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Ewcaywyy

To Véua autrc tne epyaotiag elvar 1 exacia Tou UTEPETLTESOL Yol XUPTA COUATA
otov R*. 'Evag and toug ToANoUS LoodUVAUOUE TpOTIOUS UE TOUG OToloug UTOpEl va
dratunwiel elvon o e€hc:

Eikaota: Yrdpyer andhutn otadepd ¢ > 0 tétola dote: yio xdde xuptd coua K
otov R™ mou éyel 6yxo 1, undpyet (n — 1)-didotatn toun tov K mou nepvdet and to
xévtpo Bdpous tou xau éxel (n — 1)-byxo ueyohitepo and c.

To xahOtepo Yvwotd anotéhecua yio 1o TedBAnua €yel anoderydel and tov J.
Bourgain ([Boul], 1990): Av to K €yl xévtpo cuuuetplog Ty apyh twy aZdvwy o
xat 6yxo 1, t6te undpyet (n — 1)-didotatn xevipu tour tou K ue 6yxo ueyahlitepo
and (c¢/nlogn)t, émov ¢ > 0 andhutn otodepd.

Loty anddetén tou Yewphuatog tou Bourgain anowtodvtar moANd amd to Booixd
AmoTEAEOUATA TNG AoLUTTOTLX G Vewplag YWpwy Temepacuévng SldotacTc Ue vopu:

1. H avioédtnto Brunn-Minkowski xow e@apuoyéc g otny UEAETH TwV TOUWY
evée xuptol aduatoc (Kepdhowo 1).

2. H avieétnra tou Pisier yia ) vépua tng Rademacher npoBoiric. Yuvénewo:
%8 CLUUETEWO XVPTO CWUA EYEL YPoULXY| EXOVA dYxoU 1 Ue UECO TAGTOC ULXps-
tepo a6 cy/nlogn (Kepdhowo 2).

3. H avioétnra tou Sudakov yia toug apriuolc xdAudng evée owuatog and
undheg dedouévne axtivoc, xou 1 dudonaon Dudley-Fernique (Kegdhowo 3).

Kdélde xuptéd odpa K otov R* ue xévtpo Bdpoug 10 0 éxet ypauuixy| exova T K
6yxou 1 ue v WidTNTA

/ (z,0) de = L3
TK

yio xéde povadiodo Sudvuoua 8, émou (-, -) to cuvndlouévo EcWTEPG YIVOUEVO GTOV
R™. H exéva TK elvow uovooiuavtor oplouévn av eEotpEGOUUE 0pY0YMYLOUS UETO-
oynuatiouols, xou Aéyeton ootpomxy| ¥éon tov K. H otadepd L elvon uovoor-
HOVTAL 0PLGUEYT YLOL TNV YpoULxY) xhdom Tou K, xon Aéyeton tootpomixt| otadepd Tou
K. Y7o Kepdhawo 4 anodeixviovue 61t 1) ewxacia Tou unepemtnédou elvon 1oodlvoun
He v Onopén andhutng otadepds C' > 0 ue v Wwotnta: L < C yua xdde xuptod
ocoua K ue xévtpo Bdpoug o o.

Me uwpéc tpomomnolfcelc Tou emtyetpriuatog Tou Bourgain detyvouue 6t L <
cv/nlogn v x&de xuptd odua K otov R nou éyet xévtpo Bdpouc 1o 0. To anoté-
Aeouo auTéd yevixeleL Ty extiunon tou Bourgain yia tnv ewacio tou ungpeminédou
OE UN-CLUUUETEXA xUPTE owuata. To mponyoluevo Yvwotd arnotéhecuc HTay 1) ovi-
oétnra Lx < ¢y/n (BAéne S. Dar, [D1], [D2]).

Téhog, amodewxviouue v Looduvaula Tng ewaolag TOU UTERETLRESOL UE TiG
ACLUTTWTLXES EXBOYEC *AaOX WY TPoBAnudtwy Tne Kupthc lewuetplag, dtwe to npod-
BAnua v Busemann xou Petty, xou 1o mpéfBinua tou Sylvester.
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Ke:cpo’c)\ou.o 1

H ocw.o()‘cvq‘coc
Brunn-Minkowski

1.1 Kuptd coupata

Eva ovunayég xupté unoctvoro K tou R™ Aéyeton kuptd odua av €yel un xevéd
gowtepnd. Oa Aéue ot o K elvon ouppetpiid, av €xeL x€vtpo cuUUETPlIC TNV dpY T
TV AEOVLVY 0.

1. Eotw K cvupetpnd xuptd ooua otov R™. H anewxévion |||k := ||| : R* — R
mou opileton and TNy
||| = min{A > 0:2 € AK'}

€xeL TG axOhoudec IBLOTNTES:

() ||z]| > 0 ue wétnTe wdvo av & = o.
(8) IAz]| = [All|z]| , = € R, A € R,
) llz +yll < llzfl + [lyll 2,y € R,

elvow dnAady) vdppa otov R*. O R™ egodiacuévog pe tny vopua ||-||x Yo cuuBorileton
ve Xg. Avtiotpoga, av X = (R”, || -]|) elvow évag ydpog ue vopua, tdte n povadiala
tov undla Kx = {x € R : ||z]| < 1} elvor ovuuetpixd xuptd oduo otov R™.

Ané tov oploud g vopuoc éneton dueca ot av K xan L elvan 0o cuppetoixd
xVpTd owuata otov R, t6te K C L av xou uévo av ||z||r < |||k yid x&de © € R™.
Enlong, |lz]lrx = 1]|z||lx vid xdde r > 0 xon x&de = € R™.

2. Eotw X xau Y 0o n-didotator ydpeot ue vopua 6w nopamdve. Av T : R* — R?
elvow évag ypauuxoe uetaoynuatiopée (o yedpouvue T € L(R™, R™)), opllouvue tnv
véoua [|[T : X — Y| tou T w¢ tedeotri and tov X otov Y we eZhc:

IT:X = Y| = max{||T(z)|ly : = € Kx}.
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Iood0vaya, 1 vépua tou T elvon o uixpdtepog Yetinodg aptduodg p yid tov omolo
T(Kx) C pKy.

OT:X —Y Myetow woopoppouds av elvon avtiotpédurog (dnradh, av T € GLy,).

H andotaon Banach-Mazur twv X xou Y efvon o aprdude
d(X,Y) = min{|[T|| |7 ]| : T € GL,},

xoL UETPdEL 600 kadd woduopgor elvon ot X xou Y. M tood0voun YEWUETELXT
epunvela elvan n e€hc: n d(X,Y) elvon o uixpdrepoc p > 1 yia Tov onolo undpyet
T € GLy, nov wavornotel Ty Ky C T'(Kx) C pKy. Ebxoha Brénovue ot d(X,Y) =
d(Y, X) vy xdde X xou Y (n d elvon ovuuetpnn)), xou d(X,Y) =1 av xaw ubvo av
undpyer T : X = Y woouetpla.

Oewpolue 10 clVoro B AV TwV XAJCEWY tooduvaulas N-SLacTATWY YOPWY
ue vopua, 6mou o X elvon toodivauog ue tov X' av xan uévo av ou X xow X' elvon
wouetpwol. O B, elvon cuumayfc UETELXOS YpOog, UE YeTewxh Ty log d: 1 Tptywviny
avioétrnTa efvon cuvERELd TNg

d(X,Y) < d(X,Z)d(Z,Y)

nov emohndetetan eOxola yio xdde towdda X, Y, Z € B,,.

O etpuxds xopos (Br,logd) cuvidwe Aéyetow Banach-Mazur compactum ¥
Minkowski compactum. Avtl yio tnv logd, Yo yenowsonotobue v d ooy uia Toh-
AATAACLACTIXY ATOCTACT) OTOV B,

3. Trodétovue ot o R” elvon epodiacuévoc ue o Ewaeldeta doun (-, ), xon ovu-
BoAilouvue v avtiotouyn Evxdeldeia vépua ue |- |. Tpdgpovue Dy, yio tnv Euxheldewa
uovadtadar pumdar, xon St yio T povadiada ogadpa. O dyxoc tne Dy, o cuuBoil-
Zeton pe wy. Bvow w, = 72 /T(2 4+ 1). II6 yevxd, av pe ; ouvufolicoupe Tov
xopo (R™,[|-[lp), p > 1, 6mou ||z|[5 = 370, =[P, t6te n wovadiado undho By tou
03 ExeL 6yxo

[20(1 + )"

L+

1By | =

(yroe TV am6Berin, Préne [Pil]). Tedgouue o yia o uétpo mdavédtnroc oty St ou
elvar avokholwTo we mpog Toug oploydvioug uetacynuatiopols tou R™. H empdvela
e ™1 elvou lon ue nwy,.

‘Eotww K xupté ooua otov R, ue o € int(K). H akunki ouvvdptnon pr :
R*"\{o} = R" tou K oplleton and v

pr(z) =max{A >0: )z € K}.
Mapatnehote ott, yia xde = # o

pr(z) = ||| 7.
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H ouvvdptnon otipiéns h : R* = R tou K oplleton and tny
hi(z) = max{(z,y) : y € K}.

H oyéon avdueca oty oxtivix| cuvdetnon pk XL Ty cuvdptnon othelne hx yid
Soouévn Sievduvon 0 € S"! elvan p (0) < hi (0).

To mAdrog evidc xuptol cohuatoc K oty Sietuvon evée 6 € S™ 1 oplleton and tny
wK(Q) = hK(H) + hK(—H).

To péoo mAdrog Tov K elvar to
w(K) = / wic (0)o(d6) = 2 / hic (0)o(d6).
Sn—1 Sn—1

To moAiké oddua K° tou K elvon o
K°:={yeR": [(z,y)] <1,Vx € K}.

Or Boowréc WibtnTeg Tou TOAXO) CHOUATOS TEPLYRAPOVTIL GTNY axdloudT tpdtact:

Igétaon. Eoww K kai L ouuuetpikd kuptd owpata otov R*. Ioyvouvr ta €€ng:
(1) Ia xdB 6 € S" L, pro(0) = 1/hk(6).

(2) AvKCL, z:oz:eL" C K°.

(3) Av T € GL,, tére (TK)® = (T H)*(K°).
(4) (K°)° = K.

() [TK[|(TK)°| = |K||K°|. O

Ho

4. H dvixrj vépua || - ||« e || - || opileton and tnv

lyll« = max{[(z,y)| : ||l=[| < 1}.
Ané tov opioud elvar pavepd ot
(@, )] < Nlyllllll

yi& xdde z,y € R*. Av X* elvon o 6uvikdg ydpog tou X, téte 1 povadiator undia
K x- tou X* elvon 10 mohixé odua tng wovadiatag undhag Kx tou X. Oo ypdpouue
|- Mle Al ]y xon || - - || xwelc awtd va dnuioupyel obyyvon.

5. Oewpolue éva ouupeTpxd xuptd ooua K otov R™ xou tnyv owoyévela E(K) Ghwvy
TV Aderpoeldcr mou teptéyoviar oto K. Eva eMewdoetdéc otov R” elvon éva xuptd

oOUA TNS UOPPTIC
L (z, vl>
E = R" : § :7 <1
{:U € o2

i=1 ¢
omou {v; }i<r elvan opdoxavovins| Bdon tov R”, xou e, .. ., oy elvon Yetixol mporyuo-
Txol aprduol (ou Stevdivoels xon to uhiun v nueEévey tou E avtiotoya). Edxola
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ehéyyouvue ot E =T(D,,), énou T elvon o ypouuixde petaoynuatiouds tou R nou
optleton and e T'(v;) = oy, i =1,...,n.

O F. John ([Jo], 1948) é3eiZe ot undipyet Lovadixd eMewpoeldéc E mou mepLéyeton
oto K xou éyet tov uéytoto duvatd dyxo, xou ot K C /nE. Tuvénelo autol Tov
amoTeEAEoMATOS elvan 1)

d(X, 1) < v/

yia xdde X € B, mou npoxintet dueco and tov eyxhewond E C K C /nE xou tov
oploud tnc andotaong Banach-Mazur.

5. To dOpowpa Minkowski twv A,B C R" eivie to A+ B={a+b:a€ A,be B}.
Av A >0, t6te \MA ={Aa:a € A}

I tie amodellelc v napandve LoYUpLoUOY TORATEUTOUUE TOV AVAY VOOTN T
BB twv R.J. Gardner [Gar], V.D. Milman xa G. Schechtman [MS], xot R. Sch-
neider [Sch].

1.2 H ocvx.o-é'cv]'coc Brunn-Minkowski

H avioétnra Brunn-Minkowski cuvdéel 1o ddpoloua Minkowski ue tov éyxo otov
R":

Ocswpnua 1. Eotw K kair T 0o un kevd ovunayn vroovvola tov R™. Tdte,
(1) K+ T > K (T

Ty nepintwon mov ta K xou T elvan xuptd otduata, wétnra oty (1) unopel va
oy lel uévo av to K xon 1" elvon o oto¥etind.

H (1) exppdlel ue ula évvola to yeyovos otl o dyxog elvan kofdn cuvdptnon
w¢ mpog Ty mpbdoveon xatd Minkowski. 't to Adyo autd cuyvd yedgpetan oTny
axohoudn wopph: Av K, T elvar un xevd oudnoyy| unochvora tou R™ xaw A € (0, 1),
T0TE

(2) IAK + (1= NT|Y™ > NEKM™ 4+ (1= N7
Xpnowwonotdvtag Ty (2) xow Ty aviedtnTa aptdunTixoV-YEWUETpIX0) UEGOU, UTO-
POVUE axoUa VoL Yedouue:

(3) IAK + (1= NT| > [K}TI

H acevéotepn auth woppt| tng aviobtntag Brunn-Minkowski €yet to mAcovéxtnua
ot elvon ave&dptntn Tne ddoTaong.

Trdpyouv morkég xan evdiagépouoes anodellelg e (1). Oa dwdoouue 3w TNV
anddeln tng ovvapTNolakng HopPng Tne avooTTog, Tou ogelletar otouc Prékopa
xat Leindler (BAéne [Pil]):
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Ocevenua 2. Eotw f,g,h: R* = R peag petpriotues ovvaptijoe, kar A € (0,1).
YroOéroupe ont o1 f kat g elvar ohokAnpdotyies, kat ott, ya kdle =,y € R*

(4) h(Az + (1= Ny) > f(z)g(y) .

Lo (L) (L)

Anddeén: Ou del€ovue TNV aviodTNTAL UE ETOYWYTH WG TPOS TNV dLACGTUOT 1.

() n = 1: Xpnowonowvtog Boowxd anoteéouata and tny Yewplo ToU 0AOXANPE-

potog Lebesgue, uropolue va unodéoovue ott oL f xau g elvon cuveyelc xan yvriotla

Jetinée. H anddeln tou Yo ddoouue Baclletor otny Wéa Tne UeTapopdc Tou UéToou.
\

Optlouue z,y : (0,1) = R uéow twy

[Lr=tfeo [Jomt]o

Me Bdon tic vrnodéoec yac o,y elvan mopaywylowes, xou v xdde t € (0,1)
€YOLUE

2 (1) f(a(t)) = / f v e®) = / 0.
Optloupue z: (0,1) = R ue
z(t) = Az (t) + (L= Ny(t).

Ot z xou y elvar yvAola ad€ouoec. Eneton ot n 2z elvon xt oty yvAota ab€ouvoo o,
and TNy aveéTnTa aptiunTXoV-YEWUETEIXOU UEGOU,

(1) = A2’ (8) + (1= N)y'(t) > (') (' (1)

Mrnopolue Aotrdy va extiuicoude To ohoxhpwud Tng b xdvovtag tny ooy uETA-
BAntov s = z(t):

/h = /Oh(z(t))z'(t)dt
> [ B0l + (1= )60 ' 0)
! A 1—\ f’f * Lfg A
2 /of (=(0)g (y(t))<f(:v(t))> <g(y(t>>> a

(Jo) (f)

(B) Emaywyikd pripa: Trodétovue ott n > 2 xou ot 10 Oedpnua €xet amodetyVel
vk € {1,...,n —1}. Eow f,g,h 6nwc oto Oedpnua. T xdde s € R opilovue
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hs : R*1 — RY ue hs(w) = h(w,s), xou ye avdroyo tpéno opllovue fs,gs :

R* 1 — RT. Ané tnv (4) éneton ott, av 2,y € R* xou 59,51 € R 671¢
h)\s1+(1—>\)so (/\ZL“ + (1 - )‘)y) Z fs1 (37))\950 (y)lika

XL 1) EmaywyLxy) unddeon wog Sivel

H(s1 + (1— N)so) = / Frost (i
Rn—1

> ([5) ([e)  =Pee e,

Egopudlovtag tédpa Eavd tny enaywywxh unédeon yia n = 1 otic ouvaptioes F,G
xou H, malpvouue

[refo= (L) (L) = ([ ([o)

Arnddeidn tov Ocwprjpatog 1: Eotw K, T cvunoyy| un xevd vrtocvvora tov R, xou
A € (0,1). Oplfovue f = XK, g = XT, x4 h = Xag+1—n71- EOx0Aa ehéyyoupe ot
avoTolodvToL oL UToUEGELS Tou Bewprjuatog 2, ondte

K+ -27) = [ </f>A (/g)H = KT,

Auté anodewxviel Ty (3) o xdde tpddo K, T, A, [ va ndpoupe tny (1) Sewpolue
K xou T 6w oto Oetpnua 1 (ue | K| >0, |T| > 0), xou opllovue
K|1/n
K= K"K, o=, oa= T
1= |K] , Ti=|T ’ |K|*/m + |T|/n
Ta K xau Th €youv 6yxo 1, onéte and ty (3) nalpvovue
(%) MK + (1 =N > 1.
Ouowx,
K+T

AKl + (]. - A)Tl - W,

emouévac 1 (x) Talpvel Ty LopeN
n
K +T) > (1K +|71/7) . o
H avioétnra Brunn - Minkowski efvar to dgpéhio tng Yewplog twv xuptddv cw-

udtwyv. Alvouue €30 UEPXES UOVO amtd TS EQUPUOYES TNS, AUTES TOU EYOUV OYEo
ue To Yépatar Tou Yo oG AnaoyOAACOUY:
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1. H arwoétnra wwv Rogers kar Shephard.

To odua dragopdy tou xVptob cuatog K elvor o
K-K={z—-y|z,ye K}.

To K — K elvou ovuuetpind (ue xévtpo ouuuetplog to 0), xau |[K — K| > |K|. O
Rogers xou Shephard [RS] édwoay oxpiBéc dvw Qpdyuc Yo Tov 6YX0 TOU OWUATOS
drapopcdv:

Ocwpnua 3. Eotw K kuptd odua otov R*. Tdre,
2

K - K| < ( ”>|K|.
n

Anddeén: H avioétnra Brunn-Minkowski unaiver oty andden ue ) poper tou
e€nc MjuUoTog:
Adupa. Av K kar T elvar xuptd odpata ovov R*, n ouvdptnon
c— KN (z+ 1)

elvar koiAn otov gopéa Tns.

