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Kegpdiaio 1
o—aNYEPpeg

1.1  o-dAyePpeg

Opwowog 1.1.1 (0-dhyeBea). 'Eotw X éva un xevd obvoro xa éotwm A
wa owxoyévela unoouvérwy tou X. H A Aéyetuw o—dhyeBea oto X av
elvol Un XEVY|, XAEIOTH WE PO CUUTATPOUATE X0l XAEICTH ¢ TEOG AMELPES
apriufotpee evooeie. To Leuydpt (X, A) Myetoun peTpRoLros XOEOS.

IIpbtaoy 1.1.2. Eotww A wa o-dhyefpa oto X. Téte, n A nepiéyet o ()
xar 0 X, xan elvot XAEIOTH WG TPOS MENEQACUEVES EVITELS, TETEPUOUEVES Xl
anetpeg aplIUOIIES TOUES, CUVOAOUEWPNTIXES DLUPORES.

IMopadeiypata 1.1.3. Av X # D téte ot A = {0, X}, Ay = {0, E, E°, X'}
émou E un xevéd yvhioto unootvolro tou X, Az = P(X) (o Suvagoocivoko tou
X), eivar 0—-dhyeBpec oto X.

Av X elvou éva unepaptiuriopo obvolo ToTE 1

A={AC X|A gpduiowo f A apriuriowo}
elvon o—dhyefoa oto X.

IMpbtaocn 1.1.4. Eotw (X, A) évac petphowpoc yodpoc. Av {A,}0° eivan
o axohovdia ototyeiwv e A, unopolue va potue axohoudio { By }02 | Eévav
avd 8o otoryeiwy e A dote: B, C A, yiaxdde n € Nxoaw AjU---UAN =
BiU---UBp ywaxéde N € N. Ewixdtepa,

.
n=1

n=1

To B0 1woyber Yo nenepaopévec axorovdiec {A, 1, otoiyeivy tne A.
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1.2 TIlapayodueveg o-dAyefpeg

IMpbtaom 1.2.1. Av (A)icr elvon wior un xevi| otxoyévela o—ohyeBpdy 610
X téte 0 ;e Ai ebvou o-dhyeBpa oto X.

Optopde 1.2.2 (rapayopevy o—diyeBea). Av F eivon wa un xevh
OXOYEVELN UTOGUVOAWY Tou X ToTE 1)

= ﬂ{A | A o-dhyeBpo xou A O F}

eivar (xahd optopévr) o—dhyefpa oto X. H o(F) eivar 1 0—dAhyeBpa mou
ToapdyeTal anod tny F.

Ilpdtaon 1.2.3. Av 0 # F C P(X) t6te 1 o(F) ebvar n wxpdteprn o—
dhyefpa 6to X 7 onola mepéyer Ty Fr av A eivon o—dhyeBpa xaw F C A téte
o(F) C A

IMopadeiypata 1.2.4. (o) Av E elvou évo un xevd yvrioto unoclivolo tou
X xu F ={E} t6t¢ o(F) ={0,E, E°, X }.

(B) Av X eivar éva unepapriprioo obvoho xat F = {A C X | A apripfiowo},
t6te 0(F) = {A C X | A aprdpiowo f A aprdpfiowo}.

1.3 Borel o—dAyePBeeg

Opiopde 1.3.1 (Borel o—dAyeBpa). Eotw (X, p) évac petpixde yodpoc
xa €07 7 1 OOYEVELL TV AVOIXTOY utocuvorwy tou X. H o-dhyefpu

B(X):=0o(T)

eivar 1) Borel o—dAyeBpa tou X. To otouyeio tne B(X) eivar to Borel
ocUvola tou X.
Ta avoxtd xou 1o xhewotd vroclvora tou X etvor Borel olvoha. To {dio
oy Vel Yo Tt apliunotes Topé avoxTey ouvohev (ta Aeybueva G5 6hvola)
4 2, 72, 4 4 4
xon TiC optIUACIUES EVROELS XAEIG TGOV GUVOAY (Tat Aeybueva Fiy cOvoha).

IMpbtaom 1.3.2. Ectww (X, p) évac yetpinde ydpoc xat éotw F 1) otxoyévela
TOV XAEGTOY UTooLVOALY Tou X. Tote,

IMopdderypa 1.3.3 (EuxAeideiog xwpog). Ocwpoiye tov R” (n € N)
we v Euxheldela petpin). Avdotnua Aéue xdde aOvoro Tng wopphc

n n n n
Haw H (@, b H% H (a5, bj
j=1 j=1

Jj=1 Jj=1
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6mou —oo < aj < bj < 400 (o npdTn Tepintwon, a;j < b;). Ta nupond-
V& OO TAROTE OVOUALOVTOL XAEIG T, OVOIXTY, XAELGTA-UVOIXTA XAl AVOLXTA—
xhetotd avtiotoyo. Kdade didotnua eivar Borel olvoho we nenepacuévr toun
AVOLXTOV R/ %ol XAEITTAOY NULYOEOV.

IMpbtaocn 1.3.4. Eotww & (i = 1,2,3,4) ol 01XOYEVEIEC TOV XAEWOTGY, o-
VOXTMY, XAELT TWV—OVOIXTOV X0 AVOLXTOV—XAEIC TOV SO THUATOY avTio ToLy L.
o xdde @ = 1,2, 3,4 woydet

1.4 'ANyePBpec xaw povotoveg xAdoelg

Optopde 1.4.1 (dhyeBea). Eotww X éva pn xevd obvoro xat éotw A
pa otxoyévela utoouvohwy tou X. H A Myetw dlyeBea oto X av eivan
Un %EVH, XAEIG T WC TEOS GUUTANPOUATA XAl XAEIOTH S TPOG TENEPACUEVES

EVOOELC.

IMpbétaon 1.4.2. Eotw A wa dhyeppa oto X. Toéte, n A nepiéyet 1o 0 xon
10 X, xai €lvol XAEIOTY WG TPOC TEMEQUOPEVES TOUES XAl GUVOROVEWENTIXES
OLapOpEC.

Iopatnerosic 1.4.3. (o) Kdde o-dhyeBpa eivon dhyePpa.
(B) To avtiotpogo dev woyder. Av X = N xat av

A ={A C N|A rerepaopévo §§ A° nerepaocuévo},
t61€ 1 A elvan dhyeBpa ahhd dev eivor o—dhyefpa oto N,

IMopddetypa 1.4.4 (EuxAeideiog ykpog). Ocwpolye tov R™ (n € N)
pe v Buxdeldera petpin). Fevixevpévo drdotnua hue xdide cOvoro tng

popepric .
P= H(aj,bj], omov — oo < aj < by < 4o00.
j=1

ITpbtaocn 1.4.5. H owoyévewa
A={PiU---UP,|keN, Pp,..., Py &va yevixeuyéva SwaoThuara}
elvon dAyeBpa.

Andoaln. Actyvouue Sadoyd ta eEhc:

(i) H topx 800 yevixeuyévwy Swaotnudtwy eivor xevi| # YeVIXeupévo Bidotr-
Hot.
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(i) H A eivon xAeto 1 0¢ TpOC TENEPUOUEVES TOUEC.

(iii) To ouunhipoua yevixeugévou oo Thuatog avixet 6Ny A.
(iv) H A eivar xhetoth ¢ Tpog GURTANEOUTA.

(v) H A eivor xAeio 1 ¢ Tpo¢ TENERUOUEVES EVOTELS.

Opiopde 1.4.6 (rovotovr xhdor). Eotw X éva un xevd odvoro xa
¢otw A wa owoyéveta unoouvohwy tov X. H A Myetar wovotovn xhdom
oto X ov elvon un xevy, xheloTh we npog adZouoes aptlufoWes EVOOELS XAl
AAEWOTH w¢ Tpog Yiivouceg aptdufoiues TouéS.

IMopatneroesig 1.4.7. (o) Kdde o-dhyefpa eivar povdtovny xhdom (to avti-
oTPOYO dev Loy lEL).

(B) Av wo dhyeBpa elvon xon povétovn xhdor, té1e elvon o—dhyeBpa.

Ilpbtaocy 1.4.8. Av (A)icr elvon pro un xevii oxoyéveto Lovotovey xAdcewmy
ot0 X 16t 1 ;s Ai eivon povétovn xhdon oo X.

Oplopos 1.4.9 (napayopevy wovotovn xAdon). Av F eivon pion un
xeVT] 0xoYEVEL UTOGUVOAWY Tou X TOTE )

m(F) = ﬂ{A | A povétovn xhdon xon A D F}

efvon (xohd optopévn) povétovn xhdon 1o X. H m(F) eivou 1 povétovy xhdon

z ’
TOU TARAYETAL ATO TV F.

IIpbtaoy 1.4.10. Av ) # F C P(X) t6te  m(F) eivon 1 uxpdrepn po-
votovn xhdom oto X 1 onola mepiéyet v F: av A eivar govotovn xhdomn xat
F C Atbéte m(F) C A

IMpétaon 1.4.11. Ay A elvar o dhyePpa oto X, tote

m(A) = o(A).

1.5 Ilepiopiopodg o—aAyePpag

IIpbtaon 1.5.1. Eotw A wa o-dhyefpa 610 X xar éotw Y éva pn xevd
yviioio unosbvoro tou X. Opilovue

AlY ={ANY|A€ A

Téte, n A Y elvon o-Ghyefpa 010 Y.
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Opiopée 1.5.2 (nepropiopds o—dhyefpac). H A [ Y Aéyern me-
proplopos e A oto Y. Tewixdtepa, av F elvon pior yn xevi| olxoyévela
uTooLUVOAWY Tou X xar av Y elvon €var un xevo Yvriolo unocivolo tou X, 16te
nowovévelr F [ Y = {ANY | A e F} Myetu neploptopds e F oto Y.

IIpb6taon 1.5.3. 'Eotw F pa pn xev olxoYEVEIX UTOCUVOAWY Tou X xai
z z 4 7/ 4 4
€o0tw Y €va pn xevéd yvhoto urootvoho tou X. Tote,

o(F1Y)=0(F) 1Y,

IIpbtaocn 1.5.4. Eotw (X, p) évac yetpde yopos. Q¢ ouvidoe, av Y
elvon €va un xevd Yviolo unochvoro tou X, dewpolye 10 Y coav undyweo tou
X pe et ply xy- Téte,

1.6 Aoxnoeig

1. Eotw X évoun xevé olvoho xot éote { A, 102 wa axohoudio UTOGUVOAWY
tou X. Opilouye

limsup 4,, = ﬁ Ej A; ot liminf A, = Ej ﬁ A;
k=1 \j=k k=1 \j=k

Actte ta e€hc:
(o) limsup A, = {z € X : z € A, yio dnerpec Tpéc tou n}.
(B) liminf A,, = {x € X : undpyer no(z) € N dote x € Ay, yia xdde n > ng}.

(v) liminf A,, C limsup A,. Adote napdderypa 610 0noio 0 eyxhetowds va

elvon Yvrolog.

2. Eoww X éva un xevd alvoho pe dnetpa ototyeio. Opiloupe
F={ACX| 1o Acéyet dho croyela}.

Heprypddre tic o(F) xon m(F).

3. («) 'Eotw A wa o-dhyefpa 010 X xu éotw f: X — Y. Acilte om 1
OLXOYEVELD

{BCY|fY(B)eA}

elvon o—-dAyefpa oto Y.
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(8) Eotw C wa o—dhyefpa 010 Y %ot €0tw € Uiol 0XOYEVELL UTOOUVOA®Y TOU
Y yio v onofa toylet o(€) = C. AciEte 6t av f~H(B) € Ay xdde B € &,
w61 fH(B) € A vy xéde B € C.

(v) Eotww (X,p) xau (Y,d) petpixol yodpol xu éotw f : X — Y ouveynhc.
Acifte 61 av 10 B eivon Borel ovolo otov Y, t61€ 0 f~1(B) eivaw Borel
oUvoho atov X.

4. (a) Aceilte 61 7 Borel o—dhyefpa tou R mopdyetar and v owxoyévelo
TV AVOIXTOV UL OpwY e wopphc {z = (z1,...,2y) |z; > a;}, énov j =
1,...,n % a; € R.

(B) Eotw F = {B(z,r)|z € R",r > 0} (B(x,r) elvor n avorxth undha pe
xévtpo 10 = xou axtiva r). AceiZte bt v Borel o-dhyeBpa tou R"™ mopdyetar
an6 v F.

5. Eotww (X, p) évac petpixde yopoc. Acilte 61t xdde xhetotd unochvoho
wou X eivar Gs oOvoho xor %80 avoixtd utoovoro tou X eivan Fi; oOvoho.

6. (a) Eoto f: R® — R. Aci€te 6u 1o {x € R™| v f elvor cuveyc 610 z}
etvar G5 chvoho.

(B) 'Eoto fr : R™ — R ouveyelc ouvapthoeic (k= 1,2,...). Aci€te 6T 10
{z € R" | undpyet 10 klim fr(x)}
ebvaw Fiyz5 oOvoho, dnhadt|, apriunowun tour Fy cuvohwy.

7. 'BEotw F un xev) olxoyEveld UnocuVOAmY tou pn xevol cuvorou X. Acite
6ty xdde A € o(F) undpyer aprdufown uroowxoyévelr C4 tne F @ote
Ac O'(CA).



Kegdharo 2
Merpa

2.1 Meérpa

Optopog 2.1.1. Eotw (X, A) évag petpriopoc yopoc. Mo ouvdptnon
p: A— [0, 00] Myeton wétpo otov (X, A) av xavorotel ta e€hc:

(@) u(0) = 0.

(B) Av {A,}02, eivon axohovdia Eévwy otoryeinv tne A téte

K (LJ<An> ::EE:M(An)
n=1 n=1
H tpidda (X, A, 1) Myetu yopoc pétpou.

ITpdbtaom 2.1.2. Kdde yétpo eivar tenepaouéva npooietind: av Ay, ..., Ay

2 Z ’ ’
elvon Eéva ototyela g A ToTE

N N
2 (LJ<An> ::EE:N(An)
n=1 n=1

IMopadeiypata 2.1.3. (o) To undevind pétpo: u(A) =0 yio xdde A € A.
(B) 'Eoto X unepopriuiotuo olbvolo xat

A={AC X |A apdufoo | A apriuriowo}.
O¢toupe p(A) = 0 av 10 A eivon apripfiowo xon p(A) = 1 av 1o A° eivar
aprdurowo. To p ebvon pétpo.

Oedpnua 2.1.4 (Baoixég WBLotnteg). Eoto (X, A, u) évac yodpog pé-
TpOU.

(o) Movotovio: Av A, B € Axou A C B t6te u(A) < u(B).

(B) AvA,Be A, 1(A) < oo xau A C B téte u(B\ A) = u(B) — p(A).
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(v) Tronpoovetixdtnra: Av {A,}02, eivar axohoudio otoyeiwy tne A téte

n=1 n=1

(8) Xuvéyera: Av {A,}0°0 ;) efvan pior adZouvoa axorovdia otoryeiwy e A téte

Z (U An> = g, #lAn)-
n=1

(e) Buvéyew: Av {A,}02 ;) etvor wa giivousa axohoudio otoryelwy e A %o
p(Ay) < oo, té1E

12 (ﬂ An> = nh—{go N(An)

n=1
Opiopde 2.1.5 (xatnyopies wétpov). Eotw (X, A, pn) évac yodpoc
wétpou. To p Aéyetau:
(o) menepacpévo, av pu(X) < co.
(B) wétpo miavédTnTag, av u(X) = 1.

(v) o—renepacuévo, av undpyet axoroudio {Ap 122 C A dote u(A4,) < oo
v xdde n € N xou X = Jo7 | A,.

(8) nuinenepacwévo, av yia xdlde A € A ye pu(A) = oo ynopolye va fpolye
EcCcAomy Ape 0 < p(E) < oo.
IMopatApnon 2.1.6. Eotw péva o—nenepaouévo pétpo otov (X, A). Téte,

(o) Trdpyer axohoudio { By, 102 Eévwy ototyeiwy e A dote p(By) < 0o Y
x¢9e n € Nxar X =2, By.

(B) YTrdpyer abZovoa axorovdia {E,}02, € A dote p(E,) < oo yio xdve
neNxuX =", E,.

IIpétaom 2.1.7. Kdade o-nenecpacuévo u€tpo elvor NUTETEPUCUEVO.

Opiopdc 2.1.8 (oOvora pwétpou 0). Eotw (X, A, 1) évac ywpog pétpou.
Aépe 6tt 0 E € A eivar pétpou 0 av u(E) = 0.

IMpétaom 2.1.9. Eoww (X, A, i) évac ydpoc pétpou.

() Av p(E) =0, F € Axan F C E, t61€ pu(F) = 0.

() Av{En}52, C A xou pu(Ey) =0y xdde n € N, t6te p (U2, En) = 0.
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2.2 YMUELUXESC KATAVOUES

Opwop6c 2.2.1. Eotww I # 0 xaw a : I — [0,00]. Tpdgpouye a; avti yia
a(i). Opiloupe

Zai = sup {Z a; |FCI, F#0,F nsnspacpévo} :

iel 1eF
Eniong, oupgovoiye 6t Y g a; = 0.

Mopathenon 2.2.2. Av ), ;a; < oo téte o alivoho J = {i € I : a; > 0}
elvor apriuropo.

IIpbtaoy 2.2.3. Eotww X # 0 xo o : X — [0, 00]. Opiloupe p: P(X) —

[0, 00| pe
pA) =" a,
€A
yioo xdde A C X. Tére, 1o p elvon pétpo (1) ONUELXH RATAVOUY TOL
endyeton and TNy a). O oy ebva 1 pdla oto onueio x.

IMopadeiypata 2.2.4. (o) Av ay = 1 yio xdde x € X t61€ 10 p(A) toolton
pe tov mAnddpdyo tou A (1o p Méyetu pétpo anapidunong).

(B) Eotw X # . Stadeponowiye xg € X xa opilovye ap = 1 av = x
xou oy = 0 av x # xo. Tote, n onperone xatavour 0z, Tou endyetar and TNy
a eivar  e€hc: av A C X xau 29 € A 161€ §50(A) = 1, eved av A C X xou
xo ¢ A 161 050(A) = 0. To 0z, elvor T0 wétpo Dirac 510 .

2.3 II\¥ern pétpa

Optop6c 2.3.1. Eotw (X, A, p) évac yopos yétpou. Aéue 61t 10 1 ebvan
nApeg av wavornoel 1o e€hc: av u(E) = 0 xau F C E téte F € A (ondre,
p(F) = 0). Av 1o p ebvon mhfpee, o (X, A, ) Myetn Thhens ydpos
KETPOUL.

Optowée 2.3.2. Av (X, Ay, p1) xou (X, Az, p2) eivon 800 y@pot uétpou oto
(Bt olvoro X, o (X, Az, o) Ayetan enéxtacn tou (X, A, p1) av woydouy
T €€N¢:

() A; C As.

(B) T xdde A € Ay woyder pa(A) = pi(A).

Oeopnpa 2.3.3. Eotww (X, A, 1) évac yodpoc yétpou. Trdpyet povadixde
Y6pog wétpou (X, Ay, p1) mou ixavornotel ta e€1g:

(o) O (X, A1, p1) etvon enéxtaon tou (X, A, p).
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(B) O (X, A1, 1) eivar Thfipne ywpog pétpou.

(v) Av (X, Az, p2) ebvon mhpre enéxtacy tou (X, A, ), t6te o (X, Az, p2)
efvan enéxtoon tou (X, A, ).

Optopode 2.3.4. H nhfprc enéxtaon (X, Aq, p1) tou tponyoduevou Oewpi-
watog Aéyetar tARpwon tou (X, A, 1).

Iagdderypa 2.3.5 (un thfpec wétpo). 'Eotw X # 0 xu éotw z9 € X.
‘Ectw A wa o—-dhyePpa tou nepéyet 1o {xo} xa neptéyetanr yvhoia oto P(X).
Opiloupe p: A — [0,00] pe u(A) =1 av zg € A xon u(A) =0 av 2o ¢ A. To
e Oev elvon ThfpeC.

Mapdderypo tétotag o—dhyelpac: Vewphote TUYOY GUVOAO UE TEPLOCOHTERX
ané d0o otoryeto xou ty A = o(F), bnov F = {{xo} }.

2.4 Ilepropiopoeg

Ilpbtaoy 2.4.1. 'Ectww (X, A, p) évac yodpoc pétpou. Av 0 #Y C X,
opiloupe py :+ A — [0, 00] pe

py (A) = p(ANY) v xdde A € A.

Téte, 10 py eivor pétpo otov (X, A). Enlone, py(A) = p(A) av A C Y xo
py(A)=0av ANY = 0.

Opiopdg 2.4.2 (reproplopds oto Y). To pétpo py Aéyetu meplopt-
ou6g Touv L 6To Y.

Adppa 2.4.3. 'Eotw (X, A) évac petpopoc yopoc xat éotw ) #Y C X.
Tére,
AlY={Ac A|ACY}.

Ilpbtaoy 2.4.4. Eotww (X, A, p) évac yodpoc pétpou. Av 0 #Y C X,
opiovpe p [ Y : ATY — [0, 00] pe

(L TY)A) =pu(A) yaxddc Ac A]Y.
Téte, o p [ Y elvon pétpo otov (X, ATY).

Opiopog 2.4.5 (nepropiopds oty A [ Y). To pétpo p [ Y Aéyeto
TEEPLOPLOUOS Tou 1L oty A Y.
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2.5 MovadixotnTa

Ocedpnua 2.5.1. 'Eotw A wa dhyefpa UTOoUVOA®Y TOU PN XVl GUVOAOD
X xu éotw p,v 800 yétpa oty o(A). Trodétoupe b1 undpyer ablovoa
axohouta {A, 102, ctoyeiov tne A dote X = (U, 2, Ay xaw p(A4,) < oo,
v(Ap) < oo v xdde n € N. Trodétoupe eniong 6t

w(A) =v(A) v xdde A € A.

Téte, to o xar v ovunintouv: p(A) = v(A) yia xdde A € o(A).

2.6 Aoxrvoelg

8. Eotww (X, A, pn) évac yopoc uétpou xor éotw {An}o, wo axohouvdia
ouvohwy and v A. Aci&te ot

(o) p <hnrr_1)1£f An> < hnH_l)iOféf,u(An)

n—oo n—o0

B) Av 1 (U2, An) < oo téte limsup p(A4,) < p (hm sup A”>.
=0

(Y) Av > 7 u(Ay) < oo téte p <lim sup An>

n—oo

9. 'Eotww {un} wa abouoa axohoudio yétpwv otov (X, A): dnhadi, yia xdde
A e A xon yia xdlde n € N oyder pin(A) < pny1(A). Opilovpe

p(A) = lim pa(A) (A€ A).

n—oo

AefZte 611 to p ebvon pétpo otov (X, A).

10. Eotww p éva o-nenepaouévo pétpo otov (X, A) xau éotw {A;tier wa
owoyévelr Eévwy ototyelwv e A. Aellte 6n yio xdde E € A 1o oOvoro
{iel: u(ENA;) >0} eivu apripfiowo.

11. Eotw p éva nunenepaocpévo pétpo otov (X, A). Acilte Snav A € A
xou p(A) = oo téte, yio xqde M > 0 undpyet B € A dotwe B C A xa
M < pu(B) < oc.

12. 'Eotww F wo dhyelpa 010 X xou €0Tw 1 €V TENEPACUEVO UETPO GTOV
(X,0(F)). AciCte 61 yio xdde A € o(F) xou yio xédde € > 0 undpyer F € F
oote p(AAF) <e, bmou AANF = (A\ F)U (F\ A) eivar 1 cupuetpixh
dropopd twv A xar F.
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13. Eotww (X, A, pn) évac nhfiene yopoc pétpou. Av yu xdnowr A € A
xau B C X éyoupe AAB € A xar p(AA B) =0, deilte 61t B € A xan
u(B) = p(A).

14. Eoww (X, A, pn) évac ydpoc pétpou. Afue 61 1o E C X eivon tomikd
petpriopo av ENA € Ay xdde A € A pe p(A) < oo. Opilouye

A={ECX | E tonxd yetproyo}.

Actfte 61t A D A xau b1t N A etvan o-dhyeBpa. Av A=A bt Aéye 6Tt

o

o) EX, A, ) eivon kopeouévog xadpos pézpou.

(8) Acifte bt av to p eivar o-nenepaouévo téte A = A.

(v) Opiloupe fi otny A Vétovrac fu(A) = u(A) av A € A xon ji(A) = 0o av
Aec A\ A AciCte 6uo (X, A, i) eivon x0peoUévoc ywpog LETPOUL.

15. 'Eotw p éva renepaopévo pétpo otov (X, A). Acilte 6t ta e€hc eivon
10000V

(@) To olvoro {u(A) : A € A} eivar drerpo.

(B) T xdde € > 0 undpyer A € A dote 0 < pu(A) < e.

() Trdpyer axohoudio {A,}00 | Zévwy ouvbhwy and v A dote p(Ay) > 0
yia xéde n € N.



Kegpdiawo 3
Elwtepind pyetpa

3.1 Efwtepuxd pétpa

Optopdg 3.1.1 (e€wtepixd wéteo). Eotw X éva un xevé odvoho. M
anexévion p* @ P(X) — [0,00] Myetn eEwtepixd pétpo oto X av
ixavorotel Ta e€AC:

(@) p(0) = 0.

