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Kegpdiowo 1

Toroloyxol Xwpol

Meletdvrac xavelc toug petpxolc ywpeous xou T Bactxée toug évvoles evtomilel
OTL Yot X&0e UETEWXO Y dpo 0plleTon, UE APXETE QPUOLOAOYLXO TEOTO, 1 OLXOYEVEL TWY
AVOXTEY GUVORWY, 1) oTtola Exel TN Poaotxn IBLOTNTA Vo TEPLEYEL TNV TOUT] OTOLWVONTOTE
800 oTolyelwy TNe, OANE XU TNV EVWoT] TV GTOLYEIWY OTOLUGONTOTE UTOOIXOYEVELAS
e H biotnta auty elye xadoplotind pdho o UEAETY TV PETEIXOV YWORMV, XoHOG
enétpede vo exppactolyv xou vo YeAeToOV Sopxéc évvoleg, 0w N XAELWCTOTNTA
oL TO OUVOPO GUVOAOU, UE dpylxh €VVOLo TO avOIXTO GUVOAO Xal O)L TN WETEIXT
oL YWEov. Auto wag odnyel oto va mpooeyyicouue TNV évvola TN TomoAoyiug,
ONABY] TNG OLXOYEVELNC TWV OVOLXTMVY UTOGUVORWY EVOC GUVOROU %O VOL YEVIXEUGOUUE
HE OUCLHOTIXG TEOTIO TNV €VVOLA TOU PETELXOU YDEOU, BNULOVEYMVTAS Wa eEatpeTXd
TAOUGLOTERY XAAOT], AUTH TWV TOTOAOYIXDY YDEWV.

1.1  Avowxtd cOvola, Bdoeig xou vnofdoetg

Optopodg 1.1.1. Eotw X obvoho. Mia owoyévelar T unocuvéremy tou X xodelto
Tonoloyio 6to X, av:

(1) 0, X €T,
(#i) KdOe memepaouérn toun otoiyeiwv tns ¥ avijker otny T. Anladrj av n € N kar
G1,Ga,...,Gy € T tote (i, G; € T ka1

(i11) KdOe évwon ororyeiwv tng T avriket otny . Ankadni av I avlaipeto ovvoro
dectcdy ka1 Gy € T Vi € I téte | J;o; Gy € T.

To Ledyoc (X, T) = X xahéiton tomoloyixde xepoc xan ta ototyeia tne T xoholvtol

avowxtd obvola (e Tpoc T 1 tou (X, X))

IMopatneroeig 1.1.2. (o) Edxoha eléyyeton pe enaywyy 6t n (ii) tou opopod
elva 1ooB0var ye Ty

(1'1.)/ avG1,Gs € T, 16te Gy NGy €F

(B) Av oy (iii) tou opiopol I = () téte €xoupe U;cp Gi = 0, dpa ) € T (xdt mov
nepiéyetan oty (4) ToU oplopoU).

Ac evtornicouye xdmoLor apyxd TUpUdElYUATA TOTOAOYLXMY Y OEWY.
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IMoegdderypa 1.1.3. Eotw (X, p) petpinde ywpos. Téte n oxoyévela
T, ={ACX:VreAI>0:B(xe) C A}

TWY OVOTOY LTOCLVOAWY Tou X (w¢ Tpoc TN uetpwd| p) elvan totoloyio oto X xou
xohéiton 1 uetew) toroAoyio nou xadopiletan and T p.

Optopdc 1.1.4. Evac tonoroyxde xodpeoc (X, T) Myeton UETOXOTOOWOS oy
urdpyel Yetpin| p oto X, tétola ote T = T,. Lty neplntwon auth, 1 Tonoloyia
T Aéyetou uetpLomojouun.

HMapadeiypata 1.1.5. Eotw X cbvoho. Ot mopoxdte 0OYEVEIES UTOGUVOAWY
Tou X elvon Tomoloylec tou X:

() 1 = P(X), n draxpiryj tonoroyia. O Saxpitoc yodpeoc (X, T1) elvon petpixonol-
fowog, agod Ty =T, v p TN Saxpltr Yetewn Tou X.

(B) T2 = {0, X}, n tetpruuévn tonodoyia. Ilapatnpolue 6Tl o€ xdde YETEIXG YDEO
(X, p) o yovoolvoha eivon xheotd, dnhadfy X \ {z} € T,, Vo € X. Xuvendc
av o X éyel touldytotov dvo ototyela, o (X, Tg) Bev elvon petpixonoiolog, oo
X\ {z} ¢ T2 yiaz € X tuydv.

(v) T3 = {0} U{A C X : 2y € A} (émou 29 € X), n Tomoroyla ToU BLiTEPOU
onueiou (o). ‘Onwe mew, av o X éxel Touldylotov dlo otoiyeio, o (X, T3) dev elvou
petporotfooc, apod X\ {zo} ¢ Ts. Tty eldun| nepintwon X = {a, b} (e a #b),
n%T ={0,X,{a}} eivar n Tomohoyla Tou Wiaitepou onueiou a oo X %o 0 ToTONOYIXOS
yopoc (X, T) Myeton ydpoc tou Sierpinski.

®) Ty ={X}U{AC X :2¢ ¢ A} (6n0u 2y € X), n Tomoloyia Tou elapoluevou
onueiov (xp). Av o X €yel touldytotov 800 otoryela, o (X, Ty4) dev elvon yetpxonol-
fiowog, apod X \ {z} ¢ Ty, vz € X \ {xo}.

(6) Ty ={0} U{A C X : A° = X \ A nenepacpévo}, 1 oUUTERECHOUEYN TOTOAOYIC.
Aclyvoupe 6t 1 Ty elvon tomohoyia oto X:

(i) 0 € %5 xou X € Ts, agol X \ X = ), tenepacyévo.

(11) "Eotw Gl,GQ € Ts. TéTE, av G = 1] T,] Gy = 0 E,XOU{J.EZ GiNGy = 0e Ts. Av
wpo G1 # 0 xou G # 0, tote G, G5 menepaopéva, dpo xou 1o G U G eivan
nenepacyuévo, dnhadn (G N G2)¢ nenepacyévo. ‘Apa G1 NGy € Ty

(i) Eotw I # 0 cbvoho dextodv xou G; € Tz Vi € 1. Av G; = 0 Vi € I, 16t
Uicr Gi =0 € Ts5. Awgopetind Jig € I 2 Gy, # 0. Tote (Gy)¢ nenepaoyévo,
won ol (Usep Gi)© C (Giy)e, éxovpe 61t (U;ep Gi)°© elven menepaoyévo, ouve-
1o¢ U;er Gi € Ts.

Av o X ebvan menepaoyévoe, t6te (X, Ts) = (X, T1), dpa elvon yetpixonotfiowog. Av
o X eivou drepoe, tote 0 (X, T5) dev elvon petpixonomiowoc. Ipdyuat, o xdde
HETPXO YWpOo, UE TOLAdYIoTOV BU0 ornuela, umdpyouv Eéva avouxtd un xevd chvola
(apol av z # y, t61e B(z,e) N B(y,e) =0, ywo e = @ > 0). Opwc otov (X, %5)
dev umdpyouy tétola chvoha. Av unotécoupe ot G, Ga elvan Eévar avoutd un xevd,
t61e G, G§ elvou nemepaopéva, doa X = X \ (G1 N Ga) = G§ U GS, nenepacyévo,
Tpdryuo dtoro.

(67) Tg = {0 U{A C X : A° = X \ A appfiowo}, n ocvvapduriown tororoyie.
Onwe mpwv, o (X, Tp) elvon petpuconotiolgog av xou uévo av to X elvon aprdufowo
cOvoho.
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IMopathenon 1.1.6. Av T elvaw tonoloyio oe éva cbvoho X, t6te To C T C T,

‘Eotww 6t oe éva cbvoro X éyel xotaoxevaotel plo oxoyévelo Tomohoyidy. A-
TOTEAEL PUOLOAOYIXS EPWTNUA, TO AV UE ATAEC GUVOAOUEWENTIXEC TEGEELS UToPoUY VL
XATUOKEVAGTOUY ETUTAEOV TOTIOAOYiEC 0T0 X.

IMebtoom 1.1.7. Eotww X ogdvolo ka1 T1,To 6Vo tomoroyies oto X. Tére nT1NT,
efvar torohoyia oto X. Ievidrepa av (T;);er €lvar oikoyéveia tomodoysy oto X, tdte
N Nier Ti €lvar romodoyia owo X.

Anddein. (v Tops| d0o tomohoyuay) (i) Apeoa, 0, X € Ty N Ts.

(11) "Eotw Gl,GQ € T N%y. Tote GI,G2 € Ty non Gl,GQ c %s. A(]OOK/) T, %9
tomohoyieg, G1 NGy € Ty xou Gy NGy € L. AT])\O(B"f] GiNGy € T1N%,.

(iii) 'Eotw G; € 1 N %y Vi € I, 6mou I avdaipeto cOvoro. Téte Vi € I,G; € %
xa G; € Tp. Aol Ty, Ty tonodoyieg, J;e; Gi € T xou J;e; Gi € T Anhadr
Uier Gi € T1NTs. =

IMopathenon 1.1.8. Ipogavde, N [;c; Ti mepéyetan oe xdde Ty xou elvan 1 pe-
yoAUTeeT Tomohoyla oto X pe authyv Ty widtnta. Ipdypott, av T tonohoylo oto X
we TC T, Viel, 16te T C o) T

Enuewdvouge 6tL 1 (ouvolodewpntny)) évwon de cuumepipépeton €ElG0U aAdL
Evdéyetan 1 évwon 800 tomohoyuwy va pnyv elvon tomoloyia, omwe @aiveton and 1o
axohovo:

IMopdderypoa 1.1.9. Av X = {a, b, c}, pe a, b, ¢ Suxexprpéva, xou Ty = {0, X, {a}},
To = {0, X, {b}}, to1e T1, T2 elvor Tomohoyiec 670 X, evdd n T U Ta dev elvar tomo-
Novyia, agol {a}, {b} € T3 U Ty xon {a} U{b} = {a,b} ¢ T, UT,

‘Ouwe umdpyel 1 wxpdtepn Tonohoyia mou nepeyel Ty T U Ty, To Bio woylel
vio x&e owxoyévewr C, uTocuUVOAwY Tou X.

Ieétacr 1.1.10. FEotw X ovrodo kit C C P(X). Tdre vndpyer n ukpdtepn
tomodoyla T oto X ote n X va mepiéyer tn C.

Anddaén. Oewpoupe I' = {S C P(X) : S tonohoyin oto X pe C C S} TéHe I' £ ()
agoy P(X) € I'. Oé¢toupe T = ({S: S €T'}. Tore, and Ipbdtaon 1.1.7 n T elvou
tomohoyla oto X o mpogaveye C C T, Av topa § tonoroyio oto X pye C C S,
dnhadhy S € T, 161 T C S (amd tov oplopd e X). Anhodi n T efvan 1 uixpdtepn
TonoAoyia mou neptéyel v C O

Ogiopo6c 1.1.11. 'Eotw (X, T) tonohoyinde ydpoc xou B vnoowoyéveio tne T. H
B xahelton Bdon vy ty T, av xdide avoixtéd olvoho elvon pia évewon otolyeiwy e B.
Anhadh, av VG € T 3(B;)ier owoyévela otoyelov e B, dote G = |J,.; Bi. Ta
otoyelo e B Aéyovtan Bacuxd avouwtd cUvola.

i€l
ISiadtepa, oy el 1

T = {G C X : 3(B;)ier oxoyéveln otoyeiwy e B, dote G = U Bl} (1.1)
icl
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IMopathenon 1.1.12. Av X eivau éva osivoro, B C P(X) xau G C X, t61t€ 10 G
YEAPETAL WG EVOT TWV GTOLYELWY XETOLIG UTOOXOYEVELDS TNe B av xou ubvo av ya
x&de x € GIB € Bdote xz € B C G. Tlpdypar, yio o evdi éxouvue 6t G = ;¢ Bi
Yoo x8mota uroowoyévewr (B;)ier e B. Apaav x € G,Tig € I wote x € By, C
UZEI B; = G. Avtlotpoga, yia xdle x € G emhéyouvye B, € B: v € B, C G. Téte
G = U,eq Bay 6m0v (Bg)zeq unoowoyévela tne B.

Iedétaocr 1.1.13. Eotw (X, %) torodoyixds xdpos kar B C T. Ta axérovda eivar
1wodvvapa:

(i) H B etvar fdon ya tny X.
(i1) TIa kdBe G € T ka1 ya kd%e x € G,AB € B dore x € B C G.

Xy repintwon avtn, ya kdfe G C X éxovue:
Ge¥<— VeeGIAB € B, dorex € B CG.
Arndbeén. ‘Apeco and v Hapathenon 1.1.12 xaw tn oyéon (1.1) O

IMopadeiypoto 1.1.14. (o) Eoto (X, p) petpde yodpoc. H owoyéveieg B =
{B(z,e): z€ X, e>0}xu B ={B(z,1): 2 € X, neN}eu Bdoec yia tnv
tonoloyia T,. Edwd oto R pe ) ouvndiouévn tonoroyia, n B = {(a,b) : a,b €

R pe a < b} ebvon Bdom (onpeidvouye 6t (a,b) = (4E2, a5b)).

(B) Av (X, %) tonohoyxde ybpos xau B elvon Bdon v tnv T, t61E Adde ouxoyévela
B' ye B C B C T givou Bdon v v T. Ebdwed, 1 T etvon Bdom yio tyy <.

(v) Av (X, %) o duxprtdc tomohoyixde yopos, tote B = {{z} : = € X} ebvou (n
upoéTeEn) Bdomn v v T,

‘Onwe yiveton gavepd and t oyéon (1.1), wa tonoroyia xodopileton TAHpwS and
xade Bdon te. Ebvar onpavuxd, oung, vo e€etdoouue TOTE Ulal OLXOYEVELNL UTOCU-
VOV evO¢ cuvolou X amotehel Bdor yia xdnowa Tonoroyio oto X. Aol ta otouyeia
e owyéveloc authc Yo mpénel va ebvan ot Véon va mopdyouy xdide avouxtd ahvolo yio
exelvn) v tomohoyla, Vo mpénel va elvon oe éon vo mapdyouv xou to (Blo to X.
Enlone wo vnodhpia Bdomn Yo mpénet vor meptéyel xou «uixpdy oOvola, €Tol (HoTe Vo
e€aocpohiletar 1 eowtepxr] xGALPN avolxtdy cuvohwy. To mopandve Biatumdvetal
auoTned 6To axdroudo:

Oevpnpa 1.1.15. FEotw X ovvolo ki B C P(X). H B elvar fdon yu pia
(povadikny arnd tnv (1.1) ) tomokoyia oto X, av kai udvo av:

() X=UB=U{B: be B} xa

(B) Av By,Bs € B ka1 x € By N Bs, téte 3B3 € B dote € By C By N By (6nAadi,
and Hapatipnon , to B1N By €ivai évwon otoeiwy tng B yia kdde By, By € B).

Andbeaén. (=) Yrobétoupe 6t 1 B eivan Bdon vy o totoroyion T. Agold X € T

%o By N By € T v x84V By, By € B, énovton ta (i) xou (i4).

(<) Bétoupe T={GC X : 3C C B ¢ote G =JC}.
H % elvar tororoylo:

(i) 0¥ (v C=0) xu X € T (v C = B).
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(ii) Eow G1,Gy € . Totwe Gy = JC1 xaw Gy = JCa vy C1,C2 € B. Apa,
GiNGy=U{BNC: BeC(,C € Cy} émov BN C eivon évwon ototyeiwy
me B, Myw tou (8). Apa G1 N Ga ebvan évwon otoygeiov tne B, dnhadi
GiNGy eX.

(iii) "Eotw I ohvoho xou G; € T Vi € I. Téte 3C; C B vdote G; = |JC; Vi € 1.

Oétoupe C = ;¢ Ci. Tote C C B xon J;c; Gi = UC. Buvende U, Gi € T.
H B eivau Baon yia tnv E:
Aol vy xdde B € B éyovpe B € |JC v C = {B}, éneton 61 xdde otouyeio e B

avixer oty T. Apa, and tov opiopd e T, n B elvar Bdon yio Ty T. O

IMopadetiypata 1.1.16. (o) 'Eotw B = {(a,b] : a,b € R,a < b} (6mou (a,a] = ().
H B elvan Bdon yia xdmota tonoroyio tou R, agoi:

(i) R=UB (: UneN(fn,nD Ol

(if) Av (a1,b1], (a2, b2] € B t61€ 1 TopA (a1, b1] N (ag, be] avixer ot B, agov, eite
elvon xevi, elte (a1, b1]N(az, b2] = (a,b] ye a = max{ai,az} xou b = min{by, b }.

H povaduer tonohyila Tg tou R nou éyel Bdon v B ovoudletan tomodoyia twy a-
plotepd nuiavoxtdy Staotnudtwy. O tomoroyinde ydeos (R,Ts) = Rg xoheltar o
XWDEOS WV TEAYUATIXDY dEIIUDY UE TNV TOTOAOYIX TWV APLOTEQD NULAVOLXTEY BLHCTN-
uatwy. H tonoloyla T elvon peyohitepn and ) cuvidn tonohoyla T|.| tou R, di6t
av a,b € Rya < b téte (a,b) = U;:O:no(a,b— %], 6mou ng € N ote a < b— nio Apat
(a,b) € Ts. Axdun (a,b] ¢ T, pe (a,b] € Tg w emopévac T € Ts.

(B) H owoyévewr C = {(—o0,a) : a € R} U{(b,+00) : b € R} dev elvaw Bdon
yiot xdmotor tonohoyia Tov R diotL dev ixavoroteiton 1 ouvdxn (8') tou Oewphuatog
1.1.15. Tpéypat, av a,b € R,a < b, t61e (—00,a) N (b, +00) = (a,b), mou dev eivou
évwoor otolyelwy g C. ‘Opwe, 6mwe Yo dolue ovaAUTIXd TapaxdTtw, To oTotyeld TG
wopptic BN C' : B,C € C anoteholy Bdomn yio T ocuvrjdn tonohoyio tou R.

To tehevutaio mapddetyuo yac odnyel otov axdrouvdo oploud.

Optowoe 1.1.17. 'Eotww (X, T) tonoroywxos yopoc. M unoowoyévew C tne T
xohettan umofdon Yol TNV T av 1) OLXOYEVELN TWV TETERACHUEVWY TOUMY GTOLYEY TNG
C amotekel Bdon v v T. Anhadn, av 1

B:{mCi: neN,CiECYLai:LZ,...m}U{X}
i=1

elvon Bdon v v T
Av C elvou unoBdon yia tnv tonohoylo T, téte ta otouyela tne T elvan axpPdc To
oUVOAA TNG HOPPTG
n;
¢=JNc (1.2)
iel j=1
onou I audalpeto clvoro, n; € N Vi € I xau C} eC.

ITebtaom 1.1.18. Eotw C oikoyéveia vtoouwidwy evés auvvdouv X. Tote vndpyel
povadikn tomodoyla T oto X mov éyer vrofdon tn C.
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Anddatn. Eow B = {_,Ci: neN,C;eCyui=1,2,...,n} U{X}. Téte
X € B xau 1 topr) Vo otouyeinv tne B avixel oty B. Apa, and 1o Oedpnua 1.1.15,
n B elvan Bdon v xdmow tonoroylor T oto X. o tv T 1 C eivon umoPBdon. H
povadudtra éneton and tn oyéon (1.2). O

IMopathenorn 1.1.19. Av C C P(X) xa T tonohoyio oto X pe unoPdon  C,
t6te and ) oyéon (1.2) n T eivan n pixpdtepn tonohoyio oto X nov mepiéyel ) C.
‘Etol éyoupe pa devtepn anodelln e Ipdtaone 1.1.10, xatd v onolo neplypdpovtan
TLO XUTUCXEVAOTING ToL ovoLxTd oUvola Tng Tomoroylog X.

IMopadeiypota 1.1.20. (o) Eotww (X, T) tonohoyxde ywpos. Téte xdde Bdon
B e T eivon xon unofdon yio tyy T, Ipdypott, av B’ elvon 1 ooyévelr twy mene-
paopévey Topody otoyelwy e B, téte B C B C . ‘Apa n B elvou Bdon yio v T
Anhadt, n B elvou unofdon tne .

(B) H owxoyévewn C = {(—o0,a) : a € R} U {(b,+00) : b € R} eivoan unofdon yio
ouvidn tonohoyia oto R. Ipdypatt, €010 B 1 OOYEVELXL TWY TENEPAOUEVDV TOUWDY
otoyelnv e C. Mapatnpodue 6t Va, b € R, a < b, (—o0,a) N (b, +00) = (a,b). Apa
n B nepiéyel ) Bdom yio T cuvidn tonoroyia {(a,b) 1 a,b € R,a < b} xou mpogaveds
TeplEyeTon ot ouvidn tonoloyilo. ‘Etol, n B elvan Bdon xan cuvenng, n C unofdon
yioo T ouvidn Tonoloyia Tou R.

(v) Avéroya pe to (B), nC = {(—00,a] : a € R} U {(b,4+00) : b € R} eivon vroPdom
yioe TV Tonoloyio Tg TV UPIGTERE MULAVOLXTMOY SLUGTNUETWY.

1.2 KAicwotd oOVoAd, E0WTERIXO, XAELCTOTNTIA
xo cUVOEO

Kotd ) pehétn v Yetpixody YOpnv, Tépo and To avoixTd cUVOR, XEVTELXA OVTUXE-
{ueva Aoy ta XAeloTd ohvoha xS xou oL EVVOLES TOU ECWTEPXOV, TNG XAELCTOTNAS
xat Tou ouvopou. O idieg évvoleg Yo pog anaoyohfioouy xo Yo anodetydolv egicou
XEVTPIES XATE TN PEAETN TWV TOTOAOYAOY YOpwy. LNy avalhtnorn xot anodelln
TWV IOTATOY TV TUPATEVE OVTIXEWEVKY, 00NYOC uag Yo lvor tar avtioTolyo anote-
Aoyata mou epavilovion 6Toug UETELXOUS YWEOUS.

Optopdc 1.2.1. Eotw (X, %) tonohoywdc yopoc. Eva F C X xoheltoun xAetotd
o010 X (f xhewotd ¢ npog T), av T0 ouunhfipwud Tou eivar avoxtéd. Anhodh to F
ebvan xhetotéd av F° € T .

IMpotaor 1.2.2. Eotw (X, %) tonodoyikds xopos. Tore:
(i) Ta (), X efvar kAewotd oro X.
(i) H memepacuévn évwon klewotdy ouvddwy elval kAeiwotd odvolo.

(ii3) H avlaipetn topun) kAeiotdv owvdlwr elvar kAewoté ovrodo.

Anddaén. (1) 0°=X € T = () xhewot6, X =0 € T = X xheloto.
(ii) Eotw n € N xow Fy, Fy, ..., F, C X x\ewotd. Tote o FY, F§,... F¢

elvon
n
7 c ’ z
avouxtd. ‘Apa 1o (N FF = (Ui, Fi)" elvar avoxtd. Emopévec to |J, F;

elvan xAewoTo.
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(i) Avdhoya, ypnowonotdvtog 6Tt 1 audodpeTn EVWor avolxToY elval avoxTo.

O

Moapodeiypata 1.2.3. (o) Xto doaxpltd Tonohoyixd xdpo dha T uTocHVoha elvou
XAELWOTE (X0 GUYYEOVWC AVOLXTE).

(B) Zov teTpylévo TonohoYIXd YWEo To LoV XAEWoTd clvola efvan o ), X

(v) Av (X, %T) éyer tn oupnencpoouévn tonohoyio, TOTE Tal ¥AEWOTE GUVOR elvon Tat
TENEpUoUEVA xan To X

(B) Av (X,%) éxer t ouvopduiown tonohoyio, 1ot Tol ¥AEWWTE cUVOIY elvon Tat
apriunouo xon to X.

Ogiopodc 1.2.4. 'Eotw (X, %) tonohoyxde yodpoc xou A C X. To obvoro |J{G :
G C A xu G avouxté} Aéyetan eowteoixd tou A xan oupBolileton ye A° ¥ ye ints A.

IMapathenon 1.2.5. To A° eivar avowxtd chvoro mepiéyeton oto A xau elvar to
HEYOADTEPO Vo TO GUVOAO oL TEpLEYETOL 0TO A.

IMpoétaocm 1.2.6. Eotw (X, T) tonodoyikés xapos. Tdte yua kdde A, B C X:
(i) A°C A

(i) Ae T <= A°=A

(iii) (A°)° = A°

(iv) Av A C B, tére A° C B°
(v) (ANB)°=A°NAB°

Anddaén. (i), (i1) Apeoa, and v Iapatienon 1.2.5.

(34) Eneton and t (47) agod A° avoixtd.

(iv) Av A C B, t61e xdde avoxtd olvolo nou Tou meptéyetar oto A, meptéyetan xou
oto B. Enopévwg, and tov oploud énetan A° C B°.

(v)
ANBCA }@:vg (AN B)

° A o (e} (o)
ANBCB (ANB) C B }:”AQB) cA'NB

NN

Ané v () éyouye:

A°C A A°NB°CANB o o o
BOQB} A° N B° avowxtd }:A nB°c(AnB)
Apo A°NB° = (AN B)° O

Optopdc 1.2.7. Eotw (X,T) tonohoyixde yodpoc xaw A C X. To clvoro [{F :
F 2 Axu I xhewotd} Myeton xAetotétnta (1) xhelot] 9fxn) tou A xou ouuforileton
pe A 7 pe clg A.

IMopathRenon 1.2.8. To A elvor xhewo16 olvolo, mepéyet o A xou elvor to pu-
%xpOTEPO AAEWGTO GUVONO oL TiEpLEYEL TO A.

IMpoétaom 1.2.9. Eotw (X, T) tonodoyikés xipos. Tote yua kdde A, B C X:
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(i) ADA
(ii) A xleotéd <= A=A
(iii) (A) =4
(iv) Av AC B, wéve AC B
(v) (AUB)=AUB
Anédein. ‘Opota pe v anddeln e Ipdtaone 1.2.6. O

HMopadeiypota 1.2.10. (o) Av (X, T) evow 0 SlaxpLtéc TomohoYnde ydpog, Téte
A=A=A"VACX.

(B) Av (X, T) elvon 0 TETRUEVOS TOTONOYIXGS YWPOS, TOTE

o __ 07 A#X N 07 AZ@
A _{X, A=X > A_{X, A#0

(v) Av (X, %) éxel tnv ouunenepoouévr tonoloyla, ToTe

A0 — A, av A° nenepacyévo i A, av A menepacyévo
10 av A¢ dreo ’ X, av A drepo

HMapotneroeic 1.2.11. (o) H W&btnta (iv) Tou E0WTERIXOU Xl TNG XAELGTOTNTOC
yvevixebovtan Ue emaywyy, yio xde n € N xow A, Ag, ..., A, C X, w¢ e€hc:

(A1NAN...NA,)° = AJNASN...NAS xau (AjUAsU...UA,) = AjUAU...UA,

‘Ouwe oL oyéoelc autés dev toyVouy Yo dnelpes ToUES xat evioels. Lo mopdderypo
oto R éyoupe:

(A(LY) —or=voe A2 -A (42 -

(B) Aev woybouv yevixd: (AUB)° = A°UB°, (AN B) = AN B. T nopddetype 610
R,av A=Q xar B =R\ Q éyouye:

(AUBP° =R° =R xu A°UB°=0U0=10
(ANB)=0=0 xuu ANB=RNR=R
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IMeétaocm 1.2.12. Foww (X, %) tonodoyikds xdpos kar A C X. Tére
(i) X\ A° = (X \ A) 1§ wodbvaua, A° = X \ (X \ A).
(ii)) X\ A= (X\ A)° 1jwoddvaua, A= X\ (X \ A)°.
Arndbein. (i) Eyoupe dodoyind:
X\4° = X\ U{GQX: G avowts, G C A}
= ﬂ{X\GQX: G avowts, G C A}
= ({FCSX: Faeotw, X\ACF}

= X\ 4)

(#4) Ano (i), Yétovtac X \ A otn ¥éon Tou A, €youpe:
X\(X\A) =X\ (X\4)=4
Apa (X \ A)° =X\ A O
IMpétaocm 1.2.13. FEoww (X, %) tonodoyikés xdpos, A C X karx € X. Tére
r€EA=GNA#£D VGeT : xeq.
Anddaén. Ané Ipbroon 1.2.12(i1), éyouye:

reAd & xgé(X\A)o:U{GQX,Gowotx‘céxouGgX\A}
& VGeTuye GC X\ Awybeez ¢ G
& VGeTuereGuoyee GZ X\ A, dnadf GNA#D
O

IMapathienon 1.2.14. Av B eivar Bdon yio tnv F, 161 1) 1ooduvopia tne Ipdtaong
1.2.13 avodtatunveton o e€hc:

rc A<= BNA#() VBeB:xcB.

Moapddevypa 1.2.15. Ytov Rg, (a,b) = (a,b], Va,b € R pe a < b. Hpdypat,
(a,b) C (a,b) xou vy x € R\ (a,b)

e avx <a, t6te yio B = (z — 1,2] € B éyoupe BN (a,b) =0. Apa = ¢ (a,b).

e av x> b, t61e Yoo B = (b, z] € B éyovye BN (a,b) = 0. Apa z ¢ (a,b).

e vz =bxou BeByexe B, 6 BN(a,b)#0. Apa z € (a,b).
(6mov B 1 ouvhdng Bdon touv Rg)

Optopdeg 1.2.16. Eotw (X, T) tomohoyinde yopoc xau D C X. To D Méyetau
nuxvé oto X (f muxvé utocUvoho tov X) av D = X .

IMapathienon 1.2.17. And my Ilpdtoon 1.2.13, éva unocivoro D elvon muxvé ov
xou wévo av GND # P VG € T, G # . Avtiotoya, av B eivon o Bdon yio v T,
t61e T0 D elvon munvd av xaw wévo av BN D £ QG VB € B, B # .
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IMopadelypoto 1.2.18. (o) Av (X, T) civor 0 TETPWUPEVOS TOTOROYIXGS YDEOG,
T61e *qe un xevdé D C X elvan muxvo.

(B) Av (X, %) eivan o droxprtdc Tomohoywde yopoc, téte éva D C X elvon tuxvd oto
X av xou wévo av D = X, agol {z} € T Vz € X.

(v) Av (X, %) €yer v tomoloyio Tou Wiaitepou onueiou xg, tote T0 {T0} elvon TUXV
oto X.

(8) Xtov Rg 0 Q elvon muxvd, duétt Q N (a, b] # 0 yio x&de a,b € R pe a < b.

Optopde 1.2.19. Eotww (X, T) tonoloyxde yopoc, A C X xauw z € X. To
x xoheltow onuelo ouoodpevone touv A av v xdde G € T pye ¢ € G woylel 6T
ANG\ {z} # 0. ZupPoiiloupe pye A’ to cOvoro Twv onuelnv cusohpeucn Tou A.
To A’ xodelton nopdywyo olvoro tou A. Ké&de onuelo tou A mou dev eivan onuelo
GUOGOREVONG, Xohelton peuovwuévo onueio tou A.

IMapatrenon 1.2.20. Eva otoyelo x elvan onuelo cucowpevong tou A av xou
uovo av x € A\ {z}. Hpdyuatt, and tnv IMpdtaon 1.2.13 éyovue 61z € A\ {z} av
xou ovo av vl xdde avouxtd civoho G pe x € G woyldel (A\ {z}) NG # 0, dnhady
ANG\ {z} #0.

HMapoadeiypata 1.2.21. (o) Av (X, T) eivor o dlaxpltdc Totohoyixdc yopog, ToTe
A" =0y xdde A C X (nadpvouye G = {z} otov oplopd). Anhadi xdde onueio tou
A elvon yepovowpévo.

(B) Av (X, %) éxel tnv tonoloyia Tou Wuaitepou onuelou zo, téte {xo} = X \ {0}

Mesyuer, 7o ¢ {0} aupot {mo] \ {w] = 0 = 0, dga o ¢ (20} \ (o). Eriorc, o
x e X\ {zo}, t61€ 29 € {xo} agol {zo} \ {z} = {xo} = X, dpo x € {xo} \ {z}.

IMeotaor 1.2.22. Eotw (X,T) tonodoyikds xdpos kat A C X. Tére
(i) A=A"UA
(i) A kAewotd av ka1 pévo av A' C A

Arnédeitn. (i) 'Exouvue bt

ACA (Hpbraon 1.2.9)
A

CA (Upbroon 1.2.13)

e }:>AUA'§A.

Do v avtiotpogn oyéon, opxel vo delfovye 61t A\ A C A'. Boww z € A\ A xou
GeTuex e G. Agol x € A, éyoupe ANG # 0 (Ilpbtaon 1.2.13). Agol = ¢ A,
éyope (A\{z}) NG # 0. Enopéverc x € A'.

(73) Ayeco and (7). O

Opgwopdg 1.2.23. 'Eotw (X, T) tonoloyinde yopoc xow A € X. To clvoho AN
(X \ A) xareiton ovopo tou A xou cuuBorileton pe BdA.

IMapathenon 1.2.24. To clvopo evoc GUVOLOUL elval XAEWGTO GUVOAO, WS TOUT
AAEGTOV cLVOAWY. Emniéov woylel 61t BdA = BdA°® VA C X, dniady| xdde cbvoro
€xel 1o (810 oUVOPO UE TO CUUTATIPLUA TOU.

IMeotaor 1.2.25. Eotw (X, T) tonodoyikds xdpos kat A C X. Tére
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(i) BdA = A\ A°
(ii) BIAN A° =)
(iii) A = BdA U A°
(iv) Ta otvora A°, (X \ A)°, BdA uauepilovy to X.

Arédetn. (i) BAA=AN(X\A)=AN(X\ A°) = A\ A°.

(i7) BAAN A° = AN X\ A) N (X \ (X \ 4)) = 0.

(iii) BIAU A° = A°U (AN (X \ A)) = A°U (AN (X \ 4A°)) = A.
(iv) "Eyouyue dadoyixd

A°UBd AU (X \ A)°

AU (X\A)P°U[ANX\A)
A°U(X\ AP UAN

AU (X\4)

X

Emmhéov, A°N (X \A)P° CAN(X\A) =0, A°NBdA = § (ard T (i1)) xou
(X\A)°NBdA=(X\A4)°NBd(X \ A) =0. O

IMpdétaocm 1.2.26. FEoww (X,T) tonodoyikds xdpos kar A, B C X. Tdre
(i) Bd(0) =10

(ii) BdA = Bd(A°)

(iii) Bd(BdA) C BdA

(iv) ANBNBd(ANB)=AnNBnN (BIAU BdB)

(v) To A efvar avoixté av ka1 uévo av AN BdA = ()

(vi) To A elvar kAe10Té av kat udévo av BdA C A

Anédain. Aghvetan wg doxon. O

1.3 Aoxnosig
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Kegpdharo 2

Tomnmxec "Evvolec

2.1 Ileproyec xou Bdoeiwg Ilepioyodv

H npocoyr| poc tohpa yeTagpépetal amd TiC OMXES EVVOLES, TOU 0plOUUE GTO TEOTYOVUE-
VO XEQIAALO, GTY CUUTERLPOPE TN Tomoloyiag xovtd ot xdde onueio Tou ydpeou. T'a
x&de onuelo Tou ypou Fo Yewprioovye To GUGTNUA TEPLOYWY TOV, dINAUDYH TNV OLXO-
YEVELO TWV CUVOA®Y TIOU TEPLEYOLY TO OMUElo 0TO E0wTEPXS TouS. XTn cuvéyela Yo
MEAETHOOUUE OWXOYEVELEC PACIUGY TEPLOY Y TOL OTUElOV, oL oTtoleg amoTEAODY avdho-
YO TNG OLXOYEVELNS TV UTah@V e otaldepd xévtpo, oL onoleg anotéhecoy xevipixd
epYOoAElo xOTA TN PEAETY] TWV UETOIXMY YOPOV.

Optopodcg 2.1.1. Eotw (X, T) tonohoywmde ywpoc xou z € X. EvaU C X xohelton
ngploxr tov z av x € U°. To chvolo twv neploy®dy tou & xahelton oloTnuo Teplo)y
tou 2 xou oupBohileton pe Ny (A pe M yio Sidxpion e Tonoroylac).

IMopatneroeis 2.1.2. (o) Ioybet 6t U € N, <= IG € T pe z € G C U, agod
Ue=U{Ge%: GCU}.

(B) Zopgpwva ye tov oplopd mou €youpe dwoet, dev amauteltan and to odvoro U va
elvan avoxtd, v va efvon teptoyf. T mopdderypa, ov a,b € R, a < b, téte 70 (a,b]
oto R elvou teproyh) xdde onueiov = € (a,b), evd to (a,b] dev eivar avouxtéd oto R.

IMpoétaom 2.1.3. Eoww (X,T) tonodoyikds xapos. Téte ta ovotripata nepioyody
M, Exovr g €€n¢ 1616t TES:

(i) AvU €Ny, tre x € U (dpa U #0).

(ii) Av Uy,Us € My, téte Uy NU3 € N,
(iit) AvU eN, ke U CV C X, tdre V €N,.

(iv) Eva G C X efvar avoiktd av ka1 uévo av G € N, Vo € G.

(v) Av U € M, tdre vndpyar G € Ny ue G CU kat G € Ny Vy € G.
Arnddein. (i) AvU e Ny, tote x € U° CU. Apaxz € U.

(it) Av Uy, Uy € N, t6te ¢ € UP xaw x € US. Apaxz € U NUS = (Up NU)°.
Enopévwe Uy NUz € N,
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veN, = zeU°

(i4i) Ucv - UOQVO}:NEEV =V eN,.

() 'Botww G C X. To G ebvar avowxté6 <= G =G° <= G C G° < vy xdde
r€Goybetz € G° <= GeN, Vz eG.

(v) Botw U € MN,. Téte undpyer G € T ue v € G C U (Hopathpnon 2.1.2 (a)).
Tote, and my (iv), G € Ny, Yy € G. Edind, vy y = x éyovpe G € N,. O

Tapotnpolye 6t 1 wiotnta (1v) divel éva YapoxTNEIOWS TWV AVOXTHOY GUVORWY e
yeron e évvolac tne teployfic. Emlone o Wbidtnree (4), (i4), (44), (v) yopoxtneilouv
v Tomoloyia, xatd TV €vvola Tou axdhovdou BOewphuatog, To omolo pag TapEyEL
Evay ETTAEOY UNYAVIOUO THPAYWY NS TOTOAOYLEV.

Oewpnpa 2.1.4. Fotow X éva odrodo kai yia kdle x € X éotw N, pa un kevi
oikoyévela vmoovvodwy tov X e TS 1010TNTES:

() AvU € N, tore x € U.
(B) Av Uy,Us € N, téte Uy NU3 € N
(V) AvU eN, kon U CV C X, tote V € N,.
(6) Av U € N, téte vndpyxear G € N, téroo dote G C U ka1 G € N, Yy € G.
Oétouue T={GCX: GeN, Ve e G} U{D}. Tdre
e HT eivar tomoroyia oo X.

o To ovotnua mepioydy kdle onueiov x € X, wg mpog tnr E, efvai n oikoyéveia
N AnAady, M = N, ya kdde v € X.

Anéoan. H X elvon tomoloyia oto X:

(i) Ané tov opiopd e T, 0 € T. Axbun, agod Ny # 0 yio xdde x € X, vndpyel
Uy € Np, Up € X. Apa, amd v Wdtta (v), X € N, vy xdde z € X.
Yuvenoe X € .

(i) Eotw G1,G2 € T. Av G1NGa = ), t61e npogavire G1 NGy € T. AwgpopeTtingd,
¢otw z € G1 NGy Téte x € Gy xu x € Ga. Apa G € N, xon Go € N,
Ané v Wistna (B7) nodpvoupe 6t G1 N Go € Ny Agol to z € G1 NG ftay
TUYOV, €youpe 6L G1 NGy € T,

(iii) ‘Botw I audaipeto olivoro xau Gy € T v xdde i@ € I. Eotw x € (J;o; G
Trdpyet ip € I dote © € Gy € T. Apa Gy € Ny And v Wbt (),
nadpvoupe 6t ;e Gi € N Tuvende e, Gi € T.

NT =N, ya xdde v € X:

EBotw € X xou U € MNT, wa neployf v @ o mpoc tv T. Téte x € U°, ue
U° € X Apa U° € Ny. And v Buomna (), madpvouye 61t U € N, Tuvenoe
Ny C N, Vo € X. Avtlotpoga, éotw U € N,. Arnd v wbiétnta (§), undpyet
avouxtd ovoro G € N, pe G C U. Arnd v Wdtnta (o), éyovpe 6Tt & € G.
Yuvende G € M. Topa, agod G C U, éneton 6t U € M. Apa N, C MNT.
Arnodelydnpe howmdy 61t NT = N, 1o xdde = € X. O
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Oplopoéc 2.1.5. 'Eotw (X, T) tonohoyxde yodpoc xou z € X. M unooixoyéveia
B, tou N, Aéyetou Bdon neploydv Tou x, av yia xdde U € N, undpyel B € B, wote
B C U. Ta otouyeio tne B, Myoviaw Saoixée nepioyés tou . H B, (yo Sudxpion
Tnc Tomohoyioc) cuuBohileton xou ue BY.

IMopathenon 2.1.6. N, = {U C X : 3IB € B, yec B C U} Anhad¥ éva umo-
oUvolo Tou X elvol TEPLOYY TOU T oV o HOVO oV TERLEYEL Plal Baolxn Teployn Tou &
(n woétnta e€aoporileton and v Ipdtaon 2.1.3(4i1)).

HMopodeiypata 2.1.7. (o) To 9, civon Bdon teploydv tou .

(B) Av B, civou Bdomn Teploydy Tou x, 0t By =N, <= VB e B, xa U C X pe
B C U woybel U € B,. Ipdyuar,

(=) Ané Hpdraor 2.1.3(4i).

(<) Eotw U € M,. Tére, and tov oplopd tne Pdone neptoydyv, undpyel B € B,

&ote B CU. Ané v unddeon, énetou 61t U € B, (dpa N, C B,). Enoyévec
N, = B,.

(v) H owoyévein B, = {G C X : G avouxt6 xou x € G} elvou Bdon neploydv tou .
Ipogavae B, C N, xon yia xdde U € N, 10 U° € B, xaw U° C U.

(3) Xe xdde petpwd xodpo (X, p), n oxoyévewr B, = {B(z,e) : € > 0} elvou Bdon
neployy tou = (v xdde z € X). Ipdypoatt B, C N, vl x&dde B(x,e) eivou
avoixté alvoho mou mepéyel 1o . Av U ebvan pa nepoy) tou & (U € N,), tote
x € U° € %, dpa undpyer € > 0 vdote B(x,e) C U° C U, 6nou B(x,e) € B,.
Avéhoya, ov owoyévereg {B(z,e) 1 € > 0,e € Q} xu {B(z,1) : n € N} evou
Bdoeic Teploydy Tou .

(e) Xe xdde droxpitd tonohoynd yweo, N B, = {{z}} elvou Bdon neploydv Tou z,
agol By C N, xou v xdde U € N, éyovpe {z} € B, xou {z} C U.

Ieétaocm 2.1.8. FEotw (X,T) tonodoyikds xdpos kar yia kdle x € X, éotw B,
Bdon mepioydv tov x. Tdte

(i) Av B€®B,, tore x € B (dpa B #0).

(ii) Av By, By € B,, tdte vndpyel Bs € B, dote By C By N Bs.

(iii) Eva G C X elvar avoiktd av kar uévo av ya kdle x € G vndpyer By € B,
wote B, C G.

(iv) Av B € B, tdte vndpyet G C X dote x € G C B ka1 Vy € G 3B, € B, dote
B, CG.
Anddaén. (i) Av B € B,, t6te B € N,,. "Apa and Hpdtoon 2.1.3(7), z € B.

(i3) Av By, By € B, 161€ By, By € M. "Apa, and Hpbtaon 2.1.3(44), B1 N By € Ny,
"Apa, apol B, Bdon neploydy tou z, undpyel Bs € B, dote By € By N Bs.

(7i1) G avoxtdé <= G € M, Vo € G (Lpdtoon 2.1.3(iv)) < VYo € G 3B, € B,
oote B, C G (IMapothenon 2.1.5).

(iv) 'BEotww B € B,. Téte B € My, dpa undpyer G C X avouxtd, wote z € G C B.
And my (iid), yio xdde y € G undpyer By, € B, dote B, C G. O
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To axéroudo Oedpnua divel plo emimhéov pédodo xaTaoxeVNC TOTOAOYLDY, AVIAO-
N pe ™ pédodo tou Oewpriuatog 2.1.4, auth T Popd Ye xevTelxr Evvola T Bacixy

TEQLOY .

Oeswpnua 2.1.9. FEoww X éva ovvoro ka1 yia kdle x € X éotw B, a un keviy
01KOYEveln UToTuVoAwy tov X e TS 1010TNTES:

(a’) Av B € B,, tte v € B.

(B) Av By, By € B,, téte vndpyer Bz € B, dote B3 C By N Bo.

