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Abstract

The study of the geometry of log-concave probability measures, in parallel with the study of dis-
tribution of volume on high-dimensional convex bodies, has led to spectacular results culminating in
the final affirmative answer to Bourgain’s slicing problem through the recent works of Q. Guan and
B. Klartag-J. Lehec. In this article we present the main tools and ideas behind these developments,
we survey some of their consequences to the asymptotic theory of convex bodies, and discuss a few
remaining open questions regarding the geometry of isotropic convex bodies.

1 Introduction
Bourgain’s slicing problem asks if there exists an absolute constant ¢ > 0 such that
max{vol, 1(KN&H):£€ 8" 1} >c

for every convex body K of volume 1 in R™ that has barycenter at the origin. It turns out that a natural
framework for the study of this problem is the isotropic position of a convex body. A convex body K in R™
is called isotropic if vol,(K) = 1, its barycenter is at the origin and its inertia matrix is a multiple of the
identity, that is, there exists a constant Lx > 0 such that

/K (2,6)2de = L3,

for every ¢ € S"~1. The number Ly is then called the isotropic constant of K. The affine class of any convex
body K contains a unique, up to orthogonal transformations, isotropic convex body; this is the isotropic
position of K. It turns out that an affirmative answer to the slicing problem is equivalent to the following
statement:

There exists an absolute constant C > 0 such that

(1.1) L, := max{Lg : K is an isotropic convex body in R"} < C.

The notion of the isotropic constant can be reintroduced in the more general setting of finite log-concave
measures, and a more general question can be posed in a way that is equivalent to the above when we
consider uniform measures on convex bodies. We say that a finite log-concave measure p in R"™ is isotropic
if u is a probability measure, its barycenter is at the origin and the covariance matrix Cov(u) of p is the
identity matrix I,,. The isotropic constant of p is defined in an appropriate way, and a theorem of K. Ball
shows that, in fact, for some absolute constant ¢ > 1,

L, < L, :=sup{L, : p is isotropic in R"} < cL,.

Around 1985-6 (published in 1990), Bourgain [26] obtained the upper bound L,, < ¢¢/nInn and, in 2006, this
estimate was improved by Klartag [69] to L, < c/n. Actually, Klartag obtained a solution to the “isomorphic



slicing problem”, by showing that, for every convex body K in R™ and any ¢ € (0,1), one can find a convex
body T C R™ with barycenter at the origin and a point z € R™ such that (1+¢)"'T C K +2 C (1 +¢)T
and Ly < C/4/e for some absolute constant C' > 0. A few years later, Dafnis and Paouris [38] developed
an approach that was based on small ball probability estimates and led to the (slightly) weaker estimate
L, < cy/n(lnn)?.

A second main question in this area is the Kannan-Lovdsz-Simonovits conjecture about the isoperimetric
constant x, of an isotropic log-concave probability measure p, defined as the largest constant x > 0 such
that

p(A) = x min{u(A),1 - p(A)}

for every Borel subset A of R™, where ut(A) is the Minkowski content of A. If we set ¢, = 1/x,, then the
“KLS conjecture” is the question if there exists an absolute constant C' > 0 such that

¥y 1= sup{e, : p is isotropic log-concave measure on R"} < C.

An equivalent way to formulate the KLS conjecture is to ask that the Poincaré inequality holds for every
isotropic log-concave probability measure p on R™ with a constant that does not depend on the measure or
the dimension n.

It is now known that Bourgain’s slicing problem has an affirmative answer, and it is also known that
¥, < ¢v/Inn. Moreover, an affirmative answer has been given for the thin-shell conjecture, which asks if
there exists an absolute constant C' > 0 such that, for any n > 1 and any isotropic log-concave probability
measure g on R™, one has

E,(Jo] — vi)? < C2,

This statement implies that most of the mass of y is concentrated on a thin spherical cell whose width ¢
is much smaller than the central radius +/n. It also implies that high-dimensional log-concave distributions

1
have approximately Gaussian marginals. If we define O'i = —Var,(|z|*) then the thin-shell conjecture is
n

equivalent to the question if
oy :=sup{o, : p is isotropic log-concave measure on R"} < C.

Note that o, < Cv,, for every Borel probability measure 4 on R™, and hence o,, < C,,. On, the other hand,
Eldan and Klartag [43] showed that there exists an absolute constant C' > 0 such that, for every n > 1,

L, < Coy,

therefore the KLS conjecture implies that L,, is bounded; in fact, any upper bound for v, is an upper bound
for L, up to an absolute constant.

The key for the developments that we shall discuss in this article is Eldan’s stochastic localization, a
technique invented by R. Eldan in his PhD thesis. Stochastic localization allows us to decompose a probability
measure on a high-dimensional space into a mixture of simpler measures that are “localized” in the sense
that they are concentrated on smaller random subsets of the original space. Using this decomposition and
stochastic analysis, one can provide sharp estimates for the heat evolution of a probability measure on R™,
under the log-concavity assumption. Eldan [42] showed that there exists an absolute constant C' > 0 such
that

n

W2 <01nnz"—’3
n X — k7

which means that the thin-shell conjecture implies the KLS conjecture up to a polylogarithmic in the dimen-
sion factor. Combining this result with work of Guédon and E. Milman [63], one obtains the bound ,, <
Cn'/31nn. Later, Lee and Vempala [89] developed a variant of Eldan’s stochastic localization and obtained
the bound 1, < c¢¥/n. In a breakthrough work, Chen [35] proved that one has ¢,, < exp(C'y/Inn(lnlnn)),
and hence v,, < n® for any € > 0 and all large enough n. This development was the starting point for a



series of important works, that led to the estimate ¥, < ¢vInn by Klartag [74]. This is currently the best
known result on the KLS conjecture.

A recent technical breakthrough by Guan [62], who also obtained the bound ¢,, = O(Inlnn), was used
by Klartag and Lehec [78] who presented a proof of the conjecture . Soon afterwards, one more proof
of the isotropic constant conjecture was offered by Bizeul [I5]. Even more recently, Klartag and Lehec [79]
confirmed the thin-shell conjecture.

In this article we first introduce Bourgain’s slicing problem and discuss its connection with the asymptotic
versions of several classical problems from convex geometry. Then, we survey some of the consequences of
the affirmative answer to the slicing problem for the asymptotic theory of high-dimensional convex bodies.
The second part of the article presents the tools and ideas behind the developments on the KLS conjecture
and the solution of the slicing problem. Finally, we discuss a few remaining open questions regarding the
geometry of isotropic convex bodies.

We refer to Schneider’s monograph [122] for the classical theory of convex bodies and to the books [2] and
[3] for basic facts from asymptotic convex geometry. We also refer to [30] for more information on isotropic
convex bodies and log-concave probability measures.

2 Isotropic position and the slicing problem

We start with basic notation and definitions from convex geometry. We work in R™, which is equipped with
the standard inner product (-,-). We denote the corresponding Euclidean norm by | - |, and write B} for
the Euclidean unit ball, and S™~! for the unit sphere. Volume in R” is denoted by vol,. We write w,, for
the volume of BY and o for the rotationally invariant probability measure on S"~!. We also denote the
Haar measure on O(n) by v. The Grassmann manifold G,, ;, of k-dimensional subspaces of R™ is equipped
with the Haar probability measure v, . For any integer 1 < k < n — 1 and any F € G, we denote the
orthogonal projection from R™ onto F by Pp. We also define Br = By N F and Sp = S"" 1 N F.

The letters ¢, c’, c1, co etc. denote absolute positive constants whose value may change from line to line.
Whenever we write a =~ b, we mean that there exist absolute constants cq1,cy > 0 such that cia < b < coa.
Also if K,C C R™ we will write K = C' if there exist absolute constants c¢1, ¢y > 0 such that c; K C C C o K.

A convex body in R” is a compact convex subset K of R"™ with non-empty interior. We say that K is
symmetric if K = —K, and that K is centered if its barycenter bar(K) is at the origin, i.e. if

/K<x,§>dx:0

for every £ € S"~1. If K is a centered convex body in R™ then {T'(K) : T € GL,} is the family of positions
of K.

The radial function pg : R® \ {0} — R* of a convex body K with 0 € int(K) is the function pg(x) =
max{t > 0 : ta € K}, and the support function of K is defined for every y € R™ by hx(y) = max{(z,y) :
x € K}. The mean width of K is the expectation

w(E) = [ hate) da(©

of hg over the sphere. The radius of K is
R(K) = max{|z| : z € K}
and the volume radius of K is the quantity

vol,, (K) )1/ "

Vrad(K) = (VOln(Bg)



The polar body K° of a convex body K with 0 € int(K) is the convex body
(2.1) K°={x eR":(z,y) <1forally € K}.

For every convex body K C R™ we write K for the multiple of K that has volume 1; in other words,
K := vol,(K)"Y/"K.

A closed bounded set K # {0} in R™ is called a star body if for every x € K \ {0} we have that the
interval [0, z) is contained in the interior of K (thus, every straight line passing through the origin crosses the
boundary of K at exactly two points different from the origin), and the Minkowski functional of K defined
by pr(z) = min{t > 0: z € tK} is a continuous function on R™.

§ 2.1. Isotropic convex bodies. A convex body K in R™ is called isotropic if it has volume vol,,(K) = 1,
it is centered, and there is a constant a > 0 such that

(2.2) /K ()2 = o?]y?

for all y € R™. It is useful to note that the isotropic condition (2.2)) is equivalent to the fact that

(2.3) / .Z‘ixjdl‘ = a25ij

K
for every ¢,j = 1,...,n, where z; = (z,e;) are the coordinates of = with respect to any given orthonormal
basis {e1,...,e,} of R”. This is in turn equivalent to the fact that for every linear map 7' : R® — R™ (we

write T' € L(R"™)),

(2.4) /K(x, Tz)dr = o*tr(T).

Another consequence of the isotropic condition (2.2)) is that

2 2 2
z|“dx = / T, ey dr = na”.
/ > [ e

Also, it is easily checked that if K is an isotropic convex body in R™ then U(K) is also isotropic for every
U e O(n).

The next proposition shows that every centered convex body has a linear image which satisfies the
isotropic condition. Moreover, this isotropic position of K is unique up to an orthogonal transformation.

Proposition 2.1. Let K be a centered convex body in R™. There exists T € GL,, such that T(K) is isotropic.

To see this, note that the operator My € L(R") defined by Mg (y) = [, (x,y)xzdz is symmetric and
positive definite; therefore, it has a symmetric and positive definite square root S. Consider the linear image
K = S7}(K) of K. Then, for every y € R® we have

/~ (x,y)%dx = | det S|71/ (S x, y)2de = | det S|71/ (x, S y)2dx
K K K
= \detS|’1</ (z, S’1y>xdx,S’1y> = |det S|"H (Mg S~ 1y, S~1y) = | det S|~ [y|>
K

Normalizing the volume of K we obtain an isotropic convex body.

We can now show that the isotropic position of a convex body is uniquely determined up to orthogonal
transformations, and arises as a solution of a minimization problem. Let K be a centered convex body of
volume 1 in R™. Define

(2.5) A(K) = inf { /TK |z|?dx : T € SL,L}.
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We shall show that a position K; of K, of volume 1, is isotropic if and only if
(2.6) / |z|?dr = A(K).
Ky
Fix an isotropic position K7 of K. We know that there exists a > 0 such that
/ (z,Tz)dr = o*tr(T)
K1
for every T € L(R™). Then, for every T € SL,, we have

(2.7 / |z|2dx :/ |Tx|*dx :/ (x, T*Tx)dr = o*tr(T*T) = na? :/ |z|?de,
TKl Kl K1 Kl

where we have used the arithmetic-geometric means inequality in the form tr(7*T) > n(det(T*T))*/™. This
shows that K satisfies . In particular, the infimum in is a minimum.

Note also that if we have equality in then T*T = I,,, the identity operator, and hence T € O(n).
This shows that any other position K of K which satisfies is an orthogonal image of K7, therefore it is
isotropic. Finally, if K5 is some other isotropic position of K then the first part of the proof shows that Ky
satisfies (2.6). By the previous step, we must have Ky = U(K) for some U € O(n).

Based on the above we may define the isotropic constant of any convex body K in R" by

1 1
n vol,(TRK)*% Jri

where K = K — bar(K) is the centered translate of K. Note that Lx depends only on the affine class of K.
Note also that if K is isotropic then for all £ € S"~! we have

/ (z,8)%dr = L3.
K
The isotropic constant conjecture, which is now a theorem is the following statement.

Theorem 2.2 (isotropic constant problem). There exists an absolute constant C > 0 such that for any
n = 1 and any conver body K in R™ we have

Lig <C.

As we will see, the isotropic constant problem is equivalent to Bourgain’s slicing problem.

§ 2.2. Bourgain’s slicing problem. The isotropic constant problem was stated explicitly as a question
in the article of V. Milman and Pajor [106] and in the PhD Thesis of K. Ball [6]. The question appears for
the first time in the work of Bourgain [23] on high-dimensional maximal functions associated with arbitrary
convex bodies. Bourgain was interested in bounds for the L,-norm of the maximal function

Micsa) =sup{ s [ s+ la > o)

of f € L (R™), where K is a symmetric convex body in R™. Let C,(K) denote the best constant such that

loc
M fllp < Cp(EK)|[ £l

and C1 1(K) the best constant so that the weak type inequality

Mk fll1,00 < C1(K)| fll1



is satisfied. Stein proved in [125] that if K = B2 is the Euclidean unit ball then C,(B%) is bounded
independently of the dimension for all p > 1. Bourgain showed that there exists an absolute constant C' > 0
(independent of n and K) such that
Mkl L2@n)—L2@®n) < C.
Around the same time, the result for | Mgll2—2 was generalized to all p > 3/2 by Bourgain [24] and,
independently, by Carbery [33]. By the definition of M it is clear that in order to obtain a uniform bound
on ||Mg|l2—2 one can start with any suitable position T'(K) of K. Bourgain used the isotropic position; the
property that played an important role in his argument was that when K is isotropic then Lx|K N&L| ~ 1
for all ¢ € S™~1. We shall explain this fact in this subsection. Bourgain [23] mentions the fact that Lx > ¢
and asks whether a reverse inequality might hold true.
The slicing problem, which is now a theorem, can be formulated as follows.

Theorem 2.3 (slicing problem). There exists an absolute constant ¢ > 0 such that
(2.8) max{vol, ((KNé&L):ee S 1 >¢
for every centered convexr body K of volume 1 in R™.

To see the connection of Bourgain’s slicing problem with the isotropic constant problem, we shall exploit
the fact that the moments of inertia of a centered convex body are closely related with the volume of its
hyperplane sections that pass through the origin. In the isotropic case this relation takes the following form.

Theorem 2.4. Let K be a centered convex body of volume 1 in R™. For every £ € S"~ we have

2.9 4 < 0)2d Ve o
(29) vol, (K NéL) (/K<x ) m) S Vol 1 (K N €LY’

where c1,co > 0 are absolute constants. In particular, if K is isotropic then for every & € S"~1 we have

(2.10) A Cvol (K Ne) <
Lk

2
Ly’

For the proof, given £ € S"~! we consider the function f(t) = fre(t) = vol,—1(K N{x : (x,&) = t}),
t € R. It is a consequence of the Brunn-Minkowski inequality (see [2, Section 1.2]) that In f is a concave
function on its support.

We restrict our attention to the symmetric case. Then, f is even and || f|lcc = f(0). For the proof in the
general case, which is more or less the same, we need an additional fact (that can be found in Fradelizi [47])

which shows that hyperplane sections through the center of mass are, up to an absolute constant, maximal:
If K is a centered convex body of volume 1 in R™ then, for every £ € S™~ 1,

I llc < € f(0) = evol,—1 (K NED).

Proof of Theorem (symmetric case). Let f := fr . To prove the left-hand side of (2.9) we set b =

f0+°° f(t)dt = 1 and define

g(t) = [ fllseLi0,0/01f11] (£)-

Since g > f on the support of g, we have
/ F(t)dt < / ()t
0 0

for every 0 < s < b/||f|lco- The integrals of f and g on [0, +00) are both equal to b. It follows that

/:O o)t < /:O Ft)dt
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for every s > 0. Then,

/OOO t2f(t)dt = /Ooo /Ot 2sf(t)dsdt = /Ooo 25 (/m f(t)dt) ds
> /Ooo 25 (/;o g(t)dt) ds = /OOO t2g(t)dt

blflls B
= t ot = ————.
/o 17 lloodtt = 377

This shows that

/ (2, €)2dz = 2/00 2reyas 20~ 1
K 0 T3l 12£(0)%
To prove the right-hand side inequality of (2.9) we distinguish two cases. Assume first that there exists

s> 0 such that f(s) = 1f(0). Then,

1 00 s 1
5:/0 f(t)dt>/o FO)dt > 5f(s) = 554(0),

because, since In f is even and concave, we have that f(t) > f(s) on [0, s]. On the other hand, if ¢ > s, then
1

ES
t

£(s) > (£0) T (1)
which implies that f(t) < £(0)27*/5. We now write

/oot2f(t)dt:/st2f(t)dt+/m t2f(t)dt < £(0) /sthH/w 2027 5dt

0 0 s 0 s
= f(0) (S?) + 53 /00 u22_“du) < cof(0)s® < co/(f(O))2.
3 1

Now, assume that, for every s > 0 on the support of f, we have f(s) > %f(O) Then, the role of s is played
by so = sup{s > 0: f(s) > 0}. We have 3 >  f(0)so and

/jo t*f(t)dt = QAOO 2 f(t)dt = 2/050 2 f(t)dt < Qf(g)sg < 3(f(20))

Thus, we get the same estimate as before, without using the fact that In f is concave. O

R

Theorem reveals a close connection between the isotropic constant problem and the slicing problem.
In fact, one direction is very simple by the previous discussion; assume that the slicing problem has an
affirmative answer. If K is isotropic then Theorem shows that all sections K N &L have volume bounded
from above by c¢o/Lk. Since must be true for at least one £ € "1 we get Lx < co/c.

Conversely, we will show in § 2.5 that if there exists an absolute bound C' for the isotropic constant,
then the slicing problem has an affirmative answer. We shall first discuss the connection of the isotropic
constant problem and of the slicing problem with two other classical problems from convex geometry and
then establish the equivalence of all four them.

§ 2.3. Busemann-Petty problem. The Busemann-Petty problem was posed in [32], first in a list of
ten problems concerning central sections of symmetric convex bodies in R™ and coming from questions in
Minkowski geometry. It was originally formulated as follows:

Assume that Ky and Ky are symmetric convex bodies in R™ that satisfy
vol,—1 (K1 NEY) < voly—1 (K N ER)

for all € € S"~1. Does it follow that vol, (K1) < vol,(K3)?

J



The first breakthrough on the Busemann-Petty problem came in 1975. Larman and Rogers [85] chose
K5 = BY and proved that if n > 12 then there exist symmetric convex bodies Ky which are arbitrarily small
perturbations of BY such that the pair (K7, BY) provides a negative answer to the problem. The proof is
probabilistic in nature.

Ball [7] proved that if Q, = [~1/2,1/2]" is the cube of volume 1 in R™ then vol,_;(Q, N &) < /2 for
all ¢ € S"~1. Then, he observed in [9] that, if n > 10, and if K; = @, and K is the Euclidean ball of
volume 1, then

voly 1(Qn NEL) V2 < wpqwn ™ = vol, (K> NEL)

for all £ € S"~1. Ball’s counterexample is essentially different from the one of Larman and Rogers: the cube
is far from being a perturbation of a ball. After Ball’s example, counterexamples to the Busemann-Petty
problem were given independently by Giannopoulos [54] and Bourgain [25] for n > 7, and by Papadimitrakis
[115] in dimensions n = 6 and n = 5.

The key notion that led to the final solution to the Busemann-Petty problem is Lutwak’s definition of an
intersection body. The intersection body I K of a symmetric convex body K in R" is the symmetric convex
body whose radial function is defined by

prx(€) =vol, 1 (K N¢r), e st

Lutwak observed in [96] that intersection bodies are closely connected with the Busemann-Petty problem.
Using simple facts from the theory of dual mixed volumes one can see that if K; is an intersection body
then the answer to the Busemann-Petty problem is affirmative for K; and any symmetric convex body K.
However, if K; is a symmetric convex body that is not an intersection body, then K; and a perturbation
K, of K; provide a counterexample to the question . Therefore, the Busemann-Petty problem has an
affirmative answer in R™ if and only if every symmetric convex body in R™ is an intersection body. Using
this reduction of the problem, Gardner [49], [50] and Zhang [132] gave a negative answer to the problem
for n > 5 by providing examples of non-intersection bodies in R®. Around the same time, Gardner [51]
proved that every symmetric convex body in R? is an intersection body, and hence the Busemann-Petty
problem has an affirmative answer in dimension n = 3. For a few years it was believed that the problem
has a negative answer in the remaining case n = 4. Through the work of Koldobsky who established a
Fourier analytic characterization of intersection bodies in [82] it was understood that the case n = 4 was still
open. Zhang [I34] proved that the answer in R* is affirmative, and around the same time, using the Fourier
analytic approach, Gardner, Koldobsky and Schlumprecht [53] gave a unified solution to the problem in all
dimensions. Thus, the answer to the Busemann-Petty problem is positive if n < 4 and negative for all higher
dimensions (see the books of Gardner [52] and Koldobsky [83] for a complete discussion of the problem and
its history).

The asymptotic version of the Busemann-Petty problem, which is now a theorem, can be formulated as
follows.

Theorem 2.5 (asymptotic Busemann-Petty problem). There exists an absolute constant ¢ > 0 such that if
K1 and Ky are centered convex bodies in R™ that satisfy vol,_1 (K1 NEL) < vol, 1 (KoNEL) for all € € SP1

n—1

then Voln(Kl)nT_/1 < evol, (Kp) .

In Section 2.5, assuming that the isotropic constant problem has an affirmative answer, we shall give
a proof of Theorem restricted to the class of symmetric convex bodies, with the help of Busemann’s
formula. Later on we shall discuss an alternative approach which works for the class of centered convex
bodies and also settles the lower-dimensional asymptotic Busemann-Petty problem.

§ 2.4. Sylvester problem Let K be a convex body of volume 1 in R™ and let z1,...,z,41 be random
points which are independently and uniformly distributed in K. Their convex hull conv{zy,..., 2,11} is a
random simplex contained in K. For every p > 0 we define

1/p
my(K) = </K e /Kvoln(conv{xl, ces Tpy1 P)PdTpgy - d:cl) .
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If we drop the assumption that |K| = 1 then we normalize as follows:

1 1/p
mp(K) = <Voln([()n+p+1 /I{ s /I( VOln(COHV{fL’l, . ,$n+1})pd$n+1 s dxl) .

Then, m,(K) is invariant under non-degenerate affine transformations: If T € GL, and v € R", then
my(K) = my(TK + u) for all p > 0. The quantity m4 (K) is the expectation of the normalized volume of a
random simplex inside K.