(B) Av AC B C X t6te pu*(A) < p*(B).

(v) Av {A,}22 eivan wa axoloudio utoouvéhwy tou X tTE

(U < 3w
n=1 n=1
Optowds 3.1.2 (0—xdAudm). Eotw X éva pn xevéd obvoro. Mia o

xoyévewar C unoouvorwy tou X Aéyetor o—xdAugn yia 10 X av undpyouv
’ o0
Ci,...,Cp, ..oty C aote X =, Cy.

Oedpnua 3.1.3 (xataoxeLh eEwtepindy pétpwv). Eotw C wa o-
x8hudm v to un xevé ovvoho X, xat éotw 7 : C — [0, 00] Tuyoloa anewxdvion
pe 7(0) = 0. T xdte A C X opiloupe

o0

pr(A) =inf ¢ > 7(Cy)|CieC, AC |G

Jj=1 Jj=1

Téte, n anewdvion p* etvan e€wtepind pétpo oto X.

3.2 O opiopog tov Kapadeodwpe

Oplopéeg 3.2.1 (p*—petproipro obvoro). Eotw p* éva entepind pétpo
070 N xevé oOvoho X. Aéue 6Tt éva ohivoho A C X elvar " —pheTpAoiho av

(BN A)+ 7 (BN A°) = 1" (E)
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yxde £ C X. SupPoriloupe ue A, TV 010 YEVELD OAY TWV [ —UeTEROWIWY
UTOGUVOAWY Tou X.

Ocewpnua 3.2.2 (Yedpnua tov Kapadeodwer). 'Eoto u* éva elote-
o6 pé€tpo oo pn xevo abvoho X. Tote, 1 owoyévela A+ tov 1 —uetprouwy
unocsuVOALY Tou X elvat o—dAyefpa. Av cupfolicouye Ue 11 TOV TEPLOPIGHO TNG
anetxéviong u* oty Ay« tote 1 tpudda (X, Ayx, 1) ebvan évag mhipng yoeog
wétpou.

Anddaln. Aetyvouue Sadoyxd ta eEhg:
(i) Ve Ay
(i) Av Aec Ay téte A° € Ay
(ili) Av A, B € Ay t61e AUB € Ay,
(iv) B A« etvan dhyePoa.

(v) Av {A,}52 ebvar o axohoudio Eévev cuvohwy oty A, té1e
Yo H(ENA) = p" (BN (UL14,))
n=1

yio xdde £ C X.

(vi) Av{A,}22, efvor o oxohouvdio Zévwy cuvdhev otny A+ t6te U2 A, €

Ay
(vii) H Ay etvon o—dhyeBpa.
(vili) To p:= p*|a,. ebvou pérpo.
(ix) To p ebvar mhvpec étpo.

IMapatrpnon 3.2.3. Eotw p* éva entepind u€tpo 010 un xevé 6UVOAO
X. Tére,

() Av B C X xou p*(B) =0 téte 10 B eivar p*—petpriotpo.

(B) Av {4,152 ebvan o axohoudia Eévev cuvolwv oty A, 161e
Y H(ENA) =it (BN (Ui An))
n=1

yia xéde E C X.
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3.3 Aoxvoeig

16. Eotw X éva un xevd obvoro. Opiloupe p*(0) = 0 xou p*(E) = 1 v
xdde un xevo B C X. Acite 6t to p* eivon e€wtepind yétpo oto X xau Ppeite
Oha To p—petpRiopa utosUvola Tou X.

17. Ocwpolye tnv oxoyévea C mou anoteheiton and 10 xev6 GUVORO X and
bha o Drotvoha puotxdy aprdudv. Opfllovpe 7(0) = 0 xau 7({m,n}) = 2 yw
x&de {m,n} € C. H C eivar o—xdhufn tou N, ondte 1 7 endyer éva eZotepind
pétpo p* oto N. Trohoyiote 1o p*(E) ya xdde E C N xou Beeite 6ho ta
p—uetpnoa utoshvoia touv N.

18. I xdde E C N opl{oupe ¢(E) = limsup + card(E N {1,...,n}) (énou
n—oo

card(A) etvon o mAnddprdyoc tou A). EZetdote av n ¢ elvar eotepixd yétpo
oto N.

19. 'Eotwo p* éva efwtepixd pétpo oto X. Av {A,}22, eivor wa abovoa
axohoudia " —peTtpriotdwy utoouvohwy tou X, deite 6Tl yia xade £ C X
oy Vet

lim p* (A, NE)=p* (U2, (A, NE)).

20. Eoww (X, A, 1) évac ywpoc pétpou. Ta xdde £ C X opilouye
w(E) =inf{u(A) | Ac A, E C A}.

(o) Aci&te 1 to p* eivon e€wtepind pétpo oto X.
(B) 'Eoto i to pétpo nou endyeton and 1o p* oty Ayux. Av 1o apyixd yétpo
p etvon o-nenepacpévo, detlte bt o (X, Ay, i) ebvon 1 Thhpwor tou (X, A, ).

21. 'Eotw p* éva e€ntepixd pétpo 010 X xot €010 [ TO ERAYOUEVO PETPO
ot o-GhyePpa A TV ur-ueTprouwy ouvohwy. Av E.G C X 16t héue
ot 10 G ebvan €va I —UETEAOLLO HxdALA Tou E av:

E CG,Ge Ay xu yia xdde A € Ay ye A C G\ E woyde
n(A) = 0.
(o) Aei&te 6t av G, G eivan 800 p—petpoa xahbpoata tou iov £ C X,
téte u(G1 A G2) = 0, xou ovvernaeg, u(Gr) = u(Ga).

(B) YTroVétouye 61t £ C G, G € Ay xou p*(E) = p(G) < 4o0. Acei&te bt
10 G eivou p*—petpriowo xdhvya touv E.

22. Aépe 6t éva ' C R éyel onuelo ouunlkrwons oto drepo av yia xdie
a > 0toolvoho {z € E: |z| > a} elvon unepapriurioo. Opilovue p*(E) =0
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av 1o E eivar apriuriowo, p*(E) = 1 av 1o E eivan urepapriurioo adhd dev
€yet onpelo oupninvwons oto dnepo, xou p*(E) = oo av 10 E éyel onueio
ouumixvwong oto dnepo. Acilte ot to pu* elvon e€wtepind Yetpo oto R xan
7

o]

Ay = {A CR| A aprdpfiowo 1 A aprdurioo}.

Eivar cwoté 61t xae ' C R €yel yetpriotno xdhuya;



Kegpdiawo 4

Merpo Lebesgue ctov
Euxieiosio yweo

4.1 Meérpo Lebesgue

Oplopocg 4.1.1. ZupPohrilouye pe C TV OLXOYEVELX TV AVOIX TGV B1oo THUS-
v R = H?Zl(ajybj), —00 < aj < b; < 00 o1ov Euxheideto ydpo RE. H C
eivor o—xdhun tou R¥. Tia xdde avowtd ddotnua R opiloupe

E»

T(R) = VOlk;(R) = (bj - aj).
j=1
H C %ot 1 7 exdyouy éva eZotepnd uétpo Aj otov RE. Ay £y etvon v o—dhyePoa
TV A\j-petphotpey urtoouvéley Tou RF 1éte 10 A, = A, efvanr mhipec pétpo
oty Ly.
To A ebvar 10 ewtepind wé€tpo Lebesgue ctov R¥. To A\ eivon
10 w€tpo Lebesgue ctov RF. H L) e n o—-dhyebea 1wv Lebesgue

UETEAOLL®Y UTOGUYGAwY Tou RF.
Ochpnua 4.1.2. Kade didotnua S otov R¥ eivor Lebesgue yetpriowuo, xou
Ak (S) = volg(9).
Tty anédeln tou Oswphpatog 4.1.2 anotodvtar ta e€hc Bonintind
Mpportas:
(i) Eotw P = H?Zl(aj, b;jl. T xdde j =1,...,k Yewpolyue wa dropépton

aj =& <¢f <0 < c;-nj = b; tov [aj,b;] xou, yroa xdde 1 < ip <
: , ko=l i1

mi,...,1 <ip < my opiloupe P, = szl(cjj ,cjj]. Tére,
VOlk(P) = Z VOlk‘(-Pil ..... ’Lk)

1<ii<my,..., 1<ig <my,



18 - METPO LEBESGUE XTON ETKAEIAEIO XQPO

(ii) Eotww P, Py, ..., Ps avoxtdxheiotd S thigata otov RF. Trodétouue
ot ta Pr, ..., Ps etvan Eéva xan 61t P = P U --- U P;. Tore,

VOlk(P) = VOlk(Pl) + -+ VOlk(PS).

(iii) Eotw P, Pi,. .., Ps avoixtd—xheiotd dacthparta atov R¥. Trodérouye
ottt Pr,..., Ps etvan Eéva xon 61t PLU---U Py C P. Tborte,

V01k<P1) + -+ VOlk(PS) < VOlk(P).

(iv) 'Ectww P, Py, ..., Ps avoixtd—xheto 1d Sloo Thyata 6 Tov RE. Trodétoupe
61t PC PiU---UPs. Tére,

V01k<P) < VOlk(Pl) + -+ VOlk(PS).

(v) Eotw Q éva xhetot6 Sidotnua xou é0tw Ry, ..., Rg avoixtd Stoo thpata
otovRF. AVQC RiU---U R, t671€

volg(Q) < volg(Ry) + -+ - + voly(Rs).

(vi) T xdde Bidotnua S otov RF woyter

XL(S) = volj(S).

(vii) Kde didotnpoe eivon Lebesgue yetpriowo.

IIpétaom 4.1.3. To pérpo Lebesgue Ay eivon o—nenepaoyévo ahhd oyt me-
TEPACUEVO.

Mpbétaon 4.1.4. Kéde Borel unooivoro tou RF eivar Lebesgue petpriowuo.

4.1o Lebesgue petprioipa cOVola

Mpétaon 4.1.5. Fotww E € L. T xdde e > 0 undpyer A C RF avoutd
oote EC Axou \g(A\E) <e.

Ocsvpnua 4.1.6. 'Eotww £ C Rk, To E civa Lebesgue petpriowo av xo
wévo av undpyet Gs—olvoho A Gote E C A xor A\ (A\ E) = 0.

Ocdpnua 4.1.7. Eotw E C R*. To E eivar Lebesgue petpriowo av xou
wévo av undpyet Fy—olvoho B dote B C E xu A (E\ B) = 0.
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Ochpnua 4.1.8. FEotw u éva pétpo atov (RF, B(R¥)) dote u(P) = volg(P)
Y1 x&e avorté-—xheioté Bdotnua P otov RE. Tére,

1(E) = Me(E)
via xdde Borel otvoro E C RF.
Ocdpnua 4.1.9. O (R¥, L, Ag) eivar n mhhpwon tou (RF, B(RF), Ap).

ITpbtacm 4.1.10. Eotw E € L pye M\ (F) < oo. T xdde € > 0 undpyouv
nenepacyuéva To TAfYog Eéva avoixtd Swothgata Ry, ..., Ry dote

M(EA(RU---URy)) <e.

4.13° Kavovixotnta tou pétpou Lebesgue

Optopo6c 4.1.11 (xavovixd péteo). Eoto (X, p) évac yetpixds yopoc,
A o o-GhyePpa mou nepiéyer Ty Borel o-dhyeBpa B(X) tou X, xou ot 1
éva uétpo otov (X, A). To p Myetor xavovixd av ixavornotel ta e

(i) p(K) < oo ya xdde ovunayéec K C X.
(ii) p(A) =inf{u(U) : U avoixtd, A C U} yia xdde A € A.
(ili) p(U) = sup{p(K) : K ovpnayéc, K C U} yio xdde U avowxtd otov X.

H Sibtnra (i) Myeton ebwtepikn kavorikdrnra tou p xon v rdtyta (iii) héyeton

€0WTEPIKI) KAVOVIKOTNTA TOV [L.

ITpétaon 4.1.12 (xavovixdtnta Tou wétpou Lebesgue). To pétpo
Lebesgue i, efvan xavovixd pétpo atov Euxheideto ydpo RF. Emniéov, 1oy et

p(A) = sup{u(K) : K ovpnayéc, K C A}

yio x&e Lebesgue petpriowo olvolo A.

4.1v" Meézpo Lebesgue xou anioi petacynuaticpol

MMpétaon 4.1.13. Fotww A € L. T xdde € R woyber 2 + A € Ly, o
A(z 4+ A) = M (A).

ITpotaocn 4.1.14. 'Eotww A € L. I xdde p > 0 woylet pA € L xou
Me(pA) = p"Ar(A).

Meétaon 4.1.15. Fote A € Li xa éotw T : RF — RF ypoupued arewxé-
vion. Téte, T(A) € Ly, xau

M(T(A)) = [ det T| - A (A).
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4.2 Mn petpriowpa cOVOAX

IMpébtaon 4.2.1 (To Mjupo Tou Steinhaus). Eotww A € L, ye A\ (A) >
0. Trdpyet 6 > 0 Bote 10 ahvoho

A-A={zx—y: z,yc A}
va teptéyel Ty avorxth undha B(0, §).
IMpbtaon 4.2.2 (Vitali). Trdpyer E C R 10 onolo dev eivar Lebesgue
weTerowo.
Opiouds tov E: Opiloupe vy e€hc oyéon wooduvopiac 6to R:
r~y<—=z—yeQ.

To E opiletau, pe ypnor tou adldyatog g emhoyhg, va Tepléyet axpiBag éva
onuelo and xdve xhdon wwoduvauiog Tng ~.

IMpétaom 4.2.3. Eotw A C R ye A*(A4) > 0. Trdpyer F C A o onolo dev
etvar Lebesgue petpriowpo.

4.3 MeTproipna ocbvola nouv dev eivon Borel

4.30 To tpradixd cOvolo tou Cantor

Karaokevr]. Oewpodyue 10 didotnua 10 = [0,1] xa 1o yweilovye ot tpla lou
S Thuata.  Agaupotpe to avoxtéd peodio didotnua (3, 2). Ovoudlouvye I

T0 6UVOLO TIOU AmOPEVEL, dnAadH

=Pl

To I' etvar npovavie xheiotd alvoho. Xwpilovue xadéva and 1o diac Thu-
o [0, 3] xou [2,1] o€ tpia fou Sraotrpata xu agupolue to uecaio avolxté
Sidotpa. OvoudZovye I? 10 %Ael0té 6hvoro oy anouévet, drhad

1 21 27 8
P=0,-|U|%z|Uls,~|ul=s,1].
oo 5] ] v
Yuveyilovtag pe autéy Tov TpoTo, xataoxevdlovyue Yo xdde n = 1,2,... éva
xhewotd abvoro 1" €tol wote 1 axohoudio (I™) vou éyer Tic eZnc 1oTNTEC:

(i) I" D I yia xdde n > 0.

(ii) To I"™ etvou m évwon 2™ xhelo TV Do TARETOY, xoéva and to onofa Exet
/ 1
WAXOS 5
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To ocvoio tou Cantor sivar to obvolo

c= 1"
n=0

Ta Sao thgaTa TNE popPRc [3—13,, k:,:';,l], neN, k=0,1,...,3" -1, ovoudlovto

TELATLXA DLALO TAOLTA.

IIpbtaocm 4.3.1 (ocOvolo tou Cantor). To C eivar xherotd, urepoptl-
whotpo xat éyel pétpo Lebesgue A(C) = 0.

4.33° H ouvdptnorn Cantor—Lebesgue

Karaoxevn. Oewpoiye ta obvora 1™ nou ypnodonotinxay yio TNy Xoatadoxevy
ou C. T xdde n € N opioupe ouvdptnon fn : [0,1] — [0,1] wc edic.
Av J', .. J5a_q ebvon Ta Badoyixd avolxtd Swao Thota mou oynuatiCouy 1o
[0, 1]\ I™, opiCouye fr(0) =0, fr(1) =1, fu(z) = 2% Yo xdde x 610 Jj', xou
EMEXTEIVOUPE Ypuuuixd oe xadéva amd Ta X¥AEls Td Bias ThHUaTa Tou oy npati{ouy
10 I" Wote va mpoxlel cuveyhc cuvdpTno.

ITpbtaom 4.3.2 (cuvdpetrnor Cantor-Lebesgue). H axohoudio { fr, 102,
ouyxhiver opotdpoppa ot wa ouveyh ouvdptnon f 1 [0,1] — [0,1]. H f eivan
atZouvoa xar enf. H eédva tou C yéoo tne f éxer pétpo A(f(C)) = 1.

ITpbtaom 4.3.3. Trdpyouv Lebesgue petprioa unooivora tou R ta onola
ocv eivar Borel.

Kataokeurj. Oewpolpe ) ouvdptnon g : [0,1] — [0,2] pe g(x) = f(z) + =,
6mou f 1 ouvdptnoyn Cantor-Lebesgue. H g eivon yvnolwg adZousa, cuveyhc
o ent (1o Bro xou n g b).

To othvoho g(C) eivar petpriowo xou A(g(C)) = 1. Eotw M éva un petph-
oo urochvoro tou g(C). Téte, 1o K = g~ (M) eivar Lebesgue petpriowo
016t elvar utocUvolo tou C 1o omolo €yet undevind pétpo. Ouws, to K dev
efvar ohvoro Borel: av frav, 10 M = (¢~ 1) ~HK) Ya Hrav cOvoho Borel wc
avtiotpogn euxdva ouvohou Borel péow cuveyolc cuvdptnong. Xuvenwg, 1o
M 9o fitav Lebesgue petprioio.

4.4 Aoxroeg

23. Eotww A xa B 6%o Lebesgue yetprioa utochvora tou R. Aef&te 6Tt 10
A x B elvar Lebesgue petpriotpo vnoohvoho tou R? xou 67

Ma(A x B) = M(A) - Aa(B).
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Tnodeitn. E€etdote mpdta tny nepintwon tou to A xar B elvan gporyyévol.

24. 'Eotw A to utosivoho tou [0, 1] mou arnoteheiton and dhoug Toug apriuoic
TOU To dexadixd Toug avdmTuyua dev Teptéyet To Ynglo 4. Aetigte 61t to A ebvan
Lebesgue petpriotpo xou Bpeite 10 A(A).

25. 'Eotw E xa F 800 ouvunayh uroclvora tou R¥ pe E C F xau A(E) <
AF). Acfgte 6m yio xélde o € (A(E), M(F)) propodue vo Bpodue oupnoryéc
oOvoho K wot1e EC K C F xu M(K) = a.

26. Eow A C R ye \*(A) > 0. Acite 6u yia xdde 0 < o < 1 undpyer
avoixto ddotnpa J wote

N(ANJT) > a- N ().

27. Eotw E xot F 80 Lebesgue yetpriowa vrostvora tou R¥ pe A(E) > 0
xar A(F') > 0. AciZte 611 10 6Ovoho

E+F={z+y:ze€FE yeF}
TEPLEYEL DLAo T

28. FEotw E Lebesgue yetpriowo unocivoro tou RF xa éotw T : RF — RE
Yoopwuxt anewxdvion. Aeilte bt to T(E) eivar Lebesgue petphoipo.

Trédeatn. Tapampriote 6t av 10 F C R¥ eivon oupnayée t6te w0 T(F)
efvar ovunayée, xa deillte ot av to E eivan Fr—olvoho téte o T(E) eivan
Fy—clvoho. Katomy, ypnowonoiwvtag 1o yeyovog ot v T ebvar Lipschitz
ouveyhe, dellte bt av A(A) =0 téte A(T'(A)) = 0.

29. Eotww E éva unochivoro tou RF. Opilouye 1o cowtepid uérpo Lebesque
Tou E Vétovtac

A@)(E) =sup{A(F) : F'C E, F xkeio16}.

(a) Acilre 6T A (E) < A*(E).
(B) Trodétovpe 61 A*(E) < oo. Acilte éu 1o E elvon Lebesgue petprioo
av %ot 6vo av Ay (E) = A\*(E).

() Aeite 6t av X*(E) = oo td1e 1 tooduvayia oto (B) Sev etvor ndvta 606 T4,

30. Aci€te 61 undpyet axohovdia {E,}5° | Eévwv unocuvéhwy tou R dote

N (U En) < > N (En).
n=1
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31. Eoww {gn}o2; wa apidunon touv QN [0, 1]. T xdde € > 0 opilouye

100 (gt 5.

n=1
Téhoc, déroupe A = N2 A(1/]).
(o) Aeigte 61t A(A(e)) < 2e.
(B) Av e < 3 deifte 61 0 [0,1] \ A(e) eivor un xevé.
(v) Actre 6t A C [0,1] xaw AM(A) = 0.
(6) Aeigte 61t QN [0,1] € A xou 61t o A elvon unepapriuriotyo.
32. 'Eotw A C R pe M(A) = 0. AciZte 611 10 00voro B = {2? : z € A} ebva
Lebesgue petpriotpo, xou A(B) = 0.

33. Aci€te 61 10 1p1adx6 oVvoro C' tou Cantor eivon téheto xou moudevd

4 4 2 4 4 4 7 Z 7
Tuxvé (dnhady), eivar xhewotd, dev Eyer pepovwuéva onuela, dev mepiéyet Bid-
oTNUa).

34. FBotww C = N2 oI 10 tp108ix6 ohvoro tou Cantor. AceiEte 6t i eC
NG, yre xdde n € N, o § dev ebvor dupo xavevée amd T 27 xheloTé Beo ThuATY
ou oynuatiCovy o 1.

Cn

35. (o) Aci€re 61 yia xdde axohovdia ¢, oto {0,1,2} n oepd Y 07 5
ouyxhivel og xdnotov aprdué oto [0, 1].

(B) AceiZte 6 yio xde = € [0, 1] undpyer axohovdia ¢, oto {0,1,2} dote
=7 g Aéue 6t t0 0.cico - - - ebvan éva Tpradixd avdnruyua tou .

(v) Aei&te dnrav z € [0,1] t61€ 0 = €xer dlo drapopetind Tpradind avamTlypata
av %ot W6vo av T = gx Yo xdnotoug m,n € N.

(8) Aci&te 6Tt av z € [0,1] t6te © € C av xou pbévo av 0 T ExEL TOUAIYIOTOV
éva Tpladnd avdntuypa 0.cicp - -+ pe ¢ € {0,2} yia xdde n € N.

36. Eotww 0 < ¢ < 1. Kataoxevdote éva utoshvoho tou [0, 1] pe tov ido
TP6TO O6Twe To alvoho Tou Cantor, ye Tt Sagopd 6TL 610 N—00TH BRua To
Otao THUATA OV apatpolvTaL €YUV UNxog 3%. Aet&te 611 10 ohvoho Ds mou
rpoxOnTeL efvon Téheto, dev teptéyel drao thuata xou et wétpo A(Ds) =1 — 6.

37*. Kataoxevdote éva Lebesgue yetpfiowo obvoro E C [0,1] ye v e&hc
WroTnTos v x&e ddotnpa J C [0,1],

AMJNE)>0 xu AJ\E)>O0.






Kegpdhawo 5

MeTpNOLUES CLUVUPETNCELS

5.1 Metpnotpnotna

Opiopée 5.1.1. Eotww (X, A1) xo (Y, A2) 800 petpriowor ywpot. M
ouvdptnon f: X — Y Ayeran (Aq, Ao)-uetphotun av yia xdde £ € Aj toylet
f_l(E) € Aj.

Ilpdtaon 5.1.2. Av Ay =0(€) téten f: X — Y ebvan (Ar, Ag)—petpfiopn
av xa wbévo av yia xdde E € € woyter f1(E) € A;.

IIpbtaon 5.1.3. 'Eotww X xa Y 800 yetpixol yweor. Kdlde cuveyrc ouvde-
mon f: X = Y eivar (B(X), B(Y))—uetprown.

5.1a" IIepropiopdg xo GUYXROAATOT

Opwopodg 5.1.4. Eow f: X — Y. Ia xdde F C X ouyBoiilouvpe pe fg
Tov neptoptoud e f oto E. Anhadh, fg: E — Y xou fp(z) = f(x) yia xdde
r e k.

‘Eotww A1 wo o-dhyeBpa unoouvéhwy tou X. Ouunleite 6T 1 otxoyévela
AITE={ANE| A€ A} civae o0-dhyeBpa oto E. Edixértepa, av E € A
T61€

AIE={A| ACE, Ac A

IIpétaoy 5.1.5. Eotw (X, A1), (Y, Az2) d0o yetphotpor ydpot, xat ot f
X =Y. Trnodérovpe 61t ta By, ..., By € Ap etvon Eévaxaw X = F1U---UE,.
Téte, 1 f etvor (Aq, A2)-petphoun av xar uévo av yio xdde j = 1,...,n
n fe; evou (A1 [ Ej, Az)-petprfiown.
To dto woyder av avtl yio v nenepacpévn dapépton {Eq, ..., By} tou X
Vewpriooupe dretpn aprduron dupépron {E;}152, tou X.
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5.2 MEeTpHOLUES CUVURTHOELS UE TEAYUATIXES TLULES
Optopode 5.2.1. (o) Mix ouvdptnoy f: (X, A) — R Aéyetar A-petpriown
(1, mo anhd, yetprown) av eivan (A, B(R))-uetphoun.

