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Scheduling unrelated machines

The matrix of processing times

We want to process m tasks using n machines(/selfish players).
We have the following matrix of processing times:
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Input and Output

Input Output
t11  ti2 tim X11  X12 X1m
|t 22 tom X1  X22 X2m
t = X =
th1 tho thm Xnl  Xn2 Xnm
tij € R+ Xjj € {0, 1}
Yixij=1
n machines
m tasks
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Scheduling unrelated machines

Protocol
@ The players declare their values
@ The mechanism allocates all tasks (allocation algorithm)

@ The mechanism pays the players based on the declared values
and the allocation (payment algorithm)

The objective of each player: utility maximization
maximize{payment—processing time}

time=money...
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Scheduling unrelated machines

MinMax objective of the mechanism designer
Finish with all tasks as soon as possible! i.e., minimize the makespan

@ Tasks allocated to the same player are processed in series.

@ Tasks allocated to different players are processed in parallel.

player 1

player 2

player 3

~——makespan———
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We can concentrate on truthful mechanisms

Our players are potential liars. J

Definition (Truthful mechanisms)

A mechanism is truthful if revealing the true values is dominant strategy of
each player.

that is: "Players have nothing to gain by lying.”

Theorem (The revelation principle)

For every mechanism M there is an equivalent truthful one M’.

that is: "In M’ all players achieve the same utility as in M, and without
having to lie."”
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The Monotonicity Property

Definition (Monotonicity Property)

An allocation algorithm is monotone if for every two inputs t and t’ which
differ only on machine i (i.e., on the i-the row) the associated allocations

x and x’ satisfy
(xi — ;) (ti — ;) <0,

where - denotes the dot product of the vectors, that is,
m
> (g — xf)(ti — t;) < 0.

tin tiz - tim X11  X12
tiir t - tim = Xi1  Xj2
th1 th2 - tam Xnl Xn2

X1m

Xnm
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where - denotes the dot product of the vectors, that is,
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m / /
>t (xij — x;)(t — t;) < 0.
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Truthful = Monotone

Theorem (Nisan, Ronen 1998)

Every truthful mechanism satisfies the Monotonicity Property.

Theorem (Saks, Lan Yu 2005)

Every monotone allocation algorithm is truthful.

The Monotonicity Property characterizes truthful mechanisms
without any reference to payments.
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Monotone algorithms

@ Monotonicity, which is not specific to the scheduling task problem but
has much wider applicability, poses a new challenging framework for
designing algorithms.

@ In the traditional theory of algorithms, the algorithm designer could
concentrate on how to solve every instance of the problem by itself.

@ With monotone algorithms, this is no longer the case. The solutions
for one instance must be consistent with the solutions of the
remaining instances—they must satisfy the Monotonicity Property.

@ Monotone algorithms are holistic algorithms: they must consider the
whole space of inputs together.
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Major Open Problem

Open Problem

What is the best approximation ratio of monotone algorithms?

Conjecture (Nisan, Ronen 1998)

The best approximation ratio of monotone algorithms is n.

@ This is conjectured to be true even for exponential time algorithms. )
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History of scheduling unrelated machines

o It is a well-studied NP-hard problem. Lenstra, Shmoys, and Tardos
showed that its approximation ratio is between 3/2 and 2.
@ Nisan and Ronen in 1998 initiated the study of its mechanism-design
version.
They gave an upper bound (a mechanism) with approximation ratio n.
They showed a lower bound of 2.
They also gave a randomized mechanism with approximation ratio 7/4
for 2 players.

@ Archer and Tardos considered the related machines problem.

@ In this case, for each machine there is a single value (instead of a
vector), its speed.
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Recent results

@ Christodoulou, Koutsoupias, and Vidali improved the lower bound
from 2 to 2.41 (SODA 2007).

@ Mu'alem and Schapira showed new randomized bounds between
2—1/nand 7/8 n (SODA 2007).

o Christodoulou, Koutsoupias, and Kovacs studied the fractional version
of the problem and showed that the approximation ratio is between
2—1/nand (n+1)/2 (ICALP 2007).

@ Lavi and Swami considered the special case where the tasks can take
only two values (low and high). They showed that the approximation
ratio is between 1.14 and 2 (EC 2007).
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How to use the Monotonicity Property

We manipulate the values of one player in a particular way which
guarantees that his allocation remains the same.

Example
1 2 2
t=(2 3 1
1 2 2
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How to use the Monotonicity Property
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0
t= 1o
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How to use the Monotonicity Property

We manipulate the values of one player in a particular way which
guarantees that his allocation remains the same.

