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Kef�laio 1

Eisagwg 

1.1 To je¸rhma tou Liouville

To 1844, o Liouville [5] apèdeixe to ex c je¸rhma gia thn prosèggish algebrik¸n arijm¸n
apì rhtoÔc.

Je¸rhma 1.1.1 (Liouville). 'Estw α pragmatikìc algebrikìc arijmìc bajmoÔ d. Up-
�rqei stajer� c(α) > 0 ¸ste

(1.1.1)
∣∣∣∣α− p

q

∣∣∣∣ ≥ c(α)
qd

gia k�je rhtì arijmì p
q diaforetikì apì ton α.

Apìdeixh. An d = 1 tìte o α = m
n eÐnai rhtìc kai gia k�je p

q 6=
m
n èqoume

(1.1.2)
∣∣∣∣mn − p

q

∣∣∣∣ = |mq − np|
nq

≥ c(α)
q
,

ìpou c(α) = 1/n (jewroÔme thn an�gwgh morf  m/n tou α). MporoÔme loipìn na
upojèsoume ìti o α èqei bajmì d > 1, sunep¸c up�rqei polu¸numo T (x) = bdx

d + · · ·+
b1x+ b0 bajmoÔ d, me sqetik� pr¸touc akèraiouc suntelestèc kai jetikì to suntelest 
tou megistob�jmiou ìrou, ¸ste

(1.1.3) T (α) = 0.

MporoÔme na anaptÔxoume to T me kèntro to α:

(1.1.4) T (x) =
d∑

k=0

T (k)(α)
k!

(x− α)k =
d∑

k=1

T (k)(α)
k!

(x− α)k,
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me thn teleutaÐa isìthta diìti T (0)(α) = T (α) = 0. Sunep¸c, an
∣∣∣pq − α

∣∣∣ ≤ 1 tìte

|T (p/q)| =

∣∣∣∣∣
d∑

k=1

T (k)(α)
k!

(p/q − α)k

∣∣∣∣∣ ≤
d∑

k=1

|T (k)(α)|
k!

|p/q − α|k

≤
d∑

k=1

|T (k)(α)|
k!

|p/q − α| = 1
c(α)

∣∣∣∣pq − α

∣∣∣∣ ,
ìpou

(1.1.5)
1

c(α)
=

d∑
k=1

|T (k)(α)|
k!

.

ParathroÔme t¸ra ìti T (p/q) 6= 0 alli¸c o bajmìc tou α ja  tan mikrìteroc apì d, �ra

(1.1.6) |T (p/q)| = |bdpd + · · ·+ b1pq
d−1 + b0q

d|
qd

≥ 1
qd
.

'Epetai ìti, an |p/q − α| ≤ 1 tìte

(1.1.7)
∣∣∣∣pq − α

∣∣∣∣ ≥ c(α)
qd

.

AntÐstoiqh anisìthta isqÔei profan¸c an |p/q−α| > 1, sunep¸c h apìdeixh eÐnai pl rhc.
2

O Liouville qrhsimopoÐhse autì to je¸rhma gia na kataskeu�sei uperbatikoÔc arij-
moÔc. Gia par�deigma, o

(1.1.8) α =
∞∑

k=1

1
2k!

eÐnai uperbatikìc. Pr�gmati, an jèsoume qm = 2m! kai pm = 2m!
∑m

k=1
1

2k! , tìte

(1.1.9)
∣∣∣∣α− pm

qm

∣∣∣∣ = ∞∑
k=m+1

1
2k!

<
2

2(m+1)!
=

2
qm+1
m

.

Autì shmaÐnei ìti, gia k�je c > 0 kai gia k�je d > 1, an o m eÐnai arket� meg�loc èqoume

(1.1.10)
∣∣∣∣α− pm

qm

∣∣∣∣ < 2
qm+1
m

<
c

qd
m

.

Apì to je¸rhma tou Liouville sumperaÐnoume ìti o α den mporeÐ na eÐnai algebrikìc (gia
kanèna bajmì d). Sunep¸c, o α eÐnai uperbatikìc.
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1.2 To je¸rhma Thue–Siegel–Roth

'Amesh sunèpeia tou jewr matoc tou Liouville eÐnai ìti, an α eÐnai algebrikìc arijmìc
bajmoÔ d ≥ 2, tìte, gia k�je δ > 0, h anisìthta

(1.2.1)
∣∣∣∣α− p

q

∣∣∣∣ < 1
qd+δ

èqei peperasmènec to pl joc lÔseic wc proc p, q. To 1909, o Thue [9] apèdeixe ìti, an α
eÐnai algebrikìc arijmìc bajmoÔ d ≥ 2, tìte, gia k�je δ > 0, h anisìthta

(1.2.2)
∣∣∣∣α− p

q

∣∣∣∣ < 1
qµ+δ

èqei peperasmènec to pl joc lÔseic, ìpou µ = d
2 +1. O Siegel ([7], 1921) apèdeixe to Ðdio

me µ = 2
√
d kai o Dyson (Dyson, 1947) me µ =

√
2d.

To 1955, o Roth [6] apèdeixe to ex c bèltisto apotèlesma:

Je¸rhma 1.2.1 (je¸rhma tou Roth). 'Estw α algebrikìc arijmìc bajmoÔ d ≥ 2. Gia
k�je δ > 0, h anisìthta

(1.2.3)
∣∣∣∣α− p

q

∣∣∣∣ < 1
q2+δ

èqei peperasmènec to pl joc lÔseic wc proc p, q.

SÔmfwna me to je¸rhma tou Dirichlet, gia k�je �rrhto arijmì α, up�rqoun �peiroi
to pl joc rhtoÐ p/q me thn idiìthta

(1.2.4)
∣∣∣∣α− p

q

∣∣∣∣ < 1
q2
.

Sunep¸c, o ekjèthc 2 sto je¸rhma tou Roth eÐnai bèltistoc. Gia to apotèlesma autì, o
Roth tim jhke me to brabeÐo Fields. H apìdeixh pou ja parousi�soume eÐnai se genikèc
grammèc aut  pou dÐnetai sta biblÐa twn Cassels [2] kai Schmidt [8].

Parat rhsh 1.2.2. Parathr ste ìti arkeÐ na deÐxoume to je¸rhma gia α o opoÐoc eÐnai
algebrikìc akèraioc. Pr�gmati, ac upojèsoume ìti gia k�je algebrikì akèraio α kai gia

k�je δ > 0, h
∣∣∣α− p

q

∣∣∣ < 1
q2+δ èqei peperasmènec to pl joc lÔseic. 'Estw ρ algebrikìc

arijmìc kai èstw T (x) = bdx
d + · · · + b1x + b0 to el�qisto polu¸numo tou ρ. Tìte, o

α = bdρ ikanopoieÐ thn

(1.2.5) αd + bd−1α
d−1 + · · ·+ (b1bd−2

d )α+ (b0bd−1
d ) = 0
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kai autì eÐnai to el�qisto polu¸numo tou α, dhlad  o α eÐnai algebrikìc akèraioc. An∣∣∣ρ− p
q

∣∣∣ < 1
q2+δ , tìte

(1.2.6)
∣∣∣∣α− bdp

q

∣∣∣∣ < |bd|
q2+δ

<
1

q2+
δ
2

an o q eÐnai arket� meg�loc. Sunep¸c, an h
∣∣∣ρ− p

q

∣∣∣ < 1
q2+δ èqei �peirec lÔseic, tìte kai

h
∣∣∣α− p

q

∣∣∣ < 1

q2+ δ
2
èqei �peirec lÔseic, to opoÐo eÐnai �topo.

Upojètoume loipìn, sth sunèqeia, ìti o α eÐnai algebrikìc akèraioc bajmoÔ d ≥ 2 kai
gr�foume

(1.2.7) f(x) = xd + bd−1x
d−1 + · · ·+ b1x+ b0

ìpou b0, b1, . . . , bd−1 ∈ Z gia to el�qisto polu¸numo tou α. Tèloc, jètoume

(1.2.8) A := max{1, |bd−1|, . . . , |b0|}.

1.3 LÐga lìgia gia thn idèa thc apìdeixhc
'Oloi ìsoi suneisèferan sto prìblhma (Thue, Siegel, Dyson kai Roth) prosp�jhsan na
belti¸soun to aplì epiqeÐrhma tou Liouville. Ac upojèsoume ìti α eÐnai ènac algebrikìc
arijmìc kai P (x) eÐnai èna polu¸numo me akèraiouc suntelestèc, bajmoÔ r, to opoÐo èqei
rÐza t�xhc k ton α. Tìte, to an�ptugma tou P (x) me kèntro ton α paÐrnei th morf 

(1.3.1) P (x) =
r∑

j=k

P (j)(α)
j!

(x− α)j .

JewroÔme µ > 0 kai diakrÐnoume dÔo peript¸seic. An
∣∣∣α− p

q

∣∣∣ < 1
qµ tìte

(1.3.2) |P (p/q)| ≤
∣∣∣∣α− p

q

∣∣∣∣k r∑
j=k

1
j!
|P (j)(α)| = c(P )

∣∣∣∣α− p

q

∣∣∣∣k < c(P )
qµk

.

Apì thn �llh pleur�, an exairèsoume peperasmènouc to pl joc rhtoÔc, èqoume P (p/q) 6=
0, �ra

(1.3.3) |P (p/q)| ≥ 1
qr
.

'Epetai ìti, an h
∣∣∣α− p

q

∣∣∣ < 1
qµ èqei �peirec lÔseic, tìte prèpei na isqÔei 1

qr < c(P )
qµk gia

osod pote meg�louc q ∈ N, dhlad  µ ≤ r
k .
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To sumpèrasma eÐnai ìti an µ > r
k tìte h

∣∣∣α− p
q

∣∣∣ < 1
qµ èqei peperasmènec to pl joc

lÔseic. Autì ìmwc den mporeÐ na odhg sei se beltÐwsh tou sumper�smatoc pou prokÔptei
apì to je¸rhma tou Liouville: an d eÐnai o bajmìc tou α, tìte k�je polÔwnumo me
akèraiouc suntelestèc pou èqei ton α wc rÐza t�xhc k prèpei na èqei bajmì r ≥ kd. 'Ara,
r
k ≥ d.

Oi Thue kai Siegel qrhsimopoÐhsan polu¸numa dÔo metablht¸n. Sto Kef�laio 2 ja
parousi�soume sunoptik� to epiqeÐrhma tou Siegel. 'Opwc ja faneÐ sta epìmena Kef�laia,
o Roth {daneÐsthke} pollèc apì tic idèec tou Siegel.

H nèa idèa tou Roth  tan na qrhsimopoi sei polu¸numa poll¸n metablht¸n, me to
pl joc touc m na teÐnei sto �peiro. O Ðdioc perigr�fei thn strathgik  tou wc ex c: ac
upojèsoume ìti oi rhtoÐ p1

q1
, . . . , pm

qm
ikanopoioÔn thn anisìthta

(1.3.4)
∣∣∣∣α− pi

qi

∣∣∣∣ < 1
qµ
i

, i = 1, . . . ,m

gia k�poion µ > 0. JewroÔme èna polu¸numo P (x1, . . . , xm) me akèraiouc suntelestèc
kai bajmì ri wc proc th metablht  xi. An

(1.3.5) P

(
p1

q1
, . . . ,

pm

qm

)
6= 0

tìte

(1.3.6)
∣∣∣∣P (p1

q1
, . . . ,

pm

qm

)∣∣∣∣ ≥ 1
qr1
1 · · · qrm

m
.

JewroÔme to an�ptugma tou P (x1, . . . , xm) me kèntro to shmeÐo (α, . . . , α). Gia k�poiouc
suntelestèc C(j1, . . . , jm) ∈ Q(α) èqoume

(1.3.7) P (x1, . . . , xm) =
∑

0≤ji≤ri

C(j1, . . . , jm)(x1 − α)j1 · · · (xm − α)jm .

Akolouj¸ntac to epiqeÐrhma tou Liouville, skeftìmaste ìti h tim  |P (p1/q1, . . . , pm/qm)|
ja eÐnai mikr  an (a) oi suntelestèc C(j1, . . . , jm) pou antistoiqoÔn se {mikr�} ji mhden'-
izontai, kai (b) to �jroisma twn |C(j1, . . . , jm)| eÐnai {mikrì}. Pr�gmati, ac upojèsoume
ìti up�rqei polu¸numo P (x1, . . . , xm) me tic ex c dÔo idiìthtec:

(i) Gia k�poio {mikrì} δ > 0 isqÔei

(1.3.8)
∑

0≤ji≤ri

|C(j1, . . . , jm)| ≤ (qr1
1 · · · qrm

m )δ
.

