Tne popphc Qe xou n > 3, ondte 2" > n, undpyel € = (g1,¢€9,...,6,) € {—1,1}"
yia To onofo to 2. xan To avtidetd Tou —. dev mephopPBdvovtan avdueco ota €21, Q2s, ..., .

Téte, o undywpeog
H = {(Il To - xn)t GRHX1 : 61I1+€2I2+"'+€nIn:0}

dldotaong m — 1 Tou R™¥1 téuvel un meogoavag xadéva and ta 21,2, ..., €, Emiéyovtag
Toyodo u; € HNQ,; v € {1,2,. .., n} éyouyue Ypopuxas e€aptnuéva SLavioUaTa U1, Uz, . . . , Up
pe T emduunTéc WBLOTNTES.

Ac ypdouue T BoouEveg IGOTNTES GTN HOPPT
Zakﬂ]]‘ = Ov, k;:l,?,...,m
j=1

xou ac Véooupe uy, = Y7 akjv; vk € {1,2,...,m}. Agod rank(A) = n, and v Aoxnon 71
TpoxVTTEL 6TL untdpyeL Tivoxae B = (b;;) € F"X™ tétolog wote BA = I,,. Xpnowonoudviag Tie
W0OTNTES D pey bikakj = 0i;, Beloxovye 6Tt

n m

m m n n
Oy = E bikur = E bikE agjvj = E bikag; | v; = g dijvj = v
k=1 k=1 j=1 1 =1

j=1 \ k=

vy i € {1,2,...,n} xou cvuncpaivoupe to {nTolduevo.

Trodéote dtt m < n xaw xotohfite oe dromo we e€hc: Tpddte to u; ¢ ypoupxd cuvbuaoud
wj = Yo a;v; v v v 1 < j < noxon mopatneote OTL Yot Aty Ag, ..., A, € F éyouue
oo Ay =00 N (0T aigui) = 3000 (3072 aijAg) vie Buvdyete ané Ty ‘Aoxnon 27 (o)
OTL UTEEYOLY A1, Az, ..., Ay € F, Oyt Ao undév, tétola ote va Loy lel 2;21 a;;A; = 0 vy
1 <7 < m. Yuunepdvete 6Tt ToL Up, Uz, - - . , Uy EVOL YoOUXGS e€aptnuéva, ot avtideon ye Ty
unédean.

Beeite uia Bdom yia tov xdide undywpo mou va aroteheiton and nivaxeg g poppnc Fij ¥ i+ Fj;
fy Eij — E;;. Yuvdyete 6t 1 didotaon tou doouévou undyweou elvon {on pe n(n + 1)/2 ot
repuntooes () xou (), xou pe n(n — 1)/2 ot nepuntdoec (B) xou (3).

T to (o) delEte, Peloxovrac wa Bdon tou W, # ue dhho tpémo, 6t dim(W,) = n? — 1. To
(B) mpoxintel dueca and to (o). T to (y) Yewprote m.y. toug nivaxee Fy vy 1 < i < n xou
Eijj+FEiyal<ij<nuei#j TIato (8), nopatnehote 6t 10 clvoro V 1wy mvixewy
A € F™*" yia toug omoloug toybet AB = BA eivan undywpog tou F**". Xenowonoudvtag
v Aoxnon 18 (B), deilte 6t 10 V ebvan yvioiog undywpoc tou F"*™ xau cupmepdvete To
{ntobyuevo.

To () elvon etxoro. T 1o (B) epyooieite dnwe oy ‘Aoxnon 82. T o (v) Yewpriote mivoxa
X = (zi5) € V xu Mote 1 ypauuixés e€lowoeic otic mn petofAntés x;; mou opilouvy tov
UTOYWEO V' C TPOC TG Tjn XA Ty YL 1 <4 <m xan 1 < 7 < n. Buvdyete 6Tl o fdor tou
V' anoteheiton amd toug mivoxeg Eij — Eiyy — B + B Y 1 < <m—1xaw 1 <j<n—-1
xou ouvenoe 6t dim(V) = (m —1)(n — 1).
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94.

95.

96.

97.

98.

99.

100.

101.

102.

T to (o), dei&te 61 o go(x), P1(x), . .., Pn(x) elvon yoopuxde aveldptnra otouyela Tou F, [z
(awté apxel ool n ddotaon tou Fylz] elvon fon pe n + 1) we e€hc: Trodéote du Aggo(z) +
A1(z) + - 4+ Apdn(x) = 0 v xdmotar Ao, A1,y - .., Ay € F. EZlodhvovtac Touc cuvieEAEs TéC
tou 2" ota dVo pén authc e wotntac, dellte bt A, = 0 xau cuveyioTe pe enaywy” oTO N.
T o (), vtodéote 6t p(x) = co+c1(z—a) + - -+ cp(z — a)™. opaywyilovrac i popéc v
Tpoc x xon Vétovtog = a, deifte b1t ¢; = pM(a) /il yio 0 < i < n, 6mou p¥(x) elvan  d-05TH
nopdywyog Tou p(x).

To (o) etvon ebxoho. T 1o (B) mapatneriote 6t ta Boouéva ToAvmvuua elvor n + 1 ototyeia
tov W xou 6t dim(W) < dim(F,,[z]) = n+ 1. Tw 1o (Y), ouvdyete and tny ‘Aoxnon 94 6t o
rohuevuua pi(z) = b+ (z — a)’ yio 0 < i < n éyouv Tic {NToLUEVEC BLOTNTEC.

T to (o) unoYéote 6Tt oylel A1 dr () +Aap2(x)+ - -+ A dn(z) = 0 yia xdnowt A\, Ag, ..., Ay €
F xou %écte £ = a; vy vo oupnepdvete 6Tt A; = 0, yia xdde delxtn 3. Luumepdvete 6TL Ta
d1(x), P2(x), . .., dn(z) amoteloly to oTowyeln wog Pdone tou yoeou Fy_q[z]. Tedpoviac éva
doopévo nohudvupo p(x) € Fy_q[x] o¢ ypaumuxd cuvduaopd p(r) = c1¢1(x) + cada(z) + -+ - +
Cn—1Pn—1(x) TV otoyelwy autic e Bdong, Véote & = a; 0TV TEONYOVUEVY LOOTNHTOL YioL VOl
SelEete 6T p(ai) = cidi(ai) = ¢;¢'(aq).

T to (o) unodéote ot toylel Adodo () +A1d1(x)+- - -+ Andn(x) = 0 yiaxdmot Ag, A1, ..., Ay €
F xon ¥éote = 0 yio va delete 61t A\g = 0. Awoupéote pe 10 2 1 o)éon Tou TEOXVTTEL Xal
XENOWOTORGTE ETOY WY 670 N yio var cupmepdvete 6t A; = 0 xdde delxtn i. T to (B) ypddte
b =31 eidi(z) = D cirt (1 + 2)" 7 Awmpéote pe " xon Véote y = (1 +z)/z v var
deifete o (y — 1)" % = 30 eyl Tupnepdvete 6t ¢ = (—1)i_k(’;:,]:) yio 0 < i <n
(ométe ¢; =0y i < k). Andvinon yweto (y): co=1,¢c1=-3,ca =4, cg = -2 %o ¢y = 1.

Tty woduvapia (1) < (ii) yenowonotfiote ) oyxéon dim(U + W) = dim(U) + dim(W) —
dim(U N W). Tt ovvenaywyy (i) = (iv) dei&te 6t 10 cbvoro B UC napdyer to yodpo V
%ot 6Tt €xel To oA n ototyela o cuvdyete to {ntolpevo. H cuveraywyy (iv) = (iil) elvou
TeTpupévn xan 1 (iil) = (ii) agriveton oe eode.

Ioapoatnpriote 6T v p(x) = ag + a1z + - - - + cpx™ € V,, woybouv: (i) p(x) € Uy, av xou uévo av
a; = 0y x&de neprtté Selxtn @ xau (ii) p(z) € Wiy, av xou pévo av a; = 0 yio xdde dptio Selxtn
i. Yupnepdvete 6t U, = (1,22, 2%, . ..) xow 61 W,, = (z,23,...) xou ouvdyete 6t loyleL o (o).
AciEte enione 6T o ovvora {22F 1 0 < k < n/2} xu {2711 <k < (n+1)/2} eivon Bdoeic
v Uy, xou W, aviototya, o ouvdyete 6t dim(U,) = 14 [n/2] xou dim(W,,) = |(n+1)/2].
T to (Y) ypnowonotiote To mopamdve xou Ty tooduvopia (1) < (iii) tne ‘Aoxnone 98.

Ocwprote wa Bdon {ur, ug, ..., ur} Tou U, 6mov k = dim(U) < n, xou enexteivete auth ot Bdon
B = {ui,ug, ..., up, 01,02, ..., Up—}t 00 V. T 1 < i < n—k, Jewpriote tov undyweo W;
tou V' mou mapdryeton and to otowyelo tne B extoc tou v;. Aceilte 6t U = WiNWan---NW,, g
%ot ouvdyete To {nToduevo.

T to (o) deigte mpodta 61t n — 1 < dim(U + W) < n xou 6t dim(U + W) = n -1 <
U C W. Ereto. Yupndeite 6t dim(U + W) = dim(U) + dim(W) — dim(U N W). Tw to (B)
xenowonotiote to () yio vor ouunepdvete 6tL dim(WiNWs) = n—2. T to (Y) yenowwonohote
w0 (o) ue U=WiNWan---NW,_1 xou enoywyh oto r vy vo det€ete 6t n —r < dim(Wi N
Won---NW,) <n—1. Aci&te enfone pe nopdderypa 6L 1 didotacn tou Wi NWe N ---NW,
uropel va ABel onowadrinote T oto obvoro {n —r,n—r+1,...,n—1}.

To () ebvar ebxoro. T to (B), Peeite m.y. mopdderypo pe UNW = VN W = {0} xu
(U+V)NW # {0}. Tw o (y) rmapatnehiote 6t dim(U +V + W) = dim(U + V) + dim(W) —
dim((U+V)NW) xou 6t dim(U + V) = dim(U) + dim (V') — dim(U N V) xaw ypnoylonofcte
10 (o). To (8) npoxintel ebxoha and to (Y).
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103.

104.

105.

106.

107.

108.

109.