(8) M ouvdptnon f: (X, A) — R héyeta A-petphown (4, mo anhd, peteh-
o) av etvor (A, B(R))-petprowr.

Inueiwon. H owoyévera 1wv Borel unocuvéhwy tou R ebvo 7
BR) = {A, AU {+c0}, AU {—00}, AU {+00,—0} | A € B(R)}.

Auto €pyetan oe oupgpovia ye tov yevixd opopd utag Borel o—dhyefpac, av
Yewpriooupe 10 R cav tomohoyxd yopo pe Baoixéc neployéc Tou +00 xu 10U
—00 o 6Uvoha TNg popyic (a, +00] xat [—00,a) (6mou a € R) avtictorya.

Opiopéc 5.2.2. (a) Mia ouvdptnon f : RF — R # R Aéyetu Borel pe-
TeRowun av eivar B(RF)-yetpriown.

() M ouvéptnon f : RF — R 4 R kéyeton Lebesgue petpRowun ov civa
Li—petpfow.

5.200 Xoagoxtnplopnol petenoikdtnTog

Mpoétaon 5.2.3. Fotw f = (f1,..., fr) : (X, A) — RF.H f eivau (A, B(RF))-
wetpriown av xou wévo av xde f; eivon (A, B(R))-uetphoun.

IMpbtaon 5.2.4. H f: (X, A) — R elvou petprioun av xat pévo av yio xdie
a € R €youye

fH(a,+0) ={z €X: f(z)>a} €A

Ynuetwon. Ltny mpornyoluevy Ilpdtacy unopolyue vo avTixatao THGOUUE TNV
oxoyévewa {(a,+o0) : a € R} pe onowdfnote and tg {[a,+00) : a € R},
{(=00,a) :a € R} 4 {(—00,a] : a € R}.

IMeétaon 5.2.5. Eoto f: (X, A) — R. Ta e&fc eivor 100d0vopa

() H f ebvou yetphown.

() Ta olvora f~H({+oc}) xow E = f7H(R) avixouv oty A, xou 1 fr v
(A | E)-petphiow.

(v) T x40 a € R éyoupe f~1((a, +00]) € A.
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5.2B8" IIpdieig petad UETENOILUOY CUVARTHCEWY

IIpbrtaot 5.2.6. Eoto (X, A1), (Y, A2) xou (Z, A3) tpeic yetphiodot yopot.
Avy f: X = Y ebvar (A, Ag)-petpflown xou n g : Y — Z eivan (Ag, Az)-
petphotun, téte ngo f : X — Z eivar (Ay, Ag)—petpriown.

IIpbtaocy 5.2.7. 'Eotwo f xu g: (X, A) — R 8o A-yetphoec ouvopti-
oeg. Tote, ov f+ g xa f - g ebvon A-petpriotpec.

Mpbétacy 5.2.8. Eoto f xu g: (X, A) — R 800 A-petphoec ouvopth-
occ. Téte, to shvoho

E={x: f(z) = +o0,g(x) = —oo} U{x : f(z) = —o0, g(z) = +oo}
avixet oty A xaw n (f 4+ g) [ E€ eivar (A | E€)—petphown.
YuBaon. 0- (+00) = (+00)-0=0-(—00) = (—00) -0 = 0.

Meétaon 5.2.9. Eotw f xu g : (X, A) — R 8o A-petphowec ouvapth-
oec. Tote, n f - g etvan A-petphoun.

Mpétacy 5.2.10. Eoto f xou g : (X, A) — R dlo A-petpfotpec ouvap-
thoewe. Térte, 1 oOvora {z € X : f(z) = g(x)} v {z € X : f(z) < g(x)}
avixouv oty A.

Mpétaoy 5.2.11. Ectw fi,..., fa: (X, A) — R yetphiopec ouvaptioeic.
Tére, ot ouvapthoec max{ fi,... fp} xoo min{ f1, ..., fn} eivar A-petpriowpec.

IMeétaoy 5.2.12. Eoto f: (X, A) — R wa A-petpfown ouvdptnon. Té-
1g, ot ouvapthoeic fT = max{f,0} xou f~ = —min{f, 0} etver A-petphiowec.

IIpbtaoy 5.2.13. 'Eotw (fn) po oxorovdia yetphotuwy cuvapthoewy fi :

(X, A) — R. Téte, o ouvapthoeic sup fp, inf f,, limsup f, xa liminf f,
n>1 n>1 n—00 n—00

elvon A-petpriotpes.

IMpbtaocn 5.2.14. Eotw (f,) pa axorovdia petpRotuwy ouvapthoeny f
(X, A) — R. Téte, 10 abvoro

A={r e X: 10 lim f,(z)urdpye oto R}

avixet oty A xou i ouvdptnon f = lim f, 1 A — R eivou petpriow.
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5.3 AnAég ocuvaptroelg

Optopodg 5.3.1. 'Ectww E C X. Houvdptnon xg : X — R nov opileton and
1 avz ekl

0 wadE AEYETAU Y AEAATNPLO TLXT] CLUVAETNOY] TOU

mv xEe(z) =
E.

IMapatrpnon 5.3.2. Edxola eAéyyoupe o1t

tXE+sxF =txp\r+(t+S)XEnF+SXF\E:  XEXF = XEnF, XEc=1—XE
vio xae B F C X xa yia xdde t, s € R.

Ipétaon 5.3.3. Eoww (X, A) yetphowog ywpoc xat éotw £ C X. Térte,
n XE eivon A-uetpriown av xou uévo av E € A.

Optopdg 5.3.4. 'Eotww X éva un xevé advoho. Mia ouvdptnon ¢ : X — R
AEyeTar AN oV TO OUVORO TGV TN Ebval TENEQUTUEVO.

IMpétaom 5.3.5. (o) M ouvdptnon ¢ : X — R eivar anhf av xa uévo
av elvar ypoppuxde ouvduaopde (nenepaopéveny 10 TARY0C) YApaXTNELo TGOV
OLUVAPTRCEWY UTOGUVOALY Tou X.

(B) Avn ¢ : X — R elvon anhi, téte undpyet dopépton {E1, ..., En} tou X
oe Zéva, pn xevd obvoha K, xau umdpyovy ai,...,a, € R, dupopetixol avd
800, wote

¢ =a1Xp + + AmXE,,-
Trdpyel pio LovVo avamapdoTacy tng ¢ UE TS TOQATAve WIoTNTeS. Auth 1)
OVATOPAC TACT, AEYETAUL XAVOVIXN LORPN NS .
(v) Av (X, A) eivon évac petphotpog ywpos xar av ¢ : X — R eivar o amh
OLUVEPTNON PE XAVOVIXY) UORYH TNY @ = A1XE, + - - + AmXE,,, TOTE 1 ¢ elvan
A-petphown av xou pévo av By, ..., E, € A.

ITpbtaon 5.3.6. (o) Kdde ypapuinde ouvduaouds tov anh@dy cuvapThoe-
oV O1,...,0s : X — R (ue ouvteheotée mpaypatinole apdpolc) eivon amht
ouvdpTNo.

(B) Av ¢, : X — R eivar 800 ankéc ouvapthioelc, T6te o ¢ - 1, max{¢, ¥}
xou min{¢, ¥} eivar ankéc ouvapthoeic.

Oedpnpa 5.3.7 (npocéyyion cuvdpetnong and anhés cUVRETAH-
oeig). Eotw f: X — [0,+00]. Trdpyer adfouoa axorovdio {¢y} anhdv
OLVAPTROEWY TIOU oLYXAVEL xatd onpelo oty f: yia xde x € X oydet
¢n(z) = f(2).

Emunkéov, av 1 f elvar gpaypévn oe xdnowo £ C X, 161 ¢, — [ ouotd-
woppa oto K.
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Opwpués tng ¢n: Opilovpe G = {x € X : f(x) = 0}. T xdde n € N
yweilovpe to (0,n] oe n - 2" Badoyixd avoxtd—xhetotd Slao ThAuoTa UAxouS
1/2™ xon Hétoupe

-1
Eﬁz{xeX: k2n <f(fr)§k}, k=1,2,...,n-2"

xou
F,={zxe€ X: f(x) >n}.

Téhog, opiCoupue
/n/.271/
¢n =n-XF, + Z

k=1

1

on XEL
Ocedpnua 5.3.8 (npooéyyion RETEHOIUNG oLVAETNONG ATO o-
nhéc petpRolpes ouvapthoels). Eotw (X, A) évac petpriowoc yodpoc
xar €0t f 1 X — [0,+00] wo A-petpriown ouvdptnon. Trdpyer ablovoa
axohoudio {¢n} anhdV petpRotuwy cuvapTHoEWY Tou ouyxAivel xatd onueio
oty f: v xdde z € X woylel ¢ (z) — f(z).

Emuniéov, av n f etvau poaypévn oe xdnowo B C X, t61¢ ¢, — f opoio-
poppa oto K.

Anédoaén. Av yn f elvon yetpriowun, TOTE Ol ¢y, TOU OPICTNXAY TALATAVE Efvall
HETENOIES.

5.4 Aoxvoelg

38. Eoww (X, A) évac yetpriotoc ywpoc xat éotw f: X — R. AciZte 61t 1]
f etvon A-petphion av ot pévo av £ 1((g, +o0]) € A yia xdde g € Q.

39. Eow (X, A) évac perpopoc ywpoc xat éotw f : X — R o A-
petpfiown ouvdptnon. Opilovpe g : X — R ye g(x) = 0 av f(z) € Q xo
g(x) =1 av f(z) ¢ Q. Acilte 61 n g elvon A-petpriown.

40. AciZte 61 xd¥e ad&ovoa ouvdptnon f : R — R eivar Borel yetpriowun.

41. (o) Aci€te bt av n g : R — R eivar ouveyric xou i h: R — R eivon Borel
petpriown, tote n hog: R — R eivon Borel yetpriown.

(B) Xpnowonouwdvtag 11 ouvdptnoy Cantor-Lebesgue Peeite yio ouveyt ou-
véptnon g : R — R xaw wa Lebesgue yetpriown ouvdptnon h : R — R dote
hog:R — R va uny eivar Lebesgue petpfiown.
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42. Fotww E éva Lebesgue petprioo vrnootivoro tou R¥ pe A(E) < oo, xa
¢otww f: E — R wa Lebesgue petpriown ouvdptnon. Opiloupe wy : R — R
e

wi(t) =A{z € E: f(x) > t}).

(o) AefZrte bt n wy ebvon gdivouoa xar ouveyhic and de€id. Ye tord onpela etvou
ACUVEYNS;

(B) Av ot fn,f : E — R eivar Lebesgue petpriowes xou fr, T f, 0ei€te 6t
wp Twy.

43. (v) Eotww fn : R — R Lebesgue petpriotpes ouvapthioeic xou éotw o € R.
Aeigre om: av Y oo A{z : fu(z) > a}) < oo, tote undpyer N C R pe
AN) =0 woze limsup f,(z) < a v xdde = ¢ N.

(B) Eotw fr: R — R* Lebesgue UETPHOLIES CUVAPTHOELS Xt €0TW €, —
0%, Aeffte 6t av > o2 A{z : fu(z) > en}) < 00, téte Undpyer N C R pe
AN) =0 &ote fn(z) — 0 v xdde = ¢ N.

Yréoaén. Xpnowonotfote v Aoxnon 1(y) tou Pulradiov 3 (Afupa Borel-
Cantelli).

44. Eozw f, : [0,1] — R Lebesgue petpfotuec ouvaptfioeic. Acilte 6t
undpyet axohovdia (ay,) Vettndy mpaypatieedy aptdpody xar undpyer N C R ye
A(N) =0 wote lim f'&—(f) =0y x84 x ¢ N.

Yréden. T xéde n vrdpyer By, > 0 dote AN({z : |fn(x)] > Bn}) < 1/2™

45. Eoto f:[0,1] x [0,1] — R suvdptnon cuveyfc uc npoc xdle petainth
ywetotd. Acilte 61t v f elvan Borel petpriown.

Trodeén. Toadte v f oav dplo axohovdiog Borel yetprioipwy cuvaptroewy.



Kegpdiawo 6
OAoxArpwua

6.1 Amnkég pn apvnTIXES UETRYOLULES CUVAOTNOELS
Optopdbc 6.1.1. 'Eoto (X, A, ) évac yopoc pétpou xat éotw ¢ : X —
[0, 00) wiot amh| wny apvnTix YETEHOWLT GUVERTNON UE XAVOVIXT Lopp THY

¢ =a1xp + -t GnXE,-

OpiCoupe 10 ohoxhfpwyua g ¢ ¥étovtog

[ odu=Y anE.
X i=1

IMapathenon 6.1.2. (a) Me tov nopandve opiops, éyoupe [y ¢dp < oo
av xot wévo av p({r € X @ ¢(z) > 0}) < oo.
(B) Eyovye [y ¢dp =0 av xor pévo av u({z € X : ¢(x) > 0}) = 0.

Adppa 6.1.3. Eotww ¢ : X — [0,00) plar anhf) un apvntxf petphiowy) ou-
vaptnor. Trnodétoupe 6tL ¢ = Z§:1 bixF; yw xdnow Eéva Fi, ... Fy € A
Tote,

k
/ Gdp =y bju(Fy).
X j=1

Adppa 6.1.4. Eotw ¢,9 : X — [0,00) anhéc petphiotpec ouvapTAGES Xat
éotw t > 0. Tére,

/(¢+¢)d,u—/ ¢d,u—|—/ Vdp  kar /(t¢)d,u_t/ ¢ du.
X X X X X
Adppa 6.1.5. Eotw ¢, : X — [0,00) ankéc yetpfoes ouvapthoec. Av

¢ <1 oto X, té1¢
/édué/wdu-
X X
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IIpétaocm 6.1.6. Eotw ¢ : X — [0,00) wo ankf} un apynuxy yetprion
ouvdptnom. Av {A,} ebvau wa adovoa axohoudia ortoryeiny tne A xa Ay, 1

/X¢XAndH//X¢dM-

Ilpbtaoy 6.1.7. 'Eow ¢ : X — [0,00) wo ankf un apvnuxy petpfion-

X, t61e

un ouvdptnon xa éotw {¢n} wa abfouco axorovdia anhdv yetpAotu®Y un
APVNTUIXGY ouVapTAcE®Y ¢p : X — [0, 00).

() Av lim ¢, < ¢, t61¢
n—oo

n—oo

(B) Av ¢ < lim ¢y, té1e

[otn< i [ oan
X n—oo X

IMpbtaocm 6.1.8. Eotw {¢n} xu {1n} 800 adlovoec axohovdiec anhdv

lim [ g dp < / b
X X

UETPHOWY W) dpVNTIXOY GUVAPTACEWY ¢p, Py : X — [0,00). Av

lim ¢, = lim %,,
n—od n—oo

n—oo

lim On dp = lim / Uy, dt.
X n—oeJXx

6.2 Mn apvnTIXES UETPNOLULES CUVARTHOELS

Opiopde 6.2.1. Eotww (X, A, p) évac yodpoc pétpou xa éotw f : X —
[0, +-00] petphowun ouvdptnon. Opilovue

/fdu= hm/qbndu,
X n—oo Jx

brou {én} adZovoa axorovdia anhdy UETEROIOY YN dEVNTIXMY CUVAPTACERY
nou ouyxhivel xatd onueio oty f. Téroiec axohouvdiec {¢p,} undpyouv and
T0 Oewpnua 5.3.8. Eniong, 1o dplo 010 8e€1d pehog eivon ave€dptnto and Ty
emhoyt| e avlovouc axohoutiog {¢n}. Autd eivar ouvénewa tne HMpdraorne
6.1.8. Yuvendq, o ohoxifpwua e f etvar xahd optopévo.

IMopatnerosic 6.2.2. () Aev eivar dhoxoho va deiler xaveic 61t

/ fd,u:sup{/ pdp: 0< ¢ < f, ¢aniy ps'cpf]mw]}.
X X
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(B) Av n f elvon anhfi, T6TE 0 VEOC 0plopdS TOU OhOXANEOUATOS TN f oUUPWVEL
HE TOV TAUALG: AUTO QAIVETOL AUECKLE AV VEWPHOOUNE TNV oTtadept| axohoudia

=010

Ilpértacy 6.2.3. Eow f,g: X — [0, 00] yetpfowpes ouvapthoeic xat 61w
t > 0. Tore,

[t varan=[ rans [ gdu xa [ pan=t [ fan

Ilpbtacy 6.2.4. Eotw f,g : X — [0,00] yetpfowec cuvapthioec. Av

/deuﬁ/xgdu-

ITpbtaom 6.2.5. 'Eotw f: X — [0, 00] petphown ouvdpon. Av [ fdu =
0, téte pu({x: f(x) > 0}) =0.

f<goto X, téte

Optopo6c 6.2.6. 'Eoto (X, A, i) évac ydpoc pétpou. Aépe 6t wa drdtnra
P(x) woyber oxeddv movtoU (xon Ypd@oupe [t — 0.7.) av

u({z: n P(x) dev wyve}) = 0.

Ilpbtaocy 6.2.7. Eotw f,g : X — [0,00] yetpfowes ouvaptrioec. Av

/deuz/xgdu-

Oedpnua 6.2.8 (Oevdpnua povotovne obyxAions). Eotww {fy}

f=9gup—om., téte

avgovoa axohovdia petphowy cuvaptiocwy fr, : X — [0,4+00] xu éotw
f: X — [0, 400] petphown ouvdptnon. Av fp(z) — f(x) p—o.m., téte

/and/H/deu.

Ocedpnua 6.2.9 (Oewpnua Beppo Levi). Eotww f, fr, 1 X — [0, +00]
petphowes ouvapthoec. Av f =% f, p—o.m., t61€

/deuzgzl/xfndu-

Oedpnua 6.2.10 (A¥ppa tou Fatou). Eotw f, : X — [0, +00] petph-
otuec ouvaptroelc xau €otw f = liminf f,. Térte,

fdpu <lim inf/ fndu.
X n—ee Jx
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6.3 OAOXAMPWOLUES CLUVIAPTAOELS

Opiopde 6.3.1. Eotw (X, A, 1) évac yopog yétpou xau éotw f: X — R
wetphown cuvdptnon. Ocewpolue to Vetxd pépoc f1 xou to apvntind pépoc
J=me f.

() Av 1oyler Toukdyotov pla and tig [y fTdu < cof [ fdu < oo, téte
Aéue 611 10 ohoxhfpwua e f oplleton xa Vétoupe

/deuz/xﬁdu—/xf—du.

(B)Av fX frdu < oo xa fX [ dp < 00, téte Mye 6t 7 f elvor ohoxAnp-
oL, UE OhOXAHpwPA (OTwS TTpL)

/deuz/xﬁdu—/xf—du.

IMgétaon 6.3.2. Eotw f: X — R petpfon ouvdptnon. H f eivor oho-
xhnp@otun av xat wévo av 1 | f| ebvar ohoxhnpdowun.

Mpétaoy 6.3.3. Eoto f: X — R ohoxhnpdowun cuvdptnon. Térte,
(@) f(z) eR p—o.m.

(B) To {z € X : f(x) # 0} ypdoeta cav aprdufoun évworn ouvbhwy nenepa-
ouévou uétpou.

Igétaon 6.3.4. Eoto f,g : X — R uetpfiown ouvdptnon. Av f =g
b — O.T. %ol TO fod,u opiletan, t6tE TO fng,u opiletar xon fod,u =
Jx gdp.

Igétaon 6.3.5. Eotw f: X — R petphown ouvdptnon. Ta elhc ebva
10080V

(i) [x[fldp=0.
() f=0pu—om.
(iil) [y fxadp =0y xdde A € A.

Mpétaoy 6.3.6. 'Eoto f,g: X — R ohoxhnpdoec ouvapthoeic xau é0Tw
t € R. Téte, ot f+ g xou tf elvon ohoxhnpdoipes, xou

/X(f+g)du=/xfdu+/xgdu , /X(tf)du:t/xfdu.
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IMpétaon 6.3.7. Eotw f,g : X — R ohoxhnpdoipec ouvapthoeic. Av
f<gp—om ot X, té1c

/deug/xgdu.

Mpbtaoy 6.3.8. Eotw f: X — R ohoxhnpdowun cuvdptnon. Tére,

’/deu'ﬁ/xfldu-

Oedpnua 6.3.9 (Oedpnpa xuplaeyNrévns cVyxAong). 'Eotww f, fi :
X = Rxag: X — [0,+00] petphowec ouvapthoec. Av fu(z) — f()
p—om., | fo]l <gp—om xou fngu < 00, TéTE Ot fir, f Elvart ONOXANPOOIUES

/andu—>/deu-

Ochpnua 6.3.10. Ecto f,: X — R petphopec ouvapthoeic. Av

Z/ |fn\dﬂ<00,
n=1 X

T61€ =5 f, oplleton 4 — 0., xaut
NS =2n=1/nop Iz ,

/deuzgjl/xfndu.

Oewpnue 6.3.11. 'Ecto f: X — R ohoxdknpdown ouvdpton. [o xdde

pdeds

e > 0 undpyer amhn yetpriowrn ouvdptnon ¢ : X — R vote
J v oldn <.
X

6.30 AdpioTto OAOXAN LU

Oedpnua 6.3.12. Eotww (X, A, 1) évac yopoc pétpou xau éotw f: X —
[0, +-00] petpriotun ouvdption. T xdde A € A opilouye

o) = [ fdu= [ pxadu

Tote, oybouy o e€hc:
(i) To v eivar yérpo.

(i1) Av p(A) =0 t6te v(A) = 0.
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(ili) T xdde petpriown ouvdptnon g : X — [0, +00] oy et

/ngV=/ngdu-

Av emniéov unoBéoouye 6TL 1 f elvor ohoxhnpdaoiun, T6TE T0 v €yEL TNV axd-
Aoudn ot

T xdde € > 0 undpyet 6 > 0 dote: av A € A xon pu(A) < 6, téte
v(A) <e.

6.4 Aoxnoelg

46. (Oedpnua oporbpopyne obyxhiong). Eotw fn (X, A, n) — R oho-
xhnpwoeg ouvapthoec. Troletoupe 61 f,, — f opotduoppa oto X. Av
p(X) < oo, defte étL 1 f elvon ohoxhnpmotun xat

/andw/deu.

47. (Oedpnpa gpaypévne obyxhion). Eotw f, fn : (X, A p) — R petph-
owec ouvapthoec. YTrodétouye ot pu(X) < oo xor b1t undpyer 0 < M < oo
OOTE |ful <M p—om. yiaxdde n € N. Av f, — f p— o.m., dellte b

/andw/xfdu.

48. Eotw f, fn 1 (X, A, 1) — R petphowec ouvapthoeic xa éotw g+ X —
[0, +00] ohoxhnpdowr cuvdptnon. Trodétoupe 61t |fp| < g p—o.m. yia xdde
neN. Av f,, — f p— o.m., deilte 6ut

J 15— slau—o.

49. Eow f, fn 1 (X, A p) — [0,400] yetphotues ouvapthoes ye fr < f
p—om yaxaden € N Av f, — f p—o.m., deite 6T

/andw/xfdu.

50. (I'evixevon tou Yewphuatog xvpapynuévne obyxhione). ‘Eotww f, fr :
(X, A, 1) — R xou g,g, : X — [0, +00] petphiotpec ouvapthoeic. Trodétoupe
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v ful Sgnp—om, fo— fu—om, gn = gp—om, xu [ygndp —

Jx gdp < +o0. Aeiite 6mt
/ fndu —>/ fdp.
X X

51. Eoto f,fn @ (X, A pn) — [0,+00] petpriowec ouvoptiioec e fr, — f
p—o.m xa [y fodp — [y fdp < 4oo. Acie ot

/fnduﬁ/fdu yio xdde A € A.
A A

52. Eotw f,fn @ (X, A u) — R oloxhnpdoipec ouvapthoeic ue fn, — f
w— o.m.. Aeifte 6Tt

/‘fn—f\d,u—ﬂ) oV xat Lovo av /\fn’dﬂ—)/‘ﬂdﬂ
X X X

53. Eoto f, : (X, A, 1) — [0,+00] ohoxhnptoiues ouvaptioec e fr, — 0
p—o.m. ot0 X. Opilovpe ¢, = max{fi,..., fn} xo unodétouvye ott uTdpyer
M >0 dote yio xdde n € N v woyder [y gndp < M. Aclie 6

/ fndu — 0.
X






Kepdhawo 7

207 HALOT XOANOLVLLYV
UETETOLUWY CUVOULTNCEWY

7.1 XOyxhion xatd onueio xou opoldpoppn cLYXALoY

Optopde 7.1.1. 'Ecto (X, A, 1) évac ydpog pétpou xat €610 fn, f: X — R
HETPNOWES CUVIRTNOEIS.

(o) Aépe ot fr, — f xatd onueio p — o.m. av undpyer Z € A pe u(Z) =0
oote: fu(r) — f(z) yioxdde z € X \ Z. Anhady,

T xdie . € X\ Z xon yro xdde € > 0 undpye no(e, z) € N dote:
v x&de n > ng, |fu(x) — f(x)] <e.

(B) Aéue 61 fr, — f opotbpopyga p — o.m. av vndpyer Z € A ye pu(Z) =0
wote: fp — f opotdpoppa oto X \ Z. Anhadn,

Ia xdde € > 0 undpyet no(e) € N dote: yio xdde n > ng o yia
xde x € X\ Z, |fu(z) — f(2)] <e.

