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5Eisagwg To jèma aut c thc ergasÐac eÐnai h eikasÐa tou uperepipèdou gia kurt� s¸mataston Rn . 'Enac apì touc polloÔc isodÔnamouc trìpouc me touc opoÐouc mporeÐ nadiatupwjeÐ eÐnai o ex c:EikasÐa: Up�rqei apìluth stajer� c > 0 tètoia ¸ste: gia k�je kurtì s¸ma Kston Rn pou èqei ìgko 1, up�rqei (n� 1)-di�stath tom  tou K pou pern�ei apì tokèntro b�rouc tou kai èqei (n� 1)-ìgko megalÔtero apì c.To kalÔtero gnwstì apotèlesma gia to prìblhma èqei apodeiqjeÐ apì ton J.Bourgain ([Bou1], 1990): An to K èqei kèntro summetrÐac thn arq  twn axìnwn okai ìgko 1, tìte up�rqei (n�1)-di�stath kentrik  tom  tou K me ìgko megalÔteroapì (c 4pn logn)�1, ìpou c > 0 apìluth stajer�.Gia thn apìdeixh tou jewr matoc tou Bourgain apaitoÔntai poll� apì ta basik�apotelèsmata thc asumptwtik c jewrÐac q¸rwn peperasmènhc di�stashc me nìrma:1. H anisìthta Brunn-Minkowski kai efarmogèc thc sthn melèth twn tom¸nenìc kurtoÔ s¸matoc (Kef�laio 1).2. H anisìthta tou Pisier gia th nìrma thc Rademacher probol c. Sunèpeia:k�je summetrikì kurtì s¸ma èqei grammik  eikìna ìgkou 1 me mèso pl�toc mikrì-tero apì cpn logn (Kef�laio 2).3. H anisìthta tou Sudakov gia touc arijmoÔc k�luyhc enìc s¸matoc apìmp�lec dedomènhc aktÐnac, kai h di�spash Dudley-Fernique (Kef�laio 3).K�je kurtì s¸ma K ston Rn me kèntro b�rouc to o èqei grammik  eikìna TKìgkou 1 me thn idiìthta ZTKhx; �i2dx = L2Kgia k�je monadiaÐo di�nusma �, ìpou h�; �i to sunhjismèno eswterikì ginìmeno stonRn . H eikìna TK eÐnai monos manta orismènh an exairèsoume orjog¸niouc meta-sqhmatismoÔc, kai lègetai isotropik  jèsh tou K. H stajer� LK eÐnai monos -manta orismènh gia thn grammik  kl�sh tou K, kai lègetai isotropik  stajer� touK. Sto Kef�laio 4 apodeiknÔoume ìti h eikasÐa tou uperepipèdou eÐnai isodÔnamhme thn Ôparxh apìluthc stajer�c C > 0 me thn idiìthta: LK � C gia k�je kurtìs¸ma K me kèntro b�rouc to o.Me mikrèc tropopoi seic tou epiqeir matoc tou Bourgain deÐqnoume ìti LK �c 4pn logn gia k�je kurtì s¸ma K ston Rn pou èqei kèntro b�rouc to o. To apotè-lesma autì genikeÔei thn ektÐmhsh tou Bourgain gia thn eikasÐa tou uperepipèdouse mh-summetrik� kurt� s¸mata. To prohgoÔmeno gnwstì apotèlesma  tan h ani-sìthta LK � cpn (blèpe S. Dar, [D1], [D2]).Tèloc, apodeiknÔoume thn isodunamÐa thc eikasÐac tou uperepipèdou me ticasumptwtikèc ekdoqèc klasik¸n problhm�twn thc Kurt c GewmetrÐac, ìpwc to prì-blhma twn Busemann kai Petty, kai to prìblhma tou Sylvester.
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Kef�laio 1H anisìthtaBrunn-Minkowski
1.1 Kurt� s¸mataEna sumpagèc kurtì uposÔnolo K tou Rn lègetai kurtì s¸ma an èqei mh kenìeswterikì. Ja lème oti to K eÐnai summetrikì, an èqei kèntro summetrÐac thn arq twn axìnwn o.1. Estw K summetrikì kurtì s¸ma ston Rn . H apeikìnish k�kK := k�k : Rn ! R+pou orÐzetai apì thn kxk = minf� � 0 : x 2 �Kgèqei tic akìloujec idiìthtec:(�) kxk � 0 me isìthta mìno an x = o.(�) k�xk = j�jkxk ; x 2 Rn ; � 2 R.(
) kx+ yk � kxk+ kyk ; x; y 2 Rn ,eÐnai dhlad  nìrma ston Rn . O Rn efodiasmènoc me thn nìrma k�kK ja sumbolÐzetaime XK . AntÐstrofa, an X = (Rn ; k �k) eÐnai ènac q¸roc me nìrma, tìte h monadiaÐatou mp�la KX = fx 2 Rn : kxk � 1g eÐnai summetrikì kurtì s¸ma ston Rn .Apì ton orismì thc nìrmac èpetai �mesa oti an K kai L eÐnai dÔo summetrik�kurt� s¸mata ston Rn , tìte K � L an kai mìno an kxkL � kxkK gi� k�je x 2 Rn .EpÐshc, kxkrK = 1rkxkK gi� k�je r > 0 kai k�je x 2 Rn .2. Estw X kai Y dÔo n-di�statoi q¸roi me nìrma ìpwc parap�nw. An T : Rn ! RneÐnai ènac grammikìc metasqhmatismìc (ja gr�foume T 2 L(Rn ;Rn )), orÐzoume thnnìrma kT : X ! Y k tou T wc telest  apì ton X ston Y wc ex c:kT : X ! Y k = maxfkT (x)kY : x 2 KXg:9



10IsodÔnama, h nìrma tou T eÐnai o mikrìteroc jetikìc arijmìc � gi� ton opoÐoT (KX) � �KY :O T : X ! Y lègetai isomorfismìc an eÐnai antistrèyimoc (dhlad , an T 2 GLn).H apìstash Banach-Mazur twn X kai Y eÐnai o arijmìcd(X;Y ) = minfkTk kT�1k : T 2 GLng;kai metr�ei pìso kal� isìmorfoi eÐnai oi X kai Y . Mia isodÔnamh gewmetrik ermhneÐa eÐnai h ex c: h d(X;Y ) eÐnai o mikrìteroc � � 1 gia ton opoÐo up�rqeiT 2 GLn pou ikanopoieÐ thnKY � T (KX) � �KY . EÔkola blèpoume oti d(X;Y ) =d(Y;X) gia k�je X kai Y (h d eÐnai summetrik ), kai d(X;Y ) = 1 an kai mìno anup�rqei T : X ! Y isometrÐa.JewroÔme to sÔnolo Bn ìlwn twn kl�sewn isodunamÐac n-di�statwn q¸rwnme nìrma, ìpou o X eÐnai isodÔnamoc me ton X 0 an kai mìno an oi X kai X 0 eÐnaiisometrikoÐ. O Bn eÐnai sumpag c metrikìc q¸roc, me metrik  thn log d: h trigwnik anisìthta eÐnai sunèpeia thcd(X;Y ) � d(X;Z) d(Z; Y )pou epalhjeÔetai eÔkola gia k�je tri�da X;Y; Z 2 Bn.O metrikìc q¸roc (Bn; log d) sun jwc lègetai Banach-Mazur compactum  Minkowski compactum. AntÐ gia thn log d, ja qrhsimopoioÔme thn d san mia pol-laplasiastik  apìstash ston Bn.3. Upojètoume oti o Rn eÐnai efodiasmènoc me mia EukleÐdeia dom  h�; �i, kai sum-bolÐzoume thn antÐstoiqh EukleÐdeia nìrma me j � j. Gr�foume Dn gia thn EukleÐdeiamonadiaÐa mp�la, kai Sn�1 gia th monadiaÐa sfaÐra. O ìgkoc thc Dn ja sumbolÐ-zetai me !n. EÐnai !n = �n=2=�(n2 + 1). Piì genik�, an me `np sumbolÐsoume tonq¸ro (Rn ; k � kp), p � 1, ìpou kxkpp = Pni=1 jxijp, tìte h monadiaÐa mp�la Bnp tou`np èqei ìgko jBnp j = [2�(1 + 1p )]n�(1 + np ) :(gia thn apìdeixh, blèpe [Pi1]). Gr�foume � gia to mètro pijanìthtac sthn Sn�1 poueÐnai analloÐwto wc proc touc orjog¸niouc metasqhmatismoÔc tou Rn . H epif�neiathc Sn�1 eÐnai Ðsh me n!n.'Estw K kurtì s¸ma ston Rn , me o 2 int(K). H aktinik  sun�rthsh �K :Rnnfog ! R+ tou K orÐzetai apì thn�K(x) = maxf� > 0 : �x 2 Kg:Parathr ste oti, gia k�je x 6= o �K(x) = kxk�1:



11H sun�rthsh st rixhc hK : Rn ! R tou K orÐzetai apì thnhK(x) = maxfhx; yi : y 2 Kg:H sqèsh an�mesa sthn aktinik  sun�rthsh �K kai thn sun�rthsh st rixhc hK gi�dosmènh dieÔjunsh � 2 Sn�1 eÐnai �K(�) � hK(�).To pl�toc enìc kurtoÔ s¸matoc K sthn dieÔjunsh enìc � 2 Sn�1 orÐzetai apì thnwK(�) = hK(�) + hK(��):To mèso pl�toc tou K eÐnai tow(K) = ZSn�1 wK(�)�(d�) = 2 ZSn�1 hK(�)�(d�):To polikì s¸ma K� tou K eÐnai toK� := fy 2 Rn : jhx; yij � 1;8x 2 Kg:Oi basikèc idiìthtec tou polikoÔ s¸matoc perigr�fontai sthn akìloujh prìtash:Prìtash. Estw K kai L summetrik� kurt� s¸mata ston Rn . IsqÔoun ta ex c:(1) Gia k�je � 2 Sn�1, �K�(�) = 1=hK(�).(2) An K � L, tìte L� � K�.(3) An T 2 GLn, tìte (TK)� = (T�1)�(K�).(4) (K�)� = K.(5) jTKjj(TK)�j = jKjjK�j. 24. H duðk  nìrma k � k� thc k � k orÐzetai apì thnkyk� = maxfjhx; yij : kxk � 1g:Apì ton orismì eÐnai fanerì oti jhx; yij � kyk�kxkgi� k�je x; y 2 Rn . An X� eÐnai o duðkìc q¸roc tou X , tìte h monadiaÐa mp�laKX� tou X� eÐnai to polikì s¸ma thc monadiaÐac mp�lac KX tou X . Ja gr�foumek � kK�   k � k�, kai k � kK   k � k qwrÐc autì na dhmiourgeÐ sÔgqush.5. JewroÔme èna summetrikì kurtì s¸ma K ston Rn kai thn oikogèneia E(K) ìlwntwn elleiyoeid¸n pou perièqontai sto K. Ena elleiyoeidèc ston Rn eÐnai èna kurtìs¸ma thc morf c E = (x 2 Rn : nXi=1 hx; vii2�2i � 1) ;ìpou fvigi�n eÐnai orjokanonik  b�sh tou Rn , kai �1; : : : ; �n eÐnai jetikoÐ pragma-tikoÐ arijmoÐ (oi dieujÔnseic kai ta m kh twn hmiaxìnwn tou E antÐstoiqa). EÔkola



12elègqoume oti E = T (Dn), ìpou T eÐnai o grammikìc metasqhmatismìc tou Rn pouorÐzetai apì tic T (vi) = �ivi, i = 1; : : : ; n.O F. John ([Jo], 1948) èdeixe oti up�rqei monadikì elleiyoeidèc E pou perièqetaisto K kai èqei ton mègisto dunatì ìgko, kai oti K � pnE. Sunèpeia autoÔ touapotelèsmatoc eÐnai h d(X; `n2 ) � pngia k�je X 2 Bn, pou prokÔptei �mesa apì ton egkleismì E � K � pnE kai tonorismì thc apìstashc Banach-Mazur.5. To �jroisma Minkowski twn A;B � Rn eÐnai to A+B = fa+ b : a 2 A; b 2 Bg.An � > 0, tìte �A = f�a : a 2 Ag.Gia tic apodeÐxeic twn parap�nw isqurism¸n parapèmpoume ton anagn¸sth stabiblÐa twn R.J. Gardner [Gar], V.D. Milman kai G. Schechtman [MS], kai R. Sch-neider [Sch].1.2 H anisìthta Brunn-MinkowskiH anisìthta Brunn-Minkowski sundèei to �jroisma Minkowski me ton ìgko stonRn :Je¸rhma 1. Estw K kai T dÔo mh ken� sumpag  uposÔnola tou Rn . Tìte,(1) jK + T j1=n � jKj1=n + jT j1=n:Sthn perÐptwsh pou ta K kai T eÐnai kurt� s¸mata, isìthta sthn (1) mporeÐ naisqÔei mìno an ta K kai T eÐnai omoiojetik�.H (1) ekfr�zei me mÐa ènnoia to gegonìc oti o ìgkoc eÐnai koÐlh sun�rthshwc proc thn prìsjesh kat� Minkowski. Gia to lìgo autì suqn� gr�fetai sthnakìloujh morf : An K;T eÐnai mh ken� sumpag  uposÔnola tou Rn kai � 2 (0; 1),tìte(2) j�K + (1� �)T j1=n � �jKj1=n + (1� �)jT j1=n:Qrhsimopoi¸ntac thn (2) kai thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou, mpo-roÔme akìma na gr�youme:(3) j�K + (1� �)T j � jKj�jT j1��:H asjenèsterh aut  morf  thc anisìthtac Brunn-Minkowski èqei to pleonèkthmaoti eÐnai anex�rthth thc di�stashc.Up�rqoun pollèc kai endiafèrousec apodeÐxeic thc (1). Ja d¸soume ed¸ thnapìdeixh thc sunarthsiak c morf c thc anisìthtac, pou ofeÐletai stouc Pr�ekopakai Leindler (blèpe [Pi1]):



13Je¸rhma 2. Estw f; g; h : Rn ! R+ treic metr simec sunart seic, kai � 2 (0; 1).Upojètoume oti oi f kai g eÐnai oloklhr¸simec, kai oti, gia k�je x; y 2 Rn(4) h(�x + (1� �)y) � f(x)�g(y)1��:Tìte, ZRn h � �ZRn f���ZRn g�1�� :Apìdeixh: Ja deÐxoume thn anisìthta me epagwg  wc proc thn di�stash n.(a) n = 1: Qrhsimopoi¸ntac basik� apotelèsmata apì thn jewrÐa tou oloklhr¸-matoc Lebesgue, mporoÔme na upojèsoume oti oi f kai g eÐnai suneqeÐc kai gn siajetikèc. H apìdeixh pou ja d¸soume basÐzetai sthn idèa thc metafor�c tou mètrou.OrÐzoume x; y : (0; 1)! R mèsw twnZ x(t)�1 f = t Z f ; Z y(t)�1 g = t Z g:Me b�sh tic upojèseic mac oi x; y eÐnai paragwgÐsimec, kai gia k�je t 2 (0; 1)èqoume x0(t)f(x(t)) = Z f ; y0(t)g(y(t)) = Z g:OrÐzoume z : (0; 1)! R me z(t) = �x(t) + (1� �)y(t):Oi x kai y eÐnai gn sia aÔxousec. Epetai oti h z eÐnai ki aut  gn sia aÔxousa kai,apì thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou,z0(t) = �x0(t) + (1� �)y0(t) � (x0(t))�(y0(t))1��:MporoÔme loipìn na ektim soume to olokl rwma thc h k�nontac thn allag  meta-blht¸n s = z(t):Z h = Z 10 h(z(t))z0(t)dt� Z 10 h(�x(t) + (1� �)y(t))(x0(t))�(y0(t))1��dt� Z 10 f�(x(t))g1��(y(t))� R ff(x(t))��� R gg(y(t))�1�� dt= �Z f�� �Z g�1�� :(b) Epagwgikì b ma: Upojètoume oti n � 2 kai oti to Je¸rhma èqei apodeiqjeÐgia k 2 f1; : : : ; n� 1g. Estw f; g; h ìpwc sto Je¸rhma. Gia k�je s 2 R orÐzoume



14hs : Rn�1 ! R+ me hs(w) = h(w; s), kai me an�logo trìpo orÐzoume fs; gs :Rn�1 ! R+ . Apì thn (4) èpetai oti, an x; y 2 Rn�1 kai s0; s1 2 R tìteh�s1+(1��)s0(�x+ (1� �)y) � fs1(x)�gs0(y)1��;kai h epagwgik  upìjesh mac dÐneiH(�s1 + (1� �)s0) := ZRn�1 h�s1+(1��)s0� �ZRn�1 fs1���ZRn�1 gs0�1�� =: F �(s1)G1��(s0):Efarmìzontac t¸ra xan� thn epagwgik  upìjesh gia n = 1 stic sunart seic F;Gkai H , paÐrnoumeZ h = ZRH � �ZRF���ZRG�1�� = �Z f���Z g�1�� : 2Apìdeixh tou Jewr matoc 1: Estw K;T sumpag  mh ken� uposÔnola tou Rn , kai� 2 (0; 1). OrÐzoume f = �K , g = �T , kai h = ��K+(1��)T . EÔkola elègqoume otiikanopoioÔntai oi upojèseic tou Jewr matoc 2, opìtej�K + (1� �)T j = Z h � �Z f�� �Z g�1�� = jKj�jT j1��:Autì apodeiknÔei thn (3) gia k�je tri�da K;T; �. Gia na p�roume thn (1) jewroÔmeK kai T ìpwc sto Je¸rhma 1 (me jKj > 0, jT j > 0), kai orÐzoumeK1 = jKj�1=nK ; T1 = jT j�1=nT ; � = jKj1=njKj1=n + jT j1=n :Ta K1 kai T1 èqoun ìgko 1, opìte apì thn (3) paÐrnoume(�) j�K1 + (1� �)T1j � 1:Omwc, �K1 + (1� �)T1 = K + TjKj1=n + jT j1=n ;epomènwc h (�) paÐrnei thn morf jK + T j � �jKj1=n + jT j1=n�n : 2H anisìthta Brunn - Minkowski eÐnai to jemèlio thc jewrÐac twn kurt¸n sw-m�twn. DÐnoume ed¸ merikèc mìno apì tic efarmogèc thc, autèc pou èqoun sqèshme ta jèmata pou ja mac apasqol soun:



151. H anisìthta twn Rogers kai Shephard.To s¸ma diafor¸n tou kurtoÔ s¸matoc K eÐnai toK �K = fx� y j x; y 2 Kg:To K �K eÐnai summetrikì (me kèntro summetrÐac to o), kai jK �Kj � jKj. OiRogers kai Shephard [RS] èdwsan akribèc �nw fr�gma gia ton ìgko tou s¸matocdiafor¸n:Je¸rhma 3. Estw K kurtì s¸ma ston Rn . Tìte,jK �Kj � �2nn �jKj:Apìdeixh: H anisìthta Brunn-Minkowski mpaÐnei sthn apìdeixh me th morf  touex c l mmatoc:L mma. An K kai T eÐnai kurt� s¸mata ston Rn , h sun�rthshx 7! jK \ (x+ T )j1=neÐnai koÐlh ston forèa thc.[To L mma eÐnai �mesh sunèpeia tou egkleismoÔ�(K \ (x+ T )) + (1� �)(K \ (y + T )) � K \ ((�x + (1� �)y) + T ):Epetai otijK \ ((�x + (1� �)y) + T )j � j�(K \ (x+ T )) + (1� �)(K \ (y + T ))j;kai apì thn (2) sumperaÐnoume otijK \ (�x+ (1� �)y + T )j1=n � �jK \ (x+ T )j1=n + (1� �)jK \ (y + T )j1=n:]OrÐzoume f(x) = jK \ (x+K)j1=n. Jètontac T = K sto L mma, blèpoume otih f eÐnai koÐlh sun�rthsh ston forèa thc, dhlad  sto K �K.OrÐzoume mia deÔterh sun�rthsh g : K �K ! R+ wc ex c: k�je x 2 K �Kgr�fetai sthn morf  x = r�, ìpou � 2 Sn�1 kai 0 � r � �K�K(�). Tìte, jètoumeg(x) = f(o)(1 � r=�K�K(�)). Apì ton trìpo me ton opoÐo orÐsthke, h g eÐnaigrammik  sto eujÔgrammo tm ma [o; �K�K(�)�], mhdenÐzetai sto sÔnoro touK�K,kai g(o) = f(o). AfoÔ h f eÐnai koÐlh, paÐrnoume f � g sto K �K. Epomènwc,ZK�K jK \ (x+K)jdx = ZK�K fn(x)dx � ZK�K gn(x)dx= [f(o)]nn!n ZSn�1 Z �K�K (�)0 rn�1(1� r=�)ndr�(d�)= jKjn!n ZSn�1 �nK�K(�)�(d�) Z 10 tn�1(1� t)ndt= jKjjK �Kjn�(n)�(n+ 1)�(2n+ 1) = �2nn ��1jKjjK �Kj:



