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Introduction
A polynomial

mn
f(x) = dgtroyx+---+a x € R(x)

with nonnegative coefficients s

satd to be

o symmetr“ic (or palindromic),

with center of symmetry m/Q,

1§ o, = o, _ for Ocigm

e unimodal (f

for some 0<kgm



° J-pPOSItive, with center of sym-

metry n/2, 1§

Ln/2J

n—2t
£(x) = _S_ 5lac (41+x)

for some Yo ¥4, -, ¥/ =0

¢ veol-rooted if f(x)=0, or all

complex roots of f(x) are real.



Note

reol- rootedness = unimodality

symmetry and
=
reol- rootedness

= ¥ - positivitg

symmetry ond
N y Y

untmodality.



Example

we let

= {1,2, . .., n}
= group of permutations

of Cn]

= set of permutations weG
n

without fixed points
and for weG
N
=#H{iem-17: wWW)> w+N}
= #H{itenm-1]: wI> i}

be the number of descents ond
excedances of w, respectively.



(o) The nth Eulerianmn polgnomial

desch) exc(w
(I) E « © C(w)

weGn weC—‘:ﬂ
1S

° Symmetric, with center of sym-
metry (M-1)/92
e §-positive (Foata-Schutzenber

ger 1970)

e reol-rooted (Frobenius 1910).
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(b) The m*" dqrangement polyno-

miol|

exc(w)

dn(l) = o'd
web

IS

* Symmetric, with center of sym-
metry n/2, and unimodal (Bre-

ntc 1990, Stembndge 1992)

o 5—positive (severol authors)

* reol-rooted (Zhomg 1995, Hoag-
tund —?homg 2019 , Bronden - Solus
2021,



[ O'
<

)

d (x) = - .:x+ac%
Ll

:xf:leJr 3(3,

3
- oC + 21 ot + 21 x +ar.q‘

0,

2

)

X (4+2C)
!

)

x(4+x)9+ bx

| x(4+oc)3+ 181(4+x),



(c) The mth binormial Eulerian po-

lLynomial

15

* Symmetric, with center of sym-
metry M/2 (severol authors)

° 5" positbve (Postnikov -Reiner -
Williams 2008, Shareshian- Wachs

2020, Brande'n - Tochemko 2029)

e reol-rooted ( Haglund ~ Z'homg
2019, Brande'n - Tochemko 20292).



o

n

)+, n

b+ 3ot n=9
x) = 1+7:x+¥xq+aca, n=3

14452 +33 o2+ 457+ :x.q'

1+ 34ac +130 xx 2+ 134:xa+ 31 :ch+.x‘
1+, n=14
()l+oc)9+x, n=2
(4+oc)3+q:x(4+x), n=3
(4+x)q+1)lx(4+x)g+519, n=y
(’l+oc)5+Q6x(4+x)3+q3x9(4+1), n=95,
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Question. Can ol ge broic- %eometric

combinotorics shed Liaht iNto the-

se properties [4



Face enumeration of simplicial
complexes

Jet

A = simplicial complex of
dimension n-4

£, (A)

# k-dimensional faces
of A.



Defimtion. The f,h- polynomuials
of N are defined as

M
K=0

Mm
2 e (M) M-y
K=0

"

14
-2y §(o, =)
11—

Note. h(A 1) = £ (D).



Example.

fol(A) =5, $,(A) =9, f49(A) =6

_’Z(A.x) = 1+51+9~X.Q1' 63(.3
h(A,x) = (1-2)° + 5x (-1 +

919“(4—1) + 638

= 41 +Q2x +Q3CQ+ xa.



(b)

A

fola) =8, £,(8) =15, fo(A) = g

c £(A,x) = 4+8x+145x% + 8o

e h(A,a) = (4-1)3+8x(4-x)q+
4519”(4-x)+813

= A +51+QIQ,



Theorem, The polynomial h(4,x)

() has nonmegative coefficents if
D triangulates o ball or a sphe
re (Reisner, Stonley 1976)

(b) 1s symmetric if O triomgulo—
tes a Sphere (Kiee 1964)

(c) is unimodal if A is the bound-
ary cwmplex of a simplicial

polytope (Stomley 1980) .