(ii) Gia θ = 1/2 isqÔei C(j1, . . . , jm) = 0 an

(1.3.9) qj1
1 · · · qjm

m ≤ (qr1
1 · · · qrm

m )θ
.
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Tìte, mporoÔme na gr�youme

|P (p1/q1, . . . , pm/qm)| ≤
∑

0≤ji≤ri

|C(j1, . . . , jm)|
∣∣∣∣α− p1

q1

∣∣∣∣j1 · · · ∣∣∣∣α− pm

qm

∣∣∣∣jm

≤
∑

0≤ji≤ri

|C(j1, . . . , jm)| 1(
qj1
1 · · · qjm

m

)µ

≤

 ∑
0≤ji≤ri

|C(j1, . . . , jm)|

 max
0≤ji≤ri

1(
qj1
1 · · · qjm

m

)µ ,

ìpou to max paÐrnetai p�nw apì ekeÐnouc touc j1, . . . , jm gia touc opoÐouc C(j1, . . . , jm) 6=
0. PaÐrnontac up� ìyin tic upojèseic mac gia to P , èqoume

|P (p1/q1, . . . , pm/qm)| ≤
(
qj1
1 · · · qjm

m

)δ 1

(qr1
1 · · · qrm

m )θµ

=
(
qj1
1 · · · qjm

m

)δ−θµ

.

Sundu�zontac me to k�tw fr�gma gia to |P (p1/q1, . . . , pm/qm)| sumperaÐnoume ìti

(1.3.10)
(
qj1
1 · · · qjm

m

)1+δ−θµ

≥ 1,

dhlad 

(1.3.11) 1 + δ − θµ ≥ 0.

Upojètontac ìti µ > 2 kai epilègontac δ > 0 arket� mikrì ja katal xoume se �topo.
To prìblhma eÐnai me poiìn trìpo mporeÐ kaneÐc na kataskeu�sei èna polu¸numo

P (x1, . . . , xm) me tic parap�nw idiìthtec. Ed¸ ja qrhsimopoihjeÐ pr¸ta ap� ìla h upì-
jesh ìti h |α − p/q| < 1

qµ èqei �peirec lÔseic. Ja qreiasteÐ na jewr soume polu¸numo

me pollèc metablhtèc (m meg�lo) ¸ste to P na mhn mhdenÐzetai tautotik� kai na up-
�rqei shmeÐo (p1/q1, . . . , pm/qm) polÔ {kont�} sto (α, . . . , α) kai me touc paronomastèc
q1, . . . , qm polÔ {meg�louc}. 'Opwc ja faneÐ kat� thn apìdeixh, to pio dÔskolo shmeÐo
brÐsketai sthn apaÐthsh na isqÔei P (p1/q1, . . . , pm/qm) 6= 0 pou exasfalÐzei to k�tw
fr�gma gia thn |P (p1/q1, . . . , pm/qm)|. Oi sunj kec (i) kai (ii) gia to P sumbib�zon-
tai an kai eÐnai antifatikèc: sto Kef�laio 3 ja eis�goume thn ènnoia tou {deÐkth enìc
poluwnÔmou P (x1, . . . , xm) se shmeÐo (a1, . . . , am)}. H sunj kh (ii) {anagk�zei} ton deÐk-
th na eÐnai {meg�loc} se shmeÐa thc morf c (p1/q1, . . . , pm/qm) en¸ h sunj kh (i) ton
{anagk�zei} na eÐnai {mikrìc}.



Kef�laio 2

To je¸rhma Thue–Siegel

2.1 Perigraf  thc apìdeixhc
To je¸rhma Thue–Siegel isqurÐzetai ìti an α eÐnai ènac algebrikìc arijmìc bajmoÔ d ≥ 2,
tìte gia k�je ε > 0 up�rqoun to polÔ peperasmènoi to pl joc rhtoÐ arijmoÐ pk

qk
pou

ikanopoioÔn thn

(2.1.1)
∣∣∣∣α− pk

qk

∣∣∣∣ < 1

q2
√

d+ε
k

.

O Dyson beltÐwse autì ton ekjèth se
√

2d+ ε kai, telik�, o Roth se 2 + ε.
Se aut  thn par�grafo dÐnoume mia sÔntomh perigraf  thc mejìdou tou Siegel, akolou-

j¸ntac ta �rjra [3] tou E. Croot kai [1] twn Bombieri, Hunt kai van der Poorten.
Upojètoume ìti

(2.1.2)
∣∣∣∣α− p1

q1

∣∣∣∣ < 1

q2
√

d+ε
1

kai

∣∣∣∣α− p2

q2

∣∣∣∣ < 1

q2
√

d+ε
2

gia k�poiouc rhtoÔc p1/q1 kai p2/q2, ìpou q1 < q2 kai oi q1, q2 eÐnai {polÔ meg�loi}.
Xekin¸ntac me thn upìjesh ìti h (2.1.1) èqei �peirec lÔseic, mporoÔme na p�roume touc
q1, q2 osod pote meg�louc qreiasteÐ ¸ste telik� na katal xoume se �topo. To �topo ja
prokÔyei apì ta parak�tw trÐa b mata:

B ma 1. Kataskeu�zoume èna polu¸numo F (x, y) bajmoÔ N1 wc proc x kai N2 wc proc
y, me {mikroÔc} akèraiouc suntelestèc, ¸ste oi arqikoÐ suntelestèc tou anaptÔgmatoc
Taylor tou F me kèntro to (α, α) na mhdenÐzontai.

B ma 2. H tim  F (p1/q1, p2/q2) eÐnai rhtìc arijmìc me paronomast  to polÔ Ðso me
qN1
1 qN2

2 . An loipìn, qrhsimopoi¸ntac to an�ptugma Taylor tou B matoc 1 kai qrhsi-
mopoi¸ntac thn (2.1.2), deÐxoume ìti aut  eÐnai, kat� apìluth tim , mikrìterh apì ton
1/(qN1

1 qN2
2 ), tìte èqoume F (p1/q1, p2/q2) = 0.
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B ma 3. DeÐqnoume apeujeÐac (  antikajist¸ntac thn F me k�poia merik  par�gwgì thc)
ìti F (p1/q1, p2, q2) 6= 0, opìte sumperaÐnoume ìti den up�rqoun dÔo lÔseic thc (2.1.1) me
paronomastèc tìso meg�louc. Gia to skopì autì, o Thue kai oi epìmenoi qrhsimopoioÔ-
san kat�llhlh genÐkeush (se dÔo metablhtèc) tou isqurismoÔ ìti an èna polu¸numo g(x)
me akèraiouc suntelestèc èqei rht  rÐza p/q t�xhc m, tìte o suntelest c tou megisto-
b�jmiou ìrou diaireÐtai me qm, �ra eÐnai {meg�loc}. Gia thn genÐkeush pou qrei�zetai se
autì to shmeÐo, eis�gontai oi orÐzousec Wronski W (x, y) dÔo metablht¸n kai shmantikì
rìlo paÐzei h idiìtht� touc ìti paragontopoioÔntai sth morf  W (x, y) = g(x)h(y).

2.2 H apìdeixh
Epilègoume N1 kai N2 megalÔterouc apì ton q2, ètsi ¸ste

(2.2.1)
1

qN1+1
1

<
1
qN2
2

≤ 1
qN1
1

.

Autì gÐnetai wc ex c: epilègoume pr¸ta k�poion N2 > q2 kai met� paÐrnoume san N1 ton
megalÔtero fusikì gia ton opoÐon qN1

1 ≤ qN2
2 .

B ma 1

JewroÔme èna polu¸numo thc morf c

(2.2.2) F (x, y) =
N1∑
r=0

N2∑
s=0

crsx
rys,

ìpou crs eÐnai akèraioi touc opoÐouc ja prosdiorÐsoume. JewroÔme t¸ra to an�ptugma
Taylor

(2.2.3) F (x, y) =
N1∑
i=0

N1∑
j=0

dij(x− α)i(y − α)j

thc F me kèntro to (α, α), ìpou

(2.2.4) dij =
1
i!j!

∂F

∂xi∂yj
(α, α).

K�je dij eÐnai akèraioc grammikìc sunduasmìc dun�mewn tou α bajmoÔ to polÔ Ðsou me
N1 +N2. Oi suntelestèc se autì ton grammikì sunduasmì eÐnai mikrìteroi   Ðsoi apì ton

(2.2.5) B = 2N1+N2 max
r,s

|crs|.
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Autì prokÔptei apì thn parat rhsh ìti, gia k�je 0 ≤ i ≤ r ≤ N1 kai 0 ≤ j ≤ s ≤ N2

èqoume

(2.2.6)
1
i!j!

∂(xrys)
∂xi∂yj

(α, α) =
(
r

i

)(
s

j

)
αr+s−(i+j)

kai

(2.2.7)
(
r

i

)(
s

j

)
≤ 2r2s ≤ 2N1+N2 .

JewroÔme to el�qisto polu¸numo tou α,

(2.2.8) bdx
d + bd−1x

d−1 + · · ·+ b1x+ b0,

ìpou bk ∈ Z kai o mègistoc koinìc diairèthc twn b0, b1, . . . , bd eÐnai 1. Me epagwg 
mporoÔme na deÐxoume ìti k�je dÔnamh αi tou α gr�fetai sth morf 

(2.2.9) αi = bi,d−1α
d−1 + · · ·+ bi,1α+ b0,

ìpou

(2.2.10) bi,` =
ni`

bid

gia k�poion ni` ∈ Z, o opoÐoc ikanopoieÐ thn

(2.2.11) |nij | ≤ CN1+N2
1

gia k�poia stajer� C1 > 0 pou exart�tai mìno apì to el�qisto polu¸numo tou α (deÐte
to L mma 3.2.3 sto epìmeno Kef�laio).

Eis�gontac aut  thn anhgmènh morf  twn dun�mewn tou α sthn anapar�stash twn
suntelest¸n dij , blèpoume ìti

(2.2.12) dij =
d−1∑
k=0

dijkα
k,

ìpou

(2.2.13) dijk =
nijk

bN1+N2
d

,

me touc nijk na eÐnai grammikoÐ sunduasmoÐ twn suntelest¸n crs touc opoÐouc jèloume na

prosdiorÐsoume, me suntelestèc pou fr�ssontai apì CN1+N2
2 , gia k�poia stajer� C2 > 0

pou exart�tai mìno apì to el�qisto polu¸numo tou α.
Ja jèlame t¸ra na exasfalÐsoume ìti dij = 0 gia k�je 0 ≤ i ≤ tN1 kai 0 ≤ j ≤ tN2,

me to t ìso gÐnetai megalÔtero, petuqaÐnontac tautìqrona oi suntelestèc crs tou F na
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eÐnai fragmènoi apolÔtwc apì CN1+N2
3 , ìpou h stajer� C3 = C3(α, ε) > 0 na exart�tai

mìno apì to el�qisto polu¸numo tou α kai ton ε.

Ac doÔme pr¸ta pìso meg�lo mporoÔme na epilèxoume to t, an den mac qrei�zetai to
fr�gma gia touc crs. To pl joc twn suntelest¸n crs pou jèloume na prosdiorÐsoume
eÐnai Ðso me (N1 + 1)(N2 + 1). Gia na èqoume dij = 0 gia k�poiouc 0 ≤ i ≤ tN1 kai
0 ≤ j ≤ tN2, prèpei na ikanopoieÐtai h dijk = 0 gia k�je k = 0, 1, . . . , d−1. 'Etsi, èqoume
dt2N1N2 omogeneÐc exis¸seic (apì thn (2.2.13)) wc proc crs. An

(2.2.14) dt2N1N2 < (N1 + 1)(N2 + 1),

tìte up�rqei mh tetrimmènh lÔsh tou sust matoc. PaÐrnoume loipìn thn ikan  sunj kh
t� 1/

√
d.

ElpÐzoume loipìn na exasfalÐsoume lÔsh {crs} fragmènh apì CN1+N2
3 , krat¸ntac to

t na eÐnai thc t�xhc tou 1/
√
d. To ergaleÐo pou mac dÐnei aut  th dunatìthta eÐnai to

L mma tou Siegel (deÐte to Je¸rhma 3.2.2 sto epìmeno Kef�laio). Qrhsimopoi¸ntac to
blèpoume ìti:

An 0 < δ � ε kai t = 1√
d
−δ > 0, tìte mporoÔme na broÔme C4 = C4(α, δ) > 0

kai crs ∈ Z me |crs| ≤ CN1+N2
4 ¸ste, an jewr soume to polu¸numo thc (2.2.2)

kai touc suntelestèc dij tou anaptÔgmatoc Taylor (2.2.3), na isqÔei dij = 0
gia k�je 0 ≤ i ≤ tN1 kai 0 ≤ j ≤ tN2.

