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Kegdhaio 1

Metpixol ywpot

1.1. Eotwo (X, | - ||) xdpos pe vépua. Aeibre én n vépua elvar dptia ovvdptnon kai
1kavomolel Ty aviodtnta

ezl =Nyl | < llz =yl
ya kdOe x,y € X.

Yrédaén. Tw xdde x € X éyouvye || —z| = ||(-Dz| = | = 1| - ||z]] = ||z|]. Zuvende, n
vépua || - || ebvan dptio cuvdptnom.
Ané v Tprywvin aviedtna, Yo xdde z,y € X éyouue

el = Iz =) +yll < llz =yl +[lyll, dea [lz]] = llyll < llz vl
o
Iyl = lI(y — @) + 2l < lly =zl + [lzl, dea [lyll =zl < lly =zl = ||z = y.
‘Enetar 61t
[zl =1yl | < e =yl
1.2. Eoto (X, p) petpixds xyapos. Aeiéze dti:

(o) |p(, 2) — p(y, 2)| < p(z,y) ya kdle z,y,z € X.
B) lp(z,y) — plz,w)| < p(z, 2) + p(y,w) ya kdle z,y,z,w € X.

Yrédeatn. (a) Eotw z,y,z € X. And tnv Tprywvixh aviodmnta g HETEAS EXOUPE

p(z,2) < p(z,y) + ply, 2) = p(z,2) — ply, 2) < p(z,y),
p(y,2) < ply,x) + p(x, 2) = p(y, z) — p(z,2) < p(y, x).

Tuvdudlovtac Tic duo avicdtntes Talpvouue

\p(x,z) - p(y,z)I < p(m,y)
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(B) Av z,y,2,€ X, and v Tptywvix aviedtnta oto R éyoupe

p(z,y) = p(z,w)| < [p(x,y) — p(z,9)] + [p(2,y) — p(z, w)|
‘Opwe, and 1o (o) woyle

lp(z,y) — p(z,9)| + |p(2,y) — p(z,w)| < p(z,2) + p(y, w).

1.3. Eotw 0 # A C (0,+00). Anodetére dn vrdpyer petpirds xapos (X, p) dote

A={p(z,y):z,y € X,z #y}.

Yrdédeitn. Opilovpe X = AU {0} xou p(x,y) = max{x,y} av z # y o0 X, p(z,y) =0
av 2 =y oto X. EXéyyoupe mpdta 6t 1 p cavomotel tar a&udpator TN YeTeuc:
(o) Aol z > 0 v x&de x € A, elvar pavepd 6t p(x,y) > 0 yia xdde z,y € X. Ave =y
éyoupe p(z,y) = 0 evd av & # y TdTE TOUNEYLOTOY évac and Toug T, y elvar yvhota YeTixde
(D6t avixer oo A), xau ouvends, p(z,y) = max{z,y} > 0. Tautdypova éxouue eréyEel
ot p(x,y) = 0 av xow pévo av & = y.
(B) Ané v max{z,y} = max{y,z} (v xdde z,y € R) BrAénovpe ebxola 6u p(z,y) =
p(y, ) yio xdde z,y € X.
(v) Tw v tpryevixd avicétnta, Yewpolpe ,y,z € X xou delyvouue 6t p(z,z) <
p(z,y)+p(y, 2): av x = z té1€ T0 apoTERS PENOC Elvar (G0 e UNdEV o 1 aviodTnTaL Loy VEL.
Trodétoupe hotmdy 6TL & # 2, xau Ywplc TEPLOPLOUd TNC YEVIXOTATAC UTOPOUUE VoL UTo¥E-
ocoupe 60T & < z, dpa p(x,z) = z. Av y # z éxovue p(y, z) = max{y, z} > z = p(x, 2),
dpa

plz,y) + ply, 2) = ply, 2) = p(x, 2).

Av y = z t61e 1 {nroduevn aviodtntor Talpver T Lopy

p(z,z) < p(z,2) + p(2,2) = p(z,2),

ONAadn Loy Ve TEAL, aUTH TN POPA WC LGOTNTAL. MUVETWS, 1) TELYWVLXTH avieOTNnTo oY UEL Yol
xdde tpudda ,y, 2 oto X.

Topa, opillovpe B = {p(z,y) : z,y € X, © # y} xou anodexvioupe 61t A = B. Eotw
x € A. Tére, x = max{0,z} = p(0,x), dnhad = € B. Autd anodexvier 61t A C B.
Avtiotpoga, av b € B éyovue b = p(x,y) = max{z, y} yia xdmow z # y oto X = AU{0}.
Agol b > 0, o peyahitepog amd toug T xat y eivar Yetixde aptdude, dpo o b avixel oto A.
Auté anodewxviel 6t B C A.

1.4. Yvo R fewpolpe tn ovvdptnon o : R x R — R pe o(a,b) = /|a — b|. Anodeire éni
o (R, 0) efvar petpixds xdpos.



Tevikdrepa, detéte otz av (X, | - ||) efvar xdpos pe vépua kar av 9ewprioovue tny
d: X xX —R pue
d(.’177y): ||$_y||a $>y€Xa
téte 0 (X, d) efvar petpikds xdpos.
Yréoatn. Anodexvioupe to Yevix6tepo anotéheoua: av (X, | - ||) elvar yodpog pe vopua,
nd(z,y) = /||z — y|| elvou petpwr oo X.

O mpidteg 600 WWdTNTEC NG YeTEUrC eAéyyovTan dueca: Y xdde x,y € X €youue
d(z,y) = v/llz —yl| > 0 xou wwébtntar 1oyver av xou uévo av ||z — y|| = 0, dnhadf av xon
uévo av = = y. Enlorng,

d(y,z) = V/lly — 2| = Vllz -yl = d(z,y)

agoL 1 vopua elvar dptia ouvdptnon: |ly — z|| = ||z — y||.

Fa v tprywvind| aviootnta Yo YpMoLLOTO COUUE TNV TELYWVIXH AVIOOTHTOL YLol TN
vopUd, TO YEYOVOC 6T 1) t = /t elvon abouca oTo [0,00) xou TV aviobTTo /T + 5 <
Vi+y/s,t,5>0, 7 omolo anodexvietan ebxola pe OPwon 6to tetpdywvo. ‘Eotw z,y, 2 €
X. T'pdgouye

d(z, z) Ve =zl = Vltz —y) + (v = 2)| < Ve =yl +ly — 2]

Vi =yl +Vly = 2l = d(z,y) + d(y, »).

IN

1.5. (a) Eoto f : [0,00) — [0,00) avéovoa ouvdptnon pe f(0) = 0 ka1 f(z) > 0 yua
kdOe x > 0. YmoOérovue ernions dtr n f eivai unonpocdetny), 6nk. f(z+y) < f(z)+ f(y)
ya kdOe z,y > 0. Aellte ét1: av n d elvar petpixr) oto X téte kai n f o d eivar perpikn
oto X.
(B) Eoto f :[0,00) — RT guvdptnon. Arodetére 6t kadejud and tis axdlovies 1d1dtnteg
etvar ikavn va efaopalioa tny vrorpooletikétnta tng f:

(i) H f eivar koiln ovvdptnon.

i ovvdptnon x — ——, x > 0 elvar gpUivovoa.
H guvdptnon z— L2 2> 0 evar g
(v) Egappoyés: Eotw (X,d) petpikds xdpos. Aeiére 6t o ovvaptrioes p1 = min{d, 1},

p2 = #‘ld katd, =d* (0 < a < 1) efvar perpikés oo X.

Yrdédaén. (o) Ané v unddeon éxoupe f(t) > 0 yia xdde ¢ > 0 xar f(t) = 0 av %o ubévo
av t = 0. Eneton 61, yia xde z,y € X, (fod)(z,y) = f(d(z,y)) > 0 xou toyver .obtnto
av xot u6vo av d(x,y) = 0 dnhadn av xat uévo av = =y (Bi6tL 1 d elvan yetpinn).

H cuypetpwa wBotnta eivar tpogavic: v xdde z,y € X,

(fod)(y,x) = fd(y,x)) = f(d(z,y)) = (f o d)(z,y)

6mou 1 debtepn WodtnTo dixatohoyeltan and o yeyovée 6t d(y, z) = d(z,y).



4 - METPIKOI XQPOI

o Ty Tetywvin) avicdTnTo YENOWOTOUUE TNV TELYWVIXT] aVoOTNTA Yol TNy d, TNV
undldeon 6t n f elvor adfovoo xar Ty undleon étu 1 f elvon unompooVetar: Yo xdde
z,Yy, 2z € X €youpe, dadoyxd,

(fod)(z,2) = [fld(z,2)) < fd(z,y) +d(y,2))
< fld(x,y) + fd(y, 2)) = (fed)(z,y) + (f o d)(y, 2).

(B) Aseiyvoupe mpdta 6t av ) f elvar xolhn cuvdptnon, Téte 1 cuvdptnon T — @, x>0
glvoaw giivovoa. 'Eotww y > = > 0. And 10 «<AAUHR TV TEUOV Y0pdWVY Yot TNV XO(AN
ocuvdptnon f ota onuela 0, z, y Taipvouue

an” éTou €neTal OTL

19105 jo (3-1) 20

r oy

8|~

H tedevtala avicdtnra Sixarohoyeiton and to yeyovoe 6t f(0) > 0 xou
x <vy).

Acgtyvoupe tdpa 6TL av 1 cuvdptnon T — fgf), > 0 elvon @ivouca tote 1 f elvar
unonpooVetixf. ‘Eotw z,y > 0. Oo delfoupe 6t f(x +y) < flx)+ fly). Avae =0
iy = 0, n oviodtnro eréyyetar ebxoha (yenowonotiote xau to yeyovée 6t f(0) > 0).
Trodétovue Aowmdy 6t & > 0 xou y > 0. Tote, z+y >z xw x +y >y, dpo

> % (apots

f(; +ery) < fix) o fi:c :yy) < f;y) .
‘Enetar 61t . y
e AR U LGOS mf($+y) < fy).
Ipooétovtag Tic 500 aviodTNTES o TapATNEGVTS OTL Ao + Hy = 1 BAénoupe 6Tt

fla+y) < fl@)+ f(y).

‘Etot, anodel€ape 6t 1 (1) €xel we ouvéneto Ty (ii), n omolo ye ) oelpd e apxel yia va
eZaopokicovye Ty vronpodeuxdtnta e f.

(v) Egopuoyéc: Alveton o psrpmég xoeoc (X, d) xou Oéhovye va del&ouye 6Tt oL pp =
min{d, 1}, ps = id xa do = d* (0 < a < 1) elvon petpinés oto X. Tougwva e
T nponyoupsva epw AT, apxel va tapatnprioete 6Tt oL cuvapthoewe f(¢) = min{¢, 1},
g(t) = 155 xw ha(t) =t (0 < a < 1) — opiopévec oto [0,00) — ebvou xoihee, adEouoec,
nafpvouv Ty T 0 oto 0 xa yvhora Jetixée Twég v t > 0. Kdvte éva oyfua yio xadeutd
and auTEC.



1.6. Avdy,ds elvar petpixés oto ovvoro X e€etdote av o1dy+da, max{dy, ds}, min{dy, ds}
etvar petpikés oto X. Av n d etvar petpicry oto X, etvar n d* petpixn oto X;

Yrdédeitn. Edxoha ehéyyoupe 6Tt ot di + do xouw max{dy,da} elvou petpiéc oto X. Ac
dolue ubvo Ty tprywvixh aviodtnta v Ty p = max{dy,ds}: éoww x,y, 2z € X. Eyouue
plx,z) =di(z,2) f p(x,2) = da(x, 2). TNy TpdT™ TepinTwon YEdQoLYE

p(l’,Z) = dl(.’E,Z) < dl(muy) —+ d](y72) < p(.’L’,y) + p(y7z),
EVG otr delTepE,

p(m,z) = dg(.’ﬂ,Z) < d?(xay) + d2(y72) < p(x,y) + p(yvz)

H d = min{di, d2} Sev elvar anapaitnia petp. Eva nopdderyua elvon o e€c: oto
[0, 00) Yewpolye Tic petpée di(z,y) = |x—y| xor da(z,y) = |22 —y?| (n da ebvor 1 peTpueh
ds mou endyer oto [0,00) N 1-1 ouvdptnon f: [0,00) — R pe f(t) = t?). Ou delfoupe 6t

1 TerywViXh avicdThTa dev xavoroteiton amd Ty Tpudda 0, 1, 2: éyouue

. [11 1

d(0,1/2) = mln{2,4}4,
3 15 3
1/2,2) = ing—,—»=—
a2z = win{3 2=

d(0,2) = min{2,4} =2,

dpot
7T 1 3
d(0’2)22>Z:Z+§:d(0’l/2)+d(1/2’2)'

Av 7 d elvou petph 010 X, t61E M) d? Bev elvan amapaitnta petpf oto X. ‘Eva
Tapdderypa poc divel 1 ouvAdne uetph d(x,y) = |z — y| oo R. Av 1 d? Aoy petpued Yo
énpeme, Yo xdde x,y, z € R va toylel n avicdtna

(-2 <(z—-y)>+@y—2)>~

Aoxpdote my tetdda z = 0, y = 2, z = 10: Yo naipvaye 100 < 4 + 64, 1o onolo dev
Loy VeL.

1.7. (Anwdtnta Hélder yia ovvaptioe) Fotw f,g : [0,1] — R ouveyels ouvaptrioes
ka1 p, q ovlvyeis exBétes (dnA. p,q > 1 kai ]l? + % =1). Aeikre 6

/ g0 dt < ( / 1 If(t)l”dt)l/p ( / 1 |g<t>|th)1/q.
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Trédeitn. Trodétouue mpddta 6TL

1 1
12 = / FOPd =1 x [lg = / g(s)|7ds = 1.

Ané v aviobdtnta tou Young, yio xdde ¢ € [0, 1] woylel

F(B)g(t)] < %If(t)l” + $|g<t>|q.

Ohoxnpdvovtog oo [0, 1] tafpvouue

1 1 1 » 1 [t P
/O fBoldt < / ford / gt dt = -+ = = 1= Fllgl

Y yevuxd| nepintwon: pnopolue va unodécouue 6t || fll, # 0 xan | gllq 7 0 (adhide f =0
11 g = 0 xou 10 aplotepd wérog tng Intolduevng aviootnTag undeviletal, ondte OeV EYOUUE
timota va Sef€ouye). OewpolUe TiC GUVAPTACELS

9

fi=— o g1 = ——.
£l 19llq

ITopatnpodue 6t

1 1 1 1 1 1
/0 A0t = / FOPdE=1 o / (0" = o / lo(t)7dt = 1.

Ané v eldun nepinwon e aviobdtTnTog Tou delfope TopaTdvVw, EXOUNE

/|f1 gr(t)[dt <1, dnhadr, / [f@)g@)]dt < | fllpllgllq-

1.8. Eoww 1 < p < oo. Aetlre 6u 0 xdpos (C([0,1]), ] - |Ip) me

1 1/p
151 = ([ 15 as)
€lvar Yadpos e vipua.

Yréoaén. Aelyvouye uévo tnv tolywvixh ovioétnto (Minkowski): éotww f,g: [0,1] — R
ouveyele ouvaptroeic. Mnopolue va vnodécoupe 6t || f + g/, > 0. Tpedgpouye

1 1
IF gz = / )+ g(t)P dt = / £ + a1 F () + g(t)] dt
<[5 +sp=170 Idt+/|f OF Hlg(o)] di
1/q
< (/ () + 9(0)] P ”th) 1l + (/ £t +g<>|<p1th) 9l



6mov, oto televtaio Brua, epapudcape TRy ovicdtnta Holder yio to Leuydpta f+ g, f xou
f+g,9. Hupatnpotye 6t (p — 1)g = p (ov p xou g elvar ouluyelc exdétes). Tuvenae,

(/01 |f(t) + g(t)| P~ 1 dt>1/q _ </01 )+ g dt>1/q .

Yuvenwe,
1F+ g5 < I1F + glB’® (1F1lp + llgllp)-

XpnowWonolvtag Ty p — % = 1 ouurepalvouye 6Tt

If +9llp

LT < fl + gl
I1f + gl

If +9llp =

1.9. Eotw P o ovrodo twy molvwvluwy pe mpaypatikols ouvvteleotés. Av p(x) =
ap + a1 + -+ + a,x™ elvar éva moAvdvuuo ané to P, to Uiog Tou p €ivar to

h(p) = max{|a;| : i =0,1,...,n}.

(o) Aetre 6T 0 P efvar ypappukds xdpos pe tg npdées katd onueio kar n ovvdptnon
h:P — R efvar vépua ovov P.
(B) Aeikre 6ni n ovvdptnon o : P — R, ue

o(p) = laol + laa] + - - + |an]

, .
efvar vépua ovov P.

(v) A€tre 6u h(p) < o(p) < (n+1) - h(p) yia kdOe moAvdvupo p BaBuod to moAv n.

Yrdéoaén. (o) Eréyyouue ebxoha 6Tt av p, g elvar tohudvupa xat t € R, téte o1 cuvapthoeg
D+ g xou tp elvor moAudVLU. Nuvende, o P elvar ypauuxdc yodpoc Y Tic tpdlec xatd
onuelo. Aetyvouye 6Tt n h: P — R elvon vopua otov P: av p(x) = ap + a1 + - - - + a, 2"
elvon éval mohudVLpO amd To P, elvar gavepd 6L h(p) > 0 xar iodtntal toy Vel av xat wévo
av ag =a; =+ = a, = 0, dnAadn av xat pévo av p = 0.

Av t e R, t6te (tp)(z) = (tag) + (tar)x + - - + (tay)z™. Apa,

h(tp) = max{|ta;| : i =0,1,...,n} = [{|max{|a;| : 1 =0,1,...,n} = [t| h(p).
Tty Tprywvil avioétnta, €otw p(x) = ag + a1 + - -+ + a,x™ xou q(z) = by + bz +
<o+ by ™ 800 ToALGYLPA. Mropolue var utodécouue 6Tl n > m xot av n > m YETOUNE

bpt1 = -+ = b, = 0. Iopamprote bt h(q) = max{|b;| : ¢ = 0,1,...,n}. Tore,
(p+q)(z)=(ag+bo)+ (a1 +b1)x + - + (an + bp)z™ %o

h(p +q) = |a; + b;| yw xdnow j € {0,1,...,n}.
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Ané
laj +b;] < la| +1b5] < h(p) + h(q)

gnetal OTL
h(p +q) < h(p) + h(q).
(B) Me 7ov do tpémo: elvar avepd 6t o(p) > 0 xou wdtnTa Woyler av xou Yévo av
ap =a; = -+ = a, = 0, Onhadr av xou pévo av p = 0.
Av t e R, t6te (tp)(z) = (tag) + (tar)z + - - + (tan)z™. ‘Apa,
a(tp) = [tao| + [tar| + - - + [tan| = [t[(Jao] + lar] + -+ - + |an]) = [t| o(p).

Tty Ty avioétnta, €otw p(a) = ag + a1 + -+ - + apx™ xou q(z) = by + bz +
o+ by ™ 800 ToALGYLPA. Mropolue var utodécoude 6Tl n > m xot av 1 > m YETOUNE

bpt1 = -+ = b, = 0. Hapatnphote 6t o(q) = |bo| + |b1| + - - - + |bn|- Téte, (p+4q)(x) =
(ap +bo) + (a1 + b))z + - + (an + by)z™ xu

op+q) =Y la; +b;1 <D (las| + b)) =D laj| + Y _ |b;| = o(p) + o(q)-
=0 =0 =0 =0

(v) Avp(z) =ap+ar1z+- - +a,2" undpyel 0 < j < n dote h(p) = |a;|. Tére, |a;| < |aj]
vy xdde 1 = 0,1,...,n xat lvon Qavepd 6t

laj| < lao| + lar| +--- 4 lan| < laj| +laj| +--- 4 laj| = (n + Day],

~ ~7

Onhadn
h(p) < a(p) < (n+ 1)h(p).

1.10. Oewpotue tov xdpo (P,h) tng mponyoluevns doknons kar tov (coo, || - |leo)-
Arnobeitre dni n ovvdptnon f: (P, h) — (coo, || - [loo) He€

p(x):ao—l—a1m+-~-+anx”ni>f(p) :=a = (ag,a,...,an,0,0,...)

€lval 100HopPITUES YpauIKkdY xdpwy Tov datnpel Tis anootdoes. Anladn), n f eivar 1-1,
€mi Kai 1kavomolel Ti§ oxEoelg

(i) flp+q) = f(p)+ f(a)
(i) f(Ap) = Af(p)
(i) [1f(P)llec = h(p)



yia kdOe p,q € P ka1 A € R.
Yrédeitn. Eotw p(x) = ag + a1z + -+ + anz™ xou q(x) = by + byz + -+ + bpra™ dlo
ToAumyLua.  Mropolue va ypdouue o p,q otn wopgt p(x) = > pe, akr® xu g(x) =
Yo bk, 6mov ar =0 av k> n o by, =0 av k > m. Téte, (p+q)(z) = > pepolar +
br)z®, doa

fo+q) = (ao+bo,...,ax +bk,...)=(ao,...,ak,...)+ (bo,...,bg,...)
fp)+ 1(q)
Tehelwe avdhoya, yio xde A € R éyovue (Ap)(z) = 3 pey(Aak)z", dpo

FOp) = (Aag, Aaq, ..., Aag,...) = Mag, a1, .., ak,...) = Af(p)-

Téloc, av p € P xou p(x) = ag + a1z + -+ - + ana™,

I f(P)lco = sup{lak| : £ =0,1,2,...} = max{|ag|: k=0,1,...,n} = h(p).

1.11. Oecwpoiije tous xpovs £,, 1 < p < 0o Kkai cp.
(o) Aetére dn1: av 1 < p < g < 00 e £, C £y ka1 6t 0 €ykA€OUdS €ivar Yvioos.
(B) Aeibre 6ni: av 1 < p < 0o tdte £, C ¢ ka1 61 0 €yKkA€loudS €lvar yvioos.
(v) Na Bpeletl axodovlia x = (x,,) mov ouykAiver oto 0 adAdd Oev avijkel o€ kavévay £y,
1 <p < oo. Me dAa Adya, o ¢y mepiéyer yvijowa tny évwon |J{¢, : 1 < p < oo}.
(8) Na Bpedet axolovdia x = (x,,) dote x ¢ {1 addd = € €, ya kdOe p > 1.
Yrédatn. (o) BEow z = (z,) € €. Tote, > o7 | |2,]P < 400, dpat [, [P — 0. Anhadh,
|z,| — 0. Eneto 6t vndpyet ng € N dote |z, < 1 v xdde n > ng. Aol p < g,
Yoo x89e n > ng €youpe |z,|? < |z, |P. A t0 xprthplo olyxpong, Yoo [1,|? < 400,
Onhadh x € £y. Autd amodewvier 6t £, C £,.

O eyxdheopde elvon yvhowog: av Yewprioouvye v axoloua = = (z,) YE T = ﬁ
TOTE

Do laalP =7~ = too vl Y felT= Y o < oo
n=1 n=1 =t !

016t g/p > 1. "Apa, x € £y \ 4.

(B) Eow x = (z) € €y. Téte, >0, |znlP < +o0, dpa |2,]|P — 0. Anhad¥, |z,| — 0.
‘Apa, z € co. Mot undevid axohoudia Tou dev avixer oTov £, elvon @ = (2,) YE Tp = —i77
(Belte mopamdve).

(Y) Bewpotye v axohoudie © = (24) Pe Tn = - AGOU lim et = 0, éxoupe
T € Cp.
HMapatnpolue ott, yioo xdde p > 1 woydet
P
lim [al” _ lim — = ~+00.

woe Tjn s flog(n + 1Y
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Agob 1 oepd >0 | L amoxhivel 6o +00, To XpLThplo SUYXELONG Hac eZacpalilet 6Tt

S
Z lxn|p =400, p > 1

n=1
Anhodi, i xdde p > 1 woyber x & £y,
(d) EXéyEte 6T n oxohoudor © = () Ye @, = = €xer auth Ty WL

1.12. O xBoc tou Hilbert H> efvai to olvodo dAwv twv akokovdidy = (x,,) ue |z,| <1
yie kd9e n € N.

(o) Aeire dun

o0
d(.]?, y) = Z 2in|xn - yn|
n=1
opiler petpikn oo H™.
(B) Av z,y € H™ ka1 k € N, 9érovue My, = max{|z1 — w1l ..., |z — yx|}- Aeiére du

27k M, < d(x,y) < 27K 4 My

Yrdédaén. (o) H d opiletar xahd: yioa x&de n € N xou yo xdde z,y € H™ éyouye

d _oo |xn_yn‘<oo 2_2
(%Z/)—Ziw _Zyn— < 400
n=1 n=1

QO |2y, — yn| < |Zn] + |yn] < 2 yia xdde n € N. Eivow gavepd bt d(x,y) > 0 yia xdde
x,y € H*®. Eniong, d(z,y) = 0 av xou pévo av |z, — yn| = 0 yia x8d9e n € N, dnhadnh av
XL UOVo av T, = Yy Yiot xd9e n € N, dnAadr av xat uévo av & = y.

IMo tn ouypeTewr WIGTNTa T d Topatneolue 6T, av =,y € H™,

- |xn — Ynl - |Yn _xn‘
d(z,y) = ST > g = Ay, 2)-
n=1 n=1

[ty tprywvee aviootnta, YewpolUe T, Y, 2 € H™ xou Tapatneolue 6T

(E Z Z |xn_ <Z |xn yn Z |yn_ n (.’IJ y)+d(y, )

B3Ot |, — 2| < |@n — Ynl| + |Yn — 2n| Yo x&0e n € N.
(B) 'Eotww z,y € H>® xou k € N. Tpdpoupe

= Y el 50 e

n=k+1
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Trdpyer 1 < j <k dote

|25 — yj| = My, = max{|z1 —y1],. .., |2k — yxl}-
ITopatnpodue 6Tt
Mk<Mk_|ij—yj|< u \an—yn|< kMk_M bl u
oF S5 T o <> o —ZQT— k227< k
n=1 n=1 n=1
e - -
|xn7yn| 2 1
0< > =< Y gu =g
n=k+1 n=k+1

Ipoc¥étovtag, oupnepaivouue 6Tt

27K M, < d(x,y) < 27K 4 M.

1.13. Ocwpolpe t povadaia EvkAeideaa opaipa S™ 1 = {x € R™ : ||z||2 = 1} oror R™.
Opilovue <anéotaony p(x,y) 6o onuetwr z,y € S™ 1 va efvar n kypth ywria zoy oo
eniredo mov opiletar ané TNy apxn} twy a&évwr o ka1 ta x,y. Aeite dr av p(x,y) = 0
TdTe

.0
|z —yll2 = 251n§

Ka1 ouunepdrate ot

2 _
—p(@,y) <z —yl2 < plz,y),  @y€5” L

Efvai n p petpicn oty S™L;

Yrdédeitn. Oewpolye to Tplywvo Toy oto eninedo mou opiletal amd TNV ApyH TWV AEOVKY
o xaL ta x,y. Av z glvar To yéoo tou eudlypauuov TuAaToC [, Y], To uixoc Tou [z, 2]

T0U [z, y] wwolTon e
e —yls _(plew))
2 2

p(:my) = 2 arcsin (”37_2y||2> .

Yuvenwe,

Ané v avicdtna

2
= <sint<t, telo,n/2]
™

elvor gavepd 6T, Yo xdde x,y € ST,

o=yl = 2sin (252) < o)
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ol

. x, 4 p(z, 2
o=yl =2 (252} > 2625 20, )
H p elvon petpueh oty ST (1 «yewdouoioncdy petpieh). H pévn Wibtnra e petpuic
oL ypetdleTon EAEYYO Elvon M) TELYWVLXT] OVIGOTNTA: TOEATNPOVPE TRMTaL OTL, av YECOUUE
0 = pla.y), <ore

v -yl _ 2— =3 +2(x,y) — lyl3
4 2

am@zzl——QﬁnQW/Q):Il—2H = (z,9),

émou (x,y) = >0t Tiyi, T0 cOVIIEC ECWTEPIXG YIVOUEVO oTov R™. Yuvende, 1 p unopel
VoL EXPEAOTEL Xot oTNY axohoudT) Lop@T:

plx,y) = arccos((z,y)),  w,y€S™ "
Hpéner v detfouye 6t av x,y,z € S™ 1 t61e
arccos((z, z)) < arccos({x,y)) + arccos({y, z)).
O¢étoupe ¢ = arccos((z,y)) xou ¥ = arccos((y, z)). Av ¢ + ¢ > m n avcdtnTa oyleL,
unotétoupe howdy 6t 0 < ¢+ < . Ouundeite du n cuvdptnon arccos : [—1,1] — [0, 7]
elvou piivovoa. Enopévee, apxel vo deiloupe ot

(x,2) > cos(¢ + 1) = cos ¢ cosp — sin ¢ sin 1,

Onhadn

<£L’,Z> > <£L’,y><y,Z> - \/1 - (m,y)Q\/l - <y7Z>2.

Actyvouye ot

|<x,y>(y,z> - <Z‘,Z>| < \/1 - (x,y)Q\/l - <y,z>2

we e€hc: YTopOVUE VoL UTOVEGOUPE OTL Tol , Y Elval YRoUWIXWS aveEdptnTa, aANDS T = Y
xaL 1 aNoOTNTOL TEOXUTTEL We oot BLoTL Tor 000 YEAN undeviCovtat. Me xatdAAnAN
emAoyt opdoxavovixic Bdone {er, ea} 6TOV LTOYWPO TOU TP YOLY TAL T, Y EXOUNE Y = €1
oL x = tieq +toen Ue t%—i—t% = 1. To z ypdgeTat xt aLT6 TN woPYPN 2 = S1e1 + S2e2 + 5363,
6moU 10 e3 elvar povadiafo xat x&VETo 0T €1, €2 AV TO 2z Elval YPOUUXGDS aveEdpTNTO and
o z,y (Mg s3 = 0) xou 57+ 83 + 55 = 1. Topa, 1 aviedtnra tou {Ntdue ypdoeton 0N

Hope]
|t181 — (t181 +t282)‘ <4/1-— t% \/1— S%,
SMhodh
thss < (1—19)(1 - s7).
Ouwe,

(1= 1) (1 — s3) = 3(s3 + s5) > 1353
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%ot aUT6 amodexvieL To {NTolUEVO.

1.14. Eoto (X,d) perpikds xopos kar ) # A C X. H dduetpog diam(A) tov A eivar n
noodTnTa

diam(A) = sup{d(a,b) : a,b € A}.
Anodettre Tig axdlovles 1016tnTes Tng dapérpou:
() Av A # 0 tdre diam(A) = 0 av ka1 pévo av o A efvar povoodvodo (dnladrj, A = {x}
yia kdmow x € X ).

(B) Av 0 # A C B C X tdre diam(A) < diam(B).
(v) Eotww A# 0. Av diam(A) < r, téve A C {z : d(a,z) < r} ya kdrow a € A.
(d) Av 0 # A, B C X tdre wyUe n aviodnta

diam(A N B) < min{diam(A),diam(B)} < max{diam(A), diam(B)} < diam(A U B)
Ioxver n ariodTnra
diam(A U B) < diam(A) + diam(B)

ya kdOe {evydpr pun kevdy vroowilwy A, B tov X;

(e) Av (A,) elvar pna axolovdia un kevdy vroovwdlwr tov X pe diam(A,) — 0 kaldg
n — 00, Oetéte éti To (| Ay €lvar To oAU povoodvodo (éxer to moAD éva ooiyelo).
Yréoaén. (x) Av A = {z} vy xdnowo = € X tote elvon gavepd 6u diam(A) = 0.
Avrtiotpoga, unodétouvue bt undpyouy x,y € A ye x # y. Tote, diam(4) > p(z,y) > 0.

(B) Ava,y € At6tex,y € B, dpa p(z,y) < diam(B). 'Enctor 6t diam(A) = sup{p(x,y) :
x,y € A} < diam(B).

(v) Entdéyoupe tuyov a € A. Tw xdde © € A éyoupe p(a,z) < diam(A4) < r. Evende,
AC{zx e X :pla,z) <r}.

(8) Agpob ANB C Axow ANB C B, éyouye diam(ANB) < diam(A) xou diam(ANB) <
diam(B) (and 1o (§)). Eneton 61t

diam(A N B) < min{diam(A),diam(B)}.
Etvau mpogavée 6t
min{diam(A), diam(B)} < max{diam(A),diam(B)}.

T v tedevtala avioétnta mopatneolue 61t A C AU B xat B C AU B, dpa diam(A4) <
diam(A U B) xo diam(B) < diam(A U B) (and 1o (8)). ‘Eneton 6t

max{diam(A), diam(B)} < diam(A U B).
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H avioémnta diam(AUB) < diam(A)+diam(B) ev toyVet yevixd: Yewpriote onotovdh-
note petpixd xodpo (X, d) mou éyel Touldytotov dlo onuela = # y. Av Yéoovpe A = {z}
xat B = {y} t61¢ AUB = {z,y} x

diam(A U B) =d(z,y) > 0 = diam(A4) + diam(B).

Xnueiwon: Av AN B # () téte n avisdtnta woyber: Jewphote w € ANB. Av xz € A xa
y € B tote
d(z,y) < d(z,w) + d(w,y) < diam(A) + diam(B).

Avz,y € Afx,y € B, eivar npogavéc 6t d(z,y) < diam(A) + diam(B). Eneton 61t

diam(A U B) < diam(A) 4 diam(B).

(e) Eow 2,y € (o~ Ay e © # y. Téte, diam(A4,) > p(z,y) > 0 vy x&de n € N.
Hofpvovtac 1o 6plo xadwe o n — 0o xatahiyoude oty 0 = lim diam(A4,) > p(z,y) >
n—oo

0, dtoTo.

1.15. (o) Aetbre 6n1 éva un kevé vnoovvodo A touv petpikol ydpou (X, p) elvar ppayuévo
av ka1 uévov av vrdpyowv xg € X karr > 0 dote p(a,xg) < r ya kdde a € A.

(B) Eotw Au,...,Ax ppayuéva un kevd vrooUvoda tov petpikol xdpov (X, p). Aeikte
onto Ay U--- U Ay elvar ppayuévo.

Yrédeatn. (o) Trodétouvue mpwta 61 to A elvon ppaypévo. Emhéyouue tuydy zp € A xou
Vétoupe r = diam(A) + 1 > 0. Téte, vy xdde a € A éyoupe
pla, o) < diam(A) < r.

Avtiotpoga, unodétovue dtL undpyouy g € X xou r > 0 wote pla,zp) < 7 Yo x&de
a € A. Téte, yia 89 a,b € A éyouue

p(a,b) < pla, o) + p(zo,b) <7 +1=2r.

Tuvenae, 1o A elvon ppaypévo xaw diam(A) < 2r.
(B) Apxel va deiouye 6t av A xou B elvar Qpaypévar gn eV UTOGUVONL TOU UETEIXOV
xopeou (X, p) téte 10 AU B elvon gporyuévo. Ttn cuvéyela, Ue emarywyr) BAémouye 6t xdde
TETEPAOUEVT] EVWOT] PPAYUEVWY GUVOAWY Efval PeaYUéVo GUVOAO.

Ytadeponowolye g € A xou yo € B. Téte, av x € A wylet p(x, xo) < diam(A) xar av
y € B oybet p(y, yo) < diam(B). Oewpolye z,y € AU B xat Slaxplvouye TEQITOCEL:

(i) Av z,y € A 16t p(x,y) < diam(A).

(ii) Av z,y € B 1t61¢€ p(z,y) < diam(B).
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(iii) Avx € Axoy € B 161
p(x,y) < p(a,x0) + p(zo,Y0) + p(yo,y) < diam(A) + p(xo, yo) + diam(B).

‘Enetor 6t av $éoovye M = diam(A) + p(zo, yo) + diam(B), téte p(z,y) < M yio xdde
z,y € AU B. Tuvende, 10 AU B elvon pparypévo.

1.16. Ocwpolue tov ydpo S dwr twr akolovhdy mpayuatikdy apidudy. Eotw (my,)
akolovlia Getikddv apidudv, pe Yy, my, < +o00. Opilovue andotaon d otov S ws €&ijs: av
x=(Tn), ¥y = (yn) € S, Oérovue

=3 et
"1+ @ — ynl

Acitre 6m1 0 (S, d) elvar petpixdg ydpos, kar vrtodoyiote tn didpetpd tov.

Ynl

Yrdéoaén. H d elvon xold optopévn, yiotl av = (x) xou y = (yx) € S, 161

o0

d(z,y) =Y my ezl ka<+oo

e o E e 7 I

Auté Belyver enlone 6t diam(S,d) < Y7o | my.

Ané g BN TES TNE PETELMC, N MOV oL YeetdleTan ENEY YO Elvar 1) TELY WYX oavicHTN-
o av z = (x), ¥y = (yg) xou z = (2) € S, 61€ Y xd¥e k € N, ypnowonoidhviac to
YEYOVOC OTL 1| 1_tH elvar uronpooletucd xou |zk — k| < Tk — 2| + |2k — yr| Yo x&de
k € N, xou ntpoodétoviac we npog k ool toramAaotdcouue Ye Toug Yetixols aptduolc
My, EYOVUE

oo
|2k — yil
d - 1Tk T Ykl
(:0) ;m L+ |z — ikl
c- |2k — 2kl S |2k — Yl
k— 2k k= Yk
< R Y Tt I
; 1+ |og — 2k kzzl L+ |21 — yil
= d(z,2) +d(z,y).

Téhog, av TdpoupE Ty = (M,...,M,...) omov M > 0, xou y = (0,...,0,...), €xovye

diam(S,d) > d(xa,y

xaL opoL HLM /1 6ty to M — o0, Ttodpvoupe

. . ) M & >
diam(S, d) > A}E)noo d(zar,y) = N}lgloo 1M ka = ka.

Anpady, diam(S,d) = Y po ;| M.






Kegdhoo 2

20YHALON AXOAOLVLDY Ko
CUVEYELXL CLUVAPTNOEWY

2.1. Eow (Xi,d1),...,(Xg,di) menepaouévn oikoyéveaa petpikdy xdpwr. Amodeibte
on o1 mapakdtw ovvaptrioes eivar petpikés ywdpevo oto X = [, X;:

Poo(x,y) = max{d;(z(i),y(¥)) :i=1,2,...,k}

k 1/p
(Z ) ; 1< p<oo,

i=1

brov z = (x(1),...,z(k)), y = (y(1),. .., y(k)).

7

Yrédaén. (o) T ™y poo: elvar pavepd 6Tt poo(z,y) > 0 yia xdlde z,y € X (doT
di(x(i),y(7)) > 0 vy x&de ¢ = 1,...,k, agob xde d; elvar petpxhy oto X;). Eniong,
Poo(T,y) = 0 av xat povo av d;(x(7),y(4)) = 0 vy x&0e i = 1,..., k, Snhadn av xat yévo
av (i) = y(7) v xdde i =1,..., k, dnhadh av xar uévo av x = y.

Iot 7 CUUPETEA WBLOTNTA TNC Poc YETOWOTOWOUUE T CUUUETELXY WOTNTA TwY d;: oV
x,y € X éyoupe d;(x(i),y(?)) = di(y(3), (7)) v xdde i = 1,..., k. Tvvenaog,

Kai

poo(®,y) = max{di(z(i),y(i)) i =1,...,k}
— (i), 2(0) i = LK)
= poo(y, ).
T v tptywvix avicdtnra, dewpolue z,y,z € X. Trdpyer ip € {1,...,k} dote

Poo(T, 2) = d;y (x(10), 2(70)). A TV TELYOVIXY aviobTnTa Yot TY dj, EYXOUUE

diy (x(io), 2(i0)) < di (2(i0), y(io)) + di (y(i0), 2(i0)) < Poo(@,Y) + Poc(y, 2).
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Yuvenwe,
Poo(, 2) = diy (2(i0), 2(10)) < Poo(®,Y) + Poo (Y, 2)-

T vou SefZoupe 6Tt 1 poo elvon petpixd| Yivouevo npénet va Selfoupe 6t av () elvou
axoroudia otov X xav z € X, to1e

lm poo(Tm,x) =0 oavxow pévo av  lim di(zp, (i), 2(1)) =0y xdde i =1,... k.
m— 00 m— 00
H xatedduvon (=) éneton dpeca and 1o yeyovéde 6T, v xdde i =1,..., k,

dl(l‘m(z)’x(l)) < poo(xmy Z‘)

Tty a8 xateduven napatneolue Ot

k
Poo(Tm, ) <Y i@ (i), 2(1))
i=1

xou Oty av lim di(2,,(2),2(41)) =0 yia xdde i = 1,..., k t61e
k k
Jim (0. 266)) = 3 o). (0) =0

(B) Eow 1 < p < oo. Ebvar gavepd 6t pp(z,y) > 0 vy xdde z,y € X. Enlong,
pp(2,y) = 0 av xou uévo av d;(x(4),y(i)) = 0 yia xd9e i = 1,..., k, dnhadr av xow uévo
av x(i) = y(7) v xdde i =1,..., k, dnhadh av xaw uévo av x = y.

Io T ougpeTE WBLOTNTA TNC Pp YETOWOTOWOUUE Tr CUUUETEXH WBOTNTA TwV d;: oy
x,y € X éyoupe d;(x(i),y(7)) = di(y(3), (7)) v xdde i = 1,..., k. Bvvenaog,

k 1/p
pp(,y) = (Z [di(x(i),y(i))]p> = <

i=1

k
1=

1/p
[di(y(i),m(i))]p> = pp(Y, @).

1

T v terywvie] avicdtnta, Yewpolue z, Y, z € X. Egoapudlovye mpddta Tnv Tprywvixy
aviodTNTal Yo x&Ue d;: €youpe

Ané v avicdétnta tou Minkowski,

k 1/p
pp(SC,Z) = (Z p)

i=1

IN

[di (2 (), 2(4))]
; 1/p
(Z [di((2), y(4)) + di(y (i), z(ﬁ'))]”)

—
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IN

k 1/p k 1/p
(Z [di (= (i), y@))]”) + (Z [di (y (i), Z(i))]p>
i=1 =1

= pp(,y) + ppy, 2)-

T vo defoupe 6Tt 1 pp elvon peTEX! YivOUeVo Tpémer va delfouue 6t av () elvan
axoroudia otov X xaw z € X, to1e

lim pp(@m,z) =0 avxayédvo av  lim d;(zy,(7),2(7) =0y xdde i =1,... k.
m— oo m—0o0o
H xatediuvon (=) éneton dueoca and to yeyovée 61, vy xdde i =1,..., k,

di(@m (i), (7)) < pp(Tm, ).

T v dAAn xatedduvon mapatnpolue 6tt, av lim d;(x,(7), (7)) = 0 vy xdde i =
m—00

1,...,k, téte
k
lim_[pp(2,y)]” = lm > " [di(am(i), (i) = Z lim [d;(2m (i), 2(i))]? = 0.
=1

2. Eotww (X, dy), n=1,2,... akodovlia petpikddy xdpwr dote dy(x,y) < 1 ya kdOe
z,y € Xn, n=1,2,.... Ocwpolue o

X = f[lxn = {x = (z(1),2(2),...,z(n),...): z(n) € Xn}.

Anladn, o X amoteleitar and dAes tig axolovdies o1 omoles ot n-ootr) Béon éxovr aroiyeio
tov X,,. Optlovpue d: X x X — R ue

Aceibre dt1 0 (X, d) efvar petpixds xdpos kai n d efvar petpixrj yvipuevo.

Yrdédaén. H d opileton xahd Aoyw tne unddeone yio tic droapétpoue v (X, dy): Yo
xdde n € N xow yia xdde z(n), y(n) € X, woylet d,,(x(n),y(n)) < 1d&pa, yiaxdde x,y € X
€YOLUE

dw,9) = 3 gedale(n).ym) < 3 5 =1 <+
n=1 n=1

Eivaw gavepd 6t d(z,y) > 0 v xéde z,y € X. Enlong, d(z,y) =
dn(z(n),y(n)) =0 ya xd¥e n € N, dnhadh av xou pévo av z(n) = y(n
Onhadr av xon pévo av T = y.

0 av xat pévo av
) v xdde n € N,
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IMo ) ouvypeTewer WWOTNTA TNC d XPNOWOTOLO0UE T CUUUETEIXH IBOTNTA TwV dp: oy
x,y € X €youpe dnp(x(n),y(n)) = dn(y(n),z(n)) ywo xdde n € N. Tuverndc,

=3 el =3 grdnly(), 2(n) = d(y, ).

T v terywvioe] avicdtnta, Yewpolue z, Y, z € X. E@opuolovye mpddto Tnv Tprywvixy
oavloOTNTAL Yol XQUE dp: EYOUUE

dn(x(n), 2(n)) < dn(x(n),y(n)) + dn(y(n), 2(n)), n€N.

d(z,z) = Z%dn(ft(”)vz("))

< 3 srda(eln)ym) + D sdu(y(n), 2(n)
= d(wy) +dy,2),

D va BetCoupe 6t 1 d elvon yetpix| ywvouevo mpémel vo delloupe Ot av (24,) elvat
axoroudia otov X xaw z € X, toTe

lim d(xm,z) =0 avxou yévo av  lim d,(zm(n),z(n)) = 0 yia x&9e n € N.

m— 00 m— 00

H xatedduvon (=) énetan dueca and 10 yeyovdes 6t yio xdde n € N ioylet
dp(Tm(n),z(n)) < 2"d(z, ).
T Ty & xatedduvon, urnodétovue 6Tt N axohoudia (Z,,) xat 10 £ 010 X 1xavonololy
my lim dp(zpm(n),z(n)) = 0 vy xé9e n € N.
Eow € > 0. Tndpyer k € N dote Y07, 4 3w < 5. D xdde n = 1,..., k éyovye
hm dp(zm(n),z(n)) =0, dpa

k
Jim Y %dn(agm(n), 2(n)) = 0.

n=1

MrnopoUue hotndv va Bpolue mo € N @ote: yia xdde m > my,

~ 1

n=1

Do ™
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Yuvdudlovtac o Tapandve BAémouue Ott, yio xdde m > my,

- 1 - 1 13 g
o a) = 3 gl () + 3 rd(on(n). o) < 545 =<

‘Enetor 61t d(2p,, ) — 0.

2.3. Eotww (X,,dn)nen akolovdia petpikdy xdpwv kar X = [[°, X,,. Opilovue d :
X xX —>R pue

i i n(Tn, Yn)

— on 1+d (TrsYn)

Aeitre 6t o (X, d) elvar petpikds xdpos kai n d elvar petpixrj yvouevo.
YrooeiEn. o xdde n € N 1 ouvdptnon pp : Xp X X, — R ye

dn (x(n), y(n))
L+ dp(2(n), y(n))

pn(z(n),y(n)) =

elvan petpix| 010 Xy, 81618 p, = f o dy, 610U f 2 [0, 00) — [0, 00) N ouvdpTnon f(t) = 15
(Belte v "Aoxnon 5 oto PuANGSo 1). Erlong, elvou gavepd 6t pn(z(n),y(n)) < 1 yia
xdde z(n),y(n) € X, dnhadh diam(X,, pn) < 1 yia xé9e n € N.

Ané v nponyoluevr ‘Aoxnon, 1 d elvar yetpr) oto X xau efvar YETEWXT YIVOUEVO w¢
TPOS TIS P Loy Vel d(zg, z) — 0 av xat uévo av, yraxdde n € N, limy_, o0 pp (zx(n), 2(n)) =
0.

I va det€ouye 6Tt 1) d elval UETEXT YVOUEVO wS PO TS dyy apxel Vo Bel€ouye 6Tt yia
xdde (otadepd) n € N woylel 10 e€nic:

dp(zr(n),x(n)) — 0 av xo uévo av pp(zr(n),z(n)) = — 0.

Auté elvon dueon ouvéneio Tou axdlouvdou LoyLELGUOU:

’Eom) (ar) axohovdia un apynuxdy mpaypatxey optduoy. Opllouye by =
k € N. Téte, ap — 0 av xaw pévo av by — 0 (doxnon).

1+a ’

2.4. Eotw 1 <p < oo kar x = (x(k))ken € £p. Ta kdOe n € N opilovue z,, € £, e
xn = (2(1),...,2(n),0,0,...).

Actre 6nu lim ||z, — ||, = 0. IoxUe to avtioroyo anotédeoa ooy lo;
n—oo
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Yrdédeitn. H oxohovdio z € £, dpo Y poy |2(k)|P < +00. Emetar (o1 «oupécy ouyxAi-
vouoac oelpdc telvouy oto 0) 6Tt

o
lim Z |z(k)|P = 0.
n—>ook:n+1

Iapatneolye topa 6t & — zp = (0,...,0,z(n+1),z(n+2),...), ondte

oo

lz =zl = > la(k)P — 0.

k=n-+1

Ytov o Bev €xouue o (B0 amotélecya: av Vewpricoupe TN otadepy| axoloudion x =
(1,1,...,1,..) t6tce ¢ —x,, = (0,...,0,1,1,...) yia xd9e n € N, dpa || — zp|l0o = 1 Y0
xdde n € N. Yuvenwg,

lim ||z — 2n|lec =1 # 0.

n—oo

2.5. FEoww (x,) axolovdia oto perpiké xdpo (X, p). Aciére 6u n (x,) ovykdive oto
x € X av ka1 uévo av n axolovdia (y,) = (21,2, T2,2,23,T, ..., Ty, T,...) CUYKAVEL 0TO
T.