Note. Recall that a simplicial com-
plex A (s ,Clocg 1f every clLolue i

its one-skeleton 1s a face of A.




Conjecture (Goal 2005).The poly-
nomial h(A,x) is xy- posttive for
every }lag triangulation A of the

sphere,

Theorem (Stanley 1994, Kavu 2006,
Gal 2005) The polynomial h(A,x)

J-posttive if A is the barycentric

subduwvision of a CW-reguloar subdti-

VISION o{- the SPhere.



Exa mple. We let

V = n-element set
V .
2 = obstroct Snmplex on the
vertex set V
\V/
3(2Y) = boundary wmplex of 2
A =

first barycentric subdive-

sion of 9(aY)

|

Ze\\

Then, h(A,x) = A ().




propositim’\ . There ext

sts a ,Clag triangulation A of the

5-dimensional sphere for which

h(A,x) 1s not real-rooted.

Question. For which (}lolg) trian-

8ulation5 A of the sphere s h(A,x)

real- rooted ?



Conjecture (Brenti-Welker 2008)
The polynomial h(A,x) is real-
rooted if A is the bavrycentric sub

division of the boundary wmplex

o{ ol pol3t0pe,

Theorem (Brenti-Welker 2008) .

The conjecture holds for stmple-

cral polytopes.



We let

V = n-element set
I = triangulation of M
I =

= restriction of I on Fe ‘2\,/

Definition (Stonley 1992), The lo-

cal h—-polynomial of T (with re-

spect to V) is defined as

n-1F|
v (nhx) = E (4) h(r X))
Fecv



Example.

r

- e, x) = (A+5x+2x%) — (4149x) —

(A+x) -1 +14 +14 +1) -

= 9x+919‘,



Theorem (Stanley 1992), For every
triangulation o of o pure stmpli-

cral complex A

h(a,x) = > QF(A'F,x) h(Unk (F), <)
Fea a



Theorem . The poly-

nomial QV(F,JL)

(S symmetric, with center of
symmetry m/2, for every trian-

8ulation I' of the simplex 9_\{

has nonnegative coefficents for
every triangulation I' of the
simplex 9.\’,

(S unumodal for every
triangulation T of the simplex

QV.



Conjecture (A 2012 ). The polyno-
mial Q(I‘V.x) 1S - posttive for eve-

ry {108 triangulation ' of QY

Theorem (Kubitzke - Muroa - Se58
2049) The polynomial Q(Fv,x) 1S
J-posttive if T is the barycentric
subduwvision of a CW- regulor subdu-

vision of QV_



Example. 1f

I

n-element set

first barycentric subduve-

sion of QV

then

e hx) = (4) ( ) A (0
K=0

d._(x),



Proloosition (Kubitzke - Murat - Sei8
2049)

n-2
_ n Q n-K-1
dn(:c)—?__—a(,()(:ux +-+ X )dK(I)

Note. The proo{- applc’.es Stomleg S

locality fJormula.



Proposition . There extsts
a ;lag triangulation I” of the 7-dim

ensional simplex 9V for which

Q(rv,x) )S not real-rooted.

Question. For which (}laa) trian-

gulations I of the simplex 2" is

QV(I‘, x) real-rooted ?



Some answers. Yes for

1
barycentric r-fold edgewise
subduvision subdivision

(Zhang 20419)

r-colored baryce-
ntrnc subduvision
(Branden - Solus
2021, Gustoafsson-
Solus 2020)




ConJecturalI Yy (A-Ku bitzke - Brunt

Nk 2099) yes for the antiprism

tr(anaulation,

S\

Note. ITn this case

K
[x ] QV(F,x) = (E) #{wel,  : Exc(w)

=(k1}



(K) th
Nototion., Let sd (A) be the k

barycentmc subduwvision of o com-

P|e>< A .
Question (A 20416) Find a combina

torial mterpretation of

e ( (2) Vv
- sd""(2), x).