Example
1 2 2 1—€e1 246 2—¢3
t=12 3 1 — t' = 2 3 1
1 2 2 1 2 2
Example
0 1
t= | — t'=|o0
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Angelina Vidali (UoA) A 1+ ¢ lower bound for truthful scheduling 29, August 2007 13 /23



The kernel of the 1 + ¢ lower bound
o If one player gets all tasks, a > 1

1 a
cost> g & :1-|—a

OPT — (/1 a a
a a°
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The kernel of the 1 + ¢ lower bound
o If one player gets all tasks, a > 1

1 a
cost N (a 32) _1+a
OPT = (1 a a
G 2)

o Choosing a diagonal allocation mars things in a single-task case
(Monotonicity requires the same allocation in both instances)

1
cost (a )
OPT ~ (1 T
)
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The kernel of the 1 + ¢ lower bound
o If one player gets all tasks, a > 1

1 a
cost . (a 32) _1+a
OPT — (1 a a
)

o Choosing a diagonal allocation mars things in a single-task case
(Monotonicity requires the same allocation in both instances)

1
cost (a )
OPT ~ (1 T
)

a
= a whichever is the allocation the mechanism gives

1+
If a is such that
a
the approximation ratio is at least ¢ ~ 1.618.

v
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The instances of the 2.61 lower bound

0 o0 -+ o0 o 1 a .ogn2
oo 0 -+ o0 o a a2 ... gl
0o 00 0 00 an—2 an—l . aZn—4
0 00 .- o0 0 aml g ... g3

If the first player gets all tasks

cost 142422+ 4324 g1
OPT_ an—l °
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oo 0 co 0 aml gm0 g2n3

If the first player gets all tasks

cost 143422+ 4324 g1
OPT_ an—l o

Angelina Vidali (UoA) A 1+ ¢ lower bound for truthful scheduling 29, August 2007 15 / 23



The instances of the 2.61 lower bound

a1 oo o 00 1 a s gh2
00 0 -+ oo o a a2 ...t
00 00 0 00 an—2 an—l . aZn—4
0 00 -+ o0 0 amltoogn ... g2n3

If the first player gets all tasks

cost 142422+ 4324 g1
OPT_ an—l 0

Angelina Vidali (UoA) A 1+ ¢ lower bound for truthful scheduling 29, August 2007

15 / 23



The instances of the 2.61 lower bound

0 o
oo 0
00 00
00 00

Claim

00 0 1 a

00 0 a a2
0 00 an—2 an—l
o 0 aml ¢

n—2

n—1

a2n—4
a2nf3

If at least one task goes to another player, we will prove that

cost
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The instances of the 2.61 lower bound

If the first player gets all tasks

cost ldat a2t ...4agn2 4 gn-1

OPT an—!

Claim
If at least one task goes to another player, we will prove that

cost > 1
opT =T

Therefore

cost _ 1B 2 b P oo L i
OPT > min{l + a, pri }.

For n — oo and a = ¢, the ratio is 1 + ¢ =~ 2.618.. ..
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The Proof of the Claim is by induction

We need to strengthen the induction hypothesis

The claim also holds if we eliminate columns from the original instance

0 o 00 00 1 a a°
oo 0 00 00 a a2 o
00 0 0 oo am2 g1 gn
00 00 oo 0 a1 g1 gl

an—2

an—l

a2n74
aQn—3

If a column has a 0-valued task eliminate it!
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The Proof of the Claim is by induction

We need to strengthen the induction hypothesis

The claim also holds if we eliminate columns from the original instance

=
o

8 8
8 8

g 8
© g g 8

=
v

32 . an—2
33 ... gn1
3" . a2n—4
an+1 a2n—3

If a column has a 0-valued task eliminate it!

Remark

Gaps are generated by setting a processing time to 0: we suppose that the

algorithm is clever enough not to lose the chance to process the task in
) a
zero time as — = 00...

0
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Strengthening the induction hypothesis, formally now

We proove the claim for all instances of the form

0 oo -+ o0 ail ai2 000 aik
s 0 co  aitl  gtl . gt

)
00O 00 - 0 ai1+n—1 ai2+n—1 . aik+n_1

where ke N, 1< k<n—2andip <ip<:--- <.
The exponents might not be successive numbers anymore.

Example
Before we had only (i1, i2,i3...,0ik) =(1,2,3,...,n—3,n—2).
Now we can also have (i1, i, i3...,ik) = (1, 3,...,n—23).
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The Proof of the Claim — Preprocessing

Repeat until: player 1 gets nothing and the others at most one task

@ Set all tasks assigned to the first player to zero

@ Leave only one task to players 2,...,n

Invariant after each step(by monotonicity):

One of the players 2,...,n gets a (non-zero) task.
v

Example

0 o 1 a 22 a®

o 0 o &F &

00 00 £ & P

00 00 g o 2P g

00 00 g g0 g g

Angelina Vidali (UoA) A 1+ ¢ lower bound for truthful scheduling

29, August 2007 18 / 23



The Proof of the Claim — Preprocessing

Repeat until: player 1 gets nothing and the others at most one task
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@ Leave only one task to players 2,...,n

Invariant after each step(by monotonicity):

One of the players 2,...,n gets a (non-zero) task.
v

Example

0 o 1 0 & 0 a*

o 0 a ad G2

00 00 a° a* Ee

00 00 a° a° A/

00 00 a* G2 &
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The Proof of the Claim — Preprocessing

Repeat until: player 1 gets nothing and the others at most one task

@ Set all tasks assigned to the first player to zero

@ Leave only one task to players 2,...,n

Invariant after each step(by monotonicity):

One of the players 2,...,n gets a (non-zero) task.
v
Example
0 oo 0 a2 0 a*
oo 0 0 as a°
00 00 & ab
0 o0 P a’
00 00 a8 a8
v
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By eliminating a column we get new optima

Foril,...,ik

@ successive natural numbers: the allocation achieving OPT is unique.

