Omn the 8ammq—positivitg of the

Eulerian transformoation

November 9, 2029

KTH Combitnatorics Seminar

Chvistos Athanasiadis
University of Athens

Supported by the Hellenic Foundation

for Research and Innovaton

(HFRT-FM20-04537%)



Contents

1. The fulerian transformation
2. The Poltjnoquls Jé\o(:xn—'< (4+::()K)
3. Uniform triangulations

4. Some 8enerqtized local h-poly

Nnomials



A. The €&ulerian transforma-tion
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Definition, The Eulerian transformati -

on is the lnear map AO: RLx] — R{x]
defined by

Aoun) = J4:| (x)
for every meMN:=1310,4,2,... .,

Conjecture The polyno-
miol AO(P(I)) has only veol roots for
every polynomioal p(x) € R(x] which

has nonnegative coefficients and only

real voots.



n

x e

Recall that plx) = Og+ax+--+a,

€ R(x] is said to be

unimodal if Oloéqis---gq'(;qk > ... 32
+)

z Ay, for some 0<k<n,

symmetric , with resFect ton, if

qczan—i for OsL €N,
X - positive i §
Lm/2)
nN—-A
plx) = _S_ YixX (A+x)
(=0

for some nelN and 5,20

4

reql-rooted if it bhas only real roots
oy p(x) =0.



Recall also that p(x) has a unique

symmetric decomposition w(th respect
+to M , meaning an
QJ(pressior\

p(x) = alx) + x b(x)

where oa(x) and b(x) are symmetric

with respect to n and n-1{, respective -
ly. This decomposition is said to be

nonnegative , unimodal, y- positive or
real-rooted if both o(x) and b(x) ha-

ve the corresponding property.

Note. p(x) bhas a unimodal Symmetric

decomposition with respect ton if§

< < d, £ < --- & o
Og < Ay, 1 S 9y L(n+1)/2) .



Theorem (Branden - Tochemko, 2021+)

(a) Brenti's conjecture is false.
(b) The polynomial Ao(p(:c)) has o U-
nimmodal symmetric decomPosition

with respect to n {for every

K

n-k
C, X (442)

NE

p(x) =
K=0

w i th C()pc,,...’Cn > 0

Conjecture (Brdnde’n-TOcheka, 2024 +)
The Pohjnomiql .AO(P(JL)) is reql-rooted

for every p(x) e R[x) as in (b).



Theorem The polynomial
O . - a
A (p(x)) has a y-positive symmetnc
decomposition Wwith respect ton for

every p(x) € IR(x] as in



: - K
2 The polynomials Ao(fln l<(4+ac))

We let

o K.
G, O = T, Al(x  (A+x) )

for ke{04,..,n}, where (I, p)(x)

p(A/a). Thus,

n
— n-k K
pl) = 2 Cex  (A+x)
k=0

then N
(o]
I, A(pn) = E Cie i, (X)),
K=0
Note, 9n,0 (x) = A, 0
9o (x) = Z (x),
m

N



.,‘
1, 1+
A4+, 1+, A+33 2

4+'—|au—19, 14+ 50+ ng‘, 1+ 6+ '-locg:

1+ Fac+ F24 xa

+he Cln'K(fx) for n< 3

Conjecture, The qp (x) for O<k<n
form an interlacing csequence of real-

rooted polynomials.

Note, This implies the conjecture of



PrDPosi tion .

9n,k+q (1) = G (0O + X Gy (0
K
K 0
In,k () = E (t) X An_L.(x)
(=0

Hx (W) exc(w)

where }ixk(w) is the number of fixed

points of weB,, which are < k|



K
Qi () = Z (':) Pn—i k- (X)
(=0

where

Pr (X = > JLdes(w)

weE Gﬂ+4 - w(4) = K+1

9n,x (x) is equal to the h-PolgnomL
al of the induced subcomplex of the

antiprism sphere AA(rn) on the vertex

Set V U {uliul""luk}, u..')hQ.r'Q

= ‘lUnUQ;'-',Un}

Vv
I, = barycentric subdivision of

the sim Plex 9.V,






considered the Unear

transformation D @ R{x] — R[x] with

m
D™y =d = > (T A, _ @
~

and the polynomials

o
~
e’
N

K —K
D(x (ra) )