‘Eoto p(z) = ag + a12 + -+ + apa™ € Fplz]. Hoapatnerote 6t p(x) € Wy, av xou yubévo
av p(x) = aopo(x) + a1p1(x) + - + a|pn/2)P|n/2) () xu cuvéyete 6t To W), cuuninte e
Yeappua 9 1wy atotyelwy po(z), p1(), . .., p|n/2) () Tou Fy[z]. Eldtepa ioydel to (o) xou
T po(x),p1(T), .. ., Piny2) () TopdyouV Tov UTdYweo W,y Aci€te ancudeiog dTi o TOALGVLUA
auTd, xS xot T Po (), P1(T), .., Plns2) (T), ebvon yeopupuxde avedpTnTa Xou CUVAYETE OTL
wybouv to. (B) xan (v). Oewpriote thpa 6t F = R. oapatnphote bt av p(x) € Wy, t61e

[n/2]
pz) = Y (ai—ai1) ¢i(2),

i=0

6mou a_q1 = 0 xoatd olpPoon. Luvdyete 6t av to p(x) elvon LovoTEono, TOTE aUTO YEAPETU ©OG
Yeoppixds oLUVBLUOPOS TWY Go(Z), P1(T), ..., P n/2)(T) e CUVTENEGTEC YN APVNTIXOUS TRAYUO-
Txolg oprduole. Aceilte étL oylel enlong To avtioTtpogo (eUxoho) xou cuvVAyETE OTL LoYVEL TO
(3). Tt 10 (g) yenowonoote o (B).

T to (o) mopatnehiote 6Tt T0 S elvon ypaupxde elaptnuévo xou 6Tt Tapdyet To yweo V. T
10 (B) pnopeite va unodéoete 6Tt 0 S Jev mepéyel To Undevixd didvuopa (yitl;). Eotw

S ={v1,v2,...,Um} xU U =01 F U+ +Up. Acllte 6u yiaxdde 1 <i < mundpyet \; € F
TETOLO WOTE U — U; = A;¥; XL OLVETADS, OTL UTdpyet p; € F tétolo dote u = p;v;. Aol petalld
TWV V1,02, . . ., Uy, UTEEYOLY BUO Ypouixoe aveédptnta, ouunepdvete 6t u = 0.

Trovéote dti o V elvar oo ye TNy évewon twv Yviolwy utoyoewy tou Wi, Wa, ..., Wi, xavévog

omd TouE omoloug BEV TEpIEYETUL G TNV €VKaTN TwV utololnwy. Emiégte Swoviopata vy € V Wy
o v € WiN(Wa U -+ UWy) xou Yewpriote to ovoho L = {vg + v : A € F}. Aceigte 6t 10
obvoho L elvan dmeipo, 61t LN Wi = @ xou 61t 10 L €yel To oD €va xowod aTolyelo pe xodéva
and o Wa, ..., Wi xou xatodhEte oe dromo.

Eotww B = {ur,uz,...,uy} xou v € C. Tpddhte 10 v w¢ ypouupnd cuvduacud Y iy Aju; Tov
otoelwv e B xau emiélte we u omowodnirote and to otouyeio u; e B pe A; # 0, v to
epdTNUa (o) xou omoodhnote and ta otowyela u; e B ue A; # 0 to onola dev ovixouv ot
yoopuxr Mxn tou Cx{v}, v 10 epdnua (B).

To npdéfinua autd, dnAadY 6Tl 1 TEdTUoT) Loy Vel Yia xdde VeTind axépono n, elvar YVOOTé WS 1|
axaoia Bdong tov Rota. Eivor yvwotd 6T 1 mpdtacy woylel oTic edxée nepinthoec n = 2Fp
xou n = 2%(p + 1), émou p ebvor meprttdc TpdToc (Bhéme [A. Drisko, Adv. Math. 128 (1997),
20-35], [A. Drisko, Electron. J. Combin. 5 (1998)] xou [P. Zappa, Adv. in Appl. Math. 19
(1997), 31-44]). And éoo eipon oc Yéon va yvwpile, To epdTNUR TOUPUUEVEL aVoIXTd oT1 YEVIXN
Tou mepinTwo.

Andvimon v to (B): ker(T) = {(z1,22,...,2,) € F" 1 21y = -+ =z, = 0}, Im(T) =
{(z1,22,...,2n) € F" : 11 = -+ = 2, = 0}, dimker(T) = n — k xou dimIm(T) = k.
Andvimon v 10 (v): n T elvon 100POpPLOUOE BLOVUGUOTIXGDY YWewY oY Xot Uévo av k = n.
Andvinon v o (8): elvon o drydviog 1 x n wivaxae pe otoela 1,...,1,0,...,0 ot xbpLa

draydwvio (k amd o omola elvoun loa pe 1).

To (a) givan gbxoho. Arndvinon v to (B): ker(T) = {(z,x,...,z) : © € F"}, Im(T) =
{(y1,92,--Yn) EF" :yp +y2 + -+ + y = 0}, dimker(T) = 1 xou dimIm(7T) = n — 1. T
0 (Y), Yewpriote TNV opdoydvia tpoforr; S(z) Tou 2z oty evdela 21 + 22 = 0 yio z € R?
xou mopoTneroTe 6Tl M amewdvion S 1 R? — R? elvor ypopuxde petaoymuotiopdc. Aeléte d1
S(ur) = T(u1) xon S(uz) = T(uz) yiot xdmorat Bdon {u, us} tou R? (m.y. emhé€te ug = (1,1)
xou uz = (1, —1)%) xou ouvdyete 6t S(x) = T'(x) yio x&de = € R
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110.

111.

112.

113.

114.

115.

116.

117.

To (o) mpoxintel ebxoha and ) yeouuxdtnta e T xaw and Tov 0plopd Tou UTGYWEoL (Xou
Yo mpénet vor oug elvon owxeio and tn Yewpla). T to (B) napatneriote 61 o W éyel nenepo-
ouévn ddotaocy, we LTdYWEOS eVE yWpou Temepaouévne didotaone. Eotww n = dim(W) xou
¢otw {wy,wa, ..., wy} wo Bdon tov W. Iopatneriote étt x&de w € W elvon ypopuxde cuv-
BLAOPOC TV W, Wa, . . ., Wy xou del€te 6T To T'(w) elvan o avtioTolyog Yeauwix6s cuVBLACUOS
v T'(wy), T(ws), ..., T(wy,). Luurepdvete 6t ta T(wy), T(wa), . .., T (wy,) Topdyouy To YWeo
T (W) xou ouvdyete 6t woybel dimT(W) < n = dim(W). Ilo cuyxexpiévec TAnpogopiec yio
 Spopd dim(W) — dim T'(W) mpoxintouv and v Acxnon 118.

Ané v unddeon npoxdntel 6T yio xdde v € V o undpyel A, € F pe T(v) = A\yv. Xenowonowd-
vtoe T yeoupxotnta tne T, Bel€te 6tL yior Tuyadar yoopuxde aveldptnta dlaviouaTo u, v Tou
V woyler Ay = Aygo = Ay xou ouvéyete 6L undpyer A € F tétoo dote T(v) = v yio xdde
veV.

. . -1 . . -
Trodéote 61t > pey cxT*(z) = 0 vt xdmowet co, i, - - -, m—1 € F. Egoppéote tny T o1
oyéon auth xou cupnepdvete 6Tt ¢g = 0. Eqoppdote énerta tnv T2 o cuunepdvete 6t
c1 = 0. Xuveylote napduola yia vo deiete 6tL cp =¢1 =+ = ¢pm—1 = 0.

Na to (o) epyacdeite dnwe oty Aoxnon 112: Ocwphiote pla oxeon Yeauuxre e&dptnong
pswiu TWV T1, T2, - - ., Tok XOL EQUPUOCTE BLADOY XS OE QUTAHY TIC T2 TQIW1 , T yiorvo Sei&ete
6TL M oyéon elvon tetpigpévn. T to (B) unodéote bt yio xdde f}suxé ax€EaLo M UTAPYEL Un
undevixd didvuopa Yy, € ker(T™) NIm(T™). Ocwphiote Ty € V 1010 OOTE Yy = T (T1)
xou mopatnEhoTe 6Tt oy touy T™ (2 ) # 0 xon T2 (2,,) = 0 yia x80e m. Yuvdyete oand 1o (o)
OTL Tl SLVOOUOTA T, T2, Td, - - - , Lok EVOL YRUUUXADS aveEdoTnTa Yiar Xdde un apvnTxnd axépalo
k xou xatohiEte o€ drtomo.

Trobétouue otL n > 2 xou eopudlovpe enaywyn 6T0 n. Owpolue wio Yeouxy oxéon vy +
A2V + -+ - + Apvy, = Oy Yeto€l twv v, V2, ..., Uy, OOV A1, Az, ..., A, € F. Egapuélovye v
T oe auth v wétnTa, hopPdvovtae vnddmy tic oyxéoec T(v1) = vy xou T(v;) = vi1 + v;
v 2 < i < n, AQOUUEOVYE ATd TNV LOOTNTA TOU TEOXVTTEL TNV oEYIX X0l XAUTOAYOUUE GTNV
WWOTNTA Aov1 + Azv2 + - -+ + ApUp—1 = Oy. And v unddeon e enaywyhc oLUTERAVOLUE OTL

A2, ..., Ap = 0 xan ouvende 6t Ajv; = Oy, ondte A = 0. 'Encton 1 ypouu aveaptnoio tou
{v1,v2,...,0,}.
Topotneriote 6Tt T {Us, . .., Up } xaw {v1, ..., v, } bvon Bdoeic Tou V' xon cuvende ot yio Tuyaio

un undevixd otowyela A1, ..., A, tou F undpyer ypouuxde wopoppopdc T2V — Vope T'(u;) =
Aiv; oo 1 <4 < m. 'Enetol Yeddte vp1 = €1v1 + -+ CpUp XU Upgr = diug + -+ dpuy
ue ci,d; € I, 8ellte 611 bhol o cuvtereoTtéc ¢; xan d; elvon pn undevixol xou emAélte o Ay
xotdhhnho dote vou oy Vel T (Un41) = Uny1. Ta 660Ug Yvopillouv vy évvola Tou TeoBohixol
Y0eOL, 1 doxnon auty delyvel 6Tl oe TEoPBolxd yhpeo didotaonc n — 1, onoladrinote 0o chvola
xadéva and ta onola amoteheiton and n + 1 onuela oe yevixr Véom elvan petaddh toug npofohixd
LoOBUVOLAL.

To (o) eivon evxoro. Tia to (B) Beifte 6T yio xdde Y € Fm=DX(=1) yrgoyer povadins X € V
tétoo wote T'(X) =Y. To (y) elvou dueon ouvéneio tou (B).

T o (o) ypnowonomote yvwotée WdtnTes v npdiewy mvixwy. o to (B) deilte 6t n
amewovion T eivon avtioteéduun, we avtiotpopn ty anewxdvion S : F™*™ — F™*" nou opileton
¥étovtac S(X) = A71X yio X € F™*". T 1o (), unodéote 6t 1 T ebvon ioopopoiopde
xou mopatneote ot dim(F™ ™) = dim(FP*™) xou 6t ker(T') = {0}. And v mpdn woétnta
CLVAYETE OTL P = M Xxou amd 1) BevTEEN Xou TNV ‘Aoxnon 26 cuumepdvete 6Tt o mivaxag A eivon
aVTLO TREPLUOC.
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118.

119.

120.

121.

122.

123.

124.

125.