B ma 2

Apì thn (2.2.3) èqoume

(2.2.15) F (p1/q1, p2/q2) ≤
N1∑
i=0

N1∑
j=0

|dij |
∣∣∣∣p1

q1
− α

∣∣∣∣i ∣∣∣∣p2

q2
− α

∣∣∣∣j .
An upojèsoume ìti oi p1/q1, p2/q2 ikanopoioÔn tic (2.1.2) kai (2.2.1), kai ìti dij = 0
gia k�je 0 ≤ i ≤ tN1 kai 0 ≤ j ≤ tN2 kai |crs| ≤ CN1+N2

4 , ìpou t = 1√
d
− δ kai

0 < δ � c(ε, d), tìte

F

(
p1

q1
,
p2

q2

)
≤ N1N2C5(α, δ)N1+N2 max

{
1

q
N1(1/

√
d−δ)(2

√
d+ε)

1

,
1

q
N2(1/

√
d−δ)(2

√
d+ε)

2

}

< max
{

1
q2N1+1
1

,
1

q2N2
2

}
≤ 1

qN1
1 qN2

2

,
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ìpou h teleutaÐa anisìthta exasfalÐzetai apì thn (2.2.1) kai h prohgoÔmenh an ta q1, q2
eÐnai arket� meg�la (ja exart¸ntai apì ta ε, δ kai C5). AfoÔ

(2.2.16) F (p1/q1, p2/q2) =
m

qN1
1 qN2

2

gia k�poion m ∈ Z, anagkastik� èqoume m = 0 kai

(2.2.17) F (p1/q1, p2/q2) = 0.

B ma 3

Ac upojèsoume ìti F (p1/q1, p2/q2) = 0. AnaptÔssoume thn F me kèntro to (p1/q1, p2/q2):
eÐnai

(2.2.18) F (x, y) =
N1∑
r=0

N2∑
s=0

ers

(
x− p1

q1

)r (
y − p2

q2

)s

,

kai e00 = 0. O isqurismìc eÐnai ìti prèpei na up�rqei k�poioc ers 6= 0 me touc r ≤ ε1N1

kai s ≤ ε1N2, ìpou to ε1 > 0 mporeÐ na epilegeÐ osod pote mikrì (se sÔgkrish me to ε)
an oi N1, N2 eÐnai arket� meg�loi. An autì isqÔei, tìte h

(2.2.19) F1(x, y) =
1
r!s!

∂r+sF (x, y)
∂xr∂ys

ja eÐnai diaforetik  apì to mhdèn sto shmeÐo (p1/q1, p2/q2) kai tautìqrona ja ikanopoioÔn-
tai oi proôpojèseic ¸ste na efarmìsoume to B ma 2 gi� aut n. Parathr ste ìti oi sunte-
lestèc thc F1 fr�ssontai ki autoÐ apì mia posìthta thc morf c CN1+N2 , ìpou h stajer�
C exart�tai apì ton α, to δ kai to max |crs|.
H strathgik . EÐnai qr simo na dei kaneÐc pr¸ta giatÐ autìc o isqurismìc moi�zei
logikìc, xekin¸ntac apì thn perÐptwsh thc miac metablht c: èstw

(2.2.20) f(x) =
N1∑
r=0

er(x− p1/q1)r

èna polu¸numo me akèraiouc suntelestèc. An er = 0 gia k�je r = 0, 1, . . . , ε1N1, tìte
to polu¸numo (x − p1/q1)bε1N1c+1 diaireÐ to f(x). Apì to L mma tou Gauss (blèpe
Par�grafo 4.1) èpetai ìti to polu¸numo (q1x− p1)bε1N1c+1 diaireÐ to f(x). Eidikìtera,
o q

bε1N1c+1
1 diaireÐ to megistob�jmio suntelest  tou f(x). Sunep¸c, oi suntelestèc tou

f(x) prèpei na eÐnai meg�loi. An ìmwc gnwrÐzoume ìti autoÐ oi suntelestèc fr�ssontai
apì CN1 , tìte o ε1 prèpei na eÐnai mikrìc an oi q1, N1 eÐnai meg�loi.
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'Otan to polu¸numo F (x, y) eÐnai dÔo metablht¸n, to prohgoÔmeno epiqeÐrhma den
douleÔei. Up�rqei ìmwc mÐa perÐptwsh sthn opoÐa den qrei�zetai kamÐa metatrop : ac
upojèsoume ìti

(2.2.21) F (x, y) = g(x)h(y)

gia k�poia polu¸numa g, h miac metablht c, me akèraiouc suntelestèc. An to F (x, y)
dÐnetai apì thn (2.2.18) kai an ers = 0 gia ìlouc touc r ≤ ε1N1 kai s ≤ ε1N2, tìte,
gr�fontac

(2.2.22) g(x) =
N1∑
r=0

gr(x− p1/q1)r kai h(y) =
N2∑
s=0

hs(y − p2/q2)s,

ìpou gr, hs ∈ Q, èqoume: eÐte gr = 0 gia k�je 0 ≤ r ≤ ε1N1   hs = 0 gia k�je 0 ≤ s ≤
ε1N2. 'Opwc kai sthn prohgoÔmenh par�grafo, sthn pr¸th perÐptwsh katal goume sthn
qε1N1
1 ≤ CN1+N2 en¸ sthn deÔterh katal goume sthn qε1N2

2 ≤ CN1+N2 (upojètontac ìti
oi suntelestèc tou F fr�ssontai apì CN1+N2). An upojèsoume ìti N1 log q1 ' N2 log q2,
tìte to fr�gma pou paÐrnoume gia to ε1 eÐnai O(1/ log q1).

Genik�, èna polu¸numo F (x, y) dÔo metablht¸n den paragontopoieÐtai sth morf 
g(x)h(y). H idèa twn Thue kai Siegel  tan na kataskeu�soun èna nèo polu¸numoW (x, y)
to opoÐo èqei thn idiìthta na paragontopoieÐtai sth morf  g(x)h(y), oi suntelestèc
tou fr�ssontai apì CN1+N2

1 gia mia stajer� C1 > 0 pou exart�tai apì touc α, ε,
kai ikanopoieÐ to ex c: an ìloi oi suntelestèc ers tou F {mikr c t�xhc} mhdenÐzontai,
tìte to Ðdio isqÔei gia touc suntelestèc tou anaptÔgmatoc tou W (x, y) me kèntro to
(p1/q1, p2/q2). Met�, qrhsimopoieÐ kaneÐc to epiqeÐrhma thc prohgoÔmenhc paragr�fou
gia to polu¸numo W .

Orismìc tou W (x, y). GnwrÐzoume ìti up�rqoun polu¸numa ai(x), bi(y) me rhtoÔc sun-
telestèc, ¸ste

(2.2.23) F (x, y) =
k∑

i=1

ai(x)bi(y).

Gia par�deigma, to Ðdio to an�ptugma Taylor tou F (x, y) me kèntro to (0, 0) mac dÐnei mia
tètoia anapar�stash. Epilègoume mia anapar�stash thc morf c (2.2.23) gia thn opoÐa
to pl joc k twn prosjetèwn eÐnai to mikrìtero dunatì. Tìte, oi a1, . . . , ak eÐnai grammik�
anex�rthtec p�nw apì to Q, kai to Ðdio isqÔei gia tic b1, . . . , bk (blèpe (4.3.13)�(4.3.15)).
EpÐshc, k ≤ N2. Apì thn anexarthsÐa twn ai kai twn bi, i = 1, . . . , k, prokÔptei ìti

(2.2.24) g(x) := det

(
aj−1

i (x)
(j − 1)!

)k

i,j=1

6= 0 kai h(y) := det

(
bj−1
i (x)

(j − 1)!

)k

i,j=1

6= 0.

Dhlad , to polu¸numo

(2.2.25) W (x, y) = det
(

1
(i− 1)!(j − 1)!

∂i+j−2F (x, y)
∂xi−1∂yj−1

)k

i,j=1
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gr�fetai sth morf 

(2.2.26) W (x, y) = g(x)h(y).

MporoÔme epÐshc na d¸soume �nw fr�gma gia touc suntelestèc tou W (x, y). 'Oloi oi
ìroi pou emfanÐzontai sthn orÐzousa (2.2.25) fr�ssontai apì C(α, ε, δ)N1+N2 . èpetai ìti
oi suntelestèc tou W fr�ssontai apì

(2.2.27) k!ck(N1+N2) ≤ N2!cN2(N1+N2) ≤ CN1N2 ,

an oi N1, N2 upotejoÔn arket� meg�loi.
AnaptÔssoume to W (x, y) me kèntro to (p1/q1, p2/q2) kai ja jèlame na qrhsimopoi -

soume to gegonìc ìti oi suntelestèc mikr c t�xhc (r, s) ≤ (ε1N1, ε1N2) se autì to
an�ptugma

(2.2.28) W (x, y) =
N1∑
r=0

N2∑
s=0

ers(x− p1/q1)r(y − p2/q2)s

mhdenÐzontai gia na deÐxoume ìti k�je mh mhdenikìc ìroc autoÔ tou anaptÔgmatoc eÐte
perièqei pollapl�sio meg�lhc dÔnamhc tou (x − p1/q1)   perièqei pollapl�sio meg�lhc
dÔnamhc tou (y − p2/q2). Met�, ja mporoÔsame na proqwr soume ìpwc sthn perÐptwsh
poluwnÔmou miac metablht c.

Se autì to shmeÐo qrei�zetai na upojèsoume ìti o q2 eÐnai polÔ megalÔteroc apì ton
q1 kai o N1 polÔ megalÔteroc apì ton N2. Autì shmaÐnei ìti k � N1.

OrÐzoume t¸ra ton deÐkth Ind(P ) enìc poluwnÔmou P (x, y) (bajmoÔ (N1, N2) wc proc
(x, y)) sto shmeÐo (p1/q1, p2/q2) wc th mègisth tim  thc posìthtac a

N1
+ b

N2
p�nw apì ìla

ta zeug�ria (a, b) gia ta opoÐa emfanÐzetai ìroc (x− p1/q1)a(y − p2/q2)b sto an�ptugma
tou P me kèntro to (p1/q1, p2/q2). Qrhsimopoi¸ntac tic basikèc idiìthtec

(2.2.29) Ind(PQ) = Ind(P ) + Ind(Q)

kai

(2.2.30) Ind(P +Q) ≥ min{Ind(P ), Ind(Q)}

tou deÐkth, oi opoÐec prokÔptoun apì ton orismì, mporoÔme na deÐxoume ìti ìlec oi sunte-
tagmènec sthn j-st lh tou pÐnaka (2.2.25) pou orÐzei toW (x, y) èqoun deÐkth megalÔtero
  Ðso apì

(2.2.31) ε1 −
j − 1
N2

.

Tìte, p�li qrhsimopoi¸ntac tic basikèc idiìthtec tou deÐkth, sumperaÐnoume ìti

(2.2.32) Ind(W ) ≥ (ε1 −O(ε21))N2.
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PaÐrnontac up� ìyin to fr�gma (2.2.27) gia touc suntelestèc tou W (x, y) kai to gegonìc
ìti paragontopoieÐtai sth morf  W (x, y) = g(x)h(y), blèpoume ìti eÐte Ind(g) ≥ (ε1/2−
O(ε21))N2   Ind(h) ≥ (ε1/2−O(ε21))N2.

Sthn pr¸th perÐptwsh èqoume

(2.2.33) (q1x− p1)(ε1/2+O(ε2
1))N1N2 | g(x) |W (x, y),

to opoÐo shmaÐnei ìti

(2.2.34) q
(ε1/2+O(ε2

1))N1N2
1 ≤ CN1N2 ,

�ra

(2.2.35) ε1 ≤
C1

log q1

an o q1 eÐnai meg�loc.
Sth deÔterh perÐptwsh èqoume

(2.2.36) (q2y − p2)(ε1/2+O(ε2
1))N

2
2 |W (x, y),

to opoÐo shmaÐnei ìti

(2.2.37) (qN1
1 )(ε1/2+O(ε2

1))N2 < q
(ε1/2+O(ε2

1))N
2
2

2 ≤ CN1N2 ,

�ra, p�li,

(2.2.38) ε1 ≤
C1

log q1
.

Me �lla lìgia, an oi q1, q2 eÐnai polÔ meg�loi kai o N1 eÐnai polÔ megalÔteroc apì ton
N2, tìte o ε1 prèpei na eÐnai polÔ mikrìc.

Autì me th seir� tou shmaÐnei ìti k�poia merik  par�gwgoc mikr c t�xhc F1(x, y) =
∂r+sF (x,y)

∂xr∂ys tou poluwnÔmou F (x, y) pou orÐsthke sto B ma 1 den mhdenÐzetai sto (p1/q1, p2/q2).
Thn Ðdia stigm , to B ma 2 mporeÐ na epanalhfjeÐ gia thn F1(x, y) kai autì odhgeÐ se
�topo.



Kef�laio 3

DeÐkthc poluwnÔmou

3.1 'Ena sunduastikì l mma
ApodeiknÔoume pr¸ta èna sunduastikì l mma pou ja qrhsimopoihjeÐ sth sunèqeia.

L mma 3.1.1. 'Estw r1, . . . , rm ∈ N kai 0 < ε < 1. To pl joc twn m-�dwn (i1, . . . , im)
mh arnhtik¸n akeraÐwn pou ikanopoioÔn tic

(3.1.1) 0 ≤ ik ≤ rk, k = 1, . . . ,m

kai

(3.1.2)

∣∣∣∣∣
m∑

k=1

ik
rk
− m

2

∣∣∣∣∣ ≥ εm

eÐnai mikrìtero   Ðso apì

(3.1.3) 2(r1 + 1) · · · (rm + 1)e−ε2m/2.