K .
> 0 (%) A 0
(=0

Note. dn,o(") = A, (x)

dn‘n (xX) = dn(ac)

and  dp gy, @) = dy @) —dy (X



A

1 O
A+ X X
2
A+t 311—1_(2 Qx+x x4k

the dn'K(:x) for n<3

Note . studied

D ((x+e)(x+69) - (x+6,))

for 0<£6,6q,--,6,%1. From their re-
sults it follows that for every NeEMN,
the dp,(x) for 0<k<n form an inter-

(acing sequence of real-rooted poly-

nomials.



Pmposition,

= exc(w)

we S,
Fix(w) € (n-k7]

L/2) _
+ L n-2¢
dﬂ,k(:x') = z .fn,k,i ax (4+2) +
L=0
L(Nn=-1)/2)

nN-4-9,
Z -f .;x(/H-:Jc)

where



-‘-.
Taxi = # wWeB, with wH) >n-k
which hoave ( decreasing

runs, all of length > 1

?,:,K_t— = # WEG K with wM<m-k
which have dcheousing
runs, all but possibly the
first of length > 1,

Corollary . Since

K

z K (
°|n.|<. (x) = ( ] ) (A+20) dn—i,k~i ()

(=0

s

Iy IQn,k (X)) has o J—F)ositive sgmmetric

de(,omposjtion with respect to n.



Note. More wnjectures about 9,k (O
ore possible. For instance, for 0<q<1
let

K .

% ¢
Pk (X9 = 2 (L) (x- 9> An—iu),

L=0

SO
Pk (x;4) = Pn,x ()

PnoK(:)(;O)

"

Qn.K(I)
& Prkyq (X179 = P )+ Qe-gqYp Q).

Conjecture. Py, (X;9) interlaces
Pok (x;9) for 0<¢q<¢q <4, In particu-

A, gn (O interlaces Pn,x (X)),



3. Uniform tdangulations

let h (), hy(x), hg(A), ... € R(x] be

such that

h,(x) is real-rooted with nonnega.-
tve c,oef-ficients

hnu) interlaces hnH CX)

for every meN and set



hg(x)
h, (23, h, (x) +Xhg(x)
hg (0, hg(x) +X h (0, h(x)+2x h (X) + x?h (0

hy (),

Question ., What additional conditions
on the h _(x) %uqmntee that for eve-

ry T\EIN' (hnuk(l))oS.k.sn is oN iNnter—

lacing sequence of real-rooted poly-

nomiols *



Comloutoutions Sugﬁert this moy be the
case for the -following sequences of po-

lynomials

An(x) = ‘n{-h Eulerian Polgnom{al

Bn(DL) S “th Eulerian pol\JnomfaL
of type B

Ape X)) = Nt - colored Euleriom

Polgnomn'al

+
B, (x) = > xdestw)

weBn:w(n) >0




the h—-polgnomiol or Inte-

h  (x)

ny
nor h- polynomial of the
r—fold edqewise subdivi-
sion of the (n—1)-dumen-

stonal simplex | for r2m

h, (x) = +the h-polynomioal or inter(-
or h-polynomial of the a-
nt prism trianaulaﬁon of
the (m-4)-dimensional sim

p\ex,



: 14
Note. This fouls for h () = (41+x)

J‘
14+, 1+ 2

2
(A+2)?7 (A0 (A +2x), (1+2x)

n
although (A+x) is equal to the h-po
lynomial of a tnangulation of the

n-dimensional simplex_

h(r,x) = (A+x)>



Definition A taangulation
A of o simplicial complex A is sot d
to be uniform iif the f-vector of

the restriction of A to a face FeA

depends only on dim(F).

y

A AN

uniform not uniform




we denote by
F = ($,»)

the tr‘iangular array of Numbers in

which (£, ))) is the f-vector of

0<(<y
the restriction of A to a (j-1)-dimen

sional face of A.
let

On = (mn-4)-dimensional simplex.