[To Auua elvar duUECT) GUVETELX TOU EYXAELGUOD

AEN@E+T)+A-XNENY+T) CKN((Az+(1-Ny)+T).
Enreton ot
(KN ((Az + (1= Ny) +T) 2 ME N (2 +T) + (1= N(EN(y+ 1)),
xat amd Ty (2) ouunepalvouue ot
KNz + 1= Ny+D)Y" > MNEN @+ D))"+ 1= NEKn(y+T)"]

OpiZovue f(z) = |K N (z + K)|*/". ©étovtac T = K 10 Afuua, BAémouue ot
n f elvan xolhn cuvdptnon otov gopéa trg, dnradr oto K — K.

Opllouue uta dettepn ouvdptnon g : K — K — R wc e€fc: xdde v € K — K
Ypdpeton oty wopyh & = ré, 6mov B € S xou 0 < 1 < pi_k(0). Téte, Yétovue
g(x) = flo)(1 — r/pr_K(#)). And tov tpéTO UE TOV Onolo oploTnXe, N g Elvon

Yoo oo evdlypogio Tuiua [0, pr -k (0)6], undevileton 6to obvopo tov K — K,
xat g(o) = f(0). Aol n f elvar xolhn, naipvovue f > g oto K — K. Enouévwc,

/_K KN (z+K)|de = /K_Kf”(m)de/ " (z)dz

K—

K
pr—x(0)
[f(0)]"nwn /S_/O (1 = r/p)dro(de)

1
|K|nwn/ pT}(_K(G)LT(dG)/ 11— t)ndt
Sn—l

0

K~ K = () KK - K
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Ané v AN mhevpd, to Yedpnua tou Fubini pag diver
/ |[KN(z+ K)|de = / |K N (z+ K)|dz
K-K R"

= [ | e xwdyds

= /nXK(y) </nxy—z<(fv)dfv> dy

/ ly — K|dy = K.
K

Yuvdudlovtag tic 300 oyéoelc ohoxhnp@vouue TNy amodeln. O

Iapazripnon. EZetdlovioc nd npooextixd v anddellr, xou nolpvoviag unddr tny
ocuvinxn wétnToac oty aviedtnta Brunn-Minkowski, BAérovue oti woylel wwdtnta
oto Os®pnua 3 av xou udvo av 10 K €yel tny axdlouvdn Wdidtnton

(rK+2z)N(sK+y)=tK +w

vy xdde 7,8 > 0 xou z,y € R*, dnhady) av n toun d0o oyt Eévwy ouotoVeTinwy
npog 10 K owudtev eivon xt auty) opowodetixn npog 1o K. Ou Rogers xou Shephard
anédetgoy ot 1 WidThTa oty Yapaxtneilet To simplex.

H yenowdtnta e extiunong tou Oewpruatog 3 €yxeital oTny THpaThENOTN OTL
o byxog tou K — K 8ev elvor moh0 ueyahltepog and tov 6yxo tou K:

dInhadh, x&de xupTd o (oL TEPLEYEL TO 0) TEPLEYETOL OFE EVal GUUUETPIXG XUPTO
owuo Ue «teplmouy Tov (8lo 6yxo. H mapathpnon avty| Yo yenotuonownidel ouvclactixd
OTNV GUVEYELL.

2. Toués €vés kuptol oduatog pe tapdAAnAa vrepenineda.

BOewpolue éva xupTtd cwua K otov R, xau otodeponooue ula diekduvon 6 €
Sn=1. Optlovue f = frp: R = RT oc e€fc:

f(t) =K N6+ +16)].
O 6yxog €36 elvon (n — 1)-didotatoc. Anhadr, f(t) elvon to «euBadbvy tne Tourc
tou K mou ebvar x&detn oto 6 xou o€ (tpoonuacuévn) ardotaon t amd tov O+,

Oedpnua 4. Eotw K kuptd odua, § € ST, kar f(t) = |K N (0+ + t0)|. Tére, n
fﬁ elvar koiAn otov gopéa Tng.

Arnddeién: Mnopolue vo unodécovue ot 6 = ey, ondte ToawTl{oVUE PUGLOAOYLXE TOY
6+ e tov R*L. T xdde t opilouue

K(t)={z eR"" | (z,t) e K}.
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Eotw I = {t | K(t) # 0}. Tw xde t € I, to K(t) etvon xupt6, xou av t,s € I,
A€ (0,1), t6te
AK(t) + (1= N)K(s) C KAt + (1= MN)s).

Ané v avioétnre Brunn-Minkowski otov R 1,
IK(At+ (1= N)s)|7=T > MK ()7 + (1 — N)|K(s)|7.

Ouwc f(t) = |K N (81 +t0)] = |K(t)|, x cwté Siver to Lrroduevo. O

Hapazrjpnon. lotopwd, To Ocwpnua 4 tponyhdnxe tne aviobétntag Brunn-Minkowski. ]
O Brunn édei&e 10 napandvew anotéreouo ue Ty U€odo Tng CULHETELXOTONONS, Xou
o Minkowski édwoe uta anddel&n tou Oewpnuatog 1 ¥pnoLonotdvtag To.

IMépropa 1. Me ng vnodéoes tov Ocwpnparog 4, n f elvar Aoyapiiuixd koikn oov
popéa tngs.
Anddeén: Xenowonoldvtag Ty avia6tnta apltdunuixol-yewuetpixob Yéoou, nolp-
VOUUE

FO+ (1= X)s) > fFOM(s)' ™

vy xdde t,s € I xaw A € (0,1). Autd onuaiver ot 1 log f elvon xolhn oto I. O

ITépiopa 2. Av 0 K elvar ouppetpikd e kévpo to o, tote || flleo = f(0), 6nAadn
n uéywoen toun tov K elvar ) kevepikn.
Anddaén: And v unddeon g ouupetploc éneton ot K(—t) = —K(t) yio xdde

t € I. Ané o lodpoua 1, n f elvon dptior xon hoyopuduud xolhn oto I. Apa, yia
x&e t € I,

10 =1 (B2 > VIOVIED = 0.

3. M aviodnta tov Anderson.

Oewpolue Ui dptia, Aoyapduxd xolhn cuvdptnon f : R* — RY. Téte, y
xdde t > 0 to chvolo
{zeR" | flx) >t}

elvor ovupeTpd xan xVptd. Omwe oto Hobpoua 2, edxola eéyyouue ott || flleo =
£(0).

H ovioétnto tov Anderson [And] apopd 10 0OAOXAARWUOL ULOG TETOLAS CLVEPTNONG
TV O CUMUETELUS XVPTH COUATAL:

Oeoenua 5. Eoto f: R" — Rt dpnia odokAnpdowun ovvdptnon pe tny 1didtnta
o {z | f(x) >t} va elvar kupté ya kde t > 0. Tdre, ya kde ouppeTpirs ws Tpog
70 0 KUpTS odua W kar kdOe z € R™ wyde

Ajmmzéwﬂmm
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Amddedn: Xpnoydomoldvtag tny cuvdetnon xatavounc e f ypdpouue
/ f(x)dx:/ o | f@) >80 W +2)|dt , = €R.
Wz 0
Agol o {a | f(x) >t} xou W elvan xuptd, émeton ot

S | @) =W +2) 45 ({o | f@) 2 0 (W = 2) € (x| f) 2 )0W

yio %éde t. Anb Ty aviobtrre Brunn - Minkowski mafpvouue

o | £) > W] > (o | £@) > 61007 + 221z | £(2) > 0 (W = 2) V2,

Ouoc 1) f ebvon dpmiar xon to W ouupetoud, dpa
{o|f@)>3n(W+2)=={z | flz) 2 t}n(W —2)),

ETOUEVWC
e | f@) 2 )N W2 e | f@@) = 50 (W +2)].

Oloxhnpwvovtag €youue

/W f(z)dz

[ e | f@) 2 ey wiar

v

/OOO | Fa) > 0} 0 (W + 2)lde

= /W+Zf(:n)d:n. |

4. To AQppua tov Borell.

Oedpnua 6 [Bo] Eotw K kupté odua orov R* ue dyxo |K| =1, kar A kAewotd
KUpTS ouppEeTpLKS oUrodo Tétow dote |KNA| =6 > 1. Tdre, yia kdle t > 1 éovpe

t+1

KN (t4)°] < 6 (1%‘;) o

Amdoedn: Aelyvouue mpdTtal UE AMAYwYT| OE ATOTO OTL

2 t—1
A D —(tA)° + —A.
2 A e

Eotww ot undpyet a € A nou ypdgetow otn LopeY

2 +t—1
a=—-
117 T

ai,
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6mov a; € A xou y ¢ tA. Tore,

1 t+1  t—1
Sy=T a2 A
YT T Ot gy (—a) € 4,

and Ty xvptdTNTAL Xa TNV cuuueTtplo Tou A. Autd onuaiver ot y € tA, dtoto.
To K elvor xupto, enouéveg
ANK D 2 WAYﬂKj+t_HAﬁK}
T t+1 t+1 ’
Egopudlovtac v avioétnto Brunn-Minkowski vy cuunoyy) aOvola, nalpvouue
1-0=]A°NK|>|(tA)° NK|FT|ANK|FT =|(tA)° N K|=TeT.

Auté anodewxvier to {ntoduevo. O

To Aduuo touv Borell exppdler v ouykértpwon tov dykouv atov R*: Av 10
AN K mepléyel teploc6TeEpo amd 0 Uted tou 6yxou tou K, téte 10 1060016 Tou K
mou wével é€w and 1o tA, t > 1 @iivel exdetind wg npog t xaddg t — 00, ue pudUo
ave&dptnto and 1o K xou tnv ddotach n.
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Ke:cpo’c)\ou.o 2

EAdyLoto wEco nhdtog

2.1 Xuvoptrioerg Rademacher xoaw Walsh

Opiowol. (o) Eotw n € N. Opllovue EF = {—1,1}". To cbvoho {—1, 1} elvor noh-
AomAaoLaoTixn| oudda, etougvng xat o B elvon opddo ue npdén tov ntoAamhactacud
XOTOL CUVTETAYEVES.

(B) T xdde i = 1,...,n opillovue r; : EF — {—1,1} ue
ri(e) = ri(ela"'aeia"'aen) = €.

Ouvry, e =1,...,n, elvou o ovvaptrjoeis Rademacher.
(v) Eoww 0 £ A C{1,...,n}. Opilovue wy : By — {—1,1} ue

wa(e) = [] rie).

i€EA

Av A =0, 9tovue wa(e) = 1. Ovwya, A C{1,...,n}, elvar ov guraptioas Walsh.
Hopatnphote ot r; = wyy)-
O ouvopthoeg Walsh ixavonolobv tar mapoxdte:
Ilpétaom 1. (o) Kdle wy elvar opoopopgropds opuddwy.
(B) I'a kd% A ka1 kdOe € € EY, w?(e) = 1.
(v) IoxUouvr o ouvdnkes oploywridtntag

> wale)wa() = 26
A

Kat

Z wa(e)wp(e) = 2"Iap,

21
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omov by =l ave =y kat 6py =0 av x £ y. O
Av otov E} oploovue v ouolduoppn Staxplth xotavour miavétnroag, TOTE
yiveton Staxpitdg ydpog mbavédtnras (EY, P(EY),p). ©Oa cvuPBolilovue d(e) = dp(e).
Av f: E3 — R, téte
e = 3" 100
e€eEy
L6 yevuxd, av X yopoc Banach xou f : Eff — X, téte opllovue
e = 3" 110
eceEy

O ydpoc v ouvapthoewy f: B3 — X yivetan ydpog Banach ue vépua v

M

W lleacximg) = 1l = ( /. ||f(6)||2d6>

Oa YPNOULOTOLCOUUE XL TNV VOPUA

I lewcxes) = 1l = [ I7(@)lde.

IMpoétaon 2. Kdle f : E} — X ypdgetar kata povadikd tpomo oTn popen
€)=Y wale)za,
A

yia kdnowa x4 € X.

Arndoeién: T xdde A C {1,...,n} opilovue
TA = / wa(e)f(e)de.

Tére, yenowonowdvroe tny Hpdtaon 1(y) BAénovue ot yia xdde € € EY
Swaldaa = 3 wale) ( /. wA<<>f<<>dc>
A A 2

- [ 50 (Z wA(e>wA<<>> ¢
Ez A

= f(o).
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[ioe v wovadixdtnra, ag unodécovue ot fe) =D, wa(e)ya yio xdmoo ya € X.
Tore,

4 = /E wa(Q)F(O)d

n
2

/ (Z wB(OyB) wa(Q)dC
E B

n
2

= s ( 3 wB(OwA(o)
B

(EE?

= Ya,
ndhL and v Hpdtaon 1(y). O

Opiopos. (o) Av f: E} — X xou g : EY — R, opilovue tny owéuén f+g: Ef —
X v f xo g wc e€hc:

(Fra)@) = [ Feo(@c.

(8) H Rademacher npofodij tne f : E} — X elvou n ouvdptnon Rad, f : B} — X
ue

n

Rad,, f(€) = Z ri(€)T sy,

=1
6mou f =D waza-

Ipétaon 3. Opiovue g : EY — R pe gle) = Y1 ri(e). Téte, ya kde f: B} —
X, wyva
Rad, f = f *g.

Anéoaén: Eyovue

(0@ = [
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IMpotaon 4. Eoww X xdpos Banach, X* o duikds tov, kat H xdpos Hilbert. I'a
kdle f: B} - X, ¢: E} = X* kav h: E}Y — H wydouv ta €€rig:

(o) Trmdpyertp : B3 — X* pe |[pl|p,x+) = 1 téroa dore

1 fllza(x) = /n<f(e),¢(e)>de.

by

(®) [y (f(e), d(e))de < I fllLoix) |0l ax)-

(v) Av h(e) =3 s wal€)za elvar n avarapdotaon tng h, te

1z oy = D Neallz
A

Arndoeén: (o) Eyouvue 6t

1

(Ze ||f(6)||§(>E

£l 22x) on

L lf@llxac
\/2_77/ )

6mou {a,} xatdhnhn oxohoudia TporyuaTXGY aprduey ue Y. a? = 1.

Dwa e € € EY undpye (e) € X* ue ||i(e)]

1F(@llx = (f(e),%(e))-
OpiZouue ¥(€) = Y(€)a2%. Téhre,

x+ = 1 xou

2

> o)l
2n

2 29n
Y02

=1

)

o

fllza(x) = /n<f(e),¢(e)>de.

B3

(B) Amhade mapatneolue ot

J

xa ypnotuonololue tny aviootnta Cauchy-Schwarz.

(f(€), p(e))de < /En 1 @)llxllo(e)l| x-de,

n
2
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(v) Hopotnpolue ot

/ (o) I
Ey

/| I waeal
= /(ZwA(e)a:A,ZwB(e)xB)de
E3 4 B
= ZZ :CA,:CB/ wa(e)wp(€)de
= Z<$A7$A>
A
= > llzally-
A

Anhody,
11y = ZHwA”H =

2.2 H avieotnta touv Pisier yia tnv Rademacher
neOoBoAY

H Rad, : L*(X) — L*(X) ye f — Rad,f elvor ypopuuixdc terecthc. Omwg Vo
dolue, o Rad,, eivon @payuévoc teleotiic. Lxondg wog elvon vor ddoouvue anodelin
e extiunonc tou G. Pisier yia ) vépua ||Rad,(X)|| tne Rademacher npofBohrc
Rad,:

Ocdenua [Pi2] Eotww X n-tidotatos xdpos e vépua. Av f: E} — X, tére
|Rad, fllr2(x) < clogn || fllr2(x

émou ¢ > 0 andvtn otadepd. AnAadn, ||Rad,(X)|| < clogn.

H anédeln Yo Paoiotel oe yla oelpd and Bondnuxd anotehéouartas
Ilpétaon 1. Eotw X ydpos Banach, f : E} — X, g : E} - R, kai g(e) =
> awa(€)ca n avarapdovaon g g. Tére,

(o) ||f*g||L2(X) < ||f||L2(X)||g||L1(R)'
(B) Av 0 X = H elvar xdpos Hilbert, téte

5 < 5 .
1F 9l zagsny < 1 oy massfeal

(v) Av d(X, H) elvar n anéoraon Banach-Mazur tov X and évav ydpo Hilbert
H tore
1 % 9l ey < 1Ly max fealdCX, ).
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Arndoeién: (o) Eyovue fxg: E} — X. Téte undpyer ¢ : EF — X* tétowa tote
=1 xou

18]l L2(x )
£l = [ (). 0te)ae

= [ 90 [ 0. sopeac

n
2 2

IN

/ 19(0)] / 1701 x () x- dedC
E3 E3

/@ ( L, ||f(6C)||xd6>

2

1
2

( / ||¢><e>||%pde> dc
Ey

(B) IMopatnpolue 6Tt av f = > , waTa, g = ), 4 CAWA OL AVATIPACTICELS TV f, g
avtlotolya, Téte fx g = 4 caTawA POV

e = [ f (Z wA<<>cA> dc
2 A
> ( /| ; f(eowA(odc) ca

ZA: (/E; f(EC)wA(eOdC) cawa(e)
ZSCACAwA(e).
A

Xenowonowwvtag tny Ilpdtaon 4 tne nponyoduevng topayedpou, £X0ouUE

%
(Z ||CA$A||?1>
A
max ca (Z ||ﬂ?A||fq>
A

(maxleal ) I1£11zzcm)-

1
2

IN

Lz llgllor )-

If * gll 2y

M

IN

(v) Tvwpllouue 6t yia x&de € > 0 undpyer T : X — H tétorog wote ||T]|||T7Y| <
(1+e)d(X,H) .
Aol fxg=73" ,carawa, woylel 6Tt

T((f *)()] = 3 wale)eaTza.
A
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Y rohoy(louvue:

If *gllzxy = T oT o (f*g)lle2(x)
1T YT o (f * 9)ll 2
1T lleaTzall3)?

A

< maxfeal|7 ( /| IIT(f(e)Ilfqde>

max [ea||I77 [T (/ ||f(6)||§(d6>
Bz
= ||f||L2(X)m2X|CA|(1+E)d(X,H). m]

IN

2

M

IN

ITapatnipnon. Eyouue el ot Rad,f = f*g, 6nov g = > r;. Elvaw govepd ot
lgllzr®) < llgllz2®) = V/n, enouévec o uépog (o) e Mpdraone dive

| Rady, fI| < V/nllf]]-

To uépoc (y) dlver v Bl extlunon av dimX = n: And 1o Oedpnua tou John,
d(X,03) < /n, xow yie y g = > 75 Tpogavids maxa [cal = 1. Apa,

[ Radn fI| < Vnllf]]-

Téhoc, av o X = H elvan ywpoc Hilbert, 1o uépoc (8) tne Hpbdtaone uag eZaoparilet
ot
| Rad, fI| < |1

I Ty moA0 woyupdTep Yevur extiunon mou topéyel To Oewpnua, o Pisier cuv-
dudlel dhec autég Tic TANPogopies xadde xor LeVddou amd TNV XhaoXr apUOoVLXY
avdAvon.

Mpdta Yo delZouvpue o xhaowx) aviodtnta tou Bernstein mou extiud my ||Q'||oo
and ™Y ||@]so, 6OV Q TELYWVOUETEXO TOAVGYLUO Barduol n.

