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Kef�laio 1

σ��lgebrec

1.1 σ��lgebrec

Orismìc 1.1.1 (σ-�lgebra). 'Estw X èna mh kenì sÔnolo kai èstw A
mia oikogèneia uposunìlwn tou X. H A lègetai σ��lgebra sto X an
eÐnai mh ken , kleist  wc proc sumplhr¸mata kai kleist  wc proc �peirec
arijm simec en¸seic. To zeug�ri (X,A) lègetai metr simoc q¸roc.

Prìtash 1.1.2. 'Estw A mia σ��lgebra sto X. Tìte, h A perièqei to ∅
kai to X, kai eÐnai kleist  wc proc peperasmènec en¸seic, peperasmènec kai
�peirec arijm simec tomèc, sunolojewrhtikèc diaforèc.

ParadeÐgmata 1.1.3. An X 6= ∅ tìte oi A1 = {∅, X}, A2 = {∅, E,Ec, X}
ìpou E mh kenì gn sio uposÔnolo tou X, A3 = P(X) (to dunamosÔnolo tou
X), eÐnai σ��lgebrec sto X.

An X eÐnai èna uperarijm simo sÔnolo tìte h

A = {A ⊆ X |A arijm simo   Ac arijm simo}

eÐnai σ��lgebra sto X.

Prìtash 1.1.4. 'Estw (X,A) ènac metr simoc q¸roc. An {An}∞n=1 eÐnai
mia akoloujÐa stoiqeÐwn thcA, mporoÔme na broÔme akoloujÐa {Bn}∞n=1 xènwn
an� dÔo stoiqeÐwn thc A ¸ste: Bn ⊆ An gia k�je n ∈ N kai A1∪ · · ·∪AN =
B1 ∪ · · · ∪BN gia k�je N ∈ N. Eidikìtera,

∞⋃

n=1

An =
∞⋃

n=1

Bn.

To Ðdio isqÔei gia peperasmènec akoloujÐec {An}N
n=1 stoiqeÐwn thc A.
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1.2 Paragìmenec σ��lgebrec

Prìtash 1.2.1. An (A)i∈I eÐnai mia mh ken  oikogèneia σ�algebr¸n sto
X tìte h

⋂
i∈I Ai eÐnai σ��lgebra sto X.

Orismìc 1.2.2 (paragìmenh σ��lgebra). An F eÐnai mia mh ken 
oikogèneia uposunìlwn tou X tìte h

σ(F) =
⋂
{A |A σ��lgebra kai A ⊇ F}

eÐnai (kal� orismènh) σ��lgebra sto X. H σ(F) eÐnai h σ��lgebra pou
par�getai apì thn F .

Prìtash 1.2.3. An ∅ 6= F ⊆ P(X) tìte h σ(F) eÐnai h mikrìterh σ�
�lgebra sto X h opoÐa perièqei thn F : an A eÐnai σ��lgebra kai F ⊆ A tìte
σ(F) ⊆ A.

ParadeÐgmata 1.2.4. (a) An E eÐnai èna mh kenì gn sio uposÔnolo tou
X kai F = {E} tìte σ(F) = {∅, E, Ec, X}.
(b) An X eÐnai èna uperarijm simo sÔnolo kai F = {A ⊆ X |A arijm simo},
tìte σ(F) = {A ⊆ X |A arijm simo   Ac arijm simo}.

1.3 Borel σ��lgebrec

Orismìc 1.3.1 (Borel σ��lgebra). 'Estw (X, ρ) ènac metrikìc q¸roc
kai èstw T h oikogèneia twn anoikt¸n uposunìlwn tou X. H σ��lgebra

B(X) := σ(T )

eÐnai h Borel σ��lgebra tou X. Ta stoiqeÐa thc B(X) eÐnai ta Borel
sÔnola tou X.

Ta anoikt� kai ta kleist� uposÔnola tou X eÐnai Borel sÔnola. To Ðdio
isqÔei gia tic arijm simec tomèc anoikt¸n sunìlwn (ta legìmena Gδ sÔnola)
kai tic arijm simec en¸seic kleist¸n sunìlwn (ta legìmena Fσ sÔnola).

Prìtash 1.3.2. 'Estw (X, ρ) ènac metrikìc q¸roc kai èstw F h oikogèneia
twn kleist¸n uposunìlwn tou X. Tìte,

σ(F) = B(X).

Par�deigma 1.3.3 (EukleÐdeioc q¸roc). JewroÔme ton Rn (n ∈ N)
me thn EukleÐdeia metrik . Di�sthma lème k�je sÔnolo thc morf c

n∏

j=1

[aj , bj ]  
n∏

j=1

(aj , bj)  
n∏

j=1

[aj , bj)  
n∏

j=1

(aj , bj ]
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ìpou −∞ < aj < bj < +∞ (sthn pr¸th perÐptwsh, aj ≤ bj). Ta parap�-
nw diast mata onom�zontai kleist�, anoikt�, kleist��anoikt� kai anoikt��
kleist� antÐstoiqa. K�je di�sthma eÐnai Borel sÔnolo wc peperasmènh tom 
anoikt¸n  /kai kleist¸n hmiq¸rwn.

Prìtash 1.3.4. 'Estw Ei (i = 1, 2, 3, 4) oi oikogèneiec twn kleist¸n, a-
noikt¸n, kleist¸n�anoikt¸n kai anoikt¸n�kleist¸n diasthm�twn antÐstoiqa.
Gia k�je i = 1, 2, 3, 4 isqÔei

σ(Ei) = B(X).

1.4 'Algebrec kai monìtonec kl�seic

Orismìc 1.4.1 (�lgebra). 'Estw X èna mh kenì sÔnolo kai èstw A
mia oikogèneia uposunìlwn tou X. H A lègetai �lgebra sto X an eÐnai
mh ken , kleist  wc proc sumplhr¸mata kai kleist  wc proc peperasmènec
en¸seic.

Prìtash 1.4.2. 'Estw A mia �lgebra sto X. Tìte, h A perièqei to ∅ kai
to X, kai eÐnai kleist  wc proc peperasmènec tomèc kai sunolojewrhtikèc
diaforèc.

Parathr seic 1.4.3. (a) K�je σ��lgebra eÐnai �lgebra.
(b) To antÐstrofo den isqÔei. An X = N kai an

A = {A ⊆ N |A peperasmèno   Ac peperasmèno},

tìte h A eÐnai �lgebra all� den eÐnai σ��lgebra sto N.

Par�deigma 1.4.4 (EukleÐdeioc q¸roc). JewroÔme ton Rn (n ∈ N)
me thn EukleÐdeia metrik . Genikeumèno di�sthma lème k�je sÔnolo thc
morf c

P =
n∏

j=1

(aj , bj ], ìpou −∞ ≤ aj < bj ≤ +∞.

Prìtash 1.4.5. H oikogèneia

A = {P1 ∪ · · · ∪ Pk | k ∈ N, P1, . . . , Pk xèna genikeumèna diast mata}

eÐnai �lgebra.

Apìdeixh. DeÐqnoume diadoqik� ta ex c:

(i) H tom  dÔo genikeumènwn diasthm�twn eÐnai ken    genikeumèno di�sth-
ma.
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(ii) H A eÐnai kleist  wc proc peperasmènec tomèc.

(iii) To sumpl rwma genikeumènou diast matoc an kei sthn A.

(iv) H A eÐnai kleist  wc proc sumplhr¸mata.

(v) H A eÐnai kleist  wc proc peperasmènec en¸seic.

Orismìc 1.4.6 (monìtonh kl�sh). 'Estw X èna mh kenì sÔnolo kai
èstw A mia oikogèneia uposunìlwn tou X. H A lègetai monìtonh kl�sh
sto X an eÐnai mh ken , kleist  wc proc aÔxousec arijm simec en¸seic kai
kleist  wc proc fjÐnousec arijm simec tomèc.

Parathr seic 1.4.7. (a) K�je σ��lgebra eÐnai monìtonh kl�sh (to antÐ-
strofo den isqÔei).

(b) An mia �lgebra eÐnai kai monìtonh kl�sh, tìte eÐnai σ��lgebra.

Prìtash 1.4.8. An (A)i∈I eÐnai mia mh ken  oikogèneia monìtonwn kl�sewn
sto X tìte h

⋂
i∈I Ai eÐnai monìtonh kl�sh sto X.

Orismìc 1.4.9 (paragìmenh monìtonh kl�sh). An F eÐnai mia mh
ken  oikogèneia uposunìlwn tou X tìte h

m(F) =
⋂
{A |A monìtonh kl�sh kai A ⊇ F}

eÐnai (kal� orismènh) monìtonh kl�sh sto X. H m(F) eÐnai h monìtonh kl�sh
pou par�getai apì thn F .

Prìtash 1.4.10. An ∅ 6= F ⊆ P(X) tìte h m(F) eÐnai h mikrìterh mo-
nìtonh kl�sh sto X h opoÐa perièqei thn F : an A eÐnai monìtonh kl�sh kai
F ⊆ A tìte m(F) ⊆ A.

Prìtash 1.4.11. An A eÐnai mia �lgebra sto X, tìte

m(A) = σ(A).

1.5 Periorismìc σ��lgebrac

Prìtash 1.5.1. 'Estw A mia σ��lgebra sto X kai èstw Y èna mh kenì
gn sio uposÔnolo tou X. OrÐzoume

A ¹ Y = {A ∩ Y |A ∈ A}.

Tìte, h A ¹ Y eÐnai σ��lgebra sto Y .
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Orismìc 1.5.2 (periorismìc σ��lgebrac). H A ¹ Y lègetai pe-
riorismìc thc A sto Y . Genikìtera, an F eÐnai mia mh ken  oikogèneia
uposunìlwn tou X kai an Y eÐnai èna mh kenì gn sio uposÔnolo tou X, tìte
h oikogèneia F ¹ Y = {A ∩ Y |A ∈ F} lègetai periorismìc thc F sto Y .

Prìtash 1.5.3. 'Estw F mia mh ken  oikogèneia uposunìlwn tou X kai
èstw Y èna mh kenì gn sio uposÔnolo tou X. Tìte,

σ(F ¹ Y ) = σ(F) ¹ Y.

Prìtash 1.5.4. 'Estw (X, ρ) ènac metrikìc q¸roc. Wc sun jwc, an Y

eÐnai èna mh kenì gn sio uposÔnolo tou X, jewroÔme to Y san upìqwro tou
X me th metrik  ρ|Y×Y . Tìte,

B(Y ) = B(X) ¹ Y.

1.6 Ask seic

1. 'Estw X èna mh kenì sÔnolo kai èstw {An}∞n=1 mia akoloujÐa uposunìlwn
tou X. OrÐzoume

lim supAn =
∞⋂

k=1




∞⋃

j=k

Aj


 kai lim inf An =

∞⋃

k=1




∞⋂

j=k

Aj


 .

DeÐxte ta ex c:

(a) lim supAn = {x ∈ X : x ∈ An gia �peirec timèc tou n}.
(b) lim inf An = {x ∈ X : up�rqei n0(x) ∈ N ¸ste x ∈ An gia k�je n ≥ n0}.
(g) lim inf An ⊆ lim supAn. D¸ste par�deigma sto opoÐo o egkleismìc na
eÐnai gn sioc.

2. 'Estw X èna mh kenì sÔnolo me �peira stoiqeÐa. OrÐzoume

F = {A ⊆ X | to A èqei dÔo stoiqeÐa}.

Perigr�yte tic σ(F) kai m(F).

3. (a) 'Estw A mia σ��lgebra sto X kai èstw f : X → Y . DeÐxte ìti h
oikogèneia

{B ⊆ Y | f−1(B) ∈ A}
eÐnai σ��lgebra sto Y .
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(b) 'Estw C mia σ��lgebra sto Y kai èstw E mia oikogèneia uposunìlwn tou
Y gia thn opoÐa isqÔei σ(E) = C. DeÐxte ìti an f−1(B) ∈ A gia k�je B ∈ E ,
tìte f−1(B) ∈ A gia k�je B ∈ C.
(g) 'Estw (X, ρ) kai (Y, d) metrikoÐ q¸roi kai èstw f : X → Y suneq c.
DeÐxte ìti: an to B eÐnai Borel sÔnolo ston Y , tìte to f−1(B) eÐnai Borel
sÔnolo ston X.

4. (a) DeÐxte ìti h Borel σ��lgebra tou Rn par�getai apì thn oikogèneia
twn anoikt¸n hmiq¸rwn thc morf c {x = (x1, . . . , xn) |xj > aj}, ìpou j =
1, . . . , n kai aj ∈ R.
(b) 'Estw F = {B(x, r) |x ∈ Rn, r > 0} (B(x, r) eÐnai h anoikt  mp�la me
kèntro to x kai aktÐna r). DeÐxte ìti h Borel σ��lgebra tou Rn par�getai
apì thn F .

5. 'Estw (X, ρ) ènac metrikìc q¸roc. DeÐxte ìti k�je kleistì uposÔnolo
tou X eÐnai Gδ sÔnolo kai k�je anoiktì uposÔnolo tou X eÐnai Fσ sÔnolo.

6. (a) 'Estw f : Rn → R. DeÐxte ìti to {x ∈ Rn | h f eÐnai suneq c sto x}
eÐnai Gδ sÔnolo.
(b) 'Estw fk : Rn → R suneqeÐc sunart seic (k = 1, 2, . . .). DeÐxte ìti to

{x ∈ Rn | up�rqei to lim
k→∞

fk(x)}

eÐnai Fσδ sÔnolo, dhlad , arijm simh tom  Fσ sunìlwn.

7. 'Estw F mh ken  oikogèneia uposunìlwn tou mh kenoÔ sunìlou X. DeÐxte
ìti gia k�je A ∈ σ(F) up�rqei arijm simh upooikogèneia CA thc F ¸ste
A ∈ σ(CA).



Kef�laio 2

Mètra

2.1 Mètra

Orismìc 2.1.1. 'Estw (X,A) ènac metr simoc q¸roc. Mia sun�rthsh
µ : A → [0,∞] lègetai mètro ston (X,A) an ikanopoieÐ ta ex c:

(a) µ(∅) = 0.
(b) An {An}∞n=1 eÐnai akoloujÐa xènwn stoiqeÐwn thc A tìte

µ

( ∞⋃

n=1

An

)
=

∞∑

n=1

µ(An).

H tri�da (X,A, µ) lègetai q¸roc mètrou.

Prìtash 2.1.2. K�je mètro eÐnai peperasmèna prosjetikì: an A1, . . . , AN

eÐnai xèna stoiqeÐa thc A tìte

µ

(
N⋃

n=1

An

)
=

N∑

n=1

µ(An).

ParadeÐgmata 2.1.3. (a) To mhdenikì mètro: µ(A) = 0 gia k�je A ∈ A.
(b) 'Estw X uperarijm simo sÔnolo kai

A = {A ⊆ X |A arijm simo   Ac arijm simo}.

Jètoume µ(A) = 0 an to A eÐnai arijm simo kai µ(A) = 1 an to Ac eÐnai
arijm simo. To µ eÐnai mètro.

Je¸rhma 2.1.4 (basikèc idiìthtec). 'Estw (X,A, µ) ènac q¸roc mè-
trou.
(a) MonotonÐa: An A,B ∈ A kai A ⊆ B tìte µ(A) ≤ µ(B).
(b) An A,B ∈ A, µ(A) < ∞ kai A ⊆ B tìte µ(B \A) = µ(B)− µ(A).
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(g) Upoprosjetikìthta: An {An}∞n=1 eÐnai akoloujÐa stoiqeÐwn thc A tìte

µ

( ∞⋃

n=1

An

)
≤

∞∑

n=1

µ(An).

(d) Sunèqeia: An {An}∞n=1 eÐnai mia aÔxousa akoloujÐa stoiqeÐwn thc A tìte

µ

( ∞⋃

n=1

An

)
= lim

n→∞µ(An).

(e) Sunèqeia: An {An}∞n=1 eÐnai mia fjÐnousa akoloujÐa stoiqeÐwn thc A kai
µ(A1) < ∞, tìte

µ

( ∞⋂

n=1

An

)
= lim

n→∞µ(An).

Orismìc 2.1.5 (kathgorÐec mètrwn). 'Estw (X,A, µ) ènac q¸roc
mètrou. To µ lègetai:

(a) peperasmèno, an µ(X) < ∞.

(b) mètro pijanìthtac, an µ(X) = 1.

(g) σ�peperasmèno, an up�rqei akoloujÐa {An}∞n=1 ⊆ A ¸ste µ(An) < ∞
gia k�je n ∈ N kai X =

⋃∞
n=1 An.

(d) hmipeperasmèno, an gia k�je A ∈ A me µ(A) = ∞ mporoÔme na broÔme
E ⊂ A sthn A me 0 < µ(E) < ∞.

Parat rhsh 2.1.6. 'Estw µ èna σ�peperasmèno mètro ston (X,A). Tìte,

(a) Up�rqei akoloujÐa {Bn}∞n=1 xènwn stoiqeÐwn thc A ¸ste µ(Bn) < ∞ gia
k�je n ∈ N kai X =

⋃∞
n=1 Bn.

(b) Up�rqei aÔxousa akoloujÐa {En}∞n=1 ⊆ A ¸ste µ(En) < ∞ gia k�je
n ∈ N kai X =

⋃∞
n=1 En.

Prìtash 2.1.7. K�je σ�peperasmèno mètro eÐnai hmipeperasmèno.

Orismìc 2.1.8 (sÔnola mètrou 0). 'Estw (X,A, µ) ènac q¸roc mètrou.
Lème ìti to E ∈ A eÐnai mètrou 0 an µ(E) = 0.

Prìtash 2.1.9. 'Estw (X,A, µ) ènac q¸roc mètrou.

(a) An µ(E) = 0, F ∈ A kai F ⊆ E, tìte µ(F ) = 0.

(b) An {En}∞n=1 ⊆ A kai µ(En) = 0 gia k�je n ∈ N, tìte µ (
⋃∞

n=1 En) = 0.
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2.2 Shmeiakèc katanomèc

Orismìc 2.2.1. 'Estw I 6= ∅ kai α : I → [0,∞]. Gr�foume αi antÐ gia
α(i). OrÐzoume

∑

i∈I

αi = sup

{∑

i∈F

αi |F ⊆ I, F 6= ∅, F peperasmèno

}
.

EpÐshc, sumfwnoÔme ìti
∑

i∈∅ αi = 0.

Parat rhsh 2.2.2. An
∑

i∈I αi < ∞ tìte to sÔnolo J = {i ∈ I : αi > 0}
eÐnai arijm simo.

Prìtash 2.2.3. 'Estw X 6= ∅ kai α : X → [0,∞]. OrÐzoume µ : P(X) →
[0,∞] me

µ(A) =
∑

x∈A

αx

gia k�je A ⊆ X. Tìte, to µ eÐnai mètro (h shmeiak  katanom  pou
ep�getai apì thn α). O αx eÐnai h m�za sto shmeÐo x.

ParadeÐgmata 2.2.4. (a) An αx = 1 gia k�je x ∈ X tìte to µ(A) isoÔtai
me ton plhj�rijmo tou A (to µ lègetai mètro aparÐjmhshc).
(b) 'Estw X 6= ∅. StajeropoioÔme x0 ∈ X kai orÐzoume αx = 1 an x = x0

kai αx = 0 an x 6= x0. Tìte, h shmeiak  katanom  δx0 pou ep�getai apì thn
α eÐnai h ex c: an A ⊆ X kai x0 ∈ A tìte δx0(A) = 1, en¸ an A ⊆ X kai
x0 /∈ A tìte δx0(A) = 0. To δx0 eÐnai to mètro Dirac sto x0.

2.3 Pl rh mètra

Orismìc 2.3.1. 'Estw (X,A, µ) ènac q¸roc mètrou. Lème ìti to µ eÐnai
pl rec an ikanopoieÐ to ex c: an µ(E) = 0 kai F ⊆ E tìte F ∈ A (opìte,
µ(F ) = 0). An to µ eÐnai pl rec, o (X,A, µ) lègetai pl rhc q¸roc
mètrou.

Orismìc 2.3.2. An (X,A1, µ1) kai (X,A2, µ2) eÐnai dÔo q¸roi mètrou sto
Ðdio sÔnolo X, o (X,A2, µ2) lègetai epèktash tou (X,A1, µ1) an isqÔoun
ta ex c:

(a) A1 ⊆ A2.
(b) Gia k�je A ∈ A1 isqÔei µ2(A) = µ1(A).

Je¸rhma 2.3.3. 'Estw (X,A, µ) ènac q¸roc mètrou. Up�rqei monadikìc
q¸roc mètrou (X,A1, µ1) pou ikanopoieÐ ta ex c:
(a) O (X,A1, µ1) eÐnai epèktash tou (X,A, µ).
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(b) O (X,A1, µ1) eÐnai pl rhc q¸roc mètrou.

(g) An (X,A2, µ2) eÐnai pl rhc epèktash tou (X,A, µ), tìte o (X,A2, µ2)
eÐnai epèktash tou (X,A1, µ1).

Orismìc 2.3.4. H pl rhc epèktash (X,A1, µ1) tou prohgoÔmenou Jewr -
matoc lègetai pl rwsh tou (X,A, µ).

Par�deigma 2.3.5 (mh pl rec mètro). 'Estw X 6= ∅ kai èstw x0 ∈ X.
'Estw A mia σ��lgebra pou perièqei to {x0} kai perièqetai gn sia sto P(X).
OrÐzoume µ : A → [0,∞] me µ(A) = 1 an x0 ∈ A kai µ(A) = 0 an x0 /∈ A. To
µ den eÐnai pl rec.

Par�deigma tètoiac σ��lgebrac: jewr ste tuqìn sÔnolo me perissìtera
apì dÔo stoiqeÐa kai thn A = σ(F), ìpou F = { {x0} }.

2.4 Periorismìc

Prìtash 2.4.1. 'Estw (X,A, µ) ènac q¸roc mètrou. An ∅ 6= Y ⊆ X,
orÐzoume µY : A → [0,∞] me

µY (A) = µ(A ∩ Y ) gia k�je A ∈ A.

Tìte, to µY eÐnai mètro ston (X,A). EpÐshc, µY (A) = µ(A) an A ⊆ Y kai
µY (A) = 0 an A ∩ Y = ∅.

Orismìc 2.4.2 (periorismìc sto Y ). To mètro µY lègetai periori-
smìc tou µ sto Y .

L mma 2.4.3. 'Estw (X,A) ènac metr simoc q¸roc kai èstw ∅ 6= Y ⊆ X.
Tìte,

A ¹ Y = {A ∈ A |A ⊆ Y }.

Prìtash 2.4.4. 'Estw (X,A, µ) ènac q¸roc mètrou. An ∅ 6= Y ⊆ X,
orÐzoume µ ¹ Y : A ¹ Y → [0,∞] me

(µ ¹ Y )(A) = µ(A) gia k�je A ∈ A ¹ Y.

Tìte, to µ ¹ Y eÐnai mètro ston (X,A ¹ Y ).

Orismìc 2.4.5 (periorismìc sthn A ¹ Y ). To mètro µ ¹ Y lègetai
periorismìc tou µ sthn A ¹ Y .
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2.5 Monadikìthta

Je¸rhma 2.5.1. 'Estw A mia �lgebra uposunìlwn tou mh kenoÔ sunìlou
X kai èstw µ, ν dÔo mètra sthn σ(A). Upojètoume ìti up�rqei aÔxousa
akoloujÐa {An}∞n=1 stoiqeÐwn thc A ¸ste X =

⋃∞
n=1 An kai µ(An) < ∞,

ν(An) < ∞ gia k�je n ∈ N. Upojètoume epÐshc ìti

µ(A) = ν(A) gia k�je A ∈ A.

Tìte, ta µ kai ν sumpÐptoun: µ(A) = ν(A) gia k�je A ∈ σ(A).

2.6 Ask seic

8. 'Estw (X,A, µ) ènac q¸roc mètrou kai èstw {An}∞n=1 mia akoloujÐa
sunìlwn apì thn A. DeÐxte ìti:

(a) µ
(
lim inf
n→∞ An

)
≤ lim inf

n→∞ µ(An).

(b) An µ (
⋃∞

n=1 An) < ∞ tìte lim sup
n→∞

µ(An) ≤ µ

(
lim sup

n→∞
An

)
.

(g) An
∑∞

n=1 µ(An) < ∞ tìte µ

(
lim sup

n→∞
An

)
= 0.

9. 'Estw {µn} mia aÔxousa akoloujÐa mètrwn ston (X,A): dhlad , gia k�je
A ∈ A kai gia k�je n ∈ N isqÔei µn(A) ≤ µn+1(A). OrÐzoume

µ(A) = lim
n→∞µn(A) (A ∈ A).

DeÐxte ìti to µ eÐnai mètro ston (X,A).

10. 'Estw µ èna σ�peperasmèno mètro ston (X,A) kai èstw {Ai}i∈I mia
oikogèneia xènwn stoiqeÐwn thc A. DeÐxte ìti gia k�je E ∈ A to sÔnolo
{i ∈ I : µ(E ∩Ai) > 0} eÐnai arijm simo.

11. 'Estw µ èna hmipeperasmèno mètro ston (X,A). DeÐxte ìti an A ∈ A
kai µ(A) = ∞ tìte, gia k�je M > 0 up�rqei B ∈ A ¸ste B ⊂ A kai
M < µ(B) < ∞.

12. 'Estw F mia �lgebra sto X kai èstw µ èna peperasmèno mètro ston
(X,σ(F)). DeÐxte ìti gia k�je A ∈ σ(F) kai gia k�je ε > 0 up�rqei F ∈ F
¸ste µ(A 4 F ) < ε, ìpou A 4 F = (A \ F ) ∪ (F \ A) eÐnai h summetrik 
diafor� twn A kai F .
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13. 'Estw (X,A, µ) ènac pl rhc q¸roc mètrou. An gia k�poia A ∈ A
kai B ⊆ X èqoume A 4 B ∈ A kai µ(A 4 B) = 0, deÐxte ìti B ∈ A kai
µ(B) = µ(A).

14. 'Estw (X,A, µ) ènac q¸roc mètrou. Lème ìti to E ⊆ X eÐnai topik�
metr simo an E ∩A ∈ A gia k�je A ∈ A me µ(A) < ∞. OrÐzoume

Ã = {E ⊆ X | E topik� metr simo}.

(a) DeÐxte ìti Ã ⊇ A kai ìti h Ã eÐnai σ��lgebra. An Ã = A tìte lème ìti
o (X,A, µ) eÐnai koresmènoc q¸roc mètrou.
(b) DeÐxte ìti an to µ eÐnai σ�peperasmèno tìte Ã = A.
(g) OrÐzoume µ̃ sthn Ã jètontac µ̃(A) = µ(A) an A ∈ A kai µ̃(A) = ∞ an
A ∈ Ã \ A. DeÐxte ìti o (X, Ã, µ̃) eÐnai koresmènoc q¸roc mètrou.

15. 'Estw µ èna peperasmèno mètro ston (X,A). DeÐxte ìti ta ex c eÐnai
isodÔnama:
(a) To sÔnolo {µ(A) : A ∈ A} eÐnai �peiro.
(b) Gia k�je ε > 0 up�rqei A ∈ A ¸ste 0 < µ(A) < ε.
(g) Up�rqei akoloujÐa {An}∞n=1 xènwn sunìlwn apì thn A ¸ste µ(An) > 0
gia k�je n ∈ N.



Kef�laio 3

Exwterik� mètra

3.1 Exwterik� mètra

Orismìc 3.1.1 (exwterikì mètro). 'Estw X èna mh kenì sÔnolo. Mia
apeikìnish µ∗ : P(X) → [0,∞] lègetai exwterikì mètro sto X an
ikanopoieÐ ta ex c:

(a) µ∗(∅) = 0.
(b) An A ⊆ B ⊆ X tìte µ∗(A) ≤ µ∗(B).
(g) An {An}∞n=1 eÐnai mia akoloujÐa uposunìlwn tou X tìte

µ∗
( ∞⋃

n=1

An

)
≤

∞∑

n=1

µ∗(An).

Orismìc 3.1.2 (σ�k�luyh). 'Estw X èna mh kenì sÔnolo. Mia oi-
kogèneia C uposunìlwn tou X lègetai σ�k�luyh gia to X an up�rqoun
C1, . . . , Cn, . . . sthn C ¸ste X =

⋃∞
n=1 Cn.

Je¸rhma 3.1.3 (kataskeu  exwterik¸n mètrwn). 'Estw C mia σ�
k�luyh gia to mh kenì sÔnolo X, kai èstw τ : C → [0,∞] tuqoÔsa apeikìnish
me τ(∅) = 0. Gia k�je A ⊆ X orÐzoume

µ∗(A) = inf





∞∑

j=1

τ(Cj) |Cj ∈ C, A ⊆
∞⋃

j=1

Cj



 .

Tìte, h apeikìnish µ∗ eÐnai exwterikì mètro sto X.

3.2 O orismìc tou Karajeodwr 

Orismìc 3.2.1 (µ∗�metr simo sÔnolo). 'Estw µ∗ èna exwterikì mètro
sto mh kenì sÔnolo X. Lème ìti èna sÔnolo A ⊆ X eÐnai µ∗�metr simo an

µ∗(E ∩A) + µ∗(E ∩Ac) = µ∗(E)
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gia k�je E ⊆ X. SumbolÐzoume meAµ∗ thn oikogèneia ìlwn twn µ∗�metr simwn
uposunìlwn tou X.

