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Kef�laio 1

MetrikoÐ q¸roi

1.1. 'Estw (X, ‖ · ‖) q¸roc me nìrma. DeÐxte ìti h nìrma eÐnai �rtia sun�rthsh kai
ikanopoieÐ thn anisìthta ∣∣ ‖x‖ − ‖y‖

∣∣ ≤ ‖x− y‖
gia k�je x, y ∈ X.

Upìdeixh. Gia k�je x ∈ X èqoume ‖ − x‖ = ‖(−1)x‖ = | − 1| · ‖x‖ = ‖x‖. Sunep¸c, h
nìrma ‖ · ‖ eÐnai �rtia sun�rthsh.

Apì thn trigwnik  anisìthta, gia k�je x, y ∈ X èqoume

‖x‖ = ‖(x− y) + y‖ ≤ ‖x− y‖+ ‖y‖, �ra ‖x‖ − ‖y‖ ≤ ‖x− y‖

kai

‖y‖ = ‖(y − x) + x‖ ≤ ‖y − x‖+ ‖x‖, �ra ‖y‖ − ‖x‖ ≤ ‖y − x‖ = ‖x− y‖.

'Epetai ìti ∣∣ ‖x‖ − ‖y‖
∣∣ ≤ ‖x− y‖.

1.2. 'Estw (X, ρ) metrikìc q¸roc. DeÐxte ìti:

(a) |ρ(x, z)− ρ(y, z)| ≤ ρ(x, y) gia k�je x, y, z ∈ X.
(b) |ρ(x, y)− ρ(z, w)| ≤ ρ(x, z) + ρ(y, w) gia k�je x, y, z, w ∈ X.

Upìdeixh. (a) 'Estw x, y, z ∈ X. Apì thn trigwnik  anisìthta thc metrik c èqoume

ρ(x, z) ≤ ρ(x, y) + ρ(y, z) ⇒ ρ(x, z)− ρ(y, z) ≤ ρ(x, y),
ρ(y, z) ≤ ρ(y, x) + ρ(x, z) ⇒ ρ(y, z)− ρ(x, z) ≤ ρ(y, x).

Sundu�zontac tic duo anisìthtec paÐrnoume

|ρ(x, z)− ρ(y, z)| ≤ ρ(x, y).
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(b) An x, y, z,∈ X, apì thn trigwnik  anisìthta sto R èqoume

|ρ(x, y)− ρ(z, w)| ≤ |ρ(x, y)− ρ(z, y)|+ |ρ(z, y)− ρ(z, w)|

'Omwc, apì to (a) isqÔei

|ρ(x, y)− ρ(z, y)|+ |ρ(z, y)− ρ(z, w)| ≤ ρ(x, z) + ρ(y, w).

1.3. 'Estw ∅ 6= A ⊆ (0,+∞). ApodeÐxte ìti up�rqei metrikìc q¸roc (X, ρ) ¸ste

A = {ρ(x, y) : x, y ∈ X, x 6= y}.

Upìdeixh. OrÐzoume X = A ∪ {0} kai ρ(x, y) = max{x, y} an x 6= y sto X, ρ(x, y) = 0
an x = y sto X. Elègqoume pr¸ta ìti h ρ ikanopoieÐ ta axi¸mata thc metrik c:

(a) AfoÔ x > 0 gia k�je x ∈ A, eÐnai fanerì ìti ρ(x, y) ≥ 0 gia k�je x, y ∈ X. An x = y
èqoume ρ(x, y) = 0 en¸ an x 6= y tìte toul�qiston ènac apì touc x, y eÐnai gn sia jetikìc
(diìti an kei sto A), kai sunep¸c, ρ(x, y) = max{x, y} > 0. Tautìqrona èqoume elègxei
ìti ρ(x, y) = 0 an kai mìno an x = y.

(b) Apì thn max{x, y} = max{y, x} (gia k�je x, y ∈ R) blèpoume eÔkola ìti ρ(x, y) =
ρ(y, x) gia k�je x, y ∈ X.

(g) Gia thn trigwnik  anisìthta, jewroÔme x, y, z ∈ X kai deÐqnoume ìti ρ(x, z) ≤
ρ(x, y)+ρ(y, z): an x = z tìte to aristerì mèloc eÐnai Ðso me mhdèn kai h anisìthta isqÔei.
Upojètoume loipìn ìti x 6= z, kai qwrÐc periorismì thc genikìthtac mporoÔme na upojè-
soume ìti x < z, �ra ρ(x, z) = z. An y 6= z èqoume ρ(y, z) = max{y, z} ≥ z = ρ(x, z),
�ra

ρ(x, y) + ρ(y, z) ≥ ρ(y, z) ≥ ρ(x, z).

An y = z tìte h zhtoÔmenh anisìthta paÐrnei th morf 

ρ(x, z) ≤ ρ(x, z) + ρ(z, z) = ρ(x, z),

dhlad  isqÔei p�li, aut  th for� wc isìthta. Sunep¸c, h trigwnik  anisìthta isqÔei gia
k�je tri�da x, y, z sto X.

T¸ra, orÐzoume B = {ρ(x, y) : x, y ∈ X, x 6= y} kai apodeiknÔoume ìti A = B. 'Estw
x ∈ A. Tìte, x = max{0, x} = ρ(0, x), dhlad  x ∈ B. Autì apodeiknÔei ìti A ⊆ B.
AntÐstrofa, an b ∈ B èqoume b = ρ(x, y) = max{x, y} gia k�poia x 6= y sto X = A∪{0}.
AfoÔ b > 0, o megalÔteroc apì touc x kai y eÐnai jetikìc arijmìc, �ra o b an kei sto A.
Autì apodeiknÔei ìti B ⊆ A.

1.4. Sto R jewroÔme th sun�rthsh σ : R×R → R me σ(a, b) =
√
|a− b|. ApodeÐxte ìti

o (R, σ) eÐnai metrikìc q¸roc.
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Genikìtera, deÐxte ìti: an (X, ‖ · ‖) eÐnai q¸roc me nìrma kai an jewr soume thn
d : X ×X → R me

d(x, y) =
√
‖x− y‖, x, y ∈ X,

tìte o (X, d) eÐnai metrikìc q¸roc.

Upìdeixh. ApodeiknÔoume to genikìtero apotèlesma: an (X, ‖ · ‖) eÐnai q¸roc me nìrma,
h d(x, y) =

√
‖x− y‖ eÐnai metrik  sto X.

Oi pr¸tec dÔo idiìthtec thc metrik c elègqontai �mesa: gia k�je x, y ∈ X èqoume
d(x, y) =

√
‖x− y‖ ≥ 0 kai isìthta isqÔei an kai mìno an ‖x − y‖ = 0, dhlad  an kai

mìno an x = y. EpÐshc,

d(y, x) =
√
‖y − x‖ =

√
‖x− y‖ = d(x, y)

afoÔ h nìrma eÐnai �rtia sun�rthsh: ‖y − x‖ = ‖x− y‖.
Gia thn trigwnik  anisìthta ja qrhsimopoi soume thn trigwnik  anisìthta gia th

nìrma, to gegonìc ìti h t 7→
√
t eÐnai aÔxousa sto [0,∞) kai thn anisìthta

√
t+ s ≤√

t+
√
s, t, s ≥ 0, h opoÐa apodeiknÔetai eÔkola me Ôywsh sto tetr�gwno. 'Estw x, y, z ∈

X. Gr�foume

d(x, z) =
√
‖x− z‖ =

√
‖(x− y) + (y − z)‖ ≤

√
‖x− y‖+ ‖y − z‖

≤
√
‖x− y‖+

√
‖y − z‖ = d(x, y) + d(y, z).

1.5. (a) 'Estw f : [0,∞) → [0,∞) aÔxousa sun�rthsh me f(0) = 0 kai f(x) > 0 gia
k�je x > 0. Upojètoume epÐshc ìti h f eÐnai upoprosjetik , dhl. f(x+ y) ≤ f(x) + f(y)
gia k�je x, y ≥ 0. DeÐxte ìti: an h d eÐnai metrik  sto X tìte kai h f ◦ d eÐnai metrik 
sto X.

(b) 'Estw f : [0,∞) → R+ sun�rthsh. ApodeÐxte ìti kajemi� apì tic akìloujec idiìthtec
eÐnai ikan  na exasfalÐsei thn upoprosjetikìthta thc f :

(i) H f eÐnai koÐlh sun�rthsh.

(ii) H sun�rthsh x 7→ f(x)
x , x > 0 eÐnai fjÐnousa.

(g) Efarmogèc: 'Estw (X, d) metrikìc q¸roc. DeÐxte ìti oi sunart seic ρ1 = min{d, 1},
ρ2 = d

1+d kai dα = dα (0 < α < 1) eÐnai metrikèc sto X.

Upìdeixh. (a) Apì thn upìjesh èqoume f(t) ≥ 0 gia k�je t ≥ 0 kai f(t) = 0 an kai mìno
an t = 0. 'Epetai ìti, gia k�je x, y ∈ X, (f ◦ d)(x, y) = f(d(x, y)) ≥ 0 kai isqÔei isìthta
an kai mìno an d(x, y) = 0 dhlad  an kai mìno an x = y (diìti h d eÐnai metrik ).

H summetrik  idiìthta eÐnai profan c: gia k�je x, y ∈ X,

(f ◦ d)(y, x) = f(d(y, x)) = f(d(x, y)) = (f ◦ d)(x, y)

ìpou h deÔterh isìthta dikaiologeÐtai apì to gegonìc ìti d(y, x) = d(x, y).
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Gia thn trigwnik  anisìthta qrhsimopoioÔme thn trigwnik  anisìthta gia thn d, thn
upìjesh ìti h f eÐnai aÔxousa kai thn upìjesh ìti h f eÐnai upoprosjetik : gia k�je
x, y, z ∈ X èqoume, diadoqik�,

(f ◦ d)(x, z) = f(d(x, z)) ≤ f(d(x, y) + d(y, z))
≤ f(d(x, y)) + f(d(y, z)) = (f ◦ d)(x, y) + (f ◦ d)(y, z).

(b) DeÐqnoume pr¸ta ìti an h f eÐnai koÐlh sun�rthsh, tìte h sun�rthsh x 7→ f(x)
x , x > 0

eÐnai fjÐnousa. 'Estw y > x > 0. Apì to {l mma twn tri¸n qord¸n} gia thn koÐlh
sun�rthsh f sta shmeÐa 0, x, y paÐrnoume

f(x)− f(0)
x

≥ f(y)− f(0)
y

,

ap' ìpou èpetai ìti
f(x)
x

− f(y)
y

≥ f(0)
(

1
x
− 1
y

)
≥ 0.

H teleutaÐa anisìthta dikaiologeÐtai apì to gegonìc ìti f(0) ≥ 0 kai 1
x > 1

y (afoÔ

x < y).

DeÐqnoume t¸ra ìti an h sun�rthsh x 7→ f(x)
x , x > 0 eÐnai fjÐnousa tìte h f eÐnai

upoprosjetik . 'Estw x, y ≥ 0. Ja deÐxoume ìti f(x + y) ≤ f(x) + f(y). An x = 0
  y = 0, h anisìthta elègqetai eÔkola (qrhsimopoi ste kai to gegonìc ìti f(0) ≥ 0).
Upojètoume loipìn ìti x > 0 kai y > 0. Tìte, x+ y > x kai x+ y > y, �ra

f(x+ y)
x+ y

≤ f(x)
x

kai
f(x+ y)
x+ y

≤ f(y)
y

.

'Epetai ìti
x

x+ y
f(x+ y) ≤ f(x) kai

y

x+ y
f(x+ y) ≤ f(y).

Prosjètontac tic dÔo anisìthtec kai parathr¸ntac ìti x
x+y + y

x+y = 1 blèpoume ìti

f(x+ y) ≤ f(x) + f(y).

'Etsi, apodeÐxame ìti h (i) èqei wc sunèpeia thn (ii), h opoÐa me th seir� thc arkeÐ gia na
exasfalÐsoume thn upoprsjetikìthta thc f .

(g) Efarmogèc: DÐnetai o metrikìc q¸roc (X, d) kai jèloume na deÐxoume ìti oi ρ1 =
min{d, 1}, ρ2 = d

1+d kai dα = dα (0 < α < 1) eÐnai metrikèc sto X. SÔmfwna me
ta prohgoÔmena erwt mata, arkeÐ na parathr sete ìti oi sunart seic f(t) = min{t, 1},
g(t) = t

1+t kai hα(t) = tα (0 < α < 1) � orismènec sto [0,∞) � eÐnai koÐlec, aÔxousec,
paÐrnoun thn tim  0 sto 0 kai gn sia jetikèc timèc gia t > 0. K�nte èna sq ma gia kajemi�
apì autèc.
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1.6. An d1, d2 eÐnai metrikèc sto sÔnoloX exet�ste an oi d1+d2, max{d1, d2}, min{d1, d2}
eÐnai metrikèc sto X. An h d eÐnai metrik  sto X, eÐnai h d2 metrik  sto X?

Upìdeixh. EÔkola elègqoume ìti oi d1 + d2 kai max{d1, d2} eÐnai metrikèc sto X. Ac
doÔme mìno thn trigwnik  anisìthta gia thn ρ = max{d1, d2}: èstw x, y, z ∈ X. 'Eqoume
ρ(x, z) = d1(x, z)   ρ(x, z) = d2(x, z). Sthn pr¸th perÐptwsh gr�foume

ρ(x, z) = d1(x, z) ≤ d1(x, y) + d1(y, z) ≤ ρ(x, y) + ρ(y, z),

en¸ sth deÔterh,

ρ(x, z) = d2(x, z) ≤ d2(x, y) + d2(y, z) ≤ ρ(x, y) + ρ(y, z).

H d = min{d1, d2} den eÐnai aparaÐthta metrik . 'Ena par�deigma eÐnai to ex c: sto
[0,∞) jewroÔme tic metrikèc d1(x, y) = |x−y| kai d2(x, y) = |x2−y2| (h d2 eÐnai h metrik 
df pou ep�gei sto [0,∞) h 1-1 sun�rthsh f : [0,∞) → R me f(t) = t2). Ja deÐxoume ìti
h trigwnik  anisìthta den ikanopoieÐtai apì thn tri�da 0, 1

2 , 2: èqoume

d(0, 1/2) = min
{

1
2
,
1
4

}
=

1
4
,

d(1/2, 2) = min
{

3
2
,
15
4

}
=

3
2
,

d(0, 2) = min {2, 4} = 2,

�ra

d(0, 2) = 2 >
7
4

=
1
4

+
3
2

= d(0, 1/2) + d(1/2, 2).

An h d eÐnai metrik  sto X, tìte h d2 den eÐnai aparaÐthta metrik  sto X. 'Ena
par�deigma mac dÐnei h sun jhc metrik  d(x, y) = |x− y| sto R. An h d2  tan metrik  ja
èprepe, gia k�je x, y, z ∈ R na isqÔei h anisìthta

(x− z)2 ≤ (x− y)2 + (y − z)2.

Dokim�ste thn tri�da x = 0, y = 2, z = 10: ja paÐrname 100 ≤ 4 + 64, to opoÐo den
isqÔei.

1.7. (Anisìthta Hölder gia sunart seic) 'Estw f, g : [0, 1] → R suneqeÐc sunart seic
kai p, q suzugeÐc ekjètec (dhl. p, q > 1 kai 1

p + 1
q = 1). DeÐxte ìti

∫ 1

0

|f(t)g(t)| dt ≤
(∫ 1

0

|f(t)|p dt
)1/p(∫ 1

0

|g(t)|q dt
)1/q

.
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Upìdeixh. Upojètoume pr¸ta ìti

‖f‖p
p =

∫ 1

0

|f(t)|p dt = 1 kai ‖g‖q
q =

∫ 1

0

|g(s)|q ds = 1.

Apì thn anisìthta tou Young, gia k�je t ∈ [0, 1] isqÔei

|f(t)g(t)| ≤ 1
p
|f(t)|p +

1
q
|g(t)|q.

Oloklhr¸nontac sto [0, 1] paÐrnoume∫ 1

0

|f(t)g(t)| dt ≤ 1
p

∫ 1

0

|f(t)|p dt+
1
q

∫ 1

0

|g(t)|q dt =
1
p

+
1
q

= 1 = ‖f‖p‖g‖q.

Sth genik  perÐptwsh: mporoÔme na upojèsoume ìti ‖f‖p 6= 0 kai ‖g‖q 6= 0 (alli¸c f ≡ 0
  g ≡ 0 kai to aristerì mèloc thc zhtoÔmenhc anisìthtac mhdenÐzetai, opìte den èqoume
tÐpota na deÐxoume). JewroÔme tic sunart seic

f1 =
f

‖f‖p
kai g1 =

g

‖g‖q
.

ParathroÔme ìti∫ 1

0

|f1(t)|p dt =
1

‖f‖p
p

∫ 1

0

|f(t)|p dt = 1 kai

∫ 1

0

|g1(t)|q dt =
1

‖g‖q
q

∫ 1

0

|g(t)|q dt = 1.

Apì thn eidik  perÐptwsh thc anisìthtac pou deÐxame parap�nw, èqoume∫ 1

0

|f1(t)g1(t)| dt ≤ 1, dhlad ,

∫ 1

0

|f(t)g(t)| dt ≤ ‖f‖p‖g‖q.

1.8. 'Estw 1 ≤ p <∞. DeÐxte ìti o q¸roc (C([0, 1]), ‖ · ‖p) me

‖f‖p =
(∫ 1

0

|f(x)|p dx
)1/p

eÐnai q¸roc me nìrma.

Upìdeixh. DeÐqnoume mìno thn trigwnik  anisìthta (Minkowski): èstw f, g : [0, 1] → R
suneqeÐc sunart seic. MporoÔme na upojèsoume ìti ‖f + g‖p > 0. Gr�foume

‖f + g‖p
p =

∫ 1

0

|f(t) + g(t)|p dt =
∫ 1

0

|f(t) + g(t)|p−1|f(t) + g(t)| dt

≤
∫ 1

0

|f(t) + g(t)|p−1|f(t)| dt+
∫ 1

0

|f(t) + g(t)|p−1|g(t)| dt

≤
(∫ 1

0

|f(t) + g(t)|(p−1)q dt

)1/q

‖f‖p +
(∫ 1

0

|f(t) + g(t)|(p−1)q dt

)1/q

‖g‖q,
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ìpou, sto teleutaÐo b ma, efarmìsame thn anisìthta Hölder gia ta zeug�ria f + g, f kai
f + g, g. ParathroÔme ìti (p− 1)q = p (oi p kai q eÐnai suzugeÐc ekjètec). Sunep¸c,(∫ 1

0

|f(t) + g(t)|(p−1)q dt

)1/q

=
(∫ 1

0

|f(t) + g(t)|p dt
)1/q

= ‖f + g‖p/q
p .

Sunep¸c,
‖f + g‖p

p ≤ ‖f + g‖p/q
p

(
‖f‖p + ‖g‖p

)
.

Qrhsimopoi¸ntac thn p− p
q = 1 sumperaÐnoume ìti

‖f + g‖p =
‖f + g‖p

p

‖f + g‖p/q
p

≤ ‖f‖p + ‖g‖p.

1.9. 'Estw P to sÔnolo twn poluwnÔmwn me pragmatikoÔc suntelestèc. An p(x) =
a0 + a1x+ · · ·+ anx

n eÐnai èna polu¸numo apì to P, to Ôyoc tou p eÐnai to

h(p) = max{|ai| : i = 0, 1, . . . , n}.

(a) DeÐxte ìti o P eÐnai grammikìc q¸roc me tic pr�xeic kat� shmeÐo kai h sun�rthsh
h : P → R eÐnai nìrma ston P.
(b) DeÐxte ìti h sun�rthsh σ : P → R, me

σ(p) = |a0|+ |a1|+ · · ·+ |an|

eÐnai nìrma ston P.
(g) DeÐxte ìti h(p) ≤ σ(p) ≤ (n+ 1) · h(p) gia k�je polu¸numo p bajmoÔ to polÔ n.

Upìdeixh. (a) Elègqoume eÔkola ìti an p, q eÐnai polu¸numa kai t ∈ R, tìte oi sunart seic
p + q kai tp eÐnai polu¸numa. Sunep¸c, o P eÐnai grammikìc q¸roc me tic pr�xeic kat�
shmeÐo. DeÐqnoume ìti h h : P → R eÐnai nìrma ston P: an p(x) = a0 + a1x+ · · ·+ anx

n

eÐnai èna polu¸numo apì to P, eÐnai fanerì ìti h(p) ≥ 0 kai isìthta isqÔei an kai mìno
an a0 = a1 = · · · = an = 0, dhlad  an kai mìno an p ≡ 0.

An t ∈ R, tìte (tp)(x) = (ta0) + (ta1)x+ · · ·+ (tan)xn. 'Ara,

h(tp) = max{|tai| : i = 0, 1, . . . , n} = |t|max{|ai| : i = 0, 1, . . . , n} = |t|h(p).

Gia thn trigwnik  anisìthta, èstw p(x) = a0 + a1x + · · · + anx
n kai q(x) = b0 + b1x +

· · ·+ bmx
m dÔo polu¸numa. MporoÔme na upojèsoume ìti n ≥ m kai an n > m jètoume

bm+1 = · · · = bn = 0. Parathr ste ìti h(q) = max{|bi| : i = 0, 1, . . . , n}. Tìte,
(p+ q)(x) = (a0 + b0) + (a1 + b1)x+ · · ·+ (an + bn)xn kai

h(p+ q) = |aj + bj | gia k�poio j ∈ {0, 1, . . . , n}.
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Apì thn

|aj + bj | ≤ |aj |+ |bj | ≤ h(p) + h(q)

èpetai ìti

h(p+ q) ≤ h(p) + h(q).

(b) Me ton Ðdio trìpo: eÐnai fanerì ìti σ(p) ≥ 0 kai isìthta isqÔei an kai mìno an
a0 = a1 = · · · = an = 0, dhlad  an kai mìno an p ≡ 0.

An t ∈ R, tìte (tp)(x) = (ta0) + (ta1)x+ · · ·+ (tan)xn. 'Ara,

σ(tp) = |ta0|+ |ta1|+ · · ·+ |tan| = |t|(|a0|+ |a1|+ · · ·+ |an|) = |t|σ(p).

Gia thn trigwnik  anisìthta, èstw p(x) = a0 + a1x + · · · + anx
n kai q(x) = b0 + b1x +

· · ·+ bmx
m dÔo polu¸numa. MporoÔme na upojèsoume ìti n ≥ m kai an n > m jètoume

bm+1 = · · · = bn = 0. Parathr ste ìti σ(q) = |b0|+ |b1|+ · · ·+ |bn|. Tìte, (p+ q)(x) =
(a0 + b0) + (a1 + b1)x+ · · ·+ (an + bn)xn kai

σ(p+ q) =
n∑

j=0

|aj + bj | ≤
n∑

j=0

(|aj |+ |bj |) =
n∑

j=0

|aj |+
n∑

j=0

|bj | = σ(p) + σ(q).

(g) An p(x) = a0 +a1x+ · · ·+anx
n up�rqei 0 ≤ j ≤ n ¸ste h(p) = |aj |. Tìte, |ai| ≤ |aj |

gia k�je i = 0, 1, . . . , n kai eÐnai fanerì ìti

|aj | ≤ |a0|+ |a1|+ · · ·+ |an| ≤ |aj |+ |aj |+ · · ·+ |aj | = (n+ 1)|aj |,

dhlad 

h(p) ≤ σ(p) ≤ (n+ 1)h(p).

1.10. JewroÔme ton q¸ro (P, h) thc prohgoÔmenhc �skhshc kai ton (c00, ‖ · ‖∞).
ApodeÐxte ìti h sun�rthsh f : (P, h) → (c00, ‖ · ‖∞) me

p(x) = a0 + a1x+ · · ·+ anx
n f7−→ f(p) := a = (a0, a1, . . . , an, 0, 0, . . .)

eÐnai isomorfismìc grammik¸n q¸rwn pou diathreÐ tic apost�seic. Dhlad , h f eÐnai 1-1,
epÐ kai ikanopoieÐ tic sqèseic

(i) f(p+ q) = f(p) + f(q)

(ii) f(λp) = λf(p)

(iii) ‖f(p)‖∞ = h(p)
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gia k�je p, q ∈ P kai λ ∈ R.

Upìdeixh. 'Estw p(x) = a0 + a1x + · · · + anx
n kai q(x) = b0 + b1x + · · · + bmx

m dÔo
polu¸numa. MporoÔme na gr�youme ta p, q sth morf  p(x) =

∑∞
k=0 akx

k kai q(x) =∑∞
k=0 bkx

k, ìpou ak = 0 an k > n kai bk = 0 an k > m. Tìte, (p+ q)(x) =
∑∞

k=0(ak +
bk)xk, �ra

f(p+ q) = (a0 + b0, . . . , ak + bk, . . .) = (a0, . . . , ak, . . .) + (b0, . . . , bk, . . .)
= f(p) + f(q).

TeleÐwc an�loga, gia k�je λ ∈ R èqoume (λp)(x) =
∑∞

k=0(λak)xk, �ra

f(λp) = (λa0, λa1, . . . , λak, . . .) = λ(a0, a1, . . . , ak, . . .) = λf(p).

Tèloc, an p ∈ P kai p(x) = a0 + a1x+ · · ·+ anx
n,

‖f(p)‖∞ = sup{|ak| : k = 0, 1, 2, . . .} = max{|ak| : k = 0, 1, . . . , n} = h(p).

1.11. JewroÔme touc q¸rouc `p, 1 ≤ p ≤ ∞ kai c0.

(a) DeÐxte ìti: an 1 ≤ p < q ≤ ∞ tìte `p ⊆ `q kai ìti o egkleismìc eÐnai gn sioc.

(b) DeÐxte ìti: an 1 ≤ p <∞ tìte `p ⊆ c0 kai ìti o egkleismìc eÐnai gn sioc.

(g) Na brejeÐ akoloujÐa x = (xn) pou sugklÐnei sto 0 all� den an kei se kanènan `p,
1 ≤ p <∞. Me �lla lìgia, o c0 perièqei gn sia thn ènwsh

⋃
{`p : 1 ≤ p <∞}.

(d) Na brejeÐ akoloujÐa x = (xn) ¸ste x /∈ `1 all� x ∈ `p gia k�je p > 1.

Upìdeixh. (a) 'Estw x = (xn) ∈ `p. Tìte,
∑∞

n=1 |xn|p < +∞, �ra |xn|p → 0. Dhlad ,
|xn| → 0. 'Epetai ìti: up�rqei n0 ∈ N ¸ste |xn| < 1 gia k�je n ≥ n0. AfoÔ p < q,
gia k�je n ≥ n0 èqoume |xn|q ≤ |xn|p. Apì to krit rio sÔgkrishc,

∑∞
n=1 |xn|q < +∞,

dhlad  x ∈ `q. Autì apodeiknÔei ìti `p ⊆ `q.
O egkleismìc eÐnai gn sioc: an jewr soume thn akoloujÐa x = (xn) me xn = 1

n1/p

tìte
∞∑

n=1

|xn|p =
∞∑

n=1

1
n

= +∞ en¸
∞∑

n=1

|xn|q =
∞∑

n=1

1
nq/p

< +∞

diìti q/p > 1. 'Ara, x ∈ `q \ `p.
(b) 'Estw x = (xn) ∈ `p. Tìte,

∑∞
n=1 |xn|p < +∞, �ra |xn|p → 0. Dhlad , |xn| → 0.

'Ara, x ∈ c0. Mia mhdenik  akoloujÐa pou den an kei ston `p eÐnai h x = (xn) me xn = 1
n1/p

(deÐte parap�nw).

(g) JewroÔme thn akoloujÐa x = (xn) me xn = 1
log(n+1) . AfoÔ lim

n→∞
1

log(n+1) = 0, èqoume
x ∈ c0.

ParathroÔme ìti, gia k�je p ≥ 1 isqÔei

lim
n→∞

|xn|p

1/n
= lim

n→∞

n

[log(n+ 1)]p
= +∞.
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AfoÔ h seir�
∑∞

n=1
1
n apoklÐnei sto +∞, to krit rio sÔgkrishc mac exasfalÐzei ìti

∞∑
n=1

|xn|p = +∞, p ≥ 1.

Dhlad , gia k�je p ≥ 1 isqÔei x /∈ `p.
(d) Elègxte ìti h akoloujÐa x = (xn) me xn = 1

n èqei aut  thn idiìthta.

1.12. O kÔboc tou Hilbert H∞ eÐnai to sÔnolo ìlwn twn akolouji¸n x = (xn) me |xn| ≤ 1
gia k�je n ∈ N.
(a) DeÐxte ìti h

d(x, y) =
∞∑

n=1

2−n|xn − yn|

orÐzei metrik  sto H∞.

(b) An x, y ∈ H∞ kai k ∈ N, jètoume Mk = max{|x1 − y1|, . . . , |xk − yk|}. DeÐxte ìti

2−kMk ≤ d(x, y) ≤ 2−k+1 +Mk.

Upìdeixh. (a) H d orÐzetai kal�: gia k�je n ∈ N kai gia k�je x, y ∈ H∞ èqoume

d(x, y) =
∞∑

n=1

|xn − yn|
2n

≤
∞∑

n=1

2
2n

= 2 < +∞

diìti |xn − yn| ≤ |xn| + |yn| ≤ 2 gia k�je n ∈ N. EÐnai fanerì ìti d(x, y) ≥ 0 gia k�je
x, y ∈ H∞. EpÐshc, d(x, y) = 0 an kai mìno an |xn − yn| = 0 gia k�je n ∈ N, dhlad  an
kai mìno an xn = yn gia k�je n ∈ N, dhlad  an kai mìno an x = y.

Gia th summetrik  idiìthta thc d parathroÔme ìti, an x, y ∈ H∞,

d(x, y) =
∞∑

n=1

|xn − yn|
2n

=
∞∑

n=1

|yn − xn|
2n

= d(y, x).

Gia thn trigwnik  anisìthta, jewroÔme x, y, z ∈ H∞ kai parathroÔme ìti

d(x, z) =
∞∑

n=1

|xn − zn|
2n

≤
∞∑

n=1

|xn − yn|
2n

+
∞∑

n=1

|yn − zn|
2n

= d(x, y) + d(y, z)

diìti |xn − zn| ≤ |xn − yn|+ |yn − zn| gia k�je n ∈ N.
(b) 'Estw x, y ∈ H∞ kai k ∈ N. Gr�foume

d(x, y) =
k∑

n=1

|xn − yn|
2n

+
∞∑

n=k+1

|xn − yn|
2n

.
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Up�rqei 1 ≤ j ≤ k ¸ste

|xj − yj | = Mk = max{|x1 − y1|, . . . , |xk − yk|}.

ParathroÔme ìti

Mk

2k
≤ Mk

2j
=
|xj − yj |

2j
≤

k∑
n=1

|xn − yn|
2n

≤
k∑

n=1

Mk

2n
= Mk

k∑
n=1

1
2n

< Mk

kai

0 ≤
∞∑

n=k+1

|xn − yn|
2n

≤
∞∑

n=k+1

2
2n

=
1

2k−1
.

Prosjètontac, sumperaÐnoume ìti

2−kMk ≤ d(x, y) ≤ 2−k+1 +Mk.

1.13. JewroÔme th monadiaÐa EukleÐdeia sfaÐra Sm−1 = {x ∈ Rm : ‖x‖2 = 1} ston Rm.
OrÐzoume {apìstash} ρ(x, y) dÔo shmeÐwn x, y ∈ Sm−1 na eÐnai h kurt  gwnÐa xoy sto
epÐpedo pou orÐzetai apì thn arq  twn axìnwn o kai ta x, y. DeÐxte ìti: an ρ(x, y) = θ
tìte

‖x− y‖2 = 2 sin
θ

2
kai sumper�nate ìti

2
π
ρ(x, y) ≤ ‖x− y‖2 ≤ ρ(x, y), x, y ∈ Sm−1.

EÐnai h ρ metrik  sthn Sm−1?

Upìdeixh. JewroÔme to trÐgwno xoy sto epÐpedo pou orÐzetai apì thn arq  twn axìnwn
o kai ta x, y. An z eÐnai to mèso tou eujÔgrammou tm matoc [x, y], to m koc tou [x, z]  
tou [z, y] isoÔtai me

‖x− y‖2
2

= sin
(
ρ(x, y)

2

)
.

Sunep¸c,

ρ(x, y) = 2 arcsin
(
‖x− y‖2

2

)
.

Apì thn anisìthta
2t
π
≤ sin t ≤ t, t ∈ [0, π/2]

eÐnai fanerì ìti, gia k�je x, y ∈ Sm−1,

‖x− y‖2 = 2 sin
(
ρ(x, y)

2

)
≤ ρ(x, y)
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kai

‖x− y‖2 = 2 sin
(
ρ(x, y)

2

)
≥ 4
π

ρ(x, y)
2

=
2
π
ρ(x, y).

H ρ eÐnai metrik  sthn Sm−1 (h {gewdaisiak } metrik ). H mình idiìthta thc metrik c
pou qrei�zetai èlegqo eÐnai h trigwnik  anisìthta: parathroÔme pr¸ta ìti, an jèsoume
θ = ρ(x, y), tìte

cos θ = 1− 2 sin2(θ/2) = 1− 2
‖x− y‖22

4
=

2− ‖x‖22 + 2〈x, y〉 − ‖y‖22
2

= 〈x, y〉,

ìpou 〈x, y〉 =
∑m

i=1 xiyi, to sÔnhjec eswterikì ginìmeno ston Rm. Sunep¸c, h ρ mporeÐ
na ekfrasteÐ kai sthn akìloujh morf :

ρ(x, y) = arccos(〈x, y〉), x, y ∈ Sm−1.

Prèpei na deÐxoume ìti: an x, y, z ∈ Sm−1 tìte

arccos(〈x, z〉) ≤ arccos(〈x, y〉) + arccos(〈y, z〉).

Jètoume φ = arccos(〈x, y〉) kai ψ = arccos(〈y, z〉). An φ + ψ ≥ π h anisìthta isqÔei,
upojètoume loipìn ìti 0 ≤ φ+ψ < π. JumhjeÐte ìti h sun�rthsh arccos : [−1, 1] → [0, π]
eÐnai fjÐnousa. Epomènwc, arkeÐ na deÐxoume ìti

〈x, z〉 ≥ cos(φ+ ψ) = cosφ cosψ − sinφ sinψ,

dhlad 

〈x, z〉 ≥ 〈x, y〉〈y, z〉 −
√

1− 〈x, y〉2
√

1− 〈y, z〉2.

DeÐqnoume ìti

|〈x, y〉〈y, z〉 − 〈x, z〉| ≤
√

1− 〈x, y〉2
√

1− 〈y, z〉2

wc ex c: mporoÔme na upojèsoume ìti ta x, y eÐnai grammik¸c anex�rthta, alli¸c x = y
kai h anisìthta prokÔptei wc isìthta diìti ta dÔo mèlh mhdenÐzontai. Me kat�llhlh
epilog  orjokanonik c b�shc {e1, e2} ston upìqwro pou par�goun ta x, y èqoume y = e1
kai x = t1e1+t2e2 me t21+t22 = 1. To z gr�fetai ki autì sth morf  z = s1e1+s2e2+s3e3,
ìpou to e3 eÐnai monadiaÐo kai k�jeto sta e1, e2 an to z eÐnai grammik¸c anex�rthto apì
ta x, y (alli¸c s3 = 0) kai s21 + s22 + s23 = 1. T¸ra, h anisìthta pou zht�me gr�fetai sth
morf 

|t1s1 − (t1s1 + t2s2)| ≤
√

1− t21

√
1− s21,

dhlad 
t22s

2
2 ≤ (1− t21)(1− s21).

'Omwc,
(1− t21)(1− s22) = t22(s

2
2 + s23) ≥ t22s

2
2
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kai autì apodeiknÔei to zhtoÔmeno.

1.14. 'Estw (X, d) metrikìc q¸roc kai ∅ 6= A ⊆ X. H di�metroc diam(A) tou A eÐnai h
posìthta

diam(A) = sup{d(a, b) : a, b ∈ A}.

ApodeÐxte tic akìloujec idiìthtec thc diamètrou:

(a) An A 6= ∅ tìte diam(A) = 0 an kai mìno an to A eÐnai monosÔnolo (dhlad , A = {x}
gia k�poio x ∈ X).

(b) An ∅ 6= A ⊆ B ⊆ X tìte diam(A) ≤ diam(B).

(g) 'Estw A 6= ∅. An diam(A) < r, tìte A ⊆ {x : d(a, x) < r} gia k�poio a ∈ A.
(d) An ∅ 6= A,B ⊆ X tìte isqÔei h anisìthta

diam(A ∩B) ≤ min{diam(A),diam(B)} ≤ max{diam(A),diam(B)} ≤ diam(A ∪B)

IsqÔei h anisìthta

diam(A ∪B) ≤ diam(A) + diam(B)

gia k�je zeug�ri mh ken¸n uposunìlwn A,B tou X?

(e) An (An) eÐnai mia akoloujÐa mh ken¸n uposunìlwn tou X me diam(An) → 0 kaj¸c
n→∞, deÐxte ìti to

⋂∞
n=1An eÐnai to polÔ monosÔnolo (èqei to polÔ èna stoiqeÐo).

Upìdeixh. (a) An A = {x} gia k�poio x ∈ X tìte eÐnai fanerì ìti diam(A) = 0.
AntÐstrofa, upojètoume ìti up�rqoun x, y ∈ A me x 6= y. Tìte, diam(A) ≥ ρ(x, y) > 0.

(b) An x, y ∈ A tìte x, y ∈ B, �ra ρ(x, y) ≤ diam(B). 'Epetai ìti diam(A) = sup{ρ(x, y) :
x, y ∈ A} ≤ diam(B).

(g) Epilègoume tuqìn a ∈ A. Gia k�je x ∈ A èqoume ρ(a, x) ≤ diam(A) < r. Snep¸c,
A ⊆ {x ∈ X : ρ(a, x) < r}.
(d) AfoÔ A∩B ⊆ A kai A∩B ⊆ B, èqoume diam(A∩B) ≤ diam(A) kai diam(A∩B) ≤
diam(B) (apì to (b)). 'Epetai ìti

diam(A ∩B) ≤ min{diam(A),diam(B)}.

EÐnai profanèc ìti

min{diam(A),diam(B)} ≤ max{diam(A),diam(B)}.

Gia thn teleutaÐa anisìthta parathroÔme ìti A ⊆ A∪B kai B ⊆ A∪B, �ra diam(A) ≤
diam(A ∪B) kai diam(B) ≤ diam(A ∪B) (apì to (b)). 'Epetai ìti

max{diam(A),diam(B)} ≤ diam(A ∪B).
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H anisìthta diam(A∪B) ≤ diam(A)+diam(B) den isqÔei genik�: jewr ste opoiond -
pote metrikì q¸ro (X, d) pou èqei toul�qiston dÔo shmeÐa x 6= y. An jèsoume A = {x}
kai B = {y} tìte A ∪B = {x, y} kai

diam(A ∪B) = d(x, y) > 0 = diam(A) + diam(B).

ShmeÐwsh: An A ∩ B 6= ∅ tìte h anisìthta isqÔei: jewr ste w ∈ A ∩ B. An x ∈ A kai
y ∈ B tìte

d(x, y) ≤ d(x,w) + d(w, y) ≤ diam(A) + diam(B).

An x, y ∈ A   x, y ∈ B, eÐnai profanèc ìti d(x, y) ≤ diam(A) + diam(B). 'Epetai ìti

diam(A ∪B) ≤ diam(A) + diam(B).

(e) 'Estw x, y ∈
⋂∞

n=1An me x 6= y. Tìte, diam(An) ≥ ρ(x, y) > 0 gia k�je n ∈ N.
PaÐrnontac to ìrio kaj¸c to n→∞ katal goume sthn 0 = lim

n→∞
diam(An) ≥ ρ(x, y) >

0, �topo.

1.15. (a) DeÐxte ìti èna mh kenì uposÔnolo A tou metrikoÔ q¸rou (X, ρ) eÐnai fragmèno
an kai mìnon an up�rqoun x0 ∈ X kai r > 0 ¸ste ρ(a, x0) ≤ r gia k�je a ∈ A.
(b) 'Estw A1, . . . , Ak fragmèna mh ken� uposÔnola tou metrikoÔ q¸rou (X, ρ). DeÐxte
ìti to A1 ∪ · · · ∪Ak eÐnai fragmèno.

Upìdeixh. (a) Upojètoume pr¸ta ìti to A eÐnai fragmèno. Epilègoume tuqìn x0 ∈ A kai
jètoume r = diam(A) + 1 > 0. Tìte, gia k�je a ∈ A èqoume

ρ(a, x0) ≤ diam(A) < r.

AntÐstrofa, upojètoume ìti up�rqoun x0 ∈ X kai r > 0 ¸ste ρ(a, x0) ≤ r gia k�je
a ∈ A. Tìte, gia k�je a, b ∈ A èqoume

ρ(a, b) ≤ ρ(a, x0) + ρ(x0, b) ≤ r + r = 2r.

Sunep¸c, to A eÐnai fragmèno kai diam(A) ≤ 2r.

(b) ArkeÐ na deÐxoume ìti an A kai B eÐnai fragmèna mh ken� uposÔnola tou metrikoÔ
q¸rou (X, ρ) tìte to A∪B eÐnai fragmèno. Sth sunèqeia, me epagwg  blèpoume ìti k�je
peperasmènh ènwsh fragmènwn sunìlwn eÐnai fragmèno sÔnolo.

StajeropoioÔme x0 ∈ A kai y0 ∈ B. Tìte, an x ∈ A isqÔei ρ(x, x0) ≤ diam(A) kai an
y ∈ B isqÔei ρ(y, y0) ≤ diam(B). JewroÔme x, y ∈ A ∪B kai diakrÐnoume peript¸seic:

(i) An x, y ∈ A tìte ρ(x, y) ≤ diam(A).

(ii) An x, y ∈ B tìte ρ(x, y) ≤ diam(B).
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(iii) An x ∈ A kai y ∈ B tìte

ρ(x, y) ≤ ρ(x, x0) + ρ(x0, y0) + ρ(y0, y) ≤ diam(A) + ρ(x0, y0) + diam(B).

'Epetai ìti: an jèsoume M = diam(A) + ρ(x0, y0) + diam(B), tìte ρ(x, y) ≤M gia k�je
x, y ∈ A ∪B. Sunep¸c, to A ∪B eÐnai fragmèno.

1.16. JewroÔme ton q¸ro S ìlwn twn akolouji¸n pragmatik¸n arijm¸n. 'Estw (mn)
akoloujÐa jetik¸n arijm¸n, me

∑
nmn < +∞. OrÐzoume apìstash d ston S wc ex c: an

x = (xn), y = (yn) ∈ S, jètoume

d(x, y) =
∞∑

n=1

mn
|xn − yn|

1 + |xn − yn|
.

DeÐxte ìti o (S, d) eÐnai metrikìc q¸roc, kai upologÐste th di�metrì tou.

Upìdeixh. H d eÐnai kal� orismènh, giatÐ an x = (xk) kai y = (yk) ∈ S, tìte

d(x, y) =
∞∑

k=1

mk
|xk − yk|

1 + |xk − yk|
≤

∞∑
k=1

mk < +∞.

Autì deÐqnei epÐshc ìti diam(S, d) ≤
∑∞

k=1mk.
Apì tic idiìthtec thc metrik c, h mình pou qrei�zetai èlegqo eÐnai h trigwnik  anisìth-

ta: an x = (xk), y = (yk) kai z = (zk) ∈ S, tìte gia k�je k ∈ N, qrhsimopoi¸ntac to
gegonìc ìti h t

1+t eÐnai upoprosjetik  kai |xk − yk| ≤ |xk − zk| + |zk − yk| gia k�je
k ∈ N, kai prosjètontac wc proc k afoÔ pollaplasi�soume me touc jetikoÔc arijmoÔc
mk, èqoume

d(x, y) =
∞∑

k=1

mk
|xk − yk|

1 + |xk − yk|

≤
∞∑

k=1

mk
|xk − zk|

1 + |xk − zk|
+

∞∑
k=1

mk
|zk − yk|

1 + |zk − yk|

= d(x, z) + d(z, y).

Tèloc, an p�roume xM = (M, . . . ,M, . . .) ìpou M > 0, kai y = (0, . . . , 0, . . .), èqoume

diam(S, d) ≥ d(xM , y) =
∞∑

k=1

mk
M

1 +M
=

M

1 +M

∞∑
k=1

mk,

kai afoÔ M
1+M ↗ 1 ìtan to M →∞, paÐrnoume

diam(S, d) ≥ lim
M→∞

d(xM , y) = lim
M→∞

M

1 +M

∞∑
k=1

mk =
∞∑

k=1

mk.

Dhlad , diam(S, d) =
∑∞

k=1mk.





Kef�laio 2

SÔgklish akolouji¸n kai

sunèqeia sunart sewn

2.1. 'Estw (X1, d1), . . . , (Xk, dk) peperasmènh oikogèneia metrik¸n q¸rwn. ApodeÐxte

ìti oi parak�tw sunart seic eÐnai metrikèc ginìmeno sto X =
∏k

i=1Xi:

ρ∞(x, y) = max{di(x(i), y(i)) : i = 1, 2, . . . , k}

kai

ρp(x, y) =

(
k∑

i=1

[di(x(i), y(i))]p
)1/p

, 1 ≤ p <∞,

ìpou x = (x(1), . . . , x(k)), y = (y(1), . . . , y(k)).

Upìdeixh. (a) Gia thn ρ∞: eÐnai fanerì ìti ρ∞(x, y) ≥ 0 gia k�je x, y ∈ X (diìti
di(x(i), y(i)) ≥ 0 gia k�je i = 1, . . . , k, afoÔ k�je di eÐnai metrik  sto Xi). EpÐshc,
ρ∞(x, y) = 0 an kai mìno an di(x(i), y(i)) = 0 gia k�je i = 1, . . . , k, dhlad  an kai mìno
an x(i) = y(i) gia k�je i = 1, . . . , k, dhlad  an kai mìno an x = y.

Gia th summetrik  idiìthta thc ρ∞ qrhsimopoioÔme th summetrik  idiìthta twn di: an
x, y ∈ X èqoume di(x(i), y(i)) = di(y(i), x(i)) gia k�je i = 1, . . . , k. Sunep¸c,

ρ∞(x, y) = max{di(x(i), y(i)) : i = 1, . . . , k}
= max{di(y(i), x(i)) : i = 1, . . . , k}
= ρ∞(y, x).

Gia thn trigwnik  anisìthta, jewroÔme x, y, z ∈ X. Up�rqei i0 ∈ {1, . . . , k} ¸ste
ρ∞(x, z) = di0(x(i0), z(i0)). Apì thn trigwnik  anisìthta gia thn di0 èqoume

di0(x(i0), z(i0)) ≤ di0(x(i0), y(i0)) + di0(y(i0), z(i0)) ≤ ρ∞(x, y) + ρ∞(y, z).
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Sunep¸c,
ρ∞(x, z) = di0(x(i0), z(i0)) ≤ ρ∞(x, y) + ρ∞(y, z).

Gia na deÐxoume ìti h ρ∞ eÐnai metrik  ginìmeno prèpei na deÐxoume ìti: an (xm) eÐnai
akoloujÐa ston X kai x ∈ X, tìte

lim
m→∞

ρ∞(xm, x) = 0 an kai mìno an lim
m→∞

di(xm(i), x(i)) = 0 gia k�je i = 1, . . . , k.

H kateÔjunsh (⇒) èpetai �mesa apì to gegonìc ìti, gia k�je i = 1, . . . , k,

di(xm(i), x(i)) ≤ ρ∞(xm, x).

Gia thn �llh kateÔjunsh parathroÔme ìti

ρ∞(xm, x) ≤
k∑

i=1

di(xm(i), x(i))

kai ìti, an lim
m→∞

di(xm(i), x(i)) = 0 gia k�je i = 1, . . . , k tìte

lim
m→∞

k∑
i=1

di(xm(i), x(i)) =
k∑

i=1

lim
m→∞

di(xm(i), x(i)) = 0.

(b) 'Estw 1 ≤ p < ∞. EÐnai fanerì ìti ρp(x, y) ≥ 0 gia k�je x, y ∈ X. EpÐshc,
ρp(x, y) = 0 an kai mìno an di(x(i), y(i)) = 0 gia k�je i = 1, . . . , k, dhlad  an kai mìno
an x(i) = y(i) gia k�je i = 1, . . . , k, dhlad  an kai mìno an x = y.

Gia th summetrik  idiìthta thc ρp qrhsimopoioÔme th summetrik  idiìthta twn di: an
x, y ∈ X èqoume di(x(i), y(i)) = di(y(i), x(i)) gia k�je i = 1, . . . , k. Sunep¸c,

ρp(x, y) =

(
k∑

i=1

[di(x(i), y(i))]p
)1/p

=

(
k∑

i=1

[di(y(i), x(i))]p
)1/p

= ρp(y, x).

Gia thn trigwnik  anisìthta, jewroÔme x, y, z ∈ X. Efarmìzoume pr¸ta thn trigwnik 
anisìthta gia k�je di: èqoume

di(x(i), z(i)) ≤ di(x(i), y(i)) + di(y(i), z(i)), i = 1, . . . , k.

Apì thn anisìthta tou Minkowski,

ρp(x, z) =

(
k∑

i=1

[di(x(i), z(i))]p
)1/p

≤

(
k∑

i=1

[di(x(i), y(i)) + di(y(i), z(i))]p
)1/p
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≤

(
k∑

i=1

[di(x(i), y(i))]p
)1/p

+

(
k∑

i=1

[di(y(i), z(i))]p
)1/p

= ρp(x, y) + ρp(y, z).

Gia na deÐxoume ìti h ρp eÐnai metrik  ginìmeno prèpei na deÐxoume ìti: an (xm) eÐnai
akoloujÐa ston X kai x ∈ X, tìte

lim
m→∞

ρp(xm, x) = 0 an kai mìno an lim
m→∞

di(xm(i), x(i)) = 0 gia k�je i = 1, . . . , k.

H kateÔjunsh (⇒) èpetai �mesa apì to gegonìc ìti, gia k�je i = 1, . . . , k,

di(xm(i), x(i)) ≤ ρp(xm, x).

Gia thn �llh kateÔjunsh parathroÔme ìti, an lim
m→∞

di(xm(i), x(i)) = 0 gia k�je i =
1, . . . , k, tìte

lim
m→∞

[ρp(x, y)]p = lim
m→∞

k∑
i=1

[di(xm(i), x(i))]p =
k∑

i=1

lim
m→∞

[di(xm(i), x(i))]p = 0.

2.2. 'Estw (Xn, dn), n = 1, 2, . . . akoloujÐa metrik¸n q¸rwn ¸ste dn(x, y) ≤ 1 gia k�je
x, y ∈ Xn, n = 1, 2, . . .. JewroÔme to

X =
∞∏

n=1

Xn =
{
x = (x(1), x(2), . . . , x(n), . . .) : x(n) ∈ Xn

}
.

Dhlad , o X apoteleÐtai apì ìlec tic akoloujÐec oi opoÐec sth n-ost  jèsh èqoun stoiqeÐo
tou Xn. OrÐzoume d : X ×X → R me

d(x, y) =
∞∑

n=1

1
2n
dn(x(n), y(n)).

DeÐxte ìti o (X, d) eÐnai metrikìc q¸roc kai h d eÐnai metrik  ginìmeno.

Upìdeixh. H d orÐzetai kal� lìgw thc upìjeshc gia tic diamètrouc twn (Xn, dn): gia
k�je n ∈ N kai gia k�je x(n), y(n) ∈ Xn isqÔei dn(x(n), y(n)) ≤ 1 �ra, gia k�je x, y ∈ X
èqoume

d(x, y) =
∞∑

n=1

1
2n
dn(x(n), y(n)) ≤

∞∑
n=1

1
2n

= 1 < +∞.

EÐnai fanerì ìti d(x, y) ≥ 0 gia k�je x, y ∈ X. EpÐshc, d(x, y) = 0 an kai mìno an
dn(x(n), y(n)) = 0 gia k�je n ∈ N, dhlad  an kai mìno an x(n) = y(n) gia k�je n ∈ N,
dhlad  an kai mìno an x = y.
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Gia th summetrik  idiìthta thc d qrhsimopoioÔme th summetrik  idiìthta twn dn: an
x, y ∈ X èqoume dn(x(n), y(n)) = dn(y(n), x(n)) gia k�je n ∈ N. Sunep¸c,

d(x, y) =
∞∑

n=1

1
2n
dn(x(n), y(n)) =

∞∑
n=1

1
2n
dn(y(n), x(n)) = d(y, x).

Gia thn trigwnik  anisìthta, jewroÔme x, y, z ∈ X. Efarmìzoume pr¸ta thn trigwnik 
anisìthta gia k�je dn: èqoume

dn(x(n), z(n)) ≤ dn(x(n), y(n)) + dn(y(n), z(n)), n ∈ N.

Prosjètontac kat� mèlh paÐrnoume

d(x, z) =
∞∑

n=1

1
2n
dn(x(n), z(n))

≤
∞∑

n=1

1
2n
dn(x(n), y(n)) +

∞∑
n=1

1
2n
dn(y(n), z(n))

= d(x, y) + d(y, z).

Gia na deÐxoume ìti h d eÐnai metrik  ginìmeno prèpei na deÐxoume ìti: an (xm) eÐnai
akoloujÐa ston X kai x ∈ X, tìte

lim
m→∞

d(xm, x) = 0 an kai mìno an lim
m→∞

dn(xm(n), x(n)) = 0 gia k�je n ∈ N.

H kateÔjunsh (⇒) èpetai �mesa apì to gegonìc ìti, gia k�je n ∈ N isqÔei

dn(xm(n), x(n)) ≤ 2nd(xm, x).

Gia thn �llh kateÔjunsh, upojètoume ìti h akoloujÐa (xm) kai to x sto X ikanopoioÔn
thn lim

m→∞
dn(xm(n), x(n)) = 0 gia k�je n ∈ N.

'Estw ε > 0. Up�rqei k ∈ N ¸ste
∑∞

n=k+1
1
2n < ε

2 . Gia k�je n = 1, . . . , k èqoume
lim

m→∞
dn(xm(n), x(n)) = 0, �ra

lim
m→∞

k∑
n=1

1
2n
dn(xm(n), x(n)) = 0.

MporoÔme loipìn na broÔme m0 ∈ N ¸ste: gia k�je m ≥ m0,

k∑
n=1

1
2n
dn(xm(n), x(n)) <

ε

2
.
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Sundu�zontac ta parap�nw blèpoume ìti, gia k�je m ≥ m0,

d(xm, x) =
k∑

n=1

1
2n
dn(xm(n), x(n)) +

∞∑
n=k+1

1
2n
dm(xm(n), x(n)) <

ε

2
+
ε

2
= ε.

'Epetai ìti d(xm, x) → 0.

2.3. 'Estw (Xn, dn)n∈N akoloujÐa metrik¸n q¸rwn kai X =
∏∞

n=1Xn. OrÐzoume d :
X ×X → R me

d(x, y) =
∞∑

n=1

1
2n

dn(xn, yn)
1 + dn(xn, yn)

.

DeÐxte ìti o (X, d) eÐnai metrikìc q¸roc kai h d eÐnai metrik  ginìmeno.

Upìdeixh. Gia k�je n ∈ N h sun�rthsh ρn : Xn ×Xn → R me

ρn(x(n), y(n)) =
dn(x(n), y(n))

1 + dn(x(n), y(n))

eÐnai metrik  sto Xn, diìti ρn = f ◦ dn ìpou f : [0,∞) → [0,∞) h sun�rthsh f(t) = t
1+t

(deÐte thn 'Askhsh 5 sto Full�dio 1). EpÐshc, eÐnai fanerì ìti ρn(x(n), y(n)) ≤ 1 gia
k�je x(n), y(n) ∈ Xn, dhlad  diam(Xn, ρn) ≤ 1 gia k�je n ∈ N.

Apì thn prohgoÔmenh 'Askhsh, h d eÐnai metrik  sto X kai eÐnai metrik  ginìmeno wc
proc tic ρn: isqÔei d(xk, x) → 0 an kai mìno an, gia k�je n ∈ N, limk→∞ ρn(xk(n), x(n)) =
0.

Gia na deÐxoume ìti h d eÐnai metrik  ginìmeno wc proc tic dn arkeÐ na deÐxoume ìti gia
k�je (stajerì) n ∈ N isqÔei to ex c:

dn(xk(n), x(n)) → 0 an kai mìno an ρn(xk(n), x(n)) =
dn(xk(n), x(n))

1 + dn(xk(n), x(n))
→ 0.

Autì eÐnai �mesh sunèpeia tou akìloujou isqurismoÔ:

'Estw (ak) akoloujÐa mh arnhtik¸n pragmatik¸n arijm¸n. OrÐzoume bk =
ak

1+ak
, k ∈ N. Tìte, ak → 0 an kai mìno an bk → 0 (�skhsh).

2.4. 'Estw 1 ≤ p <∞ kai x = (x(k))k∈N ∈ `p. Gia k�je n ∈ N orÐzoume xn ∈ `p me

xn = (x(1), . . . , x(n), 0, 0, . . .).

DeÐxte ìti lim
n→∞

‖xn − x‖p = 0. IsqÔei to antÐstoiqo apotèlesma ston `∞?



22 · SÔgklish akolouji¸n kai sunèqeia sunart sewn

Upìdeixh. H akoloujÐa x ∈ `p, �ra
∑∞

k=1 |x(k)|p < +∞. 'Epetai (oi {ourèc} sugklÐ-
nousac seir�c teÐnoun sto 0) ìti

lim
n→∞

∞∑
k=n+1

|x(k)|p = 0.