Optomdg. O muprvag tou Fejér F, elvan 10 TplywvoUETpLXd TOALGDYLUO

Fo(t) = zn: (1 - n'le) etk

k=—n

Ou Baowxéc Wibtnteg tou F, divovtar oto Afuuo mou axoloudet:

Adppo 1. Av ¢ ¢ 20, téte

. (n1)t 2
Fu(t) = 1 sin =5~ ‘
n+1 sin %
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Anadn, F,(t) > 0 ya kdde t € R Erion, ||F,ll = & [ F,(t)dt = 1.

Andoedn: Tlapatnpodue mpohta ot

Oétouue z = e z # 1. Anhéc npdleic delyvouv ot

1-z\1-z2  1-2z
2 —Zntl _ pntl
- 1 -2
2
) ( _w;»)
sin%
Agol F,, > 0, elvor @avepd ot
1 27
F, = — F,(t)dt
L 10
n 2m
LS By e

Appa 2. Opilovue 1, (t) = 2nF,_1(t) sin(nt). Av Q elvar tprywropetpiké moluc-
vupo Paduov n, téte

Q* 1 =-Q".
Andbea&n: Mropolue va ypdhouue Q(t) = > op_ . are™. Tére,

(Q *y)(t) % ; ’ 2n ( Z akeik(ts)> ( i: (1- %)e”s> sin(ns)ds

k=—n l=—n+1
n n—1 27
2 ) l .
= % 2 arert l_énﬂ(l - %)/0 el=h)3 sin(ns)ds.

To ohoxhpwua undeviletan, extog av |l — k| = n, ondre

2T 27 )
/ "™ sin(ns)ds = —/ e " sin(ns)ds = iw.
0 0

Agol k| <nxou |l| <n—1,npénetvaelvan 1 <k <nxal=k—n,-n<k<-1
xou | = k + n. Enouévecg,

(@ xvn)(t) = ; (Z akeikt(—i)n(l _n ; k) + i akeiktiﬂ(l . k -7|; n)>
k=1

k=—n
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= - E apkie™®t

k0, k| <n

Q). O

AfQupra 3 (Aviobtnro tov Bernstein). Av Q) elvar tprywvopetpid nolvdvupo Baduod
n, Tote

1@ oo < 2n]|Qlso-
Andda&n: Ané to mponyoluevo Afuua, [|Q']|e = ||@ * ¥nlleo. Ouws,

@@ < 3= [ 100 - 10n(s)as,

dipot 2
1@+l < 51l [ (o)l
Ouwc,
1 2m 1 2~
3 | W< - [ anF s (s)ds = 2.
Apo,

1@l < 20[|Qlso- O

Ipétaon 2. Av P(t) =Y _, bitk, by, € C, tdte |P'(0)| < 4n max, <1 [P(s)]-
Anéoaén: Opllovue

ins i in s)k
Qs) = P(55) = ;bk & 2k) :

To @ elvon TprywvoueTEd ToAuGVLUO Boduol n, xan

1
Q'(0) = 5P'(0).
Ané tnv aviedtnta tou Bernstein,

1Q'(0)] < 2n[|Qlloc = 2n max |P(s)]-

Apa,
IP(0)] < 4n max [P(s)]. O
s|<3
Ilpétaocy 3. Eow I € NI > 2. Tndpyer npoonuaocuévo pérpo v oco [—%, %] Tov
éxer kouavon ||p|| < 4l kar ikavorotel Tig

1 1
/2 tdu(t) =1 /2 tfdu(t) =0 , k=0,2,...,1

1 1
2 2
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Andoeidn: Xuufohilouue ue P tov x®po dAwV TV ToAuevOUwY Tou Exouy Bodud
UxpedTeEEo 1) (oo Tou I, xou Yewpolue to cuvaptnooewés F: P — R ue

F(p) =p'(0).
Tote, n Hpdtaon 2 pag divel
Fp)|=1p0) <4 t :
F@) = O <4 max Ol peP

A6 7o Dedpnuo Hahn-Banach, 1o F enexteiveton oe F € (C[—1,1])" pe ||F|| < 4L.

Ané o Yedpnua ocvocrcocpocotocong Tou Riesz, undpyel Tpoonuacuévo UETEo 1 OTO
[—1, 3] we [|u]] < 41, to onolo wavorotel Tic

1

/21 tdu(t) = (Y iso , k=0,1,....1

Auté ohoxnpidver Ty omddeln. O

Anéoaén wns aviodétntag tov Pisier: Oswpolue 1o uétpo p tne Ilpdraong 3, xou

optlovue
/ H 1+ tri(e))du(t).

211

[opatnpewvtag ot
n
[0+ m) =36 3 wae
i=1 k=0 |Al=k
€)OVUE

00 = [ 3¢ Y wa@dutt)

2 k=0 |A|=k

/ltkdll ) > wale)

|Al=Fk
= rie) + Y (/ tkdﬂ(t)> > wale),
' 1 \/- |Al=k
and TUg WLOTNTES TOU L.
Otzovpe g1(0) = L1, rile) %t g2() = Tiryy (S, () X4y wale),
onéte g(e) = g1(€) + g2(e). Tére,

n

oy = [ [ 10+ o

2 =1
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IA
=

/ T+ trie (t)de+/ / [T+ tri(e))dp (t)de
S 3 Y3 =1
_ / ( I +trice >d|u|(t).
% ;1:1

Ouwg,

/ [T+ tri(e))de =1,

B3 =1
dipat

lgllLr ) < llull < 41

4 7. 7 n
Axbuo, YLt TV gy TOPOTNEOVUE OTL oY ga = Y, 4 WACK = Y 1y D |A=k wack n
HOVIBLXT| AVATapdoTIoN TNG TOTE

1
92— [ 7 ikt E=|A
CA_ N‘(): _| |

1
2

Eyoupe Aowrdy,

|Radnfllr.x)y = IIf*gullr.(x)
= |If=(g _92)||L2(X)
I(f xg) = (f*92)llL.(x)
(f * @) Lox) + I * g2)llLo(x)-

IN

Ouwg,

Wl zacxllgll o)y < NFllLacx)llell
4l||f||L2(X):

||f * g”Lz(X)

IN A

o)

AN

||f*!]2||L2(X) S ||f||L2(X)m§X|C,gf|d(Xa€g)

= e max | [ dauolacy. )

AN

1 n
< e s llelld(X, £2)

Al .
< e g d(X 62)-

AN

Apa, vy x&de 1 € N1 > 2,

gn
1Rad oo < sy (41 1552 ).
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Eniéyovrog to [ étol dote 2! ~ d(X, £}), naipvouue
[ Radn flLo(x) < 8| fllo(x) < erlogd(X, )| fllLa(x)-

Ané 1o Yedpnua tou John éyouue 6t d(X,0%) < /n. Anhadf logd(X, %) <
c2 logn. Apa,
|Rady f||Lox) < clognl|fllL,cx). O

2.3 To Afuua tou Lewis xow 1 (-vopua

Opiouds. Eotw a tuyoloo vopua otov L(R™, R™). Mnropolue ndvto vo oploouue
wa duuh vopua otov L(R™, R™), $étovtac

a*(v) = sup{tr(vu) : a(u) < 1}.

Aéue téHte ot oL a xon o elvan Suixée we mpog o {yvog. To Afuua tou Lewis [Le]
elvon pta terelwe yevuxr tpdtaon mou Loy Ve Yo onoladritota vopua atov L(R™ , R™).

Ilpértaoy 1. Ia kdOe vipua a otov L(R™,R™), vrdpyer u € L(R",R") téroiog
dote a(u) =1 kat a*(u™) = n.

’,

Ardda&n: Mapotnpolue tpdta 6t n < a(v)a*(v!) yo xdde v € GL,,, agpod
) <a*(v7h).

Iodpvoupe u € GLy, ve a(u) < 1¢€tol dote | det u| = max{| detv| : v € GL,, a(v) <
1}. Térowoc u undpyet, agob 1 opllouca elvar cuveyc cuvdptnon wg TEOS TNV
puotohoyx) vopua, dpo xou we mpog xde vopua otov L(R™,R™). Eivar enlong
pavepd ot a(u) = 1. Eotw € > 0 apxetd wxpd, xou v € L(R™,R™) tuywyv. Téte, o
(u +ev)/a(u + ev) éxer a-vopua lon ue 1. Enouévewe,

1
LA ——tr(l,) = tr <v_1

a(v)  av) a(v)

| det(u + ev)| < (a(u + ev))" | det ul.

Eneton otu .
|detfu™ (u +ev)]|* < a(u + ev),

xou, ool N a elvor vépua,

| det(l,, + suflv)ﬁ < a(u) +ea(v) =1+ cea(v).

Anhadn,
1 L
[det(I), +eu1v)] 1 < av),
€
xow aprivovtag to € = 0 adpvouue
-1
tr(utv) < a(v)
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Agob o v ftay TuYdY, auTtéd onuaivel ot

a*(uh) <n. O

Ou pelethoouue ™y -vépua otov L(R™,R"™), n onola opiotnxe and touc T.
Figiel xow N. Tomczak-Jaegermann [FT]. Eotw {e;}?; n xavovuxy Bdon tou R™.
Av X = (R, || - ||) elvor n-didototoc ywpog we vopua, opllovue

O(u) :(/ ||Zrz ||Zde>%

Ilpétaom 2. H { elvar vépua ovov L(€3, X).

yioe x&de w: £y — X.

Anddaén: (o) Ipogavers £(u) > 0, xar av £(w) = 0 t61e

||Z7“z u(ey)|]* =0

v xéde € € Ey, Snadh Yo eu(e;) = 0 v xade emhoyh mpoohuwy €. Téte
ouwc u(e;)) =0,i=1,...,n, dnhadf u = 0.

(B) Eoww p € R. Tore,
) = ( [ Zw)uu(ei)n%)

il (/2”2“ u(e)| |de>

= Jule(w).

=

(v) T x&e w,v : €5 — X €youvue:

lut+v) = (/ HZ” ) (u + v)( )||2d6>

N

(IIXn:n ||+||Zn v(ei) ||>2 )

< / ||zn:n u(er) ||2de>%+</2||2n o(es) ||2de>

1
2
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Hapaztipnon. Av u : €5 — X wouoppoude, tote (ut)* : €8 — X*. Av hoirdy
| - ]« n vopua Tou X*, éyeL vomua vor Ypdpouue

(1)) :</ ||Z“ el de> .

Ou Figiel xon Tomczak-Jaegermann cuvédecav 1o yevixd Afuua tou Lewis ue
v Rademacher tpoPohs, Slvovtac extiunon e £((u™1)*) uéow tne £*(u™'):

Oedpnua 1. Eotw X = (R", || - ||) n-6idoratos ydpos pe vépua. Yndpyeru : 5 —
X térowg dote

{w)e((w™)") < nl|Radn (X)])-

Anddeién: And to Mo tou Lewis undpyet w : €5 — X 100U0ppLopods, TETOLG WOTE
L(u)l*(u™t) = n, bérou

*(u™t) = sup{tr(u—tv) : L(v) < 1}.

(™)) = (/ IIZT, *(ea)|2 de)

Opllouue f: B — X™* ue

Eyouue

N

= Zri(e)(ufl)*(ei)-

Tére, and v Hpdtaon 2.1.4, undpyel ¢ : EY — X ue avdntuyua ¢(e) = > 4 wale)zal]
xou |[@]l L, x) = 1, TéTowa doTe

€@y = [ (0,00

2
n

| (@ ), S waleade

2 =1 A
= ZZ(/ riuale)de | () (e, wa).
i=1 A 2

Ouowx,

av A # {i}. Apa,



35

Optlovue topa v = €3 — X, Yétovtag v(e;) = g xou enextelvoviog ypouuxd.
Tore,

™)) = Y () (), vie)

Oa extiufioovue Ty £(v). And Tov oploud €xouue

(/2||2njn |de>%
( /| | f;me)w{i}u%e) :

= ||Radn(¢)||L2(X)
< ||Radn(X)|¢lzo(x)
= ||Rad,(X)]|.

£(v)

,APO( —1\* * -1
E((w™)") < ()| Rada (X
Anhadn,

Lu)l((u™)") < Lu)t*(u™)||Radn (X)[| = nl|Radn(X)]. O

LNV YAOOOO TWY XUPTOY CWUATWY TO TPonYolUEVO Bempnuo UeTapEdleTal WS

elnc:

Ocopnua 2. Eotw K ouupetpixd kuptd ovpa otor R™. Trdpye ypappuxn ekéva
K v K térowa dote

( /E N ;rxe)ein%de)

Anddeén: Ané 1o Oewpnua 1, undpyel u : £5 — X tétolog dote

(ST

1
n 2
(/ ||Zri(6)ei||2~od6> < n||Radx]).
E; i=1

((u)l((u™)") < nl|Radx]|.

Oé¢touue K = u~1(K). Moapatnpeiote ot

( /. 5 ||Zn ||Kde>é

( /E | ;Me)ein%{de)
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How

1

(/E ] ||;m(e)(U‘l)*(ei)llio%) =([E n ||i§;r,-<e>e,-||§~{ode> .o

2 1= 2

N

2.4 Extiunorn tou eAdyL0TOU UEGOL TAATOUG

To uéoo mhdroc w(K) evég cuuuetpinol xvptol owuotos K umopel vo exgpaotel
oty LopPn

() w(K) = ¢ / 1 giwell-de,

6mov || - || n vépua mou emdryeton otov R™ and o K, {e;} otodepr; opdoxavovixy
Bdomn tov R™, xou {g;} aveZdptnree standard xovoviés tuyales uetoBantéc. T tov
oxond uoc elvon mpotudtepo var dolue Ty amddelln e axdhoudng avieétntag (n
anddetln tne (*) elvon evieAode avdhoyn):

Ilpétaocm 1. Eotw X = (R, ||-||) n-0idotatos xdpog Banach kat K n povadiaia tov
urnda. Av g; avekdptnres standard xavovikés tuyales petapneés i@ = 1,2,...,n,

TlTe
o 1 - . 112 B
w(K) € - ( [ I serd )

2

Andda&n: Eyovue
/ I igi(w)eﬂpdw = 1 - / I Xn:mieiH?e_#daz
2 =1 (2m)2 Jgn P

S P62 dro(d6)
(2m)2 Jsn-1 Jo
o0

nw . r2
= - 6||%0(df / e T dr
e [ oot |

_ nwn23r(g+1)/ 16IP o (do)
(2m)= Sn-1

n </5 ||9||a(d9)>2. 0

H npdraom mov axohouvlel eivar yvwoth cav Afuuoa twv Maurey-Pisier, xou uog
ETLTPETEL Vol TEpdooLUE amd T xavovixée oe Rademacher tuyalec uetofintéc:

vV
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Ilpétaom 2. Ia kdle vépua ||-|| otov R™, av g; elvar ave&dptnreg standard kavovikég
tuyales petaPAntés oe kdmowov ydpo mbavétnuag §) xar r; elvar or Rademacher
owvvaptioeas otov EF  wyde dn

1
2

‘ </E; ||;7“z(6)ez|| de) S (/Q ||;gz(w)€z|| dw)
< eV/logn (/ ”Z” ()eq| de)

Anddeén: T tnv mpdtn aviodtnTar TopatnEoVUE TRKOTL OTL

2 o0 2 2
()] dw = —— t‘Tdt:\/:
/Q|g<w>|w %/0 e :

Enouévwg

(/E I3 rierd de> -

2 1 ([ ltorias) el-||2de>2
( I / Zn (©)lgi(w |edw||2de>
(/ /. llZn lgi @) e dwde>1

( /Q I3 el dw> ,

av Tépouue UTOYPN Log To YEYOVOCS OTL oL g; aTtov € xan oL 14|g;| otov EF x Q éyouy
v (Star xortavou.

(], l

=

m&mm

Lo tnv Seltepn aviodtnta Topa, V€ToVUE hi = giX{|g:|<A} X R} = GiX{|g:|>A}
v A > 1 1o onolo Yo emiéEovue apydtepa. Apa, g; = h; + hf xou

( / DR dw> < ( / I3 el dw> +< / DIER dw>

Opllouyue f: [-A A" = R, ue

fltr,.. . tp) = (/E" [| Zri(e)tiei||2de>
2 =1

2
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EOxoha ehéyyovue ot 1 f elvon xupth, emouévwg 1 UEYLOTN TN Tng TalpveTon o€
%x0pLPT| Tou [—A, A]™. Axdua, 1 f elvon dptiar xou 1) TLr TS oE OAES TLC XOPUPES Elvor
n da. Apa,

n

f(tl,...,mSf(A,...,»:A(/m ||Zm<e>ei||2de> .

2 =1

Abyw tne avelaptnotlac xou cuuueTplag Twv by, oL by xou rih; Exouy Ty (Bla xotavouy
otoug 2 xou B3 x  avtiotoiyo. Enouévec,

(%) (/Q I ;hi(w)eiHde) (/Q(/En I Zri(e)hi(w)ei||2d6)dw>

2 =1

(/ 2| Zri(e)eiHQde) .
E3 i=1

1
D vaextipfioouue to ([, || o hi(w)e;||?dw) ? Yo urodécouue mpmTa 6L 1) vopuUa
dlvetan and ecwtepd Yvouevo, dnhadn ot Bproxduacte oe ywpo Hilbert. Tote, ik
ANoyw aveEoptnalog xou cvuuetplag Twv Al éyouue

IN

1
2

(/Q ||;h;<w>ei||%1dw> - (/Q ;m;(w)ﬁneinzdw)

(Z ([ eora) ||ei||z> ;

—t

2 42
O¢tovue I} = [, |hi(w)Pdw. Mupatnpolpe 6t t2e= < te™s vyt > L.
Enopévac,

. 2
L = t2e T dt

2 o0
\/27r/>\
2 4 o tzd
< — te” Tdt
T W27 /A
16 e 16 A2

= e ’ds = —e 7.

V2T a2 V2T

Avtiadhotolue xat, YPNoYLomoudvTaS TNV GUUUETELO TwY AL oL TOV Xav6vo Tou
TopoAAnhoypduuon, €youvue 6Tt

( / ||i§;h;<w>ei||§{dw>

[N

n 3
_ (znnein%{)
=1
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N

IN
Q
&

D\

A2 n
(Dmu%)
=1

A2 n . %
= e ¥ / IS ri(@elBrde )
By =1

YETOLUOTOLOVTAS TIAL TOV XavOVAL TOL TAPOANNAOYEdUUOU.
Av tdpa o ywpog elvon ytpoc Banach, undpyer u : €8 — X pe ||ull|lu”l]] =
d(X, (%), ondte (avdhoyo ue tny anddelln g (x))

( / ||i§;h;<w>ei||%(dw> ( / ||u2h' (e ||de>

1
2

< lull (/ ||Zh' e ||[ndw>

<l (/QHZhQ(W)eiH%(dw)
i=1

<

1
n 2
_ _a2
[Jull[J="|ce™" (/ ||Z7"i(€)€i||§(d€>
E3 =1

1
5 n ‘ 2
d(X, ) ( / 1S jn»(e)ein%(de)
Ey =1

Tpa umopolue var EXTUUINCOLUE TO

( /Q ||Zgi(w>ei||2dw> < (A+d(x, ) c)||zr,e,||L2<x>
i=1

2

Atohéyovue t0 A €tol wote d(X, ) = e

. Téte

1
2

(/Q||Zgi(w)€i||2dw> < ¢ IOgd(Xagg)”Zriei“Lz(X;Eg)
i=1

10gn</ ||Zrz (e)esll de) . O

Tuvdudlovtag Tig dVo Tpotdoels, Talpvovue TNy extiunomn Yo To eAdyLoTo HECO
TAdToC:

IN

Oekpnua 1. Av K elvar ovupetpikd kuptd odua otor R™, vndpyer ypaupuxn
adva tov K pe 6yro |K| =1 kar puéoo mdros

w(K) < ev/n||Rad,(X)]|| logn,



40

omov ¢ > 0 andAven oralepd.