(y) Av B € By, tére vndpyer G C X, tétoo dote x € G C B ka1 yua kdle y € G
vndpxer B, € By dote By C G.

Oérovue T ={G C X : ywa ki x € G vrdpxer B € B, dore B C G} U {(}. Tére
e HT elvar tomodoyia oo X.

o Ia kdle x € X n owoyérveia B, elvar pua Pdon mepioydy tov & ws mpos Tny
Tomodoyia K.

Anédeifn. H onddeilrn eivon avdroyr ye auth tou Oewprjpatog 2.1.4 xou yU autd a-
QVETOL G AOXNON). O

Ocewpenpa 2.1.10 (Kewtrpwo Hausdorff). Eotw X ovvolo kar T1, Ty 600 tomodo-
yies oto X. Ia kdfe z € X éotw BL, B2 Bdoeg mepoycr wov x ws mpos Ty kar Ty
avtiotorya. Tote ta axdovda elvar 1w0odlvapa:

(a’) (3:1 Q 32
(B) I'a kdbe x € X ka1 By € B, vndpyer By € B2 dore By C By

Anédeitn. BOewpolye TN cuvInm:
(v) ML C N2 yio xdde v € X

omou ML, M2 elvor Tot oUGTALATE TEPLOY Y TOU T ¢ Tpog T1 xu T avtioTolye. O
deiouue 61 (o) <= (Y) <= ().

()=(Y) Eotw v € X xau U € NL. Téte undpyer G € T; dote . € G C U. And
10 (o) émeton 611 G € Ta. Apa U € N2. Enopévee NL C N2.

(Y)=() Eotww G € Ty. Téte G € N Vo € G (pbroon 2.1.3(iv)). And o ()
éneton 611 G € M2 Vz € G. Apa G € Ty. Enopévee T; C To.

(¥)=(P) Eotw x € X xu By € BL. Téte By € N, dpo and w0 (v), By € N2.

Agol B2 eivau Bdon meploydv Tou T ¢ Tpoc T, émeton 6Tl undpyel Ba € B2 ue
B, C B;.

B)=(Y) Eotww z € X xu U € ML, Agod B! elvon Bdon neploydv touv = w¢ mpog
T4, undpye By € Bl dote By CU. Ané 1o (), undpyet By € B2 dote By C By.
Téte By CU n éto1 U € M2, Enopévac Nt C N2. O

IMpotaon 2.1.11. Eotw (X,%) tonodoyikds xopos kar B C T. Tdre, n B elvar
Bdon yua ty T <= e kdde x € X n owcoyéveia B, = {B € B: x € B} eivai
Bdon mepioydy tov x.
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ArnddeiEn. O yenowonotficoupe To yopoxtneowéd Bdone yio ty T (Ipdtaon 1.1.13).

(=) Eow z € X. Eyouvue B, C N, dbt xdde otoyelo tne B, elvon avowxtd xou
nepéyel o z. ‘Eoww U € M. Tote z € U° € T. Aol B elvon Bdon yia ty T, and
v Ipdtaon 1.1.13, undpyer B € B: x € B C U°. Ilpbgavire B € By xaw B C U.
‘Eneton 6t 1 B, elvan Bdon meploydv tou .

(<) Eotw G € Txawxz € G. Téte G € N, Agod B, Bdomn teptoydy Tou T, UTdpyEL
B e B,, bote BC G. Tote Be Bxouwx € BCG. Apa, and tny Hpdtaon 1.1.13,
n B elvou Bdon meproyddv yia v . O

Suunepalvouue OTL OMXE EQWTAUATA, OTWS TO AV PLo ToToAoY(a etvon 1oyvedTEEN
oo Lot GAAY), HETOPEACOVTOL XAl OOV TOVTAL TAHEWS UE XEHOY TOTUXWY EVVOLADY, OTWG
oL Bdoeic TEPLOYWV.

2.2 ®Pirtpa xouw Yreppiltpa

H évvola tou gihtpou xon avtiotolya, Tou unepilteou, anotehel Eva loyuEd epyoaleio
1600 Y TN Oewpla Luvdrwv 600 xou yia Ty Tonohoylo. H onuocio twv unepgii-
TV elvor paveph xatd Ty Teptypaph tne Stone-Cech cuunayomoinone Tou cuvéLoL
TWY QUOIXWY OELIUMY, OAAG Xa p€oat oo TIC ThOVGLES EQapHOYES. Mol Un TETEIIUEVN
e@apuoyn anotehel 1 anddellrn tou Oswpruatoc Ramsey, tnv omola Yo napovctdcovue
TopoxdTw. O BLOTNTES EVOC GUGTAUTOC TEQLOY WY Xou Wi BAonE Teploydy eVOg o1
pelou oe évav Tonohoyixd yweo mapoucidlouy Wiaitepo cuvololewpntixd eviiapépoy
YU oUTO ATOUOVEVOVTUL GTOV 0ploWd Tou QIATEoL.

Optopoc 2.2.1. 'Eotww éva alvoro X xau F Uiol Un XEVY| OLXOYEVELN UTOGUVOAGY
tou X. H F xodelton @idteo oto X av ixavorotel tig e€rg BLoTNTES:

i) 0¢F
(i) Av A, Be F,t6te xan ANB € F.
(iii) Av A€ Fxu B2 A, t6te B F.
e autd o onpelo Va Aray yéviwo va avapwtniel xavels To Yo orjuaive 1 gedon
«peYdho» unoclhvoro tou X. Me dhha Adyia, TL eldoug WBLdTNTES Vot avaévope Vo

IXOVOTIOLEL [l OWXOYEVELL L, «UEYAAWVY UTocLVOAwY Tou X; Ilopodétouye xdmnoleg
HEGANOY QUOLONOYIXES WBLOTNTES:

e XeLlxuldé¢L.
e AvAe Lxuw BD A, tbéte Be L.
Trdpyouv xu dhhec WBLoTNTES, Ue meprddpta dampaypdtevons. Avo mibavée elvon ot
e Acev unopel va undpyouv A, B € L, ye AN B = ().
e AvAe L xuB¢Lywxdnow BC A, téte A\ B e L.

H teheutalo 1BL6TNTA eUneplEYEL plot EVvola oToaepdTNTAS Yiol TNV ouxoyeévela L: €val Je-
Y&Ao cUvoho dev umpopet va yivel un-ueydho egantioc wiog agaipeong evog un-pueydhou
utocuvOlou tou. Mo cuvénela autol efvar to 6Tt av A, B € L ,;téte xow AN B € L.
Avuté dbt, v ANB ¢ L, t6te A\ (ANB),B\ (AN B € L), od\& awtd to ohvora
elvon E€va. H évvola tou umeppidtoou amotunivel TApwe 0 QUoT Tou «UeYEédoucy,
OTWE AUTY TEPLYPdPeTAL And TIC TECOEPLS LOLOTNTES TIOU AVOPEPUE.
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Opiopoc 2.2.2. Eva ¢ihtpo xokelton uneppidteo av eivor peyiotnd (we mpog
oyéom tou mepléyeodar). Anhady, éva gilteo oto X elvon unepgihteo av Sev teptéyeton
yviola ot xavéva ¢ihtpo oto X.

IMopdderypa 2.2.3. T éva un xevéd S C X, 1o obvoro F(S)={ACX: SC
A} elvon éva gihtpo. To F(S) eivon unepgihtpo av xaw pévo av S = {x}, povooivolo.
Ye auth v mepintwon yedgpouvye F(z) avti tou F(S).

Opiopo6c 2.2.4. 'Eva urnepgihtpo F xodeiton mpwtapyixd () TeTpiguévo) av undpyel
z € X wote F = F(x).

Oplopog 2.2.5. Ou Aéue 6Tt Uial PN xevr) owoyévela Z utocuVOAwY Tou X €yel Ty
WOLOTHTA TNG TETEPACUEVNS Touric av Yo xde n € N xou Aq, Ag, ..., A, € T woybel
on (i A # 0

IMapdderypo 2.2.6. Kdie gpiktoo €xel v 1B1OTNTA TG TENERACUEVNS TOUNS.

IMedtaocm 2.2.7. Av F elvar pua un kevij owcoyéveaia vnoouvvdwy tov X pe tny
1616TNTa TNS TEMEPAULEVNS TOUTIS, ToTE Undpyel éva uneppiltpo F' oto X pe F C F'.
Idwatrepa, kdOe giktpo mepiéyetar o€ éva vneppiltpo.

Anddeiln. Oewpolye TNV OLXOYEVELL
F={Z CP(X): ye F CT xoun T éyet v WBLOTNTA TNE METEPAOPEVNS TOUAC}

Yty owoyévewr I' Yewpodue tn pepweh didtaln (I, <) pe Iy < Iy <= I; C Ts.
‘Eotw C pa oduoida oty I'. Téte n Z = |JC € T'. Tlpdypott, £YOUUE TROQAVAS
ot F C I xow av Ay, A, ..., Ay € I, totE UNdpyel oTolyelo g ahuoidog Zy mou
vo epLéyet Oha o Aq, Ao, ..., Ay xon agol Iy € T, éyouvpe 6t () A; # 0. Apa
xade oduoida ot I' €xel dvew @edypo. Luvenog, oand to Afupa tou Zorn, undpyel
peyiouxd otoryelo F' € I'. IoyvpWldpacte bt to F' elvon vnepgihtpo. Hpdyport,

o ) ¢ F' ool 1o F' éyel TNy WBLOTNTOL TNG TETEPACUEVNC TOUNG.

e Av Ae F xu B D A, t6tc B € F, dibtt daopetind Yo unopolcope vo
emouvdhoupe 10 B oto F ywpic var PALPoude TV BIOTNTA TNS TETERAUOUEVNS
TOPNAC.

e AvA Be F', t6te ANB e F', vy tov {do Aovo.
‘Etol, 1o F' ebvau gihtpo. Av G ebvau glhtpo e F' C G, t6te G € T xou and 1
peytouxdtno tov F, éneton G = F'. ‘Apa 1o F' elvon uneppihtpo. O
ITépiopa 2.2.8. Eoww F ka1 G vreppidtpa oto X. Tote
(i) Av ya éva B C X wyvea éuu BN A +# () yia kdfe A € F, tére: B € F.

(i) Av yia A, B C X wyvel dut BUA € F, téte to F mepiéyer tovddyotov éva and
wa A, B.

(1ii) Av F # G, téte vndpxour A € F ka1 B € G dote AN B = (.
Andbeaén. (i) Iapotnpolpe 6t n owovévewr B={ANB: A€ F} elvou un xevi xou

EXEL TNV WOLOTNTA TNG TEMEQUOUEVNC TOUNE, CUVETWE ETEXTEVETAL OE €va UTEPPIATEO
F'. 'Eyouvpe 61 B € F', odh& xou F C F' (ywi;). Apa F = F' xu B € F'.
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(i1) Av A, B ¢ F, t6te and (i), undpyouv C,D € F wote ANC =0 xao BND = 0.

Apa (AUB)N(CND) =0 xou agpod CND e F éyovpe b AU B ¢ F, npdyua

dtomo.

(iii) Agov G € F, urndpyer B € F\G. Apa, oné (i), vndpyer A € Fuye ANB =0. O
Me enaywyt, propolue vo. yevixeloovue t (#4) touv Hoplopatog 2.2.8 we e&hc:

IMépropa 2.2.9. Eoww F éva vrneppidtpo kat A € F. Av to A ypdpetar A =
A1 UAU---UA,, téte tovddyiotor éva and ta A; aviiker oto F. Av emmAéor ta A;
etvar Eéva avd Vo, tote akpifds éva and ta A; avrker oto F.

Afvouue tépa €va YapaxTNElond Twv LTEp@IATEwY.

IMebtaocm 2.2.10. Eoww X éva ovvodo ka1 F pua oikoyéver vnoovvédwy tov X.
H F efvar vrepgidtpo av kai pudvo av ikavororel ta axddovda:

(i) 0 ¢ F.
(ii) Av A,B€ F, téte ANB € F.
(i) Ia kdBe A C X, efve A € F efre A° € F.

Idwatrepa, éva gpidtpo G oto X elvar vreppidtpo av ka1 pévo av ya kdle A C X, efte
Ae€G eflte A°€g.

Anddeln. Av n F elvon uneppiltpo, TOTE TEOPAVIE IXAVOTIOEL TIC TUPATAVG GUY-
Vfxec. Avtiotpoga, éotw 6t n F wavonoel Tic (i), (4), (44). Eow A € F xau
B D A. Trodétovtac 61 B ¢ F naipvoupe 61 BC € F i étor ANB® =0 € F,
mpdyua dromo. Xuvende 1 F eivor gihtpo. H peyiotindtnro e€acpaiileton and tny
(#41). O

‘Eva oxépn onuavtixd anotéheopo mou Yo ypeloTolUe elvan 1 Unapsn W) TeTpL-
HEVWY UTERPIATEWY.

ITpétaom 2.2.11. Eotw X éva dreipo ovvoro. Téte vndpyer un tetpiujuéro vmep-
@idtpo oto X. EmmAéor, kdle otoryeio €vos un tetpipupuévou unepgiltpou eivar dreipo.

Anédein. To éva dnepo obvoho X, 1 owxoyévela C TV GUUTETEQUOUEVLY UTOCU-
VOV Tou X (Snhadh TV CUVOAWY HE TEMEPUOUEVO GUUTAApLUA) EXEL TNV BLOTNTA
e nmenepacuévne Touhc. Apa, and Ipdtaon 2.2.7, n C nepéyeta oe éva umep@ii-
tp0 F, 10 omolo eivan BéPanat un tetpppévo (vat;). To ot xdlde otouyelo evég un
TeTpLpévou uneppihtpou elvon dnelpo, énetan ducoo and tny Hpdtaon 2.2.8(i7). O

YN ouvéyelo xaTtaoxeLElOUUE EVay TOTOAOYIXO YWeo Tou Vo Yog Anoo)yoMoEL

APXETE GTO UEANOV.

IMapddevypa 2.2.12. Eotw F éva un tetpiuuévo unep@iitpo ato cbvoro N twy
puoxv aptiudy (n VropZn tou onolou elacgakiotnxe and v Ipdtaon 2.2.11).
Optloupe o chvoro

Y =NU{F}

xou Y€Touye yio Ta oTolyelo Tou Xt
B, ={{n}}vaunecNxuBr={AU{F}: AcF}

O owxoyéveiee B, n € N wovonotoly e tetpluévo tpémo tig ouvifxes tou Ocw-
puatoc 2.1.9. EXéyyoupe tic cuviixeg yia v Br.
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(o) Hpogavire F € AU{F} yia xdde AUF € Br

B) Av A U{F}, AgU{F} € Br, 16t (A1U{F})N(AU{F}) = (AiNAy)U{F} €
Br, apol (A1 N Az) € F (to F eivon piktpo).

(v) Av AU{F} € B £, ¥toupe G = AU{F}. pogavire F € G C AU{F}. 'Eotww
wpay € G. Av y = F, 9¢toupe By = G € B, xou éyovue tetpipuéva By, C G.
Av y € A, 9étoupe By = {y} € B, xau éyouvpe 6 B, C G.

Apa, and 1o Oewpnua 2.1.9, undpyel totohoyla T oto X oty onola xdde z € X €yel
™ B, w¢ Bdon meploydy Tou.

Tapatnpotpe 6Tl xdde onueio n € N elvon pepovwyévo otolyelo tou X, evd o F
elvan onuelo cucowpevong Tou . Enlong, to N elvor nuxvéd unocivoro tou . To ét
T0 F elvan umeppihtpo e ypnoionotinxe ouclaoTind Yo Tov oploUd tng Tonohoyiog
Tou yopeou 2. H yenowodtnta Ya qovel, dtay emotpédouye ot UEAETY TOL YWpou X
X0l TV WBLOTATOY TOL.

K\etvouue authv tnv avagopd uac ota gihteo xa TiC WOLOTNTEC TOUG UE ial EVOLa-
(€pPOLCU EQUOUOYT. LNUELOVOUUE OTL yia éval cUvoro S xau évay apltiud n € N da
ouuBohilovye pe [S]™ 10 clvoro {A C S : |A| = n}, dnhadh TNV OOYEVELL TV
UTOCLYOAWY TOL S e axEPBOS N GToLyEld.

Oevpnpa 2.2.13 (Ramsey). Eotw X éva drepo ovrvodo, n,r € N K1 éotw én
[X]" =AU AsU---UA,. Tére vrdpyer j € {1,2,...,r} ka1 éva areipo vroovrodo
S wouv X, éron dote [S]" C A,

Ipotol mpoywericouue atny anddeiln, ac e&nyroovue Alyo to dho mhaicio. Mno-
polue va utodécoupe 6Tt Ta olvora A; mou xahdntouy to [X]™ efvon avd do Eéva
(ywor;). Axdur, ouvndiloupe vo oxeptdpocte toug aprdpoie 1,2, ..., 7 o éva nene-
paopévo TABoC yewprdtey xi 6Tl éva olvolo T € [X]™ éyel 1o ypwuo i av T € A;.
Téte 10 Oedpnua avdyeton 610 6T, v 10 6UVoRo [X]™ ypwpatiotel ue tenepacuévo
Thidoc ypwudtwy, Tote LndpyEL dnelpo utocivolo S tou X, €tol dote to [H|" va
elvan yovoypwpatixd.

Anéoeién. Ilepvivtog oe éva unocUvolo tou X, unopolye vo unotdécouye 6Tl 1o X
ebvan aprduriowo (dnewpo) obvoro. Xdpwv anhdtntoe, avixathotodue to cUvoho X ye
éva alvolo (Brou mhndopiduou, to N epodiacpévo e ) cuvidn Sudtaln.

Ta n = 1, to ouunépacyoa eivar dueco and tnv opyh Tou llepiotepdva. Ilo-
povatdlouvpe Ty anddelln yioo TV amhodoTERN Un TeTEWuéVn Tepintwon, n = 2. H
yevi neplntwon agrivetar ¢ doxnon. Ouctaotixd Yo epyaoTolue 61N GUVEETNO
XEOUATIOUOV

c: [N? = I={1,2,...,7} pe c({z,y}) =i <= {w,y} € A;
‘Eotw F éva un tetpupévo uneppilteo tou N. T i € I xan € X Hétouyue
Ai(z) ={y e N: c({z,y}) = i}.
Téte yio xdde © € N 1o sOvohar A; () eivon Eévar avd 0o xou 1 évewon Toug efvan 10
obvoro X \ {z} € F, agob to F eivon un tetpippévo. ‘Enctan oL undpyet oxpBodc

éva i € I této10 wote A;(z) € F. Ttn ocuvéyewa Yétouue

Bj={zeN: Aj(z) e F}.



2.3. ASKH3IEIT - 23

Toa Bj xohbrmtouy 10 N %o omd to mopomdve mpoxdntel 6tL emmiéoyv elvan E€va avd
ovo. 'Etot, undpyet wovadixd jo € I wote By, € F.

ot TV %ATAGKEVY] TOU HOVOYPWUATIXOU UTOGUVOAOU €pYalOUAOTE ETOYWYIXG.
‘Eotw a1 € Bj, toydév. Av éyouue emhé€el a, as, . . ., am €T0lL Wote c({as, at}) = jo
v xdde 1 < s # ¢t < m, opilouyue

5= Bj,N ﬂ Ajo(as)

s=1

To S elvar nenepaopévrn touy otolyelwy tou F, dea S € F. Emiéyoupe otouyelo
am+1 € S\ {a1,a2,...,am}. Autd ebvor epixtd, apol to F eivon un TETPYMEVO Xou
xatd ouvéneta xde otouyeio tou eivon dneo (Ilpdtaon 2.2.11).

2.3 Aoxnoseig
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Kepdiowo 3

20YHALOT xouw ZVVEYELN

3.1 20yxAion AwxtOwy

[t T YEAETN TWV UETEIXMY YOPWY XL TOV TOTOAOYIXOV WBLOTHTWY TOUG, XEVTELXAG
onpactoc péco anotéhecay ot axorovdes. H yenotixdtntd toug evioniotnxe o xoy-
Buxd onuela, 6Twe 0TO YapaxTNELOUS TNE XAELCTOTNTIC EVOC GUVOROU 1| TNG CUVEYELIC
wag ouvdptnone (apyh e petagopds). O oplopds e ovyxhong oxolovhdy ye-
vixeVETAL PUOLOAOYIXE YLor axohoudiec oe tomohoyxols yweoue. Tt To Aéyo auto,
pofveton 8630 To Vo EETACOLUE XATE TOGO 1) Evvola Tng oxxohoudiag etvon eovy) va
dlaTnenoeL Tov XevTpnd auTtd POAO GTNV EVPVLTEEY) XAAOT TWV TOTONOYIXOY YWEWV.

Optopdc 3.1.1. Eotw X tonohoyixdc xdpoc, (Xn)nen Wit axoroudio oto X xou
r € X. Aépe 6T oxoroudia (x,,) ovyxdiver oto z (Vo ypdyouue x, — ) av yiol
x&de nepoy) U € N, undpyet ng = no(U) € N dote z, € U yia xdde n > ng.

IMopathApnon 3.1.2. Eiva eugavéc 6t av 1 oxohovda (x,) ouyxiivel oto x, tdte
x&de vroxohoudia (zk,) e (x,) cuyxhivel oo x.

Mopodeiypata 3.1.3. (o) Utov tonohoyxd yoeo (N,T), énouv T n cuuneneo-
ouévn tonohoyia, N oxohovdia (z,) pe =, = n Vn € N ouyxhivel oe xdde = € N.
Mpdypat, éotw ¢ € Nxaw U € M, Tée x € U® € %, dpa X \ U°® nencpoouévo
xou pogavee X \ U nenepaopévo. ‘Apa undpyet ng € N wote 2, ¢ X \ U vy x&de
n > ng, OnAady z, € U. Enoyévee z, — .

(B) Xtov Tonohoywd yweo (X, T), émou X vnepaprduriowo cOvoro xa T 1 cuvoptd-
unown tonoroyio, napatneolue to e€Ne:

o Av (zy,) axohoudia oto X xau z € X dote x,, — @, T0TE N () clvon tEMKS
otoep| xou {on pe = (Smhadh undpyer ng € N dote z, = = v n > ng).
‘Eotw, 1pog dtono, 6T 1 (x,) dev eivar telxd otadepr) xou fon pe z. Tdte to
{n € N: z, # x} clvu dnepo civoho. Apa undpyet (zk, ) vraxoloudio tne
(xn) pe zg, # = v xdde n € N. Oétoupe U = X \ {xy, : n € N}. Téte
zeUxme¥, dpa U €Ny Axbun i, ¢ U v xdde n € N. Enopévec
Tk, - T, TEAYUN TOL EQYETAL OE avTi(aon Ye To OTL Ty, — .

o X' = X. Tlpdypatt, éotw © € X. Téte yia xdde U avoxtd ye x € U éyoupe
UNX\{z} =U\{x} # 0, apo’ 10 U eivan urepoprduiowo (yiotl;). Enopévac
zeX'
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‘Etol, v xdde x € X éyoupe x € X \ {z}, ahld dev undpyel axoroudia (z,) oto
X\ {z}, dote z, — .

Ta mopandve mopadelypota xdvouv Qoavepr, oyt wévo 1 otépnon twv cuvRdwy
XOAOVY WBOTATOV TV axohouthdy, étwe 1 povadixdtnta tou oplou (Tlapdderypa
3.1.3(at)), ahA& xou THY avixdvotnTa Tous vor Teptypdouv TAipns EVVoles, 6Twe auTh
e xiewototnroae (Hopdderypo 3.1.3(B)). Etot, 1 évvowa tne axoroudioc goiveton vo
elvon pdhov avemapxrc yio toug oxomolg pog. Auth 1 todoyévelo evtomiletan, xatd
%x0plo AOY0, 070 OTL OAeg oL BAoElg TEpLOY Y EVOC amueiou GE Evay TOTOAOYIXO Y(OPO
evdéyeton vor efvon (mAndoprdpind) Told YeyolUTEPES andG TO GUVONO TWV (PUOLXEMY
apriumy. Enopévwe, av emdugolue vo yeixebooupe Ty évvola Tng axohouvdoc €tol
DOTE TO VEO aVTIXE(UEVO Vo Elvan oV Vo TERLYRAPEL EVAy TOTOAOYIXO YPO, OTWG
axeBide xou oL axohovdec oTNY TEPITWOT TWV UETEIXWY YOEwY, Vo TEENEL VoL ETL-
Tpédoupe oo avtixelpevo autd va oplletan oe audalpetar «ueydhoy chvola (to omolo
Yo elvan egodidlovtan e v eNdyLotn xavi| évvolo didtaEne).

Opiop6c 3.1.4. Eoww (A, <) éva mpodiatetayuévo otvoro (dnhadh a < a v
%xdde a € A xaw ov a,b,c € Apea <bxub < ¢ 16t a <) To (A, <) Aéyetu
xatevduvduevo olvolo, av v xdde a,b € A undpyel ¢ € A dote a < e xa b < c.
H duixr oyéon >, e < opiletan ¢ e€hic: a > b <= b < a. Aéye t61€ 6L 0 @
mponyeital Tou b.

HMapadeiypata 3.1.5. (o) Kdde ohxd datetaypévo chvoro eivon xateuduvopevo
olUvoro. Ewdwd ta N, Z, Q, R elvar xoteuduvéopeva pe ) ocuvidy ddtoln.

(B) To Suvapooivoro P(X) xdde ouvéhou X elvan xatevduvbpevo obvolo ue Tic:
A<{B << ACB xaa A<y B < ADB.

(v) Eoto (X, %) tonohoyindc yweoc xaw z € X. To N, eivow xatevduvdpevo olvoro
ue TNV

ULV <= UDV (%)
Mpdrypatt, to (My, <) elvon npogoavae npodiatetayuévo. ‘Eotw topa Uy, Us € N,.
Téte yioto U = Uy NU3 € Ny €xovpe 61 Uy < U o Uy < U.
Fevixdtepa, av B, elvon fdorn neptoydv tou x, 1dTe 10 B, elvon xatevduvouevo cOvoro
ue Ty ().
Ogwopoi 3.1.6. (o) Eotw X olvoro. 'Eva dixtuo oto X eivou pia suvdptnon
p:A—= X, émou (A, <) ebvan xateuduvéuevo un xevé civohro. Otoupe p = p(A)
xou cupBolilovye To dixtuo p pE (Pa)aeca N UE (PA)-

(B) Eow (X, %) tonohoyinds xoeoc, (a)aea €vo dixtuo oto X xou x € X. Aéue
6Tt 10 dixtuo (Pa)aea ouYxAiver oto z, av Yo x&de U € M, urdpyet Ag = Ag(U) € A
Gote py € U v xdde A > Ag. T'pdgpoupe té1e py — 2 1 limy py = 2.

HMapatrienon 3.1.7. Ipogoavaog xdde oxolovdia oto X elvon dixtuo e xorrevdu-
véuevo alvoro 1o (N, <). Ee authv v neplntwon, o optowds e olyxhiong dixtdou
GUUTINTEL UE TO YVOOTH 0ploUs NG cUYXALOTG Ui axoloudiag.

HMapodeiypata 3.1.8. (o) Av (X,T) clvon o daxpltde Tomoloyxdc ympeoc, éva

Bixtuo (pa)rea ouyxhivel o éva x € X av xou pévo av utdpyel A\g € A dote py = x
v xdde A > Ag (apod {z} € M,).

(B) Av (X, %) eivon 0 teTppévoc TOTONOYIXOC YWpoc, xdie dixtuo (pa)rea oT0 X
ouyxhivel oe xdde = € X, agod N, = {X}.
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IMTopathenon 3.1.9. Eow (X,T) tonohoywde ywpeos, € X xan 10 xateudu-
vopevo oOvoro (B, <). T xdde U € B, emhéyouue py € U. 'Etol opiletan éva
dixtuo (pu)ves, . loydel ét py — =.

IMpdrypatt, éotw V € N, Téte undpyer Uy € B, ue Uy C V, agol B, Bdon neploy oy
tou z. T xdde U € B, ye U > Uy éyovpe py € U C Uy C V. Apa py — w.

IMedtaon 3.1.10. Eorww (X,T) rorodoyikds xapos, A € X xarxz € X. Tore
x € A < vndpyel diktvo (pr) oto X dote py € AVA € A ka1 py — x.

Arnédaén. (=) Trodétouvue 6t # € A. Téte ANU # 0 v xdde U € N,. E-
mhéyouue py € U v xdde U € N,. Téte 10 (py)uem, ebvon éva dixtuvo oto X.
Mpogavi py € AVU € N, xan agol py € U VU € Ny, and v Iopathenon 3.1.9,
éyouue 6Tl py — .

(<) Eotww U € M, Agol py — z, undpyel A\g € A dote py € U yio xdlde A > A.
EWlwd, pr, € UNA (apol py € AVAEA) nétat UNA#D. Apa UNA # 0y
x&de U € M, xon ouvende © € A. O

IT6gwopa 3.1.11. Eotw (X, %) tonodoyikds xapos kar A C X . Tére

(i) A Klewtd <= ywa kdOe biktvo (Pa)rea 0t0 X ka1 ya kdde x € X e
pr € AVA €A ka1 py — z, wxVea z € A.

(i) Eva onueio x € X elvar onueio ovoodpevons tov A <=  vurndpyer diktuvo
(Px)ren 0t0 X, dote py € A\ {z} VA € A ka1 py — .

Anédetn. (i) Axdewotd & A=A < AC A. To ovunépacyo éneton and TNV
ITpbtaon 3.1.10.

(73) 'Encton and tny Hpdtoon 3.1.10, agod x € A’ <— z € A\ {z}. O

Optopoi 3.1.12. () Eotw (A, <) xatevduvépevo clvoro xau N C A. To N
xahelton opotedixd (oto A), av yio xddhe A € A undpyet v € N pe v > A

(B) Eow (A, <), (M, <) xatevduvdpeva odvora. Mo cuvdptnon ¢ : M — A xahelton
ab&ouoa av Yot xdde i, po € M pe p1 < pg woyder ¢(p1) < o(uz).

(v) Eow p : (A, <) = X éva dixtwo oto X. M ouvdptnon ¢ : (M, <) — X,
omou (M, <) xateuduvéuevo olvolo, xahelton UTOBIXTUO TOU P av LTdpyEL avEouoa
ouvdptnon ¢ : (M, <) = (A, <) dote 10 (M) va ebvar opotelxd oto A xaw ¢ = po¢.
Aépe t61e 611 T0 LTdixTuo ¢ xadopiletan and to Levyoc (M, ¢). To urodixtuo ¢
oLuBoALeton Pe (Po(u))peM N HE (D)) *ot TOQAVOS elvan BixTuo.

IMopatneroeig 3.1.13. (o) Eva M C N elvon ogotelnd <= 10 M eivon dmerpo.

(B) Av (X, %) eivon Tonoroyde yopoc xaw z € X, 10 B C (N, D) eivon opotehnd
av xot wovo av elvon Bdor neploy v Tou .

(v) Av (A, <) eivon xarevduvduevo ohvoro xaw Ag € A, tétetoM ={A € A: A > Ao}
elvan opotelnd xodede xow xdde N C A ye M C N elvon opotehxd.

(8) Kdéde vroaxoroudio (xy, ) woac axoroudiog (x,) elvor vrodixtuo tne axohovdiog
(apol k(N) eivan dnewpo). Ipogavde undpyou vrodixtua e (z,) mou dev eivou
vTaxolouvdieg.

(e) Kdde opotehind vnootvoho M evée xateuduvdpevou cuvbrou A eivar xateudu-
vopevo (pe Tov meptoplodd e mpoddtadng tou A). Ilpdyuatt, €0Tw i, ue € M.
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1 xol A > po. Agold M o-

Aol A xateuduvouevo, undpyer A € A dote A >
p1 xou p > po. ‘Emeton tote

potehxd, undpyet u € M Gote p > A Tote p
egng:

>
>

Avp: (A <) — X ebvou dixtuo xou M C A opotehxd, t6TE 10 ¢ = plum
elvar unodixtuo Tou p.

IMpdrypatt, n ouvdptnon ¢ : M — A pe ¢(pn) = p (M xatevduvdpevo) eivon av€ovoo
xon p(M) = M, opotedxd 610 A xou toybeL ¢ = p o .

(67) Av (py) elvon dixtuo otov Tomohoyxd xHeo X xu z € X, téte 1oy Vel

pr»x < umdpxetU €N, dote VAg € AIN> Npepy ¢ U
— undpyer U € N, dote py ¢ U VA € M, bnou M C A opotelxd

Ané o (€), éneton 6Tt 10 (Pa)rem Ebvon UTOBIXTUO TOU (PA)aeca HE DA ¢ U YA € M.

IMeétacy 3.1.14. Eorw (X, %) torokoyikds xopos, (py) diktvo oto X kaix € X.
Tére:
pr = & <= kdOe vnodiktvo Tov (py) oUYKAlvELl 0TO T

Andbeén. (=) Eow ¢ =po¢: M — X unodixtuo tou (pa) xau U € M. Agot
Pa — T, uTdpyeL Ao € A dote py € U VA > XAg. Agol ¢(M) elvon opotedind oto
A, urdpyer po € M dote ¢(ug) > Ao. Tote v xdde p € M pe p > po €yxoupe
() = ¢(o) > Ao x €t0L gy € U. Enopévec pg(,) — .

(<) Eivou tpogavéc, agol to (py) elvon umodixtuo tou (py). O

Opopdc 3.1.15. 'Eoto (py) éva dixtuo oe éva tonohoyixd yopo X xou x € X.
To x xahelton oplaxd onpeio tou (pa) av vy xdde U € M, xou v xéde A € A undpyel
peEAye p>Xxoup, € U Anhadn to x eivon oploxd onueio tou (py) av v xdde
UeMN, to{Ae€A: py €U} eivar opoterind oto A.

IMopathenon 3.1.16. Av py — x, 1é1€ 10 2 clvon oplaxd onueio tou (py). Hpdy-
patt, éotw U € M,. Téte undpyer Ao € A dote py € U vy xd0e A > Ao, dnhady
{AeA: ppeUD2{AeA: X=X} néto, and Hoapathenon 3.1.13(y), o
{Ae A: py €U} elvon opotehnd, dnhadh to o elvon oploxd onuelo.

Oeopnpa 3.1.17. FEotw X tonodoyikds xopos, (py) diktvo oto X wkar z € X.
To x efvar opraxd onueio tov (py) av kar pdvo av vrdpyer vrodiktvo tou (py) ToU
ovUyKAlvel 0To0 X.

Andbaén. (=) Eotw x oplaxd onuelo. Oétoupe:
M={UMN: UeN,, A€ Axupy U}
Optlouye ) oyéon < oo M w¢ e&ic:
(Ui, M) < (Uz, Na) <= Uy DUz xou Ay < Ay

o H < civou pia mpodidtaln oto M (yuoti;).

e To (M, <) eivar xatevduvdpevo cdvoro. Mpdyuott, av (Ur, A1), (Uz, A2) € M,
Yétoupe Us = U NUs xon emdéyouue Ag € A dote Ag > Ap xaw A9 > Ao, Agod
10 x elvon oploxd onpeio tou (py), utdpyet Az € A pe A3 > Ao xou pa, € U.
Téte (U3, )\3,) €M xou (Uj, )\g,) - (Ul, )\1)7 (UQ, )\2)
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o Opiloupe ¢ : M — A pe ¢(U, \) = . Téte 1 ¢ eivon ad€ovoa (and tov oplopd
e <) xow (M) opotednd oto A (apol ¢p(M) = A).
‘Etot, 10 p o ¢ givon unodixtuo tou (py). Oa delfoupe 6TL T0 p o P cuyxAivel oTo

z. 'Bow Uy € M. Agol 10 z elvan oplaxd onuelo tou py, undpyel Ag € A wote
Da, € Up. Téte (Ug, No) € M xan vy x&0e (U, A) € M pe (U, ) = (Up, Ao) éyouvue

(pod)(U,A) = p(¢(U,A) = p(A) = pr € U C V.
Enopévec, 1o p o ¢ cuyxhivel oto x.
(<) Eotww ¢ = (Pg(u))peM UTOBIXTUO TOU (PA)reA UE Pg(n) — . Botw U € N,.

Téte undpyet o € M dote py(u) € U Yo xdde p = f1g, SnAadi:

AeA: preU}2{o(w): 1> po}.

Enopévwc, apxel va dei€oupe 61t to {o(p) : 1> po} elvon opotehxd oto A.

‘Eotww Ao € A. Agpot ¢(M) eivar ogotelxd oo A, undpyer 1 € M pe ¢(u1) > Ao.
Axour, agol to M ebvon xoteutuvéuevo, undpyel 1 € M dote > po xou f1 > fi1.
Tote ¢(p) > ¢(p1) > o, ot p(p) > Ao 6mou p = po. Apa 10 {p(p) © p = o}
elvon opoteAxd oo A. O

3.2 Xuveéyeln

Ipoywpolue otn PEAETY CUVEYHDY OUVOPTACEWY PETAED TOTONOYWOY Yhpwy. O
dolue OTL oL yapaxtneiopol Tng cuvéyeloc elvon avdioyol ye autolg Tou eldope xotd
TN UEAETT] TOV PETEIXWV YOPWV.

Opiopdg 3.2.1. 'Eotw X,Y tonohoywol ydpeol xaw g € X. M cuvdptnon
[+ X = Y Jo Aepe 6 elvon ouveyrjc oto xo, av Yo xdide V€ Ny, undpyel
U e Ng, tote f(U) CV. H f xahelton ovveyric, ov elvon ouveyfc oe xdde ornueio
Tou X.

IMopatneroeig 3.2.2. (o) H f ebvow ouveyrc 610 19 <= yio xdde V € Ny,
wyver f~HV) € Ny, Mpdypart,

(=) Eotw V € Ny(y,). Tote undpyer U € Ny, dote f(U) C V. Aga U C fH(V)
x enopévae fHV) € Ny, .

(<) Eotw V € Nyyy). Tote 10 U = f7H(V) € Ny, xou npogavire f(U) C V.

(B) Xtov Opioué 3.2.1 pmopolye vo Yewpricoupe Bdoelc meptoy®y v f(xg) o g,
ovtl v T M) 20 Ny avtioToryo. ‘Apo oTNY TERITTWON TWV UETEIXWY XOEGY, O
0pLOUOC AUTOC GUUTITTEL HE TO YVWOTO.

(v) Av 7 f elvou otodepn, toTE elvon ouveyrc (naipvouue U = X).

(3) Av o X éyer tn dwxpity) Tonohoyia, tote 1 f elvon awtdpota cuveyhic (nadpvoupe
U ={xo})

Oswpnpa 3.2.3. Eotw X,Y tomokoyikol xwpor kar a ovvdptnon f: X =Y.
Ta axérovia eivar wodlvapa:

(i) H f eivar ouvexng.
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(ii) Ta kd9% G CY avowxtd, o f~H(G) etvar avoixtd oo X.
(iii) Ta xdde F CY rxdeiotd, to f~1(F) etvar khe1owé oo X.
(iv) Tha kde A C X, f(A) C f(A).
(v) I'a kd% BCY, f~1(B) C f~(B).
(vi) Ta xéfe B CY, f~1(B°) C (f~1(B))°.
Anédeén. (i) = (ii) Eotw G C Y avowxtd xou v € f~1(G). Téte f(z) € G xou

G € Myy)- Aol f ouveyhe, émeton 6 fH(G) € N, (Hopatfpnon 3.2.2(x)).
Yuvenae o fHG) ebvon meploy xdde onuetov tou, dpo fTLH(G) etvar avouxo.

(i1) = (iii) 'Botww F CY xhewotd. Téte to Y\ F elvor avouxtd xan, and to (i), émeton
onto fTUY\F) =X\ f7H(F) ebvou avouxtéd. Anhadr) 1o f~H(F) ebvon xhetoté.

(7i1) = (iv) Eotww A C X. Ané 7o (4i1) v to xhewoto F = f(A) éyoupe 6T 10
FLH(f(A)) ebvou xhewotéd ot0 X. Emnréov, A C f~1(f(A)) C f~1(f(4)). Apa, and
Tov oplopd e xhewototntac, A C fTL(f(A)) = f(A) C f(A).

(iv) = (v) Eotw B CY. Ané 10 (iv) yio to A = f~1(B) éyouue
f(f71(B)) € f(f~1(B)).

Axoun, f(f1(B)) C B = W C B. Ernopévoc:

fUf7HB)) < f(f~4B)) - B 1R
M c B }:>f(f YB)CB=f~YB)C f(B)

(v) = (vi) Eotw B CY. Tére:

X\ (f7U(B)° = X\f '(B)
Y\ B)
LY\ B) (and 7o (v))
Y\ BY)
X\f_l(Bo)

mn

Apa f7H(B°) € (f71(B))°.
(vi) = (i) Eotw o € X xu V € Ny, Tote f(x) € V°, Snhadr:

v e V) STV (a6t (vi)).

Apa f7HV) € My Enopévac 1 f elvon ouveyhic oto z. Agol 10 x € X #ray Tuydy,
n f elvou ouveyne. O

HMapatneroec 3.2.4. (o) Eotw (X, %), (Y,8) tonohoywol ydpeot, B pio Bdon
v Ty & xou ouvdptnon f : X — Y. Téte n f elvon ouveyng av xan pévo av
f71(B) € T vy x80¢ B € B. Hpdypatt:
(=) Ebvau mpogavée, agol B C 6.
(<) Eotww G € 6.Tote G = |, Bi Y xdmota unoowxoyévewa (B;)ier tne B. ‘Apa
FHG) = User f7H(B)) € T, ¢ évwon avouxtdv. Apa n f elvon ouveyfic.
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(8) H nponyotuevn Hapothenon woydet av 1 B elvan unofdon yio ty &, u dyt xat’
avdryxn Bdon (yioti;).

IMopeddevypa 3.2.5. H ouvdptnon f: Rg — Rg ye f(x) = —x dev elvan ouveyc.
Hpdrypatt, éve to obvoho (0,1] ebvor avouxtéd otov Rg, 10 f71((0,1]) = [-1,0) dev
elvon avouxto.

IMebtoom 3.2.6. Eotw X,Y tonodoyikol xdpor, g € X karovvdptnon f: X — Y.
Téte n f elvar ovvexris oo g av kai uévo av, yia kde (py) diktvo oto X pe py — xo,
wyver f(pa) = f(xo).

Arnddeitn. (=) YTrodétouue 6t 1 f ebvan ouveyrc oto xp. Eotw (py) dixtuo oto
X pe px — z0. Eotww V€ My And n ouvéyewn e f 070 xo, éncton 6T
F7HV) € Myy. Aol py — g, UTpyeL Ao € A dote py € f7HV) yia x8de A > Ao.
Téte f(pr) €V v xdde A > Ag. Enopévac f(pa) — f(xo).

(<) Trodétouue 6T yioo xdde (pa) e pa — Xo, toyxlet f(pa) — f(zo) n éotw,
Tpog droro, 6T M f Bev elvan cuveyhc oto Tg. Todte undpyer V€ Ny(,,) dOTE YIat
x&de U € Ny, vo woyver f(U) € V. T xdde U € N, emhéyoupe py € U, dote
f(pv) ¢ V. 'Etor, 10 (pu)vem,, evon dixtuo ye py — xo. Agod bpwe, f(pu) ¢V
xon V€ My (a, émeton 6T f(pr) = f(20), mpdyua dromo. O

IMépiopa 3.2.7. Eoww X,Y tonodoyikol xdpor kar ovvdptnon f: X =Y. Tore
n [ elvar ouvexris av kar udvo av, y kide x € X xar ya ki (py) diktvo oto X
He px — x, woxVel f(pr) — f(x).

IMapathenorn 3.2.8. H Ilpdtaon 3.2.6 xou to Ildpiopar 3.2.7 Bev woydouv av ta
dixtua avticataotodoly pe axohouldiec. T mapdderyua, éotw id : (R, T) — R pe
id(z) = =z, yia xd0e = € R, 6nou T n ouvopurown tonohoyia. Av (z,) eivo
oaxohoudio oto (R, %) xou © € R, dote xy, — x, 10T€ 1 () Elvon Tehxd otadept] xou
fon pe = i enopévoc id(x,) — = = id(x) wc npoc ™ cuvidn totoroyia. ‘Ouwe, av
a,b € R, a < b, wéte 10 (a,b) civar avowxté oto R, evdy id ™' ((a, b)) = (a,b) ¢ T. Apa
7 id Sev elvon cuveyic o xavéva onueio.

Edaue 611 o1 axohovdieg elvon avemapxelc vo yapoxtneicouy tn cuvéyelo Guvoe-
THOEWY. LUUTERAVOUUE, AOLTOV OTL avdyxy Yevixeuong amnd Tic oxohoudieg oto dixtua
TepLypdpel e axpifeia To YEtpo yevixeuong and Toug HETEXOVC XDEOUE GTOUC TOTO-
hoYIX0UC Y OPOUC.

IMedétaom 3.2.9. Eow X, Y, Z wonodoyikol xdpor, xg € X kar ouvvaptijoeg
f:X—>Y, g:Y = Z Avn f elvar ourexnis oto xg ka1 ) g €ivar ouvexns oto
f(zo), tore ngo f : X — Z elvar ovveynis oto xy. Apa av o1 f, g eivar ovveyels, téte
kain go f elvar ourexiis.