Sylvester’s problem is the question to determine the affine classes of convex bodies for which m,(K) is
minimized or maximized. It is known that, for every p > 0,

mp(K) = my(B3)

with equality if and only if K is an ellipsoid (see e.g. Groemer [60] and [61] for the case p > 1 and
Giannopoulos-Tsolomitis [56] for an extension to all p > 0). The problem of the maximum is completely
open in dimensions n > 3. The simplex conjecture asserts that for every convex body K in R",

m1(K) <mi(Ay)

where A, is a simplex in R™. This has been verified only in the planar case (see [16] and [I7]).
Sylvester’s problem is related to the isotropic constant problem: in fact, one can check that the simplex
conjecture implies that L, < C. To see this, we consider the variant of m,(K)

1 1/p
Ky={(— [ ... ] Pz, .. .
Sp(K) (Voln(K)”ﬂ'/K /Kvon(conv{O,acl, , & })Pdxy, dml)

It is not hard to compare the quantities m,(K) and S,(K).
Proposition 2.6. Let K be a centered convex body of volume 1 in R™. Then, for every p > 1 we have
Sp(K) <my(K) < (n+1)5,(K).

Now, note that vol,(conv{0,z1,...,z,}) = |det(z...,2,)|. The function f; : K — R defined by
x; v |det(zq, ..., xz,)| for fixed z; in K, j # 1, is a seminorm, as is the function g; : K — R defined by

xw—)/ / |det(z1,...,z,)|deiyq - - day
K K

for fixed x; in K when j < i. It is a well-known fact, following from Borell’s lemma (see Section 4| below)
that

cq
(2.11) lgllLa(x)y < ) llgllLe (k)

for any seminorm g and any 1 < p < ¢q. With successive applications of Fubini’s theorem, using each time
(2.11) with p =1 and ¢ = 2, we obtain the following.

Proposition 2.7. Let K be a centered convex body of volume 1 in R™. Then,
S (K) < "S1(K),
where ¢ > 0 is an absolute constant.

Consider the matrix of inertia (Mg); ; = / z;xjdx of K with respect to some fixed orthonormal basis

K
of R™. The connection of m,(K) and S,(K) with the isotropic constant of K becomes clear by the next
identity, which is known as Blaschke formula.



Proposition 2.8 (Blaschke formula). Let K be a centered convex body of volume 1 in R™.

det(MK)
n!

= / . / vol,, (conv{0, 1, ..., 2z, })2dx, - - - dr;
K K

We write ; = (z;),7 = 1,...,n. Then,

(n!)ng(K):/K~~-/K|det(x1,...,xn)|2dxn-~-dx1,

and expanding the determinant we get

(n1)2S2(K) = /K /K (
/K /K<Z€057H%a()$”(1>dxn~~-d

thpnxia )L, (o (i) )) dxy - - dry

/ xixw(i)dx)
K

S3(K) =

Proof. By definition,

Il
Gﬁ)
7~

which completes the proof.

e Hxl o ) (ZET Hwi))dxn .

dxl

Then,

O

It is not hard to check that if K is a centered convex body of volume 1 in R™ then for every T' € SL,
we have that Mypgxy = TMgT*, and hence det(My) = det(Mp(g)). If we choose T' so that T'(K) will
be isotropic, then Mp gy = L%1,, and hence det(Mg) = det(Mp k) = L2, Therefore, we get the next

theorem.
Theorem 2.9. Let K be a centered convex body in R™. Then,

L7 =n! S5(K).

Remark 2.10. Theorem already gives the simple bound L,, < v/n. Indeed, if K is an isotropic convex

body in R™ then, noting that S>(K) is obviously bounded by 1, we get
x < Vnl <.

What is more interesting is the next observation.

Fact 2.11. If the simplex conjecture is true, then Lx < C for every n > 1 and any convex body K in R”,

where C > 0 is an absolute constant.

Proof. Consider the simplex A,, = {:z: ceR™: *%-5-1 <z < #—1 , Z;;l T < %_H} Then, A, = (n!)l/nAn

has volume 1 and barycenter at the origin. A simple computation shows that

ni+2
/ ridr < (n)

10



and since M is symmetric and positive definite, Hadamard’s inequality gives

s2al) = det(Ma,) _ 1 ((n!)1+i> L

n! Sl (n+2)! n!

Now, if K is an isotropic convex body in R™ we have assumed that mq(K) < my(A]), and combining
Propositions [2.6] and [2.8 with Theorem [2.9 we obtain

L3 = Vn! S5(K) < Vale"S1(K) < Vil c®my(K) < Vnlcmy(A!)
<Vnl " (n+1)S1(A)) < Vil (n+1)Sy(A)) < (n+1)c"
This shows that L < 2c. O

Fact has probably been, at least for some people, the strongest evidence that Bourgain’s slicing
problem should have an affirmative answer. Now that this has been confirmed, we can reverse the argument
to obtain an affirmative answer to the so-called asymptotic Sylvester problem.

Theorem 2.12 (asymptotic Sylvester problem). Let K be a convezx body in R™. Then,
1/n 1

(mi(K)) " =~ T

In fact, Blaschke formula shows that Theorem [2.12] is equivalent with an affirmative answer to the
isotropic constant problem.

§ 2.5. Equivalence of the four problems. We have already seen that Theorem [2.3] implies Theorem [2:2]
and that Theorem [2.12]is equivalent to Theorem

Next, we show that Theorem implies Theorem Let K be a centered convex body of volume 1 in
R™. Consider the ellipsoid £5(K) defined by

W12, o, = (Micy, ) = /K (z,y)?dx

where My is the matrix of inertia of K. The ellipsoid £g(K) is the Binet ellipsoid of K. Note that K
is in isotropic position if and only if Eg(K) = Li'BY. It is not hard to see that the volume of £p(K) is
invariant under the action of SL,,. From the definition of the Binet ellipsoid we check that if T € SL,, then
||y||£B(T(K)) = HT*yHEB(K) for all y € R, therefore

Ep(T(K)) = (T*) "1 (€B(K)).

It follows that
vol, (Ep(T(K))) = vol,, (Ep(K))

for every T' € SL,,. Now, we use the fact that To(K) is isotropic for some Ty € SL,, and this implies that
vol, (Ep(T(K))) = vol,,(Ep(To(K))) = voln(Lf(lBg) =wp L™

Assume that the isotropic constant conjecture has an affirmative answer and let K be a centered convex
body of volume 1 in R™. Integration in spherical coordinates shows that

rr = CoED [ el dote),

Wn

and hence there exists a direction & € S"~! such that

/K (,€)2de = |€len i) < L3 < C*.

11



Then, from ([2.9) we see that vol,_1 (K N&L) > ¢1/C and this proves the slicing conjecture.
It remains to show the equivalence of Theorem with Theorem In the symmetric case, one way

to do this is using the Busemann formula.

Theorem 2.13 (Busemann formula). If K is a convex body in R™ with 0 € int(K), then

vol,, (K)"~1 = ”!2“" /SH vol,_1 (K NELY"S1 (K N ¢L)do(€).

Theorem [2.13] is an example of the so-called Blaschke-Petkantschin formulas which, roughly speaking,
allow us to compute the integral of a function of k-tuples (z1,...,2x) of points in R™ by first integrating
over all such k-tuples in some F' € G, ;, and then averaging with respect to the Haar measure v, , on Gy, k.

Let K be a symmetric convex body in R™. Since all central hyperplane sections K N &+ are symmetric,
and hence centered, from Theorem we know that

1 1 L neL
(SHENEN))TT &~ (Sy(KNED)) ™ & %

Therefore, Theorem has the following immediate consequence.

Corollary 2.14. Let K be a symmetric convex body in R™. Then,

1/n
vol, (K)™ 5 ~ (/ L’;(%ZLvoln_l(KﬂfL)”da(é“)) :
Snfl

Given that the isotropic constant of any convex body is bounded from above and from below by an
absolute positive constant, we get:

Corollary 2.15. Let K be a symmetric convexr body in R™. Then,

1/n
vol, (K) """ ~ < / voln_l(ngl)”da(g)) .
Sn—l
Now, let K7 and K9 be two symmetric convex bodies in R™ that satisfy
vol, 1 (K NéY) < vol,_1(KyNEr)

for all £ € S~ 1. Corollary shows that

vol,, (K1)" ! < c?/
Sn—1

< egvol, (Kp)" L,

vol, 1 (Ky NS do(€) < e /S ol (K 0o ()

which gives
n—1 n—1

vol, (K1) ™ < cgvol,(Ks2) =

for an absolute constant ¢ > 0. This shows that Theorem [2.2] implies Theorem in the symmetric case.
Conversely, assuming Theorem [2.5] we can give a direct proof of Theorem [2:2] Let K be an isotropic
convex body in R™. Choose & € S"~! so that

vol,_1 (K NéF) = max vol, (K NEL)
gesn-1

and 7 > 0 so that w, _17"~! =vol,_1(K N&;). Then,

vol, 1 (K NED) w17t =vol, 1 ((rBy) NEL)

12



for all £ € S"~!, therefore

cnw':zl_l 1\n n 1\n
——vol, 1 (K N&y)" < cfvol, 1 (K N&y)T,

n—1

vol,, (K)"™ ' < ¢"vol,, (rBy)" ! =

for some absolute constant ¢; > 0. Since vol,, (K) = 1, we see that
vol, 1 (KN&F) > 1/cr.
On the other hand, K is isotropic and hence we have vol, _1(K N¢L) ~ 1/Ly for every € € S"~1. It follows
that Ly < C for some absolute constant C' > 0.
3 The isotropic position is an M-position

Let K and C be two convex bodies in R™. The covering number N (K, C) of K by C is the least integer N
for which there exist IV translates of C' whose union covers K:

N(K,C) = min{N €N: Jzy,...,ox € R" such that K C | (= +C)}.

a

j=1

The next theorem of V. Milman [I05] establishes the existence of the so-called M-position of a convex body.

Theorem 3.1 (V. Milman). There exists an absolute constant 8 > 0 such that every centered convex body
K in R™ has a linear image K which satisfies vol,,(K) = vol,,(BY) and

(3.1) max{N(K,BY),N(By,K),N(K°,By),N(By,K°)} < exp(Bn).

We say that a convex body K which has volume vol,,(K) = vol,,(B%) and satisfies is in M-position
with constant 3.

Pisier [I17] (see also [I18]) has proposed a different approach to this result in the symmetric case, which
allows one to find a whole family of M-positions and to give more detailed information on the behavior of
the corresponding covering numbers. The precise statement is as follows.

Theorem 3.2 (Pisier). For every 0 < a < 2 and every symmetric convez body K in R™ there exists a linear
image K, of K such that

max{N(K,,tB}), N(By,tK,), N(K3,tBy), N(By, tK2)} < exp (C(tofl)”)
for every t > c(a)t/*, where ¢(c) depends only on «, and c(e) = O((2 — a)~%/?) as o — 2.

As we will see in this section, the fact that L, < C implies that the isotropic position of any convex
body is an M-position with an absolute constant 8. This in turn shows that isotropic convex bodies satisfy
the reverse Brunn-Minkowski inequality. It also leads to a simple proof of the reverse Santald inequality of
Bourgain and V. Milman [27].

§ 3.1. Covering estimates. We assume that L,, < C. Our goal is to show that every isotropic convex
body is in M-position with an absolute constant 3.

Theorem 3.3. Let K be an isotropic convex body in R™. Then,
(3.2) max { InN(K,D,),lnN(D,,K),InN(K° D;),InN(D,, KO)} < cn,

where Dy, is the centered Euclidean ball of volume 1 in R™ and ¢ > 0 is an absolute constant.
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The proof is based on an observation of V. Milman and Pajor in [I06]; they gave an estimate for the
covering numbers N (K, tBY), t > 0, where K is a convex body in R”, in terms of the quantity

1
L(K)= ——+ x| dx.
) = e I
Lemma 3.4. Let K be a convex body of volume 1 in R™ such that 0 € int(K). For anyt > 0 we have that

cindi (K)

(3.3) In N(K,tB%) < +1n2,

where ¢1 > 0 is an absolute constant.

Proof. Consider the Borel probability measure p on R™ defined by
1
wA) = — [ e P@dy,
CK Ja

where pg(z) = inf{t > 0 : 2 € tK} is the Minkowski functional of K and cx = [, exp(—px(x))dz. A
simple computation, based on the fact that {x € R™ : px () <t} = tK for any t > 0, shows that cx = nl.

Let {x1,...,2n} be a subset of K which is maximal with respect to the condition |z; — ;| > t for i # j.
Then K C U, ¢;<n(xi +tB3), and hence N(K,tBy) < N. Let a > 0. Note that if we set y; = (2a/t)z;, by
the subadditivity and positive homogeneity of px and the fact that px(z;) < 2, we have

1

w(yi +aBy) > o /B e PE@ P W) gy > e 720/t (o BY).

The bodies y; + aBj have disjoint interiors, therefore Ne=2%/*y(aBy) < 1. This shows that
N(K,tBy) < e*/*(u(aBy))~".

Now, we choose a > 0 so that u(aBY) > 1/2. A simple computation shows that

(3.4) vi= [ laldu@) = 0+ DR(K).
By Markov’s inequality, u(2yB%) > 1/2, so if we choose o = 2, we get
N(K,tBy) < 2eXp(4(n + 1)]1(K)/t)
for every t > 0. O

If K is an isotropic convex body then I (K) < v/nLg. Let D,, = By be the centered Euclidean ball of
volume 1. Since D,, = /nBY, Lemma shows that

conlL c3n
2tK< 3

t

(3.5) InN(K,tD,) <

for any t > 0 (note that if ¢ is large then this estimate is trivially true, since every isotropic body K satisfies
the inclusion K C cnL i By for some absolute constant ¢ > 0).
Knowing that, for any set S,

N(S - S,2D,) = N(S - S,D,, — D) < N(S,D,,)?,

we can use (3.5)) to also get an upper bound for the covering numbers of the difference body of an isotropic

convex body K by D,:

2
InN(K — K,tDy) < C:”.

The next lemma allows us to bound the dual covering numbers N (B, tK°).

14



Lemma 3.5. Let K be a convex body in R™ which contains 0 in its interior. For every t > 0 we set
A(t) :=tIn N(K,tBY) and B(t) := tIn N(BY,tK°). Then, one has

(3.6) sup B(t) < 16sup A(t).
>0 >0

In particular, if K is isotropic (or a translate of an isotropic convex body which still contains 0 in its interior),
then

3/27,
(3.7) In N(Bg,tK°) < In N (Bp, (K — K)°) < 02”%
where co > 0 is an absolute constant.
Proof. We use a well-known idea from [128] (see also [88] Section 3.3]). For any ¢ > 0 we have (t?K°)N(4K) C
2tB%. Passing to the polar bodies we sce that

) t 2
By C “K°,"K)C-K°+-K.
2—C°nv(2 Tt )—2 3

We write

t 2 2t 2 1 1 t
n o < _ o - o < - _ o < - - n = n - e}
N (B2 tK )\N<2K + S KK ) \N<tK,2K ) \N(tK,4BQ> N(4B2,2K )
t
=N (K,SB;) N(BE,2tK°).

Taking logarithms we get B(t) < 8A(t/8) + 3 B(2t) for all ¢t > 0. This implies that B := sup,-, B(t) < 164,
and the result follows. O

Since D2 ~ (1/+/n)B%, (3.5) and (3.7) immediately imply the following.
Proposition 3.6. Let K be an isotropic convex body in R™. Then,

(3.8) max{In N (K, tD,),In N(D2,tK°)} < %

for all t > 0, where ¢ > 0 is an absolute constant.

We shall also use the next covering lemma, which provides some standard entropy estimates that are
valid for arbitrary convex bodies in R™.

Lemma 3.7. Let K and L be convex bodies in R™. If L is symmetric, then

vol (K + L/2) _,voln(K + L)

(3.9 N(K,L) < vol,(L/2) = vol, (L)

If L is arbitrary, then

vol, (K + L)
1 N(K,L)<4"———=
Moreover,
vol,, (K + L)
11 — = < 2"N(K, L).
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Proof. The proof of (3.11)) is an immediate consequence of the definitions. To prove (3.9)), note that if N is
a maximal subset of K with respect to the property

(3.12) r,yeENandae#y = |z -yl =1,

then K C (J, (2 + L), while every two sets 4+ L/2,y + L/2 (z,y € N) have disjoint interiors when x # y.

Finally, when L is not necessarily symmetric, we recall that N(K + z,L + y) = N(K, L) for every
z,y € R, and also that the ratio vol,, (K + L)/vol, (L) obviously remains unaltered if we translate K or L.
Hence, we can assume that L is centered, in which case it follows from [I07, Corollary 3] that

(3.13) vol, (LN (=L)) = 27 "vol,,(L).
But then, from (3.9)) we get that

2vol, (K + (LN (=L))) < Vol (K + L)
vol, (LN (—L)) = vol, (L)

and this implies (3.10). O

Corollary 3.8. Let K and L be two convex bodies in R™. Then,

(3.14) N(K,L) < N(K,L N (~L)) <2

L, (K + L)'/
3.15 N(K, L)Yn ~ OB T2 7
( ) ( ? ) VOln(L)l/n
Consequently, if K and L have the same volume, then
(3.16) N(K,L)"™ < 8N(L,K)Y/™.

Let K be a convex body in R™. The function z — vol,, (K) vol, ((K — 2)°), defined on int(K), is strictly
convex and has a unique point of minimum, the Santalé point s(K) of K. The Blaschke-Santal6 inequality
states that vol, (K) vol,((K — s(K))®) < w2. One can also prove that if bar(K) = 0 then s(K°) = 0. Since
(K°)° = K, we see that if bar(K) = 0 then

vol,, (K) vol,, (K°) = vol,, (K° — s(K°))°) vol, (K°) < w?.

n
Therefore, we get:

Theorem 3.9 (Blaschke-Santald). Let K be a convex body in R™ with either bar(K) = 0 or s(K) = 0.
Then,
vol,, (K) vol,,(K°) < w? = vol,,(BY)?.
Combining Proposition with the Blaschke-Santal6 inequality and Corollary We can now prove
Theorem [3.31
Proof of Theorem[3.3] From Proposition [3.6] we already know that
(3.17) max { N(K,D,),N(D;, K°)} < exp(cn).

For the other two covering numbers we note that N(D,,K) < 8"N(K,D,,) by Lemma which means
that In N(D,,, K) < (¢ + In8)n. Similarly,

wvolo(K° + D7), volu(K° + D)

3.18 N(K°, D) <2 <
(3.18) (K®, Dy) vol, (D2) vol, (K°)

<4"N(D;, K°),

which means that In N(K°, D?) < (¢ + In4)n, where we have also used the fact that vol, (K) = vol,,(D,,)
and hence vol, (K°) < vol,(D2) from the Blaschke-Santalé inequality. This completes the proof. O
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§ 3.2. Bourgain-Milman inequality. The Bourgain-Milman inequality [27], also known as reverse Santalé
inequality, states that there exists an absolute constant 0 < ¢ < 1 with the following property: for every
n > 1 and any convex body K in R™ with 0 € int(K),

3.19 s(K) = vol,(K) vol,,(K°) > ¢"w? = ¢"vol, (BY)?.
n 2

The existence of an M-position for any convex body and the asymptotic form of the Santalé inequality and
its inverse are interconnected results. We illustrate this by giving a very simple proof of the Bourgain-Milman
inequality starting from the fact that every isotropic convex body is in M-position.
The discussion about the Blaschke-Santalé inequality in the previous subsection shows that if 0 € int(K)
then
vol, (K) vol, (K°) > vol,, (K — s(K)) vol, (K — s(K))°)

therefore we may replace K by K; := K — s(K). Then, we know that bar(K7) = 0. It is also easily checked
that
vol,,(K') vol,,(K°) = vol,,(T(K)) vol,,((T(K))®)

for every T € GL,, and hence we may assume that K7 is in isotropic position. Then, from Theorem [3.3] we
know that
max { In N(KY, D,,),In N(D,, K?),In N (K, D), In N (D5, K1)} < cn,

where D,, is the centered Euclidean ball of volume 1 in R™ and ¢ > 0 is an absolute constant. It follows that

vol, (D) < N(Dy, K7)vol,(K7) < e“*vol, (K7),
vol,(D;) < N(D;, K1) vol, (K1) < e“vol, (K1),

and hence
w2 = vol,(D,) vol,(D2) < e**™vol,, (K1) vol,, (K7)

n =

which proves (3.19)).

§ 3.3. Reverse Brunn—Minkowski inequality. As a consequence of Theorem [3.3] and Corollary we
get the “reverse” Brunn-Minkowski inequality.

Theorem 3.10. Let K1,..., K, be isotropic convex bodies in R™. Then, for any A1, ..., A\pm >0,
(3.20) voly (MK + -+ 4+ AnE) /™ < erm > Ajvol, ()™
j=1

where ¢ > 0 is an absolute constant. Moreover, if K1 and Ko are isotropic convex bodies in R™ then, for
any A1, A2 >0,

(3.21) vol, (M K2 + X KS)Y™ < ey(Apvol, (K2)Y™ 4 Agvol, (KS)/™).
where co > 0 is an absolute constant.

Proof. From Proposition [3.6] we know that

NOK1 + - 4 A Ko, t(A + -+ + A ) D) < [ N(K;, D) < exp(cmny/t),

and hence
Vol (M KL 4 -+ 4 A K )™ <™ (t (M + -+ + Am))
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for every t > 0. Choosing t = cm we see that
Vol (M KL+ 4 A K) V" <erm Y Ny = eom Y Ajvol, ()™
j=1 j=1

with ¢; = ec. For the second claim, note that Theorem implies that
N(MKD 4+ MK5, t(A + A2)D;) < exp(2cn/t)
for every t > 0, and apply the same reasoning as before to write
vol, (M K? + A KS)Y™ < 2¢(Ay + Ag)vol, (D)™,

Since K3 and K are isotropic, the argument of the previous subsection shows that vol,, (D) < e“"vol, (K?)
for i = 1,2. In this way we obtain (3.21)) with co = 2ce®. O

4 Log-concave probability measures

A Borel measure p on R™ is called log-concave if u(H) < 1 for every hyperplane H in R™ and
HOA+ (1= N)B) > u(A) u(B)'

for any pair of compact sets A, B in R™ and any A € (0,1). Borell [2I] has proved that, under these
assumptions, p has a log-concave density f,. Recall that a function f: R" — [0, 00) is called log-concave if
its support {f > 0} is a convex set in R™ and the restriction of In f to it is concave. The Brunn-Minkowski
inequality implies that if K is a convex body in R™ then the indicator function 1y of K is the density of a
log-concave measure, the Lebesgue measure on K.

We say that p is symmetric if p(—B) = u(B) for every Borel subset B of R™ and that p is centered if
the barycenter bar(u) = [;, @ du(x) of p is at the origin, i.e.

/ (z,&)du(r) = / (2,€) fu(z)dz =0

for all £ € S"~1. If y is symmetric then f, is even and it follows that || f,||cc = f.(0). On the other hand,
Fradelizi [47] has shown that if 4 is a centered log-concave probability measure then

(4'1) Hfu”oo < enf;t(o)'

Let f: R™ — R be a measurable function. For any a > 1 we define the 1,-norm of f as follows:

Il =t {0+ [ exp((f1/0%) du <2}

provided that the set on the right-hand side is non-empty. Note that the ¥ ,-norm is exactly the Orlicz norm
corresponding to the function t € R — eltl® — 1. An equivalent expression for the 1),-norm in terms of the
L,-norms is that

Nz, )

7l = sup 2=

pza

)

up to some absolute constants.