(v) Aépe 6t {fn} civon opobpoppa Cauchy p — o.m. av undpyer Z € A pe
w(Z) =0 oore:

Ta xdde € > 0 undpyet no(e) € N dote: v xdde m,n > ng xo
vy xde x € X\ Z, [fn(z) — fr(z)] <e.

Ané touc oplopolc elvar gavepd 6t av f, — f opobpoppa p — o.m. 16TE
fn — f xatd onpelo p — o.m. Enione, av n {fn} eivor opotbpoppa Cauchy

p—o.m. t61€ fr, — f ouotduoppa i — o.7.
Ilpbétaon 7.1.2. (o) Av f, — [ xou fr — g xatd onuelo p — o.7m., T6T€

f=9gpu—om.
B) Av fr, — f xu fr, — g opotbpopga p — o.m., 161€ f =g p—o.m.
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IMpétaom 7.1.3. (o) Av fr, — f xou g — g xotd onpeio p— o.m., téte, Yo
xdde t,s € R, tfy, + sgn — tf + sg xatd onuelo p — o.7.

(B) Av fr, — f xu gn, — g opolbuopya p — o.m., tote, Y xdle t, s € R,
tfn + sgn — tf + sg opoduopga p — o.m.

IMpbtaocn 7.1.4. (o) Av fr, — f xou gn — g xotd onpelo pp — o.m., 61
fngn — fg xatd onpeio p — o.7.

(B) TroVétoupe bt undpyer M > 0 dote |fn| < M xou |gn| < M p—o.m.
v xdde n € N Av f,, — f xou g, — g opoidpopga pp—o.7., 161€ frngn — fg
OULOLOUOPYU [t — O.T.

(Y) Av agarpéooupe v vnddeor 6t ot {fr}, {gn} elvor oporbpoppo gpay-
wévee o — o.m., 161e () dev toylet yevixd.

7.2 X0yxAion xotd u€co

Optopdg 7.2.1. 'Ecto (X, A, 1) évac yodpog pétpou xa €6t fn, f: X — R
HETENOWES OUVAPTAHOELS.

(o) Aépe 6t fr, — f xatd yéoo av

J 1= Ao,

(B) Aépe 6t {fn} eivar Cauchy xatd péoo av yia xdde € > 0 undpyet no(e) €
N dote: vy xade m,n > ng,

/ |frn — fm]dp < e.
X
Ipétaon 7.2.2. Av f, — f xa f, — g xatd péco, t61¢ f =g p — o.m.

Ilpétaon 7.2.3. Av f, — f xu g, — g xotd y€co, 161¢, yia xdve t,s € R,
tfn + sgn — tf + sg xatd yéoo.

Iopathpnon 7.2.4. Ay f, — f xatd yéoo, t61e 1 { fn} elvon Cauchy xatd
WETO.

Oshpnpa 7.2.5 (Riesz). Avn {f,} eiva Cauchy xotd péco, té1e undpye
uetpron ouvdptnon f 1 X — R wote

J 1t = flau—o.

Emmiéov, undpyet unaxohovdia { fi, } e {fn} dote fr, — f p—om.

IMépropa 7.2.6. 'Eotw (X, A, p) évac yopoc pétpou xa €01w fn, f 1 X —
R petpfiowes ouvopthoec. Av [y |fn — f]dp — 0, téte urdpyer unaxoroudio
{fe.} e {fn} Gote fr, = fp—om.
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IMpbtaon 7.2.7. (o) Trolétovye bt undpyer M > 0 dote | fr| < M p—o.m.
v xdde n € N. Av f,, — f xotd yéoo, téte |f| < M p—o.m.

(B) Trodétoupe 61 undpyet M > 0 dote | fr| < M xo |gn| < M p—o.m.
yia xqde n € N Av f, — f xou g, — g xotd yéco, 161 fpgn — fg xotd
péoo.

7.3 20yxAiomn xotd pETEOo

Optopdg 7.3.1. 'Ecto (X, A, 1) évac ydpog pétpou xa €610 fn, f: X — R
PETPHOLIES CUVUPTHOELS.

(o) Aépe 61 fr, — f xatd yétpo av, yia xdde € > 0,
p({z € X |fu(z) — f(2)| > €}) — 0.

(B) Aépe 61 q {fn} eivar Cauchy xotd pétpo av yia xdde €,0 > 0 urdpyet
no(e,d) € N oote: yia xédde m,n > ng,

(e € X : |fula) - ful2)] > €}) < 6.

IMopatrenon 7.3.2. Av f,g: X — R elvon petpriotueg ouvaptioelg, ToTE,
yia xde a, b > 0 oy et

({2 1f(@) + g(@)] = a+ b)) < (e 1£(@)] = a}) + p({a : lg(@)] = b}).
ITpbtaocn 7.3.3. Av f, — f xou f,, — g xatd yétpo, t61€ f =g p— o.m.

Ilpbtaon 7.3.4. Av f, — f xou g, — g xatd uétpo, 161e, Y xdie t, s € R,
tfn + sgn — tf + sg xotd pétpo.

IMopathenon 7.3.5. Av f, — f xatd pétpo, t6te 0 {f,} eivar Cauchy
2ATE PETPO.

Oevpnpa 7.3.6. Av n {f,} eivar Cauchy xatd pétpo, 161e undpyet Yetpy-
own ouvdptnon f : X — R oote f,, — f xatd yérpo. Emniéov, vndpyet
vraxohoudio { fr, } e {fn} dote fir, — f p—om.

II6propa 7.3.7. 'Eotw (X, A, p) évac ydpog pétpou xa €610 fpn, f: X —
R yetprowec ouvapthoeg. Av f, — f xatd yétpo, to1e UTdpEyEL LTaxoloudia

{fr,} e {fn} GoTE fRr, = f 0 — o7

IMpbtaom 7.3.8. (o) Trodétovye bt undpyer M > 0 dote | fr| < M p—o.m.
v xdde n € N. Av f,, — f xotd pétpo, téte [f| < M p— o,

(B) Trovétouvpe ot undpyet M > 0 dote |fn| < M xou |gn| < M p—o.m.
yie xde n € N Av f,, — f xu g, — g xatd pétpo, t61€ frngn — fg xotd

pETpO.
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7.4 Xyed6v opolopop@n cLYXALOT

Opiopde 7.4.1. 'Eotwo (X, A, 1) évac yopoc pétpou xat ot frn, f: X — R
UETPNOIUES CUVAPTNOELL.

(o) Aépe 6u f, — f oyeddv oporbpoppa av yia xdde 6 > 0 undpyet A € A pe
p(A) < 6 wote fr, = f opobpoppa oo X \ A.

(B) Aépe 6t { fn} etvou Cauchy oyedbv oporduopwa av yia xdde & > 0 undpye
Ae Ape p(A) <0 dote n {fn} va eivar opotbuopya Cauchy oto X \ A,

Ilgétaocn 7.4.2. Av f, — f xau f, — g oyedov oyolduopga, 161 f = g
W — o.m.

Ilpbtaon 7.4.3. Av f, — f xou gp — g o)edOV opolduoppa, T6TE, Yia xdie
t,s €R, tfn + sgn — tf + sg oyeddv opotduopga.

Iopathenon 7.4.4. Av f, — f oyeddv opobpopypa, téte 1 {fn} clvan
Cauchy oyedév opoldpoppo.

Ocedpnua 7.4.5. Av n {f,} eivar Cauchy oyedév opotduoppa, té1e UndpyEL
wetefown ouvdptnon f : X — R dote f, — f oyedov opoiduoppa. Emniéoy,
fmn—fp—om.

IIépropa 7.4.6. Eotw (X, A, p) évac yopoc pétpou xat €otw fp, f: X —
R uetpriowes ouvapthoes. Av f, — f oyeddv opoidpopga, 161 fr, — f
WU— ..

Ilpbtaoy 7.4.7. (o) Yrovétoupe 6t undpyer M > 0 dote | f| < M p—o..
v xde n € N. Av f,, — f oyedbv opotbpopya, t6te |f| < M p—o.m.

(B) TroBéroupe 6Tt undpyer M > 0 dote |fr| < M xou |gn| < M p—o.m.
v xdde n € N. Av f, — f xaw g, — g oyedov opoldouoppa, TOTe frgn — fg
oYEDOV OUOtOUoPYAL.

7.5 XOyxplon TV SLagdpwy TOTGWY cUYXALONG

Osvpnpa 7.5.1 (Egoroff). Eotww (X, A, 1) évac ydpog uétpou xat é0tw
fno [ 1 X — Ryetphopec ouvaptiioeic. Av pu(X) < coxarav f, — f p—o.m.,
t61€ fr, — f o)V opoLbuopya.

Oedpnua 7.5.2. Eotw (X, A, 1) évac yodpoc uétpou xou €610 fr, f: X —
R yetpriotpec ouvoptioec. Av fr, — f p—o.m. xaw av undpyet g : X — [0, o0
ot |fu] < g i xdde n € N xa [y gdu < oo, t61€ f, — [ oyeddv
OULOLOUOPYAL.
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Oedpnua 7.5.3. Eotw (X, A, 1) évac yodpog uétpou xat €610 fr, f: X —
R petpholuec ouvapthoeic. Av f, — f oyeddy ogorduopoa, 161 fr, — f xatd
péTpo.

Avtiotpoga, av fr, — f xatd yétpo, téte undpyet vraxohoudia { fr, } e
{fn} dote fi, — f oyeddv oyoibuoppa.

Oevpnupa 7.5.4 (avicétnto Chebyshev-Markov). 'Eotww f: X —
[0, 00] petproun cuvdptnon. Ta xdde € > 0 wyel 1 avicbtnta

Mo X: f@w =< [ ran

Oedpnua 7.5.5. Eotw (X, A, 1) évac yodpoc uétpou xot €610 fr, f: X —
R petphowec ouvapthoec. Av f, — f xatd yéoo, téte fr, — f xatd pérpo.

Avtiotpoga, av f, — f xatd pétpo xou av undpyet g : X — [0, 00] dote
[l < g viexdde n € Nxaw [y gdp < oo, w61€ fr, — f xatd péoo.

Oedpnua 7.5.6. 'Eotw (X, A, 1) évac yodpoc wétpou xot €610 fr, f: X —
R petphopec ouvapthoec. Trodétovye 61t pu(X) < co. Ta e eivan 16080-
Vool

( ) fn— f xomi uétpo.

|fr—
X 1+|fn— f\

( ) Kée vraxohoudio tne {fn} €xet vnaxohoudio tou ouyxhiver sty f -

dp — 0 btav n — oo.
oyedov navtoU.
7.6 Aoxvoelg

Ye 6hec e Aoxfoeie, (X, A, 1) eivan évag ydpoc uétpou, bha to UTOGUYORY
Tou X avixouy oty A, xau ot f, f 1 X — R elvar yetprioec ouvaptioei.

54. 'Eotww ¢ : R — R opotdpopga cuveyhc ouvdptnon. Av f, — f xatd yétpo
1) oYE0OV ouolduopa, TOTE @ o f, — ¢ o f xutd Ytpo 1, ayedov ouotdpoppa
avtiotolya.

55. Eotww E, € A yia x&de n € N. Acifte 6u n {xg,} civar Cauchy xotd
pétpo f xatd yéoo av xou pwévo av u(E, A Ey) — 0 btav m,n — oo.

EZetdote av woylet 10 €€hc: m {x&, } eivar Cauchy oyedbv oporduopgo av
xon wovo av w(En A Ep,) — 0 6tav m,n — oo.

56. Av f, > 0 xar f, — f xatd pétpo, deilte 6t

/ fdu < liminf/ fndu.
X n—oo X
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57. Av |ful < g, [y 9du < 00 xon fr, = f xatd uétpo, deilte 6t

/andu—>/deu-

58. (o) TroBétoupe 6t u(X) < 00 xou 6Tt sup,en | fn(2)] < 00 p-oyeddv
navtol. Acilte é1t, v xdde 0 > 0 undpyovv A € A pe u(A) < § xu M >0
oote: |fn(x)] < M vy xdde n € N xan yio xde z € X\ A.

(B) Trotétoupe 6t pu(X) < oco. Av fr, — f xotd pétpo xu gp — g xatd
wétpo, dellte 6Tl fr,gn — fg xatd yétpo.

59. Trodétoupe 6t u(X) < oo. Aeilte 6t fr, — f p-oyeddv tavtol av xo
wévo av, yia xdde € > 0 woylet limy, oo u(Ug, Ex(e)) = 0, 6nou

Ep(e) ={r € X : [fu(zx) — f(z)| = €}.

60. Trolétoupe dtt p(X) < 00 xou 61 ov fp, f elvar ohoxhnpwotues. Aéue
ot ot fp ebval opoldpoppa ohoxAnpwoues av yia xdde € > 0 undpyet
0 >0 wote: av u(A) < 9§ téte ‘fA fndu‘ < ey xdde n € N.

Acite 6T f, — f xatd péoo av xo wévo av ot f, elvor opotduoppa
ohoxhnpdaotpes xat fr, — f xotd yétpo.
61. YTrodétoupe dtt u(X) < 0o xou étv o fr, f eivar ohoxhnpdowes. EZetd-

ote av oylet 1o €€Ng: fn — f xotd péoo av xo uévo av fA fndu — fA fdu
via xdde A € A.



Kegpdiawo 8

OAoxAnpwua Lebesgue »ou
oAoxArewpo Riemann

8.1 OloxAjpwpo Riemann

Optopéc 8.1.1. Eotw Q = [ar, bi] X [ak, bi] éva xhe1016 Sdotnua otov RE.
Avapépion tou Q Yo hpe xdde nenepaouévn ooyévern A = {Q1,...,Q;}
ANELCTOV U1) EMXANVTTOUEVWY Do TARATOY Q1, ..., Qe Q@ = Q1 U --- U Q).

Eotw f:Q — R wa gpayuévn ouvdptnon. Av A = {Q1,...,Q} e
wa dtapépton tou Q, yia xdde 7 = 1,...,1 opiCouyue

m; = m;(f,A) =inf{f(z): z € Q;}

xait
M; = M;(f,A) =sup{f(z) : x € Q;}.

To dvew xot t0 xdtw ddpotopa Darboux e f we npoc tyv A eivor ot aptdyol

l
U(f,A) =Y Mjvoly(Q;)

=1

pdes

l
L(f,A) =Y myvoli(Q;)

Jj=1

avtiotoya. Av Ay, Ag ebvar 800 dapepioeic Touv Q, toH1E
L(f7 Al) S U(f7 AQ)

OpiCoupe
(Rk)/ f =sup {L(f7 A) @ A dopépron tou Q}
=—Q
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X o
(Rk)/ f =inf {U(f, A) @ A Swpépton tou Q}.
Q

Tote,

) [ s ) [ 1

H f Myetn Riemann oloxAnpwoiun av

) [ = ) [ 1

H xown auth 1 Aéyetow ohoxAfpwua Riemann tr¢ f 010 Q xou ouyfo-

(Ry) /Q ;

Adppo 8.1.2 (xputhipro Riemann). Eotww f : Q@ — R gpaypévn ov-

ACeton pe

vaptnon. H f eivar Riemann ohoxhnpdotun av xat uévo av yio xdve € > 0
unopolye va Bpoldue drapéoion A tou @ koTe

U(f,A) — L(f,A) < e.

Ocvpnua 8.1.3. Kdlde ouvveyric ouvdptnon f : @ — R eivar Riemann
ONOXANEOGLUY.

Ocdpnua 8.1.4. Eotw Q xheioté didotnua otov RF xou édotw f:Q — R
wa Riemann oloxAnpdaiun ouvdptnon. Tote, n f eivan Lebesgue ohoxinpd-

/QfdAF(Rk)/Qf.

Ocdpnua 8.1.5. Eotw Q xheioté didotnua otov RF xat édotw f:Q — R

olun xou

wa poayuévn ouvdptnon. Tote, n f elvon Riemann ohoxAnpdoiun av xou pévo
av elvon oyedoV TavTol CUVEYTC.

8.2 To Yewpnua tou Lusin

Ocewpnua 8.2.1 (TPOCEYYLON OANOXAMEOOIUOY GULVARTACEWY).
'Eotw f: R¥ — R wo Lebesgue ohoxhnpdowun ouvdptnoy. [ xdde & > 0
umopolue va Bpolpe ouveyr ouvdptnom g- : R¥ — R pe oupnayt gopéa, HGote

/Rk lge — fld\, <e.
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IIépiopa 8.2.2. 'Eotw [ : R*¥ — R Lebesgue uetprion ouvdptnon. Y-
TdEyEL AXONOLVIA GUVEY DY GUVAPTHOEWY UE CUUTAYT) QOPEX, 1 oTtold GuYXALVEL
oty f oyeddv navtou.

Oedpnua 8.2.3 (Lusin). Eotw E éva Lebesgue petphowyo unosivoho
tou RF ye A\p(E) < 00, xa éotw f: E — R Lebesgue yetpriown ouvdptnon.
T xde € > 0 unopodye va Bpotue xhewt6 Fr C E ue M\ (E\ Fr) < ¢, ®ote

1 f|r vo elvar ouveynge.

8.3 Aoxnoelg

62. Eotw f:[0,1] — R. Trnodéroupe 1 yio xdde € > 0 undpyet ge : [0,1] —
R ohoxhnpworun wote |f(z) — go(x)| < € yia x&de = € [0,1]. Aci€te dun f
efvar ohoxinpdowr oto [0, 1].

63. Eotww f : [0,1] — R gpaypévn ouvdptnon pe v ddtnta: yia xdide
0 <b<1n feiva ohoxhnpwon oto ddotnua [b, 1]. Acigte éu n f elvo
ohoxAnptoun oo [0, 1].

64. Eoto f: [a,b] — R ohoxdinpdoun cuvdptnon.
(o) Aei&te dn undpyouy a1 < by 670 [a,b] dote by —a; < 1 xa

sup{f(z) 1 a1 <z <b} —inf{f(x) a1 <z <b} <1

(B) Aeigte b1 undpyouv as < by oto (a1,b1) dote by —az < 1/2 xa

sup{f(z) :ae <z < by} —inf{f(x) a2 <z < by} < %

(Y) Enayoyd opiote xifotiopéva dwcthgata [an, by] € (an—1,bn—1) pe wh-
xo¢ pixpdtepo and 1/n, dote

sup{f(x):anp <x <b,} —inf{f(z) :a, <z <b,} < %

(8) H top, autédv tov xiBwtiouévey diao thudtoy teptéyel axptBog éva onueio.
Aetgte 6t 1 f ebvan ouveyric o auto.

(e) Topa deilte b1 f €yer dnetpa onueia ouvéyetac oo [a, b].

65. 'Eoto [ : [a,b] — R ohoxhnpdoun (6t avayxastxd cuveyfic) cuvptr-
on pe f(x) > 0 vy xdde x € [a,b]. Acilte bt

/ab f(x)dx > 0.
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66. Electdote av eivar ohoxhnpdoyn 1 ouvdptnon f:[0,1] — R pe

0, ¢ Qhaz=0

lim nx" f(x)dr = f(1).

n—oo 0

68. 'Eoto f :[0,1] — R cuveyhc ouvdptnon. Opiloupe wio axohoudio (ay)
BéTovTac

1
an = / f(z™)dx.
0
Aefgte 6w a, — f(0).

69. Eoto f:[0,1] — R ouveyfc ouvdptnon. Aeilte 6t

lim 1 nf(x)e " dx = f(0).

n—oo 0

70. 'Ectww {A,} axohoudio Lebesgue yetphoiuwy utoouvéiwy tou [0,1] ye
™Y 10T
limsup A(4,) = 1.

n—oo

AeiZte bz yio xdde 0 < a < 1 undpyet vroxohovdia {Ag, } e {An} pe

71. 'Eoww E éva Lebesgue uetpriotpo unootivoro tou RF pe A\ (E) < oo.
Eotw {An} axoloudio Lebesgue petpriotwwy vnoouvorev tou E xou €otw
¢ >0 ye v iotnta A(4,) > ¢ v xdde n € N.

(o) Agf&te 6t A (limsup A,) > 0.

(B) Aci&te 6t undpyer Yvnolwe ablovoa axohoutio {ky,} puotxdv pe v 1di6-
o N0 A # 0.

72. 'BEotww f : [a,b] — R Lebesgue ohoxhnpdoiun cuvdptnon ye tv diétmta

Fd =0

[a,2]

v xdde x € [a,b]. AeiZte 61t f = 0 A-oyeddy naviod o1o [a, b].
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73. 'Eotw E éva Lebesgue petprioiwo vnoohvoro tou R ye A(E) > 1. Acige
6Tt undpyouy T # Yy oto B wote x —y € Z.

74. Eotw Ei,. .., En Lebesgue yetpriowa unosivoha tou [0, 1]. Trodétoupe
6t x&e z € [0, 1] avixer o toukdytotov k and ta By, ..., En. Aci€te 6T
urdpyet io € {1,..., N} ye tnv dibtnta M(Ej) > £,

75. Fotw E éva Lebesgue petpriowo unoohvoro tou RF ue A\ (F) < oo.
‘Eotww f: E — R yvnolwg Yetuer yetprioun ouvdptnon. Aelgte 6t yio xdie
a > 0 urndpyet > 0 dote, av A eivar Lebesgue petpriotuo urosivoro tou B

pe A(A4) > a, téte
/ fdx>o.
A

76. Eotw {¢, : n € N} wa apibunon tov pntdv tou [0,1] xu éotw (o)
axohoudia TpaypaTixdy aprdpdy pe Y oo |an| < co. Acilte 1y

o0

Z 1V |$_Qn|

ouyxhiver anohitwe oyeddy navtol oto [0, 1].
77. Aciéte 6T

. 1 nr X 1 n3/2$
lim — 53 dr =0 o] lim — 53 dr = 0.
n—oo Jo 14+ n°z n—oo Jo 14+ n°z






Kepdiowo 9

Yrooel&elg yia Tic AoKNOELC

1. (o) Hopatnphote 61 & € limsup A,, av xou pévo av v xéde k € N woyler
x € U2y Aj, Snhadi) av xa uévo av v xdde k € N undpyer j > k dote = € A;.
E&nyriote vl n teheutala npdtacy woylel av xon ubvo av & € A; yio dnelpec TWES
T0U j.

(B) Mopornerote 6w = € liminf A, av xou pévo undpyer k € N dote z € (172, 4j,
OnAadr) av xon uévo av undpyel k € N dote yio xdde j > k vo woyler x € Aj, dnhady
oY X0 HGVO OV TO T AVIXEL OE TEAXE OAa T Aj.

(v) Av xdmow ¢ € X avixer ot texd 6ha tar A T61E 10 ¢ avixel oe drelpa To Thidog
Aj. Aro (o) xou (B) émeton 6t liminf A, C limsup 4,,. "Eva nopddetypa oto
omnolo 0 £YXAEoU6S Vo glvon YVHOLO¢ TalpVOUPE av VEwPNCOUPE €VaL UT XEVO GUVOMO
X xon Oéooupe Agg = 0 xou Aoy = X, k = 1,2,.... Téte, liminf 4, = 0 xo
limsup A4, = X.

2. (o) Hopatnpriote npdta 61 1 o(F) nepéyet dha ta dovooivoho tou X: av © € X
161E, emAéyovtoc dlo otoyela y xow z tov X \ {z} éyouvue {z,y} € F, {z,2} € F

wa {x} = {x,y} N {z, 2}.
H o(F) mepiéyer 6ha to Hovooivoha, ETOPEVKS TEpLéyel Ohar Tar aptdufoa Uto-
olvora Tou X (aptdufoyles EVOOES LOVOCLYOALY). TUVETHC,

o(F) 2 B={AC X|A apdurowo 1 A° apripfiowo}.
‘Ouwc, n B eivar o-8hyefpa xou F C B. Apa, o(F) C B.
‘Eneton 61t o(F) = {A C X | A apuduriowo 1 A° apripfiowo}.
(B) Twt to Betitepo epdtrua mapatnehoTe 6Tl N F elvar yovétovn xhdon: xdde avEovoa
1, odivovoa axohouvdia ditouvérwy etvan avayxactixd otadepy|. Eneton 6t m(F) = F.
3. (o) Opllovye B={B CY| f~1(B) € A}.
(i) H Bebvowunxev: f71(Y) =X € A, dpa Y € B.

(ii) Av B € B t6te f~1(B) € A xo, agob n A etvor o-dhyefpa, f~1(BC) =
X\ f7Y(B) € A. Tuvernag, B¢ € B.
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(iii) Av B, € B,n €N, t6t¢e

! <U B,L> =UJr'BneAa
n=1

n=1
du6te 1) A ebvor o—-8hyefpa. Tuverae, U, By, € B.
‘Eneton 6t n B elvon o—-dhyeBpa.
(B) Ané tnv unddeon éyoupe £ C B. And 10 (o) Prénovye 6T
C=o0(f)CB.

Auté orpaiver 6t f7H(B) € A yia xdde B € C.

(v) Egoppoyh tou (B): mdpte € TnV OXOYEVELL TV OVOLXTGY UTOCUVOALY TOU Y,
C v owoyévew v Borel unoouvohwy tou Y, xa A v owoyévewn tov Borel
unoouvérwy tou X. Mopotnpfiote 6Tt av B € € t61€ 0o f~H(B) ebvon avowxtd
urosvoho tou X, dpa fH(B) € A.