16Apì thn �llh pleur�, to je¸rhma tou Fubini mac dÐneiZK�K jK \ (x+K)jdx = ZRn jK \ (x+K)jdx= ZRn ZRn �K(y)�x+K(y)dydx= ZRn �K(y)�ZRn �y�K(x)dx� dy= ZK jy �Kjdy = jKj2:Sundu�zontac tic dÔo sqèseic oloklhr¸noume thn apìdeixh. 2Parat rhsh. Exet�zontac piì prosektik� thn apìdeixh, kai paÐrnontac upìyh thnsunj kh isìthtac sthn anisìthta Brunn-Minkowski, blèpoume oti isqÔei isìthtasto Je¸rhma 3 an kai mìno an to K èqei thn akìloujh idiìthta:(rK + x) \ (sK + y) = tK + wgia k�je r; s > 0 kai x; y 2 Rn , dhlad  an h tom  dÔo ìqi xènwn omoiojetik¸nproc to K swm�twn eÐnai ki aut  omoiojetik  proc to K. Oi Rogers kai Shephardapèdeixan oti h idiìthta aut  qarakthrÐzei to simplex.H qrhsimìthta thc ektÐmhshc tou Jewr matoc 3 ègkeitai sthn parat rhsh otio ìgkoc tou K �K den eÐnai polÔ megalÔteroc apì ton ìgko tou K:jK �Kj1=n � 4jKj1=n;dhlad , k�je kurtì s¸ma (pou perièqei to o) perièqetai se èna summetrikì kurtìs¸ma me {perÐpou} ton Ðdio ìgko. H parat rhsh aut  ja qrhsimopoihjeÐ ousiastik�sthn sunèqeia.2. Tomèc enìc kurtoÔ s¸matoc me par�llhla uperepÐpeda.JewroÔme èna kurtì s¸ma K ston Rn , kai stajeropoioÔme mÐa dieÔjunsh � 2Sn�1. OrÐzoume f = fK;� : R ! R+ wc ex c:f(t) = jK \ (�? + t�)j:O ìgkoc ed¸ eÐnai (n � 1)-di�statoc. Dhlad , f(t) eÐnai to {embadìn} thc tom ctou K pou eÐnai k�jeth sto � kai se (proshmasmènh) apìstash t apì ton �?.Je¸rhma 4. Estw K kurtì s¸ma, � 2 Sn�1, kai f(t) = jK \ (�? + t�)j. Tìte, hf 1n�1 eÐnai koÐlh ston forèa thc.Apìdeixh: MporoÔme na upojèsoume oti � = en, opìte tautÐzoume fusiologik� ton�? me ton Rn�1 . Gia k�je t orÐzoumeK(t) = fx 2 Rn�1 �� (x; t) 2 Kg:



17Estw I = ft �� K(t) 6= ;g. Gia k�je t 2 I , to K(t) eÐnai kurtì, kai an t; s 2 I ,� 2 (0; 1), tìte �K(t) + (1� �)K(s) � K(�t+ (1� �)s):Apì thn anisìthta Brunn-Minkowski ston Rn�1 ,jK(�t+ (1� �)s)j 1n�1 � �jK(t)j 1n�1 + (1� �)jK(s)j 1n�1 :Omwc f(t) = jK \ (�? + t�)j = jK(t)j, ki autì dÐnei to zhtoÔmeno. 2Parat rhsh. Istorik�, to Je¸rhma 4 prohg jhke thc anisìthtacBrunn-Minkowski.O Brunn èdeixe to parap�nw apotèlesma me thn mèjodo thc summetrikopoÐhshc, kaio Minkowski èdwse mia apìdeixh tou Jewr matoc 1 qrhsimopoi¸ntac to.Pìrisma 1. Me tic upojèseic tou Jewr matoc 4, h f eÐnai logarijmik� koÐlh stonforèa thc.Apìdeixh: Qrhsimopoi¸ntac thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou, paÐr-noume f(�t+ (1� �)s) � f(t)�f(s)1��gia k�je t; s 2 I kai � 2 (0; 1). Autì shmaÐnei oti h log f eÐnai koÐlh sto I . 2Pìrisma 2. An to K eÐnai summetrikì me kèntro to o, tìte kfk1 = f(0), dhlad h mègisth tom  tou K eÐnai h kentrik .Apìdeixh: Apì thn upìjesh thc summetrÐac èpetai oti K(�t) = �K(t) gia k�jet 2 I . Apì to Pìrisma 1, h f eÐnai �rtia kai logarijmik� koÐlh sto I . Ara, giak�je t 2 I , f(0) = f � t+ (�t)2 � �pf(t)pf(�t) = f(t): 23. Mia anisìthta tou Anderson.JewroÔme mia �rtia, logarijmik� koÐlh sun�rthsh f : Rn ! R+ . Tìte, giak�je t � 0 to sÔnolo fx 2 Rn �� f(x) � tgeÐnai summetrikì kai kurtì. Opwc sto Pìrisma 2, eÔkola elègqoume oti kfk1 =f(0).H anisìthta tou Anderson [And] afor� to olokl rwma miac tètoiac sun�rthshcp�nw se summetrik� kurt� s¸mata:Je¸rhma 5. Estw f : Rn ! R+ �rtia oloklhr¸simh sun�rthsh me thn idiìthtato fx �� f(x) � tg na eÐnai kurtì gia k�je t � 0. Tìte, gia k�je summetrikì wc procto o kurtì s¸ma W kai k�je z 2 Rn isqÔeiZW f(x)dx � ZW+z f(x)dx:



18Apìdeixh: Qrhsimopoi¸ntac thn sun�rthsh katanom c thc f gr�foumeZW+z f(x)dx = Z 10 jfx �� f(x) � tg \ (W + z)jdt ; z 2 Rn :AfoÔ ta fx �� f(x) � tg kai W eÐnai kurt�, èpetai oti12 �fx �� f(x) � tg \ (W + z)�+ 12 �fx �� f(x) � tg \ (W � z)� � fx �� f(x) � tg \Wgia k�je t. Apì thn anisìthta Brunn - Minkowski paÐrnoumejfx �� f(x) � tg \W j � jfx �� f(x) � tg \ (W + z)j1=2jfx �� f(x) � tg \ (W � z)j1=2:Omwc h f eÐnai �rtia kai to W summetrikì, �rafx �� f(x) � tg \ (W + z) = � �fx �� f(x) � tg \ (W � z)� ;epomènwc jfx �� f(x) � tg \W j � jfx �� f(x) � tg \ (W + z)j:Oloklhr¸nontac èqoumeZW f(x)dx = Z 10 jfx �� f(x) � tg \W jdt� Z 10 jfx �� f(x) � tg \ (W + z)jdt= ZW+z f(x)dx: 24. To L mma tou Borell.Je¸rhma 6 [Bo] Estw K kurtì s¸ma ston Rn me ìgko jKj = 1, kai A kleistìkurtì summetrikì sÔnolo tètoio ¸ste jK\Aj = � > 12 . Tìte, gia k�je t > 1 èqoumejK \ (tA)cj � ��1� �� � t+12 :Apìdeixh: DeÐqnoume pr¸ta me apagwg  se �topo otiAc � 2t+ 1(tA)c + t� 1t+ 1A:Estw oti up�rqei a 2 A pou gr�fetai sth morf a = 2t+ 1y + t� 1t+ 1a1;



19ìpou a1 2 A kai y =2 tA. Tìte,1t y = t+ 12t a+ t� 12t (�a1) 2 A;apì thn kurtìthta kai thn summetrÐa tou A. Autì shmaÐnei oti y 2 tA, �topo.To K eÐnai kurtì, epomènwcAc \K � 2t+ 1[(tA)c \K] + t� 1t+ 1[A \K]:Efarmìzontac thn anisìthta Brunn-Minkowski gia sumpag  sÔnola, paÐrnoume1� � = jAc \Kj � j(tA)c \Kj 2t+1 jA \Kj t�1t+1 = j(tA)c \Kj 2t+1 � t�1t+1 :Autì apodeiknÔei to zhtoÔmeno. 2To L mma tou Borell ekfr�zei thn sugkèntrwsh tou ìgkou ston Rn : An toA \K perièqei perissìtero apì to misì tou ìgkou tou K, tìte to posostì tou Kpou mènei èxw apì to tA, t > 1 fjÐnei ekjetik� wc proc t kaj¸c t ! 1, me rujmìanex�rthto apì to K kai thn di�stash n.
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Kef�laio 2El�qisto mèso pl�toc
2.1 Sunart seic Rademacher kai WalshOrismoÐ. (a) Estw n 2 N. OrÐzoume En2 = f�1; 1gn. To sÔnolo f�1; 1g eÐnai pol-laplasiastik  om�da, epomènwc kai o En2 eÐnai om�da me pr�xh ton pollaplasiasmìkata suntetagmènec.(b) Gia k�je i = 1; : : : ; n orÐzoume ri : En2 ! f�1; 1g meri(�) = ri(�1; : : : ; �i; : : : ; �n) = �i:Oi ri, i = 1; : : : ; n, eÐnai oi sunart seic Rademacher.(g) Estw ; 6= A � f1; : : : ; ng. OrÐzoume wA : En2 ! f�1; 1g mewA(�) =Yi2A ri(�):An A = ;, jètoume wA(�) = 1. Oi wA, A � f1; : : : ; ng, eÐnai oi sunart seic Walsh.Parathr ste oti ri = wfig.Oi sunart seic Walsh ikanopoioÔn ta parak�tw:Prìtash 1. (a) K�je wA eÐnai omoiomorfismìc om�dwn.(b) Gia k�je A kai k�je � 2 En2 , w2A(�) = 1.(g) IsqÔoun oi sunj kec orjogwniìthtacXA wA(�)wA(�) = 2n���kai X� wA(�)wB(�) = 2n�AB ;21



22ìpou �xy = 1 an x = y kai �xy = 0 an x 6= y. 2An ston En2 orÐsoume thn omoiìmorfh diakrit  katanom  pijanìthtac, tìtegÐnetai diakritìc q¸roc pijanìthtac (En2 ; P (En2 ); p). Ja sumbolÐzoume d(�) = dp(�).An f : En2 ! R, tìte ZEn2 f(�)d� = 12n X�2En2 f(�):Piì genik�, an X q¸roc Banach kai f : En2 ! X , tìte orÐzoumeZEn2 f(�)d� = 12n X�2En2 f(�) 2 X:O q¸roc twn sunart sewn f : En2 ! X gÐnetai q¸roc Banach me nìrma thnkfkL2(X;En2 ) = kfkL2(X) =  ZEn2 kf(�)k2d�! 12Ja qrhsimopoi soume kai thn nìrmakfkL1(X;En2 ) = kfkL1(X) = ZEn2 kf(�)kd�:Prìtash 2. K�je f : En2 ! X gr�fetai kata monadikì trìpo sth morf f(�) =XA wA(�)xA;gia k�poia xA 2 X .Apìdeixh: Gia k�je A � f1; : : : ; ng orÐzoumexA = ZEn2 wA(�)f(�)d�:Tìte, qrhsimopoi¸ntac thn Prìtash 1(g) blèpoume oti gia k�je � 2 En2XA wA(�)xA = XA wA(�) ZEn2 wA(�)f(�)d�!= ZEn2 f(�) XA wA(�)wA(�)! d�= f(�):



23Gia thn monadikìthta, ac upojèsoume oti f(�) =PA wA(�)yA gia k�poia yA 2 X .Tìte, xA = ZEn2 wA(�)f(�)d�= ZEn2  XB wB(�)yB!wA(�)d�= 12n XB yB0@X�2En2 wB(�)wA(�)1A= yA;p�li apì thn Prìtash 1(g). 2Orismìc. (a) An f : En2 ! X kai g : En2 ! R, orÐzoume thn sunèlixh f �g : En2 !X twn f kai g wc ex c: (f � g)(�) = ZEn2 f(��)g(�)d�:(b) H Rademacher probol  thc f : En2 ! X eÐnai h sun�rthsh Radnf : En2 ! Xme Radnf(�) = nXi=1 ri(�)xfig;ìpou f =PwAxA.Prìtash 3. OrÐzoume g : En2 ! R me g(�) =Pni=1 ri(�). Tìte, gia k�je f : En2 !X , isqÔei Radnf = f � g:Apìdeixh: Eqoume(f � g)(�) = ZEn2  XA wA(��)xA! nXi=1 ri(�)! d�= nXi=1XA xAwA(�) ZEn2 wA(�)ri(�)d�!= nXi=1 ri(�)xfig= Radnf(�): 2Orismìc. Estw f : En2 ! X kai � : En2 ! X�. OrÐzoumehf(�); �(�)i = [�(�)](f(�)):



24Prìtash 4. Estw X q¸roc Banach, X� o duikìc tou, kai H q¸roc Hilbert. Giak�je f : En2 ! X , � : En2 ! X� kai h : En2 ! H isqÔoun ta ex c:(a) Up�rqei  : En2 ! X� me k kL2(X�) = 1 tètoia ¸stekfkL2(X) = ZEn2 hf(�);  (�)id�:(b) REn2 hf(�); �(�)id� � kfkL2(X)k�kL2(X�).(g) An h(�) =PA wA(�)xA eÐnai h anapar�stash thc h, tìtekhk2L2(H) =XA kxAk2H :Apìdeixh: (a) Eqoume ìtikfkL2(X) = �P� kf(�)k2X2n � 12= P� kf(�)kXa�p2n ;ìpou fa�g kat�llhlh akoloujÐa pragmatik¸n arijm¸n me P� a2� = 1.Gia k�je � 2 En2 up�rqei ~ (�) 2 X� me k ~ (�)kX� = 1 kaikf(�)kX = hf(�); ~ (�)i:OrÐzoume  (�) = ~ (�)a�2n2 . Tìte,k k2L2(X�) = P� k (�)k2X�2n= P� k ~ (�)k2X�a2�2n2n= 1;kai kfkL2(X) = ZEn2 hf(�);  (�)id�:(b) Apl¸c parathroÔme otiZEn2 hf(�); �(�)id� � ZEn2 kf(�)kXk�(�)kX�d�;kai qrhsimopoioÔme thn anisìthta Cauchy-Schwarz.



25(g) ParathroÔme otiZEn2 kh(�)k2H = ZEn2 kXA wA(�)xAk2H= ZEn2 hXA wA(�)xA;XB wB(�)xBid�= XA XB hxA; xBi ZEn2 wA(�)wB(�)d�= XA hxA; xAi= XA kxAk2H :Dhlad , khk2L2(H) =XA kxAk2H : 22.2 H anisìthta tou Pisier gia thn Rademacherprobol H Radn : L2(X) ! L2(X) me f 7! Radnf eÐnai grammikìc telest c. Opwc jadoÔme, o Radn eÐnai fragmènoc telest c. Skopìc mac eÐnai na d¸soume apìdeixhthc ektÐmhshc tou G. Pisier gia th nìrma kRadn(X)k thc Rademacher probol cRadn:Je¸rhma [Pi2] Estw X n-di�statoc q¸roc me nìrma. An f : En2 ! X , tìtekRadnfkL2(X) � c logn kfkL2(X);ìpou c > 0 apìluth stajer�. Dhlad , kRadn(X)k � c logn.H apìdeixh ja basisteÐ se mia seir� apì bohjhtik� apotelèsmata:Prìtash 1. Estw X q¸roc Banach, f : En2 ! X , g : En2 ! R, kai g(�) =PA wA(�)cA h anapar�stash thc g. Tìte,(a) kf � gkL2(X) � kfkL2(X)kgkL1(R):(b) An o X = H eÐnai q¸roc Hilbert, tìtekf � gkL2(H) � kfkL2(H)maxA jcAj:(g) An d(X;H) eÐnai h apìstash Banach-Mazur tou X apì ènan q¸ro HilbertH tìte kf � gkL2(X) � kfkL2(X)maxA jcAjd(X;H):



26Apìdeixh: (a) Eqoume f � g : En2 ! X . Tìte up�rqei � : En2 ! X� tètoia ¸stek�kL2(X�) = 1 kaikf � gkL2(X) = ZEn2 h(f � g)(�); �(�)id�= ZEn2 g(�) ZEn2 hf(��); �(�)id�d�� ZEn2 jg(�)j ZEn2 kf(��)kXk�(�)kX�d�d�� ZEn2 jg(�)j ZEn2 kf(��)k2Xd�! 12  ZEn2 k�(�)k2X�d�! 12 d�= kfkL2(X)kgkL1(R):(b) ParathroÔme ìti an f =PA wAxA; g = PA cAwA oi anaparast�seic twn f; gantÐstoiqa, tìte f � g =PA cAxAwA afoÔ(f � g)(�) = ZEn2 f(��) XA wA(�)cA! d�= XA  ZEn2 f(��)wA(�)d�! cA= XA  ZEn2 f(��)wA(��)d�! cAwA(�)= XA xAcAwA(�):Qrhsimopoi¸ntac thn Prìtash 4 thc prohgoÔmenhc paragr�fou, èqoumekf � gkL2(H) =  XA kcAxAk2H! 12� maxA jcAj XA kxAk2H! 12= �maxA jcAj� kfkL2(H):(g) GnwrÐzoume ìti gia k�je " > 0 up�rqei T : X ! H tètoioc ¸ste kTkkT�1k �(1 + ")d(X;H) .AfoÔ f � g =PA cAxAwA, isqÔei ìtiT [(f � g)(�)] =XA wA(�)cATxA:



27UpologÐzoume:kf � gkL2(X) = kT�1 � T � (f � g)kL2(X)� kT�1kkT � (f � g)kL2(H)= kT�1k(XA kcATxAk2H) 12� maxA jcAjkT�1k ZEn2 kT (f(�)k2Hd�! 12� maxA jcAjkT�1kkTk ZEn2 kf(�)k2Xd�! 12= kfkL2(X)maxA jcAj(1 + ")d(X;H): 2Parat rhsh. Eqoume deÐ oti Radnf = f � g, ìpou g = P ri. EÐnai fanerì otikgkL1(R) � kgkL2(R) = pn, epomènwc to mèroc (a) thc Prìtashc dÐneikRadnfk � pnkfk:To mèroc (g) dÐnei thn Ðdia ektÐmhsh an dimX = n: Apì to Je¸rhma tou John,d(X; `n2 ) � pn, kai gia thn g =P ri profan¸c maxA jcAj = 1. Ara,kRadnfk � pnkfk:Tèloc, an o X = H eÐnai q¸roc Hilbert, to mèroc (b) thc Prìtashc mac exasfalÐzeioti kRadnfk � kfk:Gia thn polÔ isqurìterh genik  ektÐmhsh pou parèqei to Je¸rhma, o Pisier sun-du�zei ìlec autèc tic plhroforÐec kaj¸c kai mejìdouc apì thn klasik  armonik an�lush.Pr¸ta ja deÐxoume mia klasik  anisìthta tou Bernstein pou ektim� thn kQ0k1apì thn kQk1, ìpou Q trigwnometrikì polu¸numo bajmoÔ n.Orismìc. O pur nac tou Fej�er Fn eÐnai to trigwnometrikì polu¸numoFn(t) = nXk=�n�1� jkjn+ 1� eikt:Oi basikèc idiìthtec tou Fn dÐnontai sto L mma pou akoloujeÐ:L mma 1. An t =2 2�Z, tìteFn(t) = 1n+ 1  sin (n+1)t2sin t2 !2 :



28Dhlad , Fn(t) � 0 gia k�je t 2 R. EpÐshc, kFnk1 = 12� R 2�0 Fn(t)dt = 1.Apìdeixh: ParathroÔme pr¸ta otiFn(t) = 1n+ 1 nXj=0 jXk=�j eikt:Jètoume z = eit, z 6= 1. Aplèc pr�xeic deÐqnoun oti(n+ 1)Fn(t) = 11� z �1� zn+11� z � z(1� zn+1)1� z �= 2� zn+1 � zn+1j1� zj2=  sin (n+1)t2sin t2 !2 :AfoÔ Fn � 0, eÐnai fanerì otikFnk1 = 12� Z 2�0 Fn(t)dt= 12� nXk=�n(1� jkjn+ 1) Z 2�0 eiktdt = 1: 2L mma 2. OrÐzoume  n(t) = 2nFn�1(t) sin(nt). An Q eÐnai trigwnometrikì polu¸-numo bajmoÔ n, tìte Q �  n = �Q0:Apìdeixh: MporoÔme na gr�youme Q(t) =Pnk=�n akeikt. Tìte,(Q �  n)(t) = 12� Z 2�0 2n nXk=�n akeik(t�s)! n�1Xl=�n+1(1� jljn )eils! sin(ns)ds= 2n2� nXk=�n akeikt n�1Xl=�n+1(1� jljn ) Z 2�0 ei(l�k)s sin(ns)ds:To olokl rwma mhdenÐzetai, ektìc an jl � kj = n, opìteZ 2�0 eins sin(ns)ds = � Z 2�0 e�ins sin(ns)ds = i�:AfoÔ jkj � n kai jlj � n�1, prèpei na eÐnai 1 � k � n kai l = k�n,   �n � k � �1kai l = k + n. Epomènwc,(Q �  n)(t) = n�  nXk=1 akeikt(�i)�(1� n� kn ) + �1Xk=�n akeikti�(1� k + nn )!