A well-known lemma of Borell (see [30, Lemma 2.4.5] for a proof) asserts that if y is a log-concave
probability measure on R™ then, for any symmetric convex set A in R™ with u(A) = o € (0,1) and any ¢ > 1
we have

t+1

(4.2) 1,u(tA)<a<1a> o

«
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Using Borell’s lemma one can show that there exists an absolute constant ¢y > 0 such that for every log-
concave probability measure p on R™, for any seminorm f : R®™ — R and any ¢ > p > 1, we have

1/p 1/q 1/p
(4.3) ( | Ifl”du) < ( | Iflqdu> <o ( [ Ifl”du)

(a proof is given in [30, Theorem 2.4.6]). In particular, || ||y, < c1]|f|l1, where ¢; > 0 is an absolute constant.

§ 4.1. Isotropic log-concave probability measures. For any log-concave probability measure p on R™
with density f,, we define the isotropic constant of ;1 by

(s fu(@) ) =
L= (m) (det Cov(u)) .

where Cov(p) is the covariance matrix of 4 with entries

Cov(p)i; = Jon Tiwj fu(x) da _ Jgn Tifu(x) da [, x5 fu(z) de
o Jon fu(z) dz Jon fu@)dz  [o, fu(z)de

A log-concave probability measure p on R™ is called isotropic if it is centered and Cov(u) = I,,, where I,, is
the identity m x n matrix. By the definition of the isotropic constant, if 4 is isotropic then L, = Hfu||ién
Note that a convex body K of volume 1 is isotropic if and only if the log-concave probability measure
with density L 1gr, is isotropic.

Let p and v be two log-concave probability measures on R™. Let T : R®™ — R™ be a measurable function
which is defined p-almost everywhere and satisfies

v(B) = u(T~1(B))

for every Borel subset B of R™. We then say that T pushes forward p to v and write Thp = v. It is
not hard to check that for every log-concave probability measure p on R™ there exists an invertible affine
transformation 7" such that the log-concave probability measure T p is isotropic, and L, ,, = L.

One can prove that the isotropic constants of all log-concave measures are uniformly bounded from
below by a constant ¢ > 0 which is independent of the dimension. If i is an isotropic log-concave probability
measure, then

(4.4) Ly = | fulli" = [fu O] > ¢,

where ¢ > 0 is an absolute constant (see [30, Proposition 2.3.12]). The isotropic constant problem for
log-concave measures, which is now a theorem, can now be stated as follows:

Let p be an isotropic log-concave probability measure on R™. Then, L, = ||fu||(1>én < C, where

C > 0 is an absolute constant.

We can define L,, := max{L, : ptis an isotropic log-concave probability measure on R"}. Since Lx = L, <
L,, for every centered convex body K in R", it is clear that L, < L,.

§ 4.2. K. Ball’s bodies. Let y be a centered log-concave probability measure on R”. An important family
of convex bodies associated with p was introduced by K. Ball, who also established their convexity in [§]:
for every p > 0, we define

> 0
K,(p) = {x eR"”: / Pt f,(rx) dr > fu©) )} .
0 p
From the definition it follows that the radial function of K,(u) is given by

1 1/p

(4.5) 0K, () (T) = <W /OOO prP 1 (r) dr)
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for x # 0. It is easily checked that if K is a convex body in R™ with 0 € K then K,(1x) = K for all p > 0.
A very useful observation is that
fu(0)vol, (K (p)) = 1.

To see this, we write

PE () (8)
vol, (K, (1)) :/ ldx—nwn/ 1/ r"tdrdo(€)
Sn—

nwy, 1

= 7.0 /s/ T fure)drdo(§) = fu() o @) e = 5

using (4.5) and integration in spherical coordinates.
Another important observation is that, for every 0 < p < ¢ we have that

T(p+1)7

F(q—&—l)é T Ky (p).

@\:

(4.6) Ky(p) € Kp(p) Ce

A proof is given in [30, Proposition 2.5.7]. As a consequence we obtain an approximate formula for the
volume of Kp4,(1). When p > 0, we have

_ 1 1.1 n—+
(4.7) e < Lu0) 7P vOL, (K (W) 75 < e,
while for —n < p < 0 we have
(4.8) et < £(0) 77 T voly (Kp() 777 < e

If 1 is an even log-concave probability measure on R™ then T = K, 42(u) is a symmetric convex body
that satisfies
ClL LT CQL#,

where ¢1,¢3 > 0 are absolute constants (see [30, Proposition 2.5.9]). Furthermore, if 4 is isotropic, then
T = voln(T)*l/ ™' is an isotropic convex body. In the case where the measure p is centered, but not
necessarily symmetric, we prefer to work with the convex body K,,11(u) instead of K,,42(r). The reason is
that T' = K,,41(p) is a centered convex body in R™ and we still have that

ClL LT CQL

where c¢q,co > 0 are absolute constants.
We briefly sketch the proof (for more details see [30, Proposition 2.5.12]). First we check that T is

centered and satisfies
/\<x,s>|dx 75/ ol
T

for all £ € S"~1. Borell’s lemma implies that for every y € R"

(Volj(T)/T@?deac)l/?%VOl /|gcy|dx f“ Vln /|xi‘/|fu
1/2
~ e @)

which, combined with the fact that 7" and f, are both centered, implies that there exist absolute constants
c1,c2 > 0 such that as positive definite matrices

c1Cov(1r) < (vol,(T) £,(0)) 2Cov(u) < c2Cov(1yr).
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Therefore,

1/n

(4.9) (det Cov(17))"™ & (vol,(T) £,(0)) "2 ( det Cov(y))

From the definition of the isotropic constant it follows that

1
vol,, (T)1/n

~ (fu(0)vol, (1))~ "7 Ly,

where we have also used the fact that || f,[|X)" &~ f£,(0)1/" by Fradelizi’s inequality (I.I). Finally, applying
with p = 1 we get that

L
2

" & vol, (T) ™™ (£,(0)vol, (T)) ~* (det Cov(u)) >

t\:‘_

Ly = (det Cov(17))

n+1
n

(4.10) e™L < (fu(0)vol, (T)F < e < 2e,
and this completes the proof. This discussion shows that
En ~ L,.
In particular, knowing now that L, < C we get:
Theorem 4.1. There exists an absolute constant C' > 0 such that L, < C for every isotropic log-concave

probability measure on R™.

§ 4.3. L,-centroid bodies. Let ;1 be a centered log-concave probability measure on R™. For any p > 1 we
define the Ly-centroid body Z,(u) of i as the convex body whose support function is

vz = ([ |<w,y>|”fu(aﬁ)dx)1/p, yeR™

The convex bodies Z,(p) are always symmetric, and Z,(T.p) = T(Z,(p)) for every T € GL,, and p > 1
Note that if u is isotropic then Z(u) = BY. Also, from (4.3) it follows that, for every 1 < p < ¢,

(4.11) Zy(1) C Zy(p) C %’me

where ¢ > 0 is an absolute constant.
If p = Ak is the Lenesgue measure on a centered convex body K of volume 1 in R™ then we denote
Zp(K) := Z,(Ak). In this case we have some additional results. For every p > n we have that

(4.12) Zy(K) D 3 Z50(K)

where ¢y > 0 is an absolute constant and Z.(K) = conv{K, —K}. This is a consequence of the inequality

s LOHDT@) o
J N ypas > IO max (1) i (<)),

which holds true for all £ € S”~! and p > 1. Therefore, if p > n we see that
(L, ) = max{hg (§), hr(—=§)},

and hence Z,(K) D ¢Zoo(K). In particular, the Rogers-Shephard inequality vol, (K — K) < ( ")vol, (K) for
the difference body K — K of K (see [2, Theorem 1.5.2]) implies that

(4.13) ¢ < Vol (Zy (K )™ < vol, (K — K)Y/™ < 4
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for some absolute constant ¢ > 0.
A nonsymmetric variant of the L,-centroid bodies of 1 is defined as follows. For every p > 1 we consider
the convex body Z (u) with support function

1/p
b = ([ @atsee) L yer

where ay = max{a,0}. When f, is even, we have that Zf (u) = 2-YPZ, (). In any case, it is clear that
ZF (1) € Zp(p). One can also check that if 1 < p < ¢ then

(.14 (4);_‘1’ zim e zica (1 ”)H 125 ()

e

(for a proof see [63], where the family of bodies Zj(p) = 21/”Z;(p) is considered).

The Ly-centroid bodies were introduced, under a different normalization, by Lutwak and Zhang in [97],
while in [I12] for the first time, and in [I13] later on, Paouris used geometric properties of them to acquire
detailed information about the distribution of the Euclidean norm with respect to . A basic observation of
Paouris is the next asymptotic formula that appears in [113].

Theorem 4.2 (Paouris). Let p be a centered log-concave probability measure on R™. Then,

1/n
< C2,

(4.15) c1 < (fu(0) vola(Zn(n)))
where c1,co > 0 are absolute constants.

Proof. Direct computation shows that, for every p > 1,

1+2 P g — Py — 1 P
Ohnp()E [ o= [ (wgpar= g [ o e e
for all £ € S"~1, or equivalently
(4.16) Zp(Korp (1) V0l (K (12) 71 £0(0) 7 = Z,y (1)

Now, let 1 < p < n. Using also (4.7]) we see that

"X Rip (1)) € 26Zy(Rrip()):

1 7 n
(4.17) gZp(Kner(H)) c fu(o)l/ Zp(p) Ce
On the other hand, using (4.6) we can check that
hz, (@ (&) & iz, @y (€)
for every £ € S"~!. This shows that Z,(K,4p(1t)) ~ Z,(Kn+1(1)). Therefore, for all 1 < p < n we get

(4.18) e1fu(0)" Zp (1) € Zp(Kg1 (1) € e2fu(0)" Z (1)

where c¢q, co > 0 are absolute constants.
Now recall that, since p is centered, the body K, 11(p) is also centered. Applying (4.13)) for the body
K, 11(u1) we see that

Vol (Z (K1 (1) & 1
and hence, by (4.18)),

1/n n
(£(0) VOl (Z3 (1)) " 2% ¥Ol(Zn (Ko (1)) /" = 1.
This completes the proof. O
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§ 4.4. Marginals and projections. Let p be a log-concave probability measure on R™. For any 1 < k <
n—1 and F' € G, ; we define the marginal of i with respect to F' setting

for every Borel subset A of F. One can check that mr (1) is a log-concave probability measure on F', whose
log-concave density fr,(,) agrees almost everywhere with the function 7x(f,) defined by

(4.19) rp(f) (@) = / fu(y)dy.

rz+F-L

Then, for every measurable function g : F' — R we have

| atPe)fu@yde = [ a@pme(s)(e) de

It follows that if f,, is centered then, for every F' € G, we have that mp(f,) is also centered, and if f is
isotropic then 7p(f,) is also isotropic.

A Dbasic observation of Paouris from [I12] is that any projection of the L,-centroid body of u coincides
with the L,-centroid body of the corresponding marginal of s.

Theorem 4.3. Let pu be a centered log-concave probability measure on R™. For every 1 < k < n and any
FeG,y andp > 1, we have that

(4.20) Pr(Zy (1)) = Zp(mr(1))-

The proof is a direct application of Fubini’s theorem.
Applying Theorem to mr (1) and taking into account (4.20]) we obtain the following result.

Theorem 4.4. Let pu be a centered log-concave probability measure on R™. Then, for every 1 < k<n—1
and any F € G, we have

(4.21) e1 < (mr(£)(0) vole (Pe(Z()))* < e,

where c1,co > 0 are absolute constants.

5 Geometry of isotropic convex bodies

In this section we still assume that L,, < C. We shall discuss a few important consequences of this fact on
the geometry of high-dimensional isotropic convex bodies.

§ 5.1. The ellipsoid intersection conjecture. We start with the positive answer to the following
conjecture.

Theorem 5.1 (ellipsoid intersection conjecture). For every centered convex body K of volume 1 in R™ there
exists a centered ellipsoid £ of volume vol,, (€) = vol,,(K) = 1 such that

1
vol, (K Ne &) > §voln(K)

where ¢1 > 0 is an absolute constant.
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For the proof we may assume that K is isotropic. Then, / |z|?dz = nL% < Cn for some absolute

constant C' > 0. From Markov’s inequality we immediately see that

volo (K \ VACRBY) = vol({r € K : 2] > VCn}) < 52 / lo2de <

L\DM—*

It follows that vol, (K Nv2C\/nBY) > ivol,(K) and since D,, ~ \/nBj it is simple to check that

1
—vol, (K)

vol, (K Ne1Dy) 2 5

for some absolute constant ¢; > 0.
Let us note that the ellipsoid intersection conjecture is in fact equivalent to the isotropic constant
conjecture.

§ 5.2. Volume of sections and projections. The next theorem gives a very useful estimate for the
volume of sections of an isotropic convex body through its barycenter.

Theorem 5.2. Let K be an isotropic convex body in R™. Then, for every 1 <k <n—1 and any F € Gy, 1,
(5.1) vol,_x(K N FH)YF x~ 1,

Proof. We denote by px the isotropic log-concave probability measure with density L?{]l K and write fK
for the density of ux. Fix 1 <k <n—1and F € G, . We know that mp(px) is 150tr0plc Using (4
with p = 2 we get:

1/k

B vol (ZQ(K'il(7r (1K))))
Lm(ﬂF(MK)) - < : VO{CI:_(BFI; - )

VO 2 1/k
= ()0 (XL ZN )

where we have also used the identity Zs(wp(px)) = Pr(Z2(px)) from Theorem Since K is isotropic,
we get

VO 2T v
< p() 0+ (L))

Zo(pr) = L' Zo(K) = By and hence Pr(Za(ux)) = Bp.

Moreover, we have
e (f)(0 / fr(y)dy = Lvol,,_ k( L KmFL) LEvol,_ (K N FL).

Combining the above we conclude that LKHl(WF(#K)) ~ Lgvol, (K N FL)l/’“7 which is assertion of the
theorem. O

The next inequality estimates the product of the volumes of a projection of a convex body K in R™ and
of the section of K with the orthogonal subspace (see [119] for the first and [I24] for the second claim).

Theorem 5.3 (Rogers-Shephard/Spingarn). Let K be a convex body in R™ with 0 € int(K). Then, for any
1<k<n—1and any F € G,, , we have that

voly, (P (K)) vol,_ (K N FL) < (Z) vol (K).

If bar(K) = 0 then we also have that

vol, (K) < vol,(Pr(K))vol,_(K N FL).
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In the case where K is isotropic, these estimates lead to the next fact.

Theorem 5.4. Let K be an isotropic convex body in R™. Then, for any 1 <k <n—1and any F € G 1,

we have that
n

1 < volp(Pp(K)YF < ey

where c1,co > 0 are absolute constants.

This follows from Theorem and from the fact that if K is isotropic then vol, (K N F+)/*k ~ 1 by
Theorem [5.21

§ 5.3. Volume of the centroid bodies. A lower bound for the volume of the L,-centroid bodies Z,(K)
of a star body K in R™ has been given by Lutwak, Yang and Zhang in [98], and later Haberl and Schuster
in [64] obtained a similar lower bound for the nonsymmetric L,-centroid bodies Z; (K) of K. If K is a star
body, with respect to the origin, in R™ then, for every 1 < p < oo, the body MZ')‘ (K) is defined through its
support function

1/p

where

The normalization of M, (K) is chosen so that M;F(BQ) = BY for every p. Haberl and Schuster [64]
Theorem 6.4] proved that if K is a star body, with respect to the origin, in R™ then, for every p > 1,

vol, (K) ™%~ 'vol, (M, (K)) > vol,(By) ™ #
with equality if and only if K is a centered ellipsoid in R". Since M, (K) = (cnp(n + p))"/?Z} (K), we
conclude that if vol,, (K) = 1 then
¥ 1/ 1 ¥ 1/ 1 e
L, (ZT(K))'™ = (en “Pyol,(MJ(K)/" > | ——— .
VOl Z )" = (e + ) /Pw0l, O ()7 > ()
Taking into account the value of the constant ¢, , we can formulate this result as follows.
Proposition 5.5 (Lutwak-Yang-Zhang/Haberl-Schuster). Let K be a convex body of volume 1 in R™. Then,
Vol (Z, ()™ 2 vol,(Z,(B2)) /"™ = e\/p/n

and
Vol (ZS (K)Y™ = vol, (2} (By))Y™ > e\/p/n

for every 1 < p < n, where ¢ > 0 is an absolute constant.
Paouris [112] showed that a reverse inequality holds true (up to the isotropic constant).

Theorem 5.6 (Paouris). If u is an isotropic log-concave measure on R™, then for every 1 < p < n we have
that

(5.2) vol, (Z,(u)Y™ < ev/p/n.

Moreover, if K is a centered convex body of volume 1 in R™, then for every 1 < p < n we have that

(5.3) vol, (Z,(K)Y™ < e\/p/n Lk < e1v/p/n,

where c,c1 > 0 are absolute constants.
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For the proof we shall use a number of classical facts from the Brunn-Minkowski theory (see [122] for a
complete exposition). Steiner’s formula asserts that for every convex body C' in R™ we have

vol, (C + tBY) = 2": (:) Wi (Ot

k=0

for all ¢ > 0, where Wi (C) = V,,_(C) = V(C;n — k, BY; k) is the k-th quermassintegral of C. Also,
the Aleksandrov-Fenchel inequality implies the log-concavity of the sequence (Wy(C), ..., W,(C)), and in
particular we have that

(54) (W<O>>/ > (W(O))/

Wn Wn
for all 1 < i < j < n. We shall also use Kubota’s integral formula:

(5.5) W (C) = 2 / Vol (P (C)) dvpm (F), 1< m < n.
Gn,nL

Wm

Proof of Theorem[5.6] It is enough to prove (5.2) for integer values of 1 < p < n — 1. Observe that for any
F € Gy, we have
c
voly (Pr(Zy (1)) = voly(Zy(m (1) /P < ———— 7 < ez,
(frr(0))

where we have used Theorem {4.3] Theorem and (4.4)) for the isotropic density fr.(.) = 7r(f.). Applying
B3 we get

Womp(Zy (1)) < 2.
p

Now, we apply (5.4) for the convex body C = Z,(u) with j = n and i = p; this gives
Wl (Zy(11)) 2 vl (Zy () /aw/ P/,

n—p

Combining the above, we get
1/n

Wn
Co.
1
wp/p

VOln(Zp(N))l/n <

Since wi/ o / Vk, we obtain (5.2). For the second assertion of the theorem we may assume that K is

isotropic (because the volume of Z,(T(K)) is the same for all T € SL,,). Consider the measure p with

density f,, = L1 « . Then, p is isotropic and we easily check that Zy(p) = L' Z,(K). Thus, the result
K

follows immediately from (5.2)) and the fact that the isotropic constant conjecture is true. O

§ 5.4. Lower dimensional Busemann-Petty problem. In this subsection we discuss a natural gener-
alization of the Busemann-Petty problem, for lower dimensional sections. Let 1 < k < n —1 and let 3,  be
the smallest constant 8 > 0 with the property that for every pair of centered convex bodies K and C' in R"
that satisfy

vol, k(KN F) < vol,_,(CNF)

for all F' € Gy, 5, one has

vol, (K)™7 < BF vol,, (C) "+
It is known that 8,5 > 1 if & < n — 3, while for k = n — 2 and k¥ = n — 3 (two- and three-dimensional
sections) it is not known whether 3, j has to be strictly greater than 1. The asymptotic lower dimensional
Busemann-Petty problem asks if the constants 3, , are uniformly bounded. The next theorem provides an
affirmative answer.
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Theorem 5.7. There exists an absolute constant C > 0 such that B, < C for alln and k.

For the proof we introduce the dual affine quermassintegrals of a convex body. Let 1 < k < n —
1. For every convex body K, or more generally for any bounded Borel set, in R”, the k-th dual affine
quermassintegral of K is defined by

1
kn

U3, (K) = vol, (K)~ & ( /G vol,_ i (K N Fi)"dyn,k(F)>

Grinberg proved in [59] that this is an affinely invariant quantity and that
(5.6) U (K) < i(By) < Ve

for every bounded Borel set K of positive volume in R™.
Now, let K be a centered convex body in R” Since Ui (K) = Uy (T
assume that K is isotropic. From Theorem [5.2| we know that vol,_g(

(K
and hence )
Tn
U (K) = (/ vol, 1 (K N FX)"dvy, x( >
Gnk

In other words, for every centered convex body K in R™ and any 1 < k£ < n — 1 we have that

(K)) for every T € GL,, we may
N J‘)1/’“ ~ 1 for every F € G, ,

(5.7) S UR(K) < e
where c1,co > 0 are absolute constants.

Proof of Theorem[5.7. Let K,C be two centered convex bodies in R™. Assume that for some 1 <k <n—1
we have that
vol,_ k(KﬂF) vol,_ k(CﬂF)

for all F € G p,—g. Then,

L
kn
n—k

Uy (K)vol, (K) & = ( /G Vol (K N F)™dvy i (F ))

1
kn

< </ VO]n—k(C N FJ_)nan,k(F)> = \Pk(C) VOln(O)nT:lk
Gn k
Taking into account (5.7)) we get
k k
vol,, () nok (\I/k(C)) VOln(C)nTik < <CQ> Voln(C)”v;lk

and the result follows. O

Note. In particular, the case k¥ = 1 of Theorem shows that the isotropic constant conjecture implies
the asymptotic Busemann-Petty conjecture for the class of centered convex bodies, thus completing the
discussion in §2.5.

The affine quermassintegrals of a convex body K in R™ were introduced by Lutwak in [95]. We shall
discuss an appropriately normalized variant that was considered by Dafnis and Paouris in [39]. For every
convex body K in R" and every 1 < k < n, we define the normalized k-th affine quermassintegral of K by

L
kn

Oy (K) := vol,, (K) ™= (/G voly,(Pr(K))™" an,k(F)>
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Grinberg proved in [59] that these quantities are invariant under volume preserving affine transformations.
In this language, Lutwak conjectured in [96] that the affine quermassintegrals satisfy the inequalities

(5.8) O (K) > Op(B7).

Dafnis and Paouris studied in [39] an isomorphic variant of Lutwak’s conjecture, which asks if there exist
absolute constants ¢y, co > 0 such that for every convex body K in R™ and any 1 < k < n— 1,

(5.9) cavn/k < Pp(K) < cav/n/k.

Note that in the case k = 1, follows by the Blaschke-Santal6é and the Bourgain-Milman inequality, while
in the case k = n — 1 the conjectured rate of growth for ®,,_;(K) is again true, by the Petty projection
inequality and its reverse, proved by Zhang [133].

The left-hand side of was proved by Paouris and Pivovarov in [114]; it confirms Lutwak’s conjecture
in an isomorphic sense. The proof relies on a duality argument, that employs the Blaschke Santal6 inequality
and the Bourgain-Milman inequality, combined with Grinberg’s inequality . Subsequently, E. Milman
and Yehudayoff [TI04] established the sharp lower bound @ (B%) < 4 (K) and verified Lutwak’s conjecture,
including a characterization of the equality cases, for all 1 < k < n—1: ellipsoids are the only local minimizers
with respect to the Hausdorff metric.

