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Abstract

We study the maximal perimeter constant of isotropic log-concave probability measures on R™. For
a measure p, this quantity, denoted by I'(u), is defined as the supremum of the p-perimeter over all
convex bodies and measures the largest possible boundary contribution of convex sets with respect to
. Let
Ty, :=sup{['(u) : p is an isotropic log-concave probability measure on R™}.
We prove that I'),, < Cn3/2, where C' > 0 is an absolute constant. This result improves the previously

known O(n?) upper bound. Under additional structural assumptions, we obtain sharp linear bounds of
order O(n).

1 Introduction

We study extremal perimeter properties of high-dimensional log-concave probability measures. Our main
result establishes an O(n3/2) upper bound for the maximal perimeter constant of isotropic log-concave
probability measures on R™, improving the previously best known quadratic bound.
For a probability measure 4 on R™ and a convex body A C R™, the pu—perimeter of A is defined by
A+eBP)\ A
ut(0A) = liminf M(( 2) \ ),

e—0t €

where B3 denotes the Euclidean unit ball. This notion coincides with the Minkowski content of A with
respect to p and quantifies the first-order variation of the p-measure of A under infinitesimal Euclidean
enlargements. The maximal perimeter constant of u is then defined as

I'(14) = sup {u+(aA) . A CR"is a convex body},

and measures the largest possible boundary contribution among all convex bodies with respect to p.

§1.1. Main results. A probability measure p on R" is log-concave if it admits a density f satisfying
Inflre+ (1 —-7)y) 27lnf(z)+ (1 —7)Inf(y) forall z,y € R", 7 €[0,1].

The measure u is called isotropic if its barycenter is at the origin and its covariance matrix is the identity.
In this work, we investigate the growth rate of

T, :=sup{T'(x) : p is an isotropic log-concave probability measure on R™}.

A basic example is provided by the uniform measure on the cube Q,, in isotropic position, for which I'(g,, ) =~
n, where i, is the associated isotropic measure. More generally, in Section [5| we show that for any isotropic
convex body K C R™, the maximal perimeter constant of the uniform measure on K is of the same order as
its surface area S(K) (see Section §5.1). In particular, when K = @,,, this quantity is of order n.

Prior to the present work, the best known general upper bound was quadratic, namely I',, < Cn?, due
to Livshyts [25]. Our main result improves the bound to order n3/? in full generality.



Theorem 1.1. Let p be an isotropic log-concave probability measure on R™. Then
() < Cn®2,
where C' > 0 is an absolute constant.
Together with the example of the cube, Theorem 1] yields
en <Ty, < cn’/2.

The estimate of Theorem [I.] can be improved if one restricts attention to the symmetric maximal
perimeter constant of i, defined by

) (1) = sup {ut(8A): A CR"is a symmetric convex body}.

Theorem 1.2. Let T := sup{I'®) (1) : p is an isotropic log-concave probability measure on R™}. Then
() < 4n.

In Section 5] we further show that better bounds can be obtained under additional structural assumptions.
Specifically, we prove linear O(n) bounds for several important classes of isotropic geometric log-concave mea-
sures, including uniform measures on convex bodies, 1-symmetric measures and measures with homogeneous
level sets. These cases are already mentioned in [25]. Our approach allows us to obtain sharper bounds in
some of these cases and applies to more general classes:

(i) In Propositionwe show that if K is an isotropic convex body in R™ and px denotes the associated
isotropic probability measure with density L 1,1, where Ly is the isotropic constant of K, then

I'uk) = L S(K),

where S(K) is the surface area of K. As a consequence, I'(ug) < \/nIHn This inequality is sharp: we
show that equality holds if K is an isotropic regular simplex.

(ii) In Theorem we prove that if p is a l-unconditional isotropic log-concave probability measure,
meaning that its density f satisfies f(z1,...,2,) = f(e121,...,€,2,) for all choices of signs ¢; € {—1,1},
then

T(p) < V2n.
The proof is independent of the methods in [25] and covers the case of 1-symmetric measures which is strictly
smaller.

(iii) In Theorem we show that if p is an isotropic log-concave probability measure on R, then
L(p) <2

Moreover, the constant 2 is sharp: there exist isotropic log-concave probability measures p with I'(u) arbi-
trarily close to 2, with one-sided exponentials being extremal.

(iv) In Theorem we prove that if g = p; ® -+ ® uy, is a product probability measure on R™, where
each py has a density g € L>°(R), then

n
T() < 2> lgklloo-
k=1

Moreover, the constant 2 is optimal. In particular, if each uy is an isotropic log-concave probability measure
on R, then
I'(u) < 2n.



It would be interesting to determine whether a linear bound O(n) holds in full generality.

§1.2. Elements of the proof. The proof of Theorem relies on two elementary yet robust ingredients.
First, a dilation inequality for centered log-concave measures provides an upper bound on the perimeter
of a convex body A containing the origin in terms of its measure and its inradius. Second, for isotropic
log-concave measures, the measure of any convex body admits a one-dimensional upper bound in terms of
its minimal width. In the symmetric setting, the inball of A is necessarily centered at the origin and the
minimal width equals twice the inradius, which immediately yields a linear bound for the symmetric maximal
perimeter constant.

The proof of the general bound in Theorem follows the same overarching strategy, supplemented
with ideas introduced in [25]. A central role is played by the super-level sets

Ry(p) ={z €R": f(z) > 7" flloc}

of the density f of u, which form an increasing family of bounded convex sets. For isotropic log-concave
measures, these sets exhaust the measure rapidly: for ¢ of order n, they already carry almost full mass, while
their inradius is bounded from below by an absolute constant. This structural information allows one to
localize the perimeter problem to regions where the density is well controlled.