Apìdeixh. H apìdeixh pou ja d¸soume eÐnai pijanojewrhtik . Gr�foume M1 gia to
pl joc twn m-�dwn (i1, . . . , im) gia tic opoÐec

(3.1.4)
m∑

k=1

ik
rk
− m

2
≥ εm

kai M2 gia to pl joc twn m-�dwn (i1, . . . , im) gia tic opoÐec

(3.1.5)
m∑

k=1

ik
rk
− m

2
≤ −εm.
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Ja deÐxoume ìti

(3.1.6) max{M1,M2} ≤ (r1 + 1) · · · (rm + 1)e−ε2m/2.

JewroÔme anex�rthtec tuqaÐec metablhtèc X1, . . . , Xm ètsi ¸ste h Xk na paÐrnei tic timèc
0, 1, . . . , rk me pijanìthta 1

rk+1 . Parathr ste ìti

(3.1.7) E (Xk) =
rk∑

j=0

j

rk + 1
=
rk(rk + 1)
2(rk + 1)

=
rk
2
.

Sunep¸c,

(3.1.8) E

(
m∑

k=1

Xk

rk

)
=
m

2
.

MporoÔme loipìn na gr�youme

(3.1.9) M1 = (r1 + 1) · · · (rm + 1) P

(
m∑

k=1

Xk

rk
− E

(
m∑

k=1

Xk

rk

)
≥ εm

)
.

OrÐzoume

(3.1.10) Yk =
Xk

rk
− E

(
Xk

rk

)
.

Tìte, oi Y1, . . . , Ym eÐnai anex�rthtec tuqaÐec metablhtèc kai E (Yk) = 0, k = 1, . . . ,m.
Gia k�je t > 0 mporoÔme na gr�youme

P := P

(
m∑

k=1

Yk ≥ εm

)
= P

(
et

∑m
k=1 Yk ≥ etεm

)
≤ e−tεmE

(
et

∑m
k=1 Yk

)
qrhsimopoi¸ntac pr¸ta to gegonìc ìti h ekjetik  sun�rthsh eÐnai aÔxousa kai met� thn
anisìthta tou Markov. Apì thn anexarthsÐa twn Yk èqoume

(3.1.11) E
(
et

∑m
k=1 Yk

)
= E

(
m∏

k=1

etYk

)
=

m∏
k=1

E (etYk).

Gia ton upologismì thc E (etYk) upologÐzoume pr¸ta thn
(3.1.12)

E (Y 2
k ) =

rk∑
j=0

j2

r2k(rk + 1)
− [E(Xk/rk)]2 =

rk(rk + 1)(2rk + 1)
6r2k(rk + 1)

− 1
4

=
2rk + 1

6rk
− 1

4
≤ 1

4
,
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kai met�, qrhsimopoi¸ntac thn |Yk| ≤ 1 kai to an�ptugma Taylor thc ekjetik c sun�rthsh-
c, gr�foume

E (etYk) = 1 +
∞∑

s=2

tsE (Y s
k )

s!

≤ 1 +
t2

2
E (Y 2

k ) +
∞∑

s=3

tsE (Y 2
k )

s!

≤ 1 +
t2

2
1
4

(
1 +

∞∑
s=3

2
s!
ts−2

)

≤ 1 +
t2

2
1
4

(
1 +

∞∑
s=3

1
(s− 2)!

ts−2

)

≤ 1 +
t2

8
et.

'Epetai ìti

(3.1.13) P ≤ e−tεm

(
1 +

t2

8
et

)m

≤ e−tεme
t2m

8 et

gia k�je t > 0. Epilègoume t = ε. Tìte,

(3.1.14) −tεm+
t2m

8
et = −ε2m+

ε2m

8
eε < −ε

2m

2
.

Tìte,

(3.1.15) M1 ≤ (r1 + 1) · · · (rm + 1)e−ε2m/2,

kai ìmoia blèpoume ìti

(3.1.16) M2 ≤ (r1 + 1) · · · (rm + 1)e−ε2m/2,

ap� ìpou prokÔptei to sumpèrasma. 2

3.2 To l mma tou Siegel

'Estw T èna polu¸numom metablht¸n, me akèraiouc suntelestèc. MporoÔme na gr�foume

(3.2.1) T (x1, . . . , xm) =
∑

j1,...,jm≥0

C(j1, . . . , jm)xj1
1 · · ·xjm

m ,

ìpou to �jroisma eÐnai p�nw apì ìlec tic m-�dec j1, . . . , jm mh arnhtik¸n akeraÐwn all�
mìno peperasmènoi to pl joc apì touc suntelestèc C(j1, . . . , jm) eÐnai mh mhdenikoÐ.
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To Ôyoc h(T ) tou T orÐzetai apì thn

(3.2.2) h(T ) = max{|C(j1, . . . , jm)| : j1, . . . , jm ∈ Z+}.

An~i = (i1, . . . , im) eÐnai miam-�da mh arnhtik¸n akeraÐwn, gr�foume T~i gia to polu¸numo

(3.2.3) T~i = Ti1,...,im =
1

i1! · · · im!
∂i1+···+im

∂xi1
1 · · · ∂x

im
m

T.

L mma 3.2.1. 'Estw T èna polu¸numo m metablht¸n, me akèraiouc suntelestèc. An
~i = (i1, . . . , im) eÐnai mia m-�da mh arnhtik¸n akeraÐwn, tìte to T~i èqei ki autì akèraiouc
suntelestèc. Epiplèon, an o bajmìc tou T wc proc xk eÐnai Ðsoc me rk (k = 1, . . . ,m) tìte

(3.2.4) h(T~i) ≤ 2r1+···+rmh(T ).

Apìdeixh. Gr�foume to T sth morf 

(3.2.5) T (x1, . . . , xm) =
r1∑

j1=0

· · ·
rm∑

jm=0

C(j1, . . . , jm)xj1
1 · · ·xjm

m ,

ìpou C(j1, . . . , jm) ∈ Z. Tìte,

(3.2.6) T~i(x1, . . . , xm) =
r1∑

j1=0

· · ·
rm∑

jm=0

(
j1
i1

)
· · ·
(
jm
im

)
xj1−i1

1 · · ·xjm−im
m .

Se aut  thn anapar�stash sumfwnoÔme ìti
(
jk

ik

)
= 0 an jk < ik. Oi suntelestèc tou T~j

eÐnai akèraioi, diìti
(
jk

ik

)
∈ Z gia k�je k = 1, . . . ,m.

Tèloc, apì thn anisìthta

(3.2.7)
(
jk
ik

)
≤ 2jk ≤ 2rk

eÐnai fanerì ìti oi suntelestèc tou T~j fr�ssontai apolÔtwc apì

2r1 · · · 2rm max |C(j1, . . . , jm)|,

dhlad  h(T~i) ≤ 2r1+···+rmh(T ). 2

Je¸rhma 3.2.2 (l mma tou Siegel). JewroÔme m grammikèc morfèc

(3.2.8) Lj(z1, . . . , zn) =
n∑

k=1

ajkzk
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me akèraiouc suntelestèc. An n > m kai |ajk| ≤ A gia k�je 1 ≤ j ≤ m kai 1 ≤ k ≤ n,
ìpou A fusikìc arijmìc, tìte up�rqoun akèraioi y1, . . . , yn, ìqi ìloi mhdèn, ¸ste

(3.2.9) Lj(y1, . . . , yn) = 0, j = 1, . . . ,m

kai

(3.2.10) max
1≤k≤n

|yk| ≤ (nA)
m

n−m .

Apìdeixh. AfoÔ n > m, up�rqoun mh mhdenikèc rhtèc lÔseic tou sust matoc (3.2.9).
Parathr¸ntac ìti an (z1, . . . , zn) eÐnai mia lÔsh tou (3.2.9) tìte kai h (tz1, . . . , tzn) eÐnai
lÔsh tou, sumperaÐnoume ìti up�rqoun mh tetrimmènec akèraiec lÔseic.

Jètoume

(3.2.11) B := b(nA)
m

n−m c.

Tìte, (nA)
m

n−m < B + 1, �ra

(3.2.12) nA < (B + 1)
n−m

m .

'Epetai ìti

(3.2.13) nAB + 1 ≤ nA(B + 1) < (B + 1)n/m.

T¸ra, parathroÔme ìti an z = (z1, . . . , zn) kai 0 ≤ zk ≤ B, tìte

(3.2.14) −rjB ≤ Lj(z) ≤ sjB

gia k�je j = 1, . . . ,m, ìpou −rj kai sj eÐnai ta ajroÐsmata twn arnhtik¸n kai jetik¸n
suntelest¸n ajk antÐstoiqa. AfoÔ rj + sj ≤ nA, k�je Lj(z) an kei se èna di�sthma
m kouc to polÔ Ðsou me nAB. Dhlad , k�je Lj(z) mporeÐ na p�rei to polÔ nAB + 1
diaforetikèc timèc. 'Epetai ìti to di�nusma (L1(z), . . . , Lm(z)) mporeÐ na p�rei to polÔ

(3.2.15) (nAB + 1)m < (B + 1)n

diaforetikèc timèc.
Apì thn �llh pleur�, to pl joc twn akeraÐwn n-�dwn z = (z1, . . . , zn) pou ikanopoioÔn

thn 0 ≤ zk ≤ B eÐnai Ðso me (B + 1)n. Sunep¸c, up�rqoun diakekrimènec tètoiec n-�dec
y(1) kai y(2) me thn idiìthta

(3.2.16) Lj(y(1)) = Lj(y(2))

gia k�je j = 1, . . . ,m. Tìte, h n-�da y = y(1) − y(2) eÐnai akèraia, mh tetrimmènh lÔsh
tou sust matoc kai max

1≤k≤n
|yk| ≤ (nA)

m
n−m . 2
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L mma 3.2.3. 'Estw α algebrikìc akèraioc, me el�qisto polu¸numo to

(3.2.17) Q(x) = xd + t1x
d−1 + · · ·+ td−1x+ td.

Gia k�je mh arnhtikì akèraio s, up�rqoun akèraioi t
(s)
1 , . . . , t

(s)
d pou ikanopoioÔn tic

(3.2.18) αs = t
(s)
1 αd−1 + · · ·+ t

(s)
d−1α+ t

(s)
d

kai

(3.2.19) |t(s)i | ≤ (h(Q) + 1)s, 1 ≤ i ≤ d.

Apìdeixh. To sumpèrasma isqÔei profan¸c an s < d. SuneqÐzoume me epagwg  wc proc
s. An to sumpèrasma isqÔei gia ton as−1, gr�foume

αs = αs−1α =
(
t
(s−1)
1 αd−1 + · · ·+ t

(s−1)
d

)
α

= t
(s−1)
1 αd + t

(s−1)
2 αd−1 + · · ·+ t

(s−1)
d α

=
(
t
(s−1)
2 − t1t

(s−1)
1

)
αd−1 + · · ·+

(
t
(s−1)
d − td−1t

(s−1)
1

)
α− tdt

(s−1)
1 .

Dhlad ,

(3.2.20) αs = t
(s)
1 αd−1 + · · ·+ t

(s)
d−1α+ t

(s)
d ,

ìpou t
(s)
i = t

(s−1)
i+1 −tit(s−1)

1 an 1 ≤ i < d kai t
(s)
d = −tdt(s−1)

1 . T¸ra, gia k�je i = 1, . . . , d
èqoume thn ektÐmhsh

(3.2.21) |t(s)i | ≤ (h(Q) + 1)s−1 + h(Q)(h(Q) + 1)s−1 = (h(Q) + 1)s.

'Etsi, oloklhr¸netai to epagwgikì b ma. 2

3.3 DeÐkthc poluwnÔmou
Orismìc 3.3.1 (deÐkthc poluwnÔmou). 'Estw P (x1, . . . , xm) polu¸numo m metabl-
ht¸n me akèraiouc suntelestèc. StajeropoioÔme fusikoÔc r1, . . . , rm. An P 6= 0, gia
k�je (a1, . . . , am) ∈ Rm orÐzoume wc deÐkth tou P wc proc (a1, . . . , am; r1, . . . , rm)
thn el�qisth tim  thc posìthtac

(3.3.1)
i1
r1

+ · · ·+ im
rm

p�nw apì ìlouc touc i1, . . . , im ≥ 0 gia touc opoÐouc Pi1,...,im
(a1, . . . , am) 6= 0. Eidikìter-

a, o deÐkthc IndP (a1, . . . , am) tou P sto (a1, . . . , am) eÐnai Ðsoc me 0 an P (a1, . . . , am) 6= 0.
Sthn perÐptwsh pou P ≡ 0 orÐzoume IndP (a1, . . . , am) = +∞ gia k�je (a1, . . . , am) ∈

Rm.
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Sto epìmena L mmata apodeiknÔoume k�poiec basikèc idiìthtec tou deÐkth:

L mma 3.3.2. 'Estw P (x1, . . . , xm), i = 1, 2, polu¸numo m metablht¸n me akèraiouc
suntelestèc, èstw r1, . . . , rm ∈ N kai (a1, . . . , am) ∈ Rm. Tìte, gia k�je i1, . . . , im ≥ 0,

(3.3.2) IndPi1,...,im
(a1, . . . , am) ≥ IndP (a1, . . . , am)−

m∑
k=1

ik
rk
.

