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Abstract

The purpose of this note is to bring into attention an apparently forgotten
result of C.M. Petty: a convex body has minimal surface area among its
affine transformations of the same volume if and only if its area measure
is isotropic. We obtain sharp affine inequalities which demonstrate the fact
that this “surface isotropic” position is a natural framework for the study of
hyperplane projections of convex bodies.

1 Introduction

We shall work in R" equipped with a fixed Euclidean structure and write | - | for
the corresponding Euclidean norm. We denote the Euclidean unit ball and the unit
sphere by D,, and S™~! respectively, and we write o for the rotationally invariant
probability measure on S"~!. The volume of appropriate dimension will be also
denoted by | -|. We shall write wy, for the volume of the Euclidean unit ball in R".
Finally, L(R™,R") is the space of all linear transformations of R".

Let K be a convex body in R”. The area measure o is defined on $”~! and
corresponds to the usual surface measure on K via the Gauss map. If A is a Borel
subset of S"~!, then

ok (A) = v{z € bd(K) : the outer normal to K at x belongs to A},

where v is the (n — 1)—dimensional surface measure on K. In the case where K is
a polytope with facets {F}};j<, and normals {u;};<,, the measure ok is purely
atomic with mass |Fj| at u;, j = 1,...,m. The surface area of K is clearly given
by

O(K) =0k (S™).

For every convex body K we define the affinely invariant quantity

n—1
n

Ok =min{d(TK)/|K|"= :T € L(R",R") , |detT| = 1},

the minimal surface area of an affine image of K with volume 1. It is not hard to
check that this minimum is attained for some 7.



Definition A Borel measure p on ™! will be called isotropic if

[ woPdu) = 1)
Sn—1 n

for every § € S"1.

C.M. Petty [5] has proved the following characterization of the area measure of
a convex body with minimal surface area:

Theorem 1 Let K be a convex body in R*. Then, 0(K) = 81(|K|nT_1 if and only
if ok s isotropic.

In Section 2 we give a short proof of this fact. Actually, we came to the same
conclusion without being aware of Petty’s result. The latter was brought to our
attention later, when V.D. Milman pointed out to us that Petty had studied the
minimal surface position. The argument shows that for fixed volume the position
is unique up to an orthogonal transformation.

We shall say that a convex body K is surface isotropic if its area measure o is
isotropic. This class of bodies with minimal surface area is very useful for questions
related to hyperplane projections of convex bodies (one may say that it plays the
role isotropic bodies — see [4] — play for questions related to sections). In Section 3
we demonstrate this in several ways:

We show that if K is surface isotropic then

O(K)

(1.1) o < |Py(K)| <

9(K)
2vn

for every 6 € S* 1, where Py denotes the orthogonal projection onto the subspace
6+ perpendicular to #. Both estimates are sharp in the case of the cube. However,
one can see that most projections of K have area close to the upper bound. More
precisely, there exists an absolute constant ¢ > 0 such that

O(K)

Vn
with probability greater than 1 — 27" with respect to the standard measure o on
S7=1. This should be compared with the fact that all (n — 1)-dimensional central
sections of an isotropic body have the same area up to an absolute constant (see
[4]).

The projection body IIK of K is the symmetric convex body whose support

function is defined by hyk (0) = |Py(K)|, 8 € S*1. We write II*K for the polar
projection body.

The volume radius of I[IK and IT* K are determined by the minimal surface area
Ok: If |K| =1, then

(1.2) |Py(K)| > ¢

1 d
(1.3) *K|V/"~ — and |OKY/"~ZE
61{ n



up to absolute constants. This fact together with a result of G. Zhang [11] show that
Ok < cn for every body K. K. Ball [2] has proved a reverse isoperimetric inequality
of this type. His result is exact in the symmetric case: If K is symmetric, then
Ok < 2n and there is equality in the case of a cube.

