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Abstract

Let K be an isotropic convex body in R™. For every N > n consider
the random polytope Ky := conv({£z1,...,£zn}), where z1,...,xN are
independent random points, uniformly distributed in K. We prove that if
n? < N < exp(y/n) then the normalized quermafintegrals

Qr(Kn) = <W1k/c

of K satisfy the asymptotic formula Qr(Kn) >~ Lrx+/log N for all 1 < k <
n. From this fact, we obtain precise quantitative estimates on the asymptotic
behaviour of basic geometric parameters of K.

1/k
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1 Introduction

The aim of this work is to provide new information on the asymptotic shape of the
random polytope

(1.1) Ky = conv{*zy,...,txN}

spanned by N independent random points x1,...,xy which are uniformly dis-
tributed in an isotropic convex body K in R™. We fix N > n and further exploit
the idea of [9] to compare Ky with the L,-centroid body Z,(K) of K for g ~ log N.
[Recall that the L,—centroid body Z,(K) of K has support function

(1.2) hz,) (@) = 16 2) g = (/K |<y,x>lqdy>l/q-

Background information on isotropic convex bodies and their L,-centroid bodies is
given in Section 2.]

This idea has its roots in previous works (see [11], [19] and [22]) on the be-
haviour of symmetric random +1-polytopes, the absolute convex hulls of random



subsets of the discrete cube DF = {—1,1}". These articles demonstrated that the
absolute convex hull Dy = conv({+£z1,...,tzx}) of N independent random points
Z1, ..., oy uniformly distributed over D has extremal behaviour — with respect to
several geometric parameters — among all £1-polytopes with N vertices, at every
scale of n and n < N < 2". The main source of this information is the following
estimate from [19] (which improves upon an analogous result from [11]): for all
N > (14 6)n, where § > 0 can be as small as 1/logn, and for every 0 < 8 < 1,

(1.3) Dy 2 ¢ (v/Blog(N/n) B3 N Qa)

with probability greater than 1 — exp(—c;n® N'=#) — exp(—cyN), where BY is the
Euclidean unit ball and @,, = [—1/2,1/2]™ is the unit cube in R™.

In a sense, the model of Dy corresponds to the study of the geometry of a
random polytope spanned by random points which are uniformly distributed in
Qn. Starting from the observation that Z,(Q,) ~ \/qB% N Q,, and hence (1.3) can
be equivalently written in the form

(1.4) Dy 2 CZﬁlog(N/n)(Qn)7

we proved in [9] that, in full generality, a precise analogue of (1.4) holds true for
the random polytope K spanned by N independent random points xi,...,xn
uniformly distributed in an isotropic convex body K: for every N > cn, where
¢ > 0 is an absolute constant, and for every isotropic convex body K in R", we
have

(1.5) Kn D¢ Zy(K) for all ¢ < calog(N/n),

with probability tending exponentially fast to 1 as n, N — oo.

The precise statement is given in Section 3, and it will play a main role in
the present work. The inclusion is sharp; it is proved in [9] that Ky is “weakly
sandwiched” between Z,, (K) (i = 1,2), where ¢; ~ log N, in the following sense.
It can be easily checked that for every a > 1 one has

(1.6) E [a({@ shiy(0) = ahzq(K)(ﬁ)})] < Na™ 9,

and this implies that if ¢ > 3 log(N/n) then, for most # € S"~!, one has hf () <
cahz,( i) (0). It follows that several geometric parameters of K are controlled by
the corresponding parameters of Zjjog(n/n) (). For example, in [9] the volume
radius of a random Ky was determined for the full range of values of N: For every
en < N < exp(n), one has

(1.7) W%WSIKNII/%CGLK \l/c%g(N/n)

with probability greater than 1 — %, where c5, cg > 0 are absolute constants. Actu-
ally, combining the argument with a recent result of B. Klartag and E. Milman (see




[15]) one can see that in the range N € [cn, exp(y/n)] the isotropic constant L of
K may be inserted in the lower bound, thus leading to the asymptotic formula

/n -, Lry/log(N/n)
(1.8) |[Ky|" /"~ ———=——,
Vn
Our first result provides an extension of this formula to the full family of quer-
maBintegrals W, (Ky) of K. These are defined through Steiner’s formula

" [(n
1. n|_ o n—k
(19 g = Y () Wasamrn
k=0
where W,,_(K) is the mixed volume V (K, k; BY, n—k). We work with a normalized
variant of W,,_;(K): for every 1 < k < n we set

1k 1/k
10 Qul) = () =<1 / .|PF<K>dun7k<F>) .

Wn, Wk

where the last equality follows from Kubota’s integral formula (see Section 2 for
background information on mixed volumes). In Section 3 we determine the expec-
tation of Q(K ) for all values of k:

Theorem 1.1. Let K be an isotropic convex body in R™. If n> < N < exp(cn)
then for every 1 < k < n we have

(1.11) Viog N SE[Qu(Kn)] S w(Ziog v (K)).

In the range n?> < N < exp(y/n) we have an asymptotic formula: for every 1 < k <
n?