29= � Xk 6=0;jkj�n akkieikt= �Q0(t): 2L mma 3 (Anisìthta tou Bernstein). An Q eÐnai trigwnometrikì polu¸numo bajmoÔn, tìte kQ0k1 � 2nkQk1:Apìdeixh: Apì to prohgoÔmeno L mma, kQ0k1 = kQ �  nk1. Omwc,j(Q �  n)(t)j � 12� Z 2�0 jQ(t� s)j j n(s)jds;�ra kQ �  nk1 � 12� kQk1 Z 2�0 j n(s)jds:Omwc, 12� Z 2�0 j n(s)jdt � 12� Z 2�0 2nFn�1(s)ds = 2n:Ara, kQ0k1 � 2nkQk1: 2Prìtash 2. An P (t) =Pnk=0 bktk; bk 2 C , tìte jP 0(0)j � 4nmaxjsj� 12 jP (s)j.Apìdeixh: OrÐzoume Q(s) = P ( sin s2 ) = nXk=0 bk (sin s)k2k :To Q eÐnai trigwnometrikì polu¸numo bajmoÔ n, kaiQ0(0) = 12P 0(0):Apì thn anisìthta tou Bernstein,jQ0(0)j � 2nkQk1 = 2n maxjsj� 12 jP (s)j:Ara, jP 0(0)j � 4n maxjsj� 12 jP (s)j: 2Prìtash 3. Estw l 2 N; l � 2. Up�rqei proshmasmèno mètro � sto [� 12 ; 12 ] pouèqei kÔmansh k�k � 4l kai ikanopoieÐ ticZ 12� 12 td�(t) = 1 ; Z 12� 12 tkd�(t) = 0 ; k = 0; 2; : : : ; l:



30Apìdeixh: SumbolÐzoume me Pl ton q¸ro ìlwn twn poluwnÔmwn pou èqoun bajmìmikrìtero   Ðso tou l, kai jewroÔme to sunarthsoeidèc F : Pl ! R meF (p) = p0(0):Tìte, h Prìtash 2 mac dÐneijF (p)j = jp0(0)j � 4l maxt2[�1=2;1=2] jp(t)j ; p 2 Pl:Apì to je¸rhma Hahn-Banach, to F epekteÐnetai se ~F 2 �C[� 12 ; 12 ]�� me k ~Fk � 4l.Apì to je¸rhma anapar�stashc tou Riesz, up�rqei proshmasmèno mètro � sto[� 12 ; 12 ] me k�k � 4l, to opoÐo ikanopoieÐ ticZ 12� 12 tkd�(t) = (tk)0jt=0 ; k = 0; 1; : : : ; l:Autì oloklhr¸nei thn apìdeixh. 2Apìdeixh thc anisìthtac tou Pisier: JewroÔme to mètro � thc Prìtashc 3, kaiorÐzoume g(�) = Z 12� 12 nYi=1(1 + tri(�))d�(t):Parathr¸ntac oti nYi=1(1 + tri(�)) = nXk=0 tk XjAj=kwA(�);èqoume g(�) = Z 12� 12 nXk=0 tk XjAj=kwA(�)d�(t)= nXk=0 Z 12� 12 tkd�(t)! XjAj=kwA(�)= nXi=1 ri(�) + nXk=l+1 Z 12� 12 tkd�(t)! XjAj=kwA(�);apì tic idiìthtec tou �.Jètoume g1(�) = Pni=1 ri(�) kai g2(�) = Pnk=l+1 �R 12� 12 tkd�(t)�PjAj=k wA(�),opìte g(�) = g1(�) + g2(�). Tìte,kgkL1(R) = ZEn2 j Z 12� 12 nYi=1(1 + tri(�))d�(t)jd�



31� ZEn2 Z 12� 12 nYi=1(1 + tri(�))d�+(t)d�+ ZEn2 Z 12� 12 nYi=1(1 + tri(�))d��(t)d�= Z 12� 12  ZEn2 nYi=1(1 + tri(�))d�! dj�j(t):Omwc, ZEn2 nYi=1(1 + tri(�))d� = 1;�ra kgkL1(R) � k�k � 4l:Akìma, gia thn g2 parathroÔme ìti an g2 = PA wAcg2A =Pnk=l+1PjAj=k wAcg2A hmonadik  anapar�stash thc tìtecg2A = Z 12� 12 tkd�(t); k = jAj:Eqoume loipìn,kRadnfkL2(X) = kf � g1kL2(X)= kf � (g � g2)kL2(X)= k(f � g)� (f � g2)kL2(X)� k(f � g)kL2(X) + k(f � g2)kL2(X):Omwc, kf � gkL2(X) � kfkL2(X)kgkL1(R) � kfkL2(X)k�k� 4lkfkL2(X);kai kf � g2kL2(X) � kfkL2(X)maxA jcg2A jd(X; `n2 )= kfkL2(X) maxl<k�n j Z 12� 12 tkd�(t)jd(X; `n2 )� kfkL2(X) 12l+1 k�kd(X; `n2 )� kfkL2(X) 4l2l+1 d(X; `n2 ):Ara, gia k�je l 2 N; l � 2,kRadnfkL2(X) � kfkL2(X)�4l + 4l d(X; `n2 )2l+1 � :



32Epilègontac to l ètsi ¸ste 2l ' d(X; `n2 ), paÐrnoumekRadnfkL2(X) � 8lkfkL2(X) � c1 log d(X; `n2 )kfkL2(X):Apì to je¸rhma tou John èqoume ìti d(X; `n2 ) � pn. Dhlad  log d(X; `n2 ) �c2 logn. Ara, kRadnfkL2(X) � c lognkfkL2(X): 22.3 To L mma tou Lewis kai h `-nìrmaOrismìc. Estw � tuqoÔsa nìrma ston L(Rn ;Rn ). MporoÔme p�nta na orÐsoumemia duik  nìrma ston L(Rn ;Rn ), jètontac��(v) = supftr(vu) : �(u) � 1g:Lème tìte oti oi � kai �� eÐnai duikèc wc proc to Ðqnoc. To L mma tou Lewis [Le]eÐnai mia teleÐwc genik  prìtash pou isqÔei gia opoiad pota nìrma ston L(Rn ;Rn ).Prìtash 1. Gia k�je nìrma � ston L(Rn ;Rn ), up�rqei u 2 L(Rn ;Rn ) tètoioc¸ste �(u) = 1 kai ��(u�1) = n.Apìdeixh: ParathroÔme pr¸ta ìti n � �(v)��(v�1) gia k�je v 2 GLn, afoÔn�(v) = 1�(v) tr(In) = tr�v�1 v�(v)� � ��(v�1):PaÐrnoume u 2 GLn me �(u) � 1 ètsi ¸ste j detuj = maxfj det vj : v 2 GLn; �(v) �1g. Tètoioc u up�rqei, afoÔ h orÐzousa eÐnai suneq c sun�rthsh wc proc thnfusiologik  nìrma, �ra kai wc proc k�je nìrma ston L(Rn ;Rn ). EÐnai epÐshcfanerì oti �(u) = 1. Estw " > 0 arket� mikrì, kai v 2 L(Rn ;Rn ) tuq¸n. Tìte, o(u+ "v)=�(u+ "v) èqei �-nìrma Ðsh me 1. Epomènwc,j det(u+ "v)j � (�(u+ "v))n j detuj:Epetai oti j det[u�1(u+ "v)]j 1n � �(u+ "v);kai, afoÔ h � eÐnai nìrma,j det(In + "u�1v)j 1n � �(u) + "�(v) = 1 + "�(v):Dhlad , [det(In + "u�1v)] 1n � 1" � �(v);kai af nontac to "! 0+ paÐrnoumetr(u�1v)n � �(v):



33AfoÔ o v  tan tuq¸n, autì shmaÐnei oti��(u�1) � n: 2Ja melet soume thn `-nìrma ston L(Rn ;Rn ), h opoÐa orÐsthke apì touc T.Figiel kai N. Tomczak-Jaegermann [FT]. Estw feigni=1 h kanonik  b�sh tou Rn .An X = (Rn ; k � k) eÐnai n-di�statoc q¸roc me nìrma, orÐzoume`(u) =  ZEn2 k nXi=1 ri(�)u(ei)k2d�! 12gia k�je u : `n2 ! X .Prìtash 2. H ` eÐnai nìrma ston L(`n2 ; X).Apìdeixh: (a) Profan¸c `(u) � 0, kai an `(u) = 0 tìtek nXi=1 ri(�)u(ei)k2 = 0gia k�je � 2 En2 , dhlad  Pni=1 �iu(ei) = 0 gia kaje epilog  pros mwn �i. Tìteìmwc u(ei) = 0, i = 1; : : : ; n, dhlad  u = 0.(b) Estw � 2 R. Tìte,`(�u) =  ZEn2 k nXi=1 ri(�)�u(ei)k2d�! 12= j�j ZEn2 k nXi=1 ri(�)u(ei)k2d�! 12= j�j`(u):(g) Gia k�je u; v : `n2 ! X èqoume:`(u+ v) =  ZEn2 k nXi=1 ri(�)(u+ v)(ei)k2d�! 12� 0@ZEn2  k nXi=1 ri(�)u(ei)k+ k nXi=1 ri(�)v(ei)k!2 d�1A 12�  ZEn2 k nXi=1 ri(�)u(ei)k2d�! 12 + ZEn2 k nXi=1 ri(�)v(ei)k2d�! 12= `(u) + `(v): 2



34Parat rhsh. An u : `n2 ! X isomorfismìc, tìte (u�1)� : `n2 ! X�. An loipìnk � k� h nìrma tou X�, èqei nìhma na gr�foume`((u�1)�) =  ZEn2 k nXi=1 ri(�)(u�1)�(ei)k2�d�! 12 :Oi Figiel kai Tomczak-Jaegermann sunèdesan to genikì l mma tou Lewis methn Rademacher probol , dÐnontac ektÐmhsh thc `((u�1)�) mèsw thc `�(u�1):Je¸rhma 1. Estw X = (Rn ; k � k) n-di�statoc q¸roc me nìrma. Up�rqei u : `n2 !X tètoioc ¸ste `(u)`((u�1)�) � nkRadn(X)k:Apìdeixh: Apì to l mma tou Lewis up�rqei u : `n2 ! X isomorfismìc, tètoioc ¸ste`(u)`�(u�1) = n, ìpou `�(u�1) = supftr(u�1v) : `(v) � 1g:Eqoume ` �(u�1)�� =  ZEn2 k nXi=1 ri(�)(u�1)�(ei)k2�d�! 12 :OrÐzoume f : En2 ! X� me f(�) = nXi=1 ri(�)(u�1)�(ei):Tìte, apì thn Prìtash 2.1.4, up�rqei � : En2 ! X me an�ptugma �(�) =PAwA(�)xAkai k�kL2(X) = 1, tètoia ¸ste`((u�1)�) = ZEn2 hf(�); �(�)id�= ZEn2 h nXi=1 ri(�)(u�1)�(ei);XA wA(�)xAid�= nXi=1XA  ZEn2 ri(�)wA(�)d�! h(u�1)�(ei); xAi:Omwc, ZEn2 ri(�)wA(�)d� = 0an A 6= fig. Ara, `((u�1)�) = nXi=1h(u�1)�(ei); xfigi:



35OrÐzoume t¸ra v = `n2 ! X , jètontac v(ei) = xfig kai epekteÐnontac grammik�.Tìte, `((u�1)�) = nXi=1h(u�1)�(ei); v(ei)i= nXi=1hei; (u�1v)(ei)i= tr(u�1v) � `�(u�1)`(v):Ja ektim soume thn `(v). Apì ton orismì èqoume`(v) =  ZEn2 k nXi=1 ri(�)v(ei)k2d�! 12=  ZEn2 k nXi=1 ri(�)xfigk2d�! 12= kRadn(�)kL2(X)� kRadn(X)kk�kL2(X)= kRadn(X)k:'Ara `((u�1)�) � `�(u�1)kRadn(X)k:Dhlad , `(u)`((u�1)�) � `(u)`�(u�1)kRadn(X)k = nkRadn(X)k: 2Sthn gl¸ssa twn kurt¸n swm�twn to prohgoÔmeno Je¸rhma metafr�zetai wcex c:Je¸rhma 2. Estw K summetrikì kurtì s¸ma ston Rn . Up�rqei grammik  eikìna~K tou K tètoia ¸ste ZEn2 k nXi=1 ri(�)eik2~Kd�! 12  ZEn2 k nXi=1 ri(�)eik2~K�d�! 12 � nkRadXk:Apìdeixh: Apì to Je¸rhma 1, up�rqei u : `n2 ! X tètoioc ¸ste`(u)`((u�1)�) � nkRadXk:Jètoume ~K = u�1(K). ParathreÐste oti ZEn2 k nXi=1 ri(�)u(ei)k2Kd�! 12 =  ZEn2 k nXi=1 ri(�)eik2~Kd�! 12



36kai  ZEn2 k nXi=1 ri(�)(u�1)�(ei)k2K�d�! 12 =  ZEn2 k nXi=1 ri(�)eik2~K�d�! 12 : 2
2.4 EktÐmhsh tou el�qistou mèsou pl�toucTo mèso pl�toc w(K) enìc summetrikoÔ kurtoÔ s¸matoc K mporeÐ na ekfrasteÐsthn morf (�) w(K) = cn Z
 k nXi=1 gi(!)eik�d!;ìpou k � k h nìrma pou ep�getai ston Rn apì to K, feig stajer  orjokanonik b�sh tou Rn , kai fgig anex�rthtec standard kanonikèc tuqaÐec metablhtèc. Gia tonskopì mac eÐnai protimìtero na doÔme thn apìdeixh thc akìloujhc anisìthtac (hapìdeixh thc (�) eÐnai entel¸c an�logh):Prìtash 1. Estw X = (Rn ; k�k) n-di�statoc q¸roc Banach kaiK h monadiaÐa toump�la. An gi anex�rthtec standard kanonikèc tuqaÐec metablhtèc i = 1; 2; : : : ; n,tìte w(K�) � 1pn  Z
 k nXi=1 gi(!)eik2d!! 12 :Apìdeixh: EqoumeZ
 k nXi=1 gi(!)eik2d! = 1(2�)n2 ZRn k nXi=1 xieik2e� jxj22 dx= n!n(2�)n2 ZSn�1 Z 10 rn�1kr�k2e� r22 dr�(d�)= n!n(2�)n2 ZSn�1 k�k2�(d�) Z 10 rn+1e� r22 dr= n!n2n2 �(n2 + 1)(2�)n2 ZSn�1 k�k2�(d�)� n�ZSn�1 k�k�(d�)�2 : 2H prìtash pou akoloujeÐ eÐnai gnwst  san L mma twn Maurey-Pisier, kai macepitrèpei na per�soume apì tic kanonikèc se Rademacher tuqaÐec metablhtèc:



37Prìtash 2. Gia k�je nìrma k�k ston Rn , an gi eÐnai anex�rthtec standard kanonikèctuqaÐec metablhtèc se k�poion q¸ro pijanìthtac 
 kai ri eÐnai oi Rademachersunart seic ston En2 , isqÔei ìtic ZEn2 k nXi=1 ri(�)eik2d�! 12 �  Z
 k nXi=1 gi(!)eik2d!! 12� c1plogn ZEn2 k nXi=1 ri(�)eik2d�! 12 :Apìdeixh: Gia thn pr¸th anisìthta parathroÔme pr¸ta ìtiZ
 jgi(!)jd! = 2p2� Z 10 te� t22 dt =r 2� :Epomènwc ZEn2 k nXi=1 ri(�)eik2d�! 12 = 1q 2�  ZEn2 k nXi=1 ri(�)�Z
 jgi(!)jd!� eik2d�! 12= r�2  ZEn2 k Z
 nXi=1 ri(�)jgi(!)jeid!k2d�! 12� r�2  ZEn2 Z
 k nXi=1 ri(�)jgi(!)jeik2d!d�! 12= r�2  Z
 k nXi=1 gi(!)eik2d!! 12 ;an p�roume upìyh mac to gegonìc oti oi gi ston 
 kai oi rijgij ston En2 �
 èqounthn Ðdia katanom .Gia thn deÔterh anisìthta t¸ra, jètoume hi = gi�fjgij��g kai h0i = gi�fjgij>�ggia � > 1 to opoÐo ja epilèxoume argìtera. Ara, gi = hi + h0i kai Z
 k nXi=1 gi(!)eik2d!! 12 �  Z
 k nXi=1 hi(!)eik2d!! 12 + Z
 k nXi=1 h0i(!)eik2d!! 12 :OrÐzoume f : [��; �]n ! R, mef(t1; : : : ; tn) =  ZEn2 k nXi=1 ri(�)tieik2d�! 12 :



38EÔkola elègqoume oti h f eÐnai kurt , epomènwc h mègisth tim  thc paÐrnetai sekoruf  tou [��; �]n: Akìma, h f eÐnai �rtia kai h tim  thc se ìlec tic korufèc eÐnaih Ðdia. Ara, f(t1; : : : ; tn) � f(�; : : : ; �) = � ZEn2 k nXi=1 ri(�)eik2d�! 12 :Lìgw thc anexarthsÐac kai summetrÐac twn hi, oi hi kai rihi èqoun thn Ðdia katanom stouc 
 kai En2 � 
 antÐstoiqa. Epomènwc,(�)  Z
 k nXi=1 hi(!)eik2d!! 12 =  Z
(ZEn2 k nXi=1 ri(�)hi(!)eik2d�)d!! 12�  ZEn2 �2k nXi=1 ri(�)eik2d�! 12 :Gia na ektim soume to �R
 kPni=1 h0i(!)eik2d!� 12 ja upojèsoume pr¸ta ìti h nìrmadÐnetai apì eswterikì ginìmeno, dhlad  oti briskìmaste se q¸ro Hilbert. Tìte, p�lilìgw anexarthsÐac kai summetrÐac twn h0i èqoume Z
 k nXi=1 h0i(!)eik2Hd!! 12 =  Z
 nXi=1 jh0i(!)j2keik2Hd!! 12=  nXi=1 �Z
 jh0i(!)j2d!� keik2H! 12 :Jètoume I1 = R
 jh0i(!)j2d!. ParathroÔme ìti 14 t2e�t22 < te�t24 gia t > 1.Epomènwc, I1 = 2p2� Z 1� t2e� t22 dt� 2p2�4 Z 1� te� t24 dt= 16p2� Z 1�24 e�sds = 16p2� e��24 :AntikajistoÔme kai, qrhsimopoi¸ntac thn summetrÐa twn h0i kai ton kanìna touparallhlogr�mmou, èqoume ìti Z
 k nXi=1 h0i(!)eik2Hd!! 12 =  nXi=1 I1keik2H! 12