K. Ball notes in [1] that every convex body K has an affine image K such that
(L4) [Py(K)| < MVA|K|*

for some absolute constant M > 0 and for every § € S™ !, and conjectures that
the constant M could be taken to be 1 in the symmetric case. Ball’s reverse
isoperimetric inequality and (1.1) show that, in the symmetric case, the surface
isotropic position satisfies (1.4) with M = 1. The cube shows that (1.4) is sharp.

K. Ball [1] has also proved that every convex body K has an affine image K
such that for every unit vector 6,

(L.5) |Py(K)| > K|

The classical isoperimetric inequality and (1.2) show that with high probability the
projections of a surface isotropic body satisfy

(L.6) |Py(K)| > | K|

The information given by (1.2) is actually much stronger. However, we do not
know if (1.6) holds for every € S™~!. We can show that if o is isotropic then
the Loomis—Whitney type inequality

(L7) K1 < e (g [ sl Pata0)] o))

is true.

Finally, we show that extremal counterexamples for Shephard’s problem (in
the sense of [1]) can be constructed inside the class of surface isotropic symmetric

convex bodies. There exist surface isotropic K’s satisfying |Py(K)| ~ |K|"T_1 and
others satisfying |Py(K)| ~ \/7_1|K|"T_1 for every 6 € S™7L.

For well-known facts from the classical and the asymptotic theory of convex
bodies we refer the reader to the books of R. Schneider [9] and G. Pisier [7].

2 A Proof of Petty’s theorem

Petty’s theorem will be an immediate consequence of the following three claims:

Claim 1 Let K be a convex body in R" with |K| = 1. If 0(K) = Ok, then ok is
1sotropic.



Proof: Let R be a volume preserving transformation of R". It is not hard to check
that

(2.1) oR ) K) = [ IR@Wlo(du)

Sn—1

Consider any T' € L(R*, R") and let € > 0 be small enough. Then, (I4+T")/[det(I+
eT)]'/™ is volume preserving, so our minimality assumption for K and (2.1) give

(2.2) /S (I + eT) (w)|ox (du) > [det(I + T)]% I

Observe that [u+eTu| = 1+&(u, Tu)+O(e?) and [det(I+eT)]V/" = 1+ 2L+ 0(?).
Letting € — 0 we get

tr
(2.3) / (u, Tuyo g (du) > r—aK,
Sn—1 n
and by symmetry we conclude that
tr’l
(2.4) / (u, Tuog (du) = —
Sn—1 n
for every linear transformation 7'. This implies
0
(25) / ukulch(du) = —K5kl ; k},l = 1,...,n,
Sn—1 n
which completes the proof. O

Claim 2 Let K be a convex body in R™ with |K| = 1. If ok is isotropic, then
I(K) = 0k.

Proof: Assume that ok is isotropic. This is equivalent to the condition (2.4). If
T is any volume preserving transformation, then

(2.6) A(TK) = / (T ulos (du) > / (u, T ) o ()
Sn—1 gn—1
T—l
= o) > (),
because tr(T~')/n > [det(T~')]'/® = 1. This shows that K has minimal surface
area. 0

Claim 3 The minimal surface position is unique up to orthogonal transformations.

Proof: Assume that K has minimal surface area, and (RK) = 9(K) for some
volume preserving transformation B. We can write R = UT, where T~ ! is sym-
metric positive—definite and U is an orthogonal transformation. Repeating the
computation of (2.6) we have

tr(T1)

A(K) = d(UT(K)) = 0(TK) > A(K).



This means that tr(7!) = n, and since T' is symmetric positive—definite we must
have T' = Id. This proves the claim. |

We close this section with a lemma which is useful for approximation arguments:

Lemma 2.1 Every surface isotropic convez body is the limit of a sequence of surface
isotropic polytopes in the Hausdorff metric.