(1.12) E [Qk(Kn)] ~ Li\/logN.

We would like to comment here that all our estimates remain valid for n*t? <
N < n?, where § € (0,1) is fixed, if we allow the constants to depend on 6. Working
in the range N ~ n would require more delicate arguments. We chose to simplify
the exposition; in fact, Proposition 3.1 (see Section 3) is proved for the range
en < N < exp(en) and it is quite natural that similar extensions can be provided
for most statements in this article (the interested reader may also consult [29] and
[3]). Another comment is that in this paper we say that a random Ky satisfies
a certain asymptotic formula (F) if this holds true with probability greater than
1 — N~1, where the constants appearing in (F) are absolute positive constants.

A more careful analysis is carried out in Section 4, where we obtain the equiv-
alence Qi (Ky) =~ Lg+/log N with high probability for a random Ky, in the range
n? < N < exp(y/n).

Theorem 1.2. Let K be an isotropic convex body in R™. If n?> < N < exp(y/n)
then, with probability greater than 1 — N—! we have

(113) Qk(KN) ZLK\/IOgN

forall1 <k < n.



From Theorem 1.2 one can derive several geometric properties of a random Ky .
In Section 4 we describe two of them, concerning the regularity of the covering
numbers N (Ky,eBY) and the size of random k-dimensional projections of K.

Theorem 1.3. Let K be an isotropic convex body in R™ and let n®> < N < exp(y/n).
(i) A random Ky satisfies with probability greater than 1—N 1 the entropy estimate

N
(1.14) log N(Kn,c1eLg+/log NBY) < can min {log (1 + %‘3) , 52}

for every € > 0, where c1, c2, cg > 0 are absolute constants.

(i) Moreover, a random Ky satisfies with probability greater than 1 — N~% the
following: for every 1 < k < n,

1/
(1.15) (|PF(KN)|> ' ~ Lg+/log N

Wi

ck

with probability greater than 1—e™ " with respect to the Haar measure vy, i, on Gy .

Given 1 < k < n, we also give upper bounds for the volume of the projection
of a random Ky onto a fized F € G, and onto the k-dimensional coordinate
subspaces of R™. These are valid provided that IV is not too large, depending on k.

Theorem 1.4. Let K be an isotropic convex body in R™ and let 1 < k < n.
(i) For all k < N < €* and for every F € Gy, we have

/
(1.16) (|PF(KN)|>1 ' < cLg+/log N

Wk

with probability greater than 1 — N1,
(ii) For all k < N < exp(ci\/k/logk), a random Ky satisfies with probability

greater than 1 — exp(—car/k/logk) the following: for every o C {1,...,n} with
o] =k,

1/k
(1.17) ('RT(KN”) < esLi log(en/k)+/log N,

WE
where ¢; > 0 are absolute constants.

In Section 5 we generalize a result of Mendelson, Pajor and Rudelson from [22]
on the combinatorial dimension of the random polytope Dy. This is defined as
follows: for a fixed orthonormal basis {e1,...,e,} of R™ and for every ¢ > 0, the
(Vapnik-Chervonenkis) combinatorial dimension VC(K,¢) of a symmetric convex
body K in R" is the largest cardinality of a subset o of {1,...,n} for which

(1.18) £Q, C P,(K),



where @Q, is the unit cube in R? = span{e; : i € o} and P, denotes the orthogonal
projection onto R?. It is proved in [22] that a random Dy satisfies

. log(cNe?
(1.19) VC(Dy,€) ~ min {Cg(;),n} .

We extend this estimate to the more general class of random polytopes Ky where
K is an isotropic convex body in R™ which is unconditional with respect to the
basis {e1,...,en}.

Theorem 1.5. Let K be an unconditional isotropic convex body in R™. If cin <
N < exp(can) then a random K satisfies

(1.20) VO(Ky,e) > min{cglOgE(QN/n),n}

for every e € (0,1).

2 Notation and background material

We work in R™, which is equipped with a Euclidean structure (-,-). We denote
by || - ||2 the corresponding Euclidean norm, and write By for the Euclidean unit
ball, and S~ for the unit sphere. Volume is denoted by | - |. We write w,, for the
volume of BY and o for the rotationally invariant probability measure on S™~1.
The Grassmann manifold Gy, ;, of k-dimensional subspaces of R™ is equipped with
the Haar probability measure vy, 1. Let 1 <k < n and F € G, . We will denote
the orthogonal projection from R™ onto F' by Pp. We also define Bp := By N F
and Sp:= S"1nF.

The letters ¢, c’, c1, co etc. denote absolute positive constants whose value may
change from line to line. Whenever we write a ~ b, we mean that there exist
absolute constants c¢i,co > 0 such that cja < b < cga. Similarly, if K, L C R"
we will write K ~ L if there exist absolute constants c¢i,cy > 0 such that ¢; K C
L C co K. We also write A for the homothetic image of volume 1 of a convex body
ACR" ie. A:= IML”"'

A convex body is a compact convex subset C' of R™ with non-empty interior.
We denote the class of convex bodies in R™ by IC,,. We say that C' is symmetric if
—x € C' whenever x € C. We say that C is centered if it has center of mass at the
origin i.e. [ (z,0)dx = 0 for every 0 € S"~L. The support function he : R® = R
of C' is defined by he(x) = max{(z,y) : y € C}. For each —0co < g < 00, ¢ # 0, we
define the g-mean width of C' by

(2.1) wy(C) = ( [S - h‘é(&)a(dﬁ))l/q.