Regarding the upper bound in , an almost optimal estimate (up to a Inn-term) was given by Dafnis
and Paouris in [39]. Let us briefly recall their argument: The Aleksandrov inequalities (see [122], Section
6.4]) imply that if K is a convex body in R™ then the sequence

Wk

. 1/k
(5.10) Qr(K) = (/G VOlk(PF(K))an,k(F)>

is decreasing in k. In particular, for any 1 < k < n — 1 we have Q;(K) < Q1(K), which may be written in
the equivalent form

1

(5.11) <1 / volk(PF(K))dz/mk(F)) < w(K),
Wk JG,

where w(K) is the mean width of K. Then, by Hélder’s inequality,

1
E

< / volk(PF(K))_”dumk(F)) ng( / volk(PF(K))dz/mk(F)) < wFw(K).
Gk Gk

Since the term on the left-hand side of this inequality is invariant under volume preserving affine trans-
formations, we may assume that K has minimal mean width, and it is known that in this case we have
w(K) < ¢y/nlnnvol, (K)Y/™ for some absolute constant ¢ > 0 (see [2, Chapter 6]). Combining the above we
get

(5.12) D(K) < co/n/klnn.

It was also shown in [39] that

O (K) < es(n/k)®?\/In (en/k).
In other words, if k is proportional to n then the upper bound for ®(K) is of the order of 1. The main
question that remains open is whether the Inn-term in (5.12]) can actually be dropped.

§ 5.5. The deviation inequality of Paouris. Our goal in this subsection is to briefly explain the proof
of a very useful deviation inequality of Paouris from [112].
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Theorem 5.8 (Paouris). Let p be an isotropic log-concave probability measure in R™. Then,
(5.13) p({z € R™ : |z] = cty/n}) < exp (—tv/n)
for every t > 1, where ¢ > 0 is an absolute constant.

The proof of Theorem is reduced to the behavior of the moments of the function = — |z|. For every

p > 1 we define
1/p
1) = ( / |m|pdu<x>) |

From we see that for all y € R™ and p,q > 1 we have
Ipg(K) < c1ply(K).

In particular, we have

(5.14) Ip (1) < copla(p)

for all p > 2. Paouris proved the following.

Theorem 5.9 (Paouris). There exist absolute constants ¢1,co > 0 such that if p is an isotropic log-concave
probability measure on R™ then

(5.15) Ip(p) < erlz(p)

for all p < ca/n.

Assuming that we have proved Theorem [5.9] we obtain Theorem [5.8 as follows: we consider an isotropic
log-concave probability measure p in R™. From Markov’s inequality, for every p > 2 we have

p({lz] = 1, (n)}) <e™?P.

Then, Borell’s lemma gives

s s e,3p (s+1)/2 s
pl{lz] = e Ip(p)s}) < (L —e™) ( =5 Se

for every s > 1. Choosing p = ¢24/n, and using (5.15)), we see that

p({|z] = e1e’Ix(p)s}) < exp(—cav/ns)
for all s > 1. Since u is isotropic, we have I>(p) = /n. This proves Theorem [5.8
We pass to the proof of Theorem We will actually prove a stronger statement.

Theorem 5.10. Let p be a centered log-concave probability measure on R™. For every p > 1,
(5.16) Ip(p) < C (I2(p) + R(Zp(1))) »
where R(Zy(p)) = max{|z|: x € Z,(n)} is the radius of Z,(p).

Note that if p is isotropic then R(Z,(n)) < cp, and hence the right-hand side of (5.16) is bounded by
c1 max{Ia(p),p}. Since Iz(p) = v/n, for all p < \/n we get

Ip(p) < ex max{I>(p), p} = c1l2(p),

which is exactly the statement of Theorem [5.9
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The proof of Theorem [5.10| requires a number of basic results from the asymptotic theory of convex
bodies. We write k.(C) for the largest integer k < n which satisfies

Un,k <{F €Gnyi: @m < he(z) < 2w(0)|z|, = € F}) > nj—k
In the terminology of [2] this is the so-called Dvoretzky dimension of C°, i.e. the largest k for which the
majority of k-dimensional sections of C° are 4-FEuclidean. The next theorem of V. Milman and Schechtman
from [109] shows that the dimension k., (C) is determined by the parameters w(C') and R(C) up to an absolute
constant.

Theorem 5.11 (V. Milman-Schechtman). There exist absolute constants c1,ca > 0 such that

€y w(C)?
(C)2 < k*(c) < CQnR(C)z,

g

cin

=

for every symmetric convex body C' in R™.

w,(C) = < /S - hc(e)pda(9)>l/p.

Note that wq (C) = w(C). The parameters w,, p > 1 were studied by Litvak, V. Milman and Schechtman in
[93].

Theorem 5.12 (Litvak-V. Milman-Schechtman). Let C' be a symmetric convex body in R™. Then,

max {w(C), mW} < wpy(C) < max {Qw(C’), CQR(%@}

for all 1 < p < n, where c1,c2 > 0 are absolute constants.

For every p # 0 we define

Note that the behavior of w,(C) changes when p ~ n(w(C)/R(C))?. This value of p is roughly equal
to the “dual Dvoretzky dimension” k.(C) of C. One also has w,(C) ~ R(C), and since w,(C) < R(C) for
every p > 1 we conclude that w,(C) = R(C) for all p > n.

Concerning w,(C') for negative values of p, Klartag and Vershynin [8I] established the next important
result.

Theorem 5.13 (Klartag-Vershynin). Let C be a symmetric convez body in R™. Then, wy(C) = w_,(C) for
all 1 < p < ¢k (C), where ¢ > 0 is an absolute constant.

We start with the next lemma, which relates the p-moment of the Euclidean norm with respect to u
with the parameters w, and the L,-centroid bodies of p.

Lemma 5.14. Let p be a log-concave probability measure in R™. For every p > 1 we have
Wp(Zy(11)) = Ay |~ I (1)
"Vptn

Proof. Direct computation shows that for every x € R™ we have

(). 1wora©) " =,

where ap,, ~ 1.

where a,, , = 1. Since

w2 = ([ [ e opaeoan)

the lemma follows. O
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Proof of Theorem[5.10] We start with the formula I,,(1) = ¢n pwp(Zp(p)) from Lemma [5.14] where ¢, , =
max{1, /n/p}. Therefore, we need to show that

wp(Zp(p)) < € min{l, /p/n} (I(p) + R(Zp(p))) -

Since wy(Z, (1)) < R(Z,(1)), we clearly have the result when p > n, and hence in the sequel we may assume
that p is an integer and 1 < p < n.
From Theorem [5.12] we have that

(5.17) wp(Zp(p)) < crmax{w(Z,(p)), v/p/nR(Zp(1))}-

Therefore, the theorem will follow if we show that, for all 1 < p < n,

(5.18) w(Zp(p) < CVp/n(la(p) + R(Zp(1)))-
If p > k(Z, (1)) then we have

(5.19) w(Zp(p) < szR(zp(M»

by Theorem If p < ki(Zp(1)) then by the definition of k.(Z,(1)) we can find some F € Gy, that
satisfies both

[ 1Pe@ du(e) < catp/m T3
(this is justified by averaging over all F' € G,, ,, and then applying Markov’s inequality) and
(5.20) w(Zy(1)Br C caPp(Zy(1))-

Since Pr(Zy(1)) = Zp(mr(p)) and wp(p) is a p-dimensional centered log-concave probability measure, we
get

_(det Cov(mp ()™
e VI '

E

(5.21) vrad(Z, (mp (1)) ~

TF (1)

Using the fact that L., = c for an absolute constant ¢ > 0, we see that

o2drpu(z)) 1/2
62 wad(Zy(nr(u) < o TEDITEO) ([1pe@ dute)) < ov/ofntat
wr(p)

Combining and we see that

(5.23) W(Zy(1)) < esv/pInla(n).

This completes the proof. O
In the case where u = ux for an isotropic convex body K in R", the inequality takes the form

(5.24) vol,({z € K : || > ctv/nLk}) < exp (—t/n)

for all t > 1. Taking also into account the fact that L = 1, we obtain a much stronger statement than that
of the ellipsoid intersection theorem of § 5.1.
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6 A reduction of the slicing problem

In this section we do not assume the affirmative answer to the isotropic constant conjecture. We discuss
small ball probability estimates for isotropic log-concave probability measures, starting with the work of
Paouris in [II3]. In particular, we describe a reduction of the isotropic constant conjecture to such small
ball estimates. An optimal result of this type turns out to be the key fact in the affirmative answer to the
problem given by Bizeul in [15].

First we introduce two parameters that are essential for the study of these questions.

§ 6.1. The parameter ¢.(u). A parameter which was originally central in the work of Paouris is g.(u),
which is defined for every centered log-concave probability measure p in R™, as follows:

q«(p) = max{p € [2,n] : k.(Zp (1)) = p}-
The next proposition provides a lower bound for g, ().

Proposition 6.1. There exists an absolute constant ¢ > 0 with the following property: if u is a centered
log-concave probability measure on R™ then

ax(p) = eVk(Z2(p))-

Proof. We set ¢, := ¢.(u). From Theorem Lemma Hélder’s inequality, and the simple observation
that In(p) = Vnwa(Za(p)), we get

w(Zg. (1) 2 c1wq. (Zg. (1) 2 c2v/ax /0y, (1) Z c2/qu/nl2(1) = c2/ @i /1 V/nwz(Z2 ().
In other words,

(6.1) (Z. (1)) > caTul Za().
Since R(Z,, (1)) < ¢3q« R(Z2()), using the definition of ¢, and Theorem we write

w(Zy, (u))>2 > o3 WA Z) | he(Za()
R(Z. (1)) = AE R (ZG) T e

This shows that q.(u) > ¢/ k«(Z2(p)) for some absolute constant ¢ > 0. O

(62) 20> k(2. (0) > can

Note that if p is isotropic then k.(Z2(u)) = n. Therefore, in the isotropic case we have:

Corollary 6.2. There exists an absolute constant ¢ > 0 with the following property: for every isotropic
log-concave probability measure p on R™,

¢« (p) = ev/n.
We close this subsection with the following observation.

Theorem 6.3. Let i be an isotropic log-concave probability measure in R™. If 1 < p < ¢y/n, then
(6.3) w(Zp(p)) = /-

For the proof we write w(Z, (1)) = wy(Z, (1)) = v/p/nl,(1n) = /b, where the first equality holds because
cv/n < q.(p) by Corollary the second comes from Lemma and the third follows from Theorem

§ 6.2. Small ball probability estimates. Let u be a centered log-concave probability measure on R".
We extend the definition of I,(u), allowing negative values of p, in the obvious way: for every p € (—n, c0),

p # 0, we define y
b = ([ leranta))
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Also, given any ¢ > 1, we define the parameter

(6.4) G—c(p,¢) :=max{p > 1: Ip(u) < CL_p(p)}.
The first main result of this section is the next theorem.

Theorem 6.4 (Paouris). Let u be a centered log-concave probability measure on R™. For every integer
1 < k < qo(pt) we have

I (1) = I ().

In particular, Theorem shows that for every 1 < k < ¢.(p) we have I (u) < cla(u), where ¢ > 0 is
an absolute constant. Assuming that y is isotropic and taking into account Corollary [6.2] we immediately
obtain the assertion of Theorem [5.9

The proof of Theorem is based on two identities.

Claim 6.5. If u is a centered log-concave probability measure on R™ and 1 < k < n—1 is a positive integer,
then

—1/k
(65) I—k(ﬂ) = Cn,k (/G 7T'F(fp«)(o)dynlc(F‘)) )

where

B 1/k
Cn = <(”k)w"—k) ~ /1.

W,
Proof. Let 1 <k <n—1. Then, we have

/Lmkﬂwwfpxn>dunkcF>anm_kwEL<L»<o>dumn_k<E>jQ

).

/ fu (y) dy an,n—k(E)
E

n,n—k

(n — k)wn_p /S /0 ~ pnket fu(r€) dr dop(€) dvy n—k(E)

nn—k
n — k)wp_ R
:(mikm“ﬁwhér ) drdo(e)
(n — k)wn—k _. (n—k)wn_p
= Tt [ e ) e = T )
It follows that “1/k
(n — k)wn—k 1k
Ik(p) = o Tr (f1u)(0) dvp i (F) -
n Gn.k
. _ (( (n=Ek)wn_k 1/k ~
Finally, we check that ¢, = (T) ~ \/n. O

Claim 6.6. If C is a symmetric convex body in R™ and 1 < k < n —1 is a positive integer, then

(6.6) wk(C)z\/E</G vo1k(PF(C))1dyn,k(F)> .

Proof. Using the Blaschke-Santalé and the Bourgain-Milman inequality, we write

o 1 1k 1 E
w_, (C) = (/Sn1 h’g(f)do(é)> = </Gﬂk /SF %d(’(f)an,k(F)>
1/k

1/k
- vol(Pr(O)° ,, . _voly(BY)
- </Gk volg(B%) ! nyk(F)) - </Gn,k volk(PF(C'))d mk(F)) 7

and the result follows. O
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Now, consider a centered log-concave probability measure p on R™ and an integer 1 < k < n — 1. Recall
that from Theorem 4] we also have
1 ~
Vol (Pp(Zy (1)) /*

7TF(qu)(())l/’{”‘~

for every subspace F' € Gy, . Combining Claim [6.5] and Claim [6.6] we get

(6.7) BT L) ~ wk(Zi().
Proof of Theorem@ Let 1 < k < n—1. We know that wg(Z(u)) = /k/n Ix(1) and (6.7)) shows that we
also have w_g(Zk(un)) = /k/nl_j
We set kg = Lq*J where ¢, = q*( ). Then,
(638) Ko (Zho (1)) = ba(Zg. (1) > €180 > crko.
From Theorem [5.13] we have
(6.9) W_k(Zy, (1) = Wi (Zky (1))

for every 1 < k < c2ki(Zk, (1)), and shows that holds for every k < c3q.(p). Setting k; =
lesqs(p)] = ko, and using the fact that Zy, (1) = Zi, (1), we get

(610) Wk, (Zk1 (:u)) ~ Wy (Zk1 (M))

b2

It is now clear that I_j, (1) &~ Ij, (1) and since k1 &~ g.(u) we see that g — I,(p) is “constant” in the range
1 < Jg| < cqe(p). O

Suppose that p is isotropic. Then, ¢.(u) > c14/n, and since Io(p) < Ip(p) < col_p(p) for all 1 < p <
cq« (1), we obtain the following.

Corollary 6.7. Let u be an isotropic log-concave probability measure on R™. Then, q_.(, (o) = ¢v/n, where
¢, (o > 0 are absolute constants.

Another consequence of Theorem is the next small ball probability estimate:

Theorem 6.8. Let p be an isotropic log-concave probability measure on R™. Then, for every 0 < € < g9 we
have

(6.11) p({z € R : |z] < ey/n}) < eV
where g9, c > 0 are absolute constants.

Proof. We know that Io(p) < c11_p,(p) for all 1 < p < ca/n. It follows that

p({z e Rz <elp(p)}) < p(f{z: o] < crelp(p)})
< (ere)P < Ep/2’
for every 0 < e < cf2 and p < ca4/n. This gives the result with ¢ = cfz and ¢ = ¢g/2. O

The next theorem shows that if the hyperplane conjecture is correct then there are absolute constants
7,(o > 0 such that, for every isotropic convex body K in R"™, one has q_.(ux, (o) = 7n.

Theorem 6.9 (Dafnis-Paouris). There exists an absolute constant ¢ > 0 such that, for every n and every
isotropic convex body K in R™,

¢e(pirc, cLn) > n— 1.
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Proof. Using Theorem for every 1 < s <n — 1 we write

—1/s
I_J(K)=~+/n (/G vol,_,(K N FL) dun,S(F)>

s —1/s
~/n / LKsﬂ(”F(NK)) AV (F) > \/ﬁLK-
Gn,s LK ’ Ls

C1 \/ﬁLK Cg\/’ﬁLK
I_(K) > Z
(K) I I
because it is known that Ly < ¢3L,, for all integers 1 < s <n — 1 (see [28]). Since I(K) = /nLg, we get

This shows that

q-o(K,c;'Ly) :=max{p > 1: I(K) < ¢ 'L _p(K)} > n— 1.

This is the claim of the theorem. O

§ 6.3. A reduction of the isotropic constant problem. In the previous subsection we introduced the
parameter

g—c(K,¢) :=max{p > 1: [L(K) < (I_,(K)}.
We shall show that the hyperplane conjecture is equivalent to the following statement:

There exist absolute constants ¢,(y > 0 such that q_.(K,(y) > cn for every isotropic convex
body K in R™.

We already know that there exists a parameter ¢, := ¢.(K), related to the L,-centroid bodies of K, with
the following properties:

(i) @(K) = ev/n,
(i) g—c(K,¢o) = g«(K) for some absolute constant (o > 1, and hence, I5(K) < (ol_q, (K).

What is not clear is the behavior of I_,(K) when p lies in the interval [gs, n].

The main idea of Dafnis and Paouris in [38] is to start with an “extremal” isotropic convex body K in
R™ with maximal isotropic constant Ly = L, which is at the same time in a-regular M-position. Their
starting point, which has a rather technical proof, is the following precise statement.

Theorem 6.10 (Dafnis-Paouris). There exist absolute constants k,7 > 1 and § > 0 such that, for every
a € [1,2), we can find an isotropic convex body K, in R™ with the following properties:

(i) Lk, = 6Ly,
(ii) for everyt > 1(2 — a)~3/2

kN
(6.12) In N(K,,tvnBY) < m.
Sketch of the proof. We shall give a very rough sketch of the proof of Theorem [6.10] for the case o = 1. We
should note here that the idea of considering convex bodies with “maximal” isotropic constant and their
M-ellipsoids had been previously used by Bourgain, Klartag and V. Milman in [2§].

We may assume that n = 2m is even, and we start with an isotropic convex body Kj that has isotropic
constant Lk, > 69Lam, where 6y € (0,1). Then, for every k-codimensional subspace F of R?™ we have

Li
VOlQm,k‘(KﬁFJ')l/k s Kk+1[(/7rF(MK)) < 61(50),
K
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where ¢1(dg) is a constant depending only on dg. If & is a 1-regular M-ellipsoid for Ky then we see that for
every F' € Gy, we have
vol,, (Pr(Ko))"'™ < ¢1 voly, (Pr(&1))Y/™.

From Theorem we know that
(Vo (Ko N F)voly, (Ppo (Ko))) /™ & (vol (€1 N F)voly (Pps (£1))) ™ & 1.

Combining the above with the fact that, for any 1 < & < n — 1, the maximal/minimal volume k-dimensional
section and projection of an ellipsoid coincide, we conclude that

2(60) < voly (K N FH)Y™ < 1 ()

for every F' € Gy, m. Using this fact we can check that if A\ > --- > Ay, > 0 are the semi-axes of £ then
Am =5 v/n. Now, we use the standard fact that there exists Fy € Gap,m such that Pg, (1) = A\ Br,, and
hence

63(50)BF0 - PFU (51) - C4(50)BF0.

Then, we define W = K,,11(7r, (1r,))) and K; = W x U(W), where U € O(2m) satisfies U(Fp) = Fj.
The convex body K satisfies the assertion of the theorem for o = 1. O

Then, Dafnis and Paouris try taking advantage of the fact that small ball estimates are closely related
to estimates for covering numbers. The key lemma is the following.

Lemma 6.11. Let K be a centered convexr body of volume 1 in R™. Assume that, for some s > 0,
(6.13) rs :=In N(K,sBy) < n.

Then,
I, (K) < 3es.

Proof. Let zy € R™ be such that vol, (K N (—zo 4+ sBY)) > vol,,(K N (z 4+ sBY)) for every z € R™. It follows
that

(6.14) vol, (K + z9) NsBy) N(K, sBy) > vol,(K) = 1.
Let ¢ = rs. Then, using Markov’s inequality, the definition of I_,(K + zp) and (6.13), we get

1

VOln((K + ZO) n 371[_(1([{ + ZO)Bg) é 374 < e l=¢e" § W

and hence

vol, (K + 20) N 371 _ (K + 20) BY) < vol, (K + z9) N sBY),

which implies that
37U (K + 2) < s.

Finally, we can check that I (K + z) > e‘ll,k(K) forany 1 < k < n—1and z € R*. Indeed, using
Claim and the fact that K is centered (more precisely, Fradelizi’s inequality (4.1)) for the centered log-
concave function 7. (1g) where F' € G, 1) we write

“1/k
I_k(K+Z) = Cpk (/ VOln_k(K—‘rZ)ﬂFL)an,k(F))
Gn,k

~1/k
n 1
> Guk (/ vol_x(K N FL)dun,k(F)> = —I_(K).
e Gn,k e

This proves the lemma. O
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We can now prove the main theorem.

Theorem 6.12 (Dafnis-Paouris). Assume that q_.(K,() = Bn for some ( > 1, some 8 € (0,1) and every
isotropic convex body K in R™. Then,

(6.15) L In?(e/B),

C¢
n< —F=

VB
where C' > 0 is an absolute constant.

Proof. We set o := 2 — In(e/B)~! and, for this value of «, we apply Theorem to find an isotropic
convex body K, which satisfies its conclusion: for some absolute constants x,7 > 1 and é > 0 it holds that

Lk, > 6L, and
K

InN(Ka,tv/nBY) < ———
n ( \/ﬁ 2) (2—0[)2()‘ta

for all t > 71n%2(e/B).

We may clearly assume that 72 < ex as well. We choose

= (ex 1/°‘L n’(e/B).
t1 = (er) \/Bl (e/B)

Note that 7 < v/er < (ex)'/®, and hence t; > Tﬁ In%(e/B) > 71n*?(e/B). Therefore, (6.12) is valid for
t = t1, and this shows that

1
r1:=In N(K,,t1v/nBYy) < % < =(v/B)n < fn.
(2— )2ty e

Then, from Lemma [6.11| we get
I,TI (Ka) < 3€t1\/7€.

On the other hand, since ¢_.(K,,¢) = fn and r; < Bn, we have that

\/ﬁLKQ = IZ(KQ) < lerl (Ka)~

It follows that

Lk, < 3eCty = 3e<<en>1/“% In*(e/B) < 3‘%‘ In®(e/B).

Since Lk, > dL,, the result follows. O

Remark 6.13. Since q_.(K, () > ¢«(K) = ¢y/n for some absolute constants ¢y > 1 and ¢ > 0, we may
apply Theorem with ¢ = {p and 8 = ¢//n to get

(6.16) Ln < ?/%é/ﬁhﬁ(

where ¢; > 0 is an absolute constant. This is a non-trivial estimate for L,,, slightly weaker but close to the
estimate L, = O(¥/nlnn) of Bourgain [26] and the estimate L,, = O({/n) of Klartag [69].