Amdéoegn: Anéd v Hpdtaon 1 yvwpllovue ot

o ]‘ - 2
w(K*) < 2= (/Qu;gi(meiu dw> ,

xou and tny llpdtaon 2,

( /Q IS el dw>

N

W=

< c1/logn (/ | Zri(e)ei”2de> .

2 i=1
Apa
o c1v/logn - 2
w(K®) < 17 (/En I Zri(€)€i||2d€> .
3 =1
Ouola,

n
2

w(K) < S (/ ||Zri<e>ei||ide> .

To (3o woylet yia xdde ypouuxn etxova tov K xon 10 Todxd tne (ou vépuec BéPona
elvow awtég mou optlovton amd o dbo owuata). Av u 1 anexévion Tou ARUUOTOS TOU

Lewis xou K = u~}(K), K° = u*(K), t6te
1
. ~ cZlogn - 2 - 2 i
W) < TEL [ S n@elide) ([ 13 r@ely,.de
2 =1

2 =1

=

IN

ciclogn||Rad,(X)||.

Trodétovroc 6t | K| = 1 unopotue vo Solue 6t

wi) = 2 [ oot

> o[t
- sl

C3

Z\/ﬁ-

\Y

Enopévac,
%w(ﬁ') < w(K)w(K°) < ¢y logn||Rad,(X)]],
dInhadn R
w(K) < esy/nlogn||Rad,(X)||. O
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ITapatnipnon. H extiunon touv Pisier vy my ||Rad,(X)|| poc diver utor mohd %ol
extiunomn yia To eENdyLoTo YEco TAdTOG:

Iopropa. Kdle ovppetpicd kuptd odpa otov R" éxer ypappukn euxdva K e yro
1 ka1 péoo mdros w(K) < cy/nlog?n. O

Mrnopel udhiota xavelc vo dellet (BAéne [Pil]) ot o évac and toug d0o hoyopld-
Houg oto opandve [lépioua dev elvon arnapaltnrog. Autéd mou Ya dolue ot cUVEYELX

elvow ott 00te o 1 ouppEeTpla Tou K elfvon amapattnTn:

Ocewpnua 2. Eotw K kuptd odpa otor R pe o € int(K). Yrdpxer ypappixiy
eicdva K tov K e dyro 1, térola wote

w(K) < ey/nlogn.
Anddeén: Oswpolue 10 odua dwpopdv K — K tou K. Tndpyel ypouuLxog UeTo-
oynuatoués T tov R™ tétolog dote [T(K — K)| =1 xou
w(T(K — K)) < eyv/nlogn.

Moapampotue ot T'(K — K) =TK —TK, xau

WTK=TK) = 2 [ hricrx(wold
= 2/gn_1[hTK(u) + h_rk(u)]o(du)
= 2/gn_1[hTK(u) + hri (—u)]o(du)
= 2uw(TK).
Erlong, and tnv avicétnta Twv Rogers xow Shephard, éyouue
ITK| >4 "TK —TK|=4".

Apa, undpyel ¢1 < 4 tétowa wote 10 K = ¢;TK va €yet 6yxo 1. TOugwva ue to
TOPATAVW,

w(K) < 4w(TK) < 2¢y/nlogn. O

Hapazrjpnon. To uéco mAdtog evéc xVEToL cOUATOC ElvaL avahAolwTo WS TEog opdo-
YOVIOUG UETAOY NUATION00G, UTopolUEe Aotndy va unodécovue otl o T’ oto Oedpnua

2 elvan ouppeTEds xow YeTind 0ploUEVOoS.
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2.5 Xopaxtnelopog tng YeEong ehaylotou wEcou hd-|
TOUG

Eotw K xuptd owua otov R? (ywplc neploploud tng YEVXOTNTAS UTOPOUUE VL UTTO-
Véoouue ott 0 € intK). Aéue ot 10 K €yel eddyioto péoo midros oy w(K) < w(TK)
vy xdde I' € SLy,. Eva anhé emuyelpnuoa cuundyetag Setyvel 6Tt uéoa ot xde xAdom
Y PUUULXEL LOODOVAULWY CWUSTWY UE TOV (Lo dYX0, UTIEPYEL AVTLTEOOWTOS UE EAAYLOTO
uéoo mAdTog. Lxondg uag etvon vo Bpolue avaryxator xon vy ouviixn wote 1o K
var €xeL eNdyloto oo mhdtog. [a amhdtnta utolétovue ot 1 bk elvon d0o Qopéc
ouveywe mapaywylown xou ot to K elvon yvAolo xuptd (Aéue téte ot o K elvon
A€tlo).

Oewpnuo 1 [GM] Eva Aelo kupté odua K otov R* éyer eddyioto péoo mAdrog av
Kkat uovo av

(+) [ (Fhlu). Tujo(an) = Tru(k)

yia kde T € L(R*,R"). EmnAéor, avtrj n Géon erdyiotov péoou mAdrous elvar
povadikn av egapéoovpe oploydriovs puetaoynuatiopoUs.

Anéoaén: YTrodétovue mpwta ot 10 K éyel edyioto uéoco mhdtos. Eotww T €
L(R™,R") xau € > 0 opxetd uxpd. Tote, o (I+eT)*/[det(I +£T)]"/™ Siotnpet Toue
OYXOUG, EMOUEVKC

/ hic(u + eTu)o(du) > [det(I + £T)]/" / hic (w)or (du).

Sn—1 Sn—1

Ouwc hi(u + eTu) = hg(u) + e(Vhi(u), Tu) + O(?) xou [det(I + eT)]/"™ =
1+e%L 4+ O(e?), onbre aghvovrag to € = 0T malpvouue

(+3) /SWI(VhK(u),TWU(du) > k).

Avtiadotdvrag tov T ue =T oty (kxk), BAénovue ot toyleL wobdtnta oty (*) yia
x&de T € L(R™,R™).

Avtiotpoga, ac vrodéoovue ot n () wylel. Oewpolue T € SL,, xou yow-
plc meploptoud e yevixotntac unodétovue ot o T elvar cuuueTpLxdS xow Yetind
oplouévoe. Tote,

w(TK) = 2/

- hri(u)o(du) = 2/ hx(T*u)o(du).

Sn—1

Ouwe, Vhg (u) elvon to wovadixd onueio tou cuvbpou tou K 6to onolo o u elvor to
eZwtepnd xdieto ddvuoua tou K (BAéne [Sch], oel. 44). EWdwétepa, Vhg (u) € K,
XOL QUTO EYEL GOV GUVETELDL TNV

(Vhi(u), z) < hi(2)
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yia x&e z € R™. Eneton ott

tr:*w(K) > w(K).

w(TK) > 2 / (Vhic (w), T*uor (du) =
Sn—1

Auto delyver ot 1o K éyel ehdyioto uéco mAdtog. Emmiéov, and tnv aviedtnia

apLdUNTLXOV-YEWUETEXOV UECOUL, UTOPOVUE Vo £YOUUE oOTNTA Ubvo av o T' elvon

N TATOTL AoV, AuTéd amodetxvieL TNV Lovadixotnta Tne Véong eAdyloTou

péoou mAdtoug av e€anpéoouue U € O(n). O

Oswpolue To Uétpo Vi oty S ue tuxvétna hi wc Tpog To 0. O amo-
del€ovue ot éva Aelo xvptd owua K €yel ehdyloto UECO TAATOC oy Xow LOVO o
0 vk elvon 1ootpomind, dnhadh av 1o [g,_1 (u, 0)* vk (du) eivor aveZdptnTo ond o
feSmt

[ tov oxomd autd divouue mpdta Uepxols optouole (BAéne [Grl] yio Tic Ae-
nropépeiec): Botw f mporyuorxd cuvdptnon opouévn oto R\ {o}. Tpdwouue f yia
Tov Teploptod e f oty ST Av wia ouvdptnon F etvon oplouévn oty Sy
ot enéxtaon f e F oto R*\{o} oplleton uéow tne f(x) = F(z/|z]). Avn F
elvon 800 gopéc maparywylown cuvdptnon oty S, optlovue

A F = A\f kat V,F = 6\]”,

onou f elvon 1 activixd enéxtaon g F. O A, elvar o tedeotrc Laplace-Beltrami.
Ané tov tOmo tou Green €youue

/ FAG = GAF = — / (VoF,V,G).
Sn—1 Sn—1 Sn—1

Aqupa 1. Eoww K Aelo kupté odua otor R™. Opilovue
1c(®) = [ (Vhc(w), 00w, b)o(du) . 8 eSm.
Sn—1

Tore,
w(K)

) @) = ) /S e () (1, 0) 20 ()

ya kdle § € S"1.

ArddeiEn: T x&de 6 € S" 1 Yewpolue v owvdptnon f(z) = (z,6)%/2. Auecoc
unohoylouog Selyvel ot

() (Vo )(u) = (u,0)8 — (u,6)*u
o)

() (Ao f)(w) =1 —n{u,6).
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Ago0 1 g etvor Yetind ouoyevic Baduot 1, éxovue (Vohg ) (u) = Vhg (u)—h(u)u
xow hg(u) = (Vhi(u),u), u € S" 1. Ané tnv (x) npoxinteL ot

(Vo f)(w), (Vohix)(u)) = (Vhi(u),8)(u,8) — hi (u)(u,8)>.

Ohoxhnpidvovtag mdvw otn ogalpa xal yenoylonowwyvtag tov tono tou Green, BAé-
TIOLUE OTL

1) = [ b oldn) = = [ )b fwoldu)

70 omolo elvar (oo ue

w(K)

Y + n/sn_l e (w)(u, 8)? o (du)

NoYw e (sk). O
Ocwpnua 2. Eva Ao kupté odua K éyear eddyioto péoo mAdrog av kar uévo av

w(K)
2n

/ hac (u)(u, )20 (du) =
Sn*l

ya kdde § € S"1 (100dVvaua, av to vk elvar 10otpomikd).

Anddaén: (Hepiypapnr) Edxoha eNéyyouue otl 1 wdtnta Tou Oewphuatoc 1 woylet
yia xdde T € L(R™, R™) av xou u6vo o

vt %89 6 € S"1. To Lnroluevo elvor Topo GuVETELL Tou BOewpruatoc 1 xou Tou
Afupotoc 1. O



Ke:cpo’c)\ou.o 3

Evrponioc

3.1  Apuiuol xdAudng: n avicotnta Tou Sudakov xow
M duLxn TNg
Eotw K xow W 0o cuuuetpxd xuptd couata otov R”. Mag evdiagépet o ehdyiotog

aptduog petapopwy tou eW, € > 0, mou apxoly yia v xaklouvue to K. Opilovue
Aotntov tov e-apiud kddvyng N (K,eW) uéow tng

(1) N(K,eW) =min{N € N | 3zy,...,ox € R* : K C U(z; +eW)},

av dev Hog evdtagpépet 1 9€on Twv xEvtpwy T;. Av VENOLUE To XEVTPOL X5 VoL AV XOUY
oto K, 9étovue

(2) N(K,eW) =min{N €N |Ja1,...,any € K : K CU(x; +eW)}.

HMapaznprioeg. (i) Ou N(K,eW) xou N(K,eW) eivor @iivoucec cuvapthoec Tou &.
(i) Ao toug mapandve oplouols elvol coés ot

(3) N(K,eW) < N(K,eW).

Mrnopolue duws vo dolue ot ot 0o aprduol xdhudrne elvar ovotactixd cuyxplodol:

(4) N(K,2eW) < N(K,eW).

Anddeén: ©étovue N = N(K,eW). Yrdpyouv z1,...,xxy € R* tétowa dote K C
U(z; +eW). Ta xdde i = 1,..., N, pénet va oy Vet

KnN(z;i+eW) #0,

yotl odhodg o xz; + W, j # @ Yo xdhuntoy to K (xan Qo Aty Avybtepar amd
N). Enouévwe, yio x&e i < N urndpyet y; € K tétowo wote ||z; — yi|lw < e. Eotw

45
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z € K. Trdpyeri < N tétowo wote ||r—z;||w < €, xou and tny tprywvixd avicdtnta,
|z — yillw < 2e. Apa,
K C UiSN(yi + 26W).

Anhadry, N(K,2eW) < N. O

(iii) Ou apriuol xdAudne N wxavorowoly Ty e€fic TOAMATAACLACTLXY Aot T
Av K,V xou W elvon cuuuetpnd xuptd owpoata xa €,8 > 0, téte

(5) N(K,e6W) < N(K,eV)N(V,0W).

Arndoeién: ©étovue Ny = N(K,eV) xou Ny = N(V,0W). Trdpyouv x1,...,TN, €
R" tétolo wote
KC(z1+eV)U...U(xn, +V),

XU Y1,-.-,YN, € R? Té€TOL0L DOTE
VC(yr +0W)U...U (yn, + OW).
Ocwpolue ta onuela z; + €y;. To mAfdog toug elvar o ToAd Ny Na, xou

K C Ucn (i +eV) CUicn, (i +eUj<n, (y; +0W))
C Ui (i +eyj +e0W).

Apa, N(K,e0W) < N1N,. O

(iv) Evoc tpénog yia va extyufioouue tov N (K, eW) elvon o e€hc: Oewpolue to
uéytoto mAdog onueiwy tou K mou avd d0o anéyouv meplocdTEPO And € WG TEOC

™y || - |lw. Eva tétowo olvolo Myeton e-6iktvo ws mpos tnr || - ||lw -
Eotw @1, ...,2n éva maximal e-3ixtuo we npog v || - [lw oto K. Tére,
(6) K C UigN(CUi + EW).

Al o vmhpye & € K ue tyy Wotna |l — xgllw > e, ¢ = 1,..., N, xou
Ti,...,TN,T Vo Edvay éva e-3ixTuo UE TEplooGTERD GOl EldL
Ané my (6) énetow ott N(K,eW) < N.

Yxondg pog elvon vor 3OooLUE exTinoes Yo Toug aptduois xdhudng dbo cuyu-
UETEXRY XUPTOY cwUdtwy Ue Bdon To Yéoo mAdToc. LOUQmVO UE TNV TopaThHenoT
(iii), etvon apxetéd va extuiooupe tovg N (K, tDy) xou N(Dp, tK):

Oewpnuo 1 (Sudakov) Eotw K ouppetpixé kupté odua otov R*. Ia kde t > 0
wyvel

(7) log N(K,tD,) < cn <—>2 ,

émov ¢ > 0 andAvzn oralepd.
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H apyunh amddelgn e aviedrnroag tou Sudakov [Su] mpoépyeton and v Yewpla
TWY OTOYAOTLXOVY aveMEewy. Apydtepa o Talagrand (BAhéne [LT]) édwoe uia oyetxd
amhy) amoden e duixng aviodTnTac:

Ocodpnua 2. Eotw K ovupetpikd kuptd odpa otov R*. I'a kdOe t > 0 wx Vet
K°)\°
®) log N(Dy, tK) < en (%) ,

émov ¢ > 0 andlvrn oralepd.

Oa ddoovue TpwTa TNV anddeln tov Oewpriuatog 2, and To onolo EneTal xou TO
Ocdpnua 1 ue Bdon éva emuyelpnua dulouod g N. Tomcezak-Jaegermann.
To emyelpnua tou Talagrand ypnowwonotel to uétpo tou Gauss v, mou opileton oTa
Borel uroctOvola tou R* and tnv

) () = oy [ exp(laf 2)ds

Xpnowuonowdvrac Ty (9) BAémovue ot T vy, €xeL S0o Wibtntes: elvan avolholwTto we
TPO¢ 0pYOYWVLOUG UETACY NUATIOHOUE %ol THLTOY pova Elvat YIVOUEVO TwV avTioTolywy
HOVOBLICTATOV UETPWY V1.

Aqupa. Eoww K ovppetpicd kupté ovua otov R*. TI'a kdle z € R™ 1oy vet
(10) Y (K) 2 (K +2) > eXp(_|Z|2/2)7n(K)'

ArédeaEn: H ouvdptnon x — exp(—|z|?/2) elvon dptio, ohoxdnpmouun, xou yio x3&de
t > 0 o cbvoho
{z | exp(=]zl*/2) > t}

elvow Euxheldetar undha. And tny aviodtnra tou Anderson (Bhéne Kegpdhowo 1) éneton
otL, vl xdde z € R,

1
(k) = @ | expl=laP)

> Gy [, el 2
= 7n(K+Z)

[ v debtepn aviodtna, Ypnotuomoldvtag Ty cuuuetpla tou K BAémouue ot
1 2 1 2
(K +2) = W/Kexp(—|z+:c| /2)dz = W/Kexp(—|z—:c| /2)dx

1, Tatpvoviog 1o nuLdipoloua TwV 300 OAOXANEOUSTKY,

1 exp(—|z + 2[°/2) + exp(—|z — z[*/2)
mE +2) = 5o /K 2 d
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H exdetiny| cuvdptnon elvon xupth, enouéveg

1

B / exp(—[lz + 2 + |z — 2P)/4)de
K

(K +2) > (27)

= G exw(la 2= 2 2)de

1 ‘
—|2]*/2 7/ —|z|?/2)d
exp(~|2F'/2) Gy [ esp(lal /2)da
= exp(—|2[*/2)m(K). O
Arnddeidn tov Ocwpnrjpatos 2: Eotw @1, . . ., zN €va 60volo onuelwy tng Dy, maximal
WS TEOG TNY
||z _CUjHK >t , i# ]

Auto onualver ot T @ + LK éyouy Eéva ecwtepind. Ereton ot yio xdde A > 0,
oAz + %K €y ouv EEVaL ECWTEPLXA, Xou Aol TO ¥y, elvon Hétpo mdavotnTag,

al At At
11 WAz + =K) =, (UY, Oz + ZK) ) < 1.
1) R I G E

Kd&de z; € Dy, dpa |Az;] < A, i =1,...,N. Anb to AMuua naipvovue

At At
Wi + SK) > exp(-X/2)(5K) , i=1,...,N.

Enouévace, 1 (11) diver évar dve @pdyua yio to N: T xdde A > 0,

exp(\?/2)

Emniéyovue to A > 0 wg e&c:
[ lellinnta) < evii [ olot@)
R» Sn—1
= cvnw(K°),

ondte 1 avieoTnTa Tou Chebyshev divel

2 2¢y/n o
wnllellie 2 2/2) < 5 [ flelln(de) < 298,
R’n

dnhadn \
LRy < 290 ke,

Holpvovtag A = 4ey/nw(K°)/t, éxouue

o (20\/7_1w(K°)K) > %,
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xat oo v (12),
N < 2exp (8 nw?(K°)/t?).