The mean width of C' is the quantity w(C) = wy(C). The radius of C is defined as
R(C) = max{||z|]2 : x € C} and, if the origin is an interior point of C, the polar



body C° of C is
(2.2) C°:={yeR": (z,y) <lforallze C}.

A centered convex body K in R™ is called isotropic if it has volume |K| =1
and there exists a constant Ly > 0 such that

(2.3) /K<x, 0)2dx = L3

for every @ in the Euclidean unit sphere S"~!. For every convex body K in R"
there exists an affine transformation T" of R™ such that T'(K) is isotropic. Moreover,
if we ignore orthogonal transformations, this isotropic image is unique, and hence,
the isotropic constant Ly is an invariant of the affine class of K. We refer to [23]
and [10] for more information on isotropic convex bodies.

2.1 Quermaflintegrals

The relation between volume and the operations of addition and multiplication
of convex bodies by nonnegative reals is described by Minkowski’s fundamental
theorem: If Kq,...,K,, € K,,, m € N, then the volume of t; Ky + --- + ¢, K,, is a
homogeneous polynomial of degree n in t; > 0:

(2-4) |t1K1+"'+thm‘ = Z V(Ki1""7Kin>ti1"'tivﬂ

1<i1,e yinSm
where the coefficients V(K;,,..., K;,) can be chosen to be invariant under per-
mutations of their arguments. The coefficient V(K , ..., K; ) is called the mixed

volume of the n-tuple (K;,,..., K, ).
Steiner’s formula is a special case of Minkowski’s theorem; the volume of K +
tBy,t > 0, can be expanded as a polynomial in ¢:

" [(n
2.5 n|_ o n—k
(2.5 gl =3 ()W
k=0
where W,,_(K) := V(K, k; BY,n — k) is the (n — k)-th quermaflintegral of K. Tt
will be convenient for us to work with a normalized variant of W,,_(K): for every
1 <k <n weset

1/k
(2.6) Qk(K):<1/G |PF(K)|an,k:(F)> :

Wi

Note that Q1(K) = w(K). Kubota’s integral formula

(2.7) WK = 22 [ Pr(R)do o (F)



shows that

28 Qi) = (M-
The Aleksandrov-Fenchel inequality states that if K, L, K3,..., K, € K,, then
(2.9) V(K,L,Ks,....,K,)* > V(K,K,Ks,...,K,)V(L,L,K3,...,K,).

This implies that the sequence (Wy(K),..., W, (K)) is log-concave: we have
(2.10) LA 1l

it 0 < i< j <k < n Taking into account (2.8) we conclude that Qi (K) is a
decreasing function of k. For the theory of mixed volumes we refer to [30].

2.2 L, —centroid bodies

Let K be a convex body of volume 1 in R™. For every ¢ > 1 and every y € R" we
set

(2.11) hz,x)(y) = (/K <$,y>|qu)1/q-

The Lg-centroid body Z,(K) of K is the centrally symmetric convex body with
support function hz (k). Note that K is isotropic if and only if it is centered and
Zy(K) = LgBYy. Also, if T € SL(n) then Z,(T(K)) = T(Z,(K)) for all ¢ > 1.
From Hélder’s inequality it follows that Z1(K) C Z,(K) C Z,(K) C Zy(K) for
all 1 < p < ¢ < oo, where Zoo(K) = conv(K, —K). Using Borell’s lemma (see [24,
Appendix III]), one can check that

(2.12) Zy(K) C ex ]%Zpuc)

for all 1 < p < ¢. In particular, if K is isotropic, then R(Z,(K)) < caqLk. One
can also check that if K is centered, then Z,(K) D ¢3K for all ¢ > n (a proof can
be found in [25]). We will also use the fact that if K is isotropic, then

(2.13) KC(n+1)LgB%
and hence
(2.14) LBy = Z3(K) C Zy(K) C Zoo(K) C (n+1)Lg B3

for all ¢ > 2. A proof of the first assertion is given in [14], while the second one is
clear from Holder’s inequality.

Let C be a symmetric convex body in R™ and let ||- || denote the norm induced
on R™ by C. The parameter k,(C) is defined by

w(C)?