Je¸rhma 3.2.2 (je¸rhma tou Karajeodwr ). 'Estw µ∗ èna exwte-
rikì mètro sto mh kenì sÔnolo X. Tìte, h oikogèneia Aµ∗ twn µ∗�metr simwn
uposunìlwn tou X eÐnai σ��lgebra. An sumbolÐsoume me µ ton periorismì thc
apeikìnishc µ∗ sthn Aµ∗ , tìte h tri�da (X,Aµ∗ , µ) eÐnai ènac pl rhc q¸roc
mètrou.

Apìdeixh. DeÐqnoume diadoqik� ta ex c:

(i) ∅ ∈ Aµ∗ .

(ii) An A ∈ Aµ∗ tìte Ac ∈ Aµ∗ .

(iii) An A, B ∈ Aµ∗ tìte A ∪B ∈ Aµ∗ .

(iv) H Aµ∗ eÐnai �lgebra.

(v) An {An}∞n=1 eÐnai mia akoloujÐa xènwn sunìlwn sthn Aµ∗ tìte

∞∑

n=1

µ∗(E ∩An) = µ∗ (E ∩ (∪∞n=1An))

gia k�je E ⊆ X.

(vi) An {An}∞n=1 eÐnai mia akoloujÐa xènwn sunìlwn sthnAµ∗ tìte
⋃∞

n=1 An ∈
Aµ∗ .

(vii) H Aµ∗ eÐnai σ��lgebra.

(viii) To µ := µ∗|Aµ∗ eÐnai mètro.

(ix) To µ eÐnai pl rec mètro.

Parat rhsh 3.2.3. 'Estw µ∗ èna exwterikì mètro sto mh kenì sÔnolo
X. Tìte,

(a) An B ⊆ X kai µ∗(B) = 0 tìte to B eÐnai µ∗�metr simo.

(b) An {An}∞n=1 eÐnai mia akoloujÐa xènwn sunìlwn sthn Aµ∗ tìte

∞∑

n=1

µ∗(E ∩An) = µ∗ (E ∩ (∪∞n=1An))

gia k�je E ⊆ X.
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3.3 Ask seic

16. 'Estw X èna mh kenì sÔnolo. OrÐzoume µ∗(∅) = 0 kai µ∗(E) = 1 gia
k�je mh kenì E ⊆ X. DeÐxte ìti to µ∗ eÐnai exwterikì mètro sto X kai breÐte
ìla ta µ∗�metr sima uposÔnola tou X.

17. JewroÔme thn oikogèneia C pou apoteleÐtai apì to kenì sÔnolo kai apì
ìla ta disÔnola fusik¸n arijm¸n. OrÐzoume τ(∅) = 0 kai τ({m,n}) = 2 gia
k�je {m,n} ∈ C. H C eÐnai σ�k�luyh tou N, opìte h τ ep�gei èna exwterikì
mètro µ∗ sto N. UpologÐste to µ∗(E) gia k�je E ⊆ N kai breÐte ìla ta
µ∗�metr sima uposÔnola tou N.

18. Gia k�je E ⊆ N orÐzoume ϕ(E) = lim sup
n→∞

1
n card(E ∩ {1, . . . , n}) (ìpou

card(A) eÐnai o plhj�rijmoc tou A). Exet�ste an h ϕ eÐnai exwterikì mètro
sto N.

19. 'Estw µ∗ èna exwterikì mètro sto X. An {An}∞n=1 eÐnai mia aÔxousa
akoloujÐa µ∗�metr simwn uposunìlwn tou X, deÐxte ìti gia k�je E ⊆ X

isqÔei
lim

n→∞µ∗(An ∩ E) = µ∗
( ∪∞n=1 (An ∩ E)

)
.

20. 'Estw (X,A, µ) ènac q¸roc mètrou. Gia k�je E ⊆ X orÐzoume

µ∗(E) = inf{µ(A) | A ∈ A, E ⊆ A}.

(a) DeÐxte ìti to µ∗ eÐnai exwterikì mètro sto X.
(b) 'Estw µ to mètro pou ep�getai apì to µ∗ sthn Aµ∗ . An to arqikì mètro
µ eÐnai σ�peperasmèno, deÐxte ìti o (X,Aµ∗ , µ) eÐnai h pl rwsh tou (X,A, µ).

21. 'Estw µ∗ èna exwterikì mètro sto X kai èstw µ to epagìmeno mètro
sth σ��lgebra Aµ∗ twn µ∗�metr simwn sunìlwn. An E, G ⊆ X tìte lème
ìti to G eÐnai èna µ∗�metr simo k�luma tou E an:

E ⊆ G, G ∈ Aµ∗ kai gia k�je A ∈ Aµ∗ me A ⊆ G \ E isqÔei
µ(A) = 0.

(a) DeÐxte ìti an G1, G2 eÐnai dÔo µ∗�metr sima kalÔmata tou idÐou E ⊆ X,
tìte µ(G1 4G2) = 0, kai sunep¸c, µ(G1) = µ(G2).
(b) Upojètoume ìti E ⊆ G, G ∈ Aµ∗ kai µ∗(E) = µ(G) < +∞. DeÐxte ìti
to G eÐnai µ∗�metr simo k�luma tou E.

22. Lème ìti èna E ⊆ R èqei shmeÐo sumpÔknwshc sto �peiro an gia k�je
α > 0 to sÔnolo {x ∈ E : |x| > α} eÐnai uperarijm simo. OrÐzoume µ∗(E) = 0
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an to E eÐnai arijm simo, µ∗(E) = 1 an to E eÐnai uperarijm simo all� den
èqei shmeÐo sumpÔknwshc sto �peiro, kai µ∗(E) = ∞ an to E èqei shmeÐo
sumpÔknwshc sto �peiro. DeÐxte ìti to µ∗ eÐnai exwterikì mètro sto R kai
ìti

Aµ∗ = {A ⊆ R |A arijm simo   Ac arijm simo}.
EÐnai swstì ìti k�je E ⊆ R èqei metr simo k�luma?



Kef�laio 4

Mètro Lebesgue ston
EukleÐdeio q¸ro

4.1 Mètro Lebesgue

Orismìc 4.1.1. SumbolÐzoume me C thn oikogèneia twn anoikt¸n diasthm�-
twn R =

∏k
j=1(aj , bj), −∞ < aj ≤ bj < ∞ ston EukleÐdeio q¸ro Rk. H C

eÐnai σ�k�luyh tou Rk. Gia k�je anoiktì di�sthma R orÐzoume

τ(R) = volk(R) =
k∏

j=1

(bj − aj).

H C kai h τ ep�goun èna exwterikì mètro λ∗k ston Rk. An Lk eÐnai h σ��lgebra
twn λ∗k�metr simwn uposunìlwn tou Rk tìte to λk = λ∗k|Lk

eÐnai pl rec mètro
sthn Lk.

To λ∗k eÐnai to exwterikì mètro Lebesgue ston Rk. To λk eÐnai
to mètro Lebesgue ston Rk. H Lk eÐnai h σ��lgebra twn Lebesgue
metr simwn uposunìlwn tou Rk.

Je¸rhma 4.1.2. K�je di�sthma S ston Rk eÐnai Lebesgue metr simo, kai

λk(S) = volk(S).

Gia thn apìdeixh tou Jewr matoc 4.1.2 apaitoÔntai ta ex c bohjhtik�
l mmata:

(i) 'Estw P =
∏k

j=1(aj , bj ]. Gia k�je j = 1, . . . , k jewroÔme mia diamèrish
aj = c0

j < c1
j < · · · < c

mj

j = bj tou [aj , bj ] kai, gia k�je 1 ≤ i1 ≤
m1, . . . , 1 ≤ ik ≤ mk orÐzoume Pi1,...,ik =

∏k
j=1(c

ij−1
j , c

ij
j ]. Tìte,

volk(P ) =
∑

1≤i1≤m1,...,1≤ik≤mk

volk(Pi1,...,ik).
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(ii) 'Estw P, P1, . . . , Ps anoikt��kleist� diast mata ston Rk. Upojètoume
ìti ta P1, . . . , Ps eÐnai xèna kai ìti P = P1 ∪ · · · ∪ Ps. Tìte,

volk(P ) = volk(P1) + · · ·+ volk(Ps).

(iii) 'Estw P, P1, . . . , Ps anoikt��kleist� diast mata ston Rk. Upojètoume
ìti ta P1, . . . , Ps eÐnai xèna kai ìti P1 ∪ · · · ∪ Ps ⊆ P . Tìte,

volk(P1) + · · ·+ volk(Ps) ≤ volk(P ).

(iv) 'Estw P, P1, . . . , Ps anoikt��kleist� diast mata ston Rk. Upojètoume
ìti P ⊆ P1 ∪ · · · ∪ Ps. Tìte,

volk(P ) ≤ volk(P1) + · · ·+ volk(Ps).

(v) 'Estw Q èna kleistì di�sthma kai èstw R1, . . . , Rs anoikt� diast mata
ston Rk. An Q ⊆ R1 ∪ · · · ∪Rs, tìte

volk(Q) ≤ volk(R1) + · · ·+ volk(Rs).

(vi) Gia k�je di�sthma S ston Rk isqÔei

λ∗k(S) = volk(S).

(vii) K�je di�sthma eÐnai Lebesgue metr simo.

Prìtash 4.1.3. To mètro Lebesgue λk eÐnai σ�peperasmèno all� ìqi pe-
perasmèno.

Prìtash 4.1.4. K�je Borel uposÔnolo tou Rk eÐnai Lebesgue metr simo.

4.1aþ Lebesgue metr sima sÔnola

Prìtash 4.1.5. 'Estw E ∈ Lk. Gia k�je ε > 0 up�rqei A ⊆ Rk anoiktì
¸ste E ⊆ A kai λk(A \ E) < ε.

Je¸rhma 4.1.6. 'Estw E ⊆ Rk. To E eÐnai Lebesgue metr simo an kai
mìno an up�rqei Gδ�sÔnolo A ¸ste E ⊆ A kai λ∗k(A \E) = 0.

Je¸rhma 4.1.7. 'Estw E ⊆ Rk. To E eÐnai Lebesgue metr simo an kai
mìno an up�rqei Fσ�sÔnolo B ¸ste B ⊆ E kai λ∗k(E \B) = 0.
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Je¸rhma 4.1.8. 'Estw µ èna mètro ston (Rk,B(Rk)) ¸ste µ(P ) = volk(P )
gia k�je anoiktì�kleistì di�sthma P ston Rk. Tìte,

µ(E) = λk(E)

gia k�je Borel sÔnolo E ⊆ Rk.

Je¸rhma 4.1.9. O (Rk,Lk, λk) eÐnai h pl rwsh tou (Rk,B(Rk), λk).

Prìtash 4.1.10. 'Estw E ∈ Lk me λk(E) < ∞. Gia k�je ε > 0 up�rqoun
peperasmèna to pl joc xèna anoikt� diast mata R1, . . . , Rs ¸ste

λk(E 4 (R1 ∪ · · · ∪Rs)) < ε.

4.1bþ Kanonikìthta tou mètrou Lebesgue

Orismìc 4.1.11 (kanonikì mètro). 'Estw (X, ρ) ènac metrikìc q¸roc,
A mia σ��lgebra pou perièqei thn Borel σ��lgebra B(X) tou X, kai èstw µ

èna mètro ston (X,A). To µ lègetai kanonikì an ikanopoieÐ ta ex c:

(i) µ(K) < ∞ gia k�je sumpagèc K ⊆ X.

(ii) µ(A) = inf{µ(U) : U anoiktì, A ⊆ U} gia k�je A ∈ A.

(iii) µ(U) = sup{µ(K) : K sumpagèc,K ⊆ U} gia k�je U anoiktì ston X.

H idiìthta (ii) lègetai exwterik  kanonikìthta tou µ kai h idiìthta (iii) lègetai
eswterik  kanonikìthta tou µ.

Prìtash 4.1.12 (kanonikìthta tou mètrou Lebesgue). To mètro
Lebesgue λk eÐnai kanonikì mètro ston EukleÐdeio q¸ro Rk. Epiplèon, isqÔei

µ(A) = sup{µ(K) : K sumpagèc,K ⊆ A}
gia k�je Lebesgue metr simo sÔnolo A.

4.1gþ Mètro Lebesgue kai aploÐ metasqhmatismoÐ

Prìtash 4.1.13. 'Estw A ∈ Lk. Gia k�je x ∈ Rk isqÔei x + A ∈ Lk kai

λk(x + A) = λk(A).

Prìtash 4.1.14. 'Estw A ∈ Lk. Gia k�je ρ > 0 isqÔei ρA ∈ Lk kai

λk(ρA) = ρkλk(A).

Prìtash 4.1.15. 'Estw A ∈ Lk kai èstw T : Rk → Rk grammik  apeikì-
nish. Tìte, T (A) ∈ Lk kai

λk(T (A)) = |det T | · λk(A).
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4.2 Mh metr sima sÔnola

Prìtash 4.2.1 (to l mma tou Steinhaus). 'Estw A ∈ Lk me λk(A) >

0. Up�rqei δ > 0 ¸ste to sÔnolo

A−A = {x− y : x, y ∈ A}

na perièqei thn anoikt  mp�la B(0, δ).

Prìtash 4.2.2 (Vitali). Up�rqei E ⊂ R to opoÐo den eÐnai Lebesgue
metr simo.

Orismìc tou E: OrÐzoume thn ex c sqèsh isodunamÐac sto R:

x ∼ y ⇐⇒ x− y ∈ Q.

To E orÐzetai, me qr sh tou axi¸matoc thc epilog c, na perièqei akrib¸c èna
shmeÐo apì k�je kl�sh isodunamÐac thc ∼.

Prìtash 4.2.3. 'Estw A ⊆ R me λ∗(A) > 0. Up�rqei F ⊆ A to opoÐo den
eÐnai Lebesgue metr simo.

4.3 Metr sima sÔnola pou den eÐnai Borel

4.3aþ To triadikì sÔnolo tou Cantor

Kataskeu . JewroÔme to di�sthma I0 = [0, 1] kai to qwrÐzoume se trÐa Ðsa
diast mata. AfairoÔme to anoiktì mesaÐo di�sthma

(
1
3 , 2

3

)
. Onom�zoume I1

to sÔnolo pou apomènei, dhlad 

I1 =
[
0,

1
3

]
∪

[
2
3
, 1

]
.

To I1 eÐnai profan¸c kleistì sÔnolo. QwrÐzoume kajèna apì ta diast ma-
ta

[
0, 1

3

]
kai

[
2
3 , 1

]
se trÐa Ðsa diast mata kai afairoÔme to mesaÐo anoiktì

di�sthma. Onom�zoume I2 to kleistì sÔnolo pou apomènei, dhlad 

I2 =
[
0,

1
9

]
∪

[
2
9
,
1
3

]
∪

[
2
3
,
7
9

]
∪

[
8
9
, 1

]
.

SuneqÐzontac me autìn ton trìpo, kataskeu�zoume gia k�je n = 1, 2, . . . èna
kleistì sÔnolo In ètsi ¸ste h akoloujÐa (In) na èqei tic ex c idiìthtec:

(i) In ⊃ In+1 gia k�je n ≥ 0.

(ii) To In eÐnai h ènwsh 2n kleist¸n diasthm�twn, kajèna apì ta opoÐa èqei
m koc 1

3n .
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To sÔnolo tou Cantor eÐnai to sÔnolo

C =
∞⋂

n=0

In.

Ta diast mata thc morf c
[

k
3n , k+1

3n

]
, n ∈ N, k = 0, 1, . . . , 3n−1, onom�zontai

triadik� diast mata.

Prìtash 4.3.1 (sÔnolo tou Cantor). To C eÐnai kleistì, uperarij-
m simo kai èqei mètro Lebesgue λ(C) = 0.

4.3bþ H sun�rthsh Cantor–Lebesgue

Kataskeu . JewroÔme ta sÔnola In pou qrhsimopoi jhkan gia thn kataskeu 
tou C. Gia k�je n ∈ N orÐzoume sun�rthsh fn : [0, 1] → [0, 1] wc ex c.
An Jn

1 , . . . , Jn
2n−1 eÐnai ta diadoqik� anoikt� diast mata pou sqhmatÐzoun to

[0, 1] \ In, orÐzoume fn(0) = 0, fn(1) = 1, fn(x) = k
2n gia k�je x sto Jn

k , kai
epekteÐnoume grammik� se kajèna apì ta kleist� diast mata pou sqhmatÐzoun
to In ¸ste na prokÔyei suneq c sun�rthsh.

Prìtash 4.3.2 (sun�rthsh Cantor-Lebesgue). H akoloujÐa {fn}∞n=1

sugklÐnei omoiìmorfa se mia suneq  sun�rthsh f : [0, 1] → [0, 1]. H f eÐnai
aÔxousa kai epÐ. H eikìna tou C mèsw thc f èqei mètro λ(f(C)) = 1.

Prìtash 4.3.3. Up�rqoun Lebesgue metr sima uposÔnola tou R ta opoÐa
den eÐnai Borel.

Kataskeu . JewroÔme th sun�rthsh g : [0, 1] → [0, 2] me g(x) = f(x) + x,
ìpou f h sun�rthsh Cantor–Lebesgue. H g eÐnai gnhsÐwc aÔxousa, suneq c
kai epÐ (to Ðdio kai h g−1).

To sÔnolo g(C) eÐnai metr simo kai λ(g(C)) = 1. 'Estw M èna mh metr -
simo uposÔnolo tou g(C). Tìte, to K = g−1(M) eÐnai Lebesgue metr simo
diìti eÐnai uposÔnolo tou C to opoÐo èqei mhdenikì mètro. 'Omwc, to K den
eÐnai sÔnolo Borel: an  tan, to M = (g−1)−1(K) ja  tan sÔnolo Borel wc
antÐstrofh eikìna sunìlou Borel mèsw suneqoÔc sun�rthshc. Sunep¸c, to
M ja  tan Lebesgue metr simo.

4.4 Ask seic

23. 'Estw A kai B dÔo Lebesgue metr sima uposÔnola tou R. DeÐxte ìti to
A×B eÐnai Lebesgue metr simo uposÔnolo tou R2 kai ìti

λ2(A×B) = λ1(A) · λ2(B).
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Upìdeixh. Exet�ste pr¸ta thn perÐptwsh pou ta A kai B eÐnai fragmèna.

24. 'Estw A to uposÔnolo tou [0, 1] pou apoteleÐtai apì ìlouc touc arijmoÔc
pou to dekadikì touc an�ptugma den perièqei to yhfÐo 4. DeÐxte ìti to A eÐnai
Lebesgue metr simo kai breÐte to λ(A).

25. 'Estw E kai F dÔo sumpag  uposÔnola tou Rk me E ⊂ F kai λ(E) <

λ(F ). DeÐxte ìti gia k�je α ∈ (
λ(E), λ(F )

)
mporoÔme na broÔme sumpagèc

sÔnolo K ¸ste E ⊂ K ⊂ F kai λ(K) = α.

26. 'Estw A ⊆ R me λ∗(A) > 0. DeÐxte ìti gia k�je 0 < α < 1 up�rqei
anoiktì di�sthma J ¸ste

λ∗(A ∩ J) ≥ α · λ∗(J).

27. 'Estw E kai F dÔo Lebesgue metr sima uposÔnola tou Rk me λ(E) > 0
kai λ(F ) > 0. DeÐxte ìti to sÔnolo

E + F = {x + y : x ∈ E, y ∈ F}

perièqei di�sthma.

28. 'Estw E Lebesgue metr simo uposÔnolo tou Rk kai èstw T : Rk → Rk

grammik  apeikìnish. DeÐxte ìti to T (E) eÐnai Lebesgue metr simo.
Upìdeixh. Parathr ste ìti an to F ⊆ Rk eÐnai sumpagèc tìte to T (F )
eÐnai sumpagèc, kai deÐxte ìti an to E eÐnai Fσ�sÔnolo tìte to T (E) eÐnai
Fσ�sÔnolo. Katìpin, qrhsimopoi¸ntac to gegonìc ìti h T eÐnai Lipschitz
suneq c, deÐxte ìti an λ(A) = 0 tìte λ(T (A)) = 0.

29. 'Estw E èna uposÔnolo tou Rk. OrÐzoume to eswterikì mètro Lebesgue
tou E jètontac

λ(i)(E) = sup{λ(F ) : F ⊆ E, F kleistì}.

(a) DeÐxte ìti λ(i)(E) ≤ λ∗(E).
(b) Upojètoume ìti λ∗(E) < ∞. DeÐxte ìti to E eÐnai Lebesgue metr simo
an kai mìno an λ(i)(E) = λ∗(E).
(g) DeÐxte ìti an λ∗(E) = ∞ tìte h isodunamÐa sto (b) den eÐnai p�nta swst .

30. DeÐxte ìti up�rqei akoloujÐa {En}∞n=1 xènwn uposunìlwn tou R ¸ste

λ∗ (∪∞n=1En) <

∞∑

n=1

λ∗(En).
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31. 'Estw {qn}∞n=1 mia arÐjmhsh tou Q ∩ [0, 1]. Gia k�je ε > 0 orÐzoume

A(ε) =
∞⋃

n=1

(
qn − ε

2n
, qn +

ε

2n

)
.

Tèloc, jètoume A = ∩∞j=1A(1/j).
(a) DeÐxte ìti λ(A(ε)) ≤ 2ε.
(b) An ε < 1

2 deÐxte ìti to [0, 1] \A(ε) eÐnai mh kenì.
(g) DeÐxte ìti A ⊆ [0, 1] kai λ(A) = 0.
(d) DeÐxte ìti Q ∩ [0, 1] ⊆ A kai ìti to A eÐnai uperarijm simo.

32. 'Estw A ⊆ R me λ(A) = 0. DeÐxte ìti to sÔnolo B = {x2 : x ∈ A} eÐnai
Lebesgue metr simo, kai λ(B) = 0.

33. DeÐxte ìti to triadikì sÔnolo C tou Cantor eÐnai tèleio kai poujen�
puknì (dhlad , eÐnai kleistì, den èqei memonwmèna shmeÐa, den perièqei di�-
sthma).

34. 'Estw C = ∩∞n=0I
(n) to triadikì sÔnolo tou Cantor. DeÐxte ìti 1

4 ∈ C

all�, gia k�je n ∈ N, o 1
4 den eÐnai �kro kanenìc apì ta 2n kleist� diast mata

pou sqhmatÐzoun to I(n).

35. (a) DeÐxte ìti gia k�je akoloujÐa cn sto {0, 1, 2} h seir�
∑∞

n=1
cn
3n

sugklÐnei se k�poion arijmì sto [0, 1].
(b) DeÐxte ìti gia k�je x ∈ [0, 1] up�rqei akoloujÐa cn sto {0, 1, 2} ¸ste
x =

∑∞
n=1

cn
3n . Lème ìti to 0.c1c2 · · · eÐnai èna triadikì an�ptugma tou x.

(g) DeÐxte ìti an x ∈ [0, 1] tìte o x èqei dÔo diaforetik� triadik� anaptÔgmata
an kai mìno an x = m

3n gia k�poiouc m,n ∈ N.
(d) DeÐxte ìti an x ∈ [0, 1] tìte x ∈ C an kai mìno an o x èqei toul�qiston
èna triadikì an�ptugma 0.c1c2 · · · me cn ∈ {0, 2} gia k�je n ∈ N.

36. 'Estw 0 < δ < 1. Kataskeu�ste èna uposÔnolo tou [0, 1] me ton Ðdio
trìpo ìpwc to sÔnolo tou Cantor, me th diafor� ìti sto n�ostì b ma ta
diast mata pou afairoÔntai èqoun m koc δ

3n . DeÐxte ìti to sÔnolo Dδ pou
prokÔptei eÐnai tèleio, den perièqei diast mata kai èqei mètro λ(Dδ) = 1− δ.

37*. Kataskeu�ste èna Lebesgue metr simo sÔnolo E ⊆ [0, 1] me thn ex c
idiìthta: gia k�je di�sthma J ⊆ [0, 1],

λ(J ∩ E) > 0 kai λ(J \E) > 0.





Kef�laio 5

Metr simec sunart seic

5.1 Metrhsimìthta

Orismìc 5.1.1. 'Estw (X,A1) kai (Y,A2) dÔo metr simoi q¸roi. Mia
sun�rthsh f : X → Y lègetai (A1,A2)�metr simh an gia k�je E ∈ A2 isqÔei
f−1(E) ∈ A1.

Prìtash 5.1.2. An A2 = σ(E) tìte h f : X → Y eÐnai (A1,A2)�metr simh
an kai mìno an gia k�je E ∈ E isqÔei f−1(E) ∈ A1.

Prìtash 5.1.3. 'Estw X kai Y dÔo metrikoÐ q¸roi. K�je suneq c sun�r-
thsh f : X → Y eÐnai (B(X),B(Y ))�metr simh.

5.1aþ Periorismìc kai sugkìllhsh

Orismìc 5.1.4. 'Estw f : X → Y . Gia k�je E ⊆ X sumbolÐzoume me fE

ton periorismì thc f sto E. Dhlad , fE : E → Y kai fE(x) = f(x) gia k�je
x ∈ E.

'Estw A1 mia σ��lgebra uposunìlwn tou X. JumhjeÐte ìti h oikogèneia
A ¹ E = {A ∩ E | A ∈ A} eÐnai σ��lgebra sto E. Eidikìtera, an E ∈ A
tìte

A ¹ E = {A | A ⊆ E, A ∈ A}.

Prìtash 5.1.5. 'Estw (X,A1), (Y,A2) dÔo metr simoi q¸roi, kai èstw f :
X → Y . Upojètoume ìti ta E1, . . . , En ∈ A1 eÐnai xèna kai X = E1∪· · ·∪En.

Tìte, h f eÐnai (A1,A2)�metr simh an kai mìno an gia k�je j = 1, . . . , n

h fEj eÐnai (A1 ¹ Ej ,A2)�metr simh.
To Ðdio isqÔei an antÐ gia thn peperasmènh diamèrish {E1, . . . , En} tou X

jewr soume �peirh arijm simh diamèrish {Ej}∞j=1 tou X.



26 · Metrhsimec sunarthseic

5.2 Metr simec sunart seic me pragmatikèc timèc

Orismìc 5.2.1. (a) Mia sun�rthsh f : (X,A) → R lègetai A�metr simh
( , pio apl�, metr simh) an eÐnai (A,B(R))�metr simh.

(b) Mia sun�rthsh f : (X,A) → R lègetai A�metr simh ( , pio apl�, metr -
simh) an eÐnai (A,B(R))�metr simh.

ShmeÐwsh. H oikogèneia twn Borel uposunìlwn tou R eÐnai h

B(R) = {A,A ∪ {+∞}, A ∪ {−∞}, A ∪ {+∞,−∞} | A ∈ B(R)}.

Autì èrqetai se sumfwnÐa me ton genikì orismì miac Borel σ��lgebrac, an
jewr soume to R san topologikì q¸ro me basikèc perioqèc tou +∞ kai tou
−∞ ta sÔnola thc morf c (a,+∞] kai [−∞, a) (ìpou a ∈ R) antÐstoiqa.

Orismìc 5.2.2. (a) Mia sun�rthsh f : Rk → R   R lègetai Borel me-
tr simh an eÐnai B(Rk)�metr simh.

(b) Mia sun�rthsh f : Rk → R   R lègetai Lebesgue metr simh an eÐnai
Lk�metr simh.

5.2aþ QarakthrismoÐ metrhsimìthtac

Prìtash 5.2.3. 'Estw f = (f1, . . . , fk) : (X,A) → Rk. H f eÐnai (A,B(Rk))�
metr simh an kai mìno an k�je fj eÐnai (A,B(R))�metr simh.

Prìtash 5.2.4. H f : (X,A) → R eÐnai metr simh an kai mìno an gia k�je
a ∈ R èqoume

f−1((a,+∞)) = {x ∈ X : f(x) > a} ∈ A.

ShmeÐwsh. Sthn prohgoÔmenh Prìtash mporoÔme na antikatast soume thn
oikogèneia {(a,+∞) : a ∈ R} me opoiad pote apì tic {[a,+∞) : a ∈ R},
{(−∞, a) : a ∈ R}   {(−∞, a] : a ∈ R}.

Prìtash 5.2.5. 'Estw f : (X,A) → R. Ta ex c eÐnai isodÔnama:

(a) H f eÐnai metr simh.

(b) Ta sÔnola f−1({+∞}) kai E = f−1(R) an koun sthn A, kai h fE eÐnai
(A ¹ E)�metr simh.

(g) Gia k�je a ∈ R èqoume f−1((a,+∞]) ∈ A.
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5.2bþ Pr�xeic metaxÔ metr simwn sunart sewn

Prìtash 5.2.6. 'Estw (X,A1), (Y,A2) kai (Z,A3) treic metr simoi q¸roi.
An h f : X → Y eÐnai (A1,A2)�metr simh kai h g : Y → Z eÐnai (A2,A3)�
metr simh, tìte h g ◦ f : X → Z eÐnai (A1,A3)�metr simh.

Prìtash 5.2.7. 'Estw f kai g : (X,A) → R dÔo A�metr simec sunart -
seic. Tìte, oi f + g kai f · g eÐnai A�metr simec.