AnodeiZte to Jepelddec autd Vedpnua tne yeoupxhc dhyeBpoc we e€fc: ‘Eotw dimker(T) = k
xou dim(V) = n. Oewphote wo Bdorn {v1, va, ..., vk} tou TupRva ker(T') xou enexteivete ot
oe Béon {v1,vs,...,v,} Tou V. Aci&te bt 1o T(vg41), - .., T (vy) mopdyouy tnyv edva Im(T)
(ebxoho) xon 6T ebvan ypoppxoe aveldptnto xat cuvdyete 6t dimIm(7T) =n — k = dim(V) —
dim ker (7).

T to (o) napotnerote 6t av = € ker(ST), téte T(x) € ker(S). T v tpd wodTnTa TOU
(B) mapatnefote 6u ker(T') C ker(ST') xou ouvdyete étu ker(R) = ker(ST') Nker(T) = ker(T).
T tn dedtepn napatneriote 6t Im(R) = {T'(x) : = € ker(ST)} xou ouvdyete to {nrodyevo.
T o () epapudéote ty ‘Aoxnon 118 oty R xou yenowonowiote to ().

To (a) mpoxintel and 1o (B) i eudéwe and ) ypoumuxdtnto tne T’ %ot Tov 0plod Tou UTEYWEOV.
T to (B) mopatneriote 6Tty v € V woylel v € ker(S) & S(v) =0 7(T(v)) =0< T(v) €
W e veT Y W). INa 1o (y) ougnepdvete and 1o () xou v ‘Acxnon 118 étu dim T H(W) =
dimker(S) = dim(V) — dimIm(S) > dim(V) — dim(U/W) = dim(V) — dim(U) + dim(W).
Evelotind, dewphote tov meplopiopd To tne T oto T—HW). Hepatnprote 6t ker(T,) =
ker(T) xou 6t Im(T%) = Im(T) N W xon cuunepdvete 6t

dim 7' (W) = dimker(T,) +dimIm(7,) = dimker(T) + dim(Im(T") N W)
= dim(V) — dimIm(T") + dim(Im(7") N W)
= dim(V) — dim(Im(T") + W) + dim (W)

dim (V) — dim(U) + dim(W).

V

Xenowonoote tic oyéoec dim(V;) = dimker(7;) + dimIm(7;) = dim Im(7;_1) + dim Im(7T5)
ol <7 <m.

T to (o) mapatneRote 6Tt n = dim(V) = dimker(T) + dimIm(7") = 2dimker(T). T to
(B) Bei&te 6t 0 undywpoc ker(T') tou V eivon S-avahhoiwtoc xou 6Tt 0 neploplouds tne S otov
UTdY PO avtd xavorotel T cuviixn tou (o).

Tt (o) %on () yenowomoiote v ‘Aoxnon 12, xadde xou Yvwotéc WOTNTES TV TEdZewmy
mwvdxwy. T to (B), napatneote 6t and v unddeon woydet tr(AX) = 0 yio xdde X € F7*™.
Tedgovtag A = (ai;), delite ot woylel tr(AE;;) = aj; yia 1 < i <mnxuw 1 < j < m xo
ouvéyete 6t A = O. Téhog, napatneiote 6Tl 10 anotélecua tou () ypdpetou LoodUVaUR ©OC
ker(T') = {0}, ondte n T eivon povopop@iopds dtavuopatixdy ydewy. Aoufdvovtac viddmy 6t
dim(F™*™) = dim(F™*™)* = mn, ovunepdvete 6t n T’ elvor xou EMPOPPLOUOS AL ETOUEVRS
ot LoyVet to (3).

To () elvon edxoro. And tn oxéon B = PA npoxintel 61t Az = 0 = Bz = 0 xou ond v
A =P 'BéuBx=0= Az = 0. Tw 10 (B) epyaocieite ¢ e€hc: ‘Eotw La, L : F**1 —
F™*1 o1 ypopuixée anewxovioeic ue La(z) = Az xou Lp(z) = Bz v ¢ € F*1 Anéd
undVeon yvwpeilovue ot ker(L4) = ker(Lp). Enexteivete wa tuyado Bdon (ur, ug, ..., ug) toU
ker(L4) = ker(Lp) oe wa Bdon (u1,uz, ..., u,) tou F*™*1 Trevduplleton 6t o La(u;) yio
k+1 < i < nelvon ypopuixde aveldptnto dtavioporte Tou Fmx 1 (xon amotehoVY Bdom Tne exdvac
Im L 4) xon opolwe yioe o Lp(u;) vk + 1 < i < n. Oewpriote tuyoio avTioTpédgiun yeouuxy
anewédvion T 2 Fmxt — FxL éroin ote T (La(z)) = Lp(x) yio xdde @ € {upy1,. - Un}
xon dette 61t T (La(w)) = Lp(x) yio xdde x € F**L. Suvdyete 61t PA = B, énou P € Fmx™
ebvon o avtioteédipoc Tiveac pe T(y) = Py v x&de y € FmxL,

T to (o) Yupndeite 6w n T eivon povopoppiopds av xou uévo av ker(T) = {0} xou yen-
owornoote v ‘Aoxnon 118. Tw 1o (B) mopatnefiote 6t Im(T) C W xou ouvenme 6t
Im(T) =W < dimIm(7T) = dim(W). To (y) éneton and ta (o) xou (B).
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126

127

128

129.

130.

131.

132.

IMapatneadvtae 6t Im(ST) C Im(S) Beloxoupe 6t rank(ST) < rank(S). "Eyoupe eniong
Im(ST) = S(Im(T)) xu cuvende rank(ST) = dimIm(ST) = dimIm(7T) — dimker(S) N
Im(T) < dimIm(T) = rank(T), dpo woybel to (o). To (B) mpoximter egoapudlovtac to (o) oTic
yoouwxég anewxovioewg Ly : F* — F™ xou L : FP — F™.

T to (o) mapotnerote 6t Im(S + 1) C Im(S) + Im(T). T 1o (B) yeddte v npotewvouevn
oviodtnta we n—rank(S) > rank(7) —rank(ST) xou mopatnefiote 6t n—rank(S) = dim ker(S)
xou 6t rank(T') — rank(ST) = dim Im(7T') Nker(S). Epyoaoteite napdpowa yio to () xou ypddte
Y TpoTeEWGPEYY aviobtnTa we rank(R) — rank(SR) > rank(RT) — rank(SRT). Topatnpfiote
6t rank(R) —rank(SR) = dim Im(R)Nker(S) xou 61t rank(RT) —rank(SRT) = dim Im(RT)N
ker(S). Ipogavae to (B) mpoximter amd o (y) dtav i R: V' — V elvan 1) towtotind] ameixévion,.

Ardvinon: |n/2] vy to (o) xou [2n/3] v to (B). Eotw Ly : F™ — F" 1 ypouuix anewxdvion
pe La(z) = Az yio z € F". T 1o (o) egappéote 1o (B) e Aoxnone 127 v S = L %o
doote mopdderypa mivoxa A pe A2 = O xou &y lon pe [n/2]. Hapduowa, yia 1o (B) epoppdote
1o (B) Tnc ‘Aoxnone 127 yio S = Ly xow S = L?.

To (a) eivar edxoho (yenowonoiote ) yeapuxomta e S). Ta 1o (B) napatmeriote 6T
n S+ T eivon 1 Towtotind anewdvion wéve oto Vo xa epopudote Ty ‘Aoxnorn 127 (o). Tw
10 (y) Yewpriote toug undywpove U = Im(S) xou W = Im(T) tou V. Iupoutnpriote 6T yio
xdde x € V éyoupe © = S(x) + T(z) € U+ W xon ouvdyete 61 U + W =V, enopévec bt
V=UaseW & UnW = {0} & dimU) + dim(W) = n. And 1o tehevtaio cupnepdvete dtu
(i) & (i) & (iii). Xenowonowbdvtac to (o), deilte 6n Im(ST) = Im(7'S) C Im(S) N Im(T)
xouw ouvdyete ot (i) = (iv). IHapatnedote ot ker(T) = Fix(S) xou ker(S) = Fix(T') xou
ouvéyete 6Tl oL ouveraywyée (vi) = (iv) xa (vi) = (v) mpoxintouy and to (o) e Aoxnonge
140. Téhoc deigte ot (iv) = (iii) xou (v) = (iil) mapatnedvtac 61t dimker(T) = n — rank(7T)
xou dimker(S) = n — rank(S), avtiotoa. T ta (3) xou (€) epapudote ta Topandve GTO
Yoouuxd peTaoynUotTiond S = L : R™ — R™.

T to (o) Sei€te ot rank(AB) —rank(BA) < rank(A) xou, pe ypron tou (B) tne Aoxnone 127,
6t rank(AB) —rank(BA) < n—rank(A4). T to (B), Beeite mpdra tétoloue ntivaxes yi n = 2.
T To (Y) yenoworotfiote tpmta 1o (o) e ‘Aoxnone 127 vy va dei€ete 6t rank(A4) > n/2 xou
rank(B) > n/2 xou énetta to (B) tne dag doxnone yio va deilete bt rank(A) = rank(B) = n/2.

O¢tovpe u = (a1 ag - a,)t €C", P = (xi5) € C™*™ pe a5 = xj; xou

n(nt1)
t T/
X = (211 T12 -+ Tin T2z - Tpp)' € z

/ , _ p Loy _ / P n(n+1)
Feddyte v woétnTa Pu = v o¢ éva ypopuuxd cbotnua QX = B, émou Q ebvow n X ——5—
nivoxag ToL oTotyela Tou omolou e€apTOVTUL And 1A a1, g, . . . , ay. Aclte 6TL 0L Yoouuéc Tou Q
elvon YpouUixme aveEdpTnTes oV T a1, Ao, - - . , Ay OEV Elvan Oha (oo e UNdéV xou cuvdyete and
v ‘Aoxnon 70 6t 10 clotnua QX = B €yel pia Touldyiotov Ao,

‘Eotw B xa C o Socyuévee Bdoeic tov V xow W, avtiotoryo. Oewmpnote 10 YRopuxo looUop@iold
¢V — F" nou anewxovilel 10 v € V 0N 0THAN TV CUVTETAYUEVKDY TOL U 6¢ Teog 1 Bdom
B xou 10 ypauuxd woogopplopd ¥ @ W — F™ nou oamewoviCel to w € W ot othin twv
CUVTETOYHEVGY TOL W ¢ Tpog T Bdon C. Buundeite 6t woyber Y(T'(v)) = Az v xdde v € V,
émou = = ¢(v) (Veuehddne Wiétntar Tou mvora Wi Yeauwxic amewdvions). Suunepdvete
6t poT = Ly o ¢ nou ovvende 6t Y(Im(T)) = Im(L4). Suvdyete and to tehevtodo dtu
rank(T) = dimIm(7T) = dimIm(L4) = rank(A), dnhadh 6t woylel o (o). To vndhoima
epwTAUAT TpoXVUTTOLY antd To (o) xan Ty Aoxnon 125.
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133. T 1o (o) ypnowonofote Yvewotée Widtntee tne mapaydyou. T ta (B) xou (y) nopotnefiote
ot o nivaxag e 1 w¢ mpog T Bdon (1,:5,:102, cox™) Tou V, ebvon dve Tpryovinde xon 6t
o Borydoviar ototyelor Tou elvon (oo ye 1. Xuvdyete and v ‘Aoxnorn 132 (3) 6u n T eivan
avuoteéduun v xdde n € N xau 6t 7o {yvoc e ebvan ico pe n+ 1. T o () xou (),
Aovovtag 1o avtioTowo yeauuixd ctotnua dellte 6t vy 0 < k < n, 10 povadwé fr(z) € V
ue T(fr(z)) = 2* eivor t0 moALUGVLPO fi(z) = k! Zf:o 2t /il. Tw 7o (8) ouvdyete 6T f(x) =
Yoo fr(x) xou ovvende 6t f(0) =01+ 11+ -+ + nl.

