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Ke:cpo’c)\ou.o 1

llgooeyyLoTixeg
LOOTIEQLUETPLXES AVLOOTNTES

1.1 IlpoOEYYLOTLXEG LOOTEQLILETRLXESG AVLOOTNTEG

‘Eoww (X, A, 1) xdpoc miavdtnrae, drouv A eivar ) Borel o-dhyeBpa we mpoc dedo-
wévn petpw d otov X. Aéue du n tetpdda (X, A, p1, d) elvon évag eTpLxdg Y dpog
TV oTNTAG.

Ye xdde uetpind yweo miavdTNTaC UTOPOUUE VO SLATUTCOVUE TO LOOTERLLE-
TeLxd mMEoBANuA

[ Soouéva 0 < a < 1 xan t > 0, v Beedel 1o
inf{u(A) : A€ A u(A) =a}
xon va Beedoly ta obvola A yior tor ontolar mdveton owtd To infimum.
Y10 mopandvw epdtnua, ue Ay cuuBoiilovue Ty t-teployy| Tou A:
Ay ={x € X :d(z,A) < t}.

Y11 endpeveg nopaypdpoug awtod Tou xepalaiou Yo culnTAcOLUE UERPXES YapaX TN
PLOTLXES TIEPLTTWOELS LOOTEPLUETOLXWY TPOBANUATLY YL Tar omola 1) axplf3rig andvtnon
elvor yvwoth. T'o mToANd dhhar LooTepLUETEXE TEOBAAUATI TOU €Y0LY CNUAVTIXES
epapuoyés, xdtL tétolo dev efvon duvatd. Mio aclevéotepn amdvinon ouws etvon
eZloou yprown: avtl va Bpodue v axpBr T tou infimum efvor apxetd vo yvo-
pllouue éva xohd xdtw @edyua Yot to p(As) e Ty unddeon ot p(A) = a.

Oa Aépe 6Tt Eval TETOLO Py AOVEL TO GUYXEXPUUEVO LOOTIEQLUETELXO TEOBANUL
<ot tpocéyyLony av 1 extiunon nou diver elvar BéATiotn ue Ty ealpeon xdnolwy

7



anoALTWY GTaER®Y OTLC XATIAANAES €oeicy. Ol avloGTNTES TTOL EMLTUYYAVOLY TE-
TOlEC XATd TPOGEYYLON AUGELC AEYOVTOL TPOCEYYLOTLXEG LOOTMEPLLETPLXEG OLVL-
COTNTEG.

Yy enduevn nopdypapo Yo culnrhcovue tny avicdtnta wv Prékopa xat Leind-
ler. H avioétntar awty| elvan ulor cuvaptnolony| éxSoor tne aviootntoc Brunn - Min-
kowski xaw oyetiletan dueca e Ty xAaoxi| LoomEpUETELXY aviodTtnta otov Euxel-
deto yopo. Xenouwonowwdvtag Ty Yo SOooLUE amh xou TAEN anddelln mpocEY-
YIOTIXWY LOOTIEQLUETPIXWY AVLCOTATWY YLt Tr ogalpa xat yio to Uétpo tou Gauss.
Téhog, oav ewoaywyn oto xOpo Yéua authc g cpyaciog, cLLNTAUE TNV TPOCEYYL-
OTLXY| LOOTIEPLUETELXY] AVIGOTNTA YLOL TO GLUMETEXS UETPO THAVOTNTOC OTLE XOPUYES
Tou xVBov.

1.2 H aviocotnta twv Prékopa xou Leindler

H avicétnta twv Prékopa xou Leindler eivor 0 yevixevon tng avicédtnrog Brunn-
Minkowski (tnv onola 9o culnticovue topaxdtw) oto TAAoLo TwV UeTeriouwy Je-
TIXGY CUVIRTHOEWV.

Ockdpnua 1.2.1 Foww f,g9,h : R* = RT tpel§ petpioyues ovvaptioas kat A €
(0,1). YmoOérouue ért oo f kai g elvar odokAnpdoipes kar ot yia kdde z,y € R*

(1) h(Az + (1= Ny) > f(z) g(y) .

[z (L) (L)

Anddeln: Oo del€ouue Y aVOOTNTA UE ENAYWYY) WS TTPOG TNV JAGTACT] N

Tdre,

(o) n = 1: MropoUue vo unodécouue 6t oL f xou g elvar cuveyelc xou yviota Yetixéc.
H onédeln mov Yo Sdcouvue Boolleton otny Wéa tne UeTapopds Tou UETEOU.

Oplloupe z,y : (0,1) = R yéow wwv

[Lo=tfeo [Jomt]o

Tougwva pe Tic unodéces uag oLz, y elvon napaywylowes, xa v xdde ¢ € (0,1)
€)(OVUE

2(1)f (x(t)) = / f v 0e) = / g.