The starting point is a perimeter estimate for an arbitrary convex body A in terms of its inradius and
the ratio between the maximum of the density on A and its value at the center of an inball. Combining this
estimate with Steinhagen’s inequality (Theorem , which compares minimal width and inradius up to a
factor y/n, yields a bound of the form

Vit (n 4 (7] 1o/ 7 (24)))

where x4 denotes the centre of an inball of A. When A is contained in a fixed level set Rg, (1), the logarithmic
term is of order at most n, leading to an O(n3/ 2) estimate. To treat arbitrary convex bodies, the boundary
is decomposed according to density levels: the contribution coming from outside Rg,(u) is controlled by
comparison with the boundaries of the level sets themselves. Using the structural properties of R;(u), this
contribution is shown to be linear in n. Combining the two regimes yields the O(n?/?) upper bound in full
generality.

§1.3. Background and related work. The Gaussian maximal perimeter constant arises naturally in
several areas of high-dimensional probability, convex geometry and theoretical computer science. Kwapien
and Mushtari posed the problem of determining the order of growth of I'(x) when p = ~,, is the standard
Gaussian measure on R”. Simple arguments (see [5]) yield the bounds vIinn < T'(y,) < /n with absolute
implicit constants. A breakthrough result of Ball [5] showed that

L(v,) < 4n'/?.

This estimate was later shown to be sharp by Nazarov [26], who proved that for every n x n symmetric
positive definite matrix T, the Gaussian measure with density proportional to exp(—(T'z, x)/2) has maximal
perimeter of order /||T|[us, where || - |lus denotes Hilbert-Schmidt norm. Since ||I,|lus = n'/? for the
identity matrix I, it follows that

(1.1) L(v,) ~ n'/%.

These results highlight a non-classical scaling behavior of Gaussian surface area in high dimensions, in con-
trast to the linear growth observed for the uniform measure on the cube. They also motivate the investigation
of analogous bounds beyond the Gaussian framework. A natural and substantially broader class of measures
is given by log-concave probability measures, which arise ubiquitously in convex geometry and probability
theory and include uniform measures on convex bodies as well as many exponential-type distributions.

In a series of works, Livshyts studied extensions of Gaussian perimeter bounds to the log-concave setting.
In particular, for the probability measure p, , with density proportional to exp(—|z[”/p), 0 < p < oo, it was
shown in [22] that

D(ppn) = Cpn )

wlw
S



interpolating between Gaussian and uniform behavior. Subsequently, almost sharp upper bounds for general
rotationally invariant log-concave measures were obtained in terms of the expectation and variance of the Eu-
clidean norm in [23], while maximal perimeter estimates for convex polytopes, with logarithmic dependence
on the number of facets, were studied in [24].

More recently, Livshyts [25] derived general lower bounds for I'(x) under mild regularity assumptions.
Specifically, if p is absolutely continuous and satisfies \/Var,(|z|) < aE,(|z|) for some a € [0, 1), then

) o '
{/Var,([2]) VE, (2])

If p is isotropic, then E,(|z]) ~ /n and Var,(|z]) < C for an absolute constant C, the latter estimate
following from the recent resolution of the thin-shell conjecture by Klartag and Lehec [21]. Consequently,

(1.2) () = Cla

(13) D(u) 2 n'/*

for every isotropic log-concave probability measure on R™, up to an absolute constant. In view of , this
shows that within this class the Gaussian measure is essentially extremal on the lower end.

Livshyts also proved in [25] that for every log-concave probability measure p on R™ with density f, there
exists a volume preserving transformation 7' € SL,, such that the push-forward measure T, satisfies

(1.4) D(T.p) < Ol frl| 3" = Cnl| f13"

for an absolute constant C' > 0, where fr(z) = f(T~(x)) denotes the density of T\ (1) and || fr|lcc = || f|oo-
Note that I'(x) is not invariant under volume preserving transformations.

If p is an isotropic log-concave probability measure, then || f ||C1>én coincides with the isotropic constant of
f, which is bounded by an absolute constant (see Section . Therefore, implies that every isotropic
log-concave probability measure g on R™ admits a push-forward T, p such that

This result once again raises the natural question of whether I',, grows linearly with the dimension.

2 Notation and preliminaries

We work in R”, equipped with the standard inner product (-,-). The associated Euclidean norm is denoted
by | - |, the Euclidean unit ball by B%, and the Euclidean unit sphere by S"~!. Lebesgue measure in R" is
denoted by vol,,, and we write w, = vol,(B%) for the volume of the Euclidean unit ball. We denote by o
the rotationally invariant probability measure on S™~1.

Throughout the paper, the symbols C, ¢, ¢/, ¢1, ca, . . . denote absolute positive constants whose values may

change from line to line. Whenever we write a =~ b, we mean that there exist absolute constants c1,co > 0
such that cja < b < coa. All absolute constants are independent of the dimension n.
§2.1. Convex bodies. A convex body in R” is a compact convex set K with nonempty interior. It is
called symmetric if K = —K, and centered if its barycenter bar(K) = #(K) I} ¢ Tdz is at the origin. For
every convex body K C R” we denote by K the homothetic copy of K scaled to have unit volume, namely
K := vol,(K)"Y"K.

Let K be a convex body in R™ with 0 € int(K'). The radial function of K is defined by gk (z) = max{t >
0: tx € K} for all nonzero z, and the support function of K is given by hx (z) = max{(z,y) : y € K} for all
r € R".