Tougwva thpa ue T napatneioets (ii) xou (iv),
— K°)\*
log N(Dy, tK) < log N(Dy, tK) < log N < 8¢n <%) . O

Evoic dM\og tpomog datdnwons tou Oewphuatos 2 elvon 0 e€hc:

sup t (log;N(Dn,tK))l/2 < evnw(K°),
t>0

avioéTnTa Tou av e@apuocTel Yo To K° malpvel T Hope

(13) A:=supt (logN(Dn,tK"))l/2 < ev/nw(K).
>0

H N. Tomczak-Jaegermann (BAéne [PT]) nopothience o axp3r oyéon duicuol
avdueoa otoug apriuole xdhudne N (K, tD,,) xow N(Dy,tK°):

Ocwpnua 3. Eotw K ovupetpiké kuptd odua otov R™ . Opilovue

B =sup t(log N(K, tDn))1/2 .
>0

Tére, B < 10A.

Anddeén: Iopotnpobue tpthto ot

t2
2K N (5K°) C tD,.
Tty av z € 2K xou z € (t2/2)K°, t61¢e
t2
|z = (2, 2) < ||zl |2l < 25 = £
Enetor ott
_ _ t2
(14) N(,1D,) < N (K, 2) 0 (5 K2))
H endéuevn nopatripnon elvon ot
— t2 —, t?
(15) N(K,(QK)H(EK")):N(K,EK").
[O Xoyog elvon o, av @1,...,an € K xou K C Ujcn(z; + %K"), t6te Yo xdde

y € K urndpyel ¢ 2§ N téww oote y — x; € %K", ouwg ¥y — z; € 2K ondte
y € (zi + 2K) N (5K°)), dSnhadh

K €U, (@ + 2K) 1 (S K7))
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Hatpvovroc urdduy tic (14), (15) xon TG apytxés UaS TopATNENOELS Yol TouS optdiuols
xdAung, Ttalpvouue:

2
N(K,tD,) < N(K,tD,) < N(K, T K)

t? t
N(K,—K°) < N(K,2tD,)N(D,, gK").

IN

4

[Mofpvovtoc Aoyaplduoug xou xdvovtac anhéc npdielc €youvue

1 . . t
t*log N(K,tD,) < Z(2t)2 log N(K,2tD,,) + 64(t/8)*log N (D,, §K°)

1 . .
< Z(2t)2 log N(K,2tD,,) + 64A?,
xou mofpvovTag sup we mpog t > 0 xatahyouue oty

3B? < 256A4%. O

Arnddeidn rov Ocwpnparos 1: Ané 1o Oewpnua 3 xou v (13), yio xdde t > 0 Eyouvue
t*log N(K,tD,,) < 1004? < cnw?(K),

6mou ¢ > 0 andhutn otodepd. O

H ovioétnra tou Sudakov yevixeletow yio UN-GUUPETEXS xUETd o®uato. H
Topatienon auth Yo Yag ypetaoTel oTr cuvEyELa:

Ilpéraom 4. Eotw K kuptd odua, ue o € int(K). I'a kdOe t > 0 wxvel
t?log N(K,tD,,) < cnw?(K),
émov ¢ > 0 andAvtn otalepd.

Anddeidn: Oewpolue 1o ooua dapopwy K — K tou K. Torte,

w(K — K)

2 /S hiex(w)o(du)
I /S ) + b se(w)]o(du)

I / e () + hi (—u)]or(du)
Sn—1
= 2w(K).
Agol o € int(K), éyovue K C K — K xou n ovioétnro tou Sudakov uag divet

t*log N(K,tD,) < t*log N(K — K, tD,)) < cnw?(K — K) = 4enw?(K). O
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3.2 H dudonaon Dudley-Fernique

Ocwpolue éva xuptd owua K otov R*. Trodétouue ott 0 € K xon ypdpouue R yio
v dduetpo Tou K. I xdde j € N Bploxovue nenepacuévo utoclvoro N; tou K

TETOLO WOTE o '
|N]| = N(K7 (R/2J)Dn)7

pigei R
K g UyeNj (y + 2_]Dn)

Télog, optlovue
Zj=N;—Nj1={y—y' |y€Nj,y' € Nj1}.
Afupe. Ia kdde x € K kar kd9e m € N uropotue va fpodue zj € Z;N(3R/27) Dy,
j=1,...,m kat wy, € (R/2™)D,, téroia dote
r=z1+...+ 2m + Wn.

Anddeén: Eow x € K. And tov opioud tou Nj, umopolue va Bpodue y; € Nj,
j=1,...,m, T€T0L0 OOTE

Mopatnpriote ot ooy Ny unopolue va tdpovue to {o}. Tpdypovue
z=0+(yr—0)+ W2 —y) + o+ WUm = Ym—1) + (T = Ym).
©¢étouue Yo = 0 xou
W =T —Ym , 2 =Y;j—Yj-1 , J=1,...,m.
Tote, |wm| = | — ym| < R/2™, xou z; € N; — Nj_1 = Z;. Eniong,

R R 3R
2] < o =yl +le —yjal < 55 + 555 = 55

Téloc,
r=z1+...+zm +w,. O
Xpnowwonowdvrae xou Ty aviobétnta tou Sudakov (Ipdtaocn 3.1.4) unopolue vo Sto-

TUTWOoOLUE To axdroudo Yewdpnua (Sudonaon Dudley-Fernique):

Ocwpnua. Eotw K kupté odpa otov R?, pe o € K ka1 diduetpo R. Trdpyovy
Tenepaouéva ovvoda Zj,j € N, tétowa vdote

; 2
Qw(K
log |Z;| < cen <%> ,
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mov ikavorowly to €&ng: ya kde x € K kat kd0e m € N umopotpe va Bpolue
zj € Z;N(BR/29)D,,, j =1,...,m kat w,, € (R/2™)D,, térowa cote

rT=2z1+ ...+ 2Zm + Wy,

H xoraoxeun auth| elvon amAt, aAAd moAd yehiowur. Xto enduevo xepdhato Yo So0-
ue do eapUOYEC TNG OTNY EXTUNOT TOL UECOL TATOUS oL TNG OTadEPdC LoOTPOT oG
evog xupTtol oduatog. Ilapaterote ot n cuuuetpla tou K dev etvon xardohou omor-
pattnn: N aviedtnta Tou Sudakov xan 1 Sidonacr Dudley-Fernique amodewxviovtay,
OTwe eldaUE, oL YLoL UT) CUUUETEIXS CWOUATA.



Ke:cpo’c)\ou.o 4

H suxoocia tou unepsnméﬁou

4.1 H vootpomixy) VEoT VOGS xUETON COUATOG

OewpoluEe éva xLpTo ohua K otov R™ mou €xet xévtpo Bdpous to 0. Anlody,

/:z:,-d:czO , 1=1,...,n.
K

O teheotic M : R* — R™ nou opiletan and tnv

M(y) = /K (z, yede

elvon cuupEeTpxdg xou YeTind oplouévoc:

(M(y),y) = /K (2, y)de > 0,

yio xdde y € R™, xon apold to K €yel un xevd eocwtepixd, odtnta unopel vo toyleL
(oévo av y = o. O wivaxac M (K) mou avtiotowyel otov M Myetow nivakag adpaveiag
wou K. Anhady,

[M(K)]ij = €i)

(M(e
= /$€]$d$€
K

= /(:U ej)( dx
K

= /:Uil’jd:l?.
K

Agob o M(K) elvon cuuuetouxds xot VeTnd OpLoUEVOS, UTHPYEL GUUUETPXOC XL
Yetind optouévoc S tétotoc wote M = S?. Oewpolue Ty Ypou exéva K =

93
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S~HK) wou K. To K éyet % autd oav xévipo Bdpouc to o0, xor yio xdde y € R?
€Y OUUE:

/~(:c,y>2dx = |det5’|71/(571$,y)2dx
K K
_ |det5|*1/ (2,5 1y)2dz
K

= |detS|71(/ (z,S ty)adz, S~ y)
K
= |detS|"H{MSy, ST y) = |detS|Hy|?.

Opgropds. Eva xuptd ooua K otov R® Aéyeton worpomkd av €xet dyxo |K| =1,
%€vtpo Bdpouc to o, xou xavorotel TNy wotponikn ovvinkn

/ (i, y)2dz = Aly]?
K

v xée y € R, 6mouv A > 0 otadepd.

H culyitnon mou tponyidnxe tou opiouol delyvel ot xdde xuptd cwua éxel affine
exova ou efvan tootpomixy|. Aev €youUEe ToPd Vo TEPOUUE UETAPOPE TOU UE XEVTPO
Bdpouc TO 0, THY YRAUUULXY TNG EXOYOL TOU TEPLYPAPUUE, XL YO XOYOVLXOTIOLAGOVUE
Tov 6yxo tng televtalag. To Oewpnua mou axoloudel Selyvel otL 1) 1wootpomikn Véon
evée oouatog glvon ovoouavta oplouévn (av eatpéoouue 0ploymVLOUS UETATYN-
LoTloo0g) Xol TEOXUTTEL ooy AJan) EVOS TpoBAAuaTos ehayloTou:

Oewpnuo 1. Eotw K kyptd odua otor R ue |K| =1 ka1 kévtpo Bdpous to 0. To
K elvar wootpomikd av kat udvo av

/ |:c|2d:c§/ || dx
K TK

ya kd0e T' € SL,,. KdOe xuptd odua ovov R* éyer affine 1wootpomixny eixéva. Emi-
mAéov, n 1wotpomikn avtn elkéva elvar povoonuavta opiopévn av e€apéoovue oplo-
YAOVIOUS UETATYNUATITUOUS.

Anddeén: Trnodérovue mpdta ott 10 K elvan tootponixd, dnhadn undpyel otodepd
A > 0 tétowa wote

(%) / (z,0)’de =A , feS"t
K
EOxoha eNéyyouue ott 1 ouviixn awth elvar too8Ovaurn ue Ty
(x%) / (z,Tz)dz = A(trT)
K
yio %8s T € LR, R™): H (%) ue 6 = e; xow 6 = (e; + e;)/v/2 dlver

/iL“i:UdeL“:A(Sij s i,j:l,...,n.
K
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AvT = (tij), totE

n
(z,Tx)dx = t"/ x;z;de
A YR

i,j=1

= i Atijéij

ij=1

i=1

Avtiotpoga, av urnodécouue ott oyleL 1 (k) xou TV epopudcovue ya tov Tz =
(x,0)0, 0 € S"~1, nalpvouue

/ (z,0)*dr = / (z, Tx)dr = AtrT = Al = A.
K K

Eotww T € SL,. Tote,

/ |z|?dx
TK

/ |T:c|2d:c:/(x,T*Tx>dx
K K

Atr(T*T) > nA = / |z|?dz,
K

OTOU YPNOULOTIOLACAUE THY VLoOTNTA AELdUNTIX0U-YEWUETELXOU UEGOU GTNV UoPQN
tr(T*T) > n[det(T*T)]/™
(to {yvog elvon o ddpotoua Twv WoTWGY xar 1 opllovoa To Yvéuevd Toug, xon aTNV

oLYXEXPLUUEYY Tepintwon oL WoTuég elvon Yetixol mparyuotixol apuduol). Iobmta
umopel va toylel wévo av T*T = I, dnhadh av T' € O(n).

Avtiotpoga, o vrodécouue ot to K elvow Abon tou mpoBAfuctos ehayloTou
(térotec Nooewg undpyouv: xde twotpomx| Véon tou K elvon dmwe eldoue uta tétow
Noon). Eow T € L(R™,R™). T uixpd e > 0, o I + T elvar avtiotpédruog, onote
o (I +¢eT)/[det(I + eT)]*™ datnpel Toug byxouc. Apa,

+eTx|?
24 </ _fpaeTal”
(% % %) /K|ar| r <  [det(T + T/ T

Hopatneolyue ott |z + eTz|? = |z|? + 2e(z, Tz) + O(e?) xu
trT
[det(I +eT)>/" =1+ 25% + 0(e?)

xodig € = 0. Etou, 0 (% %) modpver ) wopyh

tr’l”
il
n

/ |z|?dz Ss/ (z, Tx)dr + O(?),
K K
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xou akpvovrag 6pto xadds & — 01 xotoiyouue oty

trT
r_/ |:U|2d:v§/(a:,T:U)d:U.
n Jk K

Aol o T frav tuy®y, 1 nopamdve avioétnta toylel xau yia tov —1', xou Adyw
Y OOUUULXOTNTOC XATAANYOLUE OTNY

uT

/|w|2daz:/(:n,Ta:>da:, , T eLR",R").
n Jk K

H cuvdrpun auth e€aopalilel onwe etdaue ot to K elvar tootponixd.
Téhoc, av éyouue do wotpomxés Véoewg K, K’ tou (dlov oduatog, téte 1 ula
elvon opYoydvia exdva tne dMne. Autéd vyl av K' = TK, t6te woylbet oot

otV
/|m|2d$§/ |z|du,
K TK

xa avtd onualver ot T*T = I, Snhadh T € O(n). O

Iapatnipnon. H anddeln delyvel ot €va oo txavonotel Ty Lootpomxs) UV
av ot Uévo av o miivoxoc adpavelag tou elvol TOANATALGLO TOU THUTOTLXOV.

To Oedpnua 1 (6 cuyxexpluéva, 1 uovaddtnta e wotpomxis ¥éone we
Tpoc opoydvloug petaoynuatiouols) eaogahilel otl n otodepd

1
L% = — min{

2
— e’de | T € GL,
n ITK|\“*+* /TK| de | J

elvar xahd oplouévn xow e€optdton UOVO amd TNy Yeolduw xhdon tou K av urnolé-
oouue ot €yl xévtpo PBdpoug to 0. Enlong, av to K elvon tootpomixd toéte Yior xdde
6 € S éyovue

/ (z,0)*dr = L.
K
H otodepd L ovopdleton oralepd 1ootporniag touv obduatog K (méd xohd, tne ypou-
uhc xhdong tou K).
To npoBAnua mou Ya uoc anaoyolfoel diatunednxe and tov J. Bourgain:

Ewcaocio: Yrdpye arélven oralepd C' > 0 térowa vote ya kdOe kvptd owua K e
kértpo Bdpovs to o, L < C. Ioodvvapa, av K elvar éva wootpomikd odua, téte

/ (z,0)%dx < C?
K

ya kdde § € S"L,

Mapatnerote ot {ntdpe 1 otadepd C' v uny e€aptdton olte and 10 odua K olte
and v didotaon n. Onwe Ya dolue, t0 medBinua autd elvon Ll6odOVAUO UE TOAAS
Shhat Yvwotd npohfuata Tne Yewplas Twy XUPTKY COUATODV.
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KXetvouue authy v mapdypago ue tnv mapathpnon ot avtiotpogr extiunon
oyVeL xou elvon oyetixd amhr. Enouévwg, autd mou woyupileton i ewxactia efvon ot
oL LloOTPOTUXES OTAVEPES OAWY TWY XVPTWY owHdTwY Elvan (0UOLOUoPQI WS TPOS N)
e téEne Tou 1.

Ilpétaom 1 [MP] I'a kdOe kuptd odua K orov R*, wyvel
Lgx 2 Lp, 2 ¢,
ormov ¢ > 0 andAven otalepd.

Anéoaén: Avr = u);l/n, t61e |rDy| = 1, xon 1o 1Dy, elvon LlooTpOTXS XUPTH GOUOL.
Eotww K tuydv wootponixd xuptd owua. Iopatnprote ot |z > r oto K\rD, xo
|z] <7 ot rD,\K. Aol ta K xou rDy, éxouv tov (8o byxo, éxouue |K\rD,| =
[rD,\K|. Xenowonoudvtog to napandve BAénovue ot

nl3, = /|x|2d:v
K
= / |:c|2d:c+/ |z|?dz
KnrD, K\rD,

> / |a:|2d:v—|—/ |z|?dz
KnrD, rD \K

n

= / |z|[*dz = nL}, .
rD

n

Evag am\dg umoroyioude delyver ot

1 1 nw Wn,
L} =— |z|2de = ——"=r"t? = >
)
rD,

nn+2 n+2 —

6mou ¢ > 0 andivtn otadepd, onéte Lxg > Lp, > c. O

4.2 BaouxEg LOLOTNTEG LOOTRPOTILXWY CWATWLY

(o) Topés evés wotpomikol TduaAToS.

Eotw K xuptd odua ue xévtpo Bdpouc 10 0, xou 6 € S 1. Onwc eldoue otny
Tapdypago 1.2.2, n cuvdptnon

() = |K N6+ +10)]

elvow Aoyoprduxd xolkn otov gopéa g (n WotnTar avth e f elvon cuvémela g
avioétnroag Brunn-Minkowski, xou autéd elvar to npwto onueio oto onolo n xuptdTnTa
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unalvel ovotaoTixd oty culhtnon). Onwe Yo dolue, undpyel atevi oyéon avdueoa
oTov 6Yxo g xevipiAc Toung |K N OL| xou oe ohoxhnpduota Tne Lopphc

/ (&, 0)Pdz | p>1.
K

H oyéon aut yiveton caprc av, ypnotuonoldvtag to Yewpnua touv Fubini, ypddouue
TO TOPOTAVW OAOXAHIPWU OTT) LOPYT

[ wopas = [ s

Appa 1(Hardy). Eotw f,g:[0,b] = R odoxAnpdoipues ovvaptioeag tétoes dote
fob f(t)dt = fobg(t)dt kar yia kdOe s € [0, b]

/ g(t)de > / fr.

Tére, ya kdOe h : [0,b] = RT avéovoa kar perprjowun, éxovue
b b
| wgar< [ s
0 0

Andoa&n: Opllovue ¢(t) = h(b)—h(t). H ¢ elvan @divouoa, un apvnrixd, o undpyet
abZovoa axorowdia pIvoucy amhdv ¢, ue ¢, — ¢ oxedov maviol. Ilaipvovtag
unodn to Yewpnua uovétovng clyxiong, apxel va dellouue ot

b b
/ Pn(t)g(t)dt > / bn () f(t)dt.
0 0

[t tote,

b b b
/0 hg(hdt = h() / g(t)dt — / o(t)g(t)dt
b b
0 / @t~ tim [ 6, (g(t)de
0 0
b

b
< ) / s = lim [ ou0rwar

n—oo

b b
= we) [ s [ owsoa

) 0
b
/0 h(t)f(t)dt.