Proof: Let K; be a sequence of polytopes converging to K in the Hausdorff metric.
There exists a second sequence T; of volume preserving transformations such that
K; = T;K; is surface isotropic. We may also assume that T; K; — L = T K for some
T with |detT| = 1. Now, 0. — o, and one can easily check that oy, is isotropic.
From Claim 3 it follows that 7" € O(n), and the proof is complete. |

3 Projections of a surface isotropic body

Let K be a convex body in R™. The relation between the area of the (n — 1)-
dimensional projections of K and the area measure o is well-known: For every
6 € S"~1 we have

1

(31) B =5 [ lwbldo(w.

Using (3.1) we can easily obtain lower and upper bounds for the projections of a
surface isotropic body:

Proposition 3.1 If i is isotropic, then

9(K)

X < ipyiroy) < I8

2v/n

for every § € S"1.

Proof: A direct application of the Cauchy—Schwarz inequality shows that

1/2
62 nwl<y ([ woPdoxw) Vo) -

On the other hand, it is obvious that

(3.3) |Py(K)| > %/D_ |(u, ) > dok (u) = 8;1;()_ o

The example of the cube @ shows that both estimates in Proposition 3.1 are
sharp. One can easily check that

1<1R(@Q) < Vi



for every # € S™ ! with equality on both sides for suitable . The cube is surface
isotropic, and 9(Q)) = 2n. Therefore, the ratio between the maximal and the
minimal projection of a surface isotropic body can be as large as \/n. However, we
are going to show that the area of the projections is close to the upper bound with
high probability. To this end we are using the following result of K. Ball [2] whose
proof is based on the Brascamp—Lieb inequality:

Lemma 3.2 Let {uj}j<m be unit vectors in R" and {c;}j<m be positive numbers
satisfying

m
Id = ZCJ'U]' QUj.
Jj=1

Define a norm in R™ by ||z|| = Z;n:l aj|(z,u;)|, where aj > 0. If L is the unit ball
of (B, - ), then |
|mg37 <ﬁ> . O
n. - Q
Jj=1

Assume that K is a polytope with facets F; and normals uw;, j = 1,...,m,
which has isotropic area measure. Then, (2.4) is equivalent to

- VAP .
(3.4) Id = ]Ezl a(K) uj ® uj
for every z € R™. If [T*K is the polar projection body of K we have

(3.5) 1]

1 m
nx =P (K) =3 > IE;116,u )
j=1

for every 6 € S 1. We can therefore apply Lemma 3.2 to obtain

(3.6) |mmg§<£%y.

Approximating we get the same estimate for a general surface isotropic convex
body. On the other hand, an application of Holder’s inequality shows that

60 WK =w [ o) 2 ([ A

Combining this with Cauchy’s surface area formula

Wn—1

(39 [ IRE)lods) = 2 to(i),

NWy

we have a double—sided estimate for the volume of the polar projection body of a
surface isotropic body K:



Proposition 3.3 Let K be a convex body in R whose area measure ok is isotropic.

Then,
n
Wy, 1 4"p" 1
< |IIFK| < .o
“n <wn1> o) < WK< - amn

Using the Blaschke—Santalé inequality and its exact reverse for zonoids (see [3],
[8]) we estimate the volume of IIK in terms of O(K):

Corollary 3.4 Let K be a surface isotropic convex body in R™. Then,

(B2) <o (5

n

Note that all the estimates in Proposition 3.3 and Corollary 3.4 are sharp: it is
enough to consider the ball and the cube.

Proposition 3.3 has some immediate consequences:
Assume that |K| =1 and 0(K) = 0x. We have

& [ e =55 < (5

hence Markov’s inequality gives:

Theorem 3.5 There exists an absolute constant ¢ > 0 such that for every surface
isotropic body K of volume 1

aK aK

— < |P(K)| < —

o SIPEI< s m

holds true for all 0 in a subset of S™ ! with o-measure exceeding 1 — 27", |

It is an observation of C.M. Petty [6] that if T is a linear operator on R" of
determinant 1 then, for every K,

I*(TK) = T(IIK).