Yrdédaén. H axohoudio (y,) éxel opotel we e€Xc: Yor—1 = Tg XU Yo, = T, k € N.

Trodétovue npdta 6Tt z,, — . Eotw € > 0. Agol x,, — 0, undpyet ko € N dote: av
k> ko tote p(zg, x) < e. Oétoupe ng = 2kg — 1 xou Yewpolue n > ng. Ataxplvouye d0o
TEPITTWOELS:

(i) Av n =2k t6te p(ypn,x) = p(z,x) =0 < e.

(i) Avn =2k —1 16t 2k — 1 > ng = 2ko — 1, dnpad k > ko. Apa, p(yn,z) =
plag,x) < e.

Eldaye 6t p(yn, ) < € yia xd9e n > ng. Apa, yp — .
Avtiotpoga, unodétoupe ot y, — x. TétE Yor—1 — @, dpa T — .

2.6. Eotw (z,) axolovdia oto petpikd xdpo (X,p). Trodérouue éut x, — x € X.
Aetlre 6ni: ya kdOe perdeon (1-1 kar ent ovvdptnon) o : N — N n axodovlia y, = To(n)
OUYKALvel K1 aUTI) 0TO X.

Yrédein. 'Eow o ya petddeon tou N xat éotw € > 0. Agol z,, — x, undpyet kg € N
dote: av k > ko t6t€ p(Tk, ) < €.

Ocwpolue 0 oOvoho A(ky) = {o71(1),...,07 (ko)}. Agol 1 o elvon 1-1 xou exd,
0 A(ko) €xer axpiBie ko otougela. Oétoupe ng = max A(kg) (to péyioto ototyelo tou
Alko)).

Téte, av n > ng éyoupe n # o 1(j) vy xde j = 1,...,ko. Anhadih, o(n) # j vy
x&e j=1,..., ko. Autd onuaivel 6t a(n) > ko, dpa p(Zq(n), ) < €.
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Aci€ape 6T v x¢de € > 0 undpyer ng € N dote p(24(n), ) < € Yit xd0e n > ng.
‘Eneton 6Tt Tp(n) — .

2.7. Eotw (x,) akodovdia oto petpixd yopo (X,p). Ocwpolue tny axolovdia {E,}
unoourdwv tov X ue
E,={xp:k>n},n=12,...

ka1 tny akolovlia Jetikdy apiiuddy
t, = sup{d(zg,zn) : k>n}, n=1,2,...
Aciére 6n1 ta akbérova efvar 1w0odUvaja:
(o) H (xy,) efvar Paoixn.
(B) diam(E,) — 0 kaldg n — oo.

(v) tn — 0 kaldg n — oo.

Yrédaén. (a) = (B). Eow € > 0. Agod 1 (z,) elvon Baowdr, undpyer ng € N dote
P(Xp, ) < € v x&e n,m > ng. Oewpolue Tuydy n > ng xo k,m > n. Téte
k,m > ng, dpa p(xk, Tm) < €. ‘Enetouw 6t diam(E,,) = sup{p(zk,Tm) : k,m > n} < e.
Aciape 61t diam(FE,) < € yia xdde n > ng, dpa diam(E,,) — 0.

(B) = (v). Eoww e > 0. Yrdpyet ng € N dote diam(E,) < € yia xdde n > ng. Oswpolue
w6V n > ng. o xdde k > n éyovpe k,n > n, doa p(zk, z,) < diam(E,) < e. Auté
delyver 6t p(xk, xn) < € x&Ve k > n, dpa t, = sup{p(zk,z,) : k > n} < e. Aciope 61
tn, <€y xade n > ng, dpa t, — 0.

(v) = (a). Eotw € > 0. Trdpyet ng € N dote t, < & yio x8de n > ng. Autd onuaivel
ot v x8e k > n > ng éxovue p(xk, x,) < t, < e. Opolwc, yio xdde n > k > ng
éyouvpe p(Tk, Tn) < tn, < . Apa, yia x&0e k,n > ng woylel p(xg, x,) < t, < . Encto
ot N (xy,) elvon Baowxr axohoudia.

2.8. Eotw (z,) kat (y,) Baoikés axolovdies oto petpikd yopo (X, p). Aeikre du n
an = p(Xn, yn) €var Baoixrj axoloviia oo R.

Yrddeitn. Eotw e > 0. H (x,) elvar Baow, dpa utdpyet ny € N dote p(xy, o) < €/2 yia
x&de n,m > ni. Opolwg, n (yn) elvon Boaoixn, deo undpyet ng € N OTte p(Yn, Ym) < €/2
yiow xdde n,m > ns.

O¢touye ng = max{ni,ng} xou TAPATNPOVUE OTL: oV I, M > Ny TOTE

e 9
lon — am| = [p(Tn, yn) — (T Ym)| < p(Tns Tm) + p(Yn Ym) < 92 + 2 =

Yuvendg, N (o) elvon Baower axohoudio oto R.
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2.9. Eoww (x,) axolovdia oto petpikd ydpo (X,p). Aeibre éri n (x,) éye Baomr;
vnaxohoviia av kai puévo av éxe vraxodovdia (v, ) pe tnr ditnta p(ak, , T, ) < 3¢
yie kde n € N.

Yrdédaén. YTrodétoupe npdta 6t N (z,) éxel Paoweh utaxoroudio (zy, ). T euxohia oTo
oupBohoud VéTouYE Y, = ¢, . Oftouye € = 3 xau Bploxovpe s1 € N GOt p(Yn, Ym) < &
yio xdde n, m > sq.

Y11 ouvéyeta 9EToupe £ = 55 xou BeloXOUUE S2 > $1 OOTE p(Yn, Ym) < 35 Yot x80E
n,m > sy. [Mnopolue vo emAéEOLUE S > S Yl TOV €EHC AOYO: YENOLUOTOLOVTAS TO
Yeyovée 6t 1 (yn) etvan Baoid Beloxoupe mpdta kdTow0 se GOTE p(Yn, Ym) < 35 Yiot xdde
n,m > S3 X oV Sz < §1 avTixadioToUUE 10 S2 amd tov sh = s1 + 1 > s1. Téte, q
P(Yns Ym) < 5 €€oxohoLIEl Vo 1oy Vel Yior x84 n,m > 5]

Yuveyilouye snowmwxdc 670 N-0016 Brua VéTouue € =
&oT€ P(Yky Ym) < 2,, v xdde k,m > s,.

BOewpolye v unaxoioudia (ysn) = (24, ). An6 tov Tp6TO optopoo WV S, BAénouye

Ty %8s n € N €YOUUE Spi1, Sn > Sny 300 P(Ys,yr) YUs, ) < 2”. Optlouvye ky = ts, .
H (k,,) eivou yynolwg avZouoa axohoudior guotxdv xou yior Ty vraxohoudia (z, ) €youye:
yio xde n € N,

1 7
5w ot Bploxovye s, > sp1

p(xana ) = p( n+17xts") = p(ysn+1aysn) < on’’

Avtiotpoga, ac unoYécoupe 6T 1 (x,) €xer umoxohoudio (xg, ) Ue TNV WDIOTTA: YiX

%6e n € N, p(h, ., Tk,) < 5. Tote, 1 (zk,) elvor Baove axohouvdia. Ipdypatt, ov

m > n €YOUUE
1 1 1

P(Thps Thp) < P(Ths Thipyy) + 000+ p( Tk Thy) < o Tt oI < gt

Yuvenoe, yio onotodnnote € > 0, av emAélouue ny € N apxetd Yeydho OOTE 5m—
éyouue: Y xdde m > n > ng,

< e,

1
plag,  xr,) < =T <e.

2.10. Eotw (x,) akolovlia oto petpixd xdpo (X, p). Aéue é6u n (x,) éa gppayuévn
kUuavon av
Z xn,xnﬂ < +00.

Arnodeitre ta axdrovla:

() Av n (xy,) éxer ppayuévn klpavon tote elvar Paoikn (dpa, kar gpayuévn). Ioyvder to
avtiotpogo;
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(B) Av n (xy,) evar Baowkrj téte éyer vmakolovdia pe gpayuérn kluavon.

(v) Av kdOe vraxolovdia tng (x,) éxer gpayuévn xluavon, tite n (x,) evar Paoikn
axolovdia.

(d) H (zy,) éxer Paoikn vnakolovdia av kai udvo av éxel vrakolovlia je ppayuévn klpavon.
Yrddeitn. (o) Yrodétoupe mpdta 6Tt 1 (T,) €xet gpayuévn xOpavorn. Eow ¢ > 0. H
oepd Y07 | p(2n, Tnt1) ouyxAveL, dpo undpyer N € N wote

oo

> plan, wng1) <e

n=N

‘Eotw m >k > N. Xpnoyonotdvtag TNV TELYOLXY avViGOTNTA YEAPOUUE

p(xr,xm) < p(@r, Trpt1) + -+ p(Tm—1,Tm)

m—1 oo
< E p(Zy, Zry1) E P(Tns Try1) E (T, Tnyr1) <€
n=~k n=k n=N

To avtiotpogo dev toyvet: Yewpolue 10 R ye ) cuvAdn petpwr xou pa oxohouvdia (ay)
OOTE 1 GEWPS Y poy VO OUYXAIVEL ahAG Vo Uy cUyxAiver amohbtwe (tapddetypa, N ar =

—1kt . / / / . / /
%) Oétouue T, = Y, ag. Toéte, 1 (z,) ebvon ouyxhlvouoa, dpa elvor Bacu.

Ouoc,
o o0
Z |Znt1 — 20| = Z lak| = oo
n=1 n=1

Apa, 1 (z5,) dev ExEL PAYUEVN XOUAVOT).
(B) Onwe oty Aoxnon 9: n unddeon elvar btL N () elvan Boaowxry axoroudio. Oétouye
e = 3 xau Bploxovye k1 € N dote p(zr, m) < & Yo xde k,m > k.

T cuvéyela Vétoupe € = o xau Bploxoupe ko > ki G0Te p(Tk, Tm) < 5 Yot XEE
]f, m 2 kg.

Yuveyllovye enaywyxd: oto n-0otod Priua Yétouvye € =
0ote (T, Tm) < 2% yvioe xdde k,m > ky,.

Ocwpolye Ty utaxohoudio (zk, ). And tov TpbdTo opLopou v ky, BAémouye OTL yia
xdde n 6 N éy0uye knt1, kn > Ky, S0 p(@k, 1 Tk, ) < 5. Emeton 6t Yoo | p(Th, sy s Tk, ) <
S ok =1 < +00. TLVERAC, N (g, ) EXEL PEAYUEVT XUPAVOT,.

(v) Me omom)yn oe drono. Trnodétouue 6t 1 (z,) dev elvan Poowi axohoudia. Tére,
undpyet € > 0 dote: vy xdde n € N undpyouv m > s > n O6TE p(Tm, Ts) > €.

Oétoupe n = 1 xou emhéyoupe ky > ki > 1 dote p(Tk,, Tk, ) > €. Luveylovye ye tov
{do tpomo: oTo Beltepo Briua, Yewpolue Tuydv n > ko xar emhéyouue kg > ks > n >
ko > k1 Oote p(ak,, Tk,) > €.

Enoaywywd opiletor yynolwe abouvoa axohoudio puowxdv (k) ye v eZhc Widtnto:
yio xqde s € N,

2" xaou Bploxoupe Ky, > kp_q

P(l'kzs ) mk2s—1) > €.
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Téte, 1 (zk, ) Sev €xer ppaypévn xopavon, dot

2N N
Zp(xkn+l’xkn) > Zp(l‘k2s7xk2sfl) > Ne
n=1 s=1

xat 1 TereuTalior axoloudia Telvel oto dmelpo dtav N — oo.

Enueiwon. Tty 18&n éyve 1 Tohd owoTh Topathenon ot av éyoupe delZel To (o) TOTE To
() éneton dueoa: M (x,,) elvar unoxohoudio tng (z,) xat, and Ty unddean, €xer Ppayuévn
xOuavor. Yuvenog, etvar Booxy) axohoudia.

(8) TroVétouue mpddyta 6L 1 (x,,) éxer unaxohoudio (xg, ) UE Ppayuévn xOpavon. Anéd to
() N (xk,) evar oo, Avtiotpogoa, utodétoupe 6t N (x,) €xer Pooix uraxohoudia
(7x,). And o (B) n (2k,) €xer unaxohouvdia (z, ) n omoia €xel pporyuévn xOuavon. H
(wk,, ) evon umoxohovdior Tne (2,,), cLVeETHE €youue o {ntoluevo.

2.11. Eoro (x,) akodovdia oo petpikd yapo (X, p) kar éotw x € X. Aeiéze dui:
() Av n () ovykAiva oto © téte kdUe vnaxolovdia (xy, ) tns (x,) ouykAiva oo .

(B) Av kdOe vrakolovdia tng (x,) éxear vtakodovdia n onola ovykAiva oto x, téte n ()
OUYKAlVel 0TO X.

Yrddeitn. (o) ‘Eotw (zk,) utoxorouvdio tne (z,) xou €otww € > 0. Agol n (x,) ouyxivel
oto z, utdpyel ny € N dote: yio xdde m > ng, p(zm,x) < e. Hapatnpolue btz av
n > ng T0T€ ky > n > ng. Buvende, p(zg,, ) < . Anhadh, n (zk,) ovyxAivel oto .

(B) Trodétouue 6t 1 (x5,) Sev cuyxhivet oto x. Téte, undpyet € > 0 ye Ty e€hg WO TA:
v xdde m € N undpyet s > m dote p(z,, x) > €.

Opiloupe vraxohovdia (zk, ) e (x,) 0 e€hic: Vétouue m = 1 xow emhéyouye ky > 1
wote p(xg,,x) > . Oétouue m = ki + 1 xou emhéyovye kg > k1 + 1 > ki oote
p(xg,,x) > €. Zuveyllouvye emaywywd: av éyovye emhégel k1 < ko < -+ < k,, dote
p(zr;, ) > eyaxdde j =1,...,n, 9étovue m = kp+1 xaw emAEyYoupe kyy1 > kp+1 > ky,
OoTE p(Th, ., T) > E.

H vrnaxorouda (zx, ) Sev €xer vnaxohovdia n omola va cuyxhiver oto z, déTL bhot ot
6poL TN €YOLY ATOCTACY TOUAGYLOTOV (07 PE € and T0 x. Autd €pyetar o avtipaon We
v unédeon.

2.12. Eoww (X, p) pepikds xdpos kar (x,) akolovdia otov X pe Ty # Ty yYia 1 # m.
Oérouue
A={z,:n=1,2,...}.
Aeitre éri: av x, — x € X téte ya kdOe 1-1 ovvdptnon f: A — A wyvdea f(z,) — .
Yrdédaén. Ectw e > 0. Agol x, — x, utdpyet ko € N wote: av k > ko 161 p(z), x) < €.
Ocwpolye 10 olvoro A = {z1,..., Tk, } xou opillovye B ={n € N: f(z,) € A}. Aol

n f ebvau 1-1, to olvoho B éxer 1o mohd ko otouyelo (yio xdde k < kg undpyet to ToAD
¢vac n € N dote f(x,) = x1). Ofétovye ng = max B (1o péyoto otouyeio tou B).
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Téte, av n > ng éxovue n ¢ B. Anhadh, f(x,) ¢ A, to onolo onuaiver 61 f(zy,) =
v xdmowo s > ko, dpa p(f(zn), x) = p(zs,x) < €.

AeiZope 6ty xdde € > 0 undpyet ng € N dote p(f(x,), ) < € vy xdde n > ng.
‘Enetot 6 f(zy,) — x.

2.18. Eotww (X,p) petpikds xdpos. Oewpolue tov X X X e omowadimote UeTpikr
ywiuevo d. Aettre étin p: (X x X,d) = R pe (z,y) — p(x,y) evar ovveyris.
Yréoaén. Anbd v apy| tne vetagopds, apxel vor delZouue 61t ov {(Zn, Yn) tnen elvon pla
axoroudio 6t0 X X X xou (Tp,Yn) <, (x,y) € X, t61€ p(Tn,yn) — p(z,y). Av dpwc
7 d elvar YeTXh YVOUEVO, antd TV (Zn, Yn) 4, (z,y) éneton 6L xyy Ly, .
An6 yvwot npétoaon, autd €xer oav ouvénew YV p(Tn,Yn) — p(x,y) (Yupndeite my
UG [0(m ) — P2, 9)| < (s 2) + Plms ))-

2.14. Eotw (x,) axolovlia oto petpixd yopo (X, p). Trmodézouue dt1 ya kdmow x € X

wyver to e&ng: ya kdle owvexny ovvdptnon f + X — Royve f(zr,) — f(z). Eba
owWoTo 0TL Ty, — T;

Yrdédaén. Oewpolye tn cuvdptnom g : (X, p) — R ue g(y) = p(y, z). HMapatnehote 6t N
g ebvar ouveyrc: aUTO TEOXUTTEL QUECA UE TOV OPIOUO TNG CUVEYELXS, AV YPYNOWOTOLACOUUE
10 Yeyovog 6T, yia xdde y, z € X
19(y) = 9(2)| = Ip(y, ) = p(z, 2)| < ply, 2)-
Ano v unddeon éyouvye g(x,) — g(x), dnhads
pln,a) — pla,z) = 0

, , P
6ty 10 n — 00. Apa, T, — .






Kegpdhaio 3

Tonoloyla HETEIHWY Y WEWYV

3.1. Eoww (X, p) petpixds xipos kar F, G vrootvola tov X. Av to F eivai kA€1otd kai
10 G €elvar avoiktd, deire 6t to F' \ G elvar kAewté ka1 to G\ F etvar avoixtd.

Yrdédaén. Tedgouvue F\ G = FN (X \G). Apob 10 G elvar avowxtd, 10 X \ G elvan
xhewotd. Téte, 10 F N (X \ G) elvor xhetot6d ¢ Toph 300 (NELOTOY GUVOAGV.

‘Oupouw, ypdgpouye G\ F = GN (X \ F). Agob 10 F elvar xhewotd, 1o X \ F elva
avowxtd. Tote, 10 G N (X \ F) elvar avorxtd we tour| 800 avoxtdv cuvOrmy.

3.2. Eotw (X, p) petpixds yopos. Aeibte 6t kdOe vnootvolo A tou X ypdegetar ws tour
avoiktdy vroouvédwv tou (X, p).

Yrdédeitn. Aelyvoupe mpidta 6t xdlde B C X ypdgetol W €Vwon XAECTOV GUVOAWY,
yedpovtog

B=|J{z}.

z€EB

[Ta yovoohvola givor xhelotd cUvola ot xdlde yetpxd yweo]. Eotw topa A C X. O¢-
toviac B = X \ A éyoupe

X\A:UFZ-

i€l
6mou (F;)ier owoyévelo XA ety unocuvorwy tou X. Téte,
C
A=(X\A) =X\F) =G
iel i€l
omou xdde G; = X \ F; elvor avoixtéd unocvvoro tou X.

3.3. Eoto [ : R — R ourexris ovvdptnon. Aeiéte 6t to G = {x € R: f(x) > 0} eivar
avoikté vnoouvolo tov R ka1 to F = {z € R: f(z) = 0} elvar kheioté vnoovvoro tov R.
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Yrédaén. Eotw z € G. Téte, f(z) > 0. Egopudloviac Tov 0plopd NG CUVEYELIS E
e = f(x)/2 > 0 Pploxovye § > 0 wote: av y € (x — d§,x + ) 6t f(y) > f(x)/2 > 0.
Suvende, B(z,d) C G. ‘Enetat 61t 10 G elvon avouxtd.

‘Eow (z,) axohovdia oto F pe x, — x € R. Eyovpe f(z,) =0 yia xdde n € N xou
n f elvar ouveyhc oto z. And Ty apyh e uetagopds, f(x) = nh_)rr;o f(zn) = 0. Zuvendg,

x € F. 'Enetar 61t 10 F' elvar xAelotd.
3.4. Acitre éu kdOe xAeioté didotnua owo R ypdgerar ws apifunoun wour) avoiktdy

dwotnudtwy kar kdle avoiktd idotnua oto R ypdyetar ws apiunoun évwon kAeotdy
dioTnudTwy.

Yrdédeln. 'Eow a < b oto R. Mnopolue va ypdouue

oo

1 1 o b—a b—a
[a,b] = | |<a o +n> o (a,b) = | I[a+ 3 ™

n=1 n=1

EXéyEte ¢ 800 tobtnTee.

3.5. Amnodetbte 61 kdOe memepaouévo vTooVodo €vis HeTPIKOU YDPOU €lval KAEIOTO.

Yréoaén. Eotw F = {z1,...,Zm} nenepacuévo unocivoro tou uetpxol yohpou (X, p).
N xdde j =1,...,m, 10 ygovoolvoho {z;} elvan xhetoté cbvoro. T'pdgouye

F={x;}U{z2}U---U{xp}.

AgoU 1 évwon nenepacuévey 10 TARY0C YAEIGTOY GUVOAWY elvat XAEIGTO GUVONO, GUUTER-
atvoupe 6Tt 10 F elvon xheoTo.

3.6. Anodeibre du kdle opaipa €vds petpikol xdpou elvar kAewotd olvoro. Mmopel oe
évay UeTpikd Xpo pa ogaipa va €lvar to kevé oUvolo;

Yrédaén. Eow (X, p) yetpwmds ywpoc xau g € X. Acelyvoupe 6t n S(zo,e) = {x €
X @ p(zg,x) = €} elvar xhetot6 chvolo amodewxvboviac to e€fic: av x, € S(xg,€) %o
&y L 1, téte x € S, ). TMpdyyatt, p(zo, ) = € yia x&9e n € N xou

|p($0,.’£) - p(anxn)‘ < p(x,xn) — 0,
dpa p(zg,x) = lim p(zg,x,) = . Tuvenoe, x € S(xg, ).

Trdpyet neplntwon wa ogalpa S(xo,€), O XATOOY PETPIXG YMPO, Vo Vot TO XEVO
olUvoro. TN mopdderyya, av Yewpricouvue €va un xevoé cbvolo X Ue Tn Staxplth HETEWXN &
T67e, Yoo xde T € X, woyler S(xg,2) = 0.

3.7. Eotw (X,d) petpixds xdapos, v € X kar e > 0. E&etdote, av wyve ndvtote n
1wdtnta

B(z,e) ={y € X : d(z,y) <e}.
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[ YrevOGuon: Ta kde A C X oupPorilovue ne Aty kdaotr 9rkn touv A.]

Trodeién. Ioydel ndvtote 0 eYUAELOUOC

B(z,e) C Blz,e) = {y € X :d(z,y) <e}.
Mpdrypatt, éotw y € B(z,e). Tndpyet axoroudia (y,) onueiov tne B(x,e) dote Yy, — .
T xdde n € N éyoupe d(z,y,) < €. Tuvenwe,

d(z,y) = nh_)ngo d(z,yn) <e.

Anhady, y € ﬁ(m,s).

Agev woyler tdvtote ot av Yewphoouye €va oUvoro X mou €yel TOUAdYIoTOY
dVo onuelo pe ) Sxplth petpex d, téte, v xdde & € X, éyovue B(x,1) = {x} dpu
B(z,1) = {a}, evd B(z,1) = X (xou X # {2} armé v unddeon yia o TARYoC Twy
otoyelwy Tou X).

3.8. Eotww (X, || -||) xdpos ue vépua. Acitze én B\(x,r) = B(z,r) ya kd0e v € X ka1
kdOe r > 0.

Yréveikn. Eow x € X xau 7 > 0. Ytnv nponyoluevn doxnon eldaye ot E(x,r) 2
B(z,r). Enioneg, B(z,r) C B(z,r). Apob B(z,r) = B(z,r)US(z,1), Yot TV avtiotpogo
eyxhetopud apxel va delfouye bt

S(xz,r) C B(z,r).

‘Eow y € S(x,r). Tote, ||y —z| = r. Oewpodye wa axoroudia (t,) oto (0,1) ye ¢, — 1.
Opllouvpe yn, = + t,(y — ). Tore:

(i) T xdde n € N wyle
lyn = ll = ltn(y — 2)[| = tully — 2l = tar <,
dnhadh, yn, € Bz, 7).
(ii) Ioydet
ly=ynll = ly—z—taly—2)[ = [(1=tn)(y—2)[| = A =tn)lly—2] = (1 —tn)r — 0,
Onhadth, yn — Y.
Ané T nopandve énetan 6u y € B(x,r). Tuvenoe, S(z,r) C Bz, 7).

3.9. Eotww (X,d) petpikds xdpos. H duaydvios tov X x X efvar to odvoro A = {(x,x) :
x € X}. Anodetve 61 to A elvar khewotd otor X x X ws mpos ) petpikh de, émou

da((21,11), (22, 42)) = VA2 (21, 41) + (22, 42).-
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TI'evikérepa, amodeibte 6t1 To A €lvar kKA€10T6 ws mpos kdUe petpikn ywipevo otor X x X.

Yréoaén. Eow p wa petowxr yvouevo oto X x X. Oewpolye oaxohoudio (T, z,) € A

WoTE (T, Ty £, (z,y) € X x X xou anodetxvbouye 6t & =y, dnhadn (z,y) € A. Autd
anodetxvieL 6Tt To A glvon xAetoTtéd uocUvoro tou (X x X, p).

Aol (T, ) 2 (2, ) %o M p elvar YeTEIXA YWOUEVO, £YOLUE T, L @ xon g~ .
Ané ) yovadixdtnta tou oplou axohoudiog otov (X, d) BAémoupe éti, mpdyuatt, £ = y.

Yig aoxfioeig Tou Kegaralou 2 eldaye ott 1 petexy

da((21,91), (22, 92)) = V/d>(21, 41) + d2(22,72)

elvou petpr| Ywépevo oto X X X. Tuvende, 1o A elval xAetot6 unochvoro tou (X x X, da).

3.10. Acitre du1 0 co efvar kAewotd vnoaUrvodo tov €. Ti umopeite va mefte yia tov cop;
Eivair avoiktd vnoovodo tou £oo; KA€10T6 UmooUrodo tou fo;

Yrdédeitn. Eotww (x) axoloudio otov ¢ UE Tk Il x € lo. Ou dellouye 611 T € cp.
Kdde xy, ebvon plar undevixd axohovdio: zp = (zx(1),...,25(n),...) xow lim zx(n) = 0.

Enlong, z = (z(1),...,z(n),...).
‘Eotww € > 0. Ané tny unéddeon éyouvpe limg_, o0 ||zk — 2|00 = 0, dpa Undipyer ko ye TNy
WLoTNToL
liery = 2l < 5.
Do tnv axpiBeta, to mapandve wyVer yioo Ghoug tehxd toug Seixteg k, ulo opwe tuy ko
poc etvar apxet. Agod
[2k, = #lloo = sup{|zr, (n) — 2(n)| : n € N},

€)Y OupE
(%) |z, () — 2(n)| < % v x89e n € N.

Topu, xpNowonotolue To Yeyovoe 6t lim z,(n) = 0. YTrdpyet ng € N dote: yua xdde
n—oo
n 2 no,

€
(%) ko ()] < -
Ané g (%), (%) xow ™Y TErYRVIXH aviobTHTOL Yior THY oo VT Th, BAémoupe bt
e €
|1’(7L)| S |m(n) - mk‘g(n)| + ‘xko(n” < 5 + 5 = £

v xdde n > ng. Apa, lim z(n) = 0. Anhadh, x € co.

n—oo
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O ¢gp dev elvar xhetotd LTooUVOLO TOU . Av Yécouue

1 1
=(1,=,...,—,0,0,...
Tk (327 ’]{i )
TOTE Tk € cop Yio xdde k € N. Opilouye
1 1 1
e= (L 1,
2 n n+1
Téte, x € ¢o C loo, S6TL () = % — 0, xou T — T = (0,...,0, k%-l’ k%rQ,...), dnhadh
1
Hx—iUkHoo:m—’O-

‘Ouoc, & ¢ co, 6T z(n) = L # 0 yio %89 n € N.
O coo dev elvar avouxtd utochvoro Tou ¢o. ‘Eotw x = (x(1),...,2(m),0,0,...) € coo
xat éoww € > 0. Optlouye

y=(z(1),...,z(m)
ExéyEre 6u ||z — yllo = 557 < &, Onpadh y € B(z,e). Opwc, y & coo- Apa, T0 = dev
elvon ecwtepnd omuelo Tou cop: AUTS OV BEEUUE GTNY TEAYUATIXOTHTA EfVoL OTL O Coo EYEL
%EVE E0WTEPIXS UEoa 6TOV ¢ (dpat X 6TOV o).

& & )
m+1m+2 )

3.11. Eotw (X, p) petpixds xapos. Aeiére 6t ta axdlovia efvar wodlvaua:
(o) To G etvar avorkzd.

(B) Ia kd0¢ ACX,GNACGNA.

(y) I'a xdde AC X, GNA=GnNA.

Trédeitn. (o) = (B): Eoww A C X xouéotw x € GNA. Téte, v € G xarx € A. Tuvende,
undpyet axolovdio (a,) oto A ye a, — x. Agol 10 G elvar avoixtéd xou a, — z € G,
undpyet ng € N dote a, € G v xdde n > ng. Anhadr, 1 oxohoutia (T, , Tng+1s - - -)

nepiéyetar 070 GNA xou oLYxhivel 670 = we uTaxoloudia e (2,,). Eretn iz € G N A.
Avutd amodewviel 6Tt GNAC GnNA.

(B) = (v): EBow AC X. Ané v GNAC GNABMrovye 6t GNACGNA

I tov dhho eyxdelopd mapatneodue ott, and v unddeon, GNA C GN A xou 10
Gn Afsivoafx)\aoro'. Ernctn 6t GNACGNA (yevxd, av to F elvon xhewot6 xaw B C F|
e BCF=F).
(v) = (a) Egopuélouue 10 (v) ue A= X \ G: éyouue

GNX\G=GNn(X\G)=0=0.

Apa,
GN(X\G)=GNX\G=0.
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"Eneton 6t
GCX\(X\G°)=aG".

Agob G C G°, 10 G elvar avowxtéd (Buét, toyler ndvtote n G° C G, dpa G = G°).
3.12. TYndpyer dneipo kAewtd vmoovvodo tou R o omofo amotelefrar pudvo and pnrols;
Trdpyer avoiktd vrmoovvodo tou R to omolo amoteleitarl pdvo and dppnrous;

Yrdéoeitn. 'Eva dnepo xheioté unocivoro tou R 1o onolo anoteheiton povo and pnroig
elvow to N. Aev undipyet un xevé avouxtd urnocivoro tou R 10 onolo va anoteheiton udvo
and dppntouc: Yo TEPLElYE XATOLW0 avoLXTO BLdoTnua xal o€ xdUe SLdoTNnuo UTdpyeL eNToC.

3.13. Acilre du kd e avorktd vroovolo tov R ypdgetar ws évwon apidunopwy to mArdos
avoiktay daotnudtwy ue pntd drpa.

Yrdédeln. 'Eotww G avowxtd unocivoro tou R. I'vwpilouvpe 61t 1o G ypdpeton we évwon
aptipiowwy 1o Thidog, EEvwy avd S00 VOXTWY BtaaTNUETWY:

:[janyn Y]G Uanu

OTIOL EVOEYETAL XATOLO ATO T Gy VO ElvOL TO —00 Xot Xdmoto amd To by, va elvon o +o00.
T xdde n propolye va Bpolue yvnolng @divouso axoloudior (an, k) pNTOY X YVnolwe
abZovoa axohovdia (by i) pNT®V 0T0 (ap,by) e hm Qp fg = Gp XOU hm bk = by (amd

TNV TUXVOTNTA TV ety oto R). Térte,

o0
an; n U an, /ca
k=1
v x&9e n € N (eZnyfote yiatl). Suvendc,

G= U(an,kv bn,k)a
n,k

%&0e SEoTNUO (Gn k, b k) EXEL PNTE dxpar X Tar dlaoThuato autd elvar aprdufotua to
nhdoc.

3.14. Arnobettre 6t oto R Sev undpyour un tetpippéva vrootroa (6n\ddn dagopetind
arnd o ) ka1 o R) wa omofa va efvar cuyxpdvomg avoiktd kai kAewotd.

Yrnéoeitn. Eoww A C R (Swgopetind and to B xar to R) 10 onolo eivan ouyypdvng avoixtd
xar xhewotd. Agod A # R, undpyet © ¢ A.

To A elvon un xevo, cuvenwg undpyet y € A. IHpogavidg y # = xa, ywelc Teploplond
e yevwdtntac, unodétovpe ot y > x. Opllouye

B={teA:t>uz}.
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To B elvar un xevé (86t y € B) xan %4t gpaypévo and 1o z. ‘Apa, undpyet to s = inf B
xoL s > x.

Agol s = inf B, undpyet axohoudior ctoyelwy tou B mou cuyxhiver ato s. Apa,
s€ BC A= ADd6t 10 A elval xheotd.

Agol s € A, v ¢ A xaw s > x, éyouue s > z. Tdpa ypnotuonololue to YeYovoe 6Tt
0 A elvor xar oavowxtéd. Buvenwe, vndpyet § > 0 dote (s — 4,5 +0) € A. Ouwg 101,
ot0 (s — 9, 8) umopolue vo Bpolue ctoyelo Tou A 10 omolo eivar yeyohltepo and to x
(eZnyhote yratl). Anhadh, undpyel ototyeio Tou B 1o onolo elvar yixpdtepo and to inf B,
dromo.

3.15. (a) I'a kdOe n € Z, éotw F,, klewotd vmoolvolo tou (n,n + 1). Oérouue F =
Unez Fn- Amodeiére 6m to F' elvar keioté oo R.

(B) Bpetre pua akodovlia Eévwv avd dvo kAeiotdy ouvddwy oto R twr onoiwy n évwon dev
€lvar kKA€10Té ovvoro.

Trédaén. (o) T x&de n € Z Héroupe a,, = inf F,, xou b, = sup F,. Té1e a,, b, € F, xou
agol to F), elvon xhewoté, €YOUUE ap, by, € Fy. Agol o F, elvor utosivoho tou (n,n+1),
ouUTEPAVOUNE OTL N < Ay < by, <+ 1 xo Fyy C [ap, by

Aclyvoupe 61 w0 F = |, oy Fn elvan xheot6 oto R g e€fic: éotw o € F. Trdpyer
n € Z &dote x € [n,n+1). Enlong, undpyet axohoudia (zx) oto F dote z — . Oétoupe

e =min{n —b,_1,a,4+1 — (n+1)} > 0.
Trdpyet ko € N dote: yio xdie k > ko,
bpo1=n—(n—byp1)<z—ec<ap<z+e<(n+1)+apnt1—(n+1)=aps1.
Auté onpaiver 6tz € F, vy %8¢ k > ko (eEnyhote yoxl). Enetow énx € F,, = F, C

F.
AelEape 61t F C F. "Apa, 1o F elvon xhetoté.

(B) ©étovpe F,, = {1/n}, n=1,2,.... Ta F, evor xhewotd, Eéva avd dVo, xat

o 1
F= UFn:{n: nEN}.
n=1

Mapatnpolue 61t o F dev elvan xhewotd olvoro: agol =
n

0¢ F.

— 0, éyouue 0 € F. ‘Opowc,

3.16. Eotw A, B 6o vrootvola evds petpikol yopov (X, d). Anobeibre dti:
() Av AUB = X, t6te AUB° = X.

(B) Av ANB =0, téte AN B° = 0.
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Yrdédetn. (o) Acelyvoupe 6t av x € X xou x ¢ A 6t © € B°: agob x ¢ A, undpyel
e > 0 dote B(z,e) N A = 0, drpadh B(z,e) € X \ A. Opwg, and vy unddeon 6t
AUB =X éyoupe X \ A C B. Apa, B(z,e) C B xou avté delyvel 6t x € B°.

Aeifape 61 X \ A C B°. Apa, AUB® = X.
(B) Eotw z € AN B°. Agol x € B°, urdpye. € > 0 wote B(x,e) C B. Agol = € A,
undpyel y € A 1o onolo avixel otny B(x,e) C B. Téte, y € AN B. Auté elvar dromo,
oot AN B = () and my unddeon,.

Ané 7o dromo cuyurepaivoupe 6Tt AN B° = ).

3.17. Eoto (X,d) petpixds xyopos. Arodeitte bt

() Av 0 X éxer meproodrepa and éva oroyela, téte undpyer avoikté G C X, dote G # ()
ka1 X \ G # 0.

(B) Av to X elvar drepo oUvolo, téte vndpyel avoiktd G C X dote to G kar to X \ G va
elvar drepa.

Yréoaén. (a) Apol 1o X éyel nepiocdtepa and éva atotyela, unopolue va Peolue x,y € X
pe x # y. Tote, d(x,y) > 0 dpo undpyet € > 0 Gote y ¢ B(z,e). Oétovye G = B(x,¢).
To G elvow avoxtd xan un xevé dot x € G. Enlone, X \ G # 0 dwovtt y ¢ G.

(B) Awaxpivoupe 800 MEPITTWOEL:

1. Tndpyouvv z,y € X, x # y 1o onola elvar onuelo cucowpevone tou X. Bploxouue
e >0 dote B(x,e) N B(y,e) = 0. Ltnv B(z,e) xar oty B(y, €) undpyouv dretpo onueio
wou X (yapaxtnpiouds tou onuelov cucodpeuonc). Oétouvye G = B(z,e). To G elvar
avowto xat et dnepa atotyela. To X\ G elvon xt autd dnelpo olvolo, BLoTL Tepéyet TNy
B(y, €) nou éyel dnepo otoryela.

2. O X ¢éye to moh0 éva onuelo cucowpeuone. Aol 1o X elvan dnelpo cUvolo X
Oho. o onuelo Tou (extde and éva to ToAD) elvar Yepovewpéva onuela Tou X, unopolue va
Bpolue axohoudia (z,) oto X, ye dpouc Swpopetixols avd dVo, wote xdlde x, va elvor
HepOVWUEVO onueio Tou X.

[Ouundeite 6Tt 0 z elvar yepovwpévo onuelo Tou X av dev elvar onueio cucobpeuong Tou
X. Anhadh, av undpyet €, > 0 dote B(z,e,) N (X \ {z}) = 0. Avutd onuaiver 61t
B(z,e,) = {z}, dnhadn 1o povoolvoro {z} eivar avowntd clvoro.]

O¢toupe G = {x9,2y4,...,%op,...}. Téte, 10

G = |J{z2n}

n=1
elvor avouxté GlVOrO WS EVWon AVOXTGY GUVOAWY xou éxel drepa otoyela. To X \ G

elvar enlong dmelpo, ool EpEyEL TO GOVONO {T1,T3,. .., Top_1,...}.

3.18. Eoww (X, p) perpicds ypos kar v,y € X pe x #y. Aeibre éu vndpyovr avoiktd
otvola U,V dotex e U,y eV ket UNV = ().
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Yrdédaén. Agob x # y, éxovue p(x,y) = 6 > 0. Oétouvye U = B(x,§/3) xau V =
B(y,0/3). Ta U,V elvow avoixtd xou, npogoavas, © € U, y € V. Ilupatnpolue étu: av

z €U = B(x,6/3) t6t€ z € B(x,0/3), dnhadh p(z, z) < §/3. Ouolwc, av z € V éxoupe
p(z,y) <6/3. Avownéy z € UNV, 161

Wl >
[\
>,

)
0 =p(z,y) < plx,2) +p(z,y) < 5+
Avuté elvor dromo, dpa UNV = 0.

3.19. Eow (X, p) petpikds xdpos, © € X kar F kAe€wotd vroovvolo tov X ue x ¢ F.
Acitte 6 vrdpyovr avorktd obvola U,V dote x € U, F CV xaa UNV = (). Mropotue
va metlyouue va wyve, emmAéor, U NV = ();

Trédaén. Apol o F elvar xhewotéd utootvoro tou X xou x & F = F, undpyet § > 0 dote
B(z,0)NF = 0.
O¢toupe
U=B(x6/3)xuV =X\ B(x,26/3) = {y € X : p(x,y) > 25/3}.
Ipogavae © € U xon edxola eréyyouue 61t F C V. Ilopatnpolue 6t
(i) Av 2z € U 167 p(z,z) < §/3.
(i) Av z € V <6t p(z,7) > 2/3.

Enetoe 6t UNV = (.

3.20. Eoto (X,d) petpixds xyopos. Anodeiéte dri:

(a) (A\ B)° C A°\ B° yia kd¢ A,B C X.

(B) A\BC A\ B yua kde A,B C X.

Mropotje va avtikataotioovue Tovg €YKA€IO0US € 100TNTES;

Yrédaén. (a) Eow A,B C X. Eow z € (A\ B)°. Agodl A\ B C A, éyouue
(A\ B)° C A°. Buvenwe, x € A°.

Enlong, z € (A\ B)° C A\ B, dpa = ¢ B. 'Ouwc, B® C B, dpa x ¢ B°.

ESaye 6tz € A° xou x ¢ B°. Apa, x € A°\ B°. Enete 61 (A\ B)° C A°\ B°.
(B) Botw A,B C X. Eow = € A\ B. Agob x € A, urndpye. axohoudia (z,) oto A
®otE T, — x. Agol x ¢ B, undpye € > 0 wote B(z,e) N B = 0. Agol z,, — x, undpye
ng € N @ote z, € B(z,¢e) vy xdde n > ny.

Tuvdudlovtac ta Tapandve BAEmovue 6t x, € A\ B vy xdde n > ng. Ouwe, 7
axohouViat (Zpg, Tng41, .- .) OUYXAVEL 0T0 T w¢ Utaxolouda tne (z,). Apa, z € A\ B.
‘Ernetor 61t A\ BC A\ B.
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A€V UTOpOVYE VO AVTIXATAOTHOOUPE TOUS TopaTdve eyxAeopole pe wotntes. Ltov (R, |]),
av mdpovue A =R xou B = Q, €youue

(A\B)° =(R\Q)° =0, evé A°\B° =R°\Q° =R\ 0 =R.

Eniong,

A\B=R\Q=R\R=0, ev6 A\B=R\Q=R.

3.21. FEotww (X, p) petpixds yopos kar A C X. Oérovue A’ to mapdywyo olvolo tou A,
0nAadn to ovvodo twy onuelwy ocvooodpevons tou A. Anodetére ta akérovda:

() A= AUA. Yuurepdvate dt1 to A elvar kAeioté av ka1 pdvo av mepiéyel ta onueia
OUOOWDPEVONS TOL.

(B) To A" elvar kAewoTd ovvolo.

(v) Av ACBC X tére A’ C B'.

() A’ = (A)'. Ankadn, ta A ka1 A éyovr ta (Bra onpeta ovoodpevons.

(e) (A") C A’. Bpefre vrootvolo A tou R dote o eykleouds va efvar yvrioios.

Yrédeitn. (o) Dvopilouue 6t A C A. Eniong, av z € A’ w6t x&e avoxth undha B(z, )
Tepiéyet onueta Tou A (xou pdhiota BlapopeTind and To z), dpo x € A. Auté delyver ot
A’ C A xou éneton 61t AUA C A, Avtlotpoga, av @ € A xou x ¢ A, téH1€ 1o %4de € > 0
éyovue B(z,e) N A # O xow x ¢ A, dpa B(z,e) N (A\ {z}) # 0 (undpyer onuelo tou A
otnv B(z, ) xaw autd 1o onuelo dev unopel va elvon 1o ). Tuvende, © € A’ Aelape 6Tt
A\NACA  dpa AC AUA.

Aeiyvoupe tdhpa 6Tt 10 A elvon XAEIGTO ay Xat HOVO oV TEPLEYEL To ONPEIN GUCGHOPEVGTG

Tou: av 10 A elvan xhetoté, 6t A = A = AU A, dpa A’ C A. Avtiotpoga, av A’ C A
t6re A= AUA CAUA=A. Agols A C A, 1o A v xeloté.
(B) Hpéne va detfoupe 61t A/ C A’ Eoww x € A xaéotwe > 0. Yrdpyery € B(z,e)NA’.
Aol n B(z, €) elvon avowxtd ohvolo, undpyet d > 0 wote B(y,d) C B(z,¢€). Agoby € A,
n B(y, 0) nepéyet dnelpa onpela tou A. Xuvendg, undpyet a € A, a # = dote a € B(y, d).
Agol B(y,0) C B(x,¢), éxovue a € B(z,e) N (A\ {z}). Acilape 611, yioo xdde € > 0,
B(z,e)N(A\ {z}) #0. Apa, z € A’.

Tuvende, A C A xau 1o A’ elvar xheloté.

(v) Eow z € A xou éotw € > 0. Tndpyer y € A, y # x dote y € B(x,e). Aol AC B
éyoupe y € B. Tuvende, y € B(z,e) N (B\ {z}). Apa, y € B’.
(8) Ané 10 () Prémoupe 6Tt A C (A) (26t A C A).

Avtiotpoga, éotw z € (A) xawéotwe > 0. Trdpyery € Adotey # zxuy € B(z,e).
Enlong, puropolue va Bpodue 6 > 0 dote B(y,d) C B(x,e) xau z ¢ B(y,d) (autd yiveta
av emiégouyue d > 0 mou xavomotel Tautéypova T § < p(z,y) o d < £ — p(z,y)). Aol
y € A, undpyer 2 € A ye z € B(y,d). Téte, 2 € A, 2 # = xu 2z € B(y,) C B(z,e).
Yuvenoe, B(x,e) N (A\{z}) #0. To e > 0 frav tuydy, dpa z € A'.
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(e) And o (o) éyoupe (A') C A’ Opwe, eldope oo (B) 6t to A ebvan xheiot6. Anhad,
'=A' Enetu 6t (A) C A'.
O eyxhewoude pmopel va elvon yvhcloc. T'o mopdderypa, Yewpriote o cbvoro A =

1 n e N} oto R ye tn ouvidn petpuch. Téte, A = {0} xou (4') = 0.

3.22. Eetdote av o1 axdovlor 1wy vpiouol elvar aAnleis:
(o) Ymdpyer A C R dhore A’ = N.
(B) YTrdpyet A C R dote A’ =Z.
(v) Trdpyer A C R dore A’ = Q.

YrdédeiEn. (o) Trdpyer A C R dote A’ = N. Topdderypa, to clvoro
1
Az{n—i— |n,m€N}.
m
(B) Trdpyer A C R dote A’ = Z. Tlapdderyua, 10 oOvoro
1
A—{n+n€Z,meN}.
m

(v) Aevurmdpyet A C R dote A’ = Q. To 6Uvoho twv onuelwy cLCCHEELOTE OTOLOLIATOTE
A C R elvar xhetotd obvoro. ‘Ouwe, 1o Q dev elvon xAetotd unoctvolo tou R.

3.23. Eotw (X, p) petpixds xapos kar P C X. To P Aéyetar té\eio av eivai kevd 1 eivai
KA€10T6 ka1 kdOe onpelo tov efvar onueio ovoodpevons yi’ avtd. Amodeléte ta axdovia:

(o) Eva ouvdro P C (X, p) efvar tékewo av ka1 uévo av P = P’.

(B) KdOe khaoté (un terpippévo) didotnua oto R (ue tn ovvnin petpixny) eivar tédeio
atvolo. Emiong, to R efvar tédewo av Jewpniel wg vroodvolo tov R2.

(v) KdOe un kevé télew vnootvoro P tou R elvar vrepaprdunioipo. [Trédaén. To P eivar
drepo. Av elvar apidurjopo, ypdpetar otn poperi P = {x, : n € N}. Opiote katdAdnin
akoloviia KiBwtiouévwr faotnudtwy [a,,by,] dote, yia kdde n € N, [an, b,| P # 0 aAAd

Ty, & [an, bn].]

Yrnéoeitn. (o) Yrmodétouvye 6t 10 P elvar un xevéd (odhide n wootnua P = P oylel
npogoavs). YTrodétoupe tpdta bt to P elvon téheto: t6tE 10 P elvan xheiotd xar P C P’
‘Ouwe, P=P=PUP, dpa P2 P. Suvende, P = P'.

Avtiotpoga, unodétovue 61 P = P’. Téte, 1o P elvar xhetotéd didt to P’ elvar xhetotd
(otnv ‘Aoxnon 21 eldaye 6Tt T0 GUVONO WV ONUEIDY CUCGHEEVCTS OTOLOUSATOTE GUVOAOU
elvat xhewot6). Anbé v P = P’ éyouvye P C P’. "Apa, 10 P eivon téheto pe Bdon tov
0pLoU0.

(B) Exéyyetar edxoha. T mopdderypo, av A = [a,b] t6t€ %dde = € [a,b] eivoar bplo
axohoudioc (z,,) oo [a,b] e x, # = v x&%e n (enyfote yrol). Opowa av

A={(2,0): z € R} C R?
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161e 10 A elvon xewotéd utocivoro Tou R? xar v xdde (x,0) € A éyoupe (z,,0) =
(x—|— %,O) €A, (x,,0) = (2,0) xou (x,0) # (2,0) yio xdde n € N.