39� ce��2c0  nXi=1 keik2H! 12= ce��2c0  ZEn2 k nXi=1 ri(�)eik2Hd�! 12 ;qrhsimopoi¸ntac p�li ton kanìna tou parallhlogr�mmou.An t¸ra o q¸roc eÐnai q¸roc Banach, up�rqei u : `n2 ! X me kukku�1k =d(X; `n2 ), opìte (an�loga me thn apìdeixh thc (�)) Z
 k nXi=1 h0i(!)eik2Xd!! 12 =  Z
 ku( nXi=1 h0i(!)u�1(ei))k2Xd!! 12� kuk Z
 k nXi=1 h0i(!)u�1(ei)k2̀n2 d!! 12� kukku�1k Z
 k nXi=1 h0i(!)eik2Xd!! 12� kukku�1kce��2c0  ZEn2 k nXi=1 ri(�)eik2Xd�! 12= d(X; `n2 )ce��2c0  ZEn2 k nXi=1 ri(�)eik2Xd�! 12 :T¸ra mporoÔme na ektim soume to Z
 k nXi=1 gi(!)eik2d!! 12 � ��+ d(X; `n2 )ce��2c0 � k nXi=1 rieikL2(X):Dialègoume to � ètsi ¸ste d(X; `n2 ) = e�2c0 . Tìte Z
 k nXi=1 gi(!)eik2d!! 12 � cqlog d(X; `n2 )k nXi=1 rieikL2(X;En2 )� c1plogn ZEn2 k nXi=1 ri(�)eik2d�! 12 : 2Sundu�zontac tic dÔo prot�seic, paÐrnoume thn ektÐmhsh gia to el�qisto mèsopl�toc:Je¸rhma 1. An K eÐnai summetrikì kurtì s¸ma ston Rn , up�rqei grammik eikìna tou ~K me ìgko j ~Kj = 1 kai mèso pl�tocw( ~K) � cpnkRadn(X)k logn;



40ìpou c > 0 apìluth stajer�.Apìdeixh: Apì thn Prìtash 1 gnwrÐzoume ìtiw(K�) � 1pn  Z
 k nXi=1 gi(!)eik2d!! 12 ;kai apì thn Prìtash 2, Z
 k nXi=1 gi(!)eik2d!! 12 � c1plogn ZEn2 k nXi=1 ri(�)eik2d�! 12 :Ara w(K�) � c1plognpn  ZEn2 k nXi=1 ri(�)eik2d�! 12 :Omoia, w(K) � c1plognpn  ZEn2 k nXi=1 ri(�)eik2�d�! 12 :To Ðdio isqÔei gia k�je grammik  eikona tou K kai to polikì thc (oi nìrmec bèbaiaeÐnai autèc pou orÐzontai apì ta dÔo s¸mata). An u h apeikìnish tou L mmatoc touLewis kai ~K = u�1(K), ~K� = u�(K), tìtew( ~K)w( ~K�) � c21 lognn  ZEn2 k nXi=1 ri(�)eik2~Kd�! 12  ZEn2 k nXi=1 ri(�)eik2( ~K)�d�! 12� c21c lognkRadn(X)k:Upojètontac ìti j ~Kj = 1 mporoÔme na doÔme ìtiw( ~K�) = 2 ZSn�1 k�k�(d�)� 2�ZSn�1 k�k�n�(d�)��1=n= 2� jDnjj ~Kj �1=n� c3pn:Epomènwc, c3pnw( ~K) � w( ~K)w( ~K�) � c2 lognkRadn(X)k;dhlad  w( ~K) � c4pn lognkRadn(X)k: 2



41Parat rhsh. H ektÐmhsh tou Pisier gia thn kRadn(X)k mac dÐnei mia polÔ kal ektÐmhsh gia to el�qisto mèso pl�toc:Pìrisma. K�je summetrikì kurtì s¸ma ston Rn èqei grammik  eikìna K me ìgko1 kai mèso pl�toc w(K) � cpn log2 n. 2MporeÐ m�lista kaneÐc na deÐxei (blèpe [Pi1]) oti o ènac apì touc dÔo logarÐj-mouc sto parap�nw Pìrisma den eÐnai aparaÐthtoc. Autì pou ja doÔme sth sunèqeiaeÐnai oti oÔte kai h summetrÐa tou K eÐnai aparaÐthth:Je¸rhma 2. Estw K kurtì s¸ma ston Rn me o 2 int(K). Up�rqei grammik eikìna ~K tou K me ìgko 1, tètoia ¸stew( ~K) � cpn logn:Apìdeixh: JewroÔme to s¸ma diafor¸n K �K tou K. Up�rqei grammikìc meta-sqhmatismìc T tou Rn tètoioc ¸ste jT (K �K)j = 1 kaiw(T (K �K)) � cpn logn:ParathroÔme oti T (K �K) = TK � TK, kaiw(TK � TK) = 2 ZSn�1 hTK�TK(u)�(du)= 2 ZSn�1 [hTK(u) + h�TK(u)]�(du)= 2 ZSn�1 [hTK(u) + hTK(�u)]�(du)= 2w(TK):EpÐshc, apì thn anisìthta twn Rogers kai Shephard, èqoumejTKj � 4�njTK � TKj = 4�n:Ara, up�rqei c1 � 4 tètoia ¸ste to ~K = c1TK na èqei ìgko 1. SÔmfwna me taparap�nw, w( ~K) � 4w(TK) � 2cpn logn: 2Parat rhsh. To mèso pl�toc enìc kurtoÔ s¸matoc eÐnai analloÐwto wc proc orjo-g¸niouc metasqhmatismoÔc, mporoÔme loipìn na upojèsoume oti o T sto Je¸rhma2 eÐnai summetrikìc kai jetik� orismènoc.



422.5 Qarakthrismìc thc jèshc elaqÐstou mèsou pl�-toucEstw K kurtì s¸ma ston Rn (qwrÐc periorismì thc genikìthtac mporoÔme na upo-jèsoume oti o 2 intK). Lème oti toK èqei el�qisto mèso pl�toc an w(K) � w(TK)gia k�je T 2 SLn. Ena aplì epiqeÐrhma sump�geiac deÐqnei ìti mèsa se k�je kl�shgrammik� isodÔnamwn swm�twn me ton Ðdio ìgko, up�rqei antiprìswpoc me el�qistomèso pl�toc. Skopìc mac eÐnai na broÔme anagkaÐa kai ikan  sunj kh ¸ste to Kna èqei el�qisto mèso pl�toc. Gia aplìthta upojètoume oti h hK eÐnai dÔo forècsuneq¸c paragwgÐsimh kai oti to K eÐnai gn sia kurtì (lème tìte oti to K eÐnaileÐo).Je¸rhma 1 [GM] Ena leÐo kurtì s¸ma K ston Rn èqei el�qisto mèso pl�toc ankai mìno an(�) ZSn�1hrhK(u); Tui�(du) = trT2n w(K)gia k�je T 2 L(Rn ;Rn ). Epiplèon, aut  h jèsh el�qistou mèsou pl�touc eÐnaimonadik  an exairèsoume orjog¸niouc metasqhmatismoÔc.Apìdeixh: Upojètoume pr¸ta oti to K èqei el�qisto mèso pl�toc. Estw T 2L(Rn ;Rn ) kai " > 0 arket� mikrì. Tìte, o (I+"T )�=[det(I+"T )]1=n diathreÐ toucìgkouc, epomènwcZSn�1 hK(u+ "Tu)�(du) � [det(I + "T )]1=n ZSn�1 hK(u)�(du):Omwc hK(u + "Tu) = hK(u) + "hrhK(u); Tui + O("2) kai [det(I + "T )]1=n =1 + " trTn +O("2), opìte af nontac to "! 0+ paÐrnoume(��) ZSn�1hrhK(u); Tui�(du) � trT2n w(K):Antikajist¸ntac ton T me �T sthn (��), blèpoume oti isqÔei isìthta sthn (�) giak�je T 2 L(Rn ;Rn ).AntÐstrofa, ac upojèsoume oti h (�) isqÔei. JewroÔme T 2 SLn, kai qw-rÐc periorismì thc genikìthtac upojètoume oti o T � eÐnai summetrikìc kai jetik�orismènoc. Tìte,w(TK) = 2 ZSn�1 hTK(u)�(du) = 2 ZSn�1 hK(T �u)�(du):Omwc, rhK(u) eÐnai to monadikì shmeÐo tou sunìrou tou K sto opoÐo to u eÐnai toexwterikì k�jeto di�nusma touK (blèpe [Sch], sel. 44). Eidikìtera, rhK(u) 2 K,kai autì èqei san sunèpeia thnhrhK(u); zi � hK(z)



43gia k�je z 2 Rn . Epetai otiw(TK) � 2 ZSn�1hrhK(u); T �ui�(du) = trT �n w(K) � w(K):Autì deÐqnei oti to K èqei el�qisto mèso pl�toc. Epiplèon, apì thn anisìthtaarijmhtikoÔ-gewmetrikoÔ mèsou, mporoÔme na èqoume isìthta mìno an o T eÐnaih tautotik  apeikìnish. Autì apodeiknÔei thn monadikìthta thc jèshc el�qistoumèsou pl�touc an exairèsoume U 2 O(n). 2JewroÔme to mètro �K sthn Sn�1 me puknìthta hK wc proc to �. Ja apo-deÐxoume oti èna leÐo kurtì s¸ma K èqei el�qisto mèso pl�toc an kai mìno anto �K eÐnai isotropikì, dhlad  an to RSn�1hu; �i2�K(du) eÐnai anex�rthto apì to� 2 Sn�1.Gia ton skopì autì dÐnoume pr¸ta merikoÔc orismoÔc (blèpe [Gr1] gia tic le-ptomèreiec): Estw f pragmatik  sun�rthsh orismènh sto Rnnfog. Gr�foume f̂ giaton periorismì thc f sthn Sn�1. An mia sun�rthsh F eÐnai orismènh sthn Sn�1, haktinik  epèktash f thc F sto Rnnfog orÐzetai mèsw thc f(x) = F (x=jxj). An h FeÐnai dÔo forèc paragwgÐsimh sun�rthsh sthn Sn�1, orÐzoume�oF = c�f ��� roF = crf;ìpou f eÐnai h aktinik  epèktash thc F . O �o eÐnai o telest c Laplace-Beltrami.Apì ton tÔpo tou Green èqoumeZSn�1 F�oG = ZSn�1 G�oF = � ZSn�1hroF;roGi:L mma 1. Estw K leÐo kurtì s¸ma ston Rn . OrÐzoumeIK(�) = ZSn�1hrhK(u); �ihu; �i�(du) ; � 2 Sn�1:Tìte, w(K)2 + IK(�) = (n+ 1) ZSn�1 hK(u)hu; �i2�(du)gia k�je � 2 Sn�1.Apìdeixh: Gia k�je � 2 Sn�1 jewroÔme thn sun�rthsh f(x) = hx; �i2=2. Amesocupologismìc deÐqnei oti(�) (r�f̂)(u) = hu; �i� � hu; �i2ukai(��) (��f̂)(u) = 1� nhu; �i2:



44AfoÔ h hK eÐnai jetik� omogen c bajmoÔ 1, èqoume (r�ĥK)(u) = rhK(u)�hK(u)ukai hK(u) = hrhK(u); ui, u 2 Sn�1. Apì thn (�) prokÔptei otih(r�f̂)(u); (r�ĥK)(u)i = hrhK(u); �ihu; �i � hK(u)hu; �i2:Oloklhr¸nontac p�nw sth sfaÐra kai qrhsimopoi¸ntac ton tÔpo tou Green, blè-poume otiIK(�)� ZSn�1 hK(u)hu; �i2�(du) = � ZSn�1 hK(u)(��f̂)(u)�(du);to opoÐo eÐnai Ðso me �w(K)2 + n ZSn�1 hK(u)hu; �i2�(du)lìgw thc (��). 2Je¸rhma 2. Ena leÐo kurtì s¸ma K èqei el�qisto mèso pl�toc an kai mìno anZSn�1 hK(u)hu; �i2�(du) = w(K)2ngia k�je � 2 Sn�1 (isodÔnama, an to �K eÐnai isotropikì).Apìdeixh: (Perigraf ) EÔkola elègqoume oti h isìthta tou Jewr matoc 1 isqÔeigia k�je T 2 L(Rn ;Rn ) an kai mìno anIK(�) = w(K)2ngia k�je � 2 Sn�1. To zhtoÔmeno eÐnai t¸ra sunèpeia tou Jewr matoc 1 kai touL mmatoc 1. 2



Kef�laio 3EntropÐa
3.1 ArijmoÐ k�luyhc: h anisìthta tou Sudakov kaih duik  thcEstw K kaiW dÔo summetrik� kurt� s¸mata ston Rn . Mac endiafèrei o el�qistocarijmìc metafor¸n tou "W , " > 0, pou arkoÔn gia na kalÔyoume to K. OrÐzoumeloipìn ton "-arijmì k�luyhc N(K; "W ) mèsw thc(1) N(K; "W ) = minfN 2 N �� 9x1; : : : ; xN 2 Rn : K � [(xi + "W )g;an den mac endiafèrei h jèsh twn kèntrwn xi. An jèloume ta kèntra xi na an kounsto K, jètoume(2) N(K; "W ) = minfN 2 N �� 9x1; : : : ; xN 2 K : K � [(xi + "W )g:Parathr seic. (i) Oi N(K; "W ) kai N(K; "W ) eÐnai fjÐnousec sunart seic tou ".(ii) Apì touc parap�nw orismoÔc eÐnai safèc oti(3) N(K; "W ) � N(K; "W ):MporoÔme ìmwc na doÔme oti oi dÔo arijmoÐ k�luyhc eÐnai ousiastik� sugkrÐsimoi:(4) N(K; 2"W ) � N(K; "W ):Apìdeixh: Jètoume N = N(K; "W ). Up�rqoun x1; : : : ; xN 2 Rn tètoia ¸ste K �[(xi + "W ). Gia k�je i = 1; : : : ; N , prèpei na isqÔeiK \ (xi + "W ) 6= ;;giatÐ alli¸c ta xj + "W , j 6= i ja k�luptan to K (kai ja  tan ligìtera apìN). Epomènwc, gia k�je i � N up�rqei yi 2 K tètoio ¸ste kxi � yikW � ". Estw45



46x 2 K. Up�rqei i � N tètoio ¸ste kx�xikW � ", kai apì thn trigwnik  anisìthta,kx� yikW � 2". Ara, K � [i�N (yi + 2"W ):Dhlad , N(K; 2"W ) � N . 2(iii) Oi arijmoÐ k�luyhc N ikanopoioÔn thn ex c pollaplasiastik  anisìthta:An K;V kai W eÐnai summetrik� kurt� s¸mata kai "; � > 0, tìte(5) N(K; "�W ) � N(K; "V )N(V; �W ):Apìdeixh: Jètoume N1 = N(K; "V ) kai N2 = N(V; �W ). Up�rqoun x1; : : : ; xN1 2Rn tètoia ¸ste K � (x1 + "V ) [ : : : [ (xN1 + "V );kai y1; : : : ; yN2 2 Rn tètoia ¸steV � (y1 + �W ) [ : : : [ (yN2 + �W ):JewroÔme ta shmeÐa xi + "yj . To pl joc touc eÐnai to polÔ N1N2, kaiK � [i�N1(xi + "V ) � [i�N1(xi + " [j�N2 (yj + �W ))� [i;j(xi + "yj + "�W ):Ara, N(K; "�W ) � N1N2. 2(iv) Enac trìpoc gia na ektim soume ton N(K; "W ) eÐnai o ex c: JewroÔme tomègisto pl joc shmeÐwn tou K pou an� dÔo apèqoun perissìtero apì " wc procthn k � kW . Ena tètoio sÔnolo lègetai "-dÐktuo wc proc thn k � kW .Estw x1; : : : ; xN èna maximal "-dÐktuo wc proc thn k � kW sto K. Tìte,(6) K � [i�N (xi + "W ):Alli¸c ja up rqe x 2 K me thn idiìthta kx � xikW > ", i = 1; : : : ; N , kai tax1; : : : ; xN ; x ja èdinan èna "-dÐktuo me perissìtera stoiqeÐa.Apì thn (6) èpetai oti N(K; "W ) � N .Skopìc mac eÐnai na d¸soume ektim seic gia touc arijmoÔc k�luyhc dÔo sum-metrik¸n kurt¸n swm�twn me b�sh to mèso pl�toc. SÔmfwna me thn parat rhsh(iii), eÐnai arketì na ektim soume touc N(K; tDn) kai N(Dn; tK):Je¸rhma 1 (Sudakov) Estw K summetrikì kurtì s¸ma ston Rn . Gia k�je t > 0isqÔei(7) logN(K; tDn) � cn�w(K)t �2 ;ìpou c > 0 apìluth stajer�.