134. Avadutdoovtog ta ototyeia e ouvidoug Bdong tov F™ X" we (B, Ea1, ...y Ema, B2, - .., Emy)
xou ta ototyela Tng ouvAdouc Bdone tou FP*™ we (Ev1, Eo, ..., Ep1, Eig, ..., Epy), Oellte 6T
o mivoxag tne 1 modpvel T woppn
A O @)
~ O A 0
A =
o o .- A
Yupnepdvete and v ‘Aoxnon 132 (o) 6t rank(T) = nrank(A4) xa 61 woyder 1o (3). T 1o
(v) xpnowonowote Ty ‘Aoxnom 125 (y) xou to (B).

135. Tt to (o) YENOoWOTOAOTE YVWOTES BLOTNTES TwY TpdEewy mvixnv. I to (B) delgte mpdta bt
av ot ivaxee A xou B ebvan avtistpéduuor (ondte p = m xaw ¢ = n), té61e n T : FX" — Fmxn
elvon enione avtiotpéduun xou 6T 1 avtiotpogn anewdévion opileton ond tov tino T H(X) =
ATIXB™! yio X € F™ ™. T 7o avtlotpogo mopatneriote tpdta 61t T = Ro S = S o R/,
omou S @ FM™XM — FPX™ yon R 0 F™X"™ — F™X9 givon oL anewxovioelg nou opilovian Yétovtog
S(X)=AX xu RI(X) = XB yia X € F™*" xou R : FPX™ — FP*1 you S/ : F™>49 — FP¥4
elvar ou amewoviceg tou opllovton Yétovtac R(Y) = YB xau S'(Y) = AY vy YV € FP*»
xon Y € F™X4 avilotoiya. Trnodéote ot T elval Lloogop@PLoRds SLOVUCUATIXGY YOPWY, OTOTE
rank(T) = dim(F™*") = dim(FP*9). Ané ucwdétniec T = RoS = S’ o R xou v ‘Aoxnorn 126
ovunepdvete 6Tt rank(7T) < rank(S) < pn xou rank(7T) < rank(R') < mg. Ané 1o napondve
ouvdyete 6L pg = mn < pn,mg xoL CUVETDS 0Tl p = m xou ¢ = n. Télog, and 1N oyéon
ker(T') = {0} xow tqv ‘Aoxnom 26 cuvdyete 6t ker(S) = ker(R') = {0} xou 61t o1 nlvaxeg A xau
B eivou avtiotpéduaor. T to () yeddte A = (ai;) xou B = (b;;) xou vnohoylote ot

P m n q /4 q
T(Eyy) — ABB (z 5 E) B, (z 5 bE) Y by B
k=1/¢=1 r=1s=1 =1s=1

Suvdyete bt o nivaxac tne T’ we mpog Tic datetaypévee Bdoeic (i1, Ear, ..oy Ema, B, ..., Emn)
ouv F™ ™ xau (E11, Bo1, ..., Ep1, Eia, ..., Epq) tou FP*? elvan o

bi1A by A - b A

bi2A  bypA - byoA

C = . . . .
bigA  bagA - bpgA

T 1o (8) mapatnefiote (yio p = m xow ¢ = n) 6t tr(C) = tr(A)tr(B) o (Bréne ‘Aounom
55) 6t det(C) = (det(A))™(det(B))™. Adote pla dopopetin| omddellrn yioo v teheutaio
wotnta topatnedviac 6t det(T) = det(R o S) = det(R) det(S) (6mov ol anewxovioeic R xou S
oplo Ty Topandve), cuvdyoviac and Ty ‘Aoxnon 134 6t det(S) = (det(A))™ xou delyvovtog
pe mopduolo tpomo 6t det(R) = (det(B))™.
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136.

137.

138.

139.

140.

141.

Aol 0 cuvteleosThc ToU S 670 ¥, (S) eivan (soc pe (—1)15]) éyouue

o) = 0 0 = S 0H(1) = o
SRP IRt

SCln]

v xde n > 1. Oewpoldue thpa TNV avtioTpogn Aedoypapixy| didtaln tng doouévne Bdong tou
Vi T nopdderypa, yion = 3 8dtodn auth ebvon n @ < {1} < {2} < {1,2} < {3} < {1,3} <
{2,3} < {1,2,3}. TuuPorilouye e A,, tov tivoxa tne ¢, ©¢ Teog auTh T dwtetaryuévn Bdo.

IMopatnpotue dt
_ Anfl Anfl
An N ( Anfl _Anfl )
v n > 1. Agaipddvtoc Ty TeddTn oThHAN and TN devtepn Bploxoupe 6Tt

_ An—l @ _ gn—1 2
det(A,) = det( PRy ) — (=2)?" (det(An_1))

vy n > 1. Me enaywyh oto n Beloxovye 6t det(p,) = det(A,) = 22" g > 2, bnou
det(Ag) =1 xou det(Aq) = —2, xou ouvunepaivouye 6TL 1 @, elvon avtioteédun yia xdde n > 1.

T 1o (o) YPNOWOTOHoTE TS LGOTNTES

1 0 11 0 -1 1 0 11 0 -1
(01)_<1o>+<—1 1)"0“(0 o)_(10>+<—1 0)’
xadode xaw v O = I+ (—1). T 1o (B) yenowonofiote to (a) xou Yuundeite bty xdide

nivoxar A € F™*™ undpyouv avtioteéduol nivoxeg P, Q € F**" tétolol wote A = QJ, P, 61ou
r = rank(A4).

I to (o) mopatneriote 61t A = P71PA = APP~! xau ypnowonomote ) doopéwn bLétnta
e f. T to (B) yenowonomote 1o (o) xar To YeYovoc OTL Undpyouy aviioTeédol Tivaxee P
xu @ vote PAQ = Ji, 6mov k = rank(A). T to (y) nopatneiote 6t JpJpp1 = J.

To (o) xou (B) ebvar edxoha (ypnowonoiote ) yeouwuxétnta tou T). T 1o (y) Yewphote
T0 Ypopuxd petooynuotiopd S 0V = Ve S(x) = ¢ — T(x) vy z € V, nopatneicte 6t
ker(S) = Fix(T) xou Yupndeite btu évac ypopuxde petaoynuatiopdc S evie Savuouatinold
YOEOU TETECUCUEVNS BLAG TAONG VoL LOVOROPPIOHOS av xou Wovo av o S elvar empopplopds. T
70 (8), unoVétovtac 6t dim Fix(T) > k, dewpriote tuyaia Bdon tou Fix(T') xou enextelveté v
oe Bdon touv V. Avuotpdgwe, av undpyet Bdon (u1, ug, ..., uUn) T0U V pe tn doouévn Wb,
dellte OTL Tl Up, U, - . ., Up EVOL YpoUUXOS aveEdptnTa oTtoyela tou Fix(T) xou cuvdyete ot
dim Fix(T) > k. T 7o () Yewphiote m.y. tn yeopuw anexévion T : Ft] — F[t] mou opileton
Yétovtac T'(p(t)) = tp(t), v p(t) € F[t].

Ané ) oyéon T(T(z)) = T(x) mpoxtnter 6t Im(T) C Fix(T). O aviictpogoc eyxheiouds
Fix(T) C Im(T) etvon npogavhic. Luvenne oyvel to (o). T to (B) nopatneriote 6tL 1 oxéon
T(T(x)) = T(z) yedpeton wodlvape T(x — T(x)) = 0, 4 « — T(x) € ker(T). And v
tehevtaio woétnta ouvayete ot Vo= ker(T) + Im(T) = ker(T) + Fix(T) xou mopatnphiote
6t ker(T) NFix(T) = {0}. T to (y) emAédte tuyaiec Pdoec twv Fix(T) xou ker(T) xou
xenowonoiote tn ouvenaywyn (1) = (iv) tne ‘Aoxnong 98 yio va opioete v emduunt Bdon
Tou V.

T o (o) mapatnefiote 6Tl 1) anewévion T eivan oavuoteéduyun ye avtictpopn anexdvion tov
eawt6 . T 1o (B) yenowonoote t yoouuxdtnta e T xou v vnédeon T(T(x)) = z.
T to () mapatneiote npwta 6t oyler & = (x +T(x))/2 + (v — T(z))/2 yio x&de x € V xou

72



142.

143.

144.

145.

146.

xenotponojote 1o (B) yio va oupnepdvete ot V = Fix(T)+ U. ‘Ereita dei€te 6u Fix(T)NU =
{0}. T o (3) Yewpnote wa Bdom tov Fix(T) xou pua fdon tou U xou ypnoyronomote to () xou
v Aoxnon 98 v va deilete 6T M évwon twv dvo eivon Bdon Tou V' ue ) {ntoluevn WbiotnTo.

T 1o (o) mopotneriote 6t n T ebvon avtioteéduun anewévion, ue aviiotpopn T = —T.
Ta to (B) unotéote 6t ta = xou T(x) elvon ypouuxds elupnuéva yiol x4moto un pndevi-
%6 ddvuoua x € V xou ovunepdvete 6t T(z) = Az v xdmowo A € R. Xuvdyete 6u
—z = T(T(z)) = T(\z) = M(x) = A2z xo xatodite 670 dromo A2 = —1. T 1o (Y)
deilte mpdta Ty e€nc Bondntieh npdtoon: Av tat ug, ..., uk, T(ur), ..., T'(ug) evon ypouuxde
ave€dptnta Swaviopata Tov Vo xaw to u € V 8ev avixel oty yeouux dixn autody, toTE Ta
Upy ooy Ugy Uy T(u1), ..o, Tug), T(u) elvon enione ypopuxde aveldotnta daviopota tov V (ta-
patnefote 6Tl 1o epdtnua (B) woduvopel e v mepintwon k = 0). To {nroduevo TpoxdnTel
gixoha and v medtaot. oy anddelln tne npdtaong, utodéote ot Loy lel

k k
Au+ pT(u) + Z)‘iui + ZuZT(uJ =0
i=1 i=1

v xdmowar A, f1, A, i € R Trodétovtog étt ot A xou p Sev elvon xan ot 8o (oot pe undév,
epopudote Ty T otny mopandve oyéon xat dellte OTL To u Elvol YEOUIXOE CUVBLACUOS TWY
Uty .oy U, T(ur), ..., T(ug), oe avtideon pye v vnddeon. Buunepdvete 6Tt A = g = 0 xou
ouvende 6Tt A; =, = 0y 1 < ¢ < k. T to (8) yenowonoiote ) Pdon nou npoxdntel and
0 gpdTNU (Y).