(2.15) k. (C) = nR(C’)z'




It is known that, up to an absolute constant, k.(C) is the largest positive integer
k < n with the property that %w(C)BF C Pp(C) C 2w(C)Bp for most F' € G,
(to be precise, with probability greater than _*+). The g-mean width w,(C) is
equivalent to w(C) as long as ¢ < k.(C): it is proved in [18] that, for every
symmetric convex body C' in R",

(i) If1 < ¢ < k«(C) then w(C) < wq(C) < cqw(C).
(ii) If k.(C) < ¢ < n then c54/q/n R(C) < wy(C) < esv/q/n R(C

Let K be a centered convex body of volume 1 in R™. For every g € (—n, c0),
q # 0, we define

(216) )= ( [ ||x|zdx>1/q

In [26] and [27] it is proved that for every 1 < ¢ < n/2,

(2.17) I4(K) ~ \/qu(zq(K)) and I_4(K) ~ mw—q(zq(K))-

Paouris introduced in [26] the parameter g, (K) as follows:

(2.18) «(K) := max{q < n: k.(Z4(K)) = q}.

Then, the main result of [27] states that, for every centered convex body K of
volume 1 in R™, one has I_,(K) ~ I,(K) for every 1 < ¢ < ¢.(K). In particular,
for all ¢ < ¢.(K) one has I,(K) < c7l2(K). If K is isotropic, one can check
that g.(K) > cgy/n, where cg > 0 is an absolute constant (for a proof, see [26]).
Therefore,

(2.19) I,(K) < cogy/nLy for every g < y/n.

When ¢ ~ ¢, (K), the result of [18] shows that w(Z,(K)) ~ wy(Z,(K)). Then, the
following useful estimate is a direct consequence of (2 19) and (2.17).

Fact 2.1. Let K be an isotropic convez body in R™. If1 < q < ¢«(K), then
(2.20) w(Zq(K)) ~ wq(Zq(K)) ~ \/q Lk.
In particular, this holds true for all ¢ < /n.

Associated with any centered convex body K C R” is a family of bodies which
was introduced by Ball in [4] (see also [23]): to define them, let us consider a k-
dimensional subspace F' of R™ and its orthogonal subspace E. For every ¢ € F\{0}
we set ET(¢) = {z € span{F, ¢} : (z,¢) > 0}. Ball proved that, for every q > 0,
the function

(2.21) X ||<15||§+qu </sz+<¢><$’¢>%>

8



is the gauge function of a convex body B, (K, F') on F'. In this article, we will need
some facts about the relation of the bodies B, (K, F) with the L,-centroid bodies
Z4(K) and their projections. If K is a centered convex body of volume 1 in R™ and
if 1 <k < n—1then, for every F' € G, and every ¢ > 1, we have

(2.22) PF(Zq(K)) = (k +Q)1/Q‘Bk+q71(K7 F)|E+5Zq(§k+qf1(Kv F))
and
1.1 k+q) 1\ 1
2.2 Bsgor (K, F)[ 1+ < & .
( 3) | k+q 1( ) )‘ L (k’—l—q) |KQFJ_‘1/]€

Also, for every F' € Gy, and every q > 1,

k

(2.24) (o

ZQ(§k+1(KaF)) < Zq(EkJrq*l(KvF))

N

k+ -
—2,(Brn (K. F)).
If K is isotropic, then

(2.25) Ly, xm = KN FLVELg.

For the proofs of these assertions we refer to [26] and [27].

3 Expectation of the Quermaflintegrals

In this Section we give the proof of Theorem 1.1. This will follow from the next
proposition.

Proposition 3.1. Let K be an isotropic convex body in R™. If en < N < exp(cn)
then for every 1 < k < n we have

(3.1) A1 Ziog(n/n) ()M S E [Qr(K )] < cow(Ziog n(K)),
where c1,co > 0 are absolute constants.

Proof. We first recall the precise statements of the main results from [9] on the
asymptotic shape of a random polytope with N vertices which are chosen indepen-
dently and uniformly from an isotropic convex body.

Fact 3.2. Let 8 € (0,1/2] and v > 1. If N = N(vy,n) = ¢yn, where ¢ > 0 is an
absolute constant, then, for every isotropic convex body K in R™ we have

(3.2) Kn D c1Zy(K) for all g < coflog(N/n),

with probability greater than 1 — (5, N,n), where f(58, N,n) — 0 exponentially fast
as n and N increase.



The upper bound obtained in [9] for f(8, N,n) is
(33)  f(B.N.n) <exp (~esN'=n”) + P(|T : 45 — 657 = vLi V),

where T' : /8 — () is the random operator I'(y) = ({(x1,y), ... (zN,y)) defined by
the vertices x1,...,zny of K. There are several known bounds for this last prob-
ability (see, for example, [21] or [13]). The best known estimate can be extracted
from [1, Theorem 3.13]: one has P(|T: £ — € || = yLxV'N) < exp(—coyV/N) for
all N > ¢yn. Assuming that 8 < 1/2, one gets

(3.4) f(B,N,n) < exp(—cav/n).
Since Qg(-) is decreasing in k, we immediately get
|KN| 1/n
(35) E[Qu(n)) > ElQu(iy)] =2 (M)

Now, Fact 3.2 shows that

|KN|>1/n > cs (|Zlog(N/n)(K)>l/n

Wn Wn

(3.6) E (

where ¢5 > 0 is an absolute constant. Combining (3.5) and (3.6) we get the left
hand side inequality in (3.1).