ParathroÔme t¸ra ìti x− xn = (0, . . . , 0, x(n+ 1), x(n+ 2), . . .), opìte

‖x− xn‖p
p =

∞∑
k=n+1

|x(k)|p → 0.

Ston `∞ den èqoume to Ðdio apotèlesma: an jewr soume th stajer  akoloujÐa x =
(1, 1, . . . , 1, . . .) tìte x− xn = (0, . . . , 0, 1, 1, . . .) gia k�je n ∈ N, �ra ‖x− xn‖∞ = 1 gia
k�je n ∈ N. Sunep¸c,

lim
n→∞

‖x− xn‖∞ = 1 6= 0.

2.5. 'Estw (xn) akoloujÐa sto metrikì q¸ro (X, ρ). DeÐxte ìti h (xn) sugklÐnei sto
x ∈ X an kai mìno an h akoloujÐa (yn) = (x1, x, x2, x, x3, x, . . . , xn, x, . . .) sugklÐnei sto
x.

Upìdeixh. H akoloujÐa (yn) èqei oristeÐ wc ex c: y2k−1 = xk kai y2k = x, k ∈ N.
Upojètoume pr¸ta ìti xn → x. 'Estw ε > 0. AfoÔ xn → 0, up�rqei k0 ∈ N ¸ste: an

k ≥ k0 tìte ρ(xk, x) < ε. Jètoume n0 = 2k0 − 1 kai jewroÔme n ≥ n0. DiakrÐnoume dÔo
peript¸seic:

(i) An n = 2k tìte ρ(yn, x) = ρ(x, x) = 0 < ε.

(ii) An n = 2k − 1 tìte 2k − 1 ≥ n0 = 2k0 − 1, dhlad  k ≥ k0. 'Ara, ρ(yn, x) =
ρ(xk, x) < ε.

EÐdame ìti ρ(yn, x) < ε gia k�je n ≥ n0. 'Ara, yn → x.
AntÐstrofa, upojètoume ìti yn → x. Tìte y2k−1 → x, �ra xk → x.

2.6. 'Estw (xn) akoloujÐa sto metrikì q¸ro (X, ρ). Upojètoume ìti xn → x ∈ X.
DeÐxte ìti: gia k�je met�jesh (1-1 kai epÐ sun�rthsh) σ : N → N h akoloujÐa yn = xσ(n)

sugklÐnei ki aut  sto x.

Upìdeixh. 'Estw σ mia met�jesh tou N kai èstw ε > 0. AfoÔ xn → x, up�rqei k0 ∈ N
¸ste: an k > k0 tìte ρ(xk, x) < ε.

JewroÔme to sÔnolo A(k0) = {σ−1(1), . . . , σ−1(k0)}. AfoÔ h σ eÐnai 1-1 kai epÐ,
to A(k0) èqei akrib¸c k0 stoiqeÐa. Jètoume n0 = maxA(k0) (to mègisto stoiqeÐo tou
A(k0)).

Tìte, an n > n0 èqoume n 6= σ−1(j) gia k�je j = 1, . . . , k0. Dhlad , σ(n) 6= j gia
k�je j = 1, . . . , k0. Autì shmaÐnei ìti σ(n) > k0, �ra ρ(xσ(n), x) < ε.
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DeÐxame ìti gia k�je ε > 0 up�rqei n0 ∈ N ¸ste ρ(xσ(n), x) < ε gia k�je n > n0.
'Epetai ìti xσ(n) → x.

2.7. 'Estw (xn) akoloujÐa sto metrikì q¸ro (X, ρ). JewroÔme thn akoloujÐa {En}
uposunìlwn tou X me

En = {xk : k ≥ n}, n = 1, 2, . . .

kai thn akoloujÐa jetik¸n arijm¸n

tn = sup{d(xk, xn) : k ≥ n}, n = 1, 2, . . .

DeÐxte ìti ta akìlouja eÐnai isodÔnama:

(a) H (xn) eÐnai basik .

(b) diam(En) → 0 kaj¸c n→∞.

(g) tn → 0 kaj¸c n→∞.

Upìdeixh. (a) ⇒ (b). 'Estw ε > 0. AfoÔ h (xn) eÐnai basik , up�rqei n0 ∈ N ¸ste
ρ(xn, xm) < ε gia k�je n,m ≥ n0. JewroÔme tuqìn n ≥ n0 kai k,m ≥ n. Tìte
k,m ≥ n0, �ra ρ(xk, xm) < ε. 'Epetai ìti diam(En) = sup{ρ(xk, xm) : k,m ≥ n} ≤ ε.
DeÐxame ìti diam(En) ≤ ε gia k�je n ≥ n0, �ra diam(En) → 0.

(b)⇒ (g). 'Estw ε > 0. Up�rqei n0 ∈ N ¸ste diam(En) < ε gia k�je n ≥ n0. JewroÔme
tuqìn n ≥ n0. Gia k�je k ≥ n èqoume k, n ≥ n, �ra ρ(xk, xn) ≤ diam(En) < ε. Autì
deÐqnei ìti ρ(xk, xn) < ε k�je k ≥ n, �ra tn = sup{ρ(xk, xn) : k ≥ n} ≤ ε. DeÐxame ìti
tn ≤ ε gia k�je n ≥ n0, �ra tn → 0.

(g) ⇒ (a). 'Estw ε > 0. Up�rqei n0 ∈ N ¸ste tn < ε gia k�je n ≥ n0. Autì shmaÐnei
ìti, gia k�je k ≥ n ≥ n0 èqoume ρ(xk, xn) ≤ tn < ε. OmoÐwc, gia k�je n ≥ k ≥ n0

èqoume ρ(xk, xn) ≤ tn < ε. 'Ara, gia k�je k, n ≥ n0 isqÔei ρ(xk, xn) ≤ tn < ε. 'Epetai
ìti h (xn) eÐnai basik  akoloujÐa.

2.8. 'Estw (xn) kai (yn) basikèc akoloujÐec sto metrikì q¸ro (X, ρ). DeÐxte ìti h
αn = ρ(xn, yn) eÐnai basik  akoloujÐa sto R.

Upìdeixh. 'Estw ε > 0. H (xn) eÐnai basik , �ra up�rqei n1 ∈ N ¸ste ρ(xn, xm) < ε/2 gia
k�je n,m ≥ n1. OmoÐwc, h (yn) eÐnai basik , �ra up�rqei n2 ∈ N ¸ste ρ(yn, ym) < ε/2
gia k�je n,m ≥ n2.

Jètoume n0 = max{n1, n2} kai parathroÔme ìti: an n,m ≥ n0 tìte

|αn − αm| = |ρ(xn, yn)− ρ(xm, ym)| ≤ ρ(xn, xm) + ρ(yn, ym) <
ε

2
+
ε

2
= ε.

Sunep¸c, h (αn) eÐnai basik  akoloujÐa sto R.
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2.9. 'Estw (xn) akoloujÐa sto metrikì q¸ro (X, ρ). DeÐxte ìti h (xn) èqei basik 
upakoloujÐa an kai mìno an èqei upakoloujÐa (xkn

) me thn idiìthta ρ(xkn
, xkn+1) <

1
2n

gia k�je n ∈ N.

Upìdeixh. Upojètoume pr¸ta ìti h (xn) èqei basik  upakoloujÐa (xtn
). Gia eukolÐa sto

sumbolismì jètoume yn = xtn
. Jètoume ε = 1

2 kai brÐskoume s1 ∈ N ¸ste ρ(yn, ym) < 1
2

gia k�je n,m ≥ s1.
Sth sunèqeia jètoume ε = 1

22 kai brÐskoume s2 > s1 ¸ste ρ(yn, ym) < 1
22 gia k�je

n,m ≥ s2. [MporoÔme na epilèxoume s2 > s1 gia ton ex c lìgo: qrhsimopoi¸ntac to
gegonìc ìti h (yn) eÐnai basik  brÐskoume pr¸ta k�poio s2 ¸ste ρ(yn, ym) < 1

22 gia k�je
n,m ≥ s2 kai an s2 ≤ s1 antikajistoÔme to s2 apì ton s′2 = s1 + 1 > s1. Tìte, h
ρ(yn, ym) < 1

22 exakoloujeÐ na isqÔei gia k�je n,m ≥ s′2.]
SuneqÐzoume epagwgik�: sto n-ostì b ma jètoume ε = 1

2n kai brÐskoume sn > sn−1

¸ste ρ(yk, ym) < 1
2n gia k�je k,m ≥ sn.

JewroÔme thn upakoloujÐa (ysn
) = (xtsn

). Apì ton trìpo orismoÔ twn sn blèpoume
ìti: gia k�je n ∈ N èqoume sn+1, sn ≥ sn, �ra ρ(ysn+1 , ysn

) < 1
2n . OrÐzoume kn = tsn

.
H (kn) eÐnai gnhsÐwc aÔxousa akoloujÐa fusik¸n kai gia thn upakoloujÐa (xkn) èqoume:
gia k�je n ∈ N,

ρ(xkn+1 , xkn) = ρ(xtsn+1
, xtsn

) = ρ(ysn+1 , ysn) <
1
2n
.

AntÐstrofa, ac upojèsoume ìti h (xn) èqei upakoloujÐa (xkn
) me thn idiìthta: gia

k�je n ∈ N, ρ(xkn+1 , xkn) < 1
2n . Tìte, h (xkn) eÐnai basik  akoloujÐa. Pr�gmati, an

m > n èqoume

ρ(xkn , xkm) ≤ ρ(xkn , xkn+1) + · · ·+ ρ(xkm−1 , xkm) <
1
2n

+ · · ·+ 1
2m−1

<
1

2n−1
.

Sunep¸c, gia opoiod pote ε > 0, an epilèxoume n0 ∈ N arket� meg�lo ¸ste 1
2n0−1 < ε,

èqoume: gia k�je m > n ≥ n0,

ρ(xkm
, xkn

) <
1

2n0−1
< ε.

2.10. 'Estw (xn) akoloujÐa sto metrikì q¸ro (X, ρ). Lème ìti h (xn) èqei fragmènh
kÔmansh an

∞∑
n=1

ρ(xn, xn+1) < +∞.

ApodeÐxte ta akìlouja:

(a) An h (xn) èqei fragmènh kÔmansh tìte eÐnai basik  (�ra, kai fragmènh). IsqÔei to
antÐstrofo?
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(b) An h (xn) eÐnai basik  tìte èqei upakoloujÐa me fragmènh kÔmansh.
(g) An k�je upakoloujÐa thc (xn) èqei fragmènh kÔmansh, tìte h (xn) eÐnai basik 
akoloujÐa.
(d) H (xn) èqei basik  upakoloujÐa an kai mìno an èqei upakoloujÐa me fragmènh kÔmansh.

Upìdeixh. (a) Upojètoume pr¸ta ìti h (xn) èqei fragmènh kÔmansh. 'Estw ε > 0. H
seir�

∑∞
n=1 ρ(xn, xn+1) sugklÐnei, �ra up�rqei N ∈ N ¸ste

∞∑
n=N

ρ(xn, xn+1) < ε.

'Estw m > k ≥ N . Qrhsimopoi¸ntac thn trigwnik  anisìthta gr�foume

ρ(xk, xm) ≤ ρ(xk, xk+1) + · · ·+ ρ(xm−1, xm)

≤
m−1∑
n=k

ρ(xn, xn+1) ≤
∞∑

n=k

ρ(xn, xn+1) ≤
∞∑

n=N

ρ(xn, xn+1) < ε.

To antÐstrofo den isqÔei: jewroÔme to R me th sun jh metrik  kai mia akoloujÐa (ak)
¸ste h seir�

∑∞
k=1 na sugklÐnei all� na mhn sugklÐnei apolÔtwc (par�deigma, h ak =

(−1)k−1

k ). Jètoume xn =
∑n

k=1 ak. Tìte, h (xn) eÐnai sugklÐnousa, �ra eÐnai basik .
'Omwc,

∞∑
n=1

|xn+1 − xn| =
∞∑

n=1

|ak| = ∞.

'Ara, h (xn) den èqei fragmènh kÔmansh.

(b) 'Opwc sthn 'Askhsh 9: h upìjesh eÐnai ìti h (xn) eÐnai basik  akoloujÐa. Jètoume
ε = 1

2 kai brÐskoume k1 ∈ N ¸ste ρ(xk, xm) < 1
2 gia k�je k,m ≥ k1.

Sth sunèqeia jètoume ε = 1
22 kai brÐskoume k2 > k1 ¸ste ρ(xk, xm) < 1

22 gia k�je
k,m ≥ k2.

SuneqÐzoume epagwgik�: sto n-ostì b ma jètoume ε = 1
2n kai brÐskoume kn > kn−1

¸ste ρ(xk, xm) < 1
2n gia k�je k,m ≥ kn.

JewroÔme thn upakoloujÐa (xkn). Apì ton trìpo orismoÔ twn kn blèpoume ìti: gia
k�je n ∈ N èqoume kn+1, kn ≥ kn, �ra ρ(xkn+1 , xkn

) < 1
2n . 'Epetai ìti

∑∞
n=1 ρ(xkn+1 , xkn

) ≤∑∞
n=1

1
2n = 1 < +∞. Sunep¸c, h (xkn

) èqei fragmènh kÔmansh.

(g) Me apagwg  se �topo. Upojètoume ìti h (xn) den eÐnai basik  akoloujÐa. Tìte,
up�rqei ε > 0 ¸ste: gia k�je n ∈ N up�rqoun m > s ≥ n ¸ste ρ(xm, xs) ≥ ε.

Jètoume n = 1 kai epilègoume k2 > k1 ≥ 1 ¸ste ρ(xk2 , xk1) ≥ ε. SuneqÐzoume me ton
Ðdio trìpo: sto deÔtero b ma, jewroÔme tuqìn n > k2 kai epilègoume k4 > k3 ≥ n >
k2 > k1 ¸ste ρ(xk4 , xk3) ≥ ε.

Epagwgik� orÐzetai gnhsÐwc aÔxousa akoloujÐa fusik¸n (kn) me thn ex c idiìthta:
gia k�je s ∈ N,

ρ(xk2s , xk2s−1) ≥ ε.
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Tìte, h (xkn
) den èqei fragmènh kÔmansh, diìti

2N∑
n=1

ρ(xkn+1 , xkn
) ≥

N∑
s=1

ρ(xk2s
, xk2s−1) ≥ Nε

kai h teleutaÐa akoloujÐa teÐnei sto �peiro ìtan N →∞.

ShmeÐwsh. Sthn t�xh ègine h polÔ swst  parat rhsh ìti an èqoume deÐxei to (a) tìte to
(g) èpetai �mesa: h (xn) eÐnai upakoloujÐa thc (xn) kai, apì thn upìjesh, èqei fragmènh
kÔmansh. Sunep¸c, eÐnai basik  akoloujÐa.

(d) Upojètoume pr¸ta ìti h (xn) èqei upakoloujÐa (xkn
) me fragmènh kÔmansh. Apì to

(a) h (xkn
) eÐnai basik . AntÐstrofa, upojètoume ìti h (xn) èqei basik  upakoloujÐa

(xkn
). Apì to (b) h (xkn

) èqei upakoloujÐa (xksn
) h opoÐa èqei fragmènh kÔmansh. H

(xksn
) eÐnai upakoloujÐa thc (xn), sunep¸c èqoume to zhtoÔmeno.

2.11. 'Estw (xn) akoloujÐa sto metrikì q¸ro (X, ρ) kai èstw x ∈ X. DeÐxte ìti:

(a) An h (xn) sugklÐnei sto x tìte k�je upakoloujÐa (xkn
) thc (xn) sugklÐnei sto x.

(b) An k�je upakoloujÐa thc (xn) èqei upakoloujÐa h opoÐa sugklÐnei sto x, tìte h (xn)
sugklÐnei sto x.

Upìdeixh. (a) 'Estw (xkn) upakoloujÐa thc (xn) kai èstw ε > 0. AfoÔ h (xn) sugklÐnei
sto x, up�rqei n0 ∈ N ¸ste: gia k�je m ≥ n0, ρ(xm, x) < ε. ParathroÔme ìti: an
n ≥ n0 tìte kn ≥ n ≥ n0. Sunep¸c, ρ(xkn

, x) < ε. Dhlad , h (xkn
) sugklÐnei sto x.

(b) Upojètoume ìti h (xn) den sugklÐnei sto x. Tìte, up�rqei ε > 0 me thn ex c idiìthta:
gia k�je m ∈ N up�rqei s ≥ m ¸ste ρ(xs, x) ≥ ε.

OrÐzoume upakoloujÐa (xkn) thc (xn) wc ex c: jètoume m = 1 kai epilègoume k1 ≥ 1
¸ste ρ(xk1 , x) ≥ ε. Jètoume m = k1 + 1 kai epilègoume k2 ≥ k1 + 1 > k1 ¸ste
ρ(xk2 , x) ≥ ε. SuneqÐzoume epagwgik�: an èqoume epilèxei k1 < k2 < · · · < kn ¸ste
ρ(xkj

, x) ≥ ε gia k�je j = 1, . . . , n, jètoumem = kn+1 kai epilègoume kn+1 ≥ kn+1 > kn

¸ste ρ(xkn+1 , x) ≥ ε.
H upakoloujÐa (xkn) den èqei upakoloujÐa h opoÐa na sugklÐnei sto x, diìti ìloi oi

ìroi thc èqoun apìstash toul�qiston Ðsh me ε apì to x. Autì èrqetai se antÐfash me
thn upìjesh.

2.12. 'Estw (X, ρ) metrikìc q¸roc kai (xn) akoloujÐa ston X me xn 6= xm gia n 6= m.
Jètoume

A = {xn : n = 1, 2, . . .}.

DeÐxte ìti: an xn → x ∈ X tìte gia k�je 1-1 sun�rthsh f : A→ A isqÔei f(xn) → x.

Upìdeixh. 'Estw ε > 0. AfoÔ xn → x, up�rqei k0 ∈ N ¸ste: an k > k0 tìte ρ(xk, x) < ε.
JewroÔme to sÔnolo A = {x1, . . . , xk0} kai orÐzoume B = {n ∈ N : f(xn) ∈ A}. AfoÔ

h f eÐnai 1-1, to sÔnolo B èqei to polÔ k0 stoiqeÐa (gia k�je k ≤ k0 up�rqei to polÔ
ènac n ∈ N ¸ste f(xn) = xk). Jètoume n0 = maxB (to mègisto stoiqeÐo tou B).
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Tìte, an n > n0 èqoume n /∈ B. Dhlad , f(xn) /∈ A, to opoÐo shmaÐnei ìti f(xn) = xs

gia k�poio s > k0, �ra ρ(f(xn), x) = ρ(xs, x) < ε.
DeÐxame ìti gia k�je ε > 0 up�rqei n0 ∈ N ¸ste ρ(f(xn), x) < ε gia k�je n > n0.

'Epetai ìti f(xn) → x.

2.13. 'Estw (X, ρ) metrikìc q¸roc. JewroÔme ton X × X me opoiad pote metrik 
ginìmeno d. DeÐxte ìti h ρ : (X ×X, d) → R me (x, y) 7→ ρ(x, y) eÐnai suneq c.

Upìdeixh. Apì thn arq  thc metafor�c, arkeÐ na deÐxoume ìti an {(xn, yn)}n∈N eÐnai mia

akoloujÐa sto X × X kai (xn, yn) d−→ (x, y) ∈ X, tìte ρ(xn, yn) → ρ(x, y). An ìmwc

h d eÐnai metrik  ginìmeno, apì thn (xn, yn) d−→ (x, y) èpetai ìti xn
ρ−→ x kai yn

ρ−→ y.
Apì gnwst  prìtash, autì èqei san sunèpeia thn ρ(xn, yn) → ρ(x, y) (jumhjeÐte thn
anisìthta |ρ(xn, yn)− ρ(x, y)| ≤ ρ(xn, x) + ρ(yn, y)).

2.14. 'Estw (xn) akoloujÐa sto metrikì q¸ro (X, ρ). Upojètoume ìti gia k�poio x ∈ X
isqÔei to ex c: gia k�je suneq  sun�rthsh f : X → R isqÔei f(xn) → f(x). EÐnai
swstì ìti xn → x?

Upìdeixh. JewroÔme th sun�rthsh g : (X, ρ) → R me g(y) = ρ(y, x). Parathr ste ìti h
g eÐnai suneq c: autì prokÔptei �mesa me ton orismì thc sunèqeiac, an qrhsimopoi soume
to gegonìc ìti, gia k�je y, z ∈ X,

|g(y)− g(z)| = |ρ(y, x)− ρ(z, x)| ≤ ρ(y, z).

Apì thn upìjesh èqoume g(xn) → g(x), dhlad 

ρ(xn, x) → ρ(x, x) = 0

ìtan to n→∞. 'Ara, xn
ρ−→ x.





Kef�laio 3

TopologÐa metrik¸n q¸rwn

3.1. 'Estw (X, ρ) metrikìc q¸roc kai F,G uposÔnola tou X. An to F eÐnai kleistì kai
to G eÐnai anoiktì, deÐxte ìti to F \G eÐnai kleistì kai to G \ F eÐnai anoiktì.

Upìdeixh. Gr�foume F \ G = F ∩ (X \ G). AfoÔ to G eÐnai anoiktì, to X \ G eÐnai
kleistì. Tìte, to F ∩ (X \G) eÐnai kleistì wc tom  dÔo kleist¸n sunìlwn.

'Omoia, gr�foume G \ F = G ∩ (X \ F ). AfoÔ to F eÐnai kleistì, to X \ F eÐnai
anoiktì. Tìte, to G ∩ (X \ F ) eÐnai anoiktì wc tom  dÔo anoikt¸n sunìlwn.

3.2. 'Estw (X, ρ) metrikìc q¸roc. DeÐxte ìti k�je uposÔnolo A tou X gr�fetai wc tom 
anoikt¸n uposunìlwn tou (X, ρ).

Upìdeixh. DeÐqnoume pr¸ta ìti k�je B ⊆ X gr�fetai wc ènwsh kleist¸n sunìlwn,
gr�fontac

B =
⋃

x∈B

{x}.

[Ta monosÔnola eÐnai kleist� sÔnola se k�je metrikì q¸ro]. 'Estw t¸ra A ⊆ X. Jè-
tontac B = X \A èqoume

X \A =
⋃
i∈I

Fi

ìpou (Fi)i∈I oikogèneia kleist¸n uposunìlwn tou X. Tìte,

A = (X \A)c =
⋂
i∈I

(X \ Fi) =
⋂
i∈I

Gi,

ìpou k�je Gi = X \ Fi eÐnai anoiktì uposÔnolo tou X.

3.3. 'Estw f : R → R suneq c sun�rthsh. DeÐxte ìti to G = {x ∈ R : f(x) > 0} eÐnai
anoiktì uposÔnolo tou R kai to F = {x ∈ R : f(x) = 0} eÐnai kleistì uposÔnolo tou R.
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Upìdeixh. 'Estw x ∈ G. Tìte, f(x) > 0. Efarmìzontac ton orismì thc sunèqeiac me
ε = f(x)/2 > 0 brÐskoume δ > 0 ¸ste: an y ∈ (x − δ, x + δ) tìte f(y) > f(x)/2 > 0.
Sunep¸c, B(x, δ) ⊆ G. 'Epetai ìti to G eÐnai anoiktì.

'Estw (xn) akoloujÐa sto F me xn → x ∈ R. 'Eqoume f(xn) = 0 gia k�je n ∈ N kai
h f eÐnai suneq c sto x. Apì thn arq  thc metafor�c, f(x) = lim

n→∞
f(xn) = 0. Sunep¸c,

x ∈ F . 'Epetai ìti to F eÐnai kleistì.

3.4. DeÐxte ìti k�je kleistì di�sthma sto R gr�fetai wc arijm simh tom  anoikt¸n
diasthm�twn kai k�je anoiktì di�sthma sto R gr�fetai wc arijm simh ènwsh kleist¸n
diasthm�twn.

Upìdeixh. 'Estw a < b sto R. MporoÔme na gr�youme

[a, b] =
∞⋂

n=1

(
a− 1

n
, b+

1
n

)
kai (a, b) =

∞⋃
n=1

[
a+

b− a

3n
, b− b− a

3n

]
.

Elègxte tic dÔo isìthtec.

3.5. ApodeÐxte ìti k�je peperasmèno uposÔnolo enìc metrikoÔ q¸rou eÐnai kleistì.

Upìdeixh. 'Estw F = {x1, . . . , xm} peperasmèno uposÔnolo tou metrikoÔ q¸rou (X, ρ).
Gia k�je j = 1, . . . ,m, to monosÔnolo {xj} eÐnai kleistì sÔnolo. Gr�foume

F = {x1} ∪ {x2} ∪ · · · ∪ {xm}.

AfoÔ h ènwsh peperasmènwn to pl joc kleist¸n sunìlwn eÐnai kleistì sÔnolo, sumper-
aÐnoume ìti to F eÐnai kleistì.

3.6. ApodeÐxte ìti k�je sfaÐra enìc metrikoÔ q¸rou eÐnai kleistì sÔnolo. MporeÐ se
ènan metrikì q¸ro mia sfaÐra na eÐnai to kenì sÔnolo?

Upìdeixh. 'Estw (X, ρ) metrikìc q¸roc kai x0 ∈ X. DeÐqnoume ìti h S(x0, ε) = {x ∈
X : ρ(x0, x) = ε} eÐnai kleistì sÔnolo apodeiknÔontac to ex c: an xn ∈ S(x0, ε) kai

xn
ρ−→ x, tìte x ∈ S(x0, ε). Pr�gmati, ρ(x0, xn) = ε gia k�je n ∈ N kai

|ρ(x0, x)− ρ(x0, xn)| ≤ ρ(x, xn) → 0,

�ra ρ(x0, x) = lim
n→∞

ρ(x0, xn) = ε. Sunep¸c, x ∈ S(x0, ε).

Up�rqei perÐptwsh mia sfaÐra S(x0, ε), se k�poion metrikì q¸ro, na eÐnai to kenì
sÔnolo. Gia par�deigma, an jewr soume èna mh kenì sÔnolo X me th diakrit  metrik  δ
tìte, gia k�je x0 ∈ X, isqÔei S(x0, 2) = ∅.

3.7. 'Estw (X, d) metrikìc q¸roc, x ∈ X kai ε > 0. Exet�ste, an isqÔei p�ntote h
isìthta

B(x, ε) = {y ∈ X : d(x, y) ≤ ε}.
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[UpenjÔmish: Gia k�je A ⊆ X sumbolÐzoume me A thn kleist  j kh tou A.]

Upìdeixh. IsqÔei p�ntote o egkleismìc

B(x, ε) ⊆ B̂(x, ε) = {y ∈ X : d(x, y) ≤ ε}.

Pr�gmati, èstw y ∈ B(x, ε). Up�rqei akoloujÐa (yn) shmeÐwn thc B(x, ε) ¸ste yn → y.
Gia k�je n ∈ N èqoume d(x, yn) < ε. Sunep¸c,

d(x, y) = lim
n→∞

d(x, yn) ≤ ε.

Dhlad , y ∈ B̂(x, ε).
Den isqÔei p�ntote isìthta: an jewr soume èna sÔnolo X pou èqei toul�qiston

dÔo shmeÐa me th diakrit  metrik  δ, tìte, gia k�je x ∈ X, èqoume B(x, 1) = {x} �ra

B(x, 1) = {x}, en¸ B̂(x, 1) = X (kai X 6= {x} apì thn upìjesh gia to pl joc twn
stoiqeÐwn tou X).

3.8. 'Estw (X, ‖ · ‖) q¸roc me nìrma. DeÐxte ìti B̂(x, r) = B(x, r) gia k�je x ∈ X kai
k�je r > 0.

Upìdeixh. 'Estw x ∈ X kai r > 0. Sthn prohgoÔmenh �skhsh eÐdame ìti B̂(x, r) ⊇
B(x, r). EpÐshc, B(x, r) ⊆ B(x, r). AfoÔ B̂(x, r) = B(x, r)∪S(x, r), gia ton antÐstrofo
egkleismì arkeÐ na deÐxoume ìti

S(x, r) ⊆ B(x, r).

'Estw y ∈ S(x, r). Tìte, ‖y−x‖ = r. JewroÔme mia akoloujÐa (tn) sto (0, 1) me tn → 1.
OrÐzoume yn = x+ tn(y − x). Tìte:

(i) Gia k�je n ∈ N isqÔei

‖yn − x‖ = ‖tn(y − x)‖ = tn‖y − x‖ = tnr < r,

dhlad , yn ∈ B(x, r).

(ii) IsqÔei

‖y−yn‖ = ‖y−x−tn(y−x)‖ = ‖(1−tn)(y−x)‖ = (1−tn)‖y−x‖ = (1−tn)r → 0,

dhlad , yn → y.

Apì ta parap�nw èpetai ìti y ∈ B(x, r). Sunep¸c, S(x, r) ⊆ B(x, r).

3.9. 'Estw (X, d) metrikìc q¸roc. H diag¸nioc tou X ×X eÐnai to sÔnolo ∆ = {(x, x) :
x ∈ X}. ApodeÐxte ìti to ∆ eÐnai kleistì ston X ×X wc proc th metrik  d2, ìpou

d2((x1, y1), (x2, y2)) =
√
d2(x1, y1) + d2(x2, y2).
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Genikìtera, apodeÐxte ìti to ∆ eÐnai kleistì wc proc k�je metrik  ginìmeno ston X ×X.

Upìdeixh. 'Estw ρ mia metrik  ginìmeno sto X ×X. JewroÔme akoloujÐa (xn, xn) ∈ ∆
¸ste (xn, xn)

ρ−→ (x, y) ∈ X ×X kai apodeiknÔoume ìti x = y, dhlad  (x, y) ∈ ∆. Autì
apodeiknÔei ìti to ∆ eÐnai kleistì uposÔnolo tou (X ×X, ρ).

AfoÔ (xn, xn)
ρ−→ (x, y) kai h ρ eÐnai metrik  ginìmeno, èqoume xn

d−→ x kai xn
d−→ y.

Apì th monadikìthta tou orÐou akoloujÐac ston (X, d) blèpoume ìti, pr�gmati, x = y.

Stic ask seic tou KefalaÐou 2 eÐdame ìti h metrik 

d2((x1, y1), (x2, y2)) =
√
d2(x1, y1) + d2(x2, y2)

eÐnai metrik  ginìmeno stoX×X. Sunep¸c, to ∆ eÐnai kleistì uposÔnolo tou (X×X, d2).

3.10. DeÐxte ìti o c0 eÐnai kleistì uposÔnolo tou `∞. Ti mporeÐte na peÐte gia ton c00?
EÐnai anoiktì uposÔnolo tou `∞? kleistì uposÔnolo tou `∞?

Upìdeixh. 'Estw (xk) akoloujÐa ston c0 me xk
‖·‖∞−→ x ∈ `∞. Ja deÐxoume ìti x ∈ c0.

K�je xk eÐnai mia mhdenik  akoloujÐa: xk = (xk(1), . . . , xk(n), . . .) kai lim
n→∞

xk(n) = 0.

EpÐshc, x = (x(1), . . . , x(n), . . .).
'Estw ε > 0. Apì thn upìjesh èqoume limk→∞ ‖xk −x‖∞ = 0, �ra up�rqei k0 me thn

idiìthta

‖xk0 − x‖∞ <
ε

2
.

Gia thn akrÐbeia, to parap�nw isqÔei gia ìlouc telik� touc deÐktec k, mÐa ìmwc tim  k0

mac eÐnai arket . AfoÔ

‖xk0 − x‖∞ = sup{|xk0(n)− x(n)| : n ∈ N},

èqoume

(∗) |xk0(n)− x(n)| < ε

2
gia k�je n ∈ N.

T¸ra, qrhsimopoioÔme to gegonìc ìti lim
n→∞

xk0(n) = 0. Up�rqei n0 ∈ N ¸ste: gia k�je

n ≥ n0,

(∗∗) |xk0(n)| < ε

2
.

Apì tic (∗), (∗) kai thn trigwnik  anisìthta gia thn apìluth tim , blèpoume ìti

|x(n)| ≤ |x(n)− xk0(n)|+ |xk0(n)| < ε

2
+
ε

2
= ε

gia k�je n ≥ n0. 'Ara, lim
n→∞

x(n) = 0. Dhlad , x ∈ c0.
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O c00 den eÐnai kleistì uposÔnolo tou c0. An jèsoume

xk =
(
1,

1
2
, . . . ,

1
k
, 0, 0, . . .

)
tìte xk ∈ c00 gia k�je k ∈ N. OrÐzoume

x =
(
1,

1
2
, . . . ,

1
n
,

1
n+ 1

, . . .
)
.

Tìte, x ∈ c0 ⊆ `∞, diìti x(n) = 1
n → 0, kai x− xk =

(
0, . . . , 0, 1

k+1 ,
1

k+2 , . . .), dhlad 

‖x− xk‖∞ =
1

k + 1
→ 0.

'Omwc, x /∈ c00, diìti x(n) = 1
n 6= 0 gia k�je n ∈ N.

O c00 den eÐnai anoiktì uposÔnolo tou c0. 'Estw x = (x(1), . . . , x(m), 0, 0, . . .) ∈ c00
kai èstw ε > 0. OrÐzoume

y =
(
x(1), . . . , x(m),

ε

m+ 1
,

ε

m+ 2
, . . .

)
.

Elègxte ìti ‖x − y‖∞ = ε
m+1 < ε, dhlad  y ∈ B(x, ε). 'Omwc, y /∈ c00. 'Ara, to x den

eÐnai eswterikì shmeÐo tou c00: autì pou deÐxame sthn pragmatikìthta eÐnai ìti o c00 èqei
kenì eswterikì mèsa ston c0 (�ra kai ston `∞).

3.11. 'Estw (X, ρ) metrikìc q¸roc. DeÐxte ìti ta akìlouja eÐnai isodÔnama:
(a) To G eÐnai anoiktì.
(b) Gia k�je A ⊆ X, G ∩A ⊆ G ∩A.
(g) Gia k�je A ⊆ X, G ∩A = G ∩A.

Upìdeixh. (a)⇒ (b): 'Estw A ⊆ X kai èstw x ∈ G∩A. Tìte, x ∈ G kai x ∈ A. Sunep¸c,
up�rqei akoloujÐa (an) sto A me an → x. AfoÔ to G eÐnai anoiktì kai an → x ∈ G,
up�rqei n0 ∈ N ¸ste an ∈ G gia k�je n ≥ n0. Dhlad , h akoloujÐa (xn0 , xn0+1, . . .)
perièqetai sto G∩A kai sugklÐnei sto x wc upakoloujÐa thc (xn). 'Epetai ìti x ∈ G ∩A.
Autì apodeiknÔei ìti G ∩A ⊆ G ∩A.
(b) ⇒ (g): 'Estw A ⊆ X. Apì thn G ∩A ⊆ G ∩A blèpoume ìti G ∩A ⊆ G ∩A.

Gia ton �llo egkleismì parathroÔme ìti, apì thn upìjesh, G ∩ A ⊆ G ∩A kai to

G ∩A eÐnai kleistì. 'Epetai ìti G ∩A ⊆ G ∩A (genik�, an to F eÐnai kleistì kai B ⊆ F ,
tìte B ⊆ F = F ).

(g) ⇒ (a) Efarmìzoume to (g) me A = X \G: èqoume

G ∩X \G = G ∩ (X \G) = ∅ = ∅.

'Ara,
G ∩ (X \G◦) = G ∩X \G = ∅.
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'Epetai ìti
G ⊆ X \ (X \G◦) = G◦.

AfoÔ G ⊆ G◦, to G eÐnai anoiktì (diìti, isqÔei p�ntote h G◦ ⊆ G, �ra G = G◦).

3.12. Up�rqei �peiro kleistì uposÔnolo tou R to opoÐo apoteleÐtai mìno apì rhtoÔc?
Up�rqei anoiktì uposÔnolo tou R to opoÐo apoteleÐtai mìno apì �rrhtouc?

Upìdeixh. 'Ena �peiro kleistì uposÔnolo tou R to opoÐo apoteleÐtai mìno apì rhtoÔc
eÐnai to N. Den up�rqei mh kenì anoiktì uposÔnolo tou R to opoÐo na apoteleÐtai mìno
apì �rrhtouc: ja perieÐqe k�poio anoiktì di�sthma kai se k�je di�sthma up�rqei rhtìc.

3.13. DeÐxte ìti k�je anoiktì uposÔnolo tou R gr�fetai wc ènwsh arijm simwn to pl joc
anoikt¸n diasthm�twn me rht� �kra.

Upìdeixh. 'Estw G anoiktì uposÔnolo tou R. GnwrÐzoume ìti to G gr�fetai wc ènwsh
arijm simwn to pl joc, xènwn an� dÔo anoikt¸n diasthm�twn:

G =
∞⋃

n=1

(an, bn)   G =
N⋃

n=1

(an, bn),

ìpou endèqetai k�poio apì ta an na eÐnai to −∞ kai k�poio apì ta bn na eÐnai to +∞.
Gia k�je n mporoÔme na broÔme gnhsÐwc fjÐnousa akoloujÐa (an,k) rht¸n kai gnhsÐwc
aÔxousa akoloujÐa (bn,k) rht¸n sto (an, bn) me lim

k→∞
an,k = an kai lim

k→∞
bn,k = bn (apì

thn puknìthta twn rht¸n sto R). Tìte,

(an, bn) =
∞⋃

k=1

(an,k, bn,k)

gia k�je n ∈ N (exhg ste giatÐ). Sunep¸c,

G =
⋃
n,k

(an,k, bn,k),

k�je di�sthma (an,k, bn,k) èqei rht� �kra kai ta diast mata aut� eÐnai arijm sima to
pl joc.

3.14. ApodeÐxte ìti sto R den up�rqoun mh tetrimmèna uposÔnola (dhl�d  diaforetik�
apì to ∅ kai to R) ta opoÐa na eÐnai sugqrìnwc anoikt� kai kleist�.

Upìdeixh. 'Estw A ⊆ R (diaforetikì apì to ∅ kai to R) to opoÐo eÐnai sugqrìnwc anoiktì
kai kleistì. AfoÔ A 6= R, up�rqei x /∈ A.

To A eÐnai mh kenì, sunep¸c up�rqei y ∈ A. Profan¸c y 6= x kai, qwrÐc periorismì
thc genikìthtac, upojètoume ìti y > x. OrÐzoume

B = {t ∈ A : t > x}.
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To B eÐnai mh kenì (diìti y ∈ B) kai k�tw fragmèno apì to x. 'Ara, up�rqei to s = inf B
kai s ≥ x.

AfoÔ s = inf B, up�rqei akoloujÐa stoiqeÐwn tou B pou sugklÐnei sto s. 'Ara,
s ∈ B ⊆ A = A diìti to A eÐnai kleistì.

AfoÔ s ∈ A, x /∈ A kai s ≥ x, èqoume s > x. T¸ra qrhsimopoioÔme to gegonìc ìti
to A eÐnai kai anoiktì. Sunep¸c, up�rqei δ > 0 ¸ste (s − δ, s + δ) ⊆ A. 'Omwc tìte,
sto (s − δ, s) mporoÔme na broÔme stoiqeÐo tou A to opoÐo eÐnai megalÔtero apì to x
(exhg ste giatÐ). Dhlad , up�rqei stoiqeÐo tou B to opoÐo eÐnai mikrìtero apì to inf B,
�topo.

3.15. (a) Gia k�je n ∈ Z, èstw Fn kleistì uposÔnolo tou (n, n + 1). Jètoume F =⋃
n∈Z Fn. ApodeÐxte ìti to F eÐnai kleistì sto R.

(b) BreÐte mia akoloujÐa xènwn an� duo kleist¸n sunìlwn sto R twn opoÐwn h ènwsh den
eÐnai kleistì sÔnolo.

Upìdeixh. (a) Gia k�je n ∈ Z jètoume an = inf Fn kai bn = supFn. Tìte an, bn ∈ Fn kai
afoÔ to Fn eÐnai kleistì, èqoume an, bn ∈ Fn. AfoÔ to Fn eÐnai uposÔnolo tou (n, n+1),
sumperaÐnoume ìti n < an ≤ bn < n+ 1 kai Fn ⊆ [an, bn].

DeÐqnoume ìti to F =
⋃

n∈Z Fn eÐnai kleistì sto R wc ex c: èstw x ∈ F . Up�rqei
n ∈ Z ¸ste x ∈ [n, n+1). EpÐshc, up�rqei akoloujÐa (xk) sto F ¸ste xk → x. Jètoume

ε = min{n− bn−1, an+1 − (n+ 1)} > 0.

Up�rqei k0 ∈ N ¸ste: gia k�je k ≥ k0,

bn−1 = n− (n− bn−1) ≤ x− ε < xk < x+ ε ≤ (n+ 1) + an+1 − (n+ 1) = an+1.

Autì shmaÐnei ìti xk ∈ Fn gia k�je k ≥ k0 (exhg ste giatÐ). 'Epetai ìti x ∈ Fn = Fn ⊆
F .

DeÐxame ìti F ⊆ F . 'Ara, to F eÐnai kleistì.

(b) Jètoume Fn = {1/n}, n = 1, 2, . . .. Ta Fn eÐnai kleist�, xèna an� dÔo, kai

F =
∞⋃

n=1

Fn =
{

1
n

: n ∈ N
}
.

ParathroÔme ìti to F den eÐnai kleistì sÔnolo: afoÔ 1
n → 0, èqoume 0 ∈ F . 'Omwc,

0 /∈ F .

3.16. 'Estw A,B dÔo uposÔnola enìc metrikoÔ q¸rou (X, d). ApodeÐxte ìti:
(a) An A ∪B = X, tìte A ∪B◦ = X.

(b) An A ∩B = ∅, tìte A ∩B◦ = ∅.
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Upìdeixh. (a) DeÐqnoume ìti: an x ∈ X kai x /∈ A tìte x ∈ B◦: afoÔ x /∈ A, up�rqei
ε > 0 ¸ste B(x, ε) ∩ A = ∅, dhlad  B(x, ε) ⊆ X \ A. 'Omwc, apì thn upìjesh ìti
A ∪B = X èqoume X \A ⊆ B. 'Ara, B(x, ε) ⊆ B kai autì deÐqnei ìti x ∈ B◦.

DeÐxame ìti X \A ⊆ B◦. 'Ara, A ∪B◦ = X.

(b) 'Estw x ∈ A ∩ B◦. AfoÔ x ∈ B◦, up�rqei ε > 0 ¸ste B(x, ε) ⊆ B. AfoÔ x ∈ A,
up�rqei y ∈ A to opoÐo an kei sthn B(x, ε) ⊆ B. Tìte, y ∈ A ∩ B. Autì eÐnai �topo,
diìti A ∩B = ∅ apì thn upìjesh.

Apì to �topo sumperaÐnoume ìti A ∩B◦ = ∅.

3.17. 'Estw (X, d) metrikìc q¸roc. ApodeÐxte ìti:
(a) An to X èqei perissìtera apì èna stoiqeÐa, tìte up�rqei anoiktì G ⊆ X, ¸ste G 6= ∅
kai X \G 6= ∅.
(b) An to X eÐnai �peiro sÔnolo, tìte up�rqei anoiktì G ⊆ X ¸ste to G kai to X \G na
eÐnai �peira.

Upìdeixh. (a) AfoÔ toX èqei perissìtera apì èna stoiqeÐa, mporoÔme na broÔme x, y ∈ X
me x 6= y. Tìte, d(x, y) > 0 �ra up�rqei ε > 0 ¸ste y /∈ B(x, ε). Jètoume G = B(x, ε).
To G eÐnai anoiktì kai mh kenì diìti x ∈ G. EpÐshc, X \G 6= ∅ diìti y /∈ G.
(b) DiakrÐnoume dÔo peript¸seic:

1. Up�rqoun x, y ∈ X, x 6= y ta opoÐa eÐnai shmeÐa suss¸reushc tou X. BrÐskoume
ε > 0 ¸ste B(x, ε) ∩B(y, ε) = ∅. Sthn B(x, ε) kai sthn B(y, ε) up�rqoun �peira shmeÐa
tou X (qarakthrismìc tou shmeÐou suss¸reushc). Jètoume G = B(x, ε). To G eÐnai
anoiktì kai èqei �peira stoiqeÐa. To X \G eÐnai ki autì �peiro sÔnolo, diìti perièqei thn
B(y, ε) pou èqei �peira stoiqeÐa.

2. O X èqei to polÔ èna shmeÐo suss¸reushc. AfoÔ to X eÐnai �peiro sÔnolo kai
ìla ta shmeÐa tou (ektìc apì èna to polÔ) eÐnai memonwmèna shmeÐa tou X, mporoÔme na
broÔme akoloujÐa (xn) sto X, me ìrouc diaforetikoÔc an� dÔo, ¸ste k�je xn na eÐnai
memonwmèno shmeÐo tou X.

[JumhjeÐte ìti o x eÐnai memonwmèno shmeÐo tou X an den eÐnai shmeÐo suss¸reushc tou
X. Dhlad , an up�rqei εx > 0 ¸ste B(x, εx) ∩ (X \ {x}) = ∅. Autì shmaÐnei ìti
B(x, εx) = {x}, dhlad  to monosÔnolo {x} eÐnai anoiktì sÔnolo.]

Jètoume G = {x2, x4, . . . , x2n, . . .}. Tìte, to

G =
∞⋃

n=1

{x2n}

eÐnai anoiktì sÔnolo wc ènwsh anoikt¸n sunìlwn kai èqei �peira stoiqeÐa. To X \ G
eÐnai epÐshc �peiro, afoÔ perièqei to sÔnolo {x1, x3, . . . , x2n−1, . . .}.

3.18. 'Estw (X, ρ) metrikìc q¸roc kai x, y ∈ X me x 6= y. DeÐxte ìti up�rqoun anoikt�
sÔnola U, V ¸ste x ∈ U , y ∈ V kai U ∩ V = ∅.
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Upìdeixh. AfoÔ x 6= y, èqoume ρ(x, y) = δ > 0. Jètoume U = B(x, δ/3) kai V =
B(y, δ/3). Ta U, V eÐnai anoikt� kai, profan¸c, x ∈ U , y ∈ V . ParathroÔme ìti: an

z ∈ U = B(x, δ/3) tìte z ∈ B̂(x, δ/3), dhlad  ρ(x, z) ≤ δ/3. OmoÐwc, an z ∈ V èqoume
ρ(z, y) ≤ δ/3. An loipìn z ∈ U ∩ V , tìte

δ = ρ(x, y) ≤ ρ(x, z) + ρ(z, y) ≤ δ

3
+
δ

3
=

2δ
3
.

Autì eÐnai �topo, �ra U ∩ V = ∅.

3.19. 'Estw (X, ρ) metrikìc q¸roc, x ∈ X kai F kleistì uposÔnolo tou X me x /∈ F .
DeÐxte ìti up�rqoun anoikt� sÔnola U, V ¸ste x ∈ U , F ⊆ V kai U ∩ V = ∅. MporoÔme
na petÔqoume na isqÔei, epiplèon, ìti U ∩ V = ∅?

Upìdeixh. AfoÔ to F eÐnai kleistì uposÔnolo tou X kai x /∈ F = F , up�rqei δ > 0 ¸ste

B(x, δ) ∩ F = ∅.

Jètoume

U = B(x, δ/3) kai V = X \ B̂(x, 2δ/3) = {y ∈ X : ρ(x, y) > 2δ/3}.

Profan¸c x ∈ U kai eÔkola elègqoume ìti F ⊆ V . ParathroÔme ìti:

(i) An z ∈ U tìte ρ(z, x) ≤ δ/3.

(ii) An z ∈ V tìte ρ(z, x) ≥ 2δ/3.

'Epetai ìti U ∩ V = ∅.

3.20. 'Estw (X, d) metrikìc q¸roc. ApodeÐxte ìti:
(a) (A \B)◦ ⊆ A◦ \B◦ gia k�je A,B ⊆ X.

(b) A \B ⊆ A \B gia k�je A,B ⊆ X.

MporoÔme na antikatast soume touc egkleismoÔc me isìthtec?

Upìdeixh. (a) 'Estw A,B ⊆ X. 'Estw x ∈ (A \ B)◦. AfoÔ A \ B ⊆ A, èqoume
(A \B)◦ ⊆ A◦. Sunep¸c, x ∈ A◦.

EpÐshc, x ∈ (A \B)◦ ⊆ A \B, �ra x /∈ B. 'Omwc, B◦ ⊆ B, �ra x /∈ B◦.
EÐdame ìti x ∈ A◦ kai x /∈ B◦. 'Ara, x ∈ A◦ \B◦. 'Epetai ìti (A \B)◦ ⊆ A◦ \B◦.

(b) 'Estw A,B ⊆ X. 'Estw x ∈ A \ B. AfoÔ x ∈ A, up�rqei akoloujÐa (xn) sto A
¸ste xn → x. AfoÔ x /∈ B, up�rqei ε > 0 ¸ste B(x, ε) ∩B = ∅. AfoÔ xn → x, up�rqei
n0 ∈ N ¸ste xn ∈ B(x, ε) gia k�je n ≥ n0.

Sundu�zontac ta parap�nw blèpoume ìti xn ∈ A \ B gia k�je n ≥ n0. 'Omwc, h
akoloujÐa (xn0 , xn0+1, . . .) sugklÐnei sto x wc upakoloujÐa thc (xn). 'Ara, x ∈ A \B.
'Epetai ìti A \B ⊆ A \B.
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Den mporoÔme na antikatast soume touc parap�nw egkleismoÔc me isìthtec. Ston (R, |·|),
an p�roume A = R kai B = Q, èqoume

(A \B)◦ = (R \Q)◦ = ∅ , en¸ A◦ \B◦ = R◦ \Q◦ = R \ ∅ = R.

EpÐshc,
A \B = R \Q = R \ R = ∅ , en¸ A \B = R \Q = R.

3.21. 'Estw (X, ρ) metrikìc q¸roc kai A ⊆ X. Jètoume A′ to par�gwgo sÔnolo tou A,
dhlad  to sÔnolo twn shmeÐwn susss¸reushc tou A. ApodeÐxte ta akìlouja:

(a) A = A ∪ A′. Sumper�nate ìti to A eÐnai kleistì an kai mìno an perièqei ta shmeÐa
suss¸reus c tou.

(b) To A′ eÐnai kleistì sÔnolo.

(g) An A ⊆ B ⊆ X tìte A′ ⊆ B′.

(d) A′ = (A)′. Dhlad , ta A kai A èqoun ta Ðdia shmeÐa suss¸reushc.

(e) (A′)′ ⊆ A′. BreÐte uposÔnolo A tou R ¸ste o egkleismìc na eÐnai gn sioc.

Upìdeixh. (a) GnwrÐzoume ìti A ⊆ A. EpÐshc, an x ∈ A′ tìte k�je anoikt  mp�la B(x, ε)
perièqei shmeÐa tou A (kai m�lista diaforetik� apì to x), �ra x ∈ A. Autì deÐqnei ìti
A′ ⊆ A kai èpetai ìti A ∪A′ ⊆ A. AntÐstrofa, an x ∈ A kai x /∈ A, tìte gia k�je ε > 0
èqoume B(x, ε) ∩ A 6= ∅ kai x /∈ A, �ra B(x, ε) ∩ (A \ {x}) 6= ∅ (up�rqei shmeÐo tou A
sthn B(x, ε) kai autì to shmeÐo den mporeÐ na eÐnai to x). Sunep¸c, x ∈ A′. DeÐxame ìti
A \A ⊆ A′, �ra A ⊆ A ∪A′.

DeÐqnoume t¸ra ìti to A eÐnai kleistì an kai mìno an perièqei ta shmeÐa suss¸reus c
tou: an to A eÐnai kleistì, tìte A = A = A ∪ A′, �ra A′ ⊆ A. AntÐstrofa, an A′ ⊆ A
tìte A = A ∪A′ ⊆ A ∪A = A. AfoÔ A ⊆ A, to A eÐnai kleistì.

(b) Prèpei na deÐxoume ìtiA′ ⊆ A′. 'Estw x ∈ A′ kai èstw ε > 0. Up�rqei y ∈ B(x, ε)∩A′.
AfoÔ h B(x, ε) eÐnai anoiktì sÔnolo, up�rqei δ > 0 ¸ste B(y, δ) ⊆ B(x, ε). AfoÔ y ∈ A′,
h B(y, δ) perièqei �peira shmeÐa tou A. Sunep¸c, up�rqei a ∈ A, a 6= x ¸ste a ∈ B(y, δ).
AfoÔ B(y, δ) ⊆ B(x, ε), èqoume a ∈ B(x, ε) ∩ (A \ {x}). DeÐxame ìti, gia k�je ε > 0,
B(x, ε) ∩ (A \ {x}) 6= ∅. 'Ara, x ∈ A′.

Sunep¸c, A′ ⊆ A′ kai to A′ eÐnai kleistì.

(g) 'Estw x ∈ A′ kai èstw ε > 0. Up�rqei y ∈ A, y 6= x ¸ste y ∈ B(x, ε). AfoÔ A ⊆ B
èqoume y ∈ B. Sunep¸c, y ∈ B(x, ε) ∩ (B \ {x}). 'Ara, y ∈ B′.

(d) Apì to (g) blèpoume ìti A′ ⊆ (A)′ (diìti A ⊆ A).
AntÐstrofa, èstw x ∈ (A)′ kai èstw ε > 0. Up�rqei y ∈ A ¸ste y 6= x kai y ∈ B(x, ε).

EpÐshc, mporoÔme na broÔme δ > 0 ¸ste B(y, δ) ⊆ B(x, ε) kai x /∈ B(y, δ) (autì gÐnetai
an epilèxoume δ > 0 pou ikanopoieÐ tautìqrona tic δ < ρ(x, y) kai δ < ε− ρ(x, y)). AfoÔ
y ∈ A, up�rqei z ∈ A me z ∈ B(y, δ). Tìte, z ∈ A, z 6= x kai z ∈ B(y, δ) ⊆ B(x, ε).
Sunep¸c, B(x, ε) ∩ (A \ {x}) 6= ∅. To ε > 0  tan tuqìn, �ra x ∈ A′.
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(e) Apì to (a) èqoume (A′)′ ⊆ A′. 'Omwc, eÐdame sto (b) ìti to A′ eÐnai kleistì. Dhlad ,
A′ = A′. 'Epetai ìti (A′)′ ⊆ A′.

O egkleismìc mporeÐ na eÐnai gn sioc. Gia par�deigma, jewr ste to sÔnolo A ={
1
n : n ∈ N

}
sto R me th sun jh metrik . Tìte, A′ = {0} kai (A′)′ = ∅.

3.22. Exet�ste an oi akìloujoi isqurismoÐ eÐnai alhjeÐc:
(a) Up�rqei A ⊆ R ¸ste A′ = N.
(b) Up�rqei A ⊆ R ¸ste A′ = Z.
(g) Up�rqei A ⊆ R ¸ste A′ = Q.

Upìdeixh. (a) Up�rqei A ⊆ R ¸ste A′ = N. Par�deigma, to sÔnolo

A =
{
n+

1
m
| n,m ∈ N

}
.

(b) Up�rqei A ⊆ R ¸ste A′ = Z. Par�deigma, to sÔnolo

A =
{
n+

1
m
| n ∈ Z,m ∈ N

}
.

(g) Den up�rqei A ⊆ R ¸ste A′ = Q. To sÔnolo twn shmeÐwn suss¸reushc opoioud pote
A ⊆ R eÐnai kleistì sÔnolo. 'Omwc, to Q den eÐnai kleistì uposÔnolo tou R.

3.23. 'Estw (X, ρ) metrikìc q¸roc kai P ⊆ X. To P lègetai tèleio an eÐnai kenì   eÐnai
kleistì kai k�je shmeÐo tou eÐnai shmeÐo suss¸reushc gi� autì. ApodeÐxte ta akìlouja:

(a) 'Ena sunìlo P ⊆ (X, ρ) eÐnai tèleio an kai mìno an P = P ′.

(b) K�je kleistì (mh tetrimmèno) di�sthma sto R (me th sun jh metrik ) eÐnai tèleio
sÔnolo. EpÐshc, to R eÐnai tèleio an jewrhjeÐ wc uposÔnolo tou R2.

(g) K�je mh kenì tèleio uposÔnolo P tou R eÐnai uperarijm simo. [Upìdeixh. To P eÐnai
�peiro. An eÐnai arijm simo, gr�fetai sth morf  P = {xn : n ∈ N}. OrÐste kat�llhlh
akoloujÐa kibwtismènwn diasthm�twn [an, bn] ¸ste, gia k�je n ∈ N, [an, bn]∩P 6= ∅ all�
xn /∈ [an, bn].]

Upìdeixh. (a) Upojètoume ìti to P eÐnai mh kenì (alli¸c h isìthta P = P ′ isqÔei
profan¸c). Upojètoume pr¸ta ìti to P eÐnai tèleio: tìte to P eÐnai kleistì kai P ⊆ P ′.
'Omwc, P = P = P ∪ P ′, �ra P ⊇ P ′. Sunep¸c, P = P ′.

AntÐstrofa, upojètoume ìti P = P ′. Tìte, to P eÐnai kleistì diìti to P ′ eÐnai kleistì
(sthn 'Askhsh 21 eÐdame ìti to sÔnolo twn shmeÐwn suss¸reushc opoioud pote sunìlou
eÐnai kleistì). Apì thn P = P ′ èqoume P ⊆ P ′. 'Ara, to P eÐnai tèleio me b�sh ton
orismì.