IMapatneriote tpdta d1t V2O Wy D Wy D - -+ . T to (o) Sei&te bt av dim(Wiyq) = dim(W5),
6t Wip1 = Wy xau 61 Wy, = W v xdde k > i, oe avtigaon ye tnv vnédeon W,, = {0}.
T to (B), éotw bt T™ = O, dnradh 61 Wy, = {0}, xou 61t 0 m elvon o pixpdtepoc Yetuxde
oxéponog pe owTh TV Wibtnta.  Xenowonowdviag to (o), emhéEte wa Bdon tov Wi,_1 %o
enextelvete auTy Bladoyxd oe Bdoeic Twv Wi,—a, ..., Wi xau V. Aci&te 6t v Bdon touv V' nou
mpoxUnTeL éxel T {ntovuevn Wibtnta. To aviiotpogo mpoxintel and v Aoxnon 6 (3). Tw
o0 () emhé€te Bdvuopa v € V dote T 1(v) # 0 xon ouvdyete amd v ‘Aoxnon 112 6t to
oovoro {v, T(v), T?(v),...,T" 1 (v)} ebvou Bdom tou V. T 1o (3) yenowonothote to (o) # To
(B) #ou v Aoxnon 6 (3).

T 70 (o) mopotneriote 61t B = P7LAP yio xdmoov avtiotpéduyo mivexa P € F"X" ondte
B =P YA)P = XA(P7'P) =\ = A. T 10 (B) vnodéote 6T o pévoc mivoxac B € Frxn»
nou ebvan bpotog pe tov A ebvar 0 B = A xou deléte 61t 0 A mpémel va elvon tng popprc A = Al
oc e&fc: Hopatnprhote 6T yio x&de avtioteédupo mivaxa P € F™X" o nivaxag P~1AP ebvou
buolog pe tov A. Ané tny unddeoh poac mpoximtel 61t PTTAP = A, dnadf AP = PA, v
x&lde avtiotpédupo nivoxo P € F*™. To Unrobuevo éneton and v Aoxnon 18 (3).

Eotw 61t B = P71AP yio xdnowov avtiotpédipo mivexa P € F**". Tty wédtnta tr(A) =
tr(B) tou (o) yenowonofiote Tic WiétNnTeES Tou {Yvoue (wépoc (o) tne Aoxnon 12). T v
wotnta det(A) = det(B), oupnepdvete and yvwotéc Wibtniee e opllovoac 6t det(B) =
det(P~1) det(A) det(P) xou 6t det(P~1) det(P) = 1 xou xatahi€te 670 {nrolpevo. H woétnta
rank(A) = rank(B) eivar elduxr tepintwon e ‘Aoxnone 126 (3). I to (B) napatneiote 6T av
B =P 1AP, w61 B™ = P71 A™P vyio xédde m € N. T 10 () ouvdyete étiav B = P~LAP,
t6te ¢(B) = P71p(A)P i xdde mohudvupo ¢(z) € Flz]. T 7o (3) emhéEre mivoxa C # O
we C? = O xu D = O yio va def€ete 6L 1) amdvinom ebvon opvnixd.

T 7o (o) mopatneRote 6Tt C2 = O xou 61t C # O xou ouvdyete 61t ov A = PCOP~L té1e
A? = PC?P7!' = O xaw A # O. Tw w0 (B) %o (v) VewpRoTe T0 YPoUXS PETACYNUATIONO
T =Ls:F" = F"ye T(z) = Az yia ¢ € F*. To (B) mpoxinter epopudlovtog tny eidixt
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147.

148.

149.

150.

151.

152.

nepintwon n = 2 e Aoxnone 143 (y) oo petooynuatiopd T, | pe TpdT0 avdhoyo Ue TOV
axéroudo Yo 10 gpdinua (Y). T to (), unodéote 6t o A € F3*3 elvon un undevixdc
nivoac pe A% = O. Topotneriote t6te 611 T # 0 xou 61t T? = 0, xou ouunepdvete o1t
Im(T) C ker(T'). Apol ot dwotdoeic v Im(T') xou ker(T') éyouv ddpotopa 3 (‘Aoxnon 118) xou
Im(T) # {0}, oupnepdvete 6t dim Im(7T) = 1 xou dimker(T") = 2. EmhéZte tdhpa un undevind
dtdvuopa u € Im(T'), enexteivete o Swtetarypévn Bdon (u, v) tou ker(T") xou Yewphote didvuoya
w € F3 pe T(w) = u. Téhog, nopatnpnviac 6t w ¢ ker(T), delfte 6t 1 Tpudde (u, v, w) elvor
dlatetorypévn Bdon tou F™ we mpog tnv omola o nivaxoc e 1" ebvan {cog pe C' xou cuvdyete 10
{ntotpevo. T to (3) ddote apvntixd andvinom, Yétovoc

0 0 1 0
0 0 0 1
4= 0 0 0 O
0 0 0 O

xou Tapatnedvtac 61t A2 = O xou 6t rank(A) = 2.

Acl&te 6Tl n amdvinon elvor adpvnTixh xou ot dbo mepimtoel we e€fg: Trnodéote 6Tl oL
Soopévol mivaxes, éotew A xau B, eivon dpowot. T to (o), oupmepdvete and to pépoc (Y) e
Aoxnone 145 (4 yenodotnowdvtae ancudeioc Tov oplod tne opoldTnTac fi dhhov Tpémo) 4T oL
A—1T xoun B—1I eivou enlong dpotol xou and to (o) tne drog doxnone 6t rank(A—1I) = rank(B—1)
xou xatohhETe o€ drono. T to (B) epyacieite napbuota e toug nivaxee (A —1)? xou (B —1I)2.

T to (o) mopatnerote 6Tt J2 = J, xou ouvdyete 6Tt ov A = P7LJ. P, t6te A2 = P71J2P =
P~1J.P = A. T 10 (B) epoppédote Ty ‘Aoxnon 140 cto yeouuxd petooynuotiopd T = L.

I o (o) mopotneriote 6t J2 = I xou ouvdyete 6t av A = P7LJL P, tote A2 = P7LJPP =
P71P = 1. T 1o (B) epapudote tnv ‘Aoxnon 141 o7o ypopuxé petaoynuatiopd T = Ly. T
70 () deilte 6T To epdTNUA éxel apynTxy ardvtnom, Yewpdvtag to copa F = {0,1} pe dbo

0 1 € F2x2,

oToLyelo xou Tov Tivaxa A = 1 0

T 7o (o) mopatneRote 6t J2, = —I xou ouvdyete dtiav A = P71, P, téte A2 = P71J2 P =

P~ —=I)P = —I. Tw 1o () epoppdote v Aoxnon 142 o670 ypupuxd UETACYNUATIONS
T=0L,u.

BOcwprote ) yoopuuxd aneévion T = Ly, (n) : F" — F" ue T(x) = An(\) z, onéte T'(e1) = 1
wou T'(e;) = Aej—1+e; vy 2 < i < n. Bpelte o Bdon touv F™ tne poperic (crer, caea, . .., Cren),
omou ¢; € FN{0}, wc mpoc v onola o wivaxag tne T’ eivon (oo e A, (1) %o ouvdyete 1o
{nrobuevo.

It to yapaxtneloTind moludvuuo tou A, €youue

1—a 0 0 1
1 l—z - 0 0
xa(z) = det(4, —zI) = det 0 1
1-—z 0
0 0 1 1—x

Avantiooovrac v opilousa xotd ta otoyela e npdTne oTAANG (A pe dhho tpdmo), deilte
6t xa(r) = (1 —2)" + (—=1)" ! xou cuvdyete 61 0 A, ebvon avtiotpédigoc av xow pdvo ov o n
elvan mepLTToC.
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153.

154.

155.

156.

157.

158.

T 70 (o) moponerioTe 6t o mivaxac J éyel té&n 1 xan tyvoc p, ondte Y (x) = (—2)P~L(p—1).
Toapotnpriote enione 6t o nivaxac J +gl, €xel yopaxtnpiotind molvavopo det(J + (g —z)I,) =
X (z — q) xou cupnepdvete 61t awté ebvon (oo we (¢ — )P~ H(p+ ¢ — 2). 'BEotw A o nivaxac tou
epotiuatos (B). Hpoodéote dhec g ypouués tou A — 2,1, EXTOC TS TEOTNS OTNY TEHOTN
YEUUMT X0l 0PAUEEC TE TNV TRAOTN G THAYN Tou Tivaxa Tou Tpoéxude and xodepla and Tig UTOhoLITES
oThhec Yo var oupmepdvete 6t xa(z) = (—z)(p— )9t det(J 4 (¢ —x)I,). Ané o anotéreoya
Tou gpwthpatoc (o) mpoxintel 6T xa(z) = (—z)(p+q—z)(p — 2)7 (g — z)P~ L.

T to (o) mapotnehote dTu
1
Xa-1(z) = det(A™' —2l) = det(A ') det(I —zA) = det(A™') (—x)" det(A — . I).

T o (B) eNoWoTooTe T0 YEYOVOS OTL GUOLOL THVAXES EYOLY (GO YOPAXTNPELO TIXE TOAUGYLYA,
OTL av \; = %, TOTE \j = %, OTL \; = /\i av xou wovo av A; = £1 xou 6tL 0 n elvan mepLTToC.
J i 1

Xenoonoliote T LoOTNTES
zI, O I, —-B _ xI, —xB
A I, -A zl, o O zI,—AB

I, -B ¢, O\ _ ( zl,—BA -B
—A oz, AL, )~ O wly

xodo¢ xa WLOTNTES TV 0pt{oVoWY.

pidel

IpooVéote oty i ypopuh Tov A —xl Ohec Tic YpauUpéS Tou Tivaxa ouTOY EXTOS TNG @ YROUUNC.
Tpoxintel évoc nivaxac B e det(B) = det(A — «I), x&de otowyeio e i ypauphc Tou onoiou
elvon (oo ye —z. Enopévac det(B) = —x det(C), énov C elvon o mivaxog mov poxUTTel and Tov
B avtxadiotdvtag xdde otoyelo —z g ¢ yeauunic ue to 1. Hlpocdéote oty j othin tou C
Ohe¢C TIc OTHAES EXTOC TNE J o TAANG, avoartuEte Ty opilovoa Tou mivaxa Tou TEOXVNTEL XATd Tol
otoyeio g j othAng xou ¥éote = = 0 vy vo cuunepdvete to {ntoduevo.