We now turn our attention to the opposite direction. Let IV > n. Observe that
for every @ > 0 and 6 € S*~!, Markov’s inequality shows that

(3'7) ]P’(Cue) = P({SL‘ € K: |<:C,9>| > aH<79>”q}) <a’f,

and hence,

B8 Pl ahzuo(®) = P (mal(e o) > al(.0)l,)

< NP(a,0) < Na™%

Then, a standard application of Fubini’s theorem shows that, for every a > 1 one
has

(3.9) E[0(0: hicy (6) > ahz, 1)(8))] < Na™@.

Using the fact that hx (0) < hz_(k)(0) < cgnLy, which follows from (2.14), we
write

(3.10) w(Ky) < /A hicy (0) do(8) + coo(AS )nLi,

where Ay = {0 : hr (0) < ahz, (k)(0)}. Then,

(311) w(KN) < OzA hzq(K)(G) da(G) + C6O'(A(1:V)HLK,

N

10



and hence, by (3.9),

(3.12) E [w(Kn)] € aw(Zy(K)) + c¢Nna™ L.

Since w(Zy(K)) > w(Zy(K)) = Li, we get

(3.13) E [w(Kn)] < (a+ csNna~w(Zy(K)).

Choosing a = ¢ and ¢ = 2log N we sce that

(3.14) E [Qi(Kn)] = E [w(Ky)] < 7 w(Zaiog v (K)) < cs w(Zg(K))

for all ¢ > log N, taking into account the fact that Zaios nv(K) C cZiog N(K) C
Z4(K) by (2.12). Since Qx(K) is decreasing in k, we get

(3.15) E [Qk(KN)] < [Ql(KN)] co w(Ziog N (K)),
for all 1 < k < n, where ¢g > 0 is an absolute constant. This completes the proof
of the proposition. m]

For the proof of Theorem 1.1 we combine Proposition 3.1 with the known
bounds for | Z,(K)|; the first one follows from the results of [26] and [15], while the
second one was obtained in [20].

Fact 3.3. Let K be an isotropic convez body in R™. If 1 < g < +/n then

(3.16) |Z,(K) Y™ ~ \/q/n Lk,
while if \/n < g < n then
(3.17) cor/q/n < |Z,(K) Y™ < c10v/q/n L.

Proof of Theorem 1.1. We first assume that n? < N < exp(y/n). From (3.16)
we have

(3.18) | Ziog N (K)[Y/™ > e111/log N/n L,
and from Fact 2.1 we have

(3.19) w(Ziog N(K)) < c127/log N L.
Therefore, (3.1) takes the form

(3.20) E [Qr(Kn)] ~ \/log N Lg,

as claimed. In the case exp(y/n) < N < exp(cn), we use (3.1) and the left hand
side inequality from (3.17). It follows that

(3.21) 013\/10gN [Qk(KN)] CQ’LU(ZlOgN(K>)
for every 1 < k < n, and the proof is complete. O

11



4 The range n? < N < exp(1/n)

Next, we prove Theorem 1.2 on the quermafintegrals of a random K in the range
n? < N < exp(y/n). The precise statement is the following.

Theorem 4.1. Let K be an isotropic convex body in R™. If n®> < N < exp(y/n)
then a random Ky satisfies, with probability greater than 1 — N~1,

(4.1) Qr(Kn) < e1Lk+/log N
for all 1 < k < n and, with probability greater than 1 — exp(—+/n),
(42) Qk(KN) 2 CQLK\/ IOgN

for all 1 < k < n, where c1,co > 0 are absolute constants.

Proof. Let n? < N < exp(y/n). For the proof of (4.2) recall that, with probability
greater than 1 —exp(—+/n) a random K contains c3Ziog v (K). Then, using (3.5),
(3.6) and the volume estimate from Fact 3.3 we see that any such Ky satisfies

(4.3) Qr(KN) = Qn(KN) > 37| Ziog N(K) V" > caLg\/log N

forall 1 <k <n.
For the proof of (4.1) we need two Lemmas.

Lemma 4.2. Let K be an isotropic convex body in R™. For every n®> < N <
exp(cn) and for every ¢ = log N and r > 1, we have

My (0) ’
(4.4) | AT gy del®) < )

with probability greater than 1 — r~9, where c¢; > 0 is an absolute constant.

Proof. We have assumed that K is isotropic and hence, from (2.14) and (2.14),
we have that Kny C conv(K,—K) C (n+ 1)Lg B3 and Z,(K) 2 Zy(K) = LxB?.
This implies that hg (0) < (n+ 1)hz, (k) (0) for all § € S*~'. We write

h’KN (9)(} o
/Snfl hyz, k) (0)1 4o (0)

n+1
(4.5) :/O qt‘Ha(a; hicy () = thzq(K)(Q)) dt.

We fix o > 1 (to be chosen) and estimate the expectation over KV: using (3.9) we
get

q n+1
(4.6) E ( / huey (0) da(9)> < ol / gti ' Nt9dt
S «

n—1 hzq(K)(H)q
1
< a?+gNlog (n—i—) .
@

12



We choose o = e; if ¢ > log N, then

@) E < /S ’% da<9)) <

for some absolute constant ¢; > 0. Markov’s inequality shows that, for every r > 1,

7}”(1\’(0)(1 o cyr)?
(4.8) /SM h o) (O)7 do(6) < (c1r)

with probability greater than 1 — r~9.