Apìdeixh. Jètoume T = P~i = Pi1,...,im . ParathroÔme ìti, an ~j = (j1, . . . , jm) eÐnai mia
m-�da mh arnhtik¸n akeraÐwn, tìte T~j = P~i+~j . An loipìn T~j(a1, . . . , am) 6= 0, tìte
P~i+~j(a1, . . . , am) 6= 0, to opoÐo shmaÐnei ìti

(3.3.3)
m∑

k=1

ik + jk
rk

≥ IndP (a1, . . . , am).

IsodÔnama,

(3.3.4)
m∑

k=1

jk
rk
≥ IndP (a1, . . . , am)−

m∑
k=1

ik
rk
.

Apì ton orismì tou deÐkth (gia to T ) prokÔptei to sumpèrasma. 2

L mma 3.3.3. 'Estw P (i)(x1, . . . , xm), i = 1, 2, polu¸numa m metablht¸n me akèraiouc
suntelestèc kai èstw r1, . . . , rm ∈ N. Tìte, gia k�je (a1, . . . , am) ∈ Rm,

(3.3.5) Ind(P (1) + P (2))(a1, . . . , am) ≥ min{IndP (1)(a1, . . . , am), IndP (2)(a1, . . . , am)}

kai

(3.3.6) Ind(P (1) · P (2))(a1, . . . , am) = IndP (1)(a1, . . . , am) + IndP (2)(a1, . . . , am).

Apìdeixh. Gia ton pr¸to isqurismì, upojètoume ìti (P (1)+P (2))~j(a1, . . . , am) 6= 0. Tìte,

eÐte P
(1)
~j

(a1, . . . , am) 6= 0   P
(2)
~j

(a1, . . . , am) 6= 0. 'Ara, eÐte

(3.3.7)
m∑

k=1

jk
rk
≥ IndP (1)(a1, . . . , am)

 

(3.3.8)
m∑

k=1

jk
rk
≥ IndP (2)(a1, . . . , am).
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Se k�je perÐptwsh,

(3.3.9) Ind(P (1) + P (2))(a1, . . . , am) ≥ min{IndP (1)(a1, . . . , am), IndP (2)(a1, . . . , am)}.

Gia ton deÔtero isqurismì, parathroÔme pr¸ta ìti gia k�je ~j = (j1, . . . , jm) mporoÔme
na gr�youme

(3.3.10) (P (1)P (2))~j =
∑

~i+~i′=~j

C(~i, ~i′)P (1)
~i

P
(2)
~i′
.

Apì ton trìpo orismoÔ tou T~i (sthn (3.2.3)) mporoÔme m�lista na doÔme ìti C(~i, ~i′) = 1.
Up�rqei m-�da ~j gia thn opoÐa

(3.3.11) Ind (P (1)P (2)) =
m∑

k=1

jk
rk

kai

(3.3.12) (P (1)P (2))(a1, . . . , am) 6= 0.

Tìte, apì thn (3.3.10) sumperaÐnoume ìti up�rqoun~i kai ~i′ me~i+~i′ = ~j ¸ste P
(1)

~i
(a1, . . . , am) 6=

0 kai P
(2)
~i′

(a1, . . . , am) 6= 0. Autì shmaÐnei ìti

(3.3.13)
m∑

k=1

ik
rk
≥ IndP (1)

kai

(3.3.14)
m∑

k=1

i′k
rk
≥ IndP (2).

'Epetai ìti

Ind (P (1)P (2)) =
m∑

k=1

jk
rk

=
m∑

k=1

ik
rk

+
m∑

k=1

i′k
rk

≥ IndP (1) + IndP (2).

Gia thn antÐstrofh anisìthta, jewroÔme pr¸ta ìlec tic m-�dec ~i gia tic opoÐec

(3.3.15) IndP (1) =
m∑

k=1

ik
rk
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kai

(3.3.16) P
(1)

~i
(a1, . . . , am) 6= 0.

Apì autèc, epilègoume thn mikrìterh wc proc th lexikografik  di�taxh, ac thn poÔme
~i = (i1, . . . , im). TeleÐwc an�loga, jewroÔme th mikrìterh lexikografik� m-�da ~i′ =
(i′1, . . . , i′m) gia thn opoÐa

(3.3.17) IndP (2) =
m∑

k=1

i′k
rk

kai

(3.3.18) P
(2)
~i′

(a1, . . . , am) 6= 0.

Jètoume ~j =~i+ ~i′. Tìte, apì thn (3.3.10) blèpoume ìti

(3.3.19) (P (1)P (2))~j(a1, . . . , am) = C(~i, ~i′)P (1)
~i

(a1, . . . , am)P (2)
~i′

(a1, . . . , am) 6= 0.

'Epetai ìti

Ind (P (1)P (2)) ≤
m∑

k=1

jk
rk

=
m∑

k=1

ik
rk

+
m∑

k=1

i′k
rk

= IndP (1) + IndP (2)

kai h apìdeixh èqei oloklhrwjeÐ. 2

3.4 O deÐkthc sto (α, . . . , α)

To epìmeno je¸rhma exasfalÐzei thn Ôparxh poluwnÔmwn me {mikroÔc suntelestèc} kai
{meg�lo deÐkth} sto shmeÐo (α, . . . , α) ∈ Rm, ìpou α algebrikìc arijmìc bajmoÔ d ≥ 2:

Je¸rhma 3.4.1 (to je¸rhma tou deÐkth). 'Estw α algebrikìc arijmìc bajmoÔ d ≥ 2.
JewroÔme tuqìn ε ∈ (0, 1) kai ènan fusikì arijmì m pou ikanopoieÐ thn

(3.4.1) m > 16ε−2 log(4d).

Tìte, gia k�je epilog  fusik¸n arijm¸n r1, . . . , rm, up�rqei polu¸numo P (x1, . . . , xm) 6=
0 me akèraiouc suntelestèc, to opoÐo èqei tic parak�tw idiìthtec:

(i) Gia k�je k = 1, . . . ,m, o bajmìc tou P wc proc xk eÐnai mikrìteroc   Ðsoc tou rk.

(ii) O deÐkthc tou P wc proc r1, . . . , rm sto shmeÐo (α, . . . , α) eÐnai megalÔteroc   Ðsoc
tou m

2 (1− ε).
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(iii) IsqÔei h(P ) ≤ Br1+···+rm gia k�poia stajer� B = B(α) > 0 pou exart�tai mìno
apì ton α.

Apìdeixh. JewroÔme polu¸numa thc morf c

(3.4.2) P (x1, . . . , xm) =
r1∑

j=0

· · ·
rm∑

jm=0

C(j1, . . . , jm)xj1
1 · · ·xjm

m

me akèraiouc suntelestèc, ta opoÐa na ikanopoioÔn tic sunj kec (ii) kai (iii). To pl joc
twn suntelest¸n C(j1, . . . , jm) touc opoÐouc jèloume na prosdiorÐsoume eÐnai Ðso me

(3.4.3) N = (r1 + 1) · · · (rm + 1).

Gia na petÔqoume na eÐnai megalÔteroc   Ðsoc tou m
2 (1−ε) o deÐkthc tou P sto (α, . . . , α),

ja prèpei na ikanopoioÔntai oi

(3.4.4) Pi1,...,im(α, . . . , α) = 0

gia ìlec tic m-�dec (i1, . . . , im) pou ikanopoioÔn thn

(3.4.5)
m∑

k=1

ik
rk

< (1− ε)
m

2
.

Apì to L mma 3.1.1, to pl joc aut¸n twn m-�dwn eÐnai mikrìtero   Ðso apì

(3.4.6) 2(r1 + 1) · · · (rm + 1)e−ε2m/16 ≤ N

2d
an p�roume up� ìyin mac thn upìjesh ìti m > 16ε−2 log(4d).

An stajeropoi soume mia m-�da (i1, . . . , im), tìte h exÐswsh Pi1,...,im
(α, . . . , α) = 0

eÐnai grammik  wc proc touc agn¸stouc C(j1, . . . , jm). Oi suntelestèc twn agn¸stwn eÐ-
nai akèraia pollapl�sia dun�mewn tou α, �ra eÐnai algebrikoÐ arijmoÐ. AfoÔ k�je dÔnamh
tou α eÐnai grammikìc sunduasmìc twn 1, α, α2, . . . , αd−1 me akèraiouc suntelestèc, ÐsodÔ-
nama èqoume èna sÔsthma d grammik¸n exis¸sewn wc proc C(j1, . . . , jm), me akèraiouc
suntelestèc. An A eÐnai h mègisth apìluth tim  aut¸n twn akèraiwn suntelest¸n, to
L mma 3.2.3 mac dÐnei to fr�gma

A ≤
(
j1
i1

)
· · ·
(
jm
im

)
(h(Q) + 1)(j1−i1)+···+(jm−im)

≤ 2j1+···+jm(h(Q) + 1)(j1−i1)+···+(jm−im)

≤ (2(h(Q) + 1))r1+···+rm ,

ìpou Q(x) eÐnai to el�qisto polu¸numo tou α. To sunolikì pl joc twn exis¸sewn eÐnai
to polÔ Ðso me M ≤ d · N

2d , �ra to L mma tou Siegel exasfalÐzei thn Ôparxh lÔshc me

max |C(j1, . . . , jm)| ≤ (NA)
M

N−M

≤ NA ≤ 2r1+···+rm(2(h(Q) + 1))r1+···+rm

= B(α)r1+···+rm ,
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me th stajer� B(α) = 4(h(Q) + 1) na exart�tai mìno apì ton α. 2

3.5 O deÐkthc se rht� shmeÐa kont� sto (α, . . . , α)

Se aut  thn par�grafo upojètoume ìti o α eÐnai algebrikìc akèraioc bajmoÔ d ≥ 2, jew-
roÔme 0 < ε < 1 kai m = m(α, ε) > 16ε−2 log(4d), stajeropoioÔme fusikoÔc r1, . . . , rm
kai jewroÔme èna polu¸numo P (x1, . . . , xm) me tic idiìthtec pou exasfalÐzei to Je¸rhma
3.4.1.

Je¸rhma 3.5.1. 'Estw 0 < δ < 1 kai

(3.5.1) 0 < ε <
δ

36
.

Upojètoume ìti oi rhtoÐ p1
q1
, . . . , pm

qm
ikanopoioÔn tic

(3.5.2)
∣∣∣∣α− pk

qk

∣∣∣∣ < 1
q2+δ
k

, j = 1, . . . ,m

kai ìti

(3.5.3) qδ
k > D, k = 1, . . . ,m

gia k�poia stajer� D = D(α) > 0 pou exart�tai mìno apì ton α. An, epiplèon,

(3.5.4) r1 log q1 ≤ rk log qk ≤ (1 + ε)r1 log q1, k = 1, . . . ,m

tìte

(3.5.5) IndP
(
p1

q1
, . . . ,

pm

qm

)
≥ εm.

Apìdeixh. 'Estw j1, . . . , jm mh arnhtikoÐ akèraioi gia touc opoÐouc

(3.5.6)
m∑

k=1

jk
rk

< εm.

JewroÔme to polu¸numo

(3.5.7) T (x1, . . . , xm) = P~j(x1, . . . , xm),

ìpou ~j = (j1, . . . , jm). Ja deÐxoume ìti

(3.5.8) T

(
p1

q1
, . . . ,

pm

qm

)
= 0,
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opìte

(3.5.9) IndP
(
p1

q1
, . . . ,

pm

qm

)
≥ εm.

Apì to Je¸rhma 3.4.1(iii) èqoume

(3.5.10) h(P ) ≤ Br1+···+rm .

Apì to L mma 3.2.1 blèpoume ìti

(3.5.11) h(T ) ≤ (2B)r1+···+rm ,

kai efarmìzontac xan� to L mma 3.2.1 paÐrnoume

(3.5.12) h(T~i) ≤ (4B)r1+···+rm

gia k�je m-�da ~i = (i1, . . . , im) mh arnhtik¸n akeraÐwn. Jètontac x1 = · · · = xm = α
èqoume ìti h tim  tou T~i(α, . . . , α) prokÔptei apì mon¸numa pou fr�ssontai apolÔtwc apì

(3.5.13) (4B)r1+···+rm [max{1, |α|}]r1+···+rm .

To pl joc aut¸n twn monwnÔmwn eÐnai mikrìtero   Ðso apì

(3.5.14) (r1 + 1) · · · (rm + 1) ≤ 2r1+···+rm .