ArndbeiEn. Eotww (py) dixtuo oto X ye py — .

Aol 7 f elvon ouveyhc oto xg = floa) = f(xo) (ITpbtoom 3.2.6)
Agol 1 g eivan ouveyhc oo f(zo) = g(f(pr)) — 9(f(z0)) (Hpdtoon 3.2.6)

Anadh, (go f)(pr) = (9o f)(xo). Apa, and Hpdtaon 3.2.6, n g o f eivoan cuveytic
oTOo Xg. O
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3.2.1 Avouxtég %ol %XAELCTEC CLUVARTHOELS,

Opotopoppiounol

Optowodg 3.2.10. 'Eotw X, Y tonohoywol yopeot. Mia cuvdptnon f : X — Y xo-
Aelton avouetr) (avtiotorya xAeotrh), av yia xdde A C X avowtd (avtiotoryo xhetotd)
10 f(A) elvar avowtd (avtioToryo xhelotd) oto Y.

IMopatneroeig 3.2.11. (a) Av B eivan Bdomn tou tonohoyixol yoeov X, t6te 1 f
elvou avouxth) av xon povo av yia xdde B € B 1o f(B) eivor avowxtd oto Y. Tlpdrypoart,

(=) Eivow mpogavéc, apod xdde B € B elvon avouxto.

(<) Av A C X avowtd, tote A = |J;o; Bi 6mov (B;)icr unoowoyévewr tne B.
Apa 10 f(A) = User f(Bi) ebvau avouxtd, wg évaon avoutdv. Enopévec 1 f
elvon avouxTH.

B)Avn f:X =Y etva 1 — 1 xou enl, t67€, agod f(A) = (f~1)7H(A) v xéde
AC X, éyoupe f avowxth <= f1:Y — X ouvveyfic <= [ xhewoth.

(v) Eotw %1 xou Tz 800 tonoroyieg oto X xou id : (X, %) — (X, To) pe id(x) =
v xqde z € X. Torte:

T C Ty <= id avouxth <= id"! ouveyhc <= id xhewoth,

Iopdderypa 3.2.12. H npoford 71 : R? — R e m1(z,y) = x ebvor avoxtd, odhd
oyt xhewotn. Ipdyportt,
o T xdde (z,y) € R?2 xuw e > 0, m(B((w,9),¢)) = (z — ,7 + €) avowxd, dpa
arnd Hoapothpnomn 3.2.11(a), n m elvon avoixT.

e Av F = {(x,%) x> 0}, t6te 10 F ebvon xheotd oto R2) evdd 1 ewcdva
m1(F) = (0,400) dev elvan xhewotéd oo R.

ITedtaocm 3.2.13. Eoww X,Y womoloyikol xyopor kar pia ovvdptnon f: X =Y.
H f etvar avoixerj av ka1 pudvo av f(A°) C (f(A))°, yia kdde A C X.

Arnddeén. (=) Eotw A C X. Téte 1o A° eivar avoxtd oto X, doa xon to f(A°)
elvon avowxté oto Y. Agol f(A°) C f(A), and Tov 0plopd oL ECWTEPIXOV, EMETOL

o f(A°) C (f(A))°.
(<) Eotww A C X oavowxtd (doa A° = A). Téte, and v unddeon, éncton Ot

f(A) = f(A°) € (f(A)°. Anpadh f(A) C (f(A)° n éro, f(A) = (f(A))E]

Enopévac to f(A) elvon avoutd. Buvende 1 f elvon avouet.

Ilpotaon 3.2.14. Foww X,Y torodoyikof xwpor kai pua ovvdptnon f: X =Y.
H f efvar khewoth av ka1 pévo av f(A) D f(A), ya kdde A C X.

Anddaén. Agriveton we doxnon (epyaocteite avdroyo pe v Anédeln e Hpdroong
3.2.13). 0

Oplopog 3.2.15. 'Eotww X, Y tonohoywol yopeotr. M 1 — 1 xou eni cuvdptnon
f:X =Y, doten B foarhd xoun £ vaetven ouveyele, xohelton opotouopproude
TWV TOTOAOYXWY YWewv X xou Y. Otav undpyet f : X — Y ouolopop@loudc, Aéue
ot ot X xou Y ebvou ouotouopgixol xou 1o cuufBoriloupe owto pe X ~ Y.
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IMapathienorn 3.2.16. H oyéon “~" elvar oyéorn wooduvoplac oty xAdon twy
TOTOAOYWXOY YWpwv. Katd cuvéneia 1 xhdomn tev Tomoloyoy yweny douepileto
o x\doelg woduvapiag. Ado tonoloyol ywpeol mou avixouy oTny Bia xhdor), and
Tomohoywhc drodne, tawtilovro.

IMebtaom 3.2.17. Eoww X,Y tonodoyucol xdpor kar f: X =Y ma 1l—1 ka1 end
owvdptnon. Ta axéovda elvar 1w0odlvapa:

(i) H [ elvar oporopopgroids.
(is) H f eivar ovvexnis kar avoikt.
(ii) H f elvar ouvexnis kar kAeoth.

(iv) Ta kdde A C X wyva f(A) = f(A).

Anddaén. H wooduvapio twv (7), (49) xou (4i1) émeton ond v Hapatienon 3.2.11(B).
H wwoduvopia twv (49i) xou (1v) éneton and tny Mpbdtaon 3.2.14 o to Oedpnua 3.2.3.

O
IMopadeiypoto 3.2.18. (o) R ~ (—1,1). Ipdypat, n f @ R (—1,1) e
flz) = %\xl ebvon ouveyhe, 1 — 1, ent xou n f1: (=1,1) = R pe f(y) = 1_y‘y| elvou

oLVEYHC.

(B) H tawtouxh ouvdptnon id : Rg — R pe id(z) = x v xdde x € Rg elvon cuveytic
(apot i %8¢ a,b € R ye a < b, id~*((a,b)) = (a,b) € Ts), 1 — 1 xau eni. ‘Oywc N
id™' : R — Rg dev eivan suveyfic, apod yia o (a,b] € Tg, (id~) "' ((a,b]) = (a, b]
mou dev efvon avoxté oto R.

(v) Eotww X obvolo, 1,22 € X pe o1 # 22 xou Ty, T oL tonoloyies v WBialtepny
onuelwv 1, z2 avtiotoya. Téte n f: (X, T1) = (X, To) ue

o, oV T = I
fl@)=4¢ x1, avz=ux
T, OV T FT1,To

elvon opotopoppiopde. Ilpdyuat, n f elvon mpogavdde 1 — 1 xou eni. ‘BEotw G € Ts.
Av G #0, w6t 25 € G, dpa 21 € fTH(G) w enopévec fTHG) € Ty Apo 1 f elvon
ouveyhe. Avéhoya, 1 f1 ebvor cuveytc.

(8) Alo Buwxpitol Tomohoywol X,Y elvou opolopoppixol, av xou uévo av undpyet
owdptnon f : X = Y, 1 —1 xou enl (apod xdde cuvdptnom opiouévrn oe doxpttd
TOTONOYIXS YOEO elvon cuveyAc).

3.3 X0yxiion xatd Y reppliteo

‘Eotw (x,) wo @paypévn axohoudio nporypatxay apduny. Oo Yéhaue va oploouue
wo yevdtepn évvola oplou e (), 10 onolo 6pto Yo cupPoriloupe pe Hm* z,.
Pucioroyun anaitnoy poag Yo oy auth 1 €vvola oplou vo ixovorolel Tig oxdlouvdeg
WBLOTNTES:

o SupPotomra: Av to (oUvndec) bplo tne limy, z, undpyer, téte lim, z, =
lim* z,,.
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o Dpoppxdtnror Av (yy,) ebvon gar oxdun gearyévn oaxohoudio mporypatixay aptd-
KOV xou ¢q ¢ € R, tote Um™ (e12, + coyn) = ¢1 Um™ ), + c2 lim™ y,.

o Oetixotnra: Av z, > 0 yia xdde n € N, t61¢ lim* z,, > 0.

EiOxoha ehéyyet xavelc, 6Tt e SeBoUEvn TN YEUUUXOTNTA XaL TN cupBatdtnTa, 1) de-
TéTTa TNe umodrplag évvolag oplou elvor 1oodvvaun we TV axdhouvdn emduunTy
WwoTTOL!

o Av|z,| < A yia xéde n € N, téte |lim* z,| < A.

AZ{Te, eniong, vo napoatnpioouye 6Tt 0 cLuVHUNG optopds Tou oplou yia wa (poryuévn)
axohovda (z,,) punopel vo avadiaturwdel we e€hc:

limz, =1 < Ve>0, IN\{neN: |z, -1 <e}| < (3.1)

(Bnhad¥y, to 1 ebvon 0 dpro e (xy,) av xou pévo av yio xdide € > 0 pévo menepacuévol
oto thidog Toug, bpot g (zy,) anéyouy and to | andotoon yeyahltepn ond €). Apou
xdde un TeTeluUévo LTEp@IATEO TEQIEYEL OAA Tl CUUTENEPAUOUEVO GUVOA, 1) axdAouln
TEOGEYYLOT QUVETOL QUCLONOYIXT).

Opiopo6c 3.3.1 (6p0 Banach). Eotw pio gporyuévn oxohoudio tporylatindy aptd-
wov (xy,), I € R xauw e > 0. Opiloupe 10 chvoro

Ul,e)=U(e)[(zn)] ={neN: |z, 1| <e}
Av F etvon éva ur tetpiupévo unep@iitpo tou N, optlouye

li}n*xn:l <~ Ve>0, U(le) e F.

IMapathenon 3.3.2. To épio Banach ploc gporyuévne axoloudloc e€aptdton and
TNV EMAOYT] TOU U1 TETEUUEVOL UTERQIATEOU.

Oeswenua 3.3.3. Kdle gpayuévn axorovdia mpaypatikdy apriudy éxer povadixd
dp1o Banach. Eriong to dpio Banach elvar ovufatd, ypapuikd kar Yetikd (katd tov
Tpdno mov oploTnkay avtég o1 évvoies atny apxri tns Hapaypdgouv).

Arnddeén. 'Eotww (z,), (yn) @poyuévee oxohovdies xou c1,co € R. Aciyvoupe dado-
e

"Troegn Eotw L = sup,cy |€n| xou ¥étovpe Iy = [—L, L]. Awupodye to Iy oto
Eéva doothpata IV = [—Lo,0), I} = [0,L]. AxpBdc éva ond o ohvoha
{neN: z, € D} {neN: z, € I]} avixet oto F. 'Eotw, howndv I;
70 dudotnua pe auth TRV WidTTe. Enorywyd xataoxeudlouye pla @divouoa
axorouvdia Slaotnudtewy Io, Iy, . .. pe v WBLOTNTY, Yio xde k € N o uixog tou
I, vaetvon 2L/2% o {n € N: z,, € I} € F. Kowd ovvénewr, ey Ik = {1}
yioe xdmowo [ € R s oedun, v xéde € > 0, U(l,€) € F.

Movadixdtnta Tw i # I xaw e < |l = 1I'|/2, to0 oOvoha U(l,e) xon U(l,€) ebvou
E€vo xou xaTd oUVETELR, TO TOAD évol amd autd avixel oto F.

Suppatodtnta Ayeco, and v (3.1).
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I'eapwixotnta ‘Eotw 6t limg *x, = I, limr "y, = Iy % éotw éva € Yetind.
Apywnd urodétoupe 6t ¢, c2 # 0. ‘Eyoupe 6t to olvora U (11, €/2¢1) [(z0)],
U (l2,€/2¢2) [(yn)] aviixouy oto F, dpa xau 1) Topf| Touc. Do xdde n oty touy
€yovue 6T |z, — 11| < €/2¢1 xou |yn, —la] < €/2¢2. Tuvendde, and TV Tpry VLT
avlooTN T Tolpvoupe OTL

[(c12n + coyn) — (c1l1 + cal2)| < e.

Apo U(crly +cala, €)[(crzn+cayn)] € F. T Ty nepintwon nou xdnolo and to
c1, ¢2 ebvan {00 pe 0, 7 (B amddelln hettovpyel (Ue Tic TPOoYaVE(C TPOTOTOACELS).

OcstixotnTtar Eotw 6t z, > 0 v xdde n € N x éotw éva I < 0. Téte, av
e =|l|/2 >0, éyouue 61 t0 U(l, &) eivon METEPAGUEVO xOUL CUVETC BEV ovixel
oto F. ‘Apa dev pmopel limr *x,, = 1. O

H axdéroudn Ilpbdtoaor meptypdget plor EVOLOGEROLTA BLOTNTA TOU YWEOU X TOU
oploope oto Ilopdderypa 2.2.12, n omolor Yo gavel ypriown xatd v Teprypopr| Tne
Stone-Cech cuymayomonong Tou GUVOAOU TV PUGIXGDY dELIUWMY.

ITedtoom 3.3.4. Eotw U éva un tetpiupévo vrepgiltpo oto ovvoro N kar éotw o
tonodoyikds xwpos 3 = NU{U}. Ta kdbe a : N — R (ouvexri) gpayuévn ovvdptnon
(6nAadm, gpayuévn axolovdin), vndpyer pia ovvexns enéxtaon dy @ X — R (6niadn
dy ovvexris kai ay|y = a).

Anédeién. 'Eotw a : N = R gpaypévn axoloudio mporyportixey aprdumy. Opilouue
™y ay 2 = R g e&hc:

. {a(x) avz €N

Gu(@) = ¢ =limya, avaz=U

H ay mpogoavede emextelvel v a xou ebvan ppayuévn. Apxel va del&oupe 6T elvon
ouveyfic oto U. 'Eotw ({ — €, + €) Baowt tepoyr| Tou L. Téte, agod ¢ = limy; a,,
éyoupe 6T U(le) € U. "Apa, t0 U(l,e) U {U} eivon Baowh teproyf tou U xou
npogoavae dy (UL e) U{U}) C (L — e, + ¢). Enopévee n dyy elvor cuveyic. O

IMapatrenon 3.3.5. M dla@opeTin] TPOCEYYLoN 6T YEVIXEUTT) TOU 0ploU Wiag
peaypévng oxohoudiag pmopel va yivel uéow Yuvaptnotaxic Avdhuong xon elvan oty
mou €ytve amd Ttov (Blo tov Banach oto Bifhio tou, Théorie des opérations linéaires.
O ypoc £°° twv ppayuévmy oxohouthoy etvor Evag Yeouixde YHeoc Tou e@odldleTol
we ™ vopua |[(zy)|| = sup,en [Tn]. To odvolo twv cuyxhivouowy axoroudndy C,
SUVIOTE Evay UTOYwEo Tou £°°. Axbun, n anewdvion f : C — R, nou anewxoviler xdde
ouyxhivouca axoloudia oto 6pLd NG, elvol Ypouuix xou £xel vopua Tereoty| lom ue 1.
Ané 1o Oewpnua Hahn-Banach, v f enexteiveton oe évav teheot f:0® =R, tov
éxel enlone vopuo tekeotn 1. ‘Etol, Yo opllovpe w¢ 6pio Banach ylag axoroudiog
() € £° v Th f((z,)). Boxoha ehéyyel xaveic bt auth n évvoia oplou ixavomote
Tic amoutrioelc nou Yeoaue otny apy tneg Iopaypedgou.

3.4 Aoxnoeig
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Kegpdiowo 4

Kataoxeun vewv
TOTIOANOYIX WY Y WEWV

Yo mpdtor xepdhona eEETACUUE XATOLOL TTOEUDELY AT TOTOROYIXODY YWEWVY, XUIMOC Xo
xdmoteg pedddoug oplopol o TomoloyYiog HECE KECWTEPIXMVY EVVOLDY, OTWE TNG
Bdome xaw Tou cucThpatog Tepoymy (Oedpnuo 1.1.15, Ipdtaor 1.1.18, Ochpnua
2.14, Oewpnua 2.1.9). H BOewpla poc, 6uwe, anodetxvieTol 0UGIAGTIXE YOVIHOTERT.
Yxonde pog oe oautd To XePIAO elvan va tepLypddoupe pedoddous xataoxeunc VEwy
TOTOAOYIXWY YWOEWY ontd 1O UTHPYOVTES.

4.1 YnoyweolL TOTOAOYIX®Y YWEWYV

H mpdytn xan, WANOV, QUGLOAOYLXOTERT XATAOXELT]) EVOC VEOU Y(Opou amd €vay 1dm
UTdEYOVTA EVOL QT TOU UTOYWEOL, BNAAdY 0 EPOBIUCUOC XATOLOL TUYOVTOG UTO-
oLYONOL ToL YOPoouL We ToTohoyia. Eotw, howndy, (X, T) évac tonohoyinde ympeog
xou A C X tuydv. M npdtn déa Yo Aoy vor eEETACOUME TNV OLXOYEVELL TKV
Vo TOY oLYOAWY tou X Tov mepEyovian oto A, S = {G C A: G € T} v
uroripla Tomohoyia tou A. ‘Ouwg autr 1 ouxoyévela anotuyydvel va elval Totoloylo
ot yevu nepintoon (vt 3dote eavi xan avoryxada cuvdixn v to A, dote S va
elvar totoroyia oto A). Mo o TpooexTtixt| Tpocéyylon wac odnyel otov axdroudo
0pLoUO.

Ogiopdc 4.1.1. Eotw (X, %) tonoroyixde yopoc xaw A C X. H owoyvévew
Ta={ANG: G € T} civon Tonohoyic oto A (yiatl;) xou xokeiton oyetiy Toroloyia
Tou A (¢ Tpog TRV F). O tonohoyixde xdpoc (A, T4) Myetaw undywpoc Touv X xou
o otovyela e Ta AMyovian avowtd olvola oto A.

Ynuewdvoude 6Tl xde tonohoyun évvola oto A avagépeton oTtny Tonoloyio T 4.
IMo mopdderypa, évo FF C A elvan xheioto oto A av elvan xhewotd we mpog v T4
(BnédhR A\ F € T4). Xdpwv euxohlag, v éva B C A, Yo cupPorilovpe ye cla B xou
intAB to clz, B xou intg, B avtiotoya. Emiong Yo ouyPoriloupe pe N2 1o N4,
v xdde z € A. Téhog, ac mopatneooupe otL Tx = T,

IMpoétaocm 4.1.2. Eotw (X,T) tomodoyikds ydpos kat A C X. Av B elvar fdon
(avtiotorya vrofdon) ya tny X, wére n B4 = {BNA : B € B} elvai Bdon (avtiotoya
uroBdon) ya Tty T 4.
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Anéoein. Aol B C %, éyouvue 61t B4 C T 4. Eotww whpa U € T4. TéHte U = ANG
v xdmowo G € . Agol n B ebvow Bdon vy v T, G = ;¢ Bi Yo xdnowa (B;)ier
unoowoyévelo e B. Apa

U=An (UBZ) =JAns)

icl el

xou M (AN B;)ier elvon urmoowxoyévelo tng Ba. Xuvende, n Ba elvon Bdon vty T 4.
H nepintwon e unofdong agrivetor w¢ doxnon.

HMopodeiypata 4.1.3. (o) Eow (X, p) uetpxde ywpoc xau A C X. Tére
(Tp)a = Ty apa- pdypaty, éxouye:

By(z,e)NA= B, ,(x,e) VreA >0,

omou N {By),, . (2,6) : € A, e > 0} ebvou Bdon yia tny Ty, , xou n {B,(z,¢) :
xz € A, >0} etvou Bdom vy v (T,)a. Auté diot, av GNA € (%,)a, 6mou G € T,
xou x € GNA, t6te undpyer € > 0 dote By(x,e) C G, dpa & € By(z,e)NA C GNA.

(B) Ané v Hpdtoaon 4.1.2, o undyweos [0,1] tou R éyel Bdon tnv
B = {(a,b)N[0,1]: a,b€Rpea<b}

= {(a,0): 0<a<b<1}U{[0,b): b€ [0,1]} U{(a,1]: a € [0,1]}U{][0,1]}.
(v) Eotww (X, T) tonohoyide yopocxow A C B C X. Téte (Tp)a = Ta. Mpdryport,

(Tp)a = {UNA:Ue%Tg)
(GNB)NA:GeT)
(GNA:GeT)

LA

IMpotaor 4.1.4. Eotw (X,T) tonoroyikds yapos kar A C X.

(i) Av F C A, tdte to F elvar kAe1otd oto A av ka1 pdvo av vrdpyer odvoro K,
KA€w0té oto X, dote F = ANK.

(ii) T'a kde B C A, claB = (clxB) N A.
(iii) Ta kd0e x € A, N2 ={UNA: UeN,}.
(iv) Av (zy) diktvo oto A ka1 x € A, t6te Ty — T @G MPO§ T4 <= Tx = T G

mpog T.

Arndbeén. (i) Eotw 611 10 F eivar xhewotd oto A. Apa 1o A\ F eivar avouxtd oto
A, dnpadfy A\ F = ANG yw xdnowo G € T. Tolpvovtog cuuninedpoate o¢ npoc A
€Y OULUE:

F=A\(ANG)=A\G=ANG",

6mouv 10 K := G° elvau xAewot6 o0 X.
Avtiotpoga, éotw 6t F' = AN K, 6nov K xhewoté oto X. Halpvovtog cuumin-
pOUATH W¢ TEog A €youye:

A\F=A\(ANK)=A\K =AnNK°*,
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6mov 10 G = K€ eivar avowxté oto X. Apa 10 A\ F € T4 n enopévec to F eivou
x\elot6 oto A.

(#4) Eoww B C A. Ané 1o (i), 1o (clxB) N A eivon xhewoté o010 A xou mpogavee
nepéyet 0 B. Apa (clx B)NA D clyB. Apxel va Sei€ovye otL av F elvan évor xheloté
obvoro 610 A xou F' D B, t6te F D (clx B) N A. Tpdypott, oand 10 (i), F = ANK
vy xdnoto K xhelotd oto X. ‘Eyouue

BCFCK=>cxBCK = (clxB)NACKNA=F.

(iii) Botw x € Axaw U € N,. Téore x e UPNACUNA, émov U°NA € Ty
Enopévac UNA € NE. Apa NAD{UNA: UeN,}.

Avtiotpoga, éotw V € MA. Téte z € intaV = ANG v xdnowo G € .
Oétouge U =GUV. Téte U e N, (agod z € G C U xau G € T) xau

UNA=(GNA)U(VNA) = (intaV)UV = V.

Apa NA C{UNA: UeMN,}. Sovende N ={UNA: UeN,}

(iv) ‘Eneton dueoa and to (iii). O

IHMopatneroec 4.1.5. Eotw (X, T) tonohoyixde ydpoc xou B C A C X.

(o) int 4 B C (intx B)NA, agol (intx B)NA € T4 xou nepéyeton oto B. Iapatnpolue
6T Bev LloyLel yevxd 1 oot o mapdderyua, €youue

Q = intgQ 2 (intrgQ) N Q = 0.

(B) Av 10 A elvow avouxté oto X, téte 0 B elvon avouxté oto A av xou pévo av
B € T. Ipdypatt,

(=) B=ANG yw xdrow G € T. Apa 10 B eivon avowxtéd oto X, we tour dvo
AVOLXTAV.

(<) B=ANB, dpo B avoxtd oto A.

(v) Opota amodexvieton 6t av To A ebvan xhewotd oto X, t61e T0 B elvon xhetotd
ot0 A av xau pévo av 1o B elvor xhewoté oto X.

AZ{Tel va onpewdoovye 6t ov Ilpotdoes 4.1.2 xan 4.1.4(i)-(iii) xdvouv eupovi
plor TRoXTIXY) TIEPLYPAP) TNG OXETXNAC TomoAhoYlag Tou A, ahhd Ol TOMOAOYINES Hog
anatthoelc and évay xohd oploud oyetixfc tomohoylog dev €youv xohugiel. Eldaue
OTL YLt €VoL BXTUO PE TEC GTOV UTOYWEO, 1 oUYXALoT) dev ahhdle, elte e€etaotel otny
Tonohoyiol TOU YWpov, elte ot aUTAY ToL LToYWEOL (dTay To uodPRPlo bplo BeloxeTto
oTov UTOY WO - Ilpdtaomn 4.1.4(iv)). Oo avopuévoue xon Lol avdAoya Xohfy cuunEPLPOpPd
and g ouveyelc ouvapTAoELS, GTIKE Yio TaEADELY A, Vot elval GUVEYTC cuVdpTNnoT (oTNY
TOTOAOY{0 TOU UTLOYWPOL) 0 TEPLOPLOUOE ULog oLVEY0UE cLVEETNONG. AuTtol Tou TOTOU
anoteAéopata TepLypdpovtal otny axdrouir Ipdtaon.

ITpbtaom 4.1.6. Eoww X, Y wonodoyikol xdpor kar pia ovvdptnon f: X =Y.
(i) Av n f elvar ouvexiis kat A C X, téte n fla: A =Y elvar ouveyris.

(ii) Av f(X) C B CY, wre n f: X — B elvai ourexris av ka1 pudévo av n
f: X =Y evar oureyris.
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(iii) Av I elvar avBaipeto abvoro ka1 X = J;c; Ai, dmov ta A; etvar avouctd oto X
yiai € I, tére n f elvar ouvexnis av kai puévo av n fla, elvar ovveynis ya kdle

1e€l.
(iv) Av X = J_| F;, érov ta F; efvar khewtd ya i = 1,2,...,n, tdre n [ ebvar
ourexris av ka1 uévo av n f|r, elvar ovvexnis yie i =1,2,...,n.

Anédaén. (i) Tw xdde G C Y avoxtéd, (fla) HG) = AN fYG), énov f~HG)
avowxtd oto X. Apa, 10 (fla)"H(G) elvor avoxtd 010 A i emopévec M fla ebvou
GUVEYTC.

(ii) T %x49e G C Y avowté oto Y éyoupe f1(G) = f~H(BNG), apod B D f(X),
dpar €YOVUE TO CUUTEPAUCUL.

(t43) Aetyvoupe dadoyixd:
(=) Ipogavéc, and (i).

(<) Eotww G CY avowxtd. Tote éyouye:

MG = (U Az) N @ =Jinr @) =Ju

i€l icl icl

omou %8 (fla,) H(G) etvon avowxtd oto A;, dpa xou oto X (améd v Hopo-
thenon 4.1.5(B)). Apx 10 f1(G) elvor avouxtd, we Everom avorxtdy. Luvendc
n f elvou ouveyrc.

(iv) Avdhoya pe To (iii). O
Ipétaocr 4.1.7. Eotw (X,T) tonodoyikés xopos, A C X kar7: A — X, e
T(x) = 2 ya kil x € A. Tdre:

(i) n T elvar ovvexris kai

(i) n T a €var n pukpdrepn tomodoyia oto A dote n T va efvar ouvexns.

Arnédaén. (i) Twxdde G € T, 77HG) = GNA € Ty n enopévoc 1 T ebvon cuveyhc.

(it) "BEotw T’ tonohoyla oto A, dote n 7 va elvon ouveyhic. Tote v xdde G € T,
T HG)=GNAeT. Enopévoc To CT'. Apa 1 Ta elvor 1 uixpdrepn tonoroyla
OoTE N T va elvon cLVEYNC. O

4.2 AocVevrc Tonoloyia wg TEOg Plal OLXOYEVELX
CLUVAPTNOEWYV

Ye auth) v nopdypapo Eextvolue pe éva ocOvolo X, to omolo Y€hovpe vo EQOBL-
doouye pe wa tonohoylo, tétola hote va xadiotaton cuveyfc xdde cuvdpTnom WS
owoyévelae ouvopthoewy (fi)icr (ot fi moadpvouv Twéc oe xdmoloug TomoloyYxolg
yopoue X;). Av to X epodlooTel pe o apxetd oyuph totoloyia (dmwe n dwxprth),
t6te N {nTolduevn WotnTa Vo toyvel. [ to Aoyo autd, gaiveton oucLUCTIXGTERO VOl
E0TIAOOUYE OTY) UXPOTERT, TOTOAOYIO UE TNV THUPATAVE LWBLOTNTAL.
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Opiopoéc 4.2.1. Eotww X oOvoho, (X;,T;) oxoyEéveld TOTOMOYIXDY YDEWY ol
ouvopthoe fi : X — X, yoo xdde ¢ € 1. Oétoupe

C={fiYG): GeT;,iecl}

H tomoloyla T mou €yel unofdon v C xohelton aceviic tomoloyia we mpoc Tty
owoyéve (f;)ier-

IMopatneroeig 4.2.2. (o) H T eivan 1 uixpdtepn tonohoyia oto X dote xdde f;
vo ebvon ouveyhic (ool 1 T elvon 1 wixpdrepn Tonoroyia Tou nepéyel Ty C).

(B) Mo Béon v Ty T elvan n
n
B= {ﬂf{kl(Gk): irel, Gy, €%, YLO(k‘Zl,...,nGN}.
k=1
Enfong, av B; elvan Bdon yio tnv T; vy xdde @ € I, t61e 1)
B = {ﬂ fizl(Gk): ir €1, Gy € B, U{X;, } o k = 1,...,n€N}
k=1

ebva Bdon vty T Hpdypat, B/ € B C T xa x&de otoyeio tne B eivan évewon
otoiyelwv e B, agol av z € (;_, fi_kl(Gk), omov Gy, € %, vk =1,2,...,n,
t6te fi, () € Gi vy %8V k. Apo undpyer By € B;, wote f;, () € By C G yw
xée k. Suverndc @ € (p_y f;, (Br) € My fi ' (Gi), émou N_y f;, ' (Bi) € B

IMpdétaocm 4.2.3. Eotw (X,T) tonokoyikds xapos, dote n T va evar n aodevig
TonoAoyia ws mpog pia owkoyévela ovvaptnoewy fi : X — X;, 1 € I.

(i) Av Z elvar tonodoyikds xdpos ka1 g : Z — X, téte
g ouvexns <= fiog:Z — X; ouwvexns ya kdde i € I.
(i) Av (x)) etvar dixtvo oto X karx € X, téte
=z omr T <= fi(zx) = fi(z) otnr romodoyila tov X;, ya kdbe i € 1.

(iii) Av A C X, tére n oxeuikrj tonokoyia 4 ovuninzer pe tny aolevrj tonodoyia
s oS (fila)ier-

Anddaén. (i) Eotw éun g elvou ouveyhc. Téte xdlde f;0g elvon ouveyc, we obvieon
ouveyy. Eotw avtiotpoga 6t xdde f; o g elvan cuveyrc. Tote yio xdde i € I xou
G avowtéd oto X; 10 g L H@G)) = (fi o 9)"H(G) ebvar avoxtd oto Z. Agol
C={f Q) : G C X; avowxté, i € I} evon unoPdon e ¥, éneton 6T 1 g ebvon
ouveyne.

(#3) Av x\ — x, tot€ fi(zx) = fi(z) yia x&e ¢ € I, agol oL cuvapthoec f; eivou
ouveyelc. Eotw avtiotpoga, étL fi(xa) — fi(z) v xdde i € I ot G avouxty
neptoy” Tov . Agol 1 B (tne Hopathenone 4.4.2(B)) eivar Bdon yo tnv T, undp-
youv n € N, dy,49,...,%, € I xu G; C X;,,Gy C X,,,...,Gp, C X;, ovoxtd,
wote z € (i_, fizl(Gk) C G. Apu f;,(z) € Gg vy xdde k = 1,2,...,n. Agol
fir(@a) = fi,(z) yio k =1,2,...,n, éneton 6Tt undpyet A\, € A dote f;, (zx) € G
v x89e A > A yiao k= 1,2,...,n. EmAéyovue A\g € A dote Ao > A, Ag, ..., Ap.
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Téte vy xdde A > Ag éxovue fi, (rx) € Gi v xédde k = 1,2,...,n, dnhody
zx € iy fizl(Gk) C G. Enoyévac ) — .

(#43) Tw xd9e i € I xu G € T; éyouvpe f; H(G)NA = (fi]a) " (G), 6nou 1 owxoyéveia
{fFUG)NA: i€, G; C X; avoxtd} ebvon umoBdon yia Ty Ta xou 1 otxoyévela
{(fila) HG) : i €I, G; C X; avoxté} elvon umofdon tne aodevoic Totohoylag we
TPOS TNV owxoYEévela ouVapTASE®Y (fila)icr. O

4.3 Tomoloyio yivouevo

Av (X, F)xon (Y, T') elvon 500 tomoroyixol yoeot, avaevopevo etvan vo odnyndel xo-
velc otnv aval¥tnon plog totoholag 6to xapTesiavd yivopevo X XY, 1 onola Yo etvou,
xatd pio évvola, oupPath pe tic tomohoyieg Twv ocuvdrwv X xa Y. Mia vnodmigpuo
évvola cupPBatotntog slvon 1) amaltnon vo etvar cuveyelc ol cuvopThoelc TEofolrc T
ouvteTaypéveg xdie onuelou. Evodloxtind Yo umopoloaue Vo anatTiOOUUE To VoL Td
GUVOAAL TOU XOPTOELVOU YVOUEVOU X X Y Vo TopdyovTon omd To YIVOUEVO TWV OVOL-
XTOV oLVORWY TV X xou Y (dnhadh n owoyévew {U XV : U e T, V € T'} va ebvan
Bdom yioe v Tomoloyia yvéuevo). ISwiitepo eviiogpépov tapovctdleton otny anddoon
Tonoloyldg 0TO XapTolaVd YIVOUEVO, O)L BUO TOTOAOYIXODY YWewYV, oOAAd wag oudai-
PETAL HEYAANGC OXOYEVELNS TOTOAOYIXWY YOpwV. AV xaL oty nenepaopévn teplntwon
dev mapovsldleTon XAmoLo Slapopd, OTN YEVIXT| TERITTWOT) XapTeStavol Yivouévou Yo
ATOUTACOUPE TNV TRAOTN €vvola cupfatotnrag, omwe Yo gavel otov Opioud 4.3.1. Ou
npénel 8 va onuelwdel, 6TL 1 xaTtaoxeLY| TNG TOTOAOYIOC YIVOUEVO Vol Lol XOTUOXELT
e&éyovoac onuaoiac v ™ Fevind) Tormoloyia.

Treviupiloupe 6t av n € N xou X1, Xo, ..., X,, elvow ocOvola, T0 xapTeESIAVS
ywouevo twv X; oplleton wg e€ng:

HXi = {(l‘l,l‘g,...,xn)Z$1€X1,$2€X2,...,$n6Xn}

{x:{l,?,...,n}%Uxi: z(i) € X; YLaizl,Q,...,n}
i=1

Opiowde 4.3.1. 'Eotw I audaipeto olvoro xa (X;);er owoyévela cuvohwy. Téte
70 oUvoho

X:HXi:{x:]%UXi psx(i)eXiYLocxdcﬂsiEI}
iel iel

xahelton xapteotavé yivduevo tng owoyévewc (Xi)ier. Ta otoiyelo tou [],c; Xi
ovuPorilovton pe © = (zi)ier, Omov z; = x(i) v x&de ¢ € I. To z; Aéyovtou
ouvtetayuévec tou x. H ouvdpmmon m; : X — X; ye mi(x) = z; vy xdde z € X
xahetton mpoforr i—tdne. Av X; # 0 yiaxdde i € I, tote [ [, X # 0 (and a&lwya
e emhoyhc). Av X; =Y yia %8¢ i € I, o1 70 [[;o; Xi ovuPorileton pe Y xou
xohelton dUvoun tov Y.

iel

Opopdc 4.3.2. Eotw (X, T;)icr OXOYEVELNL TOTONOYXDY YOpwY, 6Tovu I ou-
Yaipeto cbvoro. H acdevic tomoloylo tou X = Hz‘el X ©¢ TPOg TNV OXOYEVELL
(7i)ier TV TPOBOAGY, xaheltow xopTectavy) Tormoloyin 1| Tonoloyia youevo xou o
TonohOYIXGG YOpoc X xaheltan yddpoc ywduevo tne owovévews (X;)ier.
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Ac evronioouye doa €youpe avapépet yioo TNV acVev Tomohoyio oty ewixy| me-
plntwon tng xopteciavic Tonoroyloc. H xapteoiavh Tonoloylo T elvan 1 wixpdtepn
tonoloyla oto X ®ote xde npoBory m; ¢ X — X; va elvan ouveyric. Mo unofdon
v Ty T elvon )

C={m;"GQ): GeT;,icl}.

Mua Bdon yioe v T elvan 1)

B {nﬂi_kl(Gk): ikGI,GkGTik,k‘:I,Q,...,nxounGN}

{HGi: GieTyvaaxddeielxul|{iel: G;# X;}| <oo}

iel

OLoTL

—1 ,
lek ( k) H OTou Xio ovid iy s in)

{Gk, awvi=iy k=12....n
el

H B xohelton xavoveerj Bdon vy ty E. Axéun, av B; eivan Bdomn yio tnv T; yio xdde
i € I, tote Bdon v tnv T anotekel xou N

B/

{ﬂﬂi_kl(Gk)I irel, GpeB;,, U{X; .}, k=1,2,...,n xoanGN}

{HGi cGieBU{X P yaxddeieIxu [{i €]: G # X} < oo}.
el

IMeétaon 4.3.3. Fotw (X;, T;)ier otkoyévea totodoyikav yopwy kar X = [[;c; Xi
i€ TNV Kapteowavr) TomoAoyia X.

(i) Av Z elvar tonodoyikds xdpos kar f + Z — X, téte

fouwexns < mof:Z— X; ouvvexns ya kdde i € I.

(i) Av (x) elvar diktvo oto X ka1 x € X, tdte

Ty = T <= m(xn) = m(xr) ya kddei € 1.

(i) Av A; € X; ya kdOei € I xar A =[], Aq, wote n oxenikn tonodoyla T4 tov
A ws mpog T ouunintel pe tny kapteoiavyj toroloyia tov A dtav kdle A; éxea
) oxetkr Totodoyia ws tpos T;. EmmAéov A = ([1,c; Ai) = [Lies Ai-
(iv) Ta kdOe i € I n npoPodny m; : X — X; elvar avoixtr, ad\d dy1 avaykaia kleiotr).
Arnddeén. (i), (ii) Ayeca, and Mpdtaon 4.2.3(1), (i) avtiotoryo.
(43¢) And v Hpbroon 4.2.3(iii), éxovpe 6tL n Ta cupnintel ye Ty aodevi| Tonoroyia
we Tpog Ty ooveévew mila 1 A = X, i € I. 'Ouwce, n tehevtaio elvon {on pe v
acdev| Tonohoyia we mpoc TV owovévelr mila 1 A — A,y 1 € T (yuds), Snhoady etvou
{on ye v xopteclavy| Totohoyla Tou A.
Actyvoupe 6t ([T;ey Ai) = Tlie; Air Topatnpotye apyued 6t @ € []ic Ai av
xou uévo av i (x) = z; € Ay, 6mou xdde m; t(A;) elvar wheiotéd (0ol xdde m; elvou
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ouveyhe). Buvernde [T Ai € TLics Ai = Nyer 7, 1(A;), w0 omolo eivan xhe10Th, e

Topn XAELOTOY, dpa
H A; C H A;.

i€l i€l

Avtlotpoga, éotw & = (23)ier € [I;c; Ai xou B € B, 6mou B 1 xavovixh Bdon tne
T, ue v € B. Apxel va deiouye 61 BN J],c; Ai # 0. Exouye éu B = Hlel Gi,
omov G; € Ty xdde i € T xon [{i € I G; # X;}| < 0o. Eniong, vy xéde i € I,
z; € A; (ool € HZGIA ) xou x; € Gy (apol x € [[,c; Gi). Enopévee A;NG; # @
v xdde i € I éron, [[,cp Ai NGy # 0, dnadn (I1,e; Ai) N (T1e; Go) # 0. Apa
[Lic; Ain B #0.

(iv) Botww B € Bue B# 0. Téte B = [[,c; Gi, 6nou G; € T; xou G # 0 v xdde
i€l Apomi(B) = G; avowxtd oto X;. Enopévec m; avout.

Hm :RXxR— R 8ev ebvou xhetoth. Hpdypott 1o F = {(z,1/z) : x> 0} ebvan
xhewotd 610 R X R v to 11 (F) = (0, +00) dev eivar xhelotd oto R. O

HMapotApnon 4.3.4. Av (Xq,p1), (X2, p2) eivar petpixol ydpot, t6te 0 YOS
ywopevo v (X1,%,,) xa (X2,%,,) ve v xopteciav) tonohoyio T elvon petpixo-
rovowog ue tn petpueh p((2,y), (2, y')) = max{pi(z, '), pa(y,y")}, opod

BP((I'vy)aE) = BPl(ng) X BP2(yaE) V(x,y) € Xl X X2; e>0

xou ot owxovéveies {B,((z,y),€) : (x,y) € X1xXa, € > 0} xan {B,,, (z,€)x B, (y,¢) :
z € X1, y € X, € > 0} anoteholyv Bdoeic yio T Tomoloyieg T, xou T avtiotouya.

Oeenua 4.3.5. Eotw X,, n € N axolovlia petrpixonomjoipwy tomodoyikdy
xdpwv kar o xédpos X = [[,cy Xn pe v kapreoavij tomodoyia. Tére o X eivar
JLETPLKOTOTILOG.

Arnddaén. T xdde n € N, éotw p, petpr oto X, wote %, vo elvou 1) Tonohoyia
tou X,,. Mnogolye va utodécouye 6Tt p, < 1 vy xdde n € N (avtixohotdviag
Pn M€ TNV min(py, 1)). Opllovue p: X x X — R pe

o0 1 ,
Z 27 xmyn Yo xde x = (In)a Y= (yn) € X.

H p elvan xohd optopévn petpind oto X (yuorel;). Apxel va det&oupe 6t T, = T, 6mou
T 1 xopTESLAV Totoloyia Tou X.

T xdde n € N xaw 2,y € X éyovue pp(mn(2), Tn(Y)) = pn(Tn, Yn) < 27p(z,y).
Enopévoe nmy, @ (X, %T,) = X, ebvan ouveyhic. Aol n T elvon 1 ehdyiotn tonohoyio
oto X wote xdde m, : (X, T) = X, va ebvan ovveytc, énetan 6Tt T C T,

Avtiotpoga, éotw G € F,. Apxel va del€oupe dtL yio xdde z € G undpyel B € B
(6mou B 1 xovovixy) Bdon e X) dote ¢ € B C G (déw ot 10 G Yot elvan évawon
otoyelwy e B, dpo G € T). 'Eow x = (z,) € G. Agol G € T, undpyel € > 0,
owote By(x,e) C G. Oétovpe B = ﬂﬁzl 7, (B, (Tn,€/2)), 6m0U k apxetd yeydho
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wote 1/2% < /2. Téte B € B, x € B xou ot x80e y = (yn) € B éyoupe

k [
1 1
p(a?,y) = Zﬁpn(xnvyn)"‘ Z zinpn(xnayn)
n=1 n=k+1
£ 1 =1
< = _ _
< 52t X
n=1 n=k+1
< € n 1
2 2k
< e&.
Apay € By(z,e) € G. Xuvende B C G. O

IMpétaocm 4.3.6. FEotw (X,T) tonodoyikds xdpos dote n X va efvar n aoleviig
Tomodoyla ws mpos pia owkoyéveaa ovvaptnoewy f; 1 X — X;, 1 € I, mov aywpile
ta onueia tov X (6nkadn, ya kdle x,y € X, pe x # y, vndpyer i € I dote
filz) # fi(y)). Oérovue o = X = [[;c; Xi pe o(x) = (fi(z))icr. Tore n ¢ etvar
(tomodoyikny) eugitevon, onladri n ¢ : X — o(X) elvar opoopoppiouds twv X kar
»(X), dnov 0 xdpos p(X) éxear Tn oxetiky) TotoAoyia.

Anddeitn. Aol n owovévewn (fi)icr Soywpeilel to onuela tou X, n ¢ ebvar 1 — 1.
Apan @ : X — p(X) ebvan 1 — 1 xou enl. "Eoto (x)) dixtuo oto X xaw z € X. Téte:

zx— v <= filza) = fi(x) yiaxdde i € I (and Hpdtaon 4.2.3(ii))
<= (fi(zx))ier = (fi(x))icr 010 ©(X) (and Hpdtaon 4.3.3(it), (1))
= p(xx) = ¢(x) oo p(X).

Anéb 1o yapoxtnpioud tne ouvéyeloc ue dixtua, émeton otL M 1 X — p(X) xou 7

1 p(X) = X ebvar cuveyeic. O

4.4 Tonoloyia mniixo

Yy Tonohoyia eupavilovior cuyvd %ATUCTACELS XATE TIC OTOLES XANOUUAGTE Vol
XOTOUOHEVACOUUE TOAOTAOX AL oV TiXelpeva amd anhodoTepa, YENoWOoToLWVTAS Uedodoug
«OLYXOMONGY. AUTEC OL XOTAGTACELS EVOEYETOL PE WO TEWTH HATId Vo paivovTou
OLAPOPETIXES, GAAAG OUCLUCTIXG ATOTEAOUY EXPAVOELS WG YEVIXHS XoTaoxeuhc. H
évvola g Tonoloyiag TNAiX0 OUCLIGTIXG EUTEPLEYEL TNV TUTLXY TEQLYPUPY| AUTAC TNG
HATOOHEVAS.