(b) Elègqetai eÔkola. Gia par�deigma, an A = [a, b] tìte k�je x ∈ [a, b] eÐnai ìrio
akoloujÐac (xn) sto [a, b] me xn 6= x gia k�je n (exhg ste giatÐ). 'Omoia an

A = {(x, 0) : x ∈ R} ⊆ R2
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tìte to A eÐnai kleistì uposÔnolo tou R2 kai gia k�je (x, 0) ∈ A èqoume (xn, 0) :=(
x+ 1

n , 0
)
∈ A, (xn, 0) → (x, 0) kai (xn, 0) 6= (x, 0) gia k�je n ∈ N.

(g) 'Estw P mh kenì tèleio uposÔnolo tou R. Up�rqei toul�qiston èna x ∈ P kai, apì ton
orismì tou tèleiou sunìlou, x ∈ P ′. Apì ton qarakthrismì tou shmeÐou suss¸reushc,
sto (x− 1, x+ 1) up�rqoun �peira shmeÐa tou P . 'Ara, to P eÐnai �peiro.

Upojètoume ìti to P eÐnai arijm simo. Dhlad , P = {xn : n ∈ N}. Ja orÐsoume
akoloujÐa kibwtismènwn diasthm�twn [an, bn] me bn − an → 0 ¸ste, gia k�je n ∈ N,
[an, bn]∩P 6= ∅ all� xn /∈ [an, bn]. Autì odhgeÐ se �topo: apì thn arq  twn kibwtismènwn
diasthm�twn,

⋂∞
n=1[an, bn] = {y}. AfoÔ y ∈ [an, bn] gia k�je n ∈ N, èqoume y 6= xn gia

k�je n ∈ N, �ra y /∈ P . Apì thn �llh pleur�, y ∈ P ′. Pr�gmati, èstw ε > 0. AfoÔ
bn − an → 0, up�rqei n ∈ N ¸ste bn − an < ε. Gi' autì to n ∈ N up�rqei xkn

∈ P ¸ste
xkn ∈ [an, bn], �ra |y−xkn | ≤ bn−an < ε. AfoÔ y /∈ P , èqoume xkn 6= y. Se k�je mp�la
B(y, ε) br kame shmeÐo tou P diaforetikì apì to y. 'Ara, y ∈ P ′. Dhlad , y ∈ P ′ \ P ,
to opoÐo eÐnai �topo afoÔ to P eÐnai tèleio.

DiadikasÐa orismoÔ twn [an, bn]: Up�rqei shmeÐo xk1 tou P diaforetikì apì to x1, gia
par�deigma to x2. JewroÔme di�sthma [a1, b1] me mèso to xk1 ètsi ¸ste b1 − a1 < 1 kai
x1 /∈ [a1, b1].

AfoÔ to xk1 eÐnai shmeÐo suss¸reushc tou P , sto [a1, b1] up�rqoun �peira shmeÐa
tou P , �ra sto (a1, b1) mporoÔme na broÔme shmeÐo xk2 tou P diaforetikì apì to x2.
JewroÔme di�sthma [a2, b2] ⊆ [a1, b1] me mèso to xk2 ètsi ¸ste b2 − a2 < 1/2 kai x2 /∈
[a2, b2].

Ac upojèsoume ìti èqoume brei [an, bn] ⊆ [an−1, bn−1] ⊆ · · · ⊆ [a1, b1] ¸ste: k�je
[as, bs] èqei mèso k�poio xks

∈ P , bs − as < 1/s kai xs /∈ [as, bs], s = 1, . . . , n. AfoÔ
to xkn

eÐnai shmeÐo suss¸reushc tou P , sto [an, bn] up�rqoun �peira shmeÐa tou P , �ra
sto (an, bn) mporoÔme na broÔme shmeÐo xkn+1 tou P diaforetikì apì to xn+1. JewroÔme
di�sthma [an+1, bn+1] ⊆ [an, bn] me mèso to xkn+1 ètsi ¸ste bn+1 − an+1 < 1/(n+ 1) kai
xn+1 /∈ [an+1, bn+1]. Epagwgik�, orÐzetai h akoloujÐa twn kibwtismènwn diasthm�twn
[an, bn] me tic idiìthtec pou zhtoÔsame.

3.24. 'Estw A ⊆ R kai x ∈ R. To x lègetai shmeÐo sumpÔknwshc tou A an gia k�je
ε > 0 to sÔnolo A ∩ (x− ε, x+ ε) eÐnai uperarijm simo. ApodeÐxte ta akìlouja:

(a) An to A eÐnai arijm simo tìte den èqei shmeÐa sumpÔknwshc.

(b) An to A eÐnai uperarijm simo kai P eÐnai to sÔnolo twn shmeÐwn sumpÔknwshc tou
A tìte P ′ = P kai to A \ P eÐnai arijm simo.

(g) An to A eÐnai kleistì uposÔnolo tou R tìte up�rqoun tèleio sÔnolo P kai arijm simo
sÔnolo Z ¸ste A = P ∪ Z kai P ∩ Z = ∅.
Upìdeixh. (a) An to A eÐqe k�poio shmeÐo sumpÔknwshc, tìte to sÔnolo A∩ (x−1, x+1)
ja  tan uperarijm simo. 'Ara, to A ja  tan uperarijm simo.

(b) JewroÔme mia arÐjmhsh twn rht¸n Q = {qn : n ∈ N}. Gia k�je n ∈ N jewroÔme
tic anoiktèc mp�lec Vnk = B(qn, 1/k). OrÐzoume W na eÐnai h ènwsh ìlwn twn Vnk pou
perièqoun arijm sima to pl joc shmeÐa tou A kai jètoume P = R \W .
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ParathroÔme ìti to W ∩A eÐnai arijm simo wc arijm simh ènwsh arijm simwn sunìl-
wn, �ra to A \ P eÐnai arijm simo.

To W eÐnai anoiktì sÔnolo wc ènwsh anoikt¸n sunìlwn, �ra to P eÐnai kleistì.
Sunep¸c, P ′ ⊆ P . Mènei na deÐxoume ìti to P eÐnai to sÔnolo twn shmeÐwn sumpÔknwshc
tou A kai ìti P ⊆ P ′. 'Estw x ∈ P kai ε > 0. BrÐskoume k ∈ N me 1

k < ε
2 kai qn ∈ Q

me |qn − x| < 1/k. Tìte, x ∈ Vnk �ra h Vnk den perièqetai sto W . Autì shmaÐnei ìti
h Vnk perièqei uperarijm sima to pl joc shmeÐa tou A. 'Omwc, Vnk ⊆ B(x, ε). DeÐxame
ìti k�je anoikt  mp�la me kèntro to x perièqei uperarijm sima to pl joc shmeÐa tou A,
�ra to x eÐnai shmeÐo sumpÔknwshc tou A. Tèloc, afoÔ to W ∩A eÐnai arijm simo, h Vnk

perièqei uperarijm sima to pl joc shmeÐa tou P , �ra kai k�poio diaforetikì apì to x.
'Epetai ìti x ∈ P ′.

Mènei na doÔme ìti sto P perièqontai ìla ta shmeÐa sumpÔknwshc tou A. An x /∈ P
tìte x ∈W . To W eÐnai anoiktì, �ra up�rqei δ > 0 ¸ste B(x, δ) ⊆W . 'Omwc to W ∩A
eÐnai arijm simo, �ra h B(x, δ) perièqei arijm sima to pl joc shmeÐa tou A. 'Epetai ìti
to x den eÐnai shmeÐo sumpÔknwshc tou A.

(g) An to A eÐnai arijm simo, jètoume P = ∅ kai Z = A. An to A eÐnai uperarijm simo,
jètoume P to sÔnolo twn shmeÐwn shmeÐwn sumpÔknwshc tou A. To A eÐnai kleistì kai
P ⊆ A, �ra P ⊆ A. Apì to (b) gnwrÐzoume ìti to Z = A \ P eÐnai to polÔ arijm simo.

3.25. 'Estw (X, ρ) metrikìc q¸roc kai (xn) akoloujÐa sto X. To x ∈ X lègetai oriakì

shmeÐo thc (xn) an up�rqei upakoloujÐa (xkn
) thc (xn) ¸ste xkn

ρ−→ x. Jètoume L(xn)
to sÔnolo twn oriak¸n shmeÐwn thc akoloujÐac (xn). ApodeÐxte ìti:

(a) An xn
ρ−→ x tìte L(xn) = {x}. IsqÔei to antÐstrofo?

(b) An A = {xn : n ∈ N} ⊆ X tìte A′ ⊆ L(xn) ⊆ A. DeÐxte me èna par�deigma ìti oi
egkleismoÐ mporeÐ na eÐnai gn sioi.

(g) To L(xn) eÐnai kleistì uposÔnolo tou X.

(d) An to A den eÐnai kleistì, deÐxte ìti L(xn) 6= ∅. An epiplèon, h (xn) eÐnai ρ-Cauchy,
tìte eÐnai ρ-sugklÐnousa.

(e) To x eÐnai oriakì shmeÐo thc (xn) an kai mìno gia k�je ε > 0 kai gia k�je n ∈ N
up�rqei m ≥ n ¸ste xm ∈ Bρ(x, ε).

Upìdeixh. (a) An xn
ρ−→ x tìte k�je upakoloujÐa thc (xn) sugklÐnei sto x. Sunep¸c,

L(xn) = {x}. To antÐstrofo den isqÔei: sto R me th sun jh metrik , jewroÔme thn
akoloujÐa (xn) me xn = 1 an o n eÐnai �rtioc kai xn = n an o n eÐnai perittìc. H (xn)
den sugklÐnei kai L(xn) = {1} (exhg ste giatÐ).

(b) An x ∈ A′ tìte se k�je perioq  tou x up�rqoun �peiroi ìroi thc akoloujÐac (xn)
(diìti perièqei �peira stoiqeÐa tou A). Epilègontac diadoqik� ε = 1/n, n ∈ N kai qrhsi-
mopoi¸ntac aut  thn idiìthta tou x, mporoÔme na broÔme gnhsÐwc aÔxousa akoloujÐa
deikt¸n (kn) ¸ste ρ(x, xkn

) < 1
n . Autì apodeiknÔei ìti x ∈ L(xn).

An x ∈ L(xn) tìte up�rqei upakoloujÐa (xkn
) thc (xn) ¸ste xkn

→ x. H yn = xkn

eÐnai akoloujÐa sto A kai yn → x, �ra x ∈ A.
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Gia to par�deigma, jewroÔme thn akoloujÐa (xn) = (0, 1, 1, . . . , 1, . . .) sto R. Tìte,
A = A = {0, 1}. Parathr ste ìti A′ = ∅ kai L(xn) = {1} diìti xn → 1.
(g) 'Estw x ∈ L(xn). Up�rqei akoloujÐa (ym) oriak¸n shmeÐwn thc (xn) ¸ste ym → x.
Jètoume ε = 1 kai brÐskoume ys1 ¸ste ρ(x, ys1) < 1. Up�rqei k1 ∈ N ¸ste ρ(ys1 , xk1) <
1 − ρ(x, ys1) diìti to ys1 eÐnai oriakì shmeÐo thc (xn). Tìte, ρ(x, xk1) < 1 apì thn
trigwnik  anisìthta.

'Estw ìti èqoume brei k1 < · · · < kn ¸ste ρ(x, xkl
) < 1

l , l = 1, . . . , n. Jètoume
ε = 1/(n+ 1) kai brÐskoume ysn+1 ¸ste ρ(x, ysn+1) < 1/(n+ 1). Up�rqei kn+1 > kn ∈ N
¸ste ρ(ysn+1 , xkn+1) < 1− ρ(x, ysn+1) diìti to ysn+1 eÐnai oriakì shmeÐo thc (xn) (opìte,
osod pote kont� sto ysn+1 up�rqoun �peiroi ìroi thc (xn)). Tìte, ρ(x, xkn+1) < 1/(n+1)
apì thn trigwnik  anisìthta.

Epagwgik� orÐzoume upakoloujÐa (xkn
) thc (xn) me thn idiìthta xkn

ρ−→ x. 'Ara,
x ∈ L(xn).
(d) An to A den eÐnai kleistì, tìte A′ 6= ∅. Dhlad , up�rqei x ∈ X to opoÐo eÐnai shmeÐo
suss¸reushc tou A = {xn : n ∈ N}. Qrhsimopoi¸ntac to gegonìc ìti k�je mp�la me
kèntro to x perièqei �peirouc ìrouc thc (xn), brÐskoume aÔxousa akoloujÐa deikt¸n (kn)
¸ste ρ(xkn

, x) < 1
n gia k�je n ∈ N. AfoÔ xkn

ρ−→ x, sumperaÐnoume ìti x ∈ L(xn).
'Ara, L(xn) 6= ∅.

Me thn epiplèon upìjesh ìti h (xn) eÐnai ρ-Cauchy, sumperaÐnoume ìti h (xn) eÐnai
ρ-sugklÐnousa (�meso, afoÔ èqei sugklÐnousa upakoloujÐa).

(e) An to x eÐnai oriakì shmeÐo thc (xn) tìte up�rqei upakoloujÐa (xkn) thc (xn) ¸ste

xkn

ρ−→ x. An mac dojoÔn ε > 0 kai n1 ∈ N, brÐskoume pr¸ta n0 ∈ N ¸ste ρ(x, xkn) < ε
gia k�je n ≥ n0 kai katìpin parathroÔme ìti an n = max{n0, n1} tìte kn ≥ n ≥ n1 kai
ρ(xkn

, x) < ε. Jètontac m = kn paÐrnoume to zhtoÔmeno.
AntÐstrofa, an gia k�je ε > 0 kai gia k�je n ∈ N up�rqeim ≥ n ¸ste xm ∈ Bρ(x, ε),

brÐskoume upakoloujÐa (xkn) thc (xn) me xkn

ρ−→ x epagwgik�: jètoume k0 = 1 kai sto
n-ostì b ma, jètoume ε = 1

n kai qrhsimopoi¸ntac thn upìjesh brÐskoume kn ≥ kn−1 + 1
¸ste ρ(x, xkn

) < 1
n .

3.26. 'Estw (X, ρ) metrikìc q¸roc kai ∅ 6= A ⊆ X. DeÐxte ìti diam(A) = diam(A).
IsqÔei to Ðdio gia to eswterikì tou A?

Upìdeixh. Apì thn A ⊆ A kai ton orismì thc diamètrou èpetai �mesa ìti diam(A) ≤
diam(A). Gia thn antÐstrofh anisìthta, upojètoume ìti diam(A) < +∞ alli¸c den
èqoume tÐpota na deÐxoume. 'Estw ε > 0 kai x, y ∈ A. Up�rqoun z, w ∈ A ¸ste ρ(z, x) < ε
kai ρ(y, w) < ε. Tìte, ρ(x, y) ≤ ρ(x, z) + ρ(z, w) + ρ(w, y)< ε+ diam(A) + ε. Sunep¸c,

diam(A) = sup{ρ(x, y) : x, y ∈ A} ≤ diam(A) + 2ε.

To ε > 0  tan tuqìn, �ra diam(A) ≤ diam(A).
Den eÐnai genik� swstì ìti diam(A) = diam(A◦). Gia par�deigma, an jewr soume to

sÔnolo A = (0, 1) ∪ {2} sto R me th sun jh metrik , tìte diam(A) = 2 kai A◦ = (0, 1),
�ra diam(A◦) = 1. Fusik�, isqÔei p�nta h anisìthta diam(A) ≥ diam(A◦) diìti A◦ ⊆ A.
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3.27. 'Estw (X, ρ) metrikìc q¸roc. An A,B ⊆ X, h apìstash tou A apì to B orÐzetai
wc ex c:

dist(A,B) = inf{ρ(a, b) : a ∈ A, b ∈ B}.

ApodeÐxte tic akìloujec idiìthtec thc apìstashc:

(a) an A ∩B 6= ∅, tìte dist(A,B) = 0.

(b) dist(A,B) = dist(A,B).

(g) dist(A,B ∪ C) = min{dist(A,B),dist(A,C)}.
(d) D¸ste par�deigma kleist¸n kai xènwn uposunìlwn A,B enìc metrikoÔ q¸rou (X, ρ)
ta opoÐa èqoun mhdenik  apìstash.

Upìdeixh. (a) 'Estw x ∈ A ∩B. Tìte, dist(A,B) ≤ ρ(x, x) = 0. 'Ara, dist(A,B) = 0.

(b) AfoÔ A ⊆ A kai B ⊆ B èqoume

{ρ(a, b) : a ∈ A, b ∈ B} ⊆ {ρ(a, b) : a ∈ A, b ∈ B}.

Sunep¸c,

dist(A,B) = inf{ρ(a, b) : a ∈ A, b ∈ B} ≥ inf{ρ(a, b) : a ∈ A, b ∈ B} = dist(A,B).

Gia thn antÐstrofh anisìthta, jewroÔme ε > 0 kai tuqìnta x ∈ A, y ∈ B. Up�rqoun
a ∈ A, b ∈ B ¸ste ρ(a, x) < ε kai ρ(y, b) < ε. Tìte,

dist(A,B) ≤ ρ(a, b) ≤ ρ(a, x) + ρ(x, y) + ρ(y, b) < ρ(x, y) + 2ε.

Dhlad ,
dist(A,B)− 2ε < ρ(x, y)

gia k�je x ∈ A, y ∈ B. 'Epetai ìti

dist(A,B)− 2ε ≤ dist(A,B).

AfoÔ to ε > 0  tan tuqìn, dist(A,B) ≤ dist(A,B).

(g) Apì tic B ⊆ B ∪ C kai C ⊆ B ∪ C èpetai �mesa ìti dist(A,B ∪ C) ≤ dist(A,B) kai
dist(A,B ∪ C) ≤ dist(A,C). Sunep¸c,

dist(A,B ∪ C) ≤ min{dist(A,B),dist(A,C)}.

Gia thn antÐstrofh anisìthta, jewroÔme tuqìn ε > 0 kai brÐskoume x ∈ A kai y ∈ B ∪C
¸ste ρ(x, y) < dist(A,B ∪ C) + ε. DiakrÐnoume dÔo peript¸seic:

(i) An y ∈ B tìte dist(A,B) ≤ ρ(x, y) < dist(A,B ∪ C) + ε.

(ii) An y ∈ C tìte dist(A,C) ≤ ρ(x, y) < dist(A,B ∪ C) + ε.
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'Epetai ìti
min{dist(A,B),dist(A,C)} < dist(A,B ∪ C) + ε

kai afoÔ to ε > 0  tan tuqìn èqoume to zhtoÔmeno.

(d) 'Ena par�deigma sto EukleÐdeio epÐpedo dÐnoun ta sÔnola A = {(x, 0) : x ∈ R} kai
B =

{(
x, 1

x

)
| x > 0

}
(exhg ste giatÐ eÐnai kleist�). Gia k�je x > 0 èqoume

dist(A,B) ≤
∥∥∥∥(x, 1

x

)
− (x, 0)

∥∥∥∥
2

=
1
x
,

�ra dist(A,B) = 0.
'Ena par�deigma sto R dÐnoun ta sÔnolaA = N = {n : n ∈ N} kaiB =

{
n+ 1

2n : n ∈ N
}
.

Gia k�je n ∈ N èqoume

dist(A,B) ≤
∣∣∣∣n− (n+

1
2n

)∣∣∣∣ = 1
2n
,

�ra dist(A,B) = 0.

3.28. 'Estw (X, ρ) metrikìc q¸roc kai A ⊆ X. An x ∈ X orÐzoume thn apìstash tou x
apì to A na eÐnai h apìstash twn sunìlwn {x}, A:

dist(x,A) = inf{ρ(x, a) : a ∈ A}.

ApodeÐxte ìti:
(a) dist(x,A) = 0 an kai mìno an x ∈ A.
(b) |dist(x,A)− dist(y,A)| ≤ ρ(x, y) gia k�je x, y ∈ X.
(g) To sÔnolo {x ∈ X : dist(x,A) < ε} eÐnai anoiktì, en¸ to sÔnolo {x ∈ X : dist(x,A) ≤
ε} eÐnai kleistì.
(d) An A ⊆ B ⊆ A, tìte dist(x,A) = dist(x,B) gia k�je x ∈ X.

Upìdeixh. (a) ParathroÔme ìti dist(x,A) = 0 an kai mìno an, gia k�je ε > 0 up�rqei
a ∈ A ¸ste ρ(x, a) < ε dhlad  an kai mìno an, gia k�je ε > 0 isqÔei B(x, ε) ∩ A 6= ∅
dhlad  an kai mìno an x ∈ A.
(b) 'Estw x, y ∈ X. Gia k�je a ∈ A èqoume dist(x,A) ≤ ρ(x, a) ≤ ρ(x, y)+ρ(y, a), dhlad 
dist(x,A)−ρ(x, y) ≤ ρ(y, a) gia k�je a ∈ A. 'Epetai ìti dist(x,A)−ρ(x, y) ≤ dist(y,A),
�ra

dist(x,A)− dist(y,A) ≤ ρ(x, y).

Me ton Ðdio trìpo elègqoume ìti dist(y,A)− dist(x,A) ≤ ρ(x, y), �ra

|dist(x,A)− dist(y,A)| ≤ ρ(x, y).

(g) 'Estw U = {x ∈ X : dist(x,A) < ε}. JewroÔme tuqìn x ∈ U kai epilègoume
0 < δ < ε− dist(x,A). Gia k�je y ∈ B(x, δ) isqÔei dist(y,A) ≤ dist(x,A) + ρ(y, x) < ε.
'Ara, B(y, δ) ⊆ U . Autì apodeiknÔei ìti to U eÐnai anoiktì.
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'Estw F = {x ∈ X : dist(x,A) ≤ ε}. JewroÔme xn ∈ F me xn → x. Tìte,
dist(x,A) ≤ dist(xn, A) + ρ(xn, x) ≤ ε + ρ(xn, x) gia k�je n ∈ N kai ε + ρ(xn, x) → ε
diìti ρ(xn, x) → 0. 'Epetai ìti dist(x,A) ≤ ε dhlad  x ∈ F . Autì apodeiknÔei ìti to F
eÐnai kleistì.

(d) Apì thn A ⊆ B ⊆ A èpetai ìti dist(x,A) ≤ dist(x,B) ≤ dist(x,A). Ja deÐxoume
ìti dist(x,A) ≤ dist(x,A) 'Estw ε > 0 kai y ∈ A ¸ste ρ(x, y) < dist(x,A) + ε. AfoÔ
y ∈ A, up�rqei a ∈ A ¸ste ρ(y, a) < ε. Tìte, dist(x,A) ≤ ρ(x, a) ≤ ρ(x, y) + ρ(y, a) <
dist(x,A) + 2ε. AfoÔ to ε > 0  tan tuqìn, sumperaÐnoume ìti dist(x,A) ≤ dist(x,A).

3.29. 'Estw (X, ρ) metrikìc q¸roc kai A ⊆ X. ApodeÐxte ìti

A′ = {x ∈ X : dist(x,A \ {x}) = 0} .

Upìdeixh. 'Eqoume x ∈ A′ an kai mìno an gia k�je ε > 0 up�rqei a ∈ A \ {x} ¸ste
ρ(x, a) < ε dhlad  an kai mìno an dist(x,A \ {x}) = inf{ρ(x, a) : a ∈ A \ {x}} = 0.

3.30. 'Estw (X, ρ) metrikìc q¸roc. ApodeÐxte ìti k�je kleistì uposÔnolo touX gr�fetai
wc arijm simh tom  anoikt¸n sunìlwn kai k�je anoiktì uposÔnolo tou X gr�fetai wc
arijm simh ènwsh kleist¸n sunìlwn.

Upìdeixh. 'Estw F kleistì uposÔnolo tou X. ParathroÔme ìti F =
⋂∞

n=1Gn ìpou
Gn = {x ∈ X : dist(x, F ) < 1/n}. Pr�gmati, k�je Gn perièqei to F (diìti, an x ∈ F
tìte d(x, F ) = 0 < 1/n), �ra

F ⊆
∞⋂

n=1

Gn.

AntÐstrofa, an x ∈
⋂∞

n=1Gn tìte dist(x, F ) < 1
n gia ìla ta n, �ra dist(x, F ) = 0.

'Epetai ìti x ∈ F = F diìti to F eÐnai kleistì. Tèloc, k�je Gn eÐnai anoiktì sÔnolo.
'Estw t¸ra G anoiktì uposÔnolo tou X. To X \ G eÐnai kleistì, �ra X \ G =⋂∞

n=1Gn, ìpou k�je Gn eÐnai anoiktì. Tìte, G =
⋃∞

n=1(X \Gn) =
⋃∞

n=1 Fn, ìpou k�je
Fn = X \Gn eÐnai kleistì uposÔnolo tou X.

3.31. 'Estw (X, ρ) metrikìc q¸roc kai A ⊂ X. ApodeÐxte tic ex c idiìthtec tou sunìrou
tou A:

(a) bd(A) = bd(Ac).

(b) cl(A) = bd(A) ∪A◦.
(g) X = A◦ ∪ bd(A) ∪ (X \A)◦.

(d) bd(A) = A \ A◦   isodÔnama bd(A) = A ∩X \A. Epomènwc, to sÔnoro eÐnai kleistì
sÔnolo.

(e) To A eÐnai kleistì an kai mìno an bd(A) ⊆ A.
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Upìdeixh. (a) 'Eqoume x ∈ bd(A) an kai mìno an k�je mp�la B(x, ε) èqei mh ken  tom  me
to A kai me to Ac. Apì thn �llh pleur�, x ∈ bd(Ac) an kai mìno an k�je mp�la B(x, ε)
èqei mh ken  tom  me to Ac kai me to (Ac)c = A. EÐnai loipìn fanerì ìti bd(A) = bd(Ac).

(b) An x ∈ bd(A) tìte k�je mp�la B(x, ε) èqei mh ken  tom  me to A, �ra x ∈ A. Dhlad ,
bd(A) ⊆ A. EpÐshc, A◦ ⊆ A ⊆ A. Sunep¸c, A ⊇ bd(A) ∪A◦.

AntÐstrofa, èstw x ∈ A kai ac upojèsoume ìti x /∈ A◦. Tìte, k�je mp�la B(x, ε)
èqei mh ken  tom  me to A kai den perièqetai sto A �ra èqei mh ken  tom  me to Ac.
'Epetai ìti x ∈ bd(A). DeÐxame ìti A \A◦ ⊆ bd(A), �ra A ⊆ bd(A) ∪A◦.
(g) GnwrÐzoume ìti X = A∪(X \A)◦. Qrhsimopoi¸ntac to prohgoÔmeno er¸thma sumper-
aÐnoume ìti X = A◦ ∪ bd(A) ∪ (X \A)◦.

(d) ParathroÔme ìti bd(A)∩A◦ = ∅ (an x ∈ A◦ up�rqei ε > 0 ¸ste B(x, ε) ⊆ A dhlad 
B(x, ε) ∩Ac = ∅, �ra x /∈ bd(A)). EÐdame ìti A = bd(A) ∪A◦, �ra bd(A) = A \A◦.

Qrhsimopoi¸ntac thn X \A◦ = X \A sumperaÐnoume ìti

bd(A) = A ∩ (X \A◦) = A ∩X \A.

'Epetai ìti to bd(A) eÐnai kleistì sÔnolo (gr�fetai wc tom  dÔo kleist¸n sunìlwn).

(e) An to A eÐnai kleistì tìte bd(A) ⊆ A◦ ∪ bd(A) = A = A. An bd(A) ⊆ A, tìte
A = bd(A) ∪A◦ ⊆ A ∪A = A, �ra to A eÐnai kleistì.

3.32. 'Estw (X, ρ) metrikìc q¸roc kai A,B ⊆ X. ApodeÐxte ta akìlouja:

(a) An to A eÐnai anoiktì   kleistì uposÔnolo tou X tìte to bd(A) èqei kenì eswterikì.

(b) An A ∩B = ∅ tìte bd(A ∪B) = bd(A) ∪ bd(B).

Upìdeixh. (a) 'Eqoume dei ìti bd(A) = bd(Ac). ArkeÐ loipìn na exet�soume thn perÐptwsh
pou to A eÐnai anoiktì (exhg ste giatÐ).

'Estw x ∈ [bd(A)]◦. Tìte, up�rqei ε > 0 ¸ste B(x, ε) ⊆ bd(A). AfoÔ x ∈ bd(A),
up�rqei y ∈ A∩B(x, ε). Qrhsimopoi¸ntac thn upìjesh ìti to A eÐnai anoiktì, mporoÔme
na broÔme δ > 0 ¸ste B(y, δ) ⊆ A. Autì ìmwc eÐnai �topo: èqoume y ∈ bd(A), �ra h
B(y, δ) prèpei na perièqei shmeÐa tou Ac.

Upojètontac ìti up�rqei x ∈ [bd(A)]◦ katal xame se �topo. Sunep¸c, to bd(A) èqei
kenì eswterikì.

(b) 'Estw x ∈ bd(A). Tìte x ∈ A, �ra x /∈ B. MporoÔme loipìn na broÔme δ0 > 0 ¸ste
B(x, δ0) ∩B = ∅. Tìte, an 0 < δ ≤ δ0 èqoume:

(i) (i) B(x, δ) ∩A 6= ∅ �ra B(x, δ) ∩ (A ∪B) 6= ∅.

(ii) (ii) Up�rqei y ∈ B(x, δ) ¸ste y /∈ A. EpÐshc, y /∈ B afoÔ B(x, δ) ∩ B = ∅. 'Ara,
y /∈ A ∪B, to opoÐo shmaÐnei ìti B(x, δ) ∩ (X \ (A ∪B)) 6= ∅.

Parathr¸ntac ìti, an k�je B(x, δ), 0 < δ ≤ δ0 èqei mh ken  tom  me to A ∪ B kai to
sumpl rwm� tou tìte to Ðdio isqÔei kai gia k�je mp�la B(x, δ) me megalÔterh aktÐna,
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sumperaÐnoume ìti x ∈ bd(A ∪ B). 'Ara, bd(A) ⊆ bd(A ∪ B). 'Omoia deÐqnoume ìti
bd(B) ⊆ bd(A ∪B), �ra bd(A) ∪ bd(B) ⊆ bd(A ∪B).

AntÐstrofa, èstw x ∈ bd(A ∪ B). Tìte, x ∈ A ∪B �ra, eÐte x ∈ A   x ∈ B. Ac
upojèsoume ìti x ∈ A. 'Opwc prin, brÐskoume δ0 > 0 ¸ste B(x, δ0) ∩ B = ∅. Tìte, an
0 < δ ≤ δ0 èqoume:

(i) (i) Up�rqei y ∈ A ∪ B ¸ste y ∈ B(x, δ) diìti x ∈ bd(A ∪ B). 'Omwc, y /∈ B diìti
B(x, δ) ∩B = ∅. 'Ara, y ∈ A kai autì shmaÐnei ìti B(x, δ) ∩A 6= ∅.

(ii) (ii) Up�rqei y ∈ B(x, δ) ¸ste y /∈ A ∪ B. 'Ara, y /∈ A, to opoÐo shmaÐnei ìti
B(x, δ) ∩ (X \A) 6= ∅.

Parathr¸ntac ìti, an k�je B(x, δ), 0 < δ ≤ δ0 èqei mh ken  tom  me to A kai to
sumpl rwm� tou tìte to Ðdio isqÔei kai gia k�je mp�la B(x, δ) me megalÔterh aktÐna,
sumperaÐnoume ìti x ∈ bd(A).

Upojètontac ìti x ∈ B deÐqnoume me ton Ðdio trìpo ìti x ∈ bd(B). Se k�je perÐptwsh,
x ∈ bd(A) ∪ bd(B). 'Ara, bd(A) ∪ bd(B) ⊇ bd(A ∪B).

3.33. BreÐte uposÔnolo A tou R ¸ste (bd(A))◦ = R.

Upìdeixh. JewroÔme to Q sto R me th sun jh metrik . Tìte, bd(Q) = Q ∩ R \Q =
R ∩ R = R. 'Epetai ìti (bd(Q))◦ = R.

3.34. (a) 'Estw A anoiktì uposÔnolo tou (X, ρ) kai G ⊆ A. DeÐxte ìti to G eÐnai anoiktì
sto A an kai mìno an eÐnai anoiktì ston X.

(b) 'Estw A kleistì uposÔnolo tou (X, ρ) kai G ⊆ A. EÐnai swstì ìti to G eÐnai kleistì
sto A an kai mìno an eÐnai kleistì ston X?

Upìdeixh. (a) An to G eÐnai anoiktì sto A tìte up�rqei anoiktì U ⊆ X ¸ste G = A∩U .
'Omwc, ta A,U eÐnai anoikt� uposÔnola tou X, �ra to G = A ∩ U eÐnai anoiktì ston X.
AntÐstrofa, an to G eÐnai anoiktì ston X, gr�fontac G = A∩G blèpoume ìti to G eÐnai
anoiktì sto A.

(b) An to G eÐnai kleistì sto A tìte up�rqei kleistì V ⊆ X ¸ste G = A∩V . 'Omwc, ta
A, V eÐnai kleist� uposÔnola tou X, �ra to G = A∩U eÐnai kleistì ston X. AntÐstrofa,
an to G eÐnai kleistì ston X, gr�fontac G = A∩G blèpoume ìti to G eÐnai kleistì sto
A.

3.35. 'Estw A uposÔnolo tou (X, ρ). An G kai H eÐnai xèna anoikt� sÔnola sto A, deÐxte
ìti up�rqoun xèna anoikt� sÔnola U kai V sto X ¸ste G = A ∩ U kai H = A ∩ V .

Upìdeixh. To G eÐnai anoiktì sto A, �ra gr�fetai wc ènwsh apì anoiktèc mp�lec tou A
dhlad ,

G =
⋃

x∈G

BρA
(x, εx).
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OmoÐwc, to H gr�fetai wc ènwsh apì anoiktèc mp�lec tou A dhlad ,

H =
⋃

y∈H

BρA
(y, εy).

Apì thn G ∩H = ∅ sumperaÐnoume ìti an x ∈ G kai y ∈ H tìte ρ(x, y) ≥ max{εx, εy}.
OrÐzoume U =

⋃
x∈GBρ(x, εx/2) kai V =

⋃
y∈H Bρ(y, εy/2). Tìte, ta U, V eÐnai anoikt�

uposÔnola tou X kai

A ∩ U =
⋃

x∈G

BρA
(x, εx/2) = G kai A ∩ V =

⋃
y∈H

BρA
(y, εy/2) = H.

Mènei na deÐxoume ìti U ∩ V = ∅. 'Estw z ∈ U ∩ V . Tìte, up�rqoun x ∈ G kai y ∈ H
¸ste z ∈ Bρ(x, εx/2) kai z ∈ Bρ(y, εy/2). Apì thn trigwnik  anisìthta paÐrnoume

ρ(x, y) ≤ ρ(x, z) + ρ(z, y) <
εx

2
+
εy

2
≤ max{εx, εy},

dhlad  ρ(x, y) < max{εx, εy}, to opoÐo eÐnai �topo.

3.36. Swstì   l�joc? Gia k�je �peiro metrikì q¸ro (X, d) up�rqei �peiro uposÔnolo A
tou X ¸ste k�je G ⊆ A na eÐnai anoiktì wc proc th sqetik  metrik  sto A.

Upìdeixh. Swstì. DiakrÐnoume dÔo peript¸seic:

(a) An o X èqei �peira to pl joc memonwmèna shmeÐa, tìte up�rqei A ⊆ X, �peiro, to
opoÐo apoteleÐtai ex olokl rou apì memonwmèna shmeÐa touX. To A èqei thn idiìthta pou
jèloume: an G ⊆ A kai a ∈ G, tìte up�rqei δ > 0 ¸ste B(a, δ) ∩X = {a}. Eidikìtera,
B(a, δ) ∩A = {a} ⊆ G. 'Ara, to G eÐnai anoiktì sto A.

(b) An o X èqei peperasmèna to pl joc memonwmèna shmeÐa, tìte epilègoume tuqìn x0 ∈
X ′. Tìte, up�rqei akoloujÐa (xn) me thn idiìthta ρ(x1, x0) > ρ(x2, x0) > · · · kai εn :=
ρ(xn, x0) → 0. Jètoume A = {xn : n = 1, 2, . . .}. To A èqei thn idiìthta pou jèloume:
an G ⊆ A kai x ∈ G, tìte up�rqei n ∈ N ¸ste x = xn. Epilègoume 0 < ε < min{εn −
εn+1, εn−1 − εn}. Tìte, gia k�je k 6= n isqÔei

ρ(xk, xn) ≥ |εk − εn| ≥ min{εn − εn+1, εn−1 − εn} > ε,

�ra B(x, ε) ∩A = {x} ⊆ G.

3.37. 'Estw (X, ρ) diaqwrÐsimoc metrikìc q¸roc. DeÐxte ìti k�je oikogèneia xènwn
anoikt¸n uposunìlwn tou X eÐnai peperasmènh   arijm simh.

Upìdeixh. O (X, ρ) eÐnai diaqwrÐsimoc, �ra up�rqei peperasmèno   arijm simo sÔnolo D
¸ste D = X. Ja qrhsimopoi soume to ex c: an G eÐnai anoiktì, mh kenì uposÔnolo
tou X tìte G ∩ D 6= ∅ (pr�gmati, an autì den  tan swstì, ja eÐqame D ⊆ X \ G �ra
X = D ⊆ X \G = X \G, to opoÐo eÐnai �topo).
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'Estw (Gi)i∈I oikogèneia mh ken¸n, xènwn an� dÔo anoikt¸n uposunìlwn tou X. Me
b�sh thn prohgoÔmenh parat rhsh, gia k�je i ∈ I epilègoume k�poio di ∈ Gi ∩ D. H
sun�rthsh f : I → D pou apeikonÐzei to i ∈ I sto di ∈ Gi ∩ D eÐnai 1-1: an i 6= j
tìte (Gi ∩ D) ∩ (Gj ∩ D) = ∅, �ra di 6= dj . 'Epetai ìti to I eÐnai isoplhjikì me èna
uposÔnolo tou D, �ra to I eÐnai to polÔ arijm simo. IsodÔnama, h oikogèneia (Gi)i∈I

eÐnai peperasmènh   arijm simh.

3.38. 'Estw (X, ρ) metrikìc q¸roc. DeÐxte ìti:

(a) An D eÐnai èna puknì uposÔnolo tou X, tìte D ∩G = G gia k�je anoiktì uposÔnolo
G tou X.

(b) An to G eÐnai anoiktì kai puknì uposÔnolo tou X kai to D eÐnai puknì uposÔnolo
tou X, tìte to G ∩D eÐnai puknì uposÔnolo tou X. IsqÔei to Ðdio an to G den upotejeÐ
anoiktì?

(g) EÐnai swstì ìti h tom  miac akoloujÐac anoikt¸n kai pukn¸n uposunìlwn tou X eÐnai
puknì uposÔnolo tou X?

Upìdeixh. (a) Apì thn D ∩G ⊆ G èqoume D ∩G ⊆ G.
AntÐstrofa, èstw x ∈ G kai èstw ε > 0. Up�rqei y ∈ B(x, ε) ∩ G. To teleutaÐo

sÔnolo eÐnai anoiktì wc tom  anoikt¸n sunìlwn, �ra up�rqei δ > 0 ¸ste B(y, δ) ⊆
B(x, ε) ∩ G. AfoÔ to D eÐnai puknì, mporoÔme na broÔme z ∈ B(y, δ) ∩ D. Tìte,
z ∈ B(x, ε) ∩ (G ∩D). DeÐxame ìti gia k�je ε > 0 up�rqei z ∈ G ∩D ¸ste z ∈ B(x, ε).
'Ara, x ∈ G ∩D. 'Epetai ìti G ⊆ G ∩D.

(b) Apì to (a) èqoume G ∩D = G. 'Omwc, G = X diìti to G èqei upotejeÐ kai puknì.
Sunep¸c, G ∩D = X kai to G ∩D eÐnai puknì.

H upìjesh ìti to G eÐnai anoiktì eÐnai ousiastik : h tom  dÔo pukn¸n sunìlwn den
eÐnai aparaÐthta puknì sÔnolo. Gia par�deigma, to Q kai to R \Q eÐnai pukn� sto R me
th sun jh metrik , ìmwc h tom  touc eÐnai to kenì sÔnolo.

(g) Den eÐnai p�nta swstì ìti h tom  miac akoloujÐac anoikt¸n kai pukn¸n uposunìlwn
enìc metrikoÔ q¸rou X eÐnai puknì uposÔnolo tou X. Gia par�deigma, jewroÔme to
Q san upìqwro tou R (me th sun jh metrik ). To Q eÐnai arijm simo sÔnolo, dhlad 
mporoÔme na to gr�youme sth morf  Q = {qn : n ∈ N}. Gia k�je N ∈ N to sÔnolo
FN = {q1, . . . , qN} eÐnai kleistì wc peperasmèno sÔnolo, �ra to GN = Q \ FN eÐnai
anoiktì. EpÐshc, k�je GN eÐnai puknì uposÔnolo tou (Q, | · |): an q ∈ Q kai ε > 0
tìte sthn B(x, ε) up�rqoun �peiroi rhtoÐ, �ra kai k�poioc qn me deÐkth n > N . Dhlad ,
B(x, ε) ∩GN 6= ∅.

EÐdame ìti k�jeGN eÐnai anoiktì kai puknì uposÔnolo tou (Q, |·|). 'Omwc,
⋂∞

N=1GN =
∅ afoÔ, gia k�je N ∈ N, qN /∈ GN �ra qN /∈

⋂∞
N=1GN .

3.39. 'Estw (X, ρ) diaqwrÐsimoc metrikìc q¸roc. ApodeÐxte ìti:

(a) To sÔnolo twn memonwmènwn shmeÐwn tou X eÐnai to polÔ arijm simo.
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(b) An S eÐnai èna uperarijm simo uposÔnolo tou X tìte up�rqei akoloujÐa diaforetik¸n
an� duo stoiqeÐwn tou S, h opoÐa sugklÐnei se shmeÐo tou S.

Upìdeixh. (a) 'Estw M to sÔnolo twn memonwmènwn shmeÐwn tou X. 'Estw D puknì
uposÔnolo tou X. ParathroÔme ìti: an x ∈M tìte up�rqei εx > 0 ¸ste B(x, εx) = {x}.
AfoÔ B(x, εx) ∩D 6= ∅, èpetai ìti x ∈ D. Dhlad , to M eÐnai uposÔnolo tou D.

An upojèsoume ìti o (X, ρ) eÐnai diaqwrÐsimoc tìte up�rqei to polÔ arijm simo puknì
uposÔnolo D0 tou X. 'Eqoume M ⊆ D0, �ra to M eÐnai to polÔ arijm simo.

(b) 'Estw S uperarijm simo uposÔnolo tou X. JewroÔme ton upìqwro (S, ρS) tou (X, ρ).
An o (X, ρ) eÐnai diaqwrÐsimoc tìte o (S, ρS) eÐnai epÐshc diaqwrÐsimoc (èqei apodeiqjeÐ:
èqei arijm simh b�sh gia thn topologÐa tou). Apì to (a) to sÔnolo twn memonwmènwn
shmeÐwn tou (S, ρS) eÐnai to polÔ arijm simo. 'Ara, up�rqei x ∈ S to opoÐo eÐnai shmeÐo
suss¸reushc tou (S, ρS). Apì ton qarakthrismì tou shmeÐou suss¸reushc, up�rqei
akoloujÐa (xn) sto S me ìrouc diaforetikoÔc an� dÔo kai diaforetikoÔc apì to x ¸ste
ρS(xn, x) → 0, dhlad  ρ(xn, x) → 0.

3.40. 'Estw θ ∈ R \Q. DeÐxte ìti to sÔnolo

D(θ) := {(cos(2πnθ), sin(2πnθ)) : n ∈ N}

eÐnai puknì ston kÔklo S1 = {(x, y) ∈ R2 : x2 + y2 = 1}.

Upìdeixh. JewroÔme ton z = e2πθi sto C kai to sÔnolo A(θ) = {zn = e2πnθi : n ∈ N}.
Isqurismìc. Gia k�je ε > 0 up�rqoun n > m sto N ¸ste 0 < |zn − zm| < ε, �ra
0 < |zn−m − 1| < ε.

Autì èpetai �mesa apì to gegonìc ìti h akoloujÐa (zn) eÐnai fragmènh, �ra èqei
sugklÐnousa upakoloujÐa. Tìte, dÔo ìroi aut c thc upakoloujÐac, pou èqoun arket�
meg�louc deÐktec, ikanopoioÔn ton isqurismì.

Jètoume w = zn−m kai parathroÔme ìti |wk+1 − wk| = |w − 1| < ε gia k�je k ∈ N.
Autì shmaÐnei ìti ta shmeÐa zk(n−m), k = 1, 2, . . . eÐnai diaforetik� an� dÔo shmeÐa thc
perifèreiac T = {w ∈ C : |w| = 1} kai sqhmatÐzoun tìxa me qordèc m kouc mikrìterou
apì ε. 'Epetai ìti k�je tìxo thc T, pou èqei m koc mikrìtero apì 2ε, perièqei shmeÐo thc
morf c zk(n−m). 'Epetai ìti to A(θ) eÐnai puknì sthn T.

T¸ra, èstw (x, y) = (cos(2πt), sin(2πt)) ∈ S1. Apì ta prohgoÔmena, up�rqei akolou-
jÐa fusik¸n ks ¸ste e2πksθi → e2πti. 'Epetai ìti

(cos(2πksθ), sin(2πksθ)) → (cos(2πt), sin(2πt)) = (x, y).

'Ara, to D(θ) eÐnai puknì sthn S1.

3.41. BreÐte èna arijm simo kai puknì uposÔnolo tou R \Q wc proc th sun jh metrik .

Upìdeixh. JewroÔme to sÔnolo D = {q+
√

2 : q ∈ Q}. To D eÐnai arijm simo diìti to Q
eÐnai arijm simo. 'Eqoume D ⊆ R \Q diìti

√
2 /∈ Q. Tèloc, to D eÐnai puknì sto R \Q:
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an x ∈ R \Q up�rqei akoloujÐa (qn) rht¸n ¸ste qn → x−
√

2, opìte qn +
√

2 ∈ D kai
qn +

√
2 → x.

3.42. 'Estw (X, ρ) metrikìc q¸roc. To A ⊆ X lègetai poujen� puknì an int(A) = ∅.
ApodeÐxte ìti:

(a) To A ⊆ X eÐnai poujen� puknì an kai mìnon an A ⊆ (X \A).

(b) To A ⊆ X eÐnai poujen� puknì kai kleistì an kai mìnon an to X \ A eÐnai puknì kai
anoiktì.

(g) An to A eÐnai kleistì uposÔnolo tou X, tìte to A eÐnai poujen� puknì an kai mìnon
an A = bd(A).

(d) An to A eÐnai poujen� puknì uposÔnolo tou X kai to X \ B eÐnai puknì tìte to
X \ (A ∪B) eÐnai puknì ston X.

(e) H ènwsh peperasmènou pl jouc poujen� pukn¸n uposunìlwn tou X eÐnai poujen�
puknì uposÔnolo tou X.

Upìdeixh. (a) Upojètoume pr¸ta ìti to A eÐnai poujen� puknì. Apì thn A = A =
int(A) ∪ bd(A) paÐrnoume

A = bd(A) = A ∩X \A

�ra A ⊆ X \A.
AntÐstrofa, an A ⊆ X \A = X \ int(A), tìte h A = int(A) ∪ bd(A) mac dÐnei thn

A ⊆ bd(A), dhlad ,
int(A) ∪ bd(A) ⊆ bd(A).

AfoÔ int(A) ∩ bd(A) = ∅ èpetai ìti int(A) = ∅, �ra to A eÐnai poujen� puknì.

(b) An to A ⊆ X eÐnai poujen� puknì kai kleistì tìte to X \A eÐnai anoiktì kai puknì
(diìti X \A = X \ A◦ = X). AntÐstrofa, an to X \ A eÐnai anoiktì kai puknì, tìte to
A eÐnai kleistì kai X \ A◦ = X \A = X, dhlad  A◦ = ∅, �ra to A eÐnai kleistì kai
poujen� puknì.

(g) An to A eÐnai kleistì kai poujen� puknì tìte A◦ = ∅, opìte h A = A = A◦ ∪ bd(A)
mac dÐnei A = bd(A). AntÐstrofa, an to A eÐnai kleistì kai A = bd(A), tìte bd(A) =
A = A◦ ∪ bd(A) = bd(A), opìte A◦ = ∅ (diìti A◦ ∩ bd(A) = ∅).
(d) Upojètoume ìti to A eÐnai poujen� puknì uposÔnolo tou X kai to X \B eÐnai puknì.
'Estw x ∈ X kai ε > 0. AfoÔ to A èqei kenì eswterikì, up�rqei y ∈ B(x, ε) \ A. To
B(x, ε) \ A eÐnai anoiktì, �ra up�rqei δ > 0 ¸ste B(y, δ) ⊆ B(x, ε) \ A. To X \ B èqei
upotejeÐ puknì, �ra up�rqei u ∈ B(y, δ) ∩ (X \ B). Tìte, u ∈ B(x, ε) ∩ (X \ (A ∪ B)).
Dhlad , gia k�je x ∈ X kai gia k�je ε > 0 isqÔei B(x, ε)∩ (X \ (A∪B)) 6= ∅. Sunep¸c,
to X \ (A ∪B) eÐnai puknì ston X.

(e) H ènwsh peperasmènou pl jouc poujen� pukn¸n uposunìlwn tou X eÐnai poujen�
puknì uposÔnolo tou X.
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'Estw A1, . . . , An poujen� pukn� uposÔnola tou X. An Fi = Ai, i = 1, . . . , n, tìte
k�je Fi eÐnai kleistì kai èqei kenì eswterikì. EpÐshc, A1 ∪ · · · ∪An = F1∪· · ·∪Fn, �ra
arkeÐ na deÐxoume ìti to F1 ∪ · · · ∪ Fn èqei kenì eswterikì.

GnwrÐzoume ìti to F1 èqei kenì eswterikì. Upojètoume ìti, gia k�poio 1 ≤ k < n,
to F1 ∪ · · · ∪ Fk èqei kenì eswterikì kai deÐqnoume ìti to F1 ∪ · · · ∪ Fk ∪ Fk+1 èqei kenì
eswterikì. To zhtoÔmeno prokÔptei me diadoqikèc efarmogèc autoÔ tou isqurismoÔ.

Apìdeixh tou isqurismoÔ. AfoÔ to F1 ∪ · · · ∪ Fk èqei kenì eswterikì kai X \ Fk+1 =
X \ (Fk+1)◦ = X dhlad  to X \Fk+1 eÐnai puknì, efarmìzontac to (d) blèpoume amèswc
ìti to (X \ (F1 ∪ · · · ∪ Fk)) \ Fk+1 = X \ (F1 ∪ · · · ∪ Fk ∪ Fk+1) eÐnai puknì. 'Ara, to
F1 ∪ · · · ∪ Fk ∪ Fk+1 èqei kenì eswterikì.

3.43. 'Estw (qn) mia arÐjmhsh tou Q. OrÐzoume

In =
(
qn −

1
2n
, qn +

1
2n

)
, n ∈ N.

DeÐxte ìti to U =
⋃∞

n=1 In eÐnai anoiktì kai puknì uposÔnolo tou R kai ìti to U c eÐnai
poujen� puknì.

Upìdeixh. K�je In eÐnai anoiktì uposÔnolo tou R wc anoiktì di�sthma, �ra to U =⋃∞
n=1 In eÐnai anoiktì. Apì ton orismì tou, to U perièqei to Q, �ra U ⊇ Q = R. 'Epetai

ìti to U eÐnai puknì uposÔnolo tou R kai int(U c) = R \ U = ∅, dhlad  to U c eÐnai
poujen� puknì.

3.44. 'Estw (X, ρ) metrikìc q¸roc kai A ⊆ X. ApodeÐxte ìti ta akìlouja eÐnai isodÔnama:

(a) To A eÐnai poujen� puknì.

(b) To A den perièqei mh kenì anoiktì sÔnolo.

(g) K�je mh kenì anoiktì uposÔnolo tou X perièqei èna mh kenì anoiktì sÔnolo xèno
proc to A.

(d) K�je mh kenì anoiktì uposÔnolo tou X perièqei mia anoikt  mp�la xènh proc to A.

Upìdeixh. (a) ⇒ (b): 'Estw G anoiktì uposÔnolo tou A. Tìte, G ⊆ int(A) = ∅ diìti to
A eÐnai poujen� puknì. 'Ara, to mìno anoiktì sÔnolo pou perièqetai sto A eÐnai to kenì
sÔnolo.

(b)⇒ (g): 'Estw G mh kenì kai anoiktì uposÔnolo tou X. AfoÔ èqoume upojèsei to (b),
to G\A eÐnai mh kenì kai anoiktì. 'Ara, up�rqoun x ∈ G kai ε > 0 ¸ste B(x, ε) ⊆ G\A.
'Epetai to zhtoÔmeno, afoÔ B(x, ε)∩A = ∅, to B(x, ε) eÐnai anoiktì sÔnolo kai perièqetai
sto G.

(g) ⇒ (d): 'Estw G mh kenì kai anoiktì uposÔnolo tou X. AfoÔ èqoume upojèsei to
(g), up�rqei mh kenì kai anoiktì G1 ⊆ G ¸ste G1 ∩ A = ∅. 'Epilègoume tuqìn x ∈ G1

kai brÐskoume ε > 0 ¸ste B(x, ε) ⊆ G1. Tìte, h anoikt  mp�la B(x, ε) perièqetai sto G
kai B(x, ε) ∩A = ∅.
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(d) ⇒ (a): 'Estw A ⊆ X to opoÐo den eÐnai poujen� puknì kai ikanopoieÐ thn prìtash
(d). Tìte, up�rqoun x ∈ X kai ε > 0 ¸ste B(x, ε) ⊆ A. AfoÔ isqÔei h (d) gia to A,
up�rqei B(y, δ) ⊆ B(x, ε) ¸ste B(y, δ) ∩ A = ∅. Tìte, B(y, δ) ⊆ (X \ A)◦ = X \ A kai,
tautìqrona, B(y, δ) ⊆ B(x, ε) ⊆ A. 'Etsi, katal goume se �topo.

3.45. 'Estw (X1, d1), . . . , (Xn, dn) metrikoÐ q¸roi. JewroÔme ton q¸ro ginìmeno (X, d)
me X =

∏n
i=1Xi kai d = max1≤i≤n di. DeÐxte ìti:

(a) An k�je Gi eÐnai di-anoiktì ston Xi, i = 1, . . . , n, tìte to
∏n

i=1Gi eÐnai d-anoiktì
ston X.

(b) An k�je Fi eÐnai di-kleistì ston Xi, i = 1, . . . , n, tìte to
∏n

i=1 Fi eÐnai d-kleistì ston
X.

(g) An k�je Di eÐnai puknì ston Xi, i = 1, . . . , n, tìte to D =
∏n

i=1Di eÐnai puknì ston
X.

Eidikìtera, an k�je (Xi, di), i = 1, ..., n eÐnai diaqwrÐsimoc tìte o (X, d) eÐnai diaqwrÐsi-
moc.

Upìdeixh. (a) 'Estw x = (x1, . . . , xn) ∈
∏n

i=1Gi. Tìte, xi ∈ Gi gia k�je i = 1, . . . , n.
AfoÔ k�je Gi eÐnai di-anoiktì ston Xi, mporoÔme na broÔme ri > 0 ¸ste Bdi

(xi, ri) ⊆ Gi,
i = 1, . . . , n. Jètoume r = min{r1, . . . , rn} kai apodeiknÔoume ìti Bd(x, r) ⊆

∏n
i=1Gi.

Pr�gmati, an y = (y1, . . . , yn) ∈ Bd(x, r) tìte max1≤i≤n di(xi, yi) < r, opìte di(xi, yi) <
r ≤ ri gia k�je i = 1, . . . , n, �ra yi ∈ Bdi

(xi, ri) ⊆ Gi gia k�je i = 1, . . . , n, �ra
y ∈

∏n
i=1Gi.

'Epetai ìti to
∏n

i=1Gi eÐnai anoiktì ston (X, d).

(b) 'Estw (xm) akoloujÐa sto
∏n

i=1 Fi me x
m = (xm

1 , . . . , x
m
n ) d−→ x = (x1, . . . , xn) ∈ X.

H d eÐnai metrik  ginìmeno, sunep¸c xm
i

di−→ xi gia k�je i = 1, . . . , n. AfoÔ k�je Fi eÐnai
di-kleistì ston Xi, sumperaÐnoume ìti xi ∈ Fi gia k�je i = 1, . . . , n, �ra x ∈

∏n
i=1 Fi.

'Epetai ìti to
∏n

i=1 Fi eÐnai d-kleistì ston X.

(g) 'Estw x = (x1, . . . , xn) ∈ X kai èstw ε > 0. AfoÔ k�je Di eÐnai puknì ston Xi,
up�rqoun yi ∈ Di ¸ste di(xi, yi) < ε gia k�je i = 1, . . . , n. An jèsoume y = (y1, . . . , yn)
tìte y ∈ D kai d(x, y) = max1≤i≤n di(xi, yi) < ε. 'Epetai ìti to D =

∏n
i=1Di eÐnai puknì

ston X.
Eidikìtera, an k�je (Xi, di), i = 1, ..., n eÐnai diaqwrÐsimoc tìte o (X, d) eÐnai di-

aqwrÐsimoc: pr�gmati, ston prohgoÔmeno isqurismì, an k�je Di eÐnai arijm simo tìte to
D =

∏n
i=1Di eÐnai epÐshc arijm simo kai, ìpwc eÐdame, puknì ston (X, d).

