
ALGEBRIKH SUNDUASTIKH JEWRIA

Qeimerinì Ex�mhno 2008
Ask seic #1

1. 'Estw a(n, k) to pl joc twn uposunìlwn tou [n] := {1, 2, . . . , n} me k stoiqeÐa ta
opoÐa den perièqoun diadoqikoÔc akeraÐouc.

(a) DeÐxte ìti to a(n, k) eÐnai Ðso me to pl joc twn sunjèsewn (r0, r1, . . . , rk) tou
n + 1 gia tic opoÐec isqÔei ri ≥ 2 gia 1 ≤ i ≤ k − 1.

(b) DeÐxte ìti to a(n, k) eÐnai Ðso me to pl joc twn sunjèsewn tou n − k + 2 me
k + 1 mèrh.

(g) BreÐte ènan aplì tÔpo gia to a(n, k).

ErgasteÐte parìmoia gia na upologÐsete to pl joc b(n, k) twn uposunìlwn S tou
[n] ta opoÐa èqoun k stoiqeÐa kai thn ex c idiìthta: an i, j eÐnai diakekrimèna stoiqeÐa
tou S, tìte |i− j| > 2.

2. 'Estw m jetikìc akèraioc kai èstw c(n, m) to pl joc twn sunjèsewn tou n me
mèrh perittoÔc akeraÐouc ≤ 2m− 1. DeÐxte ìti∑

n≥0

c(n, m)xn =
1− x2

1− x− x2 + x2m+1
,

ìpou c(0, m) = 1 kat� sÔmbash. Upìdeixh: Jewr ste pr¸ta tic sunjèseic autèc me
dosmèno pl joc mer¸n k.

3. 'Estw m jetikìc akèraioc kai èstw f(x) = (1 + x)(1 + x2) · · · (1 + x2m).

(a) DeÐxte ìti h tupik  dunamoseir� f(−x) eÐnai antistrèyimh sto C[[x]] kai ìti h
F (x) = f(x)/f(−x) èqei mh arnhtikoÔc akèraiouc suntelestèc.

(b) Perigr�yte mia sunduastik  ermhneÐa gia to suntelest  tou xn sthn F (x).

4. Pìsec metajèseic w ∈ Sn èqoun �rtio pl joc antistrof¸n? Pìsec metajèseic w ∈
Sn èqoun pl joc antistrof¸n isìtimo tou mhdèn mod 3? Upìdeixh: Qrhsimopoi ste
to gnwstì sac tÔpo gia thn antÐstoiqh genn tria sun�rthsh.

5. BreÐte ènan aplì tÔpo gia to pl joc twn metajèsewn w ∈ Sn pou èqoun akrib¸c
mÐa k�jodo. Poia eÐnai h aploÔsterh apìdeixh autoÔ tou tÔpou pou gnwrÐzete?
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6. DeÐxte ìti gia k�je m ∈ N isqÔei(∑
n≥0

xn

n!

)(
m∑

n=0

S(m, n)xn

)
=
∑
n≥0

nm xn

n!

sto C[[x]], ìpou S(m,n) eÐnai oi arijmoÐ Stirling tou deÔterou eÐdouc.

7. 'Estw F (x) =
∑

n≥1
xn

n
. DeÐxte sunduastik�, me qr sh tou ekjetikoÔ tÔpou, ìti

isqÔei ∑
n≥0

(F (x))n

n!
= 1 + x + x2 + · · ·

(dhlad  h gnwst  tautìthta exp(log( 1
1−x

)) = 1
1−x

) sto C[[x]].

8. 'Estw f(n) to pl joc twn metajèsewn w ∈ Sn oi opoÐec ikanopoioÔn th sqèsh
w3 = 1 kai g(n) to pl joc twn metajèsewn w ∈ Sn oi opoÐec den èqoun stajer�
shmeÐa kai ikanopoioÔn th sqèsh w3 = 1.

(a) BreÐte ènan aplì kleistì tÔpo gia thn ekjetik  genn tria sun�rthsh Ef (x).

(b) BreÐte ènan aplì kleistì tÔpo gia thn ekjetik  genn tria sun�rthsh Eg(x),
kaj¸c kai gia to g(n).

9. 'Estw h akoloujÐa (an) me a0 = 1 kai an+1 =
∑

ak1ak2ak3 gia n ∈ N, ìpou to
�jroisma eÐnai p�nw se ìlec tic diatetagmènec tri�dec (k1, k2, k3) fusik¸n arijm¸n pou
ajroÐzoun sto n.

(a) An f(x) =
∑

n≥1 anx
n, deÐxte ìti f(x) = x (1 + f(x))3.