Is this polynomial real-rooted ?



Note. ev(sd(m(szv)‘/l ) =

mn

N -K
=2 0 (D)

K=O
= # {(y,v) € G, xS : uv have

no wmmon fixed point’}_

Recall that

= barycentmc subdivision

of A.



Theorem

The polynomial ¢ (sd(r), x) s
real-rooted for every triangula—

tion T of 2V

Same for the r-fold edgewise

subdiviscon of T, if r2n=I|VI|.

ConJ'ecture The polyno
mial QV(Sd(F),JC) (5 real-rooted

tor every Cw-reaular‘ subdivision

I of QY



sssss



Basic method: Express P.V_(sdcr),x)

as a monnegative linear combinoa-
tion of real-rooted polynomials
with ﬂonneaative coefficients

which have a common interleaver

Recall the for real-rooted polyno-
mials p(x), q(x) € R{x] with roots

< A

L So, ¢ A, €0
S PasPr O

we say that p(x) q(x)
if € ¢ Byt < B, <0 and

write



Proposition (Brenti- Welker, 2008)
For every sumplicial complex A of

dimension mn-14
A
h(sd(A) x) = %hk(b) Pn, x (X)),

where

Pnx (X) = > des(w)
b'a

we G‘nﬂ C W)= k+1

for neIlN. €quivalently,



Pnx (X)) K n-K m

(4—x)nH m20

3
n
)
K

Note.

an,o(x)\ [4 4 1\ [ Pn-1,0(x) )

Pn,4 (X) X A Pn-1,4 (1)
= | x x -1

\ Po,n () | | x x x| \ Pn-1,n-1 () |

and hence (P () g e 15 an

, meoming that

Pn,i (%) < Py @) for 4si<jem,



Corollary For every (m-1)-dimens
tonal Cohen—Mo«caulqy Simplicial
complex A, h(sd(A),x) is real-
rooted and i1s interlaced by the

Eulerioan polynomial A_(x) = P o (X).



For 0<K<n+1, 0£;¢Nn we let

_ > exc(w)
x .

weEe G'nH > Fiyx(w) € (m+1-k)

-1

W (4)= j+4

Note.
dn.o,,‘ (X) = Pn,; 0
dn.n,o‘*") = dn,k(:’()

- > exc(w)
= . |

we G‘n > Fix(w)e(n-k)




Theorem For any trian-

3ulation I of the (n-4)-dimmensio-
nal simplex QV there exist nonne-
8atnve inteaers CK,_j(r)' for kK+)sm

such that

€_.(sd(ry,x) = |
\Va ) Z CK’J('—) dn,KJ(x)
K+J..<.,‘n

]

Specifically,

CK,J('—) - > (xJ]QF(I‘F.ac).

FeV:IFl=n-k




Theorem (A 2094 +) The polynomi-

al dﬂ.K,J(ac) 1S real-vrooted and is

interlaced by A (X) for K+j<n,



let

= tF{weDn: exclw) =k}

Corollary

Qv(sd(m(QV),x) = }__—(E)D d (x)

N-K ) NK,
Kt+yg&n ! o

where n=|Vl. Equivalently, the co-

¢

efficient of x' in Q_V_(sd(Z)(QV) x )

equals the number of

Fix(v)<e (m-fix(u)+1]
(M) €0 xCph, {1 v () = exciw

exc(v) = .



Open. Find o combinatorial inter-
pretation of the - polynomial

associated to ev(sdm(szv) , X))



Proposition

/24
-2

dp i () = E ?n 2 i CGra 4

LM —14)/2)J

-1-21
Z an.. x' 4y

(=0
where

H we G‘;n: w(1) > n-K and

w has decreasin8 cuns

nomne of siz€ one.

(

H we Gn: w(1) {n-K and

w has ( dcheasiﬂ8 cuns
nomne (except possibly the
first) of size one.



Thank you for your attention!