3.46. 'Estw (Xn, ρn), n = 1, 2, . . . akoloujÐa metrik¸n q¸rwn me ρn(x, y) ≤ 1 gia k�je
x, y ∈ Xn, n = 1, 2, . . .. JewroÔme to q¸ro ginìmeno (X, ρ), ìpou X =

∏∞
n=1Xn kai

ρ(x, y) =
∑∞

n=1 2−nρn(x(n), y(n)). StajeropoioÔme α = (α(n)) ston X. JewroÔme ta
sÔnola

Dm = {x = (x(n)) ∈ X : x(n) = α(n), n > m}, m = 1, 2, . . .
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kai orÐzoume

Dα :=
∞⋃

m=1

Dm.

ApodeÐxte ìti to Dα eÐnai puknì ston X.

Upìdeixh. 'Estw x = (x(n)) ston X kai èstw ε > 0. Epilègoume m ∈ N ¸ste 1
2m < ε

kai orÐzoume y = (x(1), . . . , x(m), α(m+ 1), α(m+ 2), . . .). Tìte, y ∈ Dm ⊆ Dα kai

ρ(x, y) =
m∑

n=1

ρn(x(n), x(n))
2n

+
∞∑

n=m+1

ρn(x(n), α(n))
2n

=
∞∑

n=m+1

ρn(x(n), α(n))
2n

≤
∞∑

n=m+1

1
2n

=
1

2m
< ε.

Dhlad , Bρ(x, ε) ∩Dα 6= ∅. 'Epetai ìti to Dα eÐnai puknì ston (X, d).

3.47. 'Estw A,B arijm sima, pukn� uposÔnola tou R. DeÐxte ìti up�rqei sun�rthsh
f : A→ B h opoÐa eÐnai aÔxousa, 1-1 kai epÐ.

Upìdeixh. 'Estw A = {an : n ∈ N} kai B = {bn : n ∈ N} dÔo arijm sima pukn� uposÔno-
la tou R. OrÐzoume aÔxousa, 1-1 kai epÐ sun�rthsh f : A→ B (kai thn antÐstrof  thc
g : B → A) me thn ex c epagwgik  diadikasÐa:

1. Jètoume f(a1) = b1 kai g(b1) = a1.

2. Upojètoume ìti èqoun oristeÐ ta f(a1), . . . , f(an) kai g(b1), . . . , g(bn) ètsi ¸ste: (i) an
f(ak) eÐnai k�poio bs apì ta b1, . . . , bn tìte g(bs) = ak, (ii) an g(bk) eÐnai k�poio as apì ta
a1, . . . , an tìte f(as) = bk, (iii) h f eÐnai gnhsÐwc aÔxousa sto {a1, . . . , an, g(b1), . . . , g(bn)}
kai h g eÐnai gnhsÐwc aÔxousa sto {b1, . . . , bn, f(a1), . . . , f(an)}.

OrÐzoume ta f(an+1) kai g(bn+1) wc ex c: an an+1 = g(bk) gia k�poio k = 1, . . . , n,
jètoume f(an+1) = bk. Alli¸c, an+1 /∈ An = {a1, . . . , an, g(b1), . . . , g(bn)}. Koit�zoume
th di�taxh twn stoiqeÐwn tou An kai th jèsh tou an+1 an�mesa se aut�. To sÔnolo
Bn = {f(a1), . . . , f(an), b1, . . . , bn} èqei akrib¸c thn Ðdia di�taxh kai apì thn puknìthta
tou B mporoÔme na broÔme k�poio bs to opoÐo na èqei thn Ðdia jèsh wc proc ta stoiqeÐa tou
Bn (me thn jèsh tou an+1 wc proc ta stoiqeÐa tou An). OrÐzoume f(an+1) = bs. Tìte, h f
eÐnai gnhsÐwc aÔxousa sto An∪{an+1}. Me ton Ðdio trìpo orÐzoume to g(bn+1) an bn+1 /∈
Bn∪{f(an+1)}, ètsi ¸ste h g na eÐnai gnhsÐwc aÔxousa sto Bn∪{bn+1, f(an+1)} = Bn+1.

Epagwgik�, orÐzontai oi f : A → B kai g : B → A ètsi ¸ste h f na eÐnai gnhsÐwc
aÔxousa kai epÐ, kai h g na eÐnai h antÐstrofh thc f .



Kef�laio 4

Sunart seic metaxÔ metrik¸n

q¸rwn

4.1. 'Estw f, g : (X, ρ) → (Y, σ) duo suneqeÐc sunart seic kai D puknì uposÔnolo tou
(X, ρ). DeÐxte ìti:

(a) To sÔnolo E = {x ∈ X : f(x) = g(x)} eÐnai kleistì.

(b) An f(x) = g(x) gia k�je x ∈ D, tìte f ≡ g.

Upìdeixh. (a) 'Estw (xn) akoloujÐa sto E me xn → x ∈ X. AfoÔ oi f kai g eÐnai
suneqeÐc sto x, èqoume f(x) = lim

n→∞
f(xn) kai g(x) = lim

n→∞
g(xn). 'Omwc, xn ∈ E �ra

f(xn) = g(xn) gia k�je n ∈ N. Sunep¸c,

f(x) = lim
n→∞

f(xn) = lim
n→∞

g(xn) = g(x).

'Ara, x ∈ E.
(b) Apì to (a), to sÔnolo E = {x ∈ X : f(x) = g(x)} eÐnai kleistì. Apì thn D ⊆ E
èpetai ìti X = D ⊆ E, dhlad  E = X. 'Ara, f(x) = g(x) gia k�je x ∈ X.

4.2. 'Estw f : (X, ρ) → (Y, σ) kai x0 ∈ X. DeÐxte ìti h f eÐnai suneq c sto x0 an kai
mìno an gia k�je ε > 0 up�rqei δ > 0 ¸ste an x, y ∈ X kai ρ(x, x0) < δ, ρ(y, x0) < δ
tìte σ(f(x), f(y)) < ε.

Upìdeixh. 'Estw ìti h f eÐnai suneq c sto x0 kai èstw ε > 0. Up�rqei δ > 0 ¸ste:
gia k�je x ∈ X me ρ(x, x0) < δ isqÔei σ(f(x), f(x0)) < ε/2. Tìte, an ta x, y ∈ X
ikanopoioÔn tic ρ(x, x0) < δ kai ρ(y, x0) < δ èqoume

σ(f(x), f(y)) ≤ σ(f(x), f(x0)) + σ(f(x0), f(y)) <
ε

2
+
ε

2
= ε.
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AntÐstrofa, èstw ε > 0. Up�rqei δ > 0 ¸ste an x, y ∈ X kai ρ(x, x0) < δ kai ρ(y, x0) < δ
tìte σ(f(x), f(y)) < ε. Jètontac y = x0 (parathr ste ìti ρ(x0, x0) < δ) blèpoume ìti
an x ∈ X kai ρ(x, x0) < δ isqÔei σ(f(x), f(x0)) < ε.

4.3. 'Estw f : (X, ρ) → (Y, σ). DeÐxte ìti, an gia k�je A ⊆ X isqÔei f(A′) ⊆ (f(A))′,
tìte h f eÐnai suneq c. IsqÔei to antÐstrofo?

Upìdeixh. 'Eqoume apodeÐxei ìti: an f(A) ⊆ f(A) gia k�je A ⊆ X tìte h f eÐnai suneq c.
Pr�gmati, an C ⊆ Y kleistì, jètontac A = f−1(C) sthn parap�nw sqèsh paÐrnoume
f(f−1(C)) ⊆ f(f−1(C)) = C = C, �ra f−1(C) ⊆ f−1(C), dhlad  to f−1(C) eÐnai
kleistì uposÔnolo tou X.

Me b�sh autì to krit rio sunèqeiac, arkeÐ na deÐxoume ìti, gia k�je A ⊆ X, f(A) ⊆
f(A). Lìgw thc A = A∪A′, arkeÐ na deÐxoume ìti f(A) ⊆ f(A) (to opoÐo eÐnai fanerì) kai
f(A′) ⊆ f(A). 'Omwc, apì thn upìjesh èqoume f(A′) ⊆ (f(A))′ kai f(A) = f(A)∪(f(A))′

�ra (f(A))′ ⊆ f(A). Sunep¸c, f(A′) ⊆ f(A).
To antÐstrofo den eÐnai aparaÐthta swstì. Gia par�deigma, an f : R → R eÐnai mia

stajer  sun�rthsh, to f(A′) eÐnai monosÔnolo gia k�je A ⊆ R me A′ 6= ∅ (gia par�deigma,
an A = R) en¸ (f(A))′ = ∅ (exhg ste giatÐ).

4.4. 'Estw (X, ρ) metrikìc q¸roc kai G ⊆ X. DeÐxte ìti to G eÐnai anoiktì an kai mìno
an up�rqoun suneq c sun�rthsh f : (X, ρ) → R kai V ⊆ R anoiktì, ¸ste G = f−1(V ).

Upìdeixh. An h f : X → R eÐnai suneq c gnwrÐzoume ìti gia k�je anoiktì V ⊆ R to
f−1(V ) eÐnai anoiktì.

AntÐstrofa, èstw G anoiktì uposÔnolo tou X. Upojètoume pr¸ta ìti X \ G 6= ∅.
Tìte, h sun�rthsh f(x) = dist(x,X \ G) eÐnai kal� orismènh, mh arnhtik , kai isqÔei
f(x) = 0 an kai mìno an x ∈ X \G diìti to X \G eÐnai kleistì. Sunep¸c, mporoÔme na
gr�youme

G = f−1((0,∞)).

AfoÔ to V = (0,∞) eÐnai anoiktì uposÔnolo tou R èqoume to zhtoÔmeno. An G = X,
jewroÔme thn f : X → R me f(x) = 0 kai gr�foume G = X = f−1(R).

4.5. (a) 'Estw f : (X, d) → R sun�rthsh kai Z(f) to sÔnolo mhdenismoÔ thc f , dhlad 

Z(f) = {x ∈ X : f(x) = 0}.

DeÐxte ìti: an h f eÐnai suneq c tìte to Z(f) eÐnai kleistì ston X.

(b) 'Estw F ⊆ X. DeÐxte ìti to F eÐnai kleistì an kai mìnon an up�rqei suneq c
sun�rthsh f : (X, ρ) → R ¸ste Z(f) = F .

Upìdeixh. (a) AfoÔ h f : (X, d) → R eÐnai suneq c sun�rthsh, to Z(f) = f−1({0}) eÐnai
kleistì uposÔnolo tou X.

(b) Lìgw tou (a) arkeÐ na deÐxoume ìti an to F eÐnai kleistì uposÔnolo tou X tìte
up�rqei suneq c sun�rthsh f : X → R ¸ste Z(f) = F . Upojètoume pr¸ta ìti F 6= ∅.
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Tìte, gia th suneq  sun�rthsh f(x) = dist(x, F ) èqoume f(x) = 0 an kai mìno an
x ∈ F = F , dhlad  Z(f) = F . An F = ∅ jewroÔme mia suneq  sun�rthsh f : X → R
pou den mhdenÐzetai poujen�, gia par�deigma th stajer  sun�rthsh f(x) = 1.

4.6. DÐnetai mia sun�rthsh f : R → (Y, δ), ìpou δ h diakrit  metrik  ston Y . DeÐxte
ìti h f eÐnai suneq c an kai mìnon an eÐnai stajer .

Upìdeixh. An h f eÐnai stajer  tìte eÐnai profan¸c suneq c. AntÐstrofa, èstw f : R →
(Y, δ) suneq c sun�rthsh. JewroÔme tuqìn x0 ∈ X kai to y0 = f(x0) ∈ Y . To {y0} eÐnai
tautìqrona anoiktì kai kleistì ston (Y, δ) (exhg ste giatÐ). 'Ara, to A = f−1({y0})
eÐnai tautìqrona anoiktì kai kleistì uposÔnolo tou R. 'Eqoume deÐxei ìti autì mporeÐ
na sumbeÐ mìno an A = ∅   A = R. AfoÔ x0 ∈ A, sumperaÐnoume ìti A = R. Sunep¸c,
f(x) = y0 gia k�je x ∈ R (h f eÐnai stajer ).

4.7. 'Estw (X, ρ) metrikìc q¸roc kai A ⊆ X. SumbolÐzoume me χA thn qarakthristik 
sun�rthsh tou A, ìpou χA : X → R orÐzetai wc

χA(t) =
{

1, t ∈ A
0, t /∈ A .

ApodeÐxte ìti to sÔnolo twn shmeÐwn sunèqeiac thc χA einai to A◦ ∪ (X \A)◦, to sÔnolo
twn shmeÐwn asunèqei�c thc eÐnai to bd(A) kai ìti h f eÐnai suneq c an kai mìnon an to
A eÐnai anoiktì kai kleistì (clopen).

Upìdeixh. 'Estw x ∈ A◦. Up�rqei δ > 0 ¸ste B(x, δ) ⊆ A. Tìte, gia k�je ε > 0 an
epilèxoume to sugkekrimèno δ > 0 èqoume: an x1 ∈ B(x, δ) tìte

|χA(x)− χA(x0)| = |1− 1| = 0 < ε.

'Epetai ìti h χA eÐnai suneq c sto x. Me ton Ðdio trìpo deÐqnoume ìti h χA eÐnai suneq c
se k�je x ∈ (X \ A)◦: up�rqei anoikt  mp�la B(x, δ) ⊆ X \ A, sunep¸c h χA eÐnai
stajer  kai Ðsh me mhdèn sthn B(x, δ).

'Estw x ∈ bd(A). Up�rqoun akoloujÐec (xn) sto A ¸ste xn → x kai (x′n) sto X \A
¸ste x′n → x. Tìte, χA(xn) = 1 → 1 kai χA(x′n) = 0 → 0. Apì thn arq  thc metafor�c,
h f eÐnai asuneq c sto x.

AfoÔ X = A◦ ∪ bd(A) ∪ (X \A)◦, èpetai to zhtoÔmeno.
Gia thn teleutaÐa er¸thsh, me b�sh ta prohgoÔmena, h χA eÐnai suneq c an kai mìno

an bd(A) = ∅. Tìte, apì thn A = A◦ ∪ bd(A) blèpoume ìti autì sumbaÐnei an kai mìno
an A = A◦, dhlad  an kai mìno an to A eÐnai anoiktì kai kleistì.

4.8. 'Estw f : (X, ρ) → (Y, σ). To gr�fhma thc f eÐnai to sÔnolo

Gr(f) =
{
(x, f(x)) : x ∈ X

}
⊆ X × Y.
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DeÐxte ìti, an h f eÐnai suneq c sun�rthsh, tìte to gr�fhma Gr(f) thc f eÐnai kleistì
ston X × Y wc proc k�je metrik  ginìmeno. D¸ste par�deigma to opoÐo na deÐqnei ìti to
antÐstrofo den isqÔei.

Upìdeixh. 'Estw d mia metrik  ginìmeno sto X × Y . JewroÔme tuqoÔsa akoloujÐa

(xn, f(xn)) ∈ Gr(f) me (xn, f(xn)) d−→ (x, y) ∈ X × Y . AfoÔ h d eÐnai metrik  ginìmeno,

èqoume xn
ρ−→ x kai f(xn) σ−→ y. AfoÔ h f eÐnai suneq c sto x kai xn

ρ−→ x, apì thn

arq  thc metafor�c paÐrnoume f(xn) σ−→ f(x). Apì th monadikìthta tou orÐou gia thn
(f(xn)) sumperaÐnoume ìti y = f(x). Sunep¸c, (x, y) = (x, f(x)) ∈ Gr(f). 'Epetai ìti to
Gr(f) eÐnai kleistì sÔnolo ston (X × Y, d).

To antÐstrofo den eÐnai aparaÐthta swstì. H f : [0,∞) → R me f(x) = 1
x an

x 6= 0 kai f(0) = 0 eÐnai asuneq c sto 0. Parathr ste ìmwc ìti Gr(f) = A ∪ B ìpou
A = {(0, 0)} kai B =

{(
x, 1

x

)
| x > 0

}
. To A eÐnai kleistì wc monosÔnolo, en¸ to B

eÐnai epÐshc kleistì (�skhsh 3.27). 'Ara, to Gr(f) eÐnai kleistì sto [0,∞) × R me thn
EukleÐdeia metrik .

4.9. Mia sun�rthsh f : (X, ρ) → (Y, σ) lègetai topik� fragmènh (locally bounded) an
gia k�je x ∈ X up�rqei perioq  Ux tou x ¸ste h f |Ux

na eÐnai fragmènh.

(a) 'Estw f : (X, ρ) → (Y, σ) suneq c sun�rthsh. Tìte h f eÐnai topik� fragmènh.
IsqÔei to antÐstrofo?

(b) 'Estw f : R → R. DeÐxte ìti ta akìlouja eÐnai isodÔnama:
(i) H f eÐnai suneq c.
(ii) H f eÐnai topik� fragmènh kai èqei kleistì gr�fhma.

Upìdeixh. (a) 'Estw f : X → Y suneq c sun�rthsh kai èstw x ∈ X. PaÐrnontac
ε = 1 > 0 brÐskoume δ > 0 ¸ste f(B(x, δ)) ⊆ B(f(x), 1). Jètontac Ux = B(x, δ) èqoume
to zhtoÔmeno. To antÐstrofo den eÐnai aparaÐthta swstì: gia par�deigma, up�rqoun
pollèc fragmènec, asuneqeÐc sunart seic f : R → R.
(b) Apì to (a) kai thn prohgoÔmenh �skhsh èqoume ìti k�je suneq c sun�rthsh (metaxÔ
metrik¸n q¸rwn) eÐnai topik� fragmènh kai èqei kleistì gr�fhma. AntÐstrofa, èstw ìti
h f : R → R eÐnai topik� fragmènh kai èqei kleistì gr�fhma. 'Estw (xn) akoloujÐa sto
R me xn → x ∈ R all� f(xn) 6→ f(x). Pern¸ntac se upakoloujÐa thc (xn) mporoÔme
na upojèsoume ìti up�rqei ε > 0 ¸ste |f(xn) − f(x)| ≥ ε gia k�je n ∈ N. AfoÔ
h f eÐnai topik� fragmènh, up�rqoun perioq  Ux tou x kai M > 0 ¸ste |f(t)| ≤ M
gia k�je t ∈ Ux. AfoÔ xn → x, up�rqei n0 ∈ N ¸ste xn ∈ Ux gia k�je n ≥ n0.
Tìte, |f(xn)| ≤ M gia k�je n ≥ n0, �ra h (f(xn)) eÐnai fragmènh akoloujÐa sto R.
Apì to je¸rhma Bolzano–Weierstrass up�rqei upakoloujÐa (f(xkn)) thc (f(xn)) h opoÐa
sugklÐnei se k�poio y ∈ R. Tìte, (xkn

, f(xkn
)) ∈ Gr(f) kai (xkn

, f(xkn
)) → (x, y). AfoÔ

to Gr(f) eÐnai kleistì sumperaÐnoume ìti y = f(x), dhlad  f(xkn
) → f(x). Autì eÐnai

�topo, diìti |f(xkn
)− f(x)| ≥ ε gia k�je n ∈ N.

4.10. 'Estw f : (X, ρ) → (Y, σ) suneq c sun�rthsh kai èstw A diaqwrÐsimo uposÔno-
lo tou X (dhlad , o (A, ρA) eÐnai diaqwrÐsimoc). DeÐxte ìti to f(A) eÐnai diaqwrÐsimo
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uposÔnolo tou Y .

Upìdeixh. 'Estw D arijm simo puknì uposÔnolo tou (A, ρ|A). JewroÔme to f(D) ⊆
f(A). To f(D) eÐnai ki autì arijm simo. Ja deÐxoume ìti eÐnai puknì ston (f(A), σ|f(A)).
'Estw y ∈ f(A) kai èstw ε > 0. Up�rqei x ∈ A ¸ste y = f(x). H f eÐnai suneq c
sto x, �ra up�rqei δ > 0 ¸ste an x1 ∈ B(x, δ) tìte σ(f(x1), f(x)) < ε. AfoÔ to
D eÐnai puknì sto A, mporoÔme na broÔme d ∈ D ∩ B(x, δ). Tìte, f(d) ∈ f(D) kai
σ(f(d), y) = σ(f(d), f(x)) < ε. Ta y ∈ f(A) kai ε > 0  tan tuqìnta, �ra to f(D) eÐnai
puknì (kai arijm simo) uposÔnolo tou f(A).

4.11. 'Estw f : (X, ρ) → (Y, σ) suneq c sun�rthsh kai D puknì uposÔnolo tou X.
Exet�ste an oi parak�tw isqurismoÐ eÐnai alhjeÐc.

(a) An h f |D eÐnai fragmènh, tìte h f eÐnai fragmènh.

(b) An h f |D eÐnai omoiìmorfa suneq c, tìte h f eÐnai omoiìmorfa suneq c.

(g) An h f |D eÐnai 1-1, tìte h f eÐnai 1-1.

Upìdeixh. (a) H upìjesh ìti h f |D eÐnai fragmènh shmaÐnei ìti up�rqei (kleist ) mp�la
B̂(y, r) ston Y ¸ste f(d) ∈ B̂(y, r) gia k�je d ∈ D. 'Estw x ∈ X. AfoÔ to D eÐnai
puknì uposÔnolo tou X, up�rqei akoloujÐa (dn) sto D me dn → x. Tìte, f(x) =
lim

n→∞
f(dn) �ra f(x) ∈ B̂(y, r) = B̂(y, r). Autì deÐqnei ìti f(X) ⊆ B̂(x, r), dhlad  h f

eÐnai fragmènh.

(b) 'Estw ε > 0. AfoÔ h f |D eÐnai omoiìmorfa suneq c, up�rqei δ > 0 ¸ste: an d1, d2 ∈ D
kai ρ(d1, d2) < δ tìte σ(f(d1), f(d2)) < ε. 'Estw x1, x2 ∈ X me ρ(x1, x2) < δ/2. H f
eÐnai suneq c sta x1 kai x2, �ra up�rqei η > 0 ¸ste an x ∈ X kai ρ(x, xi) < η tìte
σ(f(x), f(xi)) < ε, i = 1, 2. AfoÔ to D eÐnai puknì ston X, mporoÔme na broÔme
d1, d2 ∈ D ¸ste ρ(d1, x1) < min{δ/4, η} kai ρ(d2, x2) < min{δ/4, η}. Tìte,

ρ(d1, d2) ≤ ρ(d1, x1) + ρ(x1, x2) + ρ(x2, d2) <
δ

4
+
δ

2
+
δ

4
= δ,

�ra σ(f(d1), f(d2)) < ε. EpÐshc, apì tic ρ(di, xi) < η (i = 1, 2) paÐrnoume σ(f(di), f(xi)) <
ε, i = 1, 2. 'Epetai ìti

σ(f(x1), f(x2)) ≤ σ(f(x1), f(d1)) + σ(f(d1), f(d2)) + σ(f(d2), f(x2)) < ε+ ε+ ε = 3ε.

DeÐxame ìti: gia k�je ε > 0 up�rqei δ > 0 me thn ex c idiìthta: an x1, x2 ∈ X kai
ρ(x1, x2) < δ/2 tìte σ(f(x1), f(x2)) < 3ε. 'Ara, h f : X → Y eÐnai omoiìmorfa suneq c.

(g) Den eÐnai aparaÐthta swstì: h sun�rthsh f : R → R me f(x) = x2 den eÐnai 1-1. To
sÔnolo D = {x ∈ Q : x > 0} ∪ {x ∈ R \ Q : x < 0} eÐnai puknì uposÔnolo tou R kai h
f |D eÐnai 1-1 (parathr ste ìti: an t 6= s kai f(t) = f(s) 6= 0 tìte t = −s, kai eidikìtera,
oi t, s eÐnai eterìshmoi kai eÐte t, s ∈ Q   t, s /∈ Q).

4.12. D¸ste par�deigma fragmènhc, suneqoÔc sun�rthshc f : R → R h opoÐa den eÐnai
omoiìmorfa suneq c. MporeÐ mia mh fragmènh sun�rthsh na eÐnai omoiìmorfa suneq c?
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Upìdeixh. JewroÔme th sun�rthsh f : R → R me f(x) = cos(x2). H f eÐnai suneq c kai
fragmènh: |f(x)| ≤ 1 gia k�je x ∈ R. 'Omwc h f den eÐnai omoiìmorfa suneq c: gia na
to doÔme, jewroÔme tic akoloujÐec

xn =
√

(n+ 1)π kai yn =
√
nπ.

Tìte,

xn − yn =
√

(n+ 1)π −
√
nπ =

(n+ 1)π − nπ√
(n+ 1)π +

√
nπ

=
π√

(n+ 1)π +
√
nπ

→ 0,

all�
|f(xn)− f(yn)| = | cos((n+ 1)π)− cos(nπ)| = 2

gia k�je n ∈ N.
Up�rqoun omoiìmorfa suneqeÐc sunart seic g : R → R pou den eÐnai fragmènec. Gia

par�deigma, h g(x) = x.

4.13. 'Estw (X, ρ), (Y, σ) metrikoÐ q¸roi kai f : X → Y . DeÐxte ìti ta akìlouja eÐnai
isodÔnama:

(a) H f eÐnai omoiìmorfa suneq c.

(b) Gia k�je ε > 0 up�rqei δ = δ(ε) > 0 ¸ste: an A,B ⊆ X me dist(A,B) < δ, tìte
dist(f(A), f(B)) < ε.

Upìdeixh. (a) ⇒ (b) 'Estw ε > 0. Up�rqei δ > 0 ¸ste: an x, y ∈ X kai ρ(x, y) < δ tìte
σ(f(x), f(y)) < ε. JewroÔme A,B ⊆ X me

dist(A,B) = inf{ρ(a, b) : a ∈ A, b ∈ B} < δ.

Tìte, up�rqoun a0 ∈ A kai b0 ∈ B ¸ste ρ(a0, b0) < δ. 'Epetai ìti σ(f(a0), f(b0)) < ε.
Tìte,

dist(f(A), f(B)) = inf{σ(f(a), f(b)) : a ∈ A, b ∈ B} ≤ σ(f(a0), f(b0)) < ε.

(b) ⇒ (a) 'Estw ε > 0. 'Eqoume upojèsei ìti up�rqei δ > 0 ¸ste: an A,B ⊆ X kai
dist(A,B) < δ tìte dist(f(A), f(B)) < ε. JewroÔme x, y ∈ X me ρ(x, y) < δ. An
jèsoume A = {x} kai B = {y} tìte dist(A,B) = ρ(x, y) < δ, sunep¸c σ(f(x), f(y)) =
dist(f(A), f(B)) < ε.

4.14. 'Estw (X, ρ) metrikìc q¸roc kai A,B ⊆ X kleist� kai xèna. An f : X → [0, 1]
eÐnai h sun�rthsh tou Urysohn, dhlad  f(x) = dist(x,A)

dist(x,A)+dist(x,B) , apodeÐxte ìti:

(a) An dist(A,B) = 0, tìte h f den eÐnai omoiìmorfa suneq c.

(b) An dist(A,B) = δ > 0, tìte h f eÐnai δ−1�Lipschitz.
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Upìdeixh. (a) AfoÔ dist(A,B) = inf{ρ(a, b) : a ∈ A, b ∈ B} = 0, mporoÔme na broÔme
xn ∈ A kai yn ∈ B ¸ste ρ(xn, yn) < 1/n. Tìte, ρ(xn, yn) → 0. An h f  tan omoiìmorfa
suneq c, ja eÐqame |f(xn) − f(yn)| → 0. 'Omwc, f ≡ 0 sto A kai f ≡ 1 sto B, �ra
|f(xn)− f(yn)| = 1 6→ 0. 'Epetai ìti h f den eÐnai omoiìmorfa suneq c.

(b) Gia suntomÐa gr�foume dA(x) := dist(x,A) kai dB(x) := dist(x,B). 'Estw x ∈ X.
Gia k�je a ∈ A kai b ∈ B èqoume

ρ(x, a) + ρ(x, b) ≥ ρ(a, b) ≥ dist(A,B) = δ.

PaÐrnontac infimum pr¸ta wc proc a ∈ A kai met� wc proc b ∈ B sumperaÐnoume ìti

dA(x) + dB(x) ≥ δ gia k�je x ∈ X.

'Estw x, y ∈ X. Qrhsimopoi¸ntac kai to gegonìc ìti oi dA, dB eÐnai sunart seic Lipschitz
me stajer� 1, èqoume

|f(x)− f(y)| =
∣∣∣∣ dA(x)
dA(x) + dB(x)

− dA(y)
dA(y) + dB(y)

∣∣∣∣
=

1
(dA(x) + dB(x))(dA(y) + dB(y))

|dA(x)dB(y)− dA(y)dB(x)|

=
1

(dA(x) + dB(x))(dA(y) + dB(y))
|(dA(x)− dA(y))dB(y) + dA(y)(dB(y)− dB(x))|

≤ 1
(dA(x) + dB(x))(dA(y) + dB(y))

(
|dA(x)− dA(y)|dB(y) + dA(y)|dB(y)− dB(x)|

)
≤ 1

(dA(x) + dB(x))(dA(y) + dB(y))
(
dB(y) + dA(y)

)
ρ(x, y)

=
1

(dA(x) + dB(x))
ρ(x, y) ≤ 1

δ
ρ(x, y).

4.15. 'Estw (X, ρ) metrikìc q¸roc kai A,B ⊆ X me dist(A,B) > 0 kai f1 : A → R,
f2 : B → R (omoiìmorfa) suneqeÐc sunart seic. ApodeÐxte ìti h sun�rthsh f : A∪B → R
me

f(x) =
{
f1(x), x ∈ A
f2(x), x ∈ B

eÐnai (omoiìmorfa) suneq c.

Upìdeixh. Exet�zoume mìno thn perÐptwsh pou oi f1, f2 eÐnai omoiìmorfa suneqeÐc. Ja
deÐxoume ìti h f eÐnai omoiìmorfa suneq c. 'Estw ε > 0. AfoÔ h f1 eÐnai omoiìmorfa
suneq c, up�rqei δ1 > 0 ¸ste: an a1, a2 ∈ A kai ρ(a1, a2) < δ1 tìte |f1(a1)−f1(a2)| < ε.
'Omoia, afoÔ h f2 eÐnai omoiìmorfa suneq c, up�rqei δ2 > 0 ¸ste: an b1, b2 ∈ B kai
ρ(b1, b2) < δ2 tìte |f2(b1)−f2(b2)| < ε. Jètoume δ = 1

2 min{δ1, δ2,dist(A,B)} > 0. 'Estw
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x, y ∈ A ∪ B me ρ(x, y) < δ. AfoÔ ρ(x, y) < dist(A,B), ja èqoume x, y ∈ A   x, y ∈ B.
Sthn pr¸th perÐptwsh, afoÔ ρ(x, y) < δ < δ1 paÐrnoume |f(x)−f(y)| = |f1(x)−f1(y)| <
ε. Sth deÔterh, afoÔ ρ(x, y) < δ < δ2 paÐrnoume |f(x) − f(y)| = |f2(x) − f2(y)| < ε.
'Epetai ìti h f eÐnai omoiìmorfa suneq c.

4.16. D¸ste èna par�deigma duo xènwn uposunìlwn enìc metrikoÔ q¸rou ta opoÐa di-
aqwrÐzontai, all� de diaqwrÐzontai pl rwc.

Upìdeixh. Lème ìti dÔo xèna uposÔnola A kai B enìc metrikoÔ q¸rou (X, ρ) diaqwrÐzontai
an up�rqoun anoikt� sÔnola U, V ⊆ X ¸ste A ⊆ U , B ⊆ V kai U ∩ V = ∅. An epiplèon
isqÔei U ∩V = ∅, lème ìti ta A kai B diaqwrÐzontai pl rwc. Sto R me th sun jh metrik 
jewroÔme ta sÔnola A = (−∞, 0) kai B = (0,∞). Ta A kai B diaqwrÐzontai, diìti eÐnai
 dh anoikt�: an p�roume U = A kai V = B tìte A ⊆ U , B ⊆ V kai U ∩ V = A∩B = ∅.
'Omwc, den diaqwrÐzontai pl rwc: an jewr soume opoiad pote anoikt� sÔnola U1 ⊇ A
kai V1 ⊇ B, tìte 0 ∈ A ⊆ U1 kai 0 ∈ B ⊆ V1, �ra 0 ∈ U1 ∩ V1 dhlad  U1 ∩ V1 6= ∅.

4.17. 'Estw F mh kenì kleistì uposÔnolo tou R kai f : F → R suneq c sun�rthsh.
DeÐxte ìti up�rqei suneq c sun�rthsh g : R → R me thn idiìthta g(x) = f(x) gia k�je
x ∈ F .

Upìdeixh. MporoÔme na gr�youme to R \ F san ènwsh to polÔ arijm simwn to pl joc
xènwn an� dÔo anoikt¸n diasthm�twn: R \ F =

⋃
(an, bn). Parathr ste ìti gia k�je n

isqÔei an, bn ∈ F , dhlad  oi timèc f(an), f(bn) eÐnai orismènec. EpekteÐnoume thn f se
mia sun�rthsh g : R → R orÐzont�c thn se k�je (an, bn). O aploÔsteroc trìpoc eÐnai na
jèsoume

g(x) =
bn − x

bn − an
f(an) +

x− an

bn − an
f(bn), x ∈ (an, bn),

dhlad  na p�roume thn g grammik  sto [an, bn]. An x ∈ F orÐzoume g(x) = f(x). EÔkola
elègqoume ìti h g eÐnai suneq c se k�je (an, bn), arkeÐ loipìn na elègxoume ìti h g eÐnai
suneq c se k�je shmeÐo tou F . Gia na elègxete th sunèqeia thc g sto x apì dexi�, deÐxte
pr¸ta ìti up�rqoun ta ex c trÐa endeqìmena:

(i) Up�rqei δ > 0 ¸ste [x, x+ δ) ⊂ F .

(ii) Up�rqei n ∈ N ¸ste x = an.

(iii) Gia k�je δ > 0 up�rqei n ∈ N ¸ste (an, bn) ⊂ [x, x+ δ).

'Estw ìti den isqÔei to 1. Tìte gia k�je δ > 0 èqoume F c ∩ [x, x + δ) 6= ∅. An x = an

telei¸same, diaforetik� gia k�je δ > 0 up�rqei n ∈ N ¸ste [x, x + δ) ∩ (an, bn) 6= ∅.
Autì ìmwc dÐnei ìti gia k�je δ > 0 up�rqei n ∈ N ¸ste (an, bn) ⊆ [x, x+ δ). (Pr�gmati;
kat� arq n parathr ste ìti de mporeÐ na eÐnai an < x lìgw tou ìti ta (an, bn) eÐnai
xèna an� duo. T¸ra, an δ > 0 up�rqei n ∈ N ¸ste [x, x + δ) ∩ (an, bn) 6= ∅. Tìte gia
0 < δ′ < an − x èqoume ìti up�rqei k ∈ N ¸ste (ak, bk)∩ [x, x+ δ′) 6= ∅. 'Ara, to (ak, bk)
eÐnai aristerìtera tou (an, bn) afoÔ eÐnai xèna, dhlad  (ak, bk) ⊆ [x, x+ δ)).
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T¸ra deÐqnoume ìti se kajemi� apì tic treic peript¸seic h g eÐnai suneq c apì ta dexi�
tou x. 'Estw ε > 0.
Gia to 1: 'Eqoume ìti up�rqei δ1 > 0 ¸ste [x, x+ δ1) ⊆ F . H f eÐnai suneq c sto x (apì
ta dexi�) �ra, up�rqei δ2 > 0 ¸ste an t ∈ F ∩ [x, x + δ2) tìte |f(t) − f(x)| < ε. 'Estw
δ = min{δ1, δ2} > 0 kai t ∈ [x, x+ δ). Tìte eÐnai t ∈ F �ra

|g(t)− g(x)| = |f(t)− f(x)| < ε.

Gia to 2: 'Eqoume ìti x = an gia k�poio n ∈ N. Tìte gia 0 < δ < min{ (bn−an)ε
1+|f(bn)−f(an)| , bn−

an} isqÔei [x, x+ δ) ⊆ [an, bn) kai an t ∈ [x, x+ δ) èqoume:

|g(t)− g(x)| =
∣∣∣∣f(an)− f(bn)

an − bn
(t− x)

∣∣∣∣ < δ

∣∣∣∣f(an)− f(bn)
an − bn

∣∣∣∣ < ε.

Gia to 3: Apì th sunèqeia thc f sto x (apì ta dexi�) èqoume ìti up�rqei δ1 > 0 ¸ste
an t ∈ F ∩ [x, x + δ1) tìte |f(t) − f(x)| < ε/3. S� aut n thn perÐptwsh up�rqei k ∈ N
¸ste (ak, bk) ⊆ [x, x + δ1). Tìte, an t ∈ [x, ak) (ed¸ δ = ak − x > 0) diakrÐnoume tic
upopeript¸seic:

• An t ∈ F , tìte isqÔei: |g(t)− g(x)| = |f(t)− f(x)| < ε/3.

• An t /∈ F , up�rqei m ∈ N ¸ste t ∈ (am, bm). Parathr ste ìti se aut n thn
perÐptwsh x < am < bm < ak. Tìte prokÔptei:

|g(t)−g(x)| =
∣∣∣∣f(bm)− f(am)

bm − am
(t− am) + f(am)− f(x)

∣∣∣∣ ≤ |f(bm)−f(am)|+|f(am)−f(x)| < ε

afoÔ am, bm ∈ F ∩ [x, x+ δ1).

'Etsi se k�je perÐptwsh h g eÐnai suneq c sto x apì ta dexi�. 'Omoia deÐqnoume th
sunèqeia apì arister�.

4.18. 'Estw (X, ρ) metrikìc q¸roc kai A ⊆ X. An f : A → R eÐnai omoiìmorfa
suneq c sun�rthsh, apìdeixte ìti h f epekteÐnetai se mia omoiìmorfa suneq  sun�rthsh
F : A→ R.

Upìdeixh. 'Estw x ∈ A. JewroÔme tuqoÔsa akoloujÐa (xn) sto A me xn → x. H (xn)
eÐnai basik , �ra h (f(xn)) eÐnai basik  akoloujÐa sto R (diìti h f eÐnai omoiìmorfa
suneq c). Tìte, up�rqei to lim

n→∞
f(xn) ∈ R. An (x′n) eÐnai k�poia �llh akoloujÐa sto

A me x′n → x, tìte ρ(xn, x
′
n) → 0 �ra f(x′n) − f(xn) → 0 (p�li apì thn omoiìmorfh

sunèqeia thc f). Sunep¸c, lim
n→∞

f(x′n) = lim
n→∞

f(xn). MporoÔme loipìn na orÐsoume

F (x) = lim
n→∞

f(xn) paÐrnontac san (xn) mÐa apì tic akoloujÐec tou A pou sugklÐnoun

sto x (to ìrio den exart�tai apì thn epilog  thc akoloujÐac).
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H F eÐnai epèktash thc f : an x ∈ A tìte h stajer  akoloujÐa xn = x eÐnai sto A
kai sugklÐnei sto x, �ra F (x) = lim

n→∞
f(xn) = lim

n→∞
f(x) = f(x). Mènei na deÐxoume

ìti h F eÐnai omoiìmorfa suneq c. 'Estw ε > 0. AfoÔ h f eÐnai omoiìmorfa suneq c,
up�rqei δ > 0 ¸ste an z, w ∈ A kai ρ(z, w) < δ tìte |f(z) − f(w)| < ε/2. 'Estw
x, y ∈ A me ρ(x, y) < δ. Up�rqoun xn, yn ∈ A ¸ste xn → x kai yn → y. Tìte,
lim

n→∞
ρ(xn, yn) = ρ(x, y) < δ, �ra up�rqei n0 ∈ N ¸ste, gia k�je n ≥ n0 na isqÔei

ρ(xn, yn) < δ. Apì thn epilog  tou δ èqoume |f(xn) − f(yn)| < ε/2 gia k�je n ≥ n0.
Sunep¸c, |F (x)− F (y)| = lim

n→∞
|f(xn)− f(yn)| ≤ ε/2 < ε.

4.19. 'Estw f : (X, ρ) → (Y, σ) omoiomorfismìc. DeÐxte ìti o (X, ρ) eÐnai diaqwrÐsimoc
an kai mìno an o (Y, σ) eÐnai diaqwrÐsimoc.

Upìdeixh. 'Estw D arijm simo puknì uposÔnolo tou (X, ρ). JewroÔme to f(D) ⊆ Y .
To f(D) eÐnai ki autì arijm simo. Ja deÐxoume ìti eÐnai puknì ston (Y, σ). 'Estw y ∈ Y
kai èstw ε > 0. H f eÐnai epÐ, �ra up�rqei x ∈ X ¸ste y = f(x). H f eÐnai suneq c
sto x, �ra up�rqei δ > 0 ¸ste an x1 ∈ B(x, δ) tìte σ(f(x1), f(x)) < ε. AfoÔ to
D eÐnai puknì ston X, mporoÔme na broÔme d ∈ D ∩ B(x, δ). Tìte, f(d) ∈ f(D) kai
σ(f(d), y) = σ(f(d), f(x)) < ε. Ta y ∈ Y kai ε > 0  tan tuqìnta, �ra to f(D) eÐnai
puknì (kai arijm simo) uposÔnolo tou Y .

Parathr ste ìti qrhsimopoi same mìno to gegonìc ìti h f eÐnai epÐ kai suneq c. Gia
thn antÐstrofh kateÔjunsh ja qreiastoÔme th sunèqeia (kai to {epÐ}) thc f−1.

4.20. Exet�ste an isquoun ta parak�tw.

(a) To R eÐnai omoiomorfikì me to Z.
(b) To R eÐnai omoiomorfikì me to Q.

(g) To Q eÐnai omoiomorfikì me to Z.
(d) To Z eÐnai omoiomorfikì me to N.

Upìdeixh. (a) To R den eÐnai omoiomorfikì me to Z. Den up�rqei 1-1 kai epÐ sun�rthsh
f : R → Z diìti to R eÐnai uperarijm simo en¸ to Z eÐnai arijm simo. Sunep¸c, den
up�rqei omoiomorfismìc f : R → Z.
(b) To R den eÐnai omoiomorfikì me to Q. Den up�rqei 1-1 kai epÐ sun�rthsh f : R →
Q diìti to R eÐnai uperarijm simo en¸ to Q eÐnai arijm simo. Sunep¸c, den up�rqei
omoiomorfismìc f : R → Q.

(g) To Q den eÐnai omoiomorfikì me to Z. Ac upojèsoume ìti up�rqei omoiomorfismìc
f : Q → Z. JewroÔme thn akoloujÐa (qn) sto Q me qn = 1

n . 'Eqoume qn = 1
n → 0 ∈ Q,

�ra f(1/n) → f(0). Anagkastik�, h f(1/n) prèpei na eÐnai telik� stajer  kai Ðsh me
f(0) (oi sugklÐnousec akoloujÐec akeraÐwn eÐnai oi telik� stajerèc akoloujÐec akeraÐwn).
Up�rqei loipìn n0 ∈ N ¸ste f(1/n) = f(0) gia k�je n ≥ n0. Tìte, afoÔ h f eÐnai 1-1,
ja prèpei na isqÔei 1/n = 0 gia k�je n ≥ n0, to opoÐo eÐnai �topo.
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(d) To Z eÐnai omoiomorfikì me to N. 'Eqoume dei ìti k�je sun�rthsh u : N → (X, ρ) eÐnai
omoiìmorfa suneq c kai k�je sun�rthsh v : Z → (Y, σ) eÐnai omoiìmorfa suneq c. Ta
sÔnola N kai Z eÐnai isoplhjik�, �ra up�rqei 1-1 kai epÐ sun�rthsh f : N → Z. Tìte, oi
f kai f−1 eÐnai suneqeÐc, �ra h f eÐnai omoiomorfismìc.

4.21. 'Estw f : (X, ρ) → (Y, σ). H f lègetai anoikt  an gia k�je anoiktì G ⊆ X to
f(G) eÐnai anoiktì uposÔnolo tou Y . An�loga, h f lègetai kleist  an gia k�je kleistì
F ⊆ X to f(F ) eÐnai kleistì uposÔnolo tou Y .

(a)D¸ste par�deigma: suneqoÔc sun�rthshc h opoÐa den eÐnai anoikt , anoikt c sun�rthsh-
c h opoÐa den eÐnai suneq c, suneqoÔc sun�rthshc h opoÐa den eÐnai kleist , kleist c
sun�rthshc h opoÐa den eÐnai suneq c.

(b) An h f : (X, ρ) → (Y, σ) eÐnai 1-1 kai epÐ, deÐxte ìti ta ex c eÐnai isodÔnama: (i) h f
eÐnai anoikt , (ii) h f eÐnai kleist , (iii) h f−1 eÐnai suneq c.

Sunep¸c, an h f eÐnai suneq c kai anoikt  (  kleist ) tìte eÐnai omoiomorfismìc.

Upìdeixh. (a) H tautotik  sun�rthsh g : R → (R, δ) me g(x) = x eÐnai anoikt , diìti ìla
ta uposÔnola tou R eÐnai δ-anoikt�. Den eÐnai ìmwc suneq c: sthn �skhsh 6 eÐdame ìti
oi mìnec suneqeÐc sunart seic apì to R ston (R, δ) eÐnai oi stajerèc sunart seic. H Ðdia
sun�rthsh eÐnai kleist  (all� ìqi suneq c). H tautotik  sun�rthsh g−1 : (R, δ) → R
me g−1(x) = x eÐnai suneq c all� den eÐnai kleist  oÔte anoikt  (ja èprepe ìla ta
uposÔnola tou R na eÐnai kleist�,   antÐstoiqa, anoikt�).

'Alla paradeÐgmata: k�je suneq c sun�rthsh f : R → R pou eÐnai stajer  se k�poio
di�sthma [a, b] den eÐnai anoikt  (exhg ste giatÐ). H sun�rthsh f(x) = |x| apeikonÐzei to
(−1, 1) sto [0, 1). H sun�rthsh f(x) = x

1+|x| apeikonÐzei to kleistì sÔnolo [0,∞) sto

[0, 1).
(b) Upojètoume pr¸ta ìti h f eÐnai anoikt . 'Estw F kleistì uposÔnolo tou (X, ρ).
Tìte, to X \F eÐnai anoiktì, �ra to f(X \F ) eÐnai anoiktì uposÔnolo tou (Y, σ). 'Omwc,
f(X \ F ) = Y \ f(F ) diìti h f eÐnai 1-1 kai epÐ. 'Ara, to f(F ) eÐnai kleistì. 'Epetai ìti
h f eÐnai kleist .

Upojètoume t¸ra ìti h f eÐnai kleist . Gia k�je kleistì F ⊆ X èqoume ìti to
(f−1)−1(F ) = F eÐnai kleistì ston (Y, σ). 'Ara, h f−1 eÐnai suneq c.

Upojètoume tèloc ìti h f−1 : Y → X eÐnai suneq c. Tìte, gia k�je G ⊆ X anoiktì,
èqoume ìti to f(G) = (f−1)−1(G) eÐnai anoiktì. 'Ara, h f eÐnai anoikt .

4.22. 'Estw (Xi, di) , i = 1, . . . ,m metrikoÐ q¸roi kai X =
∏m

i=1Xi o q¸roc ginìmeno
me th metrik  d =

∑m
i=1 di. H sun�rthsh i−probol  eÐnai h πi : X → Xi pou orÐzetai

wc ex c:
πi(x1, . . . , xi, . . . , xm) = xi.

ApodeÐxte ìti h πi eÐnai suneq c, epÐ kai anoikt .

Upìdeixh. H πi eÐnai profan¸c epÐ: an xi ∈ Xi epilègoume tuqìnta xj ∈ Xj , j 6= i kai
gia to x = (x1, . . . , xm) ∈ X èqoume πi(x) = xi. H sunèqeia thc πi prokÔptei apì to
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gegonìc ìti h d eÐnai metrik  ginìmeno. An xn = (xn
1 , . . . , x

n
m) d−→ x = (x1, . . . , xm) tìte,

gia k�je j ≤ m èqoume xn
j

dj−→ xj , �ra πi(xn) = xn
i

di−→ xi = πi(x). Apì thn arq 
thc metafor�c h πi eÐnai suneq c. Tèloc, h πi eÐnai anoikt : èstw G ⊆ X anoiktì. An
x = (x1, . . . , xm) ∈ G tìte mporoÔme na broÔme δ > 0 ¸ste Bd(x, δ) ⊆ G. Apì ton orismì
thc d elègqoume eÔkola ìti

U := Bd1(x1, δ/m)× · · · ×Bdm(xm, δ/m) ⊆ Bd(x, δ) ⊆ G.

Tìte, πi(U) = Bdi
(xi, δ/m) ⊆ πi(G), dhlad  Bdi

(πi(x), δ/m) ⊆ πi(G). AfoÔ to pi(x) ∈
πi(G)  tan tuqìn, to πi(G) eÐnai anoiktì uposÔnolo tou Xi.

4.23. 'Estw f : (X, ρ) → (Y, σ). DeÐxte ìti h f eÐnai anoikt  an kai mìno an f(A◦) ⊆
(f(A))◦ gia k�je A ⊆ X. D¸ste par�deigma miac suneqoÔc, anoikt c sun�rthshc f :
X → Y kai k�poiou A ⊆ X ¸ste to f(A◦) na perièqetai gn sia sto (f(A))◦.

Upìdeixh. Upojètoume pr¸ta ìti h f eÐnai anoikt . 'Estw A ⊆ X. To A◦ eÐnai anoiktì,
�ra to f(A◦) eÐnai anoiktì. AfoÔ A◦ ⊆ A, èqoume f(A◦) ⊆ f(A). 'Epetai ìti f(A◦) ⊆
(f(A))◦. Gia thn antÐstrofh kateÔjunsh, apl¸c parathroÔme ìti an G eÐnai èna anoiktì
uposÔnolo tou X tìte h upìjesh mac dÐnei f(G) = f(G◦) ⊆ (f(G))◦. Tìte, f(G) =
(f(G))◦ �ra to f(G) eÐnai anoiktì.

H probol  π1 : R2 → R me π1(x, y) = x eÐnai suneq c kai anoikt  (deÐte thn �skhsh
22). An jèsoume A = {(x, x) : x ∈ R} tìte A◦ = ∅ kai f(A) = R. 'Ara, f(A◦) = ∅ en¸
(f(A))◦ = R.

Sumplhrwmatikèc ask seic
4.24. 'Estw (X, ρ), (Y, σ) metrikoÐ q¸roi kai f : X → Y . Gia k�je δ ≥ 0 orÐzoume to
mètro sunèqeiac (modulus of continuity) thc f wc ex c:

ωf (δ) = sup{σ(f(x), f(y)) : d(x, y) ≤ δ, x, y ∈ X}.

(a) DeÐxte ìti h sun�rthsh ωf : [0,∞) → [0,∞] eÐnai aÔxousa, dhlad  an 0 ≤ δ1 < δ2
tìte ωf (δ1) ≤ ωf (δ2).

(b) DeÐxte ìti h sun�rthsh f : X → Y eÐnai omoiìmorfa suneq c an kai mìnon an isqÔei
ωf (δ) → 0 kaj¸c δ → 0+.

Upìdeixh. (a) An 0 ≤ δ1 < δ2 tìte {σ(f(x), f(y)) : ρ(x, y) ≤ δ1, x, y ∈ X} ⊆
{σ(f(x), f(y)) : ρ(x, y) ≤ δ2, x, y ∈ X}, �ra

ωf (δ1) = sup{σ(f(x), f(y)) : ρ(x, y) ≤ δ1, x, y ∈ X}
≤ sup{σ(f(x), f(y)) : ρ(x, y) ≤ δ2, x, y ∈ X}
= ωf (δ2).
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(b) Upojètoume pr¸ta ìti h f eÐnai omoiìmorfa suneq c. 'Estw ε > 0. Up�rqei δ1 > 0
¸ste: an x, y ∈ X kai ρ(x, y) < δ1 tìte σ(f(x), f(y)) < ε/2. 'Estw 0 < δ < δ1. Tìte,

ωf (δ) = sup{σ(f(x), f(y)) : ρ(x, y) ≤ δ, x, y ∈ X} ≤ ε/2 < ε.

Sunep¸c, lim
δ→0+

ωf (δ) = 0.

AntÐstrofa, upojètoume ìti lim
δ→0+

ωf (δ) = 0. 'Estw ε > 0. Up�rqei δ > 0 ¸ste

ωf (δ) < ε. Tìte, an x, y ∈ X kai ρ(x, y) < δ èqoume σ(f(x), f(y)) ≤ ωf (δ) < ε. Autì
apodeiknÔei ìti h f eÐnai omoiìmorfa suneq c.

4.25. 'Estw (X, ρ) metrikìc q¸roc. ApodeÐxte ìti ta akìlouja eÐnai isodÔnama:

(a) H ρ eÐnai isodÔnamh me th diakrit  metrik  ston X.

(b) K�je sugklÐnousa akoloujÐa ston X eÐnai telik� stajer .

(g) O X den èqei shmeÐa suss¸reushc.

(d) Gia k�je metrikì q¸ro Y , k�je f : X → Y eÐnai suneq c.

(e) H kleist  j kh k�je anoiktoÔ sunìlou G ⊆ X eÐnai anoiktì sÔnolo.

Upìdeixh. (a) ⇒ (b) Upojètoume ìti h ρ eÐnai isodÔnamh me th diakrit  metrik  ston X.
'Estw (xn) akoloujÐa ston X me ρ(xn, x) → 0. AfoÔ ρ ∼ δ, ja isqÔei δ(xn, x) → 0.
'Omwc, gnwrÐzoume ìti k�je sugklÐnousa akoloujÐa ston (X, δ) eÐnai telik� stajer .
'Ara, h (xn) eÐnai telik� stajer .

(b) ⇒ (g) Upojètoume ìti k�je sugklÐnousa akoloujÐa ston X eÐnai telik� stajer .
'Estw x shmeÐo suss¸reushc tou X. GnwrÐzoume ìti up�rqei akoloujÐa (xn) sto X h
opoÐa sugklÐnei sto x kai èqei ìrouc diaforetikoÔc an� dÔo. Tìte, h (xn) eÐnai sugklÐ-
nousa kai den eÐnai telik� stajer , �topo.

(g) ⇒ (d) Upojètoume ìti o X den èqei shmeÐa suss¸reushc. 'Estw (Y, σ) metrikìc
q¸roc, f : X → Y kai x0 ∈ X. Ja deÐxoume ìti h f eÐnai suneq c sto x0. AfoÔ to x0

den eÐnai shmeÐo suss¸reushc tou X, up�rqei δ > 0 ¸ste Bρ(x0, δ) = {x0}. Tìte, gia
k�je ε > 0, èqoume f(Bρ(x0, δ)) = {f(x0)} ⊆ Bσ(f(x0), ε). 'Ara, h f eÐnai suneq c sto
x0.

(d) ⇒ (e) Upojètoume ìti, gia k�je metrikì q¸ro Y , k�je f : X → Y eÐnai suneq c.
'Estw G anoiktì uposÔnolo tou X. H qarakthristik  sun�rthsh χG : X → R eÐnai
suneq c, �ra (apì thn �skhsh 7) èqoume bd(G) = ∅. Tìte, G = G∪ bd(G) = G, dhlad 
to G eÐnai anoiktì.

(e)⇒ (a) Upojètoume ìti h kleist  j kh k�je anoiktoÔ sunìlou G ⊆ (X, ρ) eÐnai anoiktì
sÔnolo. Gia na deÐxoume ìti ρ ∼ δ prèpei na elègxoume ìti xn

ρ−→ x an kai mìno an

xn
δ−→ x dhlad  an kai mìno an h (xn) eÐnai telik� stajer  (me ìrouc Ðsouc me x).

H mÐa kateÔjunsh eÐnai faner , upojètoume loipìn ìti xn
ρ−→ x. An h (xn) den eÐnai

telik� stajer  mporoÔme na upojèsoume (pern¸ntac an qreiasteÐ se upakoloujÐa) ìti
h akoloujÐa ρ(xn, x) eÐnai gnhsÐwc fjÐnousa kai mhdenik . MporoÔme tìte na broÔme
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akoloujÐa aktÐnwn δn > 0 ¸ste oi mp�lec B(xn, δn) na eÐnai xènec kai x /∈
⋃∞

n=1B(xn, δn)
(�skhsh). OrÐzoume G1 =

⋃∞
k=1B(x2k, δ2k) kai G2 =

⋃∞
k=1B(x2k−1, δ2k−1). Ta G1, G2

eÐnai xèna apì thn kataskeu . OrÐzoume U1 = G1 kai U2 = G2. 'Eqoume G1 ⊆ X \ G2

kai to X \G2 eÐnai kleistì, �ra U1 ⊆ X \G2. Apì thn upìjesh, to U2 eÐnai anoiktì kai,
xekin¸ntac t¸ra apì thn G2 ⊆ X \ U1 blèpoume ìti U2 ⊆ X \ U1, dhlad , U1 ∩ U2 = ∅.
'Omwc, apì thn x2k

ρ→ x èqoume x ∈ G1 = U1 kai apì thn x2k−1
ρ→ x èqoume x ∈ G2 = U2.

'Ara x ∈ U1 ∩ U2, to opoÐo eÐnai �topo.

4.26. (a) Mia sun�rthsh f : (X, ρ) → R lègetai k�tw hmisuneq c an gia k�je t ∈ R
to sÔnolo {x ∈ X : f(x) ≤ t} eÐnai kleistì uposÔnolo tou X. DeÐxte ìti h f eÐnai k�tw
hmisuneq c an kai mìno an, gia k�je akoloujÐa (xn) ston X me xn → x ∈ X, isqÔei

f(x) ≤ lim inf
n→∞

f(xn).