47H arqik  apìdeixh thc anisìthtac tou Sudakov [Su] proèrqetai apì thn jewrÐatwn stoqastik¸n anelÐxewn. Argìtera o Talagrand (blèpe [LT]) èdwse mÐa sqetik�apl  apìdeixh thc duðk c anisìthtac:Je¸rhma 2. Estw K summetrikì kurtì s¸ma ston Rn . Gia k�je t > 0 isqÔei(8) logN(Dn; tK) � cn�w(K�)t �2 ;ìpou c > 0 apìluth stajer�.Ja d¸soume pr¸ta thn apìdeixh tou Jewr matoc 2, apì to opoÐo èpetai kai toJe¸rhma 1 me b�sh èna epiqeÐrhma duðsmoÔ thc N. Tomczak-Jaegermann.To epiqeÐrhma tou Talagrand qrhsimopoieÐ to mètro tou Gauss 
n pou orÐzetai staBorel uposÔnola tou Rn apì thn(9) 
n(A) = 1(2�)n=2 ZA exp(�jxj2=2)dx:Qrhsimopoi¸ntac thn (9) blèpoume oti to 
n èqei dÔo idiìthtec: eÐnai analloÐwto wcproc orjog¸niouc metasqhmatismoÔc kai tautìqrona eÐnai ginìmeno twn antÐstoiqwnmonodi�statwn mètrwn 
1.L mma. Estw K summetrikì kurtì s¸ma ston Rn . Gia k�je z 2 Rn isqÔei(10) 
n(K) � 
n(K + z) � exp(�jzj2=2)
n(K):Apìdeixh: H sun�rthsh x 7! exp(�jxj2=2) eÐnai �rtia, oloklhr¸simh, kai gia k�jet > 0 to sÔnolo fx �� exp(�jxj2=2) � tgeÐnai EukleÐdeia mp�la. Apì thn anisìthta tou Anderson (blèpe Kef�laio 1) èpetaioti, gia k�je z 2 Rn ,
n(K) = 1(2�)n=2 ZK exp(�jxj2)dx� 1(2�)n=2 ZK+z exp(�jxj2=2)dx= 
n(K + z):Gia thn deÔterh anisìthta, qrhsimopoi¸ntac thn summetrÐa tou K blèpoume oti
n(K + z) = 1(2�)n=2 ZK exp(�jz + xj2=2)dx = 1(2�)n=2 ZK exp(�jz � xj2=2)dx; , paÐrnontac to hmi�jroisma twn dÔo oloklhrwm�twn,
n(K + z) = 1(2�)n=2 ZK exp(�jz + xj2=2) + exp(�jz � xj2=2)2 dx:



48H ekjetik  sun�rthsh eÐnai kurt , epomènwc
n(K + z) � 1(2�)n=2 ZK exp(�[jx+ zj2 + jx� zj2]=4)dx= 1(2�)n=2 ZK exp(�jxj2=2� jzj2=2)dx= exp(�jzj2=2) 1(2�)n=2 ZK exp(�jxj2=2)dx= exp(�jzj2=2)
n(K): 2Apìdeixh tou Jewr matoc 2: Estw x1; : : : ; xN èna sÔnolo shmeÐwn thcDn, maximalwc proc thn kxi � xjkK > t ; i 6= j:Autì shmaÐnei oti ta xi + t2K èqoun xèna eswterik�. Epetai oti, gia k�je � > 0,ta �xi + �t2 K èqoun xèna eswterik�, kai afoÔ to 
n eÐnai mètro pijanìthtac,(11) NXi=1 
n(�xi + �t2 K) = 
n�[Ni=1(�xi + �t2 K)� � 1:K�je xi 2 Dn, �ra j�xij � �, i = 1; : : : ; N . Apì to L mma paÐrnoume
n(�xi + �t2 K) � exp(��2=2)
n(�t2 K) ; i = 1; : : : ; N:Epomènwc, h (11) dÐnei èna �nw fr�gma gia to N : Gia k�je � > 0,(12) N � exp(�2=2)
n(�t2 K) :Epilègoume to � > 0 wc ex c:ZRn kxkK
n(dx) � cpn ZSn�1 k�kK�(d�)= cpnw(K�);opìte h anisìthta tou Chebyshev dÐnei
n(kxkK � �t=2) � 2�t ZRn kxkK
n(dx) � 2cpn�t w(K�);dhlad  1� 
n(�t2 K) � 2cpn�t w(K�):PaÐrnontac � = 4cpnw(K�)=t, èqoume
n �2cpnw(K�)K� � 12 ;



49kai apì thn (12), N � 2 exp �8c2nw2(K�)=t2� :SÔmfwna t¸ra me tic parathr seic (ii) kai (iv),logN(Dn; tK) � logN(Dn; tK) � logN � 8c2n�w(K�)t �2 : 2Enac �lloc trìpoc diatÔpwshc tou Jewr matoc 2 eÐnai o ex c:supt>0 t �logN(Dn; tK)�1=2 � cpnw(K�);anisìthta pou an efarmosteÐ gia to K� paÐrnei th morf (13) A := supt>0 t �logN(Dn; tK�)�1=2 � cpnw(K):H N. Tomczak-Jaegermann (blèpe [PT]) parat rhse mia akrib  sqèsh duðsmoÔan�mesa stouc arijmoÔc k�luyhc N(K; tDn) kai N(Dn; tK�):Je¸rhma 3. Estw K summetrikì kurtì s¸ma ston Rn . OrÐzoumeB = supt>0 t (logN(K; tDn))1=2 :Tìte, B � 10A.Apìdeixh: ParathroÔme pr¸ta oti2K \ ( t22 K�) � tDn:GiatÐ, an x 2 2K kai x 2 (t2=2)K�, tìtejxj2 = hx; xi � kxkKkxkK� � 2 t22 = t2:Epetai oti(14) N(K; tDn) � N(K; (2K) \ ( t22 K�)):H epìmenh parat rhsh eÐnai oti(15) N(K; (2K) \ ( t22 K�)) = N(K; t22 K�):[O lìgoc eÐnai oti, an x1; : : : ; xN 2 K kai K � [i�N (xi + t22 K�), tìte gia k�jey 2 K up�rqei i � N tètoio ¸ste y � xi 2 t22 K�, ìmwc y � xi 2 2K opìtey 2 (xi + (2K) \ ( t22 K�)), dhlad K � [Ni=1(xi + (2K) \ ( t22 K�)):]



50PaÐrnontac upìyin tic (14), (15) kai tic arqikèc mac parathr seic gia touc arijmoÔck�luyhc, paÐrnoume:N(K; tDn) � N(K; tDn) � N(K; t22 K�)� N(K; t24 K�) � N(K; 2tDn)N(Dn; t8K�):PaÐrnontac logarÐjmouc kai k�nontac aplèc pr�xeic èqoumet2 logN(K; tDn) � 14(2t)2 logN(K; 2tDn) + 64(t=8)2 logN(Dn; t8K�)� 14(2t)2 logN(K; 2tDn) + 64A2;kai paÐrnontac sup wc proc t > 0 katal goume sthn3B2 � 256A2: 2Apìdeixh tou Jewr matoc 1: Apì to Je¸rhma 3 kai thn (13), gia k�je t > 0 èqoumet2 logN(K; tDn) � 100A2 � cnw2(K);ìpou c > 0 apìluth stajer�. 2H anisìthta tou Sudakov genikeÔetai gia mh-summetrik� kurt� s¸mata. Hparat rhsh aut  ja mac qreiasteÐ sth sunèqeia:Prìtash 4. Estw K kurtì s¸ma, me o 2 int(K). Gia k�je t > 0 isqÔeit2 logN(K; tDn) � cnw2(K);ìpou c > 0 apìluth stajer�.Apìdeixh: JewroÔme to s¸ma diafor¸n K �K tou K. Tìte,w(K �K) = 2 ZSn�1 hK�K(u)�(du)= 2 ZSn�1 [hK(u) + h�K(u)]�(du)= 2 ZSn�1 [hK(u) + hK(�u)]�(du)= 2w(K):AfoÔ o 2 int(K), èqoume K � K �K kai h anisìthta tou Sudakov mac dÐneit2 logN(K; tDn) � t2 logN(K �K; tDn) � cnw2(K �K) = 4cnw2(K): 2



513.2 H di�spash Dudley-FerniqueJewroÔme èna kurtì s¸ma K ston Rn . Upojètoume oti o 2 K kai gr�foume R giathn di�metro tou K. Gia k�je j 2 N brÐskoume peperasmèno uposÔnolo Nj tou Ktètoio ¸ste jNj j = N(K; (R=2j)Dn);kai K � [y2Nj (y + R2jDn):Tèloc, orÐzoume Zj = Nj �Nj�1 = fy � y0 �� y 2 Nj ; y0 2 Nj�1g:L mma. Gia k�je x 2 K kai k�jem 2 N mporoÔme na broÔme zj 2 Zj\(3R=2j)Dn,j = 1; : : : ;m kai wm 2 (R=2m)Dn tètoia ¸stex = z1 + : : :+ zm + wm:Apìdeixh: Estw x 2 K. Apì ton orismì tou Nj , mporoÔme na broÔme yj 2 Nj ,j = 1; : : : ;m, tètoio ¸ste jx� yj j � R2j :Parathr ste oti san N0 mporoÔme na p�roume to fog. Gr�foumex = o+ (y1 � o) + (y2 � y1) + : : :+ (ym � ym�1) + (x� ym):Jètoume y0 = o kaiwm = x� ym ; zj = yj � yj�1 ; j = 1; : : : ;m:Tìte, jwmj = jx� ymj � R=2m, kai zj 2 Nj �Nj�1 = Zj . EpÐshc,jzj j � jx� yj j+ jx� yj�1j � R2j + R2j�1 = 3R2j :Tèloc, x = z1 + : : :+ zm + wm: 2Qrhsimopoi¸ntac kai thn anisìthta tou Sudakov (Prìtash 3.1.4) mporoÔme na dia-tup¸soume to akìloujo je¸rhma (di�spash Dudley-Fernique):Je¸rhma. Estw K kurtì s¸ma ston Rn , me o 2 K kai di�metro R. Up�rqounpeperasmèna sÔnola Zj ; j 2 N, tètoia ¸stelog jZj j � cn�2jw(K)R �2 ;



52pou ikanopoioÔn to ex c: gia k�je x 2 K kai k�je m 2 N mporoÔme na broÔmezj 2 Zj \ (3R=2j)Dn, j = 1; : : : ;m kai wm 2 (R=2m)Dn tètoia ¸stex = z1 + : : :+ zm + wm:H kataskeu  aut  eÐnai apl , all� polÔ qr simh. Sto epìmeno kef�laio ja doÔ-me dÔo efarmogèc thc sthn ektÐmhsh tou mèsou pl�touc kai thc stajer�c isotropÐacenìc kurtoÔ s¸matoc. Parathr ste oti h summetrÐa tou K den eÐnai kajìlou apa-raÐthth: h anisìthta tou Sudakov kai h di�spash Dudley-Fernique apodeiknÔontai,ìpwc eÐdame, kai gia mh summetrik� s¸mata.



Kef�laio 4H eikasÐa tou uperepipèdou
4.1 H isotropik  jèsh enìc kurtoÔ s¸matocJewroÔme èna kurtì s¸ma K ston Rn pou èqei kèntro b�rouc to o. Dhlad ,ZK xidx = 0 ; i = 1; : : : ; n:O telest c M : Rn ! Rn pou orÐzetai apì thnM(y) = ZKhx; yixdxeÐnai summetrikìc kai jetik� orismènoc:hM(y); yi = ZKhx; yi2dx � 0;gia k�je y 2 Rn , kai afoÔ to K èqei mh kenì eswterikì, isìthta mporeÐ na isqÔeimìno an y = o. O pÐnakacM(K) pou antistoiqeÐ ston M lègetai pÐnakac adraneÐactou K. Dhlad , [M(K)]ij = hM(ej); eii= hZKhx; ejixdx; eii= ZKhx; ejihx; eiidx= ZK xixjdx:AfoÔ o M(K) eÐnai summetrikìc kai jetik� orismènoc, up�rqei summetrikìc kaijetik� orismènoc S tètoioc ¸ste M = S2. JewroÔme thn grammik  eikìna ~K =53



54S�1(K) tou K. To ~K èqei ki autì san kèntro b�rouc to o, kai gia k�je y 2 Rnèqoume: Z ~Khx; yi2dx = jdetSj�1 ZKhS�1x; yi2dx= jdetSj�1 ZKhx; S�1yi2dx= jdetSj�1hZKhx; S�1yixdx; S�1yi= jdetSj�1hMS�1y; S�1yi = jdetSj�1jyj2:Orismìc. Ena kurtì s¸ma K ston Rn lègetai isotropikì an èqei ìgko jKj = 1,kèntro b�rouc to o, kai ikanopoieÐ thn isotropik  sunj khZKhx; yi2dx = Ajyj2gia k�je y 2 Rn , ìpou A > 0 stajer�.H suz thsh pou prohg jhke tou orismoÔ deÐqnei oti k�je kurtì s¸ma èqei a�neeikìna pou eÐnai isotropik . Den èqoume par� na p�roume metafor� tou me kèntrob�rouc to o, thn grammik  thc eikìna pou perigr�yame, kai na kanonikopoi soumeton ìgko thc teleutaÐac. To Je¸rhma pou akoloujeÐ deÐqnei oti h isotropik  jèshenìc s¸matoc eÐnai monos manta orismènh (an exairèsoume orjog¸niouc metasqh-matismoÔc) kai prokÔptei san lÔsh enìc probl matoc elaqÐstou:Je¸rhma 1. Estw K kurtì s¸ma ston Rn me jKj = 1 kai kèntro b�rouc to o. ToK eÐnai isotropikì an kai mìno anZK jxj2dx � ZTK jxj2dxgia k�je T 2 SLn. K�je kurtì s¸ma ston Rn èqei a�ne isotropik  eikìna. Epi-plèon, h isotropik  aut  eikìna eÐnai monos manta orismènh an exairèsoume orjo-g¸niouc metasqhmatismoÔc.Apìdeixh: Upojètoume pr¸ta oti to K eÐnai isotropikì, dhlad  up�rqei stajer�A > 0 tètoia ¸ste(�) ZKhx; �i2dx = A ; � 2 Sn�1:EÔkola elègqoume oti h sunj kh aut  eÐnai isodÔnamh me thn(��) ZKhx; Txidx = A(trT )gia k�je T 2 L(Rn ;Rn ): H (�) me � = ej kai � = (ei + ej)=p2 dÐneiZK xixjdx = A�ij ; i; j = 1; : : : ; n:



55An T = (tij), tìte ZKhx; Txidx = nXi;j=1 tij ZK xixjdx= nXi;j=1Atij�ij= nXi=1 Atii = A(trT ):AntÐstrofa, an upojèsoume oti isqÔei h (��) kai thn efarmìsoume gia ton Tx =hx; �i�, � 2 Sn�1, paÐrnoumeZKhx; �i2dx = ZKhx; Txidx = AtrT = Aj�j2 = A:Estw T 2 SLn. Tìte,ZTK jxj2dx = ZK jTxj2dx = ZKhx; T �Txidx= Atr(T �T ) � nA = ZK jxj2dx;ìpou qrhsimopoi same thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou sthn morf tr(T �T ) � n[det(T �T )]1=n(to Ðqnoc eÐnai to �jroisma twn idiotim¸n kai h orÐzousa to ginìmenì touc, kai sthnsugkekrimmènh perÐptwsh oi idiotimèc eÐnai jetikoÐ pragmatikoÐ arijmoÐ). IsìthtamporeÐ na isqÔei mìno an T �T = I , dhlad  an T 2 O(n).AntÐstrofa, ac upojèsoume oti to K eÐnai lÔsh tou probl matoc elaqÐstou(tètoiec lÔseic up�rqoun: k�je isotropik  jèsh tou K eÐnai ìpwc eÐdame mia tètoialÔsh). Estw T 2 L(Rn ;Rn ). Gia mikr� " > 0, o I + "T eÐnai antistrèyimoc, opìteo (I + "T )=[det(I + "T )]1=n diathreÐ touc ìgkouc. Ara,(� � �) ZK jxj2dx � ZK jx+ "Txj2[det(I + "T )]2=n dx:ParathroÔme oti jx+ "Txj2 = jxj2 + 2"hx; Txi+O("2) kai[det(I + "T )]2=n = 1 + 2" trTn +O("2)kaj¸c "! 0+. Etsi, h (� � �) paÐrnei th morf " trTn ZK jxj2dx � " ZKhx; Txidx +O("2);



56kai paÐrnontac ìrio kaj¸c "! 0+ katal goume sthntrTn ZK jxj2dx � ZKhx; Txidx:AfoÔ o T  tan tuq¸n, h parap�nw anisìthta isqÔei kai gia ton �T , kai lìgwgrammikìthtac katal goume sthntrTn ZK jxj2dx = ZKhx; Txidx; ; T 2 L(Rn ;Rn ):H sunj kh aut  exasfalÐzei ìpwc eÐdame oti to K eÐnai isotropikì.Tèloc, an èqoume dÔo isotropikèc jèseic K, K 0 tou Ðdiou s¸matoc, tìte h mÐaeÐnai orjog¸nia eikìna thc �llhc. Autì giatÐ an K 0 = TK, tìte isqÔei isìthtasthn ZK jxj2dx � ZTK jxj2dx;kai autì shmaÐnei oti T �T = I , dhlad  T 2 O(n). 2Parat rhsh. H apìdeixh deÐqnei oti èna s¸ma ikanopoieÐ thn isotropik  sunj khan kai mìno an o pÐnakac adraneÐac tou eÐnai pollapl�sio tou tautotikoÔ.To Je¸rhma 1 (piì sugkekrimèna, h monadikìthta thc isotropik c jèshc wcproc orjog¸niouc metasqhmatismoÔc) exasfalÐzei oti h stajer�L2K = 1n minf 1jTKj1+ 2n ZTK jxj2dx �� T 2 GLngeÐnai kal� orismènh kai exart�tai mìno apì thn grammik  kl�sh tou K an upojè-soume oti èqei kèntro b�rouc to o. EpÐshc, an to K eÐnai isotropikì tìte gia k�je� 2 Sn�1 èqoume ZKhx; �i2dx = L2K :H stajer� LK onom�zetai stajer� isotropÐac tou s¸matoc K (piì kal�, thc gram-mik c kl�shc tou K).To prìblhma pou ja mac apasqol sei diatup¸jhke apì ton J. Bourgain:EikasÐa: Up�rqei apìluth stajer� C > 0 tètoia ¸ste gia k�je kurtì s¸ma K mekèntro b�rouc to o, LK � C. IsodÔnama, an K eÐnai èna isotropikì s¸ma, tìteZKhx; �i2dx � C2gia k�je � 2 Sn�1.Parathr ste oti zht�me h stajer� C na mhn exart�tai oÔte apì to s¸ma K oÔteapì thn di�stash n. Opwc ja doÔme, to prìblhma autì eÐnai isodÔnamo me poll��lla gnwst� probl mata thc jewrÐac twn kurt¸n swm�twn.



57KleÐnoume aut n thn par�grafo me thn parat rhsh oti antÐstrofh ektÐmhshisqÔei kai eÐnai sqetik� apl . Epomènwc, autì pou isqurÐzetai h eikasÐa eÐnai otioi isotropikèc stajerèc ìlwn twn kurt¸n swm�twn eÐnai (omoiìmorfa wc proc n)thc t�xhc tou 1.Prìtash 1 [MP] Gia k�je kurtì s¸ma K ston Rn , isqÔeiLK � LDn � c;ìpou c > 0 apìluth stajer�.Apìdeixh: An r = !�1=nn , tìte jrDnj = 1, kai to rDn eÐnai isotropikì kurtì s¸ma.Estw K tuqìn isotropikì kurtì s¸ma. Parathr ste oti jxj > r sto KnrDn kaijxj � r sto rDnnK. AfoÔ ta K kai rDn èqoun ton Ðdio ìgko, èqoume jKnrDnj =jrDnnKj. Qrhsimopoi¸ntac ta parap�nw blèpoume otinL2K = ZK jxj2dx= ZK\rDn jxj2dx+ ZKnrDn jxj2dx� ZK\rDn jxj2dx+ ZrDnnK jxj2dx= ZrDn jxj2dx = nL2Dn :Enac aplìc upologismìc deÐqnei otiL2Dn = 1n ZrDn jxj2dx = 1n n!nn+ 2rn+2 = !�2=nnn+ 2 � c2;ìpou c > 0 apìluth stajer�, opìte LK � LDn � c. 24.2 Basikèc idiìthtec isotropik¸n swm�twn(a) Tomèc enìc isotropikoÔ s¸matoc.Estw K kurtì s¸ma me kèntro b�rouc to o, kai � 2 Sn�1. Opwc eÐdame sthnpar�grafo 1.2.2, h sun�rthshf(t) = jK \ (�? + t�)jeÐnai logarijmik� koÐlh ston forèa thc (h idiìthta aut  thc f eÐnai sunèpeia thcanisìthtac Brunn-Minkowski, kai autì eÐnai to pr¸to shmeÐo sto opoÐo h kurtìthta



58mpaÐnei ousiastik� sthn suz thsh). Opwc ja doÔme, up�rqei sten  sqèsh an�mesaston ìgko thc kentrik c tom c jK \ �?j kai se oloklhr¸mata thc morf cZK jhx; �ijpdx ; p � 1:H sqèsh aut  gÐnetai saf c an, qrhsimopoi¸ntac to je¸rhma tou Fubini, gr�youmeto parap�nw olokl rwma sth morf ZK jhx; �ijpdx = ZR jtjpf(t)dt:L mma 1(Hardy). Estw f; g : [0; b]! R oloklhr¸simec sunart seic tètoiec ¸steR b0 f(t)dt = R b0 g(t)dt kai gia k�je s 2 [0; b]Z s0 g(t)dt � Z s0 f(t)dt:Tìte, gia k�je h : [0; b]! R+ aÔxousa kai metr simh, èqoumeZ b0 h(t)g(t)dt � Z b0 h(t)f(t)dt:Apìdeixh: OrÐzoume �(t) = h(b)�h(t). H � eÐnai fjÐnousa, mh arnhtik , kai up�rqeiaÔxousa akoloujÐa fjinous¸n apl¸n �n me �n ! � sqedìn pantoÔ. PaÐrnontacupìyh to je¸rhma monìtonhc sÔgklishc, arkeÐ na deÐxoume otiZ b0 �n(t)g(t)dt � Z b0 �n(t)f(t)dt:GiatÐ tìte, Z b0 h(t)g(t)dt = h(b) Z b0 g(t)dt� Z b0 �(t)g(t)dt= h(b) Z b0 f(t)dt� limn!1 Z b0 �n(t)g(t)dt� h(b) Z b0 f(t)dt� limn!1 Z b0 �n(t)f(t)dt= h(b) Z b0 f(t)dt� Z b0 �(t)f(t)dt= Z b0 h(t)f(t)dt:Up�rqoun 0 = t0 < t1 < : : : < tN = b kai a1 > : : : > an � 0 tètoioi ¸ste�n(t) = NXi=1 ai�Ii(t);