Prìtash 5.2.8. 'Estw f kai g : (X,A) → R dÔo A�metr simec sunart -
seic. Tìte, to sÔnolo

E = {x : f(x) = +∞, g(x) = −∞} ∪ {x : f(x) = −∞, g(x) = +∞}

an kei sthn A kai h (f + g) ¹ Ec eÐnai (A ¹ Ec)�metr simh.

SÔmbash. 0 · (+∞) = (+∞) · 0 = 0 · (−∞) = (−∞) · 0 = 0.

Prìtash 5.2.9. 'Estw f kai g : (X,A) → R dÔo A�metr simec sunart -
seic. Tìte, h f · g eÐnai A�metr simh.

Prìtash 5.2.10. 'Estw f kai g : (X,A) → R dÔo A�metr simec sunar-
t seic. Tìte, ta sÔnola {x ∈ X : f(x) = g(x)} kai {x ∈ X : f(x) < g(x)}
an koun sthn A.

Prìtash 5.2.11. 'Estw f1, . . . , fn : (X,A) → R metr simec sunart seic.
Tìte, oi sunart seic max{f1, . . . fn} kai min{f1, . . . , fn} eÐnai A�metr simec.

Prìtash 5.2.12. 'Estw f : (X,A) → R mia A�metr simh sun�rthsh. Tì-
te, oi sunart seic f+ = max{f, 0} kai f− = −min{f, 0} eÐnai A�metr simec.

Prìtash 5.2.13. 'Estw (fn) mia akoloujÐa metr simwn sunart sewn fn :
(X,A) → R. Tìte, oi sunart seic sup

n≥1
fn, inf

n≥1
fn, lim sup

n→∞
fn kai lim inf

n→∞ fn

eÐnai A�metr simec.

Prìtash 5.2.14. 'Estw (fn) mia akoloujÐa metr simwn sunart sewn fn :
(X,A) → R. Tìte, to sÔnolo

A = {x ∈ X : to lim
n→∞ fn(x) up�rqei sto R}

an kei sthn A kai h sun�rthsh f = lim
n→∞ fn : A → R eÐnai metr simh.
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5.3 Aplèc sunart seic

Orismìc 5.3.1. 'Estw E ⊆ X. H sun�rthsh χE : X → R pou orÐzetai apì

thn χE(x) =

{
1 an x ∈ E

0 an x /∈ E
, lègetai qarakthristik  sun�rthsh tou

E.

Parat rhsh 5.3.2. EÔkola elègqoume ìti

tχE +sχF = tχE\F +(t+s)χE∩F +sχF\E , χEχF = χE∩F , χEc = 1−χE

gia k�je E, F ⊆ X kai gia k�je t, s ∈ R.
Prìtash 5.3.3. 'Estw (X,A) metr simoc q¸roc kai èstw E ⊆ X. Tìte,
h χE eÐnai A�metr simh an kai mìno an E ∈ A.

Orismìc 5.3.4. 'Estw X èna mh kenì sÔnolo. Mia sun�rthsh φ : X → R
lègetai apl  an to sÔnolo tim¸n thc eÐnai peperasmèno.

Prìtash 5.3.5. (a) Mia sun�rthsh φ : X → R eÐnai apl  an kai mìno
an eÐnai grammikìc sunduasmìc (peperasmènwn to pl joc) qarakthristik¸n
sunart sewn uposunìlwn tou X.
(b) An h φ : X → R eÐnai apl , tìte up�rqei diamèrish {E1, . . . , Em} tou X

se xèna, mh ken� sÔnola Ei, kai up�rqoun a1, . . . , am ∈ R, diaforetikoÐ an�
dÔo, ¸ste

φ = a1χE1 + · · ·+ amχEm .

Up�rqei mÐa mìno anapar�stash thc φ me tic parap�nw idiìthtec. Aut  h
anapar�stash lègetai kanonik  morf  thc φ.
(g) An (X,A) eÐnai ènac metr simoc q¸roc kai an φ : X → R eÐnai mia apl 
sun�rthsh me kanonik  morf  thn φ = a1χE1 + · · · + amχEm , tìte h φ eÐnai
A�metr simh an kai mìno an E1, . . . , Em ∈ A.

Prìtash 5.3.6. (a) K�je grammikìc sunduasmìc twn apl¸n sunart se-
wn φ1, . . . , φs : X → R (me suntelestèc pragmatikoÔc arijmoÔc) eÐnai apl 
sun�rthsh.
(b) An φ, ψ : X → R eÐnai dÔo aplèc sunart seic, tìte oi φ · ψ, max{φ, ψ}
kai min{φ, ψ} eÐnai aplèc sunart seic.

Je¸rhma 5.3.7 (prosèggish sun�rthshc apì aplèc sunart -
seic). 'Estw f : X → [0,+∞]. Up�rqei aÔxousa akoloujÐa {φn} apl¸n
sunart sewn pou sugklÐnei kat� shmeÐo sthn f : gia k�je x ∈ X isqÔei
φn(x) → f(x).

Epiplèon, an h f eÐnai fragmènh se k�poio E ⊆ X, tìte φn → f omoiì-
morfa sto E.
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Orismìc thc φn: OrÐzoume G = {x ∈ X : f(x) = 0}. Gia k�je n ∈ N
qwrÐzoume to (0, n] se n · 2n diadoqik� anoikt��kleist� diast mata m kouc
1/2n kai jètoume

Ek
n =

{
x ∈ X :

k − 1
2n

< f(x) ≤ k

2n

}
, k = 1, 2, . . . , n · 2n

kai
Fn = {x ∈ X : f(x) > n}.

Tèloc, orÐzoume

φn = n · χFn +
n·2n∑

k=1

k − 1
2n

χEk
n
.

Je¸rhma 5.3.8 (prosèggish metr simhc sun�rthshc apì a-
plèc metr simec sunart seic). 'Estw (X,A) ènac metr simoc q¸roc
kai èstw f : X → [0,+∞] mia A�metr simh sun�rthsh. Up�rqei aÔxousa
akoloujÐa {φn} apl¸n metr simwn sunart sewn pou sugklÐnei kat� shmeÐo
sthn f : gia k�je x ∈ X isqÔei φn(x) → f(x).

Epiplèon, an h f eÐnai fragmènh se k�poio E ⊆ X, tìte φn → f omoiì-
morfa sto E.

Apìdeixh. An h f eÐnai metr simh, tìte oi φn pou orÐsthkan parap�nw eÐnai
metr simec.

5.4 Ask seic

38. 'Estw (X,A) ènac metr simoc q¸roc kai èstw f : X → R. DeÐxte ìti h
f eÐnai A�metr simh an kai mìno an f−1((q,+∞]) ∈ A gia k�je q ∈ Q.

39. 'Estw (X,A) ènac metr simoc q¸roc kai èstw f : X → R mia A�
metr simh sun�rthsh. OrÐzoume g : X → R me g(x) = 0 an f(x) ∈ Q kai
g(x) = 1 an f(x) /∈ Q. DeÐxte ìti h g eÐnai A�metr simh.

40. DeÐxte ìti k�je aÔxousa sun�rthsh f : R→ R eÐnai Borel metr simh.

41. (a) DeÐxte ìti an h g : R→ R eÐnai suneq c kai h h : R→ R eÐnai Borel
metr simh, tìte h h ◦ g : R→ R eÐnai Borel metr simh.

(b) Qrhsimopoi¸ntac th sun�rthsh Cantor–Lebesgue breÐte mia suneq  su-
n�rthsh g : R→ R kai mia Lebesgue metr simh sun�rthsh h : R→ R ¸ste h
h ◦ g : R→ R na mhn eÐnai Lebesgue metr simh.
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42. 'Estw E èna Lebesgue metr simo uposÔnolo tou Rk me λ(E) < ∞, kai
èstw f : E → R mia Lebesgue metr simh sun�rthsh. OrÐzoume ωf : R → R
me

ωf (t) = λ({x ∈ E : f(x) > t}).
(a) DeÐxte ìti h ωf eÐnai fjÐnousa kai suneq c apì dexi�. Se poi� shmeÐa eÐnai
asuneq c?
(b) An oi fn, f : E → R eÐnai Lebesgue metr simec kai fk ↑ f , deÐxte ìti
ωfk

↑ ωf .

43. (a) 'Estw fn : R→ R Lebesgue metr simec sunart seic kai èstw α ∈ R.
DeÐxte ìti: an

∑∞
n=1 λ({x : fn(x) > α}) < ∞, tìte up�rqei N ⊂ R me

λ(N) = 0 ¸ste lim sup
n→∞

fn(x) ≤ α gia k�je x /∈ N .

(b) 'Estw fn : R→ R+ Lebesgue metr simec sunart seic kai èstw εn →
0+. DeÐxte ìti: an

∑∞
n=1 λ({x : fn(x) > εn}) < ∞, tìte up�rqei N ⊂ R me

λ(N) = 0 ¸ste fn(x) → 0 gia k�je x /∈ N .
Upìdeixh. Qrhsimopoi ste thn 'Askhsh 1(g) tou FulladÐou 3 (L mma Borel–
Cantelli).

44. 'Estw fn : [0, 1] → R Lebesgue metr simec sunart seic. DeÐxte ìti
up�rqei akoloujÐa (αn) jetik¸n pragmatik¸n arijm¸n kai up�rqei N ⊂ R me
λ(N) = 0 ¸ste lim

n→∞
fn(x)
αn

= 0 gia k�je x /∈ N .

Upìdeixh. Gia k�je n up�rqei βn > 0 ¸ste λ({x : |fn(x)| > βn}) < 1/2n.

45. 'Estw f : [0, 1]× [0, 1] → R sun�rthsh suneq c wc proc k�je metablht 
qwrist�. DeÐxte ìti h f eÐnai Borel metr simh.
Upìdeixh. Gr�yte thn f san ìrio akoloujÐac Borel metr simwn sunart sewn.



Kef�laio 6

Olokl rwma

6.1 Aplèc mh arnhtikèc metr simec sunart seic

Orismìc 6.1.1. 'Estw (X,A, µ) ènac q¸roc mètrou kai èstw φ : X →
[0,∞) mia apl  mh arnhtik  metr simh sun�rthsh me kanonik  morf  thn

φ = a1χE1 + · · ·+ amχEm .

OrÐzoume to olokl rwma thc φ jètontac
∫

X
φdµ =

m∑

i=1

aiµ(Ei).

Parat rhsh 6.1.2. (a) Me ton parap�nw orismì, èqoume
∫
X φdµ < ∞

an kai mìno an µ({x ∈ X : φ(x) > 0}) < ∞.
(b) 'Eqoume

∫
X φdµ = 0 an kai mìno an µ({x ∈ X : φ(x) > 0}) = 0.

L mma 6.1.3. 'Estw φ : X → [0,∞) mia apl  mh arnhtik  metr simh su-
n�rthsh. Upojètoume ìti φ =

∑k
j=1 bjχFj gia k�poia xèna F1, . . . , Fk ∈ A.

Tìte, ∫

X
φdµ =

k∑

j=1

bjµ(Fj).

L mma 6.1.4. 'Estw φ, ψ : X → [0,∞) aplèc metr simec sunart seic kai
èstw t ≥ 0. Tìte,

∫

X
(φ + ψ) dµ =

∫

X
φdµ +

∫

X
ψ dµ kai

∫

X
(tφ) dµ = t

∫

X
φdµ.

L mma 6.1.5. 'Estw φ, ψ : X → [0,∞) aplèc metr simec sunart seic. An
φ ≤ ψ sto X, tìte ∫

X
φdµ ≤

∫

X
ψ dµ.
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Prìtash 6.1.6. 'Estw φ : X → [0,∞) mia apl  mh arnhtik  metr simh
sun�rthsh. An {An} eÐnai mia aÔxousa akoloujÐa stoiqeÐwn thc A kai An ↑
X, tìte ∫

X
φχAn dµ ↗

∫

X
φ dµ.

Prìtash 6.1.7. 'Estw φ : X → [0,∞) mia apl  mh arnhtik  metr si-
mh sun�rthsh kai èstw {φn} mia aÔxousa akoloujÐa apl¸n metr simwn mh
arnhtik¸n sunart sewn φn : X → [0,∞).
(a) An lim

n→∞φn ≤ φ, tìte

lim
n→∞

∫

X
φn dµ ≤

∫

X
φdµ.

(b) An φ ≤ lim
n→∞φn, tìte

∫

X
φdµ ≤ lim

n→∞

∫

X
φn dµ.

Prìtash 6.1.8. 'Estw {φn} kai {ψn} dÔo aÔxousec akoloujÐec apl¸n
metr simwn mh arnhtik¸n sunart sewn φn, ψn : X → [0,∞). An

lim
n→∞φn = lim

n→∞ψn,

tìte
lim

n→∞

∫

X
φn dµ = lim

n→∞

∫

X
ψn dµ.

6.2 Mh arnhtikèc metr simec sunart seic

Orismìc 6.2.1. 'Estw (X,A, µ) ènac q¸roc mètrou kai èstw f : X →
[0, +∞] metr simh sun�rthsh. OrÐzoume

∫

X
f dµ = lim

n→∞

∫

X
φn dµ,

ìpou {φn} aÔxousa akoloujÐa apl¸n metr simwn mh arnhtik¸n sunart sewn
pou sugklÐnei kat� shmeÐo sthn f . Tètoiec akoloujÐec {φn} up�rqoun apì
to Je¸rhma 5.3.8. EpÐshc, to ìrio sto dexiì mèloc eÐnai anex�rthto apì thn
epilog  thc aÔxousac akoloujÐac {φn}. Autì eÐnai sunèpeia thc Prìtashc
6.1.8. Sunep¸c, to olokl rwma thc f eÐnai kal� orismèno.

Parathr seic 6.2.2. (a) Den eÐnai dÔskolo na deÐxei kaneÐc ìti
∫

X
f dµ = sup

{∫

X
φdµ : 0 ≤ φ ≤ f, φ apl  metr simh

}
.
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(b) An h f eÐnai apl , tìte o nèoc orismìc tou oloklhr¸matoc thc f sumfwneÐ
me ton paliì: autì faÐnetai amèswc an jewr soume thn stajer  akoloujÐa
φn ≡ φ ↑ φ.

Prìtash 6.2.3. 'Estw f, g : X → [0,∞] metr simec sunart seic kai èstw
t ≥ 0. Tìte,

∫

X
(f + g) dµ =

∫

X
f dµ +

∫

X
g dµ kai

∫

X
(tf) dµ = t

∫

X
f dµ.

Prìtash 6.2.4. 'Estw f, g : X → [0,∞] metr simec sunart seic. An
f ≤ g sto X, tìte ∫

X
f dµ ≤

∫

X
g dµ.

Prìtash 6.2.5. 'Estw f : X → [0,∞] metr simh sun�rthsh. An
∫
X f dµ =

0, tìte µ({x : f(x) > 0}) = 0.

Orismìc 6.2.6. 'Estw (X,A, µ) ènac q¸roc mètrou. Lème ìti mia idiìthta
P (x) isqÔei sqedìn pantoÔ (kai gr�foume µ− σ.π.) an

µ({x : h P (x) den isqÔei}) = 0.

Prìtash 6.2.7. 'Estw f, g : X → [0,∞] metr simec sunart seic. An
f = g µ− σ.π., tìte ∫

X
f dµ =

∫

X
g dµ.

Je¸rhma 6.2.8 (Je¸rhma monìtonhc sÔgklishc). 'Estw {fn}
aÔxousa akoloujÐa metr simwn sunart sewn fn : X → [0, +∞] kai èstw
f : X → [0, +∞] metr simh sun�rthsh. An fn(x) → f(x) µ− σ.π., tìte

∫

X
fn dµ →

∫

X
f dµ.

Je¸rhma 6.2.9 (Je¸rhma Beppo Levi). 'Estw f, fn : X → [0, +∞]
metr simec sunart seic. An f =

∑∞
n=1 fn µ− σ.π., tìte

∫

X
f dµ =

∞∑

n=1

∫

X
fn dµ.

Je¸rhma 6.2.10 (L mma tou Fatou). 'Estw fn : X → [0, +∞] metr -
simec sunart seic kai èstw f = lim inf

n→∞ fn. Tìte,

∫

X
f dµ ≤ lim inf

n→∞

∫

X
fn dµ.
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6.3 Oloklhr¸simec sunart seic

Orismìc 6.3.1. 'Estw (X,A, µ) ènac q¸roc mètrou kai èstw f : X → R
metr simh sun�rthsh. JewroÔme to jetikì mèroc f+ kai to arnhtikì mèroc
f− thc f .

(a) An isqÔei toul�qiston mÐa apì tic
∫
X f+dµ < ∞  

∫
X f−dµ < ∞, tìte

lème ìti to olokl rwma thc f orÐzetai kai jètoume
∫

X
f dµ =

∫

X
f+dµ−

∫

X
f−dµ.

(b)An
∫
X f+dµ < ∞ kai

∫
X f−dµ < ∞, tìte lème ìti h f eÐnai oloklhr¸-

simh, me olokl rwma (ìpwc prin)
∫

X
f dµ =

∫

X
f+dµ−

∫

X
f−dµ.

Prìtash 6.3.2. 'Estw f : X → R metr simh sun�rthsh. H f eÐnai olo-
klhr¸simh an kai mìno an h |f | eÐnai oloklhr¸simh.

Prìtash 6.3.3. 'Estw f : X → R oloklhr¸simh sun�rthsh. Tìte,

(a) f(x) ∈ R µ− σ.π.

(b) To {x ∈ X : f(x) 6= 0} gr�fetai san arijm simh ènwsh sunìlwn pepera-
smènou mètrou.

Prìtash 6.3.4. 'Estw f, g : X → R metr simh sun�rthsh. An f = g

µ − σ.π. kai to
∫
X f dµ orÐzetai, tìte to

∫
X g dµ orÐzetai kai

∫
X f dµ =∫

X g dµ.

Prìtash 6.3.5. 'Estw f : X → R metr simh sun�rthsh. Ta ex c eÐnai
isodÔnama:

(i)
∫
X |f | dµ = 0.

(ii) f = 0 µ− σ.π.

(iii)
∫
X fχA dµ = 0 gia k�je A ∈ A.

Prìtash 6.3.6. 'Estw f, g : X → R oloklhr¸simec sunart seic kai èstw
t ∈ R. Tìte, oi f + g kai tf eÐnai oloklhr¸simec, kai

∫

X
(f + g) dµ =

∫

X
f dµ +

∫

X
g dµ ,

∫

X
(tf) dµ = t

∫

X
f dµ.
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Prìtash 6.3.7. 'Estw f, g : X → R oloklhr¸simec sunart seic. An
f ≤ g µ− σ.π. sto X, tìte

∫

X
f dµ ≤

∫

X
g dµ.

Prìtash 6.3.8. 'Estw f : X → R oloklhr¸simh sun�rthsh. Tìte,
∣∣∣∣
∫

X
f dµ

∣∣∣∣ ≤
∫

X
|f | dµ.

Je¸rhma 6.3.9 (Je¸rhma kuriarqhmènhc sÔgklishc). 'Estw f, fn :
X → R kai g : X → [0,+∞] metr simec sunart seic. An fn(x) → f(x)
µ−σ.π., |fn| ≤ g µ−σ.π. kai

∫
X g dµ < ∞, tìte oi fn, f eÐnai oloklhr¸simec

kai ∫

X
fn dµ →

∫

X
f dµ.

Je¸rhma 6.3.10. 'Estw fn : X → R metr simec sunart seic. An

∞∑

n=1

∫

X
|fn| dµ < ∞,

tìte h f =
∑∞

n=1 fn orÐzetai µ− σ.π., kai

∫

X
f dµ =

∞∑

n=1

∫

X
fn dµ.

Je¸rhma 6.3.11. 'Estw f : X → R oloklhr¸simh sun�rthsh. Gia k�je
ε > 0 up�rqei apl  metr simh sun�rthsh φ : X → R ¸ste

∫

X
|f − φ| dµ < ε.

6.3aþ Aìristo olokl rwma

Je¸rhma 6.3.12. 'Estw (X,A, µ) ènac q¸roc mètrou kai èstw f : X →
[0, +∞] metr simh sun�rtish. Gia k�je A ∈ A orÐzoume

ν(A) =
∫

A
f dµ =

∫

X
fχA dµ.

Tìte, isqÔoun ta ex c:

(i) To ν eÐnai mètro.

(ii) An µ(A) = 0 tìte ν(A) = 0.



36 · Oloklhrwma

(iii) Gia k�je metr simh sun�rthsh g : X → [0, +∞] isqÔei
∫

X
g dν =

∫

X
gf dµ.

An epiplèon upojèsoume ìti h f eÐnai oloklhr¸simh, tìte to ν èqei thn akì-
loujh idiìthta:

Gia k�je ε > 0 up�rqei δ > 0 ¸ste: an A ∈ A kai µ(A) < δ, tìte
ν(A) < ε.

6.4 Ask seic

46. (Je¸rhma omoiìmorfhc sÔgklishc). 'Estw fn : (X,A, µ) → R olo-
klhr¸simec sunart seic. Upojètoume ìti fn → f omoiìmorfa sto X. 'An
µ(X) < ∞, deÐxte ìti h f eÐnai oloklhr¸simh kai

∫

X
fn dµ →

∫

X
f dµ.

47. (Je¸rhma fragmènhc sÔgklishc). 'Estw f, fn : (X,A, µ) → R metr -
simec sunart seic. Upojètoume ìti µ(X) < ∞ kai ìti up�rqei 0 < M < ∞
¸ste |fn| ≤ M µ− σ.π. gia k�je n ∈ N. An fn → f µ− σ.π., deÐxte ìti

∫

X
fn dµ →

∫

X
f dµ.

48. 'Estw f, fn : (X,A, µ) → R metr simec sunart seic kai èstw g : X →
[0, +∞] oloklhr¸simh sun�rthsh. Upojètoume ìti |fn| ≤ g µ−σ.π. gia k�je
n ∈ N. An fn → f µ− σ.π., deÐxte ìti

∫

X
|fn − f | dµ → 0.

49. 'Estw f, fn : (X,A, µ) → [0,+∞] metr simec sunart seic me fn ≤ f

µ− σ.π. gia k�je n ∈ N. An fn → f µ− σ.π., deÐxte ìti
∫

X
fn dµ →

∫

X
f dµ.

50. (GenÐkeush tou jewr matoc kuriarqhmènhc sÔgklishc). 'Estw f, fn :
(X,A, µ) → R kai g, gn : X → [0, +∞] metr simec sunart seic. Upojètoume
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ìti |fn| ≤ gn µ − σ.π., fn → f µ − σ.π., gn → g µ − σ.π., kai
∫
X gn dµ →∫

X g dµ < +∞. DeÐxte ìti
∫

X
fn dµ →

∫

X
f dµ.

51. 'Estw f, fn : (X,A, µ) → [0, +∞] metr simec sunart seic me fn → f

µ− σ.π. kai
∫
X fn dµ → ∫

X f dµ < +∞. DeÐxte ìti
∫

A
fn dµ →

∫

A
f dµ gia k�je A ∈ A.

52. 'Estw f, fn : (X,A, µ) → R oloklhr¸simec sunart seic me fn → f

µ− σ.π.. DeÐxte ìti
∫

X
|fn − f | dµ → 0 an kai mìno an

∫

X
|fn| dµ →

∫

X
|f | dµ.

53. 'Estw fn : (X,A, µ) → [0, +∞] oloklhr¸simec sunart seic me fn → 0
µ− σ.π. sto X. OrÐzoume gn = max{f1, . . . , fn} kai upojètoume ìti up�rqei
M > 0 ¸ste gia k�je n ∈ N na isqÔei

∫
X gn dµ ≤ M . DeÐxte ìti

∫

X
fn dµ → 0.





Kef�laio 7

SÔgklish akolouji¸n
metr simwn sunart sewn

7.1 SÔgklish kat� shmeÐo kai omoiìmorfh sÔgklish

Orismìc 7.1.1. 'Estw (X,A, µ) ènac q¸roc mètrou kai èstw fn, f : X → R
metr simec sunart seic.
(a) Lème ìti fn → f kat� shmeÐo µ − σ.π. an up�rqei Z ∈ A me µ(Z) = 0
¸ste: fn(x) → f(x) gia k�je x ∈ X \ Z. Dhlad ,

Gia k�je x ∈ X \Z kai gia k�je ε > 0 up�rqei n0(ε, x) ∈ N ¸ste:
gia k�je n ≥ n0, |fn(x)− f(x)| < ε.

(b) Lème ìti fn → f omoiìmorfa µ − σ.π. an up�rqei Z ∈ A me µ(Z) = 0
¸ste: fn → f omoiìmorfa sto X \ Z. Dhlad ,

Gia k�je ε > 0 up�rqei n0(ε) ∈ N ¸ste: gia k�je n ≥ n0 kai gia
k�je x ∈ X \ Z, |fn(x)− f(x)| < ε.

(g) Lème ìti h {fn} eÐnai omoiìmorfa Cauchy µ − σ.π. an up�rqei Z ∈ A me
µ(Z) = 0 ¸ste:

Gia k�je ε > 0 up�rqei n0(ε) ∈ N ¸ste: gia k�je m,n ≥ n0 kai
gia k�je x ∈ X \ Z, |fn(x)− fm(x)| < ε.

Apì touc orismoÔc eÐnai fanerì ìti an fn → f omoiìmorfa µ − σ.π. tìte
fn → f kat� shmeÐo µ − σ.π. EpÐshc, an h {fn} eÐnai omoiìmorfa Cauchy
µ− σ.π. tìte fn → f omoiìmorfa µ− σ.π.

Prìtash 7.1.2. (a) An fn → f kai fn → g kat� shmeÐo µ − σ.π., tìte
f = g µ− σ.π.

(b) An fn → f kai fn → g omoiìmorfa µ− σ.π., tìte f = g µ− σ.π.
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Prìtash 7.1.3. (a) An fn → f kai gn → g kat� shmeÐo µ−σ.π., tìte, gia
k�je t, s ∈ R, tfn + sgn → tf + sg kat� shmeÐo µ− σ.π.

(b) An fn → f kai gn → g omoiìmorfa µ − σ.π., tìte, gia k�je t, s ∈ R,
tfn + sgn → tf + sg omoiìmorfa µ− σ.π.

Prìtash 7.1.4. (a) An fn → f kai gn → g kat� shmeÐo µ − σ.π., tìte
fngn → fg kat� shmeÐo µ− σ.π.

(b) Upojètoume ìti up�rqei M > 0 ¸ste |fn| ≤ M kai |gn| ≤ M µ− σ.π.

gia k�je n ∈ N. An fn → f kai gn → g omoiìmorfa µ−σ.π., tìte fngn → fg

omoiìmorfa µ− σ.π.

(g) An afairèsoume thn upìjesh ìti oi {fn}, {gn} eÐnai omoiìmorfa frag-
mènec µ− σ.π., tìte (b) den isqÔei genik�.

7.2 SÔgklish kat� mèso

Orismìc 7.2.1. 'Estw (X,A, µ) ènac q¸roc mètrou kai èstw fn, f : X → R
metr simec sunart seic.
(a) Lème ìti fn → f kat� mèso an

∫

X
|fn − f | dµ → 0.

(b) Lème ìti h {fn} eÐnai Cauchy kat� mèso an gia k�je ε > 0 up�rqei n0(ε) ∈
N ¸ste: gia k�je m,n ≥ n0,

∫

X
|fn − fm| dµ < ε.

Prìtash 7.2.2. An fn → f kai fn → g kat� mèso, tìte f = g µ− σ.π.

Prìtash 7.2.3. An fn → f kai gn → g kat� mèso, tìte, gia k�je t, s ∈ R,
tfn + sgn → tf + sg kat� mèso.

Parat rhsh 7.2.4. An fn → f kat� mèso, tìte h {fn} eÐnai Cauchy kat�
mèso.

Je¸rhma 7.2.5 (Riesz). An h {fn} eÐnai Cauchy kat� mèso, tìte up�rqei
metr simh sun�rthsh f : X → R ¸ste

∫

X
|fn − f | dµ → 0.

Epiplèon, up�rqei upakoloujÐa {fkn} thc {fn} ¸ste fkn → f µ− σ.π.

Pìrisma 7.2.6. 'Estw (X,A, µ) ènac q¸roc mètrou kai èstw fn, f : X →
R metr simec sunart seic. An

∫
X |fn − f | dµ → 0, tìte up�rqei upakoloujÐa

{fkn} thc {fn} ¸ste fkn → f µ− σ.π.
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Prìtash 7.2.7. (a) Upojètoume ìti up�rqei M > 0 ¸ste |fn| ≤ M µ−σ.π.

gia k�je n ∈ N. An fn → f kat� mèso, tìte |f | ≤ M µ− σ.π.

(b) Upojètoume ìti up�rqei M > 0 ¸ste |fn| ≤ M kai |gn| ≤ M µ− σ.π.

gia k�je n ∈ N. An fn → f kai gn → g kat� mèso, tìte fngn → fg kat�
mèso.

7.3 SÔgklish kat� mètro

Orismìc 7.3.1. 'Estw (X,A, µ) ènac q¸roc mètrou kai èstw fn, f : X → R
metr simec sunart seic.
(a) Lème ìti fn → f kat� mètro an, gia k�je ε > 0,

µ({x ∈ X : |fn(x)− f(x)| ≥ ε}) → 0.

(b) Lème ìti h {fn} eÐnai Cauchy kat� mètro an gia k�je ε, δ > 0 up�rqei
n0(ε, δ) ∈ N ¸ste: gia k�je m, n ≥ n0,

µ({x ∈ X : |fm(x)− fn(x)| ≥ ε}) < δ.