Trdpyouv 0 =ty <t <...<ty =bxaa; >...>a, >0 ool dote

N
bn(t) = Z aixr, (t),
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omou I; = [ti—1,t;). Iood0vaua, unopolue vo ypdpoupe

N
¢7’b (t) = Z biX[Oﬂfi) (t)a
i=1

6mov b; =a; —a41 >0,i=1,...,N — 1, xou by = an. Ohoxhnp®dvovtag €youvue

b N t;
/0 uligttat = Db / g(t)dt

N t;
b [ f(t)dt
i=1 0

Y%

b
/0 bu(t)f(D)dt. O

IIpétaom 1 [MP] Eotw K kuptd odua pe dyko 1 kar kévtpo Bdpovs to o. Ia kdle
p > 0 kat kdOe 6 € S wyva

/p 1 1
0V|Pd > .
</K'<m’ 4 ) 2 elpt DP [K 67|

Arnédeén: Oétouue B = f0+°° f(t)dt émou f(t) = |K N (6+ +t0)], xon opilouue

9(t) = I fllcoX[0,B/]1£]]] ()

Tote, ou f xou g wavonololy tig unolécels tou Afupotog (€youv xou oL 8o popéa
xdmoto Sudotnua e woppric [0,b]), xar malpvovtag cov adfouca cuvdeTnon TNV
h(t) = t? ovo [0,b] éyouue

/00 Pi) B/|Ifll 1] Brt+!
t t)dt > / t ot = ——— .
0 “Jo (p+ DI fII5%

Telelwg avdhoya, av A = f_ooo f(t)dt, maipvouue

[ s> A

tPf)dt > —————
—o0 P+ DIIFII%
IMpoodétovtag xatd uéAn Brénoupue ot

BP+1 +AP+1
z,0)|Pde > —————.
/K“ e 2 T

Ouwe, A+ B = |K| =1, enouévwc

APt +Bp+1 > 27P,



Apa,

AR ! :
</K'<$’ d “””) T 07

xon To amotéAecua énetar and 1o Afuua mou axoloudel, O

Adppa 2 [MM] Eotw K kuptd odpa e yko 1 kat kévtpo fdpovs too. Avh € St
kat f(t) = |K N (61 + t9)], tére

[1flloe < ef(0) = e|K N6*.

Andbaén: Eotw [—a,b] o gopéac tne f émou a,b > 0, xou ||fllec = f(to). Ou
del&ouvue ot

02 (7245)" ro = L

n+1

Avtxadotidvrag to 8 ue —8 av ypelaotel, unopolue vo unodéoovue ot 0 < o < b.
Mrnopotue enlone vo utodéoovue ot f(0) < f(to) (ahhide, dev éyovue tinota va
anodelfovue). Aol to K éyel xévtpo Bdpouc To 0, EYouuE

/b tf(8)]dt = / (z,8)dz = 0.

—a K

Enopévac,

0 b to
| i = [ s> [ aro.
O¢tovue h = fﬁ xo VewpOVUE TNV YPUUULXTH CUVEQETNOT, g TOU XAVOTIOLEL Tig
g(0) = h(0) xon g(to) = h(to). H h elvow xolhn (amd v aviodtnra Brunn-Minkowski) ]
dpat, g > h oto [—a,0] xou g < h oo [0,t0]. Agol g(0) < g(to), N g elvon yvhoLa
ab&ovoa xou undevileton oe xdmow —y < —a. Anhadi, g(t) = c(t + ), Yo xdnowo
c> 0. Torte,

v

Vv
S T T

0
/ (=D)lg@®)""dt (—=t)g(B)]""dt

—y —a

v

I

tlh()|" " dt

vV

tg(1)]" .

Auté onualver ot
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_ ot ()M 7(7+t0)"
n+1 n ’

70 onolo delyvel ot

Enougvwg,

n—1 n n—1
= il > .
v+ to —\n+1

IIpétaom 2 [MP] Eotw K kuptd odua pe dyko 1 kar kévtpo Bdpovs to o. Ia kdle
p > 1 ka1 kdde € SV wyvea

1/p ep
P < F
(f i) < et

émov ¢ > 0 andlvtn oralepd.

Anddedn: Onwe xon otny anddeén g Hpodtaong 1, optlovue

B:/Ooof(t)dt : A:/_Ooof(t)dt.

Awoxpivouue d0o mepintdoels. Ilpdtn, av undpyet s > 0 ue v Wibtnta f(s) =
f£(0)/2. Auté yio nopdderyua cuuBaivel onwodhnote av to K elvar yvAoia xuptd.
[opatneoldue ot

o= [ sz [ sz s) = 502
0 0

yiotl and to yeyovoc ot ) f elvan hoyoprduixd xolhn éneton edxoha ot f(t) > f(
oto [0,s]. An6 v dAAn TAeupd, av t > s, ToTE Ypdgovtoc s = (1 — $)0 +
rafpvouue

f(s) 2 [FOIFLF01F,
0 onoto onuaiver ot f(t) < f(0)27t/5. AnkadA, ané 10 onueio s xor wépa, N f
pdiver exdetind we mpog t. T'pdpovue

/Ooo|t|”f(t)dt = /Ost”f(t)dt+/soot”f(t)dt
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< il /St”dt+/ootpf(0)2*t/sdt
sht -
< f(0) (ep+ o+ Sp+1/1 uPQ—Udu>
P p+1 p 2B "
< (ep)"f(0)sPF < (ep)?£(0) (W)
< (ap)?/[f0)",

agoL B < 1.
Av tdpa vy xdde s > 0 otov gopéa e f oyler f(s) > f(0)/2, téte tov pdho
tou s mailel to 5o = max{s > 0: f(s) > 0}. Eivax B > f(0)s¢/2 xou

00 50
| s = [ s < eros o+ v,
0 0
xan ouvdudlovtag Tig dVo aviodtrteg Tatpvouue Ty (Bl tepitou extiunor dnwg Tty

(xan udhiotar ywelc va ypnowonotioouvue 1o ot 1 log f elvon xolkn).
Me tov (3to axpLBde tpdTo exTLUdUE T0 ohoxMipwua 6To (—00,0]. Encton ot

/K |{(x,0)Pdx

| ersar [ Ooo 7 (1)t
- ()

Yuvdudlovtag i dvo Ilpotdoeic BAénovue ott av 1 < ¢ < p < 00, TOTE YLo x&e
K xou 0 6nwe mapondve,

([ 1worpas) R (/ 1wopieas) "

(roponeriote ot 1 (g + 1)/ ebvon paxpud omé 0 0 xon 0 00 o7o [1,00)).
EWlwdtepa, av 10 K elvon LooTpomixs, T0 YEYOVOS OTL

/ (z,0)’dr = L3
K

avegdptnto and 1o 0 € S uac odnyel oTo axdroudo Yewpnuos

Ocdpnua 1. Eotw K wotpomiké kuptd odua. Ia kdde p > 1 kar kdde § € S"~1
wx Vet

1/p
c1Lig < </ |($79>|pd$> < copli,
K

omov ¢y, ¢z > 0 andAureg oTalepés. O

Eniong, epapudlovrac tic Hpotdoeic 1 xan 2 ue p = 2, nalpvouye wia evdlagpépouca
WBLOTNTAL TWV TOUWY EVOS LGOTEOTLXOV GOUATOC:
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Ocdpnua 2. Eotw K wotpomikd kuptd odua. Ia kdde § € S woxva
C2
— <|Kné*H <=
<IKnet <,

omov ¢y, ¢z > 0 andAutes otalepés. O

Auté onualver ot oL (n — 1)-ddotates Touée evde L0oTPOTLXOV XUPTOD GHUATOS
Tou TEpVoLY and To xEvTpo Pdpoug Tou elvar Tepinou (oeg: o Adyog Toug elvan pory-
(évog and anbhutn otadepd. Efvon udhiota loeg ue 1/ Lk (av e€oupéooupe andhuTeS
otodepéc), xou autd delyvel otL 1 axdhoudn ewaotia elvon Llooddvaun pe Ty euxaocta
¢ Lotpomxig oToaepdc TOL STUTWUNXE GTNY TEONYOVUEYY TURAYEAUPO:

Ewxacio tou unegeninédou: Tndpyet anddvin oralepd ¢ > 0 téroa dote ya kde
wotporiké kuptd odua K va wyle: ya kdde § € S,

K NoH| > c

H avieémto tou Oewpruatoc 1 cuyvd diatunidvetan otny e€7c LoodUVaUT LOop®Y:

Ocdpnua 3. Eotw K wotpomikd kuptd odua. Ia kdde § € S~ 1woyvea

/ exp(|(z, B)/cLic)d < 2,
K

émov ¢ > 0 andlvrn oralepd.

Anddeén: Avantdocouue 0 oAoxhipwud xat eTAEYOLUE TNV oTadepd ¢ 6To TENOC.
Ané 10 Oeddpnua 1 éxovue

/Kexp(l(fv,gWCLK)dx = Zk'/ c’“L’c

1 CQkJLK
< 1+ZH<cLK>
k
Czk}
< 1+Z< kll/k)
1
< 1+Z2—k
k=1
< 2

)
av enthégouue ¢ = 3ecy. O

Iapazrjpnon: Eivar edxolo vo del xavelc ot toylel xau to avtlotpopo: 1 de&id
aviootnTa oo Oendpnua 1 elvar cuvénela Tov Oewpriuatog 3. H anddelén elvon dueon
ouvérela tne e* > ¥ k!, z > 0.
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H Orlicz vopua || f||pva, @ > 1 g f opiletor and v

1fllzea =inf{A >0 | /Kexp((lf(w)l/A)“)dw <2}

Autd howmdy mou woyvplletar o Oedpenua 3 elvon ot umdpyel andluty ctodepd
¢ > 0 tétoio wote Yo x&de wootpomxd ooua K xow xdde 6 € S 1y ouvdptnon
f(z) = (z,0)/ Lk oto K €yeL Orlicz vopua ||f||p+: < c.

Ané 10 Oedpnua 3 nalpvouue TOAD LoYUPES EXTIUNTELS YO TNV CUVAPTNON XOTA-
vouhe e = — (z, 0):

Ocdpnua 4. Eotw K 1wotpomixd kuptd odpa. La kdde € S~ woydea
Prob (|(x,0)| > cLkt) < 2e*

ya kde t > 0, dmov ¢ > 0 n oralepd tov Oewpruaros 3.

Anddeién: And ty aviedtnta tou Markov xou 1o Oewdpnua 3, yio xdde € xaw t > 0
€)(OVUE

2 > /eXp(l<w,9>l/cLK)dw
K
> / exp(|(z,0)|/cLk)dx
z:|(z,0)|>cLkt}
> e'Prob (|(z,0)| > cLgt). O

Hapatiipnon: H e€dptnomn tng otadepdc and 10 p xadidg p — 0o oto Oewpnua 1 eivon
Béhtiotn. Av, yio napdderypa, to K elvar xdvog otny Stebuvon tou 6 (Snhadt, av
n|Kn@O++ t9)|ﬁ, t > 0 elvon ypoix oTov Qopéa TNg) TOTE EUXONA ENEYYOLUE
ott 1 otadepd mov amontelton Yo TNV de&id aviabTTa Elvar YpoULX GUVEETNOT) TOL
p. Trdpyouy dunc ooduata K (t.y. o x0Boc) yio ta onola otodepd tTng téEng Tou
VP elvan opxeth v xdde dievduvon @ € S™ L. Aéue tote ot o K wavornotel
Wa-extiunom, xaL axelBde 6nwe oto Oedpnua 3 unopolue vo SodUE oTL

{2, 0)/ Lic|lpve < c.

(B) H dudpetpos evds 10otpomikol oduatos.

Yxonde pog €3¢ elvar var ExTUUHCOVUE TNV SLAUETPO EVOC LOOTPOTLXOU XUPTOU
owuatog K, malpvovtag ooy nopduetpo tny otadepd ootporniag L :

Oedpnua 5 [KLS] Eotw K wotponikd kuptd odua. H diduetpos tov K ikavonorel
nr diam(K) < 2(n+ 1)Lk.

Anddaén: Eotw z € K. Optlovue h: S™ 1 — R ue

h(v) =max{t >0:2 +tuec K}.
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Téte, OAOXANPOVOVTAC OE TOAXES CUVTETAYUEVESC EYOUUE

h(u)
nwn/ / t"dto(du)
sn=1.Jo

on / [h(w)]" o (du).
Snfl

1= K|

To K elvon wootpomxd, emouévec yio xdde 0 € S~ ypdgouue

| w07y

h(u)
/ t" Nz + tu, 0)*dto(du)
0

L

(t" " (z,0)% + 2t (x,0)(u, 0) + t"T' (u,0)?) dto(du)

<(h(u))” (2,0) + QM@,@(%@) n M(uﬁ)Z) o(du)

n n+1 n+ 2

Il
S
§
3 3 3
I | I
o~
>
B

O,
> o [ (2,00 (du)

Anhodh, av = € K t61e yioo %8 6 € S éyouue
(2,60)] < (n+ 1) L.

Auté onualver ot
|z] = max |(z,0)] < (n+1)Lg. O
gesSn—1

Hapazrjpnon: H extiunon mou dlver to Oedpnua 5 dev Beitiwdveton. H uovodioda
(mdhor Tou £ éxel bdyxo 2™ /nl. Av iy ToAATAGCLEGOUUE UE XoTdAANAY oTadepd
hoTe va Exel 6yxo 1, téte n otadepd elvon g TAENG TOL N, SNAADY| 1 LOOTPOTUXY TNG
povadiatog undhag tou £ €xet Suduetpo TN TdENS ToL N.

(Y) Y2-extiunon ya tnv Evkelbaa vippua.

Aciyvouue e8¢ ot av K elvat 1o0tpomind xuptd owus TOTE N & — |T| cuUTERL-
(pépeTon XahOTEPY b ToL SLVIPTNOOEW T > (z, #). Ouundelite ot

/ |z|?dz = nL,
K
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Snhady), o uéoog e |z| elvon tepinouv \/nLk. To Oedpnuo touv axohouvdel ogeileton
otov S. Alesker [Al]:

Ocwpnua 6. Ay K elvar iootponikd kupté odpa ooy R, téte

/K exp((|2]/ev/nLi)?)de < 2,

omov ¢ > 0 andAven oralepd.

Anéoaén: Apxel va del€ovue ott, yio xdde p > 1

1/p
(/ |:U|pdx> <c\/pvnLk
K

Yo xdmotar amoAuTh otadepd ¢! > 0 (xatomy, oaxoloudolue Ty anddelln tou Oew-
ofuatoc 3). And 1o Oewpnua 1 Zépoupe ot yia xdde § € St

/K (&, 6) [Pz < EpPLE.

OloxAnpwvovtag mdvew otny D, malpvouue:

/ / (e, y)Pdedy < EpPLY / ylPdy
D, JK Dy,
chpPL

p MWn
Kn+p

A)dZovtag Ty oelpd TG oAoxApwong EYOuUE

/DH/KK%Z/)I”dxdy = /K|:c|1’ <~/Dn|<%7y>|pdy> de

= Ap/ |z|Pde,
K

Ap=/ EpPdy , e s

n

61OV

To ohoxhipwua awtd vnoloyiletar, xou elvon (oo UE

fﬂ/z sin® t cos™ tdt

0
foﬁ/Z cos™ tdt

Ap =wy,

Enopévac,
7"/2 n
cos™ tdt
/ |z[Pdx < L chp? LE, ﬂ/g )
K n+p Jo ! sinP t cos™ tdt
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Me anhol¢ UTOAOYLOUOUE XUATUATYOUUE OTNV

1/p D
</ |a:|pda:> < ez /p(l+ =)v/nLg.
K n

Anhadn, av p < n éyouue e€acaiicel Ty

(%) </K |a:|pda:>1/p < e3V2/py/nL.

Av p > n, yenowonololue Ty extiunon tov Oewpruatoc 5 yia TRV SLAUETEO TOU
K. Zépovue ot |z| < (n+ 1)Lk yio x&de z € K, enouévog

1/p
(xx) (/ |:c|”d:1:> <(n+1)Lk < 2/pV/nLk.
K
Tuvdudlovtag i (*) xar (%) BAémovue ot undpyet andivtn otadepd ¢! > 0 tétoa
WoTE

1/p
</ |a:|pda:> <\/pvnLg
K

vy x&e p > 1. O

d) To uéoo TAdtog €vdS ouuueToLkoU 100TPOTIKOU TOUATOS.
M S S OUMpETP P nazcog

Eotww K ovuuetpind Lootponixd xuptd odua. To uéoo mhdroc w(K) oplotnxe
otnyv Hapdypagpo 2.1 uéow tng

w(K) :2/Sn71hK(u)a(du) :2/5 max|(z, u)|o(du).

n—1 TEK

Edope ot n duduetpoc tou K gpdooeton and 2(n + 1)L, dpa Ulor omhf Tpdtn
extiunon tou w(kK) elvar 7
w(K) <cenLg.

O dolue 3 ot wia xahbtepn extiunon elvon évta Suvatr. Aeiyvouue Tpdta éva
pedyla Yo aprduole xdhudng:

Aqupa 3. Eotw K ka1t W kuvptd odpata, pe to W ouupuetpiké ws mpos to o.
TroOéroupe axdua o W C K. Tote, yra kdOe t > 0 éyovue

2\" |K|
<(1+2) =
N(K,tW) < ( + t) T

Andbaén: Eoww {z1,...,zn} maximal unrocUvoho tou K w¢ mpog thy Wddtnta

lzi —zjllw =t i#].
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Tote, K C Uiy (2 + tW). Enlong, o z; + LW éyouv Eéva ecwtepind, onde vl
x&e s > 0 xon i # j Yo Eyovue

t t
int (sxz + ESW> Nint <sx]~ + ESW> =0.

Eméyouue to s étol wote s + %t = 1. Tore, agodb W C K xou to K elvar xvpto,
BAémouue ot

s:vi-i-%ngK , t=1,...,N.
Enopévac,
ts\" al ts
N(5> W) = ;|s:ci+5W|
= [ Uiew (szi+ 5 W)
< K]

[afpvovtog uTdPn xow TNV EMAOYT TOU § GUUTERUUVOUUE OTL
2\" K] 2\" K]
N<|—) —==(14+-] —.
<(&) w-0+%) ™

Afupa 4. Eoww K 100tpornikd ouppetpixs kuptd ovua otov R*. I'a kdde s > 0
wyvel

4n3/2L
N(K,sD,) < cexp <%> .

Anédaén: To K elvor ootpomxd, ETOUEVHS
/ |z|?dz = nL3,
K
xou 1 avio6tnTa Tou Markov Sivel

Prob (z € K : |z| > 2v/nLk) <

)

AN

Snhad¥), |[K N2y/nLkgD,| > 3/4. Oé¢tovue W = K N 2y/nLgD,,, o egopuélovue
0 Afupo 3: T xde ¢ > 0 elvon

N(K,tW) < g <1 + %) .

Ereton otu
N(K,2t\/nLkD,) < N(K,tW) <

W =

ooty
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Halpvovtag s = 2ty/nL g, cuunepaivouue ot

4 4/nLe\" 4 4n3/2],
N(K,sDy) < 5 <1+ a K) < gexp (u> .
S S

Ocwpnua 7. Eotw K 1wotponikdé ovupetpiké kuptd odpa ooy R*. T,
w(K) < en®/* L,

omov ¢ > 0 andAven oralepd.

