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Abstract. We prove Firey’s 1974 conjecture that convex surfaces moving
by their Gauss curvature become spherical as they contract to points.

1. Introduction

W.J. Firey introduced the motion of convex surfaces by their Gauss cur-
vature as a model for the changing shape of a tumbling stone subjected
to collisions from all directions with uniform frequency [F]. He showed
(assuming some existence and regularity of solutions) that surfaces which
are symmetric about the origin contract to points, becoming spherical in
shape in the process. Firey conjectured that the result should hold with-
out any symmetry assumption. The existence and regularity aspects were
resolved by K.S. Chou [T], but the conjecture has remained open despite
approaches by many authors ([Ch1-2], [Ha2-3], [A2], [L], [LO], [01-2]).
In this paper we prove Firey’s conjecture:

Theorem 1. LetMg = Xo(M) be a compact, smooth, strictly convex surface
inR3, given by an embedding. Then there exists a unique, smooth solution
{M; = x(M, t)} of the Gauss curvature flow

3
XD = —K(p.hu(p, b

X(p’ O) = XO(p)

fort € [0, T) whereT = V(Mg) /47 and V(M) is the volume of the region
enclosed byl,. The surfaced/, are strictly convex, and convergedce R3
ast approached . Rescaling abouj gives smooth convergence to a sphere:
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X(p’ t) - q

aT - TP

X(p. 1) =

in C*, wherexr is a smooth embedding wiig (M) = $2(1) C R3.

The existence and uniqueness, smoothness and convexity of the solu-
tions, and the uniform convergence to a point, were all proved in [T]. Our
contribution is the last part of the above theorem. The key step in the proof
is an estimate on the difference of the principal curvatures of the evolving
surface, which we prove by a maximum principle argument.

The estimates we obtain also allow us to deal with non-smooth initial
surfaces:

Theorem 2. Let Mg be the boundary of an open bounded convex region
in R3. Then there exists a unique viscosity solutidvk} for 0 < t <

T = V(Mp)/4x of the Gauss curvature flow which converges in Hausdorff
distance toM, ast approaches zera\l; is a C** surface fort € (0, T),

and there exist € (0, T) depending only oW (Mg) anddiam(Mg) such
that My is C* and strictly convex fot > to, and the subsequent behaviour
is the same as in Theorem 1.

The regularity here is probably optimal, as non-strictly convex surfaces
moving by Gauss curvature can contain stationary planar regions [Ha2]
which persist for some time before disappearing, and approximate solutions
indicate that the surface is no more regular t8&n at the boundary of such
aregion.

2. Preliminary results

We denote by the outward-pointing unit normal tdl;, and byg andh the
metric and second fundamental form, defined by

o oX 0X
9 =\op ap

2
hij =—< a.X.,U>
ap'ap!

with respect to some local coordinate®, p?} for a region ofM. We denote
by g’ the inverse of the metric. The Weingarten map is then given by

and

hij = g*hy,

where we sum over repeated indices. The principal curvaturesd A,
are the eigenvalues of the Weingarten map. The surface is strictly convex
when these are positive everywhere ln The Gauss curvaturé and the
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mean curvatured are then given byK = deth = hih? — (h})? = 1145,
andH = h: = A1+ Ao
The Codazzi identity gives an important symmetry of the covariant
derivatives of the second fundamental form:
Vihjc = Vjhic

so Vh is totally symmetric. Herev is the Levi-Civita connection of the
metricg.
These quantities evolve by the following formulae, proved in [Chl]

and [Al]:

]

5% = —2Khy:

] )

K= KMVVIK + K2H;

0 . T
aH = KMVViH + @' KN hy Vb, + KH? — K| A2

o . N . 2
Here|A]2 = hi‘h'j = 22422, Kl = % = K (h™1)", andKMm" = ahzaﬁmn'

We observe that the last two terms in the evolution equatiorHf@an be
rewritten using the identitd2 —| Al = (A1 +12)2—212—13 = 201, = 2K,
to give:

0 . T
ﬁH = KMV ViH + ¢ K(Vih, Vh) + 2K2.