Parat rhsh 7.3.2. An f, g : X → R eÐnai metr simec sunart seic, tìte,
gia k�je a, b > 0 isqÔei

µ({x : |f(x) + g(x)| ≥ a + b}) ≤ µ({x : |f(x)| ≥ a}) + µ({x : |g(x)| ≥ b}).

Prìtash 7.3.3. An fn → f kai fn → g kat� mètro, tìte f = g µ− σ.π.

Prìtash 7.3.4. An fn → f kai gn → g kat� mètro, tìte, gia k�je t, s ∈ R,
tfn + sgn → tf + sg kat� mètro.

Parat rhsh 7.3.5. An fn → f kat� mètro, tìte h {fn} eÐnai Cauchy
kat� mètro.

Je¸rhma 7.3.6. An h {fn} eÐnai Cauchy kat� mètro, tìte up�rqei metr -
simh sun�rthsh f : X → R ¸ste fn → f kat� mètro. Epiplèon, up�rqei
upakoloujÐa {fkn} thc {fn} ¸ste fkn → f µ− σ.π.

Pìrisma 7.3.7. 'Estw (X,A, µ) ènac q¸roc mètrou kai èstw fn, f : X →
R metr simec sunart seic. An fn → f kat� mètro, tìte up�rqei upakoloujÐa
{fkn} thc {fn} ¸ste fkn → f µ− σ.π.

Prìtash 7.3.8. (a) Upojètoume ìti up�rqei M > 0 ¸ste |fn| ≤ M µ−σ.π.

gia k�je n ∈ N. An fn → f kat� mètro, tìte |f | ≤ M µ− σ.π.

(b) Upojètoume ìti up�rqei M > 0 ¸ste |fn| ≤ M kai |gn| ≤ M µ− σ.π.

gia k�je n ∈ N. An fn → f kai gn → g kat� mètro, tìte fngn → fg kat�
mètro.
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7.4 Sqedìn omoiìmorfh sÔgklish

Orismìc 7.4.1. 'Estw (X,A, µ) ènac q¸roc mètrou kai èstw fn, f : X → R
metr simec sunart seic.

(a) Lème ìti fn → f sqedìn omoiìmorfa an gia k�je δ > 0 up�rqei A ∈ A me
µ(A) < δ ¸ste fn → f omoiìmorfa sto X \A.

(b) Lème ìti h {fn} eÐnai Cauchy sqedìn omoiìmorfa an gia k�je δ > 0 up�rqei
A ∈ A me µ(A) < δ ¸ste h {fn} na eÐnai omoiìmorfa Cauchy sto X \A.

Prìtash 7.4.2. An fn → f kai fn → g sqedìn omoiìmorfa, tìte f = g

µ− σ.π.

Prìtash 7.4.3. An fn → f kai gn → g sqedìn omoiìmorfa, tìte, gia k�je
t, s ∈ R, tfn + sgn → tf + sg sqedìn omoiìmorfa.

Parat rhsh 7.4.4. An fn → f sqedìn omoiìmorfa, tìte h {fn} eÐnai
Cauchy sqedìn omoiìmorfa.

Je¸rhma 7.4.5. An h {fn} eÐnai Cauchy sqedìn omoiìmorfa, tìte up�rqei
metr simh sun�rthsh f : X → R ¸ste fn → f sqedìn omoiìmorfa. Epiplèon,
fn → f µ− σ.π.

Pìrisma 7.4.6. 'Estw (X,A, µ) ènac q¸roc mètrou kai èstw fn, f : X →
R metr simec sunart seic. An fn → f sqedìn omoiìmorfa, tìte fn → f

µ− σ.π.

Prìtash 7.4.7. (a) Upojètoume ìti up�rqei M > 0 ¸ste |fn| ≤ M µ−σ.π.

gia k�je n ∈ N. An fn → f sqedìn omoiìmorfa, tìte |f | ≤ M µ− σ.π.

(b) Upojètoume ìti up�rqei M > 0 ¸ste |fn| ≤ M kai |gn| ≤ M µ− σ.π.

gia k�je n ∈ N. An fn → f kai gn → g sqedìn omoiìmorfa, tìte fngn → fg

sqedìn omoiìmorfa.

7.5 SÔgkrish twn diafìrwn tÔpwn sÔgklishc

Je¸rhma 7.5.1 (Egoroff). 'Estw (X,A, µ) ènac q¸roc mètrou kai èstw
fn, f : X → R metr simec sunart seic. An µ(X) < ∞ kai an fn → f µ−σ.π.,
tìte fn → f sqedìn omoiìmorfa.

Je¸rhma 7.5.2. 'Estw (X,A, µ) ènac q¸roc mètrou kai èstw fn, f : X →
R metr simec sunart seic. An fn → f µ−σ.π. kai an up�rqei g : X → [0,∞]
¸ste |fn| ≤ g gia k�je n ∈ N kai

∫
X g dµ < ∞, tìte fn → f sqedìn

omoiìmorfa.
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Je¸rhma 7.5.3. 'Estw (X,A, µ) ènac q¸roc mètrou kai èstw fn, f : X →
R metr simec sunart seic. An fn → f sqedìn omoiìmorfa, tìte fn → f kat�
mètro.

AntÐstrofa, an fn → f kat� mètro, tìte up�rqei upakoloujÐa {fkn} thc
{fn} ¸ste fkn → f sqedìn omoiìmorfa.

Je¸rhma 7.5.4 (anisìthta Chebyshev–Markov). 'Estw f : X →
[0,∞] metr simh sun�rthsh. Gia k�je ε > 0 isqÔei h anisìthta

µ({x ∈ X : f(x) ≥ ε}) ≤ 1
ε

∫

X
f dµ.

Je¸rhma 7.5.5. 'Estw (X,A, µ) ènac q¸roc mètrou kai èstw fn, f : X →
R metr simec sunart seic. An fn → f kat� mèso, tìte fn → f kat� mètro.

AntÐstrofa, an fn → f kat� mètro kai an up�rqei g : X → [0,∞] ¸ste
|fn| ≤ g gia k�je n ∈ N kai

∫
X g dµ < ∞, tìte fn → f kat� mèso.

Je¸rhma 7.5.6. 'Estw (X,A, µ) ènac q¸roc mètrou kai èstw fn, f : X →
R metr simec sunart seic. Upojètoume ìti µ(X) < ∞. Ta ex c eÐnai isodÔ-
nama:
(a) fn → f kat� mètro.
(b)

∫
X

|fn−f |
1+|fn−f | dµ → 0 ìtan n →∞.

(g) K�je upakoloujÐa thc {fn} èqei upakoloujÐa pou sugklÐnei sthn f µ-
sqedìn pantoÔ.

7.6 Ask seic

Se ìlec tic Ask seic, (X,A, µ) eÐnai ènac q¸roc mètrou, ìla ta uposÔnola
tou X an koun sthn A, kai oi fn, f : X → R eÐnai metr simec sunart seic.

54. 'Estw φ : R→ R omoiìmorfa suneq c sun�rthsh. An fn → f kat� mètro
  sqedìn omoiìmorfa, tìte φ ◦ fn → φ ◦ f kat� mètro   sqedìn omoiìmorfa
antÐstoiqa.

55. 'Estw En ∈ A gia k�je n ∈ N. DeÐxte ìti h {χEn} eÐnai Cauchy kat�
mètro   kat� mèso an kai mìno an µ(En 4Em) → 0 ìtan m,n →∞.

Exet�ste an isqÔei to ex c: h {χEn} eÐnai Cauchy sqedìn omoiìmorfa an
kai mìno an µ(En 4 Em) → 0 ìtan m,n →∞.

56. An fn ≥ 0 kai fn → f kat� mètro, deÐxte ìti
∫

X
f dµ ≤ lim inf

n→∞

∫

X
fn dµ.
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57. An |fn| ≤ g,
∫
X g dµ < ∞ kai fn → f kat� mètro, deÐxte ìti

∫

X
fn dµ →

∫

X
f dµ.

58. (a) Upojètoume ìti µ(X) < ∞ kai ìti supn∈N |fn(x)| < ∞ µ-sqedìn
pantoÔ. DeÐxte ìti, gia k�je δ > 0 up�rqoun A ∈ A me µ(A) < δ kai M > 0
¸ste: |fn(x)| ≤ M gia k�je n ∈ N kai gia k�je x ∈ X \A.
(b) Upojètoume ìti µ(X) < ∞. An fn → f kat� mètro kai gn → g kat�
mètro, deÐxte ìti fngn → fg kat� mètro.

59. Upojètoume ìti µ(X) < ∞. DeÐxte ìti fn → f µ-sqedìn pantoÔ an kai
mìno an, gia k�je ε > 0 isqÔei limn→∞ µ(∪∞k=nEk(ε)) = 0, ìpou

Ek(ε) = {x ∈ X : |fk(x)− f(x)| ≥ ε}.

60. Upojètoume ìti µ(X) < ∞ kai ìti oi fn, f eÐnai oloklhr¸simec. Lème
ìti oi fn eÐnai omoiìmorfa oloklhr¸simec an gia k�je ε > 0 up�rqei
δ > 0 ¸ste: an µ(A) < δ tìte

∣∣∫
A fn dµ

∣∣ < ε gia k�je n ∈ N.
DeÐxte ìti fn → f kat� mèso an kai mìno an oi fn eÐnai omoiìmorfa

oloklhr¸simec kai fn → f kat� mètro.

61. Upojètoume ìti µ(X) < ∞ kai ìti oi fn, f eÐnai oloklhr¸simec. Exet�-
ste an isqÔei to ex c: fn → f kat� mèso an kai mìno an

∫
A fn dµ → ∫

A f dµ

gia k�je A ∈ A.



Kef�laio 8

Olokl rwma Lebesgue kai
olokl rwma Riemann

8.1 Olokl rwma Riemann

Orismìc 8.1.1. 'Estw Q = [a1, b1]×[ak, bk] èna kleistì di�sthma ston Rk.
Diamèrish tou Q ja lème k�je peperasmènh oikogèneia ∆ = {Q1, . . . , Ql}
kleist¸n mh epikaluptìmenwn diasthm�twn Q1, . . . , Ql me Q = Q1 ∪ · · · ∪Ql.

'Estw f : Q → R mia fragmènh sun�rthsh. An ∆ = {Q1, . . . , Ql} eÐnai
mia diamèrish tou Q, gia k�je j = 1, . . . , l orÐzoume

mj := mj(f, ∆) = inf{f(x) : x ∈ Qj}

kai
Mj = Mj(f, ∆) = sup{f(x) : x ∈ Qj}.

To �nw kai to k�tw �jroisma Darboux thc f wc proc thn ∆ eÐnai oi arijmoÐ

U(f,∆) =
l∑

j=1

Mjvolk(Qj)

kai

L(f, ∆) =
l∑

j=1

mjvolk(Qj)

antÐstoiqa. An ∆1, ∆2 eÐnai dÔo diamerÐseic tou Q, tìte

L(f, ∆1) ≤ U(f, ∆2).

OrÐzoume

(Rk)
∫

Q

f = sup
{

L(f, ∆) : ∆ diamèrish tou Q

}
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kai

(Rk)
∫

Q
f = inf

{
U(f, ∆) : ∆ diamèrish tou Q

}
.

Tìte,

(Rk)
∫

Q

f ≤ (Rk)
∫

q
f.

H f lègetai Riemann oloklhr¸simh an

(Rk)
∫

Q

f = (Rk)
∫

Q
f.

H koin  aut  tim  lègetai olokl rwma Riemann thc f sto Q kai sumbo-
lÐzetai me

(Rk)
∫

Q
f.

L mma 8.1.2 (krit rio Riemann). 'Estw f : Q → R fragmènh su-
n�rthsh. H f eÐnai Riemann oloklhr¸simh an kai mìno an gia k�je ε > 0
mporoÔme na broÔme diamèrish ∆ tou Q ¸ste

U(f, ∆)− L(f, ∆) < ε.

Je¸rhma 8.1.3. K�je suneq c sun�rthsh f : Q → R eÐnai Riemann
oloklhr¸simh.

Je¸rhma 8.1.4. 'Estw Q kleistì di�sthma ston Rk kai èstw f : Q → R
mia Riemann oloklhr¸simh sun�rthsh. Tìte, h f eÐnai Lebesgue oloklhr¸-
simh kai ∫

Q
f dλk = (Rk)

∫

Q
f.

Je¸rhma 8.1.5. 'Estw Q kleistì di�sthma ston Rk kai èstw f : Q → R
mia fragmènh sun�rthsh. Tìte, h f eÐnai Riemann oloklhr¸simh an kai mìno
an eÐnai sqedìn pantoÔ suneq c.

8.2 To je¸rhma tou Lusin

Je¸rhma 8.2.1 (prosèggish oloklhr¸simwn sunart sewn).
'Estw f : Rk → R mia Lebesgue oloklhr¸simh sun�rthsh. Gia k�je ε > 0
mporoÔme na broÔme suneq  sun�rthsh gε : Rk → R me sumpag  forèa, ¸ste

∫

Rk

|gε − f | dλk < ε.
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Pìrisma 8.2.2. 'Estw f : Rk → R Lebesgue metr simh sun�rthsh. U-
p�rqei akoloujÐa suneq¸n sunart sewn me sumpag  forèa, h opoÐa sugklÐnei
sthn f sqedìn pantoÔ.

Je¸rhma 8.2.3 (Lusin). 'Estw E èna Lebesgue metr simo uposÔnolo
tou Rk me λk(E) < ∞, kai èstw f : E → R Lebesgue metr simh sun�rthsh.
Gia k�je ε > 0 mporoÔme na broÔme kleistì Fε ⊆ E me λk(E \ Fε) < ε, ¸ste
h f |Fε na eÐnai suneq c.

8.3 Ask seic

62. 'Estw f : [0, 1] → R. Upojètoume ìti gia k�je ε > 0 up�rqei gε : [0, 1] →
R oloklhr¸simh ¸ste |f(x)− gε(x)| < ε gia k�je x ∈ [0, 1]. DeÐxte ìti h f

eÐnai oloklhr¸simh sto [0, 1].

63. 'Estw f : [0, 1] → R fragmènh sun�rthsh me thn idiìthta: gia k�je
0 < b ≤ 1 h f eÐnai oloklhr¸simh sto di�sthma [b, 1]. DeÐxte ìti h f eÐnai
oloklhr¸simh sto [0, 1].

64. 'Estw f : [a, b] → R oloklhr¸simh sun�rthsh.

(a) DeÐxte ìti up�rqoun a1 < b1 sto [a, b] ¸ste b1 − a1 < 1 kai

sup{f(x) : a1 ≤ x ≤ b1} − inf{f(x) : a1 ≤ x ≤ b1} < 1.

(b) DeÐxte ìti up�rqoun a2 < b2 sto (a1, b1) ¸ste b2 − a2 < 1/2 kai

sup{f(x) : a2 ≤ x ≤ b2} − inf{f(x) : a2 ≤ x ≤ b2} <
1
2
.

(g) Epagwgik� orÐste kibwtismèna diast mata [an, bn] ⊆ (an−1, bn−1) me m -
koc mikrìtero apì 1/n, ¸ste

sup{f(x) : an ≤ x ≤ bn} − inf{f(x) : an ≤ x ≤ bn} <
1
n

.

(d) H tom  aut¸n twn kibwtismènwn diasthm�twn perièqei akrib¸c èna shmeÐo.
DeÐxte ìti h f eÐnai suneq c se autì.

(e) T¸ra deÐxte ìti h f èqei �peira shmeÐa sunèqeiac sto [a, b].

65. 'Estw f : [a, b] → R oloklhr¸simh (ìqi anagkastik� suneq c) sun�rth-
sh me f(x) > 0 gia k�je x ∈ [a, b]. DeÐxte ìti

∫ b

a
f(x)dx > 0.
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66. Exet�ste an eÐnai oloklhr¸simh h sun�rthsh f : [0, 1] → R me

f(x) =





0, x /∈ Q   x = 0

1
q , x = p

q , p, q ∈ N, MKD(p, q) = 1

67. 'Estw f : [0, 1] → R suneq c sun�rthsh. DeÐxte ìti

lim
n→∞

∫ 1

0
nxnf(x) dx = f(1).

68. 'Estw f : [0, 1] → R suneq c sun�rthsh. OrÐzoume mia akoloujÐa (an)
jètontac

an =
∫ 1

0
f(xn)dx.

DeÐxte ìti an → f(0).

69. 'Estw f : [0, 1] → R suneq c sun�rthsh. DeÐxte ìti

lim
n→∞

∫ 1

0
nf(x)e−nx dx = f(0).

70. 'Estw {An} akoloujÐa Lebesgue metr simwn uposunìlwn tou [0, 1] me
thn idiìthta

lim sup
n→∞

λ(An) = 1.

DeÐxte ìti: gia k�je 0 < α < 1 up�rqei upakoloujÐa {Akn} thc {An} me

λ (∩∞n=1Akn) > α.

71. 'Estw E èna Lebesgue metr simo uposÔnolo tou Rk me λk(E) < ∞.
'Estw {An} akoloujÐa Lebesgue metr simwn uposunìlwn tou E kai èstw
c > 0 me thn idiìthta λ(An) ≥ c gia k�je n ∈ N.
(a) DeÐxte ìti λk(lim supAn) > 0.
(b) DeÐxte ìti up�rqei gnhsÐwc aÔxousa akoloujÐa {kn} fusik¸n me thn idiì-
thta ∩∞n=1Akn 6= ∅.
72. 'Estw f : [a, b] → R Lebesgue oloklhr¸simh sun�rthsh me thn idiìthta

∫

[a,x]
f dλ = 0

gia k�je x ∈ [a, b]. DeÐxte ìti f = 0 λ-sqedìn pantoÔ sto [a, b].
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73. 'Estw E èna Lebesgue metr simo uposÔnolo tou R me λ(E) > 1. DeÐxte
ìti up�rqoun x 6= y sto E ¸ste x− y ∈ Z.
74. 'Estw E1, . . . , EN Lebesgue metr sima uposÔnola tou [0, 1]. Upojètoume
ìti k�je x ∈ [0, 1] an kei se toul�qiston k apì ta E1, . . . , EN . DeÐxte ìti
up�rqei i0 ∈ {1, . . . , N} me thn idiìthta λ(Ei0) ≥ k

N .

75. 'Estw E èna Lebesgue metr simo uposÔnolo tou Rk me λk(E) < ∞.
'Estw f : E → R gnhsÐwc jetik  metr simh sun�rthsh. DeÐxte ìti: gia k�je
α > 0 up�rqei δ > 0 ¸ste, an A eÐnai Lebesgue metr simo uposÔnolo tou E

me λ(A) > α, tìte ∫

A
f dλ ≥ δ.

76. 'Estw {qn : n ∈ N} mia arÐjmhsh twn rht¸n tou [0, 1] kai èstw (αn)
akoloujÐa pragmatik¸n arijm¸n me

∑∞
n=1 |αn| < ∞. DeÐxte ìti h

∞∑

n=1

αn√
|x− qn|

sugklÐnei apolÔtwc sqedìn pantoÔ sto [0, 1].

77. DeÐxte ìti:

lim
n→∞

∫ 1

0

nx

1 + n2x2
dx = 0 kai lim

n→∞

∫ 1

0

n3/2x

1 + n2x2
dx = 0.





Kef�laio 9

UpodeÐxeic gia tic Ask seic

1. (a) Parathr ste ìti x ∈ lim sup An an kai mìno an gia k�je k ∈ N isqÔei
x ∈ ⋃∞

j=k Aj , dhlad  an kai mìno an gia k�je k ∈ N up�rqei j ≥ k ¸ste x ∈ Aj .
Exhg ste giatÐ h teleutaÐa prìtash isqÔei an kai mìno an x ∈ Aj gia �peirec timèc
tou j.

(b) Parathr ste ìti x ∈ lim inf An an kai mìno up�rqei k ∈ N ¸ste x ∈ ⋂∞
j=k Aj ,

dhlad  an kai mìno an up�rqei k ∈ N ¸ste gia k�je j ≥ k na isqÔei x ∈ Aj , dhlad 
an kai mìno an to x an kei se telik� ìla ta Aj .

(g) An k�poio x ∈ X an kei se telik� ìla ta Aj tìte to x an kei se �peira to pl joc
Aj . Apì ta (a) kai (b) èpetai ìti lim inf An ⊆ lim sup An. 'Ena par�deigma sto
opoÐo o egkleismìc na eÐnai gn sioc paÐrnoume an jewr soume èna mh kenì sÔnolo
X kai jèsoume A2k = ∅ kai A2k−1 = X, k = 1, 2, . . .. Tìte, lim inf An = ∅ kai
lim sup An = X.

2. (a) Parathr ste pr¸ta ìti h σ(F) perièqei ìla ta monosÔnola tou X: an x ∈ X

tìte, epilègontac dÔo stoiqeÐa y kai z tou X \ {x} èqoume {x, y} ∈ F , {x, z} ∈ F
kai {x} = {x, y} ∩ {x, z}.

H σ(F) perièqei ìla ta monosÔnola, epomènwc perièqei ìla ta arijm sima upo-
sÔnola tou X (arijm simec en¸seic monosunìlwn). Sunep¸c,

σ(F) ⊇ B = {A ⊆ X |A arijm simo   Ac arijm simo}.

'Omwc, h B eÐnai σ��lgebra kai F ⊆ B. 'Ara, σ(F) ⊆ B.
'Epetai ìti σ(F) = {A ⊆ X |A arijm simo   Ac arijm simo}.

(b) Gia to deÔtero er¸thma parathr ste ìti h F eÐnai monìtonh kl�sh: k�je aÔxousa
  fjÐnousa akoloujÐa disunìlwn eÐnai anagkastik� stajer . 'Epetai ìti m(F) = F .

3. (a) OrÐzoume B = {B ⊆ Y | f−1(B) ∈ A}.
(i) H B eÐnai mh ken : f−1(Y ) = X ∈ A, �ra Y ∈ B.
(ii) An B ∈ B tìte f−1(B) ∈ A kai, afoÔ h A eÐnai σ��lgebra, f−1(Bc) =

X \ f−1(B) ∈ A. Sunep¸c, Bc ∈ B.
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(iii) An Bn ∈ B, n ∈ N, tìte

f−1

( ∞⋃
n=1

Bn

)
=

∞⋃
n=1

f−1(Bn) ∈ A

diìti h A eÐnai σ��lgebra. Sunep¸c,
⋃∞

n=1 Bn ∈ B.
'Epetai ìti h B eÐnai σ��lgebra.
(b) Apì thn upìjesh èqoume E ⊆ B. Apì to (a) blèpoume ìti

C = σ(E) ⊆ B.

Autì shmaÐnei ìti f−1(B) ∈ A gia k�je B ∈ C.
(g) Efarmog  tou (b): p�rte E thn oikogèneia twn anoikt¸n uposunìlwn tou Y ,
C thn oikogèneia twn Borel uposunìlwn tou Y , kai A thn oikogèneia twn Borel
uposunìlwn tou X. Parathr ste ìti an B ∈ E tìte to f−1(B) eÐnai anoiktì
uposÔnolo tou X, �ra f−1(B) ∈ A.

4. (a) Jètoume F =
{{x = (x1, . . . , xn) |xj > aj}, j = 1, . . . , n, aj ∈ R

}
. DeÐxte

diadoqik� ta ex c:

(i) H σ(F) perièqei ìlouc touc hmiq¸rouc thc morf c {x = (x1, . . . , xn) |xj ≥
aj}, {x = (x1, . . . , xn) |xj < bj} kai {x = (x1, . . . , xn) |xj ≤ bj}, ìpou
j = 1, . . . , n kai aj ∈ R.

(ii) H σ(F) perièqei ìla ta diast mata.

'Epetai ìti h σ(F) perièqei ìla ta Borel uposÔnola tou Rn.
(b) 'Estw F1 = {B(x, r) |x ∈ Qn, r ∈ Q+}. DeÐxte ìti k�je anoiktì uposÔnolo
tou Rn gr�fetai san arijm simh ènwsh sunìlwn apì thn F1. 'Epetai ìti k�je Borel
uposÔnolo tou Rn an kei sthn σ(F1) ⊆ σ(F).

5. 'Estw F èna kleistì uposÔnolo tou X. Tìte,

F =
∞⋂

n=1

{
x ∈ X : ρ(x, F ) <

1
n

}
,

ìpou ρ(x, F ) = inf{ρ(x, y) : y ∈ F}. Parathr ste ìti ta sÔnola An =
{
x ∈ X :

ρ(x, F ) < 1
n

}
eÐnai anoikt�, diìti h x 7→ ρ(x, F ) eÐnai suneq c sun�rthsh. 'Ara, to

F eÐnai Gδ sÔnolo.
'Estw G èna anoiktì uposÔnolo tou X. Apì to prohgoÔmeno er¸thma, up�rqoun

anoikt� sÔnola An ¸ste X \ G =
⋂∞

n=1 An. 'Epetai ìti to G = (X \ G)c =⋃∞
n=1(X \An) eÐnai arijm simh ènwsh kleist¸n sunìlwn, dhlad  Fσ�sÔnolo.

6. (a) OrÐzoume A = {x ∈ Rn | h f eÐnai suneq c sto x} kai gia k�je m ∈ N
orÐzoume

Am =
{

x ∈ Rn : up�rqei δ > 0 ¸ste gia k�je y, z ∈ B(x, δ) na isqÔei |f(y)− f(z)| < 1
m

}
,
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ìpou B(x, δ) h anoikt  EukleÐdeia mp�la me kèntro to x kai aktÐna δ. DeÐxte ìti
A =

⋂∞
m=1 Am kai ìti k�je Am eÐnai anoiktì sÔnolo. 'Epetai ìti to A eÐnai Gδ�

sÔnolo.
(b) OrÐzoume B = {x ∈ Rn | up�rqei to lim

k→∞
fk(x)}. Parathr ste ìti, gia k�je

x ∈ Rn, to lim
k→∞

fk(x) up�rqei an kai mìno an h akoloujÐa (fk(x))∞k=1 eÐnai akoloujÐa
Cauchy. 'Etsi, mporeÐte na gr�yete to B sth morf 

B =
∞⋂

m=1




∞⋃

k=1




∞⋂

r,s=k

{
x ∈ Rn : |fr(x)− fs(x)| ≤ 1

m

}



 .

Apì th sunèqeia twn fk, gia k�je k kai m, to sÔnolo
∞⋂

r,s=k

{
x ∈ Rn : |fr(x)− fs(x)| ≤ 1

m

}

eÐnai kleistì sÔnolo (wc tom  kleist¸n sunìlwn). 'Ara, gia k�je m ∈ N, to sÔnolo

Bm =
∞⋃

k=1




∞⋂

r,s=k

{
x ∈ Rn : |fr(x)− fs(x)| ≤ 1

m

}


eÐnai Fσ�sÔnolo. 'Epetai ìti to B =
⋂∞

m=1 Bm eÐnai Fσδ�sÔnolo.

7. JewroÔme thn oikogèneia

A = {A ⊆ X | up�rqei arijm simh upooikogèneia CA thc F ¸ste A ∈ σ(CA)}.
MporoÔme na deÐxoume ìti h A eÐnai σ��lgebra:
(a) H A eÐnai mh ken : an E ∈ F tìte X ∈ σ(CX) ìpou CX = {E} ⊆ F . 'Ara,
X ∈ A.
(b) An A ∈ A tìte up�rqei arijm simh CA ⊆ F ¸ste A ∈ σ(CA). 'Epetai ìti
Ac ∈ σ(CA). 'Ara, A ∈ A (p�rte CAc = CA).
(g) 'Estw An ∈ A. Up�rqoun arijm simec CAn ⊆ F ¸ste An ∈ σ(CAn). H
oikogèneia C∪An =

⋃∞
n=1 CAn ⊆ F eÐnai arijm simh kai gia k�je n ∈ N èqoume

An ∈ σ(CAn) ⊆ σ(C∪An).

'Ara,
∞⋃

n=1

An ∈ σ(C∪An).

Tèloc, an A ∈ F tìte A ∈ σ(CA) ìpou CA = {A} ⊆ F . 'Ara, A ∈ A. AfoÔ
h σ��lgebra A perièqei thn F , sumperaÐnoume ìti σ(F) ⊆ A. Dhlad , gia k�je
A ∈ σ(F) up�rqei arijm simh CA ⊆ F ¸ste A ∈ σ(CA).

8. (a) 'Eqoume lim inf
n→∞

An = ∪∞k=1

(
∩∞j=kAj

)
, dhlad  ∩∞j=kAj ↗ lim inf

n→∞
An. Apì th

sunèqeia tou µ èpetai ìti

µ
(
lim inf
n→∞

An

)
= lim

k→∞
µ

(∩∞j=kAj

)
= sup

k∈N
µ

(∩∞j=kAj

)
.
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Apì th monotonÐa tou µ, gia k�je k ∈ N èqoume µ
(
∩∞j=kAj

)
≤ infj≥k µ(Aj). 'Epetai

ìti
µ

(
lim inf
n→∞

An

)
≤ sup

k∈N
inf
j≥k

µ(Aj) = lim inf
n→∞

µ(An).