Anddeén: Oa yenowonowicovue tny didonacr Dudley-Fernique tou K. Av R eivau
7 dduetpog Tov K, 1oTE, Yo xdde m € N, xdde x € K ypdgpeton otn Lo

r=z1+...+z;m+wnp,

omou zj € Z;N 3D, wy, € £-D,,, xou Z; menepacuévo oovoho pe mainddprduo tou
wavormoLel Tny

log|Z;| < log N(K, (R/2')Dy) +log N(K, (R/2'~") Dy),
AVLOOTNTOL IOV, oV TWdpoLUE UToYn to Afjuua 4, Ypdpetar oTn Lop®T

7’L3/2LK2j

log|Zj| < 1 R

Ané tny Sudonaon éneton dueoa ott, Yo x&de § € ST,

m

0| < 9 9
max |(z,0)| < ;Zezjmr(g%ywnl(z, N+ max (=0

m

= Y max |0+ o

- 2€Z;N(3R/27)D,
m

< 0 2
- jz:;zezjmr(%?%};zi)DnKZ’ >|+ ’

av eMAEEOUUE ooy M TOY UXpGTERO (QUOLXS Lo, Tov omtolo R < 2mT1,

Trodeponowolue j € {1,...,m}, xot Ypdpouue Z Yo T0 ovadlofo didvucua oTny
dteviuvon tou z € Z; (unopolue vo utodéoouue ot x&le z € Z; elvon un undevixd).
Eépouue oL

/STH1 [{u, 8)|o(df) < (/gn1<u’6>20(d9)>1/2 =— , uest!

X0l EXTLUOVTAG TNV p-Vopua tne 8 — (u,d) BAénouue otL undpyetl andhuty otadepd
c3 > 0 tétola wote
[1{w, O)[[ vz < esll(u, O,
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dnhadn,

/ exp (
Snfl

3
C3

n|(u, )

| 2

) o(df) < 2.

Xpnotuonotwvtag Ty aviedtnta Tou Markov xotodfyovue otny

6 € S" ! :max|(z,0) >t
z€Zj

d

Lo xde A > 0 unopodue vo ypddouue

J Sl

 max|E0)lo(dh) =

0

§A+/
A
<

a+ [
A

2

nt
> 1Z;l.
3

c2

> < 2exp <—
€ S" ! :max|(z,0) >t

2€Z;
dl

t
2exp <_n

c

2
3

)ar

6 € S" ! :max|(z,0) >t
z€Zj

> | Z;]dt

)a

2

Av emihéZouvue A ~ /log|Z;|/\/n, ue anhéc exTiufoels xatahiyoLUE oTNY

n—12€7;

Apa,

/
max

n—12€Z;N(3R/27)D,

J

max |(Z,0)|o(df) < ¢4

(2, 0)|o(df) < ca

Vog|Zj|

Tdpa umopolue va pedouue to uéco mthdtog tou K wg e€ng:

w(K)

5 max |(z, )

n—1 TEK

J

N
3R \/log|Z;|
27 N
o (d6)

< 2 %) do
< +; /5 gm0l (d)
m \/1 7
S 2+Zc432;?M
j=1 \/ﬁ
m 3/4 /2
SR SO Vw7
= 27 vV Rn
4 < 1
< 2+C5\/ﬁ\/LK\/Ezlm
J:
S CG%\/LK\/R.

Agol R <2(n+ 1)Lk, naipvovue tehxd

w(K) <en®/*Lg.

O
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4.3 H extliunon Tou Bourgain yia tny otadepd Loo-
Tpomiag

H xahOtepn wg todpa extiunon yio 1o npoBinua tng otadepds Lootponiog éyel dovet

and tov J. Bourgain:

Ocopnua [Boul] Av K efvar ouupetpicd kuptd odua otov R™, wére L < c/nlogn
émov ¢ > 0 andlvtn oralepd.

Oa dobue ott 1 undleon g cuuuetplac dev elvon amapaitntn. Axolouvddvtog
o€ yeVég Ypouuég to emtyelpnua tou Bourgain, Yo delfouue ot

Ly < c¥/nlogn

yia xdde xvptd odua K.

Andoaén: Eotww K ootpomixd xvpté ooua. To uéoo mhdrog elvan avaiiolwto
¢ TPOg 0pYOYMVLOUS UETACYNLATIOUOUS TOU GWUNTOS, ENOMEVKS, GOUPWYIL UE TO
Kegdhowo 2, undpyel ouuuetpide, Yetxd opiouévoc T € SL, tétoloc ote

w(TK) < ey/nlogn.

Yy anddetén tou Oswprjuatog 4.1.1 eldaue oTL €va LooTpoTUXd GOU LXAVOTOLEL TNV

/(az,Saz)daz: ﬁ/ |z|* dz
K n Jk

vy xde S € L(R™,R™). O T éyer Yernéc mpayuatixéc Wotuéc xou opilovoa 1,
doo trT’ > n. Enouévwe,

trl
nL3 :/ |z|?dr < 1r—/ || :/(:C,T:c)d:c.
K n Jk K

Ouwg, yio xdle © € K éyouvue

< .
(z,Tz) < max [(z,y)|

Apa,
L% < max x)|dx.
n K_/ yeTK|(Z/, i

Xpnowonowlue topa Ty dtdonacn Dudley-Fernique tov TK. Av R elvaw
ddpuetpog tov TK, eldoue ot yioo j = 1,...,m, m € N undpyouv TENEPACUEVQL
oUvola Zj TETOLL WOTE

i\ 2
TK)2
log |Z;| < cen <%> ,
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xon xde y € TK ypdpetar ot Uopph
y=z1+...+2zm+wy,

6mov z; € Z: N (3R/2)D,, xau wy, € (R/2™)D,,. Enctor ot
J J

m
ma; < ma; z,x)| + ma; w, T
yeT}I((Ky’ ol = ;zeZ,—n@R};m)DnK’ ) we(R/zﬁ)DnK o)l
m

12, 2) | + o]
= QJ z€7; m(gR/za)D ’ om Y

6oL Z 10 uovadialo didvucua otny diebiuvor tou z. XpnolUOoTOLWYTIS TO THPATAVW,
xadie xou v [, |z|de < \/nLk, Brénouue on

3R R
L: < — Z,r)|dr + — d
0 i < S50 [ ma(Eallde+ g [ felds

j=1
" 3R R

< i z,2)|dx + —/nLk.

< ; > Kzezjﬂr(r;%%j)l)nI(z,fv)l v+ oVl

INa var extiuioovue xadéva amd Tor ohoxAne®dUATa 6T0 SpOoLeU, YENOULOTOL00-
ue Tty TAnpogopia mou Tapéyel To Oewpnua 4.2.4 yio T YpoluUXd GUVIRTNOOELDT
O€ LoOTPOTUXA XUPTA owuota. [ xdde j =1,...,m xau x&e t > 0 woylet

Prob <x €K: Iréfxzx|(2,x>| > t) < |Z;j|Prob(z € K : [(u,z)| > t)

t
< 2|Z; -— .
< 20zew (-)
[ xdde A > 0 umopodue va yeddouue
/ max| zZ,x)|de = / Prob <:U € K : max|(Z, z)| Zt) dt
K *€%Z;j 0 2€Zj
< A+/ Prob(mEK max |(Z, :c)|>t>dt
A z€Zj
<

& t
A 2|7 _ .
+/A | j|exp< cLK>dt

Emuiéyovrac A ~ Li log|Z;|, xatalfyouue otny

TK)2
/ max |(Z,z)|dz < e1 Lk log|Z;| < ¢'nLk <u>
KZGZ R
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Emotpégovtac otny (x) nalpvouue

£ 2J R

j=1

c12™nLgw?*(TK) Ry/nLk
- R 2m

m SN 2
3R TK)2 R
nL%( < j :—CHHLK <u> + 2_m\/ﬁLK

Eyouue 1o Suolwyua vo emhé€ouvue to m, xou 1 BENTiotn emAoyn elvon otay

2mn Lgw?(TK) _ RVnLk
R - om 7

Snhadr), R/2™ ~ /nw(TK). Me authy tny enthoy Tou m BAETOVUE OTL
nL3 < co¥/nw(TK)v/nLg,
xaw apob w(TK) < c3v/nlogn, éyouue nL2 < cn®*lognLy, Snhodi

Ly <cynlogn. O

4.4 IocodOvoueg SLATUNWOELG TNG ELXAUCLAG TOL LTE-
PETLTESOL

(o) To mpdfAnua tov Sylvester.

Oewpolue éva xupt6d odua K otov R? ue byxo 1, xou emAéyovue tuyatia ot
aveEdptnta, ouotduopga uéoo and 1o K, (n + 1) to tAfdoc onuela &1, ..., Tpy1. H
xVpTH Toug VAN co(T1, ..., Tnpt1) elvon éva Tuyalo simplex uéoa oto K. T xdde
p > 1 opllovue

1/p
my(K) = </K.../K|c0($1,...,xn+1)|pdazn+1...dm1> .

Do K pe audalpeto 6yxo, xavovixomowlue opllovtag

1 1/p
mp(K): (W/I(.../I(|CO(:U1,...,£L“n+1)|pd£L“n+1...diL“1> .

H rnocétnta mq (K) elvon 1 éon Ty Tou (xavovixomomnuévou) 6yxou evée tuyalou
simplex péoo oto K. Ilopatnprote axdua ott n my,(K) elvar avahholwtn ws mpog
affine yetaoynuatiopols tou datneody tov dyxo: av I' € SL, xaw u € R*, téte
my(K) =mp(TK +u),p > 1.
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To npéBinua tou Sylvester elvon to e€Ac: va Bpedolyv exelvec ol affine xhdoeig
owUdTwY Yo Tic onolec ehaylotonoteltar i ueytotonoteiton 1 my,(K). Elvar yvwoto
ot Yl xdde p > 1,

myp(K) > my(rDy)

omov 1Dy 1 undha 6yxou 1 otov R™, ue wétnta av xou udvo av 1o K elvon erhet-
Ppoedéc [Gr2]. To npdBAnua Tou ueyloTtou elvar avowxtd av n > 3:

Ewxoocio tou simplex. I'a kd0e kuptd odua K e dyko 1, 1wy vel
my (K) < my(Sn),

omov S,, simplex otov R™ e dyro 1.

H euxaoio elvon owot av n = 2. Ytnv napdypapo autr Yo doduEe otL to npdBinua
Tou Sylvester oyetileton e v exaoio Tou utepemnédou: av 1) euxacio Tou simplex
oy Ve, tote L < C yio xdde xuptd owuo K.

T to oxond autd optllovue uio mapahhay | tne my (K):

1 1/p
Sp(K) = (W/K.../K|c0(o,a:1,...,:Un)|pdxn...d:n1> .

IMpétaon 1. Ay o K éye dyko 1 kar kévtpo Bdpous to o, téte ya kdbe p > 1
wx Vet
Sp(K) < my(K) < (n+1)5,(K).

Anéoaén: Ia x&de x € K opllovue

1/p
Sp(K;z) = (/ / |co(x,x1,...,xn)|”d:cn...d:c1> .
K K

Sépovue ot |co(x,T1,...,x,)| = |det(Z,21,...,25,)|/n! 6nou Z = (z,1) € R
av z € R*, xou auth n opillovoa elvon affine cuvdptnon tou z. Enouévwg, 7
|co(z, z1, ..., 2,)|P elvor xupth cuvdptnon oto K. ORoXANp@VOVTIC OC P0G 1, . . . , Tl

Bhémoupe ot n SH(K;x) elvon emione xupth. Agol To o elvon To xévipo Bdpoug Tou
K xou |K| =1, ouunepaivovue ot

SpKio) < [ Sp(isads,

dnhadn
SP(K) <mb(K).
Auté anodewviel Ty aplotep) aviodtnta. oty de€id aviobtnta tapatneolue ott,

AV Z1,...,Tnpt1 € K, 16T

1 . -
lco(z1, ..., Tny1)| = m|det(ﬂf1 s Ty
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omou ¥ = (xj,1) € R*™ ondte avantiooovag v opllouca we mpog TRy oTHAY

(1,...,1) xou molpvovTog TELYWVLXT avLGGTNTOL EYOUUE
n+1
|CO(£L“17 s 7wn+1)| S Z |CO(O,£L“¢ i 7é J)|
i=1
Enreton ot
1/p
my(K) = < / 1o(@1, ., 2nst)[Pdanss - .. da )
] P 1/p
< / / Z|c00xl i £ )| depgr...dxy
ntl 1/p
< Z / /|coo:nl i # J)|Pdz,yr .- >
j=1

= (n+1)S,(K). O

Iapazrpnon: H ouvdptnon fi; : K — R ue z; — det(z1,. .., x,) o otadepd ©;, j #
i oto K, elvon ypauuwxd cuvaptnooedéc. Ilalpvovtag unddn uac g avtiotpopeg
avicdtnreg Holder tne nopaypdpou 4.2(a), dev elvon Sboxolo vo ehéyEouue otu:

IMpoétaoy 2. I'a kdle kupté odpa K e dyko 1 kar kévgpo Bdpouvs o o, éxoupe
Sa2(K) < ¢ Si(K),

émov ¢ > 0 andAvtn oradepd. O

H oyéon autddv twv tocotAtwy ue tny otodepd tootporiag Tou K yivetar gavep
and tnv nopoxdte Ipdtaon:

IIpétaom 3 (Blaschke). Av to K éyel 6yko 1 kat kévrpo Bdpous to o, tdte

det(M(K))
n! )

S3(K) =
Anddedn: LOupwvo Ue ToV 0ploud U,

:/ / lco(o, z1,...,2,)|°dz,, ... dz;.
K K

Tpdpovue x; = (z45),5 = 1,...,n. Tore,

|det(:c1, e ,:En)|
n!

(n!)2S§(K):/K.../K|det(a:1,...,a:n)|2da:n...da:1.

|co(o, 1, ..., xpn)| =

)

EMOUEVKC
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Avantbooovtag v opilovoa nalpvouue

/ / (Zegﬁxiﬁ(i)) (Z(—:Tﬁx”(i)> dzy, . .. dzy

<Z €otr H Tio(i)Ti T(,)> dz,, ...
(Z €y H Ti,o(i)Ti (p(u’(;))) dz,, ...dx;

a,p

/ Ti o () d:c)
K

(n1)* 53 (K)

0,9 i

Iapatiipnon: Eotw K xuptd oodua ue 6yxo 1 xar xévtpo Bdpoug to 0. Aev elvan
dOoxoho va del xavelc ott, av T € SL,, t6te M(TK) =TM(K)T*, etouévwg

det(M(TK)) = det(M(K)).
Emiéyovtoc tov T' €10t tdote 0 TK va elvon lootpomuxd, BAénovue ot
det(M(K)) = L3".
Hatpvovtog unddn pac v Hpdtaon 3, éyovue anodellet to e€nig:
Oewpnua 1. Av to K éyel dyro 1 kar kévtpo Bdpous to o, tdte

L3 =n! S3(K). O

Ildpiopa 1. Ia kdOe kuptd odpa K otov R wyvea Lk < cy/n.

Amdoeign: Mnropolue va unodécovue ot 0 K elvon tootpomixd, enouéveng ot €xet
6yxo 1. To ywpelo oo onolo ohoxinpwvouue €xel uétpo 1, xou 1 xuptH Vxn onueiwy
Tou K éyel byxo 1o mohb 1. Apa,

Lk < ¥/nl <cyn.

Onwg eldoue oty nponyolUevn nopdypapo, UTOpOOUE Vo SOGOUUE o XAADTERN
extiunon, n topoloa uws anddelln dev yenoytonotel xavéva «Boply epyalelo. O

IIéproua 2. Av n ewkaotia tov simplex elvar owotn, tdte
Lk <C

ya kdle kupté odua K orov R™.
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Anddeén: Oewpolue to simplex

1 n 1
Sp={zeR .—n+1§xl§n+1,g z; < }.

To S! = (n!)'/"S,, éyer 6yxo 1 xu xévtpo Bdpouc to 0. Evac anhdc utoloyioude
delyvel ot
Nit+2
/ ridr < L,

xow eneldh o M (K) elvon ouupetpinds xou Yetxd oplouévos, n aviodtnra tou Hada-
mard divet

i
n

) E\"
= n! ((n+2)!>
1
< i

Eotww K wotpomixd xuptd omua otov R™. Tote, my (K) < mq(S)), xor cuvdudlov-
tog Tig Hpotdoeg 1,2 xou 3, nadpvouue:
L = vl Sy(K) < vl 8 (K)
Vil ¢"my(K) < Vn! ¢"my (")
Vil é*(n +1)81(S") < vVl ¢™(n + 1)S2(S")
(n+ 1)c".

IN N IA

Enetor ott Lg < 2¢. O

(B) O tonos tov Busemann.

Eotw K xupté odua otov R*. Trodétouue ot 0 € int(K). [ x&de 6 € S7~1
Yewpolue Ty Tour K N+ tou K, xou v xavovixoroinon tne S (+)

1
S (Knet :7/ / Z1, .y Zno1)|dEn 1 ... d
1 ) |[K MO+ Jrrge Ko+ [colo, 2 71| o

“oTe vo uny éyer onuacto o 6yxoc tne K N@L: ue autédv tov tpémo, n Si(+) yiveton
avohAOlWTN WS PO AVTLOTEEPLUOUS YPUULUXODG UETACY NUATIOUOUC.

