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I Introduction to face enumera-

tion

We are interested in the face e-

numeration of simpliciol womple-

XeS. Let

simpliciol complex of

dimension n-—1

)

# k-dimensional faces
of A.

PDefinition. The §,h- polynomials
of A are defined as
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K
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= (U-x) £(8, 2=
1—3C

Remoav Kk .

W(A ) has nonnegative co-
efficients if A 1s Cohen-Mocau

Loy over some field.

h(A ) = £, (D),



Examp(e.
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fo(D) =8, £,(A)=15, fo(A) = 8

o £(D, )
e h(AD, )
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4+83c+15xo"+813
(1-2%)° + 8oc (1- x)% &+
4519‘(4—1) + 813

1+5x+9x?



Question. How are {(A x) and
h(A,x) affected by simplicial sub-

division of A7

A -,

, X)) =14 , X)) =1+ x

—

h(:,a) =1+5x+9x>



Let

\Y,

I

n-element set

I = trianguloution of 9"

rF restriction of I on Fe ‘2\,/

I

Definition (Stoanley 1992), The lo-

cal h-polynomial of T (with re-

spect to V) is defined as

n-I1FI
¢y () = > n hr ),
Fev



E:xample.

r

¢ e, x) = (Ar5ax+2x™) - (442x) —

A+a) =1 +1 +4 +1 —
Q

Qx +2x



Theorem . For every

. . /
triangulation A of o pure sim-

plccral complex A,

h(A’,JC) = Z QF(A’ ,X) h (Link (F),x)
FeA F A

where A'F is the restriction of
A to FeN.



Theorem . The pPoO-

lynomial QV(I_,:JC)

(S symmetric, with center of
Symmetry n/2, for every trian-

aulortion I' of the sumplex 9

hos nonnegat‘nve efficients
For every triomaulortion I of the
stmplex 9V

(s uncmodal for every
triomaulortion I' of the stmplex

qV



. Uniform triangulatim’]s :

Definitions and examples

Boarycentric subdivision. Let

A = sumplicial complex of
dimmension -}
sd(A) = bor'ycentric subdivision

of A.

/N A

sd(A)




Theorem

There exist Pn <. eN such
that

(sd(A) x) = Z

Pﬂ KJ K(A)
K=0

for every (m-A)-dimensional
simplicial complex A.

If h (A)20 for O<k<m,
then h((sd(A),x) has (nonnegol-

tive wefficients ond) only re-

ol roots,



Theorem

If A is Cohen-Macaulay (over
some field) of dimension n-1,
then h(sd(A),x) is unimodal

With a peak in one of the mid-
dle positions n/2 or (m+4)/9,

L. €.

ho(sd(A)) < h1(sd(A)) £ - £

< h.(sd(A)) 2 - >
J

2 h (sd(A))
T

with je{n/2, (nt1)/2}.



Edaewise subdivision. lLet

r = positive integer

A = simplicial complex of
dimmension -1
esd (A) = r-fold ed8ewi$e sub -
r

division of A




Theorem . Fix an reZ)o.

There
exist Pn < eEN such that

LA
hj(esdr(A),x) = Z Pnk,j he (D)

K=0O

K

fovr every (m-1)-dimensional

simplicial oomplex AR

If r2n
and h, (A) 20 for 0<k<mn, then

hcesd (A),x) hoas (nonnegative
-

wefficients and) only real

roots,



Remavrk. The Pr,k,§ e N

can be interpreted in terms
of permutotion enumeroation

M the case of sd(A),

are essentially the entries
of Holte's amozing matrices

studied by

, iM the case of esdr(A),

Remark, There are similar re-

sults for antiprism -tr‘iomauloz-

tions



Definttion, A tr‘iar\gulatio‘n N
of o simplictal complex A is
called i § f(A’F,x) de -
pends only on dim(F) FeA.

untform Mot uniform



— = o .

untform not uniform

prototgpical examples of unt -
form triaﬂ%u(ations of A are

o the trivial subdivision
e sd(A) and esdr(A)



Example (Hetyeu-Nevo, 2016)
Tchebyshev tr‘iar\gulations of
A are obtatned by edge subdt-
viding A alon8 each edge in

some order.