‘Eotww (X, %) évac tonohoyindc yhpog xou ~ yio oyéon woduvapioc oto X. 'E-
ot X = X/ ~ 10 cOVoho TV *AEoEWY toduVapiag WS TPoc TNV ~ (UTOPOVUE Vo
OXEQPTOUAOTE TNV XUTACXEUT TOU X wc Hlot «CUYXOAoTY TUNUdTwY Tou X, cuyxe-
xpwéva tautiloupe ta otoiyelor Tou X mou avixouv oty Blo xhdom tooduvapiog).
Xxomoég pog elvon v epodldcoupe o 6OVoho X uE wio TomoAoyia, TéTol WoTE 1) ONF
woupyio Tou X and 10 X va yiveto ue ouveyh teomo. OuclaoTind, omoutolUe va
ebvon ouveyhc 1 xavovxh TeoBorh @ X — X ue & — [z], 6mou [z] 1 xhdon wo-
duvapiog Tou . Av e@odldcouue To X ME TNV TETELUUEVT ToTohoY o, TOTE TPOPAVEG
n m Yo ebvan ouveyne. ‘Opwe plar Tétola xatdoTtaon dev nopouctdlel EVOLUPECOV XaL
v To Aoyo auto, Va meénel va avalnToouue loyuedTtepee Tonoloyiec 6To X. Av
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T ebvon 1 emduunty) Tomoroylo oTo )N(, TOTE, anb TN GUVEYELN TNG T, €YOLUE OTL
T, C{UCX: 7 }U) € T}. AN unopel edxoha xaveic va eéyEel 6TL 1 owxo-
yévewr {U C X: 7 Y U) € T} elvon ot Totohoyia 670 X. Koartahiyoupe étol otov
oax6houvdo oplouod.

Opiopoc 4.4.1. 'Eoto (X, T) évag tonohoyxde xtdpog, ~ uiot oyéon tooduvapiog
o0 X xu X = X/ ~ 10 c0voho Twv x\doewy wooduvopiac we npoc v ~. H
Tomohoyia

TL,={UCX: 7 ' (U)eT}

Tou X (6mou m M xavovixt| mpofolf) Tov X) xahelton tomoAoyior THAxo xoL 0 YWEOS
(X, %) elvon évag ydpoc mnAixo tou X.

Iopatrenon 4.4.2. H T, cbvou 1 yeyohbtepn tonoroyia oto X dote 1 XOVOVIXY
npofor m: X — X va elvon cuveyrc.

ITpétaom 4.4.3. Eotw tomodoyikol xdpor X, Y kai X évag xpos mnAiko tou
xaopouv X. Tore, pa ovvdptnon f : X = Y elvar ouvvexns av kar pévo av n fow
elvar ouvexris.

Andbeaén. (=) Aueoco, agol n m elvan cuveyhc.

(<) And tov opiopd e tomoloyiog TAixo €éxouue bTL Eva ohvoho V elvan avoixtd
oto X av xou wévo av to (V') elvon avoixtd oto X. 'Eotw U éva avouxtd utosivoho
tov Y. Téte, and tn cuvéyela tne f o m, to olvoro (f o) H(U) etvon avoxtd oto
X. "Apa, T0 otvoho w[(f o m)H(U)] elvar avoixtd oto X. ‘Ouec, apol 1 xavovih

rpoPoly ebvon erf Tou X, woylel 6t w[(f o) (U) = n(x~L(f7H(U))) = f~HU).

Anhadi, to f7H(U) elvor avoxtd oto X. Suvende 1 f ebvon ouveyhc. O

ITpétaom 4.4.4. Eotw X, Y tomodoyikol xwpor kar pia ouvexnsg ouvvdptnon
[+ X =Y nonola elvar owalepr) ong kAdoes wodvvapias g ~. Téte vrdpye
povadikr) f + X — Y pe f = fom. Anadn vndpyer povadixny f éror dote o

axédovdo didypappa va elvar petatidetai.

Arndden. T xdde [z] € )? opiCovpe f([z]) = f(z). Téte 1 f ebvon %o oplopévn
(yotl;) o mpogavase f = fom. And v Hpdtaon 4.4.3, 1 f ebvon cuveyrc, apol 7
fom= f elvou cuveyrc. H povadixdtnra agpriveton wg doxnon. O

Iot vor ylvel xatavontod to mide pmopodue vor avay vepllouyue éva yweo tniixo, eivon
ATAEA(TNTO VoL ELOAYOUUE X0 VAL HEAETHOOUKE TNV EVVOLOL TNG AmoXdVIoNS TNADXO.
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Optopocg 4.4.5. Eotw X, Y tonoloywol yweol. M cuvdptnon p : X — Y
xohelton amewcdvion mnAixo ¥ cuvdptnon TalTiIonS av UTEEYEL OYEor Wwoduvapiag, ~,
0610 X %0l OUOLOUOPYIOUSS ¥ : X =Y (6mov o ywpeo mnhixo X etvou €QOdLACUEVOC
pe v tomoloyio tnhixo) étol hote 1o axdhovdo didypapua va petatideTou:

IMapatrienorn 4.4.6. M aneixovion mnhixo p elvor Tpo@avide cuveyhc xou eml.
Emmiéov, éva U C Y elvar avouxtd av xat p6vo av To p’l(U) C X elvar avowrtd

(yrartts).

To axdroudo Oewpnuo xAvel QPavepd TO OTL OL TUEATAVL WIOTNTES YapaxTneilouy
Tig anewxovioelg mniixo.

Ocdpnua 4.4.7. Eoww X, Y tonokoyikol ydpor ki p : X — Y pia ouvveyris kai
eni ovvdptnon. H p elvar aneikévion nnAixo av kar pévo av, wyve ot éva U C Y
efvar avoiktd arxpPes étav o p~1(U) C X efvar avoiktd.

Anédein. To eudl elvon Yvwoto and v Iopatipnon 4.4.6. Aelyvoupe to avtiotpo-
go. Opiloupe oto X ) oyéon: yw z,y € X, v ~y <= p(z) =ply). H~
elvon pior oyéomn wooduvaplac oto X xou and tov oploud e ~, 1 p elvon otadepn otig
xhdoelc wooduvapiog. Ano v Ilpdtaon 4.4.4, undpyel wovadixy cuveyc cuvdpTnom
P X — Y, tétol hote p = pom. Amd v xotaoxevr g, N P ebvon 1 — 1 xou eni.
Méver va 8et&ouye dtL n P elvon avouxtr). ‘Eotw U C X avouté. Anb v unddeoy), Yo
va det€oupe 6L o P(U) C Y ebvon avouxtd, dpxel va del€oupe 6t 10 p~L(H(U)) C X
elvan avouxtd. ‘Eyoupe Sodoynd ot

P (BW) = (Bem)(B(U))
T (5 (BU))
7 HU) (ool 1 P etvon 1 — 1)

T0 omnolo elvan avoxtd, aol N T elval cuveyrg. 0

IMapatrienon 4.4.8. Eotw X, Y tonohoywol ydpot xaw p : X — Y pla cuve-
e xou enl ouvdptnom. Av n p ebvar avouxth (§ xhewoTt) cuvdptnor, téte, and To
Ocedpnua 4.4.7, etvon anexdvion mniixo. Tevixd, dev woylel to avtiotpogo, dnha-
01 undpyouv anewovicelg TNAixo Tou dev elvon 0UTE AvOLXTEC 00TE XAELOTEC GUVOE-
toee. T mopdderypa, av X = R (pe ) ouvidn tonohoyia), Y = {0,1} (pe v
tonoroyia {Y, 0, {0}}) xa & = X[0,400), N XOEUXTNELOTIX) GUVEETNGT TOU GUVOLOU
[0,400). H ¢ eivar amewdvion mniixo, ahhd dev elvan o0te avoixty|, oUTE XAeloTH,
apoV ¢((0,400)) = {1} oyt avowrtd xou ¢((—o0, —1]) = {0} oy xhewot6 ot0 Y.

To Oewpnpa 4.4.7 dev anoteel povo uia uédodo v va evionicouue €va Yo
Ao tou X, aAhd xon péoo amd TNV amdOEr) TOU, AMOXTOVUE VOl BLOPOPETIXG
TPOTO TPOGEYXIONE TNV €Vvolag Tou Yweou nAixo. Eotw Z éva chvoho xou o ent
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ouvdptnon ¢ : X — Z. Oo Vélaue va EQodIICOUUE TO Z UE TN UEYAAVTERY SuVATH
Tonoloyla Ty, €Tl WoTE N ¢ va elvon cuveyc. AovlebovTog, OTwe axeBOg xoL oTNY
oY1 TNG TopaYpdpou, xataAyouue oTtny e€Ng Tonoloyla:

Ty ={UCZ: ¢ " (U) avoxté ot0 X}.

'Ouwg, ebxola eAéyyet xavelg 6TL 1 tonohoylo Ty xorhotd T ¢ Oyl Udvo cuveyr), ahhd
X0l AEXOVIOT) TNAIXO, ol txavoTolel TNy 1oodlvouy cuviixn Tou Ocwpruotog 4.4.7.
Anhadn, o ywpoc (Z,%4) elvar opotopop@ixds pe éva ywpo tniixo tou X, o onolog
neplypdgeTon otny anodeln tov Oewphuatog 4.4.7. T Adyoug anhdtntag, oto e€ig
Yo Mpe 6L 0 (Z,Ty) ebvan ydpog tmhixo tou X, mou endyeton and 1 cuvdpeTtnon ¢.

ITedtaocm 4.4.9. Eoww X, Y, Z tonodoyikol xdpor. Av oY eivar xdpos nnAiko
tov X kai o Z elvar xdpos mnAiko tov Y, tote o Z elvar xdpog mnAiko tov X.
Yvykekpiuéva, av n torodoyia tnliko tovY endyetar and pa ovvdptnon f : X =Y
ka1 n torodoyila mnAiko tov Z endyetar and pa ovvdptnon g @ Y — Z, tote n
go f: X — Z elvar aneikévion tnAiko.

Anédeén. Twxdde U C Z woybel niwétnra f1 (g HG)) = (9o f)HG). Enopévec
70 G evou avoixtd <= 10 g H(G) C Y ebvan avoxté <= 10 [ H@G)) =
(go f) HG) C X elvon avowxtd. Apa ny g o f elvor ametxdvion nnhixo. O

'‘Eotw topa X tonohoyxdg yopeog, Y abvoho xat ¢ : X — Y wo cuvdptnon ent
tou Y. Xe éva A C Y unopolyue va oploouye tic e€fc tonohoyles:

o 1 oyetxh tonoroyia (Ty)a, Tou A e npoc TRV Tonohoyio Tnhixo Ty Tov Y
TOU EMAYETAL A TN CLUVAETNOT @.

e v tonoloyia mnhixo Tyia Tou A TOL emdyetan and TN cuvdpTtnon PA =
Plo-1(a): 071 (A) = A
Aol 1 ouvdptnon ¢| A eivan cuveyic av to A éxel epodilacTel e T oyeTxr| Tonohoyio

n ol 1 Ty ebvon M peyakdtepn tomohoyia 610 A dote N ¢|A va elvon cuveyrg,
énetan 6TL (Tg)a € Tgja. Nevixd, dunc dev oylel wdtnta (BA. Aoxnor).

ITpétaom 4.4.10. Eotw X tomodoyikés xwpos, ¢ : X — Y pa ovvdptnon ent
tov ourdlov Y ka1t A C Y. Avioyve wa and tig tapaxdtw ovviike:

(1) To A efvar avoikté 1§ kA€1oté 0t0 Y (ws mpos Ty tomodoyia mnAiko Ty),

(i) H ¢ eivar avoiktrj 1j kAeioer),
téte 10y ver 6t (Ty)a = Ty)a-
Andoadn. Apxel va Sellouye 6t (Ty)a 2 Tyja.
(i) Botw 6m 10 A ebvar avoxté. Eotw G C A ye G € Ty 4. Tote 10 cOvoro
(6|A)HG) = ¢7HG) Np71(A) = ¢71(Q) elvar avoxté oto ¢~ H(A) xau ool 10
¢~ (A) ebvon avoxtd oto X, and Hopatienon 4.1.5(8), 10 ¢~ 1(G) elvor avorxté oto
X. Yuverie, G € Ty xaneq'doov G C A, éyoupe 61 G € (Tg)a. Apa Tyja € (Ty)a.
I v nepintwon mov to A eivanr xhewotd epyaldyacte avdloya.
(ii) Eotw 6T n ¢ ebvon avowxtr ouvdptnon. Eotw G C A pe G € Tya. Agod
70 oOvoro (4|A)~HG) = ¢71(G) ebvon avoxtéd ot ¢ L(A), undpyer U C X dote
N G) =UnN¢ 1(A). Tote G = ¢p(U) N A, xon agob 1 ¢ ebvor avowxth, to ¢(U)
elvow avouxté 010 Y. "Apa G € (Ty)a xou cuvenids Tpia € (Ty)a.
I v neplntwon mou 1 ¢ elvon xheloty| epyoaldpacte avdAoya. O
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Khetvouye ewodyovtag éva cupBoloud, o onolog Yo qavel yeriowwos ato péAlov.
Av X elvon évag tomohoyixdg ywpog xaw A € X. OpiCoupe tnv e€1ig dloapéplon

{{z}: ze X\ A} U {4},
xal €0Tw ~ 1) oy€an Looduvapiag Tov ENdyETAL amd TNV Topamdve dlopéeton. To yheo

miixo X/ ~ Yo tov cupPBoliloupe pe X/A. Ouowotixd, xotéd TNy xataoxevy| Tov
X/A 6ho o onpela tou A towtilovton petad Touc.

4.5 Aoxrosig
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Kegpdiowo 5

Aloy wploTind ASLoduata

Av xou yio Tomohoylo eviEyeTar Vo TEpLEYEL «TOAGY GUVOR, TO OGO €UVOIXY elvon
N SOUn TV AvOXT®OY GUVOAWY Umopel vor mowxihhel. Mo evdeyduevn madoyévela,
Tou pnopel va eypavileta, etvon 1 oduvopia e Tonohoyiog va daywploel Vo dlo-
XEXQWEVA ONUES TOL Ypou (Snhadr to onuela owtd var Teptéyovtan oTa (Bio avourtd
obvola). Autn 1 todoyévela, omwe Yo BolUe avoAUTIXG TOEAXATw, EXEL G CUVETELNL
v Tawtdypovn clyxhon, xou ot 800 onuelo, xdde dixtiou mou cuyxAivel oe éva
(tovhdyiotov) and ta onuelo autd. Anhadt, dev unopolue va €youue Ty emtdupnti
WBLOTNTAL TN HOVABLXOTNTAC TOU 0plou Yial T cUYXAIvovTa SixTua. 3T0 XePdAouo auTd
emduyolpe vo e&etdoovpe Wia oelpd cuVInX®Y, ol ontoleg xadioTody TNV ToToAoYin
eVOC YDPOL ELVOIXT) WS TPOG TN LAY WELETIXOTNTA TOU YWEoU (Bnhad| TNV ovéTnTo
ne Torohoyiag vo Slarywpeilet dtoaxexpiuéva onueia xoL ¥AELGTE LTOGUVORX TOU YWEOL).
H yAdooo nou Ga elodyouye Bev EYel kS LoVAdLXS TNC OXOTO TNV XATETAEN TKV TOo-
TOAOYIXOV Y WPWV WG TROS TIC cLUVINXeS-Ta dlaywpioTikd agidpata- Tov IXUVOToloUY,
oM xon vor pog uTtodelEet moteg efvan oL WBLoTHTES TToL Yo TEémel va dtardéTel €vag To-
TONOYIXOC Y PO WOTE Va elval petpixomolfolpog. o va emiteuydel 0 oxondg autdc,
xplveton oxOTPO PE TNV EloaywYN EVOC VEOU Blaywpelotxol afidpatoc, va e&etdleton
N oxéon xou 1 IAANAETBPACT TOU e 600 BlaywELoTiXd aLwduata €xouy 1dn uehetniel,
nodde xan va Blepevndel to xotd néco avonolelton GE YL HETELXY) TOTOAOY(A.

5.1 Xwpol T}

To mpdto Baywpelotnd afinya mou eiodyoupe eEac@orilel v Unapln <AETTOVY
OVOLXTOY TEPLOY WY Yl To oNUElol TOU YWeov, dnhady yia xdle oTtotyelo Tou yheou Yo
udpyel Wa Bdon meploy®y, To oTolyela TS onolag Yo UTopoly Vo TO ATOYOVOCOUY
and xdde dAlo otolyelo Tou ydpou. BOu dolue 4Tl aUTé elval LOOBUVOUO PE TO Vot Efvol
XAELGTO GUVOAO XGVE HOVOGUVONO TOU YWeou. Axdun xi vty 1 eAdylotn anaitnon
Bev wavorotelton and xdde Tomoloyxd YOEO.

Opiwopodg 5.1.1. 'Evac tonohoywxde yopoc X xaheltow ydpooc Ti ov vy xde
x,y € X pe x # y, urdpyet avowxté ocvvoho G pe x € G xu y ¢ G.

ITpbtaom 5.1.2. Ia évay tomodoyiké xdpo X ta axddovda elvar ioodbvaua:
(i) OX elvarTy.

(i) KdOe povooitvodo efvar kheioté oo X.
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(ii5) NNy = {x} ya kdVe x € X.

Arndbeén. (i) = (i) Eoww z € X xuy € X \ {a}. Téte z # y, dpa and 1o (i),
urdpyer G avowntd Gote y € G xow x ¢ G. ‘Apay € G C X \ {z}, 61ou G avouxtd,
enouéve X \ {z} € N, vy xdde y € X\ {z}. Tovende 1o X\ {z} ebvan avoutd xon
lwodvaya to {z} eivar *AeloTo.

(1) = (4i1) 'Eotw x € X. Tpogavix éxovue 6t {z} C (M, (agpod z € U vy xdde
UeMN,). Bowy e X yey # x. Tote, and o (i1), 1o X \ {y} ebvor avortud xou
z € X\ {y}. Apa X\ {y} € Ny xou npogavic y ¢ X \ {y}. Enopévee, NN, = {z}.

(7ii) = (i) Eow z,y € X pye ¢ # y. Térte, and o (i), y ¢ [N, dpo undpyet
UeNyuey ¢ U. Béroviae G = U® €yovpe 6T 10 G elvan avorxtd, @ € G xou
y & G. Tuvende o X elvou Ty yodpoc. O

IMopathenon 5.1.3. Yo (iii) e Hpdtoong 5.1.2, 1o obotnue nepoydv N, pno-
pel vo avtiataotadel and pa Bdorn meploydy B, tou z, agol (B, = (N, Hedy-
pott, and to ot B, C N, nolpovpe 61 (B D (| My Axdun, agold yio xéde
U eN, urdpyet B € B, ye B C U, éyovpe 6t [ B, C N N,.

IMopodeiypata 5.1.4. (o) Kédde yetpide yopoc eivon 11, agod ot xdde petpind
YOPO ToL HOVOSUVONaL glval UAELTTEL.

(B) Av (X, %) elvon évac 17 yopoc xou T ebvon o totoroyia oto X pe T D T, t61e
xou 0 yopoc (X, ') etvon T1.

(v) Eotw X éva abvoho xat T 1 cuunenepoouévn tonohoyio oto X. Téte o tonoro-
Yo yopoc (X, T) elvon T, apold xdde povooivoho eivor xAeloTo.

(8) "Evac tomohoyixdc xodpoc (X, T) etvon Th ov xaw LOVo oy TEPLEYEL TN CUUTETEQT-
opévn tornoloyia. Hpdypartt,

(=) Ané my Hpbdtaon 5.1.2, éneton 6L xdie nencpaouévo oUvoro oe évay T yweo
elvon xhelotd. Apa xdde chvohoye Tenenpaouévo cuUTAYPWUA elvol ovoLxTd.

(<) "Apeoco, and ta (B) xou ().

(e) Eotww X olvolo ye dVo touldytotov onuelo xaw g € X. Téte o X pe v
Tonohoyio Tou Waitepou onueiov xo dev etvan Th ywpoc. Hpdyuatt, to {20} dev elvan
xheoto, apol xo ¢ X \ {xo}, dnhadh to X \ {zo} # 0 dev elvon avouxto.

IMedétaom 5.1.5. Eoww X évag T1 xopos ka1 'Y évag tomodoyikds xawpos. Av
vndpyer ovvdptnon f : X = Y 1 — 1, enl ka1 avoiktr), tote 0o Y elvar 11 xopos.
Idwatrepa, av oY eilvar oporpopgikos ue tov X, wote eivar Ty xapos.

Arnédaén. Eotw y € Y xou 1o onuelo f~1(y) € X. Agod o X etver Ty éyouye éTL
0 oOvoro {f71(y)} ebvon xhetoté 010 X, A 1o0d0vapa, 6L To chvoro X \ {f~1(y)}
ebvor avoxté. H f elvon avowtd, ouverde o ovvoro f(X \ {f~1(y)}) ebvor avorxtd
oto Y. Agol tdpa 1 f elvon 1 — 1 xou ent, éyoupe 6t (X \ {f1(y)}) =Y\ {y}.
Apa 1o {y} eivan xheiot6d. Enopévac o Y elvon Th. O

ITeétaom 5.1.6. Av X elvar évag Ty xdpos ka1 A évas undywpds tov, Téte Kai o
A etvar Ty.

Arnddeén. 'Eow x € A. Téte éxovue 6t {x} = {x} N A, 6nou 10 {x} elvon xheoté
oto X. Apa, ané tny Hpdtoon 4.1.4(i), to {z} elvon xhewot6 oto A. Enopévee, o A
elvan yopog T7. O
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IMeétaocm 5.1.7. Eotw (X;)ic owxoyéveia T tomodoyikdy xopwv. Tdte o xdpos
X = [Lie; Xi etvar Ty

Anddeiln. 'Eow z,y € X pe x # y. Todte undpyet ig € I dote z;, # yiy. Aol o
X, ebvon T1, vndpyer G avowtd oto X, Gote z;, € G xou y;, ¢ G. Téte 10 Wi_ol(G)
elvar avoixté oto X (agol n m;, elvon cuveyhc), ue = € 7T;01(G) xou y ¢ 71';01(6').
Enopévee o X etvou T yopoc. O

5.2 Xwpot Hausdorff

To BloyweLoTnd afltuo TOU ELGAYOUUE GE QUTY TNV TUEAYEAPO APORE TO Lo WELOUS
Slaxexpévmy onpeinwy YEow avoxtdy cuvolwy. Ankady, av éyoupe 800 dlaxexpl-
péva ototyela Tou ywpov, eacpaiileton 1 LdEEN Eévwy neptoy v tous. H WBibétnta
oty ebvon Yeyding onpaciog, xodog loduvauel Ye T povadixdtnta Tou opiou yio To
ouyxhivovta dixtua.

Optouode 5.2.1. Evog tonoloyixde yopoc X xohelton yddpoc Ts Y yedpoc Hausdorff
av vyt xéle z,y € X pe z # y, undpyouv avowtd civora G, Go pe z € G1, y € G
xou G1 NGy = 0.

IMapathienon 5.2.2. Kdéde Th yopoc etvan xan 1.

ITpétaom 5.2.3. Ia évay tomodoyiké xdpo X ta axodovda elvar ioodbvaua:
(i) O X etvar Ts.
(ii) Ta xdO z, y € X pex # vy, vrdoyer U € N, pey ¢ U.

(iii) N{U: U eN,} ={x} ya kdde z € X.

Arédaén. (i) = (i) Eotww x, y € X ye x #y. Ané 10 (i), undpyouv U, V avouxtd
dotexeU,yeVuxu UNV =0. Téte U € N, xuw y ¢ U (Blott y € V, avowxtd
xu UNV =0).

(ii) = (ii1) Eotw x € X. Hpogavic éxovue on {z} € N{U: U € N,}. Eotw
y € X yey # x Tote, and 1o (ii), vndpyer U € N, pe y ¢ U. Ernopévo,
N{T: Uen,} ={a}.

(iti) = (i) Botw z,y € X ye @ # y. Tote, and 7o (iii), y ¢ N{U: U €N, },
oo undpyer U € M, pe y & U. Oétoviac G = U° xow Gy = X \ U, éyoupe 6TL 10
G1, Go etvar avouxtd, £ € G1 xou y € Go xow G1 NGy = (. Yuvende o X etvan Th
YXOPOG. O
HMopothpnon 5.2.4. Yta (ii) xo (iii) e Hpdtaone 5.2.3, 10 oot TEPLOYOY
M, umopet vo avtixataotodel and plo Bdorn neploywy B, Tou .

Mapadeiypata 5.2.5. (o) Kdde petpinde yodpoc (X, p) ebvan ydpog Ts. Hpdypatt,
¢otww, y € X yexv #y. Tote yoe = 1p(z,y) > 0 éyoupe 6t B(w,e)NB(y,e) =0,
x € B(z,¢e), y € B(y,e) xou to0 B(x,¢), B(y,¢) elvar avouxtd.

(B) Av (X, T) elvou évac Tr yodpoc xou T eivan ot tonohoyia oto X pe T’ DO T, tdte
xat 0 yweoc (X, T) elvou T.

(v) O yopoc Rg etvar T, ool 1 tonohoyia Tou nepéyel tn cuvidn (UeTpn)) Tomo-
oyl Tou R.
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(3) Eotw X dnepo ohvoho xat T 1 cupnenepaoiuévn totoroyio oto X. Tote o (X, )
ebvon T7 yopoc (Hopdderypo 5.1.4(Y)), ahhd Sev eivon T (Bi6tL Sev undpyouv Eéva, un
%EVE, avouxtd uoovvoha Tou X).

Oedpnua 5.2.6. Evag tonodoyikds xapos X eivar Hausdorff av kar pévo av kdOe
ovykAivor diktvo oto X ovykliva akpifds o€ éva onueio (dnAadr oy ver n povadi-
kdTnTa Tou opiov).

Arndbeén. (=) Trodétouue, mpoc dromo, 6Tt umdpyer (Pa)rea dixtuo oto X xou
z,y € X pye x # y, ®ote py — = xaw py — y. Aol o X ebvan ydpoc Hausdorft,
undpyouv Eéva avowxtd cbvora G, Go pe © € Gy xaw y € Ga.

Aol py — z, utdpyel A1 € A dote py € Gy v xdide XA > Aq.

Aol py — y, undpyet A2 € A dote py € Ga Yo xdde A > Ag.

Endéyovtac Ao € A pe Ao > A1 xau A\g > Ag, éyouue 61 py, € Gy xaou py, € Ga,
Tpdypa dromo, apod G NGy = (.

(<) Trodétouye, npoc drono, 6T o yopoc X dev eivow Hausdorff. Téte undpyouv
z,y € X pex #y, dote yiaxdde U, V avowutd cOvorape € U xan y € V va oy el
UNV #0. Gétouge A =N, x N, ={(U,V): UeN,, VeN,} xou oplloupe
oyéon npoddtaine < oto A w¢ e€hc:

(U1, V) < (Ug, Vo) <= Uy C Uy xou Vo C V4.

Té1e 10 (A, <) elvon xateuduvépevo cOvoro. T xdde (U, V) € A emhéyoupe otoiyelo
pw,vy € UNV. Etol opiletan 1o dixtuo (pw,v))(w,vyea 010 X. Téte pyy — .
Mpdypat, éotw Uy € N, Tote (Up, X) € A xon axdun v x&de (U, V) € A ye
(U, V) > (Uo, X) éyoupe p,vy € UNV C U C Up. Enopévec p,yy — x. ‘Opola
oetyvel xavelc 6T p(y,vy — ¥, TEdyUa dTono, Aol T # Y.

IMedtaom 5.2.7. Eoww X évag Ty xopos ka1 Y évag tomodoyikds xawpos. Av
uvndpxer ovvdptnon f + X — Y 1 — 1, enl ka1 avoiktr}, téte 0 Y elvar Ty xdpos.
Idwaitepa, av o Y elvar opouopgios pe tov X, tote eivar Ty xdpos.

Arnédaén. 'Eotw z,y € Y xou to oneler f~H(z), f1(y) € X. Agod o X elvan Th
xOpoc, utdpyouv Eéva avowxtd ohvora U xon V., pe f~1(x) € U xou f~1(y) € V. H
| etvon avowxt, cuvende ta svvora f(U) xau f(V) elvar avouxtd oto Y xon npogovede
z e f(U),y € f(V). Apol n f ebvan 1 — 1, éyoupe 6t f(U)N f(V) = fF(UNV) = 0.
Enopévec o Y etvon Ts. O

ITedtaom 5.2.8. Av X eivai évag Ty ydpog ka1 A évag vndywpds tov, Téte Kkai o
A etvar Ts.

Arnddeln. 'Eow x,y € A. Téte, apol o X eivaw T, undpyouv Eéva avowtd umo-
olvoha G, Gy tou X dote x € G xu y € Ga. 'Etol éyouye éti tor olvora
U=G NAxuV =GyNA etvon Eéva xou avoxtd oto A, ye x € U xu y € V.
Enopévwe o A etvor ywpog Ts. O

Ieétact 5.2.9. Eoww (X;)cr oikoyéveia Ty tomodoyikdv xdpwy. Téte o xdpos
X =1l,c; Xi evar Ts.

Arndbeln. 'Eow z,y € X pe x # y. Tote undpyel ig € I wote T3y # Yi,. Agob
o X, ebvon Ty, vndpyouv G1, Ga &éva, avouxtd obvora oto X;,, Wote z;, € G1 xau
Yis € Ga. Téte 10 77;01(6'1) prees 7'(';01(G2) ebvan Eévar xan avowxtd oto X (agol n
ebvon ouveyfic), pe x € m; ' (G1) xau y € ;. (G2). Enopéve o X eva Ty ydpos. O
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5.3 Koavovixol Xwpotl

To tplto Syweiotnd adlwya apopd 10 daywEloUd VOS XAEIGTOD GUVOROL Omd €Vl
e€wtepnd oL onuelo. Oi meplocbTeEPOL TOTOAOYIXOL YEOL TIOU TaPOLGLALOLY EVOLA-
(QE€POV IXavoToLOUY LT To aEiwua, To onolo lwoduvayel e Ty Hropdn Pdone teploy v
and xAeloTd cUVOA, Yio xdde onuelo Tou ydeou.

Optowdg 5.3.1. Evoc tonoloyixde ywpoc X xahelton yooc T Y xavovixoe ydpoc
av v ke F C X xhewotd xu ¢ € X \ F, vndpyouv avowxtd covoha Gy, Ga pe
xEGl,FQngouGlﬂng(D.

IMopathenon 5.3.2. Kdde T3 xon 11 yopoc eivar Tr yopoc.

IMeétaom 5.3.3. Ia évay tomodoyikd xdpo X ta akddovda elvai ioodbvaua:

(i) O X etvar kavovikdg.

(ii) Ta kd9e z € X ka1 F C X xdewoté pex ¢ F, vrdpya U € N, pe UNF = 0.
(i) Ta kd v € X ka1 U € N, vndpyea V € N, ue VCU.

(i) INa kdbex € X xar F' C X kde10t6 pe x ¢ F, vndpyovr Gy, Gz avouctd gtvola
nexr € Gy, FC Gy ka1t G1NGo = ).

Anddaén. (i) = (i) Eotw x € X xou F C X xhewoté ye ¢ ¢ F. Agob o X elvou
T3, undpyouv U xou V avoxtdue x € U, F CV xaw UNV = (). Tote U € N, xn
UNF=0®Buwuavy e F, t6te V ebvor avouxté xu U NV = ().

(ii) = (#1) Bow x € X xou U € Ny, dnhadhz € U°. Av F = X \U® e v ¢ F
xou mpogavads F xheiotéd. Ané o (i), undpyer V€ N, dote VN EF = ), dnhady
VCU°CU.

(iii) = (iv) Bow = € X xou FF C X xhewoté pe v ¢ F. Tote X \ F € N,. And
7o (iii), undpyer V € My dote V. C X \ F' (V avouth nepioyr). Hdh and to (iii),
urdpyer W € N, dote W C V. Oérovpe Gy = W° xou Go = X\ V. Téte o G, Go
elvor avowxtd, © € G, F C G xu G1 NGy =0 Bubn Gy C W = G; C W xwu
axbun Go = X\ V=(X\V)CX\V=X\VCX\W).

(iv) = (i) Eivou tpogavéc. O

IMopathenorn 5.3.4. Yo (ii) xou (iii) e Hpdtaone 5.3.3, 0 obotnue neploy @Y
M, umopel va avtixataotodel and wa Bdorn meploymy B, tou T xou edxd and TN
B, ={UCX: U avowxt6 pye z € U}.

ITépiopa 5.3.5. Evag tonodoyikds xwpos X elvar kavovikds av ka1 pévo av kdde
x € X éyel fdon meproydv and kA€wotd ovvola.

Arnééaln. (=) lNaxdde xz € X éotw B, = {U : Ue ‘ﬁw} Téte B, C M, xow and
v Ipéraon 5.3.3(1) < (iil), éneton oL 1 B, eivon Bdom neploydy Tou .

(<) Encton and ty Hpdtaon 5.3.3(1) < (iil). O
Mopadeiypata 5.3.6. (o) Kdde yetpinde yodpoc (X, p) eivon xavowixog, SLotL av

z € X, 1 owoyéveln twv xAelotdv unohodv {B(z,e) : € > 0} elvar Bdon neploydv
Tou T and *AeoTd GUVola.
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(B) 'Eotw X = {a, b, ¢} pe v tomoroyia T = {0, {a}, {b, ¢}, X}. O ydpoc (X, %)
dev etvon T4, apol 1o {b} Bev elvan xhewotd (Emouévie dev elvan oVte Th), Gume elvon
T3, 816l To ¥helotd LTocUVOAa Tou X elval CUYYEOVWS XL AVOLXTA.

() Eotw (X, %) tonohoyixde yweoc xou éva un xhewotd A C X pye A° =0. Av &
elvon 1 Tomohoyia oto X pe unofdon my TU{A°}, t61e 0 xdpoc (X, &) dev eivon T.
M Bdon yio v S ebvau n B=FTU{G\ A: G € T}, dpu

6:{G1U(G2\A)Z Gl,GQGS}.

Aol 10 A Bev elvan xhelotéd ot0 X, ¢ Tpog v T, undpyel otowyelo = € clz A\ A.
‘Eyoupe 61t 10 A elvow xhetoté e npoc v & xow z ¢ A. Eotww U,V € & pe
x €U xu ACV. Apxel va deloupe 61t U NV # O (dlott téte w0 & xon A 8¢ Yot
droywpellovtan amd avoxtd olvora g 6).

Eyouye U = Gy U (G2 \ A) xou V = G3 U (G4 \ A), 6mov a0 Gy,...,G4 € %.
Agob A CV, éneton 611 A C G3. AgoV x € U, éneton 61t ¢ € G f = € Gs.

e Avaz € Gy, t6te G1NA#0D, agol € clgA. Enopévoc UNV # ().

e Av z € G, t0te GoNA # 0, agod = € clgA. Agol A C G, éreton 6Tt
G2NG3 # 0 xou elvon Tpogaves avoixtd e mpog v T. Enouévee GaNGs € A,
St intg A = 0. Apa (G2 \ A)NG3 # 0. Apob Go\ A C U xu G3 C V,
éretn 6Tt U NV £ (.

(3) Eote T 1 ouvidne tonohoyia tou R xaw A = {1 : n € N}. Ect & 1 tonohoyla
tou R nov €yel we unofdon v TU {A°}. Téte o (R, S) civon Ts yxdpoc, oAAd byl
T;. Hpdypat, o (R, T) eivan Th ydpoc (0 yetpixonotfiowos) xou agod & D T, éneton
ott o (R, 8) ebvar To. To A dev ebvan xhetotd 610 R xou intg A = 0. Apa, and 10
Mapdderypa (v), o (R, 6) dev eivar T5 (ouyxexpéva 0 ¢ A, 1o omolo elvar xheotd
we mpoc Ty &, xan ta 0, A Se Sraywpilovton and avowxtd ohvoha tne &).

ITpétaom 5.3.7. Eoww Y érag kavovikds tomodoyikos xopos, X évag tomoloyikds
xopos kar D évag nukvés vrndywpos tov X. Av ya wa ovvdptnon f 1 X — Y woydea
ot n flpugay €var ovvexns ya kdde v € X, téte n) f eivar ovvexrs.

Arndben. Eotww x € X xou dixtuo (zx)rea 010 X pe 2) — z. Oéhovye va delloupe
ot f(zn) = f(x). Eotw, npoc dromo, 6t f(zx) - f(z). Tote undpyel xhewoth
(apot 0 Y elvou T3) mepoyh) V, tou f(z), dote v xdde p € A va undpyer p’ € A,
p > ppe flaw) V.

H flpu{ey ebvar ouveyrc, dpa undpyel Uy avouxts meployr) Tou x, TéTold (GOTE
fUon (DU{x})) C V. Aol z\ — x, undpyet A\g € A dote yio xdde A € A
HE A > A va oylel 6t zx € Up. ‘Ouwc, agol f(xy) - f(x), undpyet Ay € A pe
flxa,) € V. Anadh, to Ve eivan (avoutn) nepoyr| tou f(zy, ).

H flpufa,,y ehvon ouveyic, dpa undpyel Ur avouxtd meployt) Tou Ty, , TéTolo HOTE
FULN(DUA{zx,})) C Ve Opwe to obvoro Uy N Uy elvon avoixtd xow W %xevo
(ool zx, € Ur NUp), dpo U1 NUy N D # 0 (apod to D eivar nuxvd oto X). ‘Etot,
XAt youue oe dtomo, agou:

UnUpnDCUIND — f(UlﬂUoﬂD)ch
UunUpynDClU,nND — f(UlﬁUoﬂD)gV.

Enopévace f(zx) — f(z) xou xotd cuvénewa, n f eivar cuveyic. O



5.4. PTIIOAOTIKOI XOPOI - 57

IMebtaom 5.3.8. Av X eivar évag T3 tomodoyikés xdpos ka1 Y elvar évag tomodo-
VIKOS XPpOoS, opoopopgikos (e Tov X, tote ka1 Y elvar T3 xapos.

Anédeitn. 'Eotw ¢ : X — Y évac opotoyoppiopds tov X xo Y, xadog xon éva
y €Y. Agot o ydpoc X ebvan T, to onueto ¢~ (y) éyer wa Bdon nepioyodv By—1(y),
and xhewotd ovvoha. Etot, éxouue 6T M owoyévela {p(V) 1 V € By} ebvon wa
Bdon teptoy@v tou ¥ and xhetotd ohvora (yiatl;). Enopévic o ydpoc Y eivon T3, O

IMebtoaom 5.3.9. Av X evar évag Ts ydpos ka1 A évag vndywpds tov, tote Kkai o
A etvar Ts.

Arnddeitn. ‘Eoww v € Axu F C A, xhewot6 oto A, pe ¢ F. Téte undpyer K C X
xhewot6 (ot0 X) dote F = KN A. 'Eyoupe 61 ¢ K xau, agod o X elvou T3,
urdpyouv G1, Go &éva, avowxtd obvora oto X, pe ¢ € Gp xaw K C Go. Téte ta
ovoho U = G1 N A xu V = Ga N A ebvon Eéva xou avowtd oto A, ye ¢ € U xou
F=KNACYV. Apu o ywpoc A elvar T3. O

IMpdétaom 5.3.10. Eotw (X;)icr oikoyévewr Ts tonodoyikcr xdpwy. Tdte o xdpos
X =[Lie; Xi evar Ts.

Anédeitn. 'Eotw x € X xu U € M,. Apxel va del€oupe étL undpyer V € N, wote
V C U. 'Eyoupe 61t € U°, 10 onolo eivou avoixtd, dpo undpyer B € B (6mou
B n xavovixi Bdon vty tonoloyla ywéuevo) wote & € B C U° C U. Tére
B =, 7ri_k1(Uk), onou Uy C X;, avoxto, Yy k=1,...,n. Agob z € B, éyouue
otz €Uy vk =1,...,n. Agol ol yopor X;, elvon T3, undpyet avouxto Vi, C X, ,
wote xi, € Vi xou Vi C Uy, yio x&de k. Oéroupe V = _, 7r;kl(Vk). Téte 1o V
elvon avouxtd xan x € V, dnhadr) V€ N, Eniong

V= (ﬂ w:ﬁ(vk)) =[[a=][4=N='VocNm ) =0U
k=1 k=1 k=1

i€l i€l

, Vi, avi=ig, k=1,...,n
6mouv A4; = ,
Xi, SwpopeTixd.

5.4 dPuoclorloywxol Xwpotl

e auth) TV Topdypapo UEAETOVUE TOUC QUOLOAOYLXOUC YWEOUS, dNAadY TOu¢ ToTo-
Aoyolg yopoug otoug onoloug elvor eQIXTOC O SLoyWELOUOS TV EEVWY, XAELGTWY
GUVOAWY Amd AVOIXTE GUVOAA. LTOUC QPUOLOAOYLXOUS Yhpoug toybouv elalpeta Oc-
wefuota 6twe to Afupa tou Urysohn xat to Oedpnua enéxtaonc tou Tietze, odNd
xotd plar €vvolal oL PUCLOAOYLXOL YOl BE CUUTERLPEROVTAL 6GO Xahd Vo TEpiUEVE Xt
velg (v mopddelyyo, o YvouevVo 300 QUOIOAOYIXGY YWewy Bev elvan xat  ovdyxn
(PUOLONOYIXOC YPOC). Aol OROXANEMCOUKE TN cLUVAUT dlEpelvnoT xou Y aUTO TO
BlaywetoTixd afiwpa, Yo TpoYwEHCOULUE OTNV ATODEIET XATOLWY WOIATERA ONUOVTLXEY
ATOTEAEOUATWY TOU Lo} UOLY GE PUCLOAOYLXOUS YWEOUS .

Optopode 5.4.1. 'Evac tonohoyixée yweoc X xodelton guotoroyixds ¥ ypoc Ty,
av vt x&0e xhewotd ovvoha Fi, Fo C X pe Fi N Fy = () undpyouy avouxtd ohvola
G1,G2 € X dote F1 C Gy, Fo C Gy xon Gy NGy = .
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IMapathienon 5.4.2. Kdade Ty xou 171 ydpog etvan T3 ydpoq.
ITedtaom 5.4.3. Ia évav tomodoyikd ydpo X ta axdovia eivar wodlvaua:
(i) O X etvar puoiodoyikds.

(i) Ta kdde F1, Fo C X kleotd pe Fy N Fy = 0, vrdpya U C X avoikto pe
F,CU ke UNFy,=10.

(i4i) T'a kdOe F gj( kA€ot ka1 G C X avoikté pe F' C G, vrdpya U C X avoixtd
pe FCUCUCQG.

(iv) T'a kdBe Fy, F» C X KAetotd pe Fy N Fy = 0, vrdpyour Gy, Go avoiktd olvola
pe F1 C G, F C Gy ket GiN Gy = 0.

Anéoeifn. H anddelén eivoan avéhoyn ye outh e Ipdtaone 5.3.3 xou yio to Adyo
auTd APRVETOL WS GoXNOT). O

ITedtaom 5.4.4. Av oe évay tomodoyikd xdpo X kdle khewoté odvoro F elvar tng
poppnis F' = {x € X : f(x) = 0} yua kdrowa ovvexni owvdptnon f : X — R, tdre
o X elvar puoiodloyikds. Idwattepa, kdOe petpikomorjotos tonoAoyikds xwpos €lval
QUOI0AOYIKGS.

Andbaén. ‘Botw Fi,Fy C X xhewtd pe Fy N Fy = 0. Téte undpyouv cuveyelc
ouvapthoeic fi, f2: X — R dote Fy = f{1({0}) xon Fy = 5,1 ({0}). Opilouye

: _ A

AR SO R R@T
H ¢ eivon xahd optopévn, ouveyic we ¢(x) = 0 yia xdde = € Fy xon ¢(x) = 1 yio xéde
r € Fy. ©étoupe U = ¢ 1((—00,1/2)) xn V = ¢71((1/2, +00)). Téte 1 U,V elvou
Zéva, avouxtd (Bt6t 1 ¢ elvon ouveyhc) xaw Fy C U, Fy C V. Enopéves o yopoc X
elvon Ty.

Av (X, %) elvon évag LETPIXOTIOAGHLOC TOTOAOYIXEC XDPOG, UTEPYEL UETPLXH p GTO
X dote T =F,. BEow F C X xkewotd. Opiloupe ) ouvdptnon f : X — R ue
f(z) = d(z, F) (n andotaon tou onueiov x and 1o ohvoro F). Téte n f elvon cuveyhic
(If(z) = f(y)] < plz,y) Yo,y € X) xou yio xdde z,y € X woyleL

f(z)=0 <= d(z,F)=0 <= z€ F=F,
dnhadh F = f~1({0}). Enopévec o X etvon Ty. O

Ieétaoct 5.4.5. Eotw X évas puoodoyikés xdpos kar {Uy, Us ..., U,} éva ne-
Tepaopévo avoixtd kddvupa tov X. Tdre vrdpyer avoiktd kddvupa {Vi, Va ..., V,}
touv X, dote Vi C Uy ya kdbe k =1,2,...,n. To kd\vupa {Vi, Va ..., V,} kaefrar
ouppikvwon tov {Uy, Us ..., Uy,}.