Sunep¸c,

(3.5.15) |T~i(α, . . . , α)| ≤ C(α)r1+···+rm ,

ìpou C(α) = 8Bmax{1, |α|}.
Apì to Je¸rhma 3.4.1(ii) èqoume

(3.5.16) IndP (α, . . . , α; r1, . . . , rm) ≥ (1− ε)m
2

.

Tìte, to L mma 3.3.2 deÐqnei ìti

(3.5.17) IndT (α, . . . , α; r1, . . . , rm) ≥ (1− ε)m
2

−
m∑

k=1

jk
rk

>
(1− 3ε)m

2
.

Qrhsimopoi¸ntac to je¸rhma Taylor gr�foume
(3.5.18)

T (p1/q1, . . . , pm/qm) =
r1∑

i1=0

· · ·
rm∑

im=0

Ti1,...,im(α, . . . , α)
(
p1

q1
− α

)i1

· · ·
(
pm

qm
− α

)im

.
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Se autì to �jroisma èqoume Ti1,...,im(α, . . . , α) = 0 an i1
r1

+ · · ·+ im

rm
≤ (1−3ε)m

2 . Qrhsi-
mopoi¸ntac epÐshc to �nw fr�gma gia thn |Ti1,...,im

(α, . . . , α)| kai to gegonìc ìti oi pk/qk
eÐnai proseggÐseic tou α, blèpoume ìti

(3.5.19) |T (p1/q1, . . . , pm/qm)| ≤
′∑
C(α)r1+···+rm

(
qi1
1 · · · qim

m

)−2−δ
,

ìpou
∑′ eÐnai to �jroisma p�nw apì tic m-�dec ~i = (i1, . . . , im) gia tic opoÐec i1

r1
+ · · ·+

im

rm
> (1−3ε)m

2 . 'Omwc, gia k�je tètoia m-�da èqoume

qi1
1 q

i2
2 · · · qim

m = q
r1

i1
r1

1 q
r2

i2
r2

2 · · · q
rm

im
rm

m

≥ q
r1

(
i1
r1

+··· im
rm

)
1

> q
r1

(1−3ε)m
2

1

≥ (qr1
1 q

r2
2 · · · qrm

m )
1−3ε
1+ε

> (qr1
1 q

r2
2 · · · qrm

m )
1−6ε

2 .

To pl joc twn prosjetèwn sthn (3.5.19) eÐnai mikrìtero   Ðso apì 2r1+···+rm , �ra

(3.5.20) |T (p1/q1, . . . , pm/qm)| ≤
m∏

k=1

(
2C(α)q−

1
2 (1−6ε)(2+δ)

k

)rk

.

'Omwc,

(3.5.21)
1
2
(1− 6ε)(2 + δ) > 1 +

δ

2
− 9ε > 1 +

δ

4
,

�ra,

(3.5.22) 2C(α)q−
1
2 (1−6ε)(2+δ)

k < 2C(α)q−1− δ
4

k <
1
qk

an qδ
k > (2C(α))4. Autì isqÔei an epilèxoume D = (2C(α))4. Tìte,

|T (p1/q1, . . . , pm/qm)| < 1
qr1
1 q

r2
2 · · · qrm

m
.

Apì thn �llh pleur�, to P èqei bajmì mikrìtero   Ðso apì rk wc proc xk, �ra to Ðdio
isqÔei gia to T . Sunep¸c,

(3.5.23) T (p1/q1, . . . , pm/qm) =
s

qr1
1 q

r2
2 · · · qrm

m

gia k�poion akèraio s. Anagkastik�, s = 0. Autì apodeiknÔei ìti T (p1/q1, . . . , pm/qm) =
0. 2





Kef�laio 4

Genikeumènec Wronskian kai to

L mma tou Roth

4.1 To l mma tou Gauss

ApodeiknÔoume pr¸ta èna L mma tou Gauss to opoÐo ja qrhsimopoi soume sth sunèqeia.

L mma 4.1.1. 'Estw f(x1, . . . , xm) kai g(x1, . . . , xm) polu¸numa m metablht¸n. Upo-
jètoume ìti kajèna apì ta f kai g èqei sqetik� pr¸touc akèraiouc suntelestèc. Tìte, oi
suntelestèc tou poluwnÔmou fg eÐnai sqetik� pr¸toi.

Apìdeixh. Gr�foume

(4.1.1) f(x1, . . . , xm) =
∑

ai1,...,im
xi1

1 · · ·xim
m =

∑
I

aII

kai

(4.1.2) g(x1, . . . , xm) =
∑

bj1,...,jmx
j1
1 · · ·xjm

m =
∑

J

bJJ,

ìpou to �jroisma eÐnai p�nw apì ìla ta mon¸numa I = xi1
1 · · ·xim

m , is ≥ 0, kai mìno
peperasmènoi to pl joc suntelestèc aI , bJ den mhdenÐzontai. Tìte,

(4.1.3) (fg)(x1, . . . , xm) =
∑

I

( ∑
JU=I

aJbU

)
I.

SumfwnoÔme na lème ìti to mon¸numo I := xi1
1 · · ·xim

m eÐnai mikrìtero apì to J :=
xj1

1 · · ·xjm
m an, apì tic diaforèc j1 − i1, . . . , jm − im, h pr¸th h opoÐa den mhdenÐzetai

eÐnai jetik . Parathr ste ìti an IJ = I0J0 tìte isqÔei èna apì ta parak�tw:
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(i) I = I0 kai J = J0.

(ii) To I eÐnai mikrìtero apì to I0.

(iii) To J eÐnai mikrìtero apì to J0.

'Estw p ènac pr¸toc arijmìc. Oi suntelestèc tou f eÐnai sqetik� pr¸toi, �ra up�rqei
k�poio el�qisto mon¸numo I0 ¸ste o p na mhn diaireÐ ton aI0 . 'Omoia, up�rqei el�qisto
mon¸numo J0 ¸ste o p na mhn diaireÐ ton bJ0 . JewroÔme ton

(4.1.4) cI0J0 =
∑

IJ=I0J0

aIbJ .

An to I eÐnai mikrìtero apì to I0 tìte p | aI kai an to J eÐnai mikrìtero apì to J0 tìte
p | bJ . Sunep¸c, o p diaireÐ ìlouc touc prosjetèouc tou cI0J0 ektìc apì ton aI0bJ0 ton
opoÐo den diaireÐ. 'Epetai ìti o p den diaireÐ ton cI0J0 , �ra den eÐnai koinìc diairèthc twn
suntelest¸n tou fg.

AfoÔ o p  tan tuq¸n pr¸toc arijmìc, oi suntelestèc tou poluwnÔmou fg eÐnai sqetik�
pr¸toi. 2

Pìrisma 4.1.2. 'Estw f(x1, . . . , xm) kai g(x1, . . . , xm) polu¸numa m metablht¸n me
akèraiouc suntelestèc. An a eÐnai o mègistoc koinìc diairèthc twn suntelest¸n tou f
kai b eÐnai o mègistoc koinìc diairèthc twn suntelest¸n tou g, tìte o mègistoc koinìc
diairèthc twn suntelest¸n tou fg eÐnai o c = ab.

Apìdeixh. Efarmìzoume to L mma 4.1.1 gia ta polu¸numa f1 = 1
af kai g1 = 1

b g. 2

Pìrisma 4.1.3. 'Estw f(x1, . . . , xm) kai g(x1, . . . , xm) polu¸numa m metablht¸n. Up-
ojètoume ìti to f èqei sqetik� pr¸touc akèraiouc suntelestèc kai to g èqei rhtoÔc sun-
telestèc. An to fg èqei akèraiouc suntelestèc, tìte oi suntelestèc tou g eÐnai akèraioi.

Apìdeixh. Up�rqei t ∈ Z ¸ste oi suntelestèc tou tg na eÐnai akèraioi. Tìte, to polu¸nu-
mo t(fg) = f(tg) èqei akèraiouc suntelestèc oi opoÐoi èqoun, apì thn upìjesh, koinì
diairèth ton t. Apì to Pìrisma 4.1.2 sumperaÐnoume ìti t | ab, ìpou a eÐnai o mègistoc
koinìc diairèthc twn suntelest¸n tou f kai b eÐnai o mègistoc koinìc diairèthc twn sun-
telest¸n tou tg. 'Omwc, a = 1 apì thn upìjesh. 'Epetai ìti t | b. Autì apodeiknÔei ìti
ìloi oi suntelestèc tou g eÐnai akèraioi. 2

Pìrisma 4.1.4. 'Estw f(x1, . . . , xm) kai g(x1, . . . , xm) polu¸numa m metablht¸n me
rhtoÔc suntelestèc. An to fg èqei akèraiouc suntelestèc, tìte up�rqei rhtìc q 6= 0 ¸ste
oi suntelestèc twn qf kai 1

q g na eÐnai akèraioi.

Apìdeixh. BrÐskoume pr¸ta rhtì q ¸ste oi suntelestèc tou qf na eÐnai sqetik� pr¸toi

akèraioi. Tìte, an gr�youme fg = (qf)
(

1
q g
)
, mporoÔme na efarmìsoume to Pìrisma

4.1.3 gia ta polu¸numa qf kai 1
q g. 2
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4.2 Genikeumènec Wronskian

'Estw φ1, . . . , φs rhtèc sunart seic m metablht¸n x1, . . . , xm. JewroÔme diaforikoÔc
telestèc thc morf c

(4.2.1) ∆ = ∆i1+···+im =
∂i1+···+im

∂xi1
1 · · · ∂x

im
m

,

ìpou ik ∈ Z+. OrÐzoume t�xh tou telest  ∆i1,...,im
ton mh arnhtikì akèraio i1 + · · ·+ im.

Orismìc 4.2.1 (genikeumènh Wronskian). Me ton ìro genikeumènh Wronskian twn
φ1, . . . , φs ja ennooÔme k�je orÐzousa thc morf c

det (∆iφk)s
i,k=1

ìpou ∆i telest c thc morf c (2.4.1) t�xhc mikrìterhc   Ðshc apì i− 1.

Parat rhsh 4.2.2. Sthn perÐptwsh m = 1 oi φ1, . . . , φs eÐnai sunart seic miac metabl-
ht c. Gia mia sun�rthsh φ(x) èqoume

(4.2.2) ∆1φ = φ, ∆2φ = φ   φ′, ∆3φ = φ   φ′   φ′′ klp.

MporeÐ kaneÐc na elègxei ìti, se aut  thn perÐptwsh, mia genikeumènh Wronskian twn
φ1, . . . , φs mporeÐ na mhn eÐnai tautotik� mhdenik  mìno an eÐnai h sunhjismènh Wronskian
twn φk, dhlad  an

(4.2.3) ∆iφk = φ
(i−1)
k , i, k = 1, . . . , s.

O lìgoc gia thn eisagwg  twn genikeumènwn Wronskian apì ton Roth eÐnai o ex c:
an P (x1, . . . , xm) eÐnai èna mh mhdenikì polu¸numo m metablht¸n, tìte den eÐnai genik�
swstì ìti to P paragontopoieÐtai sth morf 

(4.2.4) P (x1, . . . , xm−1, xm) = P1(x1, . . . , xm−1)P2(xm).

K�je ìmwc mh mhdenik  genikeumènh Wronskian èqei aut  thn idiìthta. AntistoiqÐzontac
se èna polu¸numo P mia genikeumènh Wronskian W , mporoÔme na qrhsimopoi soume mia
epagwgik  diadikasÐa gia na p�roume plhroforÐec gia thn W kai, endeqomènwc, gia to
Ðdio to P .

L mma 4.2.3. 'Estw φ1, . . . , φk rhtèc sunart seic m metablht¸n x1, . . . , xm me prag-
matikoÔc suntelestèc, oi opoÐec eÐnai grammik� anex�rthtec p�nw apì to R. Tìte, up�rqei
genikeumènh Wronskian twn φ1, . . . , φk h opoÐa den mhdenÐzetai tautotik�.

Apìdeixh. Me epagwg  wc proc k. An k = 1 tìte o ∆1 eÐnai anagkastik� o tautotikìc
telest c kai h genikeumènh Wronskian eÐnai h sun�rthsh φ1. AfoÔ to {φ1} eÐnai grammik�
anex�rthto p�nw apì to R, èqoume φ1 6= 0.
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Upojètoume t¸ra ìti k ≥ 2 kai ìti φ1, . . . , φk eÐnai rhtèc sunart seic pou ikanopoioÔn
tic upojèseic tou L mmatoc. 'Estw T mia mh mhdenik  rht  sun�rthsh twn x1, . . . , xm me
pragmatikoÔc suntelestèc. JewroÔme tic sunart seic

(4.2.5) ψi = Tφi, i = 1, . . . , k.