Iapatneriote 6Tt 1 {nroduevn oyéon woylel xou yioo m = 1, pye v évvola otL p1(z) = 1, apold
oty meplntwon auth ol fo xou fi etvan undevixég amewxovioeig xou cuvenng Vi = ker fi = Im fy =
{0}. Ty repintwon m = 2, deite ot n f1 : Vi — Vi ebvon woopopgiopde, yeddte ) oxéon
Tyofr = fioTy otnuopeh Ty = ffIOTQOfl xou ouunepdvete 6Tl p1(x) = pa(z). Ty nepintwon
m = 3, ouvayete and Tg UToVETElS Yol Tig f; OTL M amewovion fi ¢ Vi — Vo ebvan 1-1, 6t n
fo: Vo = Vi etvouenl xou 611 Im f; = ker fo. Enlong, ouvdyete and ) oyéonIro fi = fio1) 6t
o vnéyweoc Im f1 tou Vi elvan Thr-avoadholwtog. Enexteivete wio tuyada don (v, ..., vx) TOU
yweou Im f; C V;, o wa Bdon (vy, . .., vy) ToU Va xou Seilte, ypnowwonowdvtag ) oyéon Im fi =
ker fa, 6T ta Swavbopata fo(vj) v k < j < n anotelodv Bdon tou V. Xenowonowhvtag tov
mivaar tou Th ¢ mpog ™ Bdon (v, ..., v,) Tou Va, xadde xou v mepintwon m = 2, dellte
ot pa(x) = pr(x)ps(x). T ) yevny nepintworn yenowonoote Ty neplntwon m = 3 xou
enaywyn oto m. To {nroduevo e Aoxnong 121 mpoxdntel e€iotdvovtog toug Baduodc twy
TOANWYOULY oTa 800 WA e p1(z) p3(x) -+ - = pa(x) pa(x) - -+ (6mou n unddeon Tipq 0 fi =
fi o T; wavoroteltan .. emiéyovtoag tov T; @ Vi = Vi ¢ tov Towtotind evdouoppiopd tou V;
v 1 <4 < m).

Aci&te 6T undpyouv dnelpeg Twée Tou A € F yia tic omolec 0 A + Al eivon avtiotpédupog. Av
A xou 1 ebvon B0o onoleadhimote and autée, Tapatneriote 6t ot (A + AI)? xau (A + pl)? ebvou
ouppetpol mivaxeg xan cuvdyete to {nTobuevo.
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159.

160.

161.

162.

163.

T o (o) yenowonotfiote to Bewpnuo Cayley-Hamilton yio va Sei€ete 1o {nrodpevo étav o
doopévoc mivaxag €yel Yetind (yvog. ‘Eneita nopotneriote Tt xdide tetpaywvinde nivaxoc uropel
vau ypagel w¢ dbpolopa evog mivoxa pe YeTixd (yvog xou evOC TOAAUTAAGIOL TOU TAUTOTIXOU
nivoxa. To (B) ebvon dpeon ovvénewr tou (o). T to (y) nopatnerote 6t av B,C € R™*™
xouw BC = CB, t61e B? + C? = (B +i0)(B — iC) xou cuvende éyouue det(B? + C?) =
det(B +iC)det(B — iC) = 2z = |2|? > 0, 6mov z = det(B +iC).

Hopatnpotye 6Tt A2 —1 = (A—1)(A?+A+1) xou cuvenae det (A—1T) det (A2 +A+1) = 1. Agol
o otouyela Ty mvdwy A — I xou A% + A+ I elvon axépanol aprdpol, ot 0pllouces Twv Tvéxwy
otV elvon eniong axépatot oprduol xou cuvendg eite elvon xou oL BV {oeg ue 1, elte elvan o o1 500
foec pe —1. 'Eoto ya(z) = det (A— ) 10 yopoxtneiotind tohudvupo tou A xau éoto 1, w, w?
ot tpeic xuPudée pilec tne povéddoc. Tpdgovrac A% + A+ 1 = (A — wl)(A — w?I), Peloxoupe
ot det (A2 + A+ 1) = xa(w)xaw?) = xa(w)xa(@) = |xa(w)]? > 0 xou cupnepaivouye 6t
det (A—1T) = det (A24+A+1) = 1. Trodétouue ThOpa 611 n = 2 xou Yétoupe xa(z) = 2% —pr—+q.
"Eyouvpe det (A—1) = xa(1) = 1—p+gxoudet (A2 +A+1) = ya(w)xa(w?) = (w2 —pw+q)(w—
pw?+q) = 1+p—q+p*+pg+q*. And tic oyéoeic autée xou tic det (A—T1) = det (A2+A+1) =1
nafpvoupe p = ¢ = 0. Ané to Oedpruo Cayley-Hamilton mpoxintel 61t A2 = O.

To epidnua €yer Vet andvnorn. Iopatnerote 61, dnwg oty ewdiny| nepintwon B = 1,
n optlouvoa det(A + xB) elvor mohuwvupo oo x Paduod wxpdtegou 1 loou tou n. And v
unédeon Tou TEOPBAAUATOS, TO TOALWYLUO auTo €xel n + 1 Bloaxexpéves pllec xou emouévng
CUUTITTEL UE TO UNBEVIXG TOALWVUUO.

OewphoTe plaL U1 TETPIEVN oyéon Yeouxhc e€dptnone Z?Ill civ; = 0 peta€ld Twv doouéveV
LOLOBLOVUCHATWY V1, V2, . . ., Unt1 TG T Iapatnerote 6TL 6hot oL cuvtehectég ¢; elvon Y Undevi-
xol. XpnoWomolvTog 10 YEYOVOS OTL LOLOBLOVOOUOTO YIS YRUUMMXAG ATELXOVIONG ToL OOl €Y 0LV
Olaxexplpévee avtioTolyeg WLoTIWES elvon Ypouuixoeg aveEdptnta, del&te 6Tl To vy, V2, ..., Unt1
€youv 6ha TV (Blot LBLOTH A xou cLUTERAVETE To {NToluEvo.

Ipocétovtag otny mpddTn Yeauur tou mivoxa 21 — A tic undhowneg ypoppés, Peloxouvue ot

1 1 1 1

—a r —c =b
xa(x) = det(zl —A) = (x—a—-b—2c) det b e o —a
—c —b —a x

IoMamiaotdlovtag Ty mewt Yeouwh e optloucac mou mpoéxule Ue a, b xat ¢ xou apotpdvTag
10 amotéheoya and T debTEEY, TElTN Mou TETAPTN Yeouun, avtioTorya, Beloxouye 6t

r+a a—c a-—2>b
xalx) = (k—a—-b—c¢)det| b—c z+b b—a
c—b ¢c—a x+c

Ilpoc¥étovtag N devtepn yeopun tTng oplloucug mou Teoéxude TNV TE(TN XL TNV TEWT YEUUUT
ot devtepn, Peloxouue bt

r+a a—c a-—b
(r—a—-b—c)(z+a+b—c)(x—a+b+c) det 1 1 0
0 1 1

xa(r)

= (z—a-b—-c)(z+a+b—c)(z—a+b+c)(x+a—-b+c)

xal cupmepaivoupe OTL oL WoTég Tov A ebvanota+b+c,a—b—c,b—a—cxowc—a—b.
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164.

165.

166.

167.

168.

169.

170.

Hapatneriote 6t N t4€n tou C), elvon uixpodteen 1 lon Tou 2, cuunepdvete 6Tl To UNdEV eivon
Wioth Tou C), ToAAmAGTNTIS TOLAdYoToV 2n — 2 xou el&te 61 oL n(a + b) xou n(a — b) eivon
enione Wotipée tou Cy,. Andvinon v 1o (Y): 1 {ntodpevn opilovoo eivar 1 det(Cy, + (z —
a)lon) = (x —a)* 2(z + (n — 1)a + nb)(z + (n — 1)a — nb).

T 7o (o) mapotnehiote 6tL oL nivoxeg A — A xou B — Al ebvan enlong duoiot (Belte m.y. to
pépoc (o) e ‘Aounonc 145) xau emopévwe ot woyVel rank(A — AI) = rank(B — AI). Ané v
wétnro auth ouvdyete ot dimker(A — M) = dimker(B — AI). Evalhoxtixd, Yenowlonotfiote
70 Yeyovég Ot ot A xou B mopiotdvouy tov (Blo yeauwxd eviouoppioud LV — V we npog
d0o (ev yéver dapopeTtinéc) Phoeic Tou davuopatinol xdpov V = F". Tw 1o (B) Yewprote
Toug mivaxeg e Aoxnong 147 (B) yio vo Belfete 6L T0 gpd TN €EL apYNTIX amdvTnoT).

To (o) mpoxdnter and v tprywviowdtnta tov A. T to (B) mopatneriote 6T oL av nivoxes A
xon A% elvon bpotot, té1e det(A) = det(A?) = det(A)? xau ouvenace det(A) =0 # 1. T ot ()
xou (), ovunepdvete and to (o) 6T undpyel yetddeon o tou {1,2,...,n} v Ty onola Loy el
A = /\i(i) yioo 1 < ¢ < n xow Yewpriote Ty xuxhix avanapdotacy e o. T to (g), ouvdyete
ond to (8) 6t oL pbvec duvartée mpaypatixée Wiotiée Tou A ebvon ot 0 xou 1 xou Yupndeite bt
70 {yvog tou A eivan (oo ye to dlpoioua Twyv WoTYWOY Tou A.

T to (), emAéEte un undevind didvuopa = (z1 -+ o)t € C" pe Az = Az xou delxtn 1 <
i < n Yy Tov onolo To pétpo Tou T; elvan PéyioTo. And TV IodTNT YL aijx; = (A — 1)z xou
T deBopéva Tou TpoPAiuatos cuunepdvete 6Tl [A — 1] < 1 (nopbduolo oxenTnd ypnoylotoicoe
ot Moon e ‘Aoxnong 36). T to (), ouvdyete and to (o) bTL bheg ot WoTwéS Tou A efvan un
apvntiol mporypatixol oprduol. Hoapatnerote 611 t0 yvéuevo (avtiotorya, ddpolopa) autdy (oo
pe det(A) (avtioTouya, n) xou yenowonoioTe Ty aviodtTnTe aptdunTtinol - YEoUETEIxo) uécou.