—(=




AWl Tchebyshev trian%ulations
of A are untform triaﬂguiati—-

ons with the same §-vector,

Other examples of untform tri-

aﬂ%u(ations include

an ti Prism triaﬂ%ulations

(mterval triar\%ulations
r— colored bargcentric subdi -

viSions.



L. Moun results.

Let

simplicial complex of

dimension n-1

untform tr‘ia‘r\%ulation

of A

I

number of G- -dimenst-
onal faces of AIF for ony

G- -dimensional Fe A,

Terminotogy. We call A’

4

where F:(’C‘J)ogs)sn'
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Theorem . Given F there

exist Pe n < eN such that

A)

n
/

(N =

hJ( , X)) E PF,n,K,J' hK(

K=0
fovr every (m-1)-dimensional
simplicial complex A and every
F-uniform -tr‘ion’\%ulation N of

A Equiva(enly,

1)
h(A\x) = 2 h (D) pe . (x)
K:O P ]

for some PF,n,K(x) € N(x] 6K O0<kg
n.



fFor barg centric

subdtvision and

n=3
4+¢4x+1(2, K=0
4o+ Qx® K =
PF,n,K(x) = '
9x+‘-|acQ‘ K=9
x+’—|xQ+x3, k=13
Notation.

(n—1)-dimensional
Simplex

]

h(A,‘-x) ‘I’O\’" QT\H F—u«nt
form trion’\%u(ation
A of A.



Theorem

PE no = h(oy, ) and

PF,n,K(x) =

PE ncoq () + (x-1) Pge -4 K_4(ac)

Jor 1€ K<nN.

m
X PF,ﬂ.‘((/'/x) = PF,n,TI—l((x)
Jor O< K <N,
m\
Pr n () ZQ (o, X)
' r=0



where
m N-K
_ N (M
(-1) (K)hF(UK,I)
K=0
1Is the locol h—'oolynomial of

ony F-undform tr‘iq‘r\%ulation
of Op

PF,ﬂ,K(x) (S eciuat to the h-
polynomtial of the reloative stm-
plicial complex obtaimed from
ony F-uniform triaﬂ%ulation
of o0, by removing all faces ly-

(ng on kK foacets of aon.



(o) 4o+ Qx®

Pr 34

PF 3Q(JC) = 9xx+Yx2

Examp(e. For the trivial subdi-

visSion we have

Pe (X =

Jor 0< K <™.



Example. For bargce‘ntr‘ic subdti-

ViSion we have

PF, n.‘((ac) = > JColes(w)

we G‘nﬂ D W) = k1

where

= %roup of permutations
of 11,2, .. ,n}

=H{iem—17: w)> w+N}

for weGE G .
n



Question. For which unitform
tr‘iar\%ulations h(A) 20 implies

thot hF(A'x) is real-rooted”?

Recall that $or real-rooted pPo-
lynomials p(x), q(x) € R(x] with

roots

IN

a
2

< a,
<Py ¢ Py
we say that P(:x)
q(x) 1§ - ca, ¢ Py << B, and

wriete



A sequence
(P (), P, ..., P (X))

of real-rooted Poly‘nomiqls IS
called 5 P (x) < p,

for 0<i{<y<&n.

Fact. If (p (0, p4(x),..., pn(x))
s an intertacing sequence of

real-rooted Polg‘nomials with

nonnegative coefficients, then

m\
Z C pK(x)

K=0

is real-rooted for all c_>o0.

4



Definttion, We say that ¥
has the mterlacing prope-
rty if

(PFam-K(x))OSKSm

is an mter‘lacing sequence of

real-rooted Polyhomials for

every ML
has the mterlacing

prope rty 1§

hj_,(crm,x) (s real-rooted

for MmN



—_—
—

h (O, X) - h (AO’m,I)

5 ¥

(s elther identico«lly Z€Ero, or

a real-rooted Polgnombql of

ole%ree -4 wWwhich is (nterlo-

ced by hj__(crm_.i,x):

h (O'm_,l.x).< &

¥ (O X))

J’:
for MmN,
Remark ., The strong imterla-
cing property can be verified
in several special cases of int-

erest.