59ìpou Ii = [ti�1; ti). IsodÔnama, mporoÔme na gr�youme�n(t) = NXi=1 bi�[0;ti)(t);ìpou bi = ai � ai+1 � 0, i = 1; : : : ; N � 1, kai bN = aN . Oloklhr¸nontac èqoumeZ b0 �n(t)g(t)dt = NXi=1 bi Z ti0 g(t)dt� NXi=1 bi Z ti0 f(t)dt= Z b0 �n(t)f(t)dt: 2Prìtash 1 [MP] Estw K kurtì s¸ma me ìgko 1 kai kèntro b�rouc to o. Gia k�jep > 0 kai k�je � 2 Sn�1 isqÔei�ZK jhx; �ijpdx�1=p � 12e(p+ 1)1=p 1jK \ �?j :Apìdeixh: Jètoume B = R +10 f(t)dt ìpou f(t) = jK \ (�? + t�)j, kai orÐzoumeg(t) = kfk1�[0;B=kfk1](t):Tìte, oi f kai g ikanopoioÔn tic upojèseic tou L mmatoc (èqoun kai oi dÔo forèak�poio di�sthma thc morf c [0; b]), kai paÐrnontac san aÔxousa sun�rthsh thnh(t) = tp sto [0; b] èqoumeZ 10 tpf(t)dt � Z B=kfk10 tpkfk1dt = Bp+1(p+ 1)kfkp1 :TeleÐwc an�loga, an A = R 0�1 f(t)dt, paÐrnoumeZ 0�1 jtjpf(t)dt � Ap+1(p+ 1)kfkp1 :Prosjètontac kat� mèlh blèpoume otiZK jhx; �ijpdx � Bp+1 +Ap+1(p+ 1)kfkp1 :Omwc, A+B = jKj = 1, epomènwcAp+1 +Bp+1 � 2�p:



60Ara, �ZK jhx; �ijpdx�1=p � 12(p+ 1)1=p 1kfk1 ;kai to apotèlesma èpetai apì to L mma pou akoloujeÐ. 2L mma 2 [MM] EstwK kurtì s¸ma me ìgko 1 kai kèntro b�rouc to o. An � 2 Sn�1kai f(t) = jK \ (�? + t�)j, tìtekfk1 � ef(0) = ejK \ �?j:Apìdeixh: Estw [�a; b] o forèac thc f ìpou a; b > 0, kai kfk1 = f(t0). JadeÐxoume oti f(0) � � nn+ 1�n�1 f(t0) � 1ef(t0):Antikajist¸ntac to � me �� an qreiasteÐ, mporoÔme na upojèsoume oti 0 < t0 � b.MporoÔme epÐshc na upojèsoume oti f(0) < f(t0) (alli¸c, den èqoume tÐpota naapodeÐxoume). AfoÔ to K èqei kèntro b�rouc to o, èqoumeZ b�a t[f(t)]dt = ZKhx; �idx = 0:Epomènwc, Z 0�a(�t)[f(t)]dt = Z b0 t[f(t)]dt � Z t00 t[f(t)]dt:Jètoume h = f 1n�1 kai jewroÔme thn grammik  sun�rthsh g pou ikanopoieÐ ticg(0) = h(0) kai g(t0) = h(t0). H h eÐnai koÐlh (apì thn anisìthtaBrunn-Minkowski),�ra, g � h sto [�a; 0] kai g � h sto [0; t0]. AfoÔ g(0) < g(t0), h g eÐnai gn siaaÔxousa kai mhdenÐzetai se k�poio �
 < �a. Dhlad , g(t) = c(t + 
), gia k�poioc > 0. Tìte, Z 0�
(�t)[g(t)]n�1dt � Z 0�a(�t)[g(t)]n�1dt� Z 0�a(�t)[h(t)]n�1dt� Z t00 t[h(t)]n�1dt� Z t00 t[g(t)]n�1dt:Autì shmaÐnei oti 0 � Z t0�
 t[g(t)]n�1dt



61= cn�1 Z t0�
 t(t+ 
)n�1dt= cn�1 Z 
+t00 tn�1(t� 
)dt= cn�1� (
 + t0)n+1n+ 1 � 
 (
 + t0)nn � ;to opoÐo deÐqnei oti t0 � 
n:Epomènwc, f(0)f(t0) = � g(0)g(t0)�n�1= � 

 + t0�n�1 � � nn+ 1�n�1 : 2Prìtash 2 [MP] Estw K kurtì s¸ma me ìgko 1 kai kèntro b�rouc to o. Gia k�jep � 1 kai k�je � 2 Sn�1 isqÔei�ZK jhx; �ijpdx�1=p � cpjK \ �?j ;ìpou c > 0 apìluth stajer�.Apìdeixh: Opwc kai sthn apìdeixh thc Prìtashc 1, orÐzoumeB = Z 10 f(t)dt ; A = Z 0�1 f(t)dt:DiakrÐnoume dÔo peript¸seic. Pr¸th, an up�rqei s > 0 me thn idiìthta f(s) =f(0)=2. Autì gia par�deigma sumbaÐnei opwsd pote an to K eÐnai gn sia kurtì.ParathroÔme oti a = Z 10 f(t)dt � Z s0 f(t)dt � sf(s) = sf(0)=2;giatÐ apì to gegonìc oti h f eÐnai logarijmik� koÐlh èpetai eÔkola oti f(t) � f(s)sto [0; s]. Apì thn �llh pleur�, an t > s, tìte gr�fontac s = (1 � st )0 + st tpaÐrnoume f(s) � [f(0)]1� st [f(t)] st ;to opoÐo shmaÐnei oti f(t) � f(0)2�t=s. Dhlad , apì to shmeÐo s kai pèra, h ffjÐnei ekjetik� wc proc t. Gr�foumeZ 10 jtjpf(t)dt = Z s0 tpf(t)dt+ Z 1s tpf(t)dt



62 � kfk1 Z s0 tpdt+ Z 1s tpf(0)2�t=sdt� f(0)�e sp+1p+ 1 + sp+1 Z 11 up2�udu�� (cp)pf(0)sp+1 � (cp)pf(0)� 2Bf(0)�p+1� (c1p)p=[f(0)]p;afoÔ B < 1.An t¸ra gia k�je s > 0 ston forèa thc f isqÔei f(s) > f(0)=2, tìte ton rìlotou s paÐzei to s0 = maxfs > 0 : f(s) > 0g. EÐnai B � f(0)s0=2 kaiZ 10 jtjpf(t)dt = Z s00 tpf(t)dt � ef(0)sp+10 =(p+ 1);kai sundu�zontac tic dÔo anisìthtec paÐrnoume thn Ðdia perÐpou ektÐmhsh ìpwc prin(kai m�lista qwrÐc na qrhsimopoi soume to oti h log f eÐnai koÐlh).Me ton Ðdio akrib¸c trìpo ektim�me to olokl rwma sto (�1; 0]. Epetai otiZK jhx; �ijpdx = Z 10 jtjpf(t)dt+ Z 0�1 jtjpf(t)dt� � c2pf(0)�p : 2Sundu�zontac tic dÔo Prot�seic blèpoume oti an 1 � q < p <1, tìte gia k�jeK kai � ìpwc parap�nw,�ZK jhx; �ijpdx�1=p � cp�ZK jhx; �ijqdx�1=q :(parathr ste oti h (q + 1)1=q eÐnai makru� apì to 0 kai to 1 sto [1;1)).Eidikìtera, an to K eÐnai isotropikì, to gegonìc otiZKhx; �i2dx = L2Kanex�rthta apì to � 2 Sn�1 mac odhgeÐ sto akìloujo je¸rhma:Je¸rhma 1. Estw K isotropikì kurtì s¸ma. Gia k�je p � 1 kai k�je � 2 Sn�1isqÔei c1LK � �ZK jhx; �ijpdx�1=p � c2pLK ;ìpou c1; c2 > 0 apìlutec stajerèc. 2EpÐshc, efarmìzontac tic Prot�seic 1 kai 2 me p = 2, paÐrnoume mia endiafèrousaidiìthta twn tom¸n enìc isotropikoÔ s¸matoc:



63Je¸rhma 2. Estw K isotropikì kurtì s¸ma. Gia k�je � 2 Sn�1 isqÔeic1LK � jK \ �?j � c2LK ;ìpou c1; c2 > 0 apìlutec stajerèc. 2Autì shmaÐnei oti oi (n� 1)-di�statec tomèc enìc isotropikoÔ kurtoÔ s¸matocpou pernoÔn apì to kèntro b�rouc tou eÐnai perÐpou Ðsec: o lìgoc touc eÐnai frag-mènoc apì apìluth stajer�. EÐnai m�lista Ðsec me 1=LK (an exairèsoume apìlutecstajerèc), kai autì deÐqnei oti h akìloujh eikasÐa eÐnai isodÔnamh me thn eikasÐathc isotropik c stajer�c pou diatup¸jhke sthn prohgoÔmenh par�grafo:EikasÐa tou uperepipèdou: Up�rqei apìluth stajer� c > 0 tètoia ¸ste gia k�jeisotropikì kurtì s¸ma K na isqÔei: gia k�je � 2 Sn�1,jK \ �?j � c:H anisìthta tou Jewr matoc 1 suqn� diatup¸netai sthn ex c isodÔnamh morf :Je¸rhma 3. Estw K isotropikì kurtì s¸ma. Gia k�je � 2 Sn�1 isqÔeiZK exp(jhx; �ij=cLK)dx � 2;ìpou c > 0 apìluth stajer�.Apìdeixh: AnaptÔssoume to olokl rwma kai epilègoume thn stajer� c sto tèloc.Apì to Je¸rhma 1 èqoumeZK exp(jhx; �ij=cLK)dx = 1Xk=0 1k! ZK jhx; �ijkckLkK dx� 1 + 1Xk=1 1k! �c2kLKcLK �k� 1 + 1Xk=1� c2kc(k!)1=k�k� 1 + 1Xk=1 12k� 2;an epilèxoume c = 3ec2. 2Parat rhsh: EÐnai eÔkolo na dei kaneÐc oti isqÔei kai to antÐstrofo: h dexi�anisìthta sto Je¸rhma 1 eÐnai sunèpeia tou Jewr matoc 3. H apìdeixh eÐnai �meshsunèpeia thc ex � xk=k!, x � 0.



64 H Orlicz nìrma kfkL � , � � 1 thc f orÐzetai apì thnkfkL � = inff� > 0 �� ZK exp((jf(x)j=�)�)dx � 2g:Autì loipìn pou isqurÐzetai to Je¸rhma 3 eÐnai oti: up�rqei apìluth stajer�c > 0 tètoia ¸ste gia k�je isotropikì s¸ma K kai k�je � 2 Sn�1 h sun�rthshf(x) = hx; �i=LK sto K èqei Orlicz nìrma kfkL 1 � c.Apì to Je¸rhma 3 paÐrnoume polÔ isqurèc ektim seic gia thn sun�rthsh kata-nom c thc x 7! hx; �i:Je¸rhma 4. Estw K isotropikì kurtì s¸ma. Gia k�je � 2 Sn�1 isqÔeiProb (jhx; �ij � cLKt) � 2e�tgia k�je t > 0, ìpou c > 0 h stajer� tou Jewr matoc 3.Apìdeixh: Apì thn anisìthta tou Markov kai to Je¸rhma 3, gia k�je � kai t > 0èqoume 2 � ZK exp(jhx; �ij=cLK)dx� Zfx:jhx;�ij�cLKtg exp(jhx; �ij=cLK)dx� etProb (jhx; �ij � cLKt) : 2Parat rhsh: H ex�rthsh thc stajer�c apì to p kaj¸c p!1 sto Je¸rhma 1 eÐnaibèltisth. An, gia par�deigma, to K eÐnai k¸noc sthn dieÔjunsh tou � (dhlad , anh jK \ (�? + t�)j 1n�1 , t > 0 eÐnai grammik  ston forèa thc) tìte eÔkola elègqoumeoti h stajer� pou apaiteÐtai gia thn dexi� anisìthta eÐnai grammik  sun�rthsh toup. Up�rqoun ìmwc s¸mata K (p.q. o kÔboc) gia ta opoÐa stajer� thc t�xhc toupp eÐnai arket  gia k�je dieÔjunsh � 2 Sn�1. Lème tìte oti to K ikanopoieÐ 2-ektÐmhsh, kai akrib¸c ìpwc sto Je¸rhma 3 mporoÔme na doÔme otikhx; �i=LKkL 2 � c:(b) H di�metroc enìc isotropikoÔ s¸matoc.Skopìc mac ed¸ eÐnai na ektim soume thn di�metro enìc isotropikoÔ kurtoÔs¸matoc K, paÐrnontac san par�metro thn stajer� isotropÐac LK :Je¸rhma 5 [KLS] Estw K isotropikì kurtì s¸ma. H di�metroc tou K ikanopoieÐthn diam(K) � 2(n+ 1)LK .Apìdeixh: Estw x 2 K. OrÐzoume h : Sn�1 ! R meh(u) = maxft > 0 : x+ tu 2 Kg:



65Tìte, oloklhr¸nontac se polikèc suntetagmènec èqoume1 = jKj = n!n ZSn�1 Z h(u)0 tn�1dt�(du)= !n ZSn�1 [h(u)]n�(du):To K eÐnai isotropikì, epomènwc gia k�je � 2 Sn�1 gr�foumeL2K = ZKhy; �i2dy= n!n ZSn�1 Z h(u)0 tn�1hx+ tu; �i2dt�(du)= n!n ZSn�1 Z h(u)0 �tn�1hx; �i2 + 2tnhx; �ihu; �i + tn+1hu; �i2� dt�(du)= n!n ZSn�1 � (h(u))nn hx; �i2 + 2(h(u))n+1n+ 1 hx; �ihu; �i + (h(u))n+2n+ 2 hu; �i2��(du)� n!n ZSn�1 (h(u))nn(n+ 1)2 hx; �i2�(du)= hx; �i2(n+ 1)2!n ZSn�1(h(u))n�(du)= hx; �i2(n+ 1)2 :Dhlad , an x 2 K tìte gia k�je � 2 Sn�1 èqoumejhx; �ij � (n+ 1)LK :Autì shmaÐnei oti jxj = max�2Sn�1 jhx; �ij � (n+ 1)LK : 2Parat rhsh: H ektÐmhsh pou dÐnei to Je¸rhma 5 den belti¸netai. H monadiaÐamp�la tou `n1 èqei ìgko 2n=n!. An thn pollaplasi�soume me kat�llhlh stajer�¸ste na èqei ìgko 1, tìte h stajer� eÐnai thc t�xhc tou n, dhlad  h isotropik  thcmonadiaÐac mp�lac tou `n1 èqei di�metro thc t�xhc tou n.(g)  2-ektÐmhsh gia thn EukleÐdeia nìrma.DeÐqnoume ed¸ oti an K eÐnai isotropikì kurtì s¸ma tìte h x 7! jxj sumperi-fèretai kalÔtera apì ta sunarthsoeid  x 7! hx; �i. JumhjeÐte otiZK jxj2dx = nL2K ;



66dhlad , o mèsoc thc jxj eÐnai perÐpou pnLK . To Je¸rhma pou akoloujeÐ ofeÐletaiston S. Alesker [Al]:Je¸rhma 6. An K eÐnai isotropikì kurtì s¸ma ston Rn , tìteZK exp((jxj=cpnLK)2)dx � 2;ìpou c > 0 apìluth stajer�.Apìdeixh: ArkeÐ na deÐxoume oti, gia k�je p � 1�ZK jxjpdx�1=p � c0pppnLKgia k�poia apìluth stajer� c0 > 0 (katìpin, akoloujoÔme thn apìdeixh tou Jew-r matoc 3). Apì to Je¸rhma 1 xèroume oti gia k�je � 2 Sn�1ZK jhx; �ijpdx � cp2ppLpK :Oloklhr¸nontac p�nw sthn Dn paÐrnoume:ZDn ZK jhx; yijpdxdy � cp2ppLpK ZDn jyjpdy= cp2ppLpK n!nn+ p :All�zontac thn seir� thc olokl rwshc èqoumeZDn ZK jhx; yijpdxdy = ZK jxjp �ZDn jh xjxj ; yijpdy� dx= Ap ZK jxjpdx;ìpou Ap = ZDn jh�; yijpdy ; � 2 Sn�1:To olokl rwma autì upologÐzetai, kai eÐnai Ðso meAp = !n R �=20 sinp t cosn tdtR �=20 cosn tdt :Epomènwc, ZK jxjpdx � nn+ pcp2ppLpK R �=20 cosn tdtR �=20 sinp t cosn tdt :



67Me aploÔc upologismoÔc katal goume sthn�ZK jxjpdx�1=p � c3rp(1 + pn )pnLK :Dhlad , an p � n èqoume exasfalÐsei thn(�) �ZK jxjpdx�1=p � c3p2pppnLK :An p > n, qrhsimopoioÔme thn ektÐmhsh tou Jewr matoc 5 gia thn di�metro touK. Xèroume oti jxj � (n+ 1)LK gia k�je x 2 K, epomènwc(��) �ZK jxjpdx�1=p � (n+ 1)LK � 2pppnLK :Sundu�zontac tic (�) kai (��) blèpoume oti up�rqei apìluth stajer� c0 > 0 tètoia¸ste �ZK jxjpdx�1=p � c0pppnLKgia k�je p � 1. 2(d) To mèso pl�toc enìc summetrikoÔ isotropikoÔ s¸matoc.Estw K summetrikì isotropikì kurtì s¸ma. To mèso pl�toc w(K) orÐsthkesthn Par�grafo 2.1 mèsw thcw(K) = 2 ZSn�1 hK(u)�(du) = 2 ZSn�1 maxx2K jhx; uij�(du):EÐdame oti h di�metroc tou K fr�ssetai apì 2(n + 1)LK , �ra mia apl  pr¸thektÐmhsh tou w(K) eÐnai h w(K) � cnLK :Ja doÔme ed¸ oti mia kalÔterh ektÐmhsh eÐnai p�nta dunat . DeÐqnoume pr¸ta ènafr�gma gia arijmoÔc k�luyhc:L mma 3. Estw K kai W kurt� s¸mata, me to W summetrikì wc proc to o.Upojètoume akìma oti W � K. Tìte, gia k�je t > 0 èqoumeN(K; tW ) � �1 + 2t�n jKjjW j :Apìdeixh: Estw fx1; : : : ; xNg maximal uposÔnolo tou K wc proc thn idiìthtakxi � xjkW � t ; i 6= j:



68Tìte, K � [i�N (xi + tW ). EpÐshc, ta xi + t2W èqoun xèna eswterik�, opìte giak�je s > 0 kai i 6= j ja èqoumeint�sxi + ts2W� \ int�sxj + ts2W� = ;:Epilègoume to s ètsi ¸ste s + st2 = 1. Tìte, afoÔ W � K kai to K eÐnai kurtì,blèpoume oti sxi + ts2W � K ; i = 1; : : : ; N:Epomènwc, N � ts2 �n jW j = NXi=1 jsxi + ts2W j= j [i�N (sxi + ts2W )j� jKj:PaÐrnontac upìyh kai thn epilog  tou s sumperaÐnoume otiN � � 2ts�n jKjjW j = �1 + 2t�n jKjjW j : 2L mma 4. Estw K isotropikì summetrikì kurtì s¸ma ston Rn . Gia k�je s > 0isqÔei N(K; sDn) � c exp�4n3=2LKs � :Apìdeixh: To K eÐnai isotropikì, epomènwcZK jxj2dx = nL2K ;kai h anisìthta tou Markov dÐneiProb �x 2 K : jxj � 2pnLK� � 14 ;dhlad , jK \ 2pnLKDnj � 3=4. Jètoume W = K \ 2pnLKDn, kai efarmìzoumeto L mma 3: Gia k�je t > 0 eÐnaiN(K; tW ) � 43 �1 + 2t�n :Epetai oti N(K; 2tpnLKDn) � N(K; tW ) � 43 �1 + 2t�n :