Lemma 4.3. Let K be an isotropic convex body in R™. For every n> < N <
exp(cn) and for every q = log N and r > 1, we have

(4.9) w(Ky) < exrwg(Zy(K))
with probability greater than 1 —r—9.
Proof. Using Hélder’s inequality and the Cauchy-Schwarz inequality, we write

(4.10) wiiwl < ([ hea0)2a00))
< o [ QO

gn—1 th(K)(g)q
Lemma 4.2 shows that if ¢ > log N and r > 1, then

do(0).

(4.11) /Sn_1 }m do(0) < (e17)?,

and hence

(4.12) w(Ky) < e1rwy(Zy(K))

with probability greater than 1 —r—9. ]

We can now prove (4.1): we have assumed that logN < /n. We choose
q =log N and r = e. Then, Lemma 4.3 and Fact 2.1 show that

(413) ’lU(KN) < CwlogN(ZlogN(K)) ~ w(ZlogN(K)) < ClLK\/ log N
with probability greater than 1 — N1, Since Qx(Ky) < w(Ky) for all 1 < k < n,
the proof is complete. o

Note. Theorem 1.2 and Fact 3.2 show that if n> < N < exp(y/n) then a random
Ky has — with probability greater than 1 — N~! — the next two properties:

(Pl) KN :_) chlogN(K) and
(P2) Qr(Ky) =~ Lg+logN for all 1 <k < n.

In the next two subsections we derive the two claims of Theorem 1.3 from (P1) and
(P2).
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4.1 Regularity of the covering numbers

Recall that if K and L are nonempty sets in R™, then the covering number N (K, L)
of K by L is defined to be the smallest number of translates of L whose union covers
K. If K is a convex body and L is a symmetric convex body in R” then a standard
volume argument shows that

|K + L]
|L|

|K + L
|L|

(4.14) 27" < N(K,L) < 2"

The next Proposition concerns the covering numbers of a random K by multiples
of the Euclidean unit ball; in particular, it provides a proof for Theorem 1.3 (i).

Proposition 4.4. Let K be an isotropic convex body in R™ and let n?> < N <
exp(y/n). Then, a random Ky satisfies the entropy estimate

1
(4.15) log N(Kn,c1eLg+/log NBY) < con min {log (1 + %3) , 82}

for every e > 0, where c1, ca, c3 > 0 are absolute constants. Moreover, if 0 < e <1
we have that

(4.16) can 1ogc— <log N(Kn,ceeLrr/log NBY) < ern log—
for suitable absolute constants ¢;, 1 =4,...,8.

Proof. We will give estimates for the covering numbers N(Ky,er, nBj), where
Ky satisfies (P1) and (P2), and

K 1/n
(4.17) TnN = (|N|> ~ L +/log N

Wn

is the volume radius of K. Using the right hand side inequality of (4.14), we write

T Ky + B2
(4.18) N, erwBp) < 220
Now, by Steiner’s formula,
1
Kn+Bf| 2 /p )
(4.19) e ( )QQ(KN)
Wn kZ:O k ekrl

and, using the fact that Qi (Kn) ~ r, n by (P2), we get

SO -0

14

_Kn + By ‘
(4.20) | ——|



Going back to (4.18) we see that
(4.21) log N(Kn,er, nBy) < cinlog (1 + 6—2)
€

for suitable absolute constants c1, co > 0. A second upper bound can be given by
Sudakov’s inequality log N(K,tB%) < cnw?(K)/t? (see e.g. [28]). Since w(Ky) ~
Tn,N, Wwe immediately get

s _ €T
(4.22) log N(Kn,ern,nBy) < =)

for all € > 0. This proves (4.15).

A lower bound on the covering numbers can also be obtained for the case where
0 < e < 1. For this we can use the lower bound on the volume of Ky from equation
(1.7) or (1.8) depending on whether log N < \/n or not. For example, in the case
where the latter inequality holds we have

|KN| 1/n_ 1
7| =

4.23 N(Ky,er, yBOY"™ > -
(429 N s

=
Hence, log N(Kn,er,, nBY) > nlog(1/e). O

4.2 Random projections of K

Next, we show that if K has properties (P1) and (P2) then the volume radius of
a random projection Pp(Kn) onto F' € Gy, 1 is completely determined by n, k and
N this is the content of Theorem 1.3 (ii).

Proposition 4.5. Let K be an isotropic convex body in R™ and let n? < N <
exp(y/n). Then, a random Ky satisfies with probability greater than 1 — N~ the
following: for every 1 < k < n,

1/k
(4.24) (W) ~ Lg+/log N

(&

with probability greater than 1 —e ™ with respect to the Haar measure Uni on G k.