Optlouvpue 2z : (0,1) = R ue



O z %o y elvon yvAota ad€ovoeg. Enouévwe, 1 2 elvon xt auth yvrota ab&ovoa. Ano
Y ovtedTNTaL AELIUNTIXO0-YEWUETELXOV UEGOU,

(1) =M () + (1= Ny'(t) > (&' (O) (' (1)

Mrnopolue Aoiméy vo exTyuAooLUE TO oAoxAfipwud Tng h xdvovtag Ty odhayr ue-
TofANTOY s = 2(t):

J

/0 h(z(t))z'(t)dt

v

/0 h(Az(t) + (1= Ny () (@' () (' (1) dt

/01 F®)g ™ wit) <f(£r({f))>A (m%»)u o

(Jo) (f)

(B) Enaywyixd Bruo: Trodétouvue bt n > 2 xou 61t 10 Oedpnuo €xel omo-
dewydel vy k € {1,...,n — 1}. 'BEow f,g,h énwe oto Oedpnuo. o xdde s € R
opllouue hys : R*™1 — RT ue hg(w) = h(w,s), xou ue avdloyo tpén0 opilovue
fs,9s : RP1 5 RY. And tny (1) éneton 6T, av 2,y € R xou 89,81 € R 161e

v

h)\s1+(1—>\)so (/\ZL“ + (1 - )‘)y) Z fs1 (37))\950 (y)lika

xou 1) Emaywyr) unddeon pog dlvet
H(/\81 + (1 - )\)So) = / . h)\s1+(1—>\)so
Rn—

(L) (Lesa) =renscn.

Egapudlovtag tdpa Eavd tny enaywywxy urnéleon yia n = 1 otig ouvoptioew F,G
xou H, nalpvouue

[r= L= (L) (Le)=(fo) (fo) - o

vV

1.3 H avieotnta Brunn-Minkowski

H avioétnra Brunn-Minkowski cuvdéel to ddpowoua Minkowski ue tov éyxo otov
R™:



Ocwenua 1.3.1 Eow K kait T 6Vo un kevd ovunayr) vroovroda tov R*. T,
(1) K+ T > [ T,

Hapatnenoeig. Ytnv nepintwon mou ta K xon T' efvan xLptd oduUata, LodTNTA OTNHY
(1) umopel v toylet ubvo av ot K xan T elvon opoodetind.

H (1) exqpdler ue ula évvola 0 yeyovds 6t o dyxoc elvon xolhn cuvdptnom
w¢ mpog TNy mpboleon xatd Minkowski. ' to Adyo autd cuyvd ypdgetar oTny
axohoudn poppry: Av K, T elvar un xevd ouunoayy unocivoia tou R xaw A € (0, 1),
61

(2) IAK + (1= XN)TM™ > NEK|M™ + (1= N\)|T]H".

Xpnowwonotdvtac Ty (2) xow Ty aviodtnra aptdunuxol-yEWUETELX0) UEGOU, UTO-
POVUE axoUa VoL Yedouue:

(3) IAK + (1= NT| > |[KMT)

H acdevéotepn auth woper| tng avicdtntag Brunn-Minkowski €yel 1o mheovéxtnua
ot elvon avegdptnTn Tne StdoTaong.

Anodelgn touv Oewpfuatog 1.3.1: 'Eotw K,T cuunoyr| un xevé unocOvoia Tou
R®, xau A € (0,1). Opilovue f = XK, g = XT, x4 h = Xpg4+a-rn7- BElOxoha
eAéyyouue 6Tl xavortotobvTon oL urodéoelg tou Oewpruatog 1.2.1. Ipdyuoartt, av
r¢ KNy ¢T tote

h(Az + (1= N)y) > 0= [f(@)g)]" 7,
evodoav x € K xowy € T téte Az + (L — Ny € AK + (1 — N\)T, dpa
h(dz + (1= Ny) =1 = [f(@)] gy]' .

Egopudlovioc tnv avicétnta Prékopa-Leindler nalpvouue

B AR </f>A (/g)H = KT

Auté anodewviel Ty (3) yio xdde towddo K, T, A. T va ndpoupe ty (1) Yewpolue
K xou T 6mwe oto Oedpnua 1.3.1 (ue [K| > 0 xon |T'| > 0, adhiidg Sev €yovue tinota
va detgouue), xon optlovyue

|K|1/n

_ —1/n _ —1/n _
Ky =|K|7Y"K |, Ty=|T|7/"T A= TR e

To K7 xau Th €youy byxo 1, ondte and v (3) malpvouue

(4) IAK, + (1= NT1| > 1.
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Ouwc,
K+T

AKl + (]. - A)Tl - W,

enouéveg 1 (4) malpvel Ty Lopeh
K+ 7| > (K" +|Tm)" . o

Opiopds. Av A un xevéd ouunayéc vnocbvoro tou R?, n emupdvera J(A) tov A
optleton and tny

A - A
d(A) =lim inf A = 141
t—0+ t
H woneptuetpun; aviobtnta Yo tov Euxdeldeio ywpo elvon 1 e€hc mpdtao.
IMpdétaoy 1.3.1 Av A elvar un kevé ovpnayés vrooUvodro tov R?, téte
O(4) > n|A|C"=D/m B,

érov B n EvkAeldeia povadaia pmdAa.