VY < e )’

We close this section with a much more direct reduction of the problem but with a much stronger
assumption. We shall use the following corollary of Theorem [6.10

Proposition 6.14. For every n > 1 there exists an isotropic convex body K in R™ such that L > c1L,
and

vol, (K Ny/eanBY) > cp

where ¢; > 0 are absolute constants.
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Proof. We apply Theorem [6.10| with o = 1 to find an isotropic convex body K in R" such that Lx > ¢1L,
and

In N(K, tv/nB2) < %

for all ¢t > c3. Then, it is clear that
1 = vol,(K) < e"N(K, /canBY) vol,, (K N y/canBYy) < 2"vol, (K N \/canBy)
if co = ¢, and the result follows. O

From Proposition we deduce the following direct reduction of the isotropic constant conjecture to
small ball estimates.

Theorem 6.15. Assume that there exist ey, co > 0 such that for every isotropic convex body K in R™ and
any 0 < e < g9 we have that
vol,({z € K : |z| < ev/nLk}) <e®™.

Then, L, < C for alln > 1, where C = C(eg, co) depends only on ¢ and cy.

Proof. Proposition [6.14] shows that there exists an isotropic convex body K in R™ with L, < C1Lg and
vol,, (K Ny/CanBY) > ¢ for some absolute constants C7, Ca, co > 0.
On the other hand, applying the hypothesis we see that for any 0 < ¢ < g,

vol, (K Ney/nLyk BY) < &%,

1
Choosing €1 = min {eg, ¢;° }, and comparing the above inequalities, we get

C2C,
<=
€1

7 Eldan’s stochastic localization

Eldan’s stochastic localization has been the key for the recent developments in Bourgain’s slicing problem
and other well-known isoperimetric problems about high-dimensional log-concave probability measures and
convex bodies, such as the Kannan-Lovasz-Simonovits conjecture that we shall discuss in the next section.
In this section we briefly introduce the stochastic localization scheme that we shall use.

First we recall with some preliminaries from stochastic calculus. We refer to [111], [120] and [41] for
definitions and background on semimartingales and stochastic integration.

Let 24 and y; be real-valued stochastic processes. The quadratic variations [z]; and [z, y]; are real-valued
stochastic processes defined by

o0 o0
== - 2 and == - —
(2] IPI\IEOZZ:;@UT" or,_,)? and [z, |pﬂrﬂo;(x“ Tro ) Wr = Yrus)s

where P = {0 = 79 < 71 < 72--- 1T ¢} is a stochastic partition of the non-negative real numbers, |P| =
max, (T, — Th—1) is the mesh of P, and the limit is defined using convergence in probability. Note that [x];
is non-decreasing in t and [z, y]; satisfies the equation

e, = 3 (2 + e — [0 — 9l0).
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Assume that the processes x; and y; satisfy the differential equations dxy = a(xy)dt + o(xy)dW,; and dy; =
b(y:)dt + n(y:)dW; where (W;) is a standard Brownian motion. Then we have

= ! 2x S an X t = tO'fE S.
2]y = / *(z,)ds and [z,y] / (@e)(ys)d

Also, d[z,y]; = o(z¢)n(y:)dt.
Analogously, for vector valued differential equations drv; = a(z;)dt + X(z,)dW; and dy, = b(y,)dt +
H (y:)dW; we have that

[wi,xj}t=/0(E(xs)ET(st))ide and dfz’,y’)e = (S(ae) HT (yr)) szt

We shall use It6’s formula: If z is a semimartingale and f is a twice continuously differentiable function then

2
(7.1) df () =Y d];(;t) da’ + % ‘flx{fj”;) dz’, 27];.
i i,j

§ 7.1. Eldan’s stochastic localization. A variant of the stochastic localization scheme that we shall use
was introduced by Eldan in [42]. Then, his idea was used in a number of subsequent works [90], [35], [76].

Given a probability measure g = pg on R™ with density ¢ = g, the starting idea of localization is to
restrict the distribution to a random half-space and then repeat this process. The discrete version of this
procedure is to define

o+1(z) = o¢(z) (1 + Vh(z — az, w))

where a; is the barycenter of the measure p;, the parameter h > 0 is sufficiently small and w is a Gaussian
random vector. So, each step is a renormalization of the measure with a linear function in a random direction.
Using the approximation 1 4+ y ~ V=3V ag y — 0 we see that this process introduces a Gaussian factor in
the exponent, which is more and more concentrated as t — oco. Eventually, y; becomes a Dirac measure,
and then any set has measure 0 or 1. The idea is to stop at a large enough time ¢ so that the density would
include a strong Gaussian factor but at the same time we would still be able to compare the original measure
w with .

In stochastic localization, the discrete steps described above are replaced by infinitesimal steps. We are
given a probability measure p on R™, and a standard Brownian motion (W;) on R™. We consider an infinite
system of stochastic differential equations whose unknown is the family (g:) of functions from R™ to R,
with go(x) =1 and

doi(z) = o1(x) (x — ar, dWy),
where
Jon (@, 01 (2)) dp(2)
ay =
Jan 01(x) dp(z)
is the barycenter of g¢(x) du(z). Note that we have only one Brownian motion (W;) which is used for every

x. This simplified version of Eldan’s process was introduced by Lee and Vempala in [90].
We may assume that o;(z) > 0 for all ¢, almost surely. We have

d ( [ o) du(fﬂ)) — [ do@du) = ( [ @ - a)ae)duto). aw) =0

by the definition of a;, which shows that the total mass of g;du remains constant. So, p; := g dp is a random
probability measure for every ¢t > 0. We can also check that g:(x) is a martingale for all 2. In particular,

E(o(z)) = 0o(z) =1
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for all . This shows that the random measure p; is equal to p on average:

E(ue) = p.

Finally, we can solve the equation
dot(z) = or(x){x — ap, dW,)

explicitly: Applying Itd’s formula to In g;(x) we get

d(In g () = dggtt((;)) - ;d[gg((z;h

1
= (x — ay, dWy) — i\m — ag|? dt,

which gives

t t
e =exp ([ o= aamy = 5 o afas) —esp (a4 o6 - glaf).
0 0

where (¢;) and (&) are random processes that do not depend on z. This shows that the density o; of u;
with respect to u is just a Gaussian factor. The linear term and the normalizing constant are random but
the quadratic term is deterministic, equal to £|z|?.

This means that if the original measure p is log-concave then the measure p; is ¢t-uniformly log-concave
(i.e. the function gt(x)et‘””‘Q/ 2 is log-concave) almost surely, and the process becomes more and more peaked
as t grows. For every t > 0 we have expressed the log-concave measure p as a mixture of ¢t-uniformly log-
concave measures. Moreover, this mixture is constructed as a solution of a stochastic differential equation,
and using It6’s formula we can try to control its behavior over time.

§ 7.3. Construction of the process. A rigorous construction of this stochastic localization process is
provided in [77] (see also [80]). Consider a standard n-dimensional Brownian motion (&;) defined on some
probability space (2,4, P) equipped with a filtration (A;). For every x € R™ the process (E;) defined by

B = exp (.60 - £1aP?)

is a martingale. Then, for any test function g, the process

Ni= [ atares (te.60 - o) aute)

is also a martingale, and in particular we have that E(N;) = No = E,(g).
We define the random probability measure p; on R™ with

(7.2) i) = - exp ((.6) = §loP ) du(o)

where

z= [ exo ((0.6) - 1o duto

is a suitable normalization constant. Then,
Ny = Zt/ g(x) dps(x).

We fix T' > 0. Since (Z,)i<r is a positive martingale with expectation equal to 1, if @ is the probability
measure on (2,.4) with density Z7 with respect to P we have that the process (M;) defined by

M= [ gla)du(z)
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is a martingale with respect to . Using Girsanov’s change of measure formula we check that the Itd
derivative of M; is given by the formula

dM; = </ng(x)(x — at)dm(m),th>

where q; = fRn x dui(z) is the barycenter of ;.

One can also obtain a concrete description of the law of (&). It is proved in [80] that (&;) has the same
law as the process (tX + W;) where (W;) is a standard Brownian motion and X is a random vector which
is independent from (W;) and is distributed according to p.

§ 7.4. Time reversal. Let ¢ denote the density of p with respect to the Lebesgue measure. Then, we can
reformulate the definition (7.2) of u; as follows:

_ fRn g(w)o(z) exp (<fta$> - %Mz) dx
(7.3) /ngdﬂt = Jen () exp (<€t7$> _ %|x|2) dr

for any test function g. We introduce the heat semi-group

Pif(z) = E(f(x + W) = f*y

2 . . . . . .
—n/2e=121°/2t ig the density of the Gaussian measure with mean 0 and covariance matrix

/ gdpy = P/ (g0) (ft)
t— — |-
n Pl/t@ t
Now set s = 1/t. Since the process (&;) has the same law as the process (tX + W;) we have

& X+ W
t t

where v (x) = (27t)
tI,,. Then (7.3 takes the form

:X+SW1/S

in law. Since W, := sW; /s 18 again a standard Brownian motion we conclude that up to the time reversal
t = 1/s, the process ([ gdp)e>o has the same distribution as (Qsg(X + Ws))s>0, where @ is the operator
defined by

Py(g0)

ng = PSQ

Since the heat semigroup is self-adjoint in L?(dz) we may also check that
Qsg(X + W) = E(g(X) | X +Wq)-

Combining the above we see that the stochastic localization process (u+) initiated from g has the same law as
the measure-valued process obtained by looking at the conditional law of X given X + Wy and then reversing
time by setting ¢ = 1/s. In particular, for every test function g the variable fR" g du has the same law as
E(g(X) | X + +/sG) where G is a standard Gaussian random vector independent of X.

8 Kannan-Lovasz-Simonovits conjecture

Let p be a Borel probability measure on R™. For every Borel set A C R™ we define the Minkowski content
ut(A) as follows:

Ay) —p(A

put(A) = liminf 7M( ) ; w(4)

t—0t ’
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where A; = {z € R™ : dist(z, A) < t} is the t-extension of A. The isoperimetric ratio of A is defined by
Xu(A) == pT(A)/min{u(A),1 — p(A)}. Then, the (reciprocal) Cheeger constant 1, of p is the quantity

i A),1—pu(A
1, = sup = sup min{y( 3_’ A )},
a xu(A) A pt(A)
where the supremum is over all open sets A C R"™ with smooth boundary and 0 < u(A) < 1. It follows from

results of Rothaus, Cheeger, Maz’ya (see [19]) that if o, is the smallest constant with the property that for
every integrable, locally Lipschitz function f : R™ — R one has

| 1@ = BuDlduto) <oy, | (95 duta).
then o, /2 < ¥, < 20y,.
§ 8.1. Isoperimetric profile. The isoperimetric profile I, : [0,1] — [0, 400] of  is the function
I,(t) = inf{u"(A) : A Borel, u(A) = t}.

Note that ;

Y= sup — :
" 0<t<1/2 mln{[u(t),fﬂ(l - t)}
The next important result of E. Milman, whose proof employs deep tools from geometric measure theory, is
very useful.

Theorem 8.1 (E. Milman). Let u be a log-concave probability measure on R™. Then, the isoperimetric
profile I, of p is concave on (0,1), and for every t € (0,1) we have I,(t) = I,(1 —t). As a consequence,

t 1
R P BT VS

The concavity of the isoperimetric profile on a convex domain was first obtained by Sternberg and
Zumbrun in [I26]. They showed that if n > 2 and K is a convex body in R™, then I, is concave on [0, 1],
where A is the uniform probability measure on K. Kuwert later noted in [84] that I;f}/{ (=1 s also concave
on [0,1]. This is precisely the correct power to use. Kuwert’s result was extended to convex domains in
Riemannian manifolds with non-negative Ricci curvature by Bayle and Rosales [14]. E. Milman showed in
[101] that the concavity of I,, remains valid for log-concave measures on R".

Theorem [8.1] asserts that we can calculate the Cheeger constant of a log-concave probability measure
by looking only at Borel sets A with u(A) = 1/2. In fact, E. Milman proved in [I01] that one can determines
the order of the Poincaré constant of a log-concave probability measure g on R™ just by testing 1-Lipschitz
functions of the form z — d(zx, A).

Theorem 8.2 (E. Milman). Let 1 be a log-concave probability measure on R™. Then,

(5.1) v = sup{ [ dlo A)duta) () > 3.

§ 8.2. Kannan-Lovasz-Simonovits conjecture. Kannan, Lovdsz and Simonovits conjectured in [67]
that the isoperimetric ratio of any Borel set A with respect to the uniform measure Ax on a convex body
K in R" should be, up to an absolute constant, at least as large as the minimal isoperimetric ratio over all
half-spaces. Recall that when K is an isotropic convex body in R™ then 1/L is approximately equal to the
(n — 1)-dimensional volume of the section of K with any hyperplane passing through the origin: we know
that vol,,_1(K N &) ~ 1/Lk for every € € S"~1. On the other hand, vol,_1(K N ¢&1) is the Minkowski
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content of the intersection of K with the half-space ng = {z:(2,§) >0} or Hy :={z € K:(z,§) <0}.
Therefore, the KLS conjecture amounts to asking whether ¢, < cLg. Taking into account the isotropic
constant conjecture and the different normalization that we have chosen in the definition of isotropic log-
concave measures, we can restate the KLS conjecture in the more general setting of isotropic log-concave
probability measures as follows:

Conjecture 8.3 (KLS conjecture). If p is an isotropic log-concave probability measure on R™ then the
reciprocal Cheeger constant of j satisfies 1, < C for some absolute constant C > 0. In other words,

ty = sup{ep,, : p is isotropic log-concave measure on R"} < C.

Kannan, Lovdsz and Simonovits [67] gave an upper bound for ¢, in terms of the quantity

_ 1

L(K):= oL (K) /K\J:—bar(Kﬂdx,

where bar(K) is the barycenter of K.
Theorem 8.4 (Kannan-Lovasz-Simonovits). For every convez body K in R™ one has
(8.2) e < cly(K).

The proof of Theorem exploited the localization lemma of Lovdsz and Simonovits from [04], a
very useful tool that allows one to reduce inequalities for log-concave functions in R™ to one-dimensional
inequalities. Note that, if K is an isotropic convex body in R™ then

1/2
L(K) < (/ |m|2dx> = v/nLgk,
K
and hence (8.2) implies that

(8.3) Uae < ev/nlg,

where ¢ > 0 is an absolute constant.

The KLS-conjecture is stronger than the isotropic constant conjecture. Ball and Nguyen [10] showed
that L, < exp(ci?) for an absolute constant ¢ > 0. In fact, from their work one can conclude that for
each individual isotropic log-concave probability measure u, a bound for the KLS-constant implies a bound
for the isotropic constant: one has that L, < exp(cwz). An important result of Eldan and Klartag [43]
establishes a linear dependence of L,, on .

Theorem 8.5 (Eldan-Klartag). There exists an absolute constant C > 0 such that, for everyn > 1,
L, < C¢n.

Theorem shows that any upper bound for v, implies an equivalent, up to an absolute constant,
upper bound for L,. In fact, as we will see in this section, Klartag has established in [74] the upper bound

P, < cvlinn.

§ 8.3. Poincaré constant and KLS constant. The Cheeger constant is closely related to another
isoperimetric constant associated to u, the Poincaré constant, defined to be the best, i.e. the smallest,
constant 1, with the property that

2
Vandf) = [ Pan- ([ gan) <o [ vera
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for all locally Lipschitz functions f: R" — R with [ |V f|*du < co. We shall use the fact that the Poincaré
constant is subadditive: if u, v are probability measures then 19,2“1, < 19i + 192, where p * v is the convolution
measure of y and v; this follows by a classical variance decomposition and the convexity of ¢ + t? (see

e.g. [22]).
A theorem of Maz'ya [99], [I00] and Cheeger [37] shows that the Poincaré constant ¥, of p is bounded
by the reciprocal Cheeger constant 1,,.

Theorem 8.6 (Maz’ya, Cheeger). Let p be a Borel probability measure with reciprocal Cheeger constant 1), .
Then its Poincaré constant ¥,, satisfies

(8.4) 9, < 2,0

On the other hand, the assumption that u is log-concave implies a reverse inequality with a constant
that does not depend on the dimension. The next theorem is due to Buser [31] (see also Ledoux [86]).

Theorem 8.7 (Buser, Ledoux). Let p be a log-concave probability measure on R™. Then, ¢, < cd,, where
¢ > 0 is an absolute constant.

§ 8.4. Improved log-concave Lichnerowicz inequality. One of the crucial ingredients in Klartag’s
estimate for 1, is an improved log-concave Lichnerowicz inequality which we now describe.

In what follows we assume that p is a log-concave probability measure with a density ¢ = e~ %, where
© is a convex function on R"™. There are some issues that we shall ignore in our discussion. What we will
do requires that pu is regular. We assume that the density o of p is smooth and positive on R", and there
exists § > 0 such that 61, < VZp < §7 11, where V2 denotes the Hessian of . Also, we assume that ¢
and all its partial derivatives grow at most polynomially at infinity. One can obtain a reduction to this case,
because of the following lemma: For every u and & > 0 we may find a regular v that satisfies 92 > ﬂi —€
and [|Cov(v) — Cov(p)|lop < €. A proof of this fact is given in [74, Lemma 2.1].

We consider the class F,, of all functions v on R" which are smooth and have subexponential decay
relative to g, i.e. there exist C,a > 0 such that

jua)] < —2

o(z)

e—alal

)

where o is the density of u. We also require that the same is true for the partial derivatives of u. The
Laplace-Beltrami operator is defined for u € F, by

Lyu=Au— (Vp,Vu).
The Laplace-Beltrami operator satisfies the basic identity

(8.5) / (L) vdu = / (Y, Vo) dn

for all u,v € F,,. We will also use Bochner’s formula
(3.6) | @ dn= [ 9 ulfsdu+ [ (V)00 Vu e
n R’!‘L R’!‘L
which holds true for every u € F,,. Note that —L, is essentially self-adjoint and positive semi-definite in
Fu C L? (1), and has a discrete spectrum A\g < A; < -+ < Aj < ---. The minimal eigenvalue Ao of L, is 0, a

simple eigenvalue with constant eigenfunctions. Let A, = A; denote the smallest positive eigenvalue of L.
If —L,,9 = \ug with [ gdp =0, then

M/R gzdu:/ (—Lug)gdu:/]R IVg|? dp.

This shows that 1/\, < 193. In fact, we have equality by the next lemma.
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Lemma 8.8. For every log-concave probability measure pn on R™ we have that
1\, =95

Proof. Define the energy functional
£(f,9) =/ (Vf,Vg)du

for f,g € F,. Note that £(-,-) is linear in each of its arguments and E(f, f) > 0 for all f € F,. We can
write any f € F, as

f = <f7 w0>w0 + Z(fv wj>wj7
j=1

where —L,w; = Ajw; and ||w;|r2(,) =1 for all j > 0. Note that wg = 1, and hence (f,wo) = [ fdu. For
every s > 1 we have that

0<E|f =D (fowpwy, f =D (frwiwn
j=1 k=1

S

= £ 1) = 22 (Fwi)wg, )+ Y (frw)(fwn)E(wj, wy).

7,k=1

On observing that
€(wj,wk) = /\J/ ijk d,u = )\]'(5]'7]C

n

and

n

Sy )= [ (Vu,Vfpdn= [

for all 1 < 7,k < s, we conclude that

(=Lywj) fdp =N /R w; f dp = Nj(f, wy)

S

0 <ECff) =D Nlfrwy)?

j=1

and this shows that

2
A1 Var, (f) = M\ ( frdu — (/ fdu) ) <
Rn ]R’n,

It follows that 19% < 1/A1, and this completes the proof. O

A N (fywy)? <E(S, f) =/Rn |V £I2dp.

j=1

Definition 8.9. We say that a Borel probability measure p on R™ with density ¢ = e~ is t-uniformly

2
etlzl?/2 — % is convex, that is VZp(x) > tI,, for

log-concave if the function o(z) is log-concave. Then, p(z)

all x € R".

A theorem of Bakry and Ledoux [4] asserts that if u is t-uniformly log-concave then

(8.7) 92

H_Au\

~ | =

This inequality is known as the log-concave Lichnerowicz inequality, because it is analogous to some inves-
tigations of Lichnerowicz [92] in Riemannian geometry (see [5] and [87]). The following stronger “improved
log-concave Lichnerowicz inequality” was proved by Klartag in [74].
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Theorem 8.10 (Klartag). Let t > 0 and let p be a t-uniformly log-concave probability measure on R™.
Then,

1 [Cov(r)llo
. 92 = — gy S lep
(8.8) ey g

T : ICov (1) llo 1
Note that (8.8)) is stronger than (8.7), since ||Cov(u)|lop < 1/, and hence TRller i So,

1 1 Co . . X .
from (8.8) we get oW < v which in turn gives (8.7). On the other hand, the Kannan-Lévasz-Simonovits

conjecture asks for the estimate
1
< ellCov(m)lop
mn

for an absolute constant ¢ > 0. Therefore, in the context of t-uniformly log-concave measures, stands
between the Bakry-Ledoux theorem and the Kannan-Lévasz-Simonovits conjecture.

Equality in Theorem is attained when p is a Gaussian measure, with any covariance matrix. In
this case we have that 92 and |[Cov(u)|lop coincide, and they also coincide with the inverse lower bound

on the Hessian of the potential. If %(Ls) is the distribution of a Gaussian random vector of mean zero
and covariance matrix sI,, in R™ then fy,(f) satisfies the assumptions of Theorem for t = 1/s while
P = [ Cov(r) oy = 5.

The proof of Theorem is based on the next lemma.

Lemma 8.11. Let p be a regular log-concave probability measure on R™ with density o = e~%, where ¢ is a
convex function. If wy is an eigenfunction corresponding to Ay = A, with ||w1||z2(,) = 1, then

[ (2001, Fun) du < XCov(10) o
Proof. Applying Bochner’s formula for wy we get

%= [ uanda= [ (Fo)Vur Vet [V d
n n R

Note that
[ IVl =" [ Vot d
n ] n ] 2
2 (3 [ P =S| [ o
i=1 /R i=1 I/R"
2
R™ R™
2
;X;’/ w? dp — A Vw; dp
n Rn
2
=\ -\ Vw; du
]R'n.
Therefore,

2
A > / (V20)Vwy, Vwy ) dp + A3 — Ay Vwi du

Rn

)
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which implies that

2

Vwi dp

(8.9) / (V20)Vawr, Vo) dpt < A
n RTL

Now, let £ € S"~! and consider the function g¢(z) = (z,&). Set E¢ = [ g dp. We may write

(f wean)f

:)\f

2 2
= ‘/ (7L,U.w1)g£ du
R’VL

[ (v Voe) du
RTI,

2
/ w1ge dp / wy(ge — E¢) dp
]Rn Rn

=\2
<A2 Tdu- — E¢)?du = M\(C
S AL [ wpadp e (9¢ ¢)” dp = A (Cov(p), &).