=

(o) ©étouvue F = {{ai = (z1,...,%n) |®; > a;},j=1,...,n,a; € R}. Acgléte
dradoyxnd T e€Ne:

(i) H o(F) mepiéyet 6houg touc nydpeoue e wopphc {z = (T1,...,2,) |z, >
a;}, {z = (z1,...,20) |x; < b} nu {x = (21,...,2,)|z; < bj}, bnou
j=1,...,nxuna; €R.

(i) H o(F) nepéyer 6ha tor Sloo ThHyOTAL.

‘Encta 6t 1 o(F) nepiéyet 6ha ta Borel unoctvoha tou R™.

(B) 'Eotw F1 = {B(z,r) |z € Q",r € Qt}. Actéte 6t xdde avowtéd utocivoro
tou R™ ypdgetan cav apudunowy évwor cuvorwy arnd v Fi. ‘Enetar 6t xdde Borel
urootvoho tou R™ avixer oty o(F1) C o(F).

5. Eotww F éva xhelotd unoclvoro tou X. Tote,
~ 1
F = eX: JF) < —»,
N {rex:per <t}

y € F}. Topatnpfote 6T o obvoha A, = {z € X :
St n x — p(z, F) elvan ouveyhic ouvdptnon. Apa, 10

6mov p(z, F) = inf{p(z,y
p(z, F) < £} elvon avouct
F eivar G5 ocOvohro.

) :
g,

Eotww G éva avouxté urtocOvoro tou X. And 1o nponyolpevo epdtnua, Undpyouy
avowxtd ohvora A, oote X \ G = (7, A,. ‘Emetor 61t 10 G = (X \ G)° =
Uo— (X \ Ayp) ebvor apduhown éveon xhetotdv cuvéhwy, dnhadh F,—ohvoho.

6. (o) Opllovue A = {xz € R™| n f elvou cuveyhc 610 o} xou yia xéde m € N
oplloupe

1
A, = {x € R"™ : undpyet § > 0 wote yw xdle y, z € B(z,d) vowoylet [f(y) — f(2)] < m} ,
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émou B(z,9) 1 avouxth Euxkeldeior undha e xévtpo 1o @ xon oxtive §. Aegllte ént
A= ﬂizl A, o 6T wx&de A, ebvan avouxtd cOvoro. Enetan 6t 1o A elvon Gs—
oUVoAO.

(B) Opllovue B = {x € R™| undpyel t0 klim fre(x)}. Hopotnpriote 6, yio xdde
x €R" 10 klim fr(x) undpyer av xou pdvo av 1 oxohoudio (i ()52 etvan axohoudio

Cauchy. Etot, unopeite va ypddete 1o B o1n uopen

oo oo

B:ﬁ Ul n {xeR": |fr<x>—fs<m>|s;}

1 \ k=1 \r,s=k

Ané n ouvvéyela Ty fi, yia xdde k xo m, 1o oGvoho

Q{ ER": @) = fil@)l < ;}

elvor xAeloTé 6OVORO (¢ TOUR XAEWGTOY GUVEAWY). Apa, yio xdde m € N, to cOvoho

B = Q fl{x SR 1)~ £.0) < -}

/. ’ ’ o0 ’
etvar F,—cUvoro. 'Eneton 6t 10 B = ﬂm:l B,, stvon F5—clUvoro.

7. Oewpolye TNV owoyévela
A={ACX | undpyet apdurfown unoowoyévewr C4 tne F wote A € 0(Ca)}.

Mmnopolye va del€ouue 6t 1 A elvon o—dhyefpa:
() H A elvow un xevi: av E € F t6te¢ X € 0(Cx) 6mov Cx = {E} C F. "Apoa,
XeA
(B) Av A € A t6te vndpyer opipriowun Ca C F dote A € 0(Ca). 'Eneton 61
A® € o(Cya). Apa, A€ A (ndpte Cae =Ca).
(v) Eow A, € A Trdpyouv apiufowes Ca, C F oot A, € 0(Ca,). H
owoyévewr Cua, = Upe; Ca, C F etvan aprdufowun xou yio xdde n € N éyouue
A, €0(Ca,) Ca(Cua,)-

Apoa,

U 4n € o(Cua,).

n=1

Téhoc, av A € F t61¢ A € 0(C4) émou C4 = {A} C F. Apa, A € A Agol

n o-dhyefpa A nepiéyer v F, ovunepoivoupe 6t o(F) € A Anhadi, yia xdde
A € o(F) undpyer apduriown Ca C F dote A € d(Ca).
8. (a) Eyoupe liminf 4,, = U2, (ﬂ;’;kAj), dnhodr) N72,A; /" liminf A, Ané
CUVEYELD TOU [t ETETOL OTL

I (lim iann) = khl{.loﬂ (ﬂ;‘;kAj) = 21;1N) I (ﬁ;?o:kAj) .

n—oo
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Ané tn yovotovio tou p, yio xdde k € N éyouyue p (ﬂ. wAj ) <inf;>, u(4;). Enetou
ot
I (lim inf An) < sup inf p(A;) = liminf p(A4,).

n— o0 keN J=k n—o00

(B) Eyouvye limsup 4, = N2, (U;‘;kAj), dnhadry UG Ay N\, limsup A,. Ané tny
n—oo n—oo
undleon 6t p (UL Ay) < 00 Xou T1) GUVEYELD TOU 1 éTETOL OTL

1 (limsup An> = kli_)rrolo,u (U?’;kAj) = I};Iellf\l I (U;‘;kAj) .

n— oo

Ané n povotovia tou g, vy xdde k € N €youvpe p (U;?O:kAj) > supjsp 1(4;).
‘Eretou 6t

] (hm sup An) > inf sup u(A4;) = limsup p(A4,).

n— o0 keN j>k n—00

(Y) Eotw € > 0. Agol > 7 | u(A,) < oo, undpyer k € N dote

Uj= kA ZH

Jj=k

Aol 10 € > 0 Arav Tuydy X i (limsup A") <pup (U;-";kAj) v xéle k € N,

n—oo

CUUTEPUVOUNE OTL (lim sup An> =0

n—oo

9. Agol 1 {pn} ebvon adZovoa, 10 p(A) = lim,, o f1n (A) URdpYEL (xon EVOEYOUEVWLE

ebvon dmewpo) yio xdde A € A. Ernlong, p(4) > pn(A4) v xéde n € N xan v x&de

A e A Aelyvouye 6t 10 pgbvon pétpo:

(i) An6 Tov opioud tou p éyoupe p(0) = lim p,(0) = 0, apod p,(0) = 0 v xdde
n—oo

n € N.

(ii) Eowo {4k}, axorouHa Eévev ouvbrwy oty A. T xéde N € N éyoupe

N N N
Don(Ar) = Y lim pn(Ap) = lim D pn(Ar)
k=1 k=1 k=1
= (Ui de) < Jim o (U0 A)
= (Ut Ar).
‘Eneton 611

ZM (Ar) < p (U2, Ar) -
k=1

oty avtiotpogr avicdtnta Tapatnehote 6T, i xde n € N,

Mo Uk 1Ak Z.“n Ak ZN(Ak
k=1 =



)

10. Aol 1o p elvon o—enepacuévo, urdpyel axorovdia {By 102 Eévwy cuvOwY
oy A dote X = U2 B,. Eow E € A. T'o xdde i € I éyovye

WENA) =Y uENB,NA).
n=1

‘Encton (eZnyhote yiotl) ot
{iel: W(ENA;)>0=U2{iel: u(ENnB,NA4;) >0}

Apxel howndv va deloupe 6t yia xdde n € N, 1o obvoro U, ={i € I : p(EN B, N
A;) > 0} elvon aprdurfowo. Hopatnprote 6T, yia xdde n xo v xdde k, to ohvolo

Uprp={iel: wf(ENB,NA;)>1/k}

elvon merepaopévo: T oOvoha (BN By, N A;)icu, ,, ebvar Zéva xat TEPLEYOVTOL GTO
EnNB,, dpu

1
Z ccard(Up ) < (BN By) < p(By) < 0.

‘Eneton 61t 10 Uy, = U2 Uy i ebvon aprduniowo.
11. 'Eotw A € A ye pu(A) = co. Opiloupe
S={BeABCAO0<u(B) <o}
xon Oérouye
s = sup(9).

Agob 1o p elvon ninenepacuévo, 1o cOVORo S elvan un xevé. Luvenag, s > 0.
Trolétoupe 6Tt s < oco. T xdde n € N Bploxovue B,, € S dote u(By) >
(1 - 1) s. Oewpolye w0 clvoro

B =U;2,B,.
Téte, B e Axa B C A, Awxplvoupe 500 Teptntdoeic:
() Av p(B) < o0, t61e B € S. Enforng,
1
w(B) = p(Bn) > (1 - > s

n

v xédde n € N, dpo u(B) = s. Oewpotue 1o A\ B: éyouye p(A\ B) = co. Agol
T0 o elvon unenepaouévo, unopolue va Bpolpe C C A\ B dote 0 < pu(C) < oo.
Opwe 1618, BUC C A xou 0 < u(BUC) < o0, ondéte BUC € S xou p(BUC) =
w(B) + u(C) > s. "Atono.

(B) Av p(B) = o0, and v pu(B) = klim p (Uk_,By,) pmopolue va Bpolue k € N
GoTE

I (Uﬁ:an) > s.

Aol UF_ B, € S, xatahfyouue méh oe dromo.
@ n=1 Ui W
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Yupmepaivoupe Aowmdy 6Tl s = co. Anhodr, yio xdde M > 0 undpyer B € A
tote BC Axau M < pu(B) < oo.

12. Opilouye
A={A€o(F): yiaxdde e > 0 undpyer F' € F ote p(AA F) < e}.

Etvor gavepd 61t F C A, EWldwdrtepa, A # 0.

Av Ae Axaave >0, tdte undpyer F' € F dote p(AA F) < e. Hupatnpolue
6t Fee Fuaw AANFC=ANF, dpo p(A° A F°) < e. 'Enetu 6t A° € A.

Eotw {An}02; axohoudia Eévev ouvéhwy oty A xaw éoww € > 0. Agol 1o
1 ebvon TETEPAOUEVO PETPO, Exoupe Yoo (An) = p(USZ, Ay) < oo, Tuvenoc,
undpyer k € N dote 307, pw(An) < §. Twen =1,...,k Boloxoupe F, € F dote
WA A Fy) < garr. Aol n F ebvon dhyefpa, 1 évwon F = U ---UF, € F.
Iopatnehote 6t

(Up Ap) AF C (Us2 1 An) U (AL AF) U - U (A A Fy).

Yuvenog,
%) k c k c
p((UpZAn) AF) < Z M(An)JFZN(An AF,) < 5 +Z o1 <&
n=k+1 n=1 n=1

Eneto 61t UYL, A, € A.
Ané to mapandve, n A eivoan o-dhyefpa. Agob A D F, cuunepaivoupe ot A =
o(F).

13. Agob B\ A C AA B xou p(AA B) =0, ny mnpdtna tou (X, A, 1) elaoparilet
6t B\ A€ Axu p(B\A) =0. Me tov 8o tpéno Brénovpe 61t A\ B € A xau
w(A\ B) =0.

H A ebvor 08\ yefpa, ouveng, ANB = A\ (A\ B) € A xou (AN B) =
w(A) — p(A\ B) = u(A) — 0 = p(A). Opolwg, B=(ANB)U(B\A) € Axu
w(B) = p(ANB) + u(B\ A) = p(ANB) +0 = u(A).

14. (o) Aclyvoupe tpdta 61 A C A: av E € A, téte ENAc Ay xdde Ae A
(Sev ypewdletan 1 unddeon bt pu(A) < 00). Edixbrepa, n A eivon un xevi.
Bow E € A T xdde A € Ape u(A) < oo éyouge ECNA=A\(ENA) € A
‘Apa, E€ € A.
Téhoc, 01w {E, 122, axohoudio suvérey oty A. T xdde A € A ye p(A) <
00 €Y OUUE
(U E)NA=U2 (E,NA)e A

oot 1 A etvon o—-8hyeBpa xon Ep, NA € A yua wdde n € N. "Apa, UP2 By, € A.

(B) TroYétoupe 6u o p1 ebvan o-nenepacuévo. Yrdpyel axolovdia { By}, Eévwy
ooy oty A dote X = U2 B,. Eow E € A. Téte, EN B, € A vy xéde
n € N. Agol n A eivon o—dhyepa,

E=U>,(ENB,)c A
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Anods, A C A.

() Acifte mpdta 61 10 fi ebvon pétpo otov (X, A). Eotw E éva tomxd getpfioyo
otvoro atov (X, A, ji). Tére, vy xdde A € A pe ji(A) < oo éyovye EN A € A
Ané tov opopd Tou fi autéd onuaiver 6t v xdle A € A pe p(A) = f(A4) < oo
éyoue ENA € Axa i(ENA) < i(A) < oo, Snhodh ENA € A. Tuvendce, E € A.
Aol x&de Tomxd petproo oivoro tou (X, A, ji) eivas oty A, o (X, A, ji) eivoy
HOPEGUEVOC YWPOSC UETPOL.

15. (o)== (Y): Hopatnpolue npodta 6t pu(X) > 0: odhde Go elyope {pu(A4) : A €
A} = {0}. Exlong, undpyer 41 € A dote 0 < p(A1) < p(X): adhde do elyope
{u(A): A€ A} = {0,p(X)}.

Ac vrnodéooupe bt €youye Beel Eéva olvora Aq, ..., A € A dote u(A,) >0
yxdde n=1,...,k xo u(Bg) >0, émov B, = X \ (A1 U---U Ayg). Iopatnpriote
6Tl xdmowo and ta cOVOAL

Upip ={(C):Ce A,CCA,} (n<k) R Jo={u(C):CeACCBy}
ebvon dmewpo. Hpdyuat, vy xdde A € A éyovue
n(A) = p(ANAy) + -+ (AN Ag) + n(AN By) € U + -+ + Ug + i

Av dowméy 1 Up i (n < k) xon Jg oy menepaopéva, téte 1o {u(A4) : A € A} da
fay nenepaouévo. Buveyiloupe we e€ric:

(i) Av 1o Ji ebvan drewo, Bploxouvue Apy1 € A, Zévo mpdc ta Ag, ..., A, ue
(Ags1) > 0 xon w(Bg \ Ags1) > 0. Ta odvoha A1, ..., Aky1 €yovy Jetnd
pétpo, 10 Bo xow to X \ (A1 U+ U Apqq).

(i) Av xdmowo Uy, elvon dnerpo, Bploxouvue Eéva A7, Al € Ape A, = A, UA] xau
w(AL) >0, p(A) > 0. Tére, w Ay, m # noxon A, AV €youy Getind pérpo,
70 (510 YO TO CUUTAREWUA TNE EVRONC TOUC.

Anhady, undpyouv Eéva cbvora A, ..., Ak € A dote p(A,) > 0 vy xdde n =
...k + 1 %o u(Bgy1) >0, 6mou B = X \ (A1 U U Agyr).

H Soduxactio aut) opilel dmepn oxorova {A, 102, Eévev cuvéhwy and v A
wote u(Ay,) > 0y xdde n € N.
(v)=(B): Bewpolye axorovdia {A,}22, &évev ouvérwy and v A dote pu(Ay,) >
0 yiot xdde n € N. AgoU o p elven nenepacyévo, €youue

S (A) = (U2 An) < 00,

n=1
ouvenwe, lim p(Ay,) = 0. Apa, yia xéde € > 0 undpyer n € N wote 0 < p(A,) < e.
n—oo

(B)=(a): Ac vnodéooupe 6t to M = {u(A) : A € A} ebvon nenepoouévo. Ard
v uTédeoT), T0 GOVORO TV YeTDY cTolyelwY Tou M elvor un xevd, dpo to M Eyel
eNdyoto Yetnd otoielo u(B) = € > 0, yw xdnowo B € A. Téte, néh and tny
unddeon, undpyer A € A dote 0 < p(A) < e. KatohhZope oe drono, dpa 1o M elvan
dmepo.
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16. («) Ané tov opopd tou p* éyxovue p*(0) = 0. Exiong, ov A € B C X éyoupe
p(A) < p*(B) (av B # 0 t6te p*(A) <1 =p*(B) ever av B =0 t6t¢ A =0
u*(A) = 0 = u*(B)).

Eotw {4,152, axohoudia vnocuvérwy tou X. Av A, = 0 yia x&de n € N
o0

tote USZ Ay, = 0, por p* (UL An) =0 =507 w*(An). Av undpyer m € N dote
Ap # 0, t6te US, Ay, # 0, dpa

e ( ’?Lo=1A") =1=p"(4n) < Z 1 (An).
n=1

And to mopandve éneton 6Tl to p* etvon e€wtepd pétpo.

(B) ©u delZovpe 6t Ayx = {0, X}. Eotww A éva un xevé yvhoio utocivoho tou X.
Tére, p*(A) = p*(X \ A) = 1. Tuvenog,

wWANX)+p" (A°NX)=2>1=p"(X).
Auté Selyver 61 A ¢ Ay-.
17. (o) Aci&te 6t
(i) Av E={n1,...,ne,} 1616 *(E) = 2k.
(ii) Av E={n1,...,nok_1} 167 p*(E) = 2k.
T opddetypa, ov E = {nq,...,nog_1} 161
EC (Uf;ll{wj—l,nzj}) U {nox—1,n1},

dpat

N

-1

p(E) < ) m({ngj—1,n2;}) + T({n2k—1,n1}) = 2k.

<.
Il

AgoU o E 8ev xahintetan and Aydtepa and k diolvoha, éyouue p*(E) = 2k.

Téhoc, av 10 E €yel dnepa ototyela tote, yio xdde k € N unopolye va Bpolue
A C E pe card(Ag) = 2k. Apa, p*(E) > p*(Ar) = 2k v xdde k € N. Anhody,
p*(E) = oo.
(B) Ou deloupe 61 A, = {0,N}. Eotw A éva un xevé yvhoto utocivoro tou N.
Avme Axun ¢ Atée yato E = {m,n} éouue

pANE)+p (A°NE) =p ({m}) + p*({n}) =2+2=4>2=p*(E).
Auté Belyver 611 A ¢ A-.
18. Oewpolye o olvoha Ay = {m}, m=1,2,.... Téte, USS_; Ay, = N, Apa,

1
¢ (UP_1Ay) =limsup — card(NN{1,...,n}) = limsup o
n—oo N n—oo N
‘Ouwe, v xdde m € N xou yio xdde n > m éyouye card(A, N{1,...,n}) = 1. Apa,
1 1
©(As,) = limsup — card(A4,, N{1,...,n}) =limsup — = 0.

n—oo N n—oo N
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Anhady,

oo

P (U1 Am) =1>0=Y o(An).

m=1

Aol 1 ¢ dev elvon o—unompocVeTinn, 1 ¢ dev elvar e€wTepd uétpo oto N.

19. Eyovye Selfer 6t av {By 102 elvon axohovHa Eévev p¥*—UeTpROW®Y LTOCUVS-
Awv tou X toTE

P (UL, (BoNE)) =Y p*(B,NE)
n=1
vy xdde E C X. Enlong, i xdde N € N oylel
N
p (U, (B.NE)) =Y pu*(B,NE).

n=1

Eotw {A, 152 o abZovsa axohouvdia p*—uetprioylwy vtoouvéiwy tou X. Opilov-
pue By = Ay xou By, = A, \ Ap1 v n > 2. Téte, ta obvoha By, elvor E€va xou
p*—petphowa. Enione USS B, = US A, xon UY B, = UN_| A, = Ay v xd0e
N € N. T'edgpouue

(Ul (AN E)) = p((UpLydn) N E) = p* (U2, Ba) N E)

= lim p*(Ay N E).

20. (o) Anodemviouye v o—unonpoodetixdtnta ou 1*. Eotw {E,}22, oxo-
houdia utoouvérwy tou X. Apxel va e€etdoouue v nepinwon p*(E,) < 0o yia
e n € N. Eotww € > 0. T xdde n Bpioxovye A, € A dote £, C A, xou
w(Ay) < p*(En) +¢/2". Téte, U By C U Ay, xou

P (Unly Bp) < n(Uply Ay) ZM ZM*(E)‘FE
n=1

Agol w0 & > 0 Aray Tuydy, Brénovpe 6t ' (USZ, By) < S0 p*(Ey).
(B) Eow (X, A, i) n thfpwon tou p1. Acifte Sodoyixd o eZfc:

(i) Av A e A <éte p*(A) = u(A).

(i) A C A,,.. Ou ypewoteite v elfic tapatrhienon: av £ C X ye p*(E) < oo,
t6te undpyouy F, € A dote F, 2 E i xdde n xa pu(F,) < p*(E) + +.
Yuvende, F =N, F, D E xou p(F) = p*(E). XpnoyomoudvTog authy Ty
TopoTHENOT BTOPOUUE Vo Ypddouue

W (BN A) + (B0 A°) < u(F 0 A) + u(F 01 A°) = u(F) = 1 (B)

via xdde A € A.
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(iti) Av A, F € A u(F)=0xun BCF, t6t1e AUB € Ay,-. Aqpodt, A C A,

(iv) Av A€ A,- xau Ti(A) = p*(A) < 00, téte A € A. Oa Bondioe: 1 mopathipnon
Tou Bruatoc 2.

(v) Av 1o p elvar o-nenepacuévo tote A, C A

21. (o) ‘Eyoupe G2\ G1 € G2 \ E &6t E C G1. Agob Ga \ G1 € A« xun 10 G
elvan uetprioyo xdhupa tov E, ouprepaivouue 6Tt u(Ga \ G1) = 0.
Me tov 8o tpéno Brénovpe T w(G1 \ G2) = 0. Xuvendc,

w(G1 A& G2) = p(G2 \ G1) + p(G1 \ G2) = 0.
Téhoc, and tic p(G1 \ G2) = pu(G1 \ G2) = 0 éneton 61U
1w(G2) = p(G2 N G1) + (G2 \ G1) = (G2 N Gr) + (G \ G2) = p(Gh).
(B) Eow A€ Ay- ye ACG\ E. Téte, EC G\ A. Apa,
W(G) = p (E) < p(G\ A) = u(G\ A) = u(G) — u(A),
6ToL YpNooToioaue TN uovotovio Tou ¥, to yeyovée 6t G\ A € A, won Ty

unddeon 6t pu(G) < oo. ‘Eneton é1v pu(A) = 0. Apa, 10 G elvon ' —uetphowo xdhupo
Tou E.

22. (o) To p* eivon e€wtepind Yétpo oo R: n pdvn Wibtnta Tou yeewdleton Tpocoyn
ebvon 1 o—umonpooletxdtnra. o cuyxexpwéva, 1 Tepintwon p* (UL, 4,) = .
Autd onpobver ot o U2 Ay elvan uepoptlufoo xow €xer onuelo ouUmOXveoTg
oto dnewo. lHoapatnpricte 6Tt TouldyloTtov éva and ta A, elvon unepapliurioyo.
Enfong, av unodécouye 6t undpyouv tenepaouéva to nAdog unepoptdurowa Ay, , to

Amyy ooy Ay, nou xavéva and autd dev éyet onuelo ocuundxvwone oTo dnelpo, ToTE,
v xéde j = 1,...,s undpyer a; > 0 wote 10 olvoho {x € Ay, & |z] > o ) va
ebvan aprdufowo. Téte, av 9éoouue o = max{ay,...,as} PAénovye 6Tt T0 GUVOAO

{r e U2 14, : |z| > a} v aprdurfowwo. Autod elvon dromo.
Arnopévouv howndy dlo mepinTOoE:

(i) Kdnowo Ay, €éxet onuelo oupnixvwone oo drewo. Tote, p*(Anm,) = oo, dpa

(U1 An) = 00 = " (Am) = D" (An).

n=1

(if) YTrdpyouv dnetpa to mhfidoc unepopiurfiowa Ay, xavéva duwe dev éyel onuelo
ouurOXVWoNE 0To dneo. Agol p*(Ay,) = 1 v xadéva and autd, talpvouye

B (U An) = 00 = 3 1" (An).

n=1
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(B) Eotww A apdufowo vnoctvoro tou R. Téte, vy xdde E C R 10 EN A elvon
aptiuiolo, doa

p(ENA)+p (ENAY) =0+ p*(ENA°) < u*(E)
and ) povotovia tou p*. Emetan 61t A € A+, xan ouvend,
Ay 2 {A CR| A apuiufiowo 1 A apripriowo}.

FEotww thpa A unegpapiiuriowo unoclvoro tou R pe unepopduriowo cuumifpwud.
MmropoUye vo Bpolue urepaptiuriowa G C A xa F C A¢ to onola dev €youv onuelo
ouunlxvwone oto drewo (e&nyfote yotl). Av Yéoovye E = G U F téte 10 E dev
€yet onpelo ouuninvwong ato drelpo (e&nyfote yiatt), dpa

WENA+ P (ENA) =" (G)+p (F)=1+1=2>1=pu"(E).
Apa, A ¢ Ay,
(v) Kdde £ C R éyel p*—petpfiowo xdhuua. Ataxplvoude 500 Teptntidoels:
(i) To E elvan apudunfowo. Téte, E € A, onbdte unopolue va ndpoupe G = E.