D¸ste par�deigma k�tw hmisuneqoÔc sun�rthshc h opoÐa den eÐnai suneq c.

(b)Mia sun�rthsh f : (X, ρ) → R lègetai �nw hmisuneq c an h −f eÐnai k�tw hmisuneq -
c. Diatup¸ste kai apodeÐxte qarakthrismoÔc thc �nw hmisuneqoÔc sun�rthshc, antÐs-
toiqouc me touc qarakthrismoÔc thc k�tw hmisuneqoÔc sun�rthshc pou perigr�fthkan
sto (a).

Upìdeixh. (a) Upojètoume pr¸ta ìti h f eÐnai k�tw hmisuneq c. 'Estw (xn) sto X
me xn → x ∈ X. Jètoume t = lim inf

n→∞
f(xn). An f(x) > t tìte up�rqei ε > 0 ¸ste

x /∈ Ft+ε = {z ∈ X : f(z) ≤ t + ε}. AfoÔ to Ft+ε eÐnai kleistì, up�rqei δ > 0 ¸ste
Ft+ε ∩ B(x, δ) = ∅. 'Omwc, up�rqei upakoloujÐa xkn

→ x ¸ste f(xkn
) → t. Autì

shmaÐnei ìti telik� ja isqÔoun oi xkn
∈ B(x, δ) kai f(xkn

) < t + ε, dhlad  xkn
∈ Ft+ε.

'Epetai ìti Ft+ε ∩B(x, δ) 6= ∅, to opoÐo eÐnai �topo.
AntÐstrofa, èstw Ft = {z ∈ X : f(z) ≤ t}, t ∈ R. JewroÔme x ∈ Ft. Tìte, up�rqei

(xn) sto Ft me xn → x. Gia k�je n ∈ N èqoume f(xn) ≤ t, �ra lim inf
n→∞

f(xn) ≤ t. Apì

thn upìjesh, f(x) ≤ lim inf
n→∞

f(xn) ≤ t, dhlad  x ∈ Ft. 'Ara, to Ft eÐnai kleistì.

Mia k�tw hmisuneq c sun�rthsh pou den eÐnai suneq c eÐnai h f : R → R me f(x) = 0
an x = 0 kai f(x) = 1 an x 6= 0 (exhg ste giatÐ).

(b) Mia sun�rthsh f : (X, ρ) → R eÐnai �nw hmisuneq c an gia k�je t ∈ R to sÔnolo
{x ∈ X : f(x) ≥ t} eÐnai kleistì uposÔnolo tou X. H f eÐnai �nw hmisuneq c an kai
mìno an, gia k�je akoloujÐa (xn) ston X me xn → x ∈ X, isqÔei

f(x) ≥ lim sup
n→∞

f(xn).

Mia �nw hmisuneq c sun�rthsh pou den eÐnai suneq c eÐnai h f : R → R me f(x) = 1 an
x = 0 kai f(x) = 0 an x 6= 0 (exhg ste giatÐ).

4.27. DÐnontai oi metrikoÐ q¸roi (X1, d1), . . . , (Xk, dk) kai o q¸roc ginìmeno
∏k

i=1Xi me
metrik  ginìmeno thn d∞ = max{di : 1 ≤ i ≤ k}. 'Estw (X, d) ènac metrikìc q¸roc kai
f : X →

∏k
i=1Xi me f = (f1, . . . , fk), ìpou fi : X → Xi gia i = 1, . . . , k. DeÐxte ta ex c:
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(a) H f eÐnai suneq c an kai mìno an oi fi, i = 1, . . . , k eÐnai suneqeÐc.

(b) H f eÐnai Lipschitz an kai mìno an k�je fi eÐnai Lipschitz.

(g) H f eÐnai omoiomìrfa suneq c an kai mìno an oi fi, i = 1, . . . , k eÐnai omoiìmorfa
suneqeÐc.

(d) EÐnai swstì ìti h f eÐnai isometrÐa an kai mìno an oi fi eÐnai isometrÐec?

(e) EÐnai swstì ìti h f eÐnai omoiomorfismìc an kai mìno an oi fi eÐnai omoiomorfismoÐ?

Upìdeixh. (a) 'Estw (xn) akoloujÐa ston X me xn → x. An oi fi, i = 1, . . . , k eÐnai
suneqeÐc tìte fi(xn) → fi(x) gia k�je i = 1, . . . , k kai sumperaÐnoume ìti f(xn) →
f(x) apì to gegonìc ìti h d eÐnai metrik  ginìmeno. Gia thn antÐstrofh kateÔjunsh
parathr ste ìti fi = πi ◦ f , i = 1, . . . , k.

(b) An k�je fi eÐnai Lipschitz me stajer� Mi > 0 tìte gia k�je x, y ∈ X èqoume

d(f(x), f(y)) = max{di(fi(x), fi(y)) : i = 1, . . . , k} ≤ (maxMi) ρ(x, y).

AntÐstrofa, an h f eÐnai Lipschitz me stajer� M > 0 tìte gia k�je x, y ∈ X kai gia
k�je i = 1, . . . , k èqoume

di(fi(x), f)i(y)) ≤ d(f(x), f(y)) ≤M ρ(x, y).

(g) Upojètoume pr¸ta ìti oi fi, i = 1, . . . , k eÐnai omoiìmorfa suneqeÐc. 'Estw ε > 0.
BrÐskoume δi > 0 ¸ste: an ρ(x, y) < δi tìte di(fi(x), fi(y)) < ε. Tìte, an ρ(x, y) < δ =
min{δ1, . . . , δk} èqoume

d(f(x), f(y)) = max{di(fi(x), fi(y)) : i = 1, . . . , k} < ε.

Gia thn antÐstrofh kateÔjunsh douleÔoume an�loga.

(d) An k�je fi eÐnai isometrÐa tìte h f eÐnai isometrÐa. Pr�gmati, èqoume gia k�je
1 ≤ i ≤ k di(fi(x), fi(y)) = d(x, y) gia k�je x, y ∈ Xi. Tìte, an x, y ∈ X isqÔei:

d∞(f(x), f(y)) = max{di(fi(x), fi(y)) : 1 ≤ i ≤ k} = d(x, y).

To antÐstrofo den isqÔei: An gia par�deigma jewr soume tic sunart seic πi : (Rk, ‖ ·
‖∞) → (R, | · |) me πi(x1, . . . , xi, . . . , xk) = xi (dhlad  thn i�probol ) tìte kami� apì tic
πi den eÐnai isometrÐa, all� h f = (π1, . . . , πk) : (Rk, ‖ · ‖∞) → (Rk, ‖ · ‖∞) eÐnai isometrÐa
afoÔ eÐnai h tautotik  sun�rthsh.

(e) To prohgoÔmeno par�deigma deÐqnei ìti mporeÐ h f na eÐnai omoiomorfismìc kai kami�
apì tic fi na mhn eÐnai. EpÐshc, mporeÐ k�je fi na omoiomorfismìc kai h f na mhn eÐnai: An
jewr soume tic f1, f2 : (R, | · |) → (R, | · |) me f1(x) = x kai f2(x) = −x tìte autèc eÐnai
omoiomorfismoÐ, all� h f = (f1, f2) : (R, | · |) → (R2, ‖ · ‖∞) den eÐnai epÐ. (Parathr ste
ìti ìla ta shmeÐa ta stèlnei p�nw sthn eujeÐa x+ y = 0.)
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4.28.* ApodeÐxte ìti up�rqoun dÔo metrikoÐ q¸roi (X, ρ), (Y, σ) oi opoÐoi den eÐnai o-
moiomorfikoÐ all� ikanopoioÔn to ex c: up�rqoun sunart seic f : X → Y, g : Y → X oi
opoÐec eÐnai suneqeÐc, 1-1 kai epÐ.

Upìdeixh. JewroÔme ta ex c uposÔnola tou R:

X = {−m : m ∈ N} ∪

( ∞⋃
n=0

[2n, 2n+ 1)

)
, Y = X ∪ {1}

me th sun jh metrik . Tìte, oi sunart seic f : X → Y kai g : Y → X me

f(x) =

 x+ 1, x ≤ −2
1, x = −1
x, x ≥ 0

, g(x) =


x, x ≤ −1
x
2 , 0 ≤ x ≤ 1
x−1

2 , 2 ≤ x < 3
x− 2, x ≥ 4

eÐnai suneqeÐc 1-1 kai epÐ. Par� ìla aut� oi X,Y den eÐnai omoiomorfikoÐ. Pr�gmati;
an up�rqei h : Y → X omoiomorfismìc tìte, h h|[0,1] : [0, 1] → Y eÐnai suneq c kai 1-1.
Apì to Je¸rhma Endi�meshc Tim c to h([0, 1]) eÐnai kleistì kai fragmèno (mh tetrimmèno)
di�sthma. Opìte up�rqei n ≥ 0 ¸ste f([0, 1]) ⊆ [2n, 2n + 1). 'Estw f([0, 1]) = [a, b] ⊆
[2n, 2n+ 1). Tìte up�rqei b < c < 2n+ 1. Gia ton Ðdio lìgo h h−1 apeikonÐzei to [b, c] se
kleistì kai fragmèno di�sthma, ìmwc diaforetikì apì to [0, 1] (exhg ste giatÐ). 'Estw
m ≥ 1 ¸ste h−1([b, c]) ⊆ [2m, 2m + 1). Tìte h h−1|[a,c] : [a, c] → [0, 1] ∪ [2m, 2m + 1)
eÐnai suneq c kai to sÔnolo tim¸n thc den eÐnai di�sthma. Autì eÐnai �topo sÔmfwna me
to Je¸rhma Endi�meshc Tim c.



Kef�laio 5

Pl reic metrikoÐ q¸roi

5.1. Sto sÔnolo N twn fusik¸n jewroÔme tic metrikèc d(m,n) = |m− n| kai ρ(m,n) =
| 1
m − 1

n |.
(a) DeÐxte ìti o (N, d) eÐnai pl rhc all� o (N, ρ) den eÐnai pl rhc.

(b) DeÐxte ìti k�je monosÔnolo {n} eÐnai d-anoiktì kai ρ-anoiktì.

(g) DeÐxte ìti oi metrikèc ρ kai d eÐnai isodÔnamec (�ra, oi (N, d) kai (N, ρ) eÐnai omoiomor-
fikoÐ).

Upìdeixh. (a) 'Estw (xn) basik  akoloujÐa ston (N, d). Epilègoume ε = 1/2 > 0 kai
brÐskoume n0 ∈ N ¸ste, gia k�je n,m ≥ n0, d(xn, xm) = |xn − xm| < 1/2. AfoÔ
xn, xm ∈ N, èpetai ìti xn = xm. Eidikìtera, autì shmaÐnei ìti xn = xn0 gia k�je
n ≥ n0. Dhlad , h (xn) eÐnai telik� stajer , �ra sugklÐnei.

Ston (N, ρ) jewroÔme thn akoloujÐa xn = n. H (xn) eÐnai ρ-basik : èstw ε > 0.
BrÐskoume n0 ∈ N ¸ste 1

n0
< ε. Tìte, gia k�je m > n ≥ n0 èqoume ρ(xm, xn) =∣∣ 1

m − 1
n

∣∣ = 1
n −

1
m < 1

n ≤ 1
n0
< ε. 'Omwc, den up�rqei x ∈ N ¸ste ρ(n, x) → 0: ja eÐqame∣∣ 1

n −
1
x

∣∣→ 0, dhlad  1
n → 1

x (me th sun jh metrik ) to opoÐo shmaÐnei ìti 1
x = 0, �topo.

(b) 'Estw n ∈ N. Ston (N, d) èqoume {n} = B(n, 1/2). 'Ara, to {n} eÐnai d-anoiktì
sÔnolo. Ston (N, ρ) parathroÔme ìti: an m > n tìte ρ(m,n) = 1

n −
1
m ≥ 1

n −
1

n+1 =
1

n(n+1) en¸ an m < n (ed¸ upojètoume ìti n ≥ 2) ìmoia blèpoume ìti ρ(m,n) = 1
m − 1

n ≥
1

n−1 −
1
n = 1

n(n−1) . An epilèxoume 0 < ε < min
{

1
n(n−1) ,

1
n(n+1)

}
tìte {n} = B(n, ε).

'Ara, to {n} eÐnai ρ-anoiktì.

(g) AfoÔ ta monosÔnola eÐnai anoikt� kai stouc dÔo q¸rouc, isqÔei d(xn, x) → 0 an
kai mìno an h (xn) eÐnai telik� stajer , to opoÐo me th seir� tou isqÔei an kai mìno an
ρ(xn, x) → 0.

5.2. JewroÔme to R me metrik  thn d(x, y) = | arctanx− arctan y|. DeÐxte ìti h d eÐnai
isodÔnamh me th sun jh metrik  tou R all� o (R, d) den eÐnai pl rhc.
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Upìdeixh. 'Estw (xn) akoloujÐa sto R me xn
|·|−→ x. H sun�rthsh arctan : R →

(
−π

2 ,
π
2

)
eÐnai suneq c, �ra arctanxn → arctanx. 'Omwc tìte, d(xn, x) = | arctanxn−arctanx| →
0. Gia thn antÐstrofh kateÔjunsh, douleÔoume me ton Ðdio trìpo, qrhsimopoi¸ntac th
sunèqeia thc tan :

(
−π

2 ,
π
2

)
→ R: an d(xn, x) → 0 tìte yn = arctanxn → arctanx = y,

�ra xn = tan yn → tan y = x (wc proc th sun jh metrik ). Sunep¸c, h d eÐnai isodÔnamh
me th sun jh metrik  tou R.

Gia na deÐxoume ìti o (R, d) den eÐnai pl rhc, jewroÔme thn akoloujÐa xn = n. H (xn)
eÐnai basik  akoloujÐa ston (R, d): èstw ε > 0. AfoÔ limx→∞ arctanx = π/2, up�rqei
n0 ∈ N ¸ste |π/2− arctann| < ε/2 gia k�je n ≥ n0. Tìte, an m,n ≥ n0 èqoume

d(xn, xm) = d(n,m) = | arctann−arctanm| ≤ |π/2−arctann|+|π/2−arctanm| < ε

2
+
ε

2
= ε.

Ac upojèsoume ìti up�rqei w ∈ R ¸ste xn = n → w wc proc thn d. Tìte, arctann →
arctanw kaj¸c to n → ∞. 'Omwc, lim

n→∞
arctann = π/2, �ra arctanw = π/2, to opoÐo

eÐnai �topo.

5.3. (a) DeÐxte ìti o (`p, ‖ · ‖p), 1 ≤ p <∞ eÐnai pl rhc.

(b) DeÐxte ìti o kÔboc tou Hilbert H∞ eÐnai pl rhc metrikìc q¸roc.

(g) DeÐxte ìti o (c00, ‖ · ‖∞) den eÐnai pl rhc.

Upìdeixh. (a) 'Estw (xn) basik  akoloujÐa ston `p. Gr�foume xn = (xn(k)) = (xn(1), . . . , xn(k), . . .).
'Estw ε > 0. AfoÔ h (xn) eÐnai basik , up�rqei n0(ε) ∈ N ¸ste, gia k�je n, s ≥ n0,

(∗)

( ∞∑
k=1

|xn(k)− xs(k)|p
)1/p

< ε.

Tìte, gia k�je n, s ≥ n0 kai k�je k ∈ N èqoume

|xn(k)− xs(k)| ≤

( ∞∑
k=1

|xn(k)− xs(k)|p
)1/p

< ε.

Dhlad , gia k�je k ∈ N h akoloujÐa (xn(k))n∈N eÐnai basik  sto R. Apì thn plhrìth-
ta tou R, up�rqoun x(1), . . . , x(k), . . . ∈ R ¸ste lim

n→∞
xn(k) = x(k) gia k�je k ∈ N.

OrÐzoume x = (x(1), . . . , x(k), . . .). Ja deÐxoume ìti x ∈ `p kai ‖xn − x‖p → 0.
StajeropoioÔme N ∈ N: apì thn (∗) èqoume, gia k�je n, s ≥ n0,(

N∑
k=1

|xn(k)− xs(k)|p
)1/p

< ε.

EpÐshc,

lim
s→∞

(
N∑

k=1

|xn(k)− xs(k)|p
)1/p

=

(
N∑

k=1

|xn(k)− x(k)|p
)1/p

,
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�ra, gia k�je n ≥ n0, (
N∑

k=1

|xn(k)− x(k)|p
)1/p

≤ ε.

Af nontac to N →∞ sumperaÐnoume ìti, gia k�je n ≥ n0,

(∗∗)

( ∞∑
k=1

|xn(k)− x(k)|p
)1/p

≤ ε.

Eidikìtera, gia n = n0 èqoume ìti x − xn0 ∈ `p kai, afoÔ xn0 ∈ `p, apì thn anisìthta
tou Minkowski blèpoume ìti x = (x − xn0) + xn0 ∈ `p. Epiplèon, h (∗∗) deÐqnei ìti, gia
k�je n ≥ n0,

‖x− xn‖p ≤ ε,

ap� ìpou sumperaÐnoume ìti xn → x.

(b) 'Estw (xn) basik  akoloujÐa stonH∞. Gr�foume xn = (xn(k)) = (xn(1), . . . , xn(k), . . .).
'Estw ε > 0. AfoÔ h (xn) eÐnai basik , up�rqei n0(ε) ∈ N ¸ste, gia k�je n, s ≥ n0,

(∗) d(xn, xs) =
∞∑

k=1

|xn(k)− xs(k)|
2k

< ε.

Tìte, gia k�je n, s ≥ n0 kai k�je i ∈ N èqoume

|xn(i)− xs(i)| ≤ 2i
∞∑

k=1

|xn(k)− xs(k)|
2k

< 2iε.

Dhlad , gia k�je i ∈ N h akoloujÐa (xn(i))n∈N eÐnai basik  sto R. Apì thn plhrìth-
ta tou R, up�rqoun x(1), . . . , x(k), . . . ∈ R ¸ste lim

n→∞
xn(k) = x(k) gia k�je k ∈ N.

OrÐzoume x = (x(1), . . . , x(k), . . .). Profan¸c, |x(k)| = lim
n→∞

|xn(k)| ≤ 1, �ra x ∈ H∞.

Mènei na deÐxoume ìti d(xn, x) → 0.
StajeropoioÔme N ∈ N: apì thn (∗) èqoume, gia k�je n, s ≥ n0,

N∑
k=1

|xn(k)− xs(k)|
2k

< ε.

EpÐshc,

lim
s→∞

N∑
k=1

|xn(k)− xs(k)|
2k

=
N∑

k=1

|xn(k)− x(k)|
2k

,

�ra, gia k�je n ≥ n0,
N∑

k=1

|xn(k)− x(k)|
2k

≤ ε.
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Af nontac to N →∞ sumperaÐnoume ìti, gia k�je n ≥ n0,

d(xn, x) =
∞∑

k=1

|xn(k)− x(k)|
2k

≤ ε.

Autì apodeiknÔei ìti xn
d−→ x.

(g) ArkeÐ na deÐxoume ìti o c00 den eÐnai kleistì uposÔnolo tou `∞ (giatÐ o `∞ eÐnai

pl rhc). OrÐzoume xn =
(
1, 1

2 , . . . ,
1
n , 0, . . .

)
kai x =

(
1, 1

2 , . . . ,
1
n ,

1
n+1 , . . .

)
∈ `∞ \ c00.

Tìte,

‖xn − x‖∞ = sup
{
|1− 1|, . . . ,

∣∣∣∣ 1n − 1
n

∣∣∣∣ , ∣∣∣∣0− 1
n+ 1

∣∣∣∣ , . . .} =
1

n+ 1
→ 0.

Br kame (xn) ston c00 me xn → x ∈ `∞ \ c00. 'Ara, o c00 den eÐnai kleistì uposÔnolo
tou `∞.

5.4. JewroÔme ton C([0, 1]) me metrik  thn

ρ1(f, g) =
∫ 1

0

|f(t)− g(t)| dt.

DeÐxte ìti h (fn)n≥2 me

fn(t) =


0 , 0 ≤ t ≤ 1

2 ,

n
(
x− 1

2

)
, 1

2 < x < 1
2 + 1

n ,

1 , 1
2 + 1

n ≤ t ≤ 1,

eÐnai basik  akoloujÐa wc proc thn ρ1 all� den eÐnai sugklÐnousa.

Upìdeixh. DeÐqnoume pr¸ta ìti h (fn) eÐnai basik  akoloujÐa wc proc thn d: èstw n > m.
Tìte, am = 1

2 + 1
m > 1

2 + 1
n = an kai

d(fn, fm) =
∫ 1/2

0

|fn−fm|+
∫ am

1/2

|fn−fm|+
∫ 1

am

|fn−fm| =
∫ am

1/2

|fn−fm| ≤ am−
1
2

=
1
m
.

'Estw t¸ra ε > 0. Up�rqei n0 ∈ N me 1
n0
< ε, kai an n > m ≥ n0, tìte

d(fn, fm) ≤ 1
m
≤ 1
n0

< ε,

dhlad , h (fn) eÐnai basik . Ac upojèsoume ìti fn → f (wc proc thn d) gia k�poia
suneq  f : [0, 1] → R. Dhlad , ∫ 1

0

|fn(t)− f(t)|dt→ 0
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kaj¸c to n→∞. Eidikìtera,

0 ≤
∫ 1/2

0

|f(t)|dt =
∫ 1/2

0

|fn(t)− f(t)|dt ≤
∫ 1

0

|fn(t)− f(t)|dt→ 0,

dhlad 
∫ 1/2

0
|f(t)| dt = 0. AfoÔ h f eÐnai suneq c sto [0, 1], prèpei na isqÔei f(t) = 0 gia

k�je t ∈ [0, 1/2].
'Estw t¸ra δ ∈ (1/2, 1). Up�rqei n0 ∈ N ¸ste 1

2 + 1
n < δ gia k�je n ≥ n0. Tìte, gia

k�je n ≥ n0 èqoume fn(t) = 1 gia k�je t ∈ [δ, 1]. 'Omwc,

0 ≤
∫ 1

δ

|fn(t)− f(t)|dt ≤
∫ 1

0

|fn(t)− f(t)|dt→ 0,

�ra ∫ 1

δ

|1− f(t)|dt = 0.

Apì th sunèqeia thc f sumperaÐnoume ìti f(t) = 1 gia k�je t ∈ [δ, 1], kai afoÔ to δ  tan
tuqìn sto (1/2, 1), èpetai ìti f(t) = 1 gia k�je t ∈ (1/2, 1]. 'Epetai ìti h f eÐnai asuneq c
sto shmeÐo t0 = 1/2, to opoÐo eÐnai �topo afoÔ h f upotèjhke suneq c sto [0, 1].

5.5. JewroÔme dÔo metrikèc d1 kai d2 sto Ðdio sÔnolo X. Upojètoume ìti up�rqoun
a, b > 0 ¸ste: gia k�je x, y ∈ X,

ad1(x, y) ≤ d2(x, y) ≤ bd1(x, y).

DeÐxte ìti mia akoloujÐa (xn) ston X eÐnai basik  ston (X, d1) an kai mìno an eÐnai basik 
ston (X, d2).

Upìdeixh. Upojètoume ìti h (xn) eÐnai basik  akoloujÐa ston (X, d1). 'Estw ε > 0.
Up�rqei n0 ∈ N ¸ste, gia k�je m,n ≥ n0 na isqÔei d1(xn, xm) < ε/b. Tìte, an
m,n ≥ n0,

d2(xn, xm) ≤ b · d1(xn, xm) < b
ε

b
= ε,

kai afoÔ to ε > 0  tan tuqìn, h (xn) eÐnai basik  akoloujÐa ston (X, d2). H antÐstrofh
kateÔjunsh eÐnai entel¸c an�logh.

5.6. 'Estw (X, ρ) metrikìc q¸roc kai D puknì uposÔnolo tou X. DeÐxte ìti: an k�je
basik  akoloujÐa (xn) stoiqeÐwn tou D sugklÐnei se k�poio x ∈ X, tìte o X eÐnai pl rhc.

Upìdeixh. 'Estw (xn) basik  akoloujÐa ston (X, ρ). To D eÐnai puknì uposÔnolo tou
X, �ra gia k�je n ∈ N mporoÔme na broÔme dn ∈ D me thn idiìthta ρ(xn, dn) < 1/n.

'Estw ε > 0. AfoÔ h (xn) eÐnai basik , up�rqei n0 ∈ N ¸ste: gia k�je n,m ≥ n0,

ρ(xn, xm) <
ε

3
.
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EpÐshc, up�rqei n1 ∈ N ¸ste 1/n1 < ε/3. An jèsoume n2 = max{n0, n1}, tìte gia k�je
n,m ≥ n2 èqoume

ρ(dn, dm) ≤ ρ(dn, xn) + ρ(xn, xm) + ρ(xm, dm) <
1
n

+
ε

3
+

1
m
<
ε

3
+
ε

3
+
ε

3
= ε.

Sunep¸c, h (dn) eÐnai basik  akoloujÐa sto D. Apì thn upìjes  mac, up�rqei x ∈ X
¸ste ρ(dn, x) → 0. 'Omwc, ρ(dn, xn) ≤ 1/n, dhlad  ρ(dn, xn) → 0. 'Ara,

0 ≤ ρ(xn, x) ≤ ρ(xn, dn) + ρ(dn, x) → 0.

Dhlad , xn → x. AfoÔ h (xn)  tan tuqoÔsa basik  akoloujÐa ston X, o (X, ρ) eÐnai
pl rhc.

5.7. DeÐxte ìti ènac metrikìc q¸roc (X, ρ) eÐnai pl rhc an kai mìnon an k�je kleist 
mp�la

B̂(x, ε) = {z ∈ X : ρ(z, x) ≤ ε},

ìpou x ∈ X kai ε > 0, eÐnai pl rhc metrikìc upìqwroc tou X.

Upìdeixh. An o (X, ρ) eÐnai pl rhc tìte k�je kleist  mp�la B̂(x, ε) eÐnai kleistì up-
osÔnolo tou X, �ra eÐnai pl rhc metrikìc upìqwroc tou X.

Gia thn antÐstrofh kateÔjunsh, èstw (xn) basik  akoloujÐa ston X. GnwrÐzoume
ìti k�je basik  akoloujÐa eÐnai fragmènh. Sunep¸c, up�rqoun x ∈ X kai r > 0 ¸ste
xn ∈ B̂(x, r) gia k�je n ∈ N. H B̂(x, r) eÐnai pl rhc metrikìc q¸roc me thn epagìmenh
metrik  (apì thn upìjesh) kai h (xn) eÐnai basik  ston (X, ρ), �ra eÐnai basik  kai ston
(B̂(x, r), ρ). Sunep¸c, up�rqei x0 ∈ B̂(x, r) ¸ste ρ(xn, x0) → 0. Dhlad , xn → x0 ston
X. H (xn)  tan tuqoÔsa basik  akoloujÐa ston X, �ra o (X, ρ) eÐnai pl rhc.

5.8. 'Estw (X, ρ) metrikìc q¸roc. DeÐxte ìti o X eÐnai pl rhc an kai mìnon an k�je
arijm simo, kleistì uposÔnolo tou X eÐnai pl rhc metrikìc upìqwroc.

Upìdeixh. An o (X, ρ) eÐnai pl rhc metrikìc q¸roc tìte k�je kleistì (�ra kai k�je
arijm simo kleistì) uposÔnolo tou X eÐnai pl rhc metrikìc upìqwroc. AntÐstrofa,
èstw (xn) basik  akoloujÐa ston X. JewroÔme to arijm simo sÔnolo A = {xn : n ∈ N}
kai diakrÐnoume dÔo peript¸seic:

(i) An to A eÐnai kleistì sÔnolo, tìte o (A, ρ) eÐnai pl rhc metrikìc q¸roc apì thn
upìjesh, �ra up�rqei x ∈ A ¸ste xn → x.

(ii) An to A den eÐnai kleistì, apì thn A = A∪A′ sumperaÐnoume ìti A′ 6= ∅. 'Ara, up�r-
qei x ∈ X to opoÐo eÐnai shmeÐo suss¸reushc tou A. Autì shmaÐnei ìti k�je perioq 
tou x perièqei �peirouc ìrouc thc (xn). Qrhsimopoi¸ntac aut  thn parat rhsh m-
poroÔme na orÐsoume upakoloujÐa (xkn

) thc (xn) me xkn
→ x. AfoÔ h (xn) eÐnai

basik  kai èqei sugklÐnousa (sto x) upakoloujÐa, èpetai ìti xn → x.
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5.9. 'Estw (X, ρ) metrikìc q¸roc. DeÐxte ìti o (X, ρ) eÐnai pl rhc an kai mìno an k�je
akoloujÐa fragmènhc kÔmanshc ston X eÐnai sugklÐnousa.

Upìdeixh. Upojètoume pr¸ta ìti o (X, ρ) eÐnai pl rhc. 'Estw (xn) akoloujÐa fragmènhc
kÔmanshc ston X. 'Estw ε > 0. AfoÔ

∑∞
n=1 ρ(xn, xn+1) < +∞, up�rqei N ∈ N ¸ste

∞∑
n=N

ρ(xn, xn+1) < ε.

An k > l ≥ N , tìte

ρ(xl, xk) ≤ ρ(xl, xl+1) + · · ·+ ρ(xk−1, xk) ≤
∞∑

n=l

ρ(xn, xn+1) ≤
∞∑

n=N

ρ(xn, xn+1) < ε.

'Ara, h (xn) eÐnai basik  akoloujÐa kai, afoÔ o (X, ρ) eÐnai pl rhc, h (xn) eÐnai sugklÐ-
nousa.

AntÐstrofa, èstw (xn) basik  akoloujÐa. Jètoume ε = 1
2 kai brÐskoume k1 ∈ N ¸ste

ρ(xk, xm) < 1
2 gia k�je k,m ≥ k1. Sth sunèqeia jètoume ε = 1

22 kai brÐskoume k2 > k1

¸ste ρ(xk, xm) < 1
22 gia k�je k,m ≥ k2. SuneqÐzoume epagwgik�: sto n-ostì b ma

jètoume ε = 1
2n kai brÐskoume kn > kn−1 ¸ste ρ(xk, xm) < 1

2n gia k�je k,m ≥ kn.
JewroÔme thn upakoloujÐa (xkn

). Apì ton trìpo orismoÔ twn kn blèpoume ìti: gia k�je
n ∈ N èqoume kn+1, kn ≥ kn, �ra ρ(xkn+1 , xkn

) < 1
2n . 'Epetai ìti

∑∞
n=1 ρ(xkn+1 , xkn

) ≤∑∞
n=1

1
2n = 1 < +∞. Sunep¸c, h (xkn

) èqei fragmènh kÔmansh. Apì thn upìjesh,
up�rqei x ∈ X ¸ste xkn

→ x. AfoÔ h (xn) eÐnai basik  kai èqei sugklÐnousa (sto x)
upakoloujÐa, èpetai ìti xn → x.

5.10. 'Estw (X, ρ) metrikìc q¸roc, (xn) akoloujÐa ston X kai x ∈ X ¸ste xn → x.
JewroÔme to sÔnolo A = {xn : n = 1, 2, . . .} ∪ {x}. ApodeÐxte ìti o (A, ρ|A) eÐnai pl rhc
metrikìc q¸roc.

Upìdeixh. 'Estw (ym) basik  akoloujÐa sto A. Dhlad , k�je ym eÐnai ìroc thc akolou-
jÐac (xn)   y = x. DiakrÐnoume dÔo peript¸seic:

(i) An to sÔnolo B = {ym : m ∈ N} twn ìrwn thc (ym) eÐnai peperasmèno, tìte h (ym)
eÐnai telik� stajer . [Pr�gmati: an to B eÐnai peperasmèno kai èqei toul�qiston
dÔo stoiqeÐa, tìte up�rqei h el�qisth jetik  apìstash δ diakekrimènwn shmeÐwn
tou B. 'Omwc, h (ym) eÐnai basik , �ra gia meg�la m,n ja èqoume ρ(ym, yn) < δ,
dhlad  ym = yn]. AfoÔ h (ym) eÐnai telik� stajer , eÐnai sugklÐnousa.

(ii) An to sÔnolo B = {ym : m ∈ N} twn ìrwn thc (ym) eÐnai �peiro, tìte eÐte ym = x
gia �peirouc deÐktec m   mporoÔme na broÔme upakoloujÐa thc (ym) pou eÐnai kai
upakoloujÐa thc (xn). [Pr�gmati: an ym 6= x gia k�je m ≥ s1, èqoume ys1 = xk1

gia k�poion k1 ∈ N. To sÔnolo {ym : m ≥ s1 +1} perièqei �peirouc ìrouc thc (xn)
�ra kai k�poion ys2 = xk2 me k2 > k1. SuneqÐzontac ètsi brÐskoume ysn = xkn ¸ste
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h (ysn
) na eÐnai upakoloujÐa thc (yn) kai thc (xn) tautìqrona. AfoÔ xn → x èqoume

ysn
= xkn

→ x. Se k�je perÐptwsh, h basik  akoloujÐa (ym) èqei sugklÐnousa
upakoloujÐa, �ra sugklÐnei.

5.11. 'Estw ρ metrik  sto R ¸ste: (i) o (R, ρ) eÐnai pl rhc kai (ii) h ρ eÐnai isodÔnamh
me th sun jh metrik . DeÐxte ìti up�rqei δ > 0 ¸ste diamρ([n,∞)) ≥ δ gia k�je n ∈ N.

Upìdeixh. AfoÔ [n,∞) ⊇ [n + 1,∞) gia k�je n ∈ N, h akoloujÐa an = diamρ([n,∞))
eÐnai fjÐnousa (kai èqei mh arnhtikoÔc ìrouc). 'Ara, sugklÐnei sto inf{an : n ∈ N}. An
den up�rqei δ > 0 ¸ste an ≥ δ gia k�je n ∈ N, tìte lim

n→∞
an = inf{an : n ∈ N} = 0.

AfoÔ h ρ eÐnai isodÔnamh me th sun jh metrik , èqoume ìti k�je [n,∞) eÐnai ρ-kleistì.
'Etsi, èqoume mia fjÐnousa akoloujÐa kleist¸n uposunìlwn tou (R, ρ) pou h akoloujÐa
twn diamètrwn touc sugklÐnei sto mhdèn. AfoÔ o (R, ρ) eÐnai pl rhc, efarmìzetai to
je¸rhma tou Cantor: ja isqÔei

⋂∞
n=1[n,∞) 6= ∅, to opoÐo eÐnai �topo.

5.12. 'Estw X pl rhc q¸roc me nìrma kai B̂(xn, rn) fjÐnousa akoloujÐa apì kleistèc
mp�lec. ApodeÐxte ìti

⋂∞
n=1 B̂(xn, rn) 6= ∅.

Upìdeixh. DeÐqnoume pr¸ta ìti ‖xn+1−xn‖ ≤ rn− rn+1 gia k�je n ∈ N. An xn+1 = xn

autì eÐnai fanerì, en¸ an xn+1 6= xn parathroÔme ìti y = xn+1 + xn+1−xn

‖xn+1−xn‖rn+1 ∈
B̂(xn+1, rn+1) ⊆ B̂(xn, rn), opìte ‖y − xn‖ ≤ rn =⇒ ‖xn+1 − xn‖ + rn+1 ≤ rn. AfoÔ
rn − rn+1 ≥ 0, h (rn) eÐnai fjÐnousa, �ra sugklÐnei. Eidikìtera, eÐnai basik  akoloujÐa.
EpÐshc, an n < m èqoume

‖xm−xn‖ ≤ ‖xm−xm−1‖+· · ·+‖xn+1−xn‖ ≤ (rm−1−rm)+· · ·+(rn−rn+1) = rn−rm,

opìte h (xn) eÐnai basik  akoloujÐa ston X. O X eÐnai pl rhc, �ra up�rqei x0 ∈ X

¸ste xn → x0. Tèloc, deÐqnoume ìti x0 ∈
∞⋂

n=1
B̂(xn, rn): gia k�je n ∈ N èqoume

xm ∈ B̂(xn, rn) gia k�je m ≥ n, �ra x0 = lim
m→∞

xm ∈ B̂(xn, rn).

5.13. it 'Estw (X, ρ) pl rhc metrikìc q¸roc kai f : X → Y suneq c sun�rthsh.
ApodeÐxte ìti an (En) eÐnai fjÐnousa akoloujÐa kleist¸n uposunìlwn touX, me diam(En) →
0, tìte

f

( ∞⋂
n=1

En

)
=

∞⋂
n=1

f(En).

Upìdeixh. 'Eqoume
⋂∞

n=1En ⊆ Em gia k�je m ∈ N, �ra f (
⋂∞

n=1En) ⊆ f(Em) gia k�je
m ∈ N. 'Epetai ìti

f

( ∞⋂
n=1

En

)
⊆

∞⋂
m=1

f(Em) =
∞⋂

n=1

f(En).



· 79

Gia ton antÐstrofo egkleismì: èstw y ∈
⋂∞

n=1 f(En). Gia k�je n ∈ N, up�rqei xn ∈ En

¸ste f(xn) = y. AfoÔ diam(En) → 0, èqoume
⋂∞

n=1En = {x} apì to je¸rhma tou
Cantor. EpÐshc, gia k�je n ∈ N èqoume xn, x ∈ En �ra ρ(xn, x) ≤ diam(En) → 0.
Dhlad , xn → x. Tìte, afoÔ h f eÐnai suneq c, èqoume

f(x) = lim
n→∞

f(xn) = lim
n→∞

y = y.

Dhlad , y = f(x) ∈ f (
⋂∞

n=1En).

5.14. 'Estw (X, ρ) pl rhc metrikìc q¸roc kai G mh kenì anoiktì uposÔnolo tou X.
OrÐzoume th sun�rthsh

σ(x, y) = ρ(x, y) +
∣∣∣∣ 1
dist(x,X \G)

− 1
dist(y,X \G)

∣∣∣∣
sto G × G. DeÐxte ìti o (G, σ) eÐnai pl rhc metrikìc q¸roc kai ìti h σ eÐnai isodÔnamh
me thn ρ|G.

Upìdeixh. ParathroÔme ìti an x, y ∈ G, tìte dist(x,X \ G) > 0 kai dist(y,X \ G) > 0
(giatÐ to X \ G eÐnai kleistì kai x, y /∈ X \ G). 'Ara, h σ orÐzetai kal�. Elègqoume
eÔkola ìti h σ eÐnai metrik .

'Estw (xn) basik  akoloujÐa ston (G, σ). Gia k�je ε > 0 up�rqei n0 ∈ N ¸ste, an
m,n ≥ n0 tìte

0 ≤ ρ(xn, xm) ≤ σ(xn, xm) < ε,

�ra h (xn) eÐnai basik  akoloujÐa kai ston (X, ρ). Up�rqei loipìn x ∈ X ¸ste ρ(xn, x) →
0. EpÐshc,

0 ≤
∣∣∣∣ 1
dist(xn, X \G)

− 1
dist(xm, X \G)

∣∣∣∣ ≤ σ(xn, xm) < ε,

dhlad , h (1/dist(xn, X \ G)) eÐnai basik  akoloujÐa ston (R, | · |), �ra eÐnai fragmènh.
Up�rqei loipìn M > 0 me thn idiìthta: gia k�je n ∈ N,

1
dist(xn, X \G)

≤M =⇒ dist(xn, X \G) ≥ 1
M
.

AfoÔ xn
ρ−→ x, èqoume dist(xn, X \G) → dist(x,X \G), kai

dist(x,X \G) = lim
n→∞

dist(xn, X \G) ≥ 1
M

> 0,

dhlad  x ∈ G. Tèloc,

σ(x, xn) = ρ(x, xn) +
∣∣∣∣ 1
dist(x,X \G)

− 1
dist(xn, X \G)

∣∣∣∣→ 0.
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5.15. 'Estw (X, ρ) pl rhc metrikìc q¸roc kai D puknì uposÔnolo tou X ¸ste to X \D
na eÐnai epÐshc puknì. DeÐxte ìti toul�qiston èna apì ta D, X \D den eÐnai sÔnolo Fσ.

Upìdeixh. Upojètoume ìti ta D kai X \ D eÐnai sÔnola Fσ. AfoÔ to D eÐnai Fσ, to
X \ D eÐnai sÔnolo Gδ. 'Omoia, afoÔ to X \ D eÐnai Fσ, to D eÐnai sÔnolo Gδ. Tìte,
D =

⋂∞
n=1Gn kaiX\D =

⋂∞
n=1 Vn, ìpou Gn, Vn anoikt� sÔnola. AfoÔ toD eÐnai puknì,

k�je Gn ⊇ D eÐnai kai puknì. 'Omoia, afoÔ to X \D eÐnai puknì, k�je Vn ⊇ X \D eÐnai
puknì. Dhlad , h arijm simh oikogèneia {Gn : n ∈ N} ∪ {Vn : n ∈ N} apoteleÐtai apì
anoikt� kai pukn� sÔnola. Apì to je¸rhma tou Baire, to

∅ = D ∩ (X \D) =

( ∞⋂
n=1

Gn

)
∩

( ∞⋂
n=1

Vn

)

eÐnai puknì Gδ-uposÔnolo tou X, to opoÐo eÐnai �topo.

5.16. 'Estw (Gn) akoloujÐa anoikt¸n kai pukn¸n uposunìlwn tou R. DeÐxte ìti to
G =

⋂∞
n=1Gn eÐnai uperarijm simo.

Upìdeixh. Me apagwg  se �topo. Upojètoume ìti G = {x1, x2, . . . , xn, . . .}. Gia k�je
n ∈ N to sÔnolo Vn = X \ {xn} eÐnai anoiktì kai puknì. 'Omwc,( ∞⋂

n=1

Vn

)
∩

( ∞⋂
n=1

Gn

)
= (X \G) ∩G = ∅.

Autì èrqetai se antÐfash me to je¸rhma tou Baire.

5.17. 'Estw f : R → R. DeÐxte ìti h f eÐnai asuneq c se èna sÔnolo pr¸thc kathgorÐac
an kai mìno an eÐnai suneq c se èna puknì uposÔnolo tou R.

Upìdeixh. 'Estw C(f) to sÔnolo twn shmeÐwn sunèqeiac thc f kai D(f) to sÔnolo twn
shmeÐwn asunèqeiac thc f . GnwrÐzoume ìti to C(f) eÐnai sÔnolo Gδ, dhlad  gr�fetai sth
morf  C(f) =

⋂∞
n=1Gn, ìpou Gn anoikt� uposÔnola tou X.

Upojètoume pr¸ta ìti to C(f) eÐnai puknì. Tìte k�je Gn ⊇ C(f), �ra k�je Gn eÐnai
puknì. 'Eqoume

D(f) = R \ C(f) =
∞⋃

n=1

(R \Gn),

k�je Fn := R \ Gn eÐnai kleistì kai int(Fn) = int(R \ Gn) = R \ Gn = ∅. Sunep¸c, to
D(f) eÐnai sÔnolo pr¸thc kathgorÐac.

AntÐstrofa, an D(f) =
⋃∞

n=1An, ìpou k�je An eÐnai poujen� puknì, jètoume Fn =
An kai èqoume D(f) ⊆

⋃∞
n=1 Fn kai int(Fn) = ∅ gia k�je n ∈ N. Tìte,

C(f) = R \D(f) ⊇ R \
∞⋃

n=1

Fn =
∞⋂

n=1

(R \ Fn).
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ParathroÔme ìti k�je Gn := R \ Fn eÐnai anoiktì kai Gn = R \ Fn = R \ int(Fn) = R,
dhlad  k�je Gn eÐnai kai puknì. Apì to je¸rhma tou Baire, to

⋂∞
n=1Gn =

⋂∞
n=1(R\Fn)

eÐnai puknì, �ra kai to C(f) eÐnai puknì.

5.18. (a) 'Estw A = {a1, a2, . . . , an, . . .} arijm simo uposÔnolo tou R. DeÐxte ìti h
sun�rthsh FA : R → R me

FA(x) =
∑

{n:an≤x}

2−n

eÐnai aÔxousa, suneq c apì dexi� pantoÔ kai asuneq c akrib¸c sta shmeÐa tou A.

(b) 'Estw A arijm simo puknì uposÔnolo tou R. DeÐxte ìti den up�rqei sun�rthsh
g : R → R ¸ste to sÔnolo twn shmeÐwn asunèqeiac D(g) thc g na eÐnai to R \A.
(g) 'Estw E kleistì uposÔnolo tou R. Jètoume G = E◦ ∩Q kai orÐzoume th sun�rthsh
h : R → R me h(x) = χE(x)− χG(x). ApodeÐxte ìti D(h) = E.

(d) 'Estw E =
⋃∞

n=1En èna Fσ�uposÔnolo tou R. OrÐzoume fE : R → R me

fE(x) =


1

min{n:x∈En} , x ∈ Q ∩ E
− 1

min{n:x∈En} , x ∈ (R \Q) ∩ E
0, x ∈ R \ E

ApodeÐxte ìti D(fE) = E.

Upìdeixh. (a) Profan¸c h FA eÐnai aÔxousa. DeÐqnoume ìti FA eÐnai dexi� suneq c
pantoÔ. 'Estw x0 ∈ R kai ε > 0. Up�rqei n0 ∈ N ¸ste

∑
n>n0

2−n < ε. 'Estw
δ = min{an − x0 > 0 : n = 1, 2, . . . , n0}. 'Etsi, an n ∈ N ¸ste x0 < an < x0 + δ, tìte
n > n0. Opìte, an x0 < x < x0 + δ èqoume

0 ≤ FA(x)− FA(x0) =
∑

{n:x0<an≤x}

2−n ≤
∑

{n:x0<an<x0+δ}

2−n ≤
∑

n>n0

2−n < ε.

T¸ra deÐqnoume ìti an ak ∈ A tìte τFA
(ak) > 0. Pr�gmati; an x < ak tìte

FA(ak)− FA(x) =
∑

{n:x<an≤ak}

2−n ≥ 1
2k
.

Sunep¸c, τFA
(ak) ≥ 1

2k gia k = 1, 2, . . .. Me �lla lìgia h FA eÐnai asuneq c sta shmeÐa
tou A (parousi�zei �lma).

Gia na deÐxoume ìti ta shmeÐa asunèqeiac thc FA eÐnai akrib¸c ta shmeÐa tou A arkeÐ
na deÐxoume ìti gia k�je x /∈ A h FA eÐnai arister� suneq c sto x. To epiqeÐrhma eÐnai
parìmoio me autì thc sunèqeiac apì dexi� kai gi� autì paraleÐpetai.

(b) Upojètoume ìti up�rqei sun�rthsh g : R → R ¸ste to D(g) = R\A. Tìte, to C(g) =
A eÐnai sÔnolo Gδ. An eÐnai kai puknì, gnwrÐzoume ìti prèpei na eÐnai uperarijm simo.
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(g) An x /∈ E tìte up�rqei Vx anoikt  perioq  tou x me Vx ∩ E = ∅. 'Etsi, h|Vx
≡ 0 kai

�ra h h eÐnai suneq c sto x.
Sth sunèqeia deÐqnoume ìti h h eÐnai asuneq c sto E. Pr�gmati; èstw x ∈ E kai

δ > 0. DiakrÐnoume tic peript¸seic:

• x ∈ E◦. Tìte up�rqoun q ∈ Q ∩ E, r ∈ Qc ∩ E me x − δ < q < r < x + δ. 'Ara,
èqoume

τh((x− δ, x+ δ)) ≥ |h(q)− h(r)| = 1.

'Etsi, eÐnai τh(x) ≥ 1.

• x ∈ E \ E◦. Tìte up�rqei r /∈ E ¸ste |x− r| < δ. 'Etsi, eÐnai

τh((x− δ, x+ δ)) ≥ |h(x)− h(r)| = 1.

'Wste, τh(x) ≥ 1.

Opìte, se k�je perÐptwsh an x ∈ E èqoume τh(x) ≥ 1.

(d) An x /∈ E, tìte h fE eÐnai suneq c sto x. Pr�gmati; èstw ε > 0. Up�rqei n0 ∈ N
¸ste 1

n0
< ε. Tìte, x /∈ E1 ∪ · · · ∪ En0 , �ra up�rqei δ > 0 me

δ < dist(x,E1 ∪ · · · ∪ En0).

Katìpin, diakrÐnoume tic peript¸seic:

• An y ∈ (x− δ, x+ δ) ∩ Ec, tìte |fE(y)− fE(x)| = 0 < ε.

• An y ∈ (x−δ, x+δ)∩E, èpetai ìti up�rqeim ∈ N ¸ste y ∈ Em. Tìte, anagkastik�
èqoume m > n0 (exhg ste giatÐ). 'Etsi,

|fE(y)− fE(x)| = 1
min{n : y ∈ En}

≤ 1
n0 + 1

< ε.

Sunep¸c, h fE suneq c sto x ∈ R \ E.
Sth sunèqeia apodeiknÔoume ìti h fE eÐnai asuneq c se k�je x ∈ E. Eidikìtera, ja

deÐxoume thn anisìthta

(∗) τfE
(x) ≥ 1

Nx(1 +Nx)
, x ∈ E

ìpou Nx = min{n ∈ N : x ∈ En}.
Apìdeixh thc (∗). 'Estw x ∈ E kai δ > 0. Tìte orÐzetai o Nx ≡ N kai èqoume ìti
x /∈

⋃
k<N Ek (endeqomènwc

⋃
k<N Ek = ∅, an N = 1). DiakrÐnoume peript¸seic ìpwc

sto (g):
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• x ∈ EN \ E◦N : Tìte, up�rqei y /∈
⋃

j≤N Ej (exhg ste giatÐ) me |y − x| < δ. Tìte,
paÐrnoume

τfE
((x− δ, x+ δ)) ≥ |fE(x)− fE(y)| ≥ |fE(x)| − |fE(y)| ≥ 1

N(N + 1)
.

Ed¸ èqoume qrhsimopoi sei thn anisìthta |fE(y)| ≤ 1
N+1 .

1 'Ara, gia k�je δ > 0
isqÔei τfE

((x−δ, x+δ)) ≥ [N(N+1)]−1 ap� ìpou èpetai ìti τfE
(x) ≥ [N(N+1)]−1.

• x ∈ E◦N . Tìte, up�rqoun q ∈ EN ∩Q, r ∈ EN ∩Qc me x− δ < q < r < x+ δ. 'Ara,
èqoume

τfE
((x− δ, x+ δ)) ≥ |fE(q)− fE(r)| = 1

min{n : q ∈ En}
+

1
min{n : r ∈ En}

≥ 2
N

Epomènwc, eÐnai τfE
(x) ≥ 2

N .

SunoyÐzontac èqoume ìti τfE
(x) ≥ [N(N + 1)]−1 gia k�je x ∈ E.

5.19. DeÐxte ìti: an (Ln) eÐnai akoloujÐa eujei¸n sto R2 tìte int (
⋃∞

n=1 Ln) = ∅.

Upìdeixh. K�je Ln eÐnai kleistì uposÔnolo tou R2 me kenì eswterikì. Sunep¸c, to
Gn = R2\Ln eÐnai anoiktì kai puknì uposÔnolo tou R2 gia k�je n ∈ N. Apì to je¸rhma
tou Baire, to sÔnolo G =

⋂∞
n=1Gn eÐnai puknì Gδ uposÔnolo tou R2. Sunep¸c,

R2 \ int

( ∞⋃
n=1

Ln

)
= R2 \

∞⋃
n=1

Ln =
∞⋂

n=1

(R2 \ Ln) =
∞⋂

n=1

Gn = G = R2,

ap� ìpou èpetai ìti int (
⋃∞

n=1 Ln) = ∅.

5.20. DeÐxte ìti den up�rqei metrik  d sto Q ¸ste h d na eÐnai isodÔnamh me th sun jh
metrik  kai o (Q, d) na eÐnai pl rhc.

Upìdeixh. Upojètoume ìti up�rqei metrik  d sto Q ¸ste h d na eÐnai isodÔnamh me th
sun jh metrik  kai o (Q, d) na eÐnai pl rhc. Gr�foume Q = {qn : n ∈ N}. AfoÔ h d
eÐnai isodÔnamh me th sun jh metrik , k�je monosÔnolo {qn} eÐnai d-kleistì kai èqei kenì
eswterikì (alli¸c ja  tan anoiktì uposÔnolo tou Q me th sun jh metrik ). Tìte èqoume
�topo apì th deÔterh morf  tou jewr matoc tou Baire, diìti Q =

⋃∞
n=1{qn} kai èqoume

upojèsei ìti o (Q, d) eÐnai pl rhc.

5.21. DeÐxte ìti den up�rqei akoloujÐa suneq¸n sunart sewn fn : R → R me thn idiothta

gia k�je x ∈ R, lim
n→∞

fn(x) = χQ(x).

1An y /∈ E, tìte |fE(y)| = 0, en¸ an y ∈ E, tìte min{n : y ∈ En} ≥ N + 1.
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Upìdeixh. Upojètoume ìti up�rqei akoloujÐa suneq¸n sunart sewn fn : R → R me thn
idiìthta limn→∞ fn(x) = χQ(x) gia k�je x ∈ R. Tìte, isqÔei to ex c: x ∈ Q an kai mìno
an gia k�je k ∈ N up�rqei n ≥ k ¸ste fn(x) > 1/2 (isodÔnama, fn(x) > 1/2 gia �peirouc
fusikoÔc n). Me �lla lìgia,

Q =
∞⋂

k=1

( ∞⋃
n=k

{x ∈ R : fn(x) > 1/2}

)
.

Pr�gmati, an x ∈ Q èqoume fn(x) → 1 �ra fn(x) > 1/2 telik�, opìte fn(x) > 1/2 gia
�peirouc fusikoÔc n. Apì thn �llh pleur�, an x /∈ Q èqoume fn(x) → 0 �ra fn(x) < 1/2
telik�, opìte up�rqei k ¸ste gia k�je n ≥ k na isqÔei fn(x) < 1/2. Autì apodeiknÔei
ton antÐstrofo egkleismì (exhg ste giatÐ).

ParathroÔme t¸ra ìti, gia k�je k ∈ N, to sÔnolo

Gk =
∞⋃

n=k

{x ∈ R : fn(x) > 1/2}

eÐnai anoiktì sÔnolo wc ènwsh anoikt¸n sunìlwn: gia k�je n ∈ N to sÔnolo {x ∈ R :
fn(x) > 1/2} eÐnai anoiktì, diìti h fn eÐnai suneq c. Sunep¸c, to Q =

⋂∞
k=1Gk eÐnai

Gδ-uposÔnolo tou R. Autì èqoume dei ìti den isqÔei: k�je puknì kai Gδ-uposÔnolo tou
R eÐnai uperarijm simo.

5.22. 'Estw (X, ρ) pl rhc metrikìc q¸roc kai duo sunart seic f, g : X → X. ApodeÐxte
ìti:

(a) An up�rqei k ∈ N ¸ste h fk = f ◦ · · · ◦ f na eÐnai sustol , tìte up�rqei monadikì
shmeÐo x ∈ X ¸ste f(x) = x.

(b) it An h f eÐnai sustol  kai f ◦ g = g ◦ f , tìte up�rqei monadikì x ∈ X ¸ste
f(x) = g(x) = x.

Upìdeixh. (a) ParathroÔme pr¸ta ìti: an h f èqei stajerì shmeÐo tìte autì eÐnai
monadikì. O lìgoc eÐnai ìti k�je stajerì shmeÐo thc f eÐnai epÐshc stajerì shmeÐo thc
fk (exhg ste giatÐ) kai h fk wc sustol  èqei monadikì stajerì shmeÐo.

AfoÔ h fk eÐnai sustol , up�rqei x ∈ X ¸ste fk(x) = x. Tìte, f(x) = f(fk(x)) =
fk(f(x)) (diìti f ◦ fk = fk ◦ f = fk+1) dhlad  to f(x) eÐnai epÐshc stajerì shmeÐo thc
fk. 'Omwc, mia sustol  èqei monadikì stajerì shmeÐo. Sunep¸c, f(x) = x.

(b) H f eÐnai sustol , �ra èqei monadikì stajerì shmeÐo x ∈ X. Mènei na deÐxoume ìti
g(x) = x. 'Omwc,

g(x) = g(f(x)) = (g ◦ f)(x) = (f ◦ g)(x) = f(g(x))

dhlad , to g(x) eÐnai stajerì shmeÐo thc f . AfoÔ to monadikì stajerì shmeÐo thc f eÐnai
to x èpetai ìti g(x) = x = f(x).
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5.23. 'Estw f : [0,∞) → R suneq c sun�rthsh. Upojètoume ìti up�rqei anoiktì
di�sthma (a, b) ⊆ [0,∞) me thn ex c idiìthta: gia k�je y ∈ (a, b) isqÔei limn→∞ f(ny) =
0. ApodeÐxte ìti limx→∞ f(x) = 0.

Upìdeixh. QwrÐc bl�bh thc genikìthtac upojètoume ìti gia k�je y ∈ [a, b] isqÔei limn→∞ f(ny) =
0 pern¸ntac se èna kleistì upodi�sthma tou (a, b). 'Estw ε > 0, orÐzoume ta sÔnola

Kn = {x ∈ [a, b] : ∀k ≥ n, |f(kx)| ≤ ε, } =
∞⋂

k=n

{x ∈ [a, b] : |f(kx)| ≤ ε}.