2

It follows that

2

2
(8.10) / Vwidp| = sup </ Vuw; du,§> <A sup (Cov(p)g, €)
n §€Sn—1 R™ §€Sn—1
= Atl|Cov (1) op-
Combining and (8.10)) we obtain the assertion of the lemma. O

Note. For every £ € S"~! we have Vge = &, and hence

1 1
(Cov()€, €) = Var,(ge) < — / Vg2 dp = .
/\1 R™ )\1

This shows that

1

(8.11) 1Cov(1)llop < 5~
1

Proof of Theorem [8.10] By Lemma [8.11] using also the assumption that V2p > tI,,, we have that

D=1 / Vun? du < / (V20) Vs, V) dpt < A2 Cov(12)lop:
Rn n

which implies that

1 o)y

(8.12) : ;

2
m

This is the claim of the theorem. O

§ 8.5. Stochastic localization. Let p be an isotropic log-concave probability measure on R™ with a
regular log-concave density o = e~ %. Set 0o = o, o = p, ap = bar(u), Ao = Cov(p) = I, and A\g = A,. Our

goal is to show that
c

> =c
°7 Aollop

for some absolute constant ¢ > 0. For ¢ > 0 and £ € R" consider the measure u; ¢ with density

1 2
Qt,g(l’) — de(%é) t)z| /2Q0(£E)7
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where Z; ¢ is a suitable normalizing constant. Note that p ¢ is t-uniformly log-concave and if we set A\, ¢ =

Muer Are = Cov(pe) ete., then
t
MeZ | — >t
"7 TAellop

by Theorem As in Section [7} we choose &; in a random way, by the stochastic differential equation

50 = 0, dgt = th + atftdt,

where (W;):>0 is a standard Brownian motion in R™ with Wy = 0. One can check that (&;);>0 coincides in
law with the process (tX + W)i>0, where X ~ p is independent from W;. We set

[t = i, 0t = Ot,e,, ar = bar(ug), Ay = Cov(ue), At = Ay, -
From Itd’s formula we see that
doi(z) = o¢(x){x — ay, dWy), r e R™.

The process (0:(z))i>0 is a martingale with respect to the filtration induced by the Brownian motion, and
in particular

(8.13) E(0:(x)) = oo(x) = o(x)

for all ¢ > 0 and x € R™. Recall that Ay = I,, because p is isotropic, therefore ||Agllop = 1. One of the
crucial properties of the covariance process (A4;);>o is the following fact.

Theorem 8.12. For every 0 < t < ¢/(¥2Inn) we have
(8.14) E [|A¢llop < C,
where C' > 0 is an absolute constant.

A sketch of the proof of Theorem will be presented in the Appendix (Section [[1). We also need the
next lemma.

Lemma 8.13. Let f € L?(u). For every t > 0 we have that

E (Varg (1)) < Varg (1) < (24 - ) E (Var,, ().

0
Proof. For f € L%(u) we set
Mye(f) = . f(@)ore(x) da.

This is a smooth function of £, and differentiation under the integral sign shows that

815 V(D)= [ - woi@es@)ds = [ (0= a.0(7(a) - Mie(Herelo) do.

n

From and Fubini’s theorem we see that
(8.16) Vara (1) = [ 7= Moo= ([ (- 2102,
-F </ (f — Mt)29t> +E(M,; — My)?.
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Note that
B ([ 7= M%) = (Vary, (1) < Vry (1),

Next, we observe that
E(M; — Mo)? = Var(My) = Var(My¢, (f)),

where & ~ tX 4+ Wy, where X has distribution p and W; is a Gaussian random vector in R”, independent
from X, with mean zero and covariance matrix tI,,. From the subbaditivity property of the Poincaré constant
we get

t2
0
From (8.15) and the Cauchy-Schwartz inequality we see that
VeMie(f) = sw [ (o= aneu(f@) - Mue()orelz) da

ueS™—1t
<y MAselop y/Vary, o (£)

for any £ € R™. Using the Poincaré inequality for the random vector & and (8.17)), we get

(8.18) Var(Mie, (f)) < (1 ; j) B[V, My, ()P

< <1 . ;) (|| Ayl op Vary, ()
0

- (1 N ;) E (Vary, (f)),

where we have also used the fact that ||A¢|lop < 1/t. Combining (8.16) and (8.18)) we see that

Vary, (f) < E (Varg, (f)) + (1 + fo) E (Var, (f)) = (2 + fo) E (Var,, (),

as claimed. O
A consequence of Lemma [8.13|is the next proposition.

Proposition 8.14. For any a > 0 and 0 <t < aly,

1 E(/I[A¢tllo
(8.19) — <e(a+2E(1/\) < Cl(a+2)Lth),
0 NG
where ¢1 > 0 is an absolute constant.
Proof. Recall E. Milman’s Theorem [8.2] which states that

(8.20) eAy ' < sup Var,(f),
©

where the supremum is over all 1-Lipschitz functions f : R — R and ¢ > 0 is an absolute constant.
Therefore, we may choose a 1-Lipschitz function f : R™ — R such that

(8.21) Var,(f) = ey /2.
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Lemma [8.13] and the Poincaré inequality imply that

(5.22) Van(f) = Var, (1) < (2 + ) (Var,, () < @+ 0)E (5 [ 1V£P0:)
< (24 Q)EO ).

Now, the left-hand side inequality in (8.19) is a consequence of (8.21)) and (8.22]), while the right-hand side
inequality follows from (8.8]). O

§ 8.6. Upper bound for the KLS-constant. We are now ready to prove the main theorem.
Theorem 8.15. For any n > 2 we have that

Y < CVinn,
where C' > 0 is an absolute constant.

Proof. We may choose an isotropic log-concave probability measure p on R™ so that

(8.23) L

From (8.14) we know that, for t = ¢, 2/ Inn,

(8.24) E (\/ ||At||op) < /ElAdllon < €1,

where C > 0 is an absolute constant. By the definition of ¢ and the fact that 1, ~ 1, ~ 9, and Ay = 19;2
we get

(825) t < 011/);2 < 02’1/1;2 < Cg)\().

Then, we can apply Proposition with o = ¢3. Combining (8.19) with (8.24]) and the choice of ¢ gives

- E(v/ [ Atllop) _ Cs
8.26 A< 0y =YL o 0 < CybpVIn .
( ) 0 2 i i WUnVinn

Then, from (8.23), (8.26]) and the equivalence Ay - ﬁi ~ wi we get
Py <4t < CsAy ' < CopnVinn,

which shows that v, < CvInn for an absolute constant C' > 0. O

9 The slicing theorem

Our aim in this section is to describe the affirmative answer to the slicing problem. More precisely, we shall
show that the equivalent isotropic constant conjecture is true.

Theorem 9.1. There exists an absolute constant C' > 0 such that L, < C for all n > 1.

We shall present the proof of P. Bizeul [I5] which makes use of the reduction to small ball estimates
that we presented in Section [f] In what follows, we say that a random vector X in R" is b-subgaussian if
for every p > 1 and any & € 7!

1
(E[{X —E(X),6)")"" < byp.
The small ball estimate of Theorem can be also stated for a not necessarily isotropic log-concave random
vector. Then, it takes the following form (see Paouris [113]).

50



Theorem 9.2 (Paouris). Let X be a b-subgaussian log-concave random vector in R™ with covariance matriz
A. For any 0 <e < ¢y and any y € R™,

cotr(A)

P (X —y*> < etr(A)) < ePAloplaTlop
where cog > 0 is an absolute constant.

One can check that the theorem is tight, up to absolute constants, by considering the case where X is
a standard Gaussian random vector. However, for general isotropic log-concave random vectors, it provides
a suboptimal exponent of order y/n. Lee and Vempala [90] obtained an improved estimate using stochastic
localization.

Theorem 9.3 (Lee-Vempala). Let X be an isotropic log-concave random vector in R™. For anyy € R™ and
any 0 < € < ¢,

cgn

P(IX -y <en) < T h
where cg > 0 is an absolute constant.

In the previous section we discussed the best known bound for the KLS constant, due to Klartag [74]:
we saw that
z/JTQL <Clnn

for some absolute constant C' > 0. Inserting this estimate into Theorem we get an exponent which is of
the order of n up to a factor (Inn)?. However, even if we knew that the KLS conjecture has an affirmative
answer, the estimate of Lee and Vempala would still include a suboptimal factor Inn.

§ 9.1. The slicing theorem. Following Bizeul [T5] we shall see how one can remove the extra logarithmic
factor that appears in Theorem and establish an optimal small ball estimate.

Theorem 9.4. Let X be an isotropic log-concave random vector in R™. For any 0 < e < ¢g and any y € R™,
P(IX —y|* <en) <&
where cg > 0 is an absolute constant.

Then, we will show that Theorem [9.4]implies the isotropic constant conjecture. In Section [ we described
in detail the work of Dafnis and Paouris and the reduction of the isotropic constant conjecture to the optimal
small ball estimate. Theorem is actually equivalent to Theorem [9.1] For the inverse direction note that
if L,, is bounded above by some constant C; > 0 then we have seen that the same holds true for in. This
means that for any isotropic log-concave random vector X with density f and any € > 0 and y € R", we
have that

P(|X —y|*<en) = / f(z) dz < CPvol, (vVeEnBy) < (Cae)™?,
B(y,ven)

which implies Theorem [9.4]

We start with some preliminary facts that will be used in the proof. The first one is a variant of
Theorem [3.21

Lemma 9.5. Let X be a b-subgaussian log-concave random vector with covariance matriz A. Then, for any
y € R™ and any 0 < € < ¢g we have that

cotr(Aa)3
4| Allop ) SATIATE,

P(|X —yP2 < etr(A)) < ( te(A)

where ¢y > 0 is the constant from Theorem [0.2]
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Proof. Let Ay > ... > A\, be the eigenvalues of the matrix A. For any 2 < k < n we have that

k—1
(9.1) n\p > ZA =tr(A) = > A > tr(A) — ks

i=1
We choose A
t
k:max{{ ;E\l)J,l}.
If k > 2 then (9.1) implies that
NS tr(A)
k = m )
which remains true when £ = 1. Let E be the k-dimensional subspace associated to the eigenvalues Ay, ..., g,

and let Xg = PgX be the projection of X onto E, and Ap = P APg the covariance matrix of Xg. Then,
X is b-subgaussian and its covariance matrix satisfies :

2n k tr(A)

A A A op < A Ztr(A
|| E”OP || ||0P’ || E H 1% tr(A)7 ( E) tI'( ) 4n||AHop

Let y € R™ and define yp = Pgy. If 0 < & < ¢ then
(|X y]? < Etr(A)) <P (|XE —yp|* < Etr(A))

cotr(Ag)
(€ tr(A) \ v21agloplAg llop
tI‘(AE)

cotr(A)3
< Anel|Allop | 22 TATE,
tr(A)

where the second inequality follows by applying Theorem to Xg. O

We shall also use some classical facts about log-concave vectors. The next lemma is a special case of

[E3).

Lemma 9.6. There exists an absolute constant kg > 1 such that for any log-concave real random variable
Y and any p > 2

1/2
(E[Y[P)/? < mopE (V).

Recall also that a random vector, or its density, is called t-uniformly log-concave for some ¢t > 0 if it is
log-concave with respect to a Gaussian of variance % The next lemma follows from a log-concave/convex
correlation inequality of Hargé [65].

Lemma 9.7. Let X be a t-uniformly log-concave random vector. Then it is %-subgaussian,

Proof. Without loss of generality we may assume that t = 1 so that X is log-concave with respect to the
standard Gaussian measure denoted by ~,. We may also assume that E(X) = 0. Hargé’s result states that
if f is log-concave and g is convex then

(9.2) Cov,, (f,9) <0
Let f be the relative density of X with respect to ~,. Applying (9.2)) with g(x) = [{z,£)|P for all p > 1 and
all £ € S~ ! we obtain the result. O

§ 9.2. Reduction to small diameter. A first observation, which has been also used in previous approaches
to the problem, is that in order to prove Theorem [9.4] we may assume that X is supported in a ball of radius
of the order of \/n and that y = 0. In this subsection we explain this reduction.
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Lemma 9.8. Let X be an isotropic log-concave random vector in R™. There exists an isotropic log-concave
random vector Y which has support inside the ball B(0, /cin), where ¢; > 0 is an absolute constant, and
satisfies

P (X -yl <evn)’ <P (Y] < 2ev/n)
for every 0 < e <1 and any y € R™.

X-X
V2
X, is an isotropic symmetric log-concave random vector with the property that, for any r» > 0,

Proof. We consider the symmetrized version X; = of X, where X is an independent copy of X. Then,

_ 1/2
(9.3) POX—yl<r) = [P(IX -yl <r X -yl <r)]
) 5 1/2
<[ (e} <5
1/2
= [P (X <var)]
We set K = B(0,8k%y/n) = {z € R" : |z| < 8x%\/n}, where ko > 1 is the constant from Lemma and

define the random vector
Xo=X; 1Ix k.

If f1 is the density of X7, then X5 has density

(9.4) fo= <2filk,

where the inequality above holds because [ wf12 % To see this, we first use the fact that X; is isotropic
and Markov’s inequality to write

1 1
9.5 P(X; € K% =P(|X1|? > 64kin) < ——E|X?| = —
(9.5) (X1 € K°) = P(X[* > 64x5m) < rr

and this implies that
1

/ f1:1—]P’(X1€KC)>1—f=f.
K 2

We know that X» is symmetric, and hence, from (9.4) we get
Cov(X3) < 2I,.

In fact, we claim that
1
(9.6) §In < Cov(Xs) < 21,,.
To see the left-hand side inequality, for any £ € S"~! we write
| e h) o> [ 060 i
~1- [ e d
1/2
>1-P(X; € K92 (/ (z,6)* f1 () dx)
R’n
1 ) ) 1
21— = (2r0)” | (2,8)"f1(x) dz =7,

Q2
8K
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where we have used the Cauchy-Schwarz inequality, Lemma and (9.5)). Finally, we set
= COV(XQ)_l/QXQ.

Note that X3 is an isotropic log-concave random vector by construction. Furthermore, using , we see
that it has support inside the ball B(0, 8\@%\/5). For any 0 < € < 1, setting r = e1/n we get

(9.7) P(X € B(y, 1))’ <P (X1 e B(0, x/ir)

<P (X2 e B(0 fr)
P (X3 € Cov(X2)"Y2B(0, \/Er))
P (X3 € B(0,2r))

N

where we used successively (9.3), the fact that B(0,v/2r) C K = B(0,8x2y/n) and in the last line the
inequality . O

It is now clear from that in order to prove Theorem we may assume X has support inside a
ball of diameter ,/cim, where ¢; > 0 is an absolute constant.

§ 9.3. Bounds for the shrinkage of sets. The main idea for the proof of Theorem is again to
use stochastic localization as in the previous section. We recall some basic facts from Section [7} If 4 is a
log-concave probability measure with density o with respect to the Lebesgue measure, for ¢t € R and £ € R™
we define a density

1 t
(9.8) ore(r) = —e PO~ (), 2 e R™

where Z; ¢ is a normalizing factor. Note that o; ¢ is t-uniformly log-concave. We also define

ate :/ rop¢(z) dv

and

Ape = / (x — ate)®?0r¢(z) da,

the barycenter and covariance matrix of g; ¢ respectively. The tilt process (&;)¢>0 is defined as the solution
of the stochastic differential equation:

(99) dft = G¢.¢, dt + th

where (IW;)¢>0 is a standard Brownian motion. The process g ¢, is the stochastic localization process starting
at 0. We abbreviate ¢; = g ¢, and similarly for the barycenter and covariance, a; and A;. We also define
1+ to be the random measure with density g;. For any x € R", g; is an Itd process satisfying the stochastic
differential equation

(9.10) doi(z) = (x — ar, dWy) o).

Integrating (9.10) we see that for any integrable function ¢, the process ( fRn edpig)i>o is a martingale. In
particular, for any ¢t > 0

(9.11) Eu(p) = E(EL, (¢))-

Therefore, for any ¢ > 0 we have decomposed the original log-concave probability measure p into a mixture
of measures p; which are t-uniformly log-concave.
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By the log-concave Lichnerowicz inequality (8.7)) we have that
(9.12) Ay < <1y

almost surely, in the sense of symmetric matrices. Using Klartag’s improved log-concave Lichnerowicz
inequality of Theorem |8.10] Guan [62] obtained a lower-bound on the trace of A; up to a time of order 1:

Theorem 9.9. Assume that the starting measure u is an isotropic log-concave probability measure. Then,
E(tr(A(;l)) > 0n,
where 61 > 0 is an absolute constant.

A sketch of the proof of Theorem will be presented in the Appendix (Section .

Our goal in this subsection is to obtain estimates for the evolution of the measure of sets along the
stochastic localization process under the additional assumption that p has bounded support of diameter D.

Proposition 9.10. Let i be an isotropic log-concave probability measure with bounded support of dimameter
D. For any measurable set S and any A > 1 we have that

D2t

u(S) < e pug(S)X

L where (j1¢)10 is the stochastic localization process starting at ju.

with probability at least 1 — 5,

Proof. Let S C R™ be a set of positive measure and let g; = p¢(S). Using (9.10)), we can check that

dg; = </S(x — at)dut(a:),th>.

Then,
2

[ o= edi(@)

Note that u; is supported in the same set as u, which has diameter D, and hence

2 2
< sup )|x — ay|? (/ dut(x)) < D*py(S)? = D?g?.
s

zEsupp(pe

[ = edin(x)

It follows that

(9.13) dlg]: < D*g2dt.
d 1d D?t
Using It6’s formula (7.1 we compute d(In(g; ")) = —% t3 ng}ta which implies that dE(In(g; ")) < -
t t
and hence
D?*t
(9.14) E(In(g; ") <M (g5") + =
Now, let A > 1. From (9.14]), using Markov’s inequality, we see that with probability at least 1 — %
D%t
In(g; ") <A (m(gol) + 2) :
Equivalently,
Ingg < l Ing: + D72t
9o X b\ gt 9
and the result follows. O
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§ 9.4. Proof of the slicing theorem. We start with the proof of the optimal small ball estimate of
Theorem [0.41

Proof of Theorem[9.]} Lemma[0.8shows that it is enough to consider an isotropic log-concave random vector
X distributed according to an isotropic log-concave probability measure p with support of diameter /cin,
where ¢; > 0 is an absolute constant. Let (y):>0 be the stochastic localization process starting at x4 and let
X be the random vector with law p;. Let d; be the constant in Guan’s Theorem @ ‘We consider the event

(915) EO = {tr(Agl) 2 (5171/2}
Lemma 9.11. We have P(Ey) > 67/2.

Proof. We set pg = P(Ep). From (9.12) we know that A, < i[n almost surely, and hence
Sin < E (tr(As,)) = E (tr(As,)1g,) + E (tr(As, ) 1) < — + —,

which implis that py > 67/2. O

Let ¢o > 0 be the constant from Lemma For every 0 < e < ¢y we set S. = B(0,+/en). We also fix
A= %- Lemma shows that the probability p; of the event
1

> 0.

c2s51n

B = {u(sa < e s (5

M=

2
satisfies p1 > 1 — %, therefore
52
P(EocNE1) Zpo+pr—12 Zl

On the event Fy N By we have tr(4s,) > din/2, and also [|As, [lop < 1/v/01. Moreover, X5, is 1/y/6:-
subgaussian by Lemma Inserting all these estimates into Lemma we get that

Eoé?n
c2851n 4 281n 64 z06%n
i(Se) < e s, (57 < (ie) <
1
if we assume that
< (. of 64c3
€< €p:=mins ¢y, — exp | —— .
0 0 64 P 005?
This establishes Theorem [9.4| with ¢g = min < ¢ LIy ex _ et 2ody O
: 0 0564 XP | ~ 787 ) > 128 -

Proof of Theorem[9.1 Basically, we repeat the proof of Theorem[6.15] From Proposition [6.14] we know that
there exists an isotropic convex body K in R™ with L, < CiLk and vol,(K N +/ConBY) > ¢§ for some
absolute constants C7, Ca, co > 0.

Theorem shows that there exists an absolute constant ¢y > 0 such that for any 0 < € < ¢,

vol, (K Ney/nLyg BY) < &%,

1
Choosing €1 = min {co, ¢y’ }, and comparing the above inequalities, we get Lx < +/C3/e1, and hence

C2C,

2 212
L2 < C2L% < =

This shows that L,, is bounded by an absolute constant. O
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§ 9.5. The thin-shell conjecture. A third well-known conjecture about isotropic log-concave probability
measures is the thin-shell conjecture which has its origin in the central limit problem, the question to identify
those high-dimensional distributions that have approximately Gaussian marginals. A typical example is given
by the random vector X = (X1, ..., X,,) which is distributed uniformly in the cube Q(n) = [—v/3,v/3]" (the
normalization is so that Var(XJZ) =1forall 1 < j < n). Itis well-known that, if the &;’s satisfy e.g.
Lindeberg’s condition, then the distribution of

(X,8) =D &X;
j=1

is approximately Gaussian. A second example is given by the ball D(n) = v/n + 2B%. Let X be a random
vector which is uniformly distributed in D(n). From Maxwell’s observation that, if n is large enough, then

sices g <m it [ oot

for all t € [—1,1], as well as the symmetry of D(n), one can check that the distribution of (X&) is close to
the standard normal distribution for any & € S™~1.
Assume now that p is an isotropic Borel probability measure on R™, i.e. normalized so that

E.(z;) =0 and E,(z;z;) = 0;j, ,j=1,...,n.

It has been observed that if 1 satisfies a “thin shell bound” then the central limit problem has an affirmative
answer for pu. More precisely, if

p({zeR": ||z|—vn|>evn}) <e

for some € € (0,1/2), then, for all directions ¢ in a subset A of S"~! of measure 0(A) > 1 — exp(—c1y/n),
we have

P(X,8) <t)—P()| <cale+n"%) for all t € R,

where ®(t) is the standard Gaussian distribution function and c¢1, ¢z, @ > 0 are absolute constants.

Note that in the statement above we have assumed that the dimension is large enough but we have not
assumed independence of the coordinate functions x — z; and we have not made any symmetry assumptions
about p. Sudakov’s work [I27] is probably the first place where it is observed that a thin-shell condition
implies that most marginals of a high-dimensional distribution are approximately Gaussian. Related early
works are the ones by Diaconis and Freedman [40], and by von Weizsiker [I30]. The case where p = uk is
the measure with density L1 . for an isotropic symmetric convex body K in R™ was studied by Anttila,

Ball and Perissinaki in [I] who showed that a thin-shell estimate implies an affirmative answer to the central
limit problem for . This work made the central limit problem widely known among people working in
convex geometry. A clear exposition of both the general and the log-concave case can be found in Bobkov’s
article [I8§].

As Klartag notes in [73], it is not hard to construct simple examples of isotropic distributions for which
a thin-shell estimate is not possible. If we write o; for the uniform probability measure on the sphere ¢S ~!
then, for t; = \/n/2 and ty = v/Tn/2, the isotropic probability measure y = (o4, + 04,) does not have
Gaussian marginals, and hence it does not satisfy a thin shell bound. However, it was conjectured that
the assumption of log-concavity guarantees a thin-shell bound. Bobkov and Koldobsky [20] defined the
parameter

1
cri = EVaru(|z|2)

and asked if

on = sup{oy : p is an isotropic log-concave probability measure on R"} < C
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for some absolute constant C' > 0. It is easily checked that this is equivalent to the question if there exists
an absolute constant C' > 0 such that, for any n > 1 and any isotropic log-concave probability measure p on
R™, one has

E,.(ja| — v/n)? < C2.