(b) Sun�gete apì ton tÔpo antistrof c tou Lagrange ìti an = 1
2n+1

(
3n
n

)
.

10. Gia akeraÐouc n ≥ 1 kai k ≥ 0, èstw an,k to pl joc twn eujei¸n sto q¸ro Rn

pou mporoÔn na grafoÔn wc tomèc k�poiwn apì ta affinik� uperepÐpeda

Hi,j,r = {(x1, x2, . . . , xn) ∈ Rn : xi = xj + r}
tou Rn, ìpou oi i, j, k eÐnai akèraioi me 1 ≤ i, j ≤ n kai |r| ≤ k. Qrhsimopoi¸ntac ton
tÔpo thc sunjèsewc gia ekjetikèc genn triec sunart seic, deÐxte ìti∑

n≥1

an,k
xn

n!
=

ex − 1

(1 + k)− kex
.
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11. 'Estw f(n) to pl joc twn metajèsewn w ∈ Sn gia tic opoÐec oi w kai w2 den
èqoun stajer� shmeÐa. DeÐxte ìti

Ef (x) = e−x−x2

2 /(1− x).

12. 'Estw diabajmismèno, topik� peperasmèno merik¸c diatetagmèno sÔnolo P me
sun�rthsh t�xewc ρ kai f ∈ I(P ) me f(x, y) = tρ(x,y) gia x ≤ y, ìpou t eÐnai metablht 
kai ρ(x, y) = ρ(y)− ρ(x) eÐnai h t�xh tou kleistoÔ diast matoc [x, y] tou P .

(a) DeÐxte ìti (fζ)(x, y) kai (ζf)(x, y) eÐnai oi genn triec sunart seic thc t�xhc twn
diasthm�twn [x, y] kai [x, y]∗, antÐstoiqa, wc proc th metablht  t.

(b) DeÐxte ìti fk(x, y) = tρ(x,y) ζk(x, y) gia k ∈ N kai x ≤ y.

(g) UpologÐste thn f−1 apì th sun�rthsh Möbius tou P .

13. Sto sÔnolo Pn = {−, ∗, +}n orÐzoume mia merik  di�taxh ≤ wc ex c: Gia stoiqeÐa
x = (x1, x2, . . . , xn) kai y = (y1, y2, . . . , yn) tou Pn jètoume x ≤ y an yi = xi   yi = ∗
gia k�je 1 ≤ i ≤ n. UpologÐste thn tim  µ(0̂, 1̂) thc sun�rthshc Möbius thc merik c
di�taxhc Qn = Pn∪{0̂} pou prokÔptei apì thn Pn prosjètontac èna el�qisto stoiqeÐo
0̂, ìpou 1̂ = (∗, ∗, . . . , ∗) eÐnai to mègisto stoiqeÐo thc Pn.

14. 'Estw o sÔndesmoc Πn twn diamerÐsewn tou sunìlou [n]. Gia τ ∈ Πn upologÐste
to �jroisma ∑

σ∈[0̂, τ ]

|σ| · µ(0̂, σ),

ìpou |σ| eÐnai to pl joc twn mer¸n thc σ ∈ Πn. Upìdeixh:
∑

σ∈Πm
µ(0̂, σ) x|σ| =

x(x− 1) · · · (x−m + 1).

15. 'Estw o EukleÐdeioc q¸roc Rn me suntetagmènec x1, x2, . . . , xn kai èstw Bn to
par�tagma twn n2 grammik¸n uperepipèdwn tou Rn pou orÐzontai apì tic exis¸seic

xi = 0, 1 ≤ i ≤ n,
xi − xj = 0, 1 ≤ i < j ≤ n,
xi + xj = 0, 1 ≤ i < j ≤ n.

UpologÐste thn tim  µ(0̂, 1̂) thc sun�rthshc Möbius tou sunìlou Ln twn tom¸n thc Bn,
ìpou 0̂ = Rn kai 1̂ = {0} eÐnai to el�qisto kai mègisto stoiqeÐo tou Ln, antÐstoiqa.
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16. 'Estw akèraioi 1 ≤ k < n kai èstw P to sÔnolo twn uposunìlwn tou {1, 2, . . . , n}
me ìqi perissìtera apì k stoiqeÐa, merik¸c diatetagmèno me th sqèsh tou egkleismoÔ.
UpologÐste thn tim  µ(0̂, 1̂) thc sun�rthshc Möbius thc merik c di�taxhc P ∪ {1̂}
pou prokÔptei apì to P prosjètontac èna mègisto stoiqeÐo 1̂, ìpou 0̂ = ∅ eÐnai to
el�qisto stoiqeÐo tou P .