Proof. The upper bound is a corollary of Theorem 1.2. We know that if log N < v/n
then Ky satisfies (P2) with probability greater than 1 — N~!; in particular,

1/k
(4.25) Qr(KnN) = (1/(; |Pr(KN)| an,k(F)> S Liy/log N

Wi

for all 1 < k < n. Applying Markov’s inequality we get the following.
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Fact 4.6. If n®> < N < exp(y/n) then Ky satisfies, with probability greater than
1— N—1, the following: for every 1 <k <n and everyt > 1,

Po(K 1/k
(4.26) <F(N)|) < e1t/log NLi

Wk
with probability greater than 1 — t=* with respect to Un, k-

For the lower bound we use (P1). Integrating in polar coordinates we have

|Pp(KnN)| / / 1
4.27 / VR BN g, o (F) =  dor(8) dvan(F
( ) G,k Wk k( ) Gnk /SF h];)F(KN)(g) F() k( )
1

dO’F (9) an,k(F)

/Gk se D,y (6)

< ( /G /S F mdww) dun,mF))k/n
(/. mdde))k“
_ (|KN|>/

By the Blaschke-Santalé inequality and the inclusion Ky 2O Ze, 105 v (K), we get

o |\ k/n k/n k/n
wr, K| | Z ey 108 N (K)|
: 12, () \ /"
Now, we use the fact that if ¢ < /n then (T) > c34/qLx to conclude that
(4.29) / |1PR(EN)| dvp 1 (F) < 4 '
' G Wk RIS\ Vog NLy )

From Markov’s inequality we obtain an upper bound for the volume radius of a
random Pp(K ) and the reverse Santal6 inequality shows the following.

Fact 4.7. If n®> < N < exp(y/n) then Ky satisfies, with probability greater than
1— N—1, the following: for every 1 <k <n and everyt > 1,

<|PF(KN)| > HE . csLi+/log N
t

zZ
Wk

(4.30)

with probability greater than 1 — t=* with respect to Un k-

Fact 4.6 and Fact 4.7 prove the Proposition. ]
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Remark 4.8. Making use of [16, Proposition 3.1] one can actually prove that if
k < n/4 (or, more generally, k < An for some A € (0, 1)) then most k-dimensional
projections of Ky contain a ball of radius Lx+/log N: one has

(4.31) Pr(Kn) 2 %LK\/log N By

with probability greater than 1 —¢~* with respect to v, . This in turn shows that
(4.30) is satisfied by Pp(Ky). We omit the details.

4.3 Coordinate projections of Ky

In this subsection we prove Theorem 1.4. The first claim of the Theorem is proved
in the next Proposition: it gives an estimate on the size of the projection of a
random K onto a fixed subspace F' in G, .

Proposition 4.9. Let K be an isotropic convex body in R™ and let 1 < k < n. For
all k < N < e* and for every F € Gy, we have

1/
(4.32) (|PF(KN)|) ' < cLg+/log N

Wik
with probability greater than 1 — N1,

Proof. Fix F' € Gy k. Since hp,(z,(x))(0) = hz,x)(0) and (Pr(x),0) = (z,0) for
all @ € Sp and all z € K, arguing as in Lemma 4.2 we can show that if ¢ > log N
then a random K satisfies

ho 9
(4.33) / (ZPLN)() dop(0) < .
s¢ Wb (2,010 (0)

Now, applying the Cauchy-Schwarz inequality we obtain

|:wq/2 (PF (Zq(K))):l B = /Sp W; dor(0)

Pr(2,(5)) (0

) hY e (0
< / Y dor(0) / %N)()dap(ﬁ)
Sp hPF(KN)(G) Sk hPF(Zq(K))

< W—_gq (PF(KN))iqC({,
and hence, if ¢ > log N we have
(4.34) w_y(Pr(Ky)) < crsw_y/o(Pr(Zy(K)))

with probability greater than 1 — s79.
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Assume that ¢ < k. Using Holder’s inequality and taking polars in the subspace
F, we get

Pr(Kyn))° N\ V" 1 HE
asm (M) - </g W )<9>d"F(9)>

1/q
1
</SF W (i) (0) daF(e))

= w_¢(Pr(Kn))™"

Applying the Blaschke-Santal6 inequality on F', we see that

WV

(4.36) |Pr(K )V < %MPF(KN»

for a suitable absolute constant ca > 0. Then, (4.34) shows that
C3S
N

with probability greater than 1 —s~7 for log N < ¢ < k. From (2.22) we know that

(4.37) |Pr(Kn)[V* < (Pr(Z4(K)))

(4.38) Pp(Zy(K)) = (k + )" Bsqr (K, F)|* 4 Zy (Brsq1 (K, F)),

and using (2.24) we get Zy(Bjtq—1(K, F)) C caZyo(Bi41(K, F)) for a new abso-
lute constant ¢4 > 0. Hence, with probability greater than 1 —s7 9 iflog N < ¢ < k
we get

C58 1 1.1 -
(4.39)  [Pr(En)YE < 2 (k4 )4 | Busgor (K, F)EFw_g (Zg By (K, F))).