If a probability measure p on R™ admits a density f with respect to Lebesgue measure, then

prOK) = [ f(z)dA(=),
OK
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where A denotes the (n — 1)-dimensional Hausdorff measure on K. The surface area S(K) of K is defined
by

S(K) := AOK).
A well-known inequality that will be useful in our study asserts that if 0 € int(K) then
nvol, (K)
2.1 S(K) < —2—>t
(21) (1) <

where r(K) is the inradius of K with respect to the origin, that is, the largest » > 0 such that rBY C K.
For completeness, we sketch a proof. Setting r = r(K), we write

vol,, (K + eB%) — vol,, (K) vol,, (K + (¢/r)K) — vol,,(K)

S(K) = liminf < lim inf
e—0 € e—0 €
1 m—1 L, (K
i LES L () = ol (B)
e—0 € r

The (intrinsic) inradius of K is defined by
ri =sup{r > 0: 3z € K such that z + rB} C K}.

The existence of an inball attaining this supremum follows from Blaschke’s selection theorem. In general,
the inball need not be unique, as shown by the example of a circular cylinder.

Another parameter that will play an important role is the minimal width of K. The width of K in the
direction of ¢ € S"~! is defined by

wi (§) = hi(§) + hix (=€)
and the minimal width of K is given by

wg = min{wg (§) : £ € S”fl}.

Equivalently, wg is the minimal distance between two parallel supporting hyperplanes of K.

A convex body K in R™ is called isotropic if it has volume 1, is centered, and its covariance matrix is
a multiple of the identity. Equivalently, there exists a constant Lx > 0, called the isotropic constant of K,
such that

1 N (k) == /}(<m7§>2dx =1% forallé e S"

We shall use several geometric properties of isotropic convex bodies. First, it was shown in [I8] that if K is
isotropic, then

2
(2.2) 2 LB € K C \/n(n+ 2)Li BY.
n

Moreover, it is known (see [II, Proposition 3.3.1]) that Ly > Lpy > c for an absolute constant ¢ > 0.
Bourgain’s slicing problem [I0] asks whether there exists an absolute constant C' > 0 such that

(2.3) L, :=max{Lg : K is an isotropic convex body in R"} < C.

An affirmative solution was recently obtained by Klartag and Lehec [20], following an important contribution
by Guan [I6] (see also [6] for an alternative proof). Consequently, Lx ~ 1, uniformly in n, for every isotropic
convex body K in R™. For further background, we refer to the survey [15].

§2.2. Log-concave probability measures. A Borel measure p on R™ is called log-concave if

A+ (1 —7)B) = u(A) u(B) 7



for any compact sets A and B in R", and any 7 € (0,1). Borell [9] proved that if a log-concave probability
measure u is not supported on a hyperplane, then y admits a log-concave density f. Such measures will be
called full-dimensional.

Let f: R™ — [0,00) be a log-concave function with finite, positive integral. Its barycenter is defined by

_ Jgn @ f () da
Jpn f(2)dx

We say that f is centered if bar(f) = 0. We shall use the following result of Fradelizi [12]: if f is a centered
log-concave density on R™, then

(2.4) [flloe < €"f(0).

The isotropic constant of a log-concave function f with finite positive integral is the affine-invariant quantity

bar(f)

1/n
(2.5) Ly:= (W) det(Cov(f))*/ ™,

where Cov(f) denotes the covariance matrix of f with entries

Cov(f)i; = Jpn wi5f (@) d2 _ Jgn i f () d [o, x5 f(2) dx
T @ f f@de [ f@)de

A log-concave function f is called isotropic if

bar(f) =0, f@)de =1, and Cov(f)=IL,.
RTL

In this case, Ly = || f||cl>é” A full-dimensional log-concave probability measure p on R™ is called isotropic if
its density f is isotropic. Then, we set L, := Ly.

Note that a centered convex body K in R™ with vol,(K) = 1 is isotropic if and only if the log-concave
function L1k, is isotropic.

Let p be a full-dimensional log-concave probability measure on R™. For any 1 < k£ < n — 1 and any
k-dimensional subspace F' C R", the marginal of p onto F' is defined by

mr(0)(B) = u(Pg ' (B)),

for every Borel set B C F. The measure wp(p) is log-concave and admits a density

ren)@) = [y

If f is centered (respectively isotropic), then so is g f (see [11l Proposition 5.1.11]).
In particular, if p is isotropic and F¢ = {t€ : t € R} for £ € S7~1 then the one-dimensional marginal

5c(t) = (rr (N = [ fw)de

1
tE+F;

is an isotropic log-concave density on R. Consequently,

(2.6) 19¢lloc = Lg, < 1.

More generally, it was shown in [12] that Var(X)||g||%, < 1 for any centered log-concave density g on R and
X ~ g. Bobkov and Chistyakov [8, Proposition 2.1] proved that

1 2
— <KV X <
12 ~ ar( )”g”oo ~ 1
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for every log-concave density g on R. Moreover, the left inequality holds without the log-concavity assump-
tion. If ¢ is even, then ||g|lcc = g(0) and
1
Var(X)g(0)? < .
In particular, if g is even and isotropic, then Var(X) = 1, and hence

(2.7) lgllee = 9(0) < 1/V2.

This result was first obtained by Hensley [I7]; the symmetry assumption was further relaxed in [7].