O H. Busemann £€3ei&e évay 10m0 mov cuvdéet tov 6yxo tou K e ta euBodd twv
(n — 1)-3dotatwy Toudy K No+, 6 € SL:

Ocdpnua 1. Av K elvar kuptd odpa otov R* e o € int(K), tére

!
KPPt =2 [ K8t n6Y)o(ao).
Sn—1
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Andbaén: Oewpotue tov R*™ ) =R} ¢ ... @R, xnt0 K =K x...x K C
RYm=1) | Twa guxohio Do ypdgouue tic ouvtetayuévec evée x; € RP oty wopeh

— 1 n 4
x; = (z;,...,2}). Tore,
(x) K"t = / / dz, 1 ...dr
K K
= dx! dz? del ... dc?
= dzy, ... dey o ...dzy ... dxy.
K
[ Soouéva 1, ..., Tp—1, 0pllOVUE a1, ...,an_1 OaV TN AVOT TOU YRAUUULXOD GU-
oTAUATOS
n—1
n _ J -
r; = E ajr; , i=1,...,n—1,
j=1
’ 3 z 1 n—1 1 n—
%o VEWPOVUUE TLC VEEC CUVTETAYUEVES T, .-, L] ,G1,---sLpy_1,---,L;_1,0n—1 OTOV

R =1 | H ToxwBiovh 10U HETUoYNUATION00 GUVTETOYUEVLY Elval
(%) J = det[(z])ij=1.....n—1]-

(To obvoho oto omolo J = 0 éxel uétpo 0 xou dev emnpedler 1o ohoxhfpwud oTNny
(%), xou €€ and 10 6hVOLO TS 0 UETAOYNUATIOUOS Elvarl XoAd Oplolévoc.)
Hapvovtac b = (1 + Y a?) /2, Brénouue ot 0 uovaduaio xddeto Sudvuoua §

Tou urepeTnédou " = a1zt + ... an_12" ! TEepLypdgeTan elte and Ty

¢/ =ba; ,j=1,...,n—=1, , 6" =—b,
R amd TNV '

) =—ba; ,j=1,....,n—1, , 6" =b.
Av ¢ elvar 1 ywvia tou oynuatilel 1o § ue tov 2™-dZova, téte b = | cos ¢|, emopévng
df = 3df*...do"t. TId., umopolue vor ayvoricouUE exelvar Tar UTEPETITESAL TOU

elvar mopdAnha otov 2"-d&ova. Mropolue t6te va Solue ot

det[(067 /8a;)i j=1,...n1] = D",

EMOUEVWC
1 1 n—1 n
do = gdﬁ ...d0" T =b"day ...dap—1
= |cos" ¢|day ...dap_1.
Hopartnpriote oxdua ot yio 0 unepeninedo z = alw; +...+ an,lx;’_l €)OVUE
_ 1 -1
drj = |secp|dx; ...dz} .
[afpvovtag umddn Uag GAeS TG THPATEVW TYECELS YPAPOUUE
|K|"t = / C|J|dat .. dat T da . det Y day . dan
J-1K
Wy,

= —/ / / |Jsec pldzy . ..dx,_10(dh),
2 Jen-1 JKrrox Knot
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Brémoviag T T, . . ., Tp_1 ooy onuels Tou 81, A6 Ty (%), 1 TpoBoAA Tou simplex
co(0,Z1,...,Zp_1) oto eninedo ™ = 0 éxet 6yxo |J|/(n — 1)I. Aol dhor awtd Tt
onueta avhxouy otov 81, éyouue
/]
|co(o, 21, ..., &n—1)|| cOsp| = e
Enreton ot
n! w,

|K|’“1 = 5 / / / |co(o, 21, ..., 8p—1)|dxpn_1 ...dx10(dE)
Sn-1 JKNH+ Kno+

n! wy

- —/ K N6+ Sy (K A 65)o(ds). O
Snfl

2

Mopatnerote ott, and 10 Oewpnua 4.4.1 €youvue

SiEK N6 < Sy(Knet)y =Lt /y/(n—1)L

Av houndv deytolue ot 1 otadepd otponiag onoloudToTE XUETOD CWUATOS Efval
HixpoTepn amd xdmola ototepd C, TéTE XATAANYOUUE OTNY

nlw,

2y/(n—1)! Jgn-1
cC\" J_na_ .
oy [ K8 otas)

K|t < ¢ |K N6+ "o (df)

IN

Anhadn, o tOnog tou Busemann pog diver to e€c:
Ocwpnua 2. Av vrdpyel otalepd C' > 0 pe tr 16i6tnta Ly < C ya kdOe xuptd
odpa W, téte ya kdOe kuptd odpa K orov R" e o € int(K) wyve

K|+ < cC max |K N6,
feSn—1

omov ¢ > 0 andAven oralepd. O

Iapazrjpnon. O tdnog tou Busemann, oe cuvduacud ue to yeyovde étL Ly > ¢ ya
x&de W, €xel cav cuvénela TNy aviedTnTA

L 1/n
K5 > ¢ (/ |Km(#|%(d9))
Snfl

omou ¢ > 0 andlutn otadepd. Apxel vo mapatneiocouue ot

|
K|t = ”;’n/ K A 0-]7S) (K N6 )o(dh)
Snfl

nlwy,
2¢n

>

/ |K NO+"Sy (K N6*+)o(dh)
Sn—l

(n—1
nlw, Lycngr o (d6)

= Knotl
20 /5' A

a;/s K N6t |"o(d).

v
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Ayeorn ouvénela twv nopandve elvar 1 tooduvaulio e ewaotag e otodtepdc
LOOTEOTAC UE TNV 0XONOUTT| YEVLXEUUEVT] ELXAGLA TOU UTERETLTESOU:

Ewcacio: Yndpyer arévrn otalepd ¢ > 0 térowa dote ya kde xuptd odua K e
kévtpo Bdpous to o kat dyko 1 va wyVel

max |K Né*+|>ec.
gesn-1t

Hpdryuart, n oulrtnon mou Exel nponynlel amodewviel o e€nc:

Ocwenua 3. Eotw C' > 0. Ta e&ng elvar i1oodvvapa:

(o) e kdOe kvpté odpa K orov R wyva Lx < ¢1C, érov ¢; > 0 andluen
otalepd.

(B) Ia kdOe kypté odpa K orov R™ mov éyer kévtpo Pdpous to o kar dyro 1,
vrdpyet § € St térowo dote |K NG| > ¢2/C, dmov ca > 0 anddven oradepd.

Anddaén: Av unodéoouyue to (o), téte o (B) mpoxintel dueca and o Oewenua 2,
ue ¢z = 1/(cer). Avtiotpoga, av unodécouue to (B) xan av K elvon tuy6v ootpomind
x0pTh chua, téte Bploxovue O € ST tétow wote |K NOL| > ¢ /C, xon amd tny
Mpéroaon 4.2(x).2 éyovue

2 C 2
L% = O2dr< —° < (&
oot < g < ()

dhadh, Lx < ¢1C ue 1 =c¢fep. O

(v) To aouuntwtiké mpdfAnua twy Busemann kat Petty.

To mpdéBAnua twv Busemann xou Petty Stotumdydnxe apyixd yior cuuuetpuxd xuptd
owuato we e€Ne:
TroOéroupe ott K1 ka1 Ky elvar kuptd oduata otov R* e kowvd kévtpo ovpue-
Tplag to o, Kat
|K; N6t < |Ky N6

ya kdde § € S Potdue av |Kq| < |Ka|.
H andvtnon etvon detinh av n < 4 xon opynmuxr| Yo OAeg T UeYAROTERES Sl TA-

oelg. Autd duwS Tov TaPAUEVEL ovoLxTd efvar 1) axdhoulT) acuUTTWTLXY €xdooT ToU
TpoBAAUATOC:

Ewcactia. Trdpye anélvin otalepd ¢ > 0 térowa dote, av Ky kat Ky elvar kyptd
odpata otov R pe kévpo Bdpous to o, kat |K1NOL| < |K2NO*| ya kdde § € SPL,
ToTe |K1| S C|K2|.

Aev eivon dVoxolo va del xavelg ot 1 mapandvw ewxactia elvon lodOvaun Ue Ty
ewxaoio g otadepds wotponiog. Ag unodéoouue npdta ot undpyel C > 0 tétola
wote Ly < C vy xdde xuptd odua W. Av to K xouw Ko ixavomolody tny

|K1 N6+ < |Kynot
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v x&de 6 € S™L, t6te 10 Oedpnua 2 xou 1) TapaThENOT TOL axohoudel Selyvouy

ot
oy 1/n
K| < cC’(/ |K1m9L|”>
Sn—1
1/n
< ([ o)
Sn—1
cC n—
< K|
dnhadn,
| K| < 3] Ko

omou ¢z > 0 amdéhutn otadepd. AvtioTtpoga, ag unodécouue ot 1 ewacia oy Ve, xou
ac ewphoouue éva Lootpomxd xuptd odua K. Eotw By € S~ tétow0 dote

|K N6y | = max |KN@*|
gesn—1

Em\éyouue r > 0 étol dote 1" lw, 1 = |K NoOg|. Tére,
IK N6 <r"w,_ 1 =|(rD,) No*|

Z

yio xéde 6 € S dpar

K| < elrDy| = | K N6 |77
n:l
Aol |K| = 1, BAénovue ot
[Knoy]>e

6mou ¢ > 0 oméhutn otadepd. Ouwe to K elvon tootpomxd, dea [K NG| ~ 1/Lk
yioe xdde § € S7 L Emouévee, Lix < C yuo xdmowa andhutn otadepd C > 0.

OMn 1 oulrtnon mou xdvaue cuvodileton oo axéhovio Oewenua

Ocwpnua. Ta mapakdrw elvar wodlvaua:
(o) Yrdpyer otadepd c1 > 0 térowa dote, ya kdle kuptd oddua K otor R™ va wyiea

LK S C1.

(B) Yrdpyer otalepd c2 > 0 tétoa dote, ya kdle kupté odpa K otov R™ pe kévtpo
Bdpoug to o va 1y Vel
n—1
|K|™ < ¢ max |[K N6
gesn—1

(v) Yrdpyer otadepd cg3 > 0 térowa dote, av Ki kar Ky elvar kuptd oduata otor R
He kévtpo Bdpouvs To 0 OV tkavomoloUy Ty

|K1 N6+ < |Kyn ot
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ya kde 0 € S"1, va wyvea
|K1| S 63|K2|.

(d) Yrdpyovv otalepés cq,c5 > 0 téroles dote, ya kdOe kuptd odua K otov R pe

kévTpo Bdpous to 0 va 1y vel

A )< = o

v~ —Vn

O xatdhoyog v L1odivaumyY SLUTUTHoEWY Tou TEoBAfuaTog elvon Uaxpds: Yia
oV AOY0 authd, 10 Ep®TNUA Yewpelton xevtpixd. Av xavelc xoltdEel Ue TpocoyT Tig
anodelles Twv Oewpnudtwy authe TN Topaypdpou, Ya Sl ot n e€dpTtnon avdueca
OTC €1 WS ¢5 elvon ypouuxy 1 avtloToopo Yeauuxy.

4.5 Tuxoci.oc c‘qpst’.oc oe LGO'cpomxo'L xup'co'c ooSp.ou:oc

Oewpolue éva 16oTpomxd xUpTod cwua K otov R*. Zépouue ott yio xdde y € S™1

oy Vet
[ o= e
K

To epdytnua Tou Yo uac anaoyolfoet 86 elvar to e€fc: Alvovton 6, € (0,1). Na
dovel extiunon yia Tov eENdyioto Quod aprdud my Tou E€xel TNV WLOTHTA: Yo XSE
m > mg, m tuyalo onuela z,. .., T, € K xavonowly ue miavotnta ueyalltepn
ané 1 — 4 tny

1 m
1- — (1+e)Lk
(-9 1 S ley < (140
v xdde y € S"t. Oa Solue v amdvtnon tou Bourgain [Bou2]: Mropolue va
Tdpouue To mo tne TéENe Tou n(logn)?.

Adupa 1. Eoto {fj}j<m avebdptnres tuyales petaPAntés e péoo 0. Av || fi|l1 < 2
kat || fjlleo < B, tére ya kdde € € (0,1) éyovpe

(6) Prob |ij| >em | <2exp(—e*m/8B). O
j=1

Ardda&n: Xpnowonowwvrog v aptduntxh oviodmra e* < 1+ + 2%, 2 < 1, xou
T0 YEYOVOG OTL xde f; €xer uéoo 0, BAémouye ott, av AB < 1 tote

/em < 1+A2/fj2 SESU AR
< 1+42BX\ <exp(2B)?).
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Eneton ott
m
/exp )\ij < exp(2Bm\?),
j=1

xan 1 oviootnta tou Markov pag divel

Prob Z fi >em | <exp(2BmA? — \em).
j=1

Em\éyovtoc A = ¢/4B (napatnpeiote ott AB < 1), noadpvoupe

Prob ij >em | <exp(—e*m/8B).
J=1
Kdvovtag ta (dia yiar tic — f; ohoxAnpdvouue tny amddellrn. O
Adupa 2. Eotw K wotpomkd kupté odpa orov R*.  YraOeporowodue 6,6, €

0,1). Av B > c(e)logn xat m > ce2nlog(Z)(=2-)?, tvére m vuyaia onpueia
8 s\ G Lx xata onu

Zi,..., %y € K kavonootv pe mbavétnra peyalivepn and 1 — 4§ tny

2 1 2 2
(I—¢g)Llx < - {ﬁ(w%lSB}(wwy) <(L+e¢)Llx
ya 6Aa ta y o€ éva §-6iktuvo tng S L.
Arddan: Trdpyer 6-dixtuo N yia v "1, ue mhnddpuduo [N < (3/6)™.
Yradepornototue y € N, xou optlovue f: K — R ue

1
flz) = E(xay>2X{z:|(z,y)|§B}(x)'

Abyw tou Oewpfuatoc 4.2.4, av emhéZovue B > c(e) logn, to6te

1
(%) 1= [ oo =5 [ (e,y)2de < &,
K Ly Jzizmi>By 2
6mowo % av ebvan to y € S™ 1. Opilovue fj(21,...,om) = f(z;) — [ f ot0 K™,
EOxoha ehéyyouue ot
2
B
i<z L EG=0 L Ifle< (1) -
K

Egopudlovtag to Afuua 1 naipvouue

Prob (113 f(a;) - /K f@)de] > £ | < 2exp(—=2m/8(B/Li)*) < 6| 7,
j=1
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av entAéEouue

2
m > ce 2log 2 n B .
- 00 Li

Auté onuaiver ot ue mavdTnTa YeyohOtepn and 1 —§ o 1, ..., Ty XAVOTIOLOOY
™mv

1 . . € .
(4) o X @Ik [ Sl < 5Tk,

{3:1(z;,9)|<B}
v xdde y € V. Ao i (x) xou (%) émeton o {nroduevo. O

Appa 3. Eotw K wotpomikd kuptd odua, § € (0,1), m > n, kat x1,...,T,
tuyaia onuela oto K. Me mOavdtnra peyadivrepn ané 1 —§ éxouue

| Zazz| < ¢(8)Li+/logm (\/ |E|lvn + \/logm|E|)
ieE
ya kdfe E C {1,...,m}.

Anddeidn: Anéd 1o Oedpnuo 4.2.6, To T1, . . ., Ty XAVOTOLOVY TNV
|$]| S CZ\/ELKt ) .7 = ].,...,’ITL

ue mdavétnro ueyohltepn and 1 — 2mexp(—t?). Av t > ¢ (8)y/Iogm, té1e QUTH
n mdavétnTo etvor > 1 — . Ermouévec, unopolue va utodécouue ot dha To T
IXAYOTIOLOOY TNV

|z;] < e1(8)v/nLk+/logm.
Eow E C {1,...,m}. ['pdpovue
1> @l = Dl + ) (@)
i€E i€E i#jeE
< E(8)Linlogm|E| + Z (@3, ;).
i#jEE
Optlovue aveZdptnree tuyaiec uetafintéc 6; ue P(0; = 1) = P(6; = 0) = 1/2.

Tore,
m

B G Y (= dah = 3 3 (i)

Jj=1 i#jEE

Enouévac, undpyouvy Ey, Ey C E ue |Ey| > |Es|, E1 NEy =0, Ey UE, = E, tétow

WoTE
> (@i ) A0 @i, Y wy)

i#jeE i€Ey JEE>

43 Wi, Y w)l-

i€EE; JEE>

IN

IN
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Savayedwovue to TeAeuTalo ddpotoua oTn LOEEN
v v

Do D wl =1 al Y [(wi,ym)|

i€EE; JEE> JEE> S
6Tou >
jcEy Tj
YE, = ﬁ ) |yE2| =1
JEE2 7]

Hopatneote ot 1o {x;}icr, elvon aveldptnro and 10 yYg,, agod By N Ey = (. Ay
otodeponoticouue Tpog ottyun Tov TAndderduo | By | = k, téte and 1o Oedpnua 4.2.4
nodpvouue
(%)

Prob (f € K™:3E, CE,|E| =k, Z Kzi,ym,)| > tkLK> < m* exp(—ckt).

i€k,

H mdavétnra auth uropel va yiver wxpbdtepn and 6/m av mdpovue t ~ logm,.
Mrnopolue Aowndv mabpvovtac k = 1, ..., m xou eatpdvtog Aya (z1,...,2,) € K™,
vo utodécovye ot ue miavoTnta ueEYahlTEPN amd 1 — 5 Ta T1, . - ., Ty LXAVOTIOLOOV
w0 e€hc: T xdde E C {1,...,m},

Y (wirw;) < c2(d)Liclogm max { Byl Y ]
i£jeE ! JEE\E,

[ var ohoxknpdoouue v anddelln, otadeponootue s € N xou ypdipouvue
As = max |-
o= ] 2 il
JEF

Tore,
|Z$Z|2 < c%(é)L%(nlogm|E| +c2(0) Lk logm|E|A‘E‘,
i€E
dipat ‘
AIZEI < ¢3(6) (Lgnlogm|E| + Lk logm|E|Ag)) ,

70 omnofo uag dlve
A < () (LK\/ﬁx/logm\/|E| + L logm|E|) .

Oewpnua 1. Eotw K 1wotponikd kuptd odua ovov R, kai d,e € (0,1). Av-m >
' (0,e)n(logn)?, tére m tuyala onueta x1,. .., T, € K kavonooty pe mbavénra
peyaltepn ané 1 — 6 wnr

1 m
(1-¢)L SEZ%’ < (1+¢)L%
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ya kddey € S"7L,
Anddaén: Ttadeponototue 6 € (0,1) to onolo Ya emhéZovue apydtepa (cav Uxpd
nohamAdoto tou €). Iafpvouue

B ~ ¢(0,¢) Lk logm,

6mou ¢(6,¢) otadepd ueyohltepn and v atadepd tou Afuuarog 2. Téte, Eépovue
ott ue miavotnra ueyahbtepn and 1 — %, Tuyola T1,. .., T, € K xavomolody tny

(%) (1-e)Lk < Y {my) <(1+e)Lk

{7:I(z;,9)|<B}

1
m
vt xdde y o éva 0-3ixtvo N g S~ Aol m > n, uropolue eniong vor utodé-
OOUUE OTL TA &1, . - ., Ty XOVOTOLOLY T0 Afuua 3 ye mdavotnro > 1 — %. ot xdde

B> Bxuy e S" ! optlouue

Es(y) = {7 < m|[{zj,y)| > B}.

Xpnowwonotbvtag to Afuua 3 unopolue va extiuficovue to uéyedoc tou Eg(y) wg
elnc:

BlEsl < > [zjp) < max |> eujl

j€Bs Ejzil,jEEg
< 2l 2l
jeF
< 2¢(6)Lg/logmy/ny\/|Es| + 2¢(8) Lk logm|Ejg]|
< 2(0) e Iogmyiny |l + 011,

av B > 4¢(d) Lk logm, ondte cuunepaivouue ot
B|Eg| < ¢1(8)Licnlogm.

Mopotnpfiote ot awth 7 extiunon elvar aveZdptnTn and Ty emthoyf Tov y € S 1.
Eneton o1,

ko—1
Yooy = > > (z,y)*
(il > B} k=0 {j:28 B<|(25,0)| <2 +1B)
ko—1
< ) |Bwpl(2M'B)?
k=0

< ¢ (8)LEin(logm)k.
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6mou 1 ddpoton elvon Tdve amd tar Un xevd E, xou ky elvon 0 UxpbTEROS QUOLXOS
Yo Tov onoto diam(K) < 2% B. Agol to K elvor 1ootpomind, €xouue T0 gpdyua
diam(K) < (n + 1)Lk, enouévwe
nL
ko < clog (TK> < c(e) logn.

Av emhéZoupe xatdAnha Ty otadepd ¢ (6, €), awod m > c'(8,e)n(logn)? éxouue

L2n(l 1
1 Z (ﬂfj,y>2 < c2(9, ) Lgn(logn)(logm) < el
m m
{3:K(;.9)|>B}
Ye ouvduaoud He TNV (x) avtd ohoxAnedver Ty anddelln yia 6ha oy € N. Téhoc,
nadpvovtag 6 = £/10 xon yenouwonowdvtag éva cuvhouévo emtyelpnua dtadoytxis
TPOCEYYLONG, UTOPOVUE VoL TEPACOUUE TNV extiunon oe Gk ta y € S™ 1. O
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