In particular, the volume of the polar projection body is invariant under volume
preserving affine transformations. Then, Proposition 3.3 and Corollary 3.4 show
that [IT* K|'/™ and |TIK|*/" are determined up to absolute constants by the minimal
surface area Ok:

Theorem 3.6 There exist absolute constants cy,ca,c3,cq > 0 such that if |[K| =1
then 5 5
LK < 22 and oK < IKVm <KL o
aK aK n n
G. Zhang [11] has proved that if [K| =1, then

(3.10) K| > (2:> n "

7



with equality if and only if K is a simplex. This can be combined with Proposition
3.3 to give an upper estimate for Jk:

Theorem 3.7 For every conver body K we have
2
onc < ! ()17 < e,
n

where ¢ > 0 is an absolute constant. O

The constant ¢ may be (asymptotically) chosen to be equal to e. K. Ball [2] has
proved an exact reverse isoperimetric inequality of this type in the symmetric case:
Let @ be the cube of volume 1. Every symmetric convex body K has an affine
image K satisfying |K| =1 and d(K) < 8(Q). In our notation this means that

(3.11) Ok < 2n

for every symmetric convex body. Observe that this would follow from (3.6) if the
cube was minimizing |II*K| over all symmetric bodies of volume 1. Combining
(3.11) with Proposition 3.1 and dropping the assumption that |K| =1 we get:

Proposition 3.8 Let K be a symmetric convex body in R™ whose area measure ok
15 1sotropic. Then,

n—1
|Py(K)| < Vn|K| =
for every 8 € S*L, O
The estimate given by Proposition 3.8 was conjectured by K. Ball and it is sharp
for the cube. One can use Ball’s non-symmetric reverse isoperimetric inequality (or

Theorem 3.7) to state an analogous result for an arbitrary surface isotropic body
K.

We now turn to lower bounds. We shall make use of an extension of the Loomis—
Whitney inequality that K. Ball [1] proved and used for the proof of (1.5):

Lemma 3.9 Let K be a convex body in R, {u;}j<m be a sequence of unit vectors,
and {cj}j<m be a sequence of positive numbers such that

Id = ZCJ'U]' QUj.

i=1
Then,
m
K" < ] 1Py, (). O
j=1
Assume that K is a polytope with facets F; and normals uw;, j = 1,...,m,

which has isotropic area measure. Because of (3.4) we can apply Lemma 3.9 to
obtain

n m
n—1)log|K| < —= log | P, (K)||F}],
(n —1)log |K]| 6(K); | Pu; (K| |5



which can be written in the form
n—1 1 -
(3.12) K|+ <exp | = 3 log | Py, (K|
O(K) 2=

Using this fact and an approximation argument we can prove the following:

Proposition 3.10 Let K be a convexr body in R™ whose area measure og is
1sotropic. Then,

K <o (g [ g P lo(an)) .

Proof: Assume that {K;} is a sequence of polytopes with o, isotropic and K; —
K, By (3.12) we have

n—t 1
K| < —— log | Py (K;)|o k.
0 s e (s [ g P o, a0))

for every i, and taking limit as ¢ — oo we conclude the proof. O

Combining Cauchy’s formula with the isoperimetric inequality and Ball’s re-
verse isoperimetric inequality we have:

Proposition 3.11 Let K be a surface isotropic symmetric conver body in R™.
Then,

n—1 n— n—
max |Py (K)| > (w1 /wn™ JIK]™5 2 K|

and
min [Py ()| < [2w,-1/wa)|K]" < eV/mlK|™ .0

The first inequality is sharp for a ball: the ball of volume 1 has all its projections
of volume of the order of 1. We now show that the second inequality is also exact
up to an absolute constant:

Proposition 3.12 There exists a surface isotropic symmetric convez body such that
n—1 n—1
VAIK|" <Py (K)| < VAlK]"

for every § € S" 1.

Proof: We shall follow Ball’s counterexample on Shephard’s problem [1]. What
we want to make sure is that the example will be surface isotropic.