(i) To E elvan unepaprdunfowo. Hofpvouue G =R. Av A€ Ay xae ACR\ E =
E°, t61e 10 A dev €yl aprduriowo oupmihpwuo (tapatneriote 6Tt A° 2 E) doa
ebvon aprduriowo. Eneton 61 p(A) = 0.

23. Trodétouye mpddta 6L ot A xou B elvon @paryuéva, dnhadt undpyouy dlas THHOT
I o J dote: AC T xouw B C J. Aelyvouye Swdoyind ta e€hc:

(i) A5(AxB) < A\1(A)A2(B). Oewpolpe tuyoboee xahdbeic { Ry 1oo_q xou {@Qn }22,
v A xan B. Tote, n {Ry X Qn )iy =1 sbvon xdhudm tou A x B. Apa,

M(AxB) < Y vol(Rm x Qu) = Y vol(Rp)vol(Qn)
n,m=1 n,m=1

(Z Vol(Rm)> (Z vol(Qn)> .

[Ipte infimum w¢ mpoc éheg ¢ duvatéc xahOPeLs.

(ii) To A x B eivou Lebesgue petpriowo. Ipdyuat, undpyouv F, clvora E, F xou
oUvora N, Z undevixol yétpouv dote A= EUN xaw B =FUZ. Tére,

AxB=(EUN)x (FUZ)=(ExF)U(N x F)U(E x Z)U (N x Z).

To E x F eivar F, obvoho xau tar undroima tplor sOvola elvar undeviol yétpou
(am6 0 mponyoLuevo Brua). Apa, to A x B elvoan Lebesgue petpriowo.

(iil) IHopatnehote 6t

IxJ=(AxB)U((I\A) x B)U(Ax (J\B)U((I\A)x (J\ B)).
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‘Oho T oOvora elvon petprowa and 1o dedtepo Brina. Apa,

MDA(T) = X xJ)
= X(AxB)+X((I\A) x B) + (A x (J\B)) +X((I\ A) x (J\ B))
< MAMB) + A\ A (B) + M (A (T N\ B) + (I \ A (T \ B)
= MA)+MINA)] - [M(B) +M(J\ B)]
= M) ().

Mpénel va €youde Tavtol wdtnree: eldmdtepa, A2(A x B) = A1 (A)A2(B).
Tt yevud| neplntwo, Yewpolue ta Swothuata I, = [—n,n] xu opllovye A, =
AN, B, =BnNI, Tée, A, xB, /" Ax B, do 10 A x B clvar Lebesgue
uetpriowo. Eniong,

n—oo n—oo

24. MyolyacTte TV xataoxev; Tou cuvohou tou Cantor. Oewpolue To BIdG THUA
1% =0, 1] xou 10 ywpllovye ot déxa (oo dacthApate. Agorpolue 1o Té10pTO XhelTO
OLAC TN [1%, 15—0] OvoudZouue I' 10 6Gvoho Tou anopévet, 10 oroto aroteleiTor and
evvéa BlaoThYOTa UXOUS 15

Xwptlovye xadéva and autd oe Béxa (oo BT TARUATA X0l AQULEOVUE TO TETUPTO
xhewoté ddotnpe. Ovoudloupe I? o oOvoho mou anopével. Tuveyilovtag ue au-
oV tov TPdTO, xotooxevdlovpe Yo xdle n = 1,2,... éva olvoro I étoL BoTE 7
oxoroutior (I™) va éyer tic e€hc Wibtnree:

(i) I™ D I yio xdde n > 0.
(if) To I™ elvon 1 évwon 9™ xAeLo TGV Blao TNUdTLY, Xxadéva and ta onolo Exel urixog

1
0™ *

Optloupe C = (o_ o I"™. To C elvon petphotwo xan omd v A(1™) = 9™ /10" éneton
6t A(C) = 0. Tupatnpriote 6t to € [0,1] Sev €xel dexadixd avdmtuyus Tou vo
neptéyel to Ynelo 4 av xon uévo av z € C.

25. Aclyvouye mpdta to e€ic: av W oelvan éva oupnayéc unoolhvoro tou R ue
A(W) > 0, tote, v xdde 0 < B < A(W) uropolue va Bpoldue ovurayéc V.C W
oote A(V) = 6.
Anédeitn. Agol 1o W elvan ouunayée, unopolue vo Bpolue xheo 16 ddotnua [a, b] C
R %ot xheot6 didotnua Q C R¥1 dote W C Q= [a,b] x Q. Opilouye f : [a,b] —
R pe

f@)=AxWn{x=(z1,...,25) € Q1: a <z <t}).

H f efvor ouveyhe: deléte 6t

[F(#) = F(8)] < A1 (Q) [t — 8.

Awol f(a) = 0 xw f(b) = A(W), o woyvplopde éneton and to Yedpnuo eviidueone
TWhC.
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"Eotw tdpa E xon F 800 cuunayh utootvora tou RF ye B C F xa A(E) < A(F).
Eotw a € (A(E),A(F)). Agos a—\(E) < A(F\ E), unopolye vo Bpoldue cuumayés
obvoho W C F\ E ye A(W) > a — A(E). Egupuélovtac tov woyuptoud, Beloxouue
ovurayéc V. C W dote A(V) = a— A(E). Av Yéooupe K = EUV, éyoupe 6T 10
K eivon oupnoyée, E C K C F xa A(K) = a.

26. Amd tov opoud tou elwtepixol Yétpou, Yo xdle € > 0 umopolpe vo Bpolue
axoroudia {J,} avoxtdv dootrudtwy dote A C Uo7 Jn %o

ZA (14 )A*(A).

n=1

Ané v vonpooieTixdTnTa TOL A TAlPVOUUE

i (AN ).

Anéd Tic mopandve avicdTTES €neTal 6T, Yl xdroo m € N,

1
N(ANTR) > —— X (J).
(AN ) 2 T N ()

Iaipvovtac € = = — 1 €youpe t0 {ntoduevo.

27. To emyeipnua tnc Tponyoluevne Aoxnonc dovkeler otov RF yio onotovdfnote
k € N. Mnopolyue enione va unoldécouue 6TL oL XOpLUYES TwV DG THUATWLY Jy, €xouy
HOPUYEC PE PNTEC CUVTETAYUEVECS.

Egopudloviag 1o napandve oo B xou F, unopolye va Bpolue diac thpora Jo xon
Jo UE «pMTEC HOPLYESY, OOTE

(%) NENIy) > ZA(IO) xan A(FNJo) > ZA(JO).

Ioyvypiouds. Mnopolue va Bpolue m,n € N dote 1 Iy xou Jo vo ywpllovia oe
m xot n {ooug un emxahuntduevous xGBoug avtiotowya (doxnomn: xenoulotothcTe To
YEYOVOC 6T oL apée Twv Iy xan Jo €youv pntd urum).

H (%) xon éva emyeipnua duoto ye autd tne Aoxnone 4 delyvouv dtu undpyouy
»OBol It xon J1 mou €youv to (Bo uhxog axpnc, Oote

w

MENT) > =-A11) xa ANFNJp) >

=~ w

A1)

I

Me éhha My, undpyer x0Boc I pe xévipo 1o 0 xou undpyouv z,y € RF (ote

AME=-z)NnI)>-AI) xu MF—-y)nI)>-X{I).

=
>

‘Exreton 61U

A(E—2) N (F—y)nI)> =) > 0.

1
2
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O¢touye B = (E —z) N (F —y). And 1o Afupa tou Steinhaus, 10 B — B nepiéyet
dudotnua ue xévtpo 10 0. Agol

E-F—(z+y)=F~-2)-(F-y)2B-5,

ouunepafvouye 6Tt 0 B — F mepiéyetl Sidotnua. Avuxadotdvtog to Fope 1o —F
ralpvoupe 0 {NTOUHEVO.

28. Aci&te dladoywd o e€h¢:
(i) Av 7o F C R* eivor cupnayéc 161¢ 10 T(F) eivan ouunayéc.

(ii) Av o E C RF eivar F,~c0voho 161 10 E uropel vo ypapiel cav aprdufown
évwon ouuraydy utoouvbhwy Tou R¥. Aré to mponyolpevo Bhua, to T(E)
elvar F,—oUvoro.

(i) H T elvan Lipschitz ouveyfc ouvdpmon: undpyer M > 0 dote ||T(z) —
TW)ll2 < M ||z — y|l2 v %89 z,y € RF.

(iv) Av R elvor évac x0foc (ddotnua pe toouhxec axpéc) otov R¥, 161€ 10 T(R)
TEQLEYETOL OE Lol UTdAXL axTivas To ToAD {om¢ UE % = MT‘/;"‘ 6mou d 1) didpe-
TpOC XL & 1) oxpr) Tou R. Anhadi, undpyel ¢ = ¢(M, k) > 0 dote o T(R) va

TepLéyeton oe x0Bo wxphc ca. Enetar 6t A(T(R)) < cFA(R).

(v) Xenoonotdviag To Teonyoluevo Bhua xal Ty mapathencn 0Tt Yl ToV 0ploud
Tou e€wTteptxol Pétpou Tou A apxel va Jewpricoupe xahlec Tou A ye x0fouc,
dellte ot av A(A) =0 16te A(T'(A)) = 0.

Fpdpovrag To TuY 6V PeTEhoLUo GUVONO Gay Evwot) EVEE F,—ouVOAOU ot EVEE GUVOAOU
pétpou 0 modpvoupe dueca to {nroduevo.

29. (a) Ané ) yovotovia tou e€wteptxol pétpou €xoupe A(F) < X*(E) vy xdde
xhewo16 F C E. Yuvenwg,

Aoy (E) =sup{\(F) : F C E,Fxewot6} < \*(E).

(B) YTrodétouvue mpdta 6Tt 10 E elvar Lebesgue uetpriowo. Eow € > 0. Zépouue
6u undpyel xhewoté F C E wdote M(E) < MF) +¢. And tov oplouéd tou A (E)
énetan 6Tt A(E) < A (E) +¢. To e > 0 Arav tuydy, dpa A*(E) < ;) (E). Ané 1o
(o) mpoxmTeL 1) LWbTNTOL

Avtiotpoga, ag unotdéooupe 6Tt A*(E) = A;)(E) < oo. Mnopolue téte va
Beolue Gs—ovvoho G xu F,—olvoho F wote FF C E C G xou A(F) = N (E) =
AG) < oo (egnyfote yiatl). Tote, A(G\F) = A(G) —A(F) =0xu E\F C G\ F,
onéte 1o E\ F elvar Lebesgue petpriowo (ue A(E\ F) = 0). Eneton 6t 10 E =
FU(E\F) eivar Lebesgue yetpfiowo.
(v) Av A*(E) = oo té1e 1 woduvopia 610 (B) Bev elvor mévta cwoth, pe v e€hc
évvola: umdipyel un uetpriowo abvoro E ue A (E) = N (E) = oo. Iopdderypa:
Yewprote éva un uetpriowo A C [0, 1] xou ndpte cav E 1o AU [2,+00).
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30. Ilpdros tpéros. Opiloupe Ty e€hic oyéon wooduvayios ato [0,1]:
r~y<—=z—y€cqQ.

Av {F, : a € A} ey 1 oxoyévewr v xAdoewy woduvapiac tne ~, opllouye, e
xeron tou a&duatoc Tne emAoyic, éva cbvoro E C [0,1] to onolo nepiéyer axpiB3ee
éva onuelo and xdde F,. Oewpolye wa apldunon {g, : n € N} wwv pntédv tou [—1, 1]
xon opilovue B, = qn, + E. And tov tpém0 oplopol tou F eléyyoupe 6t to I, elvan
Eéva avd d0o xou 6Tt

[0’ 1] g UZ,°:1En g [7172]'

Iopatnehote 6t
AN(Ep)=A(E)>0

v xdde n € N. ANuoe, Yo elyape
1=X([0,1]) < A" (UL, E,) = 0.
Apa,
i MN(E,) =400 >3=)\[-1,2]) > X\ (U, E,).
n=1
Aettepos tpomos. I'vwpllouvpe ot umdpyel un yetpriowo obvoro A C R. Tuvend,
undpyet £ C R dote
A(E) < N (ENA)+ A" (EnNA°.
Oewpriote Ta olvora By = ENA, By = ENA®, E3=FE;=---=0.
31. (w) Hopatnehote 6T

oo o0

AAE) < A (a0~ gran+52)) =D o =2

n=1 n=1
(B) Av 0 [0,1]\ A(e) Hrav %evo, Ya elyaue [0,1] C A(e), ondte 1 < A(A(e)). Ouwe,
av e < 1, oné o (o) nadpvoupe A(A(e)) < 2e < 1.
(v) Aol 0 < g, <1, yie xde j € N éyoupe A C A(1/5) C [-1/4,1+1/5]. Apa,

AC ﬂ[—1/j,1 +1/4] =[0,1].

Enlong, ané to (@),
A(A) < AA(1/5)) <2/5
v xdde j € N. Apa, A(A) = 0.

(3) Eyoupe QN [0,1] = {g, : n € N} C A(1/7) v xd&de j € N, dpa QN [0,1] C
N5, A(1/5) = A
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Mo xdde 7 € N, zo [0,1] \ A(1/5) ebvor xhewotd xon moudevd nuxvd (Sudte dev
TepLéyeL pntolc). Ac unodécouue bt to A elvon apdurowo. Av A = {z, : n € N},
T6TE Umopolue va ypdpouue

0,1] = AU([0,1]\ A) = (U{m}) UOl\Al/J))

Auté obnyel oe drono: dha wa olvora {x,, }, [0,1]\ A(1/)) eivan xheiotd, dpo xdmowo
ané autd Yo €npene va Teptéyel dldoTnua, and o Yedpruo Tou Baire. Yuvendc, 1o
A etvor urepopriurowo.

32. Kdvoupe mpohta tny emniéov undleor 6t to A elvon QpoyUévo LTOGHVORO TOU
[0,00). Anhady, undpyer m > 0 dote A C [0,m]. Eotww € > 0. Agol A(A) =0
urdpyel axorovdia { Ri} Staoctnudtwy Ry = [ak, bk] C [0,00) dote A C U | Ry xou
ey (bk — ai) < e. Tote,

oo

@2 rearc |t w
k=1
xo . - -
Z(bi —a?) = Z(bk —ay)(bg + ag) < 2m Z(bk —ag) < 2me.
k=1 k=1 k=1

Agol X ({22 : x € A}) < 2me v 0 TUYSV £ > 0, cupnepatvoupe 6Tt A({2? @ z €
A}) =0.

‘Eotw thpa A C [0,00) ye A(A) = 0. Opllovue A, = AN[0,m], m € N. Tére,
A(Apm) = 0 xon to Tponyolpevo Brua defyver 6t ({22 : z € A,,}) = 0. Ago)

{222 € A} = U{xQ:meAm},
m=1

énetn 6Tt A({z? : x € A}) = 0. To (o woyler av A C (—o0,0] xou A(A) = 0.
Tt Ty yevih meplntwon, av A C R xon A(A) = 0, opllovpe At ={z € A: x>
0}, A= ={z € A: z <0} xa, ypnowpwonoudvtag to npbnyoluevo Bhua, taipvouue

AMB) < A{z?:ze AT+ A{2?:z € A7 }) =0.

33. (o) To C eivor xhei0T6 W ToUH XA TOY uVehwY: éyouue C = (oo, 1) xou
%80 1™ eivan memepaopévn évwon XAeoTGOY Blo TNUETOV.

(B) To C Bev éyer pepovouéva onueio: éotw & € C. T xdde n € N, 10 & avixer oe

xAmolo amd tol 2™ wAELGTE SLao ThAUMTA Ilg") nou oynpatilouy to 1™, Toukdyiotov

éva and To dxpeo Tou Ilgn), ¢ TO TOUUE Yp, ebvan BlaopeTind and to 2. To urxog tou
11" etvan (oo pe 1/3", dot | — yn| < 1/3™.

Kde dxpo daothuatoc I,i") etvan onuelo tou C. Suverde, yn € C, yn # T xou
Yn — x. 'Eneton 611 10 @ elvon onuelo cuoodeevone tou C.
(v) Av xdmoto (un tetpipuuévo) didotnua J tepéyetor oto C, té1e Yio xdde n éyouue

JC I,i”), 6mou I, eivor xdmoto amd ta xhewoTd dlacThpata oL oynuatilouy o I,
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Téte, M(J) < )\(I,i")) =1/3". Agol autd cupPaivel Yo x&de n, cuunepaivoupe 4Tt
A(J) =0, dromo.

34. Actyvouye pe enayoyh 6t v xdde n € N, o 1/4 Bploxeton 610 eowtepNd
wémotou and o IV, non ywpller To I}gn) oe 800 pépr mou €youy Aoyo 3 1 1 av n
neptttog xan 11 3 av n dptiog. Eneton 6t % € C o, yiaxdden € N, o i dev elvar

n)

dtpo novevég amd to 2" XAEWCTE BLoc THUATO I,g nou oynpatilouvy To I,

Do napdideryya, ac utodéoouye 6Tl T € I,g") = (a,b) xw z —a = 3(b—1x) (80, o
n elvon TepLTToC). Xto endpevo Brua, ywellouue To [a, b] ot tpla (oo uéen xon xpatdye
w0 [a, 22E2], [2252 b, Tlapatnphiote 6 @ = 32E2 oo 2BE0 < 3 < b yon
3b+a b—a 3b+a 2b+a 2b+a

brr=b-—— = i3 3

35. (o) Av ¢, € {0,1,2} t61¢

w‘:

(B) Eotw x € [0,1]. Xwpiloupe to [0,1] oo 1plor unodiaothuata [0, 1], (5, 2) xo
[2,1]. ©¢roupe

cic = 0,ovzxe€ [0,1/3]
a = 1, vz e (1/3,2/3)
¢ = 2, avzr€E [2/3,1].

'Etol, oe xdle neplntwor, €youvue

<z -+

C».’J\H

c1 c1
3 3
Ac unodécoupe 6tz € [0, 3]. Xwpllovyue auté T0 BidoTnua oTa Tela LTOBLIC THUATL
[O, %}, (%, %) xol [%, %}, xot Yétoupe ¢ = 0,1 % 2 avtiotoya av 10 & avixel oto
aploTeERd, 0o peono N 610 Sedld and autd o Bl THYNTA. Avdroya opiletar To c2
btav € (3,3) fha € [2,1], éror dote, ot xdide mepintwon, vo éyouye

Cl Co < 1

-+ 3*2 <z iy + 37 + 37

Suveyllouye Ty ETMAOYT TWV ¢y, UE AUTO TOV Tp(’mo gtol Qote, Yo xdde N, vo éyouue

N N
Cn, <y < Cn 1
ST 30 T 3N
n=1 n=1
N 1 e’}
’, 7 Z 2 Cy, ] 7 Z Cn
Aol Aoy, v xdde N éyouvue 0 < = — ) 5% < 3§, EMETOL OTL 1) OEWd Zl 5=
n= n=

ouyxiivel 6To T, dnAadY
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(v) Eow 61 xdmowoe x € [0, 1] éxel 0o dioupopetind tprodixd avamtdypoto:

Ectw n o yuxpdtepog guoxde yia tov omolo ¢ # by, xau ag unodéoouye 6Tt ¢, < by,
Agob

k=n k=n
now
¢k Cn 2 ¢, +1 bn by,
Z 3k — 3n 3k 3n 3n Z 3k’
k=n k=n-+1 k=n

Brénoupe 6T
bp=c,+1, cz=2avk>n, bp=0avk>n.

Yuvenwe,
-y
= —k = —
k=1 3

6mou m =013+ 03" 2 4 ... 4 b,

Avtiotpoga, av z = m/3" yw xdnowov m € N, ypdgoupe tov m o1 Lopyh
m = b13""1 4+ 53" % + -+ + by, 610V bj € {0,1,2} xou by, # 0, xou Tadpvouye dlo
BropopeTind TpLadixnd avom Tyt Yot Tov &, T 0 - bibg - - - by, xouw 0 by -+ - b1 (by, —
1222
() Eoww x € [0,1] xon 0-cica- -+ 1 tpradind nopdotaon mou Berixaue Y Tov & 6To
(B). Etvor gavepd bt x € I oy xow pévo av ¢; = 0 f ¢ = 2. Erione, = € I?
av %ot pévo av ¢; € {0,2} xon ez € {0,2}. Me tov (Blo tpémo, x € 1™ av xou yévo

av cr,. .., € 0,2} Av tdpa x € C, t6te x € (oo, I™. Eretar 61, yia xdde
n €N, ¢, € {0,2}.
Eow thpa ¢ € [0,1] \ C xon éoww 0 - crea- -+ wiot Tpiodixt| nopdotaoy tou .

Ava ¢ IW 16t P <x< 2 AN, omd m oxéon § <z < ¢+ & molpvoupe
0 < e <2, dpacy = 1. Yrnodétouue 6T, v xdmowo n > 2, éyovye o € I~
G ¢ 1M, Agob x ¢ 1™ 10 z Sev urnopsl va ebvor dxpo xdmolou TeLadKol
Sraothgatog ard autd tou anoteholy 1o 1N, Trdoyer howndv povadixd avolyté

Towadxd DIGCTNUO UAXOUS zmeT OTO OTIO0 OVAXEL TO & XOU, AVAYXACTIXG, AUT6 Efval

To yeyovée 61 a ¢ T onuaiver 6Tt T0 T avixel 610 PEGO avoLyTé TpiTo AUTOY Tou
dlao TAUATOC, dnhady

TO

z_: <x<z3k+—.

o~



- 69

Ané autd xan ) oyéon

e c e cn+1

k n -k n
Z 3k + 30 <z< Z 3k + 3n
k=1 k=1

rafpvoupe 0 < ¢, < 2, dnhadh ¢, = 1. Av dawnév x ¢ C, 161, yioe oV ENEY Lo TO
quowd n ye x ¢ 1™ woyter ¢, = 1.

36. Ocwpolue 10 ddotnua 1 = [0,1] xu 10 ywpllovue ot Tpla SaoThgaTe: To
pecaio €yel unxoc % xol ToL dAAa 500 €youv To (B0 uAxoc. AQorpolue TO avoIXTO
uecaio didotnua xau ovopdZouvue I 1o olvoho tou amopéver. To I eivor Tpogavie
Whelotd ohvoho, xow (1) =1 — g. Xwptlovye xadéva and to 800 doTAUAT TOU
oymuatilouv 1o 1M e tpla SlacThata: 10 pecaio éyel whxoc 5% o ToL AN 800
€youv 1o B0 uhxoc. Katdmy, agupolye 1o peooto avowutéd didotnua. Ovoudlouue
1) 10 obvoho mou amopéver. To I2) eivor Tpopavie KA1 GHVONO, XL

0 0 4]
MIPYy = M)y -2 =1—-- -2,
ID) = AID) =25 =1- 5 -2
Suveyllovtog pe autédy Tov TpTo, xuTaoxeLdloupe Yo xdle n = 1,2, ... éva xAewotéd

otvoho 1M étor Gote 1 axohoudio (I1)) va éyer Tic e€hic WidTnTee:
(1) I™ > 10D v %éde n > 0.

(ii) To I™ givan 1 évwon 2" AAeLGTAOV BLAGTUGTHV oL €YOLY To Blo hixoc.

n)\ — ) ) n—1 46
(i) AI™) =18 28 — .. —9n-1 5
Téhoc, oplloupe
Dy =) 1™.
n=0

IMopatneotue ét

n—1
A(Ds) = lim. A(I™) = lim l1 -6 <1 - (g) )] =1-0.

Av I}gn) ebvor xdmoto amé 1o xheloTd o Thata Tou oynpatilouy to 1M té6te 0

271,
Ny TAnpogopio xa. douvkebovtac 6w oty ‘Aounon 3, uropolpe va delfouye OtL 0
Ds etvan téheto xon dev meptéyet Biao THUOTAL

whxoc tou I\ eivan oo pe 2 [1 -6 (1 - (%)nil)] — 0. Xpnowonoidviac authy

37*. And v nponyoluevn ‘Aoxnon woydet to e€fc: av I elvon éva Sido True gixous
a, woL oy axoAoLINCOUUE TN Bladocior xaTaoxevhic Tou cuvéiou tou Cantor apou-
pWVTaG 6T0 N-001d Bua avowxtd unodlaothuata ufxoug ad/3" (6rnou 0 < § < 1),
T6T€ T0 GUVONO TIOL TPOXUTTEL BEY TEPLEYEL Do THuToL X €xel Uétpo (1l — 0).

Hotpvouue 0 < 61 < 1 xou xotaoxeuvdoupe ovvoro D 6710 [0, 1] ue Tov napamdve
tp6m0. To D! dev nepiéyet duothuota xou A(D') =1 — 4.

To By = [0,1] \ D' etvar o aprduhown évwon avoxtav ductnudtev: By =
Ujle-. e xdde xheto 16 SWdo T Rijl-, J € N, xdvouue v (Bla xaTaoxeLy| UE xdmoLo
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0 < d3 <1 (7o ido v xdde 7). Hpoxinter olvoro DJQ» TOL JEV TMEPLEYEL BlAC TAUTA
xou éyer pétpo A(D7F) = (1 — 62)A(R}). Oplloupe

D? =D'U (Ux,D3).
Tore,
AD?) = (1 =81)+ (1 —62)6, = 1 — 5100.