(v) Eotww P un xevéd téleto unoabvoro tou R. Trdpyel touddytotov éva z € P xat, and tov
optopd Tou TENEOL cLVGIOL, T € P’. AT Tov yapaxtnpiond Tou onueiov cuoowpevoNg,
oto (x — 1,z + 1) undpyouv dnepa onuela Tou P. "Apa, 10 P elvar drewpo.

Trodétovye 6t 0 P elvan apiuriowo. Anhadh, P = {z, : n € N}. Ou oplooupe
axohoudia XIBWTIGUEVWDY BIAGTNUATWY [y, by] pe by — an — 0 ®ote, yia xd0e n € N,
[@n, bp]NP # 0 0dN& zy, & [an, by]. Auté 0bnyel o€ dtonto: and Ty apyn Ty xiBoTiouéveny
drotnudtov, (o lan, by] = {y}. Agod y € [an, by] v xde n € N, éyoupe y # z, Y
x&9e n € N, dpo y ¢ P. And tnv dAn mhevpd, y € P'. Tpdypatt, éotw € > 0. Agol
by, — an — 0, undpyer n € N &ote by, —ap, < e. I'V autd 1o n € N undpyel x5, € P ®ote
T, € [an,by], doa |y —xk, | < by —a, <e. Agoby ¢ P, éyovye xy, # y. Xe xdde undha
B(y, ¢) Bernaye onuelo tou P dlagopetind and 1o y. Apa, y € P'. Anhadr, y € P’ \ P,
70 omolo elvar dromo agol to P elvar téhelo.

Awbikaoia opropod twv [an,by]: YTrdpyer onuelo i, tov P dgopetind and 10 1, yio
Topddetyua 0 x2. Oewpolye didotnua (a1, bi] ye péoo 1o zy, €tol dote by —ar < 1 xau
I ¢ [al,bl].

Aol 1o zy, elvar onuelo ocucodpevone tov P, 610 [a1,b1] undpyouy dnepa ornueia
Tou P, dpa 670 (a1,b1) unopolyue va Bpodue onuelo xy, tou P dagopetind and to zs.
Oewpolpe ddotnua [asz, ba] C [a1,b1] pe péoo o xk, €T0L GOTE by —ag < 1/2 xau zo ¢
[ag, bg]

Ac unoYéooupe ot éxouue Beet [an,by] C [an—1,bn—1] C --- C [a1,b1] dote: xdde
[as, bs] €xer péoo xdmowo zg, € P, by —as < 1/s xou x5 ¢ [as,bs], s = 1,...,n. Agod
10 ,, elvar onuelo cvoowpevone Tou P, 670 [ay, by] utdpyouv drepa onueio tou P, dpa
070 (an, by) umopolue vo Bpoltue onuelo Ty, ToU P Slpopetind and 10 Ty y1. Owpolye
OLAOTNUA [Ag1, bnt1] C [an, by] Ye Y€oo TO Tk, €T0L GOTE byy1 — py1 < 1/(n+1) xau
Trg1 & [@nt1,bnt1]. Enayoyixd, opileton n axorovdia twv xPotioyévey Sotnudtwy
[an, by pe Tic BLoTNTES TTIOL {NTOVCUE.

3.24. Fotw A C R ka1 x € R. To x Aéyetar onueio ovunlkvwons tov A av ya kdde
e >0 o otvodo AN (z — €,z + €) elvar vrepapiunouo. Anodeiéte ta axdlovda:

() Av to A etvar apiunioipo téte dev éxer onueia oUUTUKYWOTS.

(B) Av o A elvar vnepapifunopo kar P efvar to odvolo twy onpelwy ouunlkrwons tou
A téte P! = P ka1 to A\ P efvar apiunioo.

(v) Av o A efvai kAewté vrootvolo tou R téte vndpyovr téleo ovvolo P kar aprunoio

otvolo Z dote A=PUZ ket PNZ = ().

Yrddeitn. (o) Av 1o A elye xdnoto onueio ocupninvwone, T6te 0 olvoro AN(x—1,2+1)
Yo oy unepapriuriowo. Apa, 1o A da frav unepapriyroio.

(B) Oewpolpe wa apldunon v pney Q = {¢, : n € N}. Ta xéde n € N Yewpolye
e avoxtéc undhec Vi = B(qn, 1/k). Opilovpe W va givou 1 évwon 6wy v Vi ou
neptéyouy aprdurioa to tAdoc onuelor tou A xat Yétoupye P =R\ W.
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Mopatneolue 6t 1o WN A elvon aprdurowo we aprduriown Evwor aprdufotuwy cUVOr-
wv, dpa 10 A\ P elvon aprduriowo.

To W elvor avouxtd oOvoro w¢ €Vmon avoLXTOY CUVOAWY, dea T0 P elval xAeoTo.
Tovende, P C P. Mével va dei&ouye 61t 10 P elvon 10 6OVOAO TV ONUEwY GUUTOXVOONG
tou A xu 61 P C P'. 'BEoww z € P xou e > 0. Bploxouye k € Nye 1 < £ xou g, € Q
ME |gn — x| < 1/k. Téte, © € Vi dpa n Vi dev mepiéyetar oto W. Autéd onuaiver 6t
N Var mepéyer vnepapripfiowo to mAfdoc onuela tou A. ‘Ouwcg, Vi, C B(x,e). AelZope
oTL xdle avoux T undAa pe x€VTpo To = mepéyel unepaptiunioda to TAfdoc onueia Tou A,
dpa 1o z elvar onuelo cuunixvwone tou A. Télog, apol to W N A elvon aprdurioipo, n Vi
nepLéyel unepapiunoa to TAfdog onueia Tou P, dpa xoL xdmolo SlapopeTixd and To .
‘Eneton 6t © € P'.

Méver va dolue 61t oto P mepiéyovtar dha to onueio ouundxvewone tou A. Av z ¢ P
téte x € W. To W elvan avowxto, dpo undpyet § > 0 wote B(z,d) C W. Ouwc 1o WNA
elvon aprduriowo, dpa n B(z, d) nepiéyet aptduriowa to tAfdoc onueia tou A. Enetoa 61t
10 x dev elvan onuelo cuumixvwong Tou A.

(v) Av 10 A eivor apripriowo, 9étovue P =0 xaw Z = A. Av 10 A elvan unepapriufioo,
¥étouue P 10 obvoho twv onuelwv onuelwv cuurtdxvwone tou A. To A elvon x\elotd xou
P C A, dpo PC A. Ané 7o (B) yvwpilovue 6t 10 Z = A\ P elvor 0 Toh0 aprdufiouo.

3.25. Eoto (X, p) petpixds xyopos kai (x,) akodovdia oto X. To x € X Aéyetar opiakd
onpueto s (z,,) av vrdpyea vmaxodovdia (xy,) s (r,) dove xy, —= x. Oérovpe L(xy,)
70 OUVOAO TwV 0plakdy onueiwy tns akodovdias (x,). Anodeilte dri:

(a) Av z, 2> x téte L(zy,) = {x}. Ioyva to avtiotpogo;

(B) Av A={x, :n € N} C X tére A’ C L(x,) C A. Aetre ue éva mapdderypa éu o
eykleio ol umopel va etvar yvioon.

(v) To L(xy,) efvar kAewrté vmoovroro tov X.

(3) Ay wo A dev eivar kKheiotd, deibre bri L(xy,) # 0. Av emmdéor, n (x,,) evar p-Cauchy,
Téte €efvar p-ovykAivovoa.

(€) To x efvar opiaxd onueio s (x,) av kar uévo ya kdde e > 0 ka1 yia kide n € N
undpyert m > n dote Ty € By(x,€).

Trédatn. (a) Av z, 2 x téte %&de unaxohoudia tne (,) ouyxhiver oo z. Tuvemde,
L(z,) = {z}. To avtiotpogo dev woyler: oto R pe ) ouvAdn petpxy, Yewpolue Ty
axoroudio (zy,) ye z, = 1 av o n eivow dptioc %ot &, = n av o n evou neprttoc. H (zy,)
dev ouyxhiver xat L(x,) = {1} (e&nyfote yroti).

(B) Av z € A’ t61e oe xdde meployf) Tou x uUTpEyoLY drEelpol bpot g axohoudiog (zy,)
(BuoTL mepLéye dmelpa otoyeio tou A). Emiéyovtog Swdoywxd € = 1/n, n € N xou ypenot-
HOTIOWWOVTOG aUTH Ty 1dTNTa ToL &, Pnopolue vo Bpolue ywnolwe adZovoo axohoudia
detoov (kn) dote p(z, xi,) < +. Auté amodencvier 6T & € L(xy).

Av z € L(x,) t61e undpyer vnaxohovdia (x, ) e (T,) Gote z, — x. H y, = xk,,

elvar axohoudia oo A xat y,, — x, dpa x € A.
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T 1o mapdderypa, Yewpolue vy axohoudia (z,) = (0,1,1,...,1,...) oto R. Tére,
A=A={0,1}. Hapatnphote 61t A’ = 0 xon L(z,,) = {1} di61 2, — 1.
(v) Eow z € L(z,). Trdpyet axorovdia (Ym) optaxdv onueiwy tne (z,) OOTE Y — .
Oétouue € = 1 xou Bploxouye ys, wote p(x,ys,) < 1. Tndpyet k1 € N dote p(ys,, Tk, ) <
1 — p(x,ys,) 06T 10 ys, elvow oproaxd onueio e (x,). Téte, p(r,zx,) < 1 and v
TOLYWVIXY AVIGOHTNTAL.

‘Eotw 6m éyoupe Beer ki < -+ < ky wote p(z,ap) < 1,1 = 1,...,n. Oftoupe
e =1/(n+ 1) xo Beloxovye ys, ., dote p(r,ys,,,) < 1/(n+1). Trndpyel kg1 >k, €N
OOTE P(Yspirs Thyr) < 1= p(2,Ys,,,) OLOTL TO Y5, ., €bvor optoxd onueio tne (z,) (ondte,
0GOBHTIOTE XOVTE GTO Y, , , UTEQY 0LV dnerpoL 6poL e (xy,)). Tote, p(z, 2y, ,) < 1/(n+1)
amd TNV TELYWVLXT OVIGOTNTAL.

Enoywyud opilovye unaxokoudia (z,) tne (,) ue ™y Wibtna o, —— . Apa,

x € L(xy).
(8) Av 10 A Bev eivan xhewotd, tote A’ # . Anhadr), undpyet € X 1o onolo eivon onueio
ouvoowpevong tou A = {z,, : n € N}. Xpnowonowdvtag 1o yeyovde 6t xdle undho pe
%EVTPO TO & TEPLEYEL dTELPOUG 6pouG NG (25, ), Beloxoupe abiouca axohouvdia dewtdv (ky,)
wote p(zk, ) < =y xdde n € N. Agol wy, L, x, ouunepaivouye 6t = € L(zy).
"Apa, L(zy,) # 0.

Me v emniéov unddeon 6t n (zy,) elvar p-Cauchy, cuunepaivouue 6t 1 (z,,) elvar

p-ouyxhivouoa (dueco, agol éyel ouyxhivouoa utaxoroudia).
(€) Av 1o z elvon oplaxd onuelo e (x,) TéTE UTdpEYEL LTaxohovdia (2, ) ™ (T,) OOTE
xy, 2 . Av poc o%olv £ > 0 xaw ny € N, Bploxouye mpdta ng € N dote p(x, zp, ) < €
Yoo x&0e > ng xon xoTéTY TapatneolUE OTL av n = max{ng,ni} TOT€ ky > 1 > ng xa
plxy,,x) <e. Oétovtag m = k, nalpvoupe to {nrolduevo.

Avtlotpoga, av yia xdde € > 0 xou yio xdde n € N undpyet m > n dote z,, € By(z,€),
Beloxouye unaxohoudia (zx, ) tne (z,) Ye Tk, —— @ enaywywd: Vétouue ko = 1 ot oto
n-0076 Bua, Yétouue € = L xau ypnowornowbvrag Ty unddeon Beloxouvye ky > kn_1 + 1
wote p(z, zp,) < L.

3.26. Eoww (X, p) perpixds yapos ka1 ) # A C X. Acttre éu diam(A) = diam(A).
Ioxver to 1610 y1a to €owtepikd tou A;

Yrédaén. Ané v A C A xor Tov opioué tne dopétpou éneton dpeca 6t diam(A) <
diam(A4). Tiw v avtiotpopn avicétnta, unodétovue 6Tt diam(A) < +oo oA dev
éyouye timota va detfoupe. Eotw e > 0 xar z,y € A. Trdpyouwy z,w € A dote p(z,z) < €
xau p(y, w) < e. Toéte, p(z,y) < p(z, 2) + p(z,w) + p(w, y)< € + diam(A) + . Tuvenace,

diam(A) = sup{p(z,y) : z,y € A} < diam(A) + 2¢.

To & > 0 Aty tuydy, dpa diam(A) < diam(A).

Aev glvon yevind owotéd 6t diam(A) = diam(A°). T tapdderypa, av Yewphioovue to
obvoro A = (0,1) U{2} oto R pe tn ouvidn yetpwxr, téte diam(A4) = 2 xouw A° = (0,1),
dpa diam(A°) = 1. Puoixd, toylel tdvta 1 avicdtnta diam(A) > diam(A°) dow A° C A.
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3.27. Fotw (X, p) petpixds yopos. Av A, B C X, n andotaon tov A and to B opiletar
wg €&ng:
dist(A, B) = inf{p(a,b) : a € A,b € B}.

Anodeitre Tis axdlovles 1i6tntes tng andotaons:

() av AN B # 0, tére dist(A, B) = 0.

(B) dist(4, B) = dist(A, B).

(v) dist(A, BUC) = min{dist(4, B), dist(A,C)}.

(8) Adote mapdderyua khewtdy ka1 Eévwrv vntoouvrdlwr A, B evds petpikol yopov (X, p)
Ta omofa éyovr undevikr anéoraon.

Yrddeln. (o) Eow z € AN B. Téte, dist(4, B) < p(z,z) = 0. ‘Apa, dist(A4, B) = 0.
(B) Agob A C A xan B C B éyoupe

{p(a,b) :a € A,be B} C{p(a,b):a € A,be B}.
Yuvenwe,
dist(A, B) = inf{p(a,b) : a € A,b € B} > inf{p(a,b) : a € A,b € B} = dist(4, B).

T v avtiotpogn avicdtnta, Jewpolpe € > 0 xou tuyévia € A, y € B. Trdpyouv
a€ A, be B dote pla,x) < e xu p(y,b) <e. Tote,

dist(4, B) < p(a,b) < p(a,x) + p(z,y) + p(y,b) < p(z,y) + 2e.

Anhodn,
dist(A, B) — 2¢ < p(z,y)

v xde x € A, y € B. 'Enctat 67
dist(A, B) — 2¢ < dist(4, B).

Aol 1o € > 0 frav Tuydy, dist(A, B) < dist(4, B).
(v) Ané e BC BUC xou C C BUC éneton dpeca 6t dist(A, BU C) < dist(A, B) xou
dist(A, BUC) < dist(4, C). Xuvendc,

dist(A, B U C) < min{dist(4, B), dist(4, C)}.

[ty avtiotpoen avicétnta, Yewpolpe tuydy € > 0 xou Bploxovye v € A xow y € BUC
oote p(z,y) < dist(4, BUC) +e. Awxpivoupe d0o nepintdoeic:

(i) Av y € B té6te dist(A, B) < p(z,y) < dist(4,BUC) +e.

(i) Av y e C tote dist(A,C) < p(z,y) < dist(4, BUC) +e.
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"Eneton 6t
min{dist(A, B),dist(A,C)} < dist(A,BUC) +¢

xat ol To € > 0 ftay Tuydy €youpe To {nTolyevo.

(8) "Eva mapdderypa oto Euxdeidelo eninedo divouv ta olvora A = {(z,0) : € R} xou
B={(z,2) |z >0} (egnyhote yiai elvar xhewotd). T %89 x > 0 éyoupe

1
5 T

dist(A, B) < H (a: i) ~ (2,0)

)

dpa dist(A, B) = 0.
‘Evo nopdderypo 070 R divouy ta o0vora A =N = {n:n € N} xu B = {n+ 5 :n € N}.

T %dde n € N éyoupe
n Lyl 1
"\ | T

3.28. Eotww (X, p) petpikds ydpos kar A C X. Av x € X opilouue tnv andotaon tov x
and to A va €ivar n anéotaon wwy owdlwr {x}, A:

dist(z, A) = inf{p(x,a) : a € A}.

dist(4, B) <

dpa dist(A, B) = 0.

Arnodeitre oni:

(o) dist(z, A) = 0 av ka1 uévo av x € A.

(B) |dist(z, A) — dist(y, A)| < p(x,y) ya kdde z,y € X.

(v) To ovtvoro {z € X : dist(z, A) < €} eilvar avoixtd, evdh to ovworo {x € X : dist(x, A) <
e} elvar kAewtd.

(8) Av AC B C A, tdte dist(x, A) = dist(z, B) ya xde x € X.

Yrdédaén. (a) Hopatnpolue étt dist(x, A) = 0 av xa pévo av, yo xdde € > 0 undpyet
a € A dote p(x,a) < & dnhadh) av xaw pévo av, yia xdide € > 0 woyler B(z,e) N A # )
OnAad” ov xar wévo av = € A.

(B) Eoww z,y € X. Ta xdde a € A éyouye dist(z, A) < p(z,a) <
dist(z, A) — p(x,y) < p(y, a) ywo xd9e a € A. Eneton 6u dist(z, A
dpot

p(z,y)+p(y, a), Snhodh
) - p(.’IJ, y) < dlSt(y7 A)7
dist(z, A) — dist(y, A) < p(z,y).
Me tov (8o tpbdno eréyyoupe 6t dist(y, A) — dist(z, A) < p(x,y), dpa
dist(z, A) — dist(y, 4)| < p(z,y).
(v) Bow U = {z € X : dist(z,A) < ¢}. Oewpolye tuydv & € U xou emAéyYouyEe

0<d<e—dist(z,A). T xdde y € B(z,d) woyder dist(y, A) < dist(z, A) + p(y, z) < e.
Apa, B(y,0) CU. Auto anodewxviet 6t to U eivar avouxtd.
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Eow F = {z € X : dist(z,A) < e}. Oewpolye =, € F pe z,, — x. Tore,
dist(z, A) < dist(zn, A) + p(zn,2) < e+ p(xn,x) Yoo xd0e n € N xow € + p(xy,x) — €
ot p(ay,x) — 0. Enetor 6t dist(z, A) < & dnhadh € F. Autd anodewxviet 6t 10 F
elvar xheloTo.

() Ané v A C B C A énetn 6t dist(z, A) < dist(z, B) < dist(z, A). Oa detfouye
ot dist(x, A) < dist(z, 4) Eotw € > 0 xar y € A wote p(x,y) < dist(z, A) + . Agol
y € A, undpyer a € A ote p(y,a) < e. Tére, dist(z, A) < p(z,a) < p(x,y) + ply,a) <

dlst(x A) 4 2e. AoV 10 £ > 0 frav Tuydy, oupnepaivoupe 6t dist(z, A) < dist(x, A).

3.29. Eoto (X, p) petpixds xyapos kar A C X. Anobeibre du

={z e X :dist(x, A\ {z}) = 0}.

Yrdédaén. 'Eyouvue x € A" av xou pévo av yia xdde ¢ > 0 undpye a € A\ {z} dote
plx,a) < e dnhadh av xow pévo av dist(z, A\ {z}) = inf{p(z,a) :a € A\ {z}} =0.

3.30. Eotw (X, p) petpikds yopos. Anodeibte ot kdde ket vnootvolo tov X ypdpetar
@S apunoiun toun avoiktdy owilwy kar kdOe avoikté vrooUvolo tov X ypdeetal ws
aprunoiun évawon kAeotdy ovvidwy.

Yrdédeitn. 'Eow F xhewtd vrmochvoro tou X. Ilapatnpolue 6t F = (2, G, 6nou
Gp = {z € X : dist(z, F) < 1/n}. Hpdypat, xdde G, mepiéyer 10 F (86T, av z € F
téte d(z, F) =0 < 1/n), dpa

FC Gn.

D)

n=1

Avtiotpoga, av z € (0, Gy, téte dist(z, F) < L yia éha 1o n, dpa dist(z, F) = 0.
‘Enctow 61t ¢ € F = F 8wt 10 F eivar xhetotd. Téhog, xdde G, elvar avoixtd chvoro.

Eow tpa G avowxté utoctvoro tou X. To X \ G elvar xhewotd, doa X \ G =
Moy Gr, 6m0U x&e Gy, elvon avorxté. Tote, G =, (X \ Gn) = U, ~ F, 6m0u xd0e
F, = X\ G, elvou xhewot6 unochvoho tou X.

3.31. Eoww (X, p) perpikds xyopos ka1 A C X. Anobdeitre tis e€rig 161dtnres tov guvdpou
Tou A:

() bd(A) = bd(A°).

(B) cl(4) =bd(A4) U A°.
(Y) X = A° Ubd(A) U (X \ A)°.
(

8) bd(A) = A\ A° 1} 1wodtvaua bd(A) = AN X \ A. Erouévas, to odvopo etvar kAewotd
ovrolo.
)

(e

To A efvar kAewté av ka1 pévo av bd(A) C A.
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Yrdéoaén. (o) Eyxoupe x € bd(A) av xou pévo av xdde undia B(x,e) Exel un Xevr| Topr Ue
0 A xou pe 10 A% And v &N mhevpd, = € bd(A°) av xou uévo av xdde undho B(z, €)
€yet un xevr) Toun| ue 1o A° xou pe 1o (A°)° = A. Elvar howndv gavepd bt bd(A) = bd(A°).
(B) Av z € bd(A) t6te x8e unddo B(z, ) éyer un xevi toun ye 10 A, dpa z € A. Anpodn,
bd(A) C A. Eniong, A° C 4g A. Yuvenoe, A D bd(A) U A°.

Avtiotpoga, éotw x € A xat ag unodécouue dtL © ¢ A°. Téte, xdde undha B(x,¢)
€xel un xevh Tour pe 1o A xou dev mepexeton oto A dpa Eyel un xevh topr| pe to A°.
‘Enetor 61t & € bd(A). Aellape 61 A\ A° C bd(A), dpa A C bd(A) U A°.

(v) DTvopiCoupe 61t X = AU(X \ A)°. XpnowonoudvToc 1o TeonyoUevo EpWTNUL CUUTER-

afvoupe 61t X = A° Ubd(A) U (X \ A)°.

(8) IMapatnpolue 6t bd(A)NA° =0 (av z € A° undpyer € > 0 dote Bz, e)

B(x,e) N A¢ =0, dpo x ¢ bd(A)). Eldope 61t A =bd(A) U A°, dpa bd(A ) =
Xpnowonowvtac v X \ A° = X \ A ouunepaivoupe 6t

cA Sn)\aSn
A\ A

bd(A) = AN (X\A°) =ANX\ A.

‘Eneton 61t 10 bd(A) elvar xhewotd oUvoho (Yedpetar we Topr 300 XAELGTWY GUVOAWY).
(e) Av 10 A elvon xheto16 161 bd(A) € A° Ubd(A) = A = A. Av bd(A) C A, t61¢

=bd(A)UA° C AUA = A, dpa 1o A elvar xAeloT6.

3.32. Eotw (X, p) petpixés yopos kar A, B C X. Anodeibre ta axdlovla:
() Av to A elvar avoiktd 1j kA€woté vootvolo tou X tdéte to bd(A) éyer kevd eowtepikd.
(B) Av AN B =) téte bd(AU B) = bd(A) Ubd(B).

Yrdédaén. (a) Eyouvye det 61 bd(A) = bd(A°). Apxel howndy va e€etdooupe Ty nepintwon
mou 10 A elvar avowté (e€nyfote yuatl).

‘Eotww z € [bd(A)]°. Tére, undpyer € > 0 dote B(z,e) C bd(A4). Agob z € bd(4),
utdpyer y € AN B(z,¢e). Xpnowonowwvtag tny unédeon 6t 1o A elvar avoxtd, unopolue
va. Beolpe & > 0 wote B(y,0) € A. Autéd buwc eivou dtono: €youue y € bd(A), dpa m
B(y,0) npénet va meptéyel onpela tou A°.

Trodétovrac du undpyet = € [bd(A)]° xatahhiaue oe dtono. Tuvende, to bd(A) éyet
XEVH EGWTEPIXO.

(8) 'Eoww x € bd(A). Téte x € A, dpa x ¢ B. Mropolue hoindv va Ppodue dp > 0 hote
B(z,00) N B =0. Téte, av 0 < § < §p éxoupe:

(i) (i) B(z,8) N A #0 dpo B(z,0) N (AU B) # 0.

(ii) (ii) Yrdpyer y € B(x,0) wote y ¢ A. Enlone, y ¢ B agol B(z,8) N B = (. Aga,
y ¢ AU B, 10 omolo onuaivel 61t B(z,6) N (X \ (AU B)) # 0.

HMapatnedviag 6tt, av xdde B(x,d), 0 < & < &y €yer un xevh toph pe 10 AU B ot 10
GUUTAfpLUA Tou TOTE To (B0 oyler xou Yo x&e undho B(x,d) ye peyohltepn axtiva,
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ouunepaivoupe 6Tt & € bd(A U B). "Apa, bd(4) C bd(A U B). ‘Opow detyvouue 6T
bd(B) C bd(A U B), dpo bd(A) Ubd(B) C bd(AU B).

Avtiotpoga, éotw x € bd(AU B). Téte, x € AU B dpa, elte x Z oz
vnodéooupe 6t & € A. ‘Onwe mpw, Peloxouue &y > 0 wote B(z,dp) N B = 0.
0 < d < dp €xoupe:

€ B. Ac
Téte, av

(i) (i) Trdpyery € AU B &ote y € B(z,6) 86t € bd(AU B). Opwc, y ¢ B duoT
B(xz,0) N B =0. Apa, y € A xon aut6 onualver 6t B(x,d) N A # 0.

(i) (ii) YTrdpyer y € B(z,0) wote y ¢ AUB. Apa, y ¢ A, t0 onolo onuaivel 6t
B(w,8) 1 (X \ 4) 0.

Mapatne@viag 6t, av xdde B(x,d), 0 < & < &y €yer un xevh toph e 0 A %ot 10
CUUTAfPLUA ToL TOTE To (B0 oyler xou Yo x&Ve undho B(x,d) ye peyohltepn axtiva,
ouunepaivoupe 6t z € bd(A).

YroWétovtac 61t & € B detyvouye pe tov (o tpéno 61tz € bd(B). Te xdde tepintwon,
x € bd(A) Ubd(B). Apa, bd(A) Ubd(B) 2 bd(AU B).

3.33. Bpette unootroro A tou R dote (bd(A))° = R.

Yrdédaén. Oewpolue 10 Q oto R ye ™ cuvAdn petpd. Téte, bd(Q) = QNR\Q =
RNR =R. Enetar 61 (bd(Q))° =R.

3.34. (o) Eotw A avoikté vrootvolo tov (X, p) ka1 G C A. Aeitre 6t to G elvar avoiktd
oto A av ka1 uévo av eivai avoiktd otov X.

(B) Eotw A kAewwté vrootrodo tov (X, p) ka1 G C A. Eivai owoté 6t to G elvar kA€iotd
oto A av ka1 pdvo av elvar kA1otd otov X;

Yrddetn. (o) Av to G elvar avowtéd oto A t6te undpyet avowxté U C X wote G = ANU.
Ouwe, ta A, U elvat avoxtd utocOvola tou X, dpa to G = ANU elvon avoxté otov X.
Avtiotpoga, av 10 G elvon avoxtd otov X, ypdgovtac G = ANG Brénouye 6Tt 0 G elvar
avoxt6 oo A.

(B) Av 10 G elvon xhewot6 010 A t6TE LTdPYEL XhewTé V C X dote G = ANV. ‘Ouwe, T
A,V elvat xheiotd unocivola tou X, dpa 1o G = ANU elvon xhewot6 otov X. Avtiotpoga,
av 1o G evar xAelot6 atov X, ypdgoviac G = ANG BAénouye 6Tt 10 G elvar xheloTto GTO

A.

3.35. Eotw A vnooUrodo tov (X, p). Av G ka1 H eivai Eéva avoiktd oUvoda oto A, deléte
6t vndpyovy Eéva avoiktd ovvola U ka1 V oto X dote G=ANU ka1t H=ANV.

Yrodetn. To G elvar avoixto oto A, dpa Ypdpeton g Evewon and avoixtés Yndheg tou A
dnhady,
G = Bp.(za)

zeG
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Ouolwe, To H ypdgetol we évwon and avoxtéc undieg tou A dnhady,

H= ] Bo.(y.2y).
yeH

Ané tpy GN H = () ovunepaivoupe 61t av © € G xar y € H té1e p(a,y) > max{e,, ey}
Opiloupe U = U, cq Bp(w,64/2) xou V = U, ey Bp(y,€y/2). Téte, w0 U,V elvan avoutd
voolvoha Tou X xalt

ANU = U By, (x,6:/2) =G xor ANV = U Bya(y,ey/2) = H.
z€G yeH

Méver va del€oupe 6 UNV = 0. Eotww z € UNV. Torte, undpyouy = € G xaw y € H
Gote z € By(x,6,/2) xou z € By(y,e,4/2). Ané v tpiyevix| avieétnta nalpvoupe

Ex

€
plw.y) < plx,2) + p(z,y) < 5 + 5 < max{es, &y},

onhady p(z,y) < max{e,, e, }, 10 onolo elvat drorno.

3.36. Ywoté 1 AdBog; Ta kdOe drepo uetpixd xdpo (X, d) vndpyer drepo vrootvolo A
ov X dote kdfe G C A va elvar avoiktd ws mpog T oXETIKNY HETPIKT) 0To A.

Yrédetn. Lwotd. Ataxplvoupe d00 TEPLTTWOEL:

() Av 0o X éyet dnepa to mhfidoc yepovwpéva onuela, téte undpyet A C X, dnelpo, 1o
onofo anotelelton €€ ohoxAfpou and uegovwuéva onuelo tou X. To A éyel tny Widtnta mou
Yéhoupe: av G C A xou a € G, téte undpyer § > 0 wote B(a,d) N X = {a}. Edixdtepa,
B(a,6)N A= {a} C G. "Apa, 10 G elvar avoxté oto A.

(B) Av 0 X éyel nenepoouéva to Thidoc uepovouéva onueia, téte emAéyouue TuYdY To €
X', Tére, vndpyer axohoudia (z,) pe Ty Wibtnra p(z1,x0) > p(T2, o) > -+ YU &) 1=
p(xn,x0) — 0. Oétovpe A = {z,, : n =1,2,...}. To A éyel v WBié6ntat TOL YéNOULYE:
av G C A xa z € G, t6te undpyet n € N dote z = z,. Eméyovue 0 < € < min{e, —
Ent1,En—1 — En}. ToTE, v x&Ve k # n woylet

p(mkaxn) Z |Ek - Enl Z min{sn —E&n+1,En—1 — En} > g,
dpa B(z,e)NA={2} CG.
3.37. Eotww (X,p) daxwpioipos petpikds ydpos. Aettre dn kde oikoyévaa Eévwv
avolktey vnoowvodwy tou X efvai temepaouévn 1 apifunoiun.

Yrdéoaén. O (X, p) elvor daywploos, dpa Undpyel Tenepacuévo R apriufiowo ocvoho D
wote D = X. Oo ypnowonotfoouye to e€hc: av G elvon avoxtd, un xevd unocivolo
wou X t6t1e GN D # 0 (mpdypott, av autd dev frav owotd, Yo elyaue D C X \ G dpo
X=DCX\G=X)\G, 0 onolo eivar §ton0).
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'Eotw (Gi)ier 0xoyévela un xevay, ZEvuv avd 300 avoxt®y uTocuVolwy Tou X. Me
Bdon v mponyoluevn mapathenon, Y xdde ¢ € I emiéyouue xdmow d; € G; N D. H
ouvdptnon f : I — D mou anewovilet 10 i € I 610 d; € G; N D eivon 1-1: av i # j
6t (G, ND)N(G;ND) =10, doa di # d;. Eneton 6t 10 I elvar woomhndixd pe éva
unoctvoho tou D, dpa to I elvar 10 mohd aprduriowo. Ioodlvapa, n owovévera (Gi)icr
elvar memepacuévn 1 aprduoun.

3.38. Eotw (X, p) petpikds yopos. Aeibre oni:

() Av D etvar éva nukvé vroovrvodo tov X, téte D NG = G ya kd¥e avoiktd vroovvodo
G wouv X.

(B) Av o G eivar avoikté kar Tukvd vmooutvodo tov X kar to D eivar mukvd vmootrodo
tou X, téte To G N D elvar mukvd vrootvodo tov X. Ioyde to (b0 av to G dev vmotelel
avoikTo;

(v) Eivar owotd 61 n toun pas axolovdiag avoiktdv kair tukvdy vroowdlwr tov X efval
TUKY6 utoouUrodo tou X ;

Yrédeitn. (o) Andé v DNG C G éyoupe DNG C G.

Avtiotpoga, éotw = € G xu éoww £ > 0. Yrdpyer y € B(x,e) N G. To teheutaio
oOVOLO ElVal AVOXTO WS TOUR AVOXTOY cLVOAWY, dpa uTdpyer 6 > 0 wote B(y,d) C
B(z,e) N G. Agol 1o D elvow muxvo, unopolue va Peolue z € B(y,d) N D. Tére,
z € B(z,e) N (GN D). AelZaye 6t yio xdde € > 0 undpyer z € GN D &ote z € B(x,¢).
‘Apa, x € GND. Eneton 61 GCGND.

o

(B) Am6 7o (o) éyouue GND = G. Opwc, G = X 6w 10 G éyel unotedel xou TuXVO.
Yuvenwe, GND = X xat 1o GN D elvar tuxvé.

H unéddeon 6t 1o G elvar avouxtd elvar ovclaotind: 1 Tour) 800 TUXVHOY GLUVOAWY BEV
elvon amopaltnta tuxvé ovvoro. T mopdderypa, 10 Q xow to R\ Q elvon muxvd oto R pe
TN oLV UETEXT, OUWC 1) TOUT| TOUC Eival T0 XEVE GUVOAO.

(v) Aev elvar mévta cwotd 6Tl 1 TouN Yo axohoud{og AVOLXTEY XoL TUXVEY UTOGUVOAWY
evog ueTpol ydpeou X elvon muxvé unoclvoro tou X. T mapdderyua, Yewpolye o
Q oav undywpo tou R (ue ) cuvAdn uetpxr). To Q elvon aprdufoo clvoho, dnhadn
unopolue va 1o ypddouue ot popp Q = {¢, : n € N}. T xd9e N € N 10 clvoho
Fn = {q1,...,qn} elvoar xhetot6 ¢ nenepaopévo odvoro, dpa 1o Gy = Q \ Fy elvau
avowxtd. Emione, xdde Gy elvar tuxvd vrosdvoro tou (Q,] - |): av g € Q xou e > 0
téte oV B(x, €) undpyouy dretpol pntol, dpa xaL xdmolog ¢, Ye detxtn n > N. Anhodr,
B(z,e) NGy # 0.

ESope 6t xdde G elvon avouxtd xat tuxvé utoohvoho tou (Q, |-]). ‘Opwc, Nx—; Gy =
0 ago0, yio xéde N € N, gn ¢ Gy dpo gy ¢ (V- G-

3.39. Eoro (X, p) daywpliouos petpikds xdpos. Anodeitre dti:

(o) To oUrodo twr pepovouévor onueiwy tov X eivar to oAU apidurjoiuo.
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(B) Av S elvar éva vrepapiOurioipo vrootvodo tov X tdte undpyer akolovdia Siapopetindy
avd Ovo otoelwy Tov S, n omola ovykAiver oe onueio Tov S.

Yréoaén. () Eow M 1o obvolo wwv yepovwpévoy onueiwy tou X. Botww D nuxvéd
unocOvoho tou X. Tapatnpolue 6t av x € M t61e undpyet £, > 0 bote B(z,e,) = {z}.
Agol B(x,e,) N D # 0, énetan 61t & € D. Anhadn, to M elvar utoocdvoro tou D.

Av unodéooupe 61t o (X, p) elvor Blaywplotuog T6TE LTAPYEL TO TOAD aELdUNGLUO TUXVS
unoalvolo Dy tou X. Eyouvye M C Dy, dpa 0 M elvar to moAd aprdurioito.

(B) Eoww S vrepaptiufioto unocivoro tou X. Oewpolue tov undywpeo (S, ps) tou (X, p).
Av o (X, p) elvon draywplowoc téte 0 (S, pg) elvan enlone Swaywplowog (éxer amoderyVel:
€yer apriprown Bdon v Ty Tomoloyla tou). And o (o) T0 COVOAO TV YEHOVOUEVGDY
onuelwy tou (S, pg) elvar o TOAD aprdurowo. Apa, undpyet ¢ € S 1o onolo elvon onueio
ocuaowpeuong oL (S, pg). Anéd tov yopaxtnelopd Tou GMuElou GUCGHEEVOTS, UTAPYEL
axohoudia (z,) 010 S pe dpouc draopeTinolc avd dUo xar daPopeTixols and To T WOTE
ps(zn,x) — 0, dad p(z,, z) — 0.

3.40. Eotw 0 € R\ Q. Acire du1 to oUroro
D(0) := {(cos(2mnh),sin(27nd)) : n € N}

efvar Tukvd atov kUkdo St = {(z,y) € R? : 2% + y* = 1}.
Trédaén. Oewpolye tov z = 2™ 510 C % 10 olvoro A(f) = {2" = e¥™0% : n € N}.

Ioxupiouds. Tw xdde € > 0 undpyouv n > m oto N dote 0 < |2 — 2™| < ¢, dpu
O< |z""™ 1] <e.

Auté éneton dueoa and 1o yeyovdc dtL n axoroudia (27) elvan @payuévn, dpa e
ouyxhivouoa umaxolovdia. Téte, dlo dpol auThC Tne uTaxohoudiog, Tou €youv dEXETA
MEYAAOUC BEXTES, LXAVOTIOLOVY TOV LoYLELOUOD.

Otoupe w = 2™ xau TapaTNEOUUE 6Tt [wFT —wF| = |w — 1] < € v %8¢ k € N.
Autéd onpaiver 6T o onueta 2Pk = 1,2, eivar SlogopeTind avé dVo onuelo tne
neprpépelac T = {w € C : |w| = 1} xou oynuatilovy t6&a e yopdéc Uixous tixpdTepou
and €. Eneton 6t xd¥e 1620 tne T, mou €yet uinoc wixpdtepo and 2, neptéyel onuelo tne
wopepfic 2F(=m) Ereton 611 10 A(6) ebvor tuxvé otny T.

Taopa, éotw (x,y) = (cos(2mt),sin(2nt)) € S1. Ané ta tponyolueva, utdpyeL axohou-
Vo puotdy ks Gote €20 — 2 FEreton 6t

(cos(2mks0),sin(2mks0)) — (cos(27t), sin(27t)) = (z,y).
"Apa, to D(0) elvor tuxvé oty ST

3.41. Bpetre éva apidurjoipo kai wtukrd vnootvodo tov R\ Q ws mpos tn owwndn petpikn.

Trédeatn. Ocwpolpe o obvoho D = {g++v/2: ¢ € Q}. To D eivar apriufioo d6t 0 Q
efvan apriuropo. Eyouue D C R\ Q 86t v2 ¢ Q. Téhog, to D eivor tuxvéd oto R\ Q:
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av z € R\ Q vrdpyet axorovdia (g,) pntdv Gote g, — = — V2, onéte g, + V2 € D xan
Gn + V2 — 2.

3.42. Eoww (X, p) petpikds xopos. To A C X Aéyetar movdevd mukvé av int(A) = (.
Arodeitre oni:

() To A C X efvar movdevd mukvé av kar uévov av A C (X \ A).

(B) To A C X eivar movdevd mukvd kar kAewtd av kar puévov av to X \ A elvar tukvd kai
avoiktd.

(v) Av to A etvar kAeioté vmoovrodo tou X, téte to A efvar movlevd mukvd av kai pévov
av A =Dbd(A).

(d) Av o A elvar novdevd mukvd vrnooUvolo touv X kai to X \ B eivar mukvé tdte to
X\ (AU B) etvai nukvé otov X.

(e) H évwon memepaouévov mAriovs novdevd mukvdy vroouwdlwr tov X eivar novdevd
Tukv6 umoovodo touv X.

Trédeitn. (o) YTmodétouye mpdta 6t 0 A eivor moudevd muxvd. Anbé v A = A =

int(A) U bd(A) naipvouue

|
|

=bd(A)=ANX
dpa AC X\ A

_ Avitlotpoga, aov A € X\ A = X \ int(A), tée n A = int(A) U bd(A) poc diver tnv
A C bd(A4), dnradh,

int(A) Ubd(A) C bd(A4).
Agot int(A) Nbd(A) = ) érneton 61t int(A) = 0, dpa to A eivor Toudevd TUXVE.
(B) Av 10 A C X eivar toudevd nuxvé xat xhetotd tote 10 X\ A elvor avolxtd xat tuxvéd
B X\ A =X\ A° = X). Avtiotpoga, av 1o X \ A eivar avowxtd xaw Tuxvod, T61E 10
A elvan xhewotéd xar X\ A° = X\ A = X, dnhadf A° = 0, dpa 10 A elvon xhetotéd xan
noudevd TUXVO.

(Y) Av to A elvor xheloté xon Toudevd tuxvé téte A° = (), ondte n A= A = A° Ubd(A)
poc divet A = bd(A). Avtiotpoga, av 10 A eivar xhewotd xar A = bd(A), t6te bd(A) =
A= A°Ubd(A) = bd(A), ondte A° =0 (B6te A° Nbd(A) = 0).

(8) Trodétouye 6Tt T0 A elvar moudevd Tuxvd utocivolo tou X xou to X \ B elvat Tuxvo.
Eotww r € X xor € > 0. Agol 10 A éyel xevbd ecwtepind, undpyer y € B(z,e) \ A. To
B(x,e) \ A elvar avowxtd, dpa undpyer § > 0 dote B(y,d) C B(z,e) \ A. To X \ B éye.
unotedel Tuxvo, dpa undpyer u € B(y,d) N (X \ B). Téte, u € B(z,e) N (X \ (AU B)).
Arpadi, yo xd9e z € X xon v xdde £ > 0 woyder B(z,e) N (X \ (AU B)) # 0. Tuvendc,
0 X \ (AU B) eivar tuxvé otov X.

(e) H évwon nenepaopévou mAflouc mouvdevd muxvev utocuvérwy tou X elvon toudevd
XV UTocUVoAo Tou X.
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Eotww Ai,..., A, toudevd tuxvd uvtoohvora tou X. Av F; = A;, i =1,...,n, t61€
xdde F; elvou xheiotd xou €xet xevé ecwtepind. Enlong, Ay U---UA, = F1U---UF,, dpa
apxel vo det€oupe ot 10 F1 U -+ U F, éyel xevo ecwteptxd.

Ivwpilovye 61 to Fy €yel xevéd gowtepind. YTmodétouye 6L, yia xdmowo 1 < k < n,
0 F1 U---UFy, €xel xevo eowtepnd xou detyvouue 6tL 0 [ U -+ - U Fi U Fiqq €yl xevo
eowtepxd. To {nroluevo mpoxinTtel ye dradoyixés EQupUoYES aUTO TOU oY UPLOHOV.
Andédeaén tov wyvpopod. Agold 1o Fy U --- U Fj éxet xevd eowtepnd xow X \ Fy1 =
X\ (Fit1)° = X dnhadh) 1o X \ Fi41 elvon muxvd, epapudlovtag 1o (3) BAémoupe apéowe
onnto (X\(FAU-- UF)\ Frp1 = X\ (FAU- - UF,U Fjqq) elvor muxvd. Apa, 10
Fi U UFpUFpiq €yel xevo ecwtepixd.

3.43. Eotw (g,) pa apidunon wov Q. Opilovue

1 1
In:<qn_2n7Qn+2n)a n € N.

Aetere 6t1 to U = U, I, efvar avoiktd ka1 tukvd vrootvolo tou R kar 6t o UC efvar
novdevd mukye.

Yrdéoeitn. Kdade I, elvon avowxtd unocivoro tou R we avowxtéd ddotnua, dpa 1o U =
Un— In elvor avoixté. And tov opiopd tou, 1o U nepiéyer 10 Q, dpa U 2 Q = R. Eneta
ot 1o U elvor tuxvéd unocivoro tou R xar int(U€) = R\ U = 0, dnhadh o U° elvar
moudevd Tuxvo.

3.44. Eotw (X, p) petpixds yopos kar A C X. Anodeiéte 61 ta axdrovda eivai ivodivaua:
(a) To A etvar movOevd mukvd.

(B) To A bev mepiéyer un kevé avorktd otvolo.

(v) KdOe un xevé avoiktd vrnootvolo tou X mepiéyel éva un kevd avoiktd ovvolo Eévo
mpos to A.

(8) KdOe un kevd avoiktd vrootvolo tov X mepiéyel pa avoikt undia E€vn mpog to A.

Trédaén. (o) = (B): Eotw G avowxtd urochvoro tou A. Téte, G C int(A) = 0 didt to

A elvar moudevd tuxvé. ‘Apa, to Ubvo avoxtd clvolo ou meptéyeTar oto A elval To Xevo
oOvolo.

(B) = (v): Eotww G un xevéd xou avoxtd utoctvoro tou X. Agol éyouue vnodéoel 1o (B),
10 G\ A elvon un xevé xou avoixtd. ‘Apa, undpyouv x € G xar € > 0 wote B(z,e) C G\ A.
"Ereton to {nrolyevo, agol B(z,e)NA = 0, 1o B(x, ) elvat avoixté cOVolo xol TepléyeTol
oo G.

(v) = (8): BEow G un xevd xou avoxté unocvvoho tou X. Agol éyouue unodéce: to
(), umdpyer pn %xevod xar avowtd Gi C G dote G1 N A = (. 'Euléyouye tuyév x € Gy
xau Pploxouvye € > 0 wote B(x,e) C Gy. Téte, n avowxth undha B(x, ¢) nepéyeton oto G
xou B(z,e) N A= 0.
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(8) = (a): Eotww A C X 70 onolo dev elvor mouvdevd muxvé xat ixavonotel Ty tpdTao
(8). Tére, undpyouv = € X xor € > 0 wote B(w,e) € A. Agob wyde i (3) yia 10 A,
undpyet B(y,d) C B(z,e) dote By,d) N A = 0. Téte, B(y,d) C (X \ A)° = X \ 4 xa,
Tavtdypova, B(y,d) C B(z,e) C A. 'Etot, xatalfyoupe oe dTomo.

3.45. Fotw (X1,d1),...,(Xn,ds) petpixol xdpor. Ocwpolue tov yopo ywiuevo (X, d)
pe X =[[i-, X; ka1 d = maxi<;<y d;. Aetére du:

(a) Av kdOe G; etvar d;-avoiktd otov X;, i = 1,...,n, tdéte wo [[_, G; elvar d-avoikzd
otor X.

(B) Av kd0e F; efvar d;-khewoté otov X;, i =1,...,n, tdéte o [ [, F; efvar d-kAeiot atov
X.

(v) Av kdOe D; etvar mvkvé otov X;, i =1,...,n, téte to D =[], D; efvar tvkvé oov
X.

Eibixdrepa, av kde (X;,d;), i = 1, ..., n elvai Siaywpiouos tdte o (X, d) elvar Siaywpior-
HOS.

Yrédeitn. (o) Eow z = (z1,...,2,) € [[o 1 G;. Torte, x; € G; v xdde i = 1,.
Agol xdle G; elvon di-avoxtd atov X, uropolue va Bpolue 1; > 0 wote By, (x4, rz) C Gz,
i=1,...,n. Oétouye r = min{ry,...,r,} xou amodexviovye 6t By(z,7) C [[i_, Gi.
HPdYHOCU, avy = (Y1, Yn) € Bd(l“ﬂ") TOTE Maxi<i<n di(Ti,yi) <1, onodte d;i(z4,yi) <
r <oy xdde i = 1,...,n, dpa y; € B, (xi,7) € G; v xé0e i = 1,...,n, dpa
n
Yy S Hi:l Gl
‘Eneton 61t 10 [[1, G; elvon avowxtd otov (X, d).
() Eow (z™) axohoudio oto []1; F; ye 2™ = (27*,...,20") = (21,...,20) € X.
. / , , d; , .
H d elvor petpixh ywvouevo, cuvenoe " —= z; yia xde ¢ = 1,...,n. Apol xdde F; elvar
di-xhewoté otov X;, ouunepalvouue ot x; € F; v xdde ¢ = 1,...,n, dpa x € szl F;.
‘Enetor 61 w0 [[1; F; elvon d-xheoté otov X.

(v) Bow x = (z1,...,2,) € X xou éotw € > 0. Agol x&Ve D; elvon muxvd otov X,
undpyouwy ¥; € D; dote di(zi,y;) < ey xdde i =1,...,n. Av déoovpe y = (y1,...,Yn)
téte y € D xou d(x,y) = maxi<i<n di(2;,y;) < e. Enetauw b to D = H?zl D; sivar muxvd
otov X.

Ewdwotepa, av xdde (X;,d;), i = 1,...,n elvou diaywplowog téte o (X, d) elvon di-
aywpelooc: TEdyYUATL, 0ToV TPONYOUUEVO toYLploud, av xdde D; elval aprdurowo t6Te 10
D =[]~ D; elvau eniomne aprdufiowo xat, 6mwe eldope, tuxvéd otov (X, d).