(b) 'Eqoume lim sup
n→∞

An = ∩∞k=1

(
∪∞j=kAj

)
, dhlad  ∪∞j=kAj ↘ lim sup

n→∞
An. Apì thn

upìjesh ìti µ (∪∞n=1An) < ∞ kai th sunèqeia tou µ èpetai ìti

µ

(
lim sup

n→∞
An

)
= lim

k→∞
µ

(∪∞j=kAj

)
= inf

k∈N
µ

(∪∞j=kAj

)
.

Apì th monotonÐa tou µ, gia k�je k ∈ N èqoume µ
(
∪∞j=kAj

)
≥ supj≥k µ(Aj).

'Epetai ìti
µ

(
lim sup

n→∞
An

)
≥ inf

k∈N
sup
j≥k

µ(Aj) = lim sup
n→∞

µ(An).

(g) 'Estw ε > 0. AfoÔ
∑∞

n=1 µ(An) < ∞, up�rqei k ∈ N ¸ste

µ
(∪∞j=kAj

) ≤
∞∑

j=k

µ(Aj) < ε.

AfoÔ to ε > 0  tan tuqìn kai µ

(
lim sup

n→∞
An

)
≤ µ

(
∪∞j=kAj

)
gia k�je k ∈ N,

sumperaÐnoume ìti µ

(
lim sup

n→∞
An

)
= 0.

9. AfoÔ h {µn} eÐnai aÔxousa, to µ(A) = limn→∞ µn(A) up�rqei (kai endeqomènwc
eÐnai �peiro) gia k�je A ∈ A. EpÐshc, µ(A) ≥ µn(A) gia k�je n ∈ N kai gia k�je
A ∈ A. DeÐqnoume ìti to µ eÐnai mètro:

(i) Apì ton orismì tou µ èqoume µ(∅) = lim
n→∞

µn(∅) = 0, afoÔ µn(∅) = 0 gia k�je
n ∈ N.
(ii) 'Estw {Ak}∞k=1 akoloujÐa xènwn sunìlwn sthn A. Gia k�je N ∈ N èqoume

N∑

k=1

µ(Ak) =
N∑

k=1

lim
n→∞

µn(Ak) = lim
n→∞

N∑

k=1

µn(Ak)

= lim
n→∞

µn

(∪N
k=1Ak

) ≤ lim
n→∞

µn (∪∞k=1Ak)

= µ (∪∞k=1Ak) .

'Epetai ìti ∞∑

k=1

µ(Ak) ≤ µ (∪∞k=1Ak) .

Gia thn antÐstrofh anisìthta parathr ste ìti, gia k�je n ∈ N,

µn (∪∞k=1Ak) =
∞∑

k=1

µn(Ak) ≤
∞∑

k=1

µ(Ak).
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10. AfoÔ to µ eÐnai σ�peperasmèno, up�rqei akoloujÐa {Bn}∞n=1 xènwn sunìlwn
sthn A ¸ste X = ∪∞n=1Bn. 'Estw E ∈ A. Gia k�je i ∈ I èqoume

µ(E ∩Ai) =
∞∑

n=1

µ(E ∩Bn ∩Ai).

'Epetai (exhg ste giatÐ) ìti

{i ∈ I : µ(E ∩Ai) > 0} = ∪∞n=1{i ∈ I : µ(E ∩Bn ∩Ai) > 0}.

ArkeÐ loipìn na deÐxoume ìti: gia k�je n ∈ N, to sÔnolo Un = {i ∈ I : µ(E ∩Bn ∩
Ai) > 0} eÐnai arijm simo. Parathr ste ìti, gia k�je n kai gia k�je k, to sÔnolo

Un,k = {i ∈ I : µ(E ∩Bn ∩Ai) > 1/k}

eÐnai peperasmèno: ta sÔnola (E ∩ Bn ∩ Ai)i∈Un,k
eÐnai xèna kai perièqontai sto

E ∩Bn, �ra
1
k
· card(Un,k) ≤ µ(E ∩Bn) ≤ µ(Bn) < ∞.

'Epetai ìti to Un = ∪∞k=1Un,k eÐnai arijm simo.

11. 'Estw A ∈ A me µ(A) = ∞. OrÐzoume

S = {B ∈ A, B ⊆ A, 0 < µ(B) < ∞}

kai jètoume
s = sup(S).

AfoÔ to µ eÐnai hmipeperasmèno, to sÔnolo S eÐnai mh kenì. Sunep¸c, s > 0.
Upojètoume ìti s < ∞. Gia k�je n ∈ N brÐskoume Bn ∈ S ¸ste µ(Bn) >(

1− 1
n

)
s. JewroÔme to sÔnolo

B = ∪∞n=1Bn.

Tìte, B ∈ A kai B ⊆ A. DiakrÐnoume dÔo peript¸seic:
(a) An µ(B) < ∞, tìte B ∈ S. EpÐshc,

µ(B) ≥ µ(Bn) >

(
1− 1

n

)
s

gia k�je n ∈ N, �ra µ(B) = s. JewroÔme to A \ B: èqoume µ(A \ B) = ∞. AfoÔ
to µ eÐnai hmipeperasmèno, mporoÔme na broÔme C ⊆ A \ B ¸ste 0 < µ(C) < ∞.
'Omwc tìte, B ∪ C ⊆ A kai 0 < µ(B ∪ C) < ∞, opìte B ∪ C ∈ S kai µ(B ∪ C) =
µ(B) + µ(C) > s. 'Atopo.
(b) An µ(B) = ∞, apì thn µ(B) = lim

k→∞
µ

(∪k
n=1Bn

)
mporoÔme na broÔme k ∈ N

¸ste
µ

(∪k
n=1Bn

)
> s.

AfoÔ ∪k
n=1Bn ∈ S, katal goume p�li se �topo.
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SumperaÐnoume loipìn ìti s = ∞. Dhlad , gia k�je M > 0 up�rqei B ∈ A
¸ste B ⊆ A kai M < µ(B) < ∞.

12. OrÐzoume

A = {A ∈ σ(F) : gia k�je ε > 0 up�rqei F ∈ F ¸ste µ(A4 F ) < ε}.

EÐnai fanerì ìti F ⊆ A. Eidikìtera, A 6= ∅.
An A ∈ A kai an ε > 0, tìte up�rqei F ∈ F ¸ste µ(A4 F ) < ε. ParathroÔme

ìti F c ∈ F kai Ac 4 F c = A4 F , �ra µ(Ac 4 F c) < ε. 'Epetai ìti Ac ∈ A.
'Estw {An}∞n=1 akoloujÐa xènwn sunìlwn sthn A kai èstw ε > 0. AfoÔ to

µ eÐnai peperasmèno mètro, èqoume
∑∞

n=1 µ(An) = µ
( ∪∞n=1 An

)
< ∞. Sunep¸c,

up�rqei k ∈ N ¸ste
∑∞

n=k+1 µ(An) < ε
2 . Gia n = 1, . . . , k brÐskoume Fn ∈ F ¸ste

µ(An 4 Fn) < ε
2n+1 . AfoÔ h F eÐnai �lgebra, h ènwsh F = F1 ∪ · · · ∪ Fk ∈ F .

Parathr ste ìti

(∪∞n=1An)4 F ⊆ (∪∞n=k+1An

) ∪ (A1 4 F1) ∪ · · · ∪ (Ak 4 Fk).

Sunep¸c,

µ ((∪∞n=1An)4 F ) ≤
∞∑

n=k+1

µ(An) +
k∑

n=1

µ(An 4 Fn) <
ε

2
+

k∑
n=1

ε

2n+1
< ε.

'Epetai ìti ∪∞n=1An ∈ A.
Apì ta parap�nw, h A eÐnai σ��lgebra. AfoÔ A ⊇ F , sumperaÐnoume ìti A =

σ(F).

13. AfoÔ B \A ⊆ A4B kai µ(A4B) = 0, h plhrìthta tou (X,A, µ) exasfalÐzei
ìti B \ A ∈ A kai µ(B \ A) = 0. Me ton Ðdio trìpo blèpoume ìti A \ B ∈ A kai
µ(A \B) = 0.

H A eÐnai σ��lgebra, sunep¸c, A ∩ B = A \ (A \ B) ∈ A kai µ(A ∩ B) =
µ(A) − µ(A \ B) = µ(A) − 0 = µ(A). OmoÐwc, B = (A ∩ B) ∪ (B \ A) ∈ A kai
µ(B) = µ(A ∩B) + µ(B \A) = µ(A ∩B) + 0 = µ(A).

14. (a) DeÐqnoume pr¸ta ìti A ⊆ Ã: an E ∈ A, tìte E ∩ A ∈ A gia k�je A ∈ A
(den qrei�zetai h upìjesh ìti µ(A) < ∞). Eidikìtera, h Ã eÐnai mh ken .

'Estw E ∈ Ã. Gia k�je A ∈ A me µ(A) < ∞ èqoume Ec ∩A = A \ (E ∩A) ∈ A.
'Ara, Ec ∈ Ã.

Tèloc, èstw {En}∞n=1 akoloujÐa sunìlwn sthn Ã. Gia k�je A ∈ A me µ(A) <

∞ èqoume
(∪∞n=1En) ∩A = ∪∞n=1(En ∩A) ∈ A

diìti h A eÐnai σ��lgebra kai En ∩A ∈ A gia k�je n ∈ N. 'Ara, ∪∞n=1En ∈ Ã.
(b) Upojètoume ìti to µ eÐnai σ�peperasmèno. Up�rqei akoloujÐa {Bn}∞n=1 xènwn
sunìlwn sthn A ¸ste X = ∪∞n=1Bn. 'Estw E ∈ Ã. Tìte, E ∩ Bn ∈ A gia k�je
n ∈ N. AfoÔ h A eÐnai σ��lgebra,

E = ∪∞n=1(E ∩Bn) ∈ A.
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Dhlad , Ã ⊆ A.
(g) DeÐxte pr¸ta ìti to µ̃ eÐnai mètro ston (X, Ã). 'Estw E èna topik� metr simo
sÔnolo ston (X, Ã, µ̃). Tìte, gia k�je A ∈ Ã me µ̃(A) < ∞ èqoume E ∩ A ∈ Ã.
Apì ton orismì tou µ̃ autì shmaÐnei ìti gia k�je A ∈ A me µ(A) = µ̃(A) < ∞
èqoume E ∩A ∈ Ã kai µ̃(E ∩A) ≤ µ̃(A) < ∞, dhlad  E ∩A ∈ A. Sunep¸c, E ∈ Ã.
AfoÔ k�je topik� metr simo sÔnolo tou (X, Ã, µ̃) eÐnai sthn Ã, o (X, Ã, µ̃) eÐnai
koresmènoc q¸roc mètrou.

15. (a)=⇒(g): ParathroÔme pr¸ta ìti µ(X) > 0: alli¸c ja eÐqame {µ(A) : A ∈
A} = {0}. EpÐshc, up�rqei A1 ∈ A ¸ste 0 < µ(A1) < µ(X): alli¸c ja eÐqame
{µ(A) : A ∈ A} = {0, µ(X)}.

Ac upojèsoume ìti èqoume breÐ xèna sÔnola A1, . . . , Ak ∈ A ¸ste µ(An) > 0
gia k�je n = 1, . . . , k kai µ(Bk) > 0, ìpou Bk = X \ (A1 ∪ · · · ∪Ak). Parathr ste
ìti k�poio apì ta sÔnola

Un,k = {µ(C) : C ∈ A, C ⊆ An} (n ≤ k)   Jk = {µ(C) : C ∈ A, C ⊆ Bk}

eÐnai �peiro. Pr�gmati, gia k�je A ∈ A èqoume

µ(A) = µ(A ∩A1) + · · ·+ µ(A ∩Ak) + µ(A ∩Bk) ∈ U1,k + · · ·+ Uk,k + Jk.

An loipìn ta Un,k (n ≤ k) kai Jk  tan peperasmèna, tìte to {µ(A) : A ∈ A} ja
 tan peperasmèno. SuneqÐzoume wc ex c:

(i) An to Jk eÐnai �peiro, brÐskoume Ak+1 ∈ A, xèno prìc ta A1, . . . , Ak, me
µ(Ak+1) > 0 kai µ(Bk \ Ak+1) > 0. Ta sÔnola A1, . . . , Ak+1 èqoun jetikì
mètro, to Ðdio kai to X \ (A1 ∪ · · · ∪Ak+1).

(ii) An k�poio Un,k eÐnai �peiro, brÐskoume xèna A′n, A′′n ∈ A me An = A′n∪A′′n kai
µ(A′n) > 0, µ(A′′n) > 0. Tìte, ta Am,m 6= n kai A′n, A′′n èqoun jetikì mètro,
to Ðdio kai to sumpl rwma thc ènws c touc.

Dhlad , up�rqoun xèna sÔnola A1, . . . , Ak+1 ∈ A ¸ste µ(An) > 0 gia k�je n =
1, . . . , k + 1 kai µ(Bk+1) > 0, ìpou Bk+1 = X \ (A1 ∪ · · · ∪Ak+1).

H diadikasÐa aut  orÐzei �peirh akoloujÐa {An}∞n=1 xènwn sunìlwn apì thn A
¸ste µ(An) > 0 gia k�je n ∈ N.
(g)=⇒(b): JewroÔme akoloujÐa {An}∞n=1 xènwn sunìlwn apì thn A ¸ste µ(An) >

0 gia k�je n ∈ N. AfoÔ to µ eÐnai peperasmèno, èqoume

∞∑
n=1

µ(An) = µ (∪∞n=1An) < ∞,

sunep¸c, lim
n→∞

µ(An) = 0. 'Ara, gia k�je ε > 0 up�rqei n ∈ N ¸ste 0 < µ(An) < ε.

(b)=⇒(a): Ac upojèsoume ìti to M = {µ(A) : A ∈ A} eÐnai peperasmèno. Apì
thn upìjesh, to sÔnolo twn jetik¸n stoiqeÐwn tou M eÐnai mh kenì, �ra to M èqei
el�qisto jetikì stoiqeÐo µ(B) = ε > 0, gia k�poio B ∈ A. Tìte, p�li apì thn
upìjesh, up�rqei A ∈ A ¸ste 0 < µ(A) < ε. Katal xame se �topo, �ra to M eÐnai
�peiro.
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16. (a) Apì ton orismì tou µ∗ èqoume µ∗(∅) = 0. EpÐshc, an A ⊆ B ⊆ X èqoume
µ∗(A) ≤ µ∗(B) (an B 6= ∅ tìte µ∗(A) ≤ 1 = µ∗(B) en¸ an B = ∅ tìte A = ∅ kai
µ∗(A) = 0 = µ∗(B)).

'Estw {An}∞n=1 akoloujÐa uposunìlwn tou X. An An = ∅ gia k�je n ∈ N
tìte ∪∞n=1An = ∅, �ra µ∗ (∪∞n=1An) = 0 =

∑∞
n=1 µ∗(An). An up�rqei m ∈ N ¸ste

Am 6= ∅, tìte ∪∞n=1An 6= ∅, �ra

µ∗ (∪∞n=1An) = 1 = µ∗(Am) ≤
∞∑

n=1

µ∗(An).

Apì ta parap�nw èpetai ìti to µ∗ eÐnai exwterikì mètro.
(b) Ja deÐxoume ìti Aµ∗ = {∅, X}. 'Estw A èna mh kenì gn sio uposÔnolo tou X.
Tìte, µ∗(A) = µ∗(X \A) = 1. Sunep¸c,

µ∗(A ∩X) + µ∗(Ac ∩X) = 2 > 1 = µ∗(X).

Autì deÐqnei ìti A /∈ Aµ∗ .

17. (a) DeÐxte ìti:

(i) An E = {n1, . . . , n2k} tìte µ∗(E) = 2k.

(ii) An E = {n1, . . . , n2k−1} tìte µ∗(E) = 2k.

Gia par�deigma, an E = {n1, . . . , n2k−1} tìte

E ⊂ (∪k−1
j=1{n2j−1, n2j}

) ∪ {n2k−1, n1},

�ra

µ∗(E) ≤
k−1∑

j=1

τ({n2j−1, n2j}) + τ({n2k−1, n1}) = 2k.

AfoÔ to E den kalÔptetai apì ligìtera apì k disÔnola, èqoume µ∗(E) = 2k.
Tèloc, an to E èqei �peira stoiqeÐa tìte, gia k�je k ∈ N mporoÔme na broÔme

Ak ⊂ E me card(Ak) = 2k. 'Ara, µ∗(E) ≥ µ∗(Ak) = 2k gia k�je k ∈ N. Dhlad ,
µ∗(E) = ∞.
(b) Ja deÐxoume ìti Aµ∗ = {∅,N}. 'Estw A èna mh kenì gn sio uposÔnolo tou N.
An m ∈ A kai n /∈ A tìte gia to E = {m, n} èqoume

µ∗(A ∩ E) + µ∗(Ac ∩ E) = µ∗({m}) + µ∗({n}) = 2 + 2 = 4 > 2 = µ∗(E).

Autì deÐqnei ìti A /∈ Aµ∗ .

18. JewroÔme ta sÔnola Am = {m}, m = 1, 2, . . .. Tìte, ∪∞m=1Am = N. 'Ara,

ϕ (∪∞m=1Am) = lim sup
n→∞

1
n

card(N ∩ {1, . . . , n}) = lim sup
n→∞

n

n
= 1.

'Omwc, gia k�je m ∈ N kai gia k�je n ≥ m èqoume card(Am∩{1, . . . , n}) = 1. 'Ara,

ϕ(Am) = lim sup
n→∞

1
n

card(Am ∩ {1, . . . , n}) = lim sup
n→∞

1
n

= 0.
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Dhlad ,

ϕ (∪∞m=1Am) = 1 > 0 =
∞∑

m=1

ϕ(Am).

AfoÔ h ϕ den eÐnai σ�upoprosjetik , h ϕ den eÐnai exwterikì mètro sto N.

19. 'Eqoume deÐxei ìti an {Bn}∞n=1 eÐnai akoloujÐa xènwn µ∗�metr simwn uposunì-
lwn tou X tìte

µ∗
( ∪∞n=1 (Bn ∩ E)

)
=

∞∑
n=1

µ∗(Bn ∩ E)

gia k�je E ⊆ X. EpÐshc, gia k�je N ∈ N isqÔei

µ∗
( ∪N

n=1 (Bn ∩ E)
)

=
N∑

n=1

µ∗(Bn ∩ E).

'Estw {An}∞n=1 mia aÔxousa akoloujÐa µ∗�metr simwn uposunìlwn tou X. OrÐzou-
me B1 = A1 kai Bn = An \ An−1 gia n ≥ 2. Tìte, ta sÔnola Bn eÐnai xèna kai
µ∗�metr sima. EpÐshc ∪∞n=1Bn = ∪∞n=1An kai ∪N

n=1Bn = ∪N
n=1An = AN gia k�je

N ∈ N. Gr�foume

µ∗
( ∪∞n=1 (An ∩ E)

)
= µ∗

(
(∪∞n=1An) ∩ E

)
= µ∗

(
(∪∞n=1Bn) ∩ E

)

= µ∗
( ∪∞n=1 (Bn ∩ E)

)
=

∞∑
n=1

µ∗(Bn ∩ E)

= lim
N→∞

(
N∑

n=1

µ∗(Bn ∩ E)

)
= lim

N→∞
µ∗

(
(∪N

n=1Bn) ∩ E
)

= lim
N→∞

µ∗(AN ∩ E).

20. (a) ApodeiknÔoume thn σ�upoprosjetikìthta tou µ∗. 'Estw {En}∞n=1 ako-
loujÐa uposunìlwn tou X. ArkeÐ na exet�soume thn perÐptwsh µ∗(En) < ∞ gia
k�je n ∈ N. 'Estw ε > 0. Gia k�je n brÐskoume An ∈ A ¸ste En ⊆ An kai
µ(An) < µ∗(En) + ε/2n. Tìte, ∪∞n=1En ⊆ ∪∞n=1An, kai

µ∗
( ∪∞n=1 En

) ≤ µ
( ∪∞n=1 An

) ≤
∞∑

n=1

µ(An) <

∞∑
n=1

µ∗(En) + ε.

AfoÔ to ε > 0  tan tuqìn, blèpoume ìti µ∗
( ∪∞n=1 En

) ≤ ∑∞
n=1 µ∗(En).

(b) 'Estw (X, Ã, µ) h pl rwsh tou µ. DeÐxte diadoqik� ta ex c:

(i) An A ∈ A tìte µ∗(A) = µ(A).

(ii) A ⊆ Aµ∗ . Ja qreiasteÐte thn ex c parat rhsh: an E ⊆ X me µ∗(E) < ∞,
tìte up�rqoun Fn ∈ A ¸ste Fn ⊇ E gia k�je n kai µ(Fn) < µ∗(E) + 1

n .
Sunep¸c, F = ∩∞n=1Fn ⊇ E kai µ(F ) = µ∗(E). Qrhsimopoi¸ntac aut n thn
parat rhsh mporoÔme na gr�youme

µ∗(E ∩A) + µ∗(E ∩Ac) ≤ µ(F ∩A) + µ(F ∩Ac) = µ(F ) = µ∗(E)

gia k�je A ∈ A.
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(iii) An A, F ∈ A, µ(F ) = 0 kai B ⊆ F , tìte A ∪B ∈ Aµ∗ . Dhlad , Ã ⊆ Aµ∗ .

(iv) An A ∈ Aµ∗ kai µ(A) = µ∗(A) < ∞, tìte A ∈ Ã. Ja bohj sei h parat rhsh
tou B matoc 2.

(v) An to µ eÐnai σ�peperasmèno tìte Aµ∗ ⊆ Ã.

21. (a) 'Eqoume G2 \ G1 ⊆ G2 \ E diìti E ⊆ G1. AfoÔ G2 \ G1 ∈ Aµ∗ kai to G2

eÐnai metr simo k�luma tou E, sumperaÐnoume ìti µ(G2 \G1) = 0.
Me ton Ðdio trìpo blèpoume ìti µ(G1 \G2) = 0. Sunep¸c,

µ(G1 4G2) = µ(G2 \G1) + µ(G1 \G2) = 0.

Tèloc, apì tic µ(G1 \G2) = µ(G1 \G2) = 0 èpetai ìti

µ(G2) = µ(G2 ∩G1) + µ(G2 \G1) = µ(G2 ∩G1) + µ(G1 \G2) = µ(G1).

(b) 'Estw A ∈ Aµ∗ me A ⊆ G \ E. Tìte, E ⊆ G \A. 'Ara,

µ(G) = µ∗(E) ≤ µ∗(G \A) = µ(G \A) = µ(G)− µ(A),

ìpou qrhsimopoi same th monotonÐa tou µ∗, to gegonìc ìti G \ A ∈ Aµ∗ kai thn
upìjesh ìti µ(G) < ∞. 'Epetai ìti µ(A) = 0. 'Ara, to G eÐnai µ∗�metr simo k�luma
tou E.

22. (a) To µ∗ eÐnai exwterikì mètro sto R: h mình idiìthta pou qrei�zetai prosoq 
eÐnai h σ�upoprosjetikìthta. Pio sugkekrimèna, h perÐptwsh µ∗(∪∞n=1An) = ∞.
Autì shmaÐnei ìti to ∪∞n=1An eÐnai uperarijm simo kai èqei shmeÐo sumpÔknwshc
sto �peiro. Parathr ste ìti toul�qiston èna apì ta An eÐnai uperarijm simo.
EpÐshc, an upojèsoume ìti up�rqoun peperasmèna to pl joc uperarijm sima Am, ta
Am1 , . . . , Ams , kai kanèna apì aut� den èqei shmeÐo sumpÔknwshc sto �peiro, tìte,
gia k�je j = 1, . . . , s up�rqei αj > 0 ¸ste to sÔnolo {x ∈ Amj : |x| > αj} na
eÐnai arijm simo. Tìte, an jèsoume α = max{α1, . . . , αs} blèpoume ìti to sÔnolo
{x ∈ ∪∞n=1An : |x| > α} eÐnai arijm simo. Autì eÐnai �topo.

Apomènoun loipìn dÔo peript¸seic:

(i) K�poio Am èqei shmeÐo sumpÔknwshc sto �peiro. Tìte, µ∗(Am) = ∞, �ra

µ∗(∪∞n=1An) = ∞ = µ∗(Am) =
∞∑

n=1

µ∗(An).

(ii) Up�rqoun �peira to pl joc uperarijm sima Am, kanèna ìmwc den èqei shmeÐo
sumpÔknwshc sto �peiro. AfoÔ µ∗(Am) = 1 gia kajèna apì aut�, paÐrnoume

µ∗(∪∞n=1An) = ∞ =
∞∑

n=1

µ∗(An).
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(b) 'Estw A arijm simo uposÔnolo tou R. Tìte, gia k�je E ⊆ R to E ∩ A eÐnai
arijm simo, �ra

µ∗(E ∩A) + µ∗(E ∩Ac) = 0 + µ∗(E ∩Ac) ≤ µ∗(E)

apì th monotonÐa tou µ∗. 'Epetai ìti A ∈ Aµ∗ , kai sunep¸c,

Aµ∗ ⊇ {A ⊆ R |A arijm simo   Ac arijm simo}.

'Estw t¸ra A uperarijm simo uposÔnolo tou R me uperarijm simo sumpl rwma.
MporoÔme na broÔme uperarijm sima G ⊆ A kai F ⊆ Ac ta opoÐa den èqoun shmeÐo
sumpÔknwshc sto �peiro (exhg ste giatÐ). An jèsoume E = G ∪ F tìte to E den
èqei shmeÐo sumpÔknwshc sto �peiro (exhg ste giatÐ), �ra

µ∗(E ∩A) + µ∗(E ∩Ac) = µ∗(G) + µ∗(F ) = 1 + 1 = 2 > 1 = µ∗(E).

'Ara, A /∈ Aµ∗ .

(g) K�je E ⊆ R èqei µ∗�metr simo k�luma. DiakrÐnoume dÔo peript¸seic:

(i) To E eÐnai arijm simo. Tìte, E ∈ Aµ∗ opìte mporoÔme na p�roume G = E.

(ii) To E eÐnai uperarijm simo. PaÐrnoume G = R. An A ∈ Aµ∗ kai A ⊆ R \E =
Ec, tìte to A den èqei arijm simo sumpl rwma (parathr ste ìti Ac ⊇ E) �ra
eÐnai arijm simo. 'Epetai ìti µ(A) = 0.

23. Upojètoume pr¸ta ìti ta A kai B eÐnai fragmèna, dhlad  up�rqoun diast mata
I kai J ¸ste: A ⊆ I kai B ⊆ J . DeÐqnoume diadoqik� ta ex c:

(i) λ∗2(A×B) ≤ λ1(A)λ2(B). JewroÔme tuqoÔsec kalÔyeic {Rm}∞m=1 kai {Qn}∞n=1

twn A kai B. Tìte, h {Rm ×Qn}∞m,n=1 eÐnai k�luyh tou A×B. 'Ara,

λ∗2(A×B) ≤
∞∑

n,m=1

vol(Rm ×Qn) =
∞∑

n,m=1

vol(Rm)vol(Qn)

=

( ∞∑
m=1

vol(Rm)

)( ∞∑
n=1

vol(Qn)

)
.

P�rte infimum wc proc ìlec tic dunatèc kalÔyeic.

(ii) To A×B eÐnai Lebesgue metr simo. Pr�gmati, up�rqoun Fσ sÔnola E, F kai
sÔnola N, Z mhdenikoÔ mètrou ¸ste A = E ∪N kai B = F ∪ Z. Tìte,

A×B = (E ∪N)× (F ∪ Z) = (E × F ) ∪ (N × F ) ∪ (E × Z) ∪ (N × Z).

To E×F eÐnai Fσ sÔnolo kai ta upìloipa trÐa sÔnola eÐnai mhdenikoÔ mètrou
(apì to prohgoÔmeno b ma). 'Ara, to A×B eÐnai Lebesgue metr simo.

(iii) Parathr ste ìti

I × J = (A×B) ∪ ((I \A)×B) ∪ (A× (J \B)) ∪ ((I \A)× (J \B)).
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'Ola ta sÔnola eÐnai metr sima apì to deÔtero b ma. 'Ara,

λ1(I)λ1(J) = λ2(I × J)

= λ2(A×B) + λ2((I \A)×B) + λ2(A× (J \B)) + λ2((I \A)× (J \B))

≤ λ1(A)λ1(B) + λ1(I \A)λ1(B) + λ1(A)λ1(J \B) + λ1(I \A)λ1(J \B)

= [λ1(A) + λ1(I \A)] · [λ1(B) + λ1(J \B)]

= λ1(I)λ1(J).

Prèpei na èqoume pantoÔ isìthtec: eidikìtera, λ2(A×B) = λ1(A)λ2(B).

Gia th genik  perÐptwsh, jewroÔme ta diast mata In = [−n, n] kai orÐzoume An =
A ∩ In, Bn = B ∩ In. Tìte, An × Bn ↗ A × B, �ra to A × B eÐnai Lebesgue
metr simo. EpÐshc,

λ2(A×B) = lim
n→∞

λ2(An ×Bn) = lim
n→∞

λ1(An)λ1(Bn) = λ1(A)λ1(B).

24. MimoÔmaste thn kataskeu  tou sunìlou tou Cantor. JewroÔme to di�sthma
I0 = [0, 1] kai to qwrÐzoume se dèka Ðsa diast mata. AfairoÔme to tètarto kleistì
di�sthma

[
4
10 , 5

10

]
. Onom�zoume I1 to sÔnolo pou apomènei, to opoÐo apoteleÐtai apì

ennèa diast mata m kouc 1
10 .