It is known that every centered log-concave density f admits an isotropic position: there exists T' € GL,,

such that the push-forward density
1
= T
@) = rqoegy )

is isotropic (see [1I}, Section 2.3]). Moreover, f; is also log-concave, and Ly, = Ly. It is also known (see [11,
Proposition 2.3.12]) that L; > ¢ for every isotropic log-concave function f on R™, where ¢ > 0 is an absolute
constant. On the other hand, Ball [3] proved that for every n,

L, :=sup {Lf : f is a log-concave density on R"} < CiL,,

and hence L, < Cy by the affirmative solution of Bourgain’s slicing problem.
We refer to [II, 2] for asymptotic convex geometry, and to [I1] for background on isotropic convex bodies
and log-concave measures.

3 Super-level sets of an isotropic log-concave density

Let p be an isotropic log-concave probability measure on R™ with density f. For every ¢ > 0, we define the
super-level set

Re(p) ={z €R": f(z) > e || fllo}-

Since f is log-concave, each R;(u) is convex, and for ¢ > 0 we have 0 € int(R:(u)). Moreover, using the fact
that every log-concave function with finite positive integral satisfies (see [II, Lemma 2.2.1])

(3.1) f(x) < Ae~Blel for all x € R",

for some constants A, B > 0, we see that if x € R;(u) then

o] < 3 (n(4/ 1 foc) 1)

In particular, R¢(u) is bounded. The family of bodies {R:(11)}+>0 is clearly increasing, and the next lemma
shows that p(R:(u)) converges rapidly to 1 as ¢ — oo.

Lemma 3.1. Let u be a centered log-concave probability measure on R™. Then, for everyt = 6n, u(R:(p)) >
1—e Y5,

Proof. Define Sy(u) = {z € R": f(z) > e 'f(0)}. It is shown in [I3, Proposition 2.1] that if r > 5(n — 1),
then u(S; (1)) =1 —e /% Since || flloc < €™ f(0) by ([2.4), we have

e[ fllee < e7TTTF(0)
and therefore S;_p (1) € Ry(p) for all ¢ > n. In particular, if ¢ > 6n, then r =t —n > 5n, and hence
W(Ry(p) > 1—e /A 51— e7t/5

which proves the claim. O



The proof of the next lemma is essentially contained in [19, Lemma 5.4].

Lemma 3.2. Let p be an isotropic log-concave probability measure on R™, with n > 3. Then
r(Ren(p)) = 1/3.

Proof. Let r := r(Rgn(1)) denote the inradius of Rg,(u) with respect to the origin. Then there exists
€ € S"! such that hp,, () () < r, and consequently

Ren(p) € {z € R™: (z,8) <7}
We decompose this half-space as
{zeR": (2,&) <r}={z eR": {(2,§) <0}U{x e R": 0 < (x,&) < r}.
Since p is centered, Griinbaum’s lemma (see [II, Lemma 2.2.6]) yields

p{z € R™: (2,6) <0}) < 1— é

Let Fr = {t§ : t € R} be the one-dimensional subspace spanned by £. From (2.6), the density g¢ of the
marginal 7r, (i) satisfies
l9¢lloe < 1.

therefore,

p{z e R": 0 < (z,¢) gr})/(: </t§+Fi f(a:)dx) dt/orgg(t)dtgr.

Combining these estimates and using Lemma [3.1] we obtain

For n > 3, this implies
reel— om0 s el o 18/5 1/3

as claimed. O

Remark 3.3. We shall use the following observation. Let p be a centered geometric log-concave probability
measure on R™ with density f. For any « € R;(n) and any 7 € (0, 1),

(3-2) fra) = f(2)7f0)' 77 = e f(0)7£(0)' 77 = e f(0).
This inequality relies only log-concavity and the normalization f(0) = || f||cc. As a consequence,
(3.3) TR (1) € Rri(p), t>0, 7€(0,1).

In particular, if u is isotropic, then

(R (1)) = r(Ren(1))/6 > 1/18.



4 Upper bound for the perimeter

In this section we prove the general upper bounds for I';, and 11(;‘). Throughout, p denotes an isotropic
log-concave probability measure on R™ with density f.

We begin with a simple estimate for the measure of a convex body in terms of its minimal width. Recall
that for a convex body A C R™, wy = min{wa () : £ € S}, where wa(€) = ha(€) + ha(—€) is the width
of A in the direction of £ € S?~1,

Lemma 4.1. Let p be an isotropic log-concave probability measure on R™. Then for every convexr body

A CR”,
1(A) < wa.
Proof. Fix £ € S"~! and let Fy = {t£ : t € R}. By (2.6)), the density g¢ of the marginal Tr, (1) satisfies
llgelloo < 1.
Since
AC Se={z eR": —ha(=£) < (z,§) <ha(§)},

we obtain

ha(€) ha(€)

py <= [0 [ f@aede= [ gt <wa(o)

—ha(—€) JigrFt —ha(~€)

Taking the minimum over £ € S"~! yields the result. O

The next lemma is a standard dilation estimate for log-concave measures (see [I3} Lemma 3.1]). Actually,
we shall prove and use a more elaborate version later on, so we skip the details.

Lemma 4.2. Let p be a centered log-concave probability measure on R™. Then for every § > 0 and every
Borel set A C R™,
u((1+8)4) < 29 u(A).
Note. If the density of u is a geometric log-concave function, i.e. f(0) = ||f]|c, then the above estimate
improves to u((1 +0)A) < e™pu(A).
Using Lemma [.2) we can control the perimeter of a convex body containing the origin in terms of its
measure and inradius with respect to the origin.