3.46. FEotw (X, pn), n=1,2,... akoloviia petpikdy yopwv ue pp(z,y) < 1 ya kdde
z,y € Xp, n=1,2,.... Ocwpolue to xapo ywiuevo (X, p), émov X = [[" | X,, ka1
p(x,y) = >0 27" pp(x(n),y(n)). ZraBeporowiue o = (a(n)) otor X. Oecwpolue ta
ovrola

={r=(z(n) e X :z(n)=am), n>m}, m=1,2,...
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ka1 opifouue

Anooetre 6n1 o D, eivai mukvé ooy X.

Trédaén. Eow z = (z(n)) otov X xau éotw € > 0. Emréyoupe m € N dote 50 < ¢
xar oplloupe y = (x(1),...,z(m),a(m+ 1), a(m + 2),...). Téte, y € D, C Dy xont

n=1 n=m+1
_ i pn(x(n,an)< i 1
— 2” - —
n=m+1 n=m+1
= 27m < E.

Anhodn, By(x,e) N Dy # 0. 'Eneton 611 10 Dy elvan muxvo otov (X, d).

3.47. Eow A, B apiunoiua, ntvkvd vroovroda touv R. Aeiéte dn vndpyer ovvdptnon
f+A— B nonofa efvar avéovoa, 1-1 kar ernt.

Yrédaén. 'Eoww A = {a, : n € N} xaw B = {b, : n € N} d0o aprdufoa tuxvd unocivo-
Ao tou R. Opiloupe adZovou, 1-1 xar ent ouvdptnon f : A — B (xou v avtiotpoph tne
g: B — A) ye my €& emarywyxr daduacto:

1. ©¢touue f(ay) = by xou g(b1) = ay.

2. Trodétouue bt €xouv optotel o f(ar),. .., flan) xou g(b1),...,g(b,) étoL ote: (i) av
f(ag) v xdmowo b and ta by, . .., b, t61€ g(bs) = ag, (ii) av g(bx) elvor xdnolo as and Ta
ai,. .., a0, 10T f(as) = by, (iii) n f elvar yynolwe adZovoa oto {as, ..., an, g(b1), ..., g(by)}
xat n g elvon yvnolwe abdZovoa 610 {b1,. .., by, f(a1),..., flan)}.

OptCouue o f(ant1) xar g(bnt1) ¢ €€Xc: av any1 = g(by) Yo xdnowo k = 1,...,n,
Yé€toupe f(ant1) = br. ANOC, ant1 € A, ={a1,...,an,9(b1),...,9(bn)}. Kortdlouue
™ ddtaln tTwv otoyelwy Tou A, xou T Véon ToU an41 avdpecsa oe avtd. To clUvoho
B, ={f(a1),..., f(an),b1,...,bn} Exer axpBdde v Do Sidtaln xar and Ty TuxvéTnTYL
Tou B umopolue va Bpolyue xdmolo by o onolo va éyel Ty (Bla Véomn we Tpog to aTotyeld Tou
B, (ue tnv ¥éom toU ap41 ©¢ pog T otolyela tou A,). Opllouye f(any1) = bs. Téte, 1 f
ebvan yvnoloe avZovoa oto A, U{an+1}. Me tov ido tpdno opilovue 10 g(bpt1) v byyr ¢
B, U{f(an+1)}, étor ®ote 1 g va ebvan yynolwe avZovoo 610 By U{bpt1, f(ant1)} = Bnt1.
Enaywywd, oplloviat ot f : A — B xat g : B — A étoL dote n f va elvon yvnolwg
abZovoo xou ent, xou 1 g va elvar N avtiotpoen e f.



Kegdaiouo 4

2VVAPTNOELS PETAED UETOLHMYV
X WOEWY

4.1. Eow f,g9: (X,p) — (Y,0) dvo ourvexels ouvaptrijoes kar D nukvé vroodvolo tou
(X, p). Aeitre én:

() To ovoro E ={z € X : f(x) = g(x)} elvar kAaotd.
(B) Av f(z) = g(z) ya kdOe x € D, téte f = g.
Yrédaén. (o) Eow (x,) axohovdia oto E pe z, — = € X. Agol o f xa g elvan
ouvveyeic oto x, éyouvpe f(x) = lim f(x,) xo g(x) = lim g(z,). Ouwc, =, € E dpa
f(zn) = g(x,) yia xé9e n € N. Tuvenog,

f(z) = lim f(z,) = nILHgO g(zn) = g(z).

n—oo

Apa, z € E.
(B) And to (o), 0 olvoho E = {z € X : f(z) = g(z)} elvor xhewot6. Ané v D C E

éneton 61t X = D C E, dnhadh E = X. Apa, f(z) = g(x) v xdle z € X.

4.2. Foww f: (X,p) — (Y,0) ka1 xg € X. Aeilére 6r n f eivar ovvexris oto xog av kai
Hovo av ya kdOe € > 0 vrdpyer 6 > 0 dote av z,y € X kar p(x,xo) < 0, p(y,zo) < &

wre o(f(x), f(y)) <e.

Yrédein. BEow bt n f elvar ocuveyic oto xp xou éotw € > 0. Trndpyet § > 0 dote:
vy x&9e z € X pe p(z,x0) < § wyder o(f(z), f(xo)) < /2. Téte, av w z,y € X
xavonooly Tic p(z, ) < § o p(y, o) < § €xouye

o(f(x), f(y)) < o(f(x), f(x0)) + o (f(z0), f(y)) <
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Avrtiotpoga, éotwe > 0. Trdpyet d > 0 dote av z,y € X xou p(z, z9) < & xou p(y, o) < §
t6te o(f(x), f(y)) < e. Oétovtac y = xo (nopatnehiote du p(zg, z0) < 0) BAETOVUE 6T
av z € X xou p(x,x0) < 6 woylbe o(f(x), f(xg)) < e.

4.3. Foto f: (X,p) — (Y,0). Aciére 61, av yia xd0e A C X wyve f(A) C (f(A)),
Tote n f efvar ovvexns. loyve to avtiotpogpo;

Yrédeitn. Eyoupe anodet&el 6t av f(A) C f(A) yio xdde A C X téte 1 f ebvor suveyrc.
Hpdypat, av C C Y xhewoté, ¥étoviac A = f~H(C) oy nopandve oyéorn moalpvouue
FUHE) € F(F7HC) = C = C, dpa f71(C) C f7HC), drpadi t0 f7H(C) elvan
%AeloT6 unoohvoro tou X.
_ Me Bdomn auté o xprthplo cuvéyelac, apxel va delfoupe o1, vy xdde A C X, f(A) C
f(A). Abyw g A = AUA’, apxel va det€ouye 6L f(A) C f(A) (to omolo elvor pavepd) xo
f(A) € f(A). Oyox, and my unddeon eyoue f(A) C (f(A)) xa f(A) = F(AU(f(A))
o (f(A))' C F(A). Swerbe, f(A') C f(A).

To avtiotpogo dev eivar anapaltnia cwotd. o mopdderyya, av f: R — R elvon pla
otadept| ouvdptnon, to f(A’) elvon povooivoro yia xdde A C Rue A’ # 0 (v napdderyua,
av A =R) eved (f(4)) =0 (eEnyrhote yrath).

4.4. Eow (X, p) petpikds yopos kar G C X. Aeitre 6n to G elvar avoiktd av kai uévo
av vrdpyovr ovvexris awvdptnon f: (X, p) — R ka1 V C R avoixtd, dore G = f~H(V).

Yrodekn. Avn f: X — R elvaw ouveyric yvwpllovue ot v xdde avowxté V C R 1o
FHV) etvor avouxté.

Avtiotpoga, éotw G avowtd vrnoovvoro tou X. YTrodétoupe tpdta 61t X \ G # 0.
Torte, n ouvdptnon f(z) = dist(z, X \ G) elvon xahd optoyévn, un apvnuxn, xou toy Vel
f(x) =0 avxow yévo av € X \ G 86t 10 X \ G elvar xhetotd. Tuvenne, prnopolue va
Yoddoupe

G = f71((0,00)).
Agol 0 V' = (0, 00) elvar avoixtd vrnocivoho tou R éyouue to {nrodpevo. Av G = X,
Yewpolpe ™y f: X — R ye f(z) =0 xow ypdgoupe G = X = f~1(R).

4.5. (o) Eotw f : (X,d) — R owdptnon kat Z(f) to olvolo undeviopot tng f, 6niadr
Z(f)={xe X : f(x) =0}.

Aeibre dri: av n f elvar ovvexris téte to Z(f) elvar khewotd otorv X.

(B) Boww F C X. Acikre éu o F elvar kAaotd av kai pdvov av undpyer ovvexns
ovvdptnon f: (X, p) — R dote Z(f) = F.

Yrdédetn. (o) Agod 1 f: (X,d) — R elvou ouveyhc ouvdptnon, to Z(f) = f~1({0}) etvar
%*Aew0T6 unoohVorlo Tou X.

(B) Abyw tou (o) apxel va deifoupe 6t av To F eivor xhewotd vnoohvoro tov X t61E
undpyet ouveyhic owvdptnom f : X — R dote Z(f) = F. Tnodétoupe npdta 6t F # 0.
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Téte, vy tn ouveyh ouvdptnon f(z) = dist(z, F) éyoupe f(z) = 0 av xu pévo av
zeF=F,omadh Z(f) = F. Av F = () Jewpolye po ouveyf ouvdptnon f : X — R
mou dev undeviletal moudevd, yia mapddelypa tn otodep ouvdptnon f(x) = 1.

4.6. Atfverar yua ovvdptnon f : R — (Y,0), dnov & n dakprer) petpikn otov Y. Aeiéte
6t n f etvar owvexns av kair pévoy av eivai oradepn).

Yrdéoeitn. Av n f elvon otadepr| tote elvon npogavag cuveyhc. Avtiotpoga, éotww f: R —
(Y, §) ouveyhc ouvdptnon. Oswpolue Tuydy zo € X xou 10 Yo = f(x0) € Y. To {yo} eivar
Tawtdypova avoxtd xau xhewoté otov (Y, 8) (e€nyhote yatl). Apa, 10 A = f~1({yo})
elvar tautdypova avoxtd xat xAewotd unooclvoro tou R. ‘Eyoupe deller 6Tt autd pnope!
va ouufel uévo av A = 0 4 A =R. Agob zy € A, ocupnepaivoupe 61t A = R. Tuvende,
f(z) = yo yia x&9e = € R (n f elvor otadepn).

4.7. Eotw (X, p) perpicds ydpos kar A C X. Yuufodilovue pe xa tny xapaktnplotik)
ovvdptnon tov A, émov x4 : X — R opiletar wg

1, teA

Amnodeibte 6t1 To oUvodo twy onueiwy ouréyeas tns xa ewar to A°U (X \ A)°, to olvodo
Twy onueiwy aovvéyeads tng evar to bd(A) ka1 éu n f elvar ovvexng av kar udvov av to
A eivar avoixtd ka1 kAewoto (clopen).

Yrdédaén. Eotw x € A°. Yndpyer § > 0 dote B(x,d) C A. Toére, yo xdde € > 0 av
emAéEoue To ouyxexpwévo & > 0 éyoupe: av x1 € B(z,d) tote

Ixa(x) —xa(zo)|=1-1=0<e.

‘Emneton 61t 1 x4 elvon cuveytic oto x. Me tov (Blo tpdmo detyvouue 6t 1 x4 elvan cuveyhc
oe xd¥e z € (X \ A)°: undpyer avoxth undha B(z,d) € X \ A, ouvende n xa elvar
otodep xau (o e undév oty B(x, ).

‘Eotw z € bd(A). Trdpyouv axorovdiec (z,) oto A dote 2, — x xou (2],) oto X\ A
oote x;, — x. Tote, xa(zn) =1 — 1xouw xa(z],) =0 — 0. Ané tny apyh TnNe LETOPORLS,
N [ elvar acuveyhc oo .

Aol X = A°Ubd(A) U (X \ A)°, érneton 1o {nroduevo.

INo Ty Tedevtala ep®TNOT, UE BAoT Ta TPONYOLUEVA, 1 XA Elvar cUVEYHC av Xt YovVo
av bd(A4) = 0. Téte, and v A = A° Ubd(A) Brérovue 6t autd oupfBaiver av xon uévo
av A = A°, dnhad) av xor pévo av 10 A elvor avorxtd xar xhetoTé.

4.8. Eotww f: (X, p) — (Y,0). To ypdgnua tng f eivai to ovrodo

Gr(f) ={(z,f(z)):2€ X} CX xY.
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Aeibre 6, av n f eivar ovveyris ouvvdptnon, téte to ypdenua Gr(f) tng f elvar khewotd
otor X XY ws mpog kdOe petpikn) ywvduevo. Adote mapdderyua to omolo va detyver du to
avtiotpogo dev 10y Uel.
Trnéoaén. Eow d wo petpxr yivoyevo oto X X Y. Ocewpolye tuyoloo axoloudio
(Tn, f(z0)) € Gr(f) pe (zn, f(xn)) <, (r,y) € X X Y. Apol n d eivor petpixh yivouevo,
éyouue T, 2 @ xou f(x,) 25 y. Aol 1 f elvon cuveyhc oTo T X T, = x, anb Ty
apy | TNe peTagopdc matpvoupe f(z,) —— f(x). Ané TN povadxbTNTo ToU 0ploy YL TNV
(f(xy)) ouprepaivouye 6Tt y = f(x). Tuverndc, (x,y) = (z, f(z)) € Gr(f). Encton 61t 10
Gr(f) elvar xhewot6 olvoro otov (X X Y, d).

To avtiotpogo dev eivar anopaitnta owoté. H f : [0,00) — R e f(z) = 1 av
x # 0 xou f(0) = 0 elvon aouveyric oto 0. Ilapatneriote duws 6t Gr(f) = AU B 6nou
A ={0,0)} xu B = {(z,2) |2 >0}. To A eivar xhew0té W< povocivolo, evé to B
elvon enione xhewotd (doxnon 3.27). Apa, 10 Gr(f) elvon xhewotd oo [0,00) x R pe my
Euxeldeta petpuy.

4.9. Mua ovvdptnon f : (X,p) — (Y,0) Aéyetar tomikd gpayuévn (locally bounded) av
yia kd0e x € X vndpyer tepoyn U, tov x dote n flu, va elvar gpayuévn.
() Bowo f : (X,p) — (Y,0) owexris ovvdptnon. Téte n f elvar tomxd gpayuévn.
Ioxver to avtiotpogo;
(B) Eoww f: R — R. Aciére 61 ta axdlovla elvar wodtvaua:

(i) H f eivar ovvexris.

(ii) H f efvar tomikd gpayuévn kai éxel kAeiotd ypdenua.

Yrnéoaén. (o) Eow f: X — Y ouveyhc ouvdpmon xat éoww o € X. Ilalpvovtag
e =1> 0 Bploxovye 6 > 0 wote f(B(x,0)) C B(f(x),1). Oétovrac U, = B(x,d) éyoupe
70 {nroduevo. To avtiotpogo dev eivon amopaltnTol CWoTO: Yol TOEADELYUA, UTEEYOLY
ToMEC QpayUévee, aouveyelc ouvapthoec f: R — R.

(B) And 1o (o) xan Ty mponyoluevn doxnon éyoupe 6Tt xdde cuveyhc ouvdpTtnon (UETaED
HETEXADY YOpwV) lvor TOTUXd QparyHEVN Xau EYEL XAEIWOTO Ypdonua. AviioTtpoga, é0tw 6Tt
N f:R — R elvar tomxd pporyuévn xou €xer xhewotéd ypdonuo. Eotw (z,) axoloudio oo
R pe z, — x € R ad\& f(zy) A~ f(x). Iepvdvtac o unaxorovdia tne (z,) urnopolue
vo. utoVécoupe 6Tt utdpyet € > 0 wote |f(z,) — f(z)] > € yia xdde n € N, Ago?
n f elvoar touxd gpaypévn, undpyouv meptoyhy Uy tou « xav M > 0 &ote |f(t)] < M
vy xdde t € Uy. Agol z, — x, vndpyet ng € N dote z, € Uy vy xdde n > ng.
Téte, |f(xn)] < M v x&d9e n > ng, dpa n (f(x,)) elvar @payuévn axohoudio oto R.
Ané 1o Yedpnua Bolzano-Weierstrass undpyet unoxohoudio (f(zk,)) ™e (f(xn)) n onola
ouyxhivel oe xdnowo y € R. Tére, (zk,, f(zr,)) € Gr(f) xou (zg, , f(zk,)) — (x,y). Apod
10 Gr(f) elvon xhewot6 oupnepaivouye 6t y = f(x), dnrady f(xk,) — f(z). Autd elva
dromo, dott | f(zk,) — f(z)| > € vy x&de n € N.

4.10. Eoww f: (X,p) — (Y,0) owvexnis owvdptnon kai éotw A daywpionio vroodrvo-
Ao tov X (6nkadn, o (A, pa) elvar Siaywpioiog). Aeiete ér1 o f(A) elvar diaxywpioipo
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vmooUrolo tov Y.

Yrédaén. 'Eotw D apufotwo muxvé vnochvoro tou (A, pla). Oewpolpe to f(D) C
f(A). To f(D) eivou x auté apriurioo. Oa deifoupe 6t elvan tuxvd otov (f(A), olf(a))-
‘Eow y € f(A) xu éotw € > 0. YTndpyet v € A dote y = f(x). H f elvar ouveyrc
oto &, Gpa undpyet & > 0 Gote av x1 € B(x,0) téte o(f(x1), f(z)) < e. AgoL To0
D elvar muxvé oto A, pmopolue va Bpolue d € D N B(x,d). Téte, f(d) € f(D) xu
o(f(d),y) = o(f(d), f(z)) <e. Taye f(A) xa e > 0 Arav ydvia, dpo 10 f(D) elvon
Tuxvéd (xou aprdurioo) uvtoocbvoro tou f(A).

4.11. Eow f : (X,p) — (Y,0) ouvvexnis ovvdptnon kar D nukvd vrooivolo tou X.
Eéevdote av o1 napakdtw 10y vpiopol efivar aAnles.
() Av n f|p etvar gpayuévn, tére n f eivar ppayuévn.
(B) Av n flp elvar oporduoppa ouvexris, téte n f elvar opoduoppa ouvexris.
(v) Av n f|p evar 1-1, tdte n f eivar 1-1.
Trédaén. (o) H unddeon ot n flp elvon gpoypévn onuaiver 6tL undpyer (xAewotr) umdha
B(y,r) otov Y &ote f(d) € B(y,r) yia xéd9e d € D. Eow z € X. Agol 10 D elvar
nuxv6 unoolvolo tou X, undpyet axohovdia (d,) oto D pe d, — z. Térte, f(x) =
lim f(d,) dea f(x) € B(y,r) = B(y,r). Auté deiyver 6m f(X) C B(x,r), Snrodh n f
QL:OZJ QEAYUEVT).
(B) Eotw e > 0. Agol 1 f|p elvar opotduopga cuveyfic, undpyet § > 0 wote: av dy,ds € D
xow p(dy,da) < § t6t€ o(f(d1), f(d2)) < e. Eotw z1,22 € X ye p(z1,22) < §/2. H f
elvon ouveyfic ota 1 xat Zo, dpat undpyer n > 0 wote av & € X xa p(z,z;) < n tétE
o(f(x), f(z:)) < e, i = 1,2. Agob 10 D elvar muxvé otov X, unopolue vo Bpolue
di,d2 € D dote p(dy, z1) < min{d/4,n} xa p(ds, x2) < min{é/4,n}. Tore,

)

1)
p(di,d2) < p(di,z1) + p(x1,22) + p(a2,ds) < 1 + 5 + 1= 9,

dpao(f(dr), f(da)) < e. Enlong, and nc p(d;, x;) < n (i = 1, 2) nadpvoupe o (f(d;), f(x;)) <
e, 1 =1,2. 'Enetor 61

o(f(x1), f(22)) < o(f(21), f(dr)) + o(f(dr), f(d2)) + o(f(d2), f(22)) <e+e+e=3e

Aciape ot yia xd0e € > 0 undpyer & > 0 ye v &g Wbtnra: av 1,22 € X %o
p(x1,x2) < 6/2 w6t o(f(21), f(x2)) < 3e. Apa, 1 f: X — Y elvar opotduopgo cuveyhc.

(Y) Aev elvor anapaitnta cwoté: 1 ouvdptnon f: R — R ue f(x) = 22 dev elvar 1-1. To
oovoho D={z€Q:z>0}U{z e R\ Q: 2 < 0} elvar tuxvéd urtocivoro tou R xou 7
flp elvon 1-1 (mopatneriote 6t av t # s xau f(t) = f(s) # 0 téte t = —s, xou eddtepa,
oL t,s elvan etepbonuor xau elte t, s € Q ¢, s ¢ Q).

4.12. Adote mapdderyua ppaypévng, ovvexovs ovvdptnons f: R — R n onofa dev efvai
opoiduoppa ovvexng. Mmnopel a un gpayuévn ovvdptnon va €ivar opuoispopPa oUVEXTIS;



60 - XYNAPTHSEIZ METAZY METPIKON XQPQN

Trédeitn. Oewpolpe tn ouvdpnon f : R — R pe f(z) = cos(z?). H f elvon ouveyhic xan
peaypévn: |f(z)] < 1y xdde z € R. Opwe 1 f dev elvon opodpoppa GUVEXHS: YLol VoL
70 doUpE, Jewpolue TiC axoloudieg

T =/ (n+ 1)m xow y, = /nm.

Tore,

(n+1)m—nn T
Tp—Yn =V N+ 1)m—/nm= = —
Y (n+m = v Vin+)r+ e /(n+D)r+/nm

0,

oAAGL
[f(@n) = fyn)| = | cos((n + 1)m) — cos(n)| = 2
yio xdde n € N.
Trdpyouv opolduoppa cuveyels cuvaptrhoe g : R — R nou dev eivon gpayuéveg. T
nopdderyua, N g(z) = .

4.13. Eotwo (X, p), (Y,0) perpixol xdpor kar f : X — Y. Aelére ér1 ta axdlovda elvar
100dVvaua:

(o) H f etvar opordpoppa ouvexns.

(B) Ia kdOe € > 0 vndpyer 6 = d(g) > 0 dore: av A,B C X pe dist(A, B) < §, tdte
dist(f(A), f(B)) < e.

Yrddetn. (o) = (B) Eotww € > 0. YTrdpyet § > 0 dote: av z,y € X xou p(x,y) < J 161€
o(f(x), f(y)) <e. Oewpolpye A,B C X pe

dist(A, B) = inf{p(a,b) :a € A,b € B} <.

Téte, undpyouvy ag € A xou by € B wote p(ag, by) < . 'Eneto bt o(f(ao), f(b)) < e.
Tote,

dist(f(A), f(B)) = inf{o(f(a), f(b)) : a € A;b € B} <o(f(ao), f(bo)) <e.

(B) = (a) Eow ¢ > 0. 'Eyouye unodéoet 6t undpyer § > 0 dote: av A, B C X xo
dist(A, B) < § tote dist(f(A), f(B)) < e. Oewpolpe z,y € X pe p(x,y) < 6. Av
Yéooupe A = {z} xu B = {y} téte dist(4, B) = p(x,y) < 0, ouvenac o(f(z), f(y)) =
dist(£(A), f(B)) < =.

4.14. Eoww (X, p) perpikds xapos kar A, B C X kAewtd kar Eva. Av f: X — [0,1]
etvar n ovvdptnon tov Urysohn, 6nkadn f(x) = %, anodetéte ot

(o) Av dist(A, B) =0, twdte n f bev elvar opordpoppa ouvexris.

(B) Av dist(A, B) = § > 0, téte n f etvar 6~ -Lipschitz.
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Yrdédaén. (a) Aot dist(A, B) = inf{p(a,d) : a € A,b € B} = 0, unopolue vo Bpolue
Ty € A xav y, € B Oote p(xn, yn) < 1/n. TotE, p(Tn,yYn) — 0. Av 1 f oy opoiduopga
ouvexnhe, Ya elyoue |f(zn) — f(yn)] — 0. Ouwe, f = 0 oto A xau f = 1 oto B, dpa
|f(zn) — f(yn)| =1 4 0. Eneton 61t 1 f dev elvon ogotduopga cuvey .

(B) T ouvtopio ypdgouue da(x) := dist(x, A) xou dp(x) := dist(z, B). Eoww = € X.
T xdde a € A xat b € B éyouvue

plx,a) + p(z,b) > p(a,b) > dist(A, B) = 6.
Iafpvovtag infimum npota we npog a € A xau petd wg mpog b € B ouunepaivouue 6Tt
da(r)+dp(x) > yia xdde x € X.

‘Eotww z,y € X. XpnoyonotvTtac xot 10 YEYOVOC 6Tt oL d4, d g elvon cuvoptrioeic Lipschitz
pe otadepd 1, €youpe

-~ da(z) _ da(y)
@ =Tl = |G v ds @)~ daty) + do (@)

1
(@) + dp@)(daly) + dp(y) (AW ~ dal)dp ()

1
(da(z) + dp(2))(da(y) + dp(y))

1

S @ T A @ a1 dnty (44@) — daWldn(y) +daly)ldnly) -
1

S @ @) ~da) [EW) T daw)ety)

1

1
= @@ @) p(r,y) < 5p(x Y).-

4.15. FEoww (X, p) perpikds xdpos kar A, B C X e dist(A,B) > 0 ka1 f; : A — R,
f2 : B — R (opoibuoppa) ovvexeis ouvaptrioes. Anodetére 6t n ovvdptnon f : AUB — R

He
fl({E), X GA
@) = {fg(x), r€eB

etvar (opoidpoppa) ovvexris.

Yrdéoeitn. EZetdloupe uévo tnv mepintwon mou ot fi, fo elvon ogotduoppa cuveyels. Ou
del€ouue Ot n f elvon opotduoppa cuveyhc. Eotw € > 0. Agol n fi elvar oyotduoppa
ouveyfc, undpyet 61 > 0 ote: av ar, az € A xa p(ar, az) < 61 t6t€ | fi(ar) — fi(az)] < e.
‘Opota, agod 1 fo elvar ogodpoppo cuveyhc, undpyer 02 > 0 dote: av by, by € B xo
p(br,bs) < 02 t6Te | fo(br)— fa(bo)| < €. Oétouye § = 3 min{d, 62, dist(4, B)} > 0. 'Ecww

[(da(z) —da(y))ds(y) +da(y)(ds(y)

—dp())|

dp(z)|)
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x,y € AU B pe p(z,y) < 0. Agpol p(x,y) < dist(A, B), da éyovpe z,y € A z,y € B.
Xy mpdn mepintwon, agol p(z,y) < § < 61 malpvouye | f(z) — f(y)| = |fr(z) — fily)] <
e. X deltepn, agol p(z,y) < & < dy madpvoupe |f(x) — f(y)] = |f2(x) — fo(y)| < e.
‘Enetar 611 1 f elvar opolduoppo cuveyhc.

4.16. Adote éva mapdderyua dvo Eévwy vnoourddwy €vds petpikol xYdpou ta omoia O1-
axwpilovtal, aAdd de Saywpilovtar TANPWS.

YrdédeiEn. Aéue bt dlo Eéva vtoohvoha A xar B evic etpixol yopou (X, p) draywelloviat
av utdpyouv avoxtd obvora U,V C X dote ACU, BCV xae UNV ={. Av emmiéov
woyVer UNV = 0, Mpe 6T 1o A xou B dayopilovar iiipwe. Y10 R ue 0 ouvhdn petpixd
Yewpolye to oUvoha A = (—00,0) xat B = (0,00). Ta A xou B draywpilovtar, di6tt elvor
101 avowxtd: av ndpovge U = Axan V=B 1e ACU, BCVxau UNV =ANB =0.
‘Opwe, dev draywpllovtar Thipwe: av Yewprioouue omotadhmote avowtd cbvolo U D A
xow Vi D B, t61e 0€ AC Uy xou 0 € B C Vi, dpa 0 € Uy NV; dnhadry Uy NV # 0.

4.17. FEotw F un kevé kAewoté vnootvoro tov R kar f : F — R ouvexng ovvdptnon.
Aeitre on1 vndpyer ovrvexns ouvdptnon g : R — R ue wny i6idtnta g(x) = f(z) ya kdOe
r € F.

Yréoaén. Mnopolue va yeddouue 10 R\ F cav évwon to nohd aprdufiotuwy to mhfidog
Eévwy avd 800 avouxtdy dwotnudtwy: R\ F = [J(an, by). Hoapatnpfiote dtt yioo xdde n
oy VEL ap, by, € F, Snhadt o twwéc f(ay), f(by) elvar opopévec. Emexteivouye v f oe
pa ouvdptnon ¢ : R — R opilovtdc tny oe xdde (an,by). O anholotepoc tpdnog elvon va
Yécouye

b, —x T —ay

flan) +

bn*an bn*an

g(.’l?) = f(bn)» MRS (anabn),

dadh VoL TEpOoLPE TNV g YPUUUXA OTO [an, by]. Av & € F opiloupe g(z) = f(z). Edxola
ehéyyoupe 6Tl 1 g elvon ouveyAc o€ x&Ve (ay, by,), apxel hotmdy va eléyEoupe bt 1 g elvar
ouveyc ot xdle onuelo tou F. T va eAéyEete Tn cLVEYEWL TNC g 0TO & amd dedud, Seléte
TpKdTo OTL TPy oLV To e€NC Tplo EVOEYOUEVAL:

(i) Trdpyet 6 > 0 dote [x,x+0) C F.
(ii) Yrdpyer n € N dote x = ay,.
(iii) T xde § > 0 undpyet n € N dote (an, by) C [,z + 9).

‘Eotw 61 dev toylet 1o 1. Téte yia xdde 6 > 0 éyovye FCN [z, z+06) #0. Av z = a,
TeEAELouE, dlapopetixd Yo xdde § > 0 undpyet n € N dote [z,2 + ) N (an, by) # 0.
Auté buwe diver 6t v xdde 6 > 0 vndpyet n € N dote (an,by) C [z, 2 +6). (Ipdypat
xat’ apyfv mapatneriote 6Tt de umopel va elvar a, <  Aéyw Tou 6T T (Gp, by) Elvar
Eéva avd duo. Topa, av & > 0 undpyet n € N wote [,z + ) N (ap,b,) # 0. Toéte yo
0 < ¥ < ap—x éypoupe 6T utdpyer k € N @ote (ag, br) N[z, z+6") # 0. Apa, o (a, by)
elvon aplotepdtepa ToU (an, by) ool elvar Eéva, dnhady (ak, br) C [z, z + 9)).
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Tdpa delyvoupe 6Tt oe xodeuld amd TLC TRELC TEPITTWOOELS 1| ¢ Elvan cuveyhc and To deid
tov z. 'Eotw € > 0.

T to 1: ‘Exoupe 6t undpyet 61 > 0 dote [z, +61) C F. H f elvan ouveyhic oto z (and
o 0e€Ld) dpa, umdipyet da > 0 ote av t € F N [x,x + d2) téte |f(t) — f(x)] < e. 'Eow
d =min{dy,d2} >0 xar t € [x,x 4+ 0). Tote elvar t € F dpa

l9(t) = g(@)| = |f(t) — f(z)] <e.

T to 2: "Eyouvpe 61t = ay, ytaxdnowo n € N. Téte yia 0 < 6 < min{%, by —

an} oyler [x,x 4 0) C [an,by) xow av t € [z, + ) éyoupe:

| = flan) — f(bn) <6‘f(a;l):f(bn)

Gy, — by, (t a (E) b,

lg(t) — g(=) <e

T to 3: And ) ouvéyeta e f oto z (and ta Be€id) €youue 6T umdpyel 61 > 0 wote
avt € FNz,x+ 1) téte |f(t) — f(z)] < /3. T authv v nepintwon undpyet k € N
oote (ag,by) C [z,2 + d1). Téte, av t € [z,ar) (80 § = ap —x > 0) Swxpivouye Tic

UTIOTEPLTTWOELC:
o Avite F, t6te woylet |g(t) — g(x)| = |f(t) — f(x)] < e/3.

e Avt ¢ F, undpyer m € N &ote t € (am,bn). Iapatnpehote 6t o autiv Ty
neplntwon < amy < by, < ag. Tote mpoxinTeL:

| — f(bm) _f(am)
b — am

lg(t)—g()

AQO0 G, by, € F N [z, + 67).

‘Etol o xdle mepintwon n g elvon cuveyrc oto = and ta 6e€d. ‘Ouota Selyvoupe
GUVEYELXL A6 APLOTEQPAL.

4.18. Eotw (X,p) petpikds yopos kat A € X. Av f : A — R elvar ouoiduopga
owvexris ouvdptnon, anédete 6t n f emextelvetal o€ pia opobuopPa ovvexT) auvdpTnon
F:A—-R.

Yrédeitn. 'Eoww x € A. Oewpolpe tuyoloa axohovdia (z,,) oo A ye x, — z. H (x,)
elvon Baoweh), dpa m (f(xn)) elvon Baower axohovdia oto R (36w n f elvon opoiduopga
ouveyhc). Tote, umdpyet to lim f(z,) € R. Av () elvar xdmota dAAn axoloudia oto
A ez, — x, t61€ p(Tn,2),) — 0 dpa f(x)) — f(z,) — 0 (R and v opotduopen
ouvéyewr e f). Xuvendwe, lim f(z!)) = lim f(z,). Mnropolue hoinbv vo oploouue
F(z) = lim f(x,) nalpvovtac cav (z,) pla ard tic axoloudiec tou A ou cuyxhivouy

oto z (10 6plo dev e€aptdtal and Ty emhoyy TN axolouvdac).

(t - am) + f(am) - f(m) < |f<bm)_f(am)|+|f(am)_f(x)| <e
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H F etvar enéxtaon tne f: av z € A t61e 1 otadepr} axorovdlo z, = z elvar 610 A
xat ouyxAver oto x, dpa F(x) = nlLIgo flz,) = nlLH;O f(z) = f(z). Méver va deifoupe
ot n F elvou opoduoppa cuveyfic. Eotw € > 0. Agol n f elvon opodpoppa cuveyie,
utdpyet 0 > 0 wote av z,w € A xou p(z,w) < § ot |f(2) — f(w)| < /2. Eotw
z,y € A pe p(z,y) < 6. Yrdpyouv xpn,y, € A Oote ¥, — T xou y, — y. Tote,
nh_)rrgo P(@n,yn) = plx,y) < 9§, dpa undpyet ng € N dote, yia xdde n > ny va oydet

P(Xn,Yn) < 0. A v emhoyn tov § €xouvpe |f(xn) — flyn)| < €/2 yiat %80 n > ng.
Yuvend, |F(z) — F(y)| = lm |f(zn) — f(yn)] <e/2 <e.

4.19. Eowo [ : (X,p) — (Y,0) opoopoppiouds. Aeiéte 6t o (X, p) elvar Saywpioniog
av ka1 uévo av o (Y, o) elvar braywpionpos.

Yrédaén. Eotww D apdufowo nuxvd utoohvoro tou (X, p). Oewpolue to f(D) C Y.
To f(D) elvan xt auté aprdurowo. Oa dei&ouue 6Tt elvon Tuxvé otov (Y, o). Eow y €Y
xau éotw € > 0. H f elvon end, dpa vndpyer x € X dote y = f(z). H f elvon ouveyrc
o0 ¥, dpa undpyet & > 0 Gote av x1 € B(x,0) tote o(f(x1), f(z)) < e. Agob 10
D eivon uxvé otov X, unopolue va Beolue d € D N B(z,d). Tote, f(d) € f(D) xu
o(f(d),y) = o(f(d), f(z)) <e. Tauy €Y xue > 0 Arav tuydvra, dpa 10 f(D) elvar
Tuxvéd (xou aprduowo) utoohvoro tou Y.

Mapatneriote dtL ypnoonohoaue uévo to Yeyovog ot 1 f ebvan enl xa ouveyrc. Ta
v avtiotpogr xateduvon Yo ypetaoTolUE T cuvéyet (xou To «emly) e fL.

4.20. Eetdote av woxvovy ta napakdtw.
() To R eivar opoopopgixd e to 7.
(B) To R eivar opoopopgiké ue to Q.

)
(v) To Q eivar opowopopgiké ue to Z.
(8) To Z eivar opoopopgikd e to N.

Yrdédaén. (o) To R dev elvar opolopoppixd pe 1o Z. Aev undpyet 1-1 xou enl ocuvdptnon
f:R — Z d6u 10 R elvar vrepaprduriowo eved 10 Z eivon opriurioino. Xuvenwe, dev
utdpyel opoopoppionos f: R — Z.

(B) To R Bev elvar opoopoppixd pe 1o Q. Aev vndpyet 1-1 xou ent ouvdptnon f : R —
Q 66T 1o R ebvar unepaprdunowo eved to Q elvar aprdurowo. Xuvenwe, dev undpyel
ouoopoppopde f: R — Q.

(v) To Q Bev elvar opotopoppxd pe 10 Z. A unodécoue 6Tl UTEPYEL OUOLOUOPPLOUOS
f:Q — Z. Oewpolye v oxohowdia (g,) o0 Q ye g, = L. Eyovpe ¢, =+ — 0 € Q,
dea f(1/n) — f(0). Avayxaoctxd, n f(1/n) neéner va elvar tehixd otadeph xou {on pe
£(0) (o ouyxhivouoec axohovdiec axepalwy elvar o tehxd otadepéc axoloutdiec axepaiwy).
Trdpyet howndv ng € N dote f(1/n) = f(0) vy xdde n > ng. Tote, agol n f eivor 1-1,
o mpénet va toydet 1/n = 0y x80e n > ng, 1o onolo eivat dtono.
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(8) To Z eivar opolopopeixd ye 1o N. Eyouvye det 61 xde ouvdptnon u: N — (X, p) elvor
opotdpoppa cuveyfic xar xdle ouvdptnon v @ Z — (Y, o) elvon opotdpoppa cuveyhc. Ta
oVvoha N xau Z etvar ioomAndud, dpa undpyet 1-1 xou ent ouvdptnon f: N — Z. Toére, ol
[ oxow 71 elvon ouveyele, dpa ) f elvon opolopop@Louse.

4.21. Eow f: (X,p) — (Y,0). H f Xéperar avoikt) av ya kdOe avoixté G C X to
f(G) etvar avoiktd vrootUvolo tov Y. Avdloya, n f Aéyetar kAewoth av yia kdOe kAeiotd
F C X ©o f(F) eivar kAewotd vrooUvolo tov Y.
(o) Addate napdderypa: ouvexols ouvdptnons n omoia dev efvar avoiktrj, avoiktig ouvdpTnon-
¢ n omofa dev elvar ovvexris, ourexoUs ouvvdptnong 1 onola Oev €ivar KA€0TH, KACIOTAS
ouwvdpTnong n omota dev efvar ouvexrs.
B) Avn f:(X,p) — (Y,0) evar 1-1 ka1 eni, deikte 6n1 wa €€1js eivar wodvvapa: (i) n f
efvar avoiken, (ii) n f etvar kdaotn, (i) n £~ elvar ovvexrs.

Yuvends, av n f elvar ouvexnis kar avoikty (1) kAewotn) téte elvar opo0uopPioLds.

Yrédaén. (o) H tavtotns, ouvdptnon g : R — (R, §) ue g(x) = = elvon avowxty|, didtt dbha
o utoaUvola tou R elvan d-avowtd. Aev eivon duwe ouveyric: oty doxnor 6 eldaue 6t
oL wéveg ouveyelc ouvapthoelg and o R otov (R, §) elvar o otadepée ouvapthoec. H (B
cuvdptnom etvar xheot (ahhd byt cuveyhc). H tautotind ouvdptnon ¢~ ¢ (R,6) — R
pe g H(z) = x ebvor ouveyrc oAld Bdev elvon xAewoTh oOTe avowth (Yo énpene dho Ta
unocUvoha Tou R va elvon xhelotd, ) avtiotorya, avouxtd).

Ao napadelypata: xdie cuveyric cuvdptnon f : R — R nou elvan otadepr| o xdmolo

didotnua [a, b] dev elvan avowxth (e€nyrote yiatl). H ouvdptnon f(z) = |z| anewovilel to
(—1,1) oo [0,1). H ocuvdptnon f(z) = anewxovilet 1o xhetotd cvvoro [0,00) oTo
[0,1).
(B) YTrnodétoupe mpdta 6t 1 f elvar avowth. Eotw F xhewoté vrnocivoro tou (X, p).
Téte, 1o X\ F elvar avouxtd, dpa to f(X \ F) elvar avowxtd urosivoro tou (Y, o). ‘Opoc,
FIX\F) =Y\ f(F) &bu n f eivow 1-1 xon enl. "Apa, 10 f(F) elvoar xhewotéd. ‘Eneton 6t
N f eltvat xhewot.

Trodétovue thpa 61t n f eivon xhewoth. Ta xdde xhewotdé FF C X €youpe oL T0
(f~H)~YF) = F eivor xhewot6 otov (Y,0). Apa, n f~1 elvon cuveytc.

Trodétoupe téhoc 6t f71: Y — X elvon ouveyhe. Téte, yio x8de G C X avowxtd,
éxoue 6t 10 f(G) = (f71) Q) elvor avowxtd. Apa, 1 f ebvar avouxTh.

_z
1+|z]

4.22. Eoww (X;,d;) ,i=1,...,m petpixol xdpor kar X = [[\, X; 0 xpos ywduevo
pe ) petpiery d = Y it d;. H ovvdptnon i—mpofolij etvar n m; : X — X; mov opiletar
S €€ng:

T X1y ey Ty ey ) = Ty
Anooetére éu1 n m; elvar ovvexris, enf kar avoikr).

YrodeEn. H m; elvon npogavae enl: av x; € X; emhéyoupe tuyovia ;5 € X, j # @ xau
Yy 10 & = (1,...,Tm) € X éypoupe m;i(z) = z;. H ouvéyewa tne m; mpoximtet and to
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;o , , , d ,
yeyovoc 6t 1 d elvan petpin] ywopevo. Av ™ = (a2, ..., zh) — x = (21,...,Tp) TOTE,

’ . ’ dj / d; ’ s
Yo xdde j < m éyovue f —> xj, dpa mi(x") = xf —> x; = mi(r). And v apyn
e petagopdc N m; elvon ouveyhe. Téloc, n m; elvar avoxth: éotw G C X avowxtd. Av
x=(T1,...,%m) € G té1€ pnopolye va Bpolue § > 0 Hote By(x,d) € G. And tov opopd
e d eMéyyoupe ebxoha OTL

U := By, (z1,6/m) X -+ x By, (xm,d/m) C By(x,d) C G.

Téte, mi(U) = Ba, (zi,0/m) C m;(G), dnhadn Bg, (mi(x),d/m) C m;(G). Aol o p;(z) €
i (G) hrav Ty, 1o m;(G) elvar avoxtéd unoclvoro tou X;.

4.23. Eoww [ : (X,p) — (Y,0). Acitre 6 n f eivar avorkerj av kar udévo av f(A°) C
(f(A))° ya kd9¢ A C X. Adote napdderyua puag ovvexols, avoktris ovvdptnons f :
X =Y a1 kdroov A C X dote to f(A°) va mepiéyetar yviioia oo (f(A))°.
Trédeitn. YTrodétouye mpdta 6Tt 1) f elvon avoxty. 'Eotw A C X. To A° elvar avouxto,
dpo to f(A°) elvon avowxtsd. Agos A° C A, éyouue f(A°) C f(A). Ereta éu f(A°) C
(f(A))°. Tw v avtiotpogn xatebiuveor, anhee tapatneodue 6Tt av G elvat éva avouxté
unoolvolo tou X tdte 1 unddeon pac diver f(G) = f(G°) C (f(G))°. Tore, f(G) =
(f(@))° dpa o f(G) elvar avoxto.

H rpoPorf 11 : R? — R pe m(x,y) = x elvor cuveyhc xow avowcth (deite v doxnon
22). Av 9éooupe A = {(z,2) : © € R} w61 A° = xon f(A) = R. Apa, f(A°) =0 eved
(f(4))° =R,

LUUTANPWRATIXES AOKNOELG
4.24. Eoww (X,p), (Y,0) perpixol yopor ka1 f : X — Y. I'a kdOe 6 > 0 opilovue to
pétpo ouvéyeas (modulus of continuity) tns f wg e&ng:

wy(6) =sup{o(f(z), f(y)) : d(z,y) <6, z,y € X}.

(o) Aeiéte 6m n ovvdpTnon wy : [0,00) — [0,00] efvar avéovoa, onAadn) av 0 < §; < ds
téte wy(d1) < wyr(da).

(B) Aetre 6t n ovvdptnon f : X — 'Y elvar opoduoppa ouvexns av kai udvov av oy vel
wr(6) — 0 kaOds 6 — 0T,

Yréoaén. (x) Av 0 < 01 < g w6t {o(f(x), f(y)) : plz,y) < 01, =,y € X} C
{o(f(2), f(y)) : p(z,y) < 62, z,y € X}, bpat

wr(01) = sup{o(f(2), f(y)) : p(z,y) < 01, x,y € X}
sup{o(f(x), f(y)) : p(z,y) < b2, 2,y € X}
wy(d2).

IA
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(B) Trolétoupe mpita 6L M f elvon opotdpoppa cuveyrc. ‘Eotw € > 0. Trdpyet 1 > 0
wote: av z,y € X xou p(x,y) < §1 161€ 0(f(x), f(y)) <e/2. Bow 0 < < d;. Tote,

wr(6) = sup{o(f(z), f(y)) : plx,y) <90, z,y € X} <e/2 <e.
SUVETWC, 6lir(r)1+ wr(6) =0.
Avtilotpoga, vrnodétouye bt 6lim+ wr(6) = 0. Eoww e > 0. Yndpyer 6 > 0 dote
—0

wr(d) < e. Téte, av z,y € X xou p(z,y) < 6 éxovpe o(f(x), f(y)) < wp(d) <e. Autd
anodexviel 6Tl 1 f elvan opolduoppa cuveyrc.

4.25. Eotw (X, p) petpikds xdpos. Anodeiéte du ta axdlovda eivar iwwoddvaua:
o) H p efvai 10060vaun pe tn dakpierj petpikni otov X.
B) KdOe ovykAivovoa axolovdia otov X eivar tedikd otadepr].

)

)

(

(

(v) O X bev éyer onuela ovoodpevong.

(8) Ia kdOe petpixd ydpo Y, ke f: X — 'Y elvar ovveyns.
(

€) H xAewtn) Onxn kdle avoiktod ovvdlov G C X eivar avoikté auvolo.

Yréoaén. (o) = (B) YTrodétoupe bt 1 p elvon toodlvoun ue ) Saxprth yetpinh otov X.
‘Eotw (z,) axohovda otov X pe p(zn,x) — 0. Agod p ~ §, o woyder 6(zy,z) — 0.
‘Ouwe, yvwpiloue 6t xdde ouyxhivouoa axohoudio otov (X, d) elvar tehxd otadepy.
Apa,  (zy,) elvar tehixd otadepn.

(B) = (v) Trnodéroupe 61t xdde ouyxhivouoa axoloudior otov X elvar tehixd otadept.
‘Eotw x onuelo ouoobpeuone tou X. Dvwpiloupe 6t undpyer axohoudia (z,) oto X 7
omolo. cUYXAVEL 6TO = o Exel bpoug dapopeTtixols avd dVo. Toéte, 1 (z,) elvar cuyXAi-
vouoa xat dev elvon tehixd otadepy|, dtomo.

(v) = (8) YTrodétouue 6Tt 0 X Bev éyet onuela cucowpeuonc. ‘Eotww (Y, o) petpixdc
xo0po<, f: X — Y xou g € X. Oa delloupe 611 1 f elvar cuveyhc oo 2. Aol o x¢
dev elvan onueio cucotpevone tou X, undpyet & > 0 dote B,(xo,d) = {zo}. Toéte, vy
x&e € > 0, éyovue f(B,(x0,9)) = {f(z0)} € Bs(f(x0),€). Apa, 1 f elvan cuveyhc oto
Zo.

(8) = () YTrnodétoupe 6T, v xde petpd ywpo Y, xdlde f : X — Y elvow ouveyrhc.
‘Eotww G avoxtd unocbhvoro tou X. H yopaxtnpiotinr ouvdptnon xg : X — R elvou
ouveytc, dpa (and Ty doxnon 7) éxoupe bd(G) = . Téte, G = GUDA(G) = G, dnhadh
0 G eivon avolxté.