QwrÐzoume kajèna apì aut� se dèka Ðsa diast mata kai afairoÔme to tètarto
kleistì di�sthma. Onom�zoume I2 to sÔnolo pou apomènei. SuneqÐzontac me au-
tìn ton trìpo, kataskeu�zoume gia k�je n = 1, 2, . . . èna sÔnolo In ètsi ¸ste h
akoloujÐa (In) na èqei tic ex c idiìthtec:

(i) In ⊃ In+1 gia k�je n ≥ 0.

(ii) To In eÐnai h ènwsh 9n kleist¸n diasthm�twn, kajèna apì ta opoÐa èqei m koc
1

10n .

OrÐzoume C =
⋂∞

n=0 In. To C eÐnai metr simo kai apì thn λ(In) = 9n/10n èpetai
ìti λ(C) = 0. Parathr ste ìti to x ∈ [0, 1] den èqei dekadikì an�ptugma pou na
perièqei to yhfÐo 4 an kai mìno an x ∈ C.

25. DeÐqnoume pr¸ta to ex c: an W eÐnai èna sumpagèc uposÔnolo tou Rk me
λ(W ) > 0, tìte, gia k�je 0 < β < λ(W ) mporoÔme na broÔme sumpagèc V ⊂ W

¸ste λ(V ) = β.
Apìdeixh. AfoÔ to W eÐnai sumpagèc, mporoÔme na broÔme kleistì di�sthma [a, b] ⊂
R kai kleistì di�sthma Q ⊂ Rk−1 ¸ste W ⊆ Q1 := [a, b]×Q. OrÐzoume f : [a, b] →
R me

f(t) = λ(W ∩ {x = (x1, . . . , xk) ∈ Q1 : a ≤ x1 ≤ t}).
H f eÐnai suneq c: deÐxte ìti

|f(t)− f(s)| ≤ λk−1(Q) |t− s|.

AfoÔ f(a) = 0 kai f(b) = λ(W ), o isqurismìc èpetai apì to je¸rhma endi�meshc
tim c.
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'Estw t¸ra E kai F dÔo sumpag  uposÔnola tou Rk me E ⊂ F kai λ(E) < λ(F ).
'Estw α ∈ (

λ(E), λ(F )
)
. AfoÔ α−λ(E) < λ(F \E), mporoÔme na broÔme sumpagèc

sÔnolo W ⊆ F \ E me λ(W ) > α − λ(E). Efarmìzontac ton isqurismì, brÐskoume
sumpagèc V ⊂ W ¸ste λ(V ) = α − λ(E). An jèsoume K = E ∪ V , èqoume ìti to
K eÐnai sumpagèc, E ⊂ K ⊂ F kai λ(K) = α.

26. Apì ton orismì tou exwterikoÔ mètrou, gia k�je ε > 0 mporoÔme na broÔme
akoloujÐa {Jn} anoikt¸n diasthm�twn ¸ste A ⊆ ⋃∞

n=1 Jn kai

∞∑
n=1

λ(Jn) < (1 + ε)λ∗(A).

Apì thn upoprosjetikìthta tou λ∗ paÐrnoume

λ∗(A) ≤
∞∑

n=1

λ∗(A ∩ Jn).

Apì tic parap�nw anisìthtec èpetai ìti, gia k�poio m ∈ N,

λ∗(A ∩ Jm) ≥ 1
1 + ε

λ∗(Jm).

PaÐrnontac ε = 1
α − 1 èqoume to zhtoÔmeno.

27. To epiqeÐrhma thc prohgoÔmenhc 'Askhshc douleÔei ston Rk gia opoiond pote
k ∈ N. MporoÔme epÐshc na upojèsoume ìti oi korufèc twn diasthm�twn Jn èqoun
korufèc me rhtèc suntetagmènec.

Efarmìzontac to parap�nw sta E kai F , mporoÔme na broÔme diast mata I0 kai
J0 me {rhtèc korufèc}, ¸ste

(∗) λ(E ∩ I0) ≥ 3
4
λ(I0) kai λ(F ∩ J0) ≥ 3

4
λ(J0).

Isqurismìc. MporoÔme na broÔme m,n ∈ N ¸ste ta I0 kai J0 na qwrÐzontai se
m kai n Ðsouc mh epikaluptìmenouc kÔbouc antÐstoiqa (�skhsh: qrhsimopoi ste to
gegonìc ìti oi akmèc twn I0 kai J0 èqoun rht� m kh).

H (∗) kai èna epiqeÐrhma ìmoio me autì thc 'Askhshc 4 deÐqnoun ìti up�rqoun
kÔboi I1 kai J1 pou èqoun to Ðdio m koc akm c, ¸ste

λ(E ∩ I1) ≥ 3
4
λ(I1) kai λ(F ∩ J1) ≥ 3

4
λ(J1).

Me �lla lìgia, up�rqei kÔboc I me kèntro to 0 kai up�rqoun x, y ∈ Rk ¸ste

λ((E − x) ∩ I) ≥ 3
4
λ(I) kai λ((F − y) ∩ I) ≥ 3

4
λ(I).

'Epetai ìti
λ((E − x) ∩ (F − y) ∩ I) ≥ 1

2
λ(I) > 0.
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Jètoume B = (E − x) ∩ (F − y). Apì to L mma tou Steinhaus, to B − B perièqei
di�sthma me kèntro to 0. AfoÔ

E − F − (x + y) = (E − x)− (F − y) ⊇ B −B,

sumperaÐnoume ìti to E − F perièqei di�sthma. Antikajist¸ntac to F me to −F

paÐrnoume to zhtoÔmeno.

28. DeÐxte diadoqik� ta ex c:

(i) An to F ⊆ Rk eÐnai sumpagèc tìte to T (F ) eÐnai sumpagèc.

(ii) An to E ⊆ Rk eÐnai Fσ�sÔnolo tìte to E mporeÐ na grafteÐ san arijm simh
ènwsh sumpag¸n uposunìlwn tou Rk. Apì to prohgoÔmeno b ma, to T (E)
eÐnai Fσ�sÔnolo.

(iii) H T eÐnai Lipschitz suneq c sun�rthsh: up�rqei M > 0 ¸ste ‖T (x) −
T (y)‖2 ≤ M ‖x− y‖2 gia k�je x, y ∈ Rk.

(iv) An R eÐnai ènac kÔboc (di�sthma me isom keic akmèc) ston Rk, tìte to T (R)
perièqetai se mia mp�la aktÐnac to polÔ Ðshc me M ·d

2 = M
√

kα
2 ìpou d h di�me-

troc kai α h akm  tou R. Dhlad , up�rqei c = c(M,k) > 0 ¸ste to T (R) na
perièqetai se kÔbo akm c cα. 'Epetai ìti λ(T (R)) ≤ ckλ(R).

(v) Qrhsimopoi¸ntac to prohgoÔmeno b ma kai thn parat rhsh ìti gia ton orismì
tou exwterikoÔ mètrou tou A arkeÐ na jewr soume kalÔyeic tou A me kÔbouc,
deÐxte ìti an λ(A) = 0 tìte λ(T (A)) = 0.

Gr�fontac to tuqìn metr simo sÔnolo san ènwsh enìc Fσ�sunìlou kai enìc sunìlou
mètrou 0 paÐrnoume �mesa to zhtoÔmeno.

29. (a) Apì th monotonÐa tou exwterikoÔ mètrou èqoume λ(F ) ≤ λ∗(E) gia k�je
kleistì F ⊆ E. Sunep¸c,

λ(i)(E) = sup{λ(F ) : F ⊆ E, F kleistì} ≤ λ∗(E).

(b) Upojètoume pr¸ta ìti to E eÐnai Lebesgue metr simo. 'Estw ε > 0. Xèroume
ìti up�rqei kleistì F ⊆ E ¸ste λ(E) < λ(F ) + ε. Apì ton orismì tou λ(i)(E)
èpetai ìti λ(E) < λ(i)(E) + ε. To ε > 0  tan tuqìn, �ra λ∗(E) ≤ λ(i)(E). Apì to
(a) prokÔptei h isìthta.

AntÐstrofa, ac upojèsoume ìti λ∗(E) = λ(i)(E) < ∞. MporoÔme tìte na
broÔme Gδ�sÔnolo G kai Fσ�sÔnolo F ¸ste F ⊆ E ⊆ G kai λ(F ) = λ∗(E) =
λ(G) < ∞ (exhg ste giatÐ). Tìte, λ(G \F ) = λ(G)− λ(F ) = 0 kai E \F ⊆ G \F ,
opìte to E \ F eÐnai Lebesgue metr simo (me λ(E \ F ) = 0). 'Epetai ìti to E =
F ∪ (E \ F ) eÐnai Lebesgue metr simo.

(g) An λ∗(E) = ∞ tìte h isodunamÐa sto (b) den eÐnai p�nta swst , me thn ex c
ènnoia: up�rqei mh metr simo sÔnolo E me λ(i)(E) = λ∗(E) = ∞. Par�deigma:
jewr ste èna mh metr simo A ⊂ [0, 1] kai p�rte san E to A ∪ [2, +∞).
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30. Pr¸toc trìpoc. OrÐzoume thn ex c sqèsh isodunamÐac sto [0, 1]:

x ∼ y ⇐⇒ x− y ∈ Q.

An {Fα : α ∈ A} eÐnai h oikogèneia twn kl�sewn isodunamÐac thc ∼, orÐzoume, me
qr sh tou axi¸matoc thc epilog c, èna sÔnolo E ⊂ [0, 1] to opoÐo perièqei akrib¸c
èna shmeÐo apì k�je Fα. JewroÔme mia arÐjmhsh {qn : n ∈ N} twn rht¸n tou [−1, 1]
kai orÐzoume En = qn + E. Apì ton trìpo orismoÔ tou E elègqoume ìti ta En eÐnai
xèna an� dÔo kai ìti

[0, 1] ⊆ ∪∞n=1En ⊆ [−1, 2].

Parathr ste ìti
λ∗(En) = λ∗(E) > 0

gia k�je n ∈ N. Alli¸c, ja eÐqame

1 = λ([0, 1]) ≤ λ∗ (∪∞n=1En) = 0.

'Ara,
∞∑

n=1

λ∗(En) = +∞ > 3 = λ([−1, 2]) ≥ λ∗ (∪∞n=1En) .

DeÔteroc trìpoc. GnwrÐzoume ìti up�rqei mh metr simo sÔnolo A ⊂ R. Sunep¸c,
up�rqei E ⊂ R ¸ste

λ∗(E) < λ∗(E ∩A) + λ∗(E ∩Ac).

Jewr ste ta sÔnola E1 = E ∩A, E2 = E ∩Ac, E3 = E4 = · · · = ∅.
31. (a) Parathr ste ìti

λ(A(ε)) ≤
∞∑

n=1

λ
((

qn − ε

2n
, qn +

ε

2n

))
=

∞∑
n=1

2ε

2n
= 2ε.

(b) An to [0, 1] \A(ε)  tan kenì, ja eÐqame [0, 1] ⊆ A(ε), opìte 1 ≤ λ(A(ε)). 'Omwc,
an ε < 1

2 , apì to (a) paÐrnoume λ(A(ε)) ≤ 2ε < 1.

(g) AfoÔ 0 ≤ qn ≤ 1, gia k�je j ∈ N èqoume A ⊆ A(1/j) ⊆ [−1/j, 1 + 1/j]. 'Ara,

A ⊆
∞⋂

j=1

[−1/j, 1 + 1/j] = [0, 1].

EpÐshc, apì to (a),
λ(A) ≤ λ(A(1/j)) ≤ 2/j

gia k�je j ∈ N. 'Ara, λ(A) = 0.

(d) 'Eqoume Q ∩ [0, 1] = {qn : n ∈ N} ⊆ A(1/j) gia k�je j ∈ N, �ra Q ∩ [0, 1] ⊆
∩∞j=1A(1/j) = A.
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Gia k�je j ∈ N, to [0, 1] \ A(1/j) eÐnai kleistì kai poujen� puknì (diìti den
perièqei rhtoÔc). Ac upojèsoume ìti to A eÐnai arijm simo. An A = {xn : n ∈ N},
tìte mporoÔme na gr�youme

[0, 1] = A ∪ ([0, 1] \A) =

( ∞⋃
n=1

{xn}
)
∪




∞⋃

j=1

([0, 1] \A(1/j))


 .

Autì odhgeÐ se �topo: ìla ta sÔnola {xn}, [0, 1] \A(1/j) eÐnai kleist�, �ra k�poio
apì aut� ja èprepe na perièqei di�sthma, apì to je¸rhma tou Baire. Sunep¸c, to
A eÐnai uperarijm simo.

32. K�noume pr¸ta thn epiplèon upìjesh ìti to A eÐnai fragmèno uposÔnolo tou
[0,∞). Dhlad , up�rqei m > 0 ¸ste A ⊆ [0,m]. 'Estw ε > 0. AfoÔ λ(A) = 0,
up�rqei akoloujÐa {Rk} diasthm�twn Rk = [ak, bk] ⊂ [0,∞) ¸ste A ⊆ ∪∞k=1Rk kai∑∞

k=1(bk − ak) < ε. Tìte,

{x2 : x ∈ A} ⊆
∞⋃

k=1

[a2
k, b2

k]

kai ∞∑

k=1

(b2
k − a2

k) =
∞∑

k=1

(bk − ak)(bk + ak) ≤ 2m

∞∑

k=1

(bk − ak) < 2mε.

AfoÔ λ∗({x2 : x ∈ A}) ≤ 2mε gia to tuqìn ε > 0, sumperaÐnoume ìti λ({x2 : x ∈
A}) = 0.

'Estw t¸ra A ⊂ [0,∞) me λ(A) = 0. OrÐzoume Am = A ∩ [0,m], m ∈ N. Tìte,
λ(Am) = 0 kai to prohgoÔmeno b ma deÐqnei ìti λ({x2 : x ∈ Am}) = 0. AfoÔ

{x2 : x ∈ A} =
∞⋃

m=1

{x2 : x ∈ Am},

èpetai ìti λ({x2 : x ∈ A}) = 0. To Ðdio isqÔei an A ⊂ (−∞, 0] kai λ(A) = 0.
Gia thn genik  perÐptwsh, an A ⊆ R kai λ(A) = 0, orÐzoume A+ = {x ∈ A : x ≥

0}, A− = {x ∈ A : x < 0} kai, qrhsimopoi¸ntac to prìhgoÔmeno b ma, paÐrnoume

λ(B) ≤ λ({x2 : x ∈ A+}) + λ({x2 : x ∈ A−}) = 0.

33. (a) To C eÐnai kleistì wc tom  kleist¸n sunìlwn: èqoume C =
⋂∞

n=0 I(n) kai
k�je I(n) eÐnai peperasmènh ènwsh kleist¸n diasthm�twn.
(b) To C den èqei memonwmèna shmeÐa: èstw x ∈ C. Gia k�je n ∈ N, to x an kei se
k�poio apì ta 2n kleist� diast mata I

(n)
k pou sqhmatÐzoun to I(n). Toul�qiston

èna apì ta �kra tou I
(n)
k , ac to poÔme yn, eÐnai diaforetikì apì to x. To m koc tou

I
(n)
k eÐnai Ðso me 1/3n, �ra |x− yn| ≤ 1/3n.

K�je �kro diast matoc I
(n)
k eÐnai shmeÐo tou C. Sunep¸c, yn ∈ C, yn 6= x kai

yn → x. 'Epetai ìti to x eÐnai shmeÐo suss¸reushc tou C.
(g) An k�poio (mh tetrimmèno) di�sthma J perièqetai sto C, tìte gia k�je n èqoume
J ⊆ I

(n)
k , ìpou I

(n)
k eÐnai k�poio apì ta kleist� diast mata pou sqhmatÐzoun to I(n).
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Tìte, λ(J) ≤ λ(I(n)
k ) = 1/3n. AfoÔ autì sumbaÐnei gia k�je n, sumperaÐnoume ìti

λ(J) = 0, �topo.

34. DeÐqnoume me epagwg  ìti: gia k�je n ∈ N, o 1/4 brÐsketai sto eswterikì
k�poiou apì ta I

(n)
k , kai qwrÐzei to I

(n)
k se dÔo mèrh pou èqoun lìgo 3 : 1 an n

perittìc kai 1 : 3 an n �rtioc. 'Epetai ìti 1
4 ∈ C all�, gia k�je n ∈ N, o 1

4 den eÐnai
�kro kanenìc apì ta 2n kleist� diast mata I

(n)
k pou sqhmatÐzoun to I(n).

Gia par�deigma, ac upojèsoume ìti x ∈ I
(n)
k = (a, b) kai x− a = 3(b−x) (ed¸, o

n eÐnai perittìc). Sto epìmeno b ma, qwrÐzoume to [a, b] se trÐa Ðsa mèrh kai krat�me
ta

[
a, 2a+b

3

]
,
[
2b+a

3 , b
]
. Parathr ste ìti x = 3b+a

4 , �ra 2b+a
3 < x < b kai

b− x = b− 3b + a

4
=

b− a

4
= 3

(
3b + a

4
− 2b + a

3

)
= 3

(
x− 2b + a

3

)
.

35. (a) An cn ∈ {0, 1, 2} tìte

0 ≤
∞∑

n=1

cn

3n
≤

∞∑
n=1

2
3n

= 1.

(b) 'Estw x ∈ [0, 1]. QwrÐzoume to [0, 1] sta trÐa upodiast mata
[
0, 1

3

]
,
(

1
3 , 2

3

)
kai[

2
3 , 1

]
. Jètoume

c1 = 0, an x ∈ [
0, 1/3

]

c1 = 1, an x ∈ (
1/3, 2/3

)

c1 = 2, an x ∈ [
2/3, 1

]
.

'Etsi, se k�je perÐptwsh, èqoume

c1

3
≤ x ≤ c1

3
+

1
3
.

Ac upojèsoume ìti x ∈ [
0, 1

3

]
. QwrÐzoume autì to di�sthma sta trÐa upodiast mata[

0, 1
9

]
,

(
1
9 , 2

9

)
kai

[
2
9 , 1

3

]
, kai jètoume c2 = 0, 1   2 antÐstoiqa an to x an kei sto

aristerì, sto mesaÐo   sto dexiì apì aut� ta diast mata. An�loga orÐzetai to c2

ìtan x ∈ (
1
3 , 2

3

)
  x ∈ [

2
3 , 1

]
, ètsi ¸ste, se k�je perÐptwsh, na èqoume

c1

3
+

c2

32
≤ x ≤ c1

3
+

c2

32
+

1
32

.

SuneqÐzoume thn epilog  twn cn me autì ton trìpo ètsi ¸ste, gia k�je N , na èqoume

N∑
n=1

cn

3n
≤ x ≤

N∑
n=1

cn

3n
+

1
3N

.

AfoÔ loipìn, gia k�je N èqoume 0 ≤ x −
N∑

n=1

cn

3n ≤ 1
3N , èpetai ìti h seir�

∞∑
n=1

cn

3n

sugklÐnei sto x, dhlad 

x =
∞∑

n=1

cn

3n
.
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(g) 'Estw ìti k�poioc x ∈ [0, 1] èqei dÔo diaforetik� triadik� anaptÔgmata:

x =
∞∑

k=1

ck

3k
=

∞∑

k=1

bk

3k
.

'Estw n o mikrìteroc fusikìc gia ton opoÐo ck 6= bk, kai ac upojèsoume ìti cn < bn.
AfoÔ

∞∑

k=n

ck

3k
=

∞∑

k=n

bk

3k
,

kai
∞∑

k=n

ck

3k
≤ cn

3n
+

∞∑

k=n+1

2
3k

=
cn + 1

3n
≤ bn

3n
≤

∞∑

k=n

bk

3k
,

blèpoume ìti

bn = cn + 1, ck = 2 an k > n, bk = 0 an k > n.

Sunep¸c,

x =
n∑

k=1

bk

3k
=

m

3n
,

ìpou m = b13n−1 + b23n−2 + · · ·+ bn.
AntÐstrofa, an x = m/3n gia k�poion m ∈ N, gr�foume ton m sth morf 

m = b13n−1 + b23n−2 + · · · + bn, ìpou bj ∈ {0, 1, 2} kai bn 6= 0, kai paÐrnoume dÔo
diaforetik� triadik� anaptÔgmata gia ton x, ta 0 · b1b2 · · · bn kai 0 · b1 · · · bn−1(bn −
1)2 · · · 2 · · · .
(d) 'Estw x ∈ [0, 1] kai 0 · c1c2 · · · h triadik  par�stash pou br kame gia ton x sto
(b). EÐnai fanerì ìti x ∈ I(1) an kai mìno an c1 = 0   c1 = 2. EpÐshc, x ∈ I(2)

an kai mìno an c1 ∈ {0, 2} kai c2 ∈ {0, 2}. Me ton Ðdio trìpo, x ∈ I(n) an kai mìno
an c1, . . . , cn ∈ {0, 2}. An t¸ra x ∈ C, tìte x ∈ ⋂∞

n=1 I(n). 'Epetai ìti, gia k�je
n ∈ N, cn ∈ {0, 2}.

'Estw t¸ra x ∈ [0, 1] \ C kai èstw 0 · c1c2 · · · mia triadik  par�stash tou x.
An x /∈ I(1), tìte 1

3 < x < 2
3 . All�, apì th sqèsh c1

3 ≤ x ≤ c1
3 + 1

3 paÐrnoume
0 < c1 < 2, �ra c1 = 1. Upojètoume ìti, gia k�poio n ≥ 2, èqoume x ∈ I(n−1)

all� x /∈ I(n). AfoÔ x /∈ I(n), to x den mporeÐ na eÐnai �kro k�poiou triadikoÔ
diast matoc apì aut� pou apoteloÔn to I(n−1). Up�rqei loipìn monadikì anoiqtì
triadikì di�sthma m kouc 1

3n−1 sto opoÐo an kei to x kai, anagkastik�, autì eÐnai
to (

n−1∑

k=1

ck

3k
,

n−1∑

k=1

ck

3k
+

1
3n−1

)
.

To gegonìc ìti x /∈ I(n) shmaÐnei ìti to x an kei sto mesaÐo anoiqtì trÐto autoÔ tou
diast matoc, dhlad 

n−1∑

k=1

ck

3k
+

1
3n

< x <

n−1∑

k=1

ck

3k
+

2
3n

.
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Apì autì kai th sqèsh

n−1∑

k=1

ck

3k
+

cn

3n
≤ x ≤

n−1∑

k=1

ck

3k
+

cn + 1
3n

paÐrnoume 0 < cn < 2, dhlad  cn = 1. An loipìn x /∈ C, tìte, gia ton el�qisto
fusikì n me x /∈ I(n), isqÔei cn = 1.

36. JewroÔme to di�sthma I(0) = [0, 1] kai to qwrÐzoume se trÐa diast mata: to
mesaÐo èqei m koc δ

3 kai ta �lla dÔo èqoun to Ðdio m koc. AfairoÔme to anoiktì
mesaÐo di�sthma kai onom�zoume I(1) to sÔnolo pou apomènei. To I(1) eÐnai profan¸c
kleistì sÔnolo, kai λ(I(1)) = 1− δ

3 . QwrÐzoume kajèna apì ta dÔo diast mata pou
sqhmatÐzoun to I(1) se trÐa diast mata: to mesaÐo èqei m koc δ

32 kai ta �lla dÔo
èqoun to Ðdio m koc. Katìpin, afairoÔme to mesaÐo anoiktì di�sthma. Onom�zoume
I(2) to sÔnolo pou apomènei. To I(2) eÐnai profan¸c kleistì sÔnolo, kai

λ(I(2)) = λ(I(1))− 2
δ

32
= 1− δ

3
− 2

δ

32
.

SuneqÐzontac me autìn ton trìpo, kataskeu�zoume gia k�je n = 1, 2, . . . èna kleistì
sÔnolo I(n) ètsi ¸ste h akoloujÐa (I(n)) na èqei tic ex c idiìthtec:

(i) I(n) ⊃ I(n+1) gia k�je n ≥ 0.

(ii) To I(n) eÐnai h ènwsh 2n kleist¸n diasthm�twn pou èqoun to Ðdio m koc.

(iii) λ(I(n)) = 1− δ
3 − 2 δ

32 − · · · − 2n−1 δ
3n .

Tèloc, orÐzoume

Dδ =
∞⋂

n=0

I(n).

ParathroÔme ìti

λ(Dδ) = lim
n→∞

λ(I(n)) = lim
n→∞

[
1− δ

(
1−

(
2
3

)n−1
)]

= 1− δ.

An I
(n)
k eÐnai k�poio apì ta kleist� diast mata pou sqhmatÐzoun to I(n), tìte to

m koc tou I
(n)
k eÐnai Ðso me 1

2n

[
1− δ

(
1− (

2
3

)n−1
)]

→ 0. Qrhsimopoi¸ntac aut n
thn plhroforÐa kai douleÔontac ìpwc sthn 'Askhsh 3, mporoÔme na deÐxoume ìti to
Dδ eÐnai tèleio kai den perièqei diast mata.

37*. Apì thn prohgoÔmenh 'Askhsh isqÔei to ex c: an I eÐnai èna di�sthma m kouc
α, kai an akolouj soume th diadikasÐa kataskeu c tou sunìlou tou Cantor afai-
r¸ntac sto n�ostì b ma anoikt� upodiast mata m kouc αδ/3n (ìpou 0 < δ < 1),
tìte to sÔnolo pou prokÔptei den perièqei diast mata kai èqei mètro α(1− δ).

PaÐrnoume 0 < δ1 < 1 kai kataskeu�zoume sÔnolo D1 sto [0, 1] me ton parap�nw
trìpo. To D1 den perièqei diast mata kai λ(D1) = 1− δ1.

To B1 = [0, 1] \ D1 eÐnai mia arijm simh ènwsh anoikt¸n diasthm�twn: B1 =
∪jR

1
j . Se k�je kleistì di�sthma R1

j , j ∈ N, k�noume thn Ðdia kataskeu  me k�poio
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0 < δ2 < 1 (to Ðdio gia k�je j). ProkÔptei sÔnolo D2
j pou den perièqei diast mata

kai èqei mètro λ(D2
j ) = (1− δ2)λ(R1

j ). OrÐzoume

D2 = D1 ∪ (∪∞j=1D
2
j

)
.

Tìte,
λ(D2) = (1− δ1) + (1− δ2)δ1 = 1− δ1δ2.

To B2 = [0, 1] \ D2 eÐnai p�li mia arijm simh ènwsh anoikt¸n diasthm�twn: B2 =
∪jR

2
j . Se k�je kleistì di�sthma R2

j , j ∈ N, k�noume thn Ðdia kataskeu  me k�poio
0 < δ3 < 1 (to Ðdio gia k�je j).

Epagwgik�, orÐzoume mia akoloujÐa {Dn} uposunìlwn tou [0, 1] me tic ex c
idiìthtec:

(i) Dn+1 ⊂ Bn = [0, 1] \Dn.

(ii) λ(Dn) = 1− δ1δ2 · · · δn.

(iii) To Dn \Dn−1 eÐnai ènwsh arijm simwn to pl joc mh epikaluptìmenwn klei-
st¸n sunìlwn Dn

j , kajèna apì ta opoÐa den perièqei diast mata.

MporoÔme m�lista na epilèxoume sugkekrimmèna δj = 2j+1
2j+2 ¸ste

δ1δ2 · · · δn =
2n + 1
2n+1

→ 1
2
.

OrÐzoume E = ∪∞n=1D
n. Tìte, λ(E) = lim

n→∞
λ(Dn) = lim

n→∞
(1 − δ1 · · · δn) = 1

2 . To
E eÐnai metr simo, afoÔ k�je Dn eÐnai sÔnolo Borel.

'Estw J = [a, b] upodi�sthma tou [0, 1]. O isqurismìc eÐnai ìti up�rqei upodi�-
sthma Rn

j k�poiou Bn ¸ste Rn
j ⊆ J .

Apìdeixh. Me eic �topo apagwg . 'Estw ìti den up�rqei R1
j ⊂ B1 me R1

j ⊆ J .
Parathr ste ìti up�rqei j ¸ste R1

j ∩ J 6= ∅ (alli¸c ja eÐqame J ⊆ D1, �topo).
AfoÔ to R1

j = (aj , bj) eÐnai anoiktì, to R1
j ∩ J eÐnai di�sthma. DiakrÐnoume tic ex c

peript¸seic:

(a) aj < a < bj < b: up�rqei R1
t = (at, bt) me bj < at ≤ b (alli¸c, [bj , b] ⊆ D1 to

opoÐo eÐnai �topo). Tìte ìmwc, up�rqei R1
s = (as, bs) ⊆ [bj , at) lìgw thc kataskeu c

tou D1. 'Ara, up�rqei R1
s ⊆ J . Autì eÐnai �topo.

(b) a < aj < b < bj : katal goume se �topo me ton Ðdio trìpo.

(g) J = [a, b] ⊂ R1
j = (aj , bj): sto R1

j kataskeu�sthke to D2
j . Epanalamb�-

nontac to sullogismì, blèpoume ìti eÐte up�rqei j ¸ste R2
j ⊆ J   up�rqei j ¸ste

J ⊆ R2
j .