Lemma 4.3. Let p be a centered log-concave probability measure on R™, and let A C R™ be a convex body
such that rBy C A for some r > 0. Then
2np(A)

+ <
pT(04) < o

Proof. Since A is convex, we have tA + sA = (t + s)A for any t,s > 0. Using also Lemma we write
B(A -+ eBE) < p(A+ (e/r)A) = (1 + ¢/r) A) < 27 u(A).

Hence,
A+ eBy) —p(A) _ e - 1u(A) _ 2np(4)
€ T 50 € r

pt(0A) = liminf ul
e—0
as claimed. O

The last fact that we need is the simple observation that if A is a symmetric convex body in R™ then
there exists an inball of A centered at the origin, and

(4.1) wp = 27’,4,

where w4 is the minimal width and r4 is the inradius of A.
We can now give a one-line proof of Theorem [1.2



Proof of Theorem[L.2] Let A be symmetric. Then r4BY C A and wa = 2r4. By Lemmas [4.3] and

it (oa) < ZA) 2wa
TA rA

and the theorem follows. O

Note. If the density of u is geometric log-concave, then the improved dilation estimate yields u+(94) < 2n
for every symmetric convex body A C R™.

We now turn to the proof of Theorem [[.I] In the general case, A need not be symmetric, and also the
origin may not be an interior point of A. Recall that, given a convex body A C R™, we denote by 74 the
radius of the largest Euclidean ball contained in A and by z 4 the centre of such a ball. In other words,
xA+raB% is an inball of A.

Lemma 4.4. Let p be a centered log-concave probability measure on R™. Let A be a convex body in R™ and
let xa+raBy C A be an inball of A. Then

. n+ (|l f] ,lloc/f ()
TA

pt(04)

1(A).
Proof. Let K = —x4 + A, so that 0 € K and r4BY C K. For € > 0, we have
A+eBy =xa+K+eBy Caoa+ K+ (e/ra) K =aza+ (1+¢€/ra)K.

Letting 0 = €/74,

(A + eBY) g/ f(u)du:/ fxa+v)dv= (1+5)"/ flea+ (1+6)y)dy.
zaA+(1+8)K (14+8)K K

Writing

1
1+6(xA+(1+6)y)+ 554

Ta+Yy= 1+
and using log-concavity of f, we get f(za +4)'*° > f(xa + (1 +6)y)f(z4)%, and hence

é é
(42) flaa+(1+0)y) < flwa+y) (W) s ey (flﬁﬂ?) |

Combining the above, we see that

1| Alloo
f(za)

5
A+ eBy) < (L+3)" ( ) /K Flaa+y)dy < exp (5 (n+n (1] ,lloo/F(2)))) H(A).

It follows that

ut(0A) = lim('1)r+1f pA+ EBf) —n4) < u(A) lir[r)l+ P (E/TA(n + 1n(”=i|A”OO/f($A)))) -1
_ ) U alleo/ F @)
A
as claimed. 0

10



Remark 4.5. The argument above gives in fact a stronger estimate. Let p4 be the probability measure
with density (u(A))71f(y)1a(y). From (4.2)) we see that

f($A+y)>6 dy

WA +eBy) < (1+0)" /K fea+ 1 +0)y)dy < e /K flaty) ( flza)

)
:enéu(A)/A (fi;ﬁ)) dpa(y).
1+ (04) = lim inf AT €BE) = in(4)

5 . 1 ne/ra f(y) o/ra
im in - < p(4) lim = le / </A (f(mx)) dﬂA(?/)) - 11

- %‘3) [n—l—/Aln (;Eiyj)) duA(y)} :

Using Lemma [4.1] we obtain

It follows that

pt(04) < A [n+/Aln< ) ) duA(y)} :

rA f(za)

For the proof of Theorem |1.1{ we shall use a theorem of Steinhagen [27] (see also [28, Theorem 1.5.2]) to
compare the minimal width w4 of a convex body A in R™ with its inradius 7.

Theorem 4.6 (Steinhagen). For every convezr body A C R™,
wy < 2v/nry.
As a first step, combining Theorem [£.6] with Lemmas [£.4] and [I.I] we obtain the following estimate.

Proposition 4.7. Let i be an isotropic log-concave probability measure on R™. Then for every convex body
A CR",
p(04) <2vn(n+Wn(|f| 4o/ f(z4))),

where x 4 is the centre of the ball of radius T4 inscribed in A.

Proof. From Lemma [£.4) and Lemma [4.1] we have

n+In(|[f] ylleo/f(z4)) w
W (OA) < () 4 < (n+ (1] oo/ F(2a))) 2.
A A
The claim follows from Theorem O

Corollary 4.8. Let u be an isotropic log-concave probability measure on R™. For every convexr body A C R™
with A C Rgn (1),
pt(0A) < 140372,

Proof. From Proposition [£.7] we have that

pt(04) <2vn(n+In(|lf] ,llo/ (),

where x4 is the centre of the ball of radius r4 inscribed in A. Since z4 € Rgn(n) we also have that
||f}A||OO/f(J:A) < €%, Therefore,

pt(0A) < 2v/n(n+ 6n) = 14ny/n

as claimed. O
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For the general case, where A may not be contained in Rg,, (1), and in particular f(z4) may be arbitrarily
small, we combine our approach with some of the ideas developed by Livshyts in [25].

Theorem 4.9. Let u be an isotropic log-concave probability measure on R™. For every convex body A C R™,
it (94) < Cndl?,
where C' > 0 is an absolute constant.