Eotw A € C wa WBotph tou mivaxa A xou éotw V = {z € C" : Ax = Az} o avtiotoyoc
Woywpeos. O mivaxac B agfiver tov V' avadholwto, agod vy xéde = € V woyber A(Bx) =
B(Az) = B(Ax) = M(Bx) xou ouventde Bx € V. 'Eotw p € C wa 8oty tou neploplopol
Tou mivaxa B o610 yopo V xou éotw W = {z € V : Bz = pzx} o aviiotoroc Wloydeoc.
Me avdroyo tpdémo, 6mwe mponyouuévee, Peloxovpe 6Tt o C agrvel tov W avodhoiwto xau
CUVETC OTL €xel TOUAdytotov i WoTwn v € C ue avtiotoryo woddvucua y € W. Acelloue
ot undpyouy A, w, v € C xan un undevixd ddvuopa y € C* térow dote Ay = Ay, By = uy
xow Cy = vy, dnhadn ot woydet to (o). T to (B) napatnpolpe 6Tt oL Tpele uryadixol aprdpol
A, i, v oebvon ypopuixde e€aptnuévol ent tou R, Katd ocuvdnew, vrdpyouv a, 8,7 € R tétow
dote al+ Su+yv = 0. Hopatnpodye tote 611 (A + BB +~C)(y) = (aA+ Bu+v)(y) = 0.
"Apa, o mivoxag aA + BB +yC €yel un tetpipévo Tuprva xal cuven®g 1) oplloucd tou elvon (o
HE uUNndév.

Suvdryete and ™ Mor e ‘Aoxnong 152 éti 0 A, €xel n Sloaxexpyéves uyodinés WioTués (xon
ouvenne Ot elvon dorywviooc ent tou C yia x&de n) xou ot elvon Srarywviotpog ent tou R wévo
yoon = 2.

T 10 (o) dedote amddeln ypdpoviag A = PAP™L énou A elvon Sioryddviog mivoxac. Tt to ()
Yupndeite T undpyet avtiotpédutoc Tivoxac P € F™X™ yio tov onolo oo P7YAP xou P~'BP
ebvan Srorydovior. Tt 1o (3) mapatneriote 6L onoloodrimote nivaxag A € R™*™ pe (n > 2 xa)
A%+ A+ 1 = O wavornowel ) oyéon A3 = I xou dev elvon dlorywviowog mévew oto R xow ddote
Topdderypa tétotou mivaxa v n = 2. [ to () deilte mpdta 6L Tor ToAudVLPa " — 1 xou
" 41 dev €youv ToAaTAES wyadnég plleg xaL YENOWOTOO TE TO EAGYLOTO TOANUGVUKO TOou A.

T to (B) doxpdote Toug mivaxeg A = < (1) _1 > xou B = < _(1) (1) )
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171.

172.

173.

174.

175.

176.

177.

T o (y) 80doTe anddelln, YENOoWOTOLOVTAC To YEYOVOS OTL UTdpyEl avTio TEéduoc mivaxag
P € C™" yio tov omolo ot P71A?P xon P71 A3P etvan Sryddvior. Tio 1o (3) ddote anddeln,
TapaTNEGVTUS 6Tt 0 A €xel pia un undevixy WBloTr) molhamhétnToe 800 %ot YENOULOTOLOVTAS

v xavovixt poppt| Jordan tou A. T ta (o), (B) xaon (€) Soxyudote Toug mivoxeg < L1 >,

0 1

0 1 0 1 0 ,

0 0 ol 0 0 1 |, avtiotowya.
0 0 O

Acigte mpmta 611 0 A elvou Srorywviotpoc xou 6t ot 1iotiéc Tov avAxouy oto clvoro {—1,0,1}
%o aVAYETE TO TROBANU oTNy Tep{nTworn oTtny onola 0 A elvar Sy dvioc.

Iedte A = PCP™1, émou o C € C™" elvan dve tprywvixde mivaxag. Hopotnefiote 6Tt yio
otdepd P, ta otoiyela tou A elvon ouveyeic cuvaptroec Twv ototyelwy tou C' xou Yuundeite
ot xdde mivaxog C € C™*™ ue n Swoxexppéves WoTWES elvan Sarywviowpoc.

Xenowomowdvtag v xavovixy| wopey Jordan xou tny ‘Aoxnon 151, Sei&te dti oL axéponor n < 3
gyouv outh Ty Wétnto. Tt n > 4 Yewphiote toug ntivaxes tne ‘Aoxnone 147 ().

T 70 (o) mopatneote 6t av B = P7YAP, t61e X € ker(Tp) & PXP71 € ker(Ta) xou
ouvéyete 6Tt oL xopol ker(Ty) xou ker(T's) elvon wdpoppor. Adyw tou (o), vy tor (B) xou ()
unopeite va unodéoete 6L 0 A elvan oe xavoviny| popgy) Jordan. Me autéd we dedoyuévo, Yo t0
(v) ouuPoulevteite tnv Aoxnon 17 (3) v va deiete to {ntoduevo.

Tt ouvenoyoyt (o) = (B) xenowonowiote Ty ‘Aoxnon 143 (B) (@uoxd undpyet euxoh6TeEpOS
tponoc av I = C, apol téte apxel va Seilet xavelc 6t dhec oL Blotiuéc tou A ebvan {oeg e undév).
T (B) = () xenowonotiote 10 Oedpnua Cayley-Hamilton. H (y) = (o) eivor npogavic.
Xwpic ™ yerion tou Oewphuatoc Cayley-Hamilton, wo oanddeiln e (B) = (o) unopei va dodel
oc e&hc: 'Eotw 6110 A dev elvor undevodivapoc xou éotw W; = Im T, Anéd tnv unddeon éyoupe
det(A) = 0, ondte Wy # V. Hapatnpodue 6t VO Wy D We D -+ D Wy = Wiy1 > {0} v
xdnolo Yeuxd axépono k, ondéte o W = Wy, etvon T-avohholwtog, yvhotog undyweoc tou F”.
IpoxOntel 611 0 A elvon 6uolog ye mivoxa Tng LopPhc

A, B
O A, )’

omou ol A xou Ay ebvan tetpaywvixol mivaxeg Sdotoone pixpdtepne tou n.  Egopudlovtag
EMAYWYT) OTO N CLUTEPAVOLUE OTL Ol TvoxeC auTol elvor PNBEVOBOVOUOL Xl XUTUAYOUUE OE
4romo, delyvovtac 6t o A elvon enione undevodivapoc. Mia gudela anddeln e (o) = (y)
npoxVnteL and v ‘Aoxnon 143 (o) 4 (B). Adote wo axdun anddeln we eihc: Eotww L =
Ly :F™ — F™ n yoopu anewédvion ye L(z) = Az vz € F”. Oewprote t0 govadind detind
axépano m pe L™ = O xon L™~ #£ O. EmhéEte didvuopa € F™ pe L™ 1(x) # 0 xou dellte
6t m ta davbopora o, L(x), L?(x), ..., L™ () elvon yoopuxde aveldptnra (Yewmpbdvroc wo
oyéon yeopuxhc eEdptnone Ketald Touc xou egoppélovtac Tic LML L2 L ot oyéon
outy). Luurnepdvete 6Tt m < n.

T v woduvapion twv (o) xo (B) Belte v ‘Aoxnon 176 (puowd, n (o) = (B) mpoximtel
guxohdtepa and TN ouvenaywy Ay = Ay = A™y = N"y). Tty wwoduvapio tov (B) xo ()
exppdote o {yvoc Tou A e ouvdpTnon TV WoTdy Tou A. Oo ypewwotel v deiete TV
e€fc mpdTaon: Av A1, Az, .., A € Coxan AF + A5 + -+ AE = 0 yio wdde Yetind oxépauo k,
T67€E >\1:>\2:"':>\n20~
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178.

179.

180.

181.

182.

183.

184.

185.

186.

T 70 (B) mapatneroTte 6Tt yio Tuyodo Yetind axépono k toyver CF = ABCH-1 — BACk-! =
ABCk1 — BC*~1A. Suvéyete 6 tr(CF) = tr(ABC* 1) — tr(BC*~1A) = 0 xau ypnowonot-
fiote v Aoxnon 177. To (a) elvon eldx nepintwon tou (B).

Andvtnon v to (a): dhot ov axépatol n > 2 €youv auth Ty WidtTe. T 1o (B) amodeilte
et TNV e epintwon P = I, yenowonowdvtog Ty Acoxnon 176. Xtn cuvéyela anodelEte
™ yev| mepintwon ypdgoviac P+ A = P (I + Q), émou Q = P71A, xou mopotnpdvoc
6Tt 0 @ ebvon pndevodivapoc. T to (y) yenowomnoiote o (B) xou cvunepdvete 4Tt Loy lEL
det(P+zI+ A) = det(P + ) vy dneipec Tyéc touv & € F xon emopévee v Gha to z € F. Tt
70 () yenowornotfiote Ty unddeon yioo P = AT ye A € C~ {0} xou cuvdyete 6TL Ghec ot WBoTiuéc
tou A elvou {oeg ye undév. And to dedopévo autéd cuumepdvete 6Tt o A elvor undevodivouog.

Bepeite tétot0 mivaxa A yion = 1 (€dxoho) xou n > 3 xou dei&te 6L dev undpyel TéTolog Tivaxag
Yoo n = 2, mopoatnemvroc 6t B2 = 0 xou B # O.

T 10 (o) mapatneriote 6t av (AB)" = O, 161 0 AB elvou pndevodivogoc n X n whvoxog
xou ouvendg oylel (AB)" = O, ondte (BA)" ™ = B(AB)"A = O. T 10 gpotnua oto (B),
70 omolo €yel Yetx) andvinon v xdde Yetnd axépato n, yenowonotiote vy Acxnon 155.
H npéraon oo (y) woydel wévo yon = 1 xou n = 2. T n = 3 doxpdote m.y. Toug mivoxeg

0 0 1 0 0 1
A= 0 0 0 xou B = 1 0 0
0 1 0 0 0 0

T 7o (o) ypnowonotfote 1 oyxéon ||ul|® = (u,u), énou (, ) elvor 0 e0LTEPIXS YVOUEVO TOU
E. T to (B), unodétovtag 6Tt to Tplo Soouéva ypouuxds aveldptnta dtavdopata Exouy uétpo
EVOl, YPNOWOTOHoTE To (1) YLot Vo CUMTEPAVETE GTL UTdPYOLY dVO BlaPopeTind and avtd, EoTw
u xou v, yio To omola toylet |[u — v||? < 3. Aceifte téhoc 6L o dlavhopata auTd €xouy TN
{nrodpevn Wiotnta. T o (), xenoworoiote 1o (o) yio va dellete 6t to {nroduevo péyioto
ebvaw {00 pe 3v/3 xou howPdveton dtov = +y + 2 = 0.

T 70 (a), Yenowonowdviag Ty Wibtnta Wt = W nou woylel yio unoydpoug tou R™, deifte
OTL xon T 800 UEAN TNG TROTEWVOUEVNS LooTnTac elvon (oo e To YWpo Twv Yeopuoy tou A. To
(B) mpoximnter and to (o). To (y) elvon mpogavée. H andvinon oto (8) eivan Yeuxr. And o (B)
éyoupe 6T Im (B?) C Im (A?). Supnepdvete 6L xdde oAl Tou B! elvon ypouuixde cuvduaouoc
TWV GTNAGY TOU At xou enopévee 6Tt undpyel Tivaxae C € R™*™ tétolog dote Bt = AlC?,
onhad dote B = CA.