(€) = (a) Trodétoupe bt 1 xhewoth Mpen xdde avorxtol cuvdrou G C (X, p) elvar avoxtd
ovvoro. T va delfoue 6T p ~ & mpémer va eréyEoude 6Tl T, = = av xar ubvo av
T LA dnhad”) av xou pévo av 1 (z,) elvon tehxd otadeph (pe dpouc looug pe ).
H pia xatetduvon evon gavepr), unodétouue houmdv 6t x, —» z. Av n (z,) dev elvou
telxd otadepr] unopolue vo unodécouue (nepviviac av ypewaotel oe unaxoloutia) 6T
n axohovdia p(z,,x) elvar ywnolwe @divovoo xat undevixh. Mropolue téte vo Bpolue
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axohoudio oxtivev 6, > 0 wote oL undhec B(zy,, 0,) v elvon Eévec xau x ¢ |~ B(@n, o)
(d(OXY]OY]). OprOUp.E Gl = UI;“;I B(xgk,52k) XO(LEQ = Uzozl BEQk;_l,an_l). Ta Gl,Gg
elvon Eéva and v xataoxeur. Opllovye Uy = G xow Us = Ga2. 'Eyoupe G; C X \ G
xat 10 X \ Gy elvar xhewotd, dpa Uy € X \ G2. And v unddeon, 1o Us elvar avouxtd xa,
Eexvavtog Topa and TNy G2 C X \ U Brénovye 6t Uy C X \ Uy, dnhadyy, Uy N U = 0.
‘Ouwc, and Ty Top = x éyouue = € Gy = Uy xou amd v Top_1 >  éyoupe = € Gy = Us.
"Apa x € Uy N Us, 10 onolo elvar dtoto.

4.26. (a) Mia ovvdptnon f : (X, p) — R Aéyetar kdtw npuovvexns av ya kdfe t € R
0 ovodo {x € X : f(x) < t} elvar kAeioté vmoovroro touv X. Aeibre énin f elvar kdtw
nNovvexns av kai uévo av, ya kde akodovdia (x,) otov X pe x, — x € X, wyvel

f(a) < limint f(z,)

Adote napdderypa kdtw npovvexols ovrdptnong n omoia dev efvar ovvexns.

(B) Mua ovvdptnon f : (X, p) — R Aéyetar dvw nuovvexng av n — f eivai kdtw nuovvexrj-
. Awarundote kar anodeléte xapaktnpiopols s dvw nuiovvexols ouvdptnong, avtio-
TOIYOUS E TOUS Xapaktnplopols tng kdtw nuouvvexols ouvdptnons mov meptypdptnkay
oto ().

Yréoaén. (o) Ymodétoupe mpwdta 6t 1 f elvon xdtw nuovveyhc. Eow (z,) oto X
pe z, — x € X. Oétoupe t = liminf f(z,). Av f(x) > t té1€ undpyet € > 0 wote

¢ Fire ={z€ X : f(z) <t+e} Aol 10 Fiy. elvar xhewotd, undpyet § > 0 wote
Fiie N B(z,0) = 0. Opwe, vndpyer uroxohoudio zg, — = dote f(xg,) — ¢ Auvtd
onuaiver 6Tt tTedixd Yo toybouy ot xg, € B(x,d) o f(zg,) < t+ €, Snhadh zp, € Fiye.
‘Eneton 6t Fipe N B(z,9) # 0, o onolo eivar dromo.

Avtiotpoga, éotw Fy = {z € X : f(2) < t}, t € R. Oewpolye = € Fy. Téte, undpye
() oto F; pe x, — z. T xdde n € N éyovpe f(z,) < t, dpu linniigf flzy) <t. Ané
v undleon, f(x) < hnrr_1>1£ff(:bn) <, dnhadf z € Fy. "Apa, t0 Fy glvon xhetotd.

Mo xdtw nuouveyic ouvdptnon tou dev elvan ouveyhc elvan 1 f : R — R pe f(z) =0
av = 0xu f(z)=1avz #0 (enyhote yioti).

(B) Mwt ouvdptnon f : (X, p) — R elvou dvw nuouvvexns av yia xdde t € R 1o obvoro

{z € X : f(z) > t} elvar xhewot6 voclvoro tou X. H f elvon dvew muouveyhc av xat
povo av, v xdde axorovdia (z,) otov X pe z, — & € X, woylel

f(2) = limsup f(,).

n—oo

M dve niouveyfic ouvdptnon nov dev eivan cuveyhc eivor n f : R — R ye f(z) =1 av
x=0xou f(z) =0avx #0 (eEnyhote yroti).

4.27. Afvovtar o1 petpixofl xipor (X1,dy), ..., (Xg,dr) kai o xdpos yviuevo Hle X e
HeTpikn ywipevo Ty doo = max{d; : 1 <i < k}. FEotw (X,d) évag puetpikds xyopog kai
f:X—- HleXl- pe f=(f1,..., fx), onov f; : X —» X; yiai=1,... k. Aeilre a e&ng:
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() H f efvar ouvexnis av ka1 uévo av o1 f;, i =1,...,k elvar ouveyels.
(B) H f eivar Lipschitz av ka1 uévo av kdOe f; eivar Lipschitz.
v) H f elvar opoopdppa ouvexnis av kar puévo av ot f;, i = 1,...,k elvar opoiduopga

OUVEXEL.

(
(

) Eivai 0wotd 6t n f elvar woouetpia av ka1 puévo av o1 f; elvar wwopetpieg;

€) Elvai owots 6t n f eivar opoopopgiopds av kai udvo av oi f; eivai opotopopgiouof;
Yrdédeiln. (o) Eotw (zy,) axohovda otov X pe z, — x. Av o f;, i = 1,...,k e
ouvveyelc téte fi(rn,) — fi(z) vy xdde i = 1,...,k xou ouunepaivouvye 6t f(z,) —
f(z) and 1o yeyovée 6t n d elvon petpunry ywvouevo. T v avtiotpogn xatedduvon
napatnenote 6t f; =mo f,i=1,... k.

(B) Av xd¥e f; efvan Lipschitz ye otadepd M; > 0 téte yia xdle z,y € X éyoupe

d(f(z), f(y)) = max{di(fi(x), fi(y)) : i =1,...,k} < (max M;) p(z, y).

Avtiotpoga, av n f elvow Lipschitz ye otadepd M > 0 téte v xdde =,y € X xou y
xq9e ¢ =1,...,k éyouye

di(fi(@), i(y)) < d(f(x), f(y)) < M p(z,y).

(v) Yrodétoupe mpddta b ou fi, @ = 1,...,k elvon opoduopga cuveyelc. Eotw ¢ > 0.
Bploxoupe 0; > 0 dote: av p(z,y) < §; t6te d;i(fi(x), fi(y)) < e. Tote, av p(z,y) <0 =
min{dy,..., I} &yovue

d(f (@), f(y)) = max{di(fi(x), fi(y)) i =1,... .k} <e.

T v avtiotpoen xatediuven SoUAEUOUPE avdloYa.

(8) Av xdle f; elvar wopetpla tote 1 f elvan wopetpla. Ilpdypat, éyouue yia xdde
1< <kd;i(fi(z), fi(y)) = d(x,y) yia xdde x,y € X;. Téte, av z,y € X wyleu:

doo (f (), f(y)) = max{d;(fi(x), fi(y)) : 1 < i <k} = d(z,y).

To avtictpogo dev toyVer: Av yiu tapddetypa Jewprioovue Tic ouvapthoeic ; : (RE, || -
loo) = (R, |- ]) pe mi(x1,y .-, @4y .. k) = @ (SNAadh Ty i—mpoBolf) téte xad and tie
m; ev efvan woopetplo, AN N f = (m1,. .., 7k) : (R¥ ||+ [loo) — (R¥, ||+ ||0o) elvor toopetpla
agoU etvar 1 TaUTOTLX GLVAETNOT.

(e) To mponyoluevo napdderypo delyver 6t umopel 1 f v elval opolopop@iouds xat xaid
and tic fi vauny elvon. Eniong, unopel xdde f; va ogolopgoppioude xar 1 f vo uny elvow: Ay
Yewproovue tic f1, fa: (R, |- ]) — (R, |- ]) e fi(z) = & xou fo(z) = —x téTE qUTéC Elva
opotopgop@opol, A& 1 f = (f1, f2) : (R, ]-]) = (R, ]| - ||oo) dev eivon ent. (Hlapatnerote
6Tl 6hal T onuela To 6TéAVEL TdvVw oty evdela z +y = 0.)
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4.28.*% Anodeitre 6T vndpyovr 6o petpirxol xdpor (X, p), (Y,o0) o1 omolor bev eivar o-
Hotopopgikol aAdd 1kavomowly to €€ng: vrdpyovv owvaptioes f: X — Y, g: Y — X o
omole§ efvar ovveyels, 1-1 kai et

Yrddeitn. Oewpolue ta e&ric utoclvola tou R:

X:{—m:mEN}U(LJ[Zn,Qn—i—l))7 Y =X Uu{1}
n=0
pe ) ouvron yetpui. Tote, ot ouvapthcec f: X — Y xu g: Y — X ye
rx+1, <=2 i’ rs—1
f("’v)_ 17 x=-1 ’ g(ﬁ[;)— z—1 2< <3
x x>0 2 N
’ - r—2, z>4

elvar ouveyelc 1-1 xav enl. Iop’ dho awtd o X,Y dev elvar opotopgoppixol. Ilpdypott
av urdpyel h 1 Y — X opowoupoppopde tote, N hlp1y ¢ [0,1] — Y ebvon ouveyric xan 1-1.
Ané 10 Oeddpnua Evdidueonc Twre 1o h([0, 1]) elvar xhetoté xou gpaypévo (Un tetptuuévo)
didotnua. Ondte undpyet n > 0 wote f([0,1]) C [2n,2n + 1). Eotw f([0,1]) = [a,b] C
[2n,2n 4 1). Téte undpyer b < ¢ < 2n+ 1. T tov (Bio Aéyo n h™1 anewxovilel 7o [b, ] o€
XAeloTo xat parypévo didotnua, duwe dwgopetid and o [0, 1] (eZnyfote yiotl). Eow
m > 1 dote h=1([b,c]) C [2m,2m +1). Téte n h Y|4 : [a.c] — [0,1] U [2m,2m + 1)
elvon ouveyfc xat T0 GUVONO TGOV NS dev elvan Btdotnua. Autd elvar dtono cluEwva YE
10 Oedpnua Eviidueone Twrnc.



Kegdhoio 5

ITANpelc peETEIXOL YWpEOL

5.1. Yo otroro N twv guoikdy Jewpolue tis petpixés d(m,n) = |m — n| ka1 p(m,n) =
I = al
(o) Aetre dm 0 (N, d) efvar mArjpns addd o (N, p) dev efvar mAripng.
(B) Aeikre én kdOe povoovoro {n} elvar d-avoixtd kar p-avoiktd.
(v) Aetlre 6r1 o1 petpixés p kai d efvar woddvapes (dpa, o1 (N, d) kai (N, p) eivar opotopop-
@urol).
Yrddeitn. (o) ‘Eow (x,) Baowh axohovdia otov (N,d). Endéyoupe € = 1/2 > 0 xau
Beloxouue ng € N dote, v x&e n,m > ng, d(Tn,Tm) = |Tn — Tm| < 1/2. Apol
Tn,Tm € N, émetot 6TL 2, = T,. EWdOTepa, autd onualver 6t &, = Tp, Yo xd0e
n > ng. Anhadh, 0 (z,,) elvor telixd otadeph, dpa cuyxhiver.

Ttov (N, p) dewpolye v axohovdia =, = n. H (x,) ea p-LBaoxh: éotw ¢ > 0.
Bpioxouue ng € N wote % < e. Tote, vy x&e m > n > ng éxove p(Tm,Tn) =
T -i=L1i-Ll<i< n% < e. Ouwg, dev undpyet € N dote p(n, ) — 0: Yo elyoue

1 %| — 0, dnhadh L — 1 (ue tn ouvidn petpud) to onolo onuaiver 6t 1 = 0, dromo.

(B) Eow n € N. Xwov (N,d) éyovue {n} = B(n,1/2). Apa, to {n} elvar d-avoxté

oOvoro. Xtov (N, p) mopatnpolpe ot av m > n téte p(m,n) = % — % > % - Tll =

#H) evé av m < n (ed6 umodétouye 6T n > 2) buow Brénoupe 6T p(m,n) = =~ — L >
1 1 1 . . 1 1 ,

T T w = amon Avemhéloupe 0 < e < mln{m7m} t6te {n} = B(n,e).

"Apa, 10 {n} elvar p-avoxté.

(v) Agol ta povoolvoha elvar avoxtd xou oToug dVo ywpoue, oyVer d(Ty,,z) — 0 av
xaL U6vo av 1 (x,,) elvon telixd otadepn, 1o onolo Ue TN oelpd Tou Loy VEL AV Xou UOVO av
p(xn, ) — 0.

5.2. Ocwpolue to R pe petpixn tny d(z,y) = |arctanx — arctany|. Aeiléte du n d eivar
1w0dUvaun pe tn ouvnin petpikny tov R addd o (R, d) dev elvar mArjpng.
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Yrédaén. Eotw (x,) axolovda oto R e z, RERA ouvdptnon arctan : R — (=%, %)

elvon ouveyc, dpa arctan x, — arctanz. ‘Ouwg téte, d(z,, ) = |arctan z,, —arctan x| —
0. T v avtiotpogr xatedduvorn, Soulebouye Ue Tov (Slo TEdTOo, YENOWOTOLBVTAC T
ouvéyew e tan : (—5,%) — R: av d(zy,,x) — 0 61 yp, = arctanz, — arctanz =y,
dpo z, = tany, — tany = x (we Tpog TN cUVHON peTexh). Tuvende, N d elvar Lloodhvaun
pe ™ ouviin petpixy Tou R.

T vo 8et€oupe ot o (R, d) Sev elvar mAfeng, Yewpolue tny axoroudio z, = n. H (z,)
elvar oo axohoudia otov (R, d): éotw € > 0. Agou lim, o arctan x = /2, undpyet
ng € N ¢ote |7/2 — arctann| < £/2 yw x8%e n > ng. Téte, av m,n > ng €youpe

e €
d(xpn, Tm) = d(n,m) = |arctan n—arctan m| < |7 /2—arctann|+|w/2—arctan m| < §+§ =ec.

Ac uno¥éooupe 6t undpyelt w € R dote z, = n — w wg npoc v d. Téte, arctann —
arctan w xadoc 10 n — 0o. ‘Ouwe, lim arctann = 7/2, dpa arctanw = 7/2, 10 onolo
n—oo

elvar dtoTo.

5.3. (o) Aeilre dt1 0 (by, |- |Ip), 1 < p < oo elvar mArjpns.
(B) Aetlre 61 0 kUBos Tov Hilbert H™ eivar mAnpns petpikds xwpos.
(v) A€tére 6t 0 (coo, || - ||oo) Oev €ivar mripng.

Yréoaén. (a) Eotww (x,) Baoixh axohouvdia otov £,,. Tedgouvye x, = (z,(k)) = (2n(1),. .., zn(k),...).
‘Eotw € > 0. Aol n (zy,) elvat Baowr, undpyet no(e) € N dote, v xdde n, s > ng,

oo 1/p
(%) <Z |z (k) — a:s(k)|”> <e.
k=1

Téte, yio xdde n, s > ng xat x&dde k € N €youue

00 1/p
2 (k) — 24 (k)] < (Z 2 (k) - xs<k>p> <e.
k=1

Anhads, vy xd0e k € N n axohovdia (2, (k))nen elvon Baow oto R. And v mhnpdtn-
o tou R, vndpyouy z(1),...,x(k),... € R oote lim z,(k) = z(k) yio xde k € N.

Opllouvpe = = (x(1),...,z(k),...). Ou deiloupe 61 = € €, xou ||z, — x|, — 0.
Ttadeponoolue N € N: and v (%) €youue, v xdde n, s > ng,

N 1/p
<Z |z (k) — ngs(k/’)|p> <e.

k=1
Eriong,

N 1/p N 1/p
Jim (Dxn(m—msw) =<Z|xn<k>—x<k>|P> ,

k=1 k=1
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dpa, Yo xdde n > ng,

N 1/p
(Z |2 (k) — w(’c)l”) <e.

k=1
Agrvovtac 1o N — 0o cuunepalvoupe Ott, yioo x8de n > ny,

oo 1/p
(o) (Z |z (k) — x(k)|P) <e.

k=1

Ewwoétepa, yia n = ng €QoVde OTL T — Ty, € £, xat, 0ol Ty, € £, and TNV avicdTnTa
tou Minkowski BAénovye 6t & = (& — Zpy) + Tny € £p. Emimiéov, n (xx) delyver 61, yia
&9 n > ng,

Iz = znllp <&,

an’ 6mou cuurepalvoule OTL X, — T.

(B) Eotw () Baow axohoudia otov H>. Tpdypoupe z,, = (zn,(k)) = (2n(1),. .., 20 (k),...).

‘Eotw € > 0. Aol n (z,,) elvar Baowr, undpyet no(e) € N date, v xdde n, s > ng,
|z (k) — 2 ()|

(%) d(zy,xs) = Z — o <€
ki

Téte, vy x4de n, s > ng xan xédde ¢ € N €youvue

feai) — afi)) < 273 2B g,

k=1
Anpady, v xdde ¢ € N n axohoudia (25, (%))nen elvar Bacweh oto R. And v minpedtn-
o tou R, vndpyouv z(1),...,z(k),... € R odote lim z,(k) = z(k) v xdde k € N.
Opilovpe = = (x(1),...,z(k),...). Hpogavix, |z(k)| = lim |z, (k)] <1, dpa z € H™.
Méver va det&oupe 6t d(2y, ) — 0.
Trodeponoolue N € N: and v (x) éyouye, v xdlde n, s > ng,

N
|z (k) — 2s(K)]
GG
k=1
Eriong,

SIEEOZ |zn (k) — Z |zn (k) — 2( )|

dpa, Yo xdde n > ng,
N
|2n (k) — (k)|
> — o =€

k=1
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Agrvovtac 1o N — oo cuunepaivoupe Ott, yioo x8de n > ny,

k=1

, . d
Autd anodewviel 6Tl T, — T.

(v) Apxel va delZouye 6Tt 0 oo dev elvar xAel6Té UTOGUVONO TOU Loy (Yiotl 0 Loy elvar

wienc). Opilouvye ), = (1,%,...,%,0,...) xo r = (1,%,...,%,#,...) € Lo \ Coo-

Torte,

1 1

n

1
n+1

L 0
’ n+1

Bprxape (z,,) 610V coo UE Tn — T € Loo \ Con- Apat, 0 cop eV elvar xAelGTO UTOGUVONO
0L V.

b

lzn — 2|00 :sup{|1 =1l,...,

5.4. Ocwpovue tov C([0,1]) pe petpixri Tnv

1
p1(f,9) :/0 lf(t) — g(t)] dt.

Actbre 6t n (fn)n>2 M€

0 ,0<t <L
fn(t) = n(x—%) ,2<x<%+%,
1 i+ l<e<,

efvar faoikn) akodovlia ws mpog Ty p1 aAdd Oev elvar ovykAivovoa.

Yrddaén. Aetyvouue npdta 6t 1 (fr) elvar Baowr axohoudio we mpog Ty d: éotw n > m.
Tore, am:%+ﬁ>§+%:anxw

1/2 am 1 Am 1 1
O A A B A A A N A

1/2 m

‘Eotw topa € > 0. Tndpyet ng € N pe 7710 < g, xaLav n > m > ng, T6T€

1 1
A(fas fm) < — <

— <&,
no

dnhadh, n (fn) evar Baowh. Ac unoléoovue 6t f, — f (wc mpog v d) v xdmoia
ouveyn f:[0,1] — R. Anhady,

1
Alh@—ﬂmﬁﬁo
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xo9c T0 n — 00. Eddtepa,

1/2 1/2 1
0< / ()t = / Fult) — F(0)]dE < / Fult) — F(0)]dE— 0,

dnhadh f01/2 |f(t)] dt = 0. Apol 1 f elvon cuveyhc oto [0, 1], npénet vo woyler f(t) = 0 v
xdde ¢t € [0,1/2].

Botw tédpa d € (1/2,1). YTrdpyet ng € N dote § + L < § yio xdide n > ng. Tére, yio
x&de n > ng €youvde fr(t) =1 yia x&de t € [, 1]. Opeoc,

1 1
0< /5 Fult) — F(B)]dE < / [Fult) — F(O))dE — 0,

/1|1f(t)|dt0.
§

Ano m ouvéyela e f oupmepaivoupe 6t f(t) = 1 yio xdde ¢ € [4, 1], xou agod 10 § Arav
Tuyov oto (1/2,1), éneton 6t f(t) = 1y x&de t € (1/2,1]. "Enecton 6L 0 f elvon acuveyhic
oto onuelo top = 1/2, to onolo elvar dromo agol n f unotédnxe cuveyrc oto [0,1].

5.5. Ocwpolue 600 petpikés di kai dy oo 1010 ovvodo X. TrmoOérouue dur vndpyouvy
a,b> 0 dote: ya kdle x,y € X,

ady (z,y) < da(z,y) < bdi(z,y).

Aeikre 6t pna axodovdia (x,,) otov X efvar faoixri otov (X, dy) av ka1 puévo av eivai Baoikn
otov (X, ds).

Yrdédeitn. Ymodétovue 6w 1 (xy,) elvor Baowr axoroudio otov (X, d;). Eow € > 0.
Trdpyer ng € N dote, yia 8% m,n > ng va oyler di(xn, zm) < €/b. Téte, av
m,n Z no,

d2(‘rn7xm) < b- dl(xn7xm) < b% =g,

xat ool to € > 0 fay TuY6Y, 1 (,) elvar Baowxh axoloudio otov (X, ds). H avtiotpogn
xatevduvon elvat EVIEADS avaloy.

5.6. Eotw (X, p) petpixds ydpos kar D nukvd vmoovrvolo tou X. Aeire dti: av kdOe
Baoikn axoloviia (z,) otoeiwr tov D ovykdiver o€ kdmow x € X, téte 0 X efvar mAnjpns.

Yréoaén. Eow (z,) Paowur axoloudio otov (X, p). To D eivow muxvd utoohvolo Tou
X, dpa v xdde n € N unopolue va Bpolue d,, € D ye tnv Wdibtnta p(a,, dy) < 1/n.
Eow € > 0. Agol 1 (z,,) elvar Baowxd, undpyet ng € N dote: yia x89e n, m > ng,

p(x'm xm) <

w| M
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Enlong, undpyel n1 € N oote 1/n1 < /3. Av 9écoupe ny = max{ng, n1 }, 161€ yia xdde
n,m > ng €Y0OUUE
5

SRS,
m 3 3 3

e

1

Suvende, n (dy,) eivon Boaow| axoroudia oto D. And tnv unddeot, pog, undpyet © € X
&ote p(dn,z) — 0. Opwce, p(dy, x,) < 1/n, Snhadh p(dn, n) — 0. Apa,

0 < p(zn, x) < p(xy, dn) + p(dy, z) — 0.

Anpodr, z, — x. Aol 1 (x,) hrav tuyoloa Baox axohouvdia ctov X, o (X, p) elvan
TMene.

5.7. Acitre dn évag petpixds xdpos (X, p) elvar mArjpng av kar pévov av kdde kAewotn
undia R

B(z,e)={z€ X : p(z,z) < e},
émov x € X ka1 e > 0, efvar mAnjpns petpikds vndywpos tov X.

Trédaén. Av o (X, p) elvan mhfipnc téte xdde xheoth undha B(z,e) elvan xhewotd un-
ocOvoho tou X, dpa elvon TANENG HETEXOS UTOYWeoC Tou X.

T v avtiotpogn xatedduvor, éotw (x,) Paowr axohoudia otov X. Tvwpiloupe
oL x&e Poow axoroudia elvon gparypévn. Tuvemne, urdpyouy € X xou 7 > 0 wote
Ty € B(z,7) yio xdle n € N. H B(x,r) elvon TAApNg UETPIXOC YWOPOSC HE TNV ETAYOUEVN
peteweh (amd v unddeon) xou 1 (z,,) elvar oot otov (X, p), dpa elvon Baocixh xou otov
(B(z,7), p). Suvende, undpyel zo € B(x,r) Gote p(tn, zo) — 0. Anhadh, 2, — ¢ oTov
X. H (z,) frav tuyodoo Baowxr| axohoudia otov X, dea o (X, p) elvar mheng.

5.8. FEotw (X, p) petpixds yopos. Acitre dt o X efvar mAipng av ka1 udvov av kdde
ap1unoipo, kA€wté vrooUrolo tov X efvair TANpng pHeTpikds vmdywpos.

Yréoaén. Av o (X, p) elvou mAAeng HETEIXOG YWeos ToTE Xd¥e Aelotd (dpor o xdde
aptduriowo xAetotd) vnoolhvolo tou X elvon mAeng uetpde umdywpos.  Avtiotpoga,
€00 (2,) Boo axohouvdia otov X. Oewpolue to aprdufiowo covoho A = {z, : n € N}
xo Sloxplvoupe 800 TEPITTAOCELC:

(i) Av 10 A elvar xhetot6 oOvVolo, T6TE 0 (A, p) elvar TA NS HETPIXGS YWPOC antd TNV
unéleon, dpo undpyer « € A dote z, — .

(ii) Av o A dev efvor xhewotd, and tny A = AUA’ ouurepaivoupe 61t A’ # ). ‘Apa, undip-
yet x € X 1o onolo elvan onueio cuootpevone tov A. Autéd onuaiver 6t xdde neploy
TOU T TMEPLEYEL ATEWOUSC POUC TNS (T, ). XENOWOTOWOVTAC AUTH TNV TAPAUTAENOT Y-
nopolue va oplooupe utoxohoudio (zk,) ™ (Tn) WE Tk, — . Aol 1 (z,) elvo
Baowh xat el ouyxhivovoa (oo x) uraxohoudia, éneton 6Tl &, — .
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5.9. Eoww (X, p) petpixds xapos. Aetbre 6t o (X, p) elvar mAipng av kai udvo av kdde
axodovlia gpayuévng kOuavong otor X efvar ovykAivovoa.

Yrdédaén. Trodétoupe mpodta 6t o (X, p) elvon mhipne. 'Eotw (x,,) axoloudio ppayuévng
xOpavone otov X. ‘Botww € > 0. Agol > | p(Tn, Tnt1) < 400, undpyer N € N dote

o0
Z P(Tn, Tnt1) < e
n=N
Avk>1> N, tote
plar,xr) < plar,zigpn) + o+ p@r—1,26) < Y p(Tn, Tng1) < Y p(@n, Tng1) <&
n=I n=N

Apa, 1 (xy,) elvon Poowai axorovdia xar, agold o (X, p) elvar Thieng, N (x,) elvon cuyxi-
Vouoa.

Avtiotpoga, éotw (z,) Baoxh axohoudia. Oétouye & = 1 xou Bploxoupe ki € N dote
P, Tm) < & Yo xdde k,m > ky. Ttr ouvéyela Vétovue € = 55 xau Bploxoupe ky > ki
WoTE p(Th, Tm) < 35 Yo x&de k,m > k. Suveyllovpe emaywyixd: oto n-00té B
Vétovye € = 2% xau Bploxovue ky, > k,_1 ©ote p(xg, Tm) < 2% yia x¢9e k,m > k.
Oewpolye TV unaxolovda (g, ). And Tov 1p6T0 0plopol TV ky, BAEmOLE 6TL: Yiol &0
n € N éyouue kni1,kn > ky, dpo p(2h, , 2n,) < 37 Eneta 61 Y07 p(@h, 1, Th,) <
S am =1 < +oo. Tuverde, 1 (wr,) éxer gpaypévn xduavon. Améd tnv unddeon,
utdpyer © € X &ote zg, — . Aol 1 (z,,) elvon Baow xau éxel ouyxhivouoa (6To )
vraxolovdia, éneton 6Tl X, — T.

5.10. Eotw (X, p) petpikés xapos, () akodovdia ovov X ka1 x € X dove x,, — x.
Ocwpovue to ovvoro A ={x, :n=1,2,...} U{z}. Anodeitre b1 0 (A, p|a) eivar TAripng
UETPIKES X DPOS.

Yrdédaén. Eotw (Ym) Bao axohoudia oto A. Anhadh, xdde y,, elvar bpog e axolou-
Vo (z,) hy =x. Awaxpivouye d0o TEpTTOOELS:

(i) Av 1o obvoro B = {y,, : m € N} twv 6pwv e (Ym) elvar TeEnepaouévo, 6Tt 1 (Ym)
elvon tehixd otodepn. [Hpdypott: av to B elvon nenepaouévo xou €xel TOUNLYLGTOY
0Vo oTouyela, TOTE UTdpYEL 1) EAdYLOTN YETiXY| ATOOTACT) § SLUXEXPLEVWY OTUEWY
tou B. Ouwe, n (Ym) ebvar Baowe, dpo yio peydha m, n Yo €4oVUe p(Ym, Yn) < 0,
MRS Y = Yn]- Aol 1 (Yn,) elvar telxd otadepn, elvon cuyxAivouoca.

(ii) Av 0 o0voro B = {ym, : m € N} twv Gpwv e (ym) elvar dnelpo, ToTe elte ¥y, = T
yio drelpous deixtec m N puropolue va Bpolue vraxorovda e (Ym,) oL elvar xou
uroxohoudior e (z,,). [Hpdyuat: av ym, # = yia x40 m > s1, €YOVUE Ys, = Tk,
yio xdmowov k1 € N To oOvoro {ym, : m > s1+ 1} nepiéyet dnerpouc dpouc tne (zy,)
dpol Xat XATOLOV Y, = Tk, YE ko > k1. Luveyilovtocg étol Boloxoupe ys, = Tk, ©OOTE



78 - IIAHPEIZ METPIKOI XQPOI

N (¥s,, ) v elvar uaxohovdia e (yn) xon Tne (,) Tautédypova. Aol x, — T €youye
Ys, = T, — T. Xe xdde neplntwon, n Baowr| axorovdia (ym,) éxer ouyxhivouoa
unaxohoudia, doo GUYXALVEL.

5.11. Eotw p petpixri oto R dote: (i) o (R, p) elvar mAnipng xai (ii) n p eivai woddvaun
pe ) ouvnon petpikn. Aeiére 6n vndpye 6 > 0 dote diam,([n, 00)) > 6 ya kdOe n € N.

Yréoeitn. Aol [n,00) O [n+1,00) yu xdde n € N, n axorovdia a,, = diam,([n, o))
elvon @Oivouoa (xon €yer un apvntxols dpouc). Apa, ouyxhiver oto inf{a, : n € N}. Av
dev undpyet & > 0 dote a, > J§ ya xde n € N, téte lim a,, = inf{a, : n € N} = 0.

n—oo
Aol 1 p elvar 10od0vaun pe T oLVADY peTEXr, Exoude Tt xdle [n, 00) elvar P-xAEGTO.
‘Etot, éyoupe yia @Oivousa axorouvdia xhetotdy utocuvorwy tou (R, p) mou 1 axohoudia
TV Slopétewy Toug cuyXAivel oto undév. Agov o (R, p) elvon miheng, epopudleton to
Yedpnua tou Cantor: Yo woyler (.2, [n, 00) # 0, To onolo elvor dromo.

5.12. Eoww X mAijpng xwpos pe vépua ka B(an, ) @Oivovoa axolovdia and kdeiotés
prdles. Anodetéte éri (- B(zn,mm) # 0.

Yrddaén. Actyvouue tpdTa 6Tt ||Tpt1 — Tpll < 7y —Tpt1 Yia xdde n € No Av x4 = 2,
QUTG ElvoL GVERO, EVG OV Tpi1 # Tn TAPUTNEOOUE OTL Y = Tnt1 + =g €
n n

B(ni1,mn41) C B(@n, ), on6te ly — zn| < 0 = 201 — 2ol + o1 < 7n. Agod
Ty — Tnt1 > 0, 1 (1) elvon @divovoa, dpo cuyxhiver. Eldxdtepa, elvon Baouxr, axohoudia.
Enlong, av n < m €youue

||l'm*an S me*xm—1”+ N '+||mn+1*zn|| S (Tm—lfrm)“i" : '+(Tn*7'n+1) =Tn—Tm,

ondte N () elvan Baowi axoroudia otov X. O X elvoar mhipne, dpa undpyet o € X

L
hote x, — xo. Télog, delyvoupe 6Tt zg € () Bz, rn): v xde n € N éyoupe
n=1

T € B(xn,rn) yio xdde m > n, dpa g = lim x,, € B(xn,rn).
m—00

5.13. 1t 'Eotww (X, p) miipne peteds yopoc xat f @ X — Y ouveyrdc ouvdptnon.
ArnodeiZte 6t av (Ey,) elvar giivouca axohovdia xhelotddv utocuvérwy tov X, ue diam(E,,)

0, téte
n=1 n=1
TYrédatn. Eyouue (Nowy En C By v xdde m € N, dpa f ((o—y En) C f(Em) Yot x40e

m € N. 'Enetu 61 B
m=1 n=1

n=1
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T tov aviiotpogo eyxhewoud: éotw y € (), f(E,). Tw xédde n € N, vrdpyer z,, € E,
wote f(z,) = y. Agol diam(E,) — 0, éyouye (), B, = {z} and o Yedpnua tou
Cantor. Eniong, v xd9e n € N éyouvye =,z € E, dpa p(x,,z) < diam(E,) — 0.
Anhadn, z, — x. Tote, agod 1 f elvar cuveyric, €youue

flz) = lim f(z,) = lim y=y.
Anpadh, y = f(z) € f (MnZy En)-

5.14. Eotw (X,p) mAipns petpikds xopos kar G un kevd avoiktd vroovrodo tov X.
Optlovue Tn ouvdpTnon

1 1
o(z,y) = p(z,y) + dist(z, X \ G)  dist(y, X \ G)

010 G x G. Aeikze 6r1 0 (G, 0) elvar TApns petpikds xdpos kai 6t n o efvar wodvvaun
pe T pla-

Yrdédaén. Mapatnpodue 6t av z,y € G, té1e dist(x, X \ G) > 0 xou dist(y, X \ G) > 0
(yrott o X \ G elvar xhewotd xou z,y ¢ X \ G). Apa, n o opiletor xord. ENéyyouue
gbxoha 6L 1) 0 elvon ueTpL.
‘Eotww (x,) Baowh axohoudia otov (G, o). Tw xdde € > 0 vndpyet ny € N dote, av
m,n > ng TOTE
0 < p(Tnym) < 0(Tp, ) <&,

dpa ) (x5,) ebvon Baoueh axohouvdia xou otov (X, p). Trdpyet howndy © € X dote p(ay, ) —
0. Eniong,
1 1

< —
0= dist(z,, X \ G)  dist(zm, X \ G)

dnhadh, n (1/dist(xy,, X \ G)) elvar Baowr axohouvdia otov (R, |- ), dpa elvar @poryuévn.
Trdpye howmév M > 0 ye tnyv widtntar yia xdde n € N,

< o(xp, Tm) < &,

1 1
< M = dist(z,, X \ G) >

dist(z, X \ G) M’
Agob x,, = x, éyouue dist(z,, X \ G) — dist(z, X \ G), xou
dist(z, X \ G) = nh_)rr;o dist(z,, X \ G) > % > 0,
onhadh z € G. Téhog,
1 1

— 0.

0@ wn) = p@,20) + 1 GEE SN T Dt X\ G
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5.15. Eotw (X, p) mAipng petpikds xapos ka1 D ntukvd vroovrodo tov X dote to X \ D
va efvai emiong tukvd. Aeiéte dt tovddyiotov éva ané ta D, X \ D dev efvar odvodo F,.

Yrdédaén. YTnodétouvue 6t o D xau X \ D elvon olvoha F,. Aol to D ebvar F,, t0
X \ D elvar obvoho Gs. Opow, agol to X \ D evan F,, 10 D elvow alvoro Gs. Tére,
D =N, Gnxaw X\D = (2, Vi, 6100 Gy, Vi, avoxtd oivora. Agou to D efvor tuxvo,
xdde Gy, O D elvon xouw muxvé. Opota, agol to X \ D eivon tuxvo, xdde V,, O X\ D elvar
uxvo. Anhady, 1 apdurown oxoyévewr {Gy, 1 n € N} U {V,, : n € N} anotekeitan and
avoXTd xat Tuxvd cUvoha. Anéd to Vedpnua tou Baire, to

P=Dn(X\D)= (ﬂG ) m(ﬁvn>

elvar Tuxvo Gg-unocOvoro Tou X, to ornolo elvar dtoto.

5.16. Eoww (G,) akxolovdia avoiktdy kar mukvdy vroowdlwy tov R. Aelte du o
G =,—, Gn etvar vrepapidunopo.

Yrdédaén. Me amaywyn oe drono. Yrmodétoupe ot G = {x1,22,...,%n,...}. T xdde
n € N 1o chvoro V,, = X \ {z,} evor avoxtd xar nuxvd. 'Opoc,

<ﬁvn> (ﬂa) (X\G)NG=0.

Auto €pyeton oe avtigoaon pe to Vedpnua tou Baire.

5.17. Eoww f : R — R. Aeiéze 6u1 n f elvar aocvvexns oe éva alvolo mpdtng katnyopiag
av kair pévo av e€lvar ovvexns o€ éva mukvd vrooUrolo tou R.

Yrdéoaén. Eoww C(f) 10 ohvoho twv onuelwy cuvéyetac e f xow D(f) 1o ohvolo twv
onuelwy acuvéyeac e f. Tvwpllovpe 6t to C(f) elvar olvoho G, Snhadt| ypdpeton 6N
poph C(f) = Moy Gn, 610U G, avoxtd utocUvola Tou X.

Trodétouue npwta 61t to C(f) eivon tuxvd. Tote xdde G, 2 C(f), dpa xdde G, eivai
nuxvé. ‘Eyouue

D(f) =R\ C(f GR\G

x49e F, == R\ G, evou xheo1é xar int(F,) = int(R\ G,,) = R\ G,, = 0. Tuvende, 1o
D(f) elvar obvoho mpdng xatnyoplog.

Avtiotpoga, av D(f) = U~ An, 6mou x&de A, elvor toudevd nuxvéd, Yétovue F, =
A, xou éyoupe D(f) CUsZ, F xou int(F,) = 0 yio xd9e n € N. Tére,

C(f) =R\ D(f DR\UF :ﬂR\F

n=1



- 81

Hopatnpolue 6t x8e Gy, := R\ F), elvor avoixté xou G, = R\ F,, = R\ int(F,,) = R,
dnhadh x&de G, efvor xou Tuxvd. Ard to Yedpnua tou Baire, o (oo, G = (e (R\ F)
elvon Tuxvo, dpa xat to C(f) elvor Tuxvé.

5.18. (o) Eoww A = {a1,a2,...,an,...} apiOunioipo vrootvolo touv R. Aeikre dn1 n
owdptnon Fu : R — R ue

Fa(z)= > 27"

{n:a, <z}
elvar avéovoa, ourexns aré de&id mavtol kai aovvexns akpiPas ota onueia tov A.

(B) Eotw A apiunoipo mukrd vrootrodo tov R. Ae€ibte dn dev vndpyer ouvdptnon
g : R — R dote to otvolo twv onueiwr aowéyeas D(g) s g va efvai o R\ A.

(v) Eotww E kA€ot vnootvolo touv R. Oéroupe G = E° N Q ka1 opilovue tn ouvdptnon
h:R — R pe h(z) = xg(x) — xa(z). Anodeitre 61 D(h) = E.
(8) Eoww E =J,2, E, éva F,—unootvolo tov R. Opilovue fr: R — R e

min{n:lmEEn}’ z € Q ne
fE(x) = _min{n}er"}, T e (R \ Q) nE
0, r€R\E

Arnobeitre 6t D(fg) = E.

Yréoaén. (o) Ipogavidg n Fa elvar adZouca. Aselyvouue 6t Fy elvan edid ouveyhc
navtod. ‘Eotw g € R xor ¢ > 0. Trdpyer ng € N dote ), ., 27" < &. 'Eow
d =min{a, —x0>0:n=1,2,...,n0}. Eto, av n € N dote 2y < a, < o9 + 9, 1616
n > ng. Onoéte, av xp < & < T + 0 EYOLYE

0< Fa(z) — Fa(mo) = >,  27"< > 27" < Y 2" <

{n:zo<an, <z} {n:xog<an<zo+d} n>mng

Tpa Setyvouye 6t av ap € A t61€ T, (ar) > 0. Hpdyyat av z < aj téTE

FA(ak) — FA(CL') = Z 27" > zik

{n:z<an<ar}

Suvenoe, Tr, (ag) > 2% v k=1,2,.... Me dhha Moy n Fly elvon aouveyhic ot onuela
Tou A (mopouctdlet dhua).

T vo Sef€oupe dtL o onuela aouvéyetac tne Fa elvon oxptBode ta onuela tov A apxel
va del€ouye 6Tt yia xdde x ¢ A n Fa elvon apiotepd ouveyhc oto z. To emnyyelpnua elvat
TapOUOoLO e aUTH TNG cUVEYELIC omd BeELd xou YU auTd TapahelnETAL.

(B) Trodétouye 61 undpyet cuvdptnon g : R — R dote 1o D(g) = R\ A. Téte, 1o C(g) =
A eivar oOvoro G5. Av elvar xon tuxvo, yvwpilovue 6Tt npénet va elvon unepapLiunolo.
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(Y) Av z ¢ E t6te undpyer Va avowxth neployf tou z ye V, N E = 0. Etot, hly, =0 xa
dpa N h elvon cuveyhc oTo .

Yn ouvéyewa detyvouue 6t N h elvon acuveync oto K. Ilpdypat éotw x € E xou
0 > 0. Aloxplvoupe TiC TEPLTTHOOELC:

o x c E° Toteundpyouv g € QNE, r€cQ°NEpcr -9 <qg<r<z+4. Apa,
€youue
mn((z — 6,2 +9)) = |h(q) — h(r)| = 1.
‘Etot, elvar 7 (x) > 1.
e r € F\ E°. Téte undpyet r ¢ E dote |x — r| < §. Etor, elvon
mh((x — 6,2 +96)) > |h(x) — h(r)| = 1.

Qote, mh(z) > 1.

Onéte, oe x&ie neplntwon av @ € E éyouvye 1,(x) > 1.

(8) Av z ¢ E, t6te n fg elvar ouveyrc oto z. Hpdypat éotw € > 0. Trdpyet ng € N
wote - <& Tote, a ¢ By U--- U Ep,, dpa undpyer § > 0 pe

§ < dist(z, By U---UEy,,).
Koatémy, Staxplvoule Tic TEPITTWOELC:
e Avye (zx—0,24+0)NE°, 6t |fely) — fe(x)]=0<e.

e Avy e (z—0,2+0)NE, éneton 6t undpyer m € N dote y € E,,,. Térte, avayxaotixd
€youue m > ng (e€nyhote ytl). Etor,

1 1
< <e.
min{n:y € E,} ~ ng+1 c

Ife(y) — fe(2)| =

Yuvenwg,  fr ouvexhc oto z € R\ E.
Y1n ouvéyela anodexvooude OTL 1 fi elvan acuveyhic o xdlde = € E. Ewdwotepa, Yo
del€ouue TNy avicdTnTa

1

(*) Tf;;(-%') > m7 reFE

6mou N =min{n e N:z € E,}.

Anédeén ng (x). Eow z € E xaw § > 0. Téte opiletar o N, = N xou €yovye 6Tl
& Upen Er (evdeyopévoc U,y EBr = 0, av N = 1). Awxplvoude Tepintdoec 6mwe
oto (y):
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o x € Ex\ B} Tote, undpyer y & U<y Ej (€€nyhote yiol) pe |y — zf < 4. Tore,
Todpvouye

1
_ > — > — —_—
Tte((x = 6,2+ 0)) > [fe(z) — fE()| = [fe(2)| - [fB(y)| = NN+ 1)
E3¢ éyouue ypnowonotfioer v avicétnta | fe(y)| < N+1 L "Apa, v xdde 6 > 0
woyler T, (=8, 2+0)) > [N(N+1)]7! an’ 6mov énetan 6t 74, (x) > [N(N+1)]71

o € EY. Tote, undpyouv g € ENNQ, r€e ExNQpuez -0 < qg<r<z+9. Apa,
€youue

1 1 2

7sp (= 0,24 9)) > |fu(e) = fulr)] = min{n: q € E,} + min{n:r € E,} ~ N

Enopévec, evon 74, (z) > &
Suvodilovag éyoupe 6Tt Tr, () > [N(N + 1)] 7! yia xdde z € E.
5.19. Acitte 6t: av (Ly,) efvar akodovdia evlady oto R? téte int (U, L) = 0.

Trédbaén. Kdéde L, eivoar xhewotéd utochvoro tou R? pe xevéd eowtepind. TUvende, 10
G = R?\ L, elvar avorxté xor tuxvéd utocivoro tou R? yia xdde n € N. Arné 1o Yedpnua
Tou Baire, 1o cUvoro G = ﬂiozl Gy, elvor Tuxvé G utochvolo touv R2. Tuvende,

R2\int<[j ) RQ\UL:ﬁR2\Ln):ﬁGn:@:R2,
n=1 n=1 n=1

an’ 6mou éneton 6t int (U, L) = 0.

5.20. Acetre 61 dev vndpyer petpixn d oto Q doze n d va eivai i0odVvaun pe wn ovvnin
petpikny kat o (Q,d) va eivar mAnipng.

Trédatn. Tmodétouue 6Tt undpyet yeto) d oto Q Wote 1 d va elvon 1GodUVOUN UE TN
ouvridn petp xat o (Q,d) va eivar TAfiene. Tpdgouvue Q = {g, : n € N}. Agob n d
elvor LoodOVaun pe T cuvhdn peteh, xdde yovooivolo {g¢, } elvar d-xhelotd xon Eyetl xevod
eowTeEPi6 (oAAdS Vot Aoy avouxté utosivoro tou Q ue tn cuvhdn uetpixr)). Tote éxoupe
drono and tn deltepn poppy Tou Yewphuatoc Tou Baire, di6tt Q = (o {gn } xou éxovue
unotéoer 6t o (Q, d) elvar Thene.

5.21. Acilre 6n1 dev vndpyer axolovdia ovvexdy ouvaptioewy fp, : R — R ue tny 1dwtnta

vy xde x € R, lim f,(x) = xo(z).

1Ay E, w6 |fe =0,evoavy € F, t6te min{n:y € E,} > N + 1.
) s Yy ) ) s Yy 2
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Trédbetn. Tnodétoupe 6Tt uTdpyeL axoloudia cuveYdY cuVaETAoEWY fr, : R — R pe v
Wiétnta limy, o0 fr(z) = xo(x) i xdde x € R. Tére, wylbel 1o e€hc: € Q av xat ubévo
av v xdde k € N undpyet n > k dote f,(x) > 1/2 (1o0d0vaua, f,(z) > 1/2 yia dretpoug
@uotxole n). Me dhha Adyia,

gl

Mpdrypatt, av z € Q éyovue fn(xz) — 1 dpa frn(x) > 1/2 tehixd, ondte f(z) > 1/2 v
dmetpoug puotxols n. Amd TV GAAN Thevpd, av « ¢ Q éyoupe fn(x) — 0 dpa fo(x) < 1/2
telxd, omdte undpyet k Oote yia xde n > k va woyler fr(x) < 1/2. Autd anodewxviel
Tov avtioTtpogo eyxheoud (enyhote yiatl).

Mopatneolue thpa 6T, Yo xdde k € N, o clvolo

o0

{zeR: f,(z) > 1/2}) .
k

n=

Gr=|J{zeR: fu(x) > 1/2}
n=~k

elvo avoxtd oOVOAO WS EVWoT avoXTOY oLVOAwy: Yia xdlde n € N 1o ocbvoro {z € R :
fn(z) > 1/2} elvon avouxto, diott n f, elvar ouveyhc. Tuvende, 0 Q = (e, Gk elva
Gs-unocvoho tou R. Autd éyoupe det 6T Bev toyleL: xdde tuxvd xar G5-UTOGUVOAO TOU
R eivar unepapriunoipo.

5.22. Eotw (X, p) mAipng petpikés xapos kai dvo ovvaptrioes f, g+ X — X. Anodetére
dti:

(o) Av vndpyer k € N dote n f* = fo-- o f va efvar ovotolr, tére vndpyer povadixd
onueio © € X dote f(x) = x.

(B) T Av 1 f elvow oLOTONA xou f o g = go f, téte UTdpyEL Hovadxd = € X GoTe

f(@) = g(x) = .

Yrdédaén. (o) Hopatnpolue mpwta 6t: av n f éxer otadepd onuelo téte autd elvan
povadixd. O Adyoc elvon dtL xd¥e otadepd onuelo tne f etvar enfone otadepd onuelo tng
IF (e&nyfote yioth) xou n f* wc cuoTohy| éyel povadixd otadepd onuelo.

Agol 1 f¥ elvor cuotoly), undpyet z € X dote fF(z) = 2. Téte, f(z) = f(f*(2)) =
FE(f(x)) (36T fo ff = fFof= fErl) dniadh 1o f(x) eivor enione otadepd onueio tne
fE. Ouoc, wo cuoTol éxel povadind otoadepd onueto. Tuvende, f(r) = z.

(B) H f elvar cuotold, dpa éxel wovadind otadepd onueio x € X. Méver va detloupe 6Tt
g(x) = x. ‘Opwc,

g(x) = g(f(x)) = (go f)(z) = (fog)(z) = flg(x))

dnhady, 1o g(z) elvon otadepd onueio e f. Aol to povadixd otadepd onueio tne f elvar
0 x éneton Ot g(x) = 2 = f(x).
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5.23. Eotw f : [0,00) — R ouveyns ouvdptnon. YmoBérovue 6t undpyer avoiktd
ddotnua (a,b) C [0,00) pe tny €€nis 1bidTnta: ya kde y € (a,b) wyve lim, . f(ny) =
0. Anodeiéte dt1 lim, o f(x) = 0.