Moreover, applying the Poincaré inequality for the function f(x) = |z|?> we see that
Var,(|2[?) < 402 /R (a2du(x) = 4021,
which shows that o, < 29,, and hence

on < Cty

for all n, where C' > 0 is an absolute constant. In other words the KLS conjecture implies the thin-shell
conjecture. An important fact is that the thin-shell conjecture is also related to the isotropic constant
conjecture. Eldan and Klartag [43] proved that the there exists an absolute constant C' > 0 such that

L, <Coy,

for every n > 1.
The first non-trivial upper bound for o, was given by Klartag in [70] in his proof of the central limit
theorem for convex bodies. He proved that

on < Cyn/lnn.

This estimate was then improved to o, < Cn?/°+°() by Klartag [71], to o, < Cn?/® by Fleury [46], to
o, < Cn'/? by Guédon and E. Milman [63], and to o, < Cn'/* by Lee and Vempala [89]. A consequence
of the more recent developments on the KLS conjecture is that o,, < CvInn by the corresponding bound
¥, = O(v/Inn) of Klartag in [74]. An even more recent breakthrough of Guan [62] showed that

o, <Clnlnn.
Finally, Klartag and Lehec [79] announced an affirmative answer to the thin-shell conjecture.
Theorem 9.12 (Klartag-Lehec). There exists an absolute constant C > 0 such that
Var,(|z|*) < Cn
for every n > 1 and every isotropic log-concave probability measure p on R™. Equivalently, sup,, 0, < C.

Using reverse Holder inequalities for polynomials of a random vector distributed uniformly in a convex
body (see [26], [I10]) one can deduce from Theorem that, for any isotropic log-concave probability
measure g on R™ and for any ¢ > 0,

u({z € R" - |[a] — Vi | > 1)) < ex exp(—eaVh).

This is a thin-shell estimate because it shows that if 1 < ¢ < y/n then most of the mass of p is concentrated
on a thin spherical cell {x € R"™ : \/n — ¢ < |z| < v/n + ¢} whose width ¢ is much smaller than the central
radius /n.

The proof of Theorem starts from ideas that Klartag used in [72], where he established an opti-
mal thin-shell bound for unconditional log-concave measures. This approach was extended by Barthe and
Cordero-Erausquin in [I2] who adapted Klartag’s techniques to provide spectral gap estimates for log-concave
measures with many symmetries, and by Barthe and Klartag in [I3]. Given a log-concave probability mea-
sure u on R, let H'(u) be the space of all functions f € L?(u) with weak partial derivatives in L2(u),

equipped with the norm
1/2
g = ([ 158+ [ 19sPa)
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Barthe and Klartag showed in [13] that C2°(R") is dense in H'(u). Now, for every f € L?(u) with [ fdu =0,
define

o =s0{ [ fodusge . [ waPau <1
=Sup{/ fgdu:geC(?"(R")y/ |V9|2du<1}-
Rn R™

In [13] and [72] it is shown, by using Bochner’s formula, that
(9.16) 117200 S IV = D10 F 31
i=1

for every smooth function f € H'(u) that satisfies [ fdp = 0 and [V fdp = 0. Applying (9.16) for an
isotropic log-concave probability measure p and the function f(x) = |z|?> — n, we see that

Vary (2f?) <4 lwillf- -
=1

Klartag and Lehec prove the next inequality, which immediately implies Theorem [9.12}

Theorem 9.13 (Klartag-Lehec). There exists an absolute constant C > 0 such that

n
> lzillf-r < On
=1

for every n > 1 and every isotropic log-concave probability measure p on R™.

The proof is based again on stochastic localization. Klartag and Lehec consider the family of exponential
tilts of log-affine perturbations of the original measure p and construct suitable couplings between these tilts.
Then, they use these couplings to bound the H ~!(x)-norm by the growth of the covariance process (A¢):>o
using a variant of Guan’s technique from [62].

10 The M M*-estimate for isotropic convex bodies

Let K be a convex body in R™ with 0 € int(K). Recall that pg is the Minkowski functional of K, defined
by pr(z) = inf{t > 0: xz € tK}, and hg is the support function hg(z) = max{(x,y) : y € K} of K. The
parameters

M) = [ pe©da() and M) = [ bl do(e)

n—1

play a central role in the asymptotic theory of finite dimensional normed spaces.
Recall that vrad(K) = (vol, (K) /Voln(BS))l/ " denotes the volume radius of K. It is known that

M(K)™' < vrad(K) < M*(K) = M(K®),

where K° = {y € R" : (z,y) < 1for allz € K} is the polar body of K. The right-hand side inequality
is a classical inequality of Urysohn, while the left-hand side inequality follows by integration in spherical
coordinates and an application of Holder’s inequality. Therefore,

M(K)M*(K) > 1
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for every convex body K in R™ with 0 € int(K). A fundamental fact in the other direction, following
from results of Figiel-Tomczak-Jaegermann [45], Lewis [91] and Pisier’s estimate [I16] on the norm of the
Rademacher projection, states that for any symmetric convex body K in R"™ there exists T' € GL,, such that

M(T(K)) M*(T(K)) < clun,

where ¢ > 0 is an absolute constant.
In the general case, without the symmetry assumption for K, it is natural to consider the parameter

E(K) = inf M(T(K)) M*(T(K))

where the infimum is taken over all invertible affine transformations of R™ for which 0 € int(T(K)). The
question to obtain a sharp upper bound for max F(K) remains open in the nonsymmetric case. Banaszczyk,
Litvak, Pajor and Szarek showed in [I1] that if K is a convex body in R™ which is in John’s position (i.e.
the ellipsoid of maximal volume inscribed in K is the Euclidean unit ball) then

M*(K) < evnlnn.

When K is in John’s position, from the inclusion K O BY we also obtain the trivial upper bound M (K) <
M (BY) = 1, and this implies that E(K) < evnlnn. This estimate was improved by Rudelson in [121]: he
showed that if K is a convex body in R™ then

B(K) < c¥/n(lnn)®

where b > 0 is an absolute constant.
In this section we review the known upper bounds for the parameters M*(K) and M (K), when K is in
the isotropic position. E. Milman proved in [TI03] that if K is a symmetric isotropic convex body in R™ then

M*(K) < civ/n(Inn)?Li < cav/n(lnn)?

where the second inequality takes into account the fact that now we know that L,, < C. Urysohn’s inequality
shows that the dependence on n is optimal up to the logarithmic term. The dual problem, to estimate M (K)
in the isotropic position, is not well-understood. Some first non-trivial results were obtained in [57]. The
currently best known estimate appears in [55]:

C(nlnn)'/3

M(K) < 7

(see also [123)]).

§ 10.1. The general approach. A starting point for the question to bound M*(K) is Dudley’s entropy
estimate (see e.g. [I18] Theorem 5.5]):

n 1
(10.1) VnM*(K) < Cy )  —=e(K, By)
; VE "

where ey (A, B) is the k-th entropy number of A and B, defined for k£ > 1 as
ex(A,B) =inf{t >0: N(A,tB) < 2"}

We set ex(K) := ep(K,BY). Although (10.1]) is usually stated for symmetric convex bodies, it should
be noted that the same estimate holds true for non-symmetric convex bodies too. This follows from the
observation that M*(K) = 1 M*(K — K) and

(10.2) ex—1(K — K,BY) < 2ek/2(K7 BY)
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for every even integer k, as a consequence of the simple estimate
N(K — K,2t9By) < N(K, toBy )N(-K, toBy) < 2"7°

if to = ek/Q(K, BS)
Our M M*-estimates will depend on the following volumetric parameters that can be defined for any
convex body K in R™ with 0 € int(K):

wi(K) :==sup{vrad(KNE): E € Gy}, vk(K):=sup{vrad(Pg(K)):E € Gk},

and
wy (K) :=inf{vrad(KNE): E€Gpni}, v, (K):=inf{vrad(Pg(K)):E¢€G,}.

If K is symmetric then we have that
0<c<w, (K)ug(K°) <1 and 0<e<v, (K)w(K°) <1

where ¢ > 0 is an absolute constant, by the Blaschke-Santalé inequality and the Bourgain-Milman inequality.
Note that, for every F' € G, 1,

(103) VOlk(PF(K)) g N(PF(K), ek(K)PF(BS))VOIk(ek(K)BF) < N(K, ek(K)Bg)ek(K)kVOIk(BF)
< (26k(K))kV01k(BF),

and hence,

(10.4) ’Uk(K) < 2€k(K).

In view of ((10.4)), the next theorem of V. Milman and Pisier [I0§] is an alternative, and sometimes stronger,
version of Dudley’s bound.

Theorem 10.1 (V. Milman-Pisier). For every symmetric convex body K in R™ one has
(10.5) JIM*(K) < ¢ Zn: L Radu(K)un(K),
= VE

where Rady (K) := sup{Rad(Xp, (k)) : F € Gn i}, and Rad(Y') < c3In(d(Y, Zgim(y)) +1) is the Rademacher
constant of Y.

We refer to [2, Chapter 6] for more information on the Rademacher constant; what we really use here is
that Radg(K) = O(Inn) for all 1 < k < n. When K is assumed isotropic, Theorem is the basis for the
M*-estimate of E. Milman [103], which is essentially optimal and, as we will see, can be easily transferred
to nonsymmetric convex bodies.

For the M-estimate we need to introduce the so-called Gelfand numbers. Given any pair of convex bodies
K, L in R" with 0 € int(K) Nint(L), the Gelfand numbers ¢, (K, L), 0 < k < n — 1 are defined as follows:

cx (K, L) = inf{diampnp(KNF): F € Gyn-t},
where diam 4 (B) :=inf{R > 0: B C RA}. We set ¢ (K) := ¢, (K, BY).
In the symmetric case, Carl’s theorem [34] relates any reasonable Lorentz norm of the sequence of entropy

numbers {e,, (K, L)} with that of the Gelfand numbers {¢,, (K, L)}. In particular, for any o > 0, there exist
constants ¢(«), ¢/ () > 0 such that, for any n > 1

(10.6) sup k%p(K,L) <c(a) sup k%(K,L),
k=1,....,n k=1,...,n
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and
(10.7) > kTer(K, L) < (a) Y kT (K, L).
k=1 k=1

In fact, Pisier deduces the covering estimates of Theorem from an application of Carl’s theorem, after
establishing the following estimates:

(10.8) max{cy (K, &), c,(K°,E°)} < e1(a) (%)Ua forall k € {1,...,n}.

The next theorem from [55] can serve as a basis for the M-estimate.

Theorem 10.2. Let K be a symmetric convezr body in R™. Then for any k =1,...,n/2,

(10.9) eon(K) < C% In (e + %)wk(K).

In other words, there exists F' € Gy, n—a2r such that
(10.10) KNFC c% In (e+ %)wk(K)BF,
and dually, there exists F' € Gy, p—2, such that

(10.11) Pr(K) D ——

——— v, (K)Bp.
_c%ln(e-l-%)vk( JBr

Proof. Given k=1,...,n/2, let £ be an a-regular M-ellipsoid for K, for some « € [1,2) to be determined.
Consider any H € G, ;. We know that N; = N(K,t€) < exp(c(a)n/t®) for every t > c(a)t/®. Let
1,..., 2N, be points in R™ such that K C (JN', (z; + t€). Then, Py (K) € UN, (Pu(x;) + tPy(£)), and
hence

volg (P (K)) < Ny voly (tPy (E)) < exp(e(a)n/t®)t*voly (Py (E)).

Choosing t = ()= (n/k)= we see that

1 k 1/« 1 k 1/« -
(10.12) vrad(Pg(€)) > —— | — vrad(Py(K)) > —— | — vy, (K).
ooyt \n clay® \m
By the second estimate in (10.8), we know that there exists E € Gy, ,—j so that:
1 k 1/a
(10.13) Po(K) D —— () Pu(€).
c(a)E n

Consider the ellipsoid & = Pg(£), let H be the subspace spanned by the k shortest axes of &', and set F to
be its orthogonal complement into E. Then, F' € Gy, ,,—2k and

(10.14) Pr(€') 2 vrad(Pg(£)) Br.

From ([10.14) and ((10.12]) we get

and then (|10.13|) shows that

k 2/
(10.15) Pp(K) D —2 <> vy (K) Bp.
cla)a \1n
Choosing o = 2 — m we obtain ((10.11]). The estimate (10.10]) then follows by duality. O
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Corollary 10.3. Let K be a symmetric convez body in R™. For every k=1,...,n and o > 0,

ex(K,BY) < c¢(a) sup . (%)a % In (e + %)wm(K),

m=1,...,
where c(a)) > 0 is a constant depending only on «.

Proof. The claim follows from Theorem and Carl’s theorem (see (10.6)). Since k — ¢ (K, BY) is non-
increasing, there is no difference whether we take the supremum on the right-hand-side just on the even
integers. O

Corollary 10.4. Let K be a symmetric convex body in R™ such that K C RBy. Then,

VAN () < 3 T min (R (e (50

Dually, for every symmetric convex body K in R™ with K O rBY we have that

Vo \czfmm{l 1n(+Z)vk2K)}.

Proof. We explain the first claim, and then the second follows by duality. For the proof it is enough to
combine Dudley’s entropy estimate (10.1)) with Carl’s theorem (see ((10.7)): we have

fM* Clz ]-k )gCQZ%Ck(K

k=1 k=1

Since ¢ (K) < R for all k, the assertion follows from the estimate (10.9) of Theorem O

§ 10.2. M M*-estimate for isotropic symmetric convex bodies. Let K be an isotropic symmetric
convex body in R™. First we describe a simplified version of E. Milman’s proof of the next almost sharp
estimate for the mean width of K.

Theorem 10.5 (E. Milman). Let K be an isotropic symmetric convex body in R™. Then,
(10.16) M*(K) < ey/n(Inn)?
where ¢ > 0 is an absolute constant.

Proof. A direct consequence of Theorem is the inequality
= L
(10.17) VnM*(K) < e1(Inn) Z
k:l

We shall apply (10.17) for an isotropic convex body K in R™. Let F' € G, . From Theorem [5.4 - we know
that voly(Pr(K))'/% < ¢1 % where ¢; > 0 is an absolute constant, and hence

n

Vi
Therefore, v (K) < con/Vk for all 1 < k < n — 1. Going back to (10.17) we get

vrad(Pp(K)) ~ VEkvoly(Pp(K))Y* < co—

n

VnM*(K) < e3(lnn)

k=1

n

= T =c3n(lnn) Z S < eyn(lnn)?,

aw

and the theorem follows. O



Next, we prove the upper bound for M (K).

Theorem 10.6 (Giannopoulos-E. Milman). Let K be an isotropic symmetric convez body in R™. Then,

c(n Inn)t/3
(10.18) M(K) < (\/ﬁ)
where ¢ > 0 is an absolute constant.
Proof. From Corollary we know that
(10.19) \/ﬁM(K)gcli\}min{l,nlnGs—i—n) 71 }
= Vk r’ k k/ v, (K)

where v, (K) := inf{vrad(Pp(K)) : F € G, 1} and r is the “inradius” of K. Since K is isotropic and
symmetric, we know that

hie(€) = I Loy = 16 o r) = L = 1,

and hence K D c¢;BY. Therefore, we may use (10.19) with » ~ 1. From Theorem we also know that
voly,(Pr(K))'/* > ¢y for every F € G, x, and hence vrad(Pr(K)) > c3vk, which gives

v (K) > csVk.

Set k,, = (n Inn)?/3. Inserting the above estimates into (10.19) we get

VM) < 3 Jmin {1, "))

im1 Vk
b " nlnn
< ¢ 7]{:—’_ Z 12 > ~ (n lnn)1/3.
k=1 k=kn,
This proves the theorem. O

§ 10.3. The nonsymmetric case. In the nonsymmetric case the upper bound for M*(K) remains
the same. In fact, the proof does not present any difficulties. Let K be an isotropic convex body in
R™ and consider the difference body K — K of K. Since 0 € K we have that K C K — K and hence
M*(K) < M*(K — K). In fact, M*(K) = 1 M*(K — K). We apply Theorem for K — K to get

(10.20) VM (K - K) < ci(lnn) » %vk(K - K).

k=1

=

Given 1 < k < n —1, for every F € G, we have
volg(Pp(K — K))'/* = vol,(Pp(K) — Pp(K))Y* < 4voly,(Pp(K))Y/*,

by the Rogers-Shephard inequality volg(C' — C) < (Qkk)volk(C) where C is a k-dimensional convex body.
Then, as in the proof of Theorem we see that v, (K — K) < can/vk, and inserting these bounds into
(10.17) we get /nM*(K) < c3n(lnn)?.

The best known upper bound for M (K), when K is isotropic but not necessarily symmetric, is due to
Vritsiou [I31]. For every isotropic convex body K in R™ one has that

n10/22(In p)5/22

(10.21) M(K) < NG
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where ¢ > 0 is an absolute constant. The proof is based on the existence of S-regular M-ellipsoids for
nonsymmetric convex bodies. It is proved in [I31] that for every 8 € (O, %) there exists a constant d(8) > 1
such that the following holds: For every convex body K in R™ with either bar(K) = 0 or s(K) = 0 there
exists a linear image K of K such that

(10.22) max{ N (K, tBY), N(IS, tBY), N(B, 1K), N(BE, tKS)} < exp(d(8) n/t°)
2-38 _
for every t > d(B)'/#. Moreover, the constants d(3) satisfy d(8) ~ (c(ﬁgﬁ)) 2 = O((2 — 5ﬂ) B) as

8 — %_, where ¢(«) with a = zfg 5 are the constants appearing in Theorem The optimal form that
this result may have is not clear.

Another ingredient in the proof of is a Blaschke-Santalé inequality for projections of not-
necessarily symmetric convex bodies, which is again established in [I31I]: If K is a convex body in R”
such that either bar(K) = 0 or s(KX) = 0 then for every 1 < k <n —1 and any F € G, we have that

(volg(Pr(K)) volp(K° N F))/* < c% W/

where ¢ > 0 is an absolute constant.
Having developed these tools, one can obtain a weaker variant of ([10.19)), namely,

VAM(E) <3 i { e (00 (F) =1 )

and ((10.21)) follows.

§ 10.4. A multi-integral norm. Let K be a symmetric convex body in R™. For any s-tuple C =
(Ch,...,Cs) of symmetric convex bodies C; of volume 1 in R™, consider the norm on R?, defined by

S
|\t||C,K:/ / H tm” das - - dry
c c. ; 7% K s

where t = (t1,...,t5). If C = (C,...,C) then we write ||t|c= x instead of |[t]c.x. A question posed by
V. Milman is to determine if, in the case C' = K, one has that || - ||+ x is equivalent to the standard
Euclidean norm up to a term which is logarithmic in the dimension, and in particular, if under some cotype
condition on the norm induced by K to R™ one has equivalence between | - ||k« x and the Euclidean norm.

This question was studied by Bourgain, Meyer, V. Milman and Pajor. For simplicity let us assume that
vol,, (K) = 1 (this is only a matter of normalization). It was proved in [29] that

s 1/s
Itlle.rc > ev/s( IT 1)
j=1

where ¢ > 0 is an absolute constant. Later, Gluskin and V. Milman obtained a better lower bound in [58],
in fact working in a more general context: Let A = (41,...,As) be an s-tuple of measurable sets of volume
1in R™ and let K be a star body of volume 1 in R™ with 0 € int(K). Then,

(10.23) [tlla,5 = clt]

for all t = (t1,...,ts) € R®. Their argument was based on the Brascamp-Lieb-Luttinger inequality (see also
[3, Chapter 4]).

The question to obtain upper bounds for the quantity |[t||cs x is open. Since |t|cs,x = [[t|(7c)s, r7x
for any T' € SL,,, we may restrict our attention to the case where C'is isotropic. In fact, we are particularly
interested in the case where C is isotropic and K = C, which corresponds to V. Milman’s original question.
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For any centered log-concave probability measure p on R™ and any symmetric convex body K in R",
consider the parameter

(10.24) LK) = [ alxda(o)

Rn
Let C' be an isotropic symmetric convex body in R™ and let X;,..., X, be independent random vectors,
uniformly distributed in C. For any t = (¢1...,t5) € R® we write 14 for the distribution of the random

vector t1 X1 + - -+ +t5Xs. Since ||t||cs,x is a norm, we may always assume that |t| = 1. Note that v is an
even log-concave probability measure on R™ (this is a consequence of the Prékopa-Leindler inequality; see
[21). We write g4 for the density of v¢. Our starting point is the next observation from [36].

Lemma 10.7. For any t = (t1...,ts) € R, we write vy for the distribution of the random vector t1 X, +
-+ t,Xs. Then,

t]

onse = [ Nalldon(a).

R’Vl
It is easily verified that the covariance matrix Cov(v) of 14 is a multiple of the identity: more precisely,
Cov(ny) = L4 I,,.

It follows that the function fi(z) = L g¢(Lcox) is the density of an isotropic log-concave probability measure
ut on R™. Indeed, we have

fewhaiaydo = L [ Loy do =12 [ o dy =5,

R"L n
forall 1 <i,j <n.

Note. It is proved in [36], Lemma 3.2] that if [t| = 1 then ||g¢]lo < €. From this inequality we see that
1 1
L,, = lftlld& = Lcllgel|&% < eLe for all t € R® with [t| = 1.

One may easily check that if p is an isotropic log-concave probability measure on R™ and K is a symmetric
convex body in R” then

| nvanaw) = [ [ fallouod()du)
Oo(n) mJO(n)
= M(K) [ faldu(e) = VM (E)
RTL
where v, o denote the Haar probability measures on O(n) and S™~* respectively. It follows that

(10.25) / ]
O(n)

Therefore, one might hope to obtain a quantity of the order of Loy/nM(K)|t| as an upper estimate for
[lt]lc= k- The next theorem of Skarmogiannis [I23] provides a logarithmic in n, and independent from s,
upper bound for ||t||cs K-

couk) A(U) = (LevnM(K)) [t].

Theorem 10.8. Let C' be an isotropic symmetric convex body in R™ and K be a symmetric convex body in
R™. Then,

[tllcsx < crv/n(lnn) M(K)]t|

for every t = (t1,...,ts) € R®, where ¢c; > 0 is an absolute constant.
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In the case C' = K, Theorem and show that, for any symmetric convex body K of volume

1 in R™,
c1ft] < [[tllxe x < c2v/n(lnn) M(K™)L-t|
for every s > 1 and every t = (¢1,...,ts) € R®, where ¢; > 0 are absolute constants and K* is an isotropic
linear image of K (note that L+ = Lk ). Thus, we have a reduction of V. Milman’s question to the problem
of estimating the parameter M(K*) for an isotropic symmetric convex body K* in R", the main question

that we discuss in this section.
The estimate of Theorem [10.8]is based on the next result.

Theorem 10.9. Let p be an isotropic log-concave probability measure on R™. For any symmetric convex
body K in R™ we have that

L, K) < eav/m(inn) M(K)

where co > 0 is an absolute constant.

Theorem follows from an upper bound for the same quantity, due to Eldan and Lehec [44], which
involves the constant

n
72 =sup sup Z B, (w;x;(z,&))?
pogesnl [T
where the first supremum is over all isotropic log-concave probability measures p on R™.