Vi
But Byy1(K, F) is easily checked to be isotropic, and from (2.17) and (2.19) we

have

(4.40) w_q/Q(Zq/z(EkH(K,F))) < c6\\/[%l_q/2(8k+1(K,F))

< oValp, | (k.p)-
From (2.23) and (2.25) we have

(4.41) Ly, ., c.m < o8| KN FHYFLg
and
k
(4.42) (k + @)V Byygr (K, F)FTHE NP < 2 < 2e

k
for ¢ < k. Going back to (4.39) we conclude that

S

(4.43) |Pe(Kn)|Y* < eLg Y=

B
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with probability greater than 1 — s7¢ for all ¢ satisfying log N < ¢ < k. Choosing
g =log N for N < e* we get the result. m]

In the previous result, F' may be one of the k-dimensional coordinate subspaces
of R™. Using a recent result from [2] we can get a uniform estimate of the same
order on the size of all projections of a random Ky onto k-dimensional coordinate
subspaces of R™. This is the second claim of Theorem 1.4.

Proposition 4.10. Let K be an isotropic convezr body in R™ and let 1 < k < n.
For all k < N < exp(c1y/k/logk), a random Ky satisfies with probability greater

than 1 — exp(—co+/k/log k) the following: for every o C {1,...,n} with |o| =k,
Py (Kn)\ "
(4.44) <(N)|> < esLi log(en/k)+/log N,
Wi
where ¢; > 0 are absolute constants.
Proof. Let 1 < k < n. It is proved in [2, Theorem 1.1] that, for every ¢t > 1,

(4.45) P (rgzg,g |y (2)ll2 > ertLicVE log (‘jj)) < exp (-’%) .

Assume that N < exp(ce/k/logk). Then, with probability greater than 1 —

exp(—c3+/k/logk), we have that N random points z1,...,zy from K satisfy the
following: for every o C {1,...,n} and for every 1 <i < N,

(4.46) 1P (2:)]|2 < caL iV log (%) .
Now, we recall a well-known volume bound that was obtained independently in [5],
[8] and [12]: if z1,...,2x € R* and max||z|]2 < «, then
Viog N
(4.47) lconv({z1,...,2x )|V* < %.

In our case, this implies that, for every o with |o| = k,

1/k
(4.48) <PU(KN)|) < ¢sLi log(en/k)\/log N,

Wk

as claimed. O

5 Combinatorial dimension in the unconditional

case
In this Section we assume that K is an unconditional isotropic convex body in
R™: it is symmetric and the standard orthonormal basis {e,...,e,} of R" is a 1-
unconditional basis for || - || x: for every choice of real numbers t1,...,t, and every
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choice of signs €; = %1,
(5.1) H£1t161 + -+ entnenHK = Ht161 + -+ tnenHK.

It is known that the isotropic constant of K satisfies Lx ~ 1. Moreover, Bobkov
and Nazarov have proved that K 2 c¢2Q,,, where Q,, = [—3, 3] (see [7]).

We will use the fact that the family of L,-centroid bodies of the cube @, is
extremal for this class of convex bodies (the argument is due to R. Latala).

Lemma 5.1. Let K be an isotropic unconditional convex body in R™. Then,
(5.2) Zy(K) 2 ¢Zy(Qn)
for all ¢ > 1, where ¢ > 0 is an absolute constant.

Proof. Let e1,e3,...,&, be independent and identically distributed £+1 random
variables, defined on some probability space (Q,F,P), with distribution P(e; =
H)=P;=-1) = % For every § € S™~1, by the unconditionality of K, Jensen’s
inequality and the contraction principle, one has

n q 1/q
1/q
Ze &4z ddeP’( ))
1/q
/|xl|dx dP( ))
1/q
Zt@el dP(e )

1/q
>ty dy) = 1{ @ODlza@n)

i=1

(5:3) 1€ O Lacry = (

(L4
> (L5
-

(L2

where t; = [} |z;|dx ~ Lx ~ 1 and t0 = (t101,...,t,0,). Recall that

1/2
(5.4) 1O oy =Y 05 +va| D (657
J<q q<j<n
(see [6]). Since t; ~ 1 for all i = 1,...,n, we get that
(5.5) € O llLacrey 2 165 @O 2a(@n) =l Ol Lac@n)»
and this proves the lemma. O

Since Z4(Qn) ~ \/qB3 N Qp, from Fact 3.1 we immediately get the following.
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Proposition 5.2. Let K be an isotropic unconditional convexr body in R™. If

can < N < exp(ean) and if Ky = conv{xy,...,xx} is a random polytope spanned
by N independent random points x1,...,xN uniformly distributed in K, then for
every o C {1,...,n} we have

(5.6) P,(Kn) 2 ¢ (V1og(N/n)Bs N Qo)
with probability 1 — o0,(1).

Proof of Theorem 1.5. Let € € (0,1). For every o C {1,...,n} with |o| = k we
have Q, C VkB,, and hence

log(N/n)

(5.7) P,(KN) 2 ¢p min { N

,1} Qs 2 eQo,

provided that

(5.8) e < c2y/log(N/n)
b VEk
This shows that

(5.9) VC(Kn,¢e) > min {CSIOge(QN/n)m} )

which is the lower bound in Theorem 1.5. O
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