Proof. Fix an arbitrary convex body A C R™. Note that if A C Rg,() then the result follows from
Corollary Otherwise, A\ R, (1) # 2.
We decompose 0A as follows:

9A = (0AN Ren(p)) U (OA\ Ren(11))-
Note that 0A N Re, (1) € O(AN Reyp (i), therefore
(4.3) pH(OAN Rep (1) < it (A(A N Ren () < 140°/2

by Corollary applied to the convex body AN Rg, (1) C Ren(1t)-
Next, we estimate pu*(0A \ Rgn(u)). Note that

1 £l oo
(4.4) Ifll = /0 vol,({ € R™ : f(x) > t})dt
= /000 e *|[ fllcvoln({z € R™ : f(z) 2 e7°|| fllc}) ds

= [ U leovola(Ruti) s
We write

JH (AN Ron (1)) = / f(x) dA(x)
OA\Rgn (1)

:/ / ]1{($’t):f($)>t}(l‘,t)dtd)\(a;‘)
0A\Ren (p) /O

e || fll
- / AOAN {2 e flloo > fla) > 1)) dt
0
e || fll
< / MOAN{x: f(z) > t})dt
0

B / ¢ FlacA DA Re(p)) ds,

n

making the change of variables t = e~%|| f]|oo. Since JANRs(u) € I(ANR(1)), and also AN R, () C Rs(p)
and both sets are convex, using the monotonicity of Lebesgue surface area of convex bodies with respect to
inclusion, as well as (2.1) and Lemma we get

AOAN Ry (1) S MAN Ry(1)) = S(AN Ry(1)) < S(Rs (1)) < "Wln(Rs(gt))

(R () < 3nvol, (Rs(u)).

It follows that

(4.5)  p"(0A\ Ren(p)) < 371/6 e[| flleovoln (Rs(p)) ds < 3n/0 ¢ [ flloovoln(Rs(p)) ds = 3n|[ f]lx

using (4.4) in the end. Combining (4.5 with (4.3) we obtain
pt(0A) < 14032 4+ 3n || fll1 = (14 + 3//n)n®/2,
This completes the proof of the theorem. O

oo
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5 Improved bounds under additional structure

In this section we show that the estimate O(n3/2) in Theorem [1.1{can be improved under additional geometric
assumptions on the measure. More precisely, we establish linear bounds of order O(n) for several natural
classes of isotropic log-concave measures.

Besides the results of the previous section, we shall exploit a general upper estimate for I'(x) due to
Livshyts [25]. For any integrable function f whose level sets R;(u) are convex, Livshyts established the
following result.

Theorem 5.1 (Livshyts). Let f : R — [0,00) be an integrable function such that R.(u) is convez for all

t>0. Then I£] (Re(p)) + 1111l
oo VOl (Ry (1)) + L.
P(Be(p)) 120}

(1) < inf {n

where p is the measure on R™ with density f.

For isotropic log-concave functions f, we have ||f|lc = L} and | f[1 = 1. Thus, to obtain an upper
bound for I'(u), it suffices to choose ¢ > 0 such that vol,, (R:(x)) is suitably bounded from above and r(R: (1))
is suitably bounded from below. In the isotropic log-concave case, Livshyts’ method yields I'(u) = O(n?) for
an appropriate choice of ¢.

§5.1. Uniform measures on convex bodies. We begin with the case of uniform measures on convex
bodies.

Proposition 5.2. Let K be an isotropic conver body in R™ and let ux be the corresponding isotropic
probability measure with density fr = L1k r, . Then

(5.1) D(ux) = LicS(K).

2on.

In particular, T'(uk) < /745

Proof. For any convex body A in R"™ we may write

e = [ @i < [ i) dN(2)
QANL' K I(ANLL'K)
=LES(ANLYK) < LES(L'K) = L S(K),
with equality if A = L}_(IK . It follows that
F(MK) = LKS(K)

For the second claim, using the general bound S(K) < nvol,(K)/r(K) from (2.1), together with the
normalization vol, (K) = 1, we obtain
D(pr) < nlg/r(K),

The lower bound r(K) > /™2 Ly from (2.2) completes the proof. O

Remark 5.3. The estimate I'(ux) < |/555n for uniform measures on isotropic convex bodies is sharp. It

becomes an equality if K is an isotropic n-dimensional regular simplex. Indeed, let vy, ..., v, € R™ satisfy

1 n
lvil =1, (W;%‘)Z—E if i # j, > v =0,
i=0

13



and consider the regular simplex A := conv{vo, ..., v, }, which is centered at the origin. Let A := 8Aq be
the homothetic copy of Ay with vol,(A) =1, so f"vol,,(Ag) = 1. We compute I'(ua) = LaS(A).

To compute the inradius, note that for each ¢ the facet F; := conv{v; : j # i} lies in the hyperplane
H; :=={z: (z,v;) = —1/n}, because for j # i one has (v;,v;) = —1/n. Hence, the distance from the origin
to H; equals 1/n, and since the simplex is regular, the origin is the incenter of Ag. Therefore,

r(Ag) =1/n and r(A) = Br(Ag) = 8/n.

To compute the isotropic constant, let X be uniform on Ag. Using barycentric coordinates, we may write

X = i Ai’l)i,
=0

where A = (Ao, ..., A,) is uniform on the simplex {\; > 0, > A; = 1}. Then E(A;) = %H and
2 1

2 BMA) = —
RSV e M A rE ) oy
Since > jv; = 0, we have E(X) = 0 and

E(A}) = (i #J).

n

Cov(X)=E(XXT) = m ; vy .