Anédatn. Apxel vo deilouye 6T umdpyel avowxtd clvoro Vi C X dote Vi CU
xoo Vi UU;UU3 U ---UU, = X, BOTL TOTE TO GUUTEQUOUO ETETAL UE ETOY WY
IMapatnpeodue 6t X \ (U U---UU,) C Uy. Agol 10 obvoro X \ (U2 U---UUp)
elvon xheloto, t0 Uy ebvar avoixtd xou o yopoc X ebvon Ty, and v Hpdtaon 5.4.3(iii),
gnetol OTL UTdEYEL avoixTé olvoho Vi dote

X\(UQUUUn)QVl gvlgUl
Enopévee X =V UU,UU3U---UU, xu Vi C Us. O
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IMopadeiypota 5.4.6. (o) Eotw X = {a, b, c} pe tv tonoroyio

T = {0, {a}, {b, ¢}, X}.

‘Onwe éyouvpe del oto Mapdderypa 5.3.6(B), o yoeoc (X, %) dev eivan Ty (olte T3)
MG etvan Ty (xon T3), opod Tol xheoTd cUVORa ToL X GUUTITTOUV UE Tol OVOLXTAL

(B) Eotww X = {a, b, ¢} ye v tonohoyia tou e&apolpevou onueiov ¢,

T= {@, {a}7 {b}a {aﬂ b}ﬂ X}

O yopoc (X, ) ebvor Ty. Hpdypatt, to ¥hetotd ohvora tou X ebvon a0 X, 0, {b, c},
{a, ¢}, {c}. Apaav F1, F5 C X elvor xhetotd xan Eéva, tdTe TOUNEYLIOTOV €Vl amd oL
Fy, Fy elvou xevo xou éotw 6t auto ebvan to Fi. Téte ta Fy, Fy duyweillovian and
o Gp =0 xou G2 = X. O (X,%) dev ebvan T5. Ipdyportt, Yot T0 xeAoTtd c0vVORO
F = {c}, éyovpe 6t a ¢ F xou 10 govadnd avortxd oOvoro nou neptéyetl to F eivou
0 X. Apat to a xou F' Be Sroywpilovton and avoxtd civora.

T'evixétepa, av (X, T) eivon €voc TOTOAOYIXOC YMOROC PE TOUAEY LoTOV B0 onpeia
xou T etvon 1 Tomoloyla Tou e€apoluevou onuelou g, OTE 0 YWpos (X, T) elvan Ty
xou oyl 13.

(v) O tonoroywéde yweoc Rg eivon Ty. Eotw Fi, Fo C Rg Zéva xhewotd oOvola.
Téte Fy C Rg \ Fa, pe 10 Rg \ Fy va elvon avowntéd otov Rg. Agol ya xéde x € X,
n owoyévewn {(a,z] : a € R, a < x} eivar Bdon neploydv tou x, Yo xée © € Fy
UTdpYEL ay < T WoTE (az, 2] C Rg\ Fa. Avdhoya Fr C Rg\ F, dpa yio xdde y € Fy
undpyel by <y wote (by,y] € Rg \ Fi. Oétoupe

Gy = U (az,x] xou Go = U (by, v

e yEFy

Téte 1o Gy, Go elvar avowtd otov Rg, F1 € Gy xou Fy € Go. 'Eotww, npoc dromo,
61t G1 N Go # 0. Téte undpyouy x € Fy xan y € Fy dote (ag, x| N (by,y] # 0. Tote
r<yhy<z(awpod F NFy =0). Avz <y, 6t x € (by,y] € Rg \ F1, npdypa
dtono. Opowax vy y < x. Apa G1 NGy = 0.

IMepbtaom 5.4.7. Av X elvar évag Ty tomodoyikés xdpos ka1 Y efvar évag tomodo-
VIKOS XpOoS, opoopopgikos e tov X, tote ka1 Y elvar Ty xapos.

Anddeln. ‘Eotww ¢ : X =Y évoc opologoppiopdc twv X, Y xau Zéva, xhetotd ahvola
Fy, Fy, CY. Téte 1o obvoha ¢~ H(Fy), ¢~ (Fy) etvon Eéva xon xhelotd (ol 1 ¢ ebvon
ouveyhc). O ywpoc X elvan Ty, cuvende undpyouy Gy, G2 C X Zéva, avontd MoTe
¢ 1(Fy) C Gy xow 71 (Fp) C Ga. Téte Fy C ¢(G1) xu Fy C ¢(G2) (apol 1 ¢ elvon
enl), omou 1o ¢(G1), H(G2) ebvar avouxtd o0 Y (¢ avourti)) xou Eévar (0 ¢ etvon 1 —1).
Enopévec o ywpoc Y etvon Ty. O

ITpétaom 5.4.8. Av X elvar évag Ty xdpos ka1 A évag kKA€10TOS UTOYWPOS TOU,
tote ka1 0 A etvar Ty.

Anédaién. 'Eotw olvoha Fi, Fr C A &va xou xhelotd. Agod o A elvar xheiotoc
umdywpoc tov X, ta Fy, Fy elvon xheotd oto X. Apa undpyouv Zéva, avoxtd (oto
X) obvora G1, G pe Fy C Gy xon Fy C Go. Téte 1o ohvoha G N A, Go N A eivou
avoutd oto A xou Eéva, pe Fy C GiNA xaw Fy CGaNA. O
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IMapathienon 5.4.9. H lpotaon 5.4.8 Sev elvon yevind adndric av o A elvon évag
TUYOY UTOYWEog Tou X. Trdpyouv PUCLOAOYIXO! TOTOAOYIXO! YWEOL, TWV OToWY OL
UTOYWEOL BEV elvol Xt avayXn QUGLONOYLXOL.

Moapedderypa 5.4.10 (o xdpoc tou Sorgenfrey). Oewpolue TOvV TOTOAOYLXS XOPO
Rg. O yopoc tou Sorgenfrey eltvaw o ywpoc Rg x Rg e tnv xapteciovy totohoyia.
Oa deifoupe 6TL 0 ywpog tou Sorgenfrey dev elvon puolohoyixde (xatd cuvénela To
YLVOUEVO QUOLOAOYIXMY YOEwY BeV elvol TEVTa PUGLOAOYIXES Y EOG).

IMopatneolye apyind 6TL TO «avTLdLY (OVIO» GUVOAO

A={(z,—z): z eR}

elvar xAeloté unocvoro tou Rg x Rg, agol 1o A elvor xhewoté oto R x R xou 7
tomohoyla tou Ry elvan toyvpdtepn and v tomoroyio Tou R. Axdun, n oyetxr
tonohoyio Tou A (w¢ mpog v Tonohoyio Tou Rg X Rg eivan 1 droxprt, agol yio
xdde z € Ry, {(z,—2)} = (x — 1,z] X (—z — 1, —2] N A. Buvende xdde utoshvoro
tou A ebvar xAewotd voclvoro tov Rg x Rg. ©€touyue

Fy={(z,—z): x€Q} xu Fy={(z,—z): z€R\Q}.

Sopgpuva e oo elnoye, ta Fy, Fy elvon xhewotd (xon mpogovde Eéva) unochvola Tou
Rg x Rg. Oa deigovpe 6tL 1o alvora Fi, Fy de Soywpellovton amd ovolxtd chvola.

‘Ectw, npog dtomo, dti undeyouv Eéva, avoxtd clvora G, Ga C Rg x Rg, wote
Fi C Gy xu Fy € Ga. T xéde z € R\ Q, undpyet Paowxd avoixté cOvoro By,
otoyelo g xavovixrc Bdone tou Rg x Rg, wote (z,—z) € By C G2. Mnopolye
va unodéoouye 6Tl To olvoho B, eivar tne popghc (z — n%,x] X (—x — n%, —z], Yot
xdmowo ny € N (yuotl;). ‘Apa v xdde © € R\ Q undpyel n, € N, dote

(2, —a) € (m— nlx} « (—x— 1,—4 C Go.

xr nfL‘

©étouue v xdde n € Ny A, = {z e R\ Q: n, = n} xou napatnpodyue 6t

R\Q= UA" xow 61t R = (U An>U U{q}

n=1 q€Q

Ané 1o Oewpnua xatnyoploc tou Baire yio tov mhYien yetpind yweo R, undpyet puot-
x6¢ aprdpdc ng, Gote (An,)° # 0 (610U 1) XAELTTOHTNTA XU TO E0LTEPIXS howBdvovTon
w¢ Tpog TN cuvAdn Tortoloyia tou R). ‘Apa utdpyouy a,b € R e a < b, dote (a,b) C
Ay, Emiéyoupe évo pntéd apiduéd go oto didotnua (a,b). Aol qo € Ay, , éxoupe 6Tt
x&de neployy) Tou qo Téuvel To Ay, . Idwdtepa, Yo xdde € > 0, (go—e, go+e)NAy, # 0.
Av emhéyouye éva Yetnd € < n%) xou to € (qo — €,q0 +€) N Ay, éneton 611

(g0, —qo0) € (to — &, to] X (—to — &, —to] € Ga.
Emnnhéov (go, —qo) € F1 C G1. Xuvende umdpyet éva 6 > 0 ote
(90, —q0) € (g0 — 9, q0] X (—qo — 0, —qo] € G1.

Enopévec (go, —qo) € G1NGa, npdypa drono. ‘Apa o yodpoc Tou Sorgenfrey dev elvon
QUOLOAOYXOG. LNV anddelln Tou Topadéoaye, ovalddNS fTay 1 Yerion Tou Ocwpriua-
To¢ xatnyoplog Tou Baire. X1n cuvéyela, yeNoWonoldvTag €va dANO Loy ued epyaieio
(Afupo Tou Jones), Vo ddooupe o SlapopeTixt) amddEIEn Yo T W QUOLOAOYIXOTHTO
Tou YWpeou Tou Sorgenfrey.
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IMapatienon 5.4.11. O tonoloyxog yweoc Ry dev etvan yetpuonoiioipog. pdy-
patt, av o Rg rtav yetpuonooipog, tdte Yetpuxonoiioldog o ftay xou o Yweog
Rg x Rg xou xatd cuvéneta Yo fray guotohoyinde, medyuo drtomno.

5.4.1 Baowd Oswprjpata ce Pucioroyixolvg Xwpoug

Ye autd o onpeio Vo anodel€oupe éva loyLEd ATOTEREGUA YLal TOUG QPUOLOAOYLXOVC TO-
TOAOYXOUC YWOEOUS, ahhd xou EVEUTERPX Yl T1) cuvolodewpntixy) Tonoloyia. To Arju-
uo tou Urysohn, émwe ouyvd xohelton 1o anotéheoya autod, e€dopoiilel tnv Onapén
TANGOEOC GUVEY Y TRAYHATIXWY CUVIRTAOEWY OE €VOL YUCLONOYIXG TOTIOAOYIXS Y (poO.
Emuniéov, anotehel ouotaotind epyalelo yiot T amodelln) dpXETMV GNUAVTIXGDY VEW-

PNUATWY.

Oeopnua 5.4.12 (Afupe Urysohn). Eotw X évas guoiodoyikds tomoAoyikds
xopos kar A, B &va kai kAeiotd vrooUvoda tov X. Tdte vndpyer ovvexris ouvdptnon
f:X —1[0,1] dote f(a) =0 ya kdde a € A ka1 f(b) =1 yia kdOe b € B.

Anddaén. To mpidto Tuhua Tne anddelne apopd Ty xotaoxeut| (Ue yeromn e Qu-
SLOAOYIXOTNTOS TOU X)) ULOC OLXOYEVELNS AVOLXTMY UTOoUVOAWY Tou X, e deixtec ot
éval Tuxvd (aprdpfiowo) vrootvoro tou [0,1]. To cdvolo Beixtdv nou Yo yenotuo-
TOWoOUPE Elvan TO GUVORO TwVY dUUBXOY pNTdY Tou dlaothpatos [0, 1]:

> k
A =[] A,, émou An{Qn: kO,l,...,?”} yion=0,1,2,...
n=0

Eyoupe 6t Ag = {0,1}, Ay = {0,3,1} = Ag U {3},... o mapatnpolye 6t 1
oxohoudior (Ay,)y>0 elvon ad&ovoo pe

k ’ n
Apii\ A, = {2n+1 .k mepittde, k€ {0,1,...,2 +1}}.

Emduyotye va oplooupe éva avowtd obvoro U(d) v xdlde d € A, étol dote av yio
dvo otouyela a,b € A wybel a < b, téte va €youpe ot U(a) C U(b). Me autédv tov
Tp670, Tot olvora U(d) Yo Stdocovion and tn oyéorn tou nepéyeodar, 6mwe oxpl-
Bag datdocovton ol deixteg Toug and TN cuVADN BIATOEN TV TEUYUATIXWY APV,
EnéEope éva aptduriotto cOVoro BEXTHOY YLa VO UTIOPEGOUIE VOL XUTOUOXEVACOUPE Tl
oOvoha U(d) pe enaywyn. AxpPoloydvtoc, Yo oploovue o avowxtd clvora U(d)
vy d € Ay, Ye enaywyh WS TEOG TO N, £TCL WOTE
(i) ACU(d) C B, yuuxdde d € A.

(i) Avd,d € Aped<d, w6t U(d) CU(d).

Ta n = 0 xahoduaote vo opicoupe o U(0), U(1). Oftoupe U(1l) = B°. Agol o
xweoc X elvon puotohoywde, unopolue vo emhéZouue avoixtd abvoro U(0) wote

ACU0) U0 cUd).

It to emoywyd Brua, utodétouye dTL €xouue oploetl ta obvoha U(d) yia d € Ay,.
Apxet va oploovye 1 U(d) yio d € Api1 \ Ap. 'Eotw k € {0,1,...,2" T} nepittéc.
Y10 A, éyoupe 2=k < £EL oo omd Ty emaywyved unddeon, U(L=L) C U(&H).
Agob o ytpog X elvan Quotohoyixdg, UTdpyEL AvoXTO GUVONO U(QH%), 0oTE

U(zmr) €U (3) €U (38) U (5:5%) -
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21N CUVEYEL ETEXTEVOUPE TNV OLXOYEVELX TWV OVOXTWY GUVOAKY Tou oplooue, VETo-
viog U(d) = X v xdde d € (1,+00). Tuvenae, éyouue oploet éva avoxtd cOVoro
U(d) € X ywxdde d € D := AU (1,400), étor wote av d,d" € D ye d < d’, téte
U(d) CU(d"). Axdun, to D eivon éva muxvé vroctvoro tou [0, +00).

Ye auté to onueio elpacte oe Yéon va oploovue Ty emduunty cuvdptnon. L
xéde z € X, 1o ovoho D(z) = {d € D : x € U(d)} elvou pun »xevéd xou ydhoto,
(1,400) C D(x) C [0, +00). Enopévec, yia xdde x € X, 10 obvoho D(x) eivon un
xevh o x4t ppoyuévo, pe inf D(x) € [0,1]. Tuvende, opileton xohd 1 cuvdptnon
f:X —10,1] ye

f(z)=inf D(z) =inf{de D: xz € U(d)}.

IMapatnpolue bt av & € A, t6te © € U(d) v x8e d € D, dnpradhy D(z) = D. Apa
f(z) =inf D = 0. Enione, av y € B, 16t y ¢ U(d) v xdde d € A » enopévec
D(y) = (1,+00). Apa f(y) = L.
Tehnde poag otdyog ebvan va detoupe otL 1 f ebvon ouveyrc. Ioyvpldpaote otu:
(@) 2 € U(d) = f(z) < d. Hpbypat, av z € U(d), w6t © € U(r) yr xdde
r € D yer > d. Bvvende, DN (d,+o00) C D(z), dpa and tov opoud e f,
f(z) =inf D(z) < d.

B) z ¢ Ud) = f(z) > d. Hpdypat, av z ¢ U(d), t61e = ¢ U(r) vy xdde
r € Duyer <d Zuendg D(z) C (d,+00), dpo and tov opioud e f,
f(x) =inf D(x) > d.

‘Eotw x9 € X xow € > 0. Avadnrolpe wa teptoyry U tou zg, tétoia wote

FU) € (f(zo) =&, f(xo) +2).

Ané v muxvétnTa tou cuvérou D oto [0, +00), undpyouy di,ds € D dote

f(zo) —e < dy < f(wo) < da < f(xmg) +e&.

©¢tovue U = U(d2)\U(dy1). To U eivou avouxtd ohvolo xou g € U (mpdryportt, and to
(B) éyouvye 6t f(xo) < do2 = ¢ € U(dz) xou and 1o (&), f(xg) > di = xo ¢ U(dy)),
dAadA U € Ny, Bow z € U. Téte x € U(de) C U(dz) dpa, and to (), f(z) < da.
Axbun, z ¢ U(dy) dpa, ané to (§), f(x) > di. Enopévoc,

f(@) € ldi, d2] € (f(wo) =&, f(20) +€).

Supnepabvoupe ot f(U) C (f(xo) — e, f(zo) + €). Aellope, howndy, 6t n f ebvou
ouveynfc. H anddeiln tou Oewpruorog eivon mArene. O

IMopathenon 5.4.13. Xto Afuua Urysohn to Sidotnua [0, 1] uropel var avtixoro-
otodel pe onoodhinote didotnua [a, b, émou a,b € R pe a < b, amhd avtadiotdvag
™ ouvdptnon f, Tou Oewphpatog, pe v g =a+ (b—a)f.

M dueorn ouvénela Tou Afuuatog tou Urysohn eivon €var dAAo Wiaktepa ypriotuo
Oedpnua, 0 Ochpnua enéxtaone tou Tietze.

Oewpnpa 5.4.14 (enéxtoone tou Tietze). Eotw X évag guoiodoyikds tomodoyr-
KOG Ypos kai éva kAewtd F C X.
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(i) Av f : F — [a,b] (6mov a,b € R, a < b) elvar pia ovvexris ovvdptnon, tdte
vrapyet ovvexns ovvdptnon g : X — [a,b] dote g|p = f (6nkadn n g enexreiva
my f).

(i) Av f: F — R efvar jua ovveyrjs ouvvdptnon, téte vrapyer ouvexiis ovvdptnon
g: X =R dote g|lp = f.

Anédaén. H xevtpu 8éo tne anddeing elvar 1) xotaoxeur) plag oxohoutiog cUVEY MY
ocuvapTAceEwy , ot onoleg Va opllovtar e oAb T0 YWpo X xou 0 TEPLOPLOUOS TOUC GTO
obvoho F Yo mpooeyy(lel ogoldpoppa tn cuvdptnon f.

To mpt)to oTddlo TG AMEBEENE APOEA TNV XATACKEVY Wiag ouvdptnong g : X —
R, n omolo 8 Yo mafpver avdalpeta yeydieg tipée, oaAld xou Yo mpooeyyilel v f
o710 oUvoro F' e évay ixavo Bodud axpelfBetag. Yuyxexpéva, ag unodécoupe 6t 1 f
nodpvel TWéc oto ddotnua [—r, 7] (v éva > 0). ©éhoupe vo eEacpolicoupe Ty
OmapEn woe ouvdptnone g : X — R, étol wote

lg(x)| < 37 v xéde z € X xau |g(y) — f(y)| < 37 yiw xde y € F.

Xwpilouye 1o didotnua [—r, ] o tplo (oo SlacThporta phixous %r xou YéTouye:

1 1 1 1
I = |:—’I“,_3T:| s I, = |:—3T7_3T:| ’ I3 = |:3’I“,’I“:| .

Ta cvvoha A = f~1(I1), B = f~1(I3) elvon Eéva xon xAewotd unocivoha Tou Fapol
n [ ebvon ovveyhc. ‘Apa ta A, B elvar xheiotd oto yweo X. And to Afuua tou
Urysohn, urdpyel ouveyrhc ouvdptnon g : X — [—1r, 7], étow dote gla) = —ir
v %89 a € A xou g(b) = 41 vy xdde b € B. Etou éyoupe 6u |g(x)| < L
xdde z € X. Mével va ehéyEoupe 6T yio xade y € F oylel 6t [g(y) — f(y)] T
EXéyyoupe dladoyxd Ti¢ TEQIMTHOOELS:

1
L
<3

o Avye A, tote tw f(y),g(y) € I1, dpo anéyouy andotaon to TOAD (o1 pe %r.
e Avy € B, tte 10 f(y),9(y) € I5, dpa améyouv omboracn o mohl ion pe 7.

o Avy ¢ AU B, téte o f(y), g(y) € Iz, dpo anéyouv andotact to oAb lon ye
2
§T.

Se xde mepintoon éxoupe 61t |g(y)—f(y)| < 2r. Etol xataoxeudoaue Ty emdupnth
ocuvdptnom g.

(1) Alyoe PAEBn e yevixdtnoag, unopolye va vnodéocovue 6t to didotnua [a, b]
tawtileton pe to Sdotnua [—1,1]. Eotw f: F — [—1, 1] cuveyfc ouvdptnon. Tére,
olu@wva e TNy ponyoluevy xataoxeut (Y r = 1), undpyel cuveyfic cuVdETNoN
g1: X — Ruye

lg1(2)] < 5 v xdde z € X xou [g1(y) — f(y)] < 3 v xdde y € F.

Ocwpolye THpa TN cuVdpTnoT f — g1, 1 onola amewovilel To chvoro F oto [—2, 2].
"Apa, epappdloviag TNV xotaoxeu| yia T ouvdptnon f — g1 (xou r = %) hofBdvouue

mot ouvdpTtnon gz : X — R ue
, 2 .
lg2(2)| < % - 2 v xdde v € X xou |f(y) — 91(y) — g2()| < (3)” vt xdde y € F.

Tuveyiloupe v xotaoxeuh) g oxorovdoc cuvapthceny (g,) enaywywd. Ta to
enaywywd Brpa, €0Tw OTL £YOUUE 0plOEL TIC CUVOPTACELS g1, 92, - .-, gn ¢ X — R wote
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lgr(W)] < 3 (3" vawdde k=12, x| (y) = 35y gk ()] < (5)" v xckde
y € F. TIah, eq;ocppo{oqu TNV XOTAGKEVY YloL T ouvdpnon f —g1 — g2 —** — gn

(on r = (2)") howPdvouye ot CLVEETNOTN grt1 1 X — R pe

1 9 n n+1 2 n+1
gmucw§3-<3) Vo€ X xa f@);%gﬂy)f§(3> VyeF.

Agob yia xéde n € N éyouye 6T sup,ex |gn(2)] < 1 - (2)" 71 %ou
i EA =1<o0
3\3 B ’
n=1
and 1o xpithiplo tou Weierstrass éyoupe 4tL 1 cuvdpTnom

9: X = [-1,1] pe gz Zgn

n=1

optleton xohd (| >f_; gr] < 1y x89e n € N) xou ebvon ouveyhc (ool 1 olyxhion
elvan opotbpopyn). Emmiéov, yio xdde y € F éyoupe 6Tt

2 n
< (3) v x&de n € N.
k=1

"Apa, naipvovtog 1o dpto v n — oo, énetan 6t f(y) = g(y). Enopévec glp = f.

(i7) Agol to ddotnua (—1,1) eivon opolopopexd pe to R, unopolye va Yewpricouue
6t M ouvdptnon f naipver Tée oto (—1,1). And to (i) éxovue 6T undpyel cuvey e
owvdptnon h : X — [—1, 1] n onolo enexteivel v f. Lxonde pac elvor vo eviornicouye
ot ouveyt) ouvdptnon g : X — (—1,1) mou va emexteivel Ty f. Oewpolye o Ghvoro
K=h"1'{-1,1} C X. To K eivou xhetoté (ool 1 h etvan cuveyic) xon FNK = ()
(apot h(F) = f(F) C (—=1,1)). Anb to Afuya tou Urysohn émeton 6Tt undpyet
ouveyfc ouvdptnon ¢ : X — [0,1] pe é(x) = 0 yia x&de z € F xou ¢p(y) = 1 v
xde y € K. Oewpolpe ) ouvdptnon g =h-¢: X — R. H g elvon cuveynic xou yot
xdde x € F' éyoupe 6Tt

9(@) = h(2)é(x) = h(2) -1 = h(z) = f().

Yuvenoe 1 g enextelvel v f. Mével va e)\éyioups omg(X) C(-1,1). Twmzx e K
exoupe ot g(z) = h(z) -0 =0. Avz ¢ K, t6te |g(z)| < |h(z)] < 1. Ze xéde
nepintwon, g(x) € (—1,1). O

Optopdc 5.4.15. Eotw évac totohoyindc ywpeoc X xou {Uy,Us,...,Up} éva o-
voutd xdhuppa tou X. M owoyéveln ouveyodv cuvaptioewy ¢; : X — [0,1], v
i =1,2,...,n, xahelton (nenepacuévn) Stapéplon e Hovddag, emoyouevn and 1o
xéhoppe {Uy, Us, ..., Uy}, av

(i) {reX: ¢i(x) A0} CU; yiaxdde i =1,2,...,n
(il) ¢1(x) + Pa(x) + -+ + dn(z) =1 vy xdde z € X.

Ocebpnpa 5.4.16 (Yropln nenepacuévov douepioewy e povddoc). Eotw X
évag guorodoyikdés xapos ka1 {Uy,Us, ..., Uy} éva avoiktd kdAvupa tov X. Tdre
urndpyer Bapépion tng povddag mov endyetar and to {Uy,Us, ..., Uy}
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Andbaén. Ané v Hpbroon 5.4.5, undpyer ovppixvewon {Vi, Va, ..., V,} tou xahly-
patoc {Uy,Us, ..., U,}. T tov (8o Aéyo, umdpyet ovppixvwon {Wy, Wa, ..., W,}
tou {V1,Va,...,Vi,}. Amd to Afupa tou Urysohn undpyouv cuveyeic cuvaptioels
fiseoosfn o X = [0,1], téroec ote f(Wy) = {1} xou f(X \ Vi) = {0} vz xe
k=1,...,n. Apol to {W1,Ws,...,W,} eivon (avoxtd) xdhuupo tou X, éneton 6Tt
fi@) + fa(z) + -+ fu(z) >0 yia xdde x € X. Buvende yio xdde k opileton xahd
N cLVdETNON
Jr
fhit ottt

Agot fi'(R\ {0}) C Vi, éyoupe 6t {z € X : fi(x) #0} C Vi C Uy v xéide
E=1,...,n. "Apo ebxoho eAéYyeL xOVelS OTL Ol GUVOPTATELS P1, P2, . . . , Py, ATOTEAODY
Olaéplon NG Lovadag. O

¢k:X—>[071] U€¢k=

IMepbétacm 5.4.17. Eoww X évas guoodoyikds tomodoyikds xapos kar A C X.
Tére vndpyer pa ovvexns ovvdptnon f: X — [0,1] ne A = f~1{0} av ka1 uévo av
10 A elvar kKAewoté Gg' vrootvolo tou X.

Anédeitn. (=) Eotw bt undpyel ouveyhic ouvdptnon f: X — [0,1] ue A = f~1{0}.
Téte 10 A elvon xheloto, agol 1 f elvon cuveyrc. Eniong, yia xdde n € N 1o chvoro

e aoh-r((=2)

etvon avouté xu A =0 {z € X : f(z) < 1}. Enopévex to A évan G olvolo.

(<) Eotww 61 10 A elvon xhewo16, G utoctvoro tou X. Téte A = (2, Uy, 6mou ta
Uy, n € N, ebvar avoixtd unoctvora tou X. Ewplc BAABN Tne YeVdTNTaS, Unopolue
vor unoYéoovye 6t Uy 2 Uy D -+ D U, D ---. Téte ta olvoror A xou US elvan
xhetoTtd xon E€va petagd toug, dpo and to Aruua tou Urysohn éyoupe dtL umdpyel
ouveyhc ouvdptnom frn : X — [0,1] pe fola = 0 xou f,,|US = 1. Oétoupe

f=§;122.

H f etvow xohd opiopévn oto X xou cuveyhc, and 1o xpitrplo tou Weierstrass. Emi-
mhéov fla =0 xow av x ¢ A undpyet ng € N oote x ¢ Uy,. Zuvende fp,(z) = 1 xou
étoL f(z) > 0. Enopévac A = f~1({0}). O

‘ =

5.5 Teielwg Kavovixol Xopot

To Afupa tou Urysohn unoBewviel yior ((pawvouevind yio Ty Tepltnwon twy @uoto-
ANOYXDY YDPWV) LoYUROTERT EVVOLOL BLayWELOHOU AVTIXELEVWY, dNAadTH HECK WA oU-
veyolg cuvdptnone. Anotelel QuoLOAOYIXS epOTNUA TO oV elvon e@ixTn 1) (Bl pédodog
Blay wElopol GE XAVOVLXOUS YWEOUC, BNAadY| av Loyl éva avtioTtouyo ‘Afuua Urysohn”,
1 o Tétota amitnor Yo dnuiouyhoel €va VEo Sloywplotind adinpa.

Mo mpddtn mpocéyyion eivon va avatpéEouye otny anddelln tou Afupatog Ury-
sohn xot vot TpooTad ICOVUE VoL TNV TPOTOTIOLAGOVUE Yol VoL EQopUOLETOL OE XAVOVIXOVG

YEva uroohvoho évoc tonohoyinod xdeov X xaheltor G5 olvolo, av eivar dprduron
TOUY AVOLXTAOV UTOCUVOAWY ToU X
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xoeous. Me pia mpdyeipn potia, 6ha goalvovtan va Aettoupyoiv. "Eotw évag xavovixdg
TomoAoYog xhpog X, éva F' C X xhewotd xou x € B¢ Opilouye, dnwe xau otny
onédnén tou Afupatoc Urysohn, U(1) = B¢ xou emiéyoupe éva U(0) avowxtd, wote
z € U((0) CU0) CU(1) (pe xpron e xavovixdtntas touv X ). ‘Oung, 010 oapésn
enduevo Prua, epgoviletor tpdPAnuo. Oa Yéhaue vo oplooupe éva avoixtd civoho

U(3), téwol0 dote

U(0) CU(3) CUG) U().

I to Brua autd, 1 xavovixdtnta Tov X dev enopxel. BUVENKOC, EEXVOUUE VO OVTIUE-
twnilouvue N cUVIRKN S Eva BLUPOPETING BLoywEloTXO adiwud.

Optopde 5.5.1. 'Evac tonohoyxde yopoc X xahelton tedeie xavovixde i ydpoc
T31 vy xdde x € X xou ' C X xhewoté ye © ¢ F, undpyet pla ouveyic ouvdptnom
f:X —=100,1] ye f(z) =0xu f(y) =1 yaaxdde y € F.

IMopatneroeis 5.5.2. (o) Kdde telelnwe xavovixde yodpoc eivan xavovinde, agpod
vy xdde z € X xou FF C X sdewoté pe x ¢ F, av f: X — [0,1] ebvon wa ouveyhc
ouvdptnon pe f(z) =0 xu f(y) =1 e xdde y € F, téte € f~1((—00,1/2)) xou
F C f~Y(1/2,+00)) xou 1o oOvora f=1((—00,1/2)), f~1((1/2, +00)) eivor avouxtd
xa Eéva.

(B) K&de guoiohoyixde Ty tomoroyixdc ywpeoc X eivon teheiwe xavovixde. Tlpdyport,
av éva F' C X elvon xhewotd xaw ¢ € X \ F, t6t€ 10 {z} ebvan xhewotéd oto X
(xou mpogavare {z} N F = 0). Apa, and to Afupa tou Urysohn, undpyet cuveyhc
owvdptnon f: X — [0,1], ue f(z) =0 xu f(y) =1 yia x&de y € F. Enopévec o X
elvan tehelwe xovovixoc.

(v) To ddotnuea [0, 1] otov opucd dev topouctdlel xdmota BLutepdTN T, A UnopEl
va avtixtactadel and onolodftote xhewotd ddotnua [a,b]. Iedypatt, av a,b € R,
avixahotdvtag Ty f ue Ty g = (b—a) f+a, té1e howPdvoupe wa GUVEY T cUVAETNOT
g:X —[a,b] pe gx) =axu g(y) =bywxdde y € F.

ITpétaom 5.5.3. Av X eivar évag T3% TOMOAOYIKOS Xpos kat Y elvar évag Tomo-
Aoy1kds xapos, opoopopgikds e tov X, wote kar Y etvar Ty1 xadpos.

Anéden. Eotwy € Y xu F CY xhewoté pe y ¢ F. Av ¢ : X — Y ebvan évog
opotopoppopde v X, Y xan f 1 X — [0,1] n ouveyfc ouvdptnon mou Suywpilel
o ¢ (y) xou 7L (F), 61 M ouvdptnon fo gl 1Y 1= [0,1] éxel Tic amoutolpEveS
wLoTnTES. O

IMpétaon 5.5.4. Av X etvar évag T3y xcdpos kar A évag umdywpds Tov, Téte kat o
A etvar Ty, .

Andbaén. Eow v € Axw F C A xhewot6 010 A ye ¢ ¢ F. Trdpyer K, xhewoté
utocivoho tou X dote F' = KNA. Agol o X ebvau Ty, undpyel ouveyrc ouvdptnom
f:X = [0,1] pe f(z) = 0% f(y) = 1 vy xédde y € K. Téte o neplopiopde
fla : A —[0,1] éxer i anoutolpeves WLOTNTES. O

IMpdétaom 5.5.5. Eotw (X;)cr oikoyévewn T3 TOMOA0YIKQY X Wpwy. Tote 0 xwpos
X = Hiel X; etvar T3%.
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Arnddeitn. 'Eow x € X xou F C X »hewot6 ye © ¢ F. Téte 1o & avixel 610 avoxto
Fe. "Apa undpyel Booixd avoxtd chvoho (i_, w;cl(Vk), omov Vi, C X, avoto yu
x&de k, wote x € (_, w;kl(Vk) C F¢. 'Eyouue m;, (z) = x4, € Vi Spa x4y, & VI,
70 onolo elvon xheo16 010 Xy Yo %8 k. Aol ol yopor X, ebvan Ty, undpyouv
ouveyele ouvopthoe fr @ X;, — [0,1] dote fr(xi,) =0 xa f(V) C {1}. Eto, ol
ouvopthoelc from;, : X — [0,1], yiak = 1,...,n, evaw cuveyelc, dpamn f : X — [0,1]
we f(y) = maxg=1,. n fr © T, (y) ebvon cuveyhc xon woydouv to e€hc:
o f(z) =maxp—1 . n fi 0 mi, (2) maxp—,.. fi(2i,) = 0, agod fr(zi,) =0 v
xe k=1,...,n.
e Avye F, w6ty ¢ (i, W;CI(V;CL Gpa undpyet ko € {1,...,n} téro0 Mot
Yirg = Tiry & Vios ONNOH i, € ViS | emopéves fi, (yiy,) = 1. Apa f(y) = 1.
O

Mapoadeiypata 5.5.6. (o) O ydpoc Ry eivon Ty xon Ty, endpévec eivan Ty
(B) Kéde petpde yidpoq etvan Ty xou Ti, enbuévae etvou T31.

() O xopoc Tou Sorgenfrey Rg x Rg etvan Ts1, ¢ ywépevo Tyi yopwv, ahhd dev
glvon Ty.

Axdun dev xel dolel xdmolo ixavomomTu] andvnon yia To av 1 xhdom v Tyi
elvon yviola peyohltepn e xhdone v T3 yopwv. Av efetdoel xaveic toug T3
YWpoUg 1oL €youue oploel UEypl Tpo 8 Yo xaTaPEREL VoL BpEl XETOLO AV TLTOREDELY-
wo.. H xortooxeur) evoe xavovixod yepou mou dev ebvaw Tz, dev efvon xadohou omhs,
Té10101 POl GUwe UTEEYOUV (ULol TETOLO XATAOXEUT| TEPLYPAPETAL 0TIC AoXACES TOV
Kegahaiov) xi étol cuunepaivoupe 6Tt évag xavovinde xhpog dev elvou, ev vével, Te-
AElWC xovovixoc.

5.6 Aoxnoelg
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Kepdiowo 6

Yuvirxec AptunocLpoTnTog

Mo gAY onuavTtixy WioTtnTa mou unopel vo mopouctdlel 1 Tomohoyla VS YWeou,
elvon v Topovoldlel par Loy uet évvota Tuxvotntac.  Ankady, evdéyeton vo apxolv
«\byay avouxtd cUvola Yo TV TAeN eptypopt| Tne (Yio Tapddelypa, o Yhpog wropel
vou Slodéter war oprdunown Bdor yio v tomohoyia ¥ aprdufoes Bdoeic meploy Yy
yio xdde onueio tou). Oa Yéhape vo eletdoovye oe T Badud uropel va Siodétel Evog
Tomohoywds ydpoc auth) Ty WdtnTa. o oxdun pla @opd, auth yog dlepebivnon
Oev €yel we Yovadind oxond v TEpLYPAPEL TOUC TOTOAOYIXOVE YWPEOUS UE QUTH THY
gvvola TuXVOTNTAS, OANS o Vo pog odNyHoel oTic cuvirixeg Tou Vo TEENEL VoL Ixovo-
Tolel Vo TOTOAOYIXOS YEog Yo Vo elval petpixonoowwoc. H mpocéyyion mou da
axohov¥ricoupe elvo avahoYT PE AUTH TOU TEONYOUUEVOU XEQPUAALOU.

6.1 Awaywplowwolr Xwpeot

H Bioyoplowpotna etvon wlo €vvola mou €yel eUPavioTeL xou xoTd T HEAETY) TWV UETPL-
WV YOPWV XoL opopd TNV UToEn evos Tuxvol aptdurowwou cuvolou. Apxetd and to
AMOTENEGUATA TIOU EYOPE OTNY TERITTWON TWYV UETXADVY Y WewV cuveyilouv va Loy Douy.
O ECTIACOVUE TNV TPOCOYY| LI GTY) GUUTERLPORE TNG BLoWRICHLIOTNTAS WS TEOS THY
Tomohoyla yvéuevo, oAAd xou TNV aAANAETiBpaoY TOU €YEL UE TN QUOLONOYIXOTNTA
evoc TOToAOYIX0U YGpou (Afuua Jones).

Optopog 6.1.1. ‘Evag tonoloywdg ywpog X xoahelton Oywelowuog oy undpyel
apriunowo D C X nou va elvon mtuxvéd oto X.

IMopadeiypota 6.1.2. (o) O yidpoc Ry elvan Swaywplowog, apol o Q C Rg eivon
aprduiotpo xou tuxvo, dét Q N (a,b] # 0 vy xdde a,b € R, a < b.

(B) Av o X eivan Suaxpitée unepaprdurioyos Totohoyds ydpeos, téte o X dev eivou
draywplooc (ol To povadd tuxvd unochvolo Tou X eivar To Blo 1o X).

ITpbtaom 6.1.3. Eoww X évag diaywpionios totodoyikos xwpos. Tote:
(i) KdOe avoiktds vrdywpos tov X elvar diaywpionjios.
(1) KdOe ovvexris eikdva tov X elvar Siaxwpionjio§ tomoAoyikds xdpos.

Arnddeitn. (i) Eotw U C X avoxtd. Téte o DN U eivar nunvd oto U (yoed;) xou
apriunoo. ‘Apa o undyweoc U elvar Soywploog.
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(77) Eotw Y évac tonoroywde yopoc xou f : X — Y ouveydc xou enl cuvdptnon.
To f(D) eivan apriuriowo utocivoro tou Y xou, agol 1 f elvan ouveyhc xou to D
nuxvé oto X, toylel ot

f(D)2 f(D) = f(X) =Y.
Anhadn 1o f(D) ebvar tuxvd o0 Y, dpat 0 Y elvon Srorywplowoc. O

HMapatneroesic 6.1.4. (o) Av X elvou évac dtaywplolog Tonohoyixde ydpog xou
(Vi)ier ebvon ouxoyévela avouxtdy, Pn xevoy, EEvemy ava 800 utocuvokwy Tou X, TéTe
to I eivou apriunowo. Ilpdyuott, éotw D C X apriunowo nuxvé. T'a xdlde ¢ € 1
emhéyouue z; € DNV, # 0 xou opiCouye ¢ : I — D ye ¢(i) = x;. Toten g etvon 1 -1
(Buot T V; glvon Eéva avd 800), dpall| < |D| < w. Enoyévne to I elvon aprduroio.

Av X =T].., X; (6mov X; # 0 yio xdde i € I) elvon Siorywplowoc Tomohoyindc
el AWPLOLL

Y0pog, tote xdde yopoc X; eivon Swywpiowoc (and v Ipdtaon 6.1.3, agpol 1

mpoPol m; : X — X; elvon ouveync xou enl yio xdde i € I).

(v) Av X7, X5 ebvou Sroywplotpor Trohoyixol ydpeot, 6te 0 X1 X X elvou dtoywplooc.
‘Eotw D1 C Xi, Dy C Xy aprdunotpe tuxvd. Téte to Dy x Dy elvon apriunoito xon
Tuxvé 610 X1 X Xo, 8161t Dy X Dy = Dy x Doy = X3 x Xo. Enopévec o X x X etvon
dlaywelowog. Tevixdtepa, av X1, Xo, ..., X, elvou dorywplowol tonoloyixol yoeot,
tote o [[i; X; ebvou drogywplowpog.

(8) Av X,,, n € N elvau duaywpiowor totohoyxol ywpot, tote xow o X = [[07, X,
elvan daywplowog. Ilpdypatt, éotw D, C X, opdufowo muxvd, ya n € N xa
t = (tn)nen € [1,—; Dp. ©érouye:

D= {z = (x,) € H D, : {neN: x, #t,} e mnepo«jpévo}
n=1
Téte 10

oo
{x = (x,) € H D, : x, =t,, v xdde n > m}
n=1

1

(HDn X {tmt1} X {tmia} ¥ >

n=1

SR (s

ebvan oprdurfoo, we (apripfiown) évwon oprdufiotuwy cuvohwy. Méver va delouye
61 D ebvon muxvé. Boto U = (L, m;, ' (Ur), émov Up C X;, avouxto, un xevo,
yio k = 1,...,m, éva Baowxd avowxtd, un xevé cbvoro oto X. Emiéyouue éva
otouyelo an, € Ux N Dy, # 0 vk =1,...,m xou xotooxeudlovye i oxohoudio
x = (z,) € X ¢ elhc

an  ywn€{ny, ..., ny}
Ty =
tn YN & {ny, ..., nm}

Téte x e UND, dpa UND # 0. Enopévee 1o D elvon muxvé oto X.

Towg peypL TP, To AMOTEAECUATO Yol TOUS BlaywEloWIOUE YWEOUS Vo HTAY aval-
pevépeva. ‘Ouwe to axdrovdo Oewpnua Topouotdlel Eva Un TETPWHEVO ATOTEAEGUAL.
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Emtpénel 010 0UVOAO BEXTOY, GTO YIVOUEVO Bloywploluwy YOewY, Vo efvol oucLaoTi-
%8 UEYAADTERO XAl O TEOXUTTWY YOEOE VoL TUPOUEVEL Doy wpelolog. 3TN cuvEyELd,
n Ipdtaon 6.1.6 e&nyel 6TL ev yével, dev unopolue vo ehnilouye to Blo yia oxdun
HEYOADTEPO GUVOAO BEXTEV.

Oeopnpa 6.1.5. Av (X;)iecr €lvar oikoyévea Siaxwpioipwy TonoAoikdY XYdpwy,
omou |I| < ¢, tére 0 X = [[,o; Xy etvar braywpionos.

Anddaén. Aol |I| < ¢, undpyer ouvdptnon ¢ : I — R 1 — 1, dpa pnopolue vo
uno¥éooupe 61t I C R (tawtilovtac to I ye 1o ¢(I)). T x&de i € T emhéyoupe
D, ={d; , : n € N} opdurfiowo tuxvé unosivoro tou X; xou éva t = (t;)ier € X.

AvneN, (I1,...,I,) n—88a and Eéva avéd S0o SwotAuata Tou R ye pnd dxpor xou
(my,ma,...,my) € N™ opilloupe 10 onuelo z(n, I,...,In,mi,...,my) = (z;)iecr €
X ¢ e&hc

dime, ovi€ I yaxdnow ke {1,...,n}
x; =
! ti, v 1 ¢ UZ:I Ik

(7o omolo elvan xahd oplopévo, BLoTL T0 7 avixel To Toh) e éva Iy, oot o I, elvon Eévat
avd d0o). Téte 10 cUvoro D hwv autdv Twv onueinwy evar aptiuiowo vtochvolo
tou X. Apxel va 8elZovye 6L to D elvor nuxvéd 610 X. Eotw U =(,_, W;cl(Uk) évat
un xevo, Baocixd avoxté unochvoho tou X, 6TV i1, ..., 1, € I BlaopeTixd avd dlo.
Téte undpyouv I, ..., I, Eéva dwothuota Ye pntd dxpo ote i1 € Iq, ia € Iy.. .,
in € In. T xdde k € {1,...,n} éyovye D;, NUi # 0, dpa undpyer my, € N dote
dimy, € Up. Té6te tox =x(n, Ir,...,In,my1,...,my) € D xawx € U, apod yia xdde
k=1,...,n, ik € I} dpot x;, = diy m, (amb tov opiopd tou z). Enopévec x;, € Uy.
Yuvenae D NU # () xon cuvendde, o D elvon muxvé. O

IMpdétaocm 6.1.6. Eotw (X;)ier owoyévea xdpwv Hausdorff pe tovddyiotov &o
onueta, dove 0 X = [[,c; Xi va efvar Sraywpionpog. Tére |I] < c.