69PaÐrnontac s = 2tpnLK , sumperaÐnoume otiN(K; sDn) � 43 �1 + 4pnLKs �n � 43 exp�4n3=2LKs � : 2Je¸rhma 7. Estw K isotropikì summetrikì kurtì s¸ma ston Rn . Tìte,w(K) � cn3=4LK ;ìpou c > 0 apìluth stajer�.Apìdeixh: Ja qrhsimopoi soume thn di�spash Dudley-Fernique tou K. An R eÐnaih di�metroc tou K, tìte, gia k�je m 2 N, k�je x 2 K gr�fetai sth morf x = z1 + : : :+ zm + wm;ìpou zj 2 Zj \ 3R2j Dn, wm 2 R2mDn, kai Zj peperasmèno sÔnolo me plhj�rijmo pouikanopoieÐ thnlog jZj j � logN(K; (R=2j)Dn) + logN(K; (R=2j�1)Dn);anisìthta pou, an p�roume upìyh to L mma 4, gr�fetai sth morf log jZj j � c1n3=2LK2jR :Apì thn di�spash èpetai �mesa oti, gia k�je � 2 Sn�1,maxx2K jhx; �ij � mXj=1 maxz2Zj\(3R=2j)Dn jhz; �ij+ maxz2(R=2m)Dn jhz; �ij= mXj=1 maxz2Zj\(3R=2j)Dn jhz; �ij+ R2m� mXj=1 maxz2Zj\(3R=2j)Dn jhz; �ij+ 2;an epilèxoume san m ton mikrìtero fusikì gia ton opoÐo R � 2m+1.StajeropoioÔme j 2 f1; : : : ;mg, kai gr�foume z gia to monadiaÐo di�nusma sthndieÔjunsh tou z 2 Zj (mporoÔme na upojèsoume oti k�je z 2 Zj eÐnai mh mhdenikì).Xèroume otiZSn�1 jhu; �ij�(d�) � �ZSn�1hu; �i2�(d�)�1=2 = 1pn ; u 2 Sn�1kai ektim¸ntac thn p-nìrma thc � 7! hu; �i blèpoume oti up�rqei apìluth stajer�c3 > 0 tètoia ¸ste khu; �ikL 2 � c3khu; �ik1;



70dhlad , ZSn�1 exp�njhu; �ij2c23 ��(d�) � 2:Qrhsimopoi¸ntac thn anisìthta tou Markov katal goume sthn��� 2 Sn�1 : maxz2Zj jhz; �ij � t� � 2 exp��nt2c23 � jZj j:Gia k�je A > 0 mporoÔme na gr�youmeZSn�1 maxz2Zj jhz; �ij�(d�) = Z 10 ��� 2 Sn�1 : maxz2Zj jhz; �ij � t� dt� A+ Z 1A ��� 2 Sn�1 : maxz2Zj jhz; �ij � t� dt� A+ Z 1A 2 exp��nt2c23 � jZj jdtAn epilèxoume A 'plog jZj j=pn, me aplèc ektim seic katal goume sthnZSn�1 maxz2Zj jhz; �ij�(d�) � c4plog jZj jpn :Ara, ZSn�1 maxz2Zj\(3R=2j )Dn jhz; �ij�(d�) � c4 3R2j plog jZj jpn :T¸ra mporoÔme na fr�xoume to mèso pl�toc tou K wc ex c:w(K)2 = ZSn�1 maxx2K jhx; �ij�(d�)� 2 + mXj=1 ZSn�1 maxz2Zj\(3R=2j )Dn jhz; �ij�(d�)� 2 + mXj=1 c4 3R2j plog jZj jpn� 2 + mXj=1 c4 3R2j pc1n3=4pLK2j=2pRn� 2 + c5 4pnpLKpR mXj=1 12j=2� c6 4pnpLKpR:AfoÔ R � 2(n+ 1)LK , paÐrnoume telik�w(K) � cn3=4LK : 2



714.3 H ektÐmhsh tou Bourgain gia thn stajer� iso-tropÐacH kalÔterh wc t¸ra ektÐmhsh gia to prìblhma thc stajer�c isotropÐac èqei dojeÐapì ton J. Bourgain:Je¸rhma [Bou1]AnK eÐnai summetrikì kurtì s¸ma ston Rn , tìte LK � c 4pn logn,ìpou c > 0 apìluth stajer�.Ja doÔme oti h upìjesh thc summetrÐac den eÐnai aparaÐthth. Akolouj¸ntacse genikèc grammèc to epiqeÐrhma tou Bourgain, ja deÐxoume otiLK � c 4pn logngia k�je kurtì s¸ma K.Apìdeixh: Estw K isotropikì kurtì s¸ma. To mèso pl�toc eÐnai analloÐwtowc proc orjog¸niouc metasqhmatismoÔc tou s¸matoc, epomènwc, sÔmfwna me toKef�laio 2, up�rqei summetrikìc, jetik� orismènoc T 2 SLn tètoioc ¸stew(TK) � cpn logn:Sthn apìdeixh tou Jewr matoc 4.1.1 eÐdame oti èna isotropikì s¸ma ikanopoieÐ thnZKhx; Sxidx = trSn ZK jxj2dxgia k�je S 2 L(Rn ;Rn ). O T èqei jetikèc pragmatikèc idiotimèc kai orÐzousa 1,�ra trT � n. Epomènwc,nL2K = ZK jxj2dx � trTn ZK jxj2 = ZKhx; Txidx:Omwc, gia k�je x 2 K èqoumehx; Txi � maxy2TK jhx; yij:Ara, nL2K � ZK maxy2TK jhy; xijdx:QrhsimopoioÔme t¸ra thn di�spash Dudley-Fernique tou TK. An R eÐnai hdi�metroc tou TK, eÐdame oti gia j = 1; : : : ;m, m 2 N up�rqoun peperasmènasÔnola Zj tètoia ¸ste log jZj j � cn�w(TK)2jR �2 ;



72kai k�je y 2 TK gr�fetai sth morf y = z1 + : : :+ zm + wm;ìpou zj 2 Zj \ (3R=2j)Dn kai wm 2 (R=2m)Dn. Epetai otimaxy2TK jhy; xij � mXj=1 maxz2Zj\(3R=2j)Dn jhz; xij+ maxw2(R=2m)Dn jhw; xij� mXj=1 3R2j maxz2Zj\(3R=2j)Dn jhz; xij+ R2m jxj;ìpou z to monadiaÐo di�nusma sthn dieÔjunsh tou z. Qrhsimopoi¸ntac to parap�nw,kaj¸c kai thn RK jxjdx � pnLK , blèpoume oti(�) nL2K � mXj=1 3R2j ZK maxz2Zj\(3R=2j)Dn jhz; xijdx+ R2m ZK jxjdx� mXj=1 3R2j ZK maxz2Zj\(3R=2j)Dn jhz; xijdx+ R2mpnLK :Gia na ektim soume kajèna apì ta oloklhr¸mata sto �jroisma, qrhsimopoioÔ-me thn plhroforÐa pou parèqei to Je¸rhma 4.2.4 gia ta grammik� sunarthsoeid se isotropik� kurt� s¸mata. Gia k�je j = 1; : : : ;m kai k�je t > 0 isqÔeiProb�x 2 K : maxz2Zj jhz; xij � t� � jZj jProb (x 2 K : jhu; xij � t)� 2jZj j exp�� tcLK� :Gia k�je A > 0 mporoÔme na gr�youmeZK maxz2Zj jhz; xijdx = Z 10 Prob�x 2 K : maxz2Zj jhz; xij � t� dt� A+ Z 1A Prob�x 2 K : maxz2Zj jhz; xij � t� dt� A+ Z 1A 2jZj j exp�� tcLK� dt:Epilègontac A ' LK log jZj j, katal goume sthnZK maxz2Zj jhz; xijdx � c1LK log jZj j � c00nLK �w(TK)2jR �2 :



73Epistrèfontac sthn (�) paÐrnoumenL2K � mXj=1 3R2j c00nLK �w(TK)2jR �2 + R2mpnLK� c12mnLKw2(TK)R + RpnLK2m :Eqoume to dikaÐwma na epilèxoume to m, kai h bèltisth epilog  eÐnai ìtan2mnLKw2(TK)R ' RpnLK2m ;dhlad , R=2m ' 4pnw(TK). Me aut n thn epilog  tou m blèpoume otinL2K � c2 4pnw(TK)pnLK ;kai afoÔ w(TK) � c3pn logn, èqoume nL2K � cn5=4 lognLK , dhlad LK � c 4pn logn: 24.4 IsodÔnamec diatup¸seic thc eikasÐac tou upe-repipèdou(a) To prìblhma tou Sylvester.JewroÔme èna kurtì s¸ma K ston Rn me ìgko 1, kai epilègoume tuqaÐa kaianex�rthta, omoiìmorfa mèsa apì to K, (n+1) to pl joc shmeÐa x1; : : : ; xn+1. Hkurt  touc j kh co(x1; : : : ; xn+1) eÐnai èna tuqaÐo simplex mèsa sto K. Gia k�jep � 1 orÐzoumemp(K) = �ZK : : : ZK jco(x1; : : : ; xn+1)jpdxn+1 : : : dx1�1=p :Gia K me aujaÐreto ìgko, kanonikopoioÔme orÐzontacmp(K) = � 1jKjn+p+1 ZK : : :ZK jco(x1; : : : ; xn+1)jpdxn+1 : : : dx1�1=p :H posìthta m1(K) eÐnai h mèsh tim  tou (kanonikopoihmènou) ìgkou enìc tuqaÐousimplex mèsa sto K. Parathr ste akìma oti h mp(K) eÐnai analloÐwth wc proca�ne metasqhmatismoÔc pou diathroÔn ton ìgko: an T 2 SLn kai u 2 Rn , tìtemp(K) = mp(TK + u); p � 1.



74 To prìblhma tou Sylvester eÐnai to ex c: na brejoÔn ekeÐnec oi a�ne kl�seicswm�twn gia tic opoÐec elaqistopoieÐtai   megistopoieÐtai h mp(K). EÐnai gnwstìoti, gia k�je p � 1, mp(K) � mp(rDn)ìpou rDn h mp�la ìgkou 1 ston Rn , me isìthta an kai mìno an to K eÐnai ellei-yoeidèc [Gr2]. To prìblhma tou megÐstou eÐnai anoiktì an n � 3:EikasÐa tou simplex. Gia k�je kurtì s¸ma K me ìgko 1, isqÔeim1(K) � m1(Sn);ìpou Sn simplex ston Rn me ìgko 1.H eikasÐa eÐnai swst  an n = 2. Sthn par�grafo aut  ja doÔme oti to prìblhmatou Sylvester sqetÐzetai me thn eikasÐa tou uperepipèdou: an h eikasÐa tou simplexisqÔei, tìte LK � C gia k�je kurtì s¸ma K.Gia to skopì autì orÐzoume mia parallag  thc mp(K):Sp(K) = � 1jKjn+p ZK : : :ZK jco(o; x1; : : : ; xn)jpdxn : : : dx1�1=p :Prìtash 1. An to K èqei ìgko 1 kai kèntro b�rouc to o, tìte gia k�je p � 1isqÔei Sp(K) � mp(K) � (n+ 1)Sp(K):Apìdeixh: Gia k�je x 2 K orÐzoumeSp(K;x) = �ZK : : :ZK jco(x; x1; : : : ; xn)jpdxn : : : dx1�1=p :Xèroume oti jco(x; x1; : : : ; xn)j = jdet(~x; ~x1; : : : ; ~xn)j=n! ìpou ~z = (z; 1) 2 Rn+1an z 2 Rn , kai aut  h orÐzousa eÐnai a�ne sun�rthsh tou x. Epomènwc, hjco(x; x1; : : : ; xn)jp eÐnai kurt  sun�rthsh stoK. Oloklhr¸nontac wc proc x1; : : : ; xnblèpoume oti h Spp(K;x) eÐnai epÐshc kurt . AfoÔ to o eÐnai to kèntro b�rouc touK kai jKj = 1, sumperaÐnoume otiSpp(K; o) � ZK Spp (K;x)dx;dhlad  Spp(K) � mpp(K):Autì apodeiknÔei thn arister  anisìthta. Gia thn dexi� anisìthta parathroÔme oti,an x1; : : : ; xn+1 2 K, tìtejco(x1; : : : ; xn+1)j = 1n! jdet(~x1 : : : ; ~xn+1)j



75ìpou ~xj = (xj ; 1) 2 Rn+1 , opìte anaptÔssontac thn orÐzousa wc proc thn st lh(1; : : : ; 1) kai paÐrnontac trigwnik  anisìthta èqoumejco(x1; : : : ; xn+1)j � n+1Xj=1 jco(o; xi : i 6= j)j:Epetai otimp(K) = �ZK : : : ZK jco(x1; : : : ; xn+1)jpdxn+1 : : : dx1�1=p� 0@ZK : : : ZK0@n+1Xj=1 jco(o; xi : i 6= j)j1Ap dxn+1 : : : dx11A1=p� n+1Xj=1 �ZK : : : ZK jco(o; xi : i 6= j)jpdxn+1 : : : dx1�1=p= (n+ 1)Sp(K): 2Parat rhsh: H sun�rthsh fi : K ! R me xi 7! det(x1; : : : ; xn) gia stajer� xj ; j 6=i sto K, eÐnai grammikì sunarthsoeidèc. PaÐrnontac upìyh mac tic antÐstrofecanisìthtec H�older thc paragr�fou 4.2(a), den eÐnai dÔskolo na elègxoume oti:Prìtash 2. Gia k�je kurtì s¸ma K me ìgko 1 kai kèntro b�rouc to o, èqoumeS2(K) � cnS1(K);ìpou c > 0 apìluth stajer�. 2H sqèsh aut¸n twn posot twn me thn stajer� isotropÐac tou K gÐnetai faner apì thn parak�tw Prìtash:Prìtash 3 (Blaschke). An to K èqei ìgko 1 kai kèntro b�rouc to o, tìteS22(K) = det(M(K))n! :Apìdeixh: SÔmfwna me ton orismì mac,S22(K) = ZK : : :ZK jco(o; x1; : : : ; xn)j2dxn : : : dx1:Gr�foume xi = (xij); j = 1; : : : ; n. Tìte,jco(o; x1; : : : ; xn)j = jdet(x1; : : : ; xn)jn! ;epomènwc (n!)2S22(K) = ZK : : : ZK jdet(x1; : : : ; xn)j2dxn : : : dx1:



76AnaptÔssontac thn orÐzousa paÐrnoume(n!)2S22(K) = ZK : : :ZK  X� �� nYi=1xi;�(i)! X� �� nYi=1 xi;�(i)! dxn : : : dx1= ZK : : :ZK  X�;� ���� nYi=1xi;�(i)xi;�(i)! dxn : : : dx1= ZK : : :ZK  X�;' �' nYi=1xi;�(i)xi;'(�(i))! dxn : : : dx1= X�;' �' nYi=1�ZK xix'(i)dx�= n! [det(M(K))]: 2Parat rhsh: Estw K kurtì s¸ma me ìgko 1 kai kèntro b�rouc to o. Den eÐnaidÔskolo na deÐ kaneÐc oti, an T 2 SLn tìte M(TK) = TM(K)T �, epomènwcdet(M(TK)) = det(M(K)):Epilègontac ton T ètsi ¸ste to TK na eÐnai isotropikì, blèpoume otidet(M(K)) = L2nK :PaÐrnontac upìyh mac thn Prìtash 3, èqoume apodeÐxei to ex c:Je¸rhma 1. An to K èqei ìgko 1 kai kèntro b�rouc to o, tìteL2nK = n! S22(K): 2Pìrisma 1. Gia k�je kurtì s¸ma K ston Rn isqÔei LK � cpn.Apìdeixh: MporoÔme na upojèsoume oti to K eÐnai isotropikì, epomènwc ìti èqeiìgko 1. To qwrÐo sto opoÐo oloklhr¸noume èqei mètro 1, kai h kurt  j kh shmeÐwntou K èqei ìgko to polÔ 1. Ara,LK � 2npn! � cpn:Opwc eÐdame sthn prohgoÔmenh par�grafo, mporoÔme na d¸soume kai kalÔterhektÐmhsh, h paroÔsa ìmwc apìdeixh den qrhsimopoieÐ kanèna {barÔ} ergaleÐo. 2Pìrisma 2. An h eikasÐa tou simplex eÐnai swst , tìteLK � Cgia k�je kurtì s¸ma K ston Rn .



77Apìdeixh: JewroÔme to simplexSn = fx 2 Rn : � 1n+ 1 � xi � nn+ 1 ; nXi=1 xi � 1n+ 1g:To S0n = (n!)1=nSn èqei ìgko 1 kai kèntro b�rouc to o. Enac aplìc upologismìcdeÐqnei oti ZS0n x2i dx < (n!)1+ 2n(n+ 2)! ;kai epeid  o M(K) eÐnai summetrikìc kai jetik� orismènoc, h anisìthta tou Hada-mard dÐnei S22(S0n) = det(M(S0n))n!� 1n!  (n!)1+ 2n(n+ 2)!!n� 1n! :Estw K isotropikì kurtì s¸ma ston Rn . Tìte, m1(K) � m1(S0n), kai sundu�zon-tac tic Prot�seic 1,2 kai 3, paÐrnoume:LnK = pn! S2(K) � pn! cnS1(K)� pn! cnm1(K) � pn! cnm1(S0n)� pn! cn(n+ 1)S1(S0n) � pn! cn(n+ 1)S2(S0n)� (n+ 1)cn:Epetai oti LK � 2c. 2(b) O tÔpoc tou Busemann.Estw K kurtì s¸ma ston Rn . Upojètoume oti o 2 int(K). Gia k�je � 2 Sn�1jewroÔme thn tom  K \ �? tou K, kai thn kanonikopoÐhsh thc S1(�)S1(K \ �?) = 1jK \ �?jn ZK\�? : : : ZK\�? jco(o; x1; : : : ; xn�1)jdxn�1 : : : dx1¸ste na mhn èqei shmasÐa o ìgkoc thc K \ �?: me autìn ton trìpo, h S1(�) gÐnetaianalloÐwth wc proc antistrèyimouc grammikoÔc metasqhmatismoÔc.O H. Busemann èdeixe ènan tÔpo pou sundèei ton ìgko tou K me ta embad� twn(n� 1)-di�statwn tom¸n K \ �?, � 2 Sn�1:Je¸rhma 1. An K eÐnai kurtì s¸ma ston Rn me o 2 int(K), tìtejKjn�1 = n! !n2 ZSn�1 jK \ �?jnS1(K \ �?)�(d�):



78Apìdeixh: JewroÔme ton Rn(n�1) = Rn1 � : : : � Rnn�1 , kai to ~K = K � : : : �K �Rn(n�1) . Gia eukolÐa ja gr�foume tic suntetagmènec enìc xi 2 Rni sth morf xi = (x1i ; : : : ; xni ). Tìte,(�) jKjn�1 = ZK : : : ZK dxn�1 : : : dx1= Z ~K dx1n�1 : : : dxnn�1 : : : dx11 : : : dxn1 :Gia dosmèna x1; : : : ; xn�1, orÐzoume a1; : : : ; an�1 san th lÔsh tou grammikoÔ su-st matoc xni = n�1Xj=1 ajxji ; i = 1; : : : ; n� 1;kai jewroÔme tic nèec suntetagmènec x11; : : : ; xn�11 ; a1; : : : ; x1n�1; : : : ; xn�1n�1; an�1 stonRn(n�1) . H Iakwbian  tou metasqhmatismoÔ suntetagmènwn eÐnai(��) J = det[(xji )i;j=1;:::;n�1]:(To sÔnolo sto opoÐo J = 0 èqei mètro 0 kai den ephre�zei to olokl rwma sthn(�), kai èxw apì to sÔnolo autì o metasqhmatismìc eÐnai kal� orismènoc.)PaÐrnontac b = (1 +Pa2j )�1=2, blèpoume oti to monadiaÐo k�jeto di�nusma �tou uperepipèdou xn = a1x1 + : : : an�1xn�1 perigr�fetai eÐte apì thn�j = baj ; j = 1; : : : ; n� 1; ; �n = �b;  apì thn �j = �baj ; j = 1; : : : ; n� 1; ; �n = b:An � eÐnai h gwnÐa pou sqhmatÐzei to � me ton xn-�xona, tìte b = j cos�j, epomènwcd� = 1bd�1 : : : d�n�1. P�li, mporoÔme na agno soume ekeÐna ta uperepÐpeda poueÐnai par�llhla ston xn-�xona. MporoÔme tìte na doÔme otidet[(@�j=@ai)i;j=1;:::;n�1] = bn+1;epomènwc d� = 1b d�1 : : : d�n�1 = bnda1 : : : dan�1= j cosn �jda1 : : : dan�1:Parathr ste akìma oti gia to uperepÐpedo xnj = a1x1j + : : :+ an�1xn�1j èqoumedxj = j sec�jdx1j : : : dxn�1j :PaÐrnontac upìyh mac ìlec tic parap�nw sqèseic gr�foumejKjn�1 = ZJ�1 ~K jJ jdx11 : : : dxn�11 : : : dx1n�1; : : : ; dxn�1n�1da1 : : : dan�1= n!n2 ZSn�1 ZK\�? : : : ZK\�? jJ sec�jdx1 : : : dxn�1�(d�);