Oi ψ1, . . . , ψk eÐnai ki autèc grammik� anex�rthtec p�nw apì to R. EpÐshc, k�je genikeumèn-
h Wronskian twn ψ1, . . . , ψk eÐnai grammikìc sunduasmìc genikeumènwn Wronskians twn
φ1, . . . , φk, me suntelestèc k�poiec rhtèc sunart seic stic opoÐec upeisèrqontai oi merikèc
par�gwgoi thc T . Gia na deÐxoume to L mma, arkeÐ na deÐxoume ìti k�poia genikeumènh
Wronskian twn ψ1, . . . , ψk den mhdenÐzetai tautotik�.

Epilègoume T = 1
φ1
. Tìte,

(4.2.6) ψ1 = 1, ψ2 =
φ2

φ1
, . . . , ψk =

φk

φ1
.

Me b�sh autì to sullogismì, mporoÔme na upojèsoume ìti gia tic arqikèc rhtèc sunart -
seic φ1, . . . , φk isqÔei φ1 ≡ 1.

ParathroÔme ìti to sÔnolo ìlwn twn grammik¸n sunduasm¸n

(4.2.7) t1φ1 + · · ·+ tkφk

me pragmatikoÔc suntelestèc t1, . . . , tk, eÐnai grammikìc q¸roc V di�stashc k. AfoÔ
k > 1 kai oi φ1 ≡ 1, φ2 eÐnai grammik� anex�rthtec, h φ2 den eÐnai stajer  sun�rthsh.
'Ara, up�rqei j ¸ste

(4.2.8)
∂φ2

∂xj
6= 0.

QwrÐc periorismì thc genikìthtac upojètoume ìti j = 1. JewroÔme ton upìqwro W tou
V pou apoteleÐtai apì ìlec tic sunart seic t1φ1 + · · ·+ tkφk gia tic opoÐec

(4.2.9)
∂

∂x1
(t1φ1 + · · ·+ tkφk) = 0.

AfoÔ φ1 ∈ W , o W den eÐnai o tetrimmènoc upìqwroc tou V . Apì thn �llh pleur�,
èqoume W 6= V diìti φ2 /∈W . An loipìn jèsoume s = dim(W ), tìte 1 ≤ s ≤ k − 1.

Epilègoume mia b�sh {ψ1, . . . , ψk} tou V ¸ste to {ψ1, . . . , ψs} na eÐnai b�sh tou
W . Apì thn epagwgik  upìjesh, up�rqoun telestèc ∆∗

1, . . . ,∆
∗
s me t�xh 0, 1, . . . , s − 1

antÐstoiqa, ¸ste

(4.2.10) W1 = det(∆∗
iψj) 6= 0, 1 ≤ i, j ≤ s.

Parathr ste ìti, an ts+1, . . . , tk eÐnai pragmatikoÐ arijmoÐ, ìqi ìloi mhdèn, tìte

(4.2.11)
∂

∂x1
(ts+1ψs+1 + · · ·+ tkψk) 6= 0.
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Autì prokÔptei �mesa apì to gegonìc ìti o upìqwroc pou par�goun oi ψs+1, . . . , ψk èqei
tetrimmènh tom  me ton W .

H parat rhsh aut  deÐqnei ìti oi rhtèc sunart seic

(4.2.12)
∂

∂x1
ψs+1, . . . ,

∂

∂x1
ψk

eÐnai grammik� anex�rthtec p�nw apì to R. Qrhsimopoi¸ntac thn epagwgik  upìjesh
brÐskoume telestèc ∆∗

s+1, . . . ,∆
∗
k me t�xh 0, 1, . . . , k − s− 1 antÐstoiqa, ¸ste

(4.2.13) W2 = det
(

∆∗
i

∂

∂x1
ψj

)
6= 0, s+ 1 ≤ i, j ≤ k.

OrÐzoume telestèc ∆i, i = 1, . . . , k, jètontac

(4.2.14) ∆i = ∆∗
i , 1 ≤ i ≤ s

kai

(4.2.15) ∆i = ∆∗
i

∂

∂x1
, s+ 1 ≤ i ≤ k.

K�je telest c ∆i èqei t�xh mikrìterh   Ðsh apì i− 1, kai

(4.2.16) det(∆iψj) = W1W2 6= 0.

AfoÔ to {ψ1, . . . , ψk} eÐnai b�sh tou V , sumperaÐnoume ìti

(4.2.17) det(∆iφj) 6= 0

kai h apìdeixh eÐnai pl rhc. 2

ShmeÐwsh. To antÐstrofo tou L mmatoc 3.1.3 isqÔei ki autì. An oi φ1, . . . , φk eÐnai
grammik� exarthmènec p�nw apì to R, tìte k�je genikeumènh Wronskian twn φ1, . . . , φk

mhdenÐzetai tautotik�.

4.3 To L mma tou Roth

Je¸rhma 4.3.1. 'Estw 0 < ε < 1
12 . StajeropoioÔme m ∈ N kai orÐzoume

(4.3.1) ω = ω(m, ε) = 24 · 2−m
( ε

12

)2m−1

.

'Estw r1, . . . , rm fusikoÐ arijmoÐ pou ikanopoioÔn tic

(4.3.2) ωrk ≥ rk+1, k = 1, . . . ,m− 1.
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'Estw (p1, q1), . . . , (pm, qm) zeug�ria sqetik� pr¸twn akeraÐwn me qk > 0 kai

(4.3.3) qrk

k ≥ qr1
1 , qω

k ≥ 23m, k = 1, . . . ,m.

'Estw P (x1, . . . , xm) mh mhdenikì polu¸numo bajmoÔ mikrìterou   Ðsou apì rk wc proc
xk (1 ≤ k ≤ m) me akèraiouc suntelestèc kai

(4.3.4) h(P ) ≤ qωr1
1 .

Tìte,

(4.3.5) IndP
(
p1

q1
, . . . ,

pm

qm

)
≤ ε.

Apìdeixh. Me epagwg  wc proc m.

m = 1: MporoÔme na gr�youme to P sth morf 

(4.3.6) P (x) =
(
x− p1

q1

)s

P1(x),

ìpou P1(x) eÐnai polu¸numo me rhtoÔc suntelestèc, gia to opoÐo P1(p1/q1) 6= 0. IsodÔ-
nama, gr�foume

(4.3.7) P (x) = (q1x− p1)sR(x),

ìpou R(x) = q−s
1 P1(x). AfoÔ oi p1, q1 eÐnai sqetik� pr¸toi, to Pìrisma 4.1.3 deÐqnei ìti

to R(x) èqei akèraiouc suntelestèc.
Autì shmaÐnei ìti o suntelest c tou megistob�jmiou ìrou tou P (x) diaireÐtai me qs

1.
Sunep¸c,

(4.3.8) qs
1 ≤ h(P ) ≤ qωr1

1 = qεr1 ,

diìti ω(1, ε) = ε. AfoÔ q1 > 1, èpetai ìti

(4.3.9) s ≤ εr1.

'Omwc,

(4.3.10) IndP
(
p1

q1
, r1

)
=

s

r1
.

Autì apodeiknÔei to zhtoÔmeno sthn perÐptwsh m = 1.
Epagwgikì b ma (m− 1) → m: JewroÔme ìlec tic anaparast�seic thc morf c

(4.3.11) P (x1, . . . , xm) =
k∑

j=1

φj(x1, . . . , xm−1)ψj(xm),
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ìpou φ1, . . . , φk kai ψ1, . . . , ψk eÐnai polu¸numa me rhtoÔc suntelestèc. To P èqei
toul�qiston mÐa tètoia anapar�stash me k = rm + 1: paÐrnoume ψj(xm) = xj

m, j =
0, 1, . . . , rm kai kat�llhlec φj . Epilègoume anapar�stash me to el�qisto dunatì m koc
k. Tìte,

(4.3.12) k ≤ rm + 1.

EpÐshc, afoÔ to k eÐnai to el�qisto dunatì, mporoÔme na elègxoume ìti oi φ1, . . . , φk eÐnai
grammik� anex�rthtec p�nw apì to R. Pr�gmati, an autì den sumbaÐnei, tìte up�rqoun
t1, . . . , tk ∈ R � ìqi ìloi Ðsoi me mhdèn � ¸ste

(4.3.13) t1φ1 + · · ·+ tkφk = 0.

MporoÔme m�lista na upojèsoume ìti ìloi oi tj eÐnai rhtoÐ, diìti ta polu¸numa φj èqoun
rhtoÔc suntelestèc. Tìte, an gia par�deigma tk 6= 0, mporoÔme na gr�youme

(4.3.14) φk = −
k−1∑
j=1

tj
tk
φj ,

�ra

(4.3.15) P =
k−1∑
j=1

φjψj −
k−1∑
j=1

tj
tk
φjψk =

k−1∑
j=1

φj

(
ψj −

tj
tk
ψk

)
,

to opoÐo eÐnai �topo apì thn elaqistik  idiìthta tou k. Me ton Ðdio trìpo elègqoume ìti
oi ψ1, . . . , ψk eÐnai grammik� anex�rthtec p�nw apì to R.

OrÐzoume

(4.3.16) U(xm) = det
(

1
(i− 1)!

∂i−1

∂xi−1
m

ψj(xm)
)

1≤i,j≤k

.

Apì to L mma 4.2.3 sumperaÐnoume ìti

(4.3.17) U(xm) 6= 0.

EpÐshc, up�rqoun telestèc

(4.3.18) ∆s =
1

i1! · · · im−1!
∂i1+···+im−1

∂xi1
1 · · · ∂x

im−1
m−1

, 1 ≤ s ≤ k

t�xhc

(4.3.19) i1 + · · ·+ im−1 ≤ s− 1 ≤ k − 1 ≤ rm
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¸ste

(4.3.20) V (x1, . . . , xm−1) := det(∆sφj)1≤s,j≤k 6= 0.

OrÐzoume

(4.3.21) W (x1, . . . , xm) = det
(

1
(j − 1)!

∂j−1

∂xj−1
m

∆sP

)
1≤s,j≤k

.

Tìte,
(4.3.22)

W (x1, . . . , xm) = det

(
k∑

r=1

(∆sφr)
(

1
(j − 1)!

∂j−1

∂xj−1
m

ψr

))
= V (x1, . . . , xm−1)U(xm) 6= 0.

Parathr ste ìti oi suntetagmènec thc orÐzousac � mèsw thc opoÐac orÐzetai toW � èqoun
akèraiouc suntelestèc. Sunep¸c, to W eÐnai polu¸numo me akèraiouc suntelestèc.

Gia th sunèqeia thc apìdeixhc ja qreiastoÔme to akìloujo L mma.

L mma 4.3.2. 'Estw Θ o deÐkthc thc W wc proc
(

p1
q1
, . . . , pm

qm
; r1, . . . , rm

)
. Tìte,

(4.3.23) Θ ≤ ε2k

6
.

Apìdeixh tou L mmatoc. MporoÔme na upojèsoume, pollaplasi�zontac ta V kai U me
kat�llhlo rhtì kai ton antÐstrofì tou (blèpe Pìrisma 4.1.4) ìti

(4.3.24) W (x1, . . . , xm) = V (x1, . . . , xm−1)U(xm)

me ta V kai U na èqoun akèraiouc suntelestèc.
Pr¸ta fr�ssoume ta Ôyh h(U) kai h(V ). Parathr ste ìti

(4.3.25) h(Pi1,...,im−1,j−1) ≤ 2r1+···+rmh(P ) ≤ 2r1+···+rmqωr1
1 .

EpÐshc, to pl joc twn ìrwn sto polu¸numo Pi1,...,im−1,j−1 eÐnai to polÔ Ðso me 2r1+···+rm

kai to pl joc twn prosjetèwn sto an�ptugma thc orÐzousac pou mac dÐnei to W eÐnai

(4.3.26) k! ≤ kk−1 ≤ krm ≤ 2krm .

Sunep¸c,

(4.3.27) h(W ) ≤ 2krm
(
2r1+···+rm2r1+···+rmqωr1

1

)k ≤ (23mr1qωr1
1

)k
,

ìpou qrhsimopoi same to gegonìc ìti

(4.3.28) r1 ≥ r2 ≥ · · · ≥ rm.
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Apì thn upìjesh,

(4.3.29) h(W ) ≤
(
q2ωr1
1

)k
= q2ωr1k

1 .

'Epetai ìti

(4.3.30) h(U) ≤ q2ωr1k
1

kai

(4.3.31) h(V ) ≤ q2ωr1k
1 .

Efarmìzoume t¸ra thn epagwgik  upìjesh me tom−1 sth jèsh toum, touc kr1, . . . , krm
sth jèsh twn r1, . . . , rm, ton ε2/12 sth jèsh tou ε, to V (x1, . . . , xm−1) sth jèsh tou
P (x1, . . . , xm). Oi upojèseic ikanopoioÔntai gia ton ω(m− 1, ε2/12) = 2ω(m, ε) kai

(4.3.32) h(V ) ≤ q
ω(m−1,ε2/12)(kr1)
1 .

SumperaÐnoume ètsi ìti

(4.3.33) IndV
(
p1

q1
, . . . ,

pm−1

qm−1
; kr1, . . . , krm−1

)
≤ ε2

12
.