B Ly n
Lan = ——o— and hence —— =/ )
A n(n +2) r(K) n—+2

Finally, for the surface area and I'(uua ), note that for any simplex whose incenter is at the origin with inradius
r, one has the exact identity

Thus A is isotropic with

vol, (A) = % S(A),

and since vol, (A) =1 we obtain S(A) = (a7 Therefore,

n La [ n
F(MA):LAS(A):LAT(K):nT‘(A): n+2n.

This shows that the estimate in Proposition [5.2]is optimal.

§5.2. Measures with homogeneous level sets. Let i be a log-concave probability measure on R™ with
a geometric log-concave density f satisfying

(5.2) Ri(p) = tYPK for all ¢t > 0,

where K C R™ is a fixed convex body containing the origin in its interior and p > 1.
Applying Theorem [5.1] we obtain for any ¢ > 0,

| flloo VOl (Rt (1)) + 1
(R () 7

where we used ||f]l1 = 1. We choose ¢ as large as possible under the constraint || f||ccvol,(R:(1)) < 1.
Choosing ¢ = n/e?, we observe that Ry, e» (1) = €' Ry, (1), and Markov’s inequality yields

”fHooVOln(Rn/eP(,u)) = ||f||ooe_nV01n(Rn(:u)) < M(Rn(ﬂ)> <L
Since (R, /er (1)) = €~ 'r(Ry (1)) and 7(Ry (1)) > 1/18 (by Remark [3.3), we conclude that

L(p) <n

< 36en.



Remark 5.4. A canonical example is provided by an isotropic measure vx with density f,, () = cre 7k
where K is a symmetric convex body and cx = (cpnvol,(K)) ™! with ¢, = [~ pt" P~ 1e~""dt. Note that

R, (fux) = nY/PK.

Since vk is even and geometric, this implies that K has bounded geometric distance from an almost isotropic
convex body in the sense of [I1, Definition 2.5.11]: there exists an almost isotropic convex body D C R™
such that

ClD g K g CQ.D7

where c¢1, co > 0 are absolute constants (for a proof see [I4, Lemma 3.3]).

§5.3. l-unconditional measures. Let p be an isotropic log-concave probability measure on R™ with
density f which is 1-symmetric, meaning that

f(mla cee axn) = f(elxo(l)a BERE) 6nma(n))

for all choices of signs €¢; € {—1, 1} and all permutations o of {1,...,n}. The symmetry of f implies that each
level set Ry() is a 1-symmetric convex body. In particular, R:(x) is in John’s position: the maximal-volume
ellipsoid contained in Ry;(u) is the Euclidean ball (R (1)) BY. Indeed, the maximal volume ellipsoid of R (1)
is also 1-symmetric, which forces it to be a centered ball. K. Ball’s volume ratio theorem [4] then yields

voln (Re (1)) '/™
r(Bi(p))

where @, = [—1,1]" is the cube with inradius 7(Q,) = 1. Consequently,

< Voln(Qn)l/” =2,

vol, (Ry(12))Y/™ < 2r(Ry(p)) for all ¢ > 0.
This allows us to apply Theorem with a suitable choice of ¢ and obtain the bound
T(u) < Cn

for an absolute constant C' > 0, already observed in [25].

We now obtain a similar, linear-in-the-dimension bound for the maximal perimeter of any 1-unconditional
isotropic log-concave probability measure. Let p be an isotropic log-concave probability measure on R™ with
density f which is 1-unconditional, meaning that

flay,... xn) = flezr, ..., €nn)
for all choices of signs ¢; € {—1,1}. For kK =1,...,n, let e; be the k-th standard basis vector and consider
the line segment
Ik = [—ek,ek].

Recall that BY C B, and that
Bgo:]1++jn

is the Minkowski sum of the segments I. We begin with the following simple telescoping lemma.
Lemma 5.5. For any Borel set A C R™ and any € > 0, define

Ay = A, Ap = A1 + el (k=1,...,n).
Then A, = A+ €eBl,, and

n

p(A+eBy) — w(A) < p(A+eBL) — (A) = > p((Ax—1 +eli) \ Ap1).
k=1
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Proof. Since By C Bl we have A+ eBY C A+ eBl, and hence pu(A+ eBY) — u(A) < u(A+eBL) — p(A).
Moreover, since B, = I1 +---+1I,, we have A+eB], = A,, by construction. Finally, the telescoping identity

(5.3) p(An) = p(Ag) = > (ul ((Ap_1) ZH (A \ Ag—1)
k=1 k=1
gives the claim, since Ay = Agx_1 + el. O

In what follows, for k € {1,...,n} we define the k-th marginal density

gi(t) = /RH f(y,t) dy,

where we write x = (y,t) with ¢t = 2, and y € R"~! collecting the remaining coordinates.

Lemma 5.6. Assume that f is unconditional and log-concave. Then for every convex set B C R™, every
ke{l,...,n}, and every e > 0,
,u((B + ely) \B) < 2€gx(0).