Ta Kn eÐnai kleist� uposÔnola tou [a, b] diìti h f eÐnai suneq c. EpÐshc, apì thn upìjesh
isqÔei [a, b] =

⋃∞
n=1Kn. Kaj¸c, o [a, b] eÐnai pl rhc metrikìc q¸roc, apì to je¸rhma

Baire èqoume ìti up�rqoun n0 ∈ N kai di�sthma (c, d) ¸ste (c, d) ⊆ Kn0 . Dhlad , gia
k�je y ∈ (c, d) kai gia k�je n ≥ n0 isqÔei |f(ny)| ≤ ε, isodÔnama an y ∈ (n0c, n0d) ∪
((n0+1)c, (n0+1)d)∪· · · tìte |f(y)| ≤ ε. 'Omwc, ìso to n aux�nei ta diast mata gÐnontai
epikaluptìmena. 'Etsi, an epilèxoume m > max{n0,

c
d−c} tìte

⋃∞
j=m(jc, jd) = (mc,+∞)

kai an x > mc tìte |f(x)| ≤ ε. 'Ara, limx→∞ f(x) = 0.

5.24. 'Estw f : R → R �peirec forèc paragwgÐsimh sun�rthsh. Upojètoume ìti: gia
k�je x ∈ R up�rqei nx ∈ N ¸ste, gia k�je n ≥ nx, f

(n)(x) = 0. DeÐxte ìti h f eÐnai
polu¸numo.

Upìdeixh. Ja deÐxoume k�ti isqurìtero: an mia aperiìrista paragwgÐsimh sun�rthsh
f : R → R èqei thn idiìthta {gia k�je x ∈ R up�rqei n = n(x) ∈ N ¸ste f (n)(x) = 0}
tìte h f eÐnai polu¸numo.

Upojètoume ìti den isqÔei to sumpèrasma. JewroÔme to sÔnolo A ìlwn twn x ∈ R gia
ta opoÐa den up�rqei (anoikt ) perioq  tou x ¸ste an periorÐsoume thn f ekeÐ na eÐnai
polu¸numo. Tìte, isqÔoun ta ex c:

• To A eÐnai mh kenì. Pr�gmati: an  tan A = ∅ tìte gia k�je x ∈ R up�rqoun
anoikt  perioq  Vx tou x kai polu¸numo px ¸ste f |Vx

≡ px. An I eÐnai kleistì kai
fragmèno di�sthma, tìte gia k�je x ∈ I up�rqei Vx anoikt  perioq  tou x ¸ste
f |Vx eÐnai polu¸numo. Tìte, ta (Vx)x∈I apoteloÔn anoiktì k�lumma tou sumpagoÔc

I, �ra up�rqoun x1, . . . , xk ∈ I ¸ste I ⊆
⋃k

i=1 Vxi kai h f |Vxi
eÐnai polu¸numo. Gia

k�je 1 ≤ i ≤ k up�rqei ni ∈ N ¸ste f (ni)(x) = 0 gia k�je x ∈ Vxi ∩ I. Jètoume
n = max{n1, . . . , nk} opìte f (n) ≡ 0 sto I. 'Ara, h f |I eÐnai polu¸numo gia k�je
kleistì kai fragmèno di�sthma I. (ShmeÐwsh: to b ma autì aitiologeÐtai kai qwrÐc
na k�noume qr sh thc sump�geiac twn kleist¸n diasthm�twn � exhg ste giatÐ).
JewroÔme ta diast mata Jn = [−n, n] gia n = 1, 2, . . .. Tìte up�rqei akoloujÐa
poluwnÔmwn pn ¸ste f |Jn

≡ pn. Gia k�je n ∈ N isqÔei pn(x) = p1(x) gia k�je
x ∈ [−1, 1], �ra pn = p1 gia n = 1, 2, . . .. Sunep¸c, f(x) = p1(x) gia k�je x ∈ R,
efìson R =

⋃∞
n=1 Jn.
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• To A eÐnai kleistì. Pr�gmati: an jewr soume y ∈ Ac tìte up�rqei δ > 0 kai pδ

polu¸numo ¸ste f |(y−δ,y+δ) ≡ pδ. Tìte, an z ∈ (y − δ, y + δ), up�rqei ε > 0 ¸ste
(z − ε, z + ε) ⊆ (y − δ, y + δ), opìte f |(z−ε,z+ε) ≡ pδ. Dhlad , (y − δ, y + δ) ⊆ Ac.
Sunep¸c, to Ac eÐnai anoiktì.

EÐnai gnwstì ìti o A eÐnai pl rhc metrikìc upìqwroc tou R me thn sun jh metrik .
EpÐshc, ta sÔnola

En = {x ∈ R : f (n)(x) = 0}
eÐnai kleist� afoÔ eÐnai ta sÔnola riz¸n suneq¸n sunart sewn. Opìte, efarmìzontac to
je¸rhma tou Baire ston upìqwro A, brÐskoume ìti up�rqeim ∈ N ¸ste intA(A∩Em) 6= ∅.
Dhlad , up�rqoun x0 ∈ A ∩ Em kai δ > 0 ¸ste

(x0 − δ, x0 + δ) ∩A ⊆ Em.

Isqurismìc 1. IsqÔei (x0− δ, x0 + δ)∩A ⊆
⋂∞

j=mEm, dhlad  an x ∈ (x0− δ, x0 + δ)∩A,
tìte f (n)(x) = 0 gia k�je n ≥ m.

Pr�gmati; an de sumbaÐnei autì, tìte up�rqoun x ∈ (x0 − δ, x0 + δ) ∩A kai n > m ¸ste
f (n)(x) 6= 0 kai f (k)(x) = 0 gia m ≤ k < n. Up�rqei η > 0 ¸ste (x − η, x + η) ⊆
(x0 − δ, x0 + δ) kai f (n)(t) 6= 0 gia k�je |t− x| < η. Tìte, gia k�je 0 < |z − x| < η apì
to je¸rhma tou Taylor up�rqei tz ∈ (x− η, x+ η) ¸ste

f (m)(z) = f (m)(x)+(z−x)f (m+1)(x)+· · ·+(z − x)n−m

(n−m)!
f (n)(tz) =

(z − x)n−m

(n−m)!
f (n)(tz) 6= 0.

Dhlad , eÐnai (x − η, x + η) ∩ A = {x}. Ap� autì èpetai (me èna epiqeÐrhma sump�geiac
ìpwc prin) ìti h f |(x,x+η) eÐnai polu¸numo kai ìmoia h f |(x−η,x) eÐnai polu¸numo. 'Ara, h
f |(x−η,x+η) eÐnai polu¸numo. 'Atopo, apì ton orismì tou x.

Isqurismìc 2. IsqÔei (x0−δ, x0+δ)∩Ac ⊆
⋂

j≥mEj (�ra eÐnai (x0−δ, x0+δ) ⊆ ∩j≥mEj

kai èqoume �topo, to opoÐo apodeiknÔei to zhtoÔmeno).

Pr�gmati; èstw t ∈ (x0 − δ, x0 + δ) ∩ Ac. Tìte up�rqoun ε > 0 kai polu¸numo pε ¸ste
(t− ε, t+ ε) ⊆ (x0− δ, x0 + δ) kai f |(t−ε,t+ε) ≡ pε. 'Estw [a, b] to megistikì di�sthma, to
opoÐo perièqei to t kai f |[a,b] ≡ pε. Tìte, eÐte a ∈ (x0−δ, x0+δ)∩A   b ∈ (x0−δ, x0+δ)∩A
(an gia par�deigma x0 < t, tìte x0 ≤ a efìson x0 ∈ A kai a ∈ A apì th megistikìthta,
dhlad  a ∈ A∩ (x0− δ, x0 + δ)). Ac upojèsoume ìti a ∈ (x0− δ, x0 + δ)∩A (ìmoia h �llh
perÐptwsh). Tìte, an r = deg(pε) èqoume f (r)(a) 6= 0 kai f (n)(a) = 0 gia k�je n ≥ m
(apì ton Isqurismì 1). Opìte, r < m. Dhlad , gia k�je x ∈ [a, b] isqÔei f (n)(x) = 0 gia
k�je n ≥ m. Eidikìtera, f (n)(t) = 0 gia k�je n ≥ m.

5.25. 'Estw (X, d) pl rhc metrikìc q¸roc, E puknì kai Gδ�uposÔnolo tou X. ApodeÐxte
ìti gia k�je omoiomorfismì h : X → X isqÔei E ∩ h(E) 6= ∅.

Upìdeixh. Parathr ste pr¸ta ìti k�je omoiomorfismìc apeikonÐzei sÔnola Gδ se sÔnola
Gδ kai pukn� sÔnola se pukn� sÔnola. Sunep¸c, to h(E) eÐnai puknì kai Gδ uposÔnolo



· 87

tou X. Pio sugkekrimèna, E =
⋂∞

n=1Gn ìpou Gn anoikt� kai pukn� uposÔnola tou X
kai h(E) =

⋂∞
n=1 Vn ìpou k�je Vn = h(Gn) eÐnai anoiktì kai puknì uposÔnolo tou X.

AfoÔ o (X, d) eÐnai pl rhc, to je¸rhma tou Baire mac exasfalÐzei ìti to sÔnolo

E ∩ h(E) =

( ∞⋂
n=1

Gn

)
∩

( ∞⋂
n=1

Vn

)

eÐnai puknì Gδ-uposÔnolo tou X. Eidikìtera, E ∩ h(E) 6= ∅.





Kef�laio 6

SumpageÐc metrikoÐ q¸roi

6.1. 'Ena uposÔnolo K tou X lègetai sumpagèc, an eÐnai sumpag c metrikìc q¸roc me
th sqetik  metrik . DeÐxte ìti autì eÐnai isodÔnamo me to ex c: gia k�je k�je anoiktì
k�lumma (Vi)i∈I tou K up�rqoun i1, . . . , im ∈ I ¸ste K ⊆

⋃m
j=1 Vij .

Upìdeixh. Upojètoume pr¸ta ìti to K eÐnai sumpagèc (me th sqetik  metrik ). 'Estw
(Vi)i∈I anoiktì k�lumma tou K. Tìte, ta (K ∩ Vi)i∈I eÐnai anoikt� ston (K, ρ|K) kai
K =

⋃
i∈I K ∩ Vi. AfoÔ o (K, ρ|K) eÐnai sumpag c, up�rqoun i1, . . . , in ∈ I ¸ste K =⋃n

j=1K ∩ Vij
. Tìte, K ⊆

⋃n
j=1 Vij

.
AntÐstrofa: upojètoume ìti gia k�je anoiktì k�lumma (Vi)i∈I tou K up�rqoun

i1, . . . , in ∈ I ¸ste K ⊆
⋃n

j=1 Vij
. Ja deÐxoume ìti o (K, ρ|K) eÐnai sumpag c metrikìc

q¸roc. JewroÔme tuqìn k�lumma (Wi)i∈I tou K apì anoikt� sÔnola Wi sto K. Tìte,
up�rqoun (Ui) anoikt� stonX ¸steWi = K∩Ui gia k�je i ∈ I. 'EqoumeK =

⋃
i∈I Wi =⋃

i∈I(K ∩ Ui) ⊆
⋃

i∈I Ui. Apì thn upìjesh up�rqoun i1, . . . , in ∈ I ¸ste K ⊆
⋃n

j=1 Uij
.

Tìte, K =
⋃n

j=1(K ∩ Uij
) =

⋃n
j=1Wij

. Sunep¸c, o (K, ρ|K) eÐnai sumpag c metrikìc
q¸roc.

6.2. 'Estw a < b sto R. Qrhsimopoi¸ntac mìno ton orismì tou sumpagoÔc metrikoÔ
q¸rou deÐxte ìti to [a, b] eÐnai sumpagèc uposÔnolo tou R me th sun jh metrik , en¸
ta diast mata (a, b), [a, b) kai [a,∞) den eÐnai sumpag  uposÔnola tou R me th sun jh
metrik .

Upìdeixh. H perÐptwsh tou [a, b] eÐnai to je¸rhma Heine–Borel: k�je anoiktì k�lumma
(Vi)i∈I tou [a, b] èqei peperasmèno upok�lumma. Gia thn apìdeixh, jewroÔme to sÔnolo

A = {x ∈ [a, b] : [a, x] kalÔptetai apì peperasmèna apì ta Vi}.

Profan¸c, A 6= ∅ (diìti a ∈ A) kai to A eÐnai �nw fragmèno. Apì to axÐwma thc
plhrìthtac twn pragmatik¸n arijm¸n èqoume ìti up�rqei s ∈ R ¸ste s = supA. EÔkola
blèpoume ìti a < s ≤ b kai an a ≤ x < s tìte x ∈ A.
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Isqurismìc 1. EÐnai b = s.

An upojèsoume ìti s = supA < b, tìte up�rqei i0 ∈ I ¸ste s ∈ Vi0 . AfoÔ to Vi0 eÐnai
anoiktì, up�rqei δ > 0 ¸ste (s− δ, s+ δ) ⊆ Vi0 ∩ [a, b]. 'Ara, to [a, s− δ/2] kalÔptetai
apì peperasmèna apì ta Vi kai to [s − δ/2, s + δ/2] perièqetai sto Vi0 . 'Epetai ìti to
[a, s+ δ/2] kalÔptetai apì peperasmèna apì ta Vi, to opoÐo eÐnai �topo diìti s = supA.
Sunep¸c, b = s.

Isqurismìc 2. IsqÔei b ∈ A.
Pr�gmati; up�rqei i0 ∈ I ¸ste b ∈ Vi0 kai afoÔ to Vi0 eÐnai anoiktì up�rqei ε > 0 ¸ste
a < b−ε kai (b−ε, b+ε) ⊆ Vi0 . Apì ton isqurismì 1 èqoume ìti b−ε ∈ A, �ra to di�sthma
[a, b− ε] kalÔptetai apì peperasmèna apì ta Vi. AfoÔ [b− ε, b] ⊆ Vi0 , sumperaÐnoume ìti
to [a, b] kalÔptetai apì peperasmèna apì ta Vi. Sunep¸c, b ∈ A.
Apì ton Isqurismì 2 èpetai ìti to [a, b] eÐnai sumpagèc.

To (a, b) den eÐnai sumpagèc afoÔ an jewr soume to anoiktì k�lumma (Vn) me Vn =
(a, b − b−a

2n ), n = 1, 2 . . . autì den èqei peperasmèno upok�lumma (parathr ste ìti Vn ⊆
Vn+1). Me ton Ðdio trìpo deÐqnoume ìti ta diast mata [a, b) kai [a,∞) den eÐnai sumpag 
uposÔnola tou R jewr¸ntac antÐstoiqa ta anoikt� kalÔmmata (Gn) kai (Wn), ìpou
Gn = (a− 1, b− b−a

2n ) kai Wn = (a− 1, a+ n).

6.3. An A,B eÐnai sumpag  uposÔnola enìc metrikoÔ q¸rou (X, ρ), apodeÐxte ìti to A∪B
eÐnai sumpagèc.

Upìdeixh. 'Estw (Ui)i∈I èna anoiktì k�lumma tou A∪B. Tìte autì eÐnai anoiktì k�lumma
gia kajèna apì ta sumpag  A kai B. 'Etsi, up�rqei peperasmèno uposÔnolo IA tou I
¸ste A ⊆

⋃
i∈IA

Ui kai up�rqei peperasmèno uposÔnolo IB tou I ¸ste B ⊆
⋃

i∈IB
Ui.

T¸ra blèpoume amèswc ìti to sÔnolo J := IA ∪ IB eÐnai peperasmèno uposÔnolo tou I
kai isqÔei A ∪B ⊆

⋃
i∈J Ui.

6.4. 'Estw (X, ρ) metrikìc q¸roc kai E,F uposÔnola tou X ¸ste to E na eÐnai sumpagèc,
to F kleistì kai E ∩ F = ∅. ApodeÐxte ìti dist(E,F ) > 0.

DeÐxte epÐshc ìti up�rqoun A,B kleist�, xèna uposÔnola tou R2 ¸ste dist(A,B) = 0.

Upìdeixh. JewroÔme th sun�rthsh f : E → R me f(x) = dist(x, F ). 'Eqoume dei ìti h
f eÐnai suneq c sun�rthsh (m�lista eÐnai 1�Lipschitz). AfoÔ to E eÐnai sumpagèc, h f
paÐrnei el�qisth tim . Dhlad , up�rqei x0 ∈ E ¸ste

f(x0) = min
x∈E

f(x) = inf{dist(x, F ) : x ∈ E} = dist(E,F ).

Parathr ste ìti x0 /∈ F (afoÔ E∩F = ∅). AfoÔ to F eÐnai kleistì, èqoume dist(E,F ) =
f(x0) > 0.

Gia to par�deigma, jewroÔme ta xèna kleist� uposÔnola A = {(x, 0) : x ∈ R} kai
B = {(x, 1

x ) : x 6= 0} tou (R2, ‖ · ‖2). EÔkola blèpoume ìti

dist(A,B) ≤ 1
|x|
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gia k�je x 6= 0, �ra dist(A,B) = 0.

6.5. 'Estw (X, ρ) metrikìc q¸roc. ApodeÐxte ìti:
(a) An x ∈ X kai A sumpagèc uposÔnolo tou X, tìte up�rqei y ∈ A ¸ste dist(x,A) =
ρ(x, y).
(b)AnA,B eÐnai sumpag  uposÔnola touX tìte, up�rqoun x ∈ A, y ∈ B ¸ste dist(A,B) =
ρ(x, y).

Upìdeixh. (a) StajeropoioÔme x ∈ X kai jewroÔme th sun�rthsh fx : A → R me
fx(t) = ρ(t, x). H fx eÐnai suneq c kai to A eÐnai sumpagèc, �ra h fx paÐrnei el�qisth
tim  se k�poio y ∈ A. Tìte, ρ(x, y) = fx(y) = inft∈A fx(t) =: dist(x,A).
(b) Apì ton orismì thc apìstashc sunìlwn up�rqoun akoloujÐec (an) kai (bn) sto A
kai B antistoÐqwc ¸ste ρ(an, bn) → dist(A,B). Epeid  to A eÐnai akoloujiak� sumpagèc

up�rqoun x ∈ A kai upakoloujÐa (akn
) thc (an) ¸ste akn

ρ→ x. H (bkn
) eÐnai akoloujÐa

sto sumpagèc B, �ra up�rqoun y ∈ B kai upakoloujÐa (bkλn
) thc (bn) ¸ste bkλn

ρ→ y.

Tìte, epeid  h (akλn
) eÐnai upakoloujÐa thc (akn) èqoume ìti akλn

ρ→ x. 'Epetai ìti
ρ(akλn

, bkλn
) → ρ(x, y). AfoÔ h (ρ(akλn

, bkλn
)) eÐnai upakoloujÐa thc (ρ(an, bn)), èpetai

ìti dist(A,B) = ρ(x, y).
ShmeÐwsh. Me èna parìmoio epiqeÐrhma akoloujiak c sump�geiac ja mporoÔse na apodeiq-
jeÐ kai to (a).

6.6. 'Estw (X, ρ) metrikìc q¸roc.
(a) Upojètoume ìti up�rqei ε > 0 ¸ste gia k�je x ∈ X to sÔnolo B(x, ε) na eÐnai
sumpagèc. DeÐxte ìti o X eÐnai pl rhc metrikìc q¸roc.

(b) An gia k�je x ∈ X up�rqei ε > 0 ¸ste to sÔnolo B(x, ε) na eÐnai sumpagèc, tìte
eÐnai o X kat� an�gkhn pl rhc?

Upìdeixh. (a) 'Estw (xn) mia basik  akoloujÐa ston (X, ρ). JewroÔme to ε > 0 thc
upìjeshc. AfoÔ h (xn) eÐnai basik , up�rqei n0 ∈ N ¸ste xn ∈ B(xn0 , ε) gia k�je
n ≥ n0. Apì thn upìjesh, to sÔnolo K = B(xn0 , ε) eÐnai sumpagèc kai h (xn)n≥n0

perièqetai se autì. 'Ara, up�rqoun x ∈ K kai upakoloujÐa (xkn
) thc (xn)n≥n0 , h opoÐa

sugklÐnei sto x. Parathr ste ìti h (xkn
) eÐnai upakoloujÐa thc (xn). AfoÔ h (xn) eÐnai

basik , èpetai ìti xn → x. Autì apodeiknÔei ìti o (X, ρ) eÐnai pl rhc.
(b) L�joc. JewroÔme ton metrikì q¸ro X = (0, 1) me th sun jh metrik . Tìte, gia k�je
x ∈ (0, 1) up�rqei εx > 0 ¸ste B̂(x, εx) = [x− εx, x+ εx] ⊆ (0, 1) kai k�je B̂(x, εx) eÐnai
sumpagèc. 'Omwc, o (X, | · |) den eÐnai pl rhc metrikìc q¸roc.

6.7. 'Estw (X, ρ) sumpag c metrikìc q¸roc kai f : X → Y . DeÐxte ìti ta akìlouja eÐnai
isodÔnama:

(a) H f eÐnai suneq c.

(b) H sun�rthsh gr�fhma Gf : X → X × Y me Gf (x) = (x, f(x)) eÐnai suneq c.
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(g) To gr�fhma Gr(f) = {(x, f(x)) : x ∈ X} eÐnai sumpagèc ston X × Y .

EÐnai anagkaÐa upìjesh o metrikìc q¸roc X na eÐnai sumpag c?

Upìdeixh. (a)⇒ (b). Aut  h sunepagwg  isqÔei genik�: den qrhsimopoioÔme thn upìjesh
thc sump�geiac tou X. 'Estw x ∈ X kai (xn) akoloujÐa sto X ¸ste xn → x. Apì th
sunèqeia thc f èqoume ìti f(xn) → f(x). 'Ara,

Gf (xn) = (xn, f(xn)) → (x, f(x)) = Gf (x).

Apì thn arq  thc metafor�c èpetai ìti h Gf eÐnai suneq c.

(b) ⇒ (g). AfoÔ h Gf : X → X × Y eÐnai suneq c kai to X eÐnai sumpagèc, èpetai ìti
Gf (X) eÐnai sumpagèc uposÔnolo tou X×Y . 'Omwc, to Gf (X) eÐnai akrib¸c to gr�fhma
thc f , dhlad  Gf (X) ≡ Gr(f).

(g) ⇒ (a). 'Estw x0 ∈ X kai xn → x0. Gia na deÐxoume ìti f(xn) → f(x0), arkeÐ na
deÐxoume ìti k�je upakoloujÐa thc (f(xn)) èqei peraitèrw upakoloujÐa, h opoÐa sugklÐnei
sto f(x0). 'Estw loipìn (f(xkn

)) upakoloujÐa thc (f(xn)). H ((xkn
, f(xkn

))) eÐnai
akoloujÐa sto sumpagèc sÔnolo Gr(f). 'Ara, up�rqoun z ∈ X kai upakoloujÐa (xkλn

)
thc (xkn

) ¸ste (xkλn
, f(xkλn

)) → (z, f(z)). Epeid , o X × Y eÐnai efodiasmènoc me
k�poia apì tic gnwstèc metrikèc ginìmeno èpetai ìti xkλn

→ z kai f(xkλn
) → f(z).

All�, xkλn
→ x0, afoÔ h (xkλn

) eÐnai upakoloujÐa thc (xn). Opìte z = x0 kai èqoume
ìti f(xkλn

) → f(x0).

H upìjesh thc sump�geiac tou pedÐou orismoÔ eÐnai aparaÐthth: An jewr soume th
sun�rthsh f : (0, 1] → R me f(x) = 1/x tìte aut  eÐnai suneq c sto (0, 1] me th sun jh
metrik , all� to gr�fhm� thc den eÐnai fragmèno ston (R2, ‖ ·‖2), �ra oÔte kai sumpagèc.
Parathr ste ìti to (0, 1] den eÐnai sumpagèc uposÔnolo tou R (me th sun jh metrik ).

6.8. 'Estw (X, ρ) metrikìc q¸roc kai F ⊆ X. ApodeÐxte ìti to F eÐnai kleistì an kai
mìnon an gia k�je sumpagèc uposÔnolo K tou X to F ∩K eÐnai kleistì.

Upìdeixh. Upojètoume pr¸ta ìti to F eÐnai kleistì kai jewroÔme èna K sumpagèc. Tìte,
to K ∩ F eÐnai kleistì wc tom  tètoiwn.

AntÐstrofa: èstw ìti gia k�je sumpagèc K, to K ∩F eÐnai kleistì. Ja deÐxoume ìti
to F eÐnai kleistì. JewroÔme mia akoloujÐa (xn) sto F ¸ste xn → x ∈ X. Ja deÐxoume
ìti to x ∈ F . Pr�gmati; an jewr soume to sumpagèc K = {xn : n ∈ N} ∪ {x}, tìte to
K ∩ F eÐna kleistì. 'Omwc, h (xn) perièqetai sto K ∩ F kai sugklÐnei sto x. 'Epetai ìti
x ∈ K ∩ F , eidikìtera, x ∈ F .

6.9. 'Estw (X, ρ) sumpag c metrikìc q¸roc. ApodeÐxte ìti:

(a) K�je isometrÐa f : X → X eÐnai epÐ.

(b)An (Y, σ) eÐnai metrikìc q¸roc ¸ste na up�rqoun isometrÐec g : X → Y kai h : Y → X,
tìte kai o Y eÐnai sumpag c.
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Upìdeixh. (a) 'Estw ìti den isqÔei to sumpèrasma. Tìte, up�rqei x ∈ X ¸ste x /∈ f(X).
AfoÔ h f eÐnai suneq c kai o X sumpag c, to f(X) eÐnai sumpagèc uposÔnolo tou X, �ra
δ := dist(x, f(X)) > 0. JewroÔme thn akoloujÐa (xn) h opoÐa orÐzetai anadromik� apì
tic x0 = x kai xn = f(xn−1) gia n = 1, 2, . . .. ParathroÔme ìti h (xn)n≥1 perièqetai sto
f(X). Apì thn akoloujiak  sump�geia tou f(X) sumperaÐnoume ìti up�rqoun xn, xm me
m > n ≥ 1 ¸ste ρ(xm, xn) < δ (exhg ste giatÐ). Apì to gegonìc ìti h f eÐnai isometrÐa
prokÔptei ìti

ρ(xm, xn) = ρ(f(xm−1), f(xn−1)) = ρ(xm−1, xn−1) = · · · = ρ(xm−n, x).

All� xm−n ∈ f(X), opìte dist(x, f(X)) ≤ ρ(xm, xn) < δ, �topo.

(b) JewroÔme th sun�rthsh h◦g : X → X h opoÐa eÐnai isometrÐa wc sÔnjesh isometri¸n.
Epeid  o X eÐnai sumpag c, apì to (a) èpetai ìti eÐnai kai epÐ. Tìte, h h : Y → X eÐnai
epÐ: an x ∈ X epeid  h h◦g eÐnai epÐ up�rqei z ∈ X ¸ste (h◦g)(z) = x. Gia y = g(z) ∈ Y
èqoume h(y) = x. 'Ara, h h : Y → X eÐnai isometrÐa epÐ. Efìson, oi q¸roi X,Y eÐnai
isometrikoÐ kai o X eÐnai sumpag c, èpetai to zhtoÔmeno.

6.10. GnwrÐzoume ìti k�je sumpagèc uposÔnolo K enìc metrikoÔ q¸rou (X, ρ) eÐnai
fragmèno. ApodeÐxte ìti up�rqoun x, y ∈ K ¸ste ρ(x, y) = diam(K).

Upìdeixh. 1h Apìdeixh. Up�rqoun (xn), (yn) akoloujÐec sto K ¸ste ρ(xn, yn) →
diam(K). Epeid  to K eÐnai sumpagèc up�rqoun x, y ∈ K kai upakoloujÐec (xkn

), (ykn
)

twn (xn), (yn) antÐstoiqa ¸ste xkn
→ x kai ykn

→ y (exhg ste giatÐ). Tìte, ρ(xkn
, ykn

) →
ρ(x, y). Epeid , h (ρ(xkn , ykn)) eÐnai upakoloujÐa thc (ρ(xn, yn)) èpetai ìti diam(K) =
ρ(x, y).
2h Apìdeixh. JewroÔme th sun�rthsh f : K ×K → R me f(x, y) = ρ(x, y). GnwrÐzoume
ìti h f eÐnai suneq c kai ìti to K × K eÐnai sumpagèc. 'Ara, h f paÐrnei mègisth tim ,
dhlad  up�rqoun x, y ∈ K ¸ste max f = f(x, y). Tìte,

ρ(x, y) = max
(t,s)∈K×K

f(t, s) = sup{f(t, s) : (t, s) ∈ K ×K} = diam(K).

6.11. 'Estw (X, d), (Y, ρ) metrikoÐ q¸roi me ton Y sumpag  kai f : X → Y sun�rthsh.
DeÐxte ìti ta akìlouja eÐnai isodÔnama:

(a) H f eÐnai suneq c.

(b) To gr�fhma Gr(f) thc f eÐnai kleistì ston (X × Y, ρ1).

Upìdeixh. (a) ⇒ (b). 'Opwc eÐdame sthn 'Askhsh 7, aut  h sunepagwg  isqÔei genik�
(qwrÐc thn upìjesh thc sump�geiac tou Y ).

(b)⇒ (a). 'Estw x0 ∈ X kai (xn) akoloujÐa sto X ¸ste xn → x0. Gia na deÐxoume ìti h
(f(xn)) sugklÐnei sto f(x0), arkeÐ na deÐxoume ìti k�je upakoloujÐa (f(xkn)) thc (f(xn))
èqei peraitèrw upakoloujÐa, h opoÐa sugklÐnei sto f(x0). 'Estw loipìn mia upakoloujÐa
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(f(xkn
)) thc (f(xn)). H (f(xkn

)) perièqetai sto sumpagèc Y . 'Ara, up�rqoun y ∈ Y kai

upakoloujÐa (f(xkλn
)) thc (f(xkn

)) ¸ste f(xkλn
) → y. Tìte, (xkλn

, f(xkλn
))

ρ1→ (x0, y).
Epeid , h ((xkλn

, f(xkλn
))) perièqetai sto kleistì Gr(f) èqoume ìti (x0, y) ∈ Gr(f),

dhlad  y = f(x0). 'Ara, f(xkλn
) → f(x0).

6.12. 'Estw (X, ρ) sumpag c metrikìc q¸roc kai (Fn) fjÐnousa akoloujÐa kleist¸n
uposunìlwn tou X. DeÐxte ìti:

(a) An G eÐnai anoiktì uposÔnolo tou X ¸ste
⋂∞

n=1 Fn ⊆ G, tìte up�rqei n0 ∈ N me
Fn0 ⊆ G.

(b) An
⋂∞

n=1 Fn = ∅, tìte up�rqei m0 ∈ N ¸ste Fm0 = ∅.
(g) An

⋂∞
n=1 Fn eÐnai monosÔnolo, tìte diam(Fn) → 0.

Upìdeixh. (a) PaÐrnontac sumplhr¸mata sth dojeÐsa sqèsh, èqoume Gc ⊆
⋃∞

n=1 F
c
n.

Tìte, ta {F c
n} apoteloÔn anoiktì k�lumma tou Gc kai autì eÐnai sumpagèc wc kleistì

uposÔnolo sumpagoÔc metrikoÔ q¸rou. 'Ara, up�rqoun n1, n2, . . . , nk ∈ N ¸ste Gc ⊆⋃k
j=1 F

c
nj
. Jètoume n0 = max{n1, . . . , nk} kai parathroÔme ìti

⋃k
j=1 F

c
nj

= F c
n0
. 'Ara,

Gc ⊆ F c
n0
,   isodÔnama, Fn0 ⊆ G.

(b) ProkÔptei �mesa apì to (a) an jèsoume G = ∅.
(g) 'Estw x ∈ X me

⋂∞
n=1 Fn = {x} kai ε > 0. Tìte,

⋂∞
n=1 Fn ⊆ B(x, ε/3). Apì to (a)

up�rqei n0 ∈ N ¸ste Fn0 ⊆ B(x, ε/3). 'Ara, gia k�je n ≥ n0 èqoume

diam(Fn) ≤ diam(Fn0) ≤ diam(B(x, ε/3)) < ε.

Dhlad , diam(Fn) → 0.

6.13. 'Estw f : (X, d) → (Y, ρ) suneq c kai K1 ⊇ K2 ⊇ . . . akoloujÐa sumpag¸n
uposunìlwn tou X. ApodeÐxte ìti

f

( ∞⋂
n=1

Kn

)
=

∞⋂
n=1

f(Kn).

Upìdeixh. O egkleismìc f(∩∞n=1Kn) ⊆ ∩∞n=1f(Kn) eÐnai profan c. 'Estw y ∈ ∩∞n=1f(Kn).
Tìte, gia k�je n ∈ N up�rqei xn ∈ Kn ¸ste y = f(xn). H akoloujÐa (xn) perièqetai
sto sumpagèc K1, �ra up�rqoun x ∈ K1 kai (xkn

) upakoloujÐa thc (xn) ¸ste xkn
→ x.

Isqurismìc. x ∈ ∩∞n=1Kn.

Pr�gmati, an m ∈ N, tìte Kkm
⊆ Km. H upakoloujÐa (xkn

)n≥m thc (xkn
) perièqetai

sto Kkm
kai sugklÐnei sto x. Epeid  to Kkm

eÐnai kleistì, èqoume x ∈ Kkm
, dhlad 

x ∈ Km. AfoÔ to m ∈ N  tan tuqìn, èpetai ìti x ∈ ∩∞m=1Km.
'Eqoume loipìn ìti f(x) ∈ f(∩∞n=1Kn). H f eÐnai suneq c, opìte f(xkn) → f(x) kai

f(xn) = y gia k�je n ∈ N. 'Ara, y = f(x) kai èqoume to sumpèrasma.
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6.14. 'Estw E ⊆ R mh sumpagèc. DeÐxte ìti up�rqei suneq c sun�rthsh f : E → R h
opoÐa:

(a) den eÐnai fragmènh.

(b) eÐnai fragmènh all� den paÐrnei mègisth tim .

Upìdeixh. DiakrÐnoume dÔo peript¸seic:

• To E den eÐnai kleistì. Tìte up�rqei x ∈ E′ me x /∈ E. Gia to (a) jewroÔme th
sun�rthsh f : E → R me f(t) = 1

|t−x| , h opoÐa eÐnai suneq c, all� ìqi fragmènh.

Gia to (b) jewroÔme th sun�rthsh g : E → R me g(t) = 1
1+|t−x| , h opoÐa eÐnai

suneq c, fragmènh all� den paÐrnei mègisth tim .

• To E den eÐnai fragmèno. Gia to (a) jewroÔme th sun�rthsh f : E → R me f(t) = t

en¸ gia to (b) jewroÔme th g : E → R me g(t) = |t|
1+|t| . Aut  eÐnai suneq c, fragmènh

me 0 < g < 1 kai den paÐrnei mègisth tim , diìti supt∈E g(t) = 1. (Parathr ste
ìti, afoÔ to E den eÐnai fragmèno, up�rqei akoloujÐa (tn) ⊆ E me |tn| → ∞, �ra
g(tn) → 1.)

6.15. 'Estw (X, ρ) sumpag c metrikìc q¸roc kai sun�rthsh f : X → X ¸ste ρ(f(x), f(y)) <
ρ(x, y) gia k�je x, y ∈ X me x 6= y. ApodeÐxte ìti h f èqei akrib¸c èna stajerì shmeÐo.

Upìdeixh. Upojètoume ìti h f den èqei stajerì shmeÐo. Tìte ρ(x, f(x)) > 0 gia k�je
x ∈ X. JewroÔme th sun�rthsh g : X → R me g(x) = ρ(x, f(x)). O X eÐnai sumpag c,
�ra up�rqei x0 ∈ X ¸ste g(x) ≥ g(x0) gia k�je x ∈ X. Gia to f(x0) ∈ X parathroÔme
ìti f(x0) 6= x0 kai

g(f(x0)) = ρ(f(x0), f(f(x0))) < ρ(x0, f(x0)) = g(x0).

Autì eÐnai �topo, �ra h f èqei stajerì shmeÐo, to opoÐo eÐnai monadikì afoÔ gia x 6= y
isqÔei ρ(f(x), f(y)) < ρ(x, y).

6.16. 'Estw (X, ρ) metrikìc q¸roc. ApodeÐxte ìti ta akìlouja eÐnai isodÔnama:

(a) O X eÐnai sumpag c.

(b) K�je fjÐnousa akoloujÐa (Fn) mh ken¸n, kleist¸n uposunìlwn tou X èqei mh ken 
tom , dhlad 

⋂∞
n=1 Fn 6= ∅.

Upìdeixh. (a) ⇒ (b). Upojètoume ìti den isqÔei to sumpèrasma. Tìte up�rqei fjÐ-
nousa akoloujÐa (Fn) mh ken¸n kleist¸n uposunìlwn tou X me

⋂∞
n=1 Fn = ∅. PaÐrnon-

tac sumplhr¸mata èqoume X =
⋃∞

n=1 F
c
n. Ta (F c

n) eÐnai anoikt� kai kalÔptoun ton

sumpag  metrikì q¸ro X. 'Ara, up�rqoun n1, . . . , nk ¸ste X =
⋃k

j=1 F
c
nj
,   isodÔnama,⋂k

j=1 Fnj
= ∅. An p�roume N = max{n1, . . . , nk} tìte FN =

⋂k
j=1 Fnj

= ∅ ki èqoume
�topo.



96 · SumpageÐs metrikoÐ q¸roi

(b) ⇒ (a). Ja deÐxoume ìti o X eÐnai pl rhc kai olik� fragmènoc. Apì thn upìjesh kai
to Je¸rhma tou Cantor èqoume ìti o X eÐnai pl rhc. An o X den eÐnai olik� fragmènoc
tìte up�rqoun δ > 0 kai akoloujÐa (xn) ston X me ρ(xn, xm) ≥ δ gia n 6= m (exhg ste
giatÐ). Jètoume Fn = {xk : k ≥ n} kai parathroÔme ìti h {Fn} eÐnai fjÐnousa akoloujÐa
mh ken¸n kai kleist¸n uposunìlwn tou X. All�,

⋂∞
n=1 Fn = ∅ ki èqoume antÐfash.

6.17. (a) 'Estw (X, ρ) pl rhc metrikìc q¸roc kai A ⊆ X. DeÐxte ìti to A eÐnai sumpagèc
an kai mìnon an eÐnai kleistì kai olik� fragmèno.

(b) 'Estw (X, ρ) olik� fragmènoc metrikìc q¸roc. DeÐxte ìti h pl rws  tou (X̃, ρ̃) eÐnai
sumpag c metrikìc q¸roc.

Upìdeixh. (a) Upojètoume ìti to A eÐnai sumpagèc. Tìte (p�ntote) o (A, ρ|A) eÐnai
pl rhc kai olik� fragmènoc metrikìc upìqwroc. Sunep¸c, to A eÐnai kleistì kai olik�
fragmèno uposÔnolo tou X.

AntÐstrofa; upojètoume ìti to A eÐnai kleistì kai olik� fragmèno. AfoÔ o X eÐnai
pl rhc kai to A kleistì, èqoume ìti o (A, ρ|A) eÐnai pl rhc metrikìc q¸roc. Epiplèon,
eÐnai olik� fragmènoc, �ra sumpag c.

(b) O X eÐnai puknìc ston X̃. AfoÔ o X eÐnai olik� fragmènoc, èpetai ìti o X̃ eÐnai olik�
fragmènoc (deÐte thn 'Askhsh 22(b) ). 'Omwc, o X̃ eÐnai kai pl rhc, �ra eÐnai sumpag c.

6.18. 'Estw (X, ρ) metrikìc q¸roc. DeÐxte ìti:

(a) An A1, . . . , Am eÐnai olik� fragmèna uposÔnola tou X tìte to A1 ∪ · · · ∪ Am eÐnai
epÐshc olik� fragmèno.

(b) An A eÐnai olik� fragmèno uposÔnolo tou X tìte to A eÐnai epÐshc olik� fragmèno.

Upìdeixh. (a) ArkeÐ na to deÐxoume gia duo sÔnola A1, A2. Katìpin epagwgik� ja
èqoume to sumpèrasma. 'Estw ε > 0. AfoÔ to A1 eÐnai olik� fragmèno up�rqoun

x1, . . . , xk ∈ A1 ¸ste A ⊆
⋃k

i=1B(xi, ε). OmoÐwc, up�rqoun y1, . . . , yn ∈ A2 ¸ste
A2 ⊆

⋃n
j=1B(yj , ε). Jètoume Z = {x1, . . . , xk, y1, . . . , yn} ⊆ A1 ∪ A2 me card(Z) < ∞

kai A1 ∪A2 ⊆
⋃

z∈Z B(z, ε).

(b) 'Estw ε > 0. AfoÔ to A eÐnai olik� fragmèno up�rqoun x1, . . . , xk ∈ X ¸ste

A ⊆
⋃k

i=1B(xi, ε/2). Tìte, A ⊆
⋃k

i=1B(xi, ε/2. Apì thn B(xi, ε/2) ⊆ B(xi, ε) èpetai

ìti A ⊆
⋃k

i=1B(xi, ε).

6.19. (a) 'Estw f : (X, ρ) → (Y, σ) omoiìmorfa suneq c sun�rthsh. DeÐxte ìti h f
stèlnei ta olik� fragmèna uposÔnola tou X se olik� fragmèna uposÔnola tou Y .

(b) DeÐxte ìti h idiìthta tou olik� fragmènou den diathreÐtai apì omoiomorfismoÔc. (Up-
ìdeixh: Ta R kai (0, 1) eÐnai omoiomorfik�.)

Upìdeixh. (a) 'Estw A ⊆ X olik� fragmèno kai èstw ε > 0. Apì thn omoiìmorfh
sunèqeia thc f up�rqei δ > 0 ¸ste, gia k�je x ∈ X, f(B(x, δ)) ⊆ B(f(x), ε). To A eÐnai
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olik� fragmèno, �ra up�rqoun x1, . . . , xk ∈ X ¸ste A ⊆
⋃k

i=1B(xi, δ). Tìte,

f(A) ⊆
k⋃

i=1

f(B(xi), δ) ⊆
k⋃

i=1

B(f(xi), ε).

'Epetai ìti to f(A) eÐnai olik� fragmèno.

(b) JewroÔme th sun�rthsh f : (0, 1) → R me f(t) = 1
1−t −

1
t h opoÐa eÐnai gnhsÐwc

aÔxousa suneq c kai epÐ. 'Ara, eÐnai omoiomorfismìc. Parathr ste ìti to (0, 1) eÐnai
olik� fragmèno, en¸ to R den eÐnai.

6.20. DeÐxte ìti o metrikìc q¸roc (X, d) eÐnai olik� fragmènoc an kai mìnon an o (X, ρ)
eÐnai olik� fragmènoc, ìpou ρ = d

1+d .

Upìdeixh. JewroÔme thn tautotik  apeikìnish I : (X, d) → (X, ρ). SÔmfwna me thn
'Askhsh 23(a) arkeÐ na deÐxoume ìti oi I, I−1 eÐnai omoiìmorfa suneqeÐc. Autì ìmwc eÐnai
�meso (exhg ste giatÐ): arkeÐ na parathr soume ìti (gia mia akoloujÐa (an) jetik¸n
pragmatik¸n arijm¸n) isqÔei an → 0 an kai mìno an an

1+an
→ 0.

6.21. (a) 'Estw (X1, d1), . . . , (Xk, dk) peperasmènh oikogèneia olik� fragmènwn metrik¸n
q¸rwn. DeÐxte ìti o q¸roc (X, ρ1), ìpou X =

∏k
i=1Xi kai ρ1 =

∑k
i=1 di eÐnai olik�

fragmènoc metrikìc q¸roc.

(b)DeÐxte ìti èna uposÔnolo A tou Rk eÐnai olik� fragmèno an kai mìnon an eÐnai fragmèno.

Upìdeixh. (a) 'Estw (xn) akoloujÐa ston X, dhlad  xn = (xn(1), xn(2), . . . , xn(k)) gia
n = 1, 2, . . .. Epeid , o X1 eÐnai olik� fragmènoc, h (xn(1)) èqei basik  upakoloujÐ-
a, dhlad  up�rqei M1 ⊆ N �peiro ¸ste h (xn(1))n∈M1 na eÐnai basik . H akoloujÐa
(xn(2))n∈M1 brÐsketai ston olik� fragmèno q¸ro X2. 'Ara, up�rqei M2 ⊆M1 �peiro ¸-
ste h (xn(2))M2 na eÐnai basik . SuneqÐzontac me autì ton trìpo brÐskoume mia fjÐnousa
peperasmènh akoloujÐa M1 ⊇M2 ⊇ . . . ⊇Mk �peirwn uposunìlwn tou N me thn idiìth-
ta: gia k�je 1 ≤ i ≤ k, h (xn(i))n∈Mi

eÐnai basik . JewroÔme thn akoloujÐa (xn)n∈Mk
.

Tìte h (xn)n∈Mk
eÐnai ρ1�basik : 'Estw ε > 0. Epeid  h (xn(1))n∈Mk

eÐnai upakolou-
jÐa thc (xn(1))n∈M1 eÐnai basik , �ra up�rqei n1 ∈ Mk ¸ste d1(xn(1), xm(1)) < ε/k
gia k�je m,n ∈ Mk me m,n ≥ n1. Epeid , h (xn(2))n∈Mk

eÐnai upakoloujÐa thc
(xn(2))n∈M2 , eÐnai basik . 'Ara, up�rqei n2 ∈ Mk ¸ste d2(xn(2), xm(2)) < ε/k gia
k�je m,n ∈Mk me m,n ≥ n2. SuneqÐzontac me to Ðdio trìpo brÐskoume n1, . . . , nk ∈Mk

¸ste di(xn(i), xm(i)) < ε/k gia k�jem,n ∈Mk mem,n ≥ ni gia i = 1, 2, . . . , k. Jètoume
n0 = max{n1, . . . , nk} kai èqoume: an m,n ∈Mk kai m,n ≥ n0 tìte

ρ1(xn, xm) =
k∑

i=1

di(xn(i), xm(i)) <
k∑

i=1

ε

k
= ε.

Epomènwc, o (X, ρ1) eÐnai olik� fragmènoc.
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(b) ArkeÐ na exet�soume thn kateÔjunsh ìpou to A eÐnai fragmèno (h �llh isqÔei p�n-
tote). EpÐshc, parathr ste ìti mporoÔme na jewr soume ton Rk efodiasmèno me th
metrik  ρ1, afoÔ ρ2(x, y) ≤ ρ1(x, y), gia k�je x, y ∈ Rk. AfoÔ to A eÐnai fragmèno,
up�rqei M > 0 ¸ste ‖x‖1 ≤ M gia k�je x ∈ A. 'Epetai ìti A ⊆ [−M,M ]k. 'Omwc,
an p�roume (Xi, di) ≡ ([−M,M ], | · |) sto (a), blèpoume ìti o ([−M,M ]k, ρ1) eÐnai o-
lik� fragmènoc, epomènwc, o (A, ρ1|A) eÐnai olik� fragmènoc. Dhlad  to A eÐnai olik�
fragmèno uposÔnolo tou (Rk, ρ1).

6.22. 'Estw (X, ρ) metrikìc q¸roc kai (xn) basik  akoloujÐa ston X. DeÐxte ìti to
sÔnolo A = {xn : n ∈ N} eÐnai olik� fragmèno.

Upìdeixh. 'Estw ε > 0. AfoÔ h (xn) eÐnai basik , up�rqei n0 ∈ N ¸ste xn ∈ B(xn0 , ε)
gia k�je n ≥ n0. Tìte

A ⊆
n0⋃

j=1

B(xj , ε).

6.23. 'Estw (X, ρ) metrikìc q¸roc. DeÐxte ìti ta akìlouja eÐnai isodÔnama:

(a) K�je kleistì kai fragmèno uposÔnolo tou X eÐnai sumpagèc.

(b) O X eÐnai pl rhc kai k�je fragmèno uposÔnolo tou X eÐnai olik� fragmèno.

Upìdeixh. (a) ⇒ (b). DeÐqnoume ìti o X eÐnai pl rhc: an (xn) eÐnai basik  akoloujÐa
ston X, tìte gnwrÐzoume ìti to A = {xn : n ∈ N} eÐnai fragmèno uposÔnolo tou X. Apì
thn upìjesh, to A eÐnai sumpagèc. 'Ara, h akoloujÐa (xn) h opoÐa perièqetai sto A èqei
sugklÐnousa upakoloujÐa. Sunep¸c, h (xn) sugklÐnei.

DeÐqnoume ìti k�je fragmèno uposÔnolo tou X eÐnai olik� fragmèno. Pr�gmati, an
B ⊆ X fragmèno, tìte apì thn upìjesh èqoume ìti to B eÐnai sumpagèc. Eidikìtera,
eÐnai olik� fragmèno. Tìte, to B eÐnai olik� fragmèno wc uposÔnolì tou.

(b) ⇒ (a). 'Estw K kleistì kai fragmèno uposÔnolo tou X. Apì thn upìjesh èqoume
ìti to K eÐnai kleistì kai olik� fragmèno. 'Ara, o upìqwroc (K, ρ|K) eÐnai pl rhc (wc
kleistì uposÔnolo pl rouc metrikoÔ q¸rou) kai olik� fragmènoc. Opìte, o (K, ρ|K)
eÐnai sumpag c.

6.24. (a) 'Estw {(Xn, ρn)} akoloujÐa metrik¸n q¸rwn me ρn(x, y) ≤ 1 gia k�je x, y ∈
Xn kai n = 1, 2, . . .. DeÐxte ìti o q¸roc ginìmeno (

∏∞
n=1X,

∑∞
n=1

1
2n ρn) eÐnai sumpag c.

(b) DeÐxte ìti kÔboc tou Hilbert H∞ eÐnai sumpag c metrikìc q¸roc.

Upìdeixh. (a) Ja deÐxoume ìti o X eÐnai akoloujiak� sumpag c. 'Estw (xn) akoloujÐa
ston X, dhlad  xn = (xn(1), xn(2), . . . , xn(i), . . .). H (xn(1)) perièqetai sto sumpag 
metrikì q¸ro X1, �ra èqei sugklÐnousa upakoloujÐa. Dhlad , up�rqoun M1 ⊆ N �peiro
kai x(1) ∈ X1 ¸ste h (xn(1))n∈M1 na sugklÐnei sto x(1). H (xn(2))n∈M1 perièqetai sto
sumpagèc X2, �ra up�rqoun M2 ⊆ M1 �peiro kai x(2) ∈ X2 ¸ste h (xn(2))n∈M2 na
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sugklÐnei sto x(2). SuneqÐzontac me autì ton trìpo brÐskoume x(i) ∈ Xi kai fjÐnousa
akoloujÐaM1 ⊇M2 ⊇ . . . �peirwn uposunìlwn tou N ¸ste gia k�je i ∈ N h (xn(i))n∈Mi

na sugklÐnei sto x(i). AfoÔ k�je Mi eÐnai �peiro, mporoÔme na broÔme gnhsÐwc aÔxousa
akoloujÐa deikt¸n (ki) me ki ∈Mi. Tìte, h (xkn) eÐnai upakoloujÐa thc (xn) kai sugklÐnei
sto x = (x(i)) ∈ X. Gi� autì arkeÐ na deÐxoume th sÔgklish kat� suntetagmènh (afoÔ h
sÔgklish wc proc th ρ eÐnai isodÔnamh me th sÔgklish kat� suntetagmènec). 'Estw i ∈ N.
Tìte, h (xkn

(i))n≥i eÐnai upakoloujÐa thc (xn(i))n∈Mi
(afoÔ kn ∈Mn ⊆Mi gia n ≥ i),

�ra sugklÐnei ki aut  sto x(i).
(b) 'Epetai �mesa apì to prohgoÔmeno er¸thma gia (Xn, ρn) ≡ ([−1, 1], | · |). (To gegonìc
ìti |x− y| ≤ 2 antÐ tou 1 ìpwc sthn upìjesh tou (a) den paÐzei ousiastikì rìlo.)

Sumplhrwmatikèc ask seic
6.25. 'Estw (X, ρ) sumpag c metrikìc q¸roc kai (Gi)n

i=1 anoiktì k�lumma tou X. Jè-
toume f : X → R me f(x) = max{dist(x,X \ Gi) : i = 1, . . . , n} gia x ∈ X. ApodeÐxte
ìti:

(a) Gia k�je x ∈ X isqÔei f(x) > 0.
(b) H f eÐnai suneq c.

(g) Qrhsimopoi¸ntac ta (a) kai (b) apodeÐxte to l mma tou Lebesgue.

Upìdeixh. (a) ArkeÐ na deÐxoume ìti gia k�je x ∈ X up�rqei 1 ≤ i ≤ n ¸ste dist(x,Gc
i ) >

0, opìte
f(x) = max{dist(x,Gc

i ) : i = 1, . . . , n} > 0.

Autì ìmwc èpetai �mesa apì to gegonìc ìti to {Gi : i = 1, . . . , n} apoteleÐ anoiktì
k�lumma tou X. Pr�gmati, an x ∈ X tìte up�rqei 1 ≤ i ≤ n ¸ste x ∈ Gi. Tìte, x /∈ Gc

i

kai to Gc
i eÐnai kleistì uposÔnolo tou X, �ra dist(x,Gc

i ) > 0.
(b) ParathroÔme ìti h f orÐzetai wc kat� shmeÐo maximum suneq¸n sunart sewn. An
deÐxoume ìti to kat� shmeÐo maximum duo suneq¸n pragmatik¸n sunart sewn eÐnai
suneq c, tìte epagwgik� èqoume to sumpèrasma.

Isqurismìc. 'Estw f, g : (Y, σ) → R suneqeÐc sunart seic. Tìte, h sun�rthsh (f ∨
g)(x) = max{f(x), g(x)} eÐnai suneq c.

'Estw y0 ∈ Y kai yn → y0. Upojètoume ìti f(y0) > g(y0) (eÔkola antimetwpÐzetai h
perÐptwsh f(y0) = g(y0)). 'Estw 0 < ε < 1

2 (f(y0) − g(y0)). AfoÔ oi (f(yn)), (g(yn))
sugklÐnoun sta f(y0), g(y0) antÐstoiqa, up�rqei n0 ∈ N ¸ste gia k�je n ≥ n0 na isqÔoun
tautìqrona oi sqèseic:

f(y0)− ε < f(yn) < f(y0) + ε , g(y0)− ε < g(yn) < g(y0) + ε.

'Omwc, g(y0) + ε < f(y) − ε, �ra gia k�je n ≥ n0 eÐnai max{f(yn), g(yn)} = f(yn).
Opìte,

(f ∨ g)(yn) = max{f(yn), g(yn)} → f(y0) = max{f(y0), g(y0)} = (f ∨ g)(y0).
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(g) Qrhsimopoi¸ntac ta (a) kai (b) ja apodeÐxoume ìti k�je anoiktì k�lumma enìc
sumpagoÔc metrikoÔ q¸rou èqei arijmì Lebesgue.

JewroÔme èna anoiktì k�lumma (Vi)i∈I enìc sumpagoÔc metrikoÔ q¸rou (Y, ρ). Tìte,
up�rqoun Vi1 , . . . , Vik

¸ste Y =
⋃k

j=1 Vij
. JewroÔme th sun�rthsh f : Y → R me

f(y) = max{dist(y, V c
ij

) : j = 1, . . . , k}. Apì ta (a) kai (b) èqoume ìti h f eÐnai suneq c
kai gn sia jetik . Kaj¸c o Y eÐnai sumpag c, sumperaÐnoume ìti h f paÐrnei el�qisth
jetik  tim . 'Ara, up�rqei δ > 0 ¸ste f(y) ≥ δ gia k�je y ∈ Y . Sth sunèqeia deÐqnoume
ìti to δ eÐnai o zhtoÔmenoc arijmìc Lebesgue tou kalÔmmatoc.

Isqurismìc. Gia k�je A ⊆ Y me diam(A) < δ, up�rqei 1 ≤ j ≤ k ¸ste A ⊆ Vij
.

An to A eÐnai kenì den èqoume na apodeÐxoume k�ti. Upojètoume loipìn ìti to A 6= ∅ kai
èstw a ∈ A. Tìte, f(a) ≥ δ, dhlad  up�rqei 1 ≤ j ≤ k ¸ste dist(a, V c

ij
) ≥ δ. DeÐqnoume

ìti A ⊆ Vij . Pr�gmati, an den sumbaÐnei autì, up�rqei y ∈ A \ Vij . Tìte,

dist(a, V c
ij

) ≤ ρ(a, y) ≤ diam(A) < δ

kai èqoume katal xei se �topo.

6.26. (a) 'Estw A ⊆ R ¸ste k�je suneq c sun�rthsh f : A → R na eÐnai omoiìmorfa
suneq c. DeÐxte ìti to A eÐnai kleistì uposÔnolo tou R. EÐnai kat� an�gkhn fragmèno?

(b) 'Estw A ⊆ R fragmèno kai ìqi kleistì. DeÐxte ìti up�rqei g : A → R Lipschitz kai
fragmènh, h opoÐa den paÐrnei mègisth tim .

(g) 'Estw K ⊆ R kleistì kai fragmèno. DeÐxte ìti k�je suneq c sun�rthsh f : K → R
eÐnai omoiìmorfa suneq c.

(d) 'Estw f : R → R omoiìmorfa suneq c kai A ⊆ R fragmèno. DeÐxte ìti to f(A) eÐnai
epÐshc fragmèno.

Upìdeixh. (a) Upojètoume ìti A \ A 6= ∅. Tìte, up�rqei a ∈ A′ ¸ste a /∈ A. 'Etsi,
up�rqei (an) ⊆ A ¸ste an 6= a gia k�je n kai |an − a| → 0. H sun�rthsh f : A→ R me
f(x) = 1

|x−a| eÐnai kal� orismènh kai suneq c. H f ìmwc den eÐnai omoiìmorfa suneq c:

up�rqei upakoloujÐa (akn
) thc (an) ¸ste

(∗) 0 < |akn
− a| < 1

2
|an − a|

gia k�je n ∈ N (exhg ste giatÐ). Tìte, èqoume

|f(akn
)− f(an)| =

|an − a| − |akn
− a|

|akn
− a| · |an − a|

(∗)
>

|an − a|
2|an − a| · |akn − a|

=
1

2|akn
− a|

→ +∞,
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en¸ |an − akn
| → 0 kaj¸c n→∞.