The data ¥ determines the polyno-

mials



(

_}J:(cr ) § - Polgnomial

.}F(Un,x) = intenor §- polynomial
hF(crn,'x) = h——Pohjnomial
hF(O‘ﬂ.I) = interior h- polynomial
Ef(o—n,at) = local h-polynomial

1

n

n-k
Z (-1 (2) h o ,x)
K=0

J:

9):(0,1,3() = theta Polynomial

(

hJ:(O‘n,x) - hF (acrn,x)

of any F-unmform triongulation of
On -



Definmtion, We say that
¥ has the strong interlqcing pro-

perty i each hF(G‘n,X)

is real-rooted

has o nonnegative ,real-rooted
symmetric decomposition with re-
spect to m-1, each part of which

iS interlaced bg hF (o—n_1 ox).

F is theta J-Positive i 4 95__(0—”,9:)

(S dfPositive for every n,



Given ¥, we may now consitder the

Lnear oPer‘oH:ors

O
H ,J—IF CIR(x]) — R(x)

F
de fined by
HF(JL") = ho (o,
HZ ™ < hj:(crmoc)
for me IN.

Note . ITn the special case of baryce-

Nntric subdivision

0

H_(x™y =1 = A% ™M
5 XA (1), N2



Conjecture, SuPPose ¥ has the strong
interlacing property. Then H(p(x))

oand Ho(p(x)) are real-rooted for

every
n
n-K k
p(at) = Z Ce X (4420
k=0
Wlth coaC,',...,Cn?O.
Theorem Suppoxe that F

is theta X Positive. Then HO(p(.x))
has a y-positive symmetric decompo-
sition with respect to n for every

p(X) € R[x) as obove.



4 Some gf?neroalized locall h—Poanomials

A crucial role in the proof is played

by the {-ol(owing concept, Recall that

\4
nN-L
h(AX) = D $.,(a8) x* (-2
i=o
n-IF|
¢, (r,x) = (1) h(rF,x)
Fev

are the definitions of the h-polynomi-

al of o simplicial complex A and the

local h-—Polynomia! of a tr‘iqngula—

tion | of the sSimplex 9V where n-=

!

odlim (A +1 = VI,



Example. For the barycentric sub-

diwvision T'n of the (n-1)-dimensional
simplex Vv

h(Mp,x)

"

A, (x)

"

(V(I'n ) d,(x)

- > exc(w)

welB,;:

Fix(w) = @

/\ hlfz,x) = (4—1)3+

o= A\ 3x -0+ 122¥3U4-20) +

613 = 4+Hx+xq
n=73

QV (I3, x) = (A+4qa+x?) -

—3(A+x)+ 3 -1 = 1+xgj



PDefinition. Given o tn’ongu!ation I
vV .
of 2° and ESV, we define

IV F)
Qv,E(r-“) - (-1) h(i;:,x)_

EcFcv

Note. QVV(F,x)

h (I, 2)

€y g (LX) = €, (Fx),
E.xample. For the barycentric subdi-
vision f},

QV‘E(I‘h,x) = dn,n—l( (I)'

where K=I[E]|



Note. The QVE(F,ac) are relevant

because in the case of uniform tria-

n%ulations,

¥
H (x (A+2) ) =
5

> o
= N x) (
eFE( , X 1+x)

ECFev

where [E) = N-K, in ana|0gy with
the corr@SPonding formula for the

In, k. (X).



Definition. We define
(I, %) = hirx) - h (3T, x)

and say that T is theta y-positive

i £ 9(FF,3() is y-positive for every FEV

Conjecture ( ,

) The polynomial 6(T,x) is y-po
sitive f§or every flong triangulation
I of the simplex 2 such that 8T is

o vertex -induced subcomplex of T,

/\\ // \

e

induced not induced



(A,2022+)
° Q (f‘.'x) = i
v -_5_ O ( F.x) dN\F.(x)
Fev

(Kubitz ke - Murac-Siegq,
20419)

Proloositi on

Q E 9([' x) d (x)

lV\FI, IVNCEUF) |



In particular, the theta y-positivity
of I implies the y-positivity of +the

symmetric decompos)tions of éV.E(F,x)
O

- (o (as2))

ond 1.4