Arnddeiln. ‘Eow D C X apdunowo tuxvd. Ta xdde ¢ € I éotw U;, Vi Eéva, un
xevd avoixtd unochvoha tou X;. Opilouue ¢ : I — P(D) e ¢(i) = D N, Y (Uy),
v xde ¢ € I. Tote n ¢ ebvan 1 — 1. Ilpdyyart, éotww 4,5 € I, 1 # j. Tote

¢(1) \ ¢(J)

D (U) \ 7 1)
Dna  (U) N (X \ 77 H(Uy))

(O

D Y (U) Ny H(V;) (U; NV;=0)
29 m  U)Nm (V) # 0
avolxtd xou D tunvé oto X

Apo P(i) # ¢(J). Aol n ¢ ebvan 1 — 1, éyovue 6u |I| < |P(D)| < |P(N)|=¢c. O

Mopdderypa 6.1.7. Av I civolo dewxtav, 16te 0 ybpoc {0,1} (6mou {0,1} C R
Broxpltd) etvan droywpiotwog av xou uévo av |I| < ¢ (dueco, and Oedpnua 6.1.5 xou
ITpé6raon 6.1.6).

Afppo 6.1.8 (Jones). FEotw X Siaywpioos puoodoyikés xdpos. Tote xdde
KA€10T6S ka1 diakpitds vrndywpos F' tov X éyer mAnOdpifpo pikpdtepo tou auvexols.

Arnddetn. Tapatnpolue 6Tt xdlde vnochvolo tou F elvar xheiotd oto F (agol o F
elvan Staxpltdc) dpa xon xhetotd 610 X (opol F' xdhelotd). Agod o X elvan puailoho-
yixde, v xdde A C F undpyouvv U(A), V(A) avowetd o Eéva utochvora tou X,



72 - YYNOHKEY APIOMHSIMOTHTASY

dote ACU(A) xaw F\ A CV(A) (oot ta A, F'\ A eivou Eévar, xhetotd unocivola
tou X). Eotww D C X apuipriowo nuxvéd. Opllouye

¢:P(F)—=P(D) e ¢(A) =DnNU(A).

Tote n ¢ ebvon 1 — 1. Tlpdypar, éotw A, B € P(F) pe A # B. Téte A\ B # 0 (4
B\ A #0). Eyouue ddoyixd:

p(A)\¢(B) = DNUA)\U(B)
> DNUMA)NV(B)
£ 0

Enopévoe ¢(A) # ¢(B). Agol n ¢ elvan 1 — 1 xou 1o D eivon aprdurioo, éyovue bt
[P(F)| < |P(D)] < P(N)| = c.
Apa |F| < ¢, agol |F| < |P(F)]. O

IMapdderypo 6.1.9. O ywpoc tou Sorgenfrey dev elvar guoioloyixde. Ipdyuoart,
o Ry elvon Soywplotpog, dpo xaw o yweog tou Sorgenfrey. ‘Onwe e€nyrhoade xaL oTo
Mapdderypo 5.4.10, to avudaydvio cbovoho A = {(z,—x) : x € R} elvou xhewotd
otov Rg x Rg xou dtaxpitd. Opwe |A| = ¢, agod n ouvdptmon R 2z — (z,—z) € A
elvon 1 — 1 xon enl. And to Avjppa tou Jones, o Rg x Rg dev etvan Tj.

ITopatrenor 6.1.10. 'Evoc undyweog dioywplolou ToTohoYLXoU Yweou dev efvou
navTa doywelowog. o mopddelyya, o ywpog tou Sorgenfrey eivan diaywelowog, ahAd
o undywpog A dev elvan Blaywploylog, apol elvor Sloxpitd utepopldiiolo GOVoAo.

6.2 IlpwTol Aprdunroipol Xweot

Ye auth v mapdypapo e€etdloute TOMOAOYWOUE YWPOUSC TOU TOTUXE UTOPOUY Vo
TEPLYpapoLY amd «Alyay ovowxtd cbvora. Me dhha Aoy, emdupolue xdde ornueio
Tou Ypeou va €yel wa apriurown Bdorn neptoywdv. H BiotnTa aut) elvon peyding
onpactog, agol enavoxahotd Tic axoroutiee enapxelc yio T ueAéTn g Tomoloylag
TOU YWPOL (OTIWC 6TN TERITTWOT TWV UETPXMOY YOPWY).

Optopdc 6.2.1. Evac tonoroynde yodpoc X xohelton npdtoc apiduriowoc (1 Aépe
6TL avorotel o tpdTo ofinpa aprdunowdtntoc) av xdde onuelo tou X €yer oprd-
unowun Bdon meploy®yv.

IMopatneroeis 6.2.2. () Kdde undywpos A evée nidtou aprdurowou yodpou X
elvan mpddtog aprdurolwoc. Hpdypatt, av v xdlde x € X n B, elvon aprduriowun Bdon
neploy v tou  oto X, tote B, = {BNA: B e B,} ebvau Pdon nepioydv tou
oto A, mpogavde aprdurown.

(B) Av 800 Tonohoywol yipol X, Y elvon npdtol apriuiotuot, Téte xow o ydpoc X XY
ebvon mptog apriufowoc. Ipdyuat, av (z,y) € X XY, (Up)nen ebvon aprdufowun
Bdom meptoydv tou & ato X xan (Vi,)nen ebvan aprduriown Bdon tepioydvy tou y oTo
Y, t6te n {U, x Vi : n, m € N} eivon pa aiprdpriowun Bdon nepioyxcdv tov (z,y) oto
X xY. Avéloya, pnopet va detlet xavelc 6Tt av oL Tonohoyixol ydkpeol X, yon € N
elvan pdyToL apiufiotuot, t6te xau o yopoc X = [[°7, X, elvan mpdrog aprdufoioc.
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IMopadeiypota 6.2.3. (o) Eotw X doaxpités tonohoyinde yweos. Tote o X eivou
mpwTog aprdunolog, duott yio xdde & € X, n {{x}} eivan Bdom neproydv tou .

(B) Kdrde petpindc yodpoc elvan npdtog aptdufotpoc, BdT yo xdde & € X 1 owoyévela
{B(z,1): n e N} elvou ot oprdphowun Béon mepoydv Tou .

IMedtoom 6.2.4. Eoww X évag npdtos apridurioos tontodoyikds yadpos karz € X.
(i) Av AC X, téte x € A <= vndpyer axolovdia (z,,) oto A dove x, — .

(ii) Av f : X = Y (érnov Y zomodoyikds xdposg) elvar pa ovvdptnon, téte n f
€lvar ourexnis oto ¢ <= Y kdde akodovdia (z,) oto X e x, — x, 1w0xVel

f(@n) = f(2).

Anddaén. 'Eotww B, = {B, : n € N} wa apdufiown Bdon neptoydv tou z. Mnopo-
Ope va uno¥éoouye 6t By, O By v xdde n € N. Tapatnpolpe 6t av () elvou
ptae axorovdia oto X dote x, € By, v xde n € N, t6te x,, = x. Ipdtypatt, av
U € N, tote undpyet ng € N dote By, C U (agod n B, civon Bdon mepioydv tou
x). Apa vy x&de n > ng, x, € By, C By, C U w enopéveg ©,, — .

(i) 'BEotww 6t x € A. 'Eyoupe 61t AN B,, # 0y x&de n € N. Apa propolye v
emhé€ouye pa axohoudio (x,,) oto A pe z, € ANB,, yw xdde n € N. Agod z,, € B,
v x&de n €yovye 6Tl x, — x. To avtlotpogo elvar dueco, agod xdde axoroudia
etvan dixtvo.

(73) To eudl elvon dueco, ool x&de oxorouvda eivar dixtuo. Eotw, aviiotpopd, 6Tt
yioe xdde oxohovdia (x,,) oto X pe &, — x, woylel f(z,) — f(x). Trodétouye, npoc
dromo, 6t n f dev efvan ouveyhic oto . Toéte undpyer V € Ny () dote f~HV) ¢ N,
‘Apa B, € f~H(V) yio xdde n € N, dnhadh By, \ f~H(V) # 0 yio xdde n. Tuvendc,
propolpe vo emhéEoupe x, € By, \ fH(V) v xdde n, xou téH1e 1 oxoroudia (z,,) Vo
ouyxhiver oto x (x, € B, ¥n € N) evad f(z,) = f(x) (apol f(zy,) ¢ V Vn € N),
Tpdryua dtomo. O

IMoapeddevypa 6.2.5. O yopoc ¥ = N U {U} (érov U eivon évo un tetpppévo
unegihtpo tou N) dev elvon mpidtog apriuriowos. Ilpdyuatt, and tov oploud Twy
(Baowxcv) meployev tou U, elvan cagéc 6t U € N. Oo delfoupe 6L dev undpyel
axohovdia (z,) and otoyeia Touv N, dote z, = U.

‘Eotw, npog dtomno, 6ti undpyet tétota axolouvdo. Afywe BAdBn tne yevixdtnrag,
UTOPOUUE VoL UTOVECOVUE OTL Ty, # T, YL 1 £ M (Yiatl;). Eotw A xau B to ohvolo
TWV TEPLTTAOV Yot dpTlwy 6pwv tne axoloudiac, avtiotorya. Anioady

A={x9,: neN} xou B={z9,—1: neN}L

Aol z, = U, éneton OTL Ty, — U xo Top—1 — U. Tuvenog, yia xdde U € U
éyoupe 61t ANU # 0 # BNU (ndh and Tov oplopd tov mepoymv U). Apa ol
owoyévelec U U {A}, U U {B} éyxouv tnv WBLéTnta Tne NETERUOUEVNC Tou xoL, xatd
ouvénela, undpyouy ureppiitpa oto N nou vo o nepiéyouv (Ilpdtaom 2.2.7). Agob
0 U ebvan unepgiltpo, énetan dueco 61t A, B € U. Apa ) = AN B € U, npdypo
dtomo. ‘Etot, and tnv Hpdtoaor 6.2.4 €youue 6Tt 0 X dev elvan mpodtog aprdunoiuod,
EMOUEVLE OVTE PETEXOTOLOLUOG.

IMépiopa 6.2.6. Av X elvar mpcdtog aprdunouog, diaywpioos xwpos Hausdorff,
e | X| < c. Idatrepa, kde haywpionios petpikds xdpos éxer tAnddpiipo to moAd
ioco ue tov mAnldpiiuo touv ouvexols.
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Anddeén. ‘Eow D C X opudunowo nuxvo. o xdde 2 € X emhéyoupe yior oxohou-
Vit (zn)nen 010 D tote x, — x, and Hpbdtaon 6.2.4 (i). Opilouye tnv amewxdvion
¢: X — DN pe ¢(x) = (wp)nen. Toéte n ¢ ebvon 1 — 1. Tlpdypot, av z, y € X pe
d(x) = ¢(y) = (), TOT€ Ty, = T %W Ty, — Y. Aol 0 yodpoc X eivor Hausdorff,
éneton 6Tl & = y. Emopévoc,

| X| < [DY] < INY| =c.
O

ITpétaom 6.2.7. Eoww X évag npdtog apifunioiuog totoloyikds xapos, Y évag
TomoAoYIkes xpos kat f : X — Y pua ovvexris, avoiktn ka1 eni ovvdptnon. Tdte o
Y elvar npddtog aprOunopos xwpog.

Arnébeén. Eotwwy €Y xux € X této0 dote f(z) =y. Eotw B, = {B,: n €N}
wot aprduriown Bdon meployxdv tou x 610 X. Aol n f elvar avouxty, 1 oxoyévela
ouvohwv By, = {f(By) : n € N} elvou oprdufowun xou anotekeltan and meptoyés tou
y. Apxel va del€oupe oL elvan Bdom nepoydy tov y. Eotw U C Y wa nepioyn tou y.
Agol n f elvon ocuveytc, vndpyel oo tepoyh By, € B, tou x, dote f(B,) C U.
Opwe, f(By) € By. Apa 1 B, eivar (aprduriown) Bdon teptoydy tou y xat, xotd
ouvénela, o Y elvon mpdtog apldunolog yweoc. O

IMopdderypo 6.2.8. Eotww évac tomohoynds ywpoc X mou dev elvar mp®tog a-
erdunoog xan €0tw Xs 10 cbvoho X epodlacuévo ue TN Slaxpity tonohoyia. O X
ebvan TpaTog apLdurioog xodpoc xat o X elvon cuveyhic exdva tou X (Uéow tng Taw-
ToTc amESVIoNG), ahhd dev efvan Tpdtog aprdufolwos. Katd ouvénewa, n unddeon
«ovoxthy v Ty f oty Ilpdtacy 6.2.7 dev unopel vo mapahngdet.

6.3 Acltepol Aptdunoipol Xweot

Muat woyvpdtepn ouvi apriunoiudtntag mou pmopel xavelc v elodyet, elvon 1 Omapén
aprdunoung Bdong yio tnv Tonoloyla Tou yweou. Mdhiota elvar T6G0 LyupdTEEY, TOU
XaTOAyEL vou Uy teavorueitar and xdde petpd ywpo. ‘Ounc, to evdlagépov oy
napouotdlel elvar apxeTd peydho, apol apxetol amd Toug oixeloug o EUdC YWEOUS
elvan ixavomololv auth T cuvOAX.

Opiop6c 6.3.1. 'Evoc tonoloywde yodpoc X xaheitan Seltepoc apiurowos (4
Aepe 6L iavomotel To deltepo afinya aprdunodtntog) av o X éyel aprduron Bdon
yia TV Tomoloylo Tou.

HMapatneroec 6.3.2. (o) Kéde devtepoc apripfiotoc yodpoc X eivon xow npdtog
aprdunowog. Ilpdyuott, av B eivou oprdurown Bdon yio tnv tonoloyla tou X xou
reX,tbenB, ={B € B: zc B} civou fdon Teploydv Tou T xou lvat TeoQoveS
apriuriown.

(B) Kdde undywpoc A evée deldtepou aprduroyou yoeouv X eivan dedtepoc aprduror-
poc. Ipdypatt, av B eivon aprdurfown Pdon touv X, téte n B ={BNA: B e B}
elvon Bdiom Lo v tonohoyia tou A, npogaves aptdufoiun.

(v) Av d0o tomoloywol yopor X, Y elvon deltepor aprduioyol, TOTE xou 0 XOPOC

X x Y ebvau debtepoc apdufiowos. Ipdypatt, av (Up)nen clvon aprdufiown Bdon
e tonohoyiag X xou (Vi,)nen ebvon apriuiowun Bdorn tne tonohoyiac tou Y, téte 1
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{Un X Vi = n,m € N} ebvon pa aprduriown Béon vy tnv tonoroyia tou X x Y.
Avddoya, umopel vo Bel€el xavelc 6Tt av ot tonoroyxol yodeor X, vy n € N elvan
deltepol apriurfiowot, Téte xou 0 ydpos X = [[17 | X, ebvou deltepog aprdpriowog.

IMopodeiypata 6.3.3. (o) Av o X eivon Soxpitdc Tomohoyixde xokpog, ToTE 0
X ebvan deltepog apulufolwog av xou wovo av to clvoro X elvon aprdufowo, apold
xdde Bdon tou X mepléyel ta povoolvora. Idaltepa, xdde unepaprdurolog dlaxpltog
TomohoydE Yweog elvar TewTog aptiuriolog xou byt debtepog aprtunollog.

(B) O tomohoyixde xopoc Rg eivan Surywploos, npdtog aprduioos (apol yio xdde
z €Rg,n{(a,z]: a€Q, a< zx}eivou aprdpfiowun Bdorn neploydy tov x) o dev eivou
devtepog apriunowoc. Ilpdypatt, av o Rg Atav debtepoc aptdurowog, téte Yo Tay
xat 0 Rg x Rg devtepoc apriufowoc, dpa o undywedc tou A = {(x,—x) : = € R}
Yo itov Bedtepog apriurowog, npdyua dtono, apol o A elvor Sloxpltdg Yweog X
unepaELIUNoLLOC.

IMepbtaocm 6.3.4. Eoww X évag deltepos aprfunoijios tomodoyikds xopos, Y évag
TomoAoyikos xapos kat f : X — Y qua ovvexris, avoiktny ka eni ovvdptnon. Tdte o
Y elvar beltepog aprOunonios xapos.

Anddaén. Bow B = {B, : n € N} wa apdufioun Bdon touv X. Agol n f
elvar avowxt, n owoyévelo cuvorwv By = {f(B,) : n € N} eivor aprdurfowun xou
anoteAeltan omd avolxtd unocUvola tou Y. Apxel va dellouue 6tL etvon Bdon tng
tonohoyieg ou Y. Eotw U C Y avoxtd. Agol 1 f ebvou cuveytic, 1o civoho f~1(U)
elvon avouxté umostvoho tou X, dpa undeyel I C N, dote J;c; Bi = f~1(U). Oy,

vLE () =g (U Bi) =J B

icl el

xou {f(B;) : @ € I} C By. Apa 1 By eivou (aprdpriown) Pdon tov Y xou, xotd
ouvénela, o Y elvon dedtepog aprdunoog yweoc. O

IMopdderypa 6.3.5. Eotw o yopoc ¥ = NU{U} xou X5 t0 olhvoro X epodiaocuévo
ue Tt Soxptty| Tonoroyia. Téte o T elvon cuveyhic emdva Touv X (L€ow TNg TAUTOTL-
xAc ameévions) alhd dev elvon Tpdtog (dpa oUte xou deltepoc) aprduRoitos ydpoc.
Kotd ouvénela, n uvnddeon «avoutny v v f oty Ilpdtaon 6.2.4 dev pnopel va
Topoh et

IMebtaom 6.3.6. Kdle devtepos apifuriopog ydpos X eilvar diaywpionpos.

Andbaén. Eotww B = {B, : n € N} wo apidurown Bdon tou X. Mnopolpe vo
unovécouye 6t By, # 0 vy xédde n € N. Emhéyoupe otoelo x, € By, yw xdde n
xow Oétoupe D = {x, : n € N}. Téte 10 D eivon aprduriowo xou tuxvé. Hpdyuatt, ov
U C X avowtd, un xevé clvoro, téte undpyel ng € N dote B,, C U, dpo x,, € U.
Enopévee D NU # () xou cuvendg, o ¥xeog X elvan doywelowog. O

IMebtaom 6.3.7. Evag puetpikds xyopos X elvar Siaywpioog av kar puévo av eva
devtepos aprurionuog.

Ardbein. (=) Eotw 6T o pyetpnde yopoc X elvon dywplowoc xaw éotw D C X
apriunowo xou Tuxvéd. OE€touue

B={B(z,e): x€DxuececQ,e>0}
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Téte n B eivow aprdurioiun oxoyévelo avoxtdy cuvohwy. Apxel va delloupe ot n B
elvan Bdom touv X. Eotw U C X avowxtd xou z € U. Ou detlouye dtL undpyer B € B
dote x € B CU. Agol to U eivan avouxtd, undpyet € € Q, € > 0 dote B(x,e) CU.
Agol 1o obvoho D elvau muwvé, undpyer y € B(z,e/2) N D. Téte Bly,e/2) € B,
x € B(y,e/2) o B(y,e/2) C B(z,¢). ‘Apa x € B(y,e/2) CU. Enopévie n B elvon
Bdomn tou X xon ouvenwg, o ydpeog X elvan dedtepog aprdunoutoc.

(<) Eivou duecd, and v Ipdtacn 6.3.4. O

ITépiopa 6.3.8. KdOe undywpos A €vds diaywpionuov uetpikol ydpov X elvai
daywplionog.

Arndbeén. And v llpdtaon 6.3.7, o X elvon dedtepog apriunowog, dea xat o A eivon
devtepog aprduropoc (uetpwde) ywpoc (Iapatienon 6.3.2(8)). Enouévac o A eivan
Sy wplotuog. O

ITpétaom 6.3.9. Eotw X évas Oeltepog apifunioipuog tonodoyikds xwpos. Av
(Gy)ier €fvar pua oikoyéveia avoiktdy vroowilwy tov X, téte vndpyer J C I apild-
priopo, dote J;ep Gi = Uies G

Andoeitn. Eotww G = ;e Gi o B o aprduron Bdon tou X. Oétoupe

B ={BeB: undpyeri eI yc BC G;}.

Téte G =B’ pdypatt, yioa xdde B € B’ undpyet i € I dote B C G; % enopévec
B C G. Apa B’ C G.Avtiotpoga, av x € G té1e undpyel i € I dote © € G;.
Apa undpyer B € B wote x € B C G;. Ilpogavoe B € B’ xou ouvende = € |JB'.
Enopévee G C UB' T xéde B € B endéyoupe ip € I dote B C G;,. Tére

gyouue OTL
Uscl G,ca
BeB’

n enopévee G = UBeg, Giy. O¢twovye J = {ip : B € B'}. Téte 1o J elvau

aprdurioo (apol to B elvon apriurowo) xu G = (J;c; Gi O

ITpétaom 6.3.10. Eotw X Oeltepos aprOunonios toroloyikos xwpos kar B eivai
mia Bdon ya Ty tomodoyia tov. Téte vndpyer aprdunjoun vrnooikoyévela tng B mou
elvar emions Bdon ya tny tonoloyia tov X.

Andbaén. 'Eotww (By)nen o apuiufiown Bdon tou X. Kélde B, elvon évwon otot-
xelov otoyeiov tne B xa oné v Hpértaon 6.3.9 éreton 6t By, = Uro_; Chom,

6mov Cpm € B vy x80e m € N. Téte n {Cppm : n, m € N} ebvou cxptﬂw]mpn
unoowoyévewr e B xou anotelel Bdomn yio v tonoroyia tou X (yiatl;).

6.4 Xwpot Lindelof

H tehevtaior cuvinnm nou elodyoupe etvar wa acdevéotepr Yoppt Tou dedtepou ol
dpartog aprdunowdtntag (n onola enione dev ixavoroteiton ond wdde petpxd xheo).
H Wi6tta Lindel6f 8ev napouctdler Ty UTOBELYUATIXY CUUTERLPOPE TWV TEONYO-
OUEVLDY CUVITUGOY dpiUNoOTNTOC, OAAG amONUOLVEL TIC YENOTIXES CUVETELES TNG
Omapéng wag aptiunoung Bdong, divovtde toug €tol Ty mpénouca PoplbTnTd, EVOvTL
e Blag e dmapdne e aprduiong Pdorng.
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Oplopo6¢ 6.4.1. "Evoc tonoroyixde ywpoc X xoheltoan yddpoc Lindelof () Mye bt o
X wavonotel v iétntor Lindeldf) av xdide ovouxtéd xdhuppa tov X éyet aprdufotuo
uroxdhuppe, dnhadh av {U; : i € I} elvon oxoyéveld avoixtdy utosuvolwy tou X
wote X = J;¢; Ui, tote undpyer oprdurowo J C I dote X = ;o ; Us.
IMopotneroeic 6.4.2. (o) Evac tonohoyinde yodpoc Xeivou Lindeldf av xou wévo
av xdde Baoxd avouxtd xdhvpua tou X €yel apriurowo uTtoxdluuuoL.

(B) "Evag doxprtéc ywpoc X ebvan yodpog Lindeldt av xou pévo av 1o X eivan aptd-
urotwo cbhvolo.

(v) "Evog undywpoc A evic totohoyxol xodpeou X eivon Lindeldf av xaw pévo av xdde
avortxd xdhuppo Tou A oto X (dnhadh v x&de owoyévewn {U; : i € I} ovoixtdy
unoouvohwy tou X ue A C (J;c; Us) éxer aprdprfiowo unoxdiuppa (Snhodi undpyel
J C I apdpriowpo dote A C ;e ; Us).

IMpbtacm 6.4.3. Eoww évag tonoloyikds xwpos Lindelof X.
(i) KdOe khewotds vndywpos tov X elvar xdpos Lindeldf .

(1) AvY efvar tonrodoyikds xapos kat f : X — Y efvar pa ovvexiis kar enf ouvdp-
wnon, tte o Y elvar xyopos Lindeldf .

Arnddein. (i) Eotw F évoac xhewotéc undywpoc tou X xaw {U; : i € I} éva avouxtd
xdhvupor tou F. DvopiCouye 611 yio xdde @ € I undpyel éva avoxté cOvolo GTo
X, Vi, 6ote U; = FNV,. 'Etol, éyovue 6u n owovyévewr {V; : i € I} U{X \ F}
anoteAel éva avouxtd xdhuppo tou X. Agol o ywpoc X elvon Lindeldf, undpyet éva
aprdufoto vroxdivypa, éotw {V;, : n € N} U{X \ F}. Téte F C | J{V;, : n €N}
x enopévee, F = J{U;, : n €N}

(i1) 'Botww {U; : i € T} éva avouxtd xdhuppe tou Y. H owoyévewo {f~H(U;) : i € I}
anoTeAel évo avouxtd xdAvpua Tov X, CUVERWS €xel aptdunollo UTOXAAVUIY, €0TW
{f~1(U;,) : n €N} Téte, apol 1 f eivon entl, n oxoyévewn {U;, : n € N} ebvon éva
apriuroo vrtoxdiupya tou Y. O

IMpbtaocm 6.4.4. Kdle devtepog apiurnoog ydpos etvar xydpos Lindeldf.

Anéoein. Eivon duoeo and tny Ilpdtaoy 6.3.6. O
IMopeddevypa 6.4.5. O Rg civar ywpoc Lindeldf. Eotww {(a;,b;] : i € I} éva
Baowd avortxd xdhupua tou Rg. Oétoupe C = ;¢ (as, b;). Agol o R ebvou Sedtepog
apriunoog yweog, and tny Ilpdtaor 6.3.6 Enetar 1t undpyet J C I apriuroo wote

C = U;cs(ai, b;). Tlapatnpotue 6t av x € Rg\ C, t61e undpyel i, € I Gote x = by, .
Apa

Rs=CURs\C)C (U(%‘Jh‘]) U U (ai,,bi,]
icJ z€Rs\C
Enopévac, apxel va deiloupe 61t 10 odvoro Rg \ C eivon aprduriowo.
Ioxupiopds. H oovévewr C = {(a;,,b;,] 1 x € Rg\ C} anotehelton and Zéva avd
800 olvoha. Ipdypartt, ac unoVécouue 6t undpyouv x, ¥y € Rg\ C ye = # y dote
(@i, bi, ] 0 (as,, bi, ] = (ai,, 2] N (@i, y] # 0.

Avz <y, t6t€ & > a;, wétoL x € (a;,,y) = (ai,,b;,) C C, npdypa drono. Opoia,
xataAouye oE dTono av y < T.
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Aol ta ototyela tne C un xevd xou avoxtd otov Rg xaw o Rg eivon Soywplopoc,
énetan 6t 1 C ebvow oprduriowo alvoho, Snhoadr to obvoro Rg \ C eivon apripriowyo.

IMapatrienon 6.4.6. To yivopevo 600 ypwv Lindelof dev elvon avaryxala ywpog
Lindelof. Ipdyuoti, o Rg eivan ywpog Lindelof, ahhd o yweoc tou Sorgenfrey,
Rg x Rg dev etvon Lindeldf, agol 1o avtdioydvio civoro A = {(z, —z) : = € Rg} e-
tvar xhetotoc Loy wpoc Tou Rg x Rg xou dev elvon yipoc Lindeldf (Suétt etvon draxprtoc
urepaptipfiooc xHeoc).

Meétacy 6.4.7. Evag petpikds xopos (X, p) elvar devtepos apidunoipog av ka
Hovo av elvar xwpos Lindeldf.

Andbeaén. (=) Ioyber yevind, and v Ipbdtaom 6.4.4.

(<) Taxdde n € Néyouvpe 61 X = J,c x B(w, 2) x agol o X ebvau ydpoc Lindelsf,
vrdpyer A, C X apriufowo wote X = [U,c4, B(w, 1), ©¢woupe D = ;7 A,
Téte 1o D eivon apriunowo cbvoho xon muxvé oto X. lpdyuatt, éotw y € X xou
e > 0. Téte undpyet ng € N dote 7710 < e. Agob X = UzeAnO B(z, n%))’ uTdpyEL
x € Ay, wote y € B(x, n%)> Téte p(z,y) < n%) < € w enopévee T € B(x, ). Apa
B(y,e) N Ap, # 0 xou étov B(y,e) N D # (. Yuvenoc o X ebvou daywplowog xau,
xatd ouvénela, deltepoc apttufowoc (Ilpbdtaon 6.3.5). O

Oeswpnua 6.4.8. Kdle kavovikds xwpos Lindeldf elvar puoiodoyikds.

Andoaén. 'Eotww A, B Eéva xheiotd untochvola evoc xavovixol yweou Lindelof X.
Agol o yopoc X elvar xavévixog, yia xdde x € A undpyer U, avowxtd, dote x € U,
xou U, N B = (. Avédhova, yio x&de y € B undpyet Vy avowtd, ote y € V, xou
Vy NA=0. Ta A xa B etvor yodpol Lindeldf, we xhewotol undyweol tou ¥hpou
Lindelof X. Agod A C |J, ey Uz xw B C UyeB Vy, undpyouv z, € A, y, € B v
neN, ovotre ACY, 2, Uy, xou B C U, V. Oétouye:

n n
Up=Us,, \ (U Vyk> wou Vi, =V, \ (U ka> , neN.
k=1 k=1

Téte yio ta oOvoha U = Jo, Uy, V = Upy Vi éyoupe 6t
e Eivor avouxtd (yatl;).

e ACU: Avz € Aébte undpyet n € N dote z € Uy, xon agod VN A =0 vyt
x&de y € B, énetu 6ux € U, CU.

e BCV.

e UNV =0: UNV = Un,m(Un NVy) = 0. Ipdypott, av m < n to1e
Un CX\V,,, CX\V,, CX\V, (apo0 Vi, TV, ). Anhadh Uy, NV, = 0.
Opoto av n < m.

Enopévwe, o ytpoc X elvar guotohoyixdc. O

6.5 Aoxroelg



Kepdiowo 7

MeTpuxomownoiuotTnTo

‘Eyoupe anoxthoel Théov Ta amopoltnta apddla yio var anodetouue dVo Wbiaitepa o1
povtind Yewphuarta yia thv Torohoyia, o Oedprnua Urysohn (rou yapaxtneilet Toug
METEIXOTIOOOUS Lot wploLous TOTOAOYLXOUC YDPOS) Xou T0 LoyupdToto Oedprua
Nagata-Smirnov-Bing, to omofo yopuxtne(lel TApws TOUC UETPIXOTOLGLLIOUS TOTO-
Aoywolg ywpoug. Méoa amd 0 BlEpelvNoT TOU €YOUUE TEUYUATOTOCEL GTA DUO
TponyolUeva xepdloua, (owe vo éyouv apyloel va anocoapnvilovtal oL IBLOTNTES TOu
elvon avoryxafo vo €yel €vag TOTOAOYIXOC YMPEOS Yiol VoL E(VAL OUOLOUOPPLXOS UE Eval
HETEWXOG YWpo. Autéc ot Wdtnteg Ja €xouv xevtpixd pdho, byt xatd Tov 0pLoUd oG
peTEic oTov Tonohoyxd yweo (8e Yo eivon autde o otdyoc poc, Touldytotov Gy
Gueocar), 0AAG xatd THY ELPOTEVGCT] TOU TOTOROYIXOD YWEOU GE éval HETEXS Yhpo. Mo
TETOL TOMOAOYLXT] EUPUTEVCT] EYEL QPUOXE WC CUVETELN TN UETEIXOTONGILOTNTO TOU
Y WOEOL.

7.1 To Oebpnua pepixonoinoipndtntac Urysohn

ITpotol Tpoywericouue oty anddelln Tou Ocwpriuato yepixonoinowdtntag Urysohn,
TEEMEL Vo avamTOEOUPE Wit Loy Vet Tey VXY Totohoyhc epgutevone. To Anfuua eu-
putevons (Bedpnua 7.1.3) anotehel auth v teyvixs,. To Oedpnuo pepixonoinot-
uotntog Urysohn, umopel va pnv mopouctdlel évay TATeN YUpaxTnelold Twv UETEL-
XOTIOLACLUWY Y WewY, ohkd Sieuxpwilel oe peydho Padud tnyv mopela mouv Yo mpénel
vou axoloudooupe yioo Ty anddelln Tou Aemtdtepou oamoteréouotoc Twv Nagata-
Smirnov-Bing. Onwod¥note, anotehel éva xoudpd xou Bodd amotéheoya yia T Xu-
vohoOewpntxr] Tormoloyla, to onolo oe xauio mepintwon dev emoxidletor oand to
Octpnua Nagata-Smirnov-Bing.

Optowode 7.1.1. Eow X, Y; tonoroyixol yweol xou f; : X — Y; cuvapthcelg yia
x&e i € I. Aéue 6T 1 owovévewr (f;)ier:

(1) Sroywpiler to onueia Tou X, av vy xde z,y € X ye x # y, vndpyetl ig € I
©oTE fm(‘r) 7é fio(y>'

(i) Oroywpeiler onuela xou xAeiotd vrooUvora tov X, av yia xdde © € X xou FF C X
xheot6 e x # F, undpyet ig € I dote fi,(z) ¢ fi, (F)

H ouvdptnon e : X — [[,c; Vi e e(x) = (fi(x))ier Myeta ouvdpotnon extiunonc we
mpoc TV owovévew (fi)ier
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IMapathienon 7.1.2. Av o X eivaw 11 tomoloyixds xohpog, toTte xdlde ouxoyévela
cuVAPTHCEWY ToU Bloywpiler onuela xau xAelotd urtoclvola tou X, Bloywellel To
onueia Tou X.

Ocehpnpa 7.1.3 (Afppo eugpitevong). Eotw X, Y; tonodoyixol xdpo, fi : X — Y,
ouvaptrices ya kdde i € I ka1 e n ovvdptnon extiunons ws mpos (fi)ier. Tdte:

(i) H e elvai owvexris <= 1 f; elvar ovvexris ya kde i € I.
(ii)) He evail — 1 <= n (fi)ier daxwpiler ta onpueia.

(ii3) Av n (f;) daywpiler onueia kar kKAelotd vroodvoda tov X, téte ne : X — e(X)
efvar avoiktr).

(iv) Av n owoyéveia (f;) anotelefrar and ouvexels ovvaptrioes, diaywpilel onpeia
ka1 kAewtd vrooUvoda tou X, wte ne : X — e(X) elvar opoopoppiods,
onadr ne: X — [[,c; Y elvar torodoyikrj epgizevon.
Anddeén. (i) Avm;: [[;c; Y = Yi elvan 1 tpoBol oty i—cuvtetayuévn, yioi € I,
o1
e ouveyic <= m;oeouveync Vi € I <= f; ouveyrc Vi € I.

(1) "Apeco, and tov oplopd e e.

(i71) 'Eotw U C X avowxtéd xou € U. Apxel va dei€oupe 61t 10 e(U) eivon tepoyh
Tou e(x) oTov undyweo e(X), onhadr) 6L undpyel V' avowxté oo [, Yi dote
e(z) e VNne(X) Ce(l)

(Buome téte 0 e(U) Y elvan meploy | xdde onuelov tou, otov undyweo e(X), dpo Yo
elvon avortd otov e(X)).

‘Eyouvye 61t x ¢ U°. Anéd tnv vnddeon, undpyet ig € I dote fi,(z) ¢ fi,(U°),
dnAady fio(x) € Yiy \ fi, (U¢). Oétoupe V = ﬂi_ol(YiO \ fi,(U¢)). Téte 10 V ebvou
oavowt6 670 [[;o; Y. Axdun, éxoupe 6Tt

Tig (e(x) = fio (l‘) €Y, \fio (Uc)
% emopgves e(z) € V, dnhadr e(z) € VNe(X). Eotw évay € VNe(X). Apod
y € e(X), énetn 611 y = e(2) = (fi(2)) v xdmowo z € X. Agol y € V, énetn
ot miy (y) = fio(2) € Yig \ fio (UC). Apa fiy(2) ¢ [fin(US) xou o1, z ¢ U, Snhodn
z € U. Enopévec y = e(z) € e(U). Buvenne, VNe(X) Ce(U). Suunepoivouye dtu
0 V elvan 10 {ntolpevo avoixtd chvoro.

(tv) 'Enetou and to (1), (ii) »ou (iii). O

Kodog avamtiydnxay ov anapaitntol unyaviouol, eluaocte oe Véor va del€ouye to
Oedpnua Urysohn.

Oewpnpa 7.1.4 (uepwonomoydtnrog touv Urysohn). Ia éva tomodoyikd xdpo X
Ta axdrovla elvar 10odVvaua:

(i) O X elvar biaywpioniog peTpikonorrjoLos.
(i) O X elvar Ty, kavorikds kar 6€ltepos aprdunjonuos.

(iii) O X efvar oporopopeixds e vrdywpo wou [0, 1]N.1

1O ydpoc [0, 1] xaheitou x0Boc tou Hilbert.
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Anddeén. (i) = (1) Kdde petpnde yodpoc eivon xavovixde. Ernione xdde dioywplot-
pog Uetpixde ywpoc elvar devtepog oprdurotoc.

(13) = (317) Agov o X eivon deltepoc aprdprooc, elvar xou ywpoc Lindeldf, 1o onolo
énetan (apol o X elvon emmhéov xavovinde) 6t o X elvon puotohoyixde ywpoc. Eotw
(Br)nen o aptduriown Bdon tov X. O¢touye:

P={(mn) e NxN: B, C B,}.

T %8¢ (m,n) € P 1o By, xou BE ebvon Eévar, xheotd xon ool o X elvon guoto-
Aoyixoe, and 1o Afupa tou Urysohn, urdpyet ouveyfic ouvdpon fmn @ X — [0,1]
OOTE frn(Bm) C {0} %o fr n(BE) C {1}.

Ioxupiopds. H oxoyéveld (fimn)mn)ep Otoyopiler onueio xau xhewotd utocivola
Tou X (dpo droywpilet xan ta onpela Tou X, agol o X elvon T1).

‘Bow x € X xau FF C X shewotd ye x ¢ F, dnhadh) « € F°, 1o onolo elvan avouxto
ocbvoro. Téte undpyer ng € N dote 2 € By, € F°¢ Agob o X elvar xovovinde,
undpyer mo € N &ote © € B,y C By,. Téte, (mo,n0) € P, fingme () = 0 xou

oo (F) S {1} (0900 @ € Bing 3o F' C By ), 800 fing,ng (%) & frng o (£)-

Aol 1 owxoYEVeld (fm,n)(m,n)ep omotekeitan and cuveyeic ouvaptioel, and To
Afpua eppitevore, éreton 6T o X eivon opolopop@ixde pe évay unbyweo tou [0,1]7,
dea xon tou [0, 11N, apol to P etvon aprdufowpo.

(iii) = (i) O X eivon etpixonotforoc, awol o yopeoc [0, 1]N ebvon petpixonomiotoc.
Erniong, o [0, 1] ebvou Stopywplowwoc ydpoc, dpa xdde unbdywmedc Tou eivor Sioywploiwoc
(TTpbtoom 6.3.8). Enopévec o X eivou Stoywepioioc.

7.2 To Oebpnua Nagata-Smirnov-Bing

To Oedpenua yetpixonomnoétntoc tou Urysohn amotehel éva mpdhto, oAAd xan ou-
oLoTIXG BAUC TEOC TO YOLUXTNELOUS TWV UETPIXOTOWACHLMDY TOTIOMOYLXMY YWEWV.
Ou cuviixec mou emBaiker eivon BéBonor eavég, odAd Oyt avaryxafeg yiol TN PETEL-
xomoinodtnta evde (ev yéver oyt Soywplowov) tonohoyol yohpou. To Oehdenuo
Nagata-Smirnov-Bing napoucidlel évav mhfien yooaxTnelogd oy UETPLXOTOLCHLLY
TOTONOYIXADY YWpwy. Koadde 1 xavovixdtnta evoc 1onohoyinod yweou eivon (eppo-
VOC) avoryxodol Yol T HETPLXOTIONOWATNTA Tov, T0 AeTTo onuelo Tou Oewphuatoc
elvon M meptypapy| pog ouotaotxd acevéotepne cuvidixng and Ty Uy apriurot-
ung Bdong, n onola Yo cuvey(let vor avayxdlel Eva xpo vor elvol UETPLXOTOLOIOC,
ol ol Yo xavorotettan amd wdde YeTELNd Y OEO.

Opiopodg 7.2.1. 'Eotw X tomohoyixdc xGpoc xat F OXOYEVELL UTOGUVOALY TOU
X. H F nokeiton:

(1) tomxd mencpaouévy, av yio xdlde x € X undpyer V € N, nou tépvel, T0 Tohd
nenepaopévo, thidoc otoyelwv e F.

(ii) Groxputr, av yio xdde z € X undpyer V € M, mou téuvel o Tohd éva ototyeio
e F.

(i) o—tomxd menepacuévn (avtiotorya o—=Bblaxpltr), av UTdp oLV owoYEveles F,
7 2 ’ 2 ’, oo
n € N tomxd nenepaopéves (avtiotowya Swxpités) dote F =, Fn-
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HMapatneroeic 7.2.2. (o) Kdéde Soxpitd| oxoyévelo givar tomxd nETEQUOUEVT
xou amoteheiton and Eéva avd 8o olvoha. Apa xdlde o—Blaxplty) oxoyévelo eivon
0 —TOTUXE TENEQAUOUEVT).

(B) Kdde apripfiown oxoyévewn eivon o —dlaxplt.

Ocewpenpa 7.2.3 (uetpixonomowpdtnrac Nagata-Smirnov-Bing). I'a évay tomodo-
YiKé xpo X, ta axdrovla elvar i0odlvapa:

(i) O X eivar petpikonorjoijios.

(i) (Bing) O X eivar Ty, kavorikds kai éxer o—dwakpreri fdon ya tnv tonodoyia
Tou.

(i1i) (Nagata-Smirnov) O X elvar Ty kavovikés kar éxel o—tomikd tenepacuérvn Bdon
yia tny tomoloyia tov.

To Oetypnuo 7.2.3 anotehel v evonoinon twv Ocwpnudtwy Nagata-Smirnov
()< (iil)) o Bing ((i)<(ii)). Lopgpova pe tyv Hopathenon 7.2.2(a), n cuvdfixn nou
emPBdiAel To Oewdnua Bing yio tn petpuconomoyddtnTa VO TOToROYXOL YWeou elval
loyupdtepn and v avtiotoyn tou Oewpfuatoc Nagata-Smirnov (und tnv évvoua:
(ii)=(ili) oto Bedpnua 7.2.3). Emione, cvupwva pe v Hopatienon 7.2.2(8), o
Oedpnua Bing amotehel yevixevorn tou Oewpruatog Urysohn.

H anédeln tou Bewpruotoc Yo yivel og 8o pépn ((1)=(ii), (ili)=(i)), oc xdde
éva and to omofo Yo ypelaotolue pla oepd Anuudtwy. To mpodto and autd elvan
wat Hogoatienon, cuvokdewpnuxrc @long, tou Stone, yio TNy amddelln tng onolag
ovoldng elvor 0 péhog tou Alidpatog e Emhoyie, pe ) poper tou Oewpfuatog
e Koife Adtadne.

Optopde 7.2.4. 'Eotw évag totohoyinds xkeoc X xou A €va avoutd xGhuuuo Tov
X. To xdhvypo B xodeiton exAérruvon tov A av yio xdde U € B undpyer V € A
wote UCV.

Afppoa 7.2.5 (Stone). Eotw petpikés xopos (X, p) ke A ={U; : i € I} éva
avoixté kdAvuua tov X. Tdte vndpyer o—dakpitn) oikoyévela avoiktwy ouvoAwy &,
1 onola anoteAel ekAéntuvon tou A.

Amnédeitn. Me yprion tou Oswpruoatoc Kahric Adtadng, emAéyouue plor xohn) SLdtoln
=< v ototyelwy tou A. T xédde n € N xaw U € A, oplloupe

S,(U)={x € X: B(x,)cU}.

‘Eotw thpa
T,(U) = $u()\ J V.
VU
(1) Botw V,W € Aye V#W. Ava € T, (V) xu y € T, (W), t61€ p(z,y) > L.
Ipdyuaz, Siywe BAEEN e yevixdtntog vnodétovue 61 V < W. Agob z € T,,(V),
éyoupe ot & € S,(V), dpa B(w,2) C V. Eriong, agot y € T,,(W) xou V < W,
éneton 6Ly ¢V, dpo xon y ¢ Bz, L). Enopévec p(z,y) > L.

Optlouye axdun, yio U € A xou n € N:

En(U) = U B(m,ﬁ)
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(2) Botw V,W € Ape V #W. Ava € E (V) xau y € Ey (W), 16t€ p(2,y) > 5-.