Yréoeitn. Xowpic PRGN tne yevixdtnrog unoétouue ot yia xdlde y € [a, b] woylet lim, oo f(ny) =
0 mepvidvTac ot éva xAetotd vnoddotnua tou (a,b). Eotw € > 0, opllovpe to cUvVONa

K, ={z€la,b]: Vk>n, |f(kz)| <e,} = [{z € la,b] : [f(kx)| < &}

k=n

To K, elvar xhetotd utochvola tou [a, b] 8ot ) f elvon ouveyhic. Enlong, and tny unddeon
wylet [a,b] = U K. Kadac, o [a,b] elvar ihfpng petpids yopog, and 1o Yedpnuo
Baire éyoupe 6t undpyouv ng € N xau dwdotnua (¢,d) dote (¢,d) C Kp,. Anhady, yio
xdde y € (e, d) xaw vy xde n > ng woyler |f(ny)| < e, woddvaua av y € (noc, nod) U
((nog+1)e, (no+1)d)U- - t6te | f(y)| < e. 'Opwce, 660 10 n avZdver ta Sracthdata yivovtoL
emxohuntéueva. ‘Etol, av emiéZovue m > max{ng, 7%} t61e U;’;m (je, jd) = (me, +00)
xar oav & > me 16t |f(2)] <e. Apa, lim,_. f(x) = 0.

5.24. Eoww f: R — R drepes popés mapaywyionun ovvdptnon. Yrmolétouvue dti: yia
kdle x € R vndpyel n, € N dote, yia kdle n > n,, f(x) = 0. Acitre éun f eivar
TOAUGY UHO.

Yrédbaén. Ow dellouue T WoYLEOTEPO: av uia amepidpiota mapaywyioiun ourdpTnon
f:R — R &ty itidtnra «<ya xdde x € R vndpya n = n(x) € N dote f)(x) = 0»
Tote n f efvar modudvupo.

Trodétouue 61 Bev oy el To ouunépacya. Oewpolue 10 cUVolo A Shwv Twv = € R Yo
o omola dev LTdpyEL (AVOIXTH) TEPLOYT TOU T WOoTE av Teptoploovue TNy f exel vor elvan
nohudvudo. Téte, woybouv ta e€hc:

e To A eivar pn xevéd. Hpdypat: av Atav A = 0 tote v xdde =z € R undpyouy
avowxth teptoyn Vy Tou & X0l TOAUOVUUO Py GOTE fly, = pg. Av I elvar xhetotd xou
ppaypévo didotnua, téte Yoo xdle = € I undpyet V, avoxth Teploy Tou T WoTE
flv, ghvon torudvupo. Téte, ta (Vi) zer AMOTEAOUY avorxTtd XEAUVUUO TOU GUPTOYOC
I, dpo undpyouy 1, ..., x € I dote I C Ule Vi, xoun fly, ebvar mohudvupo. Tha
wde 1 < i < k undpyer n; € N dote £ (x) = 0 yia xdde x € Vy, N 1. Oétouue
n = max{ny,...,n.} onéte f( =0 oto I. Apa, n f|r eivar TohudVLYO Yo xG0e
XheloTéd xou pporyuévo Bidotnua I. (Enuelwon: to fripa avtd artiodoyeftal kar xwpis
va kdvouue xpnon tns ouundyeas twy kKAewtdy duotnudtwy — e€nynote yati).
Ocewpolye ta dwothyata J, = [-n,n] ya n = 1,2,.... Téte vndpyet axohoudin
TOANWVOUWY Dy, OOTE f|g, = pn. [ xd¥e n € N woybel p,(z) = p1(x) v xdde

€ [-1,1], dpa pp, = p1 yra n = 1,2,.... Tuvende, f(x) = pi(x) v xdde = € R,
epboov R =) | Jn.
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e To A elvar xhewotéd. Hpdypatt: av Yewproovue y € A° téte undpyer § > 0 xat ps
TOMGOVUPO WOTE f|y_sy+s) = Ps- Tote, av z € (y — 6,y + 0), undpyeL € > 0 Gote
(Z —&z+ 5) - (y - 55 Y+ 5)7 onote f|(z—£,z+6) =DPs- A'{])\O(B‘f], (y - 67 Y+ 5) C A-
YUveETHC, T0 A° elvar avouxTo.

Elvou yvwoté 6t o A elvar mhipng petpixdc undyweoc tou R ue v cuvAdr yetpny.
Eniong, ta olvola
E,={zeR:fM(z)=0}

elvon xheotd agol eivon o cOVora ELlwV CLVEXGY cuvapThoewy. Ondte, egapudlovtag To
Yedpnua tou Baire otov utdyweo A, Beloxoupe 6t undpyer m € N dote int 4 (ANE,,) # 0.
Anhadn, undpyouy xo € AN Ep, %ot 6 > 0 dote

(1’0—5,1’0+§)ﬂA§Em.

Ioxvpiopds 1. Toyter (zg — 6,20 +0)NA C (72, Em, Shadh av € (z9 — 0,20 +0) N A,
t6te (M) (2) = 0 yia xdde n > m.

IMpdrypatt av 8e ouvuPaiver autd, ToTE UTdpy oLy & € (Tg — 0,20 + §) N A xou n > m Wote
M (x) # 0% fF(z) =0 yaam <k <n. YTrndpyer n > 0 Gote (z —n,x +1n) C
(zo — 6,20 +6) xar fO(t) # 0 yio x&de |t — 2| < 1. Téte, yia x40 0 < |z — x| < n and
0 Vewpnua tou Taylor undpyet t, € (x —n,x + 1) dote

)TL*m

(z—=z)" ™™ () = (-

() (5) = £ ()4 (2—a) FOPHD) () F T ko M
70 (E) = J @) D @) e

Anhadn, eivar (z —n,z +n) N A = {z}. Ar’ autd énetor (ue éva emiyelpnua cupndyetog
OTWE TEW) OTL N fl(g,24n) EVAL TONUGVLUO X0 6UOWL N f|(—p ) VoL TOAUGVLPO. Apa, 7
flw—n,atn) evor ToAuGVLPO. AtoTo, and oV oploud Tou .

Ioxupiopds 2. Ioyber (vo —0,20+6)NA® C ()5, Ej (Spa elvor (x0— 6, 19 +0) C Nj>m b
xaL EYOUUE dToTo, To omolo anodetxviel To {NTolueVo).

Tpdrypat éotw t € (xg — 6,20 + §) N AC. Té1e undpyouy € > 0 XL TOAVWOYVUO P WOTE
(t—e,t+e) C (xo—0,2040) % fl(1—c t4e) = Pe- 'Eoto [a,b] to yeyiotnd dudotnua, To
onolo nepLéyet 10 t xat fliq5 = pe. Tote, elte a € (20—6, 20+6)NAND € (x0—0, 20+5)NA
(av yio mopdderypa o < t, tét€ x9 < @ epboov xg € A xat a € A and T YeYLOTIXOTNTA,
dnhadh a € AN(xg—9,20+0)). Ac unodéoouue ét a € (zg— 0,29+ 06)NA (buoto n dhhn
nepintwon). Tote, av r = deg(p.) éyovpe M (a) # 0 xu f(M(a) = 0 v x&de n > m
(a6 tov Toyupioud 1). Onéte, r < m. Anhadi, yio x&de = € [a, b] woylter £ (x) = 0 y
wdde n > m. Ebdwdrepa, f0)(t) = 0 yio xéde n > m.

5.25. Eotw (X, d) nAipns petpikds yopos, E nukrd ka1 Gs—vnootvolo tov X. Amodetére
b1 yia kdOe opoopoppioud h: X — X wyva ENh(E) # 0.

Trédaén. Hapatnphote npdta 6Tt xdie ouologop@iopdes anewoviler obvora G5 o Ghvola
G5 %ot Tuxvd cOVoha o€ TUXVE cUvola. Xuvenwe, 1o h(E) eivar tuxvéd xar Gs LTOGUVOAO
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tou X. Lo ovyxexpwéva, E = ()7~ G, 6m0u G,, avoixtd xou muxvé utocivoha tou X
xoaw h(E) = (7., Vy, 6m0u xéde V,, = h(G,,) elvon avorxtd xar muxvéd utocivoro Tou X.
Aol o (X, d) elvoar mhpng, to Yedpnua tou Baire poc e€aogoaiilel 1L 10 olvoho

ENh(E) = <§1Gn> N (ﬁvn>

elvor Tuxvé Gg-utoolvolo tov X. Edwdtepa, £ N L(E) # (.






Kegpdhaio 6

2IVUTTAYEIC LETEIXOL Y WEOL

6.1. Eva vnootvoro K tov X Aéyetair ovunay<s, av €lvar ouumayns HETPIKOS XWPOS e
™ oyxenkn petpikn. Aeite dn avtd efvar 1w0odUvapo pe to €€ng: yia kdOe kdOe avoixtd
kddvppa (V;)ier tov K vrdpxour i1, ..., iy € I dote K C Ui, Vi;.

Yrédaén. YTrodétoupe mpodta 6t 1o K elvon ovunayés (e tn oyetixh yetpwr)). Eotww
(Vi)ier avowxtd xdhvype tov K. Térte, to (K N V;)ier evon avowtd otov (K, plr) xau
K = U;e; KN Vi. Agol o (K, p|i) eivor ouunayhc, Udpyowy ii,. .., i, € I dote K =
Uj=1 KNV, Tote, K CUj_, Vi,

Avtiotpoga: unoldétoupe 6 yia xdde avoxtd xdhvppa (Vi)ier tou K undpyouy
i1,...,ip € I ®ote K C U;;l Vi;- Oa oeioupe o1t o (K, plk) elvon oupmayrc uetpuxoe
YWpo<. Oewpolue tuy6v xdhvpua (W;)er tou K and avowxtd cbvora W; oto K. Tére,
unidpyouv (U;) avouxtd otov X dote Wy = KNU; yaxdde i € 1. Eyovpe K = {J;c, Wi =
Uies (K NU;) € User Ui And v unddeon undpyouy iy, . .., i, € I Gote K C U, Ui,
Tote, K = U (K NU;;) = Uj—, Wiy Suvende, o (K, plk) elvor ouunayfic petpueoe
YWPOC.

6.2. Fotw a < b oto R. Xpnowornowdvtag pévo tov opiojd tov ovumayols uetpiikol
xdpou betéte 61 to [a,b] elvar ouunayés vmoovrodo tou R ue tn owwndn petpixry, evd
ta wotiuata (a,b), [a,b) xai [a,00) dev eivar ouurayr vrootvoda tov R pe tn ouvriin
UETPIKT.

Yrdédaén. H nepintwon tou [a,b] eivar 1o Yedpnuo Heine-Borel: xdie avouxtd xdhvupa
(Vi)ier Tou [a,b] éxer nenepacpévo urtoxdivpya. T tny anddeln, Yewpolye 10 obvolo

A={z € la,b] : [a,z] xahdnTeTon and nenepaouéva and to V;}.

Hpogavae, A # 0 (Bt a € A) o 10 A elvar dvew gpaypévo. And to aliwya e
TANEOTNTAC TWY TEAYHATIXOY aptdu@y €xoule 6Tt utdpyer s € R dote s = sup A. Edxoha
Brémoupe 6Tt a < s <bxatava <z < s tot€ x € A.
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Ioxupiouds 1. Eivar b = s.

Av unodéooupe 61t s = sup A < b, tdte undpyel ip € I dote s € Vi,. Aol 1o V) elvau
avowxtd, undpyet 6 > 0 dote (s —d,s+0) C Vi, Na,b]. Apa, T0 [a,s — §/2] xahdnteTol
ané nenepaopéve and ta V; xou 1o [s — §/2,s + 0/2] nepiéyeton oto Vi,. ‘Emeton 6t 0
[a, s + /2] xalOmteton and nenepacpéva ard to V;, To ornolo elvar dtono 86Tt s = sup A.
Yuvenwe, b= s.

Ioyupopds 2. Ioylel b € A.

IMpdrypott umdpyet ig € I dote b € Vi xon agol 1o Vi elvon avowtd undpyet € > 0 cote
a <b—exu (b—e,b+e) C V. Ané tovioyupioud 1 éyoupe 6t b—e € A, dpa t0 Sidotnua
[a,b— ] xahOmteton and mencpacuéva and ta Vi. Agol [b—e,b] CV,,, ovunepaivoupe 6Tt
70 [a, b] xoahOnteton and nenepaopéva and to Vi. Tuvernde, b € A.

Ané tov Ioyuptoué 2 éneton 6t 10 [a, b] elvar oupmayéc.

To (a,b) dev elvar cuumayéc agol av Yewpricoupe to avoixtd xdivupe (Vy,) ye V,
(a,b— bz_na), n=1,2... atd dev éyel nencpaouévo unoxdhupua (topatnerote 6t V, C
Via+1)- Me tov (B0 tpdmo delyvoupe dti to Sraotipata [a, b) xou [a, 00) dev elvon ouunayh
unoolvola tov R dewpdvtac avtiotoya ta avowxtd xohdupota (Gp) xow (W), 6nou
Gn=(a—1,b—29) xu W, = (a—1,a+n).

2n

Nl

6.3. Av A, B eivai ouurayrj vroovola evds petpikov ydpou (X, p), arodetéte dti to AUB
elvar ouumayés.

Yréoaén. Eotw (U;)icr évor avoxtéd xdhuppo tov AUB. Téte autd elval avoixtd xdhvyya
yiot xadéva and o ovunayr A xou B. ‘Etot, undpyel nenepaopévo unocivolo 14 tou 1
wote A C User, Ui xou undpyer nenepaopévo uroctvoho Ip tou I dote B C U;e;, Ui
Topa Brénovye apéowe 6Tt o cbvolo J 1= T4 U Ip elvon menepacuévo unocUvolo tou |
xau oyler AU B C ey Ui

6.4. Eotw (X, p) petpikds xipos kat E, F' vroovvola tov X dote to E va €ivar ouunayés,
t0 F' kdeiotd ka1 ENF = (. Anodettre én dist(E, F) > 0.

Acire eniong én vrdpyour A, B kheotd, Eéva vrootvola tov R? dote dist(A, B) = 0.
Yrédaén. Oewpolye tn ouvdptnon f : B — R e f(x) = dist(z, F'). 'Eyouye del 61 n
f elvon ouveyric ouvdptnon (udhota eivon 1-Lipschitz). Agol to E elvon ouugnayée, n f
nadpver eEdytotn . Anhads, utdpyet zo € E dote

fzg) = gggf(x) = inf{dist(z, F) : ¢ € E} = dist(E, F).

Hopatneriote 6t g ¢ F (agod ENF = 0). Aol to F elvaw xhewot6, éxoupe dist(E, F) =
f(x()) > 0.
T to mopddetyua, Jewpolye o Eéva xhelotd unoctvora A = {(z,0) : z € R} xa
B={(z,1):2# 0} wou (R%,|| - ||2). E0xoha Brémouye 6Tt
1

dist(4, B) < —
||
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yioe x&9e z # 0, dpa dist(A, B) = 0.

6.5. Eotw (X, p) petpikés yapos. Anodeibre dui:

() Av x € X ka1 A ovumayés vnootvodo tov X, tdte vndpyer y € A dote dist(z, A) =

plz,y).

(B) Av A, B efvar ouunayrj vntooUvola tov X tdte, undpyour x € A,y € B dotedist(4, B) =
pla,y).

Yrédaén. (a) Ttadeponowiue z € X xou Yewpolue ) ouvdptnon fo : A — R ue

fa(t) = p(t,x). H fi elvan ouveyhic xou 10 A elvan ouunayée, dpa 1 f, malpvel ehdytotn

T o€ xdnowo y € A. Torte, p(z,y) = fo(y) = infica fo(t) =: dist(z, A).

(B) And tov opioud e andotacne cuVOAwY UTdpyouv axoloudies (ay) xat (b,) oto A

xat B avtiotolywe dote p(an, by) — dist(A4, B). Eneldy to A eivar axohouvdiaxd cupmayéc

udpyouy & € A xon unaxohoudia (ax,) e (an) dote agp, 2> z. H (by, ) eivor axoloudia

oto ouurayéc B, dpa undpyouv y € B xaw unaxoloudia (br, ) tne (bn) dote b, Ly,

Téte, enedh) n (ax,, ) evon umoxohouvdio Tne (ag,) éyxoupe OTL ag, L . Eneta 6

plary, by, ) = p(x,y). Agob n (p(ak,, bk, )) evar uroxohovdio Tne (p(an, by)), éneton

6w dist(A4, B) = p(z,y).

Ynueiwon. Me éva tapduolo emtyelpnuo axohovdioxhc cuundyelog Yo uropoloe vo anodeLy-
Vel xou 70 (a).

6.6. FEotw (X, p) petpikds xdpos.

(o) YrmoOéroupe éu vndpyet € > 0 dote ya kdde x € X o olvodo B(w,e) va efvar
ovunayés. Aetére 6t 0 X efvar tAnipns petpikds xdpos.

(B) Av ya kdOe x € X vrndpyer € > 0 dote to olvolo B(x,e) va efvar ouunayés, tte
etvar 0 X kat’ avdyknv mAnpng;

Yrédeitn. (a) 'Eotw (x,) wo Baowu axoroudio otov (X, p). Oewpolue 10 € > 0 e
undleong. Agol 1 (z,) elvar Baowd, undpyer ng € N dote z, € B(xp,,e) v xdde
n > ng. Ané v unddeon, 10 oOvoho K = B(xp,, ) elvon ovunayéc xon N (Tn)n>n,
neptéyetan o€ avtd. Apa, undpyovy x € K xou utaxohoudio (xk,) TS (Tn)n>nge, N OO
ouyxhiver oo z. Hapatnpriote 6t N (xg,, ) elvon vaxorovdia e (z,). Aol n (x,,) elvan
Baowh, Eneton 6T &y, — . Autd anodewxvie 6Tt o (X, p) elvon TARene.

(B) AdBog. Oewpolye Tov peted xopo X = (0, 1) pe  ouvAdn petpu. Téte, yiou xdde
x € (0,1) undpyet e, > 0 dote B(x,e,) = [ — 0,2 +€4] C (0,1) xou xdde B(x, e,) elvon
ouvumayéc. ‘Ouwc, o (X, |- |) dev elvar mApne HeTELXOC YOpOC.

6.7. Eotw (X, p) ouunayris petpikds xapos kat f : X — Y. Aetére du ta axdlova eivar
1wodUvaua:

() H f efvar ouveyris.

(B) H ouvdptnon ypdgnua Gy : X — X x Y ue Gy(x) = (z, f(x)) elvar ovvexris.
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(v) To ypdpnua Gr(f) = {(z, f(z)) : © € X} efvar ovurayés otov X x Y.

Eivai avaykaia vnéleon o petpikds xdpos X va eivar ovurayng;

Yrdédaén. (o) = (B). Auth n ouvenaywyn oyVel Yevxd: dev ypnoylomoodue Ty uvnddeon
¢ oupmdyetag tov X. Eotww x € X xa (z,) axolovdio oto X dote x, — 2. And
ouvéyeta e f éyxoupe ot f(x,) — f(z). Apa,

Gy(an) = (xn, f(2n)) = (2, f(2)) = Gy (2).

Ané v apy T petagopdc énetan 6t M Gy elvan cuveyhc.

B) = (v). Apob n Gy : X — X XY elvon ouveyhc xau 10 X elvon ovunayée, énetar 6Tt
G5 (X) elvar ovunayés vnoctvoro tou X X Y. Ouwg, o G (X) elvar axpiBde to ypdenuo
e f, dnhadh Gp(X) = Gr(f).

(v) = (o). Eow xg € X xou z,, — p. D va det€ouue 6t f(x,) — f(wo), apxel va
deilZoupe ot xdde unaxoroudio Tne (f(xy)) éxer nepoutépw unaxorouda, N onola GUYXAiveL
o0 f(zo). Eow by (f(xg,)) vraxorovdia e (f(zn)). H ((zk,, f(zk,))) e
axohoudia 610 ouunayéc ovvoho Gr(f). Apa, undpyouv z € X xou vnaxorowdia (xy,, )
e (vx,) ©ote (g, , f(7r,, ) — (2,f(2)). Emedd, o X x Y elvar egodiaopévoc ye
xdmota and TS YVWOTEC PETPXEC YWOUEVO éretan 6Tl xk,  — z xou f(ag,, ) — f(2).
AMNG, wp,  — o, 0o N (T, ) ebvon umaxohowdio e (2,,). OnéTE 2 = o XU €xouye
ou f(ar,, ) — f(wo).

H unédeon tne oupmdyesloc tou ediov oplopol eivar anapaitntn: Av Jewpricouvye
owvdptnon f: (0,1] — R pe f(z) = 1/x té1e aut elvon ouveyrc oto (0, 1] ye ™ cuvhdy
HETPLOA, aMAG T Ypdonud tne dev efvar gpayuévo otov (R2, || ||2), dea olte xou ouprayéc.
Mapatneiote étt to (0, 1] dev elvar ouprayéc vnoolvoro tou R (e ™ cuvAdn petpu).

6.8. Eotw (X, p) petpikds xdpos kar ' C X. Anodeiére dut o F elvar kAewotd av kai
uérvov av ya kdle ovunayés vrootvodo K wov X w0 F N K efvar kAeotd.

TréoeiEn. Trodétoupe mpdta 6Tt T0 F elvan xAetoTtéd xon Yewpolye éva K oupnayéc. Tote,
10 K N F elvar xAetot6é we Tout| TETolwy.

Avtiotpoga: éotw 6T yia xdde oupnayéc K, 1o K N F eivon xhewot6. Oa deifoupe 6Tt
10 F elvon xhetotd. Oewpolye pia axoroudio (x,) oto F dote x, — x € X. Qo delloupe
ot 10 ¢ € F. Tlpdypate av Yewprioovpe to ouvunayéc K = {z, : n € N} U {z}, téte 10
K N F elva xhewot6. Opwe, n (zy,) tepéyeton oto K N F xou ovyxivel oto x. Eneto 6t
r € KNF, eWdwodtepa, z € F.

6.9. Eotw (X, p) ouurnayng petpikds yopos. Amodeibte ot
(o) KdOe 1wopetpia f: X — X elvar enl.

(B) Av (Y, 0) elvar petpixds xopos dote va vrdpyovy wopetples g : X — Y karth: Y — X,
Tote ka1 0 Y eivar ovumayng.
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Yrdédeitn. (o) Eotw 61t dev oyler 1o ovurnépaocpa. Tote, undpyet ¢ € X dote x ¢ f(X).
Aol 1 f elvan ouveyhc xan 0 X ouunaynic, to f(X) elvon ouunayés vnocdvoro tou X, dpa
§ = dist(z, f(X)) > 0. Oewpolue v axorovda (x,) n onola oplletar avadpouixd and
TUC To =T XU T, = f(Tn—1) Yian =1,2,.... Ilupatnpolue 61t 1 (2y,)n>1 TEPEYETAL OTO
f(X). And tnv axohoudioxh oupmdyeia tou f(X) ouvunepaivoupe 6Tt UTAEYOLY Ty, Ty, UE
m>n>100tE p(Tm,zn) < (EEnyHote ywtl). And o yeyovée 6t v f elvar tooyetpia
TEOXVTTEL OTL

p(ﬂfm,l"n) = P(f(xm—l)v f(xn—l)) = p(Tm—1,Tp-1) =+ = p(xm_n,x).

AN 2 € f(X), ondte dist(x, f(X)) < p(Xm, Tn) < 0, dT0TO.

(B) Oewpolye ) ouvdptnon hog : X — X 7 omola elvon loopetpio we oOVIEOT LOOUETPLNY.
Enedr o X elvar ouunayic, and to (o) éneton 6t glvon xon ent. Tédte, nh: Y — X elvar
eni: av z € X enedf n hog elvaw enl undpyel z € X dote (hog)(z) =z. Twwy =g(2) €Y
éyouue h(y) = x. Apa, n h: Y — X elvar wooyetpio eni. Egdoov, o yodpor X, Y elvan
toopeTpixol xou 0 X elvon ouunayhc, €neton to {nToduevo.

6.10. I'vwpilouue dut kdOe ovumayés vroorodo K evds uetpikod ydpov (X, p) eivar
ppaypévo. Amodeitre dt vndpyovr z,y € K dote p(x,y) = diam(K).

Yrdédeitn. 1n Anddeén. Yrdpyouv (), (yn) axoroudiec oto K &ote p(Tn,yn) —
diam(K). Enewdn to K eivou ouynayéc undpyouy z,y € K o unaxoloudiee (xk, ), (yk,)
Vv (zy), (yn) aviiotoyo OoTe T, — ot Yk, — y (eEnyfote yiatl). Tére, p(zk,, Yk, ) —
p(x,y). Enedn, n (p(xk, Yk, )) evon unaxoroudio e (p(zn,yn)) €neton 61t diam(K) =
p(z,y).

2n Anéden. Oewpolue ) ouvdptnon f : K x K — R ye f(z,y) = p(z,y). Tvwpilouvue
ot n f elvon ouveyhe xou 6t to K x K elvaw ouunayéc. Apa, n f nalpvel yéyiotn T,
dnhadn undpyouy z,y € K dote max f = f(x,y). Tore,

plz,y) = (t’sr)réz}?(XKf(t, s) =sup{f(t,s): (t,s) € K x K} = diam(K).

6.11. Eotw (X,d), (Y, p) petpixol xdpor ue tov'Y ovunayrj ka1 f : X — 'Y ovvdptnon.
Acitre 6n1 ta akbérova efvar iw0odvvaja:

() H f etvar ouveyris.

(B) To ypdgnua Gr(f) wns f eivar ket orov (X X Y, p1).

Yrdédaén. (o) = (B). Onwc eldope otny ‘Aoxnon 7, auth 1 CUVETAYWYN oY 0EL YEVIXA
xwelc ™y vnédeon e ovundyeas Tou Y).

B) = (o). Eotw xg € X xou (x,) axoroudio 010 X dote x, — xo. Lo vo delloupe 6t 1

(
(
(f(xn)) ouyxhiver oto f(xg), apxel va dei&oupe 6Tt xdde unaxoroudia (f(zk,)) e (f(xn))
€yl Tepautépw utaxohoudia, 1 onola cuyxhivel oto f(xg). ‘Eotw hotndv yro unaxoroudio
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(f(zg,)) e (f(zn))- H (f(zk,)) nepéyeton oto ovunayéc Y. ‘Apa, undpyouv y € Y xo
sraohoudia (F(a,, ) e (flan, ) Gote flar,, ) — y. Tore, (any, S, ) 2 (20, y).
Eredf, n ((Try,, f(2ry,))) mepiéyeton oto xhewoto Gr(f) éyouue ot (wo,y) € Gr(f),
dnhadh y = f(xo). Apa, f(xkkn) — f(=zo).

6.12. Eotw (X,p) ovurayris petpikds yopos kar (Fp) ¢divovoa axolovdia kAewotdv
unoourddwv tov X. Aeite du:

() Av G efvar avoikté vrootrolo tov X &owe (), F, C G, tdre vndpyet ng € N e
F,, CG.

(B) Av "o, F, = 0, tdte vndpyer mg € N dote Fpy = 0.

(v) Av N,—, F etvar povootvolo, téte diam(F),) — 0.

Yrédatn. (o) Haipvovroc cupminpduota otn dodeloa oyéon, éyoupe G C |J o, Fr.
Téte, w0 {FS} anotehody avoxtd xdhugua tou G xon autd elvon GUPTUYES WS XAELGTO
UTooUVOAO cupTaYoUC PETPXOU Ypou. Apa, LTdpYOLY N1, ne,...,n; € N dote G¢ C
U?:l Fy . ©¢toupe ng = max{ni,...,ng} xou Tapatnpolue OTL U?Zl Fy o= Fg,. Apa,
G° C FfLO, 1 tood0vapa, F,, C G.

(B) HpoxVmter dueoo and 1o (o) av Yécoupe G = 0.

(v) BEow z € X ye ooy Fn = {2} xou e > 0. Tére, (N, Fn C B(z,e/3). Ané 10 (a)
undpyet ng € N dote Fy,, C B(z,e/3). Apa, yio xdde n > ng éyouye

diam(F,) < diam(F,,) < diam(B(x,¢/3)) < e.
Anhady, diam(F,) — 0.

6.13. Fotow f : (X,d) — (Y,p) ouwvexns ka1t K1 2 Ko O ... akolovdia ouuraydy
unoourdlwv touv X. Amnodeiére dn

n=1

Yrédeatn. O eyxhewopdc f(NS, K,,) C NS, f(K,) etvon tpogavic. 'Eotw y € N2, f(Ky,).
Téte, vy xdde n € N undpyer x, € K, dote y = f(x,). H axoroudia (x,) nepiéyetol
oto ovunayée Ky, dpa undpyouy & € Kq xau (xg, ) urtoxohoudio tne (z,) dote x, — .
Ioxupiopds. © € NS, Ky,
Mpdypatt, av m € N, téte Ky, € K,,. H vnaxorovdia (g, )n>m ™ (Tk, ) Teptéyetor
ot0 Kj,, xat ouyxhivel oto . Enewdy| 1o Ky, elvar xheloto, €youvpe © € Kj ,, onhodh
z € Ky, Agol 1o m € N frav tuyoy, éneton ot © € Npo_; K.

‘Eyouye ooy 6t f(x) € f(NS2, K,,). H f elvar ouveyre, ondte f(zk,) — f(z) xou
flzn) =y yia xd0e n € N. Apa, y = f(z) xou éyouye 10 cuuTEpPAGUAL.
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6.14. Eoww E C R un ouunayés. Acitre éu vndpyer ovvexris ovvdptnon f : E — R n
omota:

(o) Oev elvar ppayuévn.

(B) etvar gpayuérn adld Sev maiprver puéyoTn npn.

YrdéoeiEn. Aioxplvoupe 500 TEQITTWOELS:

e To E dev eivon xhewotd. Téte undpyer z € E' ye ¢ E. T 10 (o) Yewpolye

ouvdptnon f : E — Rye f(t) = ﬁ, 1 omola efvon cuveyhc, aAAd Syt Qpoypévn.

Ta to (B) Yewpolye ) ouvvdptnon g : B — R pe g(t) =
CUVEYTNC, PEAYUEVT aAAG SV Talpvel PEYLoTN TH.

1 ’ .
m, T} OOl ELval

e To E dev elvau gpayuévo. T'ia 1o (o) Yewpolye ) ouvdptnon f : E — Ruye f(t) =t
evod Yo to (B) Yewpolye g : B — Ryue g(t) = %l‘t‘ Auty elvar cuveyfic, pporyuévn
pe 0 < g < 1 xou dev molpver péyiotn T, d6t sup,cp g(t) = 1. (Hopatneriote
ot agol o E Bev elvar gpoyuévo, undpyer axohoudia (t,) C E ye |t,]| — oo, dpa

g(tn) — 1)

6.15. Eotw (X, p) ovunayns petpikés xdpos kar ovvdptnon f : X — X dote p(f(z), f(y)) <
plx,y) yia kdOe x,y € X pe x #y. Anodeibre éri n f éxer akpifds éva oralepd onpeio.
Yrédaén. YTnodétouue bt n f Bev éyel otadepd onuelo. Téte p(z, f(x)) > 0 yo xdde

z € X. Oewpolue ™ ouvdptnon g : X — R ye g(z) = p(z, f(z)). O X elvor ovunayng,
dpo undpyer o € X tote g(z) > g(zo) v x&0e z € X. T 10 f(zg) € X mapatnpoldue

ot f(xo) # o xou

9(f(@o)) = p(f(z0), f(f(20))) < plx0, f(x0)) = g(x0).

Auté elvan dtomo, dpa n f éxel otadepd onueio, to omolo elvar povadixd agol yia T # y
woyler p(f(x), f(y) < p(z,y).

6.16. Eotw (X, p) petpikds xipos. Anodeibte dti ta axdlovda eivar iwwodvaua:

() O X efvar ovunayri.

(B) KdOe ¢pOivovoa akolovdia (F,) un kevdv, kAeiotdy vnoouvédwy tov X éxer un kevi

topn), 6nAadn (., Fn # 0.

Yrédaén. (a) = (B). Trnodétouue 6t dev woyler 10 ovunépaoua. Téte undpyer eOi-

vouoa axohoudia (F,) un xevév xhetotédv utocuvérwy tou X pe (-, F, = 0. Talpvov-

tac ovumAnpouata éyoupe X = (U2, FS. Ta (FS) elvor avoixtd xor xoAOTTOUY Tov
. Lo , . . ko e 4o e

oLUTAY T UETPXO YOpo X. Apa, undpyouv ni,...,n, Gote X = Uj:1 Fy ., 1 woodlvaya,

ﬂ?zl F.;, = 0. Av ndpovye N = max{ny,...,ny} 161 Fy = ﬂle F., = 0 x éyoupe

dtoto.
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(B) = (a). Oua deiloupe 6Tt 0 X elvar TAipne xow olxd ppaypévoc. At tny unddeon xo
T0 Oedpnua tou Cantor €youue 6t 0 X elvon mApnc. Av o X Bev elvon olxd @poryuévog
téte undpyouvy § > 0 xou axohoudia (x,) otov X e p(Tn, ZTm) > § Yo n # m (eZnyrote
yiotl)., ©éroupe F,, = {xk : k > n} xa nopotnpodue 6t n {F), } elvon @divousa axohoudia
Y1) XEVOY X0t XAELOTOV LTOoLYOAWY Tou X. AW, (o2, F,, = 0 xt éyoupe avtigaon,.

6.17. (o) Eotw (X, p) mripns petpikds yopos kar A C X . Aette dti to A elvar ovunayés
av kai pévov av €lvar KA€10To Kair ohikd ppayuévo.

(B) Eoww (X, p) ohikd gpayuévos petpicds xipos. Aectre 6u n miipwori wou (X, p) elvar
OUUTaYNS UETPIKOS XWPOS.

Yrdédeitn. (o) Trnodétouue 6TL 10 A elvar ouvunayéc. Téte (ndvtote) o (A, pla) elvar
TAMAENE Xt OAXE QPPOYHEVOC UETPXOC UTIOYWEOC. JUVETMS, T0 A elvar XAELoTO Xot OAMxd,
@paypévo utocbvolo tou X.

Avtiotpogar unotétouue 6tL to A elvar xhewotd xon ohxd gpaypévo. Agol o X elvau
TAfeng xat 10 A xheotd, éxoupe 6Tt o (A, pla) elvar TAene petexde ywpos. Emmiéov,
elvar oAwd Qparypévog, dpo GUUTAYHG.

(B) O X eivow muxvée otov X. Agol o X elva ONX. PPAYPEVOS, ETETAL OTL O X elvor ohuxd
poaypévoc (delte v Aoxnon 22(B) ). ‘Ouwce, o X elvor xou TAAeng, dpo elvon cuunayhc.

6.18. Eotw (X, p) petpixds yopos. Aeiére ot
() Av Aq,..., An elvar oikd gpaypéva vrootvoda tov X téte to Ay U--- U A, elvar
emiong olikd gpayuévo.

(B) Av A etvar ohikd gpaypévo vrootvolo tov X tdte to A efvar emiong ohikd ppaypévo.

YrdédeiEn. (o) Apxel va 1o delloupe yia duo olvora Ap, As. Katémy enaywywd Yo
éyouvpe o ouunépaopa. Eotww € > 0. Agol 10 A; elvar ohxd @poyuévo umdpyouy
T1,...,T, € A wote A C Ule B(z;,e). Ouolwe, undpyouvy yi,...,Y, € A WOTE
Ay C UjZ, B(yj,€)- ©étoupe Z = {a1,...,Th, 41, -+ Yn} C A1 U Az pe card(Z2) < oo
xow Ay U Ay €U,z B(z,¢).

(B) Eow ¢ > 0. Agol 1o A elvar olxd @payuévo umdpyouvy 1,...,x, € X ©OOTE
A C Ule B(wz;,e/2). Téte, A C Ule B(zi,e/2. Ané v B(x;,e/2) C B(xy,€) éneton
6 A C Ule B(xz;,¢e).

6.19. (a) Eotww f : (X,p) — (Y,0) opoibuoppa ovvexris ovvdptnon. Aeiéte éu n f
otélvel ta ohikd ppayuéva vroolvoda tov X o€ ohikd gpayuéva vroovvola tovY .

(B) A€tre dn1 nididtnTa tov ohikd gpayuévov dev datnpettar and opoopoppiools. (1n-
66€ién: Ta R ka1 (0,1) efvar opoopopgixd.)

Yrédaén. (o) ‘Eow A C X ohxd gpoayuévo xou éoww € > 0. Anbd v opotbuopen
ouvéyeta e f undpyet § > 0 dote, v xde x € X, f(B(z,d)) C B(f(x),e). To A elvar
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oMX, pporyUévo, dpa UTdpYoLY 1, ..., 2 € X dote A C Ule B(z;,6). Téte,
k k
F(A) € | F(B(x:),0) € | B(f(w:),e).
i=1 i=1

‘Eneton 6t 10 f(A) elvan olxd ppaypévo.

Oewpolue ™ ouvdptnon f : (0,1) — R ue f(t) = -+ — 1 n onola elvar yvnolwc
povpe N pTNnomn B it ¢t N

abZouoa ouveyhc xou enl. ‘Apa, elvar opgotopoppiopds. Ilapatneriote 6t 10 (0,1) elvan
OMXd poaryugvo, eved To R dev elva.

6.20. Aeibte du1 0 petpikés xdpos (X, d) eivar olikd ppayuévos av kar puévov av o (X, p)

etvar ohikd gpayuévos, 6mov p = -

Yrdédaén. Oewpolye v tavtotxh) anexovion I : (X, d) — (X, p). Zlpgpwvo ye v
"Aoxnon 23(a) apxel va detZoupe 6t or I, 171 elvon opotbpoppa cuveyelc. Autd bunc elvou
dueco (enyfote yotl): opxel va mopatnehoovue 6Tt (vl piot axohouvdia (a,) Yetixdy
TpaypaTix®y apriuey) wyleL a, — 0 av xaw pévo av - — 0.

6.21. (o) Eotw (X1,d1),. .., (X, dr) remepaouévn otkoyéveia ohixd gppaypuévov petpikdy
xopwy. Aeikte 6t o ydpos (X, p1), omov X = Hle X; ka1 p1 = Zle d; etvar ohixd
PPAYUEVOS UETPIKES X WDPOS.

(B) Aetére 6T éva vroorolo A tov RF efvar ourd ppayuévo av kar udvov av etvar gpayuévo.

Yréoaén. (o) Eotw (z,) axolouvdia otov X, dnhadf z, = (2,,(1), 20 (2), ..., z0(k)) Y
n = 1,2,.... Enedn, o X7 elvow ohxd ppayuévoe, n (z,(1)) éxer Baowr unoxoroudi-
o, dnhady) urdpyer M1 C N dnewo dote N (20 (1))nen, va evar Baowh. H oxohoudia
(n(2))nenr, Bploxetaw otov ohxd gporyuévo yweo Xo. Apa, undpyer My C M, dnepo @-
ote N (2 (2)) M, Vo elvon Baowr. Tuveyilovtag pe autd tov Tpdmo Peioxouye yro pdivouoa
nenepaouévr axohovdio My D My 2 ... D M, dnelpwv LTooUVOAWY Tou N ue TNV WLETN-
oy x80e 1 < i <k, n (2,(¢))nem; elvor Pooixr. Oewpolue Ty oaxohoudio () ne ;-
Téte M (2n)nem, evar p1—Poonfy: ‘Eotw € > 0. Enedd n (2n(1))nen, elvar unoxolou-
Yo e (2n(1))nen, elvon Baowdh, dpa urdpyer n1 € My wote di(z, (1), zm (1)) < e/k
vy xdde m,n € My ye m,n > ny. Enedd, n (2(2))nenm, €var umaxorovdia tng
(xn(2))nenm,, evar Baowh. Apa, undpyer ne € My dote do(z,(2), 2, (2)) < e/k yia

xdde m,n € My ye m,n > na. Xuveyilovtog e 1o (0o tpdno Beloxoupe ni, ..., ng € My
dote di(xn (i), T (1)) < e/kywxdde m,n € Miuye m,n > n; yiwi = 1,2,..., k. ©étoupe
ng = max{ni,...,n,} xou €xovpe: av m,n € My xar m,n > ng T61€

k

k
P1<xm$m) = Zd1<xn(l)a$m(l)) < Z

i=1

= E&.

> ™

Enopévac, o (X, p1) glvon ohixd gpayuévoc.
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(B) Apxel va eZetdooupe Ty xateduvon 6mou to A elvan Ppayuévo (1 G woyder Tdv-
tot€). Emlone, mapatnphote 61t propolue va Yewpricouue tov R¥ epodiaocpévo pe
peTew p1, Aol pa(z,y) < p1(x,y), Yo x&de z,y € RF. Aol 0 A eivor gpaypévo,
undpyer M > 0 dote ||z); < M yw x89e € A. Ereta 61t A C [-M, M]*. Ouoc,
av mépoupe (X;,d;) = ([-M, M],|-|) oto (o), Prénouge 6t o ([—M, M]*, p1) eivor o-
MxE QparyUévoc, ETOUEVLS, 0 (A, p1]a) elvon ohxd gpoyuévoc. Anhadh to A elvar olxd
ppaypévo vrochvoho Tou (RE, pr).

6.22. FEoww (X, p) petpikds xdpos xar (x,) Paoikr axokovdia otov X. Aeiléte én to
ovvolo A = {x, : n € N} elvar oikd gpayuévo.

Yrdédaén. Eotw £ > 0. Aol 0 (z,) elvar Baowxr|, undpyet ng € N GoTe &y, € B(Zny, €)

v xde n > ng. Tote
no

AC U B(z;,¢€).

Jj=1

6.23. Eotw (X, p) petpikds xapos. Aeiéte on ta axdlovla elvar wodlvapa:
(o) KdOe kAei0té ka1 gpayuévo vnootvolo tov X efvai ouumayés.

(B) O X etvar mrjpns kai kdOe gpayuévo vnootvolo tov X eivai ohikd ppayuévo.

Yrdéoaén. (x) = (B). Aceiyvoupe 6t 0 X elvon mhfpng: av (x,,) elvar Baowxd axolovdia
otov X, 161 yvwplloupe 6t 10 A = {z,, : n € N} elvan gpaypévo utootvolo tou X. And
v unédeon, o A eivor ouurayéc. Apa, 1 axoroudia (z,) 1 onola Tepéyetar oto A éyet
ouyxAivouoa urnaxohouvdia. Luvende, N (z,) cuyxhivet.

Acelyvoupe 6Tt xdlde @payuévo utocUvoho tou X elvar olxd @poayuévo. Ilpdyuatt, av
B C X gpayuévo, t61€ and tny unddeon éyouue 6Tt t0 B elvar oupnayée. Edudtepa,
elvar oAwxd gpaypévo. Tote, 10 B elvar ohxd @payUévo we LTOGUVOAS TOL.

(B) = (). BEotw K x\etot6 xou gpaypévo unoclvoro touv X. Ané tny unddeon éyouye
6t 10 K elvon xhetotd xan ohxd ppayuévo. ‘Apa, o undywpoc (K, p|i) elvoar mhipne (we
XAeoTé UTOGUVOLO TINAPOUS PETEXOD YEOU) ol OAXd gpayuévos. Omdte, o (K, p|k)
elvar ouumayhg.

6.24. (o) Eotw {(Xn, pn)} akolovdia petpikdv xdpwv pe pp(x,y) < 1 ya kdde x,y €
X, kain=1,2,.... Aettre ér1 0 xdpos ywipevo ([T X, > nr 5=pn) €lvar cvumayiis.

(B) Aetlre 61 kBos Tov Hilbert H™ eivar ouumayns UeTpikis xdpos.

Yrddeln. (o) Oa detfouye 6Tt 0 X elvar axohovdod cuunayhc. ‘Eotww (z,) axoroudia
otov X, dnadh =, = (2n(1),2,(2), ..., 2,(3),...). H (2,(1)) nepiéyetor oto ouunoyi
peTpxd Ywpo X1, dpa €xet cuyxiivouvoo uraxoloudio. Anhady, vrdeyouv M; C N dnepo
xow (1) € X7 dote n (€4 (1))nenr, Vo ouyxhiver oto x(1). H (2,,(2))nenr, mepéyetor oto
ovumayés Xa, dpa vndpyouy My C M drewo xat z(2) € Xo bote N (20(2))ners, Vo
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ouyxhiver o010 z(2). Tuveyilovtug ye autd tov T1pémo Beloxovue z(i) € X; xar pdivovoa
axohoudio My O My D ... drepwy utoouvorwy tou N dote yia xdde i € N n (2, (1)) nens;
vat oLYXAVeEL oTo x(1). Aol xdde M; elvan dmelpo, unopolue vo Bpolue yvnolwe adouvoa
axoroudio dewxtdwv (k;) pe k; € M;. Tére, n (xk,, ) elvar uraxohovdio tne (x,) xow cuyxhivel
oto z = (z(1)) € X. IV awté apxel va dei€ouue ) olyxhion xatd cuvtetayuévn (agold 7
SOYXNOT WS TPOC TN p elvan LoodUVaUN PE TN oUYXNoN xatd cuvtetayuévee). Eotw i € N.
Téte, 1 (2, (1))n>i €lvan vaxorovdia e (2, (2))nem; (apol k, € M, C M; yw n > i),
dpo ouyrhiver X avth oTo x (7).

(B) Eneton dpeca and 1o mponyolpevo epdtnua Yo (Xn, pn) = ([—=1,1], - ]). (To yeyovéc
Ot |z — y| < 2 avtl tou 1 dnwe oty undleon Tou (o) dev tailel ouctaoTNd PdLO.)

YUUTANPWRATIXEG AOKNOELG

6.25. Eotw (X, p) ovunayns petpikds xapos kat (G;)P, avoixtd kdAvupa tov X. Oé-
toupe f: X — R pe f(r) = max{dist(z, X \ G;) : i =1,...,n} yia v € X. Anodeilre
dti:

() Ia kdOe x € X wyve f(x) > 0.

(B) H f eivar ovvexris.
(v) Xpnoworoidrtas ta (a) kar (B) anodeiére to Apupa tov Lebesgue.
Yrddeitn. (o) Apxel va det€oupe 6Tt yio xdde x € X vndpyet 1 < i < n dote dist(z, G§) >
0, onote

f(z) = max{dist(x,GS) : i =1,...,n} > 0.
Avuté bpwe éneton dueca and to yeyovoc 6t to {G; i = 1,...,n} anoteel avowxtd
xdvppo tou X. Tpdypatt, av x € X téte undpyet 1 <i < n wote z € G;. Tote, x ¢ G
xat 1o GS elvar xhetotd urnoolvoro tou X, dpa dist(z, GS) > 0.
(B) Mopatnpotye 6t n f opiletar we xotd onuelo maximum cLVEXWY CUVAPTACEWY. AV
delouye 6Tt To xatd onuelo maximum BLO CUVEXDY TEAYUATIXOV CUVOETHCEWY Elval
CLVEYTNC, TOTE EMAYWYIXE £YOUUE TO CUUTEQIUCUA.
Ioxvpiouds. Eow f,g @ (Y,0) — R ovveyelc ouvaptioec. Tote, n ouvdpton (f V
9)(z) = max{f(z), g(x)} eivor cuveytc.
‘Eotw yo € ¥ xo yp, — yo. YTmoOétoupe du f(yo) > g(yo) (exora avtyetwnileton 1

nepintwon f(yo) = g(yo))- Eotw 0 < e < 3(f(y0) — 9(y0))- Agot ot (f(yn)), (9(yn))
ouyxiivouy ota f(yo), g(yo) avtioTorya, undpyet ng € N dote v xdde n > ng va toybouy

TAUTOHYPOVAL OL CYECELS:

f(yo) —e < flyn) < flyo) +e , 9(yo) —€ < g(yn) < g(vo) +e.

Ouws, g(yo) +e < f(y) — &, dpa vy xd9e n > ng elvor max{f(yn), 9(yn)} = f(yn)-
Onodte,

(f vV 9)(yn) = max{f(yn) 9(yn)} — f(yo) = max{f(y0), 9(yo)} = (f V 9)(vo)-
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(v) Xenowornowwvtac ta (a) xou (B) Yo anodeilouvye 6t xd¥e avoxtd XEAUUHR EVOC
ovunayoUs HETELXOU Ywpou éyel apriud Lebesgue.

Ocewpote éva avoixtd xdhuppa (V;)ier evos oupmayols uetpuol ywpou (Y, p). Tére,
undpyowv Vi ,...,V;, oote Y = U§:1 Vi;- Oewpolye tn ouvvdptnon f : Y — R pe
f(y) = max{dist(y, V%) : j = 1,...,k}. And ta (o) xou (B) €youpe 61 1 f elvon cuveyhic
xan yvhota Yetin. Kadog o Y elvan ovuraytc, ovunepaivouue 6t 1 f malpver eAdytotn
Vet ruh. Apa, undpyet 6 > 0 dote f(y) > § v xdde y € Y. T ouvéyela delyvouye
6t o § elvar o {nroduevog aprdudc Lebesgue tou xokdppatoc.

Ioyvpiopds. T xéde A CY pe diam(A) < J, undpyer 1 < j < k wote AC V.