Theorem : SuPPose that

F has the strong mterlacing
Property . Then, ¥ has the int-

erlaciﬂg property.
In partiwcular, hF(A,JC) has

only real roots, Provided that

hK(A) 20 for every K.



Example. Let A’ be obta(ned

by the antiprism wnstruction

from the bqry(entric subdiv)-
sion of the (M- -skeleton of
A

n<=3%

For n=4 ¥ nhas the interlaciﬂg

Property but mnot the strong
one. since 6 (o ac):3x+Ha_Q+

5 a
3x> is not interloced by (93 )

= 4+q:x+x9'



Symmetric decompositions. We

recall that every polynomial
F(x) e R[x] of degree < m con be

written uniquely as
f(x) = a(x) + xb(x)
where
deg(oux)) <n
deg(b(x)) < n-1
xQ(A/x) = a(x)
b rxy = b
This expression i1s the

of £(x) writh

res Pect to n.



This olecomposit[on is called

nonnegat’nve , 1§ both o)
and b(x) have nonnegat'we
coefficients

real-rooted, i§f so are al(x)

ond b(x)

real-rooted and inter‘loucing

¥ a(x) and b(x) are real-

rooted and b(x) < a(x),



Note. Tf §(x) has a nonnegat'n—

ve and real-rooted symmetric
oleoompositmﬂ with respect to
N, themn §(x) is unimodal with

o peak at position L(n+4)/2) .

Note. 1If A triomautqtes an

(n-1)-dimensiondl ball and

= h(p,x) -h(oA,x),
then
h(A,x) = h(dD,x) +2-0(A x)/x

s the symmetric decompositioﬂ

Of h(A,x) with respect to n-1.



Theorem

SuPPose that - has the strong
interlacnng property .

hF(A,x) has a nonnegative,
real-rooted symmetric deoompo
sttion with respect to n for eve-
ry (m-4)-dimensiondl simplici-—
al complex A such that h _(A)2z0

and
K K
2 hi(A) €D k(A
(=0 (=0

for 0<k<¢n (spectal case of bary-

centric subduwvision due to
) .



Thes deoomposit[on is (mter-

lacin8 \§, additionally,

h, (D) . h,(A) <“'<h_n(A).

S e

_ ()
h Q) by Q) h,(A)

Note. The mequalities (%) »m -
PIB the inequo:(ities

h,l(A) $ h_ (A)

-
for 0<i<¢m, studied by

)



IN. Some questions

Question. Which Cohen-Macau-
ly simplicbql oomp(exes N sat(-

sfy the inequalities (x) ?

Do these hold for every doubly

Cohemn - Macaulay Simpliciql

complex A of dimension n-17

Note . They
hold iff
( hn(L\) hn_1(L\) hO(A) )
h, (D) h, (D) ... h_(A)

) (totolly positive) :



Moreover, 1§ N satisfies ()

and

b (P.F,n,l(‘_") 0<¢K,j<&M

s TP, (true for barycentric

o d edgewise subdivision s),

then every F-unitform triomgu-—

lation of A satisfies (¥) ds well.

Note. The interlacing propevr -

ty implies that H.F is TPQ_.

Question. Does the strong int-
erlacing propevty 'nmpty that

H.F is TP 1



Question. Does the strong int -
erlacing propevty imply that
the local h—PoLynomial

m

Nn-K
24
e (o, %) = .< (- 1) (K)hj:(ok,x)
=0

15 real-rooted 1



Question. Does the strong int-
erlacing propevty implg that
¢, (8, X) is real-rooted for eve-

ry F-uniform triar\%ulation A

of onNny triaﬂgulation T of QV?

Theorem . True for ba-

rcheﬂtric omnd edgewise subdi—

vVISIioNns.



Question. Does the strong int-
erlacing property 'm’\ply that

LA
M n-K
K:ZO(K)JC hj:(ok,x)

s real—-—rooted 1



Question. Which uniform trian-

%ulations satisfy the strong
mterlacing property? E.g.

TIs the Str‘ong n‘nterlaciﬂg
property Preserved by barycen-

tric subdivision 1

Is the strong mterlacing
property preserved by r-fold

edgewise subdivision 1

Note . (b) holds for r=2.



Thank you for your attention
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