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1. 'Estw an to pl joc twn uposunìlwn tou [2n] ta opoÐa den perièqoun dÔo akeraÐouc,
h diafor� twn opoÐwn eÐnai Ðsh me n. DeÐxte ìti an = 3n gia k�je n ∈ N.

2. 'Estw an to pl joc twn sunjèsewn tou n me mèrh Ðsa me 1   3.

(a) DeÐxte ìti ∑
n≥0

anx
n =

1

1− x− x3
,

ìpou a0 = 1 kat� sÔmbash.

(b) Sun�gete ìti gia k�je n ∈ N isqÔei

an =

bn/3c∑
k=0

(
n− 2k

k

)
.

3. 'Estw jetikìc akèraioc n.

(a) Me pìsouc trìpouc mporeÐ na epilèxei kaneÐc mÐa sÔnjesh ρ tou n me dÔo mèrh
kai èpeita na epilèxei mÐa sÔnjesh gia k�je mèroc thc ρ?

(b) Me pìsouc trìpouc mporeÐ na epilèxei kaneÐc mÐa sÔnjesh ρ tou n kai èpeita na
epilèxei mÐa sÔnjesh gia k�je mèroc thc ρ?

4. SumbolÐzoume me s(n) to pl joc twn diamerÐsewn tou n kanèna mèroc twn opoÐwn
den emfanÐzetai perissìterec apì tèsseric forèc kai me t(n) to pl joc twn diamerÐsewn
tou n kanèna mèroc twn opoÐwn den eÐnai pollapl�sio tou 5 (ìpou s(0) = t(0) = 1
kat� sÔmbash).

(a) UpologÐste tic genn triec sunart seic
∑

n≥0 s(n)xn kai
∑

n≥0 t(n)xn.

(b) DeÐxte ìti isqÔei s(n) = t(n) gia k�je n ∈ N.

5. JewroÔme thn akoloujÐa (an) pou orÐzetai jètontac a0 = 1 kai

an+1 =
1

n + 1

n∑
k=0

ak 22n−2k+1

gia n ∈ N. DeÐxte ìti an =
(
2n
n

)
gia k�je n ∈ N.
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6. 'Estw an to pl joc twn metajèsewn w ∈ Sn oi opoÐec èqoun akrib¸c dÔo kÔklouc.

(a) UpologÐste to an gia n = 5 kai n = 6.

(b) DeÐxte ìti

lim
n→∞

an

(n− 1)!
= ∞.

7. SumbolÐzoume me c(w) to pl joc twn kÔklwn thc met�jeshc w ∈ Sn.

(a) UpologÐste to �jroisma
∑

w∈Sn
c(w).

(b) UpologÐste to �jroisma
∑

w∈An
c(w), ìpou An eÐnai to sÔnolo twn metajèsewn

w ∈ Sn me �rtio pl joc kÔklwn.

8. DÐnontai akèraioi 1 ≤ k ≤ n. UpologÐste to pl joc twn metajèsewn w ∈ Sn gia
tic opoÐec to zeÔgoc (i, k) eÐnai antistrof  thc w gia k�je i ∈ {1, 2, . . . , k − 1}.

9. JewroÔme tic metajèseic w = (a1, a2, . . . , an) ∈ Sn me thn akìloujh idiìthta: gia
k�je 2 ≤ j ≤ n up�rqei deÐkthc 1 ≤ i < j me |ai − aj| = 1. Gia par�deigma, gia n = 3
oi metajèseic autèc eÐnai oi (1, 2, 3), (2, 1, 3), (2, 3, 1) kai (3, 2, 1).

(a) Pìsec tètoiec metajèseic up�rqoun?

(b) Gia k ∈ [n− 1], pìsec tètoiec metajèseic w up�rqoun me des(w) = k?

10. DeÐxte ìti gia to polu¸numo Euler t�xhc n isqÔei

1

x
An(x) =

n∑
k=1

k! S(n, k)(x− 1)n−k,

ìpou S(n, k) sumbolÐzei to pl joc twn diamerÐsewn tou sunìlou [n] me k mèrh.
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11. DeÐxte ìti gia akeraÐouc 1 ≤ k ≤ n isqÔei o tÔpoc[
n
k

]
q

=
n−k∑
i=0

qn−k−i

[
n− i− 1

k − 1

]
q

(a) upologistik�,

(b) qrhsimopoi¸ntac mia apì tic sunduastikèc ermhneÐec twn q-diwnumik¸n sunte-
lest¸n.

12. JewroÔme tic metajèseic w ∈ Sn me thn idiìthta Q(w) = P (w)t.

(a) BreÐte dÔo tètoiec metajèseic gia n = 6.

(b) Pìsec tètoiec metajèseic up�rqoun gia n = 8?

13. UpologÐste to pl joc twn metajèsewn w ∈ Sn, to sq ma twn opoÐwn èqei to
polÔ èna mèroc megalÔtero tou èna.

14. 'Estw h met�jesh w = (n + 1, n + 2, . . . , 2n, 1, 2, . . . , n) ∈ S2n.

(a) Pìsec metajèseic thc S2n eÐnai isodÔnamec kat� Knuth me th w?

(b) Perigr�yte ìlec tic metajèseic thc S2n oi opoÐec eÐnai isodÔnamec kat� Knuth
me th w.

15. 'Estw diamèrish akeraÐou λ. SumbolÐzoume me Yλ to di�gramma Young thc λ kai
me h(x) to hooklength tou x ∈ Yλ. DeÐxte ìti o akèraioc∑

x∈Yλ

(−1)h(x)−1

eÐnai trigwnikìc arijmìc (dhlad  fusikìc arijmìc thc morf c k(k − 1)/2 gia k�poio
jetikì akèraio k).
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