Av 1o A glvon xevd dev éxouye va anodellouye xdt. Trnodétouye oindy bt 1o A # B o
¢ow a € A. Tére, f(a) > 6, dnhadd undpyer 1 < j < k oote dist(a, V) > 6. Aelyvouue
o A C Vi, Hpdrypat, av dev oupBaiver autd, undpyel y € A\ V. Tére,

dist(a, V;7) < p(a,y) < diam(4) < ¢
xat €YOVUE XaTOAREEL OE dTOTO.

6.26. (o) Eotw A C R dote kdOe ouvexris ouvvdptnon f : A — R va efvar opoiduoppa
owvexns. Acikre 6t to A elvar kAewoté vroodvolo tov R. Efvar kat’ avdykny gpayuévo;
(B) Eotw A C R gpayuévo ka1 dy1 khewtd. Aeiére én vndpyer g : A — R Lipschitz xai
ppayuévn, n omota dev maijpver péyrotn Tun.

(v) Eotw K C R klewtd ka1 ppayuévo. Acitre 6t kdOe ovvexns ovvdptnon f: K — R
€lvai opo1dopPa Tuvexns.

(d) Eotw f: R — R opoiduoppa ovrvexris kat A C R gpayuérvo. Aeiéte dti to f(A) elvar
€miong gpayuévo.

TYrédetn. (o) YTrodétouue 6t A\ A # 0. Tére, undpye a € A’ wote a ¢ A. Ero,
undpyet (a,) € A dote a, # a Y xqde n xo |a, —al — 0. H ouvdptnon f: A — R pe
flz) = ﬁ elvar xahd optopévn xat cuveyhc. H f duwc der elvon opotduoppo cuveyhc:
urdpyer uraxohoudia (ak, ) e (a,) Gote

1
(%) 0 < |ag, —al < §|an —al

v xdde n € N (e&nyfote yotl). Tére, éxoupe

|an — a| — |ay, — a

|far,) = flan)| =

|ak, —al - |an —a

|an —a

ﬁ
Ve

2lan — al - |ak, — al
1

- 4™
2|ag,, — a ’
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evo |an — ag,, | — 0 xadde n — oo.

To A pmopel va uny elvan ppaypévo: yio napdderypa xdde ouvdptnon f : (Z,]-]) = R
elvar opotéuoppa cuveyRC.
(B) Eotw A C R gpayuévo xar byt xhewotd. Téte, bnwe np, utdpyer = € A’ dote z ¢ A.
Oewpolye T ouvdptnon g : A — Rye g(t) = Ipogavae, n g elvon xokd oplouévy,
cuveyhic xat @payuévn ue 0 < g < 1.

1
T e—al
e H g dev naipver péyiom tuh: Ebvaw sup,c 4 g(t) = 1. Hpdypatt, undpye (¢,) € A
Oote ty, — x. Apa, g(t,) — 1 xou g(t) < 1 vy xdde t € A agol x ¢ A.
e H g etvon 1-Lipschitz: I'a xdde t,s € A 1oylel

[t — 2| — |s — ]|
T+ [t —a)(L+]s—a])

<|t—s|.

lg(t) —g(s)| = (

IMapatneriote ot dev yenowonotinxe toudevd 1 unddeon tou Qpayuévou.

(v) Bow f : K — R ouveyig, n onola dev elvar opobuopgpa cuveyhic. Téte, undpyouy
g0 > 0 xau axohovdiec (xy,), (Yn) € K pe |Tn — yn| — 0 %ot |f(xn) — flyn)| > €0 Y0
n=12,.... Apol 10 K eiva gpaypévo, and to Jewpnuoa Bolzano—Weierstrass undpyouy
x € R xou unoxohoudio (2, ) e (x,) doTte |2k, — x| — 0. Eneldd 10 K elvar xheioto,
gnetan 6Tt ¢ € K. Téte, elvan xou |yg, — x| — 0. And v apyh e petapopdc éxoupe
flzr,) — f(x) xou f(yk,) — f(z). Tuvenade, |f(zk,) — (k)| — 0. Autd elvon dromo,
agol | f(xk,) — f(yk,)] = €0 yiam=1,2,....

(8) Eotww A C R gpayuévo. Av to f(A) dev elvon ppayuévo, undpyet (an) axohoudio oto A
dote |f(an)| > nywwn=1,2,... (e&nyhote ywtl). Apol 1o A elvon gpayuévo, éneton 6Tt
xaw 1 (an) elvar @poryuévn. Ané to Oedpnua Bolzano-Weierstrass, 1 (a,) €xet ouyxhivouoa
unoxohoutio (ag, ). Ebixétepa, auty evan Paouxr. Aol n f elvon ogoibuoppo cuveyhg,
n f((ak,)) v enione Baow xow eldxdtepa gpaypévn. ‘Ouwc, |f(ak, )| > k, > n v
n=1,2,... xau €youue avtigaoy.

6.27. (o) Actére 6t n owdptnon R : [0,2m) — S, pe R(t) = (cost,sint), érov St =
{x € R? : ||z|2 = 1} o povadiafog kKkdog efvar cvvexrs, 1-1 kai erd. Efvai o1 ydpor [0, 27)
ka1 S* opowopopgiof;

(B) Eéetdote av o1 xopor ([0,27],| - |) xar (S, - ||l2) €fvar oporopopgrrot.

Yrddeitn. (o) H R elvar mpogovtde cuveyfic apol xdde cuvietayuévn tne eivor cuveyhc
ouvdpTnom.

T to 1 — 1: 'Eotww (costy, sinty) = (coste,sinta) pe t1,ta € [0, 27). Tére,

sint; =sinty (1)
cost; =costy (2)
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Ané v (1) nalpvouye t1 —to = 2k ity +to = 2kn+7, k € Z. Eneldy, [t1 —t2| < 2w oty
et TN mepintwon éxovue k = 0 eved otn 8eltepn k = 0 4 k = 1. Anhady| oe xde nepintwon
givon elte g =t Aty + 1o =T N t1 +t2 = 3m. And v (2) nadpvoupe £ — ta = 2A7 7
t1 +te = 2Xm, A € Z. Enedy ebvan [t — to| < 2, 1 mpwn nepintwon divet A = 0 dnhadn
t1 = to ev@ 1 deltepn meplmtwon divet A = 0 4 A = 1, onhadf ¢y =12 = 0 t1 + 12 = 27.
Anhadn, oe xdVe nepintwon elvon ¢ =ty R t1 + t2 = 2m. BAémouye 61t 1 pévn nepintwon
dote va wybouv tavtdypova ot (1) xon (2) elvar t1 = to, dnhadh n R elvon 1-1.

T 7o ent: Eotw (2,y) € R? dote 22 +y? = 1. Téte —1 < y < 1. Awxpivoupe 0o
TEPLTTWOELC:

e 0 <y <1 Agolsin([0,7/2]) = [0,1], undpyet ¢t € [0,7/2] dote sint = y. Tore,
cost = |z| (e&nyhote ywtl). Av x > 0 téte (z,y) = (cost,sint). Av z < 0 1ot
(x,y) = (cos(m — t),sin(m — t)) xow m — ¢ € [0, 2m).

e —1 <y < 0. Ago0 sin((m,37/2]) = [-1,0), undpye. t € (m,37/2] dote sint = y.
Téte cost = —|z| (e&nyhote yatl). Av z > 0 tote (z,y) = (cos(3m —t),sin(3m —t))
pe 3m —t € [0,2m), eved av & < 0 t6te (x,y) = (cost,sint).

‘Etot, o xdie nepintwon n R etvar exnl.

Or yopor [0,27), ST dev elvor opotopopgixol agol o St elvan cupnayfc eved o [0, 2m)
oL
(B) O y&por [0,27], ST Bev etvar opologop@ixot.
In Anédeaén. 'BEow f : [0,27] — S opowopoppioude. Téte, n fliomyuir2x : [0,27] \
{m} — S\ {f(m)} ebvar oporopoppiopdc. ‘Opwc, to ST\ {f(7)} eivon ogoropoppxd ue 1o
R (e&nynote yratl) eved to [0, 2]\ {7} Bev elvar (autd givan dueon cuvéneta Tov VewpRuatog
evdidpeong tunc) ut €youpe avtigoon.
2n Arédaén. Eotw f:[0,27] — St oyolopopoiopdc. Tére, eite f(0) = R(6) yia xdnowo
8 € (0,2m) % f(2m) = R(0) vy xdmowo 8 € (0,2m), 6mouv R 1 cuvdpTtnom Tou Teonyoluevou
gpwtiuatoc. Yrodétouue 6t f(0) = R() yia xdmowo 6 € (0, 27) (eviéhwe avdhoyn elvon 1
&M tepintwon). ‘Etoy, undpyel § > 0 dote (0—6,0+9) C (0, 2m). Opiloupe tn ouvdptnon
g:(0—26,0+0) — [0,27] pe g(t) = f~H(R(t)), n onola elvar cuveyhc xou 1-1 (w¢ ohvdeon
étolwv). Anéd tov Amepootind Aoyioud yvwpilovye 6t pa tétola cuvdpTnon TEéNEL Vo
elvar yvnolwg povétovn. ‘Ouwg, 1 g napouctdlel (ohxd) eldyloto oe ecwtepixd onuelo.
Auté elvan dromo.

6.28. (o) Eotw (X, p) ovurayng petpikds xadpos kar f + X — X ovvdptnon ue tnr
1016TnTa

p(f(@), f(y)) = p(z,y)
yia kdle x,y € X. Aeibte 6n n f eivai wopetpla kai emi.

(B) Eoww (X, p) ovurayns petpikds ydpos kat f : X — X 1-1, eni dote
p(f(@), f(y)) < plz,y)
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yia kdOe x,y € X. Aeibre éun f eivai wouetpia.

Yrddeitn. (o) Eotw x,y € X. Oétovue zg = x,yp = y xo Yewpolue 1ic axohovdiec Tou
optlovtar avadpouxd and e Tn = f(Tn-1), Yn = f(Wn-1), » € N. Tia va anodeiZoupe
ot n f etvon woopetplor apxel va det€oupe 6t p(zo, o) = p(z1,41).

Aol n (z,,) Bploxetow oto cuunayt petewd yweo (X, p), énetar Tt €yel ouyxhivouou
uroxohouttia, dnhady| undpyer M1 C N dnepo dote N (Tn)nem, Vo ebvar cuyxhivouoa.
Ouolwe, 1 axohovdia (Yn)nenm, EXEL oLYXAVOLGH UToxohoudia, Snhadt undpyer My C M
4netpo WOTE N (Yn)nem, Vo givar ouyxhivouca. ‘Enetor 61t ot axohovdec (Tn)nenrr, ol
(Yn)nen, ebvon Pootxéc.

‘Eotw € > 0. Apol ot (Tn)nerss (Yn)nen, Elvar Baoixée, undpyouy i € My xou k € N
Wote i+ k € My pe

IR

g
p(xi, Tivr) < 5 P(Yis Yivr) <

2 )
Ané v avicotixr} oyéon mou wavornotel 1 f éyoupe ot

p(xo, xk) < plas, xir) < =, pWo,uk) < P(Ys, Vi) <

| ™
| ™

XpNoWonoldvTaE T TEAEUTAIEC AVIGOTNTES, TNV AVIoOTNTA Yol TNV f %o TNV TeLYwvixy
avio6TnTa malpvouye:

p(@o,y0) < p(@1,91) < plak, yr) < €+ p(2o,yo)
xo enedh o € > 0 Atav tuydy €youpe 6Tt p(x1,y1) = p(xo,Y0). To enl énetor and v
"‘Aoxnon 10(a).

(B) Aol n f ebvon 1 — 1 xou ext, opiCeton i f1 : X — X xou eavonoel Ty

p(f @), f (W) = p(z,y)

v %x&e z,y € X. Ané 7o (o) éyouue 6t f 1 ebvan 1oopetpla, dpa ) f elvon woopetpla.

6.29. (o) Eotw (E,) axodovdia Eévwv avd dvo dwwotnudtwv touv [0,1]. Aeire dn
diam(F,) — 0 xadds n — oo.

(B) Eoww § > 0. Bpetre akolovdia (F,,) Eévwr avd 500 kAeiotdy vnoourédwy tou [0, 1] dote
diam(F,) > 1—96 yian=1,2,.... E&nyriote tov opeidetar n diagopd twy amoteleoudtwmv
(@) xar (B).

(v) Aeibre 61 yia kdOe e > 0 vndpyer akodovdia Eévwr avd Yo klewotdy vroourdrwy (Fy,)
Tov povadaiov diokov D = {(z,y) : 22 +y? < 1} dote diam(F,) >2—¢ yun=1,2,....
(8) Eoww K C R gpayuévo kar (B,,) axoloviia and Eéves avd 600 khewotés undAes ato
K. Ac¢itre 6n diam(By,) — 0 kaddg n — oo.

(e) Eoww (X, p) oikd gpayuévos uetpikds xdpos kar By, akolovdia and &éves avd 6o
undles otov X. Aeiére 6u lim (diam(B,)) = 0.
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Yrddaén. (o) Apywxd napatnpolue étiav I, J elvar Zéva dwwothuata oto R, t6te diam(1)+
diam(J) < diam(JUJ) xou enorywyd delyvovyue ot av I, . . ., Iy Eéva avd duo diaothpota,
6TE Zle diam(l;) < diam(Uf:1 I;). Onéte vt {E,} oylel

zn:diarn(Ei) < diam(o E;) < diam([0,1]) = 1

i=1

v xdde n € N. A’ autd tpoxdntel i noepd Y-, diam(E,) ouyxhivet, dpo diam(E,) —
0.

(B) Eoww § > 0. Emhéyoupe 0 < a < b < 1 &ote b—a > 1-4. Eotww (ay,), (b,) axohoudieg
ota (0,a), (b,1) avtictoya, ye dapopetinole avd dbo dpouc. Oétouue Fy, = {an, b, } yia
n=1,2,.... Tote, wa {F,}22 eivar ta {ntodyeva cOVora.

H Biupopd ogeilheton oto 6Tt o oOvoha {F),} anotehodvton and pepgovouéva onuela,
EVE T BLaoTAUATAL EIVOLL <GUVEYT) GOVONDL oL YLOL VoL EYOUUE KTOMNEY péoa 7o [0, 1] tpénet
VoL XEallvouy ToL Ufrn TouC.

(v) Eow e > 0. Enéyoupe k € N dote 1/k < /e/2. Opilovue F,, = {(z,y) : =
tNDywn=12,.... Téte, to {F,} elvar E&va avd duo xar xavomolody Ty

. f 1 1
diam(F,) = 2 1_(n+l<;)222(1_(n+k)2>>2_€'

(8) Av By, By elvan Eévec undhec otov R 161e V(By) + V(Bs) = V(By U By), 6mou V(+)
o d-didoatog byxoc. Enoywyd hotmov éyoupe >, V(B;) = V(U!_, B;). Agob o K
efvan gparypévo, undpyer M > 0 Gote K C [—M, M]%. ‘Apa, yia x80e n € N oylet

1
n+k

n

> V(B < (2M)”.

i=1

Ané v tedevtala aviobtnta éneton 6t V(B,,) — 0, dpa diam(B,,) — 0 (rapatneiote 6Tt
agol o byxoc Telver oto undéy 1 axohoudior Twv axtivwy Telvel oTo Pndév).

(e) Eow B, = B(zn,m). Ou del€ouye 6t 1, — 0, ondte 10 cuunépoacye EneTol ov
nopatneioovue 6t diam(By,) < 2r,. Av r, # 0, undpyouv § > 0 xou uraxorouvdia (7, )
e (1) Wote ry, >0 yiun =1,2,.... Tote, woydel p(xg, , Tk, ) > 0 v n #m (av Atay
p(zk,, , xk,) < 0 t6t€ x,, € B(xy,,d), dpot By, N By, # 0). Tuunepaivoupe 6t 1 (k)
dev €yet xoid Poowr| vraxohoudia xt autd aviixertow oty unddeon 6t o X elvor oAixd
QEAYUEVOC.

6.30. Eotw (X, p) petpikds xapos. Eva vrootvolo A tov X Aéyetar d—baywpiopévo av
yia kdOe x,y € A ue x # y wyve p(x,y) > 6.

() Aeibre 6n av kdOe d—taywpiopéro vrootvolo tov X eivar menepacuévo kar av to
A C X efvar §-0waywpiopévo, téte vndpyer B C X peyotixs d—owuywpiopévo dote A C B.
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(B) Aeire 6n1 av kdOe d—-aywpropévo vrootvolo tov X elvar menepaopévo, téte o (X, p)
elvar draywpiojuos.

Yréoaén. (o) Eotw A éva d-dlaywplopévo unocivoro tou X. Autéd Yo elvon nenepacuévo.
Oewpolye 0 olvoro A1 = {z € X : V a € A, p(z,a) > 0}. Av autd elvar xevé
téte étoupe B = A €youue 61t A C B xar 611 10 B eivar EYIOTING §—DLorywplouévo
urnocbvoro tov X. Ilpdyyat: av 1o B elvor yvroto unocbvoro tou S xat S elvon 6—
draywptopévo, téte undpyer s € S\ B dote p(s,b) > ¢ v xd9e b € B, dtono agol
Ay = 0. Av Ay # 0 tote emhéyouue a1 € Ay xou Vétoupe By = AU {a1}. X
ouvéyelr Yewpolpe 0 clvoro As = {z € X : p(z,b) > § Vb € B1}. Av Ax =0
téte 10 Bp elvar 1o {nroluevo olvolo. Av Oyi, emthéyoude ag € As xar Yewpolue o
oOvoho By = By U {as}. Epyoaldpevor pe tov (B0 tpdmo, o menepaopéva 1o mhidoc
Bruota madpvoupe éva ovoho By, wote 10 Apyr = {x € X : p(z,b) > 6 Vb € B,} va
elvon xev6 (rapopetind Yo xataoxeudlape wa dretpn axohoudia (a,) otouyelwy Tou X pe
P(An, am) > 0 Yl n # m xt auté elvon dtomo epdoov T J-daywplopéva utocvola tou X
éyouv nenepacuévo nhnddewduo). Téte, to B, elvar 1o {nroduevo cbvolo: elvol YEYLOTIXG
xan mepLéyel To A.

(B) Eoww 6t X # (. Eotw Si éva yeyiouxd 1-3dwaywpiopévo utoctvoho tou X (autd
pac to e€acoliler to mponyolpevo epdtnua Yo A xdmoo povoclvoro). Agol to S
eivan peyiotind, oyler X = U, g, B(z,1). Eotw Sy éva peyionxd 1/2-dywplopévo
vnooOvoho tou X. Téte, X = (J,cq, B(x,1/2). Xvveyilovtac xat’ autév tov tpém0
nafpvouye axohoudio (Sy,) Saywplowévwy cuvolwy Gote yio xdde n € N vo toylet:

e To S, elvan nenepacpévo.

e To S, elvan peyiotind 1/n-diaywplopévo utoctvoro touv X, dpa X = J B(z,1/n).

ZCESn

Av ¥éoovpe D = (J;; Sy, T0 D elvon aprduriowo we aprdufiotun Evwon TENEPACUEVLY
xor uxvo. Ipdypat, av e > 0 xar zg € X téte undpyer n € N dote 1/n < € %o
X = U,es, B(z,1/n). Apa, undpyer x € S, dote zg € B(z,1/n). Téte, v € B(wo,¢)
an’ 6mov éreton 6t Sy, N B(xo, ) # 0. "Apa, D N B(xo,e) # 0.

6.31. Eotw (X, p) petpixds xapos. Aeiéte on ta axdlovla elvar wodlvapa:

() O X efvar oikd ppaypévos.

(B) KdOe 6—taywpropéro vrootvolo tov X elvar memepaopiévo.

Yréoaén. (o) = (B). Av undpyet dnetpo d-dtaywptopévo A C X téte undpyet axorouvdia

(an) otoyelwv tou A ye p(ay,an) > § v xdde n # m. Toéte, n (a,) dev €yer xoud
Boowh uraxoroudia, dpa 0 X dev elvon oAixd gpayuévoe.

(B) = (a). EBow € > 0. And Vv nponyoVUeYn doXNoN UTEPYEL TETEPAUOUEVO HEYIOTIXG
e-dlaywptouévo unocivoho S. Tote, X = J,cq B(z,€), dpa 0 X eivor ohxd gpayuévoc.

6.32. Fotww (X, p) petpucds xapos kar A C X. To A Aéyetar oxetikd ovumayés vn-
oouUvodo tov X av to A elvar efvar ovunayés vroovvolo tov X.
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(o) Amodeibre 6t1 to A eivar oxetikd ovumayés av ka1 pdvov av kdde axolovdia (ay)
otoyelwr tov A éxer ouykAivovoa uvraxolovdia (Gyt kat’ avdykny péoa oto A).

(B) Eotw (Y, p) petpids xdpos kar f : X — Y ouvvexns. Acire du n f araxovile
oxetikd ovunayn vrooUrola tov X o€ oyxetikd ovumayr vrooivola tov Y.

(v) Anodeibre bt1 kdOe oyetind ouvumayés vroovolo efvar ohikd gpayuévo. Ioyver to
avtiotpogo;

Yrédaén. (a) Eow (a,) axoloudia otoiyeiwv tov A. Téte, n (a,) nepéyetar oto
ouurayéc A, dpa éxet ouyhivousa utaxohovdia (oto A).

Avtiotpoga: éotw (z,,) oxohoudia oto A. Téte vy xéde n € N undpyet a, € A
oot p(zn,an) < 1/n. H (ay,) evor axohoudio otoyelwy tou A, dpa and vy unddeon
énetan 6T €xel cuyxhivouoa unaxoroudia. YTrdpyouv howmdy = € A (e€nyfote yrott) xou
uroxohoutia (ak,) ™c (an) OOTE a, — . ATO THY TRLYWYLXT AVIGHTNTA £YOVUE:

P, 2) < ok, a0,) + 7)< 1+ plag,  2)
n

Yuunepaivouue 6t z, — z pe © € A. Suvende, to A elvor oxohouhaxd cupnayéc, dpo

ouumayeéc.

(B) Eow (yn) axohovdia oto f(A). Térte, v xdde n € N vndpyer z, € A dote y, =

f(zn). H (x,) nepiéyetoar 010 oyetxd ovunayéc A. ‘Apa, €xel ouyxhivovoa utaxoloudio

(g, ). Téte, n (yk, ) elvon ouyxhivouoa unaxohovdia e (y,). (Ouundeite 6Tt ot cuveyeic

ouvapthoelc anewovilouy cuyxivouoeg axohovdiec oe ouyxhivouoes axoloudiec). ‘Apa,

10 f(A) elvar oyeTxd ovunayéc.

(v) Eotww A oyetxd ouunayéc unocivoho tou X. Téte, to A elvon ohixd pparyuévo, onéte

T0 A elvar olxd @paryuévo.

To avtioTpogo dev oy lel 6w alveton and To axdrovdo Topddetyuo: av Yewproouvue
Tov peTpind xopeo (Q,]-]) xw A= {g€ Q:0 < g < 1} t6te 10 A elvar ohxd @payuévo,
oANG Bev elvor oyeTind cuumayéc, agol A = A xou to A dev elvar oxohoudond cuurayéc.

‘Evo dhho mapdderypo eivon 1o axdrovdo: Oewpolue tov wetpd yweo ((0,1),]-]) o
w0 A= (0,1/2]. To A eivor ohxd ppoaypévo (otov (0,1)) ahld dev elvon oyetnd cupmayéc
agol A = A xor to A dev eivor axohoudiod cupmayéc.

[Mopatnerote OTL xat OTIC SUO TEPLTTWOELC 0 UETEIXOC YWeog Tou Yewpolue dev elval
TAfeng (o€ évay TAAEN HETEXG YWeo de pmopel var cupPaivel autd clupwva ye Ty ‘Aoxnon

21(a)).



Kegpdhaio 7

Axolouvliec xal OelpEC
CUVOPTNOEWY

7.1. Eow fp(t) = ﬁ, t € [0,1]. Aeikre du n (fn) ovykdiver katd onueio, alld dx
opoduoppa, oe kdnoa ouvdptnon f ovo [0,1]. Iod eivar n f;
Yrdédeitn. Avt =0 t6te f,(0) =1 — 1 btav n — oo. Ta xdde t € (0,1] éyoupe

1 1

1
n(t) = = — 0.
f() 1+ nt n —i—tH

I
Yuvende, 1 (fn) ovyxhiver xatd onueio oty f 2 [0,1] — R pe

1, t=0
f(t):{ 0, te(0,1]

H f elvou aiouveyric oto onuelo to = 0 eved Ohec ot f, elvan ouveyeic. Apa, n abyxhor dev
elvar opoLéuopen.
AN\o¢ TEOTOS VLol VAL OULTIOAOYHOOUUE TOV TENEUTAO Loy UpLoUs: Tapatneolue 6Tt || fr, —

Flloo = 1fn(1/n) = F(A/n)] = fu(1/n) = 1/2. Apa, || fn = flloc # 0.

7.2. FEoro fu(t) = %, t € R. Acitre du n (fn) ovykAiver katd onueio, aAAd dyi

opoiduopypa, o€ kdrowa ovvdptnon f oo R. IHod efvai n f;
YrdoeiEn. Mapatnpoldue ot

(i) Av [t] <1 16t t2" — 0, dpa f,(t) — =0.

0
1+0
(i) Av [t =116t 2" =1y x89e n € N, dpa fu(t) = 145 = 5 — 3-

(iii) Av [t| > 1 wéte 72" — 0, dpat fu(t) = =2beg — 517 = L.
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Yuvende, N (fn) ouyxhiver xatd onuelo otny f : R — R pe

0, [t|<1

=9 3 ll=1

1, |t >1
H f elvon acuveyhc ota onuela t1 = 1 xou ta = —1, eved dheg ov f,, elvon ouveyeic. Apa, 7

cUyxhom dev elvol opoLOUOPYT).
T8 Bow fu R = R ful) = { Gy TN Az gun ()
3. Eow fr, : R — R e f,(t) = C 9 n 1 | . Aeitre 6u n (fn
sin’ (§), sz st<y

ovykAiver katd onpeio o€ kdmowa f ovvexn owo R. Ioxvel éu f, — f opoiduoppa oto R;
YrdéoeiEn. Acetyvouue mpdta 6t fr, — 0 xatd onuelo. Ataxpivouye 600 TEPITTOGCELS:

(i) Av ¢ <0 tote fi,(t) =0 yia xdde n € N, dpa lim f,(t) = 0.
n—oo

(ii) Av ¢t > 0 téte undpyet ng € N dote % < t. Tuvenog, v xdde n > ng €YOUVUE

t¢ {%ﬂ, H , art’ 6mou énetan 6t N (fir (t)) elvon tehxd otadepr| xat (on pe 0. Anhodr,
o€ auTH TNV TepinTwon toyvel tdAL 6t lim f,,(t) = 0.

Mapatneotpe todpa 6T || fr—0lloo = || falloo < 161 sin?(nr/t) < 1 xar ioyvel obtnTa dLéT,
av Yéoovye t, = ﬁ e t, € [%ﬂ,ﬂ % || falloo = [fu(tn)| = sin® (nm+3) =1

Aol || fnlloo =1 # 1, n olyxhion dev elvar opoduopen.

7.4. Eotw f,(t) = nPt(1 —t2)", t € [0,1], ne p > 0 mapduetpo oo R. Actére bu1 ya
kdOe p > 0 n (fn) ovykAiver katd onpueio o€ kdrowa f oto [0, 1]. Ia moiés Tyués Tov p elvar
n ovykhion ouoiduopen; Ia moiés tiués tov p wyver 6t fol fn — fol f;

Tréda&n. Actyvoupe mpdta 6t f,, — f = 0 xatd onuelo. Awoxplivouye 500 neptntdoELS:

(i) Avt=0%t=116te fr(t) =0 yia xd%e n € N, dpa lim f,(¢) = 0.

(i) Av 0 <t < 116t 0 < 1 -1t < 1. Xpnowonodviac 10 xplthplto Tou AGyou
Brémovye 6Tt lim nPt(l — t2)" = 0. Tuvende, oc auth TV TEpinTwon WyleL TéAL
6t lim f,(¢) =0.

‘Eyouge || fn — 0]loc = max(f,) oot fr, > 0. Hopaywyilloviag v f, BAénovye 61t

i) = nP(1—t)" —nPtn(l —t3)""1(2t)
nP(1 — "1 — 2 — 2nt?] = nP(1 — 2)" 71 — (2n + 1)¢7].
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Yuvenwe,

1 n? Ly
[fn = Olloc = <\/2 +1)_\/2n+1<1_2n+1> .

n
Iapatnpodue 61t (1 - ﬁ) — ﬁ Yuvenag,
(i) AvO<p< i téte \/TT—W)XOLL Il fn = O]joc — O.

(ll) AV p > % TOTE \/T — +00 %o an - 0”00 — +00.

N o
(i) Avp =3 bre 2 — J5 o [|fo = Ollo — 5z > 0.

(SIS

‘Eneton 6t fr, — 0 opotéuoppo (dniadn, —0[[oc — 0) av xo pévo av 0 < p < 3.
I to tekevtaio gpdtnua utoloyilovue 0 ohoxAfpwua e fr, (Yo xdde TR e
Tapapétpou p): Yétovtac y = 1 — t? BAénoupe 6T

n n n
nPt(1 ndt = /—”d :—/ ndy = —— .
/0 (1-¢%) Y= | vty = 5em

Iopatneodue 6T — 0 av xou yévo av 0 < p < 1. Apa, fol fn— fol fav0<p<l.

n+1)

5. Eotw f,(t) = H_#, t € R. Acitre éu vndpyer f doze f,, — f opoiéuoppa oo R.
Actbre 6u ] (t) — f'(t) av t #£ 0, addd f],(0) A f'(0). Ia nowd daotipata [a,b] wyve
éu f], — f' opoiduopga oo [a,b);
Yrédeitn. (o) Avt=076te fn(0) =0 — 0. Avt 0 téte 1+nt? — +o0, dpa f,(t) — 0.
Yuvende, fr — f =0 xotd onpelo.

[ty opolopopen obyxhon egetdlouue av

I fn]lco = sup { T2 € SUp 7 142 0p—0

Mehetdpe v | fn| = frn 070 [0,00). Exoupe

1+ nt? — 2nt? B 1—nt?
(1+nt2)2 (1 +nt2)?’

fnt) =

Onhadh 1 | fr| malpver uéyiom tur oto onueio 1/4/n:

1
1 vn 1
il =52 (J5) = 10 = 30 0
Yuvenwg, frn — f =0 opotduopga.



110 - AKOAOTOIEE KAI SEIPEY STNAPTHSEQN

(B) EZetdloupe todpa tn obyxhion e (f),): avt =0 téte f/(0) =1 — 1. Av ¢t #0 téte

1—nt?

Iy
Ju(t) = 14 2nt? + n2t4 -

3167t 0 Padude Tou TapovopaoTy (we Teog n) elvor peyahdtepog and to Badud Tou aprdun.
Agol f' =0, n f], dev ouyxhiver oty f' oto onueio 0. Ewbudtepa, 1 (f)) dev ouyxhiver
opotéuopypa otny ' = 0 oe xavéva didotnua [a, b] To onolo neptéyet to 0.

‘Eotww tdpa didotnua [a, b] 1o onolo dev neptéyet 1o 0. E&etdlouye wévo tny tepintwon
0 <a <b: éyovue

1 — nt? 1+ nt? 1 1
A L R < ,
(1+nt?)?2 — 1+nt?)2  14nt2 ~ 14 na?
dpot
1
"< ——— =0
fen[i‘,’zf]'f"( )| < Trna?

Apa, fI — f' =0 opodpoppa o0 [a,b]. To Bio woyder av a < b < 0 (e&nyhote yiotl).
7.6. Eoto f,(t) = %67"2’52, t € R. Aeitre 6n f,, — 0 oporbuopgpa oo R kar f], — 0 katd
onueio oto R. Anodeiéte dn1 o€ kdOe idotnua to onolo mepiéyer to 0 n f), Sev ovykAiver
opoidoppa oTn undevikn) ovvdptnon, evd o€ kdle kAewotd didoTnua to omolo dev mepiéyel
0 0 n fl ouykdiva opoiduoppa otn undevikn ovvdptnomn.

Trédasn. T xdde t € R éyouue et > 1, dpo 0 < fn(t) = %e‘”zﬁ < 1 ue wétrnTa av
t =0. Zovende, f,,(t) — 0 xotd onuelo, xou pdhora,

1
[fnlleo = =~ =0,
n

dpa fr, — 0 ouotduoppa oo R.
Eow t € R. Torte,
(0] = 2ftne™"" — 0

2|t|n
14+n2t2

di6m €™ > 1+ n2e2 dpa |f1 ()] < — 0. Anhad¥, f, — f' = 0 xatd onuelo oo
R.

() Eoto [a,b] xhewoté ddotnua mou dev nepiéyet to 0. EZetdloupe v nepintwon 0 <
a < b: napatnpolue 61, v xdle t € [a, b,

IfL(8)] = 2tne ™" < 2bne™ "

Yuvenwe,
2.2 2bn 2b
g [ (D] < 2me™™ % <S55 = mm — 0
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‘Eneton 6t f], — 0 opodpoppa 670 [a,b] (n nepintwon a < b < 0 e€etdletor ye avdhoyo
TpOTO).

(B) Eow [a,b] xhetot6 didotnua mou meptéyet to 0. Tio yeydha n, tovkdyiotov évag and
Toug £1 Ya aviixer oo [a, b] (e€nyhote yiatl), dpa

1 2 1 2
") > | £ (£1 =2ne MR =2,
e |£(8)] 2 |, (E1/m)| = 2 ne -

Auté Selyvel 6t f), #+ 0 opotdpopya oto [a, b].
7.7. Acitre 6n1 n axolovlia ovvaptioewr fp : [0,00) — R ue

fi(z) = Va, frr1(2) = Vo + fu(2)
ovyKAivel katd onueio, ka1 Ppette Tny oplakn) ouvvdpTnon.
Yrédaén. Av x = 0 t6te f1(0) = 0 xow av fx(0) = 0 t61€ fr+1(0) = /0 + f(0) = 0.
Enaywywd Brénovye 6t f,,(0) = 0 yia x&0e n € N, dpa f,,(0) — 0.
Eow x > 0. ENéyyouvue tpdta ye entaywyh 6t fr(z) > 0 v xdde n € N. Eniong,
filx) = Ve < e+ vz = fo(z) xow av fi(z) < fig1(z) t0t€ frp1(z) = Vo + fulz) <
V& + friy1(z) = frga(z). Enetar 61 n axohovdia (fy,(x)) elvou yvnoluwe adEovoa.

Actyvoupe 6t 1) (fn(x)) elvan dve gpaypévn Slaxplvovtog 800 TEPITTWOELS:

(i) Av 0 <z < 2 16Te fulr) < 2 yia x§9e n € N 8161 f1(x) = /& < V2 < 2 %o av
fe(z) <2 16€ frp(z) = Vo + fu(z) < V2 +2=2.

(i) Av z > 2 w6t f(z) < z vy x&¥e n € N &t f1(z) = Vo <z xou av fi(z) < z

t6t€ frr1(®) = /7 + fu(z) < VTt o =v22 < V==

Ye xdde neplntwon, n (frn(z)) elvor adZovoa xar dvew Qeaypévr, dpa cuYxAivel oe xdmolo

y = Yz € R. Emotpégovtoc atny avadpouxt oyéon fni1(x) = /o + fr(x) xou agrivovrog

T0 n — 00, Takpvouue ¥y = /Y + = dhadh y? —y —x = 0. Aol 10 y elvor Yetid, éyouye

y = LVITls
=T 2

. Anhadt, fn — f xatd onuelo, émou

0, z=0
ﬂﬂ:{1Wf“,x>o

7.8. Eoww f: R — R opoibuoppa ovvexns ovvdptnon. Aeiére 6u n axolovldia ovvaptii-
ocwy

fn(m):f<x+1), neN
n

ovyKkAiver opoiduoppa otny f.
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Yrdédeitn. ‘Eow € > 0. Aol n f elvou opoldpopea cuveyic, undpyet 6 > 0 dote: av
x,y € Rxau |z —y| <6 t6te |f(z) — f(y)] <e.

Bploxouye nyg € N wote nio < 9. Téte, yia xd9e n > ng ot v xdde € R €youvue
|(x+%)f:17| :%< % < 6, dpo

< €.

fulo) = £ = |£ (24 1) - 10

Aol 1o € > 0 Hrav tuydy, cuunepalvoupe 6t f,, — f opotduoppa.

7.9. Eoto f, : [a,b] — R akodlovlia avéovodv ovvaptioewr. Tmolérouvue déti n (fr)
ovykAiva katd onueio o€ a ovvexn ovvdptnon f. Aeiéte éu n f elvar avéovoa kar du
n ovykhion etvar opoiépopen.

Yréoeitn. Actyvouue npdta 61 n f elvon adZouvoo cuvdptnon: éoww = < y oto [a,b]. T
x&9e n € N éyouye fr(z) < fn(y) 6t n fp, elvor adZovoa. Enetor 61t

flx) = lim fo(z) < lim fo(y) = f(y)-
Ané v unddeon, n f elvon cuveyhc oto xhelotéd Sidotnua [a,b], dpa eivon opolduopga
ouveyhc. 'Eoww € > 0. Ymdpyet § > 0 dote: av z,y € [a,b] xu |x —y| < § té1€
|f(z) = f(y)| < e. Bploxouye m € N dote 22 < § xau ywplloupe 10 [a,b] oe m {ow
Stadoyixd dlacTAuaTa, Y Tor onueia

a=20<x] <+ < Tp <Tpp1 < - < Ty =2>

6ToL Tf, = a—i—w, k=0,1,...,m. Apo0 f, — f xotd onyelo, éxyouye fr(zr) — f(zk)
v &9 k =0,1,...,m. Luvenne, utdpyet ng € N dote: v xdde n > ng xor yo x&de
k=0,1,...,m,

|f(@r) = falzp)] <e.

‘Eow z € [a,b] xou n > ng. YTrdpyer k € {0,1,...,m — 1} dote © € [zk, Tp41]. Xpnot-
MOTOLOVTOG TN wovotovia twv f, f, mapatneolue 61t

f(@) = fu(x) < f(pg1) = falzr) = [f(@pg1) = flop)] + [f(2r) = folzr)] <e+e=2¢

xal

f@)=fu(x) > flzr) = fu(@rsr) = [f(@r) = f(@rr)]H [ (@rr1) = fo(Tr1)] > —e— = 2.
Apa,
|f(x) = falz)| < 2

v x8e n > np xou yroo xdVe x € [a,b]. Aol to € > 0 firav TuydV, cuurtepaivovye 6Tt
fn — f opotéuopgo.
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7.10. Eoto f, : [0,1] — R axolovdia ovvexdy ouvaptrioewy mou auykdiver opoibpoppa
o€ a ovvdptnon f:[0,1] — R. Aeiéze du

/01—;, Fult) dt — /Olf(t) dt.

Iox Vel mdvta to 1610 av n oUykAion elvar katd onpueio;

Yrdédaén. Aol o f, eivar ouveyelc xat f, — f ouotbuoppa, 1 f elvou cuveyrc oto [0, 1].

Ewdwétepa, || flloo < +00. Tpdgpouye
1 1-1 1 1-1 1-1
Jswa= [ ol = [ soas [T 0w [0 @

1 1-1

< | a7 0w - o
1 1-1

< [ polas [77150 - noja
1 1-1

< Wt [0 Sl

< sl (1= 1) 15 - il
Il

< 0=
n

+If = fallo =0,

36T ||f — fulloo — 0 agol f,, — f opobpoppa.
Av 1 oUyxhion elvon xatd onuelo, To Tponyoluevo anotéAecyo dev toy Vel yevixd. L
TAEAdELY AL oY

2n2x, nggﬁ
fule) =4~ (e 1), L<a<l
0, <z<l1

ToTE eUXoha EAEYYOLUE OTL f, — 0 xotd onuelo, duwg,
1-1 1
/ fn(x)dle%():/ f(z)dx.
0 0
7.11. Opilovue axodovdia ovvaptioewr f, : [0,1] — R ue

fn(z) = n?z(1 — x)"*.
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Aeibre 6n n (fn) ovykdiver katd onueio kai Bpefre tnv opaxny ovvdptnon f. Bpefte to
dp1o Twv olokAnpwudtwy

1
I, = / fu(2) dt.
0
Eivai n otyxlion tngs (fn) otnv f opoiduopen;
Yrdédetn. Av ez =016te f,(0)=0—0. Av0O<z <116t 0<(1—2)* <1, dpa
n?z(1 — )™ = zn?[(1 — z)*]™ — 0.
Yuvenoe, fr, — 0 xatd onuelo oto [0, 1].

T to ohoxMipwpa Tne fr, Tapatnpolue 6Tt 1 cuvdptnon x — (1 — x)* elvon pdivovoa
oto [0,1], dpa

1 1 L
/ falx)dx = / n?z(l —2)"dx > n?z(1 — 2)"dx
0

v

0
ECIO U R U N O SRS TR B
S 2Vn vn 2vn vn 2/n

n 1 1 \/ﬁ>n +oo
i _ RAIEN )
4 vn

Auté onuaiver 611 n obyxhon e (frn) oty f = 0 dev elvar opotbpoppn: Ya elyoye

EVG Ta OAOXATPOUOTO apLoTERd TElvouy 6To +00. ‘Evag dilog tedmog yia va To doluE,
elvar va mapartneiooupe Ot

1
1 1\"~
”fn”oozfn(l/TL)ZRQE <1—) =n—1— +oc0.

n

7.12. Opilovue fp, : [0,7/2] — R Yérovtag fi(zr) = sinx xai
frar1(x) =sin(fr(x)). neN.

Eéetdore tny (f,) ws mpog tny katd onpueio kar tny opoiduopen ovykiion.

Yrnéoein. Emnoywywd Selyvoupe ot xdlde f, elvar abouoa xar madpver téc oto [0, 1].
Enlong, vy x&de z € [0, 7/2] woydet

(+) 0< fuii(@) = sin(fu(@)) < fule), neN
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di6tsint <t av t € [0,7/2].
H (*) delyver 6, yia x&de x € [0,7/2], n axohoudio (fr(x)) elvon @divovoa xow xdtw
eaypévn and 1o 0, dpo cuyxhivel ot xdmowov £, > 0. Emmiéov,

by = lim fhiq(x) = nan;o sin(f,(x)) = sin (nlirrgo fn(x)) = sin 4,

n—oo

dpo £, = 0 (n e&iowon sint = ¢ €yer yovadn pillo v ¢ = 0). Anpadi, fr, — 0 xatd
onueio.

I va e€etdoovye v ogoldpoppn olyxhor, tapatneolue 6t xdde f, elvor un apv-
e xou adEouvoa, dpa

[frlle = max fr(x) = fu(7/2) =0

z€[0,7/2]
6tav n — oo. Apa, f, — 0 opotduoppa oo [0,7/2].
7.13. YroOétouue bt n oeipd Y poy a oUyKAivel atodltws. Aeiéte 6t o1 ocapés ouvvaptij-
oewr Yy oo agsin(kt) ka1 Yo | ai cos(kt) ovykdivovy opoidpopga oo R.

Yrédaén. Egapudlovpe to xpitriplo tou Weierstrass: av fi(t) = ay sin(kt) t61e
|fx(®)| = |ag sin(kt)| < |ag|, teER.

Ané v undeon, n oepd Do |ak| ovyxhiver. Apo, m D pe fr(t) = Dope; ak sin(kt)
ouyxAivel oyoldpoppa oto R.
D v Y7o ag cos(kt) doukelouye pe tov (Do axp3oe tpdmo.

7.14. Acibre 6und o, (1—x)z* ovyrdiva katd onpeio, aAd éx1 opoidpopea, oo [0,1].
Avudérwg, deibre bt n Y peo(—1)*zF(1 — x) ovyklva opoiduopga oo [0, 1].

Trédaén. (o) Tty ey (1 — z)2: unoroyilouue o pepixd adpoloparta: av z = 1
t61€ 5,(1) =0, eved av 0 < = < 1 €youye

Sn(z Zl—x =(1l-2)(l+z+2>+--+2")=1-2"" - 1.
k=0

Apa, sp(x) — s(x), 6mou s(z) = 0av e =1 xu s(z) =1av 0 <z <1 H s e
acuveyfic 60 onuelo = = 1, dpa 1 olyxhion dev elval opotduope.

(B) Tt v Yoo (—1)F2*(1 — 2): énwc mpw,
n 1— (_1)k+1$n+1

sn(@) = (1-2)) (~2)* = (1-2) 1+

k=0
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Av0§x<1Térsx”+1—>0,dpa3n(x)—>? Av z =1 téte s,(1 ):OHO:%.
Yuvenwe, s, — § xatd onuelo, étou s : [0, 1] — R n ouvdptnon
(o)
1—
Z (1—-2x) = =7 a
o +

T va 8et€oupe ot 1 aOyxhion elvar ogotduopeT), Yewpolue T diapopd

xn—i—l _ xn+2

:7<x

—_1)" n+1
(=1)" T2

n+2

Sn(x) — -z

1—=x _ 1—2x
1+z| |14z

Mapatnpolye 6t 1 ouvdptnon = — 2™ — 2"*2 (ot0 [0,1]) modpver péyotn A oto

onuelo 245, 0 omola etvan {om ye
n A1\ nl _ 1
n+ 2 n+ 2 n+2
Yuvenwe,
n o < n+1 _ nt2 < 0.
Jsn = sl < amax (o = 272) < s
‘Enetat 611 ) oelpd 1;795 Yo (=Dkak(1 — z) ouyxhiver opotbpopypa oo [0, 1].

7.15. Aetére 6u n oepd ovvaptrioewy

>

k=1

V(1)

ouykAiver opoiduopga o€ kdde idotnua tng poperis [—A, A], A > 0.

Tnédaén. 'Eotw A > 0. Tpdgouye sin (1 + £) =sinl-cos(z/k) + cos1-sin(z/k). Apxel
hotndv va del€ouye 6T oL oelpéc

o ik 00 k
;% cos (£) z jz) sin (¥)

ouyxAivouv opotdpopga oto [—A, AJ.

(o) T v Yoy (_\}E)k sin (£): nopatnpolye 6Tt

e || A
)l =| sin (7)] < 15k < 47

/ o) A . / ’ : oo (*l)k 3 z
oL 1 oelpd 3y iys OLYXAveL. AT To xputfiplo Tou Welerstrass, 1 ) JpZ, 7 sin (%)
oLYXAVEL opotouoppa oo [—A, Al.
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(B) Twx v Y52, \/E)k cos (£): mopatnpodye 6T

(=1* A
()5

= e (D)= 0 (57) = 5 < o

XL 1) GELd Y oo 2;?72/2 ouyxhivel. Ao To xprthplo tou Weierstrass, 0y oo ((:/lg)k cos (§) — (?/%k)
(=D*

cuYXhiver oporduopga oto [—A, A]. Anéd v G Theupd, 1 oeed Y oo, i ourrve.
(amé 1o xpithipto tou Leibniz) dpa cuyxhivel opolbuoppa cav oetpd (otadepdv!) cuvapth-

cewv 10 [—A, A]l. Tlpocdétovtag, cuuTEPUVOUPE OTL 1 D poy (i/lg)k cos (£) ouyxhivel

opotdpoppa oto [—A, Al.

Ané ta (o) xau (B) émeton 6t 0

ésm <1+%) *SlanCOS( )+coslzsm( )

ouyxhiver ogotopopga oo [—A, AJ.

7.16. Acitve 6un oapd Y -, Wc%wz ovykAiver ya kdUe x # 0 ka1 anoxAiver ya x = 0.
Aceitre 6ni n oepd ovykdiva opoiduopgpa o€ kdle Sidotnua tns popenis [A, 0o) 1 (—oo, —A4],
émov A > 0.

Yrédetn. Av z =016t Y oo, 14—1%02 =Y 1 =400. Ava #0 t6te

0 1 1 1
ST 2R
xou Aol 1 oepd > oo 75 CUYXAVEL, ané To XpLThplo oUYXELONG N OElpd > pe Hk%ﬂ
OLUYXAVEL.
Eotww A > 0. Av fi(z) = mc%x? téte, Yo xdde z € [A, 00),

1 1 1

0< < <
1+ k222~ 22k2 — A2k2

XL Aol N GERS > po ﬁ oLYxMivet, and To xpitipto Tou Weierstrass 1 oelpd Y oo H_k%rz
ouyxAiver ogotopopga oto [A, 00). ‘Opota yia to ddotnua (—oo, —AJ.

7.17. Acibze 6u n oepd Zzozl(—l)k% OUYKATVEL opo10p0pPa o€ omoldNToTe did oTna
g popens [—A, A], A > 0, aAAd dev ovyrdiva anodVtws ya kapnd Tiun tov .