17. 'Estw r jetikìc akèraioc, Q h antialusÐda me r stoiqeÐa kai P = Q⊕Q⊕· · ·⊕Q
to diataktikì �jroisma n antitÔpwn tou Q.

(a) DeÐxte ìti gia to polu¸numo z ta tou P isqÔei

Z(P, m) =
n∑

k=1

rk

(
n

k

)(
m− 2

k − 1

)
.

(b) UpologÐste thn anhgmènh qarakthristik  Euler tou ∆(P ).

18. 'Ena peperasmèno monoplektikì sÔmplegma ∆ di�stashc d lègetai isqur� sunek-
tikì an gia opoiesd pote èdrec σ, τ tou ∆ up�rqoun èdrec σ = σ0, σ1, . . . , σk = τ tou
∆, tètoiec ¸ste dim(σi−1 ∩ σi) = d− 1 gia k�je 1 ≤ i ≤ k.

(a) DeÐxte ìti k�je isqur� sunektikì monoplektikì sÔmplegma eÐnai agnì.

(b) An to ∆ eÐnai sunektikì kai to zeÔgma link∆(v) eÐnai Cohen-Macaulay gia k�je
koruf  v tou ∆, deÐxte ìti to ∆ eÐnai isqur� sunektikì.

(g) Sun�gete ìti k�je Cohen-Macaulay sÔmplegma eÐnai isqur� sunektikì.

(d) D¸ste par�deigma isqur� sunektikoÔ sumplègmatoc ∆ to opoÐo den eÐnai Cohen-
Macaulay.

19. 'Estw peperasmèno, agnì monoplektikì sÔmplegma ∆. An to ∆ eÐnai apofloi¸si-
mo, deÐxte ìti to zeÔgma link∆(σ) eÐnai apofloi¸simo gia k�je σ ∈ ∆.

20. 'Estw jetikìc akèraioc n kai èstw Pn to sÔnolo twn uposunìlwn tou {1, 2, . . . , 2n}
ta opoÐa èqoun �rtio pl joc stoiqeÐwn. DeÐxte ìti to Pn, efodiasmèno me th di�taxh
tou egkleismoÔ, eÐnai Cohen-Macaulay merik¸c diatetagmèno sÔnolo.
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LÔste treic apì tic akìloujec ask seic.

21. 'Estw P, Q merikèc diat�xeic tou Euler t�xhc n, ìpou n eÐnai perittìc jetikìc
akèraioc, kai èstw P̄ = Pr{0̂P , 1̂P} kai Q̄ = Qr{0̂Q, 1̂Q} ta gn sia mèrh aut¸n.

(a) DeÐxte ìti an R eÐnai h xènh ènwsh twn P̄ kai Q̄, tìte to R̂ = R ∪ {0̂, 1̂} eÐnai
epÐshc merik  di�taxh tou Euler t�xhc n.

(b) D¸ste par�deigma merik c di�taxhc tou Euler h opoÐa den eÐnai Cohen-Macaulay.

22. 'Estw akèraioi 1 ≤ k ≤ n kai èstw ∆n,k to monoplektikì sÔmplegma twn upo-
sunìlwn tou {1, 2, . . . , n} me ìqi perissìtera apì k stoiqeÐa.

(a) DeÐxte ìti to sÔmplegma ∆n,k eÐnai agnì kai apofloi¸simo.

(b) UpologÐste to h-di�nusma kai thn anhgmènh qarakthristik  Euler tou ∆n,k.

23. 'Estw jetikìc akèraioc n kai S ⊆ [n−1]. JewroÔme sÔnolo PS = {p1, p2, . . . , pn}
me n stoiqeÐa, efodiasmèno me th merik  di�taxh gia thn opoÐa to pi kalÔptei (antÐs-
toiqa, kalÔptetai apì) to pi+1 an i ∈ S (antÐstoiqa, i ∈ [n − 1]rS). DeÐxte ìti to
pl joc twn grammik¸n epekt�sewn tou PS eÐnai Ðso me to pl joc twn metajèsewn
w ∈ Sn me sÔnolo kajìdwn Des(w) = S.

24. 'Estw peperasmènh merik  di�taxh P me fusik  epigraf  ω kai èstw∑
w∈L(P,ω)

xdes(w) = h0 + h1x + · · ·+ hrx
r,

ìpou hr 6= 0.

(a) DeÐxte ìti hi ≥
(

r
i

)
gia 0 ≤ i ≤ r.

(b) Gia dosmèno jetikì akèraio r, d¸ste par�deigma merik c di�taxhc P gia thn
opoÐa isqÔei hi =

(
r
i

)
gia 0 ≤ i ≤ r.
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