SuneqÐzontac ètsi, blèpoume ìti eÐte up�rqoun n kai j ¸ste Rn
j ⊆ J   gia k�je

n up�rqei j ¸ste J ⊆ Rn
j . H deÔterh perÐptwsh apokleÐetai giatÐ tìte ja eÐqame

λ(J) ≤ inf
n

λ(Rn
j ) = 0

(parathr ste ìti λ(Rn
j ) ≤ δ1···δn

3n ). 2
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Up�rqei loipìn k�poio Rn
j , anoiktì upodi�sthma k�poiou Dn, ¸ste Rn

j ⊆ J .
'Omwc tìte, sto Rn

j kataskeu�sthke to Dn+1
j , to opoÐo èqei mètro λ(Rn+1

j ) =
λ(Rn

j )(1 − δn+1), mèsa se autì arijm sima to pl joc Dn+2
j me sunolikì mètro

λ(Rn
j )δn+1(1 − δn) klp. Dhlad , to sunolikì mètro twn Dm

j , m > n pou kata-
skeu�sthkan mèsa sto Rn

j eÐnai Ðso me

λ(Rn
j )(1− δn+1δn+2 · · · ) = λ(Rn

j )
(

1− 1
2δ1 · · · δn

)
.

'Epetai ìti

λ(E ∩Rn
j ) = λ(Rn

j )
(

1− 1
2δ1 · · · δn

)
> 0 kai λ(Rn

j \ E) = λ(Rn
j )

1
2δ1 · · · δn

> 0.

AfoÔ Rn
j ⊆ J , sumperaÐnoume ìti

λ(E ∩ J) > 0 kai λ(J \ E) > 0.

38. Upojètoume ìti f−1((q, +∞]) ∈ A gia k�je q ∈ Q. 'Estw α ∈ R. Up�rqei
gnhsÐwc fjÐnousa akoloujÐa rht¸n qn → α. Gr�foume

{x ∈ X : f(x) > α} =
∞⋃

n=1

{x ∈ X : f(x) > qn}.

Pr�gmati, an f(x) > α tìte telik� èqoume f(x) > qn (kai antÐstrofa, an f(x) > qn

gia k�poion n ∈ N, tìte f(x) > α). AfoÔ {x ∈ X : f(x) > qn} ∈ A gia k�je
n, èpetai ìti {x ∈ X : f(x) > α} ∈ A. AfoÔ to α ∈ R  tan tuqìn, h f eÐnai
A�metr simh. H antÐstrofh kateÔjunsh eÐnai profan c: xèroume ìti an h f eÐnai
A�metr simh tìte f−1((α, +∞]) ∈ A gia k�je α ∈ R.

39. 'Estw {qn : n ∈ N} mia arÐjmhsh tou Q. Gia k�je n ∈ N jètoume

En = {x ∈ X : f(x) = qn}.

AfoÔ h f eÐnai A�metr simh, èqoume En ∈ A gia k�je n ∈ N. Jètoume E = ∪∞n=1En.
Parathr ste ìti g = 1− χE . AfoÔ E ∈ A, h g eÐnai A�metr simh.

40. Pr¸toc trìpoc. Elègxte ìti gia k�je α ∈ R to sÔnolo {x ∈ R : f(x) > α}
eÐnai (anoikt    kleist ) hmieujeÐa   to kenì sÔnolo   to R.
DeÔteroc trìpoc. AfoÔ h f eÐnai aÔxousa, to sÔnolo A twn shmeÐwn asunèqeiac thc
f eÐnai arijm simo.

Ja deÐxoume ìti k�je sun�rthsh f : R → R me arijm simo sÔnolo shmeÐwn
asunèqeiac eÐnai Borel metr simh. 'Estw C = R\A to sÔnolo twn shmeÐwn sunèqeiac
thc f . 'Estw U èna anoiktì uposÔnolo tou R. Gr�foume

f−1(U) =
(
f−1(U) ∩ C

) ∪ (
f−1(U) ∩A

)
.

To f−1(U)∩A eÐnai arijm simo, �ra an kei sthn B(R). To f−1(U)∩C eÐnai anoiktì
sto C: èstw x ∈ C ¸ste f(x) ∈ U . AfoÔ to U eÐnai anoiktì, up�rqei ε > 0 ¸ste
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(f(x) − ε, f(x) + ε) ⊂ U . AfoÔ h f eÐnai suneq c sto x, up�rqei δ > 0 ¸ste
an |y − x| < δ tìte f(y) ∈ (f(x) − ε, f(x) + ε) ⊂ U . Dhlad , f−1(U) ∩ C ⊇
(x− δ, x + δ) ∩ C.

EÐdame ìti to f−1(U)∩C eÐnai anoiktì sto C, �ra up�rqei V anoiktì uposÔnolo
tou R ¸ste f−1(U) ∩ C = V ∩ C. 'Omwc, V ∈ B(R) kai C = R \ A ∈ B(R). 'Ara,
f−1(U) ∩ C = V ∩ C ∈ B(R).

Apì ta parap�nw èpetai ìti to f−1(U) eÐnai Borel wc ènwsh dÔo sunìlwn Borel.
AfoÔ autì isqÔei gia k�je anoiktì U ⊆ R, h f eÐnai Borel metr simh.

41. (a) 'Estw U ∈ B(R). AfoÔ h h eÐnai Borel metr simh, èqoume h−1(U) ∈ B(R).
H g eÐnai suneq c, �ra g−1(h−1(U)) ∈ B(R) ('Askhsh 3(g), Full�dio 2). EÐdame ìti
(h ◦ g)−1(U) = g−1(h−1(U)) ∈ B(R) gia k�je U ∈ B(R). 'Ara, h h ◦ g : R→ R eÐnai
Borel metr simh.

(b) JewroÔme th sun�rthsh Cantor–Lebesgue f : [0, 1] → R kai orÐzoume m :
[0, 1] → R me m(x) = f(x)+x

2 . H m eÐnai gnhsÐwc aÔxousa kai epÐ tou [0, 1]. JewroÔme
thn antÐstrofh sun�rthsh thc m kai thn epekteÐnoume se suneq  sun�rthsh g :
R → R jètontac g(x) = 0 an x < 0 kai g(x) = 1 an x > 1. GnwrÐzoume ìti h
eikìna m(C) tou sunìlou tou Cantor mèsw thc m èqei jetikì mètro (Ðso me 1/2),
�ra up�rqei mh�metr simo A ⊆ m(C) (to opoÐo den perièqei ta 0, 1). An E = g(A),
tìte to E perièqetai sto C, �ra eÐnai Lebesgue metr simo. 'Epetai ìti h sun�rthsh
h = χE : R→ R eÐnai Lebesgue metr simh.

JewroÔme thn h ◦ g = χE ◦ g. Parathr ste ìti h h ◦ g paÐrnei mìno tic timèc 0
kai 1, kai ìti (h ◦ g)(x) = 1 an kai mìno an g(x) ∈ E, dhlad  an kai mìno an x ∈ A.
'Ara,

h ◦ g = χE ◦ g = χA.

AfoÔ to A eÐnai mh�metr simo, h h ◦ g den eÐnai Lebesgue metr simh.

42. (a) An t < s tìte {f > s} ⊆ {f > t}, �ra

ωf (s) = λ({f > s}) ≤ λ({f > t}).

Dhlad , h ωf eÐna fjÐnousa. 'Estw t ∈ R. ParathroÔme pr¸ta ìti an Et = {f > t}
kai Et,n = {f > t + 1

n}, tìte Et,n ↗ Et, �ra ωf (t + 1
n ) → ωf (t). 'Estw t¸ra ε > 0.

Up�rqei n0 ∈ N ¸ste 0 ≤ ωf (t) − ωf (t + 1
n0

) < ε. Tìte, gia k�je t < s < t + 1
n0

èqoume ωf (t)− ωf (s) < ε. 'Epetai ìti h ωf eÐnai suneq c apì dexi�.
Me ton Ðdio trìpo mporeÐte na deÐxete ìti lim

s→t−
ωf (s) = λ({f ≥ t}). 'Ara, h

ωf eÐnai suneq c sto t an kai mìno an λ({f ≥ t}) = λ({f > t}). Dhlad , an
λ({f = t}) = 0.

(b) 'Estw t ∈ R. An orÐsoume Fk,t = {fk > t} kai Ft = {f > t}, tìte Fk,t ↗ Ft:
pr�gmati, apì thn fk ≤ fk+1 èqoume

fk(x) > t =⇒ fk+1(x) > t,

dhlad  Fk,t ⊆ Fk+1,t. EpÐshc, f(x) ≥ fk+1(x) gia k�je x ∈ E, �ra Ft ⊇ ∪∞k=1Fk,t.
AntÐstrofa, an f(x) > t tìte lim

k→∞
fk(x) > a, �ra up�rqei k ∈ N ¸ste fk(x) > t.
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Sunep¸c, Ft ⊆ ∪∞k=1Fk,t. EÐdame ìti Fk,t ↗ Ft, �ra

λ(Fk,t) ↗ λ(Ft).

IsodÔnama, ωfk
(t) ↗ ωf (t).

43. (a) Jètoume En = {fn > α}. Tìte,

∞∑
n=1

λ(En) =
∞∑

n=1

λ({x : fn(x) > α}) < ∞,

�ra λ(lim supn En) = 0. Dhlad , up�rqei N ⊂ R me λ(N) = 0 ¸ste x /∈ lim supn En

gia k�je x /∈ N . 'Estw x /∈ N . Tìte, x /∈ ∩∞k=1 ∪∞n=k En, �ra up�rqei k = k(x) ∈ N
¸ste: gia k�je n ≥ k isqÔei x /∈ En =⇒ fn(x) ≤ α. 'Omwc tìte, lim supn fn(x) ≤ α.
(b) 'Opwc prin, blèpoume ìti up�rqei N ⊂ R me λ(N) = 0 ¸ste gia k�je x /∈ N

isqÔei to ex c: up�rqei k = k(x) ∈ N ¸ste gia k�je n ≥ k isqÔei fn(x) ≤ εn. AfoÔ
εn → 0, sumperaÐnoume ìti fn(x) → 0.

44. StajeropoioÔme n ∈ N kai orÐzoume Fn,m := {|fn| > m}. ParathroÔme ìti
Fn,m ↘ ∅. 'Ara, up�rqei βn > 0 ¸ste λ({x : |fn(x)| > βn}) < 1/2n (p�rte βn = m

gia m arket� meg�lo).
Jètoume αn = nβn. Tìte, an jèsoume

En =
{

x ∈ [0, 1] :
|fn(x)|

αn
>

1
n

}
= {x ∈ [0, 1] : |fn(x)| > βn},

èqoume
∞∑

n=1

λ

({
x ∈ [0, 1] :

|fn(x)|
αn

>
1
n

})
<

∞∑
n=1

1
2n

< ∞.

Apì thn prohgoÔmenh 'Askhsh (me εn = 1/n) èpetai ìti up�rqei N ⊂ R me λ(N) = 0
¸ste lim

n→∞
fn(x)

αn
= 0 gia k�je x /∈ N .

45. Gia k�je k ∈ N qwrÐzoume to [0, 1] se k Ðsa diast mata
[

j−1
k , j

k

)
, j = 1, . . . , k.

OrÐzoume fk : [0, 1]× [0, 1] → R me

fk(x, y) = f

(
j − 1

k
, y

)
an

j − 1
k

≤ x <
j

k

kai fk(1, y) = f(1, y). H fk eÐnai metr simh diìti eÐnai suneq c sqedìn pantoÔ: an
j−1

k < x < j
k , y ∈ [0, 1] kai ε > 0, mporoÔme na broÔme δ > 0 ¸ste: (x− δ, x + δ) ⊂[

j−1
k , j

k

)
kai ∣∣∣∣f

(
j − 1

k
, y

)
− f

(
j − 1

k
, y′

)∣∣∣∣ an |y − y′| < δ

apì th sunèqeia thc f
(

j−1
k , y

)
wc proc y. Tìte, an (x′, y′) ∈ (x−δ, x+δ)×(y−δ, y+δ)

èqoume

|fk(x′, y′)− fk(x, y)| =
∣∣∣∣f

(
j − 1

k
, y′

)
− f

(
j − 1

k
, y

)∣∣∣∣ < ε.
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Dhlad , h fk eÐnai suneq c sto [0, 1]× [0, 1] \ ∪k
j=0({ j

k} × [0, 1]).
ParathroÔme t¸ra ìti an y < 1, tìte fk(x, y) → f(x, y): afoÔ h f(x, y) eÐnai

suneq c wc proc x, gia to tuqìn ε > 0 up�rqei δ > 0 ¸ste: an |x′ − x| < δ tìte
|f(x′, y) − f(x, y)| < ε. Up�rqei k0 ¸ste 1

k < δ gia k�je k ≥ k0. Tìte, gia k�je
k ≥ k0 èqoume

|fk(x, y)− f(x, y)| =
∣∣∣∣f

(
j − 1

k
, y

)
− f (x, y)

∣∣∣∣ < ε

diìti
∣∣ j−1

k − x
∣∣ ≤ 1

k < δ.
DeÐxame ìti h f eÐnai kat� shmeÐo ìrio miac akoloujÐac metr simwn sunart sewn,

�ra h f eÐnai metr simh.

46. H f eÐnai metr simh diìti fn → f kat� shmeÐo. 'Estw ε > 0. AfoÔ fn → f

omoiìmorfa sto X, up�rqei n0 ∈ N ¸ste: gia k�je n ≥ n0 kai gia k�je x ∈ X

isqÔei |fn(x) − f(x)| < ε. H stajer  sun�rthsh ε eÐnai oloklhr¸simh lìgw thc
µ(X) < ∞, opìte, apì thn |f | < |fn0 | + ε èpetai ìti h |f | (�ra kai h f) eÐnai
oloklhr¸simh. Tèloc, gia k�je n ≥ n0 èqoume

∣∣∣∣
∫

X

fn dµ−
∫

X

f dµ

∣∣∣∣ ≤
∫

X

|fn − f | dµ ≤ εµ(X).

AfoÔ to ε > 0  tan tuqìn, sumperaÐnoume ìti
∫

X

fn dµ →
∫

X

f dµ.

47. H stajer  sun�rthsh M eÐnai oloklhr¸simh lìgw thc µ(X) < ∞, opìte, to
zhtoÔmeno prokÔptei �mesa apì to je¸rhma kuriarqhmènhc sÔgklishc.

48. Apì tic |fn| ≤ g µ−σ.π. gia k�je n ∈ N kai fn → f µ−σ.π., èpetai ìti |f | ≤ g

µ− σ.π. 'Ara,
|fn − f | ≤ 2g

µ − σ.π., gia k�je n ∈ N. AfoÔ |fn − f | → 0 µ − σ.π., to zhtoÔmeno prokÔptei
�mesa apì to je¸rhma kuriarqhmènhc sÔgklishc.

49. AfoÔ fn ≤ f µ − σ.π. gia k�je n ∈ N, èqoume
∫

X
fn dµ ≤ ∫

X
f dµ gia k�je

n ∈ N. Sunep¸c,

lim sup
n→∞

∫

X

fn dµ ≤
∫

X

f dµ.

Apì to L mma tou Fatou paÐrnoume
∫

X

f dµ ≤ lim inf
n→∞

∫

X

fn dµ.

'Epetai ìti
lim sup

n→∞

∫

X

fn dµ = lim inf
n→∞

∫

X

fn dµ =
∫

X

f dµ.
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'Ara, ∫

X

fn dµ →
∫

X

f dµ.

50. Oi upojèseic exasfalÐzoun ìti oi f, g kai telik� oi fn, gn paÐrnoun peperasmènec
timèc sqedìn pantoÔ. Apì thn |fn| ≤ gn èqoume −gn ≤ fn ≤ gn gia k�je n ∈ N,
dhlad 

fn + gn ≥ 0 kai gn − fn ≥ 0.

AfoÔ fn + gn → f + g kai gn − fn → g − f , to L mma tou Fatou mac dÐnei:
∫

X

f dµ+
∫

X

g dµ =
∫

X

(f+g) dµ ≤ lim inf
n→∞

∫

X

(fn+gn) dµ = lim inf
n→∞

∫

X

fn dµ+
∫

X

g dµ

(qrhsimopoi same thn
∫

X
gn dµ → ∫

X
g dµ). 'Ara,

∫

X

f dµ ≤ lim inf
n→∞

∫

X

fn dµ.

P�li apì to L mma tou Fatou,
∫

X

g dµ−
∫

X

f dµ =
∫

X

(g−f) dµ ≤ lim inf
n→∞

∫

X

(gn−fn) dµ =
∫

X

g dµ−lim sup
n→∞

∫

X

fn dµ,

dhlad ,

lim sup
n→∞

∫

X

fn dµ ≤
∫

X

f dµ.

'Epetai ìti
lim sup

n→∞

∫

X

fn dµ = lim inf
n→∞

∫

X

fn dµ =
∫

X

f dµ.

'Ara, ∫

X

fn dµ →
∫

X

f dµ.

51. 'Estw A ∈ A. Apì to L mma tou Fatou paÐrnoume
∫

A

f dµ ≤ lim inf
n→∞

∫

A

fn dµ

kai ∫

X\A
f dµ ≤ lim inf

n→∞

∫

X\A
fn dµ

dhlad  ∫

X

f dµ−
∫

A

f dµ ≤ lim inf
n→∞

(∫

X

fn dµ−
∫

A

fn dµ

)
.

AfoÔ

−
∫

X

f dµ = lim
n→∞

(
−

∫

X

fn dµ

)
,

prosjètontac kat� mèlh paÐrnoume

−
∫

A

f dµ ≤ lim inf
n→∞

(
−

∫

A

fn dµ

)
= − lim sup

n→∞

∫

A

fn dµ.
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Dhlad ,

lim sup
n→∞

∫

A

fn dµ ≤
∫

A

f dµ ≤ lim inf
n→∞

∫

A

fn dµ.

Sunep¸c, ∫

A

fn dµ →
∫

A

f dµ.

52. (=⇒) 'Eqoume
∣∣∣∣
∫

X

|fn| dµ−
∫

X

|f | dµ

∣∣∣∣ ≤
∫

X

∣∣ |fn| − |f |
∣∣ dµ ≤

∫

X

|fn − f | dµ → 0.

'Ara, ∫

X

|fn| dµ →
∫

X

|f | dµ.

(⇐=) 'Eqoume
∣∣ |fn−f |− |fn|

∣∣ ≤ |f |. H |f | eÐnai oloklhr¸simh kai |fn−f |− |fn| →
−|f |. Apì to je¸rhma kuriarqhmènhc sÔgklishc,

∫

X

(|fn − f | − |fn|) dµ →
∫

X

(−|f |) dµ.

'Eqoume upojèsei ìti ∫

X

|fn| dµ →
∫

X

|f | dµ.

Prosjètontac kat� mèlh, paÐrnoume
∫

X

|fn − f | dµ → 0.

53. Parathr ste ìti

gn = max{f1, . . . , fn} ≤ max{f1, . . . , fn, fn+1} = gn+1.

OrÐzoume g := lim
n→∞

gn (h g orÐzetai kal�, diìti h {gn} eÐnai aÔxousa). AfoÔ gn ≥ 0
sto X, apì to je¸rhma monìtonhc sÔgklishc paÐrnoume

∫

X

g dµ = lim
n→∞

∫

X

gn dµ.

'Eqoume upojèsei ìti up�rqei M > 0 ¸ste gia k�je n ∈ N na isqÔei
∫

X
gn dµ ≤ M .

Sunep¸c, ∫

X

g dµ ≤ M < ∞.

'Omwc, fn ≤ gn ≤ g gia k�je n ∈ N, kai fn → 0 µ − σ.π. Apì to je¸rhma
kuriarqhmènhc sÔgklishc, sumperaÐnoume ìti

∫

X

fn dµ → 0.
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54. (a) Upojètoume ìti fn → f kat� mètro. 'Estw ε > 0 kai η > 0. H φ eÐnai
omoiìmorfa suneq c, �ra up�rqei δ > 0 ¸ste: an |z− y| < δ tìte |φ(z)−φ(y)| < ε.
Sunep¸c, gia k�je n ∈ N èqoume

{x ∈ X : |(φ ◦ fn)(x)− (φ ◦ f)(x)| ≥ ε} ⊆ {x ∈ X : |fn(x)− f(x)| ≥ δ}.

AfoÔ fn → f kat� mètro, up�rqei n0 ∈ N ¸ste: gia k�je n ≥ n0,

µ({x ∈ X : |fn(x)− f(x)| ≥ δ}) < η.

'Ara, gia k�je n ≥ n0 èqoume

µ({x ∈ X : |(φ ◦ fn)(x)− (φ ◦ f)(x)| ≥ ε}) ≤ η.

AfoÔ to η > 0  tan tuqìn,

µ({x ∈ X : |(φ ◦ fn)(x)− (φ ◦ f)(x)| ≥ ε}) → 0.

Dhlad , φ ◦ fn → φ ◦ f kat� mètro.
(b) Upojètoume ìti fn → f sqedìn omoiìmorfa. 'Estw ε > 0. Up�rqei A ∈ A me
µ(A) < ε, ¸ste fn → f omoiìmorfa sto X \A. AfoÔ h φ eÐnai omoiìmorfa suneq c,
φ ◦ fn → φ ◦ f omoiìmorfa sto X \A: jewr ste tuqìn η > 0 kai breÐte δ > 0 ¸ste:
an |z − y| < δ tìte |φ(z) − φ(y)| < η. Up�rqei n0 ∈ N ¸ste: gia k�je n ≥ n0 kai
gia k�je x ∈ X \A,

|fn(x)− f(x)| < δ, kai sunep¸c, |(φ ◦ fn)(x)− (φ ◦ f)(x)| < η.

55. (a) ParathroÔme pr¸ta ìti χEn4Em = |χEm − χEn |. Sunep¸c,

µ(En 4 Em) =
∫

X

χEn4Em dµ =
∫

X

|χEm − χEn | dµ

gia k�je m,n ∈ N. Autì apodeiknÔei ìti h {χEn} eÐnai Cauchy kat� mètro an kai
mìno an µ(En 4 Em) → 0 ìtan m,n →∞.
(b) 'Estw ε > 0. Apì thn

µ({|χEn − χEm | ≥ ε}) ≤ 1
ε

∫

X

|χEn − χEm | dµ

èpetai ìti an h {χEn} eÐnai Cauchy kat� mèso tìte eÐnai Cauchy kat� mètro. AntÐ-
strofa, ac upojèsoume ìti h {χEn} eÐnai Cauchy kat� mètro. Tìte,

∫

X

|χEn − χEm | dµ = µ({|χEn − χEm | = 1}) = µ({|χEn − χEm | ≥ 1}) → 0

ìtan m,n →∞. 'Ara, h {χEn} eÐnai Cauchy kat� mèso.
(g) 'Estw ìti h {χEn} eÐnai Cauchy sqedìn omoiìmorfa. JewroÔme tuqìn δ > 0.
Up�rqei A ∈ A me µ(A) < δ ¸ste: gia k�je 0 < ε < 1 up�rqei n0 ∈ N ¸ste gia
k�je n, n ≥ n0,

|χEn(x)− χEm(x)| < ε an x /∈ A.
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AfoÔ ε < 1, autì shmaÐnei ìti En 4 Em ⊆ A, �ra
∫

X

|χEm − χEn | dµ ≤ µ(A) < δ.

To δ > 0  tan tuqìn, �ra h {χEn
} eÐnai Cauchy kat� mèso.

To antÐstrofo den isqÔei: jewr ste thn akoloujÐa E1 = [0, 1), E2 = [0, 1/2),
E3 = [1/2, 1), E4 = [0, 1/3), E5 = [1/3, 2/3), E6 = [2/3, 1) klp. Tìte, h {χEn

} eÐnai
Cauchy kat� mèso all� den eÐnai Cauchy sqedìn omoiìmorfa (ja sunèkline sqedìn
omoiìmorfa, en¸ h {χEn

(x)} den sugklÐnei gia kanèna x ∈ [0, 1)).

56. Jètoume J := lim infn→∞
∫

X
fn dµ. Up�rqei upakoloujÐa {fkn

} thc {fn} ¸ste

J = lim
n→∞

∫

X

fkn dµ.

'Eqoume fkn
→ f kat� mètro, �ra up�rqei upakoloujÐa {flkn

} thc {fkn
} ¸ste

flkn
→ f sqedìn pantoÔ. Apì to L mma tou Fatou,

∫

X

f dµ ≤ lim inf
n→∞

∫

X

flkn
dµ = lim

n→∞

∫

X

flkn
dµ = J.

57. Upojètoume ìti to sumpèrasma den isqÔei. Tìte, up�rqoun ε > 0 kai upako-
loujÐa {fkn} thc {fn} ¸ste

(∗)
∣∣∣∣
∫

X

(fkn − f) dµ

∣∣∣∣ ≥ ε gia k�je n ∈ N.

AfoÔ fn → f kat� mètro, èqoume fkn → f kat� mètro. 'Ara, up�rqei upakoloujÐa
{flkn

} thc {fkn} me flkn
→ f sqedìn pantoÔ. AfoÔ h g eÐnai oloklhr¸simh kai

flkn
→ f sqedìn pantoÔ, mporoÔme na qrhsimopoi soume to je¸rhma kuriarqhmènhc

sÔgklishc: paÐrnoume ∫

X

(flkn
− f) dµ → 0,

to opoÐo eÐnai �topo, lìgw thc (∗).

58. (a) OrÐzoume Ak = {x ∈ X : sup
n∈N

|fn(x)| ≤ k}. Tìte, Ak ⊆ Ak+1 gia

k�je k ∈ N, kai h upìjesh exasfalÐzei ìti Ak ↗ X \ Z, ìpou µ(Z) = 0. 'Ara,
lim

k→∞
µ(Ak) = µ(X).

'Estw δ > 0. AfoÔ µ(X) < ∞, mporoÔme na gr�youme µ(X \ Ak) = µ(X) −
µ(Ak) → 0. 'Ara, up�rqei k0 ∈ N ¸ste µ(X \ Ak0) < δ. Jètoume A = X \ Ak0 kai
M = k0. Tìte, µ(A) < δ kai |fn(x)| ≤ M gia k�je n ∈ N kai gia k�je x ∈ X \A.

(b) AfoÔ µ(X) < ∞, gia na deÐxoume ìti fngn → fg kat� mètro arkeÐ na deÐxoume
ìti k�je upakoloujÐa thc {fngn} èqei upakoloujÐa pou sugklÐnei sthn fg µ-sqedìn
pantoÔ (jumhjeÐte ìti oi dÔo prot�seic eÐnai isodÔnamec ìtan µ(X) < ∞).

JewroÔme thn {fkngkn}. Tìte, fkn → f kat� mètro. 'Ara, up�rqei upakoloujÐa
{flkn

} thc {fkn} h opoÐa sugklÐnei sthn f sqedìn pantoÔ. OmoÐwc, glkn
→ g kat�
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mètro, �ra up�rqei upakoloujÐa {gslkn
} thc {glkn

} h opoÐa sugklÐnei sthn g sqedìn
pantoÔ. Tìte, fslkn

gslkn
→ fg sqedìn pantoÔ. 'Epetai to zhtoÔmeno.

59. (a) Upojètoume pr¸ta ìti gia k�je ε > 0 isqÔei limn→∞ µ(∪∞k=nEk(ε)) = 0.
AfoÔ µ(X) < ∞, autì shmaÐnei ìti µ(lim supn En(ε)) = 0 gia k�je ε > 0. JewroÔme
to sÔnolo

Z =
∞⋃

s=1

lim sup
n

En(1/s).

Tìte, µ(Z) = 0. Ja deÐxoume ìti, an x ∈ A = X \ Z tìte fn(x) → f(x). 'Estw
ε > 0. BrÐskoume s ∈ N ¸ste 1/s < ε. AfoÔ x /∈ lim supn En(1/s), up�rqei n0 ∈ N
¸ste: an n ≥ n0, tìte x /∈ En(1/s). Dhlad , gia k�je n ≥ n0 èqoume

|fn(x)− f(x)| < 1
s

< ε.

(b) Upojètoume t¸ra ìti fn → f sto A = X \Z, ìpou µ(Z) = 0. 'Estw ε > 0. An
x ∈ A, tìte telik� isqÔei |fn(x)− f(x)| < ε. Dhlad , lim supn En(ε) ⊆ Z. 'Ara,

0 ≤ lim
n→∞

µ(∪∞k=nEk(ε)) = µ(lim sup
n

En(ε)) ≤ µ(Z) = 0.

60. Upojètoume pr¸ta ìti fn → f kat� mèso. Apì thn anisìthta tou Chebyshev
blèpoume ìti fn → f kat� mètro. 'Estw ε > 0. Up�rqei n0 ∈ N ¸ste: an n ≥ n0

tìte
∫

X
|fn−f | dµ < ε/2. EpÐshc, up�rqei δ > 0 ¸ste an µ(A) < δ tìte

∣∣∫
A

f dµ
∣∣ <

ε/2 kai
∣∣∫

A
fn dµ

∣∣ < ε/2 gia k�je n < n0 (exhg ste giatÐ). Tìte, gia k�je n ≥ n0

kai gia k�je A ∈ A me µ(A) < δ èqoume
∣∣∣∣
∫

A

fn dµ

∣∣∣∣ ≤
∫

A

|fn−f | dµ+
∣∣∣∣
∫

A

f dµ

∣∣∣∣ ≤
∫

X

|fn−f | dµ+
∣∣∣∣
∫

A

f dµ

∣∣∣∣ < ε/2+ε/2 = ε.

'Ara, oi fn eÐnai omoiìmorfa oloklhr¸simec.