3. The curvature estimate

Proposition 3. Let{M; = x(M, t)}o<t-t be a smooth, strictly convex solu-
tion of the Gauss curvature flow. Then

S'\LAJIOIM(D, D —22(p. b = S'\LAJIOIM(D, 0) —A2(p, 0)] .

Proof. We will apply the maximum principle to the quantity
Q=H?—4K = (A1 — A2)2.

We first compute an evolution equation fQr observing that in the evolution
equation for
0 0 0
—Q=2H—H -4—K
ot ot ot
— 2H (K"'vm H + g K(Vih, V;h) + 2K2)
— 4(KMVVIK + K2H)

= K¥VviQ — 2KV HV H + 2Hg! K (Vih, V;h).
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Supposep is a point inM where a maximum of) is attained at time
t € [0, T). Choose local coordinates fdf nearQ such that; (p, t) = §j;
andh is diagonal. At this point the leading term on the right hand side of the
above evolution equation is non-positive. We now estimate the remaining
terms, using the fact thatQ = 0 at p:
0=V;Q =2HV;H —4V;K
= 2(A1 + A2) (Vihi1 + Vahgo) — 442Vihgy — 441 Vihoo
= 2(A1 — A2) (Vih11 — Vihp)) .
If A1 = Ap thenQ = 0 and we have nothing to prove. So we can assume
thatVih;1 = V1hy; at the pointp. Similarly we haveVohy; = Vohoo, Now
we compute:
K(V1h, Vih) = 2V;hy1Vihp, — 2(Vihyo)?

by using thev; Q = 0 condition and the Codazzi identity. Similarly,
K(Vzh, Vsh) = 2V,h3, — 2V;hZ,.
Therefore at the poinp we have
g K(Vih, Vih) = K(Vih, Vih) + K(V;h, Vh) = 0.

Thus the last term on the right-hand side of the evolution equatio®for
vanishes, and the second term is manifestly non-positive. The maximum
principle (see for example [Hal], Lemma 3.5) applies to show that the
supremum ofQ over M is a non-increasing function of time. ]

4. Convergence

In this section we apply the curvature estimate to prove Theorem 1. We
begin with an isoperimetric estimate:

Proposition 4. If { M} evolves by the Gauss curvature flow, then there exists
q(t) € R3 such that for any directiop € M,

1 C
X(P.O) — G v(p,t»——f Halu| < 2 AW,
My TT

87

where A(My) is the surface area dff;, and

C= suhﬁ)l)ul(p, 0) — A2(p, 0)].
pe



Gauss curvature flow 155

Proof. For any directiorz € S, the widthw(z, t) of M in directionz is

w(Z, t) = Sup (X -V, Z).
X,yeMt

In [A1], Theorem 5.1 the author proved the following identity:
1 ,
wzt =5 [ Kep).epdu,
JT Mt

wheree,(p) is the unit vector tangent to the imagelfy of a great circle
throughv(p) andz under the inverse of the Gauss map. If we weefor
the orthogonal unit vector at each point, then

H=K(,e) +K(E,e),

and Proposition 3 gives the estimate

‘K(ez’ e)— K (ezl,ezl)‘ =<C,

sinceK (e, e) lies betweerk, andx, for any unit vectore. This gives:

1 C
M

Now we need another identity:

Lemma 5. Let M be a compact strictly convex smooth surface, and define

q= ﬁ fM Kxduw(x). Letx € M, and writez = v(x). Then

1 1 )
(X—0.2) = 0@+ . fM K (e, &) (v, 2)du.