To By = [0,1] \ D2 eivon me pior aprduriowun évwon avotody dotnudiwy: By =
UjR?. Ye x&de xhelo 16 o T Rijz, J € N, xdvouue Tty (Brar xataoxevr| ue xdmolo
0 < d35 <1 (1o do vy xdde 7).

Enayoywd, opllouue wo axoroudia {D™} urocuvéhewv tou [0,1] ue te e€fc
WLOTNTES:

(i) D"+ c B =0,1]\ D".
(ii) A(D™) =1—06105---0p.

(iii) To D™\ D" ! etvau évwor apriuhowy 10 TARDOC P ETXOAUTTOUEVWDY XAEL-
oTOV cuVohwy DY, xaléva and ta onola Dev TEPLEYEL DU THUOTOL.

Mnopolue udhioto vo ETAEEOUUE CUYEXPULUEVD 0 = g;i% wote
2" +1 1
0102+ 0y = ST T g

Opllovye E = UL, D™, Téte, A(E) = lim A(D") = lim (1—6,---4,) = 1. To
n—oo n—oo
E ebvon yetpriowo, agol xdde D™ efvor clvoro Borel.

‘Ecww J = [a,b] uvnodidotnua tou [0,1]. O woyvptouds elvar 611 undipyer UTOdLE-

G R? xdrowv B,, ®ote R;? C J.
Anddeln. Me e drono amoywyh. Hotw ot dev undpyel le» C B e le» C J.
Hopotnehote ét utdpyer j wote Ri NJ # 0 (ahig Yo efyope J C D', droro).
Aol 1o le- = (a;, b;) ebvor avoixté, o R]l N J ebvor Sidotnua. Atoxplvouye tic €€7¢
TEQLITWOEL:

(@) a; < a < bj <b: undpyer R = (a,by) ue by < az < b (0dhode, [bj, ] € D! 1o
orolo elvor drono). Téte buwe, undpyer RL = (as,bs) C [bj, ar) AOY® TS xoTAOKEVAC
tou D', "Apa, undpyer R C J. Auté ebvor dromo.

(B) a < aj <b<b;: xatanfyouue oe dtono ye tov Bo tpdRo.

(v) J = [a,b] C R} = (a;,b;): oto Rijl xoooxeudotnxe to DI, EnavohauBs-
VOVTAC TO GUAMAOYLOUO, BAémoude 4Tt elTe UTdpyeL § GoTE R? C J 1 undpye. j ©o1E
JC R,

Yuveyllovtac €tot, Phénovye OTL elte UTdpyouvY n xon § Kote R C J A v xdde
n undpyet j wote J C RY. H debtepn meplntwon anoxheleton yiatt tote Yo elyope

A(T) < inf A(R}) = 0

(napotnphote 6T /\(R;L) < @) .
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Trdpyer howndv xdmoo R}, avowxtd unoddotnue xdnowou D", oote RY C J.
‘Ouwe tote, 010 Rig' AAUTOUGHEVAG TNKE TO D;”“l, 10 ornolo €yel uétpo )\(R;.‘H) =
AMR?)(1 = 0pt1), péoa oe autéd apriufowa o mAfdoc D?H He cuvolxd Pétpo
/\(R;-l)énﬂ(l — ) WA Anhodt, T0 CUVOAXO PETPO TV D7, m > n mou xoto-
oxevdoTxay Yeoa oto RY elvon (oo ye

n T 1
AMRF)(1 = 0p10ng2---) = MRT) (1 B 25157,) .

‘Exeton 61U

1

ny __ n 7; n — my_____
)\(EﬂRj)/\(Rj)<1 55 5n>>0 xon ARG\ B) = MRj)ge—5-> 0.

1

Agol R} C J, ouunepaivouye 6t

AMENJT)>0 xa AJ\E)>0.

38. Trnodétoupe 6t f~1((q,+x]) € A vy x80e ¢ € Q. Eotw a € R. Tndpyet
yvnoiwe edivovca axohoudia pntev g, — o. I'pdgouye

oo

{reX: f@)>a}=|J{zeX: f(z)> g}
n=1
Mpdypoty, av f(z) > o t6te TeMXd €ouue f(x) > ¢n (xou aviiotpoga, av f(z) > gy
v xdmowv n € N, t6te f(z) > o). Agod {z € X : f(z) > ¢} € A v xdde
n, énetan 61t {x € X @ f(z) > a} € A Agol 10 a € R frav tuydy, n f ey
A-uetphown. H avtiotpoen xotedduvon elvar mpogovic: Eépovpe 6t av 1 f elvon
A-yetpriown t6te [ ((a, +o0]) € A yia %8s o € R.

39. Eow {g, : n € N} wa apldunon tou Q. Tt xdde n € N détovyue
Bn={reX: f(z)=a).

Aol 7 f elvon A-petpriown, éyovue E, € Ay xdde n € N. Oétovue E = U2 E,.
Hupatnerote 6t g =1 — xg. Agob E € A, n g elvoan A-uetphoyn.

40. Ilpdtos tpémos. EréyEte 6ty xd¥e a € R 10 olvoho {z € R: f(z) > a}
elvan (avowth 1 xhetoth) nuevdela o xevéd olvoro 1 10 R.
AcUtepos tpdnog. Agot n f elvar abZouoa, t0 oUvoro A twv onuelwy acuvEyelg g
f etvar aprdurowo.

Oa delouue ot xdde auvdptnomn f : R — R pe apriuriowo olvoro onueiwy
acuvéyetoc elvor Borel yetphiown. Eotww C = R\ A 10 o0volo twv onueiwy cuvéyetag
me f. Eow U éva avowtéd urtooivoro tou R. Tpdgouue

FHU) = (FHU)NC)u (1) N A).

To f~1(U)N A eivor apriprorpo, dpa avixet oty B(R). To f~H(U)NC ebvor avoxtd
oo C: éow x € C dote f(r) € U. Agol 1o U elvon avoixtd, undpyel € > 0 dote
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(f(z) —e, f(x) +e) C U. Agob 1 f elvow ouveyhc oto z, undpyer 6 > 0 wote
av |y — x| < § t6te fly) € (f(x) — e, f(x) +e) C U. Arpads, fFHU)NC D
(x—=d,xz+d)NC.

Edape 6t 10 f~HU)NC elvor avowrté oo C, dpa utdpyer V avowxtd utochvoro
tou R wote fHU)NC =V NC. Ouwe, V € B(R) xau C =R\ A € B(R). Apa,
Y U)ynCc=vnc e BR).

A6 o mopoandve éneton 6Tt o [ (U) etvar Borel we évwon 8o cuvéhev Borel.
Aol autéd wyler yia xdde avowxté U C R, v f eivon Borel yetprown.

41. (o) Eotww U € B(R). Agol n h eivor Borel petpfiown, éxoupe h=1(U) € B(R).
H g ebvor ouveyhc, dpa g~ 1 (A1 (U)) € B(R) (Aoxnon 3(y), Purrddio 2). Eidaye 61t
(hog) Y (U) =g~ (h"Y(U)) € B(R) ywu xdde U € B(R). Apa, nhog: R — R eivou
Borel petpriown.
(B) Oewpolye tn ocuvdpinon Cantor-Lebesgue f : [0,1] — R xo oplloupe m :
[0,1] = Ruyem(z) = W H m ebvan yvnolog avZouoa xau ent tou [0, 1]. Oewpolye
™Y avtiotpogn cuvdpTnoT TNg M xoL TNV emexTEVOUUE O cuveYH ouvdpTNoY ¢ :
R — R détovtoc g(x) = 0 av z < 0 %o g(z) = 1 av ¢ > 1. Tvepllovue bt
exéva m(C) tou cuvéhou tou Cantor péow tne m éyel Yetxd petpo (loo ue 1/2),
dpa untdpyer un—uetpriowo A € m(C) (o onolo dev mepiéyel e 0,1). Av E = g(A4),
t61€ 0 E mepiéyeton oto O, dpa ebvar Lebesgue yetpriowwo. ‘Eneton 611 1 ouvdptnon
h=xg : R — R givoar Lebesgue petpriown,.

Oewpolye Ty hog = xg og. lopatnprote 6t 1 h o g naipver wévo g tpég 0
xou 1, xon 6t (hog)(z) =1 av xou povo av g(z) € E, Snhodh av xat uévo av x € A.
Apa,

hog=xgog=xa.

Agol 10 A elvar un—yetpriowo, n ho g dev elvan Lebesgue yetpriown.
42. (o) Avi < stote {f > s} C{f > t}, dpu

wi(s) = A{f > s}) < A{f > t}).

Amadh, nwy ebva pdivovoa. ‘Eotw t € R. Hopatnpolue npota 6t av By = {f >t}
xou By = {f >t+ 21}, w6t B, /By, dpowy(t+ 1) — wy(t). Eotw tdpa e > 0.
Trdpyer nop € N dote 0 < wy(t) — wy(t+ 7%0) <e. Tote, yioxdde t < s < t+ %
éyouue wr(t) —wys(s) < e. Enetou 611wy ebvon ouveyhc and detid.

Me tov (B0 tpbno unopeite va delete 6Tt Slir?i wi(s) = A{f > t}). Apa, n
wy elvon ouveyhc oto t av xou wévo av A({f > t}) = A{f > t}). AnhadA, av
A{f =1}) =0.

(B) Eotww t € R. Av oploovpe Fip = {fi > t} xou Fy = {f > t}, 161€ Fy; / Fy:
nedyuatt, and v fi < frpr Exouue

fe(@) >t = frra1(z) > ¢,

drpadh Fiyp C Frya14. Eniong, f(x) > fut1(x) o xdde x € E, dpo Fy O U2 Fi 4.
Avtiotpoga, av f(z) > t téte klim fr(x) > a, dpo undpye k € N dote fi(z) > t.
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Yuvenwe, Fy C U2 Fr . Eldaye 6t Fi ¢ /" Fy, dpa
AMFy,t) / A(F).
IoodUvaya, wy, (t) / wr(t).

43. (o) ©¢roupe E, = {fn > a}. Tére,

o0

S OME) =Y Azt fulz) > a}) < o0,

n=1

§pa A(limsup,, E,,) = 0. Anhadr, vrdpyet N C Rye AM(N) = 0 dote = ¢ limsup,, E,
vy xdde x ¢ N. Eotw ¢ ¢ N. Téte, x ¢ N2, US . E,, dou undpyet k = k(z) € N
wote: yaxdden > kwybetx ¢ B, = fn(z) < a. 'Ouoc téte, limsup,, frn(z) < a.
(B) Onwe mpwv, Brénovue étL undpyer N C R ye A(N) = 0 dote v xdde © ¢ N
wy el to e€¥c: undpyet k = k(z) € N dote yio xdlde n > k woyler fn(z) < ep. Agod
en — 0, ovunepaivouvue 6T fi, () — 0.

44. Ytodeponowlpe n € N xou opllovye Fyy o = {|fn] > m}. Iapatnpolye 6t
Fom 0. "Apa, untdpyer B, > 0 wote A({z : |fn(z)] > Bn}) < 1/2" (ndpte B, = m
YL M OEXETA UEYANO).

Oétouue o, = nB,. Tote, av Yéoouue
[fu(@)] 1

> =
Qp n

En:{xe[o,l}: }:{xe[o,l]: |fn(2)| > B},

€Y OVUE

.- (@) 1 1
ZA({xe[O,l}. P <Zﬂ<oo'
n=1 n=1

A76 v mponyoluevr Aoxnon (pe e, = 1/n) éneton éti undpyet N C Rue A(N) =0
®ote lim f("x—:’) =0y xdde x ¢ N.

45. T xdde k € N ywpilouye to [0,1] oe k {oa Swothuara [%, %), j=1,... k.
Optlovpe fr :]0,1] x [0,1] — R pe

J—1 J—1 J
= —_— < p
fe(z,y) f( % ay> av % s < &

won fe(Ly) = f(1,y). H fi ebvou yetpriown diot ebvan cuveytic oyedov mavtol: av
% <z <%,y €[0,1] xou e > 0, pmopolye va Bpodue § > 0 dote: (2 — 6,2 +6) C

(55 4) e
) — 1 ) — 1
‘f (]k y) —f (Jk ,y’)‘ av |y —y'| <o
oG T CUVEYELRL TNS f(%, y) wcnpocy. Tote, av (2, y') € (z—0,246) % (y—6, y+0)

EYOVUE

) = el = | (L) =1 () <
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Arpodh, 1 fi, etven ouveyrc oo [0,1] x [0, 1]\ UF_y({£} x [0,1]).

Hopatnpolye topa 6t av y < 1, tote fi(z,y) — f(z,y): apod n f(z,y) ebvo
oLVEYAC WS TPOS T, Yiol TO TUYGY € > 0 undpyet § > 0 dote: av |2/ — x| < 0 t6te
|f(@,y) — f(z,y)| < e YTrdpyer ko dote 1 < & yio x&e k > ko. Téte, yiou xde
k > ko €youpe

|fu(z,y) — flz,y) = ‘f <];1y> —f(x,y)‘ <e

OLOTL |Jl,<;1 fx| < % < 4.

Aci€ope 6t f elvon xotd onpelo dplo prac axohouliog PETEHOWNY CUVUETATEWY,
dpar 1 f ebvan yetprown.
46. H f ebvar petprown o6t fr, — f xatd onuelo. Eotw € > 0. Agot f, — f
ouoldpoppa cto X, vndpyet ng € N dote: v xdle n > ng xow yo xdde x € X
woyle |fn(z) — f(z)] < e. H otadeph| ouvdptnon € elvan ohoxAnpdhowrn Adyw tng
pu(X) < oo, ondte, and my |f| < |fno| + € énetan 6w m | f| (dpor xon v f) ebvon
ohoxanpdowun. Téhog, ywa xdle n > ng éyouue

o s < [ 15 s cuen,

Aol 10 € > 0 v U6V, cuuTEpalvoupE OTL

meﬂémw

47. H otadeph ouvdptnon M elvon ohoxinpoown Aoyw e u(X) < oo, ondte, 10
Unrobuevo mpoxdntel dusoa and 10 Vedpnud XUplHEYNUEVNS COYXAIOTS.

48. Arnétc |ful <gpu—om viaxdden € Nxa f, —» fu—om., énetn 6n |f| < g
u—o.m. Apa,
|fn_f| <29

p—om., vy xdde n € N. Agol |f, — f| — 0 p — o7, 10 {nroduevo tpoxinrtel
dueca and To YeWpnUa XUPLIPY NUEVTC SOYHALOTC.

49. Agod fn < f p—om vy xdde n € N, éyovue [y fndp < [y fdp yio xéde

n € N. Yuvenog,
imsup [ fodu< [ fd
n—oo X X

Ané o Afppa tou Fatou modpvoupe

fdp <lim inf/ fndu.
X n—oo X

"Ereton 6Tt

limsup/ fndp = 1iminf/ fndu :/ fdu.
n—00 X n—oo [y X
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Apa,

/andu—>/xfdu~

50. O vnotéoeic e€aopolilovy 6T oL f, g xon Telxd ot fr, g TalpVOUV TENEPACUEVES
Téc oyedov mavtol. And my |fn| < gn éxovpe —gn < fn < gn v x&0e n € N,
dnAadn

fntgn >0 xu gn— fn>0.

Aol fo+gn — f+gum gn — frn = g — f, 10 Ajupa tou Fatou poc divew:

[ tdut [ gau= [ (tro)au<timint [ (fvg.)dn =timint [ fodu [ gd

(xenoworowhooye ™Y [y gn di — [y gdp). Apa,

/ fdp < liminf/ fndp.
X nmee JX

IIdhe and o Aupo tou Fatou,

/gdu—/ fdu:/(g—f)d,ugliminf/(gn—fn)duz/ gd,u—limsup/ fndu,
D¢ D¢ X n—oo Jx X n—oo JX

onhady,
1imsup/ fnd,ug/ fdu.
n— 00 X X

limsup/ fndu = liminf/ fndp = / fdu.

/andu—>/xfdu-

51. 'Eow A € A. Ané o Afppa tou Fatou modpvoupe

‘Encton 6Tt

Apa,

fdu < liminf/ fndu
A n—oo A

2Ol
fdp <lim inf/ fndu
X\A n—eo Jx\A
dnhadHh
[ tau= [ fan < timint (/ fud— [ fndu>-
Agol

*/deu:nlggo </andu>7

npocBéTovTag xatd YEhn malpvouue

—/ fdp < liminf (—/ fndu> = —limsup/ fndp.
A n— oo A n—oo A
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Anhod,
limsup/ fndu < / fdu < liminf/ fndp.
A JA n—oo Ju

/fndﬂg’/fd/i'
A A

Yuvenwe,

52. (=) Eyoupe

‘/}(|fndﬂA|f|dU‘§/)(||fn|f||dﬂ§/xfnfdﬂg>0'

[ itddn— [ 1f1dn

(<) Eyoupe | | fr— = fal | < |f]- H | f] etvor ohorxknecyouum xen [ fr — f| = | fal —
—|f]- And to Yedprua xupapynuévne cUYXMoNG,

Apa,

/X(Ifn—f\—Ifnl)du—>/x(—|f\)du-

[ Asldn = [ 1s1an

ITpociétovrtag xatd uéAn, molpvouue

‘Eyouue unodéoel 6Tt

J 1= Ao,

53. Ioapatnpfote 6T

gn = maX{fl,...,fn} S maX{fla"'afnvfn+l} = Ggn+1-

Optlouvue g := lim g, (n g oplleton xahd, S6t N {gn} elvar adZouvoa). Agod g, > 0

oto X, and 10 Yedpnua Lovétovne oUyxAlong talpvouue

/gdu: lim/gndu.
X nmeeJx

"Eyouue vrodéoer 6t undpyer M > 0 dote yia xdde n € N vawoylel [ gndp < M.
Yuvenwe,

/gdu§M<oo.
X

Ouoe, fn < gn < g yvaxdde n € N, xu fr, = 0 p—om. And to Yedpnua
HUPLUOY NUEVNC GUYXALGNC, CUUTIERAVOUUE OTL

/fndu—>0~
X
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54. (o) Trodétoupe 6T fr, — f xatd yérpo. FEotww € > 0 xae n > 0. H ¢ eivon
opot6uop@a cuveyNe, dpa uTpyet 0 > 0 dote: av |z —y| < 0 tote |p(2) — o (y)| < e.
Suvenoe, v xdde n € N éyovue

{zeX:|(@ofu)(x) = (9o f)@)] = e} C{x € X :|fu(w) — f(2)| = 0}
Aol fr, — [ wod uétpo, undeyer no € N dote: yia xdde n > no,
pn{z € X« [fu(x) = f(z)] = 6}) <n.
Apa, yio xéde n > ng éxouye
p({z e X :[(¢o fu)(z) = (g0 f)(z)| = }) <n.
Aol 0 7 > 0 fray Tuyby,
n({z € X :[(¢o fn)(z) = (¢o f)(z)| = €}) — 0.

Anhad®y, ¢ o fr, = @ o f xatd uérpo.

(B) Trolétouye 6 fr, — f oyeddv opoduopya. 'Eotw € > 0. YTrdpoyer A € A ye
p(A) < e, dote fr, — f opotbuoppa oto X\ A. Aol 1 ¢ elvor opotbuoppa cuveYTfc,
¢o fn — ¢o f opobuoppa oo X \ A: Yewpriote tuydv 1 > 0 xou Beelte § > 0 dote:
av |z —y| < § w6t |9(2) — d(y)| < n. YTrdpyet no € N dote: yio xdde n > ng xou
via xdde x € X \ A,

[fn(2) = f(2)| <6, nan ovverdx, (¢ o fu)(x) — (¢ o f)(2)] <.

55. () Hopatnpolyue Tp®ta 68 XE, AE,, = |XE, — XE,|- ZUVETOC,

w(En A Ey,) = / XE,AE,, dit = / IXE,. — XE.|dp
X X

v xdde m,n € N. Autd anodemvier 6t 1 {xg, } evan Cauchy xotd pétpo av xou
uévo av p(E, A Ey,) — 0 6tavy m,n — oo.

(B) Eow € > 0. Ané v

1
p{Ixe, — xB,.| > €}) < - / IXE, — XE..|dp
X

éretan 6t av 1 {xg, } e Cauchy xatd yéoo téte eivon Cauchy xotd uétpo. Avti-
otpoga, ag utodécoupe 6t {xE, } etvor Cauchy xotd uérpo. Tote,

/X IxE, — xE,.|dp = p({IxEe, — XE,.| =1}) = p({IxE, — XE..| = 1}) =0

btav m,n — oo. Apa, 1 {xg, } elvoar Cauchy xotd péco.
(v) Eow é6u n {xE,} o Cauchy oyeddv opoduoppa. Oewpolye tuydy ¢ > 0.
Trdpyer A € A ye p(A) < § wote: v xdde 0 < e < 1 undpyet np € N dote v
®&de n,n > ng,

IXE, () — xE,, ()| <eavz ¢ A
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Agol € < 1, owtéd onpabver 6t E, A By, C A, dpa

/X IXE,, — XE,|dp < p(A) < 6.

To 6 > 0 Arav toydy, dpa i {xr, } etvor Cauchy xotd yéoo.

To avtiotpogo dev woylet: Yewphote Ty axohouvdia B = [0,1), By = [0,1/2),
Es =[1/2,1), By = [0,1/3), Es = [1/3,2/3), Es = [2/3,1) sAx. Téte, n {xz, } civas
Cauchy xotd péoo odd dev elvon Cauchy oyeddy opotduopoo (Vo cuvéxhwve oyeddy
opoLdpoppa, eved N {x g, ()} dev ouyxhiver yia xavéva x € [0,1)).

56. O¢touye J := liminf, o [ frn dp. Yrdpyer unoxorovdio { fr, } e {fn} dote

n—oo

J = lim Tk, dp.
X

‘Exouue fr, — [ xatd uétpo, dpa undpye. umoxolouda {fi, } e {fx,} ©Gote
fi., — [ oxeddv maviol. And to Afuua tou Fatou,

/ fdp <liminf [ f, dp= lim / fu, dp = J.
X n—oo [y " n—oo [y v

57. Trnodétouue 6Tl 10 cuunépaoua dev toylel. Tote, undpyouv € > 0 xon unaxo-

roudla {fx, } e {fn} dote

(%) ‘/X(fk” -1 d,u‘ >e yxdden € N.

Agol f, — f xatd yétpo, éyoupe fr, — f xatd uétpo. Apa, undpyel urtaxoroudia
{fio, } ™e {fr.} we fi,, — f oxeddv mavtol. Aol 1 g eivor ohoxhnpwoudn xa
Ji,, — [ oxedby TavTol, uTopolUE Vo XENOUOTIOLGOUUE TO VEWPTUN XUPLIPY NUEVNC
cUyxhong: malpvouue

/ (Fn. — f)du —0,
X

10 onolo elvan dTomo, Aoyw TN (*).

58. (o) Opiloupe A = {z € X : sup|fu(x)] < k}. Téte, Ar C Apt1 vt
neN
x&be k € N, xou n unddeon eacganiler 6t Ay X \ Z, énou p(Z) = 0. Apa,

Jim pu(Ay) = p(X).

Eotw 6 > 0. Agob p(X) < oo, yropolpe va yeddoupe u(X \ Ag) = p(X) —
w(Ag) — 0. Apa, vndpyet ko € N oote pu(X \ Ag,) < J. Oftovpe A = X \ Ap, xou
M = ko. Téte, p(A) <6 x| fn(x)] < M vy xdde n € N xou yio xdde z € X\ A.

(B) Aol pu(X) < oo, v vo delouye 6Tt fogn — fg xotd pétpo apxel va del&ouue
61t %8¢ unoohouttio e { frngn } €xet umoohoudio tou cuyxhivel oty fg p-oyedoy
navtol (Yuuneite 6t oL Blo npotdoels elvan twodivaueg dtav p(X) < 00).
Oewpolye ™V { fr, gk, }. Téte, fr, — [ xatd yérpo. Apa, vndpyel uoaxolouvdin
{fi, } ™¢ {fr, } n onola suyxhiver oy f oyeddy navtol. Ouolwg, g, — g xotd
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pétpo, dpa undpyel uraxoloutia {gslkn} ™C {91, } M onola cuyxhiver 0Ty g oyedd
navtol. Téte, fs;k Isi,, — fg oyedov navtol. ‘Eneta 1o {ntoluevo.
n n

59. (o) TroYétouue mpdhta 6T v xdde € > 0 woyler lim, o0 (U2, Ex(e)) = 0.
Aol p(X) < 00, autd onpaiver 6t p(limsup,, E,(€)) = 0 yia xdde € > 0. Oewpodue
10 oUVoAo
Z = U limsup E,,(1/s).
s=1 n

Téte, w(Z) = 0. Oa delfoupe 6t, av x € A = X\ Z t61e fr(z) — f(x). Eotw
e > 0. Bploxoupe s € N oote 1/s < e. Agol x ¢ limsup,, E,,(1/s), undpyet np € N
OoTe: av n > ng, wote ¢ ¢ E,(1/s). Anadn, vy xdlde n > ng éxoupe

o) ~ f(@)] < © <

(B) Trodétoupe toHpa 6t fr, — f o0 A= X\ Z, 6mov pu(Z) = 0. Eoww € > 0. Av
x € A, t6te ehd woyle |fr(x) — f(z)| < e. Anpadh, limsup,, B, (¢) C Z. Apa,

0 < lim p(UpZ, Ex(e)) = p(limsup E,(e)) < u(Z) = 0.

n

60. YroUétouue mpwta 6Tl f, — f xotd péoo. Ané tnyv aviootnta tou Chebyshev
Brémouvye oL fr, — f xatd pétpo. ‘Eotw e > 0. Tndpyer ng € N dote: av n > ng
w61 [ |fn— fldp < €/2. Enfong, undpye. § > 0 dote av u(A) < § t6te | [, fdu| <
€/2 xon |fA fn du’ < e/2 vy xdde n < ng (e€nyrote yatl). Térte, vy wdde n > ng
xou yia xdde A € A pe p(A) < 6 éyouue

‘/Afndu’S/Alfn—fldﬂ+’/Afdu’S/}(Ifn—fldu+‘Afdu‘<a/2+s/2:s.