Ipdypati, and tov oplopd v E, (V) xou E, (W), vndpyouv v € T,,(V),w € T,,(W),
wote p(z,v) < 5= xu p(y, w) < z=. Ané 10 (1) yYvepllovye 61 p(v,w) > . Eto
€YOLUE OTL

plv,w) < p(v,x)+p(a,y) + ply, w) <=
plz,y) =

V
\
I
|
|
|

B) T xdde U € A, E,(U) CU.

Hpdypan, av y € E,(U), e y € B(z,5-) v xémowo € T,(U). Ané tov
optopé tou T,,(U) éneton 61t & € S, (U) xou xard ouvénewo B(z, L) C U. Agol wipa
p(x,y) < 5= < =, éyovpe 6Ly € B(x, L) CU. Apa E,(U) CU.

Taopa elyaocte oe Héon va oploovpe TNV XATIAANAT owoyEévela cUVOALY. OEtouue

En={E,U): Uc A} xa &= []&.

neN
(4) H & ebvon éva avowxtd wdhvppa tou X.

Ipdyuaz, xéde otouyeio tne € eivan tne popyhic E,(U), yia xdmowo n € Nxoau U € A,
10 onolo elvor avowxtd chvolo (eugavéc and tov opoud tov). ‘Apa 1 € anoteleito
and avouxtd cuvora. ‘Eotw twpa éva x € X xa U va elvaw 1o ehdyoto otouyelo
tou A (cOppwva ye Ty xohh didtaln tou emhédape) dote © € U (tétoo otouyelo
undpyel, apol 1o A eivon xdhvppa tou X). Agod to U eivan avoixtd, vndpyet n € N
wote Bz, + C U. Auté onuabver 61t & € Sp(U) xu 6z ¢ V yia xé9e V < U,
obugwva ye v emhoyt tov U. Enopévee, x € T, (U). 'Eto, éxouye étu

xeT,(U)CE,U)eé&, CE,

Onhadry n € xahbntel to X.

(5) H &€ anotehel exhéntuvor tou A.

Ipdypaz, xéde ooryeio e € eivan tne wopyhic B, (U), yia xdmowo n € Nxouw U € A,
xat omd o (3) éyoupe 61t E,(U) CU.

(6) K&de &, eivou droxpit| oxoyévela, xatd ouvéneia n € elvor o —dlaxplth oxoyEVeLa.

Hpdypan, éotw n € N xow éva z € X. 'Eotw 6t undpyet éva avowxto abvoro U € A,
té1010 ote B(z, o) N E,(U) # 0. Téte undpyer évay € E,(U) dote p(z,y) < o

) 6n
‘Eotw thpa éva V € A, ue V # U, xou éva z € E,(V). And to (2) éyoupe 6T

p(y,z) > 5=, ouvende

plx,2) = py,z) = p(z,y)

- 1 1
3n  6n
1
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Auté onpoiver 6t z ¢ B(w, 5-) n emopévec 1 avouth tepoxh B(z, &

Tépvel 10 oAU éva atotyelo tng £y, Apa 1 &, elvon Bloxplth) oxoyEévela.
Ané ta (4),(5),(6) éncton bti n € elvon 1 IntodueVn 0XOYEVELD GUVOAWYV. O

) umopel va

Tpoa pnopolue va emotpédoupe otov apyixd pog oxomnd, va anodeléouvpe 6Tl
nade petpdg yweog X €xel o—doxpl| dor. T xdde n € N n ouxoyévela cuvorwy
Ap ={B(z,1): z € X} elvor avoixtd xéhuppa tou X, dpa and to Adupa tou Stone
€xel o—BloxpLTH EXAENTUVOT] amd ovouxTd ohVOoAa

er=1Jé&n

meN

Mopathpnon 7.2.6. Av A € E" xua,b € A, 161€ p(a,b) < 2. Tlpdypat, apod 1

E™ eivan exhéntuvon tou xahbpuatoc A,, A C B(z, %) vy xdmoto € X. Enopévec
a,b € B(x, %), pat

1 1 2

b) < )< =4+ ==-=.

pla,b) < pla,z) + ple,b) < — + — = —

O¢toupe:

e=Je = &
neN n,meN

H & elvan po o—0dlaxpity) owoyévelo agod ebvar apriuriown éveon twv Slaxpeitey
owoyevelwdyv &, Méver va dei€oupe 6t 1 € eivan Bdon tou X. 'Eotww éva avouxtd
obvoho U C X. Apxel va dellouye 6T vy xdde z € U undpyer £ € & dote
x € E CU. I'vwpiloupe 6t utdpyet € > 0 dote B(z,e) C U. Emhéyoupe évan € N
wote 2 < e. Agol T0 E" elvon évar avoutd xdhuppa Tou X, yvepiloupe 6TL undpyet
éva E € " dote x € E. Ané v Hapothenon 7.2.6, av y € E, téte p(z,y) < 2 <.
Apa, y € B(z,e) n enopévwe, © € E C B(z,e) C U. 'Etol éyovue 61t 1 € ebvan
Bdon tou X. YTrevduuilovrog emniéov 6Tt xdVe UETPUOG YWEOG EIVOL XOVOVIXOS XAl
T, éxouyue del€et, hoimdy, To oxdroudo.

Oevpnpa 7.2.7. Eotw évag petpixds xopos (X, p). O X éxear o—dakpieri Bdon
(emopérvaws 1wy el n katedBuvon (i)=(ii) tov Ocwpripacog 7.2.3).

Mével va del€ouue 6t évog 11 xavovindg yweoc X pe o —tomxd nenepacuévn o
ebvan petpuxomoiiowog. Kevtpixde pag otodyog elvon vor epuTEOCOUHE TOTOAOYIXE TO
X éva yetpnd yopo. BOu ypelaotolue o axdrouvdo Afuporto:

Adppa 7.2.8. Eoto A = {A; 1 i € I} jua o—rtomikd menepaouévn owkoyéveia
uroourddwr evég tomodoyikol ydpov X kar A = |J..; Ai. Téte wxle du A =

Uier 4

Arédeén. Tw xdde i € I woyler 61 A; € A C A, dpa A; C A. Enopévec

i€l

J4, c4>

i€l

Avtiotpoga, éotw x € A. Agol n A elvor o—tomixd nenepacuévy, LUTEPYEL AVOXTH
neploxt) U € 9, n omola va téuvel nenepaocyéva oto tAfidog otoiyela tne A, éotw

2 Auté ebvor yevixd ohndéc Yo ula Tuxooa oo YEVELL GUVEAWY GE Vo, TOTOAOYIXG YO,
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ta A1, Ag, ..., Ax. 'Eotww, npoc dtomo, 6Tt 10 x dev TEPEYETAUL OE XOVEVOL amd To
= T - , k7 , , ;o , ,
Ay, Ay, Ay, Shodn @ ¢ |, As, To omolo eivan xhewoté olvoho. Tote 10 6Uvolo

k5 , , ; / , , >
U\ U;_; 4; ebvar avowt| meployn) tou x, Eévn mpog xde ototyeio tne owoyévelong A.
Auté buwc éneton 6Tt ¢ ¢ A, mpdypa dtomo. LUvenHe To T avhixel 6To A; yio xdnolo
i€4{1,2,...,k}. Enopévoc,

Ac| 4.
el

Ané To mopandve, éneton 1) emuunt lodTnTAL O

Afppo 7.2.9. Av évag kavovikos xdpos X éxer pia o—rtomkd memepaouévn fdon
B, téte 0 X efvar puoiodoyikds.

Anédein. I'vwpllovye 6Tl 1 TANpoQopiol Yiot TN HOPPY TV AVOIXTOV CUVOAWY EVOC
TOTOAOYIO) YOEOU EUTEPLEYETAL, OE LxavomonTixs Bodud, otn dour| wag «AenTHCY
Bdone tou yodpou. T'a 10 Aéyo awtd, avauévoupe 6T 1) UTopén YLog o —TomXd TENEPa-
ouévng Bdone Yo pog emtpéder vo teptypdouye pe Eva AELTOLEYIXG TEOTO ToL oVOLXTY
obvoha Tou X. Auté Blatundveton TUTXE Pe Tov axdroudo TeoTo:

Ioxupopés. 'Eotw éva G C X avowxté. Tédte undpyet axohovdio avoixtedv cuvOrwy

(Un)nen, tétola dote
G- Y- U
neN neN
Hpdrypartt, agot n B elvon 0 —tomxd tenepacuévn, unopolue va yeddouue B = (U, ey Bn,
omou xdde B, elvat ToTxE TENEQUOUEVY] OLXOYEVELX AVOLXTMOY UTOCLYOALY Tou X. TN

xdde n € N, éotw

Cnfz {B S Bni Z§§;(;}
Téte C,, C By, dpa xdde C,, opelhet va elvan Tomxd nenepaouévrn owxoyéveta. Opiloupe

v.=Jcn= U B

BeC,

Kéie U, ebvor avouxté (ec éveon avouxtdy) xau omd w0 Afupo 7.2.8, Uy, = Upee. B,
apol 1 Cp, ebvon Tomxd menepaopév. Enlone, agod B C G yio xdde B € Cp, éxovyue

on U, C G. Enopévec
Uuv.cUU.ca.
neN neN
Apxel tdpa va deiloupe 6L G C |,y Un. Eotw z € G. Téte 10 obvoho G eivon

w06 xou & ¢ G°. And v xavovixdtnta Tou @, undpyouy Eéva avoixtd cOvoha U
xow V, dote z € U xou G¢ C 'V, dnhady

relUCVeCQdG.

INo xdnowo n € N, undpyel Booixd avoxtd cbvoro B € B, wote x € BC U C V©.
Agob o V¢ elvan xhetotd obvoho, éxouue 6t B C V¢ C G, emopévee B € Cy,. Autd
ouwe onpaivel 6Tt

reBC |J B=U.C |JUn

BecC, neN

Apa G C U, Un.
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Aclyvoupe thpa 61t 0 X elvar guotohoyxde yopoc. ‘Eotw A, B C X &éva xou
xhewotd olvora. Téte oo olvoho B elvon avoixtd xat, OUPOVA UE TOV LOYUPIOUO,
urdpyet axohovdia avotdv cLVoAwY (Up)nen Gote B¢ = U, enUn = Unen Un-
Hpogavae, xéde U, eivor Eévo mpoc 10 B xou A C Unen Un- Eviehde avédoya,
undpyeL axohovdio avortdy cuVORwY (V,)nen Tou xahlntovy to B ue xdde V,, va
ebvan €évo mpog 10 A.

Me autév tov tpdno, xataoxeudoope to avowxtd oOVore ey Uns Upen Vi @
omola mepéyouy to A xou B, avtiotoiya. BéBaia, dev unpolue va eyxundolue ot
autd tor oOvoha etvan Eévar, YU auTd xou xdvoupe wia o AeTTH) xataoxeun. o xdde
n € N, opiloupe:

Un:Un\OVi o Vn:Vn\OUi.
i=1 i=1

1=

Ta cbvora Uy, V;, elvon mpogavede avowxtd. Opiloupe todpa tor chvola:

C=J0n xa V=W
neN neN

Ta U xou V' elvar mpogoveds avoixtd, ¢ EVOOELS avoxtody ouvorwy. loyupllopaote
ot ebvan Eévar xan epLéyouy o A xan B avtioTtouya.

e Eotw éva x € A. Téte € U, vy xdmowo n € N, agod A C |, ey Un-
Emnhéov z ¢ V,, yia xdde n € N. Yuvende

i=1

Apa A C U. Opolwe, delyver xaveic 61t B C V.

e 'Eotw, npog drorno, 61t unv # (. 'Eotw, hoiwdy, éva x € unv. Trdpyouv
m,n € N dote

m n
erszm\UVi O ernzvn\UUi.
i=1 i=1
'Botw éwm < n. Téte 2 € Uy, aMd 2 ¢ Uy,...,Up, ..., Uy, 10 onolo sivan
dromo. Ouolng epyduacte oe avtigaon av utodéoouvye Tt n < m. Enoyévwe,
oo U xou V ebvon Eéva.

20UQwVoL UE TOL THPATAVE, Tor avouxtd cbvola U xon V' etvan E€va xou mepLéyouv tor A
xau B avtiotowyo. Apa o ydpoc X elvon gpualohoyixde. O

IMapatienon 7.2.10. O woyvpiouds oto Afupa 7.2.9 éyel ¢ dueon cuvéneia 6Tt
xd0e avoxté GVOAO GE EVOV XOVOVIXO Y(OPO UE 0—TOmixd TeEnepacUév Bdon eivon
F, o0voho? xau, 16080vpa, xdde xhewotd ohvoro eivon Gi.

3Eva unoolivoro evée Tomohoyixol yweov X xahelton Fy otrolo av eivon aprdurown
évwaon xAelotdv ouvohwy. Treviuuilovue 61l éva obvolo elvar Fy av xon ubvo ov to
ouunAfipwud tou etvon Gs.
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Ocdpnua 7.2.11. Eoww évas T kavovikds tomodoyikds xopos. Av o X éyer pua
o—romikd menepaouévn Bdon B, téte 0 X elvar petpixononjoyuos (enopévws wyve
n kazeburon (iii)= (i) Tov Ocwpripatos 7.2.3).

Arédaén. Ou deifouue 6T o ydpoc X epguieletor Tonoloyxd oto oo [0,1]5,
epodloopévo pe T petpixd| p(p, q) = suppep [P(B) —¢(B)|, Y p, q € [0,1]°. Tlpotot
ouveyloouye, ehéyyouue OTL 1) p elvon YeTEIXY.

(i) Tw x&de B € B éyouvye |p(B) — q(B)| > 0. Enopévee p(p,q) > 0. Enione

p(p,q) =0 |p(B) —q(B)|=0VBeB<p(B)=q(B)VBeB<p=q.

(i) p(p,q) = supgeg [p(B) — ¢(B)| = supgep q(B) — p(B)| = p(q, p).

(iii) Eyovue? ddoyd o1t

pp,r) = ]S;é%|p(3)—7’(3)|
< ;%%HP(B)*Q(B)|+|Q(B)*7’(B)|}

IN

sup [p(B) — q(B)| + sup |¢(B) — r(B)|
BeB BeB

p(p,q) + plg,r)

ITpoyweolue pe TNy xataoxeL TNS Totohoyrg eupitevong. ‘Eotw F C X xkeoTo.
YTrdpyer cuveyhc ouvdptnon f: X — [0,1] dote F = f~1({0}).

Hpdypan, and v Hapathenon 7.2.10, to F eivan xhewotdé Gs cOvoro. Emnlong, and
To Afupa 7.2.9, 0 X elbvan guolohoyinde yweog xon xatd cuvéneta, and tny Ilpdtaon
5.4.17, undpyel cuveyfic ouvdptnon f: X — [0,1] F = f~1({0}).

Ynueudvouye OTL, TEPVOVTAC 6TO cuUTAApwua Tou F, éyouue amodellel tny Umop-
&n o yvhowa detic ouvdptnong and xdde avowxtd urocvvoro tou X oto [0, 1].
Eniong, e ot xatdhnin ovvdeon (nowa;), unopolye va uvnodéooupe étu 1 f nodpvel
Téc oto ddotnua [a,b], a,b € R (ue a < b). Aol n B eivor o—Tomixd nenepaouévn
Bdom, umopolyue va tn yeddoupe otn poph B = |, oy Bn, 6mou xde B, elvar to-
Tuxd nenepaouévn owxoyévetn. MéAota, unopolue vo utodéoouvpe 6t B, N By, = 0
vy n # m (ywozi;). Enopévec yio xdde Paowd avowtd cbvoho B € B umdpyel
povadxd n € N dote B € B, xou omd To Topomdve, UTHpYEL CUVEYHC CLVAETNOT
fB: X —10,2] dote f5'({0}) = B°. Opilovye v anewdvion;:

¢: X = 1[0,11° e ¢(x)=(fz(x))pes.

e H¢pelvu1—1:Eoww z,y € X ye  # y. Aol o ydpog X elvor xavovixog xou
T, vndpyouv Eéva avowxtd olvora U,V C X pe x € U xou y € V. "Apa, undpyet éva
Boaowxd avowtd cvvoro B € B wote x € B C U C V. Koatd ouvénew fg(x) > 0 xon

fe(y) =0, dpa ¢(x) # d(y).

o H ¢ elvaw ouveyrc: 'Eotw = € X. TNa va delloupe tn ouvéyela tng ¢, npénel va
deiloupe 6T yioo xdde avowxth Teptoyf tou @(x) undpyel avowxth neployh U tou
pe p(U) C V. Zuyxexpwéva, v xdde € > 0 Inrodue avowth tepoyh) U tou x ye

Y reviuuiovye 6t ov U,V C R, téte sup U +sup V = sup(U + V) (6mou cuuPorilovyus
U+Vi={ut+v: uelU,veV})xuav K CLCR, téte supK <supL.
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d(U) C B(é(x),€). 'Eotw évae > 0. Twan € N, agol n B, eivor Tonixnd nenepocuévn,
undpyel avowxth tepoyn Uy, tou , mou vo téuvel nenepaopéva oto thdog clvola
e By, Av éva B € B, dev téuvel 1o Uy, T6Te copOC Sev TEPLEYEL TO T XOL TOTE
fe(x) =0. Emniéov fu(y) = 0 vy xéde y € U,. Enopévec |fe(z) — fe(y)] = 0.
Trodétovye whpa 61t BNU, # 0. Tvwpilouue 6t 1 ouvdptnon fp : X — [0, L]
elvan cuveyrg, oUVETADC Yia TO avoTéd ahVoro

(fB(z) = §, f(x) + 5) N[0, ;] € [0, 7]
Yo undipyet o avowxth nepoy) W, (B) tou z, pe
fs(Wa(B)) € (f5(z) — 5. fp(=) + 5) N[0, 7].

"Ouwe vndpyouv udlic tenepacuéva ato tAfdog tétowa B, éotw By, ..., By. ©étoupe
Vo =Up N Ule Wy (Bi), to onolo givon avoxth neptoyf tov x. Tote, vy xdde
y € Vi, C Wy (B;) éyoupe | fp, () — fB,(y)| < 5. Luvende xatodfyouue oto éti vl
x&de y € V,, éyoupe |fp(z) — f(Y)| < §, v xdde B € B,.

Téhog, emhéyoupe éva N € N ¢ote 1 < £. Oétoupe V = Ufil Vi, To omnolo
elvon avouty) neployr) tov z. Botwy € V. Tote y € Vi,..., Vi, dpa yio xdide n < N
xon B € B, éyouue |fp(x) — fe(y)| < 5. Twn > N xu B € B, yvopillovue 6Tt
IfB(x)—fB(y)| < 2 <& < & (0o 0 < fp(2) < L yixdde 2 € X). Enopévec yia
x&ey €V, |fp(x) — fB(Y)| < § v xdde B € B. 'Etol, 6eiaue 6L yio xddey € V

p(d(x), d(y)) = sup |fa(x) — fe(y)| < § <e,
BeB

dnhad @ (y) € B(o(x), ). Apa n ¢ ebvon ouveyric.

e H ¢ !:p(X)— X elvan ouveyhic: Apxel va detoupe 6t yio xdde U C X ovouxtd
o z € ¢(U) undpyer olvoro W avoxtd oto ¢(X), tétowo dote z € W C ¢(U).
Agol 1 ¢ eivon 1 — 1, urmdpyel povadixé = € U dote ¢(x) = z. Agod 10 U eivan
avouxtd, undpyet Poaoixd avoixtd cbvoho By € B, dote x € By C U. Enopévwg
[Bo (%) >0 xou flpe = 0.

Fotw V = {h : B = [0,1] : h|g, > 0} C [0,1]5, yia 10 mapandves By.
IoyupWldpaote 6t 10 V elvan avowxtd obvoro. Ilpdyuatt, éotw h € V. Oewpivtog
v avowxth ogaipa B(h, h(B)), v xéde g € B(h, h(B))

p(h,g) <h(Bo) = |h(B)—g(B)| <h(Bo) VB € B
= |h(Bo) — 9(Bo)| < h(Bo)
- g(Bo) > 0.

Enopévwe g € V xaw B(h,h(B)) C V. "Apa 1o V eivar avouxto.

Tépa Yewpolpe to avowxtd clvoro oto ¢(X), W =V Np(X). And tnmy emhoyy
tov By, fp,(x) > 0. Apa ¢(x) € V n emopévee g(x) € W. Mével va deiouue bt
W C ¢(U). Eotww pa ouvdptnon p € W. Téte p = ¢(y) i govodixd y € X. Agod
peW =VneX)CV, fg,(y) =p(By) > 0. Auté duwe éneton 61t y € By C U,
dnhadh p = P(y) € d(U). Tuvende W C ¢(U), dpa 10 ¢(U) elvar avowxtd. Acioype,
ooy, 6t av éva U C X elvan avowtd, 1o ¢(U) elvon avowtd oto ¢(X). Anhadi 1
¢ etvor Vot GTNY EXdVAL TNC X0 %oTd cuVéTEl, 1) ¢~ 1 elvor cuveyTc.

Ané o mapandve €neton 6Tl 0 YWeog X elvol OUOLOUOPPLXOS HE UTOYWEO EVOQ
HETEXOL YEOL, Goa elval UETELXOTOLAGLULOC. O
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‘Eyovtog deilet ta Oewphpota 7.2.7 xou 7.2.11 (cuvunoloyilovtac tny Iapathpn-
on 7.2.2(a)) éyoupe ohoxhnpdaoel v amddelln tou Oewphuatoc Nagata-Smirnov-
Bing.

7.3 Aoxnoeig
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Kepdiowo 8

2IVVEXTIXOTNTA

8.1 Xuvextixol Xwpot

O opiopde e cuvexTdTNTAC lvo, WIANOV, puotohoyixds. Oa éheye xavelg 6Tl Evag
TOTONOYINOG Y WPOC DlAoTATOL, otV UTOPEL Vo eXPRACTEL e EEVN évmaon 800 ovoXTMY
oLVOAWY. Av autd elvar adlvato, o yheog Vo yapaxtneiletar and yio loyuer| Evvola
«oLuvoyhey. And auth TNV oA WEa xaTahNYEL Xavell GTOV TUTIXG OpLoHO.

Opiopodg 8.1.1. 'Evac tonoroyixde ywpoc X xoheltan ouvektikds av 8ev UTdpyouy
dVo un xevd, avoxtd, Eéva etald toug unoocUvola A, B tou X, dote X = AU B.
‘Eva unocUvolo €vOC TOTOAOYIXO) YOEOU XoAelTal cuvexTixd, av elval cUVEXTIXOS
YOOGS UE TN OYETXY ToToAoY(o.

IMapatrienon 8.1.2. Eivaw cagéc 6T évag Tonohoyixde yweog X elvoul ouvextinodg
av 8ev uTdpyouv 800 un eV, XheloTd, EEva ueTa€l Toug unocUvola A, B tou X, wote
X=AUB

IoapdTl 0 oplopde Biver puor xad dtacldnTiny Teocgyylon e €vvolag, cuyvd dev
elvon edypLotog Yo vor eEAEYEEL XavElC TN CUVEXTIXOTNTA EVOS ToTOhOYIXOU Ytpou. H
axohovdn Ilpdroon pog mpocpépet xdmola emmAéoy xpLtrpia.

IMeétaom 8.1.3. Eotw évag tonodoyikds xadpos X. Ta axdrovla elvar woodlvaua:
(i) O X elvar ovvektikds Xopos.

(it) Ta pdéva vroodvoda tov X mov elvar ovyxpdrws avoiktd kai kAewtd efvar ta (),
X.

(iii) Aev vrdpyer ovvexris kai eni ovvdptnon f : X — {0,1} (érov wo {0,1} efvar
epodiaouévo e tn dakpicr) Tomodoyia).

Arnddeén. (i) = (i) Eotw éva A C X 1o onoio givar cuYYOVLS avoxtd xaw xheloTo.
Téte X = A°U A, 6mou o A, A® elvan avouxtd xou Eévar petold toug. ‘Opwe o X
elvan cuvextinde, dpa mpénet A =0 4 A° = 0. Enopéveoc A=0H A= X.

(#4) = (uii) Av vndpyer f: X — {0,1} ouveyhc xou enl cuvdptnom, téte To chvolo
A = f71{0}) etvon avouxtd, xhewwtd. Agol 1 f elvon enl, éyoupe 6t A # 0 xou
A # X, npdyua dromo. Emopévee, Sev undpyetl tétola cuvdptnon f.
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(443) = (i) Av o ywpog X Bev elvon oUVEXTINOS, UTEEYOUV U1 XEVE, avOLXTd xou vl
ueto€l toug obvoha A, B C X, hote X = AUB. Téte, n yapoxtneiotixs cuvdetnon
tou A, x4 : X — {0,1}, eivon cuveyhc xou enl (yiael;), Tpdypo dromo. Apa o X eivon
GUVEXTIXOC. O

IMopadeiypoto 8.1.4. (a) To cdvoro twv pntodv aptducdv dev eivon cuvextixd
unooivolo tou R, agod Q = (—o0,a) U (a, +00) yia xdde a € R\ Q.

(B) O y&poc tou Sierpinski (Topdderypa 1.1.5(7y)) elvon cuvextinde, apod dev unde-
YOUV [N XEVA, EEVA, AVOLXTA UTOGUVORX TIOU 7] £VWGT TOUS VoL LGOUTOL UE TO YEO.

(v) O ypoc Rg dev elvar cuvextinde, agod 1o cbvoro (—oo,a] ebvor cuyypdvee
avoXTd xat ¥AewoTo, Yo xdde a € R.

Oevpnpa 8.1.5. Ia kdbe a,b € R, pe a < b, to kAewwd didotnua [a,b] eivar
ouvvekTiké oUvoAo.

Andbeén. Av a = b, t61e 0 didoTnpa [a,b] eivar povooivoro, o omolo elvan mpo-
pavede ouvextixd. ‘Eotww 6t a < b. Trodétouye, mpog dtomo, 6t 1o [a,d] ev eivan
GUVEXTIXG GUVONO, BNAadY OTL UTEEYOLY U1 XEVE, XAELGTE Xat EEvar LETAED Toug GlvOoAa
A, B C [a,b], dote [a,b] = AUB. To oOvolo A eivon un xevo. *AeloTo %o PporyUEVo,
enopévee undpyet to s =sup A € A (a < s <b). Av vnodéoovue 6L s # b, ool To
A elvon ouyypdvewe avouxtd oivolo, urdpyet éva e > 0, wote (5,5 +¢) C A. Autd
opoec elvon adivato, apol tote Yo elyope 6T s < s+5 € A. Apas = b € A. Eviehac
avéhoya, delyvel xaveic 6t supB = b € B, dnhadn 6w b € AN B, mpdyua drtomo.
Enopéveme to obvolo [a, b] elvar cuvextixd. O

ITedtaom 8.1.6. H érwon kdbe oikoyéveiag ouvekTikdy UTOCUVOAWY €VO§ TOTOAO-
YikoU xepou X, u€ un kevr) toun, €ivar ovvektiké ovvolo. Ankadn, av kde A; C X
efvar ovvektiké ovolo, ya i € I, ka1 (\,.; Ai # 0, téte to olvoro |J,.; Ai elvar
OUVEKTIKO.

i€l icl

Anédadn. Agol (;c; Ai # 0, undpyer 2o € [);c; Ai- Eotw wa cuveyrc ouvdptnon
I User Ai = {0,1}. Agob xdie A; ebvon ouvextind oivoho, xdde f|a, eivon otodepn
xou {on pe f(xo) (ool zg € A;, v x80e i € I). Apa m f elvon otadeph| xon xotd
ouvénela, oyt enl. Anhadr, dev undpyel cuveyrc, ent ouvdptnon f 1 U, 4i — {0, 1}.
Emopéwe 1o obvoho | J;o; A ebvon ouvextind. O

Q¢ TéPIoU TV TOPUTEV®, UTOPOUKE VO EYOUPE TNV TAEWVOUNOY TWY CUVEXTIXOY
uTooLVOALY Tov R (pe T cuvhdn Tomoloyia).

ITépiopa 8.1.7. O romodoyikds xapos R eivar ovvektikés. EmnAéor ta ovvektikd
urnoorola tov R efvar axpifcss ta daotipata (e temepaouéva 1 drepa drpa)t

Anédatn. O yopoc R ebvon cuvextixde, agol R = (U0 [—n,n] xou (o, [-n,n] =
[—1,1] # 0 (yw ) ouvextdtnta GAwv twv dotnudtov tou R epydleton xaveic
eviehdde avdhoya). Eotw éva A C R, 1o onolo dev eivou didotnua, dnhadr undpyouy

Y revdupilouye 6t éva I, umoohvoro tou R, xahelton BidoTnua ov yio xdde x,y € I, ue
x <y, xuz€R yex <z <y, énetaw 6w z € I. Anotehel anhy doxnon va eAéyet xavelc
6T ta draothpata Tou R efvon tar cOvola e wopgc: [a,a] = {a} v a € R, [a,b], (a,b],
[a,b), (a,b) yia a,b € R ye a < b, (a,+0), [a,+00) yia a € R, (—00,b), (—o0,b] ya b € R
xat 10 R = (—o0, +00).



8.1. YTNEKTIKOI XQPOI - 93

z,y € Aper < yxa z € Ruez < z < y, dote z ¢ A. Tédte ta clvola
Ay = AN (—o00,z2), A2 = AN (z,+00) elvon avowxtd oto A, Eéva, un xevéd (z € Ay
xouy € Ag) xaw A = Ay U Ay ‘Apa o oOvoho A Bev elvar ouvextixd. Enopévoc,
xdde cuvexTxd utoclvoro tou R elvon didoTnua. O

H axdhovin Hpdtaon pog e€nyel 1L av ot éva cuvexTtind cUVOAo Tpocécouue xdmoLa
and ta oploxd tou onuela, To tpoxinTov cUvolo eEuxohoudel vo elval cuvexTixd.
ITebtoaom 8.1.8. Eotw X évag tomodoyikds yopos ka1 A, B C X.

(i) Av to A etvar ovvextiké ka1 A C B C A, téte ka1 to B efvar ouvektikd.

(ii)) Av to A eivar ouverxtikd, téte kai to A efvar ouvekTixd.

Anddaén. (i) Eotw wa cuveyhc ouvdptnon f : B — {0,1}. Agod 10 A elvu
ouvextixd, 1 fla ebvou otadeph. Enopévac, to f(A) C {0, 1} eivor povosivoro. Apa
xat 10 f(A) eivar ovooivoro. Opwe 1 f elvon cuveyhc, doo

f(B) = f(4) < f(4)
(6mov oL xheotéTNTA TOL A AaBdveTan we TPog TN oxeTXY Totoloyia Tou B). Xu-

venae, to f(B) elvon povooivoho, dnhady| 1 f dev elvou entl. ‘Apa To B eivon cuvextixd
obvolo.

(ii) Etvou dpeco and o (i), yio B = A. O

IMopathenon 8.1.9. To avtiotpogo tne Hpdtaone 8.1.8(ii) dev eivan odndée, dn-
Aod1) uTdpyEL CUVEXTIXG GUVONO UE TTUXVOE, U CUVEXTXXO UTOGUVOAO. Evo amhé mopo-
derypa amotehel To PN cUVEXTIXG GUVONO TwV PNTOY Q w¢ UTooUVoLo NS (CUVEXTAC)
Tparypatixnc eudeiog.

AZilel va onuewdoouye 6Tt oL cuveyElc CUVOPTACELS PETAED TOTONOYIXODY YOPWY
«ogBovtary Ta cuvexTixd cbvola. IBaitepa, av évag Tomoloynde yweoc X elvar cu-
vextndg, 1ot xdle Tonohoynde Y pog opolopopPds Teog Tov X elvor cuvexTxdc.
Yuvénela authc TN WLoTNTac anotelel to Oedpnua evdidueons Ttuns.

ITpbtaom 8.1.10. H eikdva €vé§ ourektikol TOTOAOYIKOU POV UETw MHIAS TUVE-
X0US ouvdptnons €ivar CuveKTIKOS TOTOAOYIKOS XWPOS.

Andoaén. 'Eotww X,Y tomohoywol ywpot, pe tov X va elvon ouvextixde. ‘Eotw
ouvdptnon f : X — Y ocuveync xau enl. Trnodétoupe, mpog dtono, 6Tl 0 Y dev elvon
ouvextixoc. ‘Apa Yo undpyel cuveyfic xou el ouvdptnon g : Y — {0,1}. Téte 7
ouvdptnon go f : X — {0, 1} elvan ouveyric xou entl, mpdypo mou EpyeTon oE avtipao
ue o 6T 0 X ebvan ouvextixde. Enopévang, o ytpoc Y ogelhet va elvan ouvextinde. [

ITépiopa 8.1.11 (Ocwpnua Evdidueone Twic). Eotw X ouvvektikds totodoyikds
xopos kar f: X — R pua ovvexris ovwvdptnon. H aexdrva f(X) C R elvar SidoTnua.

AnédeiEn. And tny Ilpdtaon 8.1.10, n emdva ebvar cuvextind unoctvoro tou R, dpa
ebvou Sdotnua (Tlbpiopa 8.1.7). O

Etvon guotohoyind va avapwtniel xavelc yia tnv ohAneniBpaon tng cuvextixdTy-
TUC UE TO YLWVOUEVO TOTOAOYLXWY YOpwv. Eivon eupoavéc 6t av 10 xapteciavd yivoue-
VO WILOC OLXOYEVELUC TOTONOYIXMV YOpwY (X )ier elvar ouvexTtinde ympog, tote xdde
xweoc X; opellet va elvon cuvextixde (apol 1 avtiotouyn npofolt| m; elvon cuveyhc xou
enl ouvdptnom). To avtiotpogo eivon enfong ohndéc xou anotundvetar oto axdoudo
Oedpnua.



94 . YYNEKTIKOTHTA

Oevpnpa 8.1.12. FEotw (X;)icr pia oikoyéveia un Kevdy Kai OUVEKTIKOY TOTO-
Aoyikdsy xapwv. O xipos ywipevo X = [],.; Xi efvar ovvextixds.

Anédailn. Apywd Yo del€oupe to {ntoduevo unodétovtac 6T to I elvor MENEPUOPEVO
obvolo. Mdhiota, apxel vo to delfoupe yio [I| = 2 (to {nrodyuevo yia xdde nenepa-
ouévo I énetan ot ouvéyew pe enaywyr). Eotw X xu Y cuvextixol tonohoyixol
YOpoL xou €otw éva ototyelo (g, yo) € X X Y. T xdde € X ¥toupe to chvoro

A = ({2} x Y) U (X x {yo})-

To cOvora {z} X Y, X X {yo} elvor ocuvextind (o¢ ouveyelc exdvee twv X xou YV
avtiotorya) xou X X {yo} € ({z} xY)N(X x{yo}). Enopévece, to A, eivon cuvextind
oOvoro. Axoun, (zo,v0) € (ex Az %00 X XY =, cx Az. Apa, 0 xoOpoc X XY
elvon ouVEXTXOC.

Tt yev Tepintwon, emhéyoupe éva ototyeio 2 = (2)ier € X xou yio xdde
J C I nenepoaopévo, Fétoupe T0 GOVOIO

Xy={ax=(xy)icr€X: ;=2 yiaxddeiec I\ J}

zeX

Hopatnpolue 611 to ohvoro X ebvon opotogopexd ue to chvoro [, ; Xi, To onolo
elvol CUVEXTIXO, (G TETEPUCUEVO YWOUEVO GUVEXTIXDV YWewv. Anhady, xdde X
elvan ouvextnd. Enione, éyovue 61t 2z € X5 yia xdde nenepacpévo J C I, dpo 1 toun

TwV ouvohwv X ; elvon un xevr. Enopévwe 1o abvoro
Y = U{XJ . J C I nencpaopévo}

elvon ouvextxd. AMG to oOvoho Y elvon muxvéd oto X (yuatl;). Anéd tnv Ipbdroon
8.1.8 éyoupe 6Tt 0 X elvan cUVEXTIXOS XDPEOG. O

Khetvoupe auth Ty mopdypapo xAvovTag avapopd GE Uia DLPORETIXT EVVOLH GU-
VEXTIXOTNTAC, 1) OTOlol YEVIXEVEL XATE OUCLICTIXG TEOTO TI] CUVEXTIXOTNTA TWV Ola-
otnudTwy tou R.

Optopde 8.1.13. 'Eotww évac tonohoynde yopoc X xou z,y € X. 'Eva povondt
Tou ywpou X, and to x oo Y, ebvan wo ouveyhc ouvdptnon f : [a,b] — X, 6mou
a,b € Rye a < b, dote f(a) = z xou f(b) = y. O X xohelton kard povondtia
oUrekTIKGS av xdde BUo omuela TOU YOEOL GUVBEOVTAL UE Xdmolo JovordTtt 6to X.

IMapatneroeic 8.1.14. (o) Av évac tomohoyixdc yopoc X elvar xatd povondtia
oUVEXTIXOG, TOTE elvol xou cuvexTixde. Ilpdyuatt, éotw mpog dtono, 6Tl UTdEyEL Wt
didomaon Tou yweov X = AU B (énov ta A, B C X elvar avoxtd pe AN B = 0).
‘Eotw éva povordtt oto X, f : [a.b] = X. To f([a,b]) eivor cuvextind urocivolo
Tou X, w¢ ouveyhg emdva GUVEXTIXOU GUVOLOL, dpa tepiéyetal eEOAoxhipou eite GTo
olUvoho A, elte 610 alvoro B. Enouéveg, dev undpyet povomdtt tou vo ouvdeéel onpeio
tou A pe onuela tov B (yuotl;), npdyua nov épyeton ot avtigaon pe ty unddeon bt
0 YOPOG elvor XaTé LOVOTATIOL GUVEXTIXOC.

(B) H emdbva evée xatd yovondtior UVEXTIX0) TOTOAOYIXOU Y(DEOU PECEL UG GUVE-
¥0UC ouvdpTnong elvol xoTd LOVOTATIA GUVEXTXOE TOTOROYIXOS YWeog. Autod elvon
dpeco, xadde 1 ouveyhc exdva eVOC ovoTaTol efval HovoTdtt (CUMTANPMOTE Ti
Aentopépelec).

(v) Qc nedio oplopol evic povoratiol propolue vo YewpRoouue 0TolodATOTE XAEWOTH
didotnuo pag egunnpetel (apod dha o xhewotd SotAuarta Tou R elvan opolopoppuxd
uetal Toug).
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IMopadeiypoto 8.1.15. (o) H xheloth povadiada undha tou EuxdelSiou ydpou
R™, B™=B"(0,1) = {x € R": ||z||2 < 1} elvor xatd povondtia cuvextixsd oOvolro.
Ipdrypartt, v z,y € B™ opllouye 0 cuvdptnon

F:00,1] = R” pe f(t)=(1—t)x+ ty2

H f elvon ouveyric xou yio xdde t € [0, 1] éyovpe 6t || f(E)]]2 < (1—t)||z|2+1]yll2 <1,
dea f([0,1]) € B™. Emouévewe n f ebvon éva povordtt tne B™ and 1o x oto y. Me
avéhoyo emyelpnua delyvel xavelc otL xdde avouxth xou xdie xheiot undho Tou R™
elvan xatd povondtia GUVEXTIXO GUVOAO.

(B) (the topologist’s sine curve) Opiloupe to Lnocivoro Tou R
S ={(z,sin(): z € (0,1]}.

Aol 1o olvoho S elvan cuveyric emdva Tou cuvexTixol cuvéhou (0, 1], etvon xou to
(Bl ouvextind chvoho. Enopévec, n xhewotétntd tou, S C R? elvan enlone ouvextixd
cOvoro. Méhora, elxoha ehéyyel xaveic 6Tt S = SU ({0} x [~1,1]). Oa delfouye 1t
10 6Uvoho S Bev elvor xatd povondtio cuvexTind, dpa To avtiotpogo e Hapathpnonc
8.1.14(a) dev eivon ahndéc.

"Eotw, mpoc §rono, 6T undpyel éva wovordtt f : [a,c] — S mou va cuvdéer v
apyh TV aEdvey pe éva onuelo tou S. To olvoro {t € [a,c] : f(t) € {0} x [-1,1]}
elvon xhetoTd xan PparyUEvo, cuvende dladéTel Eva uéyloto otouyeio b, ue b < ¢ (yuotl;).
Téte, o nepoplopde e f oto ddotnua [b, ¢] anewxovilel to onueio b oe éva onpelo
tou ouvéhou {0} x [—1,1] xaw f((b,c]) C S. T Adyoug amhénTag, UTOPOUPE VOl
urodécoupe 6L to ddotnua [b, ¢ eivon to didotnua [0, 1]. Eyoupe 6Tt 1 cuvdptnon
[ etvou e wopphc f(t) = (z(t),y(t)). Téte x(0) = 0, () > 0 xou y(t) = sin(ﬁ)
yioo %8 t > 0. ‘Opwg, ov mdpet xavels wor axorovdia (tn)nen pe t, — 0 xou
y(tn) = (—1)" (xotaoxevdote yio tétota oxohoudia), Yo €youpe 6Tl 1 axohouvdio
y(ty) B ouyxhiver, tpdypo Tou épyeton ot avtigaon ue T cuvéyewa e f.

8.2 Tomxd CLUVEXTIXOl YWEOL XAl CUVEXTIXES
CUVLIOTWOECS

Xty mepdTTwoT) Tou €YOUNE €val N CUVEXTIXO ToToAoYXd Yhpo X, umdpyel évag
(PUOLONOYIXOG TPOTOC VoL TOV DLICTIACOUPE OE GUVEXTIXE (1 %0Td LOVOTETIOl CUVEXTINE)
UTOCVUVOAG TOU.

Opiowde 8.2.1. 'Eotw évac tonohoyxoc yweoc X. Optlouye yia oyéon oto X
VYétovtoc:

T ~ Y <= UTdPYEL CLVEXTIXOC UTOY WO Tou X TOL Vol TEPLEYEL TOL X, Y.

H ‘~ givon g oyéon woduvapioc oto X (yiotl;) xon ot xhdoeic ooduvopioc tne
XUAOVOVTOL TUVEKTIKES OUVIOTHOES ToL X .

Ot oLUVEXTIXEC CUVLOTHOES EVOT TOTOAOYLXOU Y WEOL TEPLYPAPOVTAL XUAVTERA Ao
T0 axdrovdo Oedpnua.

2H ouvéptnon f nopouetpixonotel to eudiypoupo Tuhue Tou cuvdéel o onuela T,y
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Oedpnua 8.2.2. O1 ourekTIKES CUVIOTHOES €V6S ToTOAOYIKOU Ydpou X elvar Eévor
ovvektikol vmdywpor tov X, TéTowl wote n évwon tous va €lvar o 010§ 0 XWDPos
X, kaOd¢ ka1 kde ovvektiké vrooUvodo tov X va téuver akpifds pia ouvektikr)
owiotdoa.

Anédatn. Qc xhdoeic Llooduvapiag, ol GUVEXTIXES CUVIOTWOES elval EEVES Xat 1) EVoT)
Toug ebvan 0 ywpoc X. Eotw éva tuydv cvvextixd A C X (ue A # 0). Téte, vy
éva v € A, T0 A TEUVEL TN CUVEXTIXY] CUVIOTOON Tou TEpLEYEL T0 z. 'Eotw, mpog
dtomo, 611 10 A téuvel dVo BlapopeTinés cuvexTixés cuvioTwoeg, éotw Ch, Ca, xau
¢otw onuela 1 € ANCy xaw x5 € ANCy. Tote and tov opiopd e ~ €youue dtu
1 ~ xg. Luvenne Cp = Co. Anhady), to cvvextuxd oclvolo A téuver axpBie uio
CUVEXTIXY cuVoTHOA Tou X.

Mével va dei&ouvpe 6Tt xdde cuvextix cuviotdoa Tou X elvon cuVEXTIXG GUVOAO.
Eotw C pa cuvextixy cuviotdoa tou X xon g € C. I'vopiloupe 6t yia xdde 2 € C,
o ~ T, EMOPEVKS UTAPYEL CUVEXTIXOC UTOYWpos A, tou X oL Vo TEPLEYEL To X0, X
Ouwe xdlde A, téuver povdya tn ouvext) ouvootwoon C, dniadh A, C C. Eto
éxoupe 6Tt C = |J,cc Az. Aol T olvoha A, elval ouVEXTIXG X0 TO T TEPLEYETOL
oV Topt] Toug, éyouue 6Tl To C elval cuVEXTIXG GUVORO. O

IMopatneroeis 8.2.3. (o) To Ochprnpa 8.2.2 pag EMTEEREL VoL 0p{GOUPE 10OV
T CUVEXTIXEC CUVIOTMOES EVOC TOTOAOYIXO0D Y Wpou X, ¢ TO HEYLOTIXE CUVEXTIXG
uTocUVOAG Tou (Bnhady| éva shvoro C' givor cuvexTix| cuviotdoa Tov X av xou Lévo
av elvar ouvexTtind xan Yot xdde ouvextixd cuvoro A, ye C C A C X, éneton 6Tt

A=0).