Proof. We work onS?, choosing standard angle coordinates [0, 7] and
7 € [0, 27) such thatz has coordinateg = 0. Lets : % — R be the
support function oM, defined by

S(Z) = sup(y, Z)

yeM
for anyz € S. Then (see [A1] or [T]) we have the identities

(y, v(y)) = s(v(y))

for eachy e M,
w(Z) =s(Z) +s(—2)

for eachz € &, and
hot 9%s
(627 ez) = ﬁ +S.
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In these terms we have
~ 3 J J
= 4—/ S(Z)Zdu(z).
T )

Computing this integral in the and¢ coordinates, we find:

3
471

= — f S(6, ¢) cosh sinbdode
47T 0 0

(Q,2) = f S(Z)(z, Z)du(2)

2 T
_3 / / S(0. ¢) sin 20d6dg.
87'[ 0 0

Now note thatss =7 SINY +sin2 = —3sin ), so that

/ s(6, @) ( sin2 + sin 29) dode

B. Andrews

2
Zn/ — +s sin 20dod }s( z)+}s(z)
002 ¢ 2 2

= —i h~Y(e,, &)(z, Z)du(Z) + ES(Z) - ES(—Z).
) 2 2

So

3 1 1 oy o1 1
x-0a,2) = E/ h™(&:. €)(z. Z)du(2) + 58(2) + 5S(-2)

1
471

= /m K (e, &)(z, v)du + Ew(z).

| Kn“e, e v + 1w<z)

This gives, in combination with the previous identity,

87

x-4q,2)— lfHdM‘

<_

2 4 2

w(Z)—i/ Hdu‘—i—

C 1
< —AM)+ —
— 87 ( )+471

K (e, &)(z, V>du‘
M

- 1
(x=0.2) - w2
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C 1
=AM + = /MH<z,v>du‘
1 . .
+8—/ IK(e,, &) — K (er, er)| 1z, v) du
7T JMm

C
< —AM
= I (M)

where we applied the estimatgé(e,, &) — K (e, e-)| <Cand|(z, v)| <1
in the second integral in the second-last line, 'ﬁ)d-lvdu = 0 in the first
integral. O

Corollary 6. For (T —t) < 3(8—1(:)3 M; is contained between concentric
spheres centred d@j(t) with radii r_ < r satisfying

r
r—* <14 8C((T — )3,

Proof. We can take

1 C
r-=— Hdu — — A(M
87 Jw, H Vit 4 (M

and

1 C
r,=— Hd — A(M).
+ = 5y " M+471 (M)

Then, sinceA(M) < 4nr?, we find 0< 2Cri —r4 +r_, which implies

2
S
1+ Ji-8Cr.

Since we also have. < (3£)"° = (3(T —t))*/3, the result follows from

the inequality 2(1+ /1 — x) < 1+ x which holds forx € [0, 1]. O

Next we show thaM; = (M, t) becomes uniformly smooth and convex
for t close toT:

Proposition 7. For T —t < min{CoC~3, T/2},

[K(p, ) = B(T = )2 < C,CYAT -t~ */2
and for any unit vectoe € TM;,

Ih(e. &) — BT — 1) %] < C,CYAT —H~/°

whereC,, Cq, andC, are constants.
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Proof. We will prove this in several stages: First an upper bound on the
Gauss curvature, then a lower bound, and then upper and lower bounds on
the principal curvatures.

We will use the Harnack estimate from [Ch2], which implies that if
ze S andp(z t) € M is the point withv(p(z, 1), t) = z for eacht, then

d
5 (F°K(p@ ,9) = 0.
We also note that

d
K(p(z’ t)’ t) = _as(z’ t)

so we can bound an averagekofp(z, t), t) over a time interval by control-
ling the distance moved by the tangent plan&/in directionz.

Fix a timet close toT, and translate the origin t(t) M, lies between
spheres of radii_ andr,, so by the comparison principM,_ . lies outside
the sphere of radiug® — 3r)Y/2 for r > 0. Therefore the distance moved
by the tangent plane in a directiaris at mostr . — (r3 — 303 < w2 +
t2r=° 4+ r, —r_. Therefore

t+7
inf 5—/ K(p(z t),t)dt
t

t<t’'<t+rt T
rL—r_
T

<r?4uad4+

Choosingr = r>?@r,. — r_)¥/2 and using the bounds an andr_ from
Corollary 6, we findr o« C¥?(T — t)¥/¢, and

2/3
K(p(z,t),t) < (#) inf  K(p(z t),t)

t<t'<t+rt
< BT -t) P+ CCYVHT -ty Y2

where we used the Harnack estimate in the first line.