Let {e; : j < n} be an orthonormal basis in R". It is a known fact going
back to the work of Kashin (see [7, Chapter 6]) that there exists an orthogonal
transformation 7' € O(n) such that

(3.13) arvnlz| <zl +11T%]l < c2v/nla]



for every z € R™, where ||z|j; = Z?Zl [(z,e;)|. It is clear that the sum of two
isotropic measures on S™~! is isotropic, therefore the measure
0=0Q+or-1

is isotropic. From Minkowski’s existence theorem, there exists a symmetric polytope
K with og = 0.

K has normals *+e;, £T"e;, and the area of each facet of K is equal to 1. Using
(3.13) we get

n

(3.14) 1Po(K)| = (18, e)| + (60, Tei)) = 18l + T8l > e1rv/n

j=1
for every § € S"!. As in [1], consider the body

L={zeR":|(z,e;)| <1, [{x,T"e;})| <1,j=1,...,n}.
By a result of Vaaler [10], |L|*/™ > /2, and by Minkowski’s inequality,

(3.15) |K|"TA|L|% < l/ hr(u)ok (du) = 2 Zn:(h[,(ej) + hr(T"ej)) < 4.
n Jgno1 n =
It follows that
(3.16) [P (FO| 2 FVRIK LY 2 eVl K]
which completes the proof. |

Corollary 3.13 There exist two surface isotropic symmetric convex bodies Ki and
Ky in R™ such that |Py(Ky)| < |Pa(K2)| for every 6 € S™1, but |Ki| > c/n|Ka|,
where ¢ > 0 is an absolute constant. O

4 Stability of the surface isotropic position

Let K be a convex body in R with volume |K| = 1. Assume that it is close to the
surface isotropic position in the sense that all the integrals

/ (u, 0205 (du) , 6 € Sn!
Snfl

are equivalent up to some constant § > 1. We shall show that the surface area
O(K) of K is close to the minimal surface area Jx. More precisely, we have the
following stability result:

Theorem 4.1 Let K be a convex body in R™ with |K| = 1. Assume that there exist
A >0 and g > 1 such that

(4.1) A< /Snil(u,ﬁ)QaK(du) < BA

10



for every 8 € S"L. Then,
(4.2) Ok < O(K) < ¢f0k,
where ¢ > 0 is an absolute constant.

Proof: Choosing § =¢;,i=1,...,n in (4.1) and adding all inequalities we get

190(K ‘ K
(4.3) 1K) < / (u, 00k (du) < ﬁm , eSSt
n Sn—1 n

We may assume that K is a polytope with facets F; and normals u;, j =1,...,m.
Consider the ellipsoid E defined by

m
(14) lelfy = 3 1F5leu)* = [ o)

=1 "
Then E = TD,, for some linear transformation T', and (4.3) shows that

1 6( ) - ‘ 9(K)
(4.5) =Tl < |af* = |Talff = Y |Fjl(w, T (u))* < B——|Ta*.
j=1

In particular,

(4.6) [detT[1/m < (|7 03 — €3]] < v/Brfo(K).

Consider the body K; = T7'K. It has normals u} = T*(u;)/|T*(u;)| and facets

|| = [T (uy)||Fy|/|detT]|. From (4.5) it is clear that

m
2> = [FS|IT™ (uy) [ (, ),
j=1
which implies

(4.7) Id = Y | F||T"(u))[*uf @ u).
j=1

Consider the polar projection body of K;. We have

| EIT (u))]

(48) =P ED = =g 105l

and Lemma 3.2 shows that

2 m
K| < —,H 2T (uj) || det T|) F5117" (ws)

IN

2" .
@I lldetT s 11T @l
n.

4”’ n n
= —||T||"|desT".
n.

11



Using Theorem 3.6 and (4.6), we see that

4ef
O(K)’

c

Ok

ol o1 4 1
<K IFE Y < (n|)—1M||T|||detT|n <

which shows that

Ok <O(K) < 4—:35’1(- g
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