Apa, ou fr, elvar opoLOUORQ ONOXANPOCLIES.

Avtiotpoga, urtodétoupe oL ot f,, elvor opoLbpopa oAOXATPWOOWES X fr, — f
xorwd pétpo. Eotw e > 0. Yrdpyer § > 0 wote: av u(A) < § téte |[, fdu| < e
Ol |fA fn du| < ey xdde n € N. Aol f,, — f xatd yétpo, pmopolue vo Bpolue
no € N dote: av n > ng 6t pu({|fn — f| > €}) < 6. Tére, yia xéde n > ng €youpe

fn*fd fffnd + | fﬁfnd
/x| s /{Iffn>6}| o /{Iffn<6}| e

/ 1~ fuldpt e p(X)
{lf—fnl>e}

/ IfIdu+/ Fuldp+ < - p(X)
{If=fnl>e} {|f—frn|>e}

< 2+4e-pu(X)
(2+ p(X))e.

IN

IN

Agol 1o € > 0 frav tuxov, [ [f — faldp — 0.
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61. (=) Ioyver. Tw xdde A € A €yovue

‘AfndU—Afdu‘='[4(fn—f)d/L S/A|fn—f|dué/len,—f|du.

Av fn — f xaxé péoo, t6te [y [fu — fldu — 0, o’ brou éretan ou [, frdu —
Ja f dp.

(<) Aev wyle.. Ildpte X = [0,27] pe to uétpo Lebesgue xor fr(x) = sin(nz).

EXéyEte 6TL
[ fuidn—0
A

yia x&de Lebesgue uetpriowo A C [0,27]: ZexwAote and v neplnwwon nouv o A
efvan uodudotnua tou [0, 27 xon mpooceyyiote o Tuydy uetphowo A C [0, 27] pe
TENEPUOUEVES EVWTELS EEVWV DT TNUATOV.

MupatnphoTe topa OTL

/ |fn\d)\:/ | sin(nx)|dA = 4
[0,27] [0,27]

v x&de n € N.

62. H f elvon gporypévn: and v unddeon undpyel ohoxinpwowr g : [0,1] — R
dote |f(z) —g(z)] < 1y xdde z € [0,1]. H g elvon ohoxAnpdouyun, doa @poryuévr.
Yuvenoe, urdpyer a > 0 dote |g(z)] < a vy xdde z € [0, 1]. ‘Eneton 6Tt

[f(@)] < [f(2) —g(x)| +[g(@)] <1+a

v x&de z € [0, 1].
Eotw € > 0. And v vnddeon undpyer ohoxdnpdown ge : [0,1] — R dote
|f(z) — ge(z)| < € vy x&de x € [0,1]. 'Eneton 6t

pideds

Eneton 6t

2 b

/ f(x)dzx —/ f(z)dx < 2e.
Aol 10 € > 0 frav U6y, 7 f elvar OhOXATEGOGIUN.

63. H f el gpaypév, dpo undpyer o > 0 wote |f(z)| < a vy xéde = € [0,1].
Ou dellovye 6T 7} f elvon ONOXANPOOWT XEPNOWOTOIOYTOS TO XELThplo Tou Riemann.
Eotww e > 0. Emiéyouue 0 < b < 1 apxetd utxpd OGTE Vo xavoroteital 1

&
2ab < —.
=3
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Ané vy undleon, n f elvor ohoxknpdowrn oto ddotnpa [b, 1], dpa undpyer diopépton
Q tou [b, 1] ue v WBLoTNTAL

U(f,Q) - L(f,Q) <

N ™

Ocwpotye T Swopépion P = {0} U Q tou [0,1]. Tére,

U(f,P) = L(f, P) = b(My — mo) + U(£,Q) = L(£, Q) < b(Mo — mo) + 3,
610U

Mo =sup{f(z):0<zaz<b}<a xa mo=inf{f(z):0<z<b}>—a.
Ané tic Teheutales aviodtrtee adpvouue Mo — mo < 2a, dpa

U(f, P) — L(f, P) <2ab+g< §+§=g.

Ané 10 xputipto tou Riemann, 1 f elvon ohoxhnpdowyn oo [0, 1].

64. (o) Agob 1 f elvon ohoxhrnpwown, uropolue va Bpolue dwpéplon P = {a =
o <1 < -+ < xyp =b} 700 [a,b] dote U(f, P1) — L(f, P1) < b— a. lepvovtoc ov
yeewotel ot exhéntuvor) e Py propolue vo utodécoupe Tl to TAdTog Tng P elvon
uxpbtepo and 1. Agol

n—1 n—1
Z(Mk —my)(Tp41 — k) <b—a= Z(karl —x),
k=0 k=0
urdpyer k € {0,1,...,n—1} dote My —my < 1. Av 9éoouye a1 = x uon by = Tp41

BAénoupe 6Tl a1 < by, a1,b1 € [a,b], b1 —a1 <1 xo
sup{f(z) : a1 <z < b1} —inf{f(z) a1 <z < b1} = My —my, < 1.

(B) Me Tov o tpomo dellte b undpyel [az, ba] C (a1,b1) pe whxoc uxpdtepo and
1/2 dote

sup{f(z) :as < <by} —inf{f(z) :aa <x < by} < %

I va Tetlyete tov eyxhelopd [ag, ba] C (a1,b1) Eexwhote and éva unobdido Truo
[e,d] Tou [a1,b1] pe a1 < ¢ < d < by (n f elvon ohoxhnpwown xon 670 [¢,d]). Bpelte
Sraépton Py wou [c,d] ue U(f, P2) — L(f, P2) < %3¢ xou mhéroc wixpérepo amé 1/2
%ol cuVEY(oTE OTWE TIELY.

Enayoywd yropeite va Beelte [an, by] C (an—1,bn—1) GoTE by — apn < 1/n xon
1
sup{f(x) : ap, <2 <b,} —inf{f(z) :a, <z <b,} < —.
n

(v) H touf tov xButopévey Slaotnudtey [a,,, by] tepéyer axpBoe éva onuelo zo.
Oa delfovye 6Tt 7y f elvon ouveyhc oo To: €otw € > 0. Emiéyouye n € N pe
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L« el Agod 29 € [ant1,bnt1], éxouue 2o € (an,bn). Ymdpyer § > 0 wote
(ko — 0,20 + 0) C (an,by). Tote, yia x&de © € (xg — I, 20 + 8) éyouye

|f(z) = f(zo)| < sup{f(x):an, <x<b,}—inf{f(z):a, <z <b,} < % <eEe.

Autd Setyver tn ouvéyeo e f oTto Xo.

(8) Ac unodéooupe dtu N f éxel menepaouéva 1o TARloC oyl cuvéyelos oo [a, bl
Tére, vndpyel ddotnua [¢, d] C [a,b] oto onolo 1 f Sev €xel xavéva onuelo ouvéyerag
(e€nyrote yrotl). Autd elvon dromo and o mponyoluevo Bhuc: 1 f elvar ohoxhnpdolun
o710 (¢, d], dpa €yl ToLdyLoToV éval onuelo cUVEYELC OE AUTO.

o v oxpiBera, 1o emyelpnua mou yenoworoicaue delyvel xdTL oyLEOTEPO:
av 7 f ebvar ohoxdnpddown téTe €xel TOLAGYIGTOV éva onueio cuvéyewg oe kdOe
vnodidotnua tou [a,b]. Me dhho Aéyia, 10 6UVOLo Twv onuelwy cuvéyelac e f elvan
Tukvd oo [a,b).

65. An6 vy mponyovuevn ‘Aoxnon, agol 1 f elvar ohoxhnpwouun oo [a, b], undpyel
zo € [a,b] oo onolo 1 f ebvon cuveyhc. Agol f(xg) > 0, urdpye Sudotnua J C [a, b]
pe uhxoc 6 > 0 dote: yw xdde & € J wyler f(x) > f(x0)/2. Agob n f elvan un
apvnTl tavtol oo [a, b], éyouue

’ Lo
/a f(x)d;L‘Z/Jf(x)deé'f(z ) > 0.

66. XpnowonowdvTog TNy TuxvoThTa Twv appftwy eAEYyoupe ebxola 6t L(f, P) =0
yio xdde dopépion P tou [0, 1].

Eotw € > 0. Hopatnpolue 6t 10 ovoho A = {z € [0,1] : f(x) > €} e
nenepoouévo. [Mpdyuan, av f(z) > € té1e @ = p/q xou f(x) = 1/q > & dnhady
g < 1/e. O pnrol tou [0,1] Tou YeAwovTOL oy AVAYKYO XAIGUUTO € TOPOVOUAGTY
0 ToAD (oo pe [1/¢] ebvan memepoopévol to TAlog (évar dve @pdyua yia o TAidog
Toug efvan 0 apiude 1+ 2+ -+ + [1/e] — e&nyhote yuotl)].

Eoww 21 < 29 < -+ < zn pla apldunon wwv otoyeinwy tou A. Mnropolue vo
Bpolue &éva vrodtaothuata [as, b;) tou [0,1] mou €youv uhxn by —a; < /N xou
wavonotoly ta e€hc: ag > 0, a; < z; < bjavi < N xow ay < 2y < by (rapatnprioTte
6ttav e <1 16te 2y =1 ondte by = 1). Av Jewprioouue 1 dauépion

1D&-Z{O<CL1<()1<a2<I)2<"-<Cl]\]<b]\[§1}7

€youue
Ulf,P.) < e-(a1—0)+1-(by—a1)+e-(az—0b1)+---+1-(by_1—an-1)
+5-(aN—bN,l)—kl-(bN—aN)+5~(1—bN)
< e~(a1+(a2b1)+~~+(aNbN_1)+(1bN))

N
+Z(bi —a;)

< 2e.
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I to Tuydy € > 0 Bprixope Swuépon Po tou [0, 1] pe tny Wbidtnta
U(f, P.) — L(f, P.) < 2e.

Ané o xprthplo tou Riemann, 1 f elvor Riemann oloxinpoouun.

67. Haputnphiote mpodTo OTL

lim 1n:v"f(1)dx: lim (f(l)/olnx”daz> = lim <f(1) " >—f(1).

n—oo [q n— oo n—oo n + 1

Apxel howmdy va det€ovpe 6T

1
() lim na"g(x)dr =0,
n—oo 0
omou g(x) = f(x) — f(1). H g elvon ouveyric, dpa undpyet o > 0 dote |g(z)] < a vy
xéde z € [0, 1].
‘Eotw € > 0. Ané tn ouvéyewr g g oo 1 xou 1o yeyovoe 6n g(1) = 0, undpyet
0 €(0,1) wote |g(z)| < € v xdde x € [1 — §,1]. 'Encton 6w

1 1-5 1
/ nx"g(x)de| < / nx"|g(z)|dx + / nz"|g(z)| dx
0 0 1-5
1-5 1
< a/ nx"dx + 5/ nx"dx
0 1-46
1— n+1 1
< a- % + é‘/ nx"dx
n+1 0
< o n(l — §)"tt n

n+1 +E.n+1
< a(l=6)" 4.,

Aol lim a(l—46)"T! =0, undpyet no € N dote (1l —§)" ™ < & yia xdde n > ny.
Apa,
1
/ na"g(x) dz| < 2e yw xdde n > no.
0
‘Encton 1 (%).

68. H f elvor ouveytc, dpa undpyer M > 0 dote |f(y)] < M v xédde y € [0, 1].
Eow 0 < e < 1. Ané 1t ouvvéyew e f oto 0, undpyet 0 < § < 1 @ote: av
0<y<éote

) = FO)] < 5.

Eméyouue ng € N ye ty widtntar yio xdde n > ng toybel

6 n
(1_4M+1> <o



84 - THIOAEIZEIY I'TA TIX AXKHYEIY

Tére, yia xdde n > ng unopolye va ypddouye (topatnefiote 6ttoy 0 <z < 1— 37

w6t | £(a") — £(0)] < £/2)

l—ﬁ“ 1
lan — £(0)] = / (F(a™) — F(0))da + / (Fa") — £(0))de

— £
4M+1

l—ﬁﬂ 1
< [ 7T e sl [ (e s
3 & 3
= (1_4M+1)'2+4M+1'2M
< e

Apa, a, — f(0).

69. Ilapatnpriote TeOTAL OTL

lim nf(0)e”""dr = lim (f(O)/O ne‘”%la:) = lim (f(0)-(1—e™™)) = f(0).

n—oo 0 n—oo

Apxel howndy va del€oupe 6T

(%) lim ne”"g(x)dx =0,
n—oo 0
omou g(x) = f(z) — £(0). H g ebvan ouveyrc, dpa undpyer o > 0 vote |g(z)] < a vy
x&de x € [0, 1].
‘Ecww € > 0. Ané ) ouvéyewa e g oto 0 xau to yeyovog éu g(0) = 0, undpyel
0 €(0,1) wote |g(x)| < € v xdde x € [0,6]. 'Encton 67

1 5 1
/ ne "g(x)dr| < / ne” ""|g(x)|dx +/ ne” ""lg(x)|dx
0 0 5
) 1
< 5/ ne‘"”dw—l—a/ ne” "*dx
0 )
< e-(l—e™)4a-(e7™—e")
< e+a- e "9,

Agol lim a-e ™ =0, undpyet np € N Gote a-e™™ < & yia xdde n > ng. Apa,
n—oo

< 2e vy xdde n > ng.

1
/ ne” "g(x)dx
0

‘Enctor 1 (*).
70. Agotl limsup A(A4,) = 1, vy xdde € > 0 xou v x&de m € N ynopolue vu

n—oo

Bpolue n > m wote A(A,) > 1 —e.
Eoww 0 < a < 1. Enaywywd, Beloxouye k1 < by < -+ < ky < kpyr < -+

WoTE
l—«

277.

)\(Ak:n) >1-—
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Térte, av Véooupe Af = 1[0,1] \ Ag,, éxouye

MUAL) < A < =1

Yuvenoe,

71. (o) T xdde m € N éyovue USS, A, D A, dpa
py? (Uzo:mAn) > )\k:(An) > c.

Av Yéoovue E,, = U A, téte Ep N\ limsup A, xu A (E1) < Ag(E) < oo.
YUVETWC,
Ap(limsup 4,,) = lim A (Ep,) > ¢ > 0.
m—00

(B) Agol Ag(limsup A,,)) > 0, éyoupe limsup 4,, # 0. Anadf, undpyer € E
10 omolo avixel oe dmepa to TAloc A,. Ioodlvopa, umdpyer yvnolwe adlouco
oxorouto {ky, } puowdv pe ty WBdtnta ¢ € N2, A, . Me dhha Moy, N0 Ay, #
0.

72. AgoU 7 f eivan Lebesgue ohoxhnpdotun, €youvue
/ fdA=0 avZ Cla,bpe N\(Z)=0.
z

Ané v undleor éneton dL av a < ¢ < d < b totE

/ fd/\:/ fdx— fdx=0.
[e,d] la,d] la,c]

Eow G C [a,b] avouxté. Tote, 1o G ypdgeton otn woppr) G = UsZ [¢p, dy] pe ta
[Cn, dy] pn emxohunTopeva. Tuvenoe (e€nyhote yiott, Yewpdvtoc tic [T xa f7),

Fdx = / Fdr=o0.
~/G' ngl [en,dn]

Av H clva éva G5 unoctvoro tou [a,b], téte urdpyer @divouoa axorovda {Gy}
AYOLXTMY UTOOUVOAWY ToL [a, b] dote H = N5, G,,. ‘Eyovue fxm = lim (fxa, ) xou
lfxe.| < |f]. Aol n | f| elvon ohoxhnedowun, to Yedpnua xuptapynuévne oOYxAong
pag divet

0= d)\ = l d\ — d\ = dM.
/G / fxe, fxn /H f

n [a,b] [a,b]

Téhoc, av E elvon tuydy petphiowo utochvolo tou [a, b], propolue va ypddouye to
E ot popph E = H \ Z 6énouv H elvon G5 urmooivoko tou [a, b] xon Z Eévo mpoc to
E, ue AM(Z) =0. Tére,

/Efd/\:/Hfd)\—/Zfd)\:O—Ozo.
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Aol [, fdX =0 v xdide petpriowo E C [a,b], ouunepobvouye 6t f = 0 A-oyeddv
Tovtol 610 [a, b] (apxel va ewprfioovue ta Er = {f > 0} xou B2 = {f < 0}).

73. Opilovpe E,, = EN[m,m+ 1), m € Z. Kdde E,, eivar Lebesgue petpriowo,
o By ebvon EEva avd 800, o 1) évearn Tous gbvor to E.

O¢wupe B, = E,, —m={z—m: z € E,}. Hopatnprote 6u F,, C[0,1) yix
x&e m € Z. Oa detfoupe 6Tt undpyouy m # n oo Z wote Fp, N E, # 0. Tpdypor,
av to Fy, Aoy Zévo avd 8o, tdte Yo elyopue

1=X([0,1)) > A (UmezFm) = > AM(Fn).
meEZ

Ouwe, AM(Fr,) = MEp) v xdde m, xou cuvenoe,

S TAER) =D MEm) = AE) > 1.

mEeZ MEZL

Yuvdudlovtoc T TapaTdve aVIoGTNTES XoToAiyoupe ot dtonto: 1 > 1.
Trdpyouv hotmdv m # n @ote (B, —m) N (E, —n) # 0. Anhady, undpyouv
x € By, xawy € B, Oote
r—m=y-—n.

Me dha MoyLa, undpyovy z,y oo E dote x —y =m —n € Z\ {0}.

74. Oewpolue v f = YN xm. Aol xéde z € [0,1] avixel oe ToukdyioTov k
ané w B, ..., En, éyovue

N
fl@)=> xg(z) >k
i=1

v xdde x € [0, 1]. Tuverde,

N N
D> OAE) = Z/ xE, () d\(z) = fdXx> k.
i=1 i=1+[01] [0,1]
"Ereton 6Tt .
>
1SN AE:) 2 N’

Anhatdh, undpyet io € {1,..., N} ye tnv oo A(Ejy) > +.

75. Eotw a > 0. Agol 1 f elvon yvnolwe detnh, av 9éoovue B, = {f > 1/m}
tte B, /7 E. Yuvenog,

lm A(En) = M\(E) < oo.

m—0o0

Trdpyet hownév m € N wote

Me(E) = e (E) < %
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Eotw A petpowo utoobvoro tou E pe A\g(A4) > a. Tére,

M(ANER) + M(AN(E\ E)) = M(A) > a,

)\k(AﬂEm)>a—)\k(Am(E\Em))za—)\k(E\Em)>a—%:%.

"Erecton 6Tt
o

/fd)\kZ/ fdAkZi'Ak(AmEm)Zf-
A ANE,, m 2m

"Apa, to {nrolpevo oyldel pe § = o/ (2m).

76. H f, : [0,1] = R pe fr(z) = 22— elvor yetphown, xou

|z —qn|

an 1 1 1
fnl = o (/ +/ >:2an Gn + 1_Qn)§4an~
[ =il ([T = [ ) = 2l (v -

Agol

Z/ Fal €4 Jan] < +oo,
n=1 [0,1] n=1

,Lzl \/ Qn

oLYXAVEL amohlTwe oyeddy Tovtol oto [0, 1].

77. Ta ohoxhnpduata unoroyilovion pe ototerddn tpéro: Vétovtac y = 1 + nla?
nalpvouue
2
Vong 1 M dy  In(1+n?)
T30 = 5 P
o l+n°x 2n J; Y 2n
Téloc,

1 3/2, 1 (1 + 2)
n n
—_— dx 0.
/0 1+ n2x2 \f/ 1+ n2m2 2y/n -






Ocuata Efetdoswy
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OEQPIA METPOY (2005-06)
2 ®eBpouaplouv 2006

1. Eow f: R — R cuveyric ouvdptnon. Aei&te 6t av to B eivon Borel utocivoro
tou R, 161¢ T0 f1(B) elvor Borel unooivoro tou R.

2. Eow (X, A, ) évag mhfpng yopos pétpou. Alvoviar A € Axow B C X yio
onola AN B € Axon p(AA B) =0. Aeigte 61t B € A xon u(B) = p(A).

3. Eow E éva Lebesgue petpriowo unootvoro tou R. YTrodérouue éti A((a,b) \
E) > %52 yig xdide avoutd ddotnua (a,b) C R. Acifte 6t A(E) = 0.

4. O¢toupe A=QnN[0,1]. Aeféte ot

() T %89 & > 0 undpyer axorowdia {R;}52, avortdvy S tnudtov Gote: A C
U Ry won 3502 MRy) < e

() Av {R;}TL, eivon wa memepacyiévn oxoyéveld avoxtev SlacThudtov Gote A C
UM Ry, tote 300 M(Ry) > 1.

5. Alvovtaw: évag yodpoc pétpou (X, A, 1), wa axohoudio {E,} yetpriowy utoou-
vohwv tou X, xou évag guodg aptdudc k. Oewpolue 0 cOvoro B 6Awv twv T € X
ToU avrixouv ot Touldytotov k and ta obvola Fy,. Ael€te 61l 1o B elvar petprioiuo
xa OTL

S w(E) > ku(B).

Trébetn: Ozwphiote T ouvdptnon f =Y | XE,.-
6. 'Eotw (X, A, 1) yodpoc pétpov xau éotw f 1 X — R ohoxhnpdowr cuvdptnon,.
Aefgte 6tu o xdde € > 0 undpyer & > 0 dote: av A € A xaw pu(A) < 0, téte

fA|f|dﬂ<5~

7. Botw (X, A, 1) yodpoc uétpov, frn, [+ X — R ohoxhnpiowes cuvaptioes xot
Ap, A € A TroVétouye 6T fr, — f xatd uéoo xou 6t (A, A A) — 0. Aeilte 6

/An fodpp — /Afdu-

Yréoeitn: Xenoonodvag ty nponyoluevy ‘Aoxnor, del€te tpdta ot

/Anfd/H/Afdu.

8. Eotw (X, A, i) Y®poc téTpou xat €0 fn, f,9 : X — R petpriowuec ouvdptioelc.
Av |fol < gyaxdde n €N, [ gdp < oo xou fr, — f xotd pétpo, deilte 6t ot fr, f

elvo OMOXANPAOCLUES XoUL
[t [ tan
b's X
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OEQPIA METPOY (2005-06)
19 Yenteufplouv 2006

1. T xéde E C N opilovye p(E) = limsup £ card(E N {1,...,n}) (6nov card(A)
ebvan 0 mAnddprduoc tou A). EZetdote av 1 ¢ elvar e€wtepixd pétpo oto N.

2. 'Bow fr : R — R axohoudia cuveywv cuvapthiceny. Acl€te 6t 10 chvolo
B={zeR| lim f,(x)= o0}
n—oo

etvor sOvoho Borel.

3. Eotw F pw dhyefpa 010 X xou é0tw b éva nenepacpévo puétpo otov (X, o(F)).
Agléte b yio wdde A € o(F) nou vy xdde € > 0 undpyel F' € F ¢ote p(AAF) < g,
6mov AAF = (A\ F)U (F\ A) elvon 1 ovupetpuxt, Swagopd twv A xou F.

4. Oewpolpe W apldunan qi,q2, .., qn, - - . TV ENTOV optduody. Aellte 6t oyeddy
e z € R (we mpog 1o uétpo Lebesgue) éxel tny eZhc Wbidtnror undpyel k = k(x) €
N dote v x&9e n > k v toylet |z — gn| > 1/n.

5. Eotww k <n xu éoww Ey,...,E, Lebesgue petpriotua uvnoctvora tou [0,1]. Av
AME) + -+ AMEy) >k,
Bdetfte 6L undpyouv delxtec i1 < -+ < i oto {1,...,n} dote

E,Nn---NE;, #0.

6. Eotw f: R — R Lebesgue ohoxhnpoourn ouvdptnor. Aetgte étu
(o) f{x:\f(w)\gn} fdN— [ fdX étav n — .

(B) f{.L‘f(J,)‘>ﬂ} fd)\ — 0 6ty n — 00.
(v) n-A({x : [f(@)] > n}) — 0 by n — oo

7. Eoww (X, A, 1) évac xopog wétpou, xou éotw f, fn 1 (X, A, 1) — R ohoxhnpoor-
peC ouvdpThoel Ye fr, — f p — o.m. Aci&te on

/|fnff|duHO oy xol OVo v /|fn|dﬂﬂ/ |fldp.
X X X