79blèpontac ta x1; : : : ; xn�1 san shmeÐa tou �?. Apì thn (��), h probol  tou simplexco(o; x1; : : : ; xn�1) sto epÐpedo xn = 0 èqei ìgko jJ j=(n � 1)!. AfoÔ ìla aut� tashmeÐa an koun ston �?, èqoumejco(o; x1; : : : ; xn�1)jj cos�j = jJ j(n� 1)! :Epetai otijKjn�1 = n! !n2 ZSn�1 ZK\�? : : : ZK\�? jco(o; x1; : : : ; xn�1)jdxn�1 : : : dx1�(d�)= n! !n2 ZSn�1 jK \ �?jnS1(K \ �?)�(d�): 2Parathr ste oti, apì to Je¸rhma 4.4.1 èqoumeS1(K \ �?) � S2(K \ �?) = Ln�1K\�?=p(n� 1)!:An loipìn deqtoÔme oti h stajer� isotropÐac opoioud pote kurtoÔ s¸matoc eÐnaimikrìterh apì k�poia stajer� C, tìte katal goume sthnjKjn�1 � Cn n!!n2p(n� 1)! ZSn�1 jK \ �?jn�(d�)� (cC)n ZSn�1 jK \ �?jn�(d�):Dhlad , o tÔpoc tou Busemann mac dÐnei to ex c:Je¸rhma 2. An up�rqei stajer� C > 0 me thn idiìthta LW � C gia k�je kurtìs¸ma W , tìte gia k�je kurtì s¸ma K ston Rn me o 2 int(K) isqÔeijKjn�1n � cC max�2Sn�1 jK \ �?j;ìpou c > 0 apìluth stajer�. 2Parat rhsh. O tÔpoc tou Busemann, se sunduasmì me to gegonìc ìti LW � c giak�je W , èqei san sunèpeia thn anisìthtajKjn�1n � c0�ZSn�1 jK \ �?jn�(d�)�1=nìpou c0 > 0 apìluth stajer�. ArkeÐ na parathr soume otijKjn�1 = n!!n2 ZSn�1 jK \ �?jnS1(K \ �?)�(d�)� n!!n2cn ZSn�1 jK \ �?jnS2(K \ �?)�(d�)= n!!n2cn ZSn�1 jK \ �?jn L(n�1K\�?p(n� 1)!�(d�)� cn1 ZSn�1 jK \ �?jn�(d�):



80 Amesh sunèpeia twn parap�nw eÐnai h isodunamÐa thc eikasÐac thc stajer�cisotropÐac me thn akìloujh genikeumènh eikasÐa tou uperepipèdou:EikasÐa: Up�rqei apìluth stajer� c > 0 tètoia ¸ste gia k�je kurtì s¸ma K mekèntro b�rouc to o kai ìgko 1 na isqÔeimax�2Sn�1 jK \ �?j � c:Pr�gmati, h suz thsh pou èqei prohghjeÐ apodeiknÔei to ex c:Je¸rhma 3. Estw C > 0. Ta ex c eÐnai isodÔnama:(a) Gia k�je kurtì s¸ma K ston Rn isqÔei LK � c1C, ìpou c1 > 0 apìluthstajer�.(b) Gia k�je kurtì s¸ma K ston Rn pou èqei kèntro b�rouc to o kai ìgko 1,up�rqei � 2 Sn�1 tètoio ¸ste jK \ �?j � c2=C, ìpou c2 > 0 apìluth stajer�.Apìdeixh: An upojèsoume to (a), tìte to (b) prokÔptei �mesa apì to Je¸rhma 2,me c2 = 1=(cc1). AntÐstrofa, an upojèsoume to (b) kai an K eÐnai tuqìn isotropikìkurtì s¸ma, tìte brÐskoume � 2 Sn�1 tètoio ¸ste jK \ �?j � c2=C, kai apì thnPrìtash 4.2(a).2 èqoumeL2K = ZKhx; �i2dx � c2jK \ �?j2 � �cCc2 �2 ;dhlad , LK � c1C me c1 = c=c2. 2(g) To asumptwtikì prìblhma twn Busemann kai Petty.To prìblhma twn Busemann kai Petty diatup¸jhke arqik� gia summetrik� kurt�s¸mata wc ex c:Upojètoume oti K1 kai K2 eÐnai kurt� s¸mata ston Rn me koinì kèntro summe-trÐac to o, kai jK1 \ �?j � jK2 \ �?jgia k�je � 2 Sn�1. Rwt�me an jK1j � jK2j.H ap�nthsh eÐnai jetik  an n � 4 kai arnhtik  gia ìlec tic megalÔterec diast�-seic. Autì ìmwc pou paramènei anoiktì eÐnai h akìloujh asumptwtik  èkdosh touprobl matoc:EikasÐa. Up�rqei apìluth stajer� c > 0 tètoia ¸ste, an K1 kai K2 eÐnai kurt�s¸mata ston Rn me kèntro b�rouc to o, kai jK1\�?j � jK2\�?j gia k�je � 2 Sn�1,tìte jK1j � cjK2j.Den eÐnai dÔskolo na deÐ kaneÐc oti h parap�nw eikasÐa eÐnai isodÔnamh me thneikasÐa thc stajer�c isotropÐac. Ac upojèsoume pr¸ta oti up�rqei C > 0 tètoia¸ste LW � C gia k�je kurtì s¸ma W . An ta K1 kai K2 ikanopoioÔn thnjK1 \ �?j � jK2 \ �?j



81gia k�je � 2 Sn�1, tìte to Je¸rhma 2 kai h parat rhsh pou akoloujeÐ deÐqnounoti jK1jn�1n � cC �ZSn�1 jK1 \ �?jn�1=n� cC �ZSn�1 jK2 \ �?jn�1=n� cCc0 jK2jn�1n ;dhlad , jK1j � c3jK2jìpou c3 > 0 apìluth stajer�. AntÐstrofa, ac upojèsoume oti h eikasÐa isqÔei, kaiac jewr soume èna isotropikì kurtì s¸ma K. Estw �0 2 Sn�1 tètoio ¸stejK \ �?0 j = max�2Sn�1 jK \ �?j:Epilègoume r > 0 ètsi ¸ste rn�1!n�1 = jK \ �?0 j. Tìte,jK \ �?j � rn�1!n�1 = j(rDn) \ �?jgia k�je � 2 Sn�1, �ra jKj � cjrDnj = c!n! nn�1n�1 jK \ �?0 j nn�1 :AfoÔ jKj = 1, blèpoume oti jK \ �?0 j � c;ìpou c > 0 apìluth stajer�. Omwc to K eÐnai isotropikì, �ra jK \ �?j ' 1=LKgia k�je � 2 Sn�1. Epomènwc, LK � C gia k�poia apìluth stajer� C > 0.Olh h suz thsh pou k�name sunoyÐzetai sto akìloujo Je¸rhma:Je¸rhma. Ta parak�tw eÐnai isodÔnama:(a) Up�rqei stajer� c1 > 0 tètoia ¸ste, gia k�je kurtì s¸ma K ston Rn na isqÔeiLK � c1:(b) Up�rqei stajer� c2 > 0 tètoia ¸ste, gia k�je kurtì s¸ma K ston Rn me kèntrob�rouc to o na isqÔei jKjn�1n � c2 max�2Sn�1 jK \ �?j:(g) Up�rqei stajer� c3 > 0 tètoia ¸ste, an K1 kai K2 eÐnai kurt� s¸mata ston Rnme kèntro b�rouc to o pou ikanopoioÔn thnjK1 \ �?j � jK2 \ �?j



82gia k�je � 2 Sn�1, na isqÔei jK1j � c3jK2j:(d) Up�rqoun stajerèc c4; c5 > 0 tètoiec ¸ste, gia k�je kurtì s¸ma K ston Rn mekèntro b�rouc to o na isqÔeic4pn � [m1(K)]1=n � c5pn: 2O kat�logoc twn isodÔnamwn diatup¸sewn tou probl matoc eÐnai makrÔc: giaton lìgo autì, to er¸thma jewreÐtai kentrikì. An kaneÐc koit�xei me prosoq  ticapodeÐxeic twn Jewrhm�twn aut c thc paragr�fou, ja deÐ oti h ex�rthsh an�mesastic c1 wc c5 eÐnai grammik    antÐstrofa grammik .4.5 TuqaÐa shmeÐa se isotropik� kurt� s¸mataJewroÔme èna isotropikì kurtì s¸ma K ston Rn . Xèroume oti gia k�je y 2 Sn�1isqÔei ZKhx; yi2dx = L2K :To er¸thma pou ja mac apasqol sei ed¸ eÐnai to ex c: DÐnontai �; " 2 (0; 1). NadojeÐ ektÐmhsh gia ton el�qisto fusikì arijmì m0 pou èqei thn idiìthta: gia k�jem � m0, m tuqaÐa shmeÐa x1; : : : ; xm 2 K ikanopoioÔn me pijanìthta megalÔterhapì 1� � thn (1� ")L2K � 1m mXj=1hxj ; yi2 � (1 + ")L2Kgia k�je y 2 Sn�1. Ja doÔme thn ap�nthsh tou Bourgain [Bou2]: MporoÔme nap�roume to m0 thc t�xhc tou n(logn)2.L mma 1. Estw ffjgj�m anex�rthtec tuqaÐec metablhtèc me mèso 0. An kfjk1 � 2kai kfjk1 � B, tìte gia k�je " 2 (0; 1) èqoume(6) Prob0@j mXj=1 fj j > "m1A � 2 exp(�"2m=8B): 2Apìdeixh: Qrhsimopoi¸ntac thn arijmhtik  anisìthta ex � 1 + x + x2; x � 1, kaito gegonìc oti k�je fj èqei mèso 0, blèpoume oti, an �B < 1 tìteZ e�fj � 1 + �2 Z f2j � 1 + �2kfjk1kfjk1� 1 + 2B�2 � exp(2B�2):



83Epetai oti Z exp0@� mXj=1 fj1A � exp(2Bm�2);kai h anisìthta tou Markov mac dÐneiProb0@ mXj=1 fj > "m1A � exp(2Bm�2 � �"m):Epilègontac � = "=4B (parathreÐste oti �B < 1), paÐrnoumeProb0@ mXj=1 fj > "m1A � exp(�"2m=8B):K�nontac ta Ðdia gia tic �fj oloklhr¸noume thn apìdeixh. 2L mma 2. Estw K isotropikì kurtì s¸ma ston Rn . StajeropoioÔme �; �; " 2(0; 1). An B � c(") logn kai m � c"�2n log( 2�� )( Bc1LK )2, tìte m tuqaÐa shmeÐax1; : : : ; xm 2 K ikanopoioÔn me pijanìthta megalÔterh apì 1� � thn(1� ")L2K � 1m Xfj:jhxj ;yij�Bghxj ; yi2 � (1 + ")L2Kgia ìla ta y se èna �-dÐktuo thc Sn�1.Apìdeixh: Up�rqei �-dÐktuo N gia thn Sn�1, me plhj�rijmo jN j � (3=�)n.StajeropoioÔme y 2 N , kai orÐzoume f : K ! R mef(x) = 1L2K hx; yi2�fz:jhz;yij�Bg(x):Lìgw tou Jewr matoc 4.2.4, an epilèxoume B > c(") logn, tìte(�) 1� ZK f(x)dx = 1L2K Zfz:jhz;yij>Bghx; yi2dx � "2 ;ìpoio ki an eÐnai to y 2 Sn�1. OrÐzoume fj(x1; : : : ; xm) = f(xj) � RK f sto Km.EÔkola elègqoume otikfjk1 � 2 ; Efj = 0 ; kfjk1 � � BLK�2 :Efarmìzontac to L mma 1 paÐrnoumeProb0@j 1m mXj=1 f(xj)� ZK f(x)dxj > "21A � 2 exp(�"2m=8(B=LK)2) < �jN j�1;



84an epilèxoume m � c"�2 log� 2���n� BLK�2 :Autì shmaÐnei oti me pijanìthta megalÔterh apì 1 � � ta x1; : : : ; xm ikanopoioÔnthn(��) j 1m Xfj:jhxj ;yij�Bghxj ; yi2 � L2K ZK f(x)dxj � "2L2K ;gia k�je y 2 N . Apì tic (�) kai (��) èpetai to zhtoÔmeno. 2L mma 3. Estw K isotropikì kurtì s¸ma, � 2 (0; 1), m � n, kai x1; : : : ; xmtuqaÐa shmeÐa sto K. Me pijanìthta megalÔterh apì 1� � èqoumejXi2E xij � c(�)LKplogm�pjEjpn+plogmjEj�gia k�je E � f1; : : : ;mg.Apìdeixh: Apì to Je¸rhma 4.2.6, ta x1; : : : ; xm ikanopoioÔn thnjxj j � C2pnLKt ; j = 1; : : : ;mme pijanìthta megalÔterh apì 1 � 2m exp(�t2). An t � c1(�)plogm, tìte aut h pijanìthta eÐnai > 1 � �2 . Epomènwc, mporoÔme na upojèsoume oti ìla ta xjikanopoioÔn thn jxj j � c1(�)pnLKplogm:Estw E � f1; : : : ;mg. Gr�foumejXi2E xij2 = Xi2E jxij2 + Xi 6=j2Ehxi; xji� c21(�)L2Kn logmjEj+ Xi 6=j2Ehxi; xji:OrÐzoume anex�rthtec tuqaÐec metablhtèc �i me P (�i = 1) = P (�i = 0) = 1=2.Tìte, Eh mXi=1 �ixi; mXj=1(1� �j)xji = 14 Xi 6=j2Ehxi; xjiEpomènwc, up�rqoun E1; E2 � E me jE1j � jE2j, E1 \E2 = ;, E1 [E2 = E, tètoia¸ste Xi 6=j2Ehxi; xji � 4hXi2E1 xi; Xj2E2 xji� 4Xi2E1 jhxi; Xj2E2 xjij:



85Xanagr�foume to teleutaÐo �jroisma sth morf Xi2E1 jhxi; Xj2E2 xjij = j Xj2E2 xj jXi2E1 jhxi; yE2ij;ìpou yE2 = Pj2E2 xjjPj2E2 xj j ; jyE2 j = 1:Parathr ste oti to fxigi2E1 eÐnai anex�rthto apì to yE2 , afoÔ E1 \ E2 = ;. Anstajeropoi soume proc stigm  ton plhj�rijmo jE1j = k, tìte apì to Je¸rhma 4.2.4paÐrnoume(�)Prob ~x 2 Km : 9E1 � E; jE1j = k;Xi2E1 jhxi; yE2ij > tkLK! < mck exp(�ckt):H pijanìthta aut  mporeÐ na gÐnei mikrìterh apì �=m an p�roume t ' logm,.MporoÔme loipìn paÐrnontac k = 1; : : : ;m kai exair¸ntac lÐga (x1; : : : ; xm) 2 Km,na upojèsoume oti me pijanìthta megalÔterh apì 1� �2 ta x1; : : : ; xm ikanopoioÔnto ex c: Gia k�je E � f1; : : : ;mg,Xi 6=j2Ehxi; xji � c2(�)LK logm maxE1�E8<:jE1jj Xj2EnE1 xj j9=; :Gia na oloklhr¸soume thn apìdeixh, stajeropoioÔme s 2 N kai gr�foumeAs = maxjF j�s jXj2F xj j:Tìte, jXi2E xij2 � c21(�)L2Kn logmjEj+ c2(�)LK logmjEjAjEj;�ra A2jEj � c3(�) �L2Kn logmjEj+ LK logmjEjAjEj� ;to opoÐo mac dÐneiAjEj � c(�)�LKpnplogmpjEj+ LK logmjEj� : 2Je¸rhma 1. Estw K isotropikì kurtì s¸ma ston Rn , kai �; " 2 (0; 1). An m �c0(�; ")n(logn)2, tìte m tuqaÐa shmeÐa x1; : : : ; xm 2 K ikanopoioÔn me pijanìthtamegalÔterh apì 1� � thn(1� ")L2K � 1m mXj=1hxj ; yi2 � (1 + ")L2K



86gia k�je y 2 Sn�1.Apìdeixh: StajeropoioÔme � 2 (0; 1) to opoÐo ja epilèxoume argìtera (san mikrìpollapl�sio tou "). PaÐrnoumeB ' c(�; ")LK logm;ìpou c(�; ") stajer� megalÔterh apì thn stajer� tou L mmatoc 2. Tìte, xèroumeoti me pijanìthta megalÔterh apì 1� �2 , tuqaÐa x1; : : : ; xm 2 K ikanopoioÔn thn(�) (1� ")L2K � 1m Xfj:jhxj;yij�Bghxj ; yi2 � (1 + ")L2Kgia k�je y se èna �-dÐktuo N thc Sn�1. AfoÔ m � n, mporoÔme epÐshc na upojè-soume oti ta x1; : : : ; xm ikanopoioÔn to L mma 3 me pijanìthta > 1� �2 . Gia k�je� � B kai y 2 Sn�1, orÐzoumeE�(y) = fj � mjjhxj ; yij > �g:Qrhsimopoi¸ntac to L mma 3 mporoÔme na ektim soume to mègejoc tou E�(y) wcex c: �jE� j � Xj2E� jhxj ; yij � max"j=�1;j2E� jX "jxj j� 2 maxF�E� jXj2F xj j� 2c(�)LKplogmpnqjE� j+ 2c(�)LK logmjE� j� 2c(�)LKplogmpnqjE� j+ �2 jE� j;an B > 4c(�)LK logm, opìte sumperaÐnoume oti�2jE� j � c1(�)L2Kn logm:Parathr ste oti aut  h ektÐmhsh eÐnai anex�rthth apì thn epilog  tou y 2 Sn�1.Epetai oti, Xfj:jhxj ;yij>Bghxj ; yi2 = k0�1Xk=0 Xfj:2kB<jhxj;yij�2k+1Bghxj ; yi2� k0�1Xk=0 jE2kB j(2k+1B)2� c1(�)L2Kn(logm)k0:



87ìpou h �jroish eÐnai p�nw apì ta mh ken� E, kai k0 eÐnai o mikrìteroc fusikìcgia ton opoÐo diam(K) � 2k0B. AfoÔ to K eÐnai isotropikì, èqoume to fr�gmadiam(K) � (n+ 1)LK , epomènwck0 � c log�nLKB � � c(") logn:An epilèxoume kat�llhla thn stajer� c0(�; "), afoÔ m > c0(�; ")n(logn)2 èqoume1m Xfj:jhxj ;yij>Bghxj ; yi2 � c2(�; ")L2Kn(log n)(logm)m < "L2K :Se sunduasmì me thn (�) autì oloklhr¸nei thn apìdeixh gia ìla ta y 2 N . Tèloc,paÐrnontac � = "=10 kai qrhsimopoi¸ntac èna sunhjismèno epiqeÐrhma diadoqik cprosèggishc, mporoÔme na per�soume thn ektÐmhsh se ìla ta y 2 Sn�1. 2
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