0 co o0 o 0o o0 i & & & &
o 0 oo oo oo o 5 & & & &
oo oo 0 oo oo o™ E
oo o oo 0 oo o g = & & g
o0 oo oo oo 0 oo s g g P
© oo oo oo oo 0 g & g & g
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By eliminating a column we get new optima

For i1,...,ik

@ successive natural numbers: the allocation achieving OPT is unique.

0 oo 0o 0 00 1 a 0 a8 &
oo 0 oo oo oo o 5 A G2
oo oo 0 oo oo o™ g @ 2t
o o oo 0 oo o gz SLEN
0 00 oo oo 0 oo | a* a° g &
© oo oo oo oo 0 gf A E

@ having a gap: more than one optimal assignments. Exploit it!
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By eliminating a column we get new optima

For i1,...,ik
@ successive natural numbers: the allocation achieving OPT is unique.

—d

0 = o0 0 O o 1 & 0 |&° & q

x 0 o0 oo oo o a A i

o, o0 0 oo oo oc a2 a3 cE

x o0 oo 0 o o g at £ &

) oo oo oo 0 o at 2? 2l &

X 00 o0 oo oo 0 2@ a8 a3

@ having a gap: more than one optimal assignments. Exploit it!

Suppose there are g tasks after the last gap. The assignment for the
players in the g x g block is the same for all optima.
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The proof of the claim — the crux

Can a player raise his dummy to a’* without affecting OPT?

@ If the player is in the block the processing time of the optimal
allocation changes.

Example
player 1 — 0 oo o a3 alk—1 gk
player 2 — o 0 oo alk—2 alk  giktl
OPT=ak | oo o 0 L alktl  gikt2
0 o0 5o ik Skl gik+3
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The proof of the claim — the crux

Can a player raise his dummy to a’* without affecting OPT?

@ If the player is in the block the processing time of the optimal
allocation changes.

Example
0 oo o aik—3 alk—1 ik
player 2 — oo ak oo aik—2 alk  ghtl
OPT'>a* | oo oo 0 aik—1 alktl  gikt2
00 00 00 aik aik+1 aik+3
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The proof of the claim — the crux

Can a player raise his dummy to a’* without affecting OPT?

o If the player is outside the block the processing time of the optimal
allocation does not increase!

Example
0 oo o© alk=3 ak=l gk
OPT'=OPT [o0 0 oo a2 a gkt
player 3 — 00 0o ak ... gik—l i+l gikt2
o e o le JEEE aik aik+1 aik+3
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The Proof of the Claim — the crux

e Find a player outside this block who gets a task > a- OPT.

Example
0 oo ™ aik—3 alk—1 ik
OPT=a* [0 0 oo aik—2 alk  ghktl
player3— | co oo 0 alk—1 aiktl  gikt2
00 00 00 aik afk+1 aik+3
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The Proof of the Claim — the crux

e Find a player outside this block who gets a task > a- OPT.

@ Raise his dummy value to ak. OPT doesn't change!

cost _ alk 4 glktl

. =1+a
OPT — a'k +
.
Example
0 oo o™ aik—3 alk—1 ik
o 0 oo alk—2 gk glktl
player 3— | co oo al a1 aiktl  gict2
o0 o0 o0 500 aik aik+1 aik+3
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A player outside the block has assignment> a’*!

Proof.

@ One of the last g tasks is assigned to a player outside the block:

The block has size g x g.

Player 1 gets nothing.

Each player gets at most one task.

We can't assign g tasks, to g — 1 players (pigeonhole principle).

outside the block
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A player outside the block has assignment> a'*!
Proof.
@ One of the last g tasks is assigned to a player outside the block:

The block has size g x g.
Player 1 gets nothing.
Each player gets at most one task.
We can't assign g tasks, to g — 1 players (pigeonhole principle).

@ Any player outside the block has value > a’*t1 for the last g tasks!
Because the last g exponents ix_qg41,. .., ik are successive natural
numbers.

q

Player 1 gets nothing

alk ‘ak+1

a'k agik+1

outside the block

O]

v
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Open Problems

@ The major open problem is to bridge the gap between the lower
bound of 2.61 and the upper bound of n (and the same problem for
the fractional mechanisms).

@ How far can these techniques go?
@ Most likely, not very far.

@ What is needed is to find a useful characterization of monotone
algorithms.
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