To A mporeÐ na mhn eÐnai fragmèno: gia par�deigma k�je sun�rthsh f : (Z, | · |) → R
eÐnai omoiìmorfa suneq c.

(b) 'Estw A ⊆ R fragmèno kai ìqi kleistì. Tìte, ìpwc prin, up�rqei x ∈ A′ ¸ste x /∈ A.
JewroÔme th sun�rthsh g : A→ R me g(t) = 1

1+|t−x| . Profan¸c, h g eÐnai kal� orismènh,

suneq c kai fragmènh me 0 < g < 1.

• H g den paÐrnei mègisth tim : EÐnai supt∈A g(t) = 1. Pr�gmati, up�rqei (tn) ⊆ A
¸ste tn → x. 'Ara, g(tn) → 1 kai g(t) < 1 gia k�je t ∈ A afoÔ x /∈ A.

• H g eÐnai 1�Lipschitz: Gia k�je t, s ∈ A isqÔei

|g(t)− g(s)| =
∣∣|t− x| − |s− x|

∣∣
(1 + |t− x|)(1 + |s− x|)

≤ |t− s|.

Parathr ste ìti den qrhsimopoi jhke poujen� h upìjesh tou fragmènou.

(g) 'Estw f : K → R suneq c, h opoÐa den eÐnai omoiìmorfa suneq c. Tìte, up�rqoun
ε0 > 0 kai akoloujÐec (xn), (yn) ∈ K me |xn − yn| → 0 kai |f(xn) − f(yn)| ≥ ε0 gia
n = 1, 2, . . .. AfoÔ to K eÐna fragmèno, apì to je¸rhma Bolzano–Weierstrass up�rqoun
x ∈ R kai upakoloujÐa (xkn

) thc (xn) ¸ste |xkn
− x| → 0. Epeid  to K eÐnai kleistì,

èpetai ìti x ∈ K. Tìte, eÐnai kai |ykn − x| → 0. Apì thn arq  thc metafor�c èqoume
f(xkn) → f(x) kai f(ykn) → f(x). Sunep¸c, |f(xkn) − f(ykn)| → 0. Autì eÐnai �topo,
afoÔ |f(xkn

)− f(ykn
)| ≥ ε0 gia n = 1, 2, . . ..

(d) 'Estw A ⊆ R fragmèno. An to f(A) den eÐnai fragmèno, up�rqei (an) akoloujÐa sto A
¸ste |f(an)| ≥ n gia n = 1, 2, . . . (exhg ste giatÐ). AfoÔ to A eÐnai fragmèno, èpetai ìti
kai h (an) eÐnai fragmènh. Apì to Je¸rhma Bolzano–Weierstrass, h (an) èqei sugklÐnousa
upakoloujÐa (akn

). Eidikìtera, aut  eÐnai basik . AfoÔ h f eÐnai omoiìmorfa suneq c,
h f((akn

)) eÐnai epÐshc basik  kai eidikìtera fragmènh. 'Omwc, |f(akn
)| ≥ kn ≥ n gia

n = 1, 2, . . . kai èqoume antÐfash.

6.27. (a) DeÐxte ìti h sun�rthsh R : [0, 2π) → S1, me R(t) = (cos t, sin t), ìpou S1 =
{x ∈ R2 : ‖x‖2 = 1} o monadiaÐoc kÔkloc eÐnai suneq c, 1-1 kai epÐ. EÐnai oi q¸roi [0, 2π)
kai S1 omoiomorfikoÐ?

(b) Exet�ste an oi q¸roi ([0, 2π], | · |) kai (S1, ‖ · ‖2) eÐnai omoiomorfikoÐ.

Upìdeixh. (a) H R eÐnai profan¸c suneq c afoÔ k�je suntetagmènh thc eÐnai suneq c
sun�rthsh.

Gia to 1− 1: 'Estw (cos t1, sin t1) = (cos t2, sin t2) me t1, t2 ∈ [0, 2π). Tìte,{
sin t1 = sin t2 (1)
cos t1 = cos t2 (2)
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Apì thn (1) paÐrnoume t1−t2 = 2kπ   t1+t2 = 2kπ+π, k ∈ Z. Epeid , |t1−t2| < 2π sthn
pr¸th perÐptwsh èqoume k = 0 en¸ sth deÔterh k = 0   k = 1. Dhlad  se k�je perÐptwsh
eÐnai eÐte t1 = t2   t1 + t2 = π   t1 + t2 = 3π. Apì thn (2) paÐrnoume t1 − t2 = 2λπ  
t1 + t2 = 2λπ, λ ∈ Z. Epeid  eÐnai |t1 − t2| < 2π, h pr¸th perÐptwsh dÐnei λ = 0 dhlad 
t1 = t2 en¸ h deÔterh perÐptwsh dÐnei λ = 0   λ = 1, dhlad  t1 = t2 = 0   t1 + t2 = 2π.
Dhlad , se k�je perÐptwsh eÐnai t1 = t2   t1 + t2 = 2π. Blèpoume ìti h mình perÐptwsh
¸ste na isqÔoun tautìqrona oi (1) kai (2) eÐnai t1 = t2, dhlad  h R eÐnai 1-1.

Gia to epÐ: 'Estw (x, y) ∈ R2 ¸ste x2 + y2 = 1. Tìte −1 ≤ y ≤ 1. DiakrÐnoume dÔo
peript¸seic:

• 0 ≤ y ≤ 1. AfoÔ sin([0, π/2]) = [0, 1], up�rqei t ∈ [0, π/2] ¸ste sin t = y. Tìte,
cos t = |x| (exhg ste giatÐ). An x ≥ 0 tìte (x, y) = (cos t, sin t). An x ≤ 0 tìte
(x, y) = (cos(π − t), sin(π − t)) kai π − t ∈ [0, 2π).

• −1 ≤ y < 0. AfoÔ sin((π, 3π/2]) = [−1, 0), up�rqei t ∈ (π, 3π/2] ¸ste sin t = y.
Tìte cos t = −|x| (exhg ste giatÐ). An x ≥ 0 tìte (x, y) = (cos(3π− t), sin(3π− t))
me 3π − t ∈ [0, 2π), en¸ an x ≤ 0 tìte (x, y) = (cos t, sin t).

'Etsi, se k�je perÐptwsh h R eÐnai epÐ.
Oi q¸roi [0, 2π), S1 den eÐnai omoiomorfikoÐ afoÔ o S1 eÐnai sumpag c en¸ o [0, 2π)

ìqi.

(b) Oi q¸roi [0, 2π], S1 den eÐnai omoiomorfikoÐ.

1h Apìdeixh. 'Estw f : [0, 2π] → S1 omoiomorfismìc. Tìte, h f |[0,π)∪(π,2π] : [0, 2π] \
{π} → S1 \ {f(π)} eÐnai omoiomorfismìc. 'Omwc, to S1 \ {f(π)} eÐnai omoiomorfikì me to
R (exhg ste giatÐ) en¸ to [0, 2π]\{π} den eÐnai (autì eÐnai �mesh sunèpeia tou jewr matoc
endi�meshc tim c) ki èqoume antÐfash.

2h Apìdeixh. 'Estw f : [0, 2π] → S1 omoiomorfismìc. Tìte, eÐte f(0) = R(θ) gia k�poio
θ ∈ (0, 2π)   f(2π) = R(θ) gia k�poio θ ∈ (0, 2π), ìpou R h sun�rthsh tou prohgoÔmenou
erwt matoc. Upojètoume ìti f(0) = R(θ) gia k�poio θ ∈ (0, 2π) (entèlwc an�logh eÐnai h
�llh perÐptwsh). 'Etsi, up�rqei δ > 0 ¸ste (θ−δ, θ+δ) ⊆ (0, 2π). OrÐzoume th sun�rthsh
g : (θ− δ, θ+ δ) → [0, 2π] me g(t) = f−1(R(t)), h opoÐa eÐnai suneq c kai 1-1 (wc sÔnjesh
tètoiwn). Apì ton Apeirostikì Logismì gnwrÐzoume ìti mia tètoia sun�rthsh prèpei na
eÐnai gnhsÐwc monìtonh. 'Omwc, h g parousi�zei (olikì) el�qisto se eswterikì shmeÐo.
Autì eÐnai �topo.

6.28. (a) 'Estw (X, ρ) sumpag c metrikìc q¸roc kai f : X → X sun�rthsh me thn
idiìthta

ρ(f(x), f(y)) ≥ ρ(x, y)

gia k�je x, y ∈ X. DeÐxte ìti h f eÐnai isometrÐa kai epÐ.

(b) 'Estw (X, ρ) sumpag c metrikìc q¸roc kai f : X → X 1-1, epÐ ¸ste

ρ(f(x), f(y)) ≤ ρ(x, y)
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gia k�je x, y ∈ X. DeÐxte ìti h f eÐnai isometrÐa.

Upìdeixh. (a) 'Estw x, y ∈ X. Jètoume x0 = x, y0 = y kai jewroÔme tic akoloujÐec pou
orÐzontai anadromik� apì tic xn = f(xn−1), yn = f(yn−1), n ∈ N. Gia na apodeÐxoume
ìti h f eÐnai isometrÐa arkeÐ na deÐxoume ìti ρ(x0, y0) = ρ(x1, y1).

AfoÔ h (xn) brÐsketai sto sumpag  metrikì q¸ro (X, ρ), èpetai ìti èqei sugklÐnousa
upakoloujÐa, dhlad  up�rqei M1 ⊆ N �peiro ¸ste h (xn)n∈M1 na eÐnai sugklÐnousa.
OmoÐwc, h akoloujÐa (yn)n∈M1 èqei sugklÐnousa upakoloujÐa, dhlad  up�rqei M2 ⊆M1

�peiro ¸ste h (yn)n∈M2 na eÐnai sugklÐnousa. 'Epetai ìti oi akoloujÐec (xn)n∈M2 kai
(yn)n∈M2 eÐnai basikèc.

'Estw ε > 0. AfoÔ oi (xn)n∈M2 , (yn)n∈M2 eÐnai basikèc, up�rqoun i ∈M2 kai k ∈ N
¸ste i+ k ∈M2 me

ρ(xi, xi+k) <
ε

2
, ρ(yi, yi+k) <

ε

2
Apì thn anisotik  sqèsh pou ikanopoieÐ h f èqoume ìti

ρ(x0, xk) ≤ ρ(xi, xi+k) <
ε

2
, ρ(y0, yk) ≤ ρ(yi, yi+k) <

ε

2
.

Qrhsimopoi¸ntac tic teleutaÐec anisìthtec, thn anisìthta gia thn f kai thn trigwnik 
anisìthta paÐrnoume:

ρ(x0, y0) ≤ ρ(x1, y1) ≤ ρ(xk, yk) < ε+ ρ(x0, y0)

kai epeid  to ε > 0  tan tuqìn èqoume ìti ρ(x1, y1) = ρ(x0, y0). To epÐ èpetai apì thn
'Askhsh 10(a).

(b) AfoÔ h f eÐnai 1− 1 kai epÐ, orÐzetai h f−1 : X → X kai ikanopoieÐ thn

ρ(f−1(x), f−1(y)) ≥ ρ(x, y)

gia k�je x, y ∈ X. Apì to (a) èqoume ìti h f−1 eÐnai isometrÐa, �ra h f eÐnai isometrÐa.

6.29. (a) 'Estw (En) akoloujÐa xènwn an� duo diasthm�twn tou [0, 1]. DeÐxte ìti
diam(En) → 0 kaj¸c n→∞.

(b) 'Estw δ > 0. BreÐte akoloujÐa (Fn) xènwn an� dÔo kleist¸n uposunìlwn tou [0, 1] ¸ste
diam(Fn) ≥ 1− δ gia n = 1, 2, . . .. Exhg ste pou ofeÐletai h diafor� twn apotelesm�twn
(a) kai (b).

(g) DeÐxte ìti gia k�je ε > 0 up�rqei akoloujÐa xènwn an� dÔo kleist¸n uposunìlwn (Fn)
tou monadiaÐou dÐskou D = {(x, y) : x2 + y2 ≤ 1} ¸ste diam(Fn) ≥ 2− ε gia n = 1, 2, . . ..
(d) 'Estw K ⊆ Rd fragmèno kai (Bn) akoloujÐa apì xènec an� dÔo kleistèc mp�lec sto
K. DeÐxte ìti diam(Bn) → 0 kaj¸c n→∞.

(e) 'Estw (X, ρ) olik� fragmènoc metrikìc q¸roc kai Bn akoloujÐa apì xènec an� dÔo
mp�lec ston X. DeÐxte ìti lim

n→∞

(
diam(Bn)

)
= 0.
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Upìdeixh. (a) Arqik� parathroÔme ìti an I, J eÐnai xèna diast mata sto R, tìte diam(I)+
diam(J) ≤ diam(I∪J) kai epagwgik� deÐqnoume ìti an I1, . . . , Ik xèna an� duo diast mata,

tìte
∑k

i=1 diam(Ii) ≤ diam(
⋃k

i=1 Ii). Opìte gia ta {En} isqÔei

n∑
i=1

diam(Ei) ≤ diam(
n⋃

i=1

Ei) ≤ diam([0, 1]) = 1

gia k�je n ∈ N. Ap� autì prokÔptei ìti h seir�
∑∞

n=1 diam(En) sugklÐnei, �ra diam(En) →
0.
(b) 'Estw δ > 0. Epilègoume 0 < a < b < 1 ¸ste b−a > 1−δ. 'Estw (an), (bn) akoloujÐec
sta (0, a), (b, 1) antÐstoiqa, me diaforetikoÔc an� dÔo ìrouc. Jètoume Fn = {an, bn} gia
n = 1, 2, . . .. Tìte, ta {Fn}∞n=1 eÐnai ta zhtoÔmena sÔnola.

H diafor� ofeÐletai sto ìti ta sÔnola {Fn} apoteloÔntai apì memonwmèna shmeÐa,
en¸ ta diast mata eÐnai {suneq } sÔnola kai gia na èqoume {poll�} mèsa sto [0, 1] prèpei
na mikraÐnoun ta m kh touc.

(g) 'Estw ε > 0. Epilègoume k ∈ N ¸ste 1/k <
√
ε/2. OrÐzoume Fn = {(x, y) : x =

1
n+k} ∩D gia n = 1, 2, . . .. Tìte, ta {Fn} eÐnai xèna an� duo kai ikanopoioÔn thn

diam(Fn) = 2

√
1− 1

(n+ k)2
≥ 2

(
1− 1

(n+ k)2

)
> 2− ε.

(d) An B1, B2 eÐnai xènec mp�lec ston Rd tìte V (B1) + V (B2) = V (B1 ∪B2), ìpou V (·)
o d�di�statoc ìgkoc. Epagwgik� loipìn èqoume

∑n
i=1 V (Bi) = V (

⋃n
i=1Bi). AfoÔ to K

eÐnai fragmèno, up�rqei M > 0 ¸ste K ⊆ [−M,M ]d. 'Ara, gia k�je n ∈ N isqÔei

n∑
i=1

V (Bi) ≤ (2M)d.

Apì thn teleutaÐa anisìthta èpetai ìti V (Bn) → 0, �ra diam(Bn) → 0 (parathr ste ìti
afoÔ o ìgkoc teÐnei sto mhdèn h akoloujÐa twn aktÐnwn teÐnei sto mhdèn).

(e) 'Estw Bn = B(xn, rn). Ja deÐxoume ìti rn → 0, opìte to sumpèrasma èpetai an
parathr soume ìti diam(Bn) ≤ 2rn. An rn 6→ 0, up�rqoun δ > 0 kai upakoloujÐa (rkn

)
thc (rn) ¸ste rkn

≥ δ gia n = 1, 2, . . .. Tìte, isqÔei ρ(xkn
, xkm

) ≥ δ gia n 6= m (an  tan
ρ(xkm , xkn) < δ tìte xkm ∈ B(xkn , δ), �ra Bkn ∩ Bkm 6= ∅). SumperaÐnoume ìti h (xkn)
den èqei kami� basik  upakoloujÐa ki autì antÐkeitai sthn upìjesh ìti o X eÐnai olik�
fragmènoc.

6.30. 'Estw (X, ρ) metrikìc q¸roc. 'Ena uposÔnolo A tou X lègetai δ�diaqwrismèno an
gia k�je x, y ∈ A me x 6= y isqÔei ρ(x, y) ≥ δ.

(a) DeÐxte ìti an k�je δ�diaqwrismèno uposÔnolo tou X eÐnai peperasmèno kai an to
A ⊆ X eÐnai δ�diaqwrismèno, tìte up�rqei B ⊆ X megistikì δ�diaqwrismèno ¸ste A ⊆ B.
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(b) DeÐxte ìti an k�je δ�diaqwrismèno uposÔnolo tou X eÐnai peperasmèno, tìte o (X, ρ)
eÐnai diaqwrÐsimoc.

Upìdeixh. (a) 'Estw A èna δ�diaqwrismèno uposÔnolo touX. Autì ja eÐnai peperasmèno.
JewroÔme to sÔnolo A1 = {x ∈ X : ∀ a ∈ A, ρ(x, a) ≥ δ}. An autì eÐnai kenì
tìte jètoume B = A ki èqoume ìti A ⊆ B kai ìti to B eÐnai megistikì δ�diaqwrismèno
uposÔnolo tou X. Pr�gmati: an to B eÐnai gn sio uposÔnolo tou S kai S eÐnai δ�
diaqwrismèno, tìte up�rqei s ∈ S \ B ¸ste ρ(s, b) ≥ δ gia k�je b ∈ B, �topo afoÔ
A1 = ∅. An A1 6= ∅ tìte epilègoume a1 ∈ A1 kai jètoume B1 = A ∪ {a1}. Sth
sunèqeia jewroÔme to sÔnolo A2 = {x ∈ X : ρ(x, b) ≥ δ ∀ b ∈ B1}. An A2 = ∅
tìte to B1 eÐnai to zhtoÔmeno sÔnolo. An ìqi, epilègoume a2 ∈ A2 kai jewroÔme to
sÔnolo B2 = B1 ∪ {a2}. Ergazìmenoi me ton Ðdio trìpo, se peperasmèna to pl joc
b mata paÐrnoume èna sÔnolo Bn ¸ste to An+1 = {x ∈ X : ρ(x, b) ≥ δ ∀ b ∈ Bn} na
eÐnai kenì (diaforetik� ja kataskeu�zame mia �peirh akoloujÐa (an) stoiqeÐwn tou X me
ρ(an, am) ≥ δ gia n 6= m ki autì eÐnai �topo efìson ta δ�diaqwrismèna uposÔnola tou X
èqoun peperasmèno plhj�rijmo). Tìte, to Bn eÐnai to zhtoÔmeno sÔnolo: eÐnai megistikì
kai perièqei to A.

(b) 'Estw ìti X 6= ∅. 'Estw S1 èna megistikì 1�diaqwrismèno uposÔnolo tou X (autì
mac to exasfalÐzei to prohgoÔmeno er¸thma gia A k�poio monosÔnolo). AfoÔ to S1

eÐnai megistikì, isqÔei X =
⋃

x∈S1
B(x, 1). 'Estw S2 èna megistikì 1/2�diaqwrismèno

uposÔnolo tou X. Tìte, X =
⋃

x∈S2
B(x, 1/2). SuneqÐzontac kat� autìn ton trìpo

paÐrnoume akoloujÐa (Sn) diaqwrismènwn sunìlwn ¸ste gia k�je n ∈ N na isqÔei:

• To Sn eÐnai peperasmèno.

• To Sn eÐnai megistikì 1/n�diaqwrismèno uposÔnolo touX, �raX =
⋃

x∈Sn
B(x, 1/n).

An jèsoume D =
⋃∞

n=1 Sn, to D eÐnai arijm simo wc arijm simh ènwsh peperasmènwn
kai puknì. Pr�gmati, an ε > 0 kai x0 ∈ X tìte up�rqei n ∈ N ¸ste 1/n < ε kai
X =

⋃
x∈Sn

B(x, 1/n). 'Ara, up�rqei x ∈ Sn ¸ste x0 ∈ B(x, 1/n). Tìte, x ∈ B(x0, ε)
ap� ìpou èpetai ìti Sn ∩B(x0, ε) 6= ∅. 'Ara, D ∩B(x0, ε) 6= ∅.

6.31. 'Estw (X, ρ) metrikìc q¸roc. DeÐxte ìti ta akìlouja eÐnai isodÔnama:

(a) O X eÐnai olik� fragmènoc.

(b) K�je δ�diaqwrismèno uposÔnolo tou X eÐnai peperasmèno.

Upìdeixh. (a) ⇒ (b). An up�rqei �peiro δ�diaqwrismèno A ⊆ X tìte up�rqei akoloujÐa
(an) stoiqeÐwn tou A me ρ(an, am) ≥ δ gia k�je n 6= m. Tìte, h (an) den èqei kami�
basik  upakoloujÐa, �ra o X den eÐnai olik� fragmènoc.

(b) ⇒ (a). 'Estw ε > 0. Apì thn prohgoÔmenh �skhsh up�rqei peperasmèno megistikì
ε�diaqwrismèno uposÔnolo S. Tìte, X =

⋃
x∈S B(x, ε), �ra o X eÐnai olik� fragmènoc.

6.32. 'Estw (X, ρ) metrikìc q¸roc kai A ⊆ X. To A lègetai sqetik� sumpagèc up-
osÔnolo tou X an to A eÐnai eÐnai sumpagèc uposÔnolo tou X.
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(a) ApodeÐxte ìti to A eÐnai sqetik� sumpagèc an kai mìnon an k�je akoloujÐa (an)
stoiqeÐwn tou A èqei sugklÐnousa upakoloujÐa (ìqi kat� an�gkhn mèsa sto A).

(b) 'Estw (Y, ρ) metrikìc q¸roc kai f : X → Y suneq c. DeÐxte ìti h f apeikonÐzei
sqetik� sumpag  uposÔnola tou X se sqetik� sumpag  uposÔnola tou Y .

(g) ApodeÐxte ìti k�je sqetik� sumpagèc uposÔnolo eÐnai olik� fragmèno. IsqÔei to
antÐstrofo?

Upìdeixh. (a) 'Estw (an) akoloujÐa stoiqeÐwn tou A. Tìte, h (an) perièqetai sto
sumpagèc A, �ra èqei sugklÐnousa upakoloujÐa (sto A).

AntÐstrofa: èstw (xn) akoloujÐa sto A. Tìte gia k�je n ∈ N up�rqei an ∈ A
¸ste ρ(xn, an) < 1/n. H (an) eÐnai akoloujÐa stoiqeÐwn tou A, �ra apì thn upìjesh
èpetai ìti èqei sugklÐnousa upakoloujÐa. Up�rqoun loipìn x ∈ A (exhg ste giatÐ) kai
upakoloujÐa (akn

) thc (an) ¸ste akn
→ x. Apì thn trigwnik  anisìthta èqoume:

ρ(xkn
, x) ≤ ρ(xkn

, akn
) + ρ(akn

, x) <
1
kn

+ ρ(akn
, x).

SumperaÐnoume ìti xkn
→ x me x ∈ A. Sunep¸c, to A eÐnai akoloujiak� sumpagèc, �ra

sumpagèc.

(b) 'Estw (yn) akoloujÐa sto f(A). Tìte, gia k�je n ∈ N up�rqei xn ∈ A ¸ste yn =
f(xn). H (xn) perièqetai sto sqetik� sumpagèc A. 'Ara, èqei sugklÐnousa upakoloujÐa
(xkn). Tìte, h (ykn) eÐnai sugklÐnousa upakoloujÐa thc (yn). (JumhjeÐte ìti oi suneqeÐc
sunart seic apeikonÐzoun sugklÐnousec akoloujÐec se sugklÐnousec akoloujÐec). 'Ara,
to f(A) eÐnai sqetik� sumpagèc.

(g) 'Estw A sqetik� sumpagèc uposÔnolo tou X. Tìte, to A eÐnai olik� fragmèno, opìte
to A eÐnai olik� fragmèno.

To antÐstrofo den isqÔei ìpwc faÐnetai apì to akìloujo par�deigma: an jewr soume
ton metrikì q¸ro (Q, | · |) kai A = {q ∈ Q : 0 ≤ q ≤ 1} tìte to A eÐnai olik� fragmèno,
all� den eÐnai sqetik� sumpagèc, afoÔ A = A kai to A den eÐnai akoloujiak� sumpagèc.

'Ena �llo par�deigma eÐnai to akìloujo: JewroÔme ton metrikì q¸ro ((0, 1), | · |) kai
to A = (0, 1/2]. To A eÐnai olik� fragmèno (ston (0, 1)) all� den eÐnai sqetik� sumpagèc
afoÔ A = A kai to A den eÐnai akoloujiak� sumpagèc.

Parathr ste ìti kai stic duo peript¸seic o metrikìc q¸roc pou jewroÔme den eÐnai
pl rhc (se ènan pl rh metrikì q¸ro de mporeÐ na sumbaÐnei autì sÔmfwna me thn 'Askhsh
21(a)).



Kef�laio 7

AkoloujÐec kai seirèc

sunart sewn

7.1. 'Estw fn(t) = 1
1+nt , t ∈ [0, 1]. DeÐxte ìti h (fn) sugklÐnei kat� shmeÐo, all� ìqi

omoiìmorfa, se k�poia sun�rthsh f sto [0, 1]. Poi� eÐnai h f ?

Upìdeixh. An t = 0 tìte fn(0) = 1 → 1 ìtan n→∞. Gia k�je t ∈ (0, 1] èqoume

fn(t) =
1

1 + nt
=

1
n

1
1
n + t

→ 0.

Sunep¸c, h (fn) sugklÐnei kat� shmeÐo sthn f : [0, 1] → R me

f(t) =
{

1, t = 0
0, t ∈ (0, 1]

H f eÐnai asuneq c sto shmeÐo t0 = 0 en¸ ìlec oi fn eÐnai suneqeÐc. 'Ara, h sÔgklish den
eÐnai omoiìmorfh.

'Alloc trìpoc gia na aitiolog soume ton teleutaÐo isqurismì: parathroÔme ìti ‖fn−
f‖∞ ≥ |fn(1/n)− f(1/n)| = fn(1/n) = 1/2. 'Ara, ‖fn − f‖∞ 6→ 0.

7.2. 'Estw fn(t) = t2n

1+t2n , t ∈ R. DeÐxte ìti h (fn) sugklÐnei kat� shmeÐo, all� ìqi
omoiìmorfa, se k�poia sun�rthsh f sto R. Poi� eÐnai h f ?

Upìdeixh. ParathroÔme ìti:

(i) An |t| < 1 tìte t2n → 0, �ra fn(t) → 0
1+0 = 0.

(ii) An |t| = 1 tìte t2n = 1 gia k�je n ∈ N, �ra fn(t) = 1
1+1 = 1

2 →
1
2 .

(iii) An |t| > 1 tìte t−2n → 0, �ra fn(t) = 1
t−2n+1 →

1
0+1 = 1.
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Sunep¸c, h (fn) sugklÐnei kat� shmeÐo sthn f : R → R me

f(t) =

 0, |t| < 1
1
2 , |t| = 1
1, |t| > 1

H f eÐnai asuneq c sta shmeÐa t1 = 1 kai t2 = −1, en¸ ìlec oi fn eÐnai suneqeÐc. 'Ara, h
sÔgklish den eÐnai omoiìmorfh.

7.3. 'Estw fn : R → R me fn(t) =
{

0, t < 1
n+1   1

n < t

sin2
(

π
t

)
, 1

n+1 ≤ t ≤ 1
n

. DeÐxte ìti h (fn)

sugklÐnei kat� shmeÐo se k�poia f suneq  sto R. IsqÔei ìti fn → f omoiìmorfa sto R?

Upìdeixh. DeÐqnoume pr¸ta ìti fn → 0 kat� shmeÐo. DiakrÐnoume dÔo peript¸seic:

(i) An t ≤ 0 tìte fn(t) = 0 gia k�je n ∈ N, �ra lim
n→∞

fn(t) = 0.

(ii) An t > 0 tìte up�rqei n0 ∈ N ¸ste 1
n0

< t. Sunep¸c, gia k�je n ≥ n0 èqoume

t /∈
[

1
n+1 ,

1
n

]
, ap� ìpou èpetai ìti h (fn(t)) eÐnai telik� stajer  kai Ðsh me 0. Dhlad ,

se aut  thn perÐptwsh isqÔei p�li ìti lim
n→∞

fn(t) = 0.

ParathroÔme t¸ra ìti ‖fn−0‖∞ = ‖fn‖∞ ≤ 1 diìti sin2(π/t) ≤ 1 kai isqÔei isìthta diìti,
an jèsoume tn = 2

2n+1 tìte tn ∈
[

1
n+1 ,

1
n

]
kai ‖fn‖∞ ≥ |fn(tn)| = sin2

(
nπ + π

2

)
= 1.

AfoÔ ‖fn‖∞ = 1 6→ 1, h sÔgklish den eÐnai omoiìmorfh.

7.4. 'Estw fn(t) = npt(1 − t2)n, t ∈ [0, 1], me p > 0 par�metro sto R. DeÐxte ìti gia
k�je p > 0 h (fn) sugklÐnei kat� shmeÐo se k�poia f sto [0, 1]. Gia poièc timèc tou p eÐnai

h sÔgklish omoiìmorfh? Gia poièc timèc tou p isqÔei ìti
∫ 1

0
fn →

∫ 1

0
f ?

Upìdeixh. DeÐqnoume pr¸ta ìti fn → f ≡ 0 kat� shmeÐo. DiakrÐnoume dÔo peript¸seic:

(i) An t = 0   t = 1 tìte fn(t) = 0 gia k�je n ∈ N, �ra lim
n→∞

fn(t) = 0.

(ii) An 0 < t < 1 tìte 0 < 1 − t2 < 1. Qrhsimopoi¸ntac to krit rio tou lìgou
blèpoume ìti lim

n→∞
npt(1 − t2)n = 0. Sunep¸c, se aut  thn perÐptwsh isqÔei p�li

ìti lim
n→∞

fn(t) = 0.

'Eqoume ‖fn − 0‖∞ = max(fn) diìti fn ≥ 0. ParagwgÐzontac thn fn blèpoume ìti

f ′n(t) = np(1− t2)n − nptn(1− t2)n−1(2t)
= np(1− t2)n−1[1− t2 − 2nt2] = np(1− t2)n−1[1− (2n+ 1)t2].
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Sunep¸c,

‖fn − 0‖∞ = fn

(
1√

2n+ 1

)
=

np

√
2n+ 1

(
1− 1

2n+ 1

)n

.

ParathroÔme ìti
(
1− 1

2n+1

)n

→ 1√
e
. Sunep¸c,

(i) An 0 < p < 1
2 tìte np

√
2n+1

→ 0 kai ‖fn − 0‖∞ → 0.

(ii) An p > 1
2 tìte np

√
2n+1

→ +∞ kai ‖fn − 0‖∞ → +∞.

(iii) An p = 1
2 tìte np

√
2n+1

→ 1√
2
kai ‖fn − 0‖∞ → 1√

2e
> 0.

'Epetai ìti fn → 0 omoiìmorfa (dhlad , ‖fn − 0‖∞ → 0) an kai mìno an 0 < p < 1
2 .

Gia to teleutaÐo er¸thma upologÐzoume to olokl rwma thc fn (gia k�je tim  thc
paramètrou p): jètontac y = 1− t2 blèpoume ìti∫ 1

0

npt(1− t2)ndt =
∫ 1

0

np

2
yndy =

np

2

∫ 1

0

yndy =
np

2(n+ 1)
.

ParathroÔme ìti np

2(n+1) → 0 an kai mìno an 0 < p < 1. 'Ara,
∫ 1

0
fn →

∫ 1

0
f an 0 < p < 1.

7.5. 'Estw fn(t) = t
1+nt2 , t ∈ R. DeÐxte ìti up�rqei f ¸ste fn → f omoiìmorfa sto R.

DeÐxte ìti f ′n(t) → f ′(t) an t 6= 0, all� f ′n(0) 6→ f ′(0). Gia poi� diast mata [a, b] isqÔei
ìti f ′n → f ′ omoiìmorfa sto [a, b]?

Upìdeixh. (a) An t = 0 tìte fn(0) = 0 → 0. An t 6= 0 tìte 1+nt2 → +∞, �ra fn(t) → 0.
Sunep¸c, fn → f ≡ 0 kat� shmeÐo.

Gia thn omoiìmorfh sÔgklish exet�zoume an

‖fn‖∞ = sup
{

|t|
1 + nt2

: t ∈ R
}

= sup
{

t

1 + nt2
: t ≥ 0

}
→ 0.

Melet�me thn |fn| = fn sto [0,∞). 'Eqoume

f ′n(t) =
1 + nt2 − 2nt2

(1 + nt2)2
=

1− nt2

(1 + nt2)2
,

dhlad  h |fn| paÐrnei mègisth tim  sto shmeÐo 1/
√
n:

‖fn‖∞ = fn

(
1√
n

)
=

1√
n

1 + n 1
n

=
1

2
√
n
→ 0.

Sunep¸c, fn → f ≡ 0 omoiìmorfa.
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(b) Exet�zoume t¸ra th sÔgklish thc (f ′n): an t = 0 tìte f ′n(0) = 1 → 1. An t 6= 0 tìte

f ′n(t) =
1− nt2

1 + 2nt2 + n2t4
→ 0,

diìti o bajmìc tou paronomast  (wc proc n) eÐnai megalÔteroc apì to bajmì tou arijmht .
AfoÔ f ′ ≡ 0, h f ′n den sugklÐnei sthn f ′ sto shmeÐo 0. Eidikìtera, h (f ′n) den sugklÐnei
omoiìmorfa sthn f ′ ≡ 0 se kanèna di�sthma [a, b] to opoÐo perièqei to 0.

'Estw t¸ra di�sthma [a, b] to opoÐo den perièqei to 0. Exet�zoume mìno thn perÐptwsh
0 < a < b: èqoume

|f ′n(t)| = |1− nt2|
(1 + nt2)2

≤ 1 + nt2

(1 + nt2)2
=

1
1 + nt2

≤ 1
1 + na2

,

�ra

max
t∈[a,b]

|f ′n(t)| ≤ 1
1 + na2

→ 0.

'Ara, f ′n → f ′ ≡ 0 omoiìmorfa sto [a, b]. To Ðdio isqÔei an a < b < 0 (exhg ste giatÐ).

7.6. 'Estw fn(t) = 1
ne

−n2t2 , t ∈ R. DeÐxte ìti fn → 0 omoiìmorfa sto R kai f ′n → 0 kat�
shmeÐo sto R. ApodeÐxte ìti se k�je di�sthma to opoÐo perièqei to 0 h f ′n den sugklÐnei
omoiìmorfa sth mhdenik  sun�rthsh, en¸ se k�je kleistì di�sthma to opoÐo den perièqei
to 0 h f ′n sugklÐnei omoiìmorfa sth mhdenik  sun�rthsh.

Upìdeixh. Gia k�je t ∈ R èqoume en2t2 ≥ 1, �ra 0 ≤ fn(t) = 1
ne

−n2t2 ≤ 1
n , me isìthta an

t = 0. Sunep¸c, fn(t) → 0 kat� shmeÐo, kai m�lista,

‖fn‖∞ =
1
n
→ 0,

�ra fn → 0 omoiìmorfa sto R.
'Estw t ∈ R. Tìte,

|f ′n(t)| = 2|t|ne−n2t2 → 0

diìti en2t2 ≥ 1 + n2t2 �ra |f ′n(t)| < 2|t|n
1+n2t2 → 0. Dhlad , f ′n → f ′ ≡ 0 kat� shmeÐo sto

R.
(a) 'Estw [a, b] kleistì di�sthma pou den perièqei to 0. Exet�zoume thn perÐptwsh 0 <
a < b: parathroÔme ìti, gia k�je t ∈ [a, b],

|f ′n(t)| = 2tne−n2t2 ≤ 2bne−n2a2
.

Sunep¸c,

max
t∈[a,b]

|fn(t)| ≤ 2bne−n2a2
<

2bn
n2a2

=
2b
a2n

→ 0.
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'Epetai ìti f ′n → 0 omoiìmorfa sto [a, b] (h perÐptwsh a < b < 0 exet�zetai me an�logo
trìpo).

(b) 'Estw [a, b] kleistì di�sthma pou perièqei to 0. Gia meg�la n, toul�qiston ènac apì
touc ± 1

n ja an kei sto [a, b] (exhg ste giatÐ), �ra

max
t∈[a,b]

|f ′n(t)| ≥ |f ′n(±1/n)| = 2
1
n
ne−n2 1

n2 =
2
e
.

Autì deÐqnei ìti f ′n 6→ 0 omoiìmorfa sto [a, b].

7.7. DeÐxte ìti h akoloujÐa sunart sewn fn : [0,∞) → R me

f1(x) =
√
x, fn+1(x) =

√
x+ fn(x)

sugklÐnei kat� shmeÐo, kai breÐte thn oriak  sun�rthsh.

Upìdeixh. An x = 0 tìte f1(0) = 0 kai an fk(0) = 0 tìte fk+1(0) =
√

0 + fk(0) = 0.
Epagwgik� blèpoume ìti fn(0) = 0 gia k�je n ∈ N, �ra fn(0) → 0.

'Estw x > 0. Elègqoume pr¸ta me epagwg  ìti fn(x) > 0 gia k�je n ∈ N. EpÐshc,

f1(x) =
√
x <

√
x+

√
x = f2(x) kai an fk(x) < fk+1(x) tìte fk+1(x) =

√
x+ fk(x) <√

x+ fk+1(x) = fk+2(x). 'Epetai ìti h akoloujÐa (fn(x)) eÐnai gnhsÐwc aÔxousa.
DeÐqnoume ìti h (fn(x)) eÐnai �nw fragmènh diakrÐnontac dÔo peript¸seic:

(i) An 0 < x < 2 tìte fn(x) < 2 gia k�je n ∈ N diìti f1(x) =
√
x <

√
2 < 2 kai an

fk(x) < 2 tìte fk+1(x) =
√
x+ fk(x) <

√
2 + 2 = 2.

(ii) An x ≥ 2 tìte fn(x) < x gia k�je n ∈ N diìti f1(x) =
√
x < x kai an fk(x) < x

tìte fk+1(x) =
√
x+ fk(x) <

√
x+ x =

√
2x ≤

√
x2 = x.

Se k�je perÐptwsh, h (fn(x)) eÐnai aÔxousa kai �nw fragmènh, �ra sugklÐnei se k�poio
y = yx ∈ R. Epistrèfontac sthn anadromik  sqèsh fn+1(x) =

√
x+ fn(x) kai af nontac

to n→∞, paÐrnoume y =
√
y + x dhlad  y2− y− x = 0. AfoÔ to y eÐnai jetikì, èqoume

y = 1+
√

1+4x
2 . Dhlad , fn → f kat� shmeÐo, ìpou

f(t) =
{

0, x = 0
1+
√

1+4x
2 , x > 0

7.8. 'Estw f : R → R omoiìmorfa suneq c sun�rthsh. DeÐxte ìti h akoloujÐa sunart -
sewn

fn(x) = f

(
x+

1
n

)
, n ∈ N

sugklÐnei omoiìmorfa sthn f .
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Upìdeixh. 'Estw ε > 0. AfoÔ h f eÐnai omoiìmorfa suneq c, up�rqei δ > 0 ¸ste: an
x, y ∈ R kai |x− y| < δ tìte |f(x)− f(y)| < ε.

BrÐskoume n0 ∈ N ¸ste 1
n0

< δ. Tìte, gia k�je n ≥ n0 kai gia k�je x ∈ R èqoume∣∣(x+ 1
n

)
− x
∣∣ = 1

n ≤ 1
n0
< δ, �ra

|fn(x)− f(x)| =
∣∣∣∣f (x+

1
n

)
− f(x)

∣∣∣∣ < ε.

AfoÔ to ε > 0  tan tuqìn, sumperaÐnoume ìti fn → f omoiìmorfa.

7.9. 'Estw fn : [a, b] → R akoloujÐa auxous¸n sunart sewn. Upojètoume ìti h (fn)
sugklÐnei kat� shmeÐo se mia suneq  sun�rthsh f . DeÐxte ìti h f eÐnai aÔxousa kai ìti
h sÔgklish eÐnai omoiìmorfh.

Upìdeixh. DeÐqnoume pr¸ta ìti h f eÐnai aÔxousa sun�rthsh: èstw x < y sto [a, b]. Gia
k�je n ∈ N èqoume fn(x) ≤ fn(y) diìti h fn eÐnai aÔxousa. 'Epetai ìti

f(x) = lim
n→∞

fn(x) ≤ lim
n→∞

fn(y) = f(y).

Apì thn upìjesh, h f eÐnai suneq c sto kleistì di�sthma [a, b], �ra eÐnai omoiìmorfa
suneq c. 'Estw ε > 0. Up�rqei δ > 0 ¸ste: an x, y ∈ [a, b] kai |x − y| < δ tìte
|f(x) − f(y)| < ε. BrÐskoume m ∈ N ¸ste b−a

m < δ kai qwrÐzoume to [a, b] se m Ðsa
diadoqik� diast mata, me ta shmeÐa

a = x0 < x1 < · · · < xk < xk+1 < · · · < xm = b

ìpou xk = a+ k(b−a)
m , k = 0, 1, . . . ,m. AfoÔ fn → f kat� shmeÐo, èqoume fn(xk) → f(xk)

gia k�je k = 0, 1, . . . ,m. Sunep¸c, up�rqei n0 ∈ N ¸ste: gia k�je n ≥ n0 kai gia k�je
k = 0, 1, . . . ,m,

|f(xk)− fn(xk)| < ε.

'Estw x ∈ [a, b] kai n ≥ n0. Up�rqei k ∈ {0, 1, . . . ,m − 1} ¸ste x ∈ [xk, xk+1]. Qrhsi-
mopoi¸ntac th monotonÐa twn f, fn parathroÔme ìti

f(x)− fn(x) ≤ f(xk+1)− fn(xk) = [f(xk+1)− f(xk)] + [f(xk)− fn(xk)] < ε+ ε = 2ε

kai

f(x)−fn(x) ≥ f(xk)−fn(xk+1) = [f(xk)−f(xk+1)]+[f(xk+1)−fn(xk+1)] > −ε−ε = −2ε.

'Ara,
|f(x)− fn(x)| < 2ε

gia k�je n ≥ n0 kai gia k�je x ∈ [a, b]. AfoÔ to ε > 0  tan tuqìn, sumperaÐnoume ìti
fn → f omoiìmorfa.
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7.10. 'Estw fn : [0, 1] → R akoloujÐa suneq¸n sunart sewn pou sugklÐnei omoiìmorfa
se mia sun�rthsh f : [0, 1] → R. DeÐxte ìti∫ 1− 1

n

0

fn(t) dt→
∫ 1

0

f(t) dt.

IsqÔei p�nta to Ðdio an h sÔgklish eÐnai kat� shmeÐo?

Upìdeixh. AfoÔ oi fn eÐnai suneqeÐc kai fn → f omoiìmorfa, h f eÐnai suneq c sto [0, 1].
Eidikìtera, ‖f‖∞ < +∞. Gr�foume∣∣∣∣∣

∫ 1

0

f(t) dt−
∫ 1− 1

n

0

fn(t) dt

∣∣∣∣∣ =

∣∣∣∣∣
∫ 1

1− 1
n

f(t) dt+
∫ 1− 1

n

0

f(t) dt−
∫ 1− 1

n

0

fn(t) dt

∣∣∣∣∣
≤

∣∣∣∣∣
∫ 1

1− 1
n

f(t) dt

∣∣∣∣∣+
∣∣∣∣∣
∫ 1− 1

n

0

(f(t)− fn(t)) dt

∣∣∣∣∣
≤

∫ 1

1− 1
n

|f(t)| dt+
∫ 1− 1

n

0

|f(t)− fn(t)| dt

≤
∫ 1

1− 1
n

‖f‖∞dt+
∫ 1− 1

n

0

‖f − fn‖∞dt

≤ 1
n
‖f‖∞ +

(
1− 1

n

)
‖f − fn‖∞

≤ ‖f‖∞
n

+ ‖f − fn‖∞ → 0,

diìti ‖f − fn‖∞ → 0 afoÔ fn → f omoiìmorfa.
An h sÔgklish eÐnai kat� shmeÐo, to prohgoÔmeno apotèlesma den isqÔei genik�. Gia

par�deigma an

fn(x) =

 2n2x, 0 ≤ x ≤ 1
2n

−2n2
(
x− 1

n

)
, 1

2n ≤ x ≤ 1
n

0, 1
n ≤ x ≤ 1

tìte eÔkola elègqoume ìti fn → 0 kat� shmeÐo, ìmwc,∫ 1− 1
n

0

fn(x) dx = 1 6→ 0 =
∫ 1

0

f(x) dx.

7.11. OrÐzoume akoloujÐa sunart sewn fn : [0, 1] → R me

fn(x) = n2x(1− x)nx.
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DeÐxte ìti h (fn) sugklÐnei kat� shmeÐo kai breÐte thn oriak  sun�rthsh f . BreÐte to
ìrio twn oloklhrwm�twn

In =
∫ 1

0

fn(t) dt.

EÐnai h sÔgklish thc (fn) sthn f omoiìmorfh?

Upìdeixh. An x = 0 tìte fn(0) = 0 → 0. An 0 < x ≤ 1 tìte 0 ≤ (1− x)x < 1, �ra

n2x(1− x)nx = xn2[(1− x)x]n → 0.

Sunep¸c, fn → 0 kat� shmeÐo sto [0, 1].
Gia to olokl rwma thc fn parathroÔme ìti h sun�rthsh x 7→ (1− x)x eÐnai fjÐnousa

sto [0, 1], �ra∫ 1

0

fn(x) dx =
∫ 1

0

n2x(1− x)nxdx ≥
∫ 1√

n

1
2
√

n

n2x(1− x)nxdx

≥
∫ 1√

n

1
2
√

n

n2 1
2
√
n

(
1− 1√

n

)n 1√
n

dx =
n2

2
√
n

(
1− 1√

n

)√n 1
2
√
n

=
n

4

(
1− 1√

n

)√n

≥ n

4e
→ +∞.

Autì shmaÐnei ìti h sÔgklish thc (fn) sthn f ≡ 0 den eÐnai omoiìmorfh: ja eÐqame

lim
n→∞

∫ 1

0

fn(x) dx =
∫ 1

0

f(x) dx = 0,

en¸ ta oloklhr¸mata arister� teÐnoun sto +∞. 'Enac �lloc trìpoc gia na to doÔme,
eÐnai na parathr soume ìti

‖fn‖∞ ≥ fn(1/n) = n2 1
n

(
1− 1

n

)n 1
n

= n− 1 → +∞.

7.12. OrÐzoume fn : [0, π/2] → R jètontac f1(x) = sinx kai

fn+1(x) = sin(fn(x)). n ∈ N.

Exet�ste thn (fn) wc proc thn kat� shmeÐo kai thn omoiìmorfh sÔgklish.

Upìdeixh. Epagwgik� deÐqnoume ìti k�je fn eÐnai aÔxousa kai paÐrnei timèc sto [0, 1].
EpÐshc, gia k�je x ∈ [0, π/2] isqÔei

(∗) 0 ≤ fn+1(x) = sin(fn(x)) ≤ fn(x), n ∈ N
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diìti sin t ≤ t an t ∈ [0, π/2].
H (∗) deÐqnei ìti, gia k�je x ∈ [0, π/2], h akoloujÐa (fn(x)) eÐnai fjÐnousa kai k�tw

fragmènh apì to 0, �ra sugklÐnei se k�poion `x ≥ 0. Epiplèon,

`x = lim
n→∞

fn+1(x) = lim
n→∞

sin(fn(x)) = sin
(

lim
n→∞

fn(x)
)

= sin `x,

�ra `x = 0 (h exÐswsh sin t = t èqei monadik  rÐza thn t = 0). Dhlad , fn → 0 kat�
shmeÐo.

Gia na exet�soume thn omoiìmorfh sÔgklish, parathroÔme ìti k�je fn eÐnai mh arn-
htik  kai aÔxousa, �ra

‖fn‖∞ = max
x∈[0,π/2]

fn(x) = fn(π/2) → 0

ìtan n→∞. 'Ara, fn → 0 omoiìmorfa sto [0, π/2].

7.13. Upojètoume ìti h seir�
∑∞

k=1 ak sugklÐnei apolÔtwc. DeÐxte ìti oi seirèc sunart -
sewn

∑∞
k=1 ak sin(kt) kai

∑∞
k=1 ak cos(kt) sugklÐnoun omoiìmorfa sto R.

Upìdeixh. Efarmìzoume to krit rio tou Weierstrass: an fk(t) = ak sin(kt) tìte

|fk(t)| = |ak sin(kt)| ≤ |ak|, t ∈ R.

Apì thn upìjesh, h seir�
∑∞

k=1 |ak| sugklÐnei. 'Ara, h
∑∞

k=1 fk(t) =
∑∞

k=1 ak sin(kt)
sugklÐnei omoiìmorfa sto R.

Gia thn
∑∞

k=1 ak cos(kt) douleÔoume me ton Ðdio akrib¸c trìpo.

7.14. DeÐxte ìti h
∑∞

k=0(1−x)xk sugklÐnei kat� shmeÐo, all� ìqi omoiìmorfa, sto [0, 1].
Antijètwc, deÐxte ìti h

∑∞
k=0(−1)kxk(1− x) sugklinei omoiìmorfa sto [0, 1].

Upìdeixh. (a) Gia thn
∑∞

k=0(1 − x)xk: upologÐzoume ta merik� ajroÐsmata: an x = 1
tìte sn(1) = 0, en¸ an 0 ≤ x < 1 èqoume

sn(x) =
n∑

k=0

(1− x)xk = (1− x)(1 + x+ x2 + · · ·+ xn) = 1− xn+1 → 1.

'Ara, sn(x) → s(x), ìpou s(x) = 0 an x = 1 kai s(x) = 1 an 0 ≤ x < 1. H s eÐnai
asuneq c sto shmeÐo x = 1, �ra h sÔgklish den eÐnai omoiìmorfh.

(b) Gia thn
∑∞

k=0(−1)kxk(1− x): ìpwc prin,

sn(x) = (1− x)
n∑

k=0

(−x)k = (1− x)
1− (−1)k+1xn+1

1 + x
.
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An 0 ≤ x < 1 tìte xn+1 → 0, �ra sn(x) → 1−x
1+x . An x = 1 tìte sn(1) = 0 → 0 = 1−1

1+1 .
Sunep¸c, sn → s kat� shmeÐo, ìpou s : [0, 1] → R h sun�rthsh

s(x) =
∞∑

k=0

(1− x)(−1)kxk =
1− x

1 + x
.

Gia na deÐxoume ìti h sÔgklish eÐnai omoiìmorfh, jewroÔme th diafor�∣∣∣∣sn(x)− 1− x

1 + x

∣∣∣∣ = ∣∣∣∣1− x

1 + x
(−1)nxn+1

∣∣∣∣ = xn+1 − xn+2

1 + x
≤ xn+1 − xn+2.

ParathroÔme ìti h sun�rthsh x 7→ xn+1 − xn+2 (sto [0, 1]) paÐrnei mègisth tim  sto
shmeÐo n+1

n+2 , h opoÐa eÐnai Ðsh me(
n+ 1
n+ 2

)n+1 [
1− n+ 1

n+ 2

]
<

1
n+ 2

.

Sunep¸c,

‖sn − s‖∞ ≤ max
x∈[0,1]

(xn+1 − xn+2) <
1

n+ 2
→ 0.

'Epetai ìti h seir� 1−x
1+x =

∑∞
k=0(−1)kxk(1− x) sugklÐnei omoiìmorfa sto [0, 1].

7.15. DeÐxte ìti h seir� sunart sewn

∞∑
k=1

(−1)k

√
k

sin
(
1 +

x

k

)
sugklÐnei omoiìmorfa se k�je di�sthma thc morf c [−A,A], A > 0.

Upìdeixh. 'Estw A > 0. Gr�foume sin
(
1 + x

k

)
= sin 1 · cos(x/k) + cos 1 · sin(x/k). ArkeÐ

loipìn na deÐxoume ìti oi seirèc

∞∑
k=1

(−1)k

√
k

cos
(x
k

)
kai

∞∑
k=1

(−1)k

√
k

sin
(x
k

)
sugklÐnoun omoiìmorfa sto [−A,A].

(a) Gia thn
∑∞

k=1
(−1)k

√
k

sin
(

x
k

)
: parathroÔme ìti

|fk(x)| =
∣∣∣∣ 1√
k

sin
(x
k

)∣∣∣∣ ≤ |x|
k3/2

≤ A

k3/2

kai h seir�
∑∞

k=1
A

k3/2 sugklÐnei. Apì to krit rio tou Weierstrass, h
∑∞

k=1
(−1)k

√
k

sin
(

x
k

)
sugklÐnei omoiìmorfa sto [−A,A].
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(b) Gia thn
∑∞

k=1
(−1)k

√
k

cos
(

x
k

)
: parathroÔme ìti∣∣∣∣ (−1)k

√
k

cos
(x
k

)
− (−1)k

√
k

∣∣∣∣ = 1√
k

∣∣∣1− cos
(x
k

)∣∣∣ = 2√
k

sin2
( x

2k

)
≤ x2

2k5/2
≤ A2

2k5/2

kai h seir�
∑∞

k=1
A2

2k5/2 sugklÐnei. Apì to krit rio tou Weierstrass, h
∑∞

k=1

(
(−1)k

√
k

cos
(

x
k

)
− (−1)k

√
k

)
sugklÐnei omoiìmorfa sto [−A,A]. Apì thn �llh pleur�, h seir�

∑∞
k=1

(−1)k

√
k

sugklÐnei

(apì to krit rio tou Leibniz) �ra sugklÐnei omoiìmorfa san seir� (stajer¸n!) sunart -

sewn sto [−A,A]. Prosjètontac, sumperaÐnoume ìti h
∑∞

k=1
(−1)k

√
k

cos
(

x
k

)
sugklÐnei

omoiìmorfa sto [−A,A].

Apì ta (a) kai (b) èpetai ìti h

∞∑
k=1

sin
(
1 +

x

k

)
= sin 1

∞∑
k=1

cos
(x
k

)
+ cos 1

∞∑
k=1

sin
(x
k

)
sugklÐnei omoiìmorfa sto [−A,A].

7.16. DeÐxte ìti h seir�
∑∞

k=1
1

1+k2x2 sugklÐnei gia k�je x 6= 0 kai apoklÐnei gia x = 0.
DeÐxte ìti h seir� sugklÐnei omoiìmorfa se k�je di�sthma thc morf c [A,∞)   (−∞,−A],
ìpou A > 0.

Upìdeixh. An x = 0 tìte
∑∞

k=1
1

1+k202 =
∑∞

k=1 1 = +∞. An x 6= 0 tìte

0 <
1

1 + k2x2
<

1
x2

· 1
k2

kai afoÔ h seir�
∑∞

k=1
1
k2 sugklÐnei, apì to krit rio sÔgkrishc h seir�

∑∞
k=1

1
1+k2x2

sugklÐnei.
'Estw A > 0. An fk(x) = 1

1+k2x2 tìte, gia k�je x ∈ [A,∞),

0 <
1

1 + k2x2
<

1
x2k2

≤ 1
A2k2

kai afoÔ h seir�
∑∞

k=1
1

A2k2 sugklÐnei, apì to krit rio tou Weierstrass h seir�
∑∞

k=1
1

1+k2x2

sugklÐnei omoiìmorfa sto [A,∞). 'Omoia gia to di�sthma (−∞,−A].

7.17. DeÐxte ìti h seir�
∑∞

k=1(−1)k x2+k
k2 sugklÐnei omoiìmorfa se opoiod pote di�sthma

thc morf c [−A,A], A > 0, all� den sugklÐnei apolÔtwc gia kami� tim  tou x.

Upìdeixh. 'Estw A > 0. H seir�
∑∞

k=1(−1)k 1
k sugklÐnei apì to krit rio tou Leibniz,

�ra sugklÐnei omoiìmorfa sto [−A,A] an thn doÔme san seir� (stajer¸n) sunart sewn.
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An orÐsoume fk(x) = (−1)k x2

k2 , tìte

|fk(x)| = x2

k2
≤ A2

k2

sto [−A,A], kai h seir�
∑∞

k=1
A2

k2 sugklÐnei. Apì to krit rio tou Weierstrass h
∑∞

k=1(−1)k x2

k2

sugklÐnei omoiìmorfa sto [−A,A]. Prosjètontac blèpoume ìti h seir�

∞∑
k=1

(−1)k x
2 + k

k2
=

∞∑
k=1

(−1)k 1
k

+
∞∑

k=1

(−1)k x
2

k2

sugklÐnei omoiìmorfa sto [−A,A].
Gia thn apìluth sÔgklish parathroÔme ìti

∞∑
k=1

∣∣∣∣(−1)k x
2 + k

k2

∣∣∣∣ = ∞∑
k=1

x2 + k

k2
≥

∞∑
k=1

k

k2
=

∞∑
k=1

1
k

= +∞.

Dhlad , h seir�
∑∞

k=1(−1)k x2+k
k2 den sugklÐnei apolÔtwc gia kami� tim  tou x.

7.18. 'Estw α > 1/2. DeÐxte ìti h seir� sunart sewn

∞∑
k=1

1
kα(1 + kx2)

sugklÐnei omoiìmorfa sto R.