Alower bound orK follows similarly, by obtaining a lower bound on the
distance travelled by the tangent plane in a direci@ver a time interval
[t — 7, t] with T o« CY2(T — t)1/6.

Finally, the bound on the principal curvatures follows immediately by
combining the bound on the difference between the principal curvatures
with these bounds above and below on the Gauss curvature, since

H? = 4K + (A1 — )\.2)2

and
A—1H+1(k A1)
2=73 542 1);
1 1
A= =H— Z(ho— 9.
1=3 2(2 1)
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C* regularity of the rescaled solutions now follows as in [T], and the
convergence ol to the unit sphere as— T, as well as the convergence
of the embedding&(., t) to a smooth limitky, follow as in [Al].

This completes the proof of Theorem 1.

5. Viscosity solutions

Theorem 2 is a consequence of the following curvature bound, which es-
tablishes a bound on the curvature of a smooth solution depending only on
time and the volume and diameter of the initial surface:

Proposition 8. Let {M;} be smooth, strictly convex hypersurfaces moving
under the Gauss curvature flow. Then for each (0, T) there exist(t)
depending only oW (Mg) anddiam(Mp) such that

sup|Al? < C(t).
Mt

Proof. First note that we have bounds ¢h for anyt > 0 (see [AZ2],
Theorem 6), so without loss of generality we can work on an inerval where
K is bounded. Choose the origin such tigtis contained in a ball of radius
R about the origin.

We consider the evolution of the quantiB/= 2R+|x|2: Since|x| is de-
creasing, the denominator remains positive. We have the evolution equations

3 .
ﬁ|x|2 = —2K(x, v) = K"V v [x]? 4+ 2K (x, v) — 2H,
so that

9 ,
—S=KNMv,VS+ ——KIV;2R=— X V;S
a5t k VI +2R—|X|2 |( |X|) ]
—— (K(V;h, V;h) + 2K?
+(2R—|x|2)( (Vifl, Vifn) = )
H
(2R — |x]?)?

The last term gives us a very strong negative term. The first term is elliptic,
S0 non-positive at a maximum & and the second term is a gradient term
which vanishes at a maximum. Sin&eis bounded, the only dangerous
term is the one involving (Vih, V;h), which we now proceed to estimate
using the fact th&’ Svanishes at a maximum point: This says that

(—2K (X, v) + 2H).

Vihyy = —Vihg — Vi|x[?

H
2R — |x|2
and

H
Vahao = —Vohyy — —————Vo|x|%
2h2; M= Sz 2|X]
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So we have at the maximum point

K(Vih, Vih) = 2V1h11Vihg, + 2V5hy1 Voha, — 2V1h5, — 2V5h3)
2H 2H
= —————V1|X|?V1hp — ————V,|x|*V,h
2R— X 1IX[*Vihaz 2R— X 2|X|*V2h1y

— 4V1h3, — 4V,hZ;
1 H 2 1 H \°
< \V/ X22 =l \V/ X22
_4<2R—|x|2) [Va[x|] +4(2R—|x|2) [Va|x]7|
= S (IxI* = (x, 1)?).
Thus at the maximum point we have

385 |x|2—(x,v)2_ 4 2K 2 +2KH(x,v)2.
at 2R — |x|? 2R— X2 ' (2R— |x|)?

Our choice ofR means thafx|? < C — |x|?, so that the coefficient &8 is
less than or equal te 1. So we have

3, 1
‘< = K, R
8tS < 2Sz+C3(sup , R

and hence suf < C4(supK, r) + 2/t for t sufficiently small. O

Corollary 9. Any viscosity solutioffM;} of Gauss curvature flow €11
fort > 0, hasQ = H? — 4K bounded fort > 0, and hasQ uniformly
bounded ont, T) for anyt > 0.

This follows immediately, since we have proved each of these statements
for smooth solutions with bounds independent of the regularity of the initial
solution. Hence the same bounds apply for the viscosity solution.

Theorem 2 follows, because the isoperimetric estimates and convergence
results of Section 4 depend only on a bound@n
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