T to (o) deigte mpodtar 6t ker(A) C ker(A'A). T tov avtiotpogo eyxdeloud mopatnehote
ot av A'Az = 0 yio xdmowo = € R", téte (Azx, Az) = (z, At Az) = 0 xou ouvdyete 6T Az = 0.
INa to (B) nepatneriote tpdta 6Tt Im(APA) C Im(A?). "Enerta ouvdyete ond 1o (o) xou Tic
Aoxhoec 83 xou 84 6t dimIm(A*A) = dimIm(A") xou ouvunepdvete to {ntolpevo. To (y)
éneton and ta tponyolLpeva ool (‘Aoxnon 83) dimIm(A) = rank(A) vy xdde nivoxo A.
Iapoatneriote 6t vy A = (a;;) € R™*™ woydel

(A A) = (A% = ) af + ), (H) _ (H)

i=1 1<i<j<n V2 1<i<j<n V2

Andvtnon: n? xou n.

T 7o (@) mopotneriote 6Tt yio x&e nhvaxa - oThAN = € R™ woybouv a? Az > 0 xaw 2’ Bz > 0
xou ouvdyete 6t 2t (A+ B)z > 0. Epyaoieite napduowa yia o (). T 1o (y) napatneriote 61t
o doopévoc mivaxoc yedgpetar otn poppr) A + B, 6mou A ebvan 0 n x n nivaxag xdde otolyelo
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187.

188.

189.

190.

191.

192.

193.

tou ornolou elvan (oo ye t xan B elvon Siarydviog mivaxag pe Yetind ototyela oty xOplor dlarydvio.
XENOWOTOLOVTIC TOUC GYETIX0UC oploUolc, del&te 6Tt 0o A elvon etind nulopiopévoc xou 4Tl o
B eivon Yetind oplopévos xan cuunepdvete 10 {nTouevo ond to anotéheopa tou ().

T 7o (o), exppdote Ta byvn Ty mvdxev A xa A7 oc ouvapthoeic Twv WoToy Tou A xou
egopuéote TV aviodtnto. Cauchy-Schwartz. T to (B), 8ei&te dtL 6hol oL mivaxes tng poprc
@i 97 ) ety Yetind oplolEvol xal cuunepdvete OTL afj < Qy055.
aji  ajj
T to (o) epapudote Ty avicétnto Cauchy-Schwartz omov z = (1,1,...,1)
%o Y €lval To BLAVUCHOL UE CUVTETAYHEVES TiC U undevixéc wiotiée tou A xou Yuundeite ot to
TAR00C TWY PN UNdEVIXDY L&onpd)v Tou A elvor (oo pe v té€n tou A. Tt to (B) yenowwonotiote
o (o) %ou ﬁuw}ﬂsire on Yt N = tr(A) = 3" ai, 61 Yo AP = tr(A?%) (Bréne Ty
‘Aoxnon 166) xou 6t tr(A?%) = Z” y a3; (Aoxnon 13).

INa 1o (o) mopatnehote 6t av A'Azx = 0, t6te 0 = (A'Az, ) = (Az, Az). T 1o ()
napatnenote 6Tt Yo tuyako y € R woydel

(AA'+ B'B)y, y) = (A'y, A'y) + (By, By) > 0.

Xenowonotdvtac to (o) xou tnv utddeon Im A = ker(B), deilte 6t av y € R™ xou Aly = By =
0, téte y = 0 xou cuunepdvete T0 {NTOLPEVO.

Na to (o) Yewpriote tic Wotpée A1, A, ..., A, Tou B, o omoleg eivon detixol mporypotixol
aprdpol. IHapatneriote 6tL o I + B éyet wotés 1+ A, 14+ Ag, .o, 14+ Ay xou 6T

det(I+B) = [ 1+ XN) = 1+ MAa- Ay = 1+det(B).
=1

T 7o (B) emhéEte ouppeteind, Yetind oplopévo ivaxa C' € R™" oote A = C? xou eopudote
o (o) ypdgoviac A+ B = C?* + B = C(I + C7'BC™1)C xou mopoatnpdvroc 61t o mivoncoc

C~1BC™! etvor ouppetpinde xon Yetind opiopévoc.

Trobéote m.y. 6t o B elvan Getnd nuiopiouévoc. Tote undpyet nivoxag @@ € R™ ™ tétolog thote

B = QQ*. Xpnowonowsvac tny ‘Aoxnon 155, deléte 6t det(AB —x1,) = det(AQQ! —z1,,) =

det(Q'AQ — zI,,). Toapatnerote 61t 0 QPAQ elvon cuPPETEXGS THVAXAC %0 CUUTEPAVETE TO

{nrolyevo.

Hpogavee o mivoxag A etvan ouppetpixdc. SupBorilovrag pe fi 1 R? — {0, 1} ) yopoetneio tnd

ouvdptnon tou cuvdrou K v 1 < i < n, mapatnefiote 6T a; = [po fifj o 6Ty 2 =
(x1 22 -+ )" € R™ 1oyleL

n n 2
2t Ar = Z Qi TiT; = xzxj/ fify = / <Z xlfl> > 0.
1,j=1 :

ij=1 i=1
Suvdryete 6T toylel To (o) xou emopévee xau to (B).

T 7o (o) ypenowonomiote Tic oyéoeic det(A!) = det(A) xou det(—A) = (—1)" det(A). T to
(B) xenowonoiote 10 YeYOVSS 6Tl 0 A €yel pavtacTxés WoTiwés xan ot av o A € C elvou
Wot Tou A, t6te 0 A elvon enlong Wt tou A. T o (y) Yuundeite étL n T4 Touv A
elvow {om e to TAdog TV N uUndevixmy WioToy Tou A.
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194.

195.

196.

197.

198.

199.
200.

201.

202.

203.

204.

205.

T to (o) mapatneriote 6t 2al, = (A* — A)* = A — A* = —2al, xo cuvdyete To {nroduevo.
T to (B) napatneriote 61t A = (A* + A)/2 — al,, xou Jupndeite L e epunTavéc, o Tivaxag
(A* 4+ A)/2 éyer pévo mpaypoatinée Wotpés. T to () Yupndeite bt n opilovoa tou A eivou
(oM HE TO YLVOUEVO TWV LBLOTIUOY TOU.

Io 1o (o), ABete opilovoes otny wotnta PPP = I. T to (B), yenowwonoidvtog Ty (B

oyéon, deiéte 6t det(P + I) = 0. I to () Yewprote To povadiaio nivoxo U = é 2 )
Ocwphote ouuuetpd, detind oplopévo mivoxa A € R™ ™ pe A'A = [. TlupotneRote 6t
A% = T xou delEte 6L Ohec oL WoTipée tou A ebvan loec pe 1. Xpnowomoldvtog o paopatind
Dedpnua v cuppetpixole Tivaxes, § napotnpdvtac 6t (A —I)(A+1) = O xou 61t o A+ 1
elvon avtioteédulog, oupnepdvete 6Tt A = 1.

T o (o) ouvyBovkevteite ) Ao e ‘Aoxnong 19 (8). T to (B) YpNOWHOTOLEIG TE TO YUCHUTIXG
Yewpnua xou Sel&te 6TL, YeEvrdTERD, 0 LOVOC Xavovixde, undevodivopog nivaxae B € C™*™ elvau

o undevixde mivaxag. Andvtnon v to (a): A =c¢ 11 _; pe c € C.

T to (o) mapatneriote 6t o mivaxag A*A + I eivon epputiovéc. T tor (B) xoun (y) dellte 6
o eptiavog Tivoxoag A*A éyel un apvnuxéc WOTWES €1, Ca, ..., 0 xoL 6TL det(A*A 4+ 1) =
IT=, (1+c).

Xernowonoiote tny woduvaula UU* =1 & U*U =1

Dpdgouye T;(2) = 37 aijzj yiee 1 < i <m, émov a;; € C xon z = (21, 22,...,2,)" € C". Av
UL, U, - . ., Uy, Elvor oL 6THAES TOL Tivaxa (a;5), Oel&te 6Tl 1) Boouévn wdtnta elvon 10od0vaun e
T0 VO (Ui, Uj) = 0;5. Luvdyete 6Tt 0 {u1, Ug, . .., Up } Elvon YoauuiXdS aveldpTnTo (vtog
opYoxavovixd) unocivoho tou C™ xou cuprmepdvete 6t n < m.

To (a) eivar ebxoro. T to (B) emrédte WonuuR A € C tou B xou dellte 6t o avtiotoryoc
Wioydpoc V(A) tou B elvor T-avahholwtoc. Zuunepdvete 4Tt undpyel xowvé Wlodidvuoua w =
u; € C twv A xou B pe étpo éva. XpnollonolioTe 0 epdhTnua (o) xou ERY®YH 6TO 1 YLoL VoL
ouumAnemoete to wovoolvoro {u;} ot oploxavovin Bdon {uy, uz, ..., un} Tou C™ ta 5TOUYElRL
e omnolag elvar xowd Wodlaviopota Twv A xou B.

T 7o (o) ypnowonomote enaywyh oo k xou epyacteite 6nwe oto (B) e Aoxnone 201. T
0 (B) epopudote 10 (o) yior var avdyeTe To TEOBANUN oTNY TERINTWOoT oTNY oTola oL TVAXES
A1, Ag, ... Ap ebvan Shot Blaydviol.

Ocwphote ) diypoppixd wopen (z,y) = z' Ay 610 ydpo C™. AciEte 6T 0 C" éyel opdoydvia
Bdom ©¢ mpog TN pop@r auTH xou cuuTepdvete 6Tt A = QPAQ Yy xdmotov avtioTeédiuo Tivaxo
Q € C™" xau dayovio mvoxar A € C™". Téhoc yeddte A = A2 yio doydvio mhvexo
Ag € C*"*™ o Yéote P = AoQ.

Ta 1o (B) yenowonoiote 10 (o) xou T0 Qaopotixd Vempnua yior xovovixods mivaxes. T
10 (Y) yenowonoiote to (B). H andvinon oto (3) eivon apvntind. Aoxypdote toug mivoxeg

1 0 0 1
A_<O O)XO(LB—<1 0
T 7o (o) ypddte A2 = —B? xau APete opilovoec. T ta (B) xou () exgppdoTte o byvn twv

A2y B? ooy cuvapticelc Twv Blotey tov A xou B. T 1o (3) ypnoyonotfote 1o YEYovéc
ot undpyel avtioteédpoc mivaxag P € R™ ™ xou Swrydvor mivaxeg I' A € R™ ™ tétolor ¢hote
A=PIP ! yu B=PAP L
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