Trédetn. Eow A > 0. H oepd Y5 (—1)% ¢ ouyxhiver améd 10 xpitfpio tou Leibniz,
dpor cuYXAVEL opotbuoppa oto [—A, A] av T Solue cav oelpd (oTadep®dv) GUVHPTHGEWY.
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Av oplooupe fi(z) = (—1)’“%2, T61E

2 A?
@)l =15 < 4%
oto [—A, A], xounoepd Y po ‘2—3 ouyxiver. Ao To xpithplo tou Welerstrass > oo ; (—1)’“}:—2
oLYXAveL opotduoppa oto [—A, A]. Tpocétovtac BAénovye 6Tt 1 oeLpd

i g O
k=1 k=1 k=1

oLYXAVEL opotouoppa oo [—A, Al.
INo v anéhutn oOYxhion TapaTnEolUE OTL

> |-t

k=1

kx Jrk

‘ k=1 k=1 k=1
Anhadh, n oepd Y po (— )’“c Tk Sev ouyxhiver amohlTeg Yo xopLd T ToU .

7.18. Eotw o > 1/2. Aeitre dn n oepd ouvaptrioewy

2 ko (14 ka?)

ovykAiver ouoidpoppa oto R.

Yrdédaén. Oewpolue ™ ouvdptnon fr : R — R pe fi(x) = iy Haeaywylloviac
Brénoupe 6T
1 — ka?
/() —
@) = g e

H f naipver péyiotn nywy oto [0,00) btav & = ﬁ Agol n fi elvon mepitth GuVdETNON,

cupnepaivouue 6T
1 1
1felloe = fi (\/E) = m

Amé tnv unddeon yia 0 a éyoupe o+ 2 > 1, dpa 1 oeLpd

1
Z ka“oo = Z 2]€a+1

oLyxAlvel. Ané 1o xputrpto tou Weierstrass éneton 61t 1

o0 o0 1
;f’“(x) - ,; k(1 + ka?)
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ouyxAivel ogoldpoppa oto R.

7.19. Acikre 6n n oapd ovvaptricewy
i (x2k+1 Rt )
o \2k+1 2k +2
ouykAiver katd onpueio, aAdd dyr opoibuopgpa, oo [0, 1].
Trédbeén. Eotww 0 < z < 1. XpnolomoidvTog To XpLThplo Tou AGYou, EAEYYOUUE EUXOA

, . oo g2ktl co ghtt . . , , _
OTL 0L GELREC D 4 BrgT X Dop—o 354z OVYXAvouv. To (Bio 1oy ler, pogavac, av x = 0.

$2k+1 xk+1

‘Apa, 1) OEIRd > Py (m - m) ouyxAivel v xdde 0 < z < 1. Ytny neplntwon o =1
€YOLUE

= 1 1 e (DRt
;<2k+1_2k+2)_; g m2< oo

p2k+1 ZRFL

Anadh, > rey (m — m) ouyxhliver Yo xdde z € [0,1].
Ac unodéooupe 6T 1 oepd cuYXNiver opotduopga oto [0, 1]. Téte, 1 cuvdpTtnon
o0 2k+1 k41
fay = SO (E At
2k+1 2k+2
k=0
elvon ouveyhc oo [0,1]. Tvweilouye 6t av |z| < 1 téte

>, ghtl 1
Z =In .
k+1 1—=x

k=0

Suvende, v xdde z € [0,1) éyoupe
© 2k+1

0 Ik+1
2k:+17kz:;)2k:+2

B
Il
<
o~
Il
—
B
Il
=}

I
NE
ol R
_l’_
A
|
K
S
|
NE
w
>~ 8
_l’_
=

k=0

]
Il

I
NE
ol ]

-~ +
AR
l\Dl\’—‘
Nk
-5

x>
|
| —
NE
El ]
_|_

Il
=3
A/~ °
—
|
—_— 8

=)
/N N

=

\

8

|

N =

=)

N

=

I~

8

¥

N——

N~ N~ N
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Agob f(z) = $In(1+x) oto [0,1) xu 7 f elvor cuveyhc ot onuelo @ = 1, Yo Tpéner va

oy Ve
In d 1
f(l)::Z(2k+1 2k+2> Z

k=0 k=1

Eflvar dpwe yvwotd ot
> 1 k—1
Z =1In2,
k=1

an’ OTOL HATAAYOUUE GE GTOTO.

7.20. Opilovpe I(z) = 0 av z < 0 ka1 I(x) = 1 av > 0. Eotw (x) axoloviia
dagopetikdy avd Vo onueiwy oe kdrow Sidotnua (a,b) kar éotw Y po ) amodiTws
ovykAivouvoa oeipd. Aeiéte 6t n

Z epl(z — )
k=1

ouykAiver opoiduopga oo (a,b) ka1 dtt n ovvdptnon mouv opiletar and averj T oepd evar
ovvexns o€ kdle xg € (a,b) \ {zy : k € N}.

Yrdédaén. Av Véoovue fi(x) = cpl(z — xk) TOTE || frlloo = |ck|- A6 Ty unddeon éyouue
S 1fklloo = D opey lek] < 400 xou, ané to xprrfpio Tou Weierstrass, 1 oetpd

Z fu(z) = Z cxl(z — xy)
k=1 k=1

oLYXAveL opotduoppa oo (a,b).

O¢rovye A = {x : k € N}. Av zg ¢ A Belyvouye 61t xdde f, elvar cuveyhic oto zo:
BLaXEIVOUUE TG TEPLTTWOELS Tg < Tk XL To > Tk, LTNV TEWTN TEP(TTwo, undpyet § > 0
dote xo + 0 < Ty, xou dpa, o xde x € (kg — d,x0 + 9) oyVer fi(z) = cpl(x — xy) = 0.
AgoU 1 fi, elvar otadeph| oe Wia TepLoy ) TOL T, elvar cLVEYNC 010 To. ‘Opoa, otn debtepn
nepintwon, undpyet & > 0 dote xp < zp — 0, xou dpa, Yo xdVe x € (xg — J, xo + ) oy Vel
fiu(x) = cpl(z — x) = cix. Aol n fi elvon otadepn] oe YL meploy| Tou g, elvon cLVeEYHC
ot0 x9. Tdpa, s, = fi + -+ fn elvow cuveync oo g Yoo xdde n € N, xon ool
Sp — 8 = Y pey i opotopoppa 670 (a,b), n s(x) = > p, ekl (x — zx) elvor cuveyhc oo
Zo-

7.21. Eow f, : X — R, n € N. Aetlre dn: av f, — f opoibuoppa ovo X kar kdOe f,
etvar gpayuévn oto X, tdéte n (fr) elvar oporduoppa ppayuévn oto X.
Yrdédeln. Halpvouye € = 1 > 0. Agob f, — f ogodpoppa, and to xpitipo Cauchy
undpye ng € N dote, yia xde n,m > ng, || fm — falloo < 1. Edixdtepa, yia xdde n > ng
oy Vel

[fnlloo < Ifn = Frolloo + 1 fnolloe <14 | frloo-
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Kdde f,, elvon @poypévn, av hoindv oploouue
M = max{]| filloo; [[f2llocs - - | fng—1lloos T+ [ fnolloc} < 400,

6T || fnlloo < M yia x&0e n € N. An\&dW, n (frn) elvon opordpoppa Gearypévn.

7.22. Eoto f, fn : (X, p) — [a,b] ya kdOe¢ n € N ka1 f, — f opoibuoppa oto X. Eotw
g : [a,b] = R owvexris. Aeikte éti go f, — go f ouoduoppa oro X.

Yrdédaén. H g elvoar ouveyhic oto xhewotd ddotnua [a, b], doa elvon opobpoppa cuveyhc.
‘Eotw € > 0. Tndpyet § > 0 dote: av t, s € [a,b] xou [t — s| < t61€ |g(t) — g(s)| < e.
Agob f, — f opotbuopga, utdpyet ng € N dote: yia xdde n > ng o yro xdde z € X
woylel | fn(x)—f(x)] < 6. Térte, Yétovract = f(x) xou s = f(x) oty nponyoluevn oyéon,
ovunepaivoupe 6t Y x8e n > ng xou v x&Ve x € X woyle |g(fn(x)) — g(f(2))] < e.
Anhadn, yia xdde € > 0 undpyet np € N dote: yia xdde n > ng xou yio xd9e © € X
oyt [(g© fa) (@) — (9.0 )(@)| < & Ags, g0 fu — g o f opoLb0pHA 070 X.

7.23. Eoww (X, p) perpicds xdpos, A C X, f, fn: A — R ya ki0e n € N ka1 f, — f
opobuoppa oto A. Eotw tyg onueio ovoodpevons tov A kar limy_ fr(t) = z, € R.
Aceitre bt

o. H (z,) ovykAiver oto R kai
B. limy_, f(t) = limy o0 ©n. AnAadn,
lim lim f,(¢) = lim lim f,(¢).

t—to n—oo n—oo t—to

Yrédaén. (a) Ou deiCouue Ot N (zy,) elvar Baow axorovdia oto R, ondte cuyxhiver.
Aol f, — f opodpopga, n (fr) xavomolel to xpithpo Cauchy. Eotw € > 0. Tndpyet
no € N dote: yia xd0e n,m > ng xot yio xde t € A,

Fa®) = fm®)] < .

‘Eotw n,m > ng. Agol limy_,,, fr(t) = z,, vndpyel 6, > 0 dote: av t € A xw
0 < p(t,to) < 0n 0T |fu(t) — zn| < §. Opowt, agol limy ¢, fim(t) = T, undpyer
O > 0 @ote: avt € Axu 0 < p(t, tg) < 6m T0T€ |frn(t) — 2m| < §. To tg eivon onuelo
cuaowpeuong Tou A, dpa undpyel t € A to onolo wavortotel v 0 < p(t,tp) < min{d,, o }.
Tote,

[0 = Tl < [2n = Ful®)| 4+ 1fal) = Fn O + [ (®) =7l < S+ 542 = 2.

Auté Belyvel 6L n (x,,) elvon Baouxh axohoudio.
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(B) Ao to (o) vndpyer € R dote z, — z. Eotw ¢ > 0. Trdpyet n1 € N dote, yia
x&de n > ny, |T, — 2| < 5.

Agob f, — f ouyotduoppa, undpyet ny € N dote, yio xdle n > ng xou v xdie t € A,
falt) — (1) < .

Ocwpolye tuydy n > max{ni,ne}. A@ol lim; ., f,,(t) = z,, undpyer § > 0 dorte,
av t € Axu 0 < p(t,tg) < 9§, 6t |fu(t) — x| < 5. Buvendg, yio xdde t € A ye
0 < p(t, to) < 6 éxoupe

) =2l S 1FE) = Fal®)l + 1 fult) = 2al +an =] < S+ 2+ ==

Agol 10 € > 0 frav Tuydy, cuurepaivouye 6T limy_y, f(t) = x = lim,, oo T

7.24. Bpefte axodovdies (fr), (gn) opiopéves oto R, o1 omoles ouykAivour opoiduopga,
ald 1 (fngn) Oev ouykdiver opoiduopga.

Yréoatn. Oewpolue ™y f: R — R pe f(z) = x xou opiloupe fr, = f yia xdde n € N.
Mpogavae, fr, — f opodpoppa (éxovpe || frn — flleo = 0 yia xd9e n € N).

Enlone, opiloupe g, : R — R pe gyo(x) = L. Téte, g — 0 opobpopga, dibtt
llgn = Olloc = % — 0.

‘Ouwce, v Ty axoroudio twv cuvapTioewy (frgn)(z) = £ éyouvue frgn — 0 xotd

n
||

onueio ahhd byt opotduopga, agol || fngn — 0lec = sup {7 RS R} = +o0.
7.25. Eotw f,(t) =t" ot0 [0,1] ka1 g : [0,1] — R ouvexris oo [0,1] pe g(1) = 0. Aetbre
6t n (gfn) ovykdiver opoiéuoppa oo [0, 1].

Yréoeitn. Eotw € > 0. Agol 1 g elvar cuveyric oto onueio to = 1, undpyer 0 < § < 1
wote: av t € [1—6,1] téte |g(t)| = |g(t) — g(1)] < e.

H g elvar ouveyhc oto [0,1], dpa undpyer M > 0 dote: yw xdde ¢ € [0, 1] woydet
lg(t)] < M. Enione, (1 —6)™ — 0, dpa vndpyet ng € N dote: v xdde n > ng,

M1-6)"<e.
Oa deiZouye Ot yioo x&Ve n > ng woylel ||gfnllee < €. Autd anodewvier 6t gf, — 0
opotépoppa oto [0,1].
‘Eotww n > ng. Ataxpivouye 600 Teptt®doelS:
(i) Av0<t<1—¢bte |g(t)fu(t)] < Mt" < M(1—-0)" <e.
(i) Av1—4d<t<11otelg(t)fu(t)] = lg@)|t" <[g(t)] <e.

‘Eneton b1, yia xdde n > ng,

19fnlloc = sup{lg(t)fu(t)] : t € [0,1]} <e.
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7.26. Eotw (X, p) diaywpionios petpikds xdpos kat D = {xz,, : n € N} nukrd vnootvolo
tov X. Opilovue tnv axolovdia mpayuatikdy ovvaptioewy f, : X - R, n=1,2,... ue

fu(z) = dist(x, {z1,22,...,2,}), x € X.

Acetkte bt
() H (fy) €tvar pOivovoa kar f,, — 0 katd onueio.

(B) fr — 0 opoiduoppa otov X av ka1 udvov av o X eivar oikd gpayuévos.

Yrdédaén. () Oétoupe D, = {z1,...,2p}. Eotw x € X. Agob D,, C D11 yo x80e
n € N, éyouue
fn(x) = dist(z, Dy,) > dist(z, Dpt1) = fry1(x)

v xdde n € N, dnhadh n (fn(x)) ebvar pdivovoa. Eotw & > 0. Aol 10 D eivar tuxvo,
umdpyer ng = no(e, z) HGote p(z, T,,) < €. Téte, yia x&de n > ngy éxoupe

0 < fu() < fro(x) = dist(z, Dy,) < p(,20,) < €.
‘Enetar 61t lim f,(z) =0.
(B) Trodétoupe npdta 6t f, — f opoiduopga. ‘Eotww e > 0. Bploxoupe n € N dote
| frlloo = lIfn = Ollc <e.

Tote,

IMpdypott, yio xdde x € X €youue
fo(z) =dist(x, D,) < €

dpa, undpyel j < n wote p(z, ;) < &, Inhadh & € B(xj,¢).
Avtiotpoga, unolétoupe 6t o (X, p) elvar olixd @payuévoc xar Yewpolpe € > 0.
Trdpyouvv y1,...,yx € X wote

k
X = By;,¢/2).
j=1
T xdde j < k Beloxovye i; € N @ote p(xi;,y5) < €/2. And tnv Tpiyevixs| oveétnta,

BAénouye elxola 6T

X = | JB(wy,,¢).

k
1

J
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O¢touue n(e) = max{ny,...,ng}. Tote, yia x&de n > n(e) €yovpe
X = B(xjv 6)7
1

n

J

Onhadh
fo(z) = dist(x, D,) <

yia xdde z € X. ‘Eneton 6t f,, — 0 opotduoppa otov X.

7.27. (o) Adote mapdderyua axolovdiag aovvexdy ouraptioewy Tov oUyKkAlvel 0po1610p-
@a o€ pa ovvexn ouvvdptnon.

(B) Adore mapdderypa akolovdias ookAnpdouwy owvaptrioewy fy, : [a,b] — R mov ouy-
KAvel katd onueio o€ pua un odokAnpdoiun ovvdptnon f : [a,b] — R.

Trédaén. (a) Tw %89 n € N opiloupe f, : R — R pe fo(z) = L av z € Q xau

fu(z) =0 av z ¢ Q. Iupatnpriote 6u x&de f, elvoar aoureyris oe kdde x € R. Eniong,
[fallw = 2 — 0, dpa f, — f = 0 opodpopga o0 R (xou 1 f = 0 elvon cuveyrhe
GUVAPTNOT)).

(B) Oewpolye wo apldunon qi1,42,---,qn,--- U [a,b] N Q. Tw xdde n € N opllovye
fn i ]a,b] = Ruye fo(r) = 1lava € Dy = {q1,...,qn} xou fn(x) = 0av x ¢ D,.
IMapatneriote 6t xdde f,, éxel nencpaocuéva to TARloC onuela aouVEYEWS, TA 1, .. . , Gn,
dpo elvar Riemann oloxhnpwowun. Ernlong, fn(z) — f(z) vy xd9e = € [a,b], 6mou
fl@)y=1avz e Qnla,b] xu f(x) =0 alde (ropatnehoTe Tt av & = G, VI XETOLOV
m € N, t6te fp(x) = 1 ywa xdde n > m, dpa fno(z) — 1 = f(z)). Téhoc, n f dev
elvor Riemann ohoxhnpwoiun (xdde dve ddpoopa tne f etvon ioo pe b — a xou xdde xdtw
dporopa tne f elvan (oo ye 0).

7.28. (o) FEotw X ovvodo, fr, : X = R yan=1,2,... ka1 f : X — R dote f, — f
opobuoppa oto X. Anodeiéte dur | fn| — |f| opordpoppa oo X.

(B) Eotw fr :[0,1] = R pe fo(z) = (=1)" (1+ Z) yian=1,2,... Anodeitre 6t 1 (| fn])
ovykAiver opoiduopga oo [0,1] evd n (fn) dev ovyrdiver.

Yréoaén. (o) HMapatnpodue dtt
| [fn@)] = 1f @) ] < [fa(2) = ()]

v xdde z € X, dpa
Hfnl = 1fHloo < N[fn = flloo = 0.
Apa, | fn] — | f] opotdpoppa oto X.

(B) Hopatnpolye 6Tt fon(x) =1+ 2 — 1 yia xéde x € [0,1] xau fon—1(z) = — (14 £) —
—1 v xdde z € [0, 1]. Tuvende, 1 (fn(x)) amoxhiver yia xdde z € [0, 1]. Ouwc,

Fal@) =14 = = f(2) =1
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oto [0,1] xon
z 1
lfn— fllo = max — = — — 0.
z€[0,1] 1 n

Anhadn,

ful = f =1 opobpopya oo [0,1].

7.29. Eoww X ovvoro, frn,gn, fr9: X = R yian=1,2,... dove f, — [ ka1 g, — ¢
opoidpoppa oo X. Amodeibte 6t av o1 f, g elvar ppayuéves tote fr,g, — fg opoibuoppa
oto X.

Yrdédaén. YTrdpyer M > 0 &ote [|flloc < M xt ||g|lec < M. Eniong, agod f, — f

opowdpoppa oto X, utdpyer ng € N dote: yio xdde n > ng, ||frn — flloo < 1, xou dpa,
[falloe < I1fn = flloo + Iflloe <14 M. Térte, yia xdle n = no ypdpouye

[l fn(gn — 9)lloc + 119(frn = f)llso
[ frlloollgn = glloo + llgllooll frn = fllco
(1 + M)Hgn - gHoo + Man - f”oo — 0,

I fngn — f3lloo

IA A IA

onAadn frgn — fg opotduoppa cto X.

7.30. Eotw § > 0 kat f, fn, : X — R doze |fo(z)] > § ya kdfe v € X karn =1,2,....
Av fn — f opoiduoppa ovo X, detére dui:
() f(z) #0 ya kd0e x € X.
B) f% — % opoduopga oto X.
Yrdédaén. (o) Apol f, — f opotduopea, yio xde x € X éyouvpe fr(x) — f(x). And v
|fn(z)| > d, n € N, Brénovye 6T

@)= lim |fu(@)] 2 8

Ewwoétepa, f(x) # 0.
(B) HMapatnpolye ott, ya xdde = € X,

L[l 1@ _ Uale) — S(@)
L@@l L@l S e
Apa,
I3 = #1810

Anhadn, fi — % opoLouoppa 6o X.

7.31. Eotw (X,d), (Y, p) petpixol xdpor kat fr, f : X =Y dote f,, — f opoiduopga oto
X. Av kdOe f, eivar opoibuopga ovvexns ouvdptnon, arodeibte 6t n f elvar opoiduopgpa
ouvexris.
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Yrdédeln. 'Eow € > 0. Aol f, — f ogolbpoppa, undpyet ng € N dote

€
Sup{p(ﬁm(m%j(x»::rg-x} < g'
Aol 1 fr, elvan ogodpoppa cuveyrc, undpyer & > 0 wote: v xde z,y € X pe
d(z,y) <9,
P(fro (@) fro () <

Téte, yia xd0e z,y € X ye d(z,y) < d, ypdgpouue
p(f(@), f(y)) < p(f(2), fro(2) + P(fro (), Fro (1)) + £(fro (), £ ()

E € €
< —4-4-==¢
< 3+3+3 5

Apa, m f elvou opotduoppa cuveyrc.

w | m

7.32. (o) Eoww (X,d), (Y, p) petpixol ydpor pe tov X ovumayn. Av fr, : X =Y ya
n=12...ka f: X =Y owexris dote ya kide x € X ka1 ya kde (x,) axolovdia
otov X pe x, — x wxve fn(r,) — f(z), anodeire 6u f, — f opoiduopga.

(B) Arnodeitre dt1 n ouvundyea eivar arapattnn, Yewpdvtag tnr akodovdia fy, : (0,1] — R
€

n, 0<x<?i
e ={ 7 9505
' n <z < 1
kavy f i (0,1] — R pe f(z) = L. Awmordore éu ikavonoeftar n vndleon, aldd

fn 7> | opordpopga.

Yrdédabn. (o) Trodétovye 6t ||fn — flloo 7 0. Hepvdvtoc oe vrmaxolouvda e (fy)
unopolue va utoldéoouue 6t umdpyel € > 0 Gote ||fn — flloo > 2¢ v x&0e n € N.
Téte, vy xdde n € N undpyer z, € X dote p(fu(zn), f(zn)) > . O (X,d) elvo
ouunaync, dpo undpyel utaxolovdia (zx, ) ™e (xn) Ue Tk, — o € X. And v unddeon,
frn (k) — f(zo) xow and n ovvéyeta e f oto zg, f(zk,) — f(xo). Ouwe tére,

P(frn (@, )s S (2h,)) = p(f (w0), f(20)) = O,

10 onolo elvar dtono, ol p(fr, (zk, ), f(zk,)) > € yioa xdde n € N.
(B) Eow (x,) axorovdia oto (0,1] pe z, — = € (0,1]. Agob z > 0, naipvovtog

e = x/2 > 0 Bploxoupe ng € N dote nio < g oxa r, > 5oy xdde n > ng (e€nyfote

yratl unopolue va metdyoupe xat o d0o tawtdypova). Tote, yio xdde n > ng €youpe
1 1

fn(xn) = . 4pa fn(x) - = f(x)

H obyxhon Sev elvon ogoldpopen: mapatneiote 6T

an"f”m>:: sup
0<z<%

|
n— —|=+oo

yio xdde n € N.



Kegdhaio 8

X WEOolL CLVAPTNOEWYV

8.1. Acitre 61 0 C([0,1]) elvar Siaywpiopog.

Yrdoeiln. In Anédaén. Me yprion tou Yewpruoatoc npéoeyyiong tou Weierstrass: Oo
delfoupe 6t 0 olvoro Qz] twv MoAULVIPKY e pnTolc cuvieleoTtéc elvon aptdurowo
xar mtuxvé otov C([0,1]). Eotw f € C([0,1]) xw € > 0. Tndpyer nohudvupgo p(z) =
ap + a1z + -+ apx™, a; € R Gote ||f — plloo < €/2. And Ty muxvéTna TRV ENTOVY,
vy xé@de i = 0,1,...,m vndpyet ¢; € Q wote |a; — q;| < m Téte, 0 TOALGVLUO
q(x) = qo+ qx + - + gmx™ avixel oto Q[x] xou éyer Ty WidtnTa: av x € [0, 1] téte

m m

i g

p(x) = q(z)| <> lai — qila’ < lai — qif < 5
i=0 i=0

Apa, [|Ip — qlloc < €/2. And v tprywvix avicdtnta éxouue 6Tt || f — ¢l < £. Enetan
6w to Q[z] glvon Tuxvd otov C([0,1]).

Mopatmpolue 61t w0 Q[z] ypdgeton cuv évwon tne popehc Qz] = U~ Qnlz], 6mou
Qn [z] elvar 10 60VORO TV TONUWVOUWY e pNTolc ouvieleoTés xat Baduéd to Tohd n. ‘Etot,
yioo va def€ovpe 6t 1o Q] ebvan aprdufowo apxel va detloupe 6Tt yia xdde n 1o Qyx]
elvor apriufowo. ‘Opwe, to Qy[z] elvor toomAndixd pe to Q" péow tne avtiotorylac go +
QT4+ g™ = (90, q1,- - - qn)- Agol 10 Q" elvon xaptecLavd Yivouevo aprdpfioiwy
oLVOAWY, éneton OTL elvan apriuriouo.

2n Anéoaén. Me ypron twv TOAUYWVIX®Y cuvopThoewy: Ta xdde n € N Jewpolue
10 olvolo L, twv cuvapthoewy oto [0,1] énou eivar cuveyeic xou ypopuxéc o xdde
unodidotnua J, = [E=2 Bk =1,2,... n. (ropatnpfiote 6Tt péow authe TNE TEPLYpaphc
oL cuvapThoE autég elvon Thpws xadopiouéveg). Tote, 10 oUVORO L 1wV TONUYWILXOY
, , r Kk , S
cuvapThoewy (Ue «xduBoucy ota onuela -, k=0,1,...,n, n € N) ebvou 1o {J,,_; Ln. ¥
ouvéyela Yewpolue 10 6OVOAD (), TWV CUVEYMY TOAUYWVIXDY CUVARTHOEWY TOU Talpvouy

entéc TWéS oTa %,k =0,1,...,n. An\adm,
Qn=L,Nn{f(k/n)eQ:k=0,1,...,n}.
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Téte, 10 GUVONO @ TWY TONUYWVIXOV CUVAPTACEWY PE «pNnTolc xépuPoucy (ota ornuela
k/n, k=0,1,...,n, n € N) elvaw to o~ Qn. Hupatnpolue (ue éva emyelpnua omwe
autd ot TpoO T anddelln) 6 yia xdde n € N 1o @, elvow aptduroo obvoro. ‘Apa, T0
Q etvan aprduriowo. Ou anodel€ouye bt to Q elvar Tuxvéd otov C([0, 1]). TV autd apxel va
deifoupe 6Tt 1o L elvar muxvéd otov C([0,1]) xou éu o Q eivor tuxvé oto L (dnwe oty
TPMOTN AnOOEE).

‘Eow f € C([0,1]) xou € > 0. And v opobuopen ouvéyew tne f 1o [0, 1] éneton
6t umdpyer n € N dote av z,y € [0,1] xau [z — y| < L vowoyle |f(z) — f(y)| <
€/2. Oewpolye TNV TOALYWVIXH cLUVEETNOY g Tou elvon Ypauuxy ot xdde uTodldoTnua
[A=L Rk =1,2,...,n xu g(k/n) = f(k/n). Téte, g € L, xou n g éyer tnv iétnrar
lg — flloo < e. Hpdrypatt, av x € [0,1] téte undpyet j € {1,2,...,n} dote % <z < %
‘Eyoupe:

[f(x) —g(@)| < |f(z) = f(k/n)|+ |g(k/n) - g(z)|

< 5 +lg(lk = 1)/n) = g(k/m)|
€, €

< 5 + 5= €
Av topa ndpouvpe g € L Yo del€oupe 61l pnopolue va Ppolue 6o xovtd tng YEAoUUE
otoelo h tou Q. Ipdyuat undpyer xdmowo m € N &ote g € L,,. Lo xdde k =
0,1,...,m emhéyoupe gx € Q dote g(k/n) < g < g(k/n) +¢e. Tbéte, n nONUYWVIXA
ouvdptnon h ye h(k/n) = ¢ yia k = 0,1,...,n evat 10 @,y X0 €yel TRV WOLHTATAL
g(x) < h(z) < g(x) + € v x&0e = € [0, 1].
Ynueiwon. Hapatnerote xou ye tic 8o amodellelc mpoxUmter dueco 6t ot Lipschitz
ouvapthoec (oto [0,1]) elvar muxvée otov C([0,1]). Autéd éneton and 1o yeyovoc 6T
%80 TOAUGDVUPO TEPLOPIGUEVO GE Qpaylévo Bidotnua eivon Lipschitz xat xdde moluywvixy
cuvdptnon elvon Lipschitz.

8.2. Eotw f:[0,1] — R oureyris ouvdptnon pe tnr ibidtnta

/lx”f(x)dxzo
0

yia kden =0,1,2,.... Anodeitre éu f = 0.
Ynéoeitn. Anéd to Jedpnua Weierstrass éneton 61t undpyet axohoudior TONGVOUWY (Dr,)
Oote p, — [ opotbpoppa 1o [0,1]. Aol n f elvor gpoypévn, éyoupe 6t fp, — f2

oyotouopga. ‘Apa,
1

/0 (FO)2dt = tim [ pa(d)f(t) dt.

n—oo 0
Opwe, v xdde n € N 10 fol P (t) f(t) dt elvan nenepaouévos Ypouuxds cuVBLACUOS TWY
fol t" f(t) dt <o omola elvon oo ue undéy amd Ty unddeon. Apa, fol p(t)f(t)dt = 0 v
x&de n € N, énote fol 2 =0. Ané tnv tehevtaia oyéon énetor 6L f = 0 (e€nyfote yroth).
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8.3. Eotw f,g:[0,1] — R oureyels ovvaptioer.

(o) Av oyve fol 2" f(x)de = fol 2"g(z)dx yan=0,1,... deiére du f = g.
(B) Av woyve fol 22" f(z)dr =0 yan =0,1,2,... detéve 6u f = 0.
Yrddeitn. (o) Av Oéoovue h(x) = f(z) — g(x) tote éneton 6T

/lenh(x) dz = /01 a" f(x) dx — /le”g(a:) dr = 0.

Emunhéov, n h elvoar ouveyhc oto [0,1] dpa and tnv ‘Aoxnon 2 énetar 61t h = 0 dnhadn
f=g

(B) 1In Anédetn. Oewpolye t ouvdptnon b : [0,1] — R ye h(z) = f(v/z). Hopatneodue
o6t n h elvon ouveyric, dpa and To Yedprnua Tpooéyyionc Tou Weierstrass undpyet axohoudia
TONOVOUWY (pr) OOTE || — pplloc < = yia xdde n € N. Anhods, yio xd9e n € N xou v
xdde x € [0,1] wyder |py(z) — h(z)| < 1/n. Encton b1t

poe?) — F(@)] = Ipn(?) — h(a?)| <

v xdde n € N xan yio %8¢ z € [0,1]. Oétovtoc gn(z) = pn(2?), mopatnpolye étt xdde
¢n €iva TONUGVLUO TOU TEPLEYEL UOVO BETLAL HOVVUPAL XAt OTL [|gn — flloe < 1/n yiot xde n
ané Ty teheutaia oyéon. Apa, 1 (gn) cuyxhiver opobuopea oty f. Eneton 61t fg, — f2
opotdpoppa oto [0,1]. Tére,

/ ' f@)gue) da / (F())? da.

Ané v unddeon éyouue fol gn(2)f(z)dz = 0 vy x&% n € N (egnyhote ytl), dpo
€Y OUPE TO CUUTEPOOUL.

2n Anddeén. Eotw F 1 dptia enéktaon tne f oto [—1,1] dnradn, F : [-1,1] — R ye

| f(=x), 0<z<1
F(x)_{ f-z), ~1<z<0

Téte, n F elvon cuveyhic. Emniéov elvar dptia, ondte toylet

1
/ 2" F(z)dr =0
-1

yon =1,2,... (eZnyfote yiatl) xou axdun

/1 acQ"F(x)da::2/11‘2"F(x)dw:2/1x2"f(x)dw:0
0

—1 0
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v x&9e n = 0,1,... and tnv unddeon. ‘Apa, n F wavonotel tic utoVéceic e ‘Aoxnong
2, ondre elvor TawtoTnd undév. Ebdwdtepa, f(z) = 0 yia xdde x € [0, 1].

8.4. Adote mapdderyua axolovdiag noAvwriuwr p, : [0,1] — R pe py(x) — 0 ya kdOe
x €[0,1] ka1 fol pn(z)de — 1.

Yrédeitn. Oewpolue o TOAUGVLLA Py () = 2nx(1 — 22)" ! ye o € [0,1]. Tére elxoha
ehéyyoupe ot v xde x € [0, 1] woylet p,(z) — 0, ald fol pr(x) dz =1 yio xdde n € N.

8.5. Eotw f : [0,1] — R ourexris ovvdptnon, n onola Sev elvar toAvdvupo. Av (py,) eiva
axolovllia ToAvwyiuwy dbote p, — f ouoiduopga, deikte dtr deg(p,) — oc.

Yrédaén. Apywxd napatnpodue 6t yio xdde k = 0,1, ... 10 cOvoro Ry [z] twv moluwviumy
HE TparypatixoVe ouvteheotéc xat Badud To oA k givon xhetotd unochvoro tou C([0, 1]).
Mpdrypatt av (p,) eivar g axohouvdia TohuVOpKY otov Ri[z], t16te undpyouvy axolou-

Vec (af), (a}),...,(a}) dote pu(z) = af + afz + ... + afa® vy xdde * € R xo
n=1,2,.... Trnodétovue 6t N p, — [ opotduoppa oto [0,1]. Oa deilouue 6t xdde
axorowdia (al’), ¢ =0,1,...,k cuyxhiver oe xdnow a; € R xat dpo n f elvon 10 ToAuGVU-

po f(x) = ap+ a1+ ...+ axz®. Oewpolye k+1 onpela ty <t < ... < tg (Tuyede S
otadepd) oto ddotnua [0,1]. Téte, yia xdde n € N woylet:

af +alto+ ...+ a}gt’g = pn(to)
ay 4+ aPty + ...+ afth = py(ty)
af +alty + ...+ aZtﬁ = pn(tr)

To nopandve obotnua elvon Ypopuuxd (k+1) x (k+1) pe ayvootoug e aj, j=0,1,... k.
Enlong, n opilousd tou eivar tonou Vandermonde:

1 tg ... tf

1ty ... th
D= _ :

1oty ... tF

7 onola yvwpilovpe 6Tt loolton e

D= J] -t

0<i<j<k

xan dev elvar undevixr amd v emioyt| twv t;. Ondte 10 clotnua €xel povadxr Abon
(ag,at,...,ay), n onola diveton W ay = % v j =0,1,...,k Kd&de D; elvar memepao-
HEVOS Ypouuiede oLVBVAOPOS TwV t) o Py (t;) Y i, j = 0,1,..., k (Snhadh axoroudio og
npoc n). Enedr] O, pn(t;) — f(t;) v j =0,1,...,k éyovpe 6t xde (a} )nen ovyxhivel
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070 3 limy, .o Dj. Hopatnpfiote 6TL ypeaoThxape wovo v xatd onueio olyxhion e
(pn) oty f. H anddeiZn tou woyvpopol elvon TAheNG.

Av Bev woylel to {nrodyevo, téte undpyel (ky) yvnolwe abouoa axohoudia dextddv
xar m € N oote deg(pr,,) < m yian =1,2,.... Téte, n axohovdia (pi, ) nepéyeTal oT0
xheto0t6 Ry, [x] xou ouyxhiver (opotdpoppa) otny f. Apa, 1 f eivon tohudvupo (Badpol to
TOANO M), dToTo.

8.6. (o) Eotw f,g:[0,1] — R ouvexeis ouvaptrioes pe f(x) < g(x) yua kdde x € [0,1].

Arnodeibte dn vndpyer moAvdvupo p 1 [0,1] — R dote f(z) < p(z) < g(x) ya xdle

x € 10,1].

(B) Armodettre du vndpyea ToAvdvupo q dote e < q(z) < €** ya kde x € [0, 1].

(v) Av h: [0,1] — R ourexris ovvdptnon, arodeiére dn vndpyer yvnoiws avéovoa akolov-

Oia molvwrviuwy (pp,) dote p, — h opoiduopga oo [0, 1].

Yréoaén. (o) Aol ol f, g eivon ouveyeic xou g(z) — f(z) > 0 ywo xdde z € [0, 1], undpyer

m > 0 wote g(z) — f(x) > m vy xdde x € [0,1] (e&nyrote ytl). Kodaoe, n %

elvar ouveyhc, and To Yewpnua mpocéyyiong Tou Weierstrass LTdpyel TOAUOYLUO P OOTE

[p— L3200 < . Tére, yia xéde x € [0, 1] toyler:

flx)+g(z m flx)+g(x

f(x)<() (z) (z) + g(z)

m
- — <plx) < —F"—+

2 4 2 7 <9)

(B) Egappéloupe to mponyoluevo gpotnua yio Tic f(z) = e* xau g(z) = 2¢**, z € [0,1].
Trdpyet toudVUPO p Gote ef < p(t) < 2e? yia xdde t € [0,1]. Eotww = € (0,1]. Téte,

€YOLUE
/ etdt</ p(t)dt<2/ et dt
0 0 0

x
e’ </ p(t)dt +1 < e**
0

Srhad,

v x&e z € (0,1]. Ereton, 6Tt yio xdde x € [0, 1] woylel
e’ <qg(x) < e,

omou gq(z) = [3 p(t) dt + 1. Hopatnpolue 6Tt 1o g Efvar TOAUGVLYO, dpat Exoupe To {NnTol-
YEVO.
(v) Ao 10 TpdTo gpTNUa €youue 6t Yo xdde n € N undpyel TOAUWYLUO Dy, OOTE
1
n+1

M@—%<p%ﬂ<ﬂ@—

v xd9e x € [0,1]. Hapatnpodue 6t 1 (py,) elvan yynolwe abdlovon ex XaTUOXEVAS Xat
6t [pn(z) — h(z)| < = yia %89 n € N xau yioo xdde @ € [0,1]. ‘Eneton 6 n p, — h
OUOLOUOPYAL.



132 - XQPOI SYNAPTHIEQN

8.7. Eotww f : [0,1] — R ouveyris ouvdptnon.
(o) Aetére 6t |Bp(f)| < Bn(|f]) ka1 Bn(f) >0 ar f > 0.

(B) Aeize 6 [|Bn(f)lloo < [[.floo-

Yrddeiln. (a) Hapatnpoltue bt n (B,,) eivar axoloudio ypouuxdy tehectdv By, : C([0,1]) —
C([0,1]). Arpadn, av f,g € C([0,1]) xow A € R téte B, (f+Ag) = Bn(f)+AB,(g). Eniong,
elvon dueco ané tov opiopd étL xdlde teheothc B, elvar Yetixde: av f > 0 téte B, (f) > 0.
Téhog, av = € [0,1] téte

NE

[ Bn(f) (@)

s/ ()0 o

=
Il

0
/()1 =t
(17D

NIE

I
& 7
(=)

Apa, [Bn(f)| < Bul(lf1)-
(B) Agol o B, elvar Yetinde xan ypaumuxde, elvon povétovoc: av f < g t61e B, (f) < By(g).
Agot

[ flloe < f(2) < 1l

v xdde z € [0,1], éyouye
—Bu([[fllse) < Bu(f) < Bu(llfllo)-

A6 v Bu([[fllee) = IfllcoBn(1) = [[fllee émezon 6t [Bn(f)(@)] < [[flloc v xdDe
x € [0, 1]. Taipvovtoc supremum we npoc & €YOVUE To LNTOVKUEVO.

8.8. Eoww f :[0,1] — R ourexds mapaywyionun ovvdpnon. Aciéze dui, ya kdde € > 0
urndpyer moAvdvupo p dote || f — plloe < € kar ||f — Pl < €.

Yrédeatn. 1n Anédaén. 'Eotw e > 0. Agod f € C1([0,1]) and to Yedpnua npocéyyione
tou  Weierstrass éyoupe 6t undpyet moAudVUHO ¢ GoTe || f/ — ¢|lec < €. Oewpolye o0
nohuevupo p(x) = [ q(t) dt + f(0). Téte, woyler p'(x) = q(z) xon oxéun av x € [0, 1]
€Y OVUE

lp(z) — f(z)| = ’/Oz q(t) dt—/om f’(t)dt‘ < /OI 1F/(t) — q(t)| dt < ez <e.

Apss [f = plloe <& [/ =Pl <&

2n Andédealn. Mnopolye va amodel€ouye ot av f elvar cuveyde mopaywyiown, tote
[Bn(f)] — f' opotbuoppa xou enedh woyber By (f) — f opobpopya (and to Yedpnuo tou
Bernstein) €youpe to {nrobuevo. I' autd to oxond del€te dadoyixd o eZhc:
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® D1k = (04 D)Pnk-1 =Pk, 6700 pr () = ()" (1 —a"7F).

o [Busa(N)] = (n+1) 3% olf((k+1)/n) = f(k/n)]pnk-

o Ané 1o Yedpnua péong Tne, e xdde k = 0,1,...,n undpyel ty ye [ty —
owote [Bhyi(f)] = ZZ:O f/(tk)pn,k-

o Xpnotponot(ﬁ)vwg 10 mapandve edxora Brénovue 6t ||[Bpt1(f)] — Bru(f)leo <
wf/(n_H)

arl < o

o Anodemviovtag 6Tt Yo xdde gpayuévn cuvo’(pmon g :[0,1] — R wyle |Bn(g) —
glloo < wg(\lf) %ot oLVOLALOVTAC UE TO TPOTYOUUEVO, GUUTERAVOUUE OTL

1Bara (A = Flle < sop (;ﬁ) .

Apa, [B,(f)]" — f opobuoppa oto [0, 1], agod n f/ ouotbuoppa cuveyhc (Ouun-
Oeite 6L wo ouvdptnon h : [0,1] — R elvar opotduoppa cuveyfc av xot uovov av
wp(8) — 0 xadcde 6 — 07T).

8.9. Fotw 0 < a <b<1ka f:[ab — R ovveyric ovvdptnon. Aeiére du vndpyer
axolovdia (py,) ToOAVwYiuwY 1e aképaioug ourTeAeoTés, dbote p, — [ opoiduopga oo [a, b].

Yrédaén. 'Eotww 0 < a < b < 1. Enextelvoupe ouveyxte v f oto [0, 1] oe wa ouvdptnon
g:1[0,1] = R e g(0) = ¢g(1) = 0 w¢ e&hic: oto [0,a] v opiloupe Ypouuxh Ye dxpa T
(0,0) xou (a, f(a)) %o oyoiwe oto [b,1]. Owpolue TNV axohoudios TOALWYOUWY

Pu(g)(a) = ; (5) ()] #a-art acpu

Toa P,(g) éxouv axépaiouc cuVTENEoTES o €xouy Ty Widtnta P, (g) — ¢ opolduopga
oto [0,1] (dpa P,(g) — f opotbpoppa 6to [a,b], To onolo elvon to {ntoduevo). Ta va 1o
del€oupe autod, apxel va dellouue 6Tt || Pph(g9) — Bn(9)|leo — 0. Exouvue diadoyixd:

OB OO
()

6Tou oTNY TpoTEAEUTAO AVCOTNTAL €YOUUE YpnowloToloEL To Yeyovée 6t (}) = n yw
k=1,2,...,n—1 xu oty ehevtaba 6t >, (7)aF (1 —2)"F = 1. Apa, ||B.(g) —
P, )||OO < 1/n v x89e n > 2. ‘Enetar 61 P,(g) — g opotduoppa oto [0, 1].

n

[Bn(9)(x) = Pu(g)(x)] <

i

<

SRS
;vm§
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8.10. Adote mapdderyua ovvexols kai ppayuévns ovvdptnons f: (0,1 — R dote va
uny vrdpyer akodovdia toAvwviuwy p,, : (0,1] = R pe p, — f opoiduopgpa oto (0,1].

Yrdédaén. Oewpolue t ouvdptnon f : (0,1] — R pe f(z) = sin(l/x). Aev undpyet
axohoudio TOANUKVOULY, 1 omtola vor ouyxAiver opoduoppa otny f oto (0,1]. Hpdypat:
av autd Aoy cwotd Yo vThpYe TOAGYLUO P GOTE ||f — plleo < 1/2. Téte Ya elyope
ot [sin(1/z) — p(x)] < 1/2 vy xdde 0 < x < 1. Ewdwdrepa, Yo elyoue ot yia z, =
(2mn+ 3)~! oyle

1 1
|1 —p(0)| = lim |sin () —plxn)| < =
n—o0 Tn 2
eV YL T Y, = (2 — 5) 71 oydel:
. (1 1
[1+p(0)] = lim |sin " —P(yn)| < 5

Ano Ti¢ duo tedeutaieg oyéoelc xaTalyoude oe dtomo: 1) mpwTn diver p(0) > 1/2 evd n
devtepn p(0) < —1/2.

8.11. Eotw f : [1,00) — R ouvexns ovvdptnon pe lim, o f(x) = L € R.

() Av n f Oev elvar otalepr), deibre dnr dev vndpyer axolovdia moAvwviuwy (p,) dote
Pn — f opoiduopga oto [1,00).

() AnobetEre 6r1 undpyer arxokovdia roAvwrlpwy (p,) bdote p, (L) — f(z) opoduoppa ws
Tpos x 0To [1,00).

Yréoaén. (o) Agol n f Bev elvon otodepr, undpyouv onuela 1 < o < y wote § =
|f(x)— f(y)| > 0. Av undpyet axoroudio TOAUGVOULY (p,) OOTE P, — f OUOLOHOPPA GTO
[1,00), T6TE UTEPYEL TOAUGVUHO P (OTE

(%) p(t) = f(B)] <d/3, t=>1.

Ewdwétepa, elvar |p(z) — p(y)| > §/3. Apa, 10 mohudvupo p dev elvar otadepd, dnhadn
Ip(t)| — +oo xadac t — co. Emnhéov, lim; o f(t) = L, ondte undpyet z > 1 dote va
oy ouy tautéyeova ot oyéoelc: |f(t) —L| < §/3 xau |p(t)| > |L|+ 9 yioa x&de ¢ > z. Tore,
YENOWOTOLOVTAG TNV (*) XoTaAYOUUE o€ dTomo we e€hg: av t > z €youpe

6 < [p(t) = LI < |p(t) = fFO +[f(t) = LI < 6/3+ 6/ = 25/3.
(B) Oewpolpe tn ouvdptnon F : [0,1] — R pe

fQ/t), 0<t<1
F(t):{L, t=0
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EOxoha eNéyyoupe 6t n F elvar ouveytic oto [0, 1], dpa and to Jedpnua npocéyyions tou
Weierstrass undipyer axohoudia TolwviOpey (pn) GoTe [[pn — Flleo < + yio %80 n € N.
Ewwdtepa,

1
[pn(z) = F(@)] = |pa(2) = f(1/2)] < ~
v xdde 0 < x < 1 xat n € N. Iood0vaya,
1
pa(1/2) — f(a)| <

v xdde z > 1 xaw n € N. H tehevtada divel 6t p,(1/2) — f(x) ogoibuopga oto [1,00).

8.12. Aeitte dt1 To 00volo twy TolvwrTuwy (Twr Tepiopioudy tous oto [0, 1]) efvar odvolo
TpdTns katnyopiag otov C([0,1]).
Yréoaén. Tpdpouue Ry, [x] yi 10 6OVOAO TwV TOMNGVOUGY PE TPAYHOTIXO0E GUVTENECTES
xat Bardud o mohs n. Téte, 10 oOVOho GAwY TwY TohUWVOULY Yedgetar o [ o Ry [z].
Mapatnecape oty Aoxnon 5 6t o Ry, [z] elvan xdeiotoc otov C([0, 1]). Av Seiloupe 6Tt
v x&%e n € N 1o R, [z] éxer xev6 eowtepind otov C([0,1]), téte Ya €xovue ypdder to
oOVONO TWY TOAUWVOULY 06 aptdufiown évworn tovdevd Tuxvey utocuvdbrwy tou C([0, 1]).
I var to amodetouye autd apxel va Bpolue 0G0dHTOTE X0VTd oE XdVE TOAUGMGVUIO GUVEYY
ouvdptnon 1 onofo dev elvon molucdvuyo. ‘Eotw p moludvupo xou € > 0. Oswpolue
ouveyn ouvdptnon h: [0,1] — R pe
[ zsin(l/z)+p(0), 0<x<1
h(CU) - { p(o)7 =0

Trdpyer 0 < 6 < min{e, 1} dote |p(z) — p(y)| < €/2 yw xde z,y € [0,1] pe |z —y| <.
Op{Coupe ™ ouveyt, ouvdptnon f: [0,1] — R pe

h(z), 0<z< g

f@) =19 3p(0) — h(6/2)](x — 6/2) + h(8/2), §<a<3d
p(z), 0<zx<1

H f elvon n Tnrolpevn ouvdptnon: yia x&de x € [0, 1] woyler [p(x) — f(x)] < 2e. Auaxpi-
VOUUE TIC TEPLTTOOELC:

e avz € [0,0/2] tote
Ip(z) = f(2)] < p(x) = p(0)] + [xsin(1/z)| < % + g < 2.
o av z € (§/2,0) tote

p(x) = f(2)] < Ip(x) = h(6/2) + %Ip(é) —(8/2)|(z = 6/2)

IN

p(2) ~ p(O)] + o[ sin(2/8)] + [p(5) — p(0)| + 3] sin(2/5)
< e+6<2e.
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e av z € [),1] téte
Ip(z) — f(z)| =0 < 2e.

Ye x&de meplntwon wyder [p(x) — f(z)| < 2. Télocg, nopatnprote 6T 1 f dev elvan
TONUGVUHO apol 6To ddotnua [0, /2] naipver dnewpec popéc tny tuh p(0) (xou dev elvan
otodepn exel).