'Epetai ìti

(4.3.34) IndV
(
p1

q1
, . . . ,

pm−1

qm−1
; r1, . . . , rm−1

)
≤ kε2

12
.

Jewr¸ntac to V san polu¸numo twn m metablht¸n x1, . . . , xm, blèpoume ìti

(4.3.35) IndV
(
p1

q1
, . . . ,

pm−1

qm−1
,
pm

qm
; r1, . . . , rm−1, rm

)
≤ ε2

12
.

'Omoia, oi upojèseic ikanopoioÔntai gia to U = U(xm) mem = 1, ton krm sth jèsh tou r1
kai ton ε2/12 sth jèsh tou ε (parathr ste ìti ω(1, ε2/12) ≥ 2ω(m, ε)). Qrhsimopoi¸ntac
thn epagwgik  upìjesh blèpoume ìti

(4.3.36) IndU
(
p1

q1
, . . . ,

pm

qm
; r1, . . . , rm

)
≤ kε2

12
.

AfoÔ P = UV , apì tic basikèc idiìthtec tou deÐkth paÐrnoume

(4.3.37) Θ = IndW
(
p1

q1
, . . . ,

pm

qm
; r1, . . . , rm

)
≤ kε2

12
+
kε2

12
=
kε2

6
.

Autì apodeiknÔei to L mma. 2
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Sunèqeia thc apìdeixhc tou Jewr matoc. 'Estw

(4.3.38) γ = IndP
(
p1

q1
, . . . ,

pm

qm
; r1, . . . , rm

)
.

ParathroÔme ìti

IndPi1,...,im−1,j−1 ≥ γ − i1
r1
− · · · − im−1

rm−1
− j − 1

rm

≥ γ − i1 + · · ·+ im−1

rm−1
− j − 1

rm

≥ γ − rm
rm−1

− j − 1
rm

≥ γ − ω − j − 1
rm

≥ γ − ε2

24
− j − 1

rm
.

K�je suntetagmènh thc j-st c st lhc sthn orÐzousa pou orÐzei to W eÐnai thc morf c
Pi1,...,im−1,j−1. Apì thn tautìthta

(4.3.39) Ind(P (1)P (2)) = Ind(P (1)) + Ind(P (2))

kai thn anisìthta

(4.3.40) Ind(P (1) + P (2)) ≥ min{Ind(P (1)), Ind(P (2))},

kai afoÔ to W eÐnai èna �jroisma ginomènwn kajèna apì ta opoÐa èqei k ìrouc, ènan apì
k�je st lh, sumperaÐnoume ìti

Θ ≥
k∑

j=1

max
{
γ − ε2

24
− j − 1

rm
, 0
}

≥ −kε
2

24
+

m−1∑
i=0

max
{
γ − i

rm
, 0
}
.

'Ara,

(4.3.41)
k−1∑
i=0

max
{
γ − i

rm
, 0
}
≤ Θ +

kε2

24
≤ kε2

6
+
kε2

24
<
kε2

4
.

DiakrÐnoume dÔo peript¸seic:
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Pr¸th perÐptwsh: γ > k−1
rm

. Tìte, h teleutaÐa anisìthta paÐrnei th morf 

(4.3.42)
k

2

(
γ + γ − k − 1

rm

)
<
kε2

4
,

 , isodÔnama,

(4.3.43) γ +
(
γ − k − 1

rm

)
<
ε2

2
.

AfoÔ γ − k−1
rm

> 0, èpetai ìti

(4.3.44) γ <
ε2

2
< ε.

DeÔterh perÐptwsh: γ ≤ k−1
rm

. Tìte, h teleutaÐa anisìthta paÐrnei th morf 

(4.3.45)
bγrmc∑

i=0

(
γ − i

rm

)
<
kε2

4
,

ap� ìpou èpetai ìti

(4.3.46)
γ

2
(
bγrmc+ 1

)
<
kε2

4
.

Tìte,

(4.3.47)
γ2rm

2
<
kε2

4
,

kai afoÔ k ≤ rm + 1 ≤ 2rm, blèpoume ìti γ2rm < ε2rm, dhlad  γ < ε.

Tìso sthn pr¸th ìso kai sth deÔterh perÐptwsh, eÐdame ìti

(4.3.48) IndP
(
p1

q1
, . . . ,

pm

qm
; r1, . . . , rm

)
< ε.

Dhlad , isqÔei to sumpèrasma tou Jewr matoc. 2





Kef�laio 5

To je¸rhma tou Roth

5.1 Anaskìphsh twn prohgoumènwn
EÐmaste t¸ra se jèsh na oloklhr¸soume thn apìdeixh tou jewr matoc tou Roth. Jew-
roÔme ènan algebrikì arijmì α bajmoÔ d ≥ 2. 'Opwc eÐdame sto Kef�laio 1, mporoÔme
na upojèsoume ìti o α eÐnai algebrikìc akèraioc. Upojètoume ìti, gia k�poion δ > 0 h

(5.1.1)
∣∣∣∣α− p

q

∣∣∣∣ < 1
q2+δ

èqei �peirec rhtèc lÔseic, kai ja odhghjoÔme se �topo.
Ja qrhsimopoi soume ta parak�tw apotelèsmata pou apodeÐqthkan sta Kef�laia 3

kai 4:

Je¸rhma 5.1.1. JewroÔme tuqìn ε ∈ (0, 1) kai ènan fusikì arijmì m pou ikanopoieÐ
thn

(5.1.2) m > 16ε−2 log(4d).

Tìte, gia k�je epilog  fusik¸n arijm¸n r1, . . . , rm, up�rqei polu¸numo P (x1, . . . , xm) 6=
0 me akèraiouc suntelestèc, to opoÐo èqei tic parak�tw idiìthtec:

(i) Gia k�je k = 1, . . . ,m, o bajmìc tou P wc proc xk eÐnai mikrìteroc   Ðsoc tou rk.

(ii) O deÐkthc tou P wc proc r1, . . . , rm sto shmeÐo (α, . . . , α) eÐnai megalÔteroc   Ðsoc
tou m

2 (1− ε).

(iii) IsqÔei h(P ) ≤ Br1+···+rm gia k�poia stajer� B = B(α) > 0 pou exart�tai mìno
apì ton α.

Gia to polu¸numo P (x1, . . . , xm) me tic idiìthtec pou exasfalÐzei to Je¸rhma 5.1.1
apodeÐxame to ex c:
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Je¸rhma 5.1.2. 'Estw 0 < δ < 1 kai

(5.1.3) 0 < ε <
δ

36
.

Upojètoume ìti oi rhtoÐ p1
q1
, . . . , pm

qm
ikanopoioÔn tic

(5.1.4)
∣∣∣∣α− pk

qk

∣∣∣∣ < 1
q2+δ
k

, j = 1, . . . ,m

kai ìti

(5.1.5) qδ
k > D, k = 1, . . . ,m

gia k�poia stajer� D = D(α) > 0 pou exart�tai mìno apì ton α. An, epiplèon,

(5.1.6) r1 log q1 ≤ rk log qk ≤ (1 + ε)r1 log q1, k = 1, . . . ,m

tìte

(5.1.7) IndP
(
p1

q1
, . . . ,

pm

qm

)
≥ εm.

Tèloc, ja qrhsimopoi soume to L mma tou Roth:

Je¸rhma 5.1.3. 'Estw 0 < ε < 1
12 . StajeropoioÔme m ∈ N kai orÐzoume

(5.1.8) ω = ω(m, ε) = 24 · 2−m
( ε

12

)2m−1

.

'Estw r1, . . . , rm fusikoÐ arijmoÐ pou ikanopoioÔn tic

(5.1.9) ωrk ≥ rk+1, k = 1, . . . ,m− 1.

'Estw (p1, q1), . . . , (pm, qm) zeug�ria sqetik� pr¸twn akeraÐwn me qk > 0 kai

(5.1.10) qrk

k ≥ qr1
1 , qω

k ≥ 23m, k = 1, . . . ,m.

'Estw P (x1, . . . , xm) mh mhdenikì polu¸numo bajmoÔ mikrìterou   Ðsou apì rk wc proc
xk (1 ≤ k ≤ m) me akèraiouc suntelestèc kai

(5.1.11) h(P ) ≤ qωr1
1 .

Tìte,

(5.1.12) IndP
(
p1

q1
, . . . ,

pm

qm

)
≤ ε.
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5.2 Apìdeixh tou jewr matoc
1. JewroÔme algebrikì akèraio α bajmoÔ d ≥ 2 gia ton opoÐo h (5.1.1) èqei �peirec
lÔseic. QwrÐc periorismì thc genikìthtac, upojètoume ìti 0 < δ < 1.
2. Epilègoume ε > 0 me 0 < ε < δ/36. Dhlad , ikanopoieÐtai h (5.1.3). AfoÔ δ < 1,
ikanopoieÐtai ètsi kai h upìjesh 0 < ε < 1

12 tou Jewr matoc 5.1.3.

3. Epilègoume fusikì m > 16ε−2 log(4d). Tìte, ikanopoieÐtai h (5.1.2). EpÐshc, orÐzoume

ω(m, ε) ìpwc sthn (5.1.8): ω = 24 · 2−m
(

ε
12

)2m−1

.

4. JewroÔme mia lÔsh p1
q1

thc (5.1.1) me touc p1, q1 sqetik� pr¸touc, ton q1 jetikì, kai

(5.2.1) qω
1 > Bm,

ìpou B h stajer� sto Je¸rhma 5.1.1(iii). Zht�me epiplèon na isqÔoun oi

(5.2.2) qδ
1 > D kai qω

1 ≥ 23m

(blèpe (5.1.5) kai (5.1.10)). Oi treic autoÐ periorismoÐ ikanopoioÔntai an o q1 eÐnai arket�
meg�loc, k�ti pou mporoÔme na exasfalÐsoume diìti h (5.1.1) èqei �peirec lÔseic.

5. Sth sunèqeia epilègoume diadoqik� lÔseic p2
q2
, . . . , pm

qm
thc (5.1.1) me touc pk, qk sqetik�

pr¸touc, k�je qk jetikì, kai

(5.2.3) ω log qk+1 ≥ 2 log qk, k = 1, . . . ,m− 1.

Ed¸ qrhsimopoioÔme p�li thn upìjesh ìti h (5.1.1) èqei �peirec lÔseic. Apì thn epilog 
twn qk èqoume

(5.2.4) q1 < q2 < · · · < qk < qk+1 < · · · < qm.

Eidikìtera,

(5.2.5) qδ
k > D kai qω

k ≥ 23m.

Dhlad , oi q1, q2, . . . , qm ikanopoioÔn tic (5.1.5) kai (5.1.10).

6. JewroÔme fusikì r1 arket� meg�lo ¸ste na isqÔei

(5.2.6) εr1 log q1 ≥ log qm.

7. Gia k�je k = 2, . . . ,m orÐzoume

(5.2.7) rk =
⌊
r1 log q1
log qk

⌋
+ 1.

Tìte, gia k�je k = 2, . . . ,m èqoume

(5.2.8) r1 log q1 < rk log qk ≤ r1 log q1 + log qk ≤ (1 + ε)r1 log q1.
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Dhl�d , ikanopoioÔntai oi (5.1.6) kai (5.1.10). EpÐshc, blèpoume ìti

(5.2.9) rk+1 log qk+1 ≤ (1 + ε)rk log qk, k = 1, . . . ,m− 1.

'Ara,

(5.2.10) ωrk ≥ ω
rk+1 log qk+1

(1 + ε) log qk
≥ 2rk+1

1 + ε
,

dhlad 

(5.2.11) ωrk ≥ rk+1.

IkanopoieÐtai ètsi kai h (5.1.9).

8. MporoÔme t¸ra, efarmìzontac to Je¸rhma 5.1.1, na broÔme polu¸numo P (x1, . . . , xm) 6=
0 me akèraiouc suntelestèc, me bajmì wc proc xk mikrìtero   Ðso tou rk, deÐkth wc proc
r1, . . . , rm sto shmeÐo (α, . . . , α) megalÔtero   Ðso tou m

2 (1− ε), kai h(P ) ≤ Br1+···+rm .

9. 'Olec oi upojèseic tou Jewr matoc 5.1.2 ikanopoioÔntai apì to P . Sunep¸c,

(5.2.12) IndP
(
p1

q1
, . . . ,

pm

qm

)
≥ εm.

10. Apì thn �llh pleur�, ikanopoioÔntai kai ìlec oi upojèseic tou Jewr matoc 5.1.3. H
mình pou mènei na elegqjeÐ eÐnai h (5.1.11). 'Omwc,

(5.2.13) h(P ) ≤ Br1+···+rm ≤ Bmr1 ≤ qωr1
1

lìgw twn (5.2.11) kai (5.2.1). Apì to Je¸rhma 5.1.3 èpetai ìti

(5.2.14) IndP
(
p1

q1
, . . . ,

pm

qm

)
≤ ε.

Oi (5.2.12) kai (5.2.14) odhgoÔn se �topo. 2
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