Theorem 10.10 (Eldan-Lehec). Let p be an isotropic log-concave probability measure on R™. For any
symmetric convex body K in R™ we have that

/'wdeuu><cllnnn3/ lllx dyn(a)
R R™

where v, is the standard Gaussian measure on R™ and c¢; > 0 is an absolute constant.

Proof of Theorem[10.9] Let u be an isotropic log-concave probability measure on R™. A result of Eldan [42]
relates the constant 7, with the thin-shell constant

o, = sup 4/ Var,(|z|)
Py At

where the supremum is over all isotropic log-concave probability measures p on R™. Eldan proved that

where ¢y > 0 is an absolute constant. Klartag and Lehec [79] have recently confirmed the thin-shell conjec-
ture: it is now known that o, < C. where C' > 0 is an absolute constant. Combining these estimates, one

gets
n
2 < g
Tn X C2
k=1

Therefore, the estimate of Eldan and Lehec immediately implies that

TN

< czlnn.

al

hmx»:Anwme<@mnA\meww

where ¢4 > 0 is an absolute constant. Finally, integration in spherical coordinates shows that

/mhwmmwﬁ'mmw@~ﬁmm
RW, SW,— 1

and hence the proof of Theorem [10.9|is complete. O
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We can now complete the proof of Theorem It combines the approach of [36] with Theorem
Proof of Theorem [10.8, We compute

ltlox = / & d(z) = L™ / el fe(e/Lo) dz = Lo / ol dpe(y)
R Rn

Rn n

and hence we get

(10.26) It]

cs,k = Loli(pe, K)

for all t € R® with |t| = 1. Now, we use Theorem to estimate I7(ug, K). As a result, we obtain the
upper bound

I#llce i < e1Le vatinn) M(K) ~ v(nn) M(K),
which is the assertion of Theorem [[0.8 O

11 Appendix: Covariance estimates

In this last section we sketch the proofs of the two main technical covariance estimates that were used for
the bound ¢, = O(vInn) and the bound L, = O(1). The first one is Theorem which we state again
below for the convenience of the reader.

Theorem 11.1. For every 0 < t < ¢/(¢2 Inn) we have
(11.1) E | Aulop < C,
where C > 0 is an absolute constant.

In fact, using the improved log-concave Lichnerowicz inequality (Theorem [8.10) we can show that the
statement of Theorem is true for all 0 < ¢t < ¢/(Inn)?.

As in Section [9] if p is a log-concave probability measure with density ¢ with respect to the Lebesgue
measure, we consider the stochastic localization process starting at ¢. The tilt process (&;)¢>0 is defined as
the solution of the stochastic differential equation d&; = as ¢, dt +dW; where (Wi)i>0 is a standard Brownian

motion. For ¢t > 0 we denote by 1 := fi1,¢, the measure with density o4 ¢, (z) = ﬁe@’&)_aﬂzg(az), and we
e

write a; := are, and A; := A, ¢, = Cov(puse,) for the barycenter and covariance matrix of pi ¢, respectively.

§ 11.1. Preliminary observations. In Section [7| we saw that, for any test function f, the martingale
M; = [5. fduy satisfies

aMy = ([ F@)— a0 dpu, ),

where (W;) is some standard Brownian motion. This extends to vector valued functions as follows. If
F :R"™ — RF is a vector valued function that grows mildly at infinity, then the process (M;) given by

Mt = / Fd‘LLt
is a martingale, and
th = </ F(x)@(z—at) d,ut,th>.

To see this, writing x; for the i-th coordinate of a vector x € R™ we get

n

(11.2) dM, = (/ F(z)(z — ar); d,ut) AW, ;.

i=1

Applying (11.2) to the tensors F(x) = z and F(x) = x ® x and then rearranging the terms appropriately,
we obtain the next lemma.
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Lemma 11.2. If a; and A; are the barycenter and the covariance matriz of g, respectively, then da; =
Atth and

n

dA; = Z (/ (z — a)®* (z — ay); d,ut) AW ; — A dt.

i=1

As Lemma shows, the derivative of the barycenter is expressed in terms of the covariance, and the
derivative of the covariance depends on 3-tensors.

§ 11.2. Auxiliary results. We start with an inequality about the Hessian of the function ¢(A) = tr(e4)
where A is a symmetric matrix.

Lemma 11.3. Let ¢ be the function defined on the space S,,(R) of symmetric nxn matrices by ¢(A) = tr(e?).
For every pair of symmetric matrices A, H we have that

V2$(A)(H, H) < (Vo(A), H?) = tr(e H?),
where V2¢(A) is the Hessian matriz of ¢ at A, viewed as a bilinear form on S, (R).

Proof. Assume first that the matrix A is positive. We use the following fact (see [77] for a simple proof): If
K and H are symmetric matrices, and K is positive semi-definite, then for any s,m € N we have

tr(KSHK™H) < tr(KSTH?).
Applying this inequality we get

k—1

V2¢(A)(H, H) r(ASHAR "1 H)

@
Il
(=)

tr(AF1H?) = tr(eA H?).

k21
k>1
For the case where A has some negative eigenvalues, we observe that ¢ satisfies the identity

P(A +tI,) = e'¢(A)

and differentiating this equality with respect to A we see that V¢ and V?2¢ also satisfy the same equation,
which means that adding a multiple of the identity to A leads to an equivalent inequality. This reduces the
proof of the lemma to the case of positive A. O

Recall the equation for A,
dA; =Y H;, dW; — A7 dt,

i=1
where

Hi,t = / (JL‘ — at)®2(x — at)i d,ut

and a; is the barycenter of u;. Therefore, the matrix H;; is of the form E(X;X ®2) for some random vector
with mean 0. In what follows, for any u € S"~! we define H, = E((X, u) X®?).

Lemma 11.4. Let X be a centered log-concave random vector. Then,

sup || Hullop < 1| Cov(X)|13
ueSn—1

where ¢; > 0 is an absolute constant.
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Proof. Let u,v € S"~!. Using the Cauchy-Schwarz inequality we get
(H,(v),0) = E((X,u) (X,0)2) < (B(X,u)?) " (B(X, 0)) 2.

Since the random variable (X, v) is centered and log-concave, its fourth moment and the square of its second
moment are of the same order. It follows that

1/2
(Hy(v),v) € 1 (IEI(X7 u)z) / (E(X, v>2) < 01”COV(X)H?){)2
for some absolute constant ¢; > 0. Taking the supremum over all u and v in $”~! we conclude the proof. [J

Lemma 11.5. Let X be a centered random vector with finite Poincaré constant 9(X). Then,

n

> (B(X:x%2))°

i=1

< 49%(X) [[Cov(X)|I2,.

op
Proof. For every coordinate vector e; we set H; := H,. In this notation the lemma asserts that

Y (HPu,u) < 40%(X) [|Cov(X)I3,

i=1

for every u € S"'. We check that > (H?u,u) = tr(H?2) and, using the assumption that X is centered,
from the Cauchy-Schwarz inequality and the Poincaré inequality we get

tr(Hy) = E((X, u) (H, X, X))

< (B(X,u))?) " (Var((H, X, X))
(B(X, u))?) "% (402 (X)E| H, X|?)

= (Cov (X )u, u)'/?(49*(X) tr(H2Cov(X)))

< | Cov(X) op (40%(X) tr(H2)) /2.

X, 1/2
X, 1/2

N

1/2

This shows that tr(H7) < 49?(X)||Cov(X)||Z,, which is exactly the assertion of the lemma. O
The last result that we need is a deviation inequality for martingales (see Freedman [48]).

Lemma 11.6. Let (M;)i>0 be a continuous local martingale with My = 0. For every u > 0 and o # 0 we

have ] )
P(3t > 0: M; >uand (M); <o%) <e /(20%)

For the proof, we first check that if (Z;) is a square integrable martingale such that (Z), < o2 for all
t > 0 and almost surely, then Z,, = . ligrn Z; exists and satisfies
L—+00

P(Zy 2 u) < e~ w/(20%)
for all w > 0. Then, we consider the stopping time
7 =inf{t >0: (M), > 0%}
and apply the previous claim to the martingale (M) stopped at time 7.

§ 11.3. Proof of Theorem The basic step is to prove the next theorem.
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Theorem 11.7. Let pu be an isotropic log-concave probability measure on R™ and let (A;) be the covariance

process of the stochastic localization starting from . Then
1

: ||As||op > 2) < CXp | ———

Cot

P(3s<t
forall0 <t < (TR where c¢g > 0 is an absolute constant
Proof. We consider the function hg(M) := %ln(tr (e#M)) on S, (R). Then, hg is a smooth function and
1 BM Inn
Amax (M) < = In(tr (e”)) < Apax (M) + —.
B B
M) =~ Apax(M) up to an additive absolute constant

—~

Inn then we have that hg

Therefore, if 5 ~
From It6’s formula we see thar
dhs(A) = <Vh5(A),ZH1-dBZ-> - <Vhﬁ( ), A2 dt> Zv%ﬁ )(H;, H) dt.
The matrix
M = Vhs(A) =
= Vhg(A) = tr(ePA)
is positive semi-definite and has trace 1. Using Lemma we see that the second derivative of hg satisfies
V2hs(A)(H;, Hi) < Bte(MH?).
This implies that
dhg( ;) dB; M» HF | dt.

We concentrate on the absolutely continuous part. Since M is positive and has trace 1, from Lemma

we see that
tr (MZH?) <> H?
i=1 i=1

2 2
< 419;“ ||At||op'
Since p; is t-uniformly log-concave almost surely, from the improved log-concave Lichnerowicz inequality

op

(Theorem [8.10) we get
1/2
2 [ Atllop
o< (M)

dhs(A) < 3 tr(MH;)dB; + 7 ||At||5/2dt.

and hence

Next, we give an upper bound for the quadratic variation of the martingale part. For any u € S"~! we set

H, = > H;u;. Then, Lemma shows that

2": tr(MH;) u; = tr(MH,)

i=1

It follows that N
> tr(MH;)
i=1

< [ Hullop < el 41352

2 < AN A,
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The above calculations show that
t
(113 4o < ho(A0) < hol(Ao) + 22428 |+ /24,52 dr
1 t
Ly 25/ r V2| A |32 dr
g 0
where (Z;) is a continuous martingale starting from 0 with quadratic variation that satisfies
(11.4) 2] <o | A, dr.
0

We choose § = 2lnn, and assume that there exists s < ¢ such that | Aslop = 2. If s is the smallest such
time, then before time s the operator norm of A is less than 2, and then (11.3) shows that

3 3
2 = || Asllop < 5 + Zy+c35?Inn < 5 + Zg + cst/%Inn,

where c3 > 0 is an absolute constant. If ¢ is a sufficiently small multiple of (Inn)~2 then this last inequality
implies that Z, > %. Moreover, (11.4) shows that [Z]s < c4s < cqt. Therefore,

1
P3s<t:||Asllop =22) <P <E|s >0:%Z5 > 1 and [Z]s < c4t> .

Applying Lemma we conclude the proof. O
Theorem implies the upper bound for the expectation of A;.

Proof of Theorem [IT1]. Since ji; is t-uniformly log-concave, we have A; < +1,,, and in particular || A[|op <
1/t, almost surely. Therefore,

1
El|Adlop < 2+ TP(14dllop > 2)

1

co

Since z exp (— ac) is a bounded function of z, Theorem |11.7] shows that

El[A¢flop < C

700

on the time interval [O W} O

Note. Instead of the improved log-concave Lichnerowicz inequality, we could have bounded ¥, by the KLS
constant ¥,,. It is not hard to see that for any log-concave random vector X

9*(X) < ¥ [1Cov(X)llop,

so we can use the inequality
2 2
ﬂ;tt < wnHAt”OP'

Using this estimate instead of Theorem we would get Theorem in the (weaker) form that we have
stated it.

The second main estimate, which played a key role in the proof of the isotropic constant conjecture, is
Guan’s theorem [62], which we state again below for the convenience of the reader.

Theorem 11.8. Let p be an isotropic log-concave probability measure on R™. Then,
E(tr(As,)) > éin,

where 61 > 0 is an absolute constant.
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§ 11.4. Auxiliary results. For i,j,k =1,...,n we denote

Ri(t.6) = [ (- a)(o— a)le - a)jou, (o) do

and

Rinlt:6) = [ (0= (o= )@ — e, (a) da

where x; are the coordinates of x with respect to an orthonormal basis {u;(t, &)} ; of eigenvectors corre-
sponding to the eigenvalues 0 < A1(¢,&) < -+ < Ap(t, &) < 1/t of Ay,
For any r > 0 let

d(r) =d(r)(t,&) = max{i > 1: A\;(¢,&) < r}.
Lemma 11.9. Let 7 > 0. For any 1 < k < n we have

d(r)
D RE, < a2

i,5=1

Proof. Let E be the subspace of R™ spanned by the first d(r) eigenvectors of A;¢,. The measure vg =
(Pg)«fite, is t-uniformly log-concave and Cov(vg) < rPp. We set

d(r)

ZR”k r—a)(r—a);.

1,5=1

Using the Cauchy-Schwarz inequality and Theorem [8.10] we write

d(r) 1/2
Ry = | gu(@)(@ — a)dve(z) < Var,,(gr) | | (@ — a)idueg, (2)
221 k /Egk kAVE 9k (/E PL7EIRS )

— Ve T < Vi (1l ) (] wm)“

1/2 1/2

< 2@ (;) Z Aj lek 2\/>t_1/4 8/ Z R’L]k

i,j=1 ,j=1
and the lemma follows. O
The starting point of Guan’s work is the next lemma.

Lemma 11.10. For any smooth function f :[0,00) = R with bounded second derivative we have

d 1 & ()

FEO(F(40) = 5 Y B HEI=C) ZAQ

ij=1

where the quotient in the above formula is interpreted as f"(X\;) if \i = ;.

Lemma[11.10|is applied for a function f(A) which is quadratic when A is relatively large and exponential
when A is small. In this way, the analysis of A; is restricted on the large eigenvalues. The precise construction
of such an f is given in [62] Lemma 2.2].

Lemma 11.11. Let Dy > 4 and % <rp < %. There exists b € [20, 3] and an increasing twice differentiable
positive function f on [0,00) such that f(r) = ePo("=70) if 0 < < rg—1/Dy and f(r) = br? if r > ro, which
satisfies |f"(r)| < D3 f(r) for all v > 0.
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A direct consequence of Lemma and of the fact that A; < 1/t is that if i > d(ro) + 1 then
(11.5) b Z RZ, < Abt™ NN < 4bt= V202 = 417 ().
7,k=1

Instead of estimating E(tr(A;)) directly, Guan is using the above in order to estimate E(F;), where

F = Zf(/\i) = tr(f(A)).

To this end, we apply the formula of Lemma[11.10] The first step is the next lemma (see [75]) which exploits
(11.5) and the fact that, for any z,

Z Rz]k 3 Z Z Rz]k
k=

i,J,k=1 i=d(x) j,k=1
Aj>x

This last inequality holds true because Rfjk is symmetric in ¢, j, k, therefore we may sum over those triples
that satisfy ¢ > max{j, k} and then multiply by 3.

Lemma 11.12. For anyt > 0,

d 300 400D3
ZE(F) < <t+ 7 )E(Ft).

Proof. Since the second summand in Lemma [11.10]is negative, we have

08 = 1'0)
> E(RP T P

l\D\F—‘

(1L6) SE((f(A0) <
i,j=1

Consider the right-hand side sum

- F') = /()
(11.7) > IR QT&-'

4,5=1

We split this quantity into four sums, according to whether ¢, j < d(r¢) or not. From (11.5) we see that
n

(11.8) b Y |RiP=b Z ZRW Z ZRM <1267t >0 f).

i,j=d(ro)+1 1,j=d(ro)+1 k=1 i=d(rg)+1 j,k=1 i=d(ro)+1

Recall that ro < §. Using again (11.5) and the fact that z/(z —y) < 3 (ro + §) when z > o+ § and y < ro,
we see that the indices with ¢ < d(rg) and j > d(ro+1/3) or i > d(ro+1/3) and j < d(rg) contribute to the

sum (11.7) at most

d(ro n Qb/\ d(ro) n n
(11.9) Z > ZRW <2-3(ro+1/3) > Y RZ
=1 j=d(ro+1/3)+1k=1 =1 j=d(ro+1/3)+1k=1
< 54b Z Z Ry, <216t Y f(\)
i=d(ro+1/3)+1 j,k=1 i=d(rg)+1
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Since |f(r)| < DEf(r) for all r > 0, the indices with 4,5 < d(ro + 1/3) contribute to the sum (11.7) at most

d(ro+1/3) n d(ro+1/3) n

(11.10) % > ZRW;(I/\Z)'<2 > ZR”kfmax{)\l,)\})

ij=1 k= ij=1 k=1

We split the last sum into two parts. From Lemma we see that the terms with k < d(rp+1/3) contribute
at most

302 d(ro+1/3) d(X;) d(ro+1/3) 4o
iy SR 3 00 3 (R <oni 3 AT ()
Gik=1 i=1
d(ro+1/3) d(ro+1/3)
<6Dt V2 (ro +1/3)%% > F(\) <6-372Dg2 N f(A
=1 i=1

Using Lemma again, and taking into account that b € [2%, %], f(3) < 2 and 6—70x < ba? = f(x) for

x> 3§, we see that the terms with k > d(r¢ + 1/3) contribute at most

n d(ro+1/3) d(ro+1/3) n
(1112) D§ > > Z E(R,) <ADRf(3) 2o +1/3)%2 Y N,
k=d(ro+1/3)+1 i=1 k=d(ro+1/3)+1
60 "
L a3/2 . 2,-1/2
<8-3%2. — Dt~ S ).

k=d(ro+1/3)+1

From (11.8), (11.9)),(11.10) and (11.11) we finally get

d 12+216 D2 5 60 -

~E(F s e, 20 .35/2 g.332. 2\ \ g )

dt (F) < ( 7 +\/zmax{6 3%/4,8-3 - Zf()\l)
< (300 n 400D3

and the proof is complete. O

),

A consequence of Lemma [11.12]is that

(11.13) E(F,) < (;)moE(Ft)

forall 0 <t < s < Dg*. Tt is known (see [76, Lemma 5.2]) that this implies the bound

(11.14) P(|| A¢llop = 2) < ¢1 exp(—ca/t)

for all 0 < t < c3/(Inn)?. In particular, if 0 <t < t; = ¢/(Inn)?, where ¢ > 0 is an absolute constant, then
1

(11.15) P(lAdlp > 2) < -

§ 11.5. Proof of Theorem We set s1 = 7/3 and consider the function f1 = fp, r, from Lemma|l11.11
with 7 = s1 and Dy = (In tl) If we assume that n > ng, where ng is a large enough absolute constant,
then we know that Dy > 3. We define Fy ; = tr(f1(A:)) and using (11.13]) and the fact that A; < %In we
see that

(11.16) E(F1,,) < <1 - 1) n f1(2) + —nfl(l/tl) = (n—1)e Imnl'/3 4 p2
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For k > 2 we define
.k
te = |Intp_q|7", =3 Z Inty| ™2 fi = fante)tses  Fre = tr(fr(Ar)).
i—2

We denote by by the constant in [20, 5] from the construction of the function fr = fin¢,)s,s,- We set
ko = max{k > 1 :t; < e '%9). Since the summands in the sum of the definition of s; decay very fast,
if we assume that n > ng for a large enough absolute constant ng > 0 then we see that s, € [7 ] and

373
0<ty <ta<- - <tp < e~ 100 Also, for every 2 < k < ko we have
1 1

—— S — ————.
St 8 ()t

Lemma 11.13. Let n > ng, where ng is a large enough absolute constant. For all 1 < k < kg and
t € [tr,tut],

(11.18) E(Fr+) < n exp(—(Intg)?).

(11.17) Sk—1 = Sk —

Proof. We shall show that for every k > 2 and r > si_1,
(11.19) Jr(r) <5 fe-1(r).

If r > s, then
fr(r) b <4
fo—1(r)  br—1

If s,_1 < r < s, then
Fe(r) < fu(sg) = bpsi < 4bg_15% < 5bg_172 =5 fr_1(r)

So, ([11.19) is true. We shall prove (11.18)) by induction on k. For the case k = 1, recall that ¢; = ¢/(Inn)?.
Using ((11.13)), (11.16) and the fact that b < 1/5 we see that

700
t
E(Fl,t) < <t2> E(Fl,tl) < t1_700 ((n o 1)67|1nt1\4/3 +t1_2/5) < nef(lnt1)2
1
for every t € [t1,ts], provided that n > ng. Now, let k > 2 and assume that (11.18) holds true for k — 1.
From (11.17) and (11.19) we have

d(Sk 1 n
E(F,) = (sz >E S |+ 3 st
i:d(sk,1)+1

n

< d(spoy) et (em1=se) 45 Yo fee1g)
i=d(sk—1)+1

"% 4 BE(Fj14,)-

—|Int
<ne [t

From (|11.13)) and the induction hypothesis we see that if ¢ € [tx, tx+1] then

Uit 70 lry1 70 —|Intg|7/? —(Intg_1)?
(11.20) E(Fe) < (52)  E(Fia) < (22 [ne HT e ]
k k

_ _ 7/2 _ _—1/8 1 2 1 2
<n [tkmoe It 72 4 51700 o1, }én Le el g el }

using also the fact that ¢, < exp(—100) and t; = |Intz_1|7*¢. Now, (11.20) gives (11.18)) and the proof is
complete. O
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We can proceed now with Guan’s main estimate in [62].

Theorem 11.14. Let u be an isotropic log-concave probability measure on R™. If (At)i>0 is the covariance
process associated with the stochastic localization starting from p, then

E(tr(A7)) < cn
for allt > 0, where ¢ > 0 is an absolute constant.

Proof. We first assume that n > ng where nq is a large enough absolute constant. Let ¢; > 0 be an absolute
constant such that ¢; < tg,41. If t € [t1,c1] then there exists 1 < k < ko such that ¢, <t < tx41. From
Lemma [11.13] we know that

|3

n 2

4 4

B(tr(4})) = E (Z Af) S (2) ntE( D> A< %TlJrQOE(Fk,t) <n (Z +e(lnt’“)2> <
i=1 {i:Xi>8/3}

On the other hand, if 0 < ¢t < t; then (11.15)) and the fact that A; < %[n show that
1 con
E(tr(47)) < 4nB(|Adlop <2)+ 5P Adllop > 2) < 4+ B exp(—cs/1) < 8,
where we have taken into account that ¢t < ¢/(Inn)? and n > ng. Note also that if ¢ > ¢; then

E(tr(A?)) < in
C1

because A; < i[n. Finally, the case n < ng is covered e.g. by [76, Corollary 5.4] which provides a bound
for E[|A.]|2, and hence for E(tr(A47)). O

It is not hard now to prove Theorem [11.8

Proof of Theorem|[11.8 Using the formula
dA; = / (x — ag)®(x — ay, dW,) dpy () — A%dt
and taking into account that Ay = I,,, from the estimate E(tr(A47)) < Cn for 0 < t < §; we see that

E(tr(4:)) = din

for all 0 < t < &1, where §7 is a suitably small positive absolute constant. O
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