AntÐstrofa, upojètoume ìti oi fn eÐnai omoiìmorfa oloklhr¸simec kai fn → f

kat� mètro. 'Estw ε > 0. Up�rqei δ > 0 ¸ste: an µ(A) < δ tìte
∣∣∫

A
f dµ

∣∣ < ε

kai
∣∣∫

A
fn dµ

∣∣ < ε gia k�je n ∈ N. AfoÔ fn → f kat� mètro, mporoÔme na broÔme
n0 ∈ N ¸ste: an n ≥ n0 tìte µ({|fn − f | ≥ ε}) < δ. Tìte, gia k�je n ≥ n0 èqoume

∫

X

|fn − f | dµ =
∫

{|f−fn|≥ε}
|f − fn| dµ +

∫

{|f−fn|<ε}
|f − fn| dµ

≤
∫

{|f−fn|≥ε}
|f − fn| dµ + ε · µ(X)

≤
∫

{|f−fn|≥ε}
|f | dµ +

∫

{|f−fn|≥ε}
|fn| dµ + ε · µ(X)

< 2ε + ε · µ(X)

= (2 + µ(X))ε.

AfoÔ to ε > 0  tan tuqìn,
∫

X
|f − fn| dµ → 0.
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61. (=⇒) IsqÔei. Gia k�je A ∈ A èqoume
∣∣∣∣
∫

A

fn dµ−
∫

A

f dµ

∣∣∣∣ =
∣∣∣∣
∫

A

(fn − f) dµ

∣∣∣∣ ≤
∫

A

|fn − f | dµ ≤
∫

X

|fn − f | dµ.

An fn → f kat� mèso, tìte
∫

X
|fn − f | dµ → 0, ap� ìpou èpetai ìti

∫
A

fn dµ →∫
A

f dµ.

(⇐=) Den isqÔei. P�rte X = [0, 2π] me to mètro Lebesgue kai fn(x) = sin(nx).
Elègxte ìti ∫

A

fn dµ → 0

gia k�je Lebesgue metr simo A ⊂ [0, 2π]: xekin ste apì thn perÐptwsh pou to A

eÐnai upodi�sthma tou [0, 2π] kai proseggÐste to tuqìn metr simo A ⊆ [0, 2π] me
peperasmènec en¸seic xènwn diasthm�twn.

Parathr ste t¸ra ìti
∫

[0,2π]

|fn| dλ =
∫

[0,2π]

| sin(nx)| dλ = 4

gia k�je n ∈ N.
62. H f eÐnai fragmènh: apì thn upìjesh up�rqei oloklhr¸simh g : [0, 1] → R
¸ste |f(x) − g(x)| < 1 gia k�je x ∈ [0, 1]. H g eÐnai oloklhr¸simh, �ra fragmènh.
Sunep¸c, up�rqei α > 0 ¸ste |g(x)| ≤ α gia k�je x ∈ [0, 1]. 'Epetai ìti

|f(x)| ≤ |f(x)− g(x)|+ |g(x)| < 1 + α

gia k�je x ∈ [0, 1].
'Estw ε > 0. Apì thn upìjesh up�rqei oloklhr¸simh gε : [0, 1] → R ¸ste

|f(x)− gε(x)| < ε gia k�je x ∈ [0, 1]. 'Epetai ìti

∫ b

a

f(x) dx ≤
∫ b

a

(gε(x) + ε) dx =
∫ b

a

gε(x) dx + ε

kai ∫ b

a

f(x) dx ≥
∫ b

a

(gε(x)− ε) dx =
∫ b

a

gε(x) dx− ε.

'Epetai ìti ∫ b

a

f(x) dx−
∫ b

a

f(x) dx ≤ 2ε.

AfoÔ to ε > 0  tan tuqìn, h f eÐnai oloklhr¸simh.

63. H f eÐnai fragmènh, �ra up�rqei α > 0 ¸ste |f(x)| ≤ α gia k�je x ∈ [0, 1].
Ja deÐxoume ìti h f eÐnai oloklhr¸simh qrhsimopoi¸ntac to krit rio tou Riemann.
'Estw ε > 0. Epilègoume 0 < b < 1 arket� mikrì ¸ste na ikanopoieÐtai h

2αb <
ε

2
.
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Apì thn upìjesh, h f eÐnai oloklhr¸simh sto di�sthma [b, 1], �ra up�rqei diamèrish
Q tou [b, 1] me thn idiìthta

U(f,Q)− L(f, Q) <
ε

2
.

JewroÔme th diamèrish P = {0} ∪Q tou [0, 1]. Tìte,

U(f, P )− L(f, P ) = b(M0 −m0) + U(f, Q)− L(f, Q) < b(M0 −m0) +
ε

2
,

ìpou

M0 = sup{f(x) : 0 ≤ x ≤ b} ≤ α kai m0 = inf{f(x) : 0 ≤ x ≤ b} ≥ −α.

Apì tic teleutaÐec anisìthtec paÐrnoume M0 −m0 ≤ 2α, �ra

U(f, P )− L(f, P ) < 2αb +
ε

2
<

ε

2
+

ε

2
= ε.

Apì to krit rio tou Riemann, h f eÐnai oloklhr¸simh sto [0, 1].

64. (a) AfoÔ h f eÐnai oloklhr¸simh, mporoÔme na broÔme diamèrish P1 = {a =
x0 < x1 < · · · < xn = b} tou [a, b] ¸ste U(f, P1)− L(f, P1) < b− a. Pern¸ntac an
qreiasteÐ se eklèptunsh thc P1 mporoÔme na upojèsoume ìti to pl�toc thc P1 eÐnai
mikrìtero apì 1. AfoÔ

n−1∑

k=0

(Mk −mk)(xk+1 − xk) < b− a =
n−1∑

k=0

(xk+1 − xk),

up�rqei k ∈ {0, 1, . . . , n−1} ¸ste Mk−mk < 1. An jèsoume a1 = xk kai b1 = xk+1

blèpoume ìti a1 < b1, a1, b1 ∈ [a, b], b1 − a1 < 1 kai

sup{f(x) : a1 ≤ x ≤ b1} − inf{f(x) : a1 ≤ x ≤ b1} = Mk −mk < 1.

(b) Me ton Ðdio trìpo deÐxte ìti up�rqei [a2, b2] ⊆ (a1, b1) me m koc mikrìtero apì
1/2 ¸ste

sup{f(x) : a2 ≤ x ≤ b2} − inf{f(x) : a2 ≤ x ≤ b2} <
1
2
.

Gia na petÔqete ton egkleismì [a2, b2] ⊂ (a1, b1) xekin ste apì èna upodi�sthma
[c, d] tou [a1, b1] me a1 < c < d < b1 (h f eÐnai oloklhr¸simh kai sto [c, d]). BreÐte
diamèrish P2 tou [c, d] me U(f, P2) − L(f, P2) < d−c

2 kai pl�toc mikrìtero apì 1/2
kai suneqÐste ìpwc prin.

Epagwgik� mporeÐte na breÐte [an, bn] ⊂ (an−1, bn−1) ¸ste bn − an < 1/n kai

sup{f(x) : an ≤ x ≤ bn} − inf{f(x) : an ≤ x ≤ bn} <
1
n

.

(g) H tom  twn kibwtismènwn diasthm�twn [an, bn] perièqei akrib¸c èna shmeÐo x0.
Ja deÐxoume ìti h f eÐnai suneq c sto x0: èstw ε > 0. Epilègoume n ∈ N me
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1
n < ε. AfoÔ x0 ∈ [an+1, bn+1], èqoume x0 ∈ (an, bn). Up�rqei δ > 0 ¸ste
(x0 − δ, x0 + δ) ⊂ (an, bn). Tìte, gia k�je x ∈ (x0 − δ, x0 + δ) èqoume

|f(x)− f(x0)| ≤ sup{f(x) : an ≤ x ≤ bn} − inf{f(x) : an ≤ x ≤ bn} <
1
n

< ε.

Autì deÐqnei th sunèqeia thc f sto x0.
(d) Ac upojèsoume ìti h f èqei peperasmèna to pl joc shmeÐa sunèqeiac sto [a, b].
Tìte, up�rqei di�sthma [c, d] ⊂ [a, b] sto opoÐo h f den èqei kanèna shmeÐo sunèqeiac
(exhg ste giatÐ). Autì eÐnai �topo apì to prohgoÔmeno b ma: h f eÐnai oloklhr¸simh
sto [c, d], �ra èqei toul�qiston èna shmeÐo sunèqeiac se autì.

Gia thn akrÐbeia, to epiqeÐrhma pou qrhsimopoi same deÐqnei k�ti isqurìtero:
an h f eÐnai oloklhr¸simh tìte èqei toul�qiston èna shmeÐo sunèqeiac se k�je
upodi�sthma tou [a, b]. Me �lla lìgia, to sÔnolo twn shmeÐwn sunèqeiac thc f eÐnai
puknì sto [a, b].

65. Apì thn prohgoÔmenh 'Askhsh, afoÔ h f eÐnai oloklhr¸simh sto [a, b], up�rqei
x0 ∈ [a, b] sto opoÐo h f eÐnai suneq c. AfoÔ f(x0) > 0, up�rqei di�sthma J ⊆ [a, b]
me m koc δ > 0 ¸ste: gia k�je x ∈ J isqÔei f(x) > f(x0)/2. AfoÔ h f eÐnai mh
arnhtik  pantoÔ sto [a, b], èqoume

∫ b

a

f(x) dx ≥
∫

J

f(x) dx ≥ δ · f(x0)
2

> 0.

66. Qrhsimopoi¸ntac thn puknìthta twn arr twn elègqoume eÔkola ìti L(f, P ) = 0
gia k�je diamèrish P tou [0, 1].

'Estw ε > 0. ParathroÔme ìti to sÔnolo A = {x ∈ [0, 1] : f(x) ≥ ε} eÐnai
peperasmèno. [Pr�gmati, an f(x) ≥ ε tìte x = p/q kai f(x) = 1/q ≥ ε dhlad 
q ≤ 1/ε. Oi rhtoÐ tou [0, 1] pou gr�fontai san an�gwga kl�smata me paronomast 
to polÔ Ðso me [1/ε] eÐnai peperasmènoi to pl joc (èna �nw fr�gma gia to pl joc
touc eÐnai o arijmìc 1 + 2 + · · ·+ [1/ε] � exhg ste giatÐ)].

'Estw z1 < z2 < · · · < zN mÐa arÐjmhsh twn stoiqeÐwn tou A. MporoÔme na
broÔme xèna upodiast mata [ai, bi] tou [0, 1] pou èqoun m kh bi − ai < ε/N kai
ikanopoioÔn ta ex c: a1 > 0, ai < zi < bi an i < N kai aN < zN ≤ bN (parathr ste
ìti an ε ≤ 1 tìte zN = 1 opìte bN = 1). An jewr soume th diamèrish

Pε = {0 < a1 < b1 < a2 < b2 < · · · < aN < bN ≤ 1},

èqoume

U(f, Pε) ≤ ε · (a1 − 0) + 1 · (b1 − a1) + ε · (a2 − b1) + · · ·+ 1 · (bN−1 − aN−1)

+ε · (aN − bN−1) + 1 · (bN − aN ) + ε · (1− bN )

≤ ε ·
(

a1 + (a2 − b1) + · · ·+ (aN − bN−1) + (1− bN )
)

+
N∑

i=1

(bi − ai)

< 2ε.
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Gia to tuqìn ε > 0 br kame diamèrish Pε tou [0, 1] me thn idiìthta

U(f, Pε)− L(f, Pε) < 2ε.

Apì to krit rio tou Riemann, h f eÐnai Riemann oloklhr¸simh.

67. Parathr ste pr¸ta ìti

lim
n→∞

∫ 1

0

nxnf(1) dx = lim
n→∞

(
f(1)

∫ 1

0

nxndx

)
= lim

n→∞

(
f(1) · n

n + 1

)
= f(1).

ArkeÐ loipìn na deÐxoume ìti

(∗) lim
n→∞

∫ 1

0

nxng(x) dx = 0,

ìpou g(x) = f(x)− f(1). H g eÐnai suneq c, �ra up�rqei α > 0 ¸ste |g(x)| ≤ α gia
k�je x ∈ [0, 1].

'Estw ε > 0. Apì th sunèqeia thc g sto 1 kai to gegonìc ìti g(1) = 0, up�rqei
δ ∈ (0, 1) ¸ste |g(x)| < ε gia k�je x ∈ [1− δ, 1]. 'Epetai ìti

∣∣∣∣
∫ 1

0

nxng(x) dx

∣∣∣∣ ≤
∫ 1−δ

0

nxn|g(x)| dx +
∫ 1

1−δ

nxn|g(x)| dx

≤ α

∫ 1−δ

0

nxndx + ε

∫ 1

1−δ

nxndx

≤ α · n(1− δ)n+1

n + 1
+ ε

∫ 1

0

nxndx

≤ α · n(1− δ)n+1

n + 1
+ ε · n

n + 1
≤ α(1− δ)n+1 + ε.

AfoÔ lim
n→∞

α(1− δ)n+1 = 0, up�rqei n0 ∈ N ¸ste α(1− δ)n+1 < ε gia k�je n ≥ n0.
'Ara, ∣∣∣∣

∫ 1

0

nxng(x) dx

∣∣∣∣ ≤ 2ε gia k�je n ≥ n0.

'Epetai h (∗).

68. H f eÐnai suneq c, �ra up�rqei M > 0 ¸ste |f(y)| ≤ M gia k�je y ∈ [0, 1].
'Estw 0 < ε < 1. Apì th sunèqeia thc f sto 0, up�rqei 0 < δ < 1 ¸ste: an
0 ≤ y ≤ δ tìte

|f(y)− f(0)| < ε

2
.

Epilègoume n0 ∈ N me thn idiìthta: gia k�je n ≥ n0 isqÔei

(
1− ε

4M + 1

)n

< δ.
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Tìte, gia k�je n ≥ n0 mporoÔme na gr�youme (parathr ste ìti an 0 < x < 1− ε
4M+1

tìte |f(xn)− f(0)| < ε/2)

|an − f(0)| =

∣∣∣∣∣
∫ 1− ε

4M+1

0

(f(xn)− f(0))dx +
∫ 1

1− ε
4M+1

(f(xn)− f(0))dx

∣∣∣∣∣

≤
∫ 1− ε

4M+1

0

|f(xn)− f(0)| dx +
∫ 1

1− ε
4M+1

(|f(xn)|+ |f(0)|) dx

≤
(

1− ε

4M + 1

)
· ε

2
+

ε

4M + 1
· 2M

< ε.

'Ara, an → f(0).

69. Parathr ste pr¸ta ìti

lim
n→∞

∫ 1

0

nf(0)e−nxdx = lim
n→∞

(
f(0)

∫ 1

0

ne−nxdx

)
= lim

n→∞
(
f(0) · (1− e−n)

)
= f(0).

ArkeÐ loipìn na deÐxoume ìti

(∗) lim
n→∞

∫ 1

0

ne−nxg(x) dx = 0,

ìpou g(x) = f(x)− f(0). H g eÐnai suneq c, �ra up�rqei α > 0 ¸ste |g(x)| ≤ α gia
k�je x ∈ [0, 1].

'Estw ε > 0. Apì th sunèqeia thc g sto 0 kai to gegonìc ìti g(0) = 0, up�rqei
δ ∈ (0, 1) ¸ste |g(x)| < ε gia k�je x ∈ [0, δ]. 'Epetai ìti

∣∣∣∣
∫ 1

0

ne−nxg(x) dx

∣∣∣∣ ≤
∫ δ

0

ne−nx|g(x)| dx +
∫ 1

δ

ne−nx|g(x)| dx

≤ ε

∫ δ

0

ne−nxdx + α

∫ 1

δ

ne−nxdx

≤ ε · (1− e−nδ) + α · (e−nδ − e−n)

≤ ε + α · e−nδ.

AfoÔ lim
n→∞

α · e−nδ = 0, up�rqei n0 ∈ N ¸ste α · e−nδ < ε gia k�je n ≥ n0. 'Ara,

∣∣∣∣
∫ 1

0

ne−nxg(x) dx

∣∣∣∣ ≤ 2ε gia k�je n ≥ n0.

'Epetai h (∗).
70. AfoÔ lim sup

n→∞
λ(An) = 1, gia k�je ε > 0 kai gia k�je m ∈ N mporoÔme na

broÔme n > m ¸ste λ(An) > 1− ε.
'Estw 0 < α < 1. Epagwgik�, brÐskoume k1 < k2 < · · · < kn < kn+1 < · · ·

¸ste
λ(Akn) > 1− 1− α

2n
.
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Tìte, an jèsoume Ac
kn

:= [0, 1] \Akn
, èqoume

λ
(∪∞n=1A

c
kn

) ≤
∞∑

n=1

λ(Ac
kn

) <

∞∑
n=1

1− α

2n
= 1− α.

Sunep¸c,
λ (∩∞n=1Akn) = 1− λ

(∪∞n=1A
c
kn

)
> α.

71. (a) Gia k�je m ∈ N èqoume ∪∞n=mAn ⊇ Am, �ra

λk (∪∞n=mAn) ≥ λk(An) ≥ c.

An jèsoume Em = ∪∞n=mAn, tìte Em ↘ lim sup An kai λk(E1) ≤ λk(E) < ∞.
Sunep¸c,

λk(lim sup An) = lim
m→∞

λk(Em) ≥ c > 0.

(b) AfoÔ λk(lim sup An) > 0, èqoume lim supAn 6= ∅. Dhlad , up�rqei x ∈ E

to opoÐo an kei se �peira to pl joc An. IsodÔnama, up�rqei gnhsÐwc aÔxousa
akoloujÐa {kn} fusik¸n me thn idiìthta x ∈ ∩∞n=1Akn . Me �lla lìgia, ∩∞n=1Akn 6=
∅.

72. AfoÔ h f eÐnai Lebesgue oloklhr¸simh, èqoume
∫

Z

f dλ = 0 an Z ⊂ [a, b] me λ(Z) = 0.

Apì thn upìjesh èpetai ìti an a ≤ c < d ≤ b tìte
∫

[c,d]

f dλ =
∫

[a,d]

f dλ−
∫

[a,c]

f dλ = 0.

'Estw G ⊂ [a, b] anoiktì. Tìte, to G gr�fetai sth morf  G = ∪∞n=1[cn, dn] me ta
[cn, dn] mh epikaluptìmena. Sunep¸c (exhg ste giatÐ, jewr¸ntac tic f+ kai f−),

∫

G

f dλ =
∞∑

n=1

∫

[cn,dn]

f dλ = 0.

An H eÐnai èna Gδ uposÔnolo tou [a, b], tìte up�rqei fjÐnousa akoloujÐa {Gn}
anoikt¸n uposunìlwn tou [a, b] ¸ste H = ∩∞n=1Gn. 'Eqoume fχH = lim

n→∞
(fχGn) kai

|fχGn | ≤ |f |. AfoÔ h |f | eÐnai oloklhr¸simh, to je¸rhma kuriarqhmènhc sÔgklishc
mac dÐnei

0 =
∫

Gn

f dλ =
∫

[a,b]

fχGn dλ →
∫

[a,b]

fχH dλ =
∫

H

f dλ.

Tèloc, an E eÐnai tuqìn metr simo uposÔnolo tou [a, b], mporoÔme na gr�youme to
E sth morf  E = H \ Z ìpou H eÐnai Gδ uposÔnolo tou [a, b] kai Z xèno proc to
E, me λ(Z) = 0. Tìte,

∫

E

f dλ =
∫

H

f dλ−
∫

Z

f dλ = 0− 0 = 0.
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AfoÔ
∫

E
f dλ = 0 gia k�je metr simo E ⊆ [a, b], sumperaÐnoume ìti f = 0 λ-sqedìn

pantoÔ sto [a, b] (arkeÐ na jewr soume ta E1 = {f > 0} kai E2 = {f < 0}).

73. OrÐzoume Em = E ∩ [m,m + 1), m ∈ Z. K�je Em eÐnai Lebesgue metr simo,
ta Em eÐnai xèna an� dÔo, kai h ènwsh touc eÐnai to E.

Jètoume Fm = Em −m = {x−m : x ∈ Em}. Parathr ste ìti Fm ⊆ [0, 1) gia
k�je m ∈ Z. Ja deÐxoume ìti up�rqoun m 6= n sto Z ¸ste Fm ∩Fn 6= ∅. Pr�gmati,
an ta Fm  tan xèna an� dÔo, tìte ja eÐqame

1 = λ([0, 1)) ≥ λ (∪m∈ZFm) =
∑

m∈Z
λ(Fm).

'Omwc, λ(Fm) = λ(Em) gia k�je m, kai sunep¸c,
∑

m∈Z
λ(Fm) =

∑

m∈Z
λ(Em) = λ(E) > 1.

Sundu�zontac tic parap�nw anisìthtec katal goume se �topo: 1 > 1.
Up�rqoun loipìn m 6= n ¸ste (Em −m) ∩ (En − n) 6= ∅. Dhlad , up�rqoun

x ∈ Em kai y ∈ En ¸ste
x−m = y − n.

Me �lla lìgia, up�rqoun x, y sto E ¸ste x− y = m− n ∈ Z \ {0}.

74. JewroÔme thn f =
∑N

i=1 χEi . AfoÔ k�je x ∈ [0, 1] an kei se toul�qiston k

apì ta E1, . . . , EN , èqoume

f(x) =
N∑

i=1

χEi(x) ≥ k

gia k�je x ∈ [0, 1]. Sunep¸c,

N∑

i=1

λ(Ei) =
N∑

i=1

∫

[0,1]

χEi(x) dλ(x) =
∫

[0,1]

f dλ ≥ k.

'Epetai ìti
max

1≤i≤N
λ(Ei) ≥ k

N
.

Dhlad , up�rqei i0 ∈ {1, . . . , N} me thn idiìthta λ(Ei0) ≥ k
N .

75. 'Estw α > 0. AfoÔ h f eÐnai gnhsÐwc jetik , an jèsoume Em = {f > 1/m}
tìte Em ↗ E. Sunep¸c,

lim
m→∞

λk(Em) = λk(E) < ∞.

Up�rqei loipìn m ∈ N ¸ste

λk(E)− λk(Em) <
α

2
.
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'Estw A metr simo uposÔnolo tou E me λk(A) > α. Tìte,

λk(A ∩ Em) + λk(A ∩ (E \ Em)) = λk(A) > α,

�ra

λk(A ∩ Em) > α− λk(A ∩ (E \ Em)) ≥ α− λk(E \ Em) > α− α

2
=

α

2
.

'Epetai ìti ∫

A

f dλk ≥
∫

A∩Em

f dλk ≥ 1
m
· λk(A ∩ Em) ≥ α

2m
.

'Ara, to zhtoÔmeno isqÔei me δ = α/(2m).

76. H fn : [0, 1] → R me fn(x) = αn√
|x−qn|

eÐnai metr simh, kai

∫

[0,1]

|fn| = |αn|
(∫ qn

0

1√
qn − x

+
∫ 1

qn

1√
x− qn

)
= 2|αn|

(√
qn +

√
1− qn

)
≤ 4|αn|.

AfoÔ
∞∑

n=1

∫

[0,1]

|fn| ≤ 4
∞∑

n=1

|αn| < +∞,

h
∞∑

n=1

αn√
|x− qn|

sugklÐnei apolÔtwc sqedìn pantoÔ sto [0, 1].

77. Ta oloklhr¸mata upologÐzontai me stoiqei¸dh trìpo: jètontac y = 1 + n2x2,
paÐrnoume ∫ 1

0

nx

1 + n2x2
dx =

1
2n

∫ 1+n2

1

dy

y
=

ln(1 + n2)
2n

→ 0.

Tèloc, ∫ 1

0

n3/2x

1 + n2x2
dx =

√
n

∫ 1

0

nx

1 + n2x2
dx =

ln(1 + n2)
2
√

n
→ 0.
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JEWRIA METROU (2005-06)
2 FebrouarÐou 2006

1. 'Estw f : R→ R suneq c sun�rthsh. DeÐxte ìti: an to B eÐnai Borel uposÔnolo
tou R, tìte to f−1(B) eÐnai Borel uposÔnolo tou R.
2. 'Estw (X,A, µ) ènac pl rhc q¸roc mètrou. DÐnontai A ∈ A kai B ⊆ X gia ta
opoÐa A4B ∈ A kai µ(A4B) = 0. DeÐxte ìti B ∈ A kai µ(B) = µ(A).
3. 'Estw E èna Lebesgue metr simo uposÔnolo tou R. Upojètoume ìti λ((a, b) \
E) ≥ b−a

2 gia k�je anoiktì di�sthma (a, b) ⊂ R. DeÐxte ìti λ(E) = 0.
4. Jètoume A = Q ∩ [0, 1]. DeÐxte ìti:
(a) Gia k�je ε > 0 up�rqei akoloujÐa {Rj}∞j=1 anoikt¸n diasthm�twn ¸ste: A ⊆
∪∞j=1Rj kai

∑∞
j=1 λ(Rj) < ε.

(b) An {Rj}m
j=1 eÐnai mia peperasmènh oikogèneia anoikt¸n diasthm�twn ¸ste A ⊆

∪m
j=1Rj , tìte

∑m
j=1 λ(Rj) ≥ 1.

5. DÐnontai: ènac q¸roc mètrou (X,A, µ), mia akoloujÐa {En} metr simwn uposu-
nìlwn tou X, kai ènac fusikìc arijmìc k. JewroÔme to sÔnolo B ìlwn twn x ∈ X

pou an koun se toul�qiston k apì ta sÔnola En. DeÐxte ìti to B eÐnai metr simo
kai ìti ∞∑

n=1

µ(En) ≥ k µ(B).

Upìdeixh: Jewr ste th sun�rthsh f =
∑∞

n=1 χEn .
6. 'Estw (X,A, µ) q¸roc mètrou kai èstw f : X → R oloklhr¸simh sun�rthsh.
DeÐxte ìti: gia k�je ε > 0 up�rqei δ > 0 ¸ste: an A ∈ A kai µ(A) < δ, tìte∫

A
|f | dµ < ε.

7. 'Estw (X,A, µ) q¸roc mètrou, fn, f : X → R oloklhr¸simec sunart seic kai
An, A ∈ A. Upojètoume ìti fn → f kat� mèso kai ìti µ(An 4A) → 0. DeÐxte ìti

∫

An

fn dµ →
∫

A

f dµ.

Upìdeixh: Qrhsimopoi¸ntac thn prohgoÔmenh 'Askhsh, deÐxte pr¸ta ìti
∫

An

f dµ →
∫

A

f dµ.

8. 'Estw (X,A, µ) q¸roc mètrou kai èstw fn, f, g : X → R metr simec sunart seic.
An |fn| ≤ g gia k�je n ∈ N, ∫

X
g dµ < ∞ kai fn → f kat� mètro, deÐxte ìti oi fn, f

eÐnai oloklhr¸simec kai ∫

X

fn dµ →
∫

X

f dµ.
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JEWRIA METROU (2005-06)

19 SeptembrÐou 2006

1. Gia k�je E ⊆ N orÐzoume ϕ(E) = lim sup
n→∞

1
n card(E ∩ {1, . . . , n}) (ìpou card(A)

eÐnai o plhj�rijmoc tou A). Exet�ste an h ϕ eÐnai exwterikì mètro sto N.

2. 'Estw fn : R→ R akoloujÐa suneq¸n sunart sewn. DeÐxte ìti to sÔnolo

B = {x ∈ R | lim
n→∞

fn(x) = +∞}

eÐnai sÔnolo Borel.

3. 'Estw F mia �lgebra sto X kai èstw µ èna peperasmèno mètro ston (X, σ(F)).
DeÐxte ìti gia k�je A ∈ σ(F) kai gia k�je ε > 0 up�rqei F ∈ F ¸ste µ(A4F ) < ε,
ìpou A4 F = (A \ F ) ∪ (F \A) eÐnai h summetrik  diafor� twn A kai F .

4. JewroÔme mia arÐjmhsh q1, q2, . . . , qn, . . . twn rht¸n arijm¸n. DeÐxte ìti sqedìn
k�je x ∈ R (wc proc to mètro Lebesgue) èqei thn ex c idiìthta: up�rqei k = k(x) ∈
N ¸ste gia k�je n ≥ k na isqÔei |x− qn| ≥ 1/n2.

5. 'Estw k ≤ n kai èstw E1, . . . , En Lebesgue metr sima uposÔnola tou [0, 1]. An

λ(E1) + · · ·+ λ(En) ≥ k,

deÐxte ìti up�rqoun deÐktec i1 < · · · < ik sto {1, . . . , n} ¸ste

Ei1 ∩ · · · ∩ Eik
6= ∅.

6. 'Estw f : R→ R Lebesgue oloklhr¸simh sun�rthsh. DeÐxte ìti:
(a)

∫
{x:|f(x)|≤n} f dλ → ∫

f dλ ìtan n →∞.

(b)
∫
{x:|f(x)|>n} f dλ → 0 ìtan n →∞.

(g) n · λ({x : |f(x)| > n}) → 0 ìtan n →∞.

7. 'Estw (X,A, µ) ènac q¸roc mètrou, kai èstw f, fn : (X,A, µ) → R oloklhr¸si-
mec sunart seic me fn → f µ− σ.π. DeÐxte ìti

∫

X

|fn − f | dµ → 0 an kai mìno an
∫

X

|fn| dµ →
∫

X

|f | dµ.