Upìdeixh. JewroÔme th sun�rthsh fk : R → R me fk(x) = x
kα(1+kx2) . ParagwgÐzontac

blèpoume ìti

f ′k(x) =
1− kx2

kα(1 + kx2)2
.

H fk paÐrnei mègisth tim  sto [0,∞) ìtan x = 1√
k
. AfoÔ h fk eÐnai peritt  sun�rthsh,

sumperaÐnoume ìti

‖fk‖∞ = fk

(
1√
k

)
=

1
2kα+ 1

2
.

Apì thn upìjesh gia to α èqoume α+ 1
2 > 1, �ra h seir�

∞∑
k=1

‖fk‖∞ =
∞∑

k=1

1
2kα+ 1

2

sugklÐnei. Apì to krit rio tou Weierstrass èpetai ìti h

∞∑
k=1

fk(x) =
∞∑

k=1

1
kα(1 + kx2)
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sugklÐnei omoiìmorfa sto R.

7.19. DeÐxte ìti h seir� sunart sewn

∞∑
k=0

(
x2k+1

2k + 1
− xk+1

2k + 2

)
sugklÐnei kat� shmeÐo, all� ìqi omoiìmorfa, sto [0, 1].

Upìdeixh. 'Estw 0 < x < 1. Qrhsimopoi¸ntac to krit rio tou lìgou, elègqoume eÔkola

ìti oi seirèc
∑∞

k=0
x2k+1

2k+1 kai
∑∞

k=0
xk+1

2k+2 sugklÐnoun. To Ðdio isqÔei, profan¸c, an x = 0.

'Ara, h seir�
∑∞

k=0

(
x2k+1

2k+1 −
xk+1

2k+2

)
sugklÐnei gia k�je 0 ≤ x < 1. Sthn perÐptwsh x = 1

èqoume
∞∑

k=0

(
1

2k + 1
− 1

2k + 2

)
=

∞∑
k=1

(−1)k−1

k
= ln 2 < +∞.

Dhlad , h
∑∞

k=0

(
x2k+1

2k+1 −
xk+1

2k+2

)
sugklÐnei gia k�je x ∈ [0, 1].

Ac upojèsoume ìti h seir� sugklÐnei omoiìmorfa sto [0, 1]. Tìte, h sun�rthsh

f(x) =
∞∑

k=0

(
x2k+1

2k + 1
− xk+1

2k + 2

)
eÐnai suneq c sto [0, 1]. GnwrÐzoume ìti: an |x| < 1 tìte

∞∑
k=0

xk+1

k + 1
= ln

(
1

1− x

)
.

Sunep¸c, gia k�je x ∈ [0, 1) èqoume
∞∑

k=0

x2k+1

2k + 1
−

∞∑
k=0

xk+1

2k + 2
=

∞∑
k=0

xk+1

k + 1
−

∞∑
k=1

x2k

2k
−

∞∑
k=0

xk+1

2(k + 1)

=
∞∑

k=0

xk+1

k + 1
− 1

2

∞∑
k=1

(x2)k

k
− 1

2

∞∑
k=0

xk+1

k + 1

= ln
(

1
1− x

)
− 1

2
ln
(

1
1− x2

)
− 1

2
ln
(

1
1− x

)
=

1
2

ln
(

1
1− x

)
− 1

2
ln
(

1
1− x2

)
=

1
2

ln
(

1− x2

1− x

)
=

1
2

ln(1 + x).
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AfoÔ f(x) = 1
2 ln(1 + x) sto [0, 1) kai h f eÐnai suneq c sto shmeÐo x = 1, ja prèpei na

isqÔei

f(1) =
ln 2
2

=
∞∑

k=0

(
1

2k + 1
− 1

2k + 2

)
=

∞∑
k=1

(−1)k−1

k
.

EÐnai ìmwc gnwstì ìti
∞∑

k=1

(−1)k−1

k
= ln 2,

ap� ìpou katal goume se �topo.

7.20. OrÐzoume I(x) = 0 an x ≤ 0 kai I(x) = 1 an x > 0. 'Estw (xk) akoloujÐa
diaforetik¸n an� dÔo shmeÐwn se k�poio di�sthma (a, b) kai èstw

∑∞
k=1 ck apolÔtwc

sugklÐnousa seir�. DeÐxte ìti h

∞∑
k=1

ckI(x− xk)

sugklÐnei omoiìmorfa sto (a, b) kai ìti h sun�rthsh pou orÐzetai apì aut  th seir� eÐnai
suneq c se k�je x0 ∈ (a, b) \ {xk : k ∈ N}.
Upìdeixh. An jèsoume fk(x) = ckI(x− xk) tìte ‖fk‖∞ = |ck|. Apì thn upìjesh èqoume∑∞

k=1 ‖fk‖∞ =
∑∞

k=1 |ck| < +∞ kai, apì to krit rio tou Weierstrass, h seir�

∞∑
k=1

fk(x) =
∞∑

k=1

ckI(x− xk)

sugklÐnei omoiìmorfa sto (a, b).
Jètoume A = {xk : k ∈ N}. An x0 /∈ A deÐqnoume ìti k�je fk eÐnai suneq c sto x0:

diakrÐnoume tic peript¸seic x0 < xk kai x0 > xk. Sthn pr¸th perÐptwsh, up�rqei δ > 0
¸ste x0 + δ < xk, kai �ra, gia k�je x ∈ (x0 − δ, x0 + δ) isqÔei fk(x) = ckI(x− xk) = 0.
AfoÔ h fk eÐnai stajer  se mia perioq  tou x0, eÐnai suneq c sto x0. 'Omoia, sth deÔterh
perÐptwsh, up�rqei δ > 0 ¸ste xk < x0 − δ, kai �ra, gia k�je x ∈ (x0 − δ, x0 + δ) isqÔei
fk(x) = ckI(x− xk) = ck. AfoÔ h fk eÐnai stajer  se mia perioq  tou x0, eÐnai suneq c
sto x0. T¸ra, h sn = f1 + · · · + fn eÐnai suneq c sto x0 gia k�je n ∈ N, kai afoÔ
sn → s =

∑∞
k=1 fk omoiìmorfa sto (a, b), h s(x) =

∑∞
k=1 ckI(x− xk) eÐnai suneq c sto

x0.

7.21. 'Estw fn : X → R, n ∈ N. DeÐxte ìti: an fn → f omoiìmorfa sto X kai k�je fn

eÐnai fragmènh sto X, tìte h (fn) eÐnai omoiìmorfa fragmènh sto X.

Upìdeixh. PaÐrnoume ε = 1 > 0. AfoÔ fn → f omoiìmorfa, apì to krit rio Cauchy
up�rqei n0 ∈ N ¸ste, gia k�je n,m ≥ n0, ‖fm− fn‖∞ < 1. Eidikìtera, gia k�je n ≥ n0

isqÔei
‖fn‖∞ ≤ ‖fn − fn0‖∞ + ‖fn0‖∞ < 1 + ‖fn0‖∞.
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K�je fn eÐnai fragmènh, an loipìn orÐsoume

M = max{‖f1‖∞, ‖f2‖∞, . . . , ‖fn0−1‖∞, 1 + ‖fn0‖∞} < +∞,

tìte ‖fn‖∞ ≤M gia k�je n ∈ N. Dhl�d , h (fn) eÐnai omoiìmorfa fragmènh.

7.22. 'Estw f, fn : (X, ρ) → [a, b] gia k�je n ∈ N kai fn → f omoiìmorfa sto X. 'Estw
g : [a, b] → R suneq c. DeÐxte ìti g ◦ fn → g ◦ f omoiìmorfa sto X.

Upìdeixh. H g eÐnai suneq c sto kleistì di�sthma [a, b], �ra eÐnai omoiìmorfa suneq c.
'Estw ε > 0. Up�rqei δ > 0 ¸ste: an t, s ∈ [a, b] kai |t− s| < δ tìte |g(t)− g(s)| < ε.

AfoÔ fn → f omoiìmorfa, up�rqei n0 ∈ N ¸ste: gia k�je n ≥ n0 kai gia k�je x ∈ X
isqÔei |fn(x)−f(x)| < δ. Tìte, jètontac t = fn(x) kai s = f(x) sthn prohgoÔmenh sqèsh,
sumperaÐnoume ìti: gia k�je n ≥ n0 kai gia k�je x ∈ X isqÔei |g(fn(x))− g(f(x))| < ε.

Dhlad , gia k�je ε > 0 up�rqei n0 ∈ N ¸ste: gia k�je n ≥ n0 kai gia k�je x ∈ X
isqÔei |(g ◦ fn)(x)− (g ◦ f)(x)| < ε. 'Ara, g ◦ fn → g ◦ f omoiìmorfa sto X.

7.23. 'Estw (X, ρ) metrikìc q¸roc, A ⊆ X, f, fn : A → R gia k�je n ∈ N kai fn → f
omoiìmorfa sto A. 'Estw t0 shmeÐo suss¸reushc tou A kai limt→t0 fn(t) = xn ∈ R.
DeÐxte ìti:

a. H (xn) sugklÐnei sto R kai

b. limt→t0 f(t) = limn→∞ xn. Dhlad ,

lim
t→t0

lim
n→∞

fn(t) = lim
n→∞

lim
t→t0

fn(t).

Upìdeixh. (a) Ja deÐxoume ìti h (xn) eÐnai basik  akoloujÐa sto R, opìte sugklÐnei.
AfoÔ fn → f omoiìmorfa, h (fn) ikanopoieÐ to krit rio Cauchy. 'Estw ε > 0. Up�rqei
n0 ∈ N ¸ste: gia k�je n,m ≥ n0 kai gia k�je t ∈ A,

|fn(t)− fm(t)| < ε

3
.

'Estw n,m ≥ n0. AfoÔ limt→t0 fn(t) = xn, up�rqei δn > 0 ¸ste: an t ∈ A kai
0 < ρ(t, t0) < δn tìte |fn(t) − xn| < ε

3 . 'Omoia, afoÔ limt→t0 fm(t) = xm, up�rqei
δm > 0 ¸ste: an t ∈ A kai 0 < ρ(t, t0) < δm tìte |fm(t) − xm| < ε

3 . To t0 eÐnai shmeÐo
suss¸reushc touA, �ra up�rqei t ∈ A to opoÐo ikanopoieÐ thn 0 < ρ(t, t0) < min{δn, δm}.
Tìte,

|xn − xm| ≤ |xn − fn(t)|+ |fn(t)− fm(t)|+ |fm(t)− xm| <
ε

3
+
ε

3
+
ε

3
= ε.

Autì deÐqnei ìti h (xn) eÐnai basik  akoloujÐa.
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(b) Apì to (a) up�rqei x ∈ R ¸ste xn → x. 'Estw ε > 0. Up�rqei n1 ∈ N ¸ste, gia
k�je n ≥ n1, |xn − x| < ε

3 .
AfoÔ fn → f omoiìmorfa, up�rqei n2 ∈ N ¸ste, gia k�je n ≥ n2 kai gia k�je t ∈ A,

|fn(t)− f(t)| < ε
3 .

JewroÔme tuqìn n > max{n1, n2}. AfoÔ limt→t0 fn(t) = xn, up�rqei δ > 0 ¸ste,
an t ∈ A kai 0 < ρ(t, t0) < δ, tìte |fn(t) − xn| < ε

3 . Sunep¸c, gia k�je t ∈ A me
0 < ρ(t, t0) < δ èqoume

|f(t)− x| ≤ |f(t)− fn(t)|+ |fn(t)− xn|+ |xn − x| < ε

3
+
ε

3
+
ε

3
= ε.

AfoÔ to ε > 0  tan tuqìn, sumperaÐnoume ìti limt→t0 f(t) = x = limn→∞ xn.

7.24. BreÐte akoloujÐec (fn), (gn) orismènec sto R, oi opoÐec sugklÐnoun omoiìmorfa,
all� h (fngn) den sugklÐnei omoiìmorfa.

Upìdeixh. JewroÔme thn f : R → R me f(x) = x kai orÐzoume fn = f gia k�je n ∈ N.
Profan¸c, fn → f omoiìmorfa (èqoume ‖fn − f‖∞ = 0 gia k�je n ∈ N).

EpÐshc, orÐzoume gn : R → R me gn(x) = 1
n . Tìte, gn → 0 omoiìmorfa, diìti

‖gn − 0‖∞ = 1
n → 0.

'Omwc, gia thn akoloujÐa twn sunart sewn (fngn)(x) = x
n èqoume fngn → 0 kat�

shmeÐo all� ìqi omoiìmorfa, afoÔ ‖fngn − 0‖∞ = sup
{
|x|
n : x ∈ R

}
= +∞.

7.25. 'Estw fn(t) = tn sto [0, 1] kai g : [0, 1] → R suneq c sto [0, 1] me g(1) = 0. DeÐxte
ìti h (gfn) sugklÐnei omoiìmorfa sto [0, 1].

Upìdeixh. 'Estw ε > 0. AfoÔ h g eÐnai suneq c sto shmeÐo t0 = 1, up�rqei 0 < δ < 1
¸ste: an t ∈ [1− δ, 1] tìte |g(t)| = |g(t)− g(1)| < ε.

H g eÐnai suneq c sto [0, 1], �ra up�rqei M > 0 ¸ste: gia k�je t ∈ [0, 1] isqÔei
|g(t)| ≤M . EpÐshc, (1− δ)n → 0, �ra up�rqei n0 ∈ N ¸ste: gia k�je n ≥ n0,

M(1− δ)n < ε.

Ja deÐxoume ìti, gia k�je n ≥ n0 isqÔei ‖gfn‖∞ ≤ ε. Autì apodeiknÔei ìti gfn → 0
omoiìmorfa sto [0, 1].

'Estw n ≥ n0. DiakrÐnoume dÔo peript¸seic:

(i) An 0 ≤ t ≤ 1− δ tìte |g(t)fn(t)| ≤Mtn ≤M(1− δ)n < ε.

(ii) An 1− δ ≤ t ≤ 1 tìte |g(t)fn(t)| = |g(t)| tn ≤ |g(t)| < ε.

'Epetai ìti, gia k�je n ≥ n0,

‖gfn‖∞ = sup{|g(t)fn(t)| : t ∈ [0, 1]} ≤ ε.
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7.26. 'Estw (X, ρ) diaqwrÐsimoc metrikìc q¸roc kai D = {xn : n ∈ N} puknì uposÔnolo
tou X. OrÐzoume thn akoloujÐa pragmatik¸n sunart sewn fn : X → R, n = 1, 2, . . . me

fn(x) = dist(x, {x1, x2, . . . , xn}), x ∈ X.

DeÐxte ìti:

(a) H (fn) eÐnai fjÐnousa kai fn → 0 kat� shmeÐo.

(b) fn → 0 omoiìmorfa ston X an kai mìnon an o X eÐnai olik� fragmènoc.

Upìdeixh. (a) Jètoume Dn = {x1, . . . , xn}. 'Estw x ∈ X. AfoÔ Dn ⊆ Dn+1 gia k�je
n ∈ N, èqoume

fn(x) = dist(x,Dn) ≥ dist(x,Dn+1) = fn+1(x)

gia k�je n ∈ N, dhlad  h (fn(x)) eÐnai fjÐnousa. 'Estw ε > 0. AfoÔ to D eÐnai puknì,
up�rqei n0 = n0(ε, x) ¸ste ρ(x, xn0) < ε. Tìte, gia k�je n ≥ n0 èqoume

0 ≤ fn(x) ≤ fn0(x) = dist(x,Dn0) ≤ ρ(x, xn0) < ε.

'Epetai ìti lim
n→∞

fn(x) = 0.

(b) Upojètoume pr¸ta ìti fn → f omoiìmorfa. 'Estw ε > 0. BrÐskoume n ∈ N ¸ste

‖fn‖∞ = ‖fn − 0‖∞ < ε.

Tìte,

X =
n⋃

j=1

B(xj , ε).

Pr�gmati, gia k�je x ∈ X èqoume

fn(x) = dist(x,Dn) < ε

�ra, up�rqei j ≤ n ¸ste ρ(x, xj) < ε, dhlad  x ∈ B(xj , ε).
AntÐstrofa, upojètoume ìti o (X, ρ) eÐnai olik� fragmènoc kai jewroÔme ε > 0.

Up�rqoun y1, . . . , yk ∈ X ¸ste

X =
k⋃

j=1

B(yj , ε/2).

Gia k�je j ≤ k brÐskoume ij ∈ N ¸ste ρ(xij
, yj) < ε/2. Apì thn trigwnik  anisìthta,

blèpoume eÔkola ìti

X =
k⋃

j=1

B(xij
, ε).
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Jètoume n(ε) = max{n1, . . . , nk}. Tìte, gia k�je n ≥ n(ε) èqoume

X =
n⋃

j=1

B(xj , ε),

dhlad 
fn(x) = dist(x,Dn) < ε

gia k�je x ∈ X. 'Epetai ìti fn → 0 omoiìmorfa ston X.

7.27. (a) D¸ste par�deigma akoloujÐac asuneq¸n sunart sewn pou sugklÐnei omoiìmor-
fa se mia suneq  sun�rthsh.

(b) D¸ste par�deigma akoloujÐac oloklhr¸simwn sunart sewn fn : [a, b] → R pou sug-
klÐnei kat� shmeÐo se mia mh oloklhr¸simh sun�rthsh f : [a, b] → R.

Upìdeixh. (a) Gia k�je n ∈ N orÐzoume fn : R → R me fn(x) = 1
n an x ∈ Q kai

fn(x) = 0 an x /∈ Q. Parathr ste ìti k�je fn eÐnai asuneq c se k�je x ∈ R. EpÐshc,
‖fn‖∞ = 1

n → 0, �ra fn → f ≡ 0 omoiìmorfa sto R (kai h f ≡ 0 eÐnai suneq c
sun�rthsh).

(b) JewroÔme mia arÐjmhsh q1, q2, . . . , qn, . . . tou [a, b] ∩ Q. Gia k�je n ∈ N orÐzoume
fn : [a, b] → R me fn(x) = 1 an x ∈ Dn = {q1, . . . , qn} kai fn(x) = 0 an x /∈ Dn.
Parathr ste ìti k�je fn èqei peperasmèna to pl joc shmeÐa asunèqeiac, ta q1, . . . , qn,
�ra eÐnai Riemann oloklhr¸simh. EpÐshc, fn(x) → f(x) gia k�je x ∈ [a, b], ìpou
f(x) = 1 an x ∈ Q ∩ [a, b] kai f(x) = 0 alli¸c (parathr ste ìti: an x = qm gia k�poion
m ∈ N, tìte fn(x) = 1 gia k�je n ≥ m, �ra fn(x) → 1 = f(x)). Tèloc, h f den
eÐnai Riemann oloklhr¸simh (k�je �nw �jroisma thc f eÐnai Ðso me b− a kai k�je k�tw
�jroisma thc f eÐnai Ðso me 0).

7.28. (a) 'Estw X sÔnolo, fn : X → R gia n = 1, 2, . . . kai f : X → R ¸ste fn → f
omoiìmorfa sto X. ApodeÐxte ìti |fn| → |f | omoiìmorfa sto X.

(b) 'Estw fn : [0, 1] → R me fn(x) = (−1)n
(
1 + x

n

)
gia n = 1, 2, . . . ApodeÐxte ìti h (|fn|)

sugklÐnei omoiìmorfa sto [0, 1] en¸ h (fn) den sugklÐnei.

Upìdeixh. (a) ParathroÔme ìti∣∣ |fn(x)| − |f(x)|
∣∣ ≤ |fn(x)− f(x)|

gia k�je x ∈ X, �ra
‖ |fn| − |f | ‖∞ ≤ ‖fn − f‖∞ → 0.

'Ara, |fn| → |f | omoiìmorfa sto X.

(b) ParathroÔme ìti f2n(x) = 1+ x
n → 1 gia k�je x ∈ [0, 1] kai f2n−1(x) = −

(
1 + x

n

)
→

−1 gia k�je x ∈ [0, 1]. Sunep¸c, h (fn(x)) apoklÐnei gia k�je x ∈ [0, 1]. 'Omwc,

|fn(x)| = 1 +
x

n
→ f(x) = 1
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sto [0, 1] kai

‖fn − f‖∞ = max
x∈[0,1]

x

n
=

1
n
→ 0.

Dhlad , |fn| → f ≡ 1 omoiìmorfa sto [0, 1].

7.29. 'Estw X sÔnolo, fn, gn, f, g : X → R gia n = 1, 2, . . . ¸ste fn → f kai gn → g
omoiìmorfa sto X. ApodeÐxte ìti an oi f, g eÐnai fragmènec tìte fngn → fg omoiìmorfa
sto X.

Upìdeixh. Up�rqei M > 0 ¸ste ‖f‖∞ ≤ M kai ‖g‖∞ ≤ M . EpÐshc, afoÔ fn → f
omoiìmorfa sto X, up�rqei n0 ∈ N ¸ste: gia k�je n ≥ n0, ‖fn − f‖∞ < 1, kai �ra,
‖fn‖∞ ≤ ‖fn − f‖∞ + ‖f‖∞ < 1 +M . Tìte, gia k�je n ≥ n0 gr�foume

‖fngn − fg‖∞ ≤ ‖fn(gn − g)‖∞ + ‖g(fn − f)‖∞
≤ ‖fn‖∞‖gn − g‖∞ + ‖g‖∞‖fn − f‖∞
≤ (1 +M)‖gn − g‖∞ +M‖fn − f‖∞ → 0,

dhlad  fngn → fg omoiìmorfa sto X.

7.30. 'Estw δ > 0 kai f, fn : X → R ¸ste |fn(x)| ≥ δ gia k�je x ∈ X kai n = 1, 2, . . ..
An fn → f omoiìmorfa sto X, deÐxte ìti:

(a) f(x) 6= 0 gia k�je x ∈ X.

(b) 1
fn
→ 1

f omoiìmorfa sto X.

Upìdeixh. (a) AfoÔ fn → f omoiìmorfa, gia k�je x ∈ X èqoume fn(x) → f(x). Apì thn
|fn(x)| ≥ δ, n ∈ N, blèpoume ìti

|f(x)| = lim
n→∞

|fn(x)| ≥ δ.

Eidikìtera, f(x) 6= 0.
(b) ParathroÔme ìti, gia k�je x ∈ X,∣∣∣∣ 1

fn(x)
− 1
f(x)

∣∣∣∣ = |fn(x)− f(x)|
|fn(x)| |f(x)|

≤ |fn(x)− f(x)|
δ2

.

'Ara, ∥∥∥∥ 1
fn

− 1
f

∥∥∥∥
∞
≤ 1
δ2
‖fn − f‖∞ → 0.

Dhlad , 1
fn
→ 1

f omoiìmorfa sto X.

7.31. 'Estw (X, d), (Y, ρ) metrikoÐ q¸roi kai fn, f : X → Y ¸ste fn → f omoiìmorfa sto
X. An k�je fn eÐnai omoiìmorfa suneq c sun�rthsh, apodeÐxte ìti h f eÐnai omoiìmorfa
suneq c.
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Upìdeixh. 'Estw ε > 0. AfoÔ fn → f omoiìmorfa, up�rqei n0 ∈ N ¸ste

sup{ρ(fn0(x), f(x)) : x ∈ X} < ε

3
.

AfoÔ h fn0 eÐnai omoiìmorfa suneq c, up�rqei δ > 0 ¸ste: gia k�je x, y ∈ X me
d(x, y) < δ,

ρ(fn0(x), fn0(y)) ≤
ε

3
.

Tìte, gia k�je x, y ∈ X me d(x, y) < δ, gr�foume

ρ(f(x), f(y)) ≤ ρ(f(x), fn0(x)) + ρ(fn0(x), fn0(y)) + ρ(fn0(y), f(y))

≤ ε

3
+
ε

3
+
ε

3
= ε.

'Ara, h f eÐnai omoiìmorfa suneq c.

7.32. (a) 'Estw (X, d), (Y, ρ) metrikoÐ q¸roi me ton X sumpag . An fn : X → Y gia
n = 1, 2, . . . kai f : X → Y suneq c ¸ste gia k�je x ∈ X kai gia k�je (xn) akoloujÐa
ston X me xn → x isqÔei fn(xn) → f(x), apodeÐxte ìti fn → f omoiìmorfa.

(b) ApodeÐxte ìti h sump�geia eÐnai aparaÐthth, jewr¸ntac thn akoloujÐa fn : (0, 1] → R
me

fn(x) =
{
n, 0 < x ≤ 1

n
1
x ,

1
n < x ≤ 1

kai thn f : (0, 1] → R me f(x) = 1
x . Diapist¸ste ìti ikanopoieÐtai h upìjesh, all�

fn 6→ f omoiìmorfa.

Upìdeixh. (a) Upojètoume ìti ‖fn − f‖∞ 6→ 0. Pern¸ntac se upakoloujÐa thc (fn)
mporoÔme na upojèsoume ìti up�rqei ε > 0 ¸ste ‖fn − f‖∞ ≥ 2ε gia k�je n ∈ N.
Tìte, gia k�je n ∈ N up�rqei xn ∈ X ¸ste ρ(fn(xn), f(xn)) ≥ ε. O (X, d) eÐnai
sumpag c, �ra up�rqei upakoloujÐa (xkn

) thc (xn) me xkn
→ x0 ∈ X. Apì thn upìjesh,

fkn
(xkn

) → f(x0) kai apì th sunèqeia thc f sto x0, f(xkn
) → f(x0). 'Omwc tìte,

ρ(fkn(xkn), f(xkn)) → ρ(f(x0), f(x0)) = 0,

to opoÐo eÐnai �topo, afoÔ ρ(fkn
(xkn

), f(xkn
)) ≥ ε gia k�je n ∈ N.

(b) 'Estw (xn) akoloujÐa sto (0, 1] me xn → x ∈ (0, 1]. AfoÔ x > 0, paÐrnontac
ε = x/2 > 0 brÐskoume n0 ∈ N ¸ste 1

n0
< x

2 kai xn > x
2 gia k�je n ≥ n0 (exhg ste

giatÐ mporoÔme na petÔqoume kai ta dÔo tautìqrona). Tìte, gia k�je n ≥ n0 èqoume
fn(xn) = 1

xn
, �ra fn(x) → 1

x = f(x).
H sÔgklish den eÐnai omoiìmorfh: parathr ste ìti

‖fn − f‖∞ = sup
0<x< 1

n

∣∣∣∣n− 1
x

∣∣∣∣ = +∞

gia k�je n ∈ N.



Kef�laio 8

Q¸roi sunart sewn

8.1. DeÐxte ìti o C([0, 1]) eÐnai diaqwrÐsimoc.

Upìdeixh. 1h Apìdeixh. Me qr sh tou jewr matoc prìseggishc tou Weierstrass: Ja
deÐxoume ìti o sÔnolo Q[x] twn poluwnÔmwn me rhtoÔc suntelestèc eÐnai arijm simo
kai puknì ston C([0, 1]). 'Estw f ∈ C([0, 1]) kai ε > 0. Up�rqei polu¸numo p(x) =
a0 + a1x + · · · + amx

m, ai ∈ R ¸ste ‖f − p‖∞ < ε/2. Apì thn puknìthta twn rht¸n,
gia k�je i = 0, 1, . . . ,m up�rqei qi ∈ Q ¸ste |ai − qi| < ε

2(m+1) . Tìte, to polu¸numo

q(x) = q0 + q1x+ · · ·+ qmx
m an kei sto Q[x] kai èqei thn idiìthta: an x ∈ [0, 1] tìte

|p(x)− q(x)| ≤
m∑

i=0

|ai − qi|xi ≤
m∑

i=0

|ai − qi| <
ε

2
.

'Ara, ‖p − q‖∞ ≤ ε/2. Apì thn trigwnik  anisìthta èqoume ìti ‖f − q‖∞ < ε. 'Epetai
ìti to Q[x] eÐnai puknì ston C([0, 1]).

ParathroÔme ìti to Q[x] gr�fetai san ènwsh thc morf c Q[x] =
⋃∞

n=0 Qn[x], ìpou
Qn[x] eÐnai to sÔnolo twn poluwnÔmwn me rhtoÔc suntelestèc kai bajmì to polÔ n. 'Etsi,
gia na deÐxoume ìti to Q[x] eÐnai arijm simo arkeÐ na deÐxoume ìti gia k�je n to Qn[x]
eÐnai arijm simo. 'Omwc, to Qn[x] eÐnai isoplhjikì me to Qn+1 mèsw thc antistoiqÐac q0 +
q1x+ · · ·+qnx

n 7→ (q0, q1, . . . , qn). AfoÔ to Qn+1 eÐnai kartesianì ginìmeno arijm simwn
sunìlwn, èpetai ìti eÐnai arijm simo.

2h Apìdeixh. Me qr sh twn polugwnik¸n sunart sewn: Gia k�je n ∈ N jewroÔme
to sÔnolo Ln twn sunart sewn sto [0, 1] ìpou eÐnai suneqeÐc kai grammikèc se k�je
upodi�sthma Jk = [k−1

n , k
n ], k = 1, 2, . . . , n. (parathr ste ìti mèsw aut c thc perigraf c

oi sunart seic autèc eÐnai pl rwc kajorismènec). Tìte, to sÔnolo L twn polugwnik¸n
sunart sewn (me {kìmbouc} sta shmeÐa k

n , k = 0, 1, . . . , n, n ∈ N) eÐnai to
⋃∞

n=1 Ln. Sth
sunèqeia jewroÔme to sÔnolo Qn twn suneq¸n polugwnik¸n sunart sewn pou paÐrnoun
rhtèc timèc sta k

n , k = 0, 1, . . . , n. Dhlad ,

Qn = Ln ∩ {f(k/n) ∈ Q : k = 0, 1, . . . , n}.
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Tìte, to sÔnolo Q twn polugwnik¸n sunart sewn me {rhtoÔc kìmbouc} (sta shmeÐa
k/n, k = 0, 1, . . . , n, n ∈ N) eÐnai to

⋃∞
n=1Qn. ParathroÔme (me èna epiqeÐrhma ìpwc

autì sthn pr¸th apìdeixh) ìti gia k�je n ∈ N to Qn eÐnai arijm simo sÔnolo. 'Ara, to
Q eÐnai arijm simo. Ja apodeÐxoume ìti to Q eÐnai puknì ston C([0, 1]). Gi� autì arkeÐ na
deÐxoume ìti to L eÐnai puknì ston C([0, 1]) kai ìti to Q eÐnai puknì sto L (ìpwc sthn
pr¸th apìdeixh).

'Estw f ∈ C([0, 1]) kai ε > 0. Apì thn omoiìmorfh sunèqeia thc f to [0, 1] èpetai
ìti up�rqei n ∈ N ¸ste an x, y ∈ [0, 1] kai |x − y| ≤ 1

n na isqÔei |f(x) − f(y)| <
ε/2. JewroÔme thn polugwnik  sun�rthsh g pou eÐnai grammik  se k�je upodi�sthma
[k−1

n , k
n ], k = 1, 2, . . . , n kai g(k/n) = f(k/n). Tìte, g ∈ Ln kai h g èqei thn idiìthta

‖g − f‖∞ ≤ ε. Pr�gmati, an x ∈ [0, 1] tìte up�rqei j ∈ {1, 2, . . . , n} ¸ste j−1
n ≤ x ≤ j

n .
'Eqoume:

|f(x)− g(x)| ≤ |f(x)− f(k/n)|+ |g(k/n)− g(x)|

<
ε

2
+ |g((k − 1)/n)− g(k/n)|

<
ε

2
+
ε

2
= ε

An t¸ra p�roume g ∈ L ja deÐxoume ìti mporoÔme na broÔme ìso kont� thc jèloume
stoiqeÐo h tou Q. Pr�gmati; up�rqei k�poio m ∈ N ¸ste g ∈ Lm. Gia k�je k =
0, 1, . . . ,m epilègoume qk ∈ Q ¸ste g(k/n) < qk < g(k/n) + ε. Tìte, h polugwnik 
sun�rthsh h me h(k/n) = qk gia k = 0, 1, . . . , n eÐnai sto Qm kai èqei thn idiìthta:
g(x) < h(x) < g(x) + ε gia k�je x ∈ [0, 1].
ShmeÐwsh. Parathr ste kai me tic dÔo apodeÐxeic prokÔptei �mesa ìti oi Lipschitz
sunart seic (sto [0, 1]) eÐnai puknèc ston C([0, 1]). Autì èpetai apì to gegonìc ìti
k�je polu¸numo periorismèno se fragmèno di�sthma eÐnai Lipschitz kai k�je polugwnik 
sun�rthsh eÐnai Lipschitz.

8.2. 'Estw f : [0, 1] → R suneq c sun�rthsh me thn idiìthta∫ 1

0

xnf(x) dx = 0

gia k�je n = 0, 1, 2, . . .. ApodeÐxte ìti f ≡ 0.

Upìdeixh. Apì to je¸rhma Weierstrass èpetai ìti up�rqei akoloujÐa poluwnÔmwn (pn)
¸ste pn → f omoiìmorfa sto [0,1]. AfoÔ h f eÐnai fragmènh, èqoume ìti fpn → f2

omoiìmorfa. 'Ara, ∫ 1

0

(f(t))2 dt = lim
n→∞

∫ 1

0

pn(t)f(t) dt.

'Omwc, gia k�je n ∈ N to
∫ 1

0
pn(t)f(t) dt eÐnai peperasmènoc grammikìc sunduasmìc twn∫ 1

0
tnf(t) dt ta opoÐa eÐnai isa me mhdèn apì thn upìjesh. 'Ara,

∫ 1

0
pn(t)f(t) dt = 0 gia

k�je n ∈ N, ìpote
∫ 1

0
f2 = 0. Apì thn teleutaÐa sqèsh èpetai ìti f ≡ 0 (exhg ste giatÐ).
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8.3. 'Estw f, g : [0, 1] → R suneqeÐc sunart seic.

(a) An isqÔei
∫ 1

0
xnf(x) dx =

∫ 1

0
xng(x) dx gia n = 0, 1, . . . deÐxte ìti f ≡ g.

(b) An isqÔei
∫ 1

0
x2nf(x) dx = 0 gia n = 0, 1, 2, . . . deÐxte ìti f ≡ 0.

Upìdeixh. (a) An jèsoume h(x) = f(x)− g(x) tìte èpetai ìti∫ 1

0

xnh(x) dx =
∫ 1

0

xnf(x) dx−
∫ 1

0

xng(x) dx = 0.

Epiplèon, h h eÐnai suneq c sto [0, 1] �ra apì thn 'Askhsh 2 èpetai ìti h ≡ 0 dhlad 
f ≡ g.

(b) 1h Apìdeixh. JewroÔme th sun�rthsh h : [0, 1] → R me h(x) = f(
√
x). ParathroÔme

ìti h h eÐnai suneq c, �ra apì to je¸rhma prosèggishc tou Weierstrass up�rqei akoloujÐa
poluwnÔmwn (pn) ¸ste ‖h− pn‖∞ < 1

n gia k�je n ∈ N. Dhlad , gia k�je n ∈ N kai gia
k�je x ∈ [0, 1] isqÔei |pn(x)− h(x)| < 1/n. 'Epetai ìti

|pn(x2)− f(x)| = |pn(x2)− h(x2)| < 1
n

gia k�je n ∈ N kai gia k�je x ∈ [0, 1]. Jètontac qn(x) = pn(x2), parathroÔme ìti k�je
qn eÐnai polu¸numo pou perièqei mìno �rtia mon¸numa kai ìti ‖qn−f‖∞ ≤ 1/n gia k�je n
apì thn teleutaÐa sqèsh. 'Ara, h (qn) sugklÐnei omoiìmorfa sthn f . 'Epetai ìti fqn → f2

omoiìmorfa sto [0, 1]. Tìte,∫ 1

0

f(x)qn(x) dx→
∫ 1

0

(f(x))2 dx.

Apì thn upìjesh èqoume
∫ 1

0
qn(x)f(x) dx = 0 gia k�je n ∈ N (exhg ste giatÐ), �ra

èqoume to sumpèrasma.

2h Apìdeixh. 'Estw F h �rtia epèktash thc f sto [−1, 1] dhlad , F : [−1, 1] → R me

F (x) =
{
f(x), 0 ≤ x ≤ 1
f(−x), −1 ≤ x ≤ 0 .

Tìte, h F eÐnai suneq c. Epiplèon eÐnai �rtia, opìte isqÔei∫ 1

−1

x2n−1F (x) dx = 0

gia n = 1, 2, . . . (exhg ste giatÐ) kai akìmh∫ 1

−1

x2nF (x) dx = 2
∫ 1

0

x2nF (x) dx = 2
∫ 1

0

x2nf(x) dx = 0



130 · Q¸roi sunart sewn

gia k�je n = 0, 1, . . . apì thn upìjesh. 'Ara, h F ikanopoieÐ tic upojèseic thc 'Askhshc
2, opìte eÐnai tautotik� mhdèn. Eidikìtera, f(x) = 0 gia k�je x ∈ [0, 1].

8.4. D¸ste par�deigma akoloujÐac poluwnÔmwn pn : [0, 1] → R me pn(x) → 0 gia k�je

x ∈ [0, 1] kai
∫ 1

0
pn(x) dx→ 1.

Upìdeixh. JewroÔme ta polu¸numa pn(x) = 2nx(1 − x2)n−1 me x ∈ [0, 1]. Tìte eÔkola

elègqoume ìti gia k�je x ∈ [0, 1] isqÔei pn(x) → 0, all�
∫ 1

0
pn(x) dx = 1 gia k�je n ∈ N.

8.5. 'Estw f : [0, 1] → R suneq c sun�rthsh, h opoÐa den eÐnai polu¸numo. An (pn) eÐnai
akoloujÐa poluwnÔmwn ¸ste pn → f omoiìmorfa, deÐxte ìti deg(pn) →∞.

Upìdeixh. Arqik� parathroÔme ìti gia k�je k = 0, 1, . . . to sÔnolo Rk[x] twn poluwnÔmwn
me pragmatikoÔc suntelestèc kai bajmì to polÔ k eÐnai kleistì uposÔnolo tou C([0, 1]).
Pr�gmati; an (pn) eÐnai mia akoloujÐa poluwnÔmwn ston Rk[x], tìte up�rqoun akolou-
jÐec (an

0 ), (an
1 ), . . . , (an

k ) ¸ste pn(x) = an
0 + an

1x + . . . + an
kx

k gia k�je x ∈ R kai
n = 1, 2, . . .. Upojètoume ìti h pn → f omoiìmorfa sto [0, 1]. Ja deÐxoume ìti k�je
akoloujÐa (an

i ), i = 0, 1, . . . , k sugklÐnei se k�poio ai ∈ R kai �ra h f eÐnai to polu¸nu-
mo f(x) = a0 + a1x+ . . .+ akx

k. JewroÔme k+ 1 shmeÐa t0 < t1 < . . . < tk (tuqaÐa all�
stajer�) sto di�sthma [0, 1]. Tìte, gia k�je n ∈ N isqÔei:

an
0 + an

1 t0 + . . .+ an
k t

k
0 = pn(t0)

an
0 + an

1 t1 + . . .+ an
k t

k
1 = pn(t1)

...
an
0 + an

1 tk + . . .+ an
k t

k
k = pn(tk)

To parap�nw sÔsthma eÐnai grammikì (k+1)×(k+1) me agn¸stouc ta an
j , j = 0, 1, . . . , k.

EpÐshc, h orÐzous� tou eÐnai tÔpou Vandermonde:

D =

∣∣∣∣∣∣∣∣∣
1 t0 . . . tk0
1 t1 . . . tk1
...

... . . .
...

1 tk . . . tkk

∣∣∣∣∣∣∣∣∣ ,
h opoÐa gnwrÐzoume ìti isoÔtai me

D =
∏

0≤i<j≤k

(tj − ti)

kai den eÐnai mhdenik  apì thn epilog  twn tj . Opìte to sÔsthma èqei monadik  lÔsh

(an
0 , a

n
1 , . . . , a

n
k ), h opoÐa dÐnetai wc an

j = Dj

D gia j = 0, 1, . . . , k. K�je Dj eÐnai peperas-

mènoc grammikìc sunduasmìc twn tij kai pn(tj) gia i, j = 0, 1, . . . , k (dhlad  akoloujÐa wc
proc n). Epeid  de, pn(tj) → f(tj) gia j = 0, 1, . . . , k èqoume ìti k�je (an

j )n∈N sugklÐnei
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sto 1
D limn→∞Dj . Parathr ste ìti qreiast kame mìno thn kat� shmeÐo sÔgklish thc

(pn) sthn f . H apìdeixh tou isqurismoÔ eÐnai pl rhc.
An den isqÔei to zhtoÔmeno, tìte up�rqei (kn) gnhsÐwc aÔxousa akoloujÐa deikt¸n

kai m ∈ N ¸ste deg(pkn) ≤ m gia n = 1, 2, . . .. Tìte, h akoloujÐa (pkn) perièqetai sto
kleistì Rm[x] kai sugklÐnei (omoiìmorfa) sthn f . 'Ara, h f eÐnai polu¸numo (bajmoÔ to
polÔ m), �topo.

8.6. (a) 'Estw f, g : [0, 1] → R suneqeÐc sunart seic me f(x) < g(x) gia k�je x ∈ [0, 1].
ApodeÐxte ìti up�rqei polu¸numo p : [0, 1] → R ¸ste f(x) < p(x) < g(x) gia k�je
x ∈ [0, 1].
(b) ApodeÐxte ìti up�rqei polu¸numo q ¸ste ex ≤ q(x) ≤ e2x gia k�je x ∈ [0, 1].
(g) An h : [0, 1] → R suneq c sun�rthsh, apodeÐxte ìti up�rqei gnhsÐwc aÔxousa akolou-
jÐa poluwnÔmwn (pn) ¸ste pn → h omoiìmorfa sto [0, 1].

Upìdeixh. (a) AfoÔ oi f, g eÐnai suneqeÐc kai g(x)− f(x) > 0 gia k�je x ∈ [0, 1], up�rqei
m > 0 ¸ste g(x) − f(x) ≥ m gia k�je x ∈ [0, 1] (exhg ste giatÐ). Kaj¸c, h f+g

2
eÐnai suneq c, apì to je¸rhma prosèggishc tou Weierstrass up�rqei polu¸numo p ¸ste
‖p− f+g

2 ‖∞ < m
4 . Tìte, gia k�je x ∈ [0, 1] isqÔei:

f(x) <
f(x) + g(x)

2
− m

4
< p(x) <

f(x) + g(x)
2

+
m

4
< g(x).

(b) Efarmìzoume to prohgoÔmeno er¸thma gia tic f(x) = ex kai g(x) = 2e2x, x ∈ [0, 1].
Up�rqei polu¸numo p ¸ste et < p(t) < 2e2t gia k�je t ∈ [0, 1]. 'Estw x ∈ (0, 1]. Tìte,
èqoume ∫ x

0

et dt <

∫ x

0

p(t) dt < 2
∫ x

0

e2t dt

dhlad ,

ex <

∫ x

0

p(t) dt+ 1 < e2x

gia k�je x ∈ (0, 1]. 'Epetai, ìti gia k�je x ∈ [0, 1] isqÔei

ex ≤ q(x) ≤ e2x,

ìpou q(x) =
∫ x

0
p(t) dt+ 1. ParathroÔme ìti to q eÐnai polu¸numo, �ra èqoume to zhtoÔ-

meno.

(g) Apì to pr¸to er¸thma èqoume ìti: gia k�je n ∈ N up�rqei polu¸numo pn ¸ste

h(x)− 1
n
< pn(x) < h(x)− 1

n+ 1

gia k�je x ∈ [0, 1]. ParathroÔme ìti h (pn) eÐnai gnhsÐwc aÔxousa ek kataskeu c kai
ìti |pn(x) − h(x)| < 1

n gia k�je n ∈ N kai gia k�je x ∈ [0, 1]. 'Epetai ìti h pn → h
omoiìmorfa.



132 · Q¸roi sunart sewn

8.7. 'Estw f : [0, 1] → R suneq c sun�rthsh.

(a) DeÐxte ìti |Bn(f)| ≤ Bn(|f |) kai Bn(f) ≥ 0 an f ≥ 0.
(b) DeÐxte ìti ‖Bn(f)‖∞ ≤ ‖f‖∞.

Upìdeixh. (a) ParathroÔme ìti h (Bn) eÐnai akoloujÐa grammik¸n telest¸nBn : C([0, 1]) →
C([0, 1]). Dhlad , an f, g ∈ C([0, 1]) kai λ ∈ R tìte Bn(f+λg) = Bn(f)+λBn(g). EpÐshc,
eÐnai �meso apì ton orismì ìti k�je telest c Bn eÐnai jetikìc: an f ≥ 0 tìte Bn(f) ≥ 0.
Tèloc, an x ∈ [0, 1] tìte

|Bn(f)(x)| =

∣∣∣∣∣
n∑

k=0

f(k/n)
(
n

k

)
xk(1− x)n−k

∣∣∣∣∣
≤

n∑
k=0

|f(k/n)|
(
n

k

)
xk(1− x)n−k

= Bn(|f |)(x)

'Ara, |Bn(f)| ≤ Bn(|f |).
(b) AfoÔ oBn eÐnai jetikìc kai grammikìc, eÐnai monìtonoc: an f ≤ g tìteBn(f) ≤ Bn(g).
AfoÔ

−‖f‖∞ ≤ f(x) ≤ ‖f‖∞
gia k�je x ∈ [0, 1], èqoume

−Bn(‖f‖∞) ≤ Bn(f) ≤ Bn(‖f‖∞).

Apì thn Bn(‖f‖∞) = ‖f‖∞Bn(1) = ‖f‖∞ èpetai ìti |Bn(f)(x)| ≤ ‖f‖∞ gia k�je
x ∈ [0, 1]. PaÐrnontac supremum wc proc x èqoume to zhtoÔmeno.

8.8. 'Estw f : [0, 1] → R suneq¸c paragwgÐsimh sun�rthsh. DeÐxte ìti, gia k�je ε > 0
up�rqei polu¸numo p ¸ste ‖f − p‖∞ < ε kai ‖f ′ − p′‖∞ < ε.

Upìdeixh. 1h Apìdeixh. 'Estw ε > 0. AfoÔ f ∈ C1([0, 1]) apì to je¸rhma prosèggishc
tou Weierstrass èqoume ìti up�rqei polu¸numo q ¸ste ‖f ′ − q‖∞ < ε. JewroÔme to
polu¸numo p(x) =

∫ x

0
q(t) dt + f(0). Tìte, isqÔei p′(x) = q(x) kai akìmh an x ∈ [0, 1]

èqoume

|p(x)− f(x)| =
∣∣∣∣∫ x

0

q(t) dt−
∫ x

0

f ′(t) dt
∣∣∣∣ ≤ ∫ x

0

|f ′(t)− q(t)| dt ≤ εx ≤ ε.

'Ara, ‖f − p‖∞ ≤ ε kai ‖f ′ − p′‖∞ < ε.

2h Apìdeixh. MporoÔme na apodeÐxoume ìti: an f eÐnai suneq¸c paragwgÐsimh, tìte
[Bn(f)]′ → f ′ omoiìmorfa kai epeid  isqÔei Bn(f) → f omoiìmorfa (apì to je¸rhma tou
Bernstein) èqoume to zhtoÔmeno. Gi� autì to skopì deÐxte diadoqik� ta ex c:
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• p′n+1,k = (n+ 1)(pn,k−1 − pn,k), ìpou pn,k(x) =
(
n
k

)
xk(1− xn−k).

• [Bn+1(f)]′ = (n+ 1)
∑n

k=0[f((k + 1)/n)− f(k/n)]pn,k.

• Apì to je¸rhma mèshc tim c, gia k�je k = 0, 1, . . . , n up�rqei tk me |tk− k
n+1 | ≤

1
n+1

¸ste [Bn+1(f)]′ =
∑n

k=0 f
′(tk)pn,k.

• Qrhsimopoi¸ntac to parap�nw eÔkola blèpoume ìti ‖[Bn+1(f)]′ − Bn(f ′)‖∞ ≤
ωf ′( 1

n+1 ).

• ApodeiknÔontac ìti gia k�je fragmènh sun�rthsh g : [0, 1] → R isqÔei ‖Bn(g) −
g‖∞ ≤ 3

2ωg( 1√
n
) kai sundu�zontac me to prohgoÔmeno, sumperaÐnoume ìti

‖[Bn+1(f)]′ − f ′‖∞ ≤ 5
2
ωf ′

(
1√
n

)
.

'Ara, [Bn(f)]′ → f ′ omoiìmorfa sto [0, 1], afoÔ h f ′ omoiìmorfa suneq c (Jumh-
jeÐte ìti mia sun�rthsh h : [0, 1] → R eÐnai omoiìmorfa suneq c an kai mìnon an
ωh(δ) → 0 kaj¸c δ → 0+).

8.9. 'Estw 0 < a < b < 1 kai f : [a, b] → R suneq c sun�rthsh. DeÐxte ìti up�rqei
akoloujÐa (pn) poluwnÔmwn me akèraiouc suntelestèc, ¸ste pn → f omoiìmorfa sto [a, b].

Upìdeixh. 'Estw 0 < a < b < 1. EpekteÐnoume suneq¸c thn f sto [0, 1] se mia sun�rthsh
g : [0, 1] → R me g(0) = g(1) = 0 wc ex c: sto [0, a] thn orÐzoume grammik  me �kra ta
(0, 0) kai (a, f(a)) kai omoÐwc sto [b, 1]. JewroÔme thn akoloujÐa poluwnÔmwn

Pn(g)(x) :=
n∑

k=0

⌊
g

(
k

n

)(
n

k

)⌋
xk(1− x)n−k, x ∈ [0, 1].

Ta Pn(g) èqoun akèraiouc suntelestèc kai èqoun thn idiìthta Pn(g) → g omoiìmorfa
sto [0, 1] (�ra Pn(g) → f omoiìmorfa sto [a, b], to opoÐo eÐnai to zhtoÔmeno). Gia na to
deÐxoume autì, arkeÐ na deÐxoume ìti ‖Pn(g)−Bn(g)‖∞ → 0. 'Eqoume diadoqik�:

|Bn(g)(x)− Pn(g)(x)| ≤
n−1∑
k=1

(
g

(
k

n

)(
n

k

)
−
⌊
g

(
k

n

)(
n

k

)⌋)
xk(1− x)n−k

≤ 1
n

n∑
k=1

(
n

k

)
xk(1− x)n−k ≤ 1

n

ìpou sthn proteleutaÐa anisìthta èqoume qrhsimopoi sei to gegonìc ìti
(
n
k

)
≥ n gia

k = 1, 2, . . . , n − 1 kai sthn teleutaÐa ìti
∑n

k=0

(
n
k

)
xk(1 − x)n−k = 1. 'Ara, ‖Bn(g) −

Pn(g)‖∞ ≤ 1/n gia k�je n ≥ 2. 'Epetai ìti Pn(g) → g omoiìmorfa sto [0, 1].
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8.10. D¸ste par�deigma suneqoÔc kai fragmènhc sun�rthshc f : (0, 1] → R ¸ste na
mhn up�rqei akoloujÐa poluwnÔmwn pn : (0, 1] → R me pn → f omoiìmorfa sto (0, 1].

Upìdeixh. JewroÔme th sun�rthsh f : (0, 1] → R me f(x) = sin(1/x). Den up�rqei
akoloujÐa poluwnÔmwn, h opoÐa na sugklÐnei omoiìmorfa sthn f sto (0, 1]. Pr�gmati;
an autì  tan swstì ja up rqe polu¸numo p ¸ste ‖f − p‖∞ < 1/2. Tìte ja eÐqame
ìti | sin(1/x) − p(x)| < 1/2 gia k�je 0 < x ≤ 1. Eidikìtera, ja eÐqame ìti: gia xn =
(2πn+ π

2 )−1 isqÔei

|1− p(0)| = lim
n→∞

∣∣∣∣sin( 1
xn

)
− p(xn)

∣∣∣∣ ≤ 1
2

en¸ gia ta yn = (2πn− π
2 )−1 isqÔei:

|1 + p(0)| = lim
n→∞

∣∣∣∣sin( 1
yn

)
− p(yn)

∣∣∣∣ ≤ 1
2
.

Apì tic duo teleutaÐec sqèseic katal goume se �topo: h pr¸th dÐnei p(0) ≥ 1/2 en¸ h
deÔterh p(0) ≤ −1/2.

8.11. 'Estw f : [1,∞) → R suneq c sun�rthsh me limx→∞ f(x) = L ∈ R.
(a) An h f den eÐnai stajer , deÐxte ìti den up�rqei akoloujÐa poluwnÔmwn (pn) ¸ste
pn → f omoiìmorfa sto [1,∞).

(b) ApodeÐxte ìti up�rqei akoloujÐa poluwnÔmwn (pn) ¸ste pn( 1
x ) → f(x) omoiìmorfa wc

proc x sto [1,∞).

Upìdeixh. (a) AfoÔ h f den eÐnai stajer , up�rqoun shmeÐa 1 ≤ x < y ¸ste δ :=
|f(x)− f(y)| > 0. An up�rqei akoloujÐa poluwnÔmwn (pn) ¸ste pn → f omoiìmorfa sto
[1,∞), tìte up�rqei polu¸numo p ¸ste

(∗) |p(t)− f(t)| < δ/3, t ≥ 1.

Eidikìtera, eÐnai |p(x) − p(y)| > δ/3. 'Ara, to polu¸numo p den eÐnai stajerì, dhlad 
|p(t)| → +∞ kaj¸c t → ∞. Epiplèon, limt→∞ f(t) = L, opìte up�rqei z > 1 ¸ste na
isqÔoun tautìqrona oi sqèseic: |f(t)−L| < δ/3 kai |p(t)| > |L|+δ gia k�je t > z. Tìte,
qrhsimopoi¸ntac thn (∗) katal goume se �topo wc ex c: an t > z èqoume

δ < |p(t)− L| ≤ |p(t)− f(t)|+ |f(t)− L| < δ/3 + δ/ = 2δ/3.

(b) JewroÔme th sun�rthsh F : [0, 1] → R me

F (t) =
{
f(1/t), 0 < t ≤ 1
L, t = 0
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EÔkola elègqoume ìti h F eÐnai suneq c sto [0, 1], �ra apì to je¸rhma prosèggishc tou
Weierstrass up�rqei akoloujÐa poluwnÔmwn (pn) ¸ste ‖pn − F‖∞ < 1

n gia k�je n ∈ N.
Eidikìtera,

|pn(x)− F (x)| = |pn(x)− f(1/x)| < 1
n

gia k�je 0 < x ≤ 1 kai n ∈ N. IsodÔnama,

|pn(1/x)− f(x)| < 1
n

gia k�je x ≥ 1 kai n ∈ N. H teleutaÐa dÐnei ìti pn(1/x) → f(x) omoiìmorfa sto [1,∞).

8.12. DeÐxte ìti to sÔnolo twn poluwnÔmwn (twn periorism¸n touc sto [0, 1]) eÐnai sÔnolo
pr¸thc kathgorÐac ston C([0, 1]).

Upìdeixh. Gr�foume Rn[x] gia to sÔnolo twn poluwnÔmwn me pragmatikoÔc suntelestèc
kai bajmì to polÔ n. Tìte, to sÔnolo ìlwn twn poluwnÔmwn gr�fetai wc

⋃∞
n=0 Rn[x].

Parathr same sthn 'Askhsh 5 ìti o Rn[x] eÐnai kleistìc ston C([0, 1]). An deÐxoume ìti
gia k�je n ∈ N to Rn[x] èqei kenì eswterikì ston C([0, 1]), tìte ja èqoume gr�yei to
sÔnolo twn poluwnÔmwn wc arijm simh ènwsh poujen� pukn¸n uposunìlwn tou C([0, 1]).
Gia na to apodeÐxoume autì arkeÐ na broÔme osod pote kont� se k�je polu¸numo suneq 
sun�rthsh h opoÐa den eÐnai polu¸numo. 'Estw p polu¸numo kai ε > 0. JewroÔme th
suneq  sun�rthsh h : [0, 1] → R me

h(x) =
{
x sin(1/x) + p(0), 0 < x ≤ 1
p(0), x = 0

Up�rqei 0 < δ < min{ε, 1} ¸ste |p(x)− p(y)| < ε/2 gia k�je x, y ∈ [0, 1] me |x− y| ≤ δ.
OrÐzoume th suneq  sun�rthsh f : [0, 1] → R me

f(x) =

 h(x), 0 ≤ x ≤ δ
2

2
δ [p(δ)− h(δ/2)](x− δ/2) + h(δ/2), δ

2 < x < δ
p(x), δ ≤ x ≤ 1

H f eÐnai h zhtoÔmenh sun�rthsh: gia k�je x ∈ [0, 1] isqÔei |p(x) − f(x)| < 2ε. DiakrÐ-
noume tic peript¸seic:

• an x ∈ [0, δ/2] tìte

|p(x)− f(x)| ≤ |p(x)− p(0)|+ |x sin(1/x)| < ε

2
+
δ

2
< 2ε.

• an x ∈ (δ/2, δ) tìte

|p(x)− f(x)| ≤ |p(x)− h(δ/2)|+ 2
δ
|p(δ)− h(δ/2)|(x− δ/2)

≤ |p(x)− p(0)|+ δ

2
| sin(2/δ)|+ |p(δ)− p(0)|+ δ

2
| sin(2/δ)|

< ε+ δ < 2ε.
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• an x ∈ [δ, 1] tìte
|p(x)− f(x)| = 0 < 2ε.

Se k�je perÐptwsh isqÔei |p(x) − f(x)| < 2ε. Tèloc, parathr ste ìti h f den eÐnai
polu¸numo afoÔ sto di�sthma [0, δ/2] paÐrnei �peirec forèc thn tim  p(0) (kai den eÐnai
stajer  ekeÐ).