(B) Av évac yopoc elvon cuvexTde, TOTE TPOPUVMS anoTEAElTL antd Yiot CUVEXTIXT
CUVLOTAOGA.

Mo evtehodg avdhoyr xataoxevy| umopel var axolouvdfoel xavelc yio Ty Tomxd
ouUVEXTIXY TepImTWoT.

Optopoc 8.2.4. e évay tonoroywd yweo X opiloupe pla oyéon Vétovtag & ~p,
av undpyeL wovordtl 6to X, and to  oto y. H oyéon ‘~,,’ elvon oyéon iooduvapuiog xau
ol avtioTolyeg xAdoel looduvauiae XahoOVTa kKatd LLOVOTdTIA TUVEKTIKES OUVITTHOES
Tou X.

Ac e€etdooupe 6T 1) oyéon ~p elvan TEdypaTL o oyéoT woduvaulac oto X.

o z~,xyxdde x € X, agol to yovordtt f: [0,1] — X ue f(t) = z v xdde
t € [0,1] ouvdéel To = e TOV EAUTO TOL.

e Eotw z,y € X pe x ~, y. Téte undpyer povorndr f: [0,1] = X pe f(a) =z
xor f(b) = y. ©étouue g : [0,1] — X pe g(t) = f(1 —t). Edxoha eréyyel
xavelg 6Tl 1 g ebvon povondtt oto X, amo 1o y oTo x. Emouévec y ~p, x.

o Totww x,y,2€ X ye x ~p y xou y ~,, z. Todte undpyouv avticTtorya povondtio
1001 = X, fo:[1,2] = X pe f1(0) ==, f1(1) =y = f2(1) xau f2(2) = 2.
Oétoupe N ouvdptnom g : [0,2] = X pe

fit), avte[0,1]

9(t) = b, avte(1,2]

Téte n g ebvan ouveyric (Tlpdtaomn 4.1.6(iv)), g(0) = x xou g(2) = z. Enopévec
n g elvon povomdtt oto X, and 10 & 610 z, XU €T0L, T ~p 2.
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Ocdpnua 8.2.5. O1 katd povondtia CUVEKTIKES TUVIOTHOES €V6S TOTOAOYIKOU
xaopov X efvar katd povormdtia ouvvektikd, &éva unooUvola tov X, tétoia dote n
évwor] toug va eivar o 10105 0 xdpos X, kalws kar kdle katd povondtia ouvekTikd
urnooUvodo tou X va téuver akpifad§ pia katd povomdtia CUVEKTIKT) TUVIOTAHOA.

Anédein. Etvon avdhoyr pe autr) Tov Oewpriuatog 8.2.2 xou apriveton we doxnon. O

IMapatrenon 8.2.6. Kdade cuvextinr) cuviotioa evog Tonoroyixol yweou X eivon
XAEL0TO oUVONO (TS €mETal Amd TN UEYIOTIXOTNTA TWY CUVEXTIXOY CUVIOTOOMY XAl
10 6Tl 1) XAELGTOTNTAL EVOS oLUVEXTIXOD GUVOIOL elvan entlong cuvexTtind oUvoro). Emi-
mhéov, av o X é€yel menepaopéveg oto TAYOC CUVEXTIXES CUVIOTWOES, ToTE xdde pia
ond auTée ebvan xou avouxtéd oUvoho (yioti;). Ev yével, gio cuvextinf cunotdoa evog
ToToAOY OV YWEoL dev ogeliel va efvar avoxtd ohvoro. I tapdderyua, oto chvoho
Q (pe v enaydpevn and ) ouvhdy tonohoyia Tou R) xéde cuvextind| cuvioTdoo
elvon povooivoho, emouévwg dev pmopel va elvon avoixtd utocivoro tou Q.

Me 7o axohoudo mapdderypa Yivetan Qovepd OTL BeV oY VOUY aVAAOYES XAUNES LOI-
OTNTEC VLA TIC XATE LOVOTATLOL GUVEXTIXEC GUVIOTOOES. Anhad, ot xortd povondtio
GUVEXTIXY] GUVIGTWOO TOU EVOC TOTOAOYIXOU Ypou dev ogelkel va eivan 00TeE avoixTo,
kA& 00TE X XAELWGTO GUVOAO.

Mopdderypa 8.2.7. O ydpoc S tou mopadelypatoc 8.1.15(8) eivor cuvextixde
oAAG Oyl xaTd povoTdtiar cuveXTIXOG. Ol XOTA LOVOTATIO GUVEXTIXES CUVIGTWOES TOU

elvon T oOvohar {0} x [—1,1] xou S. To S elvar avowxté cOvoro 610 S ahhd Sy
xhewotd, eved To {0} x [—1, 1] ebvor xhelotd MG byt avolxTd.

H ocuvextixdtnta elvon pio ypnotun WLoTnTa yio €vay ToToAoYixd Ykpeo, ahhd dev
elvon Alyeg ol popéc Tou 1) LBLONTA TOU OUCACTIXG UoC EVOLOPEREL ElVL 1) XAVOTNTOL TOU
YXOEOU VoL SLtIETEL 0GOBNTOTE KAEMTECY, CUVEXTIXES TEPLOYES YLaL ToL aMuelol TOL.

Optoude 8.2.8. 'Eotw évac tonohoyxde ydpeoc X. O X xohelton

(1) tomikd ovvektikés oto x € X, av 1o x Sodeétel Béom neploy Y and cUVEXTIXS
cUVOAAL.

(il) romkd ovvekTikdg, av elval TOTUXE CUVEXTIXOC OE xde onuelo Tou.

(iil) romkd xatd povondtia ovvektikds oto x € X, av to x dodeétel Pdon neploydy
and xATE LOVOTETIOL GUVEXTIXE GUVOAQL.

(iv) tomikd katd povomdtia ouvvekTikdg, ov elvol TOTUXE XUTE LOVOTETIL CUVEXTIXOC
oe x&de onuelo Tou.

IMopadeiypoto 8.2.9. (a) Kdde ouvetuixd unoolvoro tou R eivan xon tomxd
GUVEXTIXO GOVORO.

(B) To obvoro [—1,0) U (0,1] C R eivar tomixd cuvextixd, oAAd d)l cUVEXTIXO.

(Y) O yopoc S elvor cuvexTtinde, oAhG dyL Tomxd CUVEXTIXAC.

(8) To ovvoro Q dev eivon 0UTE GUVEXTIXG, OUTE TOTUXE CUVEXTIXO.

ITebtaom 8.2.10. Evag totodoyikds xwpos X €lvar tomikd CUVeKTIKOS av Kai Hovo

av ya kdOe avoixté odvolo U C X, kdOe ovvektikny owiotdoa tov U elvar avoikté
ovrolo oto X.
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Anédein. 'Eotw 6Tt o X elvon Tomixd ouvextixods xou €0t éva avoixto U C X. Av
C ebvou o suvextixn cuviotoa tou U xaw x € C, undpyel cuvextixr teployh V' tou
x, ue V. C U. Agot buwc 1o V elvar cuvextixd obvohro, mpénet V' C C. Enopévwc 1
ouvextxn ouviotwoa C' elvon avouxtd abvohro.

Avtiotpoga, €0Tw OTL OL CUVEXTIXES CUVIOTOOES XGUE avolxtol cuvolou elval
enlone avowxtd oVvora. Eotw éva xz € X xu U € 9M,. Av C eivar 1 ouvextxs
ouviothoo tou U mou mepiéyel 10 z, 10t T0 C elvon ouvextixd xon avowxtd (amd
v unddean) olvoro ye © € C C U. Enopévee 1o x Swrdétel Bdon neploymdv and
GLVEXTXE cUVOAA, Snhady) o X elvar Tomxd cuvexTixde yoeoc 6o . Agold 10 z € X
Aoy Tuyov, o X elvon Tomxd cuvexTixde. O

Avdhoya anodeviel xavelc v oxdhoudn Ipdtoaon:

ITpétaom 8.2.11. Evag tonodoyikds xdpos X eivar tomxd katd povondtia ouvve-
KTIKOS av kai pévo av yia kdde avoikté otvoro U C X, kdOe katd povondtia ouvekTiki
owiotwoa tov U efvar avoikté ovvodo oto X.

H oyéomn peta€l cuvexTiXOTNTAC X0 XUTA LOVOTATLO CUVEXTIXOTNTAS AMOTUTOVE-
o 0T0 axdhovdo Oewpnuo

Oeswpnua 8.2.12. Ye évav tomodoyikd xydpo X, kdle katd povomdtia ouvekTiki
oVIoTHoE TEPIEYETAL O€ e ouvekTikT] ouviotdoa tov X. Av emmAéor o X elvar to-
mikd katd povondTia TUVEKTIKOS, TOTE 01 CUVEKTIKES OUVIOTWOOES Kal o1 katd uovondtia
OUVEKTIKES TUVITTOOES TautilovTal.

Anddeén. ‘Eotw C wa cuvextixr] cuviotdoa tou X xa éotw éva z € C. Av P
elvon 1 xatd povondtior GUVEXTXT CUVIGTGON Tou X Tou TepIEyEL To &, ool N P elvan
oLVEXTIXOG cUvVolo, énetat 6Tt P C C. Emdupodye vo Sel€ouye ot av o X elvon tomxd
xotd poovondtia ouvextxnog, tote P = C. 'Eotww, npog dtorno, 6t P ; C. Kdde xatd
MOVOTATIOL GUVEXTXTY] cLVIOTKOOoA Tou X Tou Téuvel To C' Ya mepiéyeton o autd. Av
Bécouue @ TNV EVROT OAWY QUTOY TV XATE LOVOTETIO CUVEXTIXMOY CUVIOTOOWY TOU
X (mou mepiéyovtan oto C) extéc e P, Yo éyovue 61t C = PUQ. Agob o X elvon
TOTUXA XOTE HOVOTIATIOL GUVEXTIXOS, %ddE XAUTE HOVOTATIOL GUVEXTIXT) GUVIOTOGN TOU
X elvou avoxtd obvoho. Emopévec, n P (¢ cuviotdoa) xou 0 Q (0 évewon xotd
HOVOTETL CUVEXTIXDY CUVIOTWOMV) elvat avoixtd ovola (xar tpogavee Eéva). Apa
GUVIGTOLY ot SLdomact) Tou C, YEYOVOC Tou EpyETaL OE AVTIQPAUOY) UE T1 CUVEXTIXOTTTA
tou C. Yuvenoe, P =C. O

8.3 Aoxrnosig



Kegpdiawo 9

DIVUTAY ELL

9.1 Xvunayeic Xweol

"Hon amd tn yerétn tng tomohoyiog tne evdeieag twv mpaypatindy opiduoy, elye yivel
QOVERO WS TA XAELOTE BlaoTraTo ey oy Lot GUYXEXOLIEVT] WBLOTNTA, 1) OTtolol HTAY OL-
olao T Yo TV anddellr .oyupty Yewpenudtony Tou Atelpoostixol Aoylouol, dnwe 1o
Oempnua Méyiotne xow EXdyiote Twnhc! 4 to Oempnua Opotduopene Suvéyetoc?.
Ouwe yia ToA) xoupd dev Aoy cagéc To T auth 1) WidTnTa Yo unopodaoe vor dlatu-
Twiel oTo apneNUévo TEQIBAANOY UEAETNG TWV TOTOAOYXOY YWewv. Mia ooy tpo-
oéyylon Yo oy vo eoTidoel xavelc oe pla Wiaitepa ooVt WBLOTNTO TWV XAELGTWY
Bl TnudTey, 1 omola elvor pdhioTo 16odUvaun we To Yempnua Bolzano-Weierstrass®:

Kdée dneipo unocivolo evig xhelatol Slactriuatog Slondétel TouAdyLoToY
évat optaxd onuelo.

‘Ouwg apyd 1 yeryopa Va yivelr eupovéc mwe dev elvon auty 1 ot Tou Bploxe-
T oY “xaedid Tou {nThRuaToc”. LTV TeayHaTiXOTNo YEELCETOL W oY UROTERN
dlatinwor), 1 onola TepVE Yoo and TNV EVVOoLa TOU avOIXTOU XAAVUUATOC.

Optowode 9.1.1. 'Evac tomohoyinde yweog xoheltoaw ouunayrc av xdde ovoxto
xéhoppo {U; : i € I} tou X éyel nenepaouévo utoxdhuppe, dnhadh av undpyel J C I
nenepacyuévo, wote X = (J;c; Ui. Eva F C X xohelton cuunayéc cdvoho, av o
undywpeoc F elvon ouumayfic TomoAoyinds Y weoc.

HMapatneroesic 9.1.2. (o) Kdde nenepaocpévoc tonoroynde yopoc elvor cupmo-
yhc. Tpdypoat, av X = {z1,22,...,2,} = ;o Ui, 610U xdde U; elvan avouxto, t6te
v xdde k =1,2...,n undpye iy € I Gote xy, € U;,,. Tote X = J;_, U,

(B) 'Evoc tomohoywde ydpeoc X elvon oupmoyfc ov xou wévo av xdde faoiké avoikts
kdAvppa tou X (Snhadh xéde avowtd xdhuupe tou X mou anoteleiton and Boaoixd
avotd cUvola) €Yel TEnEpaopéVo utoxdhuupa (yroti;).

'Kéde osuveynhc ouvdptnon f @ [a,b] — R hapBdver uéyiom x ehdytot) tiur, dnhady
umdpyouvy x1, Z2 € [a,b] tétow dote f(z1) < f(x) < f(x2), yio x&de = € [a,b].

2Kdde cuveyhic cuvptnom sivar opoibpop®a cUVEYTC T XAEWGTE BLlacTHULATA Tou tediou
opotol Tne.

3Ké9e ppaypévn axohoudia (tpoypatixdv aprdudy) éyet cuyxhivouoa unaxohoudia.
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To va e€etdoet xavele xatd ndéoo €vac Tomoloyixde ydpog elvon oupnayhc elvon
o Brodixaota e€anpetind d0oxOAN, ot yevixn nepintwon. o to Aoéyo autd, Yo amo-
del€oupe xdmoleg opynéc TEOTACEIC TOU Uoc JElYVOUV T VoL XUTUGHEVGCOUUE GUU-
nayelc TomoAoYoUC YEouc amd 1B1 LTEEYOVTES, OAR Xou XATOLL XEVTELXA XELTHEL
oLUTAYELNG EVOC TOTOAOYIXOD YWEOU.

ITpétaom 9.1.3. Eoww X tornodoyikds xwpos kar F' C X. Tére to F elvar ovuna-
yég ovvodo av kai udvo av ya kdde avoiktd xidvpua {U; : i € I} tov F oto X (6n-
Aadny ya kdle owcoyévaa {U; : i € I} avoiktdy vnoouwvidwv tov X pe F C J;c; Ui)
éxel menepaouévo vnokdAvUua.

Arnddeén. H anddel€n elvon dueon xo aphvetol ¢ doxnon. O

IMepdtaocm 9.1.4. Av X eivar ovunayris tonodoyikds xopos kar F C X kleotd,
Tote to F elvar ovunayés.

Anddeén. 'Eow (U;)ier éva xdhvypo tou F' and avoxtd vrocvvora tou X. H
owoyévela (U;);er U{X \ F} ebvor éva avouxtd xdhuppa tou (cupnayolc) X. ‘Apa
UTBPYOLY i1, ...1% € I dote X =U;, U---UU;,, UX\F. Té6te F CU;; U---UU,,,
enouévwe to F elvon oupnayéc olvoho. O

Mnogolue vo BLaTUTOCOUUE EVa BLAPORETIXG XEITHELO YLaL TN CUUTAYELN EVOS TO-
TOAOYIXOU Y Wpov, To onolo eoTdlel GTo YAELGTE GUVOAN VTl TWV AVOXTOV.

IMedtaocm 9.1.5. Evag tonodoyikés xwpos X elvar ouumayris av kai puévo av yia
kdOe owcoyéveia (F;)icr kAewotdy vnoowdlwy tov X pe tnr 161dtnTa TnNg TETEPa-
opévng topnis wyde éu (\;c; Fi # 0.

Anéoeitn. O X elvor cugmaync ov xou WOVo av yiot x8de OLXOYEVELXL OVOLX TV GUVORLY
(Ui)ier ouv X ye X = (J;c; Ui, vndpyer nenepacuévo J C I pye X = U, Ui
IoodUvapa (Yétovtae F; = U vy xdlde i € I) vy xdde owovévern (F;)ier xheOTOV
unoouvéhwv tou X we (.o Fi = 0, undpyer J C I nenepacpévo ye bigeap;c s F; = 0.

il 1
Anhadn, yior xdde owxoyévero (F;)icr ¥AEWOTOY LTOCLUVORWY Tou X ye TNy WBidTnTa
e menepacuévng Tounc, woyvel on (o, Fi # 0. O

Kotd ) perétn tne tomohoylag UeTpixmdy Ywenv, unopel xavelc va anodellel éva
e0YENOTO XPLTNPELO CUUTIAYELIC WETK aXOAOUTLOY. JUYXEXPWIEVA, EVOC UETEIXOC Y MROS
elvon oupmayfic av xou povo av xdde axoroudia €yel ouyxhivouoa urnaxoroutia oto
xoeo. H axdéhoudn npdtaon anotelel 10 avdhoyo tou xpltnelou auTtol GTNY XAdoN
TWV TOTOAOYIXDV YWEWV.

ITedtaom 9.1.6. Evag tonodoyikds xapos X elvar ovurayns av ka1 pévo av kade
diktvo oto X éyer opraxd onpueio (1§ woddvapa, kdde diktvo oto X éyer ouyrAivoy
unodikTuo).

Anddein. (=) Eotw (zx)aea dixtuvo oto X. T xdde p € A opilouye t0 xheotéd
obvoho F, = {zx: A > p}. Kdbe F, eivon ufy xevé xou Fj,, D F,, av ps > p.
Enouévog, n oxoyéveio (Fy,) en €xet ™y iOOTTA TG TETEPAOUEVNE TOUNS, apol av
P15 f2, - i € A, UTpyEL € A ye > ...y i, G Fjy C (g Fluy. Emedd o
X ebvn ouprayfc xodpog, and tnv Ilpdracn 9.1.5, éxoupe ot undpyer & € (,cp Fp-
To z elvan optaxd onueio tou (xy). Hpdyuott, av U € M, xou p € A, w61 €youpe bt
Un{zy: A>p} #0 (apob xz € F,), dnhadr) undpyel A > p dote zy € U.
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(<) Eotww (Fy)ier OXOYEVELD XAEIOTWOV LTOCUVOAWY Tou X, pe TNy Wbt TNg
nenepacuévng topnc. And v Ilpdtaon 9.1.5, apxel va deifoupe 6t (), Fi # 0.
I x6de menepaopévo oivoho H C I éyouue 6t undpyet gy € (e Fir Oétoupe
A={H CI: H nenepaocpévo} xou opilovue oto A 11 oyéon

H, < Hy, < H; C Hs.

Téte, o (A, <) eivar xateuduvéuevo oOvoro xau to () gen dixtuo oto X. And
v unddeon, urdpyet & € X, oplaxd ornueio tou (zg).

‘Eotww évaig € I xu U € M. Aol 10 x eivan oplaxd omnueio tou dixtdov (zg),
urdpyel nenepocpévo oclvoro H > {ig} dote xy € U. "Eyoupe té1e 611

Ty € m F; C Fig~
i€H

‘Apa, zyr € Fyy NU . enopévee Fyy NU # 0.Xuvvende x € Fy, = Fiy (apod 10
Fi, ebvau xhei0t6). Opng, autod woyber vy xdde ig € I, dpo o € (\;c; Fi. Anhodi,
Nicr Fi # 0 % étor 0 X ebvon oupmoyfic ydpog. O

‘Eva dueoco mopiopa g Hpdtaaong 9.1.6 eivon to axdrovdo Ilépioua, Tou onolou
1 anOBEIET) APHVETOUL (G Ao,

IMépwopa 9.1.7. Fotw X évag ouumayns tonodoyikds xipos kai (Tx)rea €va
diktvo oto xdpo X e akpiBds éva opraxd onueio. Tdte to biktvo () ouykdivel

Aro dnodng BloaywploTixdy allwudtey, N CUPTAYEL TPOGBIdEL GTO Y PO ouCLa-
oTxd mhouoldtepn doun. Luyxexpwéva, otoug Hausdorff tonoloyiroilc ydeoug ta
oupnayr) UTocOVoha €xouY TIC (BLEC BlayWEIoTIXES WBLOTNTES Ye Ta onpela, Omwe yivetan
povepd amd Ny axdroudn Hpdtaoy.

ITpétaom 9.1.8. Eoww X tonodoyikés xopos kar K C X ouunayés.

(i) Av F C X dote ya kdle x € K ta x ka1 F Saywpilovtar andé avoiktd ovvola,
wote ta K ka1 F' dwaywpilovtar and avoiktd ovvola.

(1)) Av o X elvar xddpos Hausdorff ka1 éva L C X elvar ovunayés kar Evo e to
K, tre ta K ka1 L daywpilovtar and avoiktd ovvola.

(iii) Av o X efvar kavovikds xdpog ka1 éva F C X efvar kheioté kar Evo pe o K,
tote ta K ka1 F' Sraywpilovtar ané avoiktd odvola.

Arnddeén. (i) Eyovpe 6t vy xdde € K undpyouv &éva, avowxtd cbvora Uy, V,
oot v € Uy xauo F C V,. Téte n owoyévewr (Uy)zex omotelel évo avowxtd
xdAvppa Tou ouunayolg cuvolou K. Emnopévwe, undpyouv xi,...,x, € K ®ote
K C Ui, U,,. ©étouye:

U= OU% xou V= ﬁin.
i=1 i=1

Téte o U,V ebvon avouxtdy, K C U xow FF C V. Apxel va deloupe 6t UNV = ().
Auté buwg elvon epgavég, agol av x € U, téte undpyet ¢ € {1,2,...n} dote x € Uy,
xoux & V.. Apa UNV = 0w emopévoc 1o F, K dlaywpllovton and avowxtd chvola.
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(1) T xdde x € K xany € L éyovpe & # y xan, agol o X eivon yopoc Hausdortt, to
x,y doywpeilovton and avowtd clvoha. Apol to abvoro L elvou oupnoryée, and to (i),
éyouue 6Tl Y xdlde = € K, ta x xou L draywpilovtan and avoixtd cbvora. Aol to
K elvor oupmayée, ndh and to (i), éymupe 6T o K xon L Suywpilovton and avouxtd
cUvola.

(#73) T xdde = € K, 1o z, F Saywpillovian and avowxtd obvoa, agol © # F xou
0 yoeoc X elvon T3. Buvenag, and o (1) €yovue 6ttt K xou F doywpilovton and
AVOX T8 GUVOAQL. O

ITépwopa 9.1.9. Eoww X évas Hausdorff xdpos.
(i) Av o X eivar ouumayris, téte elvar puaiodoyikds.

(i) KdOe ovurayés vnootvolo tov X efvai kA€o td.

Arndbeén. (i) Eotww Fi, F» C X Zéva xou xhelotd vtocvvoha tou X. Téte, ta Fy xou
F5 eivon oupnay? (Ilpdtoon 9.1.4) xou enopévee, and tnv Mpdtaon 9.1.8(ii), éxoupe
ot o F, Fy Soywplfovton and avouxtd oivola. ‘Apa o ydpoc X eivon @uctohoyixdc.

(7) Eotww K C X ouvunayéc xow x € X \ K. Téte to {a} xon K eivon Eéva cupnayt
unootvola tou X. ‘Apa and tnv Ilpbdtacn 9.1.8(ii), éyouue Siaywpllovton amd avoutd
oUvoha. Anhody), undpyouv Eéva avoutd alvora U xan V, wote

reUCX\VCX\K.

‘Enetor 61t X \ K € My, yo xdde x € X \ K. Apa 1o X \ K elvar avouxtd clvoro

%o xatd ouvénela, to K elvar xAelotd alvoro.
O

IMapathienon 9.1.10. And to Idpopa 9.1.9 xau tnv Ilpdtaon 9.1.4 énetan 6Tt
oe éva oupnayr Hausdorff ydpeo, to ocuunayy uroclvora elvor axpiBog tar XAeloTd
UTOGUVOAX TOU YWEOU.

Y1n ouvéyeta e£eTdlOUUE T1) CUUTERLPORE TWV CUVEY WY CUVIPTHCEWY TTOU ElVaL Opl-
opévee o€ ouumayelc ToTohoYLXole YdpEouC.

ITpétaom 9.1.11. Eotw X évag ouvunayng toroloyikds xapos kar Y évag tomolo-
YIKGS X pos. Av urndpyer ouvvexnis kar eni ovvdptnon f: X — Y, téte kat o xdpog
Y efvar ouvurnayris. Anhadr), n ouvexiis eikéva evés ouumayols TomoAoyikol Xopou
€lval CUUTaynS Ywpos.

Arnddeén. Eotww cuveyhc xou enl ouvdptnon f: X = Y n éotw (V;)ier éva avouxté
wéhoppa Tou Y. Agol n f elvan ouveytic, n owoyévewo {f~1(Vi) : i € I} anotehel
avouxtd xdivppa tov X. O X elvor cuumaryic TOTOAOYIXOS Y WPOG, ENOUEVEE UTEEYOUY
i1,149,...,1 € I, dote

X = f_l(‘/il) Uf_l(vviz) U"'Uf_l(‘/;k>'

‘Ouwe n ouvdptnon f eivow ent, dpa Y = Vi, UV, U--- UV, Buvenog, o Y elvan
CLUTAY NG TOTOAOYIXOG YWPOC. O

Ynuavtiég ouvéneleg authc tng Hpdtaone lvon to Oedpnua Méyiotng xow EAdyiotng
Tuwhe (Ilépopa 9.1.12) odhd xau éva xpithpto, To omolo pog emtpénet va ehéyEouye
OV [LOL OTELXGVIO) EIVOL OUOLOUOPPLOHOS TOTOAOYIXGV YWpwv (Oedpnua 9.1.13).



9.2. KAPTEZIANA TINOMENA ETMIIATON XQPON - 103

ITépropa 9.1.12. Eotw X ouurnayns tomodoyikés xdpos kar pa ovvexng ovvdp-
mon f: X - R. Téte n f elvar ppayuévn ka1 udhiota naijpver péyion kar exdyion
Tun.

Anddaén. Ané tny Hpbtaon 9.1.11, éneton 6t to f(X) C R elvon oupmayée. ‘Apa 10
F(X) ebvau ppoarypévo x emopévine, 1 ouvdptnon f elvon @eayuévn. Suvernng undpyel
o sup f(X) € R xou sup f(X) € f(X). Agol dpwe 1o f(X) elvon oupnayée, eivo
xat xhetoté oto R, Anhady sup f(X) € f(X) = f(X) (sup f(X) = max f(X)).
Emopévwe n f madpvel péyiotn T, To tny ehdylotn tiur epyaloyaote avdhoyo. [

Oeswpnua 9.1.13. Eotw X évas ouunaynis tomodoyikés xipos kar Y évag xwpos
Hausdorff. Av f : X — Y elvar pua ovvexnig, 1 — 1 kai eni ovvdptnon, tdte kai n

1 etvar ovvexris (emopévas n f etvar opoopoppiods).

Arnddeln. Apxel va dei€oupe 61l 1 f elvon xhewoth) omewxovion. Eotw éva FF C X
xhewoto. Aol o X elvan ouunayhc, Yo elvon xou 1o I oupnayég. And v llpotaon
9.1.11, éyovpe 6T t0 f(F) C Y elvan ovumayéc xan, agol o Y eivou ywpoc Haus-
dorff, éyouye 6t to f(F) eivar xheotéd voclhvoro tou Y. Anhadd 1) f elvan xhewot
ATEXOVLON). O

9.2 KoapTeolavd YIWOUEVA CUUTAYOV Y WEWY

Yty mponyoluevn mopdypapo B UEAETHOUUE T1) CUUTERLPORE TNG EVVOLIC TNS OL-
UTAYELNS 6C TPOG TO YLVOUEVO TOTOAOYIXWV YOPWY, Oyt AOYw opéielog ahhd ETELDY
TOL XUPTECLAVE YV{UEVO GUUTIOY®OV YWewY Topoualdlouy BLaltepo evilagépoy, Omme
Yo yiver eugavéc napaxdtw. Ilpdtog poag otdyoc elvon va anodel&oupe 1o e€onpeTind
edyenoto Afuua tou Lwhive xou H€ow AUTo) Vo GUUTEREVOUPE OTL TO TEMEPAUOUEVO
YWVOUEVO GUUTAYWY TOTOAOYLXMY YOEwV lvol ETIONG CUUTAYNS TOTOAOYIXOG Y WEOC.
Iapdhhnha, Yo e€dyoupe peptxd oxoun evdiagépovta Iopiouaro.

AAppo 9.2.1 (Afppa tou Zwiiva). Eotw X tonodoyikds xopos karY ovunaynis
TonmoAoyikds xdpos. Av zg € X kar U elvar éva avoixté vnoovrodo tov X X Y, e
{zo} x Y C U, tdte vndpyer jua avoixtrj nepioxr) V tov xg dote

{zo} x Y CV xY CU

Anddeidn. T xdde y € Y, éxoupe 61 (zg,y) € U, dpo undpyel Bacixd avowxtd
obvoro Vy, x Wy, tou X XY e (xg,y) € Vyy x W, CU. ‘Opwncg o yodpos {xo} x Y elvou
oupnay Mg, apou elvol OUOLOUORYIXOS UE TO YWOEO Y, ETOUEVKC TO OVOLXTO XAAULUUS TOU,
(Vy X Wy)yey, éxeL TEMEPAOUEVO UTOXGALUUO. ANhadh UTEEYOLY Y1, Y2, ... Yk € Y
wote

{zo} xY CVy, x Wy, UV, x W, U---UV,, x W, CU.

©étovue V =V, N---NV,,. Eyovue 6Tt 10 V elvon wior avouxty| teptoyy) Tou xg
xow emmhéov {zo} XY CV x Y C U. Tpdypatt, av (z,y) € V x Y, t6te undpyel
ie{l,2,...,k} dote (x0,y) € Vy, x Wy,. Tuvende

(7,y) €V x Wy, TV, x W, CU. 0

“To olvoro V x Y ouyvé xodeltor «owhivacy nepl 1o «photdy g X Y.
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IMapddevypa 9.2.2. Eivaw cogéc 6Tt 1o Afuua tou Twihva dev aindeder xat’
avdyxn av o yweog Y dev elvon oupmayrc. o mopdderypa, av X =Y =R xou

1
N = R? -
%%we |x|<yz+1}’

t61e 10 N ebvan éval avoutd utocivoro tou R? mou meptéyel to «grody {0} x R, ahhd
TPOPAVAOS deV TEpEyEL xavéva «owhfvay mepl to {0} x R.

‘Onwe elyope det oty Ipotaon 4.3.3 (iv), av (X;)ier ebvon po oxoyévelo Tono-
Aoy ywpwv xouw X = [[,c; Xi ue v xapteciav tonoloyia, 6t 1 ouvdpTnon
mpoPolic oTny i-ouvteTorypévn elvon (ouveyfc) avoixTh amexdviom, ahhd oyt avoryxaio
xa xAeto T amewxovion. H axdhoudn Ipdtacy pag delyvel dtt otny neplntwon tou yi-
VOUEVOU 800 TOTOAOYIXADY YOEWY, 1) CUUTAYELN UTopel Var eEaaalloel TNV XAeloToHTNTA
TwV TEOPBOAGDY.

ITpétaom 9.2.3. Eoww X t0noAoy1kds Xdpo§ ka1 Y ouurayns tomoAoyikos xwpos.
H rpoPoArj (otny mpddtn ovvtetaypévn) m : X x Y — X efvar kdewotr) ovvdptnon.

Anddeaén. 'Eotw F éva xhelotd utochvoro tou X X Y. Oa dellouye 6Tl T0 cUvolo
m1(F) eivar whewotd, A w0odlvopa 61t 1o obvoro X \ m1(F) eivar avowxtd. ‘Eotw
reX\m(F). Téote {2} xY)NF =0, dnadh {z} xY C (X xY)\ F.

To cOvoho (X x Y) \ F eivar avowxtd, enopévewe and 1o Afuuo tou Swhfva,
urdpyel avolxth teploy V' tou x, ue

{r} xY CVXxYC(XxY)\F.
Téote z € V C X\ m(F). Apa 10 X \ m1(F) elvow avouxtéd olvoro. O

IMepdtaocm 9.2.4. Eotw X tonodoyikis xopos ka1 Y évas ovunayns ydpos Haus-
dorff. Mia ovvdptnon f: X — Y elvai ouvexris av kai uévo av to ypdenua

Gr(f) ={(z, f(z)): =€ X}
s f elvar kAeioté vnoovoro tov X X Y.

Andden. (=) Eotw évadixtuo (zy, f(2x))rea and ototyeia tou Gr(f), tétowo ot
(xa, f(zr)) = (z,y) € X x Y. Téte, éxoupe npogoavas 6t xx — « xan f(zy) — y.
Opwc 1 f elvon ouveyhe, dpo f(xza) = f(z), xou agod o Y eivon ydpoc Hausdorft,
éneton OtL Yy = f(x). Anradi (z,y) = (z, f(z)) € X x Y. "Etou éxouue 6t 1o Gr(f)

elvat xhetotd ovvoro.’

(<) Eotw 6t 10 ypdgpnuo Gr(f) e f eivou xhewoté obvoro. Téte av FF C Y eivan
éva ®helotd oUVolo, aol 1 TeoBoAY otn debtepn ouvietayuévn mo : X XY — Y
ebvon ouveYic amedvion, éxouue 6T To ohvoro T, L (F) eivor xAetotd UTOGHVOLO TOU
X x Y, dpa xou 10 Gr(f) Ny ' (F) ebvon xhewoté olvoho. Todpa, and tnv Hpbdtaon
9.2.3, 1 mpoPBokY) 6TNY TEMTN CUVTETAYUEVT 1 ElVOL XAELOTH ATEWOVIOT), dpat TO GUVOAO
71 (Gr(f) N 7wy L (F)) elvan xhewo16 unmoctvoro tou X. ‘Opwe e0xohd dlamuuotdvel
wavele 6t w1 (Gr(f) Ny ' (F)) = f~H(F) (ehéyEte 10). Emopévec 1 f aviotpépe
AAELGTA 0OVOAA GE XAEWOTA GUVORa, cUVETKS efval cuveyg. O

*Tapopatneolue 6Tt Yo auTh TR xatedduVon ToU toYLELoHoL dev anuteitar 1 utddeon
e ovundyetac tou Y. Anhady toylel yevixd 6tL av yita ouvdptnon molpvel Tiwéc o éva
xweo Hausdorff, to yedonud g elvar xhetoté obvohro.
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IMebtaom 9.2.5. Eow X,Y ocuurnayeis xdpor Téte o ydpos X XY ue wny
kapteaavi) tonoloyia eivar ovunayns xwpos. Ernaywyikd, to kapteoavé yivouevo ne-
TeEPaoU€rov TATYIOUS TUUTAY DY XWDpwY, L€ TNY KapTeoarr) totoloyia, €ivar cuunaynig
XOPOS.

Arndoen. ‘Eotww U = (Us)ier éva avouutd xdhuppa tou X x Y. T xdde 29 € X,
€youue 6Tl 0 «photdey {zp} XY elvon cuunayhic XOpog Tou XoAITTETAL AItd TO OVOLXTO
udhvupo U, endUEVLS UTdpYEL TETEPUCHUEVO UTOXGAUPUO Uy, C U Tou va xahOTTeL To
«phody {xo} x Y, dnhadh {zo} x Y C YUy,. A 1o Afupo tov Tohfva, undpyet
avouxth) meploy| Vz, TOU T, WOTE

{20} XYV C Viy x Y C|JUsy-

‘Etot, vy xdde z € X éyoupe emdéel wo avouxty| meploy) Vy tou x, tétold )hoTe o
«owhvacy Vi X Y va xahOnteton and nenepaopéva 6to mhdoc atolyelor Tou xohly-
potog U.

H owovyévewn V = (V) zex anotelel éva avouxtd xdhuppo Tou yoeou X, o onolog
elvon oupmayc. Apa VYV éyel nenepoouévo voxdhupua, dniady undpyouv otouyelo
Z1,Z2,...,x5 € X, térow dote X =V, U---UV,, . Apol ta avtiotolyo umoxahOy-
patot Uy, ,Uyy, - . . Uy, T0L U elvon temepacuéva, 1 utoowoyeveta tou U

Uy={Uel: U€cly, yiaxdrow i=1,2...,k} =Uy, U--- UlU,,

elvon memepaopévn xa amoTeAEL xdAvppa Tou X X Y, apod

k k k
XxyYc|JVa, | xY =W, xY)gU(Uu%)ZUuO.
j=1 j=1 j=1

‘Etot, to xdhvypa U Eyel nencpacuévo vmoxdhvupa, dea o X X Y elvon cuumaync
XOEOG. O

Ye autd To onyelo elvar puotoroywd va avapnTniel xaveic av oylel To avdio-
vo ¢ Hpdtaong 9.2.5 yia dnelpeg owoyéveleg ouunay®y ywenv. H andvinon eivon
Yetnr, aAAd 1 anddelrn oautol tou eaipeTind onuavtxod anoteléouatog dev elval
eOxoln. T v anddelln tou avdhoYou AMOTEAECUATOS Lo CUVEXTIXOUC YMEOUS
(Bedpnua 8.1.12), 1 nepintwon tou audaipetou yivouévou avdyeto Ye €vol oAb &-
melpnua 0To YWVOUEVO TETEPAOUEVOU TARDOUC CUVEXTIXWDY YWewv. ‘Oune Teyvixt
oty xod{oTaton avépueTy otay xavelc xoheiton vo amodel€el 6Tl To XopPTEGLUVE YvduE-
VO Lo auBolpeTNg OXOYEVELNS CUUTOY®Y YWewV elval cupnaync yoeoc. Enouyéved,
xplveTon avaryxado 1 yenor SopopeTinedv uedddwy enthuongc tou TEofrRuaTog auTou.
Yy axdhoudn mopdypago napovsidlouue Vo tétoleg uedddoue.

9.3 To Oedpnua Tychonoff

IMTopathenon 9.3.1. Eotw (X;)ier ULot 0X0YEVELL TOTONOYIXOV YWEWY, TETOLL
®ote 0 ywpog X = [];c; Xi va ebvon oupmayrfc. Tote xdle yodpog X; elvan ouunayrc
(ol 1 avtiotouyn mpoPord m; : X — X elvon cuveyhc xou ext).

Adpupa 9.3.2. Eoww X évag un ovumayrs tomodoyikés xwpos. Toéte vmdpyer
avoikto kdAvpupa Uy tov X, xwpis memepaopévo vrokdAvupa, pe tny 1di6tnta
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Avn € N ka1 Vo, Vq,...V,, € X avoiktd, dote ﬂZ:1 Vi € Vo ka1
Vo € Uy, tdte undpyear k € {1,...,n} dote Vi, € Up.

Anddeaén. Bewpolye T0 cUvolo
Y ={U: U avoxtd xdhuypa tov X yowplc tenepacuévo utoxdhupud}

Téte X # 0, agod o X Bev ebvan oupnayfc. Ipogavde to (X, C) elvon éva dwte-
Taypévo obvoro. Ou Bel€oupe 6Tl ixavorolelton 1 unddeor tou Afuuotog tou Zorn,
Bnhad 6Tl xdde alucido oto X €yel uéyioto otoyelo. Eotw yio un xevy oduvoida
C={U;: jeJ} C X O¢rovue U = J;c; Uj. Tore, mpogovi to U ebvan évar ovew
pedypa TNe oducidag, cuvende apxel vo del€oupe 6Tl U € 3.

Tpogavere to U eivan éva avouxtd xdhuppa tou X xtemniéov av {Uy, Us, ... Uy} C
U t6te undpyer éva avowxtd xdhvppa U, € C pe {Ur,Us, ... Uy} C Uj, (vuti;) xou
ool U, € X, éyovye 6t 10 {Uy,Us,...Uy,} Sev eivon éva (nenepaouévo) xdhuppo
tou X. "Apa T0 avoxtd xdAvppa U BV €xEL TETEPAOUEVO UTOXGAUMUA XL ETOUEVHS
U € X. Etor, and 1o Afpua tou Zorn €youde 6Tl 1 oXoYEVELD X EYEL €VOL UEYIOTIXO
otoiyelo, éotw Up.
Ioxupiopuds. Av éyoupe éva U C X avowxtd pe U ¢ Uy, tote utdpyet n € N xou
Ur,...U, €Uy dote X = (U1 U---UU,)UU.

Tpdrypoatt, €youpe 6tL To {U} U Uy ebvon éva avouxtd xdhvppo tou X, yvhola
peYohiTtePo amd to Uy. Amd tn peyiotixdtnta Tou Uy, éreton 6Tt U U{U} ¢ X, dnhody
611 T0 avoixté xdhuppa {U Ul éxel TENEpAoUEVo UTOXGAUUUE. LUVETHE, UTEEYOUY
n € N xou t6te undpyet n € N xaw Uy, ... Up € Uy Gote X = (U1 U---UU,)UU.

Aclyvoupe topa 61t 0 Uy €xer v emduunty wWidtta.  ‘Eotw n € N xo
Vo, Vi,..., Vi € X avowtd olvora, pe (i—; Vi C Vo. Trodérovue 6t Vi & Uy
vk =1,...n xo o anodeifovye 6t Vy ¢ Uy. Aol Vi, & Uy, and Ttov ioyupioud
éyoupe 6 umdpyer ny € N xow UF, ... Uk € Uy, dote X = (UF U---UUF ) UV,
vy k=1,...n. Téte (eEnyhote yotl):

X = U(U{“U~-~UU{§k)U< Vk> =Jwru---uuk)uv.
k=1 k=1 k=1

Agob UF,... Uk €Uy vk =1,...n, xou 10 avoixté xdhuppa Uy dev éxel menepa-
ouévo umoxdhuppe, émeton ot Vo € Up. O

Afppa 9.3.3. Eotw (X;)icr otkoyéveia tonodoyikéy xdpwy Ki €0tw 6t 0 Xdpos
X =1I,e; Xi dev elvar ovunayris. Tére, vndpyer ig € I, dote

X, = U{W C X;, : W avowxté oo X, kai ﬂ'i_Ol(W) €eUpt,
émov Uy elvar éva avoixtd kdAvupa tov X, dnws meprypdpetar oo Afjupa 9.3.2.

Anédaitn. 'Eotw, mpoc dtono, 6t 0 {ntoduevo dev woylel. Téte, vy xdde i € 1,
urdpyet eva y; € X \ U{W C X;, : W avowxtd oto X, xou ﬂ'i_Ol(W) € Up}. Erol
optletan éva ototyeio Yy = (yi)ier € X. Apol 1o Uy elvan éva avoixtd xdhupua tou X,
uTdipyet avowxto obvoho V' € Uy, pe y € V. Agol 1o V elvon avouxté alvolo, undpyel
Bootxd avowxtéd civoro B (amé tnv xavovixd Bdor tne xaptociavic tonohoyiog), dote
y € B C V. Eyouye hoindy 61U

n
B= ﬂ ﬂil(Wk), 6mov xdde Wy, ebvon avowxté oto X, , yiak =1...n,
k=1
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oo (-, 7Ti_k1(Wk) C V. Emuniéov, ta olvola 7ri_kl(Wk) (yio bk =1,...n), V ey
avowtd xou V' € Uy. ‘Apa antd tnv emhoyT Tou xahbupotog Uy, Eneta dTL undpyel Eva
ke{l,...,n} dote wijcl(Wk) € Up. Enopévec, y € B=y € W;I(Wk) =y, € Wy,
TRy IOV €pYETAL OE aVTi(GoOoT) UE TNV ETAOYT TOU Y;, . O

Oeopnpa 9.3.4 (Tychonoff). Av (X;)ier €ivar pa oikoyéveia ouuraydy tonolo-
yikdy xapwv, wéte o xdpos X = [[,c; Xi etvar ovumayrs.

Anédein. Oa delfouye loodlvaya 6Tl av 0 Yweog X dev elval cuumayhc, TOTe UNdPYEL
9 € I dote 0 ywpeog Xj, vo uny etvon ouvumayfc. Agol o X dev elvan ouunoyhc, and
o Aupa 9.3.3, éyoupe 6Tl UTdpyEL €va ig € 1, MHOTE 1 OLXOYEVELL

W={W C X;, : W avowxtd c1t0 X;, o1 7T1-;1(W) €U}

va elvon avowté wdhuppa tov X;,. Av Wi, ..., W, elvau otoyelor outod tou xo-
1

Aopyorog, tote 7T;01(W1), ooy (Wh) € Uy w emerdh to Up dev €xel memepaopévo
UTOXGAUPUL, €YOVUE OTL

X # U m (Wy) = mpt (0 Wk> :
k=1 k=1

Apat Up—q Wi # Xiy, agol 1 npoforf m, « X — X, ebvou ent. Enopévac 1o avor-
T xdhvypa W Bev €xel TENEPUOUEVO UTOXSAVUMA, CUVETWE O Ypog X;, Oev elvon
oupnayng. O

9.4 Aoxnosig