Proof. Fix k and write x = (y,t) with ¢ = x;,. For each y € R*~!, the fiber
={teR: (y,t) € B}
is an interval, since B is convex. If B, = [a(y), b(y)] then (B + ely), = [a(y) — €,b(y) + €], and hence
((B+el)\B), Claly) —ealy)] U [b(y),by) + €],

with the obvious modifications if one of the endpoints is infinite.
By Fubini’s theorem,

p((B+ely) \ B) = /RW1 /((B+ ), f(y,t)dtdy

a(y) b(y)+e
</ /’ fmﬂﬁ+/ .ty dt | dy.
Rr—1 a(y)—e b(y)

For fixed y, the function ¢ — f(y,t) is log-concave and even, by unconditionality in the k-th coordinate.
Hence it attains its maximum at ¢t = 0, so f(y,t) < f(y,0) for all ¢. Therefore,

a(y) b(y)+e
[ swndes [ st i < 20000,
a(y)—e b(y)
Integrating in y yields
1((B+elp) \ B) < 2e/ f(y,0) dy = 2¢ gx(0),
Rnfl
as claimed. O

Theorem 5.7. Let u be an isotropic unconditional log-concave probability measure on R™ with continuous
density f. Then for every conver set A C R™ and every € > 0,

1((A+eBy)\ A) < V2ne.

Consequently, T (0A) < /2n for every convex set A C R™, and hence I'(i) < v/2n.
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Proof. Fix a convex set A C R™ and ¢ > 0. Define Ag,..., A, as in Lemma Since A is convex and
Minkowski sums preserve convexity, each Aj_; is convex. By Lemmas [5.5] and [5.6} -,

n((A+eBy)\ A) <Zn: ((Ap—1+ el) \ Ap—1) 22691c 26> g (0).
k=1 k=1

Each marginal density gy, is log-concave and even on R. By isotropicity, Var(Xy) = 1 for Xj ~ gi. Applying
[2.7) to each g yields gx(0) < 1/v/2, and therefore

1((A+eBy)\ A) < 2en/V2 = V2ne.

Dividing by € and letting ¢ — 0 completes the proof. O

§5.4. Sharp one-dimensional bound. Let u be a log-concave probability measure on R with density f.
For an interval I = [a,b] and € > 0 we write

I+ eBy=[a—¢€b+d, By = [-1,1],

and we define the perimeter of I with respect to p by

(8[) — liminf /1'([ 67b+€])_u([a’7b]).

e—0t €

The maximal perimeter of u is defined as
I'(p) :=sup {pu"(8I): I C R an interval}.
The next proposition provides an exact formula for I'(x) in one dimension.

Proposition 5.8. Let u be a log-concave probability measure on R with density f, and set M := || f]|oo-
Then
I(p) =2M.

Proof. Fix an interval I = [a,b]. Then
ph(0I) = fla=) + f(b+) < 2| flloe = 2M,

and hence I'(u) < 2M.
Conversely, let 2 be such that f(z) is arbitrarily close to M. For § > 0 sufficiently small, the interval
Is =[x — §,x + 0] is finite and satisfies

pt(01s) = f((x — 8)—) + f((x + 8)+) = 2f(x) asd— 07,
Thus I'(x) > 2f(z). Choosing z so that f(x) — M we get I'(u) > 2M. O
Proposition [5.8 implies a sharp bound for isotropic log-concave densities on R.
Theorem 5.9. Let p be an isotropic log-concave probability measure on R with density f. Then
I(p) <2.

Moreover, the constant 2 is sharp: there exist isotropic log-concave probability measures p for which T'(u) is
arbitrarily close to 2. In fact, one-sided exponential distributions achieve equality in the underlying extremal
inequality.
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Proof. Let M = || f|ls. By Proposition [5.8] it suffices to show that M < 1.
Let X be a random variable with distribution u. For a log-concave density on R we have

1

Var(X) g W

Since p is isotropic, Var(X) = 1, and hence M < 1. Therefore,
T(u) = 2M < 2.

To see that this bound is sharp, let Y ~ Exp(1) and define X := Y — 1. Then E(X) = 0 and Var(X) = 1.
The density of X is given by
fla)=e oy,

so M = ||f|loo = 1. Hence I'(u) = 2M = 2, attained as a supremum by intervals shrinking to points where
f is close to 1. O

§5.5. O(n) bound for product measures. Combining the results of the previous two subsections, we now
derive a linear-in-the-dimension upper bound for the maximal perimeter of log-concave product measures.
We begin with the following general statement.

Theorem 5.10. Let p = pu1 Q-+ & py, be a product probability measure on R™, where each i has a density
gr € L®(R). Then, for every convex set A C R",

(5.4) pr0A) < 2 gkl
k=1

Consequently,

T(p) < 2 llgklloo-
k=1

Moreover, the constant 2 in (5.4) is optimal.

Proof. As in the proof of Lemma for k=1,...,n let I := [—eg,ex]. Given a convex set A C R" and
€ > 0, define
Ay = A, Ap = Ap_1 + el (k=1,...,n).

By Fubini’s theorem, Lemma [5.5] and the product structure of u, we obtain

p(A) = (i) = [

Rn—1

(b ((Apr)y + [ €]) = e ((Ak-1)y) ) diig(w),

where ji is the k-th marginal and pug := ®#k 14
Let J C R be an interval. The set J + [—¢, €] differs from J only near its endpoints. Therefore,

'uk((‘]+ [_676]) \ J) < 2e ||gk'||oc>7

since there are at most two endpoint neighborhoods, each of length ¢, and the density is bounded by ||gk || co-
Hence,
1(Ak) — p(Ag-1) < 2€|| g -

Summing over k and using (5.3)), we obtain
p((A+eBE)\A) <26 [lgkloo-
k=1

Dividing by € and letting € — 07 yields (5.4). O
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Corollary 5.11. Let p = p1 ®- - -®puy, be a product probability measure on R™, where each py is a log-concave
probability measure on R with density g, and Var(Xy) = 1, where Xy ~ ug. Then

T'(n) < 2n.

In view of Theorem [5.10} the corollary follows immediately from the bound ||gi|lcc < 1, which holds by

29).
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