Anodedn: Iopatnpolue 6t Ay = A+tB. Xpnowonowdvtog Ty avicdtnto Brunn-
Minkowski ypdipouue

Ad—14] _ JA+BI =14 (A" + Bl )" - 1A
t t - t
_ ALt A DB 4 O(2) — | A
B t

= A" VBN 4 O(),
xou malpvovtag o 6pto xadae t — 01 BAénovue ot
A - 1A
lim inf 1A =141 > n|A|(mD/m BV,
t—0+ t
Ané tov opioud e empdvetas éneton 1 Hpdtoom. |
IMépropa 1.3.1 Eoww A un kevé ouvunayés vroovvodo tov R* kar r > 0 téroiog

dote |A| = |rB|. Tore,
0(A) > 0(rB).

AnédelEn: Ao tov oploud g entpdvetag BAénouue ebxola 6t d(rB) = nr 1| B.
Ané v Hpdraon 1.3.1,
d(A) > n|A|" Y/ B = pr Y Bl = d(rB). O
Anéd dha to un xevd ocvunoayy utocivoha tou Euxdeldelou ydpou mou €youy
dedopévo 6Yx0, N UTEA EXEL TNV [(UXEOTERT) ETLQAVELXL. DTNV TEAYHAUTIXOTNTO, OV XOL

£d6d dev €yovue UeTEWS Ydpo mavétntag, 1 Urdha eivar 1 AOOT] TOU LGOTEPUUETELXOV
npofAfuaToC Ue TNy évvola g §1.1:
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Ilpétaom 1.3.2 Av |A| = |B| tdte |A¢| > |B:| yra kdOe t > 0.

Anddeidn: H anddeln elvon amhy) cuvéneio tne avioétntac Brunn-Minkowski: éyou-
UE

|A+tB|1/n > |A|1/n + |tB|1/n — |A|1/n +t|B|1/n
(1+8)BI"/" = B +tB|'/",
an’ 6mou éneton o {nToduEvo. O

Anhadn, n undha etvor AoT TOU LGOTEPUIETELXOVD TEOBAAUATOS UE TNV T LoYLEY
€vvola.

1.4 H voomepluetpL®y] aviootnT GTT) O'q)oci.poc

Oswpolue TN wovadiado ogaipa S*1 otov R egodiacuévn ue v yewdoolaxh
uetpuet| p: 1 andotaon p(z,y) Svo onuelwy z,y € S" ! elvar 1 xVpTH Ywvia zoy oTo
eninedo mou oplleton and Ty apyh Twv a€dvwy o xot o z,y. H S" 1 yiveton ydpoc
TdavoTNTAC HE TO OVAdIXG AVAIANOIWTO WG TPOS OTPOPEC UETPO 0 TO OTOl0 UETEJEL
T0 T0C0oTH TG EMYAvELaS TNS opalpac Tou xotohaufdver xéde Borel A C S

Etvow edxolo va el xavelc 6t av p(x,y) = 6 téte

0
(1) 2 —y| =2sin,

ouvenwe 1 yewdawowaxh xar 1 Budeldelo andotaon v z,y € S"! ouyxplvovion

Hwé€ow TNg

2
(2) —p(@,y) < lo —yl < plz,y).
To woonepyuetpnd TpdBinua o1 opalpa SATUTWVETH WS EENC:

Abvovtar o € (0,1) xou t > 0. Avdpueoa oe dho o UTooOVORL A Tng
ogalpac Yid ta onola 0(A) = a, va Bpedoly exelval yLd tor onola eloryL-
otomotelton 1 empdveta o(A¢) tne t-neployhic Touv A.

H andvtnon Siveton and 1o axdroudo Jewenua

Iconepipeterxn avicotnta otn opaipa. Eotw a € (0,1) kat B(z,r) pd pndla
oty S" ! pe axtiva r > 0 térowa dove o(B(z,r)) = a. Tére, yid kdde A C S™L
pe o(A) = a kar kde t > 0 éyovpe

(3) o(A;) > o(B(z,r):) = o(B(x,r +t)).

Anhadn, yid onolodrinote Socuévo PETEo a xan omowodnnote ¢ > 0 oL undheg
uétpou a divouv Tt Ao TOL LGOTEPUUETELXOV TEOBAAATOC.

12



H anddeln tne wonepiuetpixic oavicdtntog yivETaL UE OQOLELXT GUUUETELXO-
molnomn xou enaywyh we npog v didotact. Ag Jewprioouue Ty edixn Teplntwon
a=1/2. Av o(A) =1/2 xou t > 0, té1€ UnoPOVUE Vo EXTLUROOVUE TO Uéyedog Tou
At YENOULOTOLOVTUG TNV LCOTEPULETELXY) AVLGOTNTOL

m
(4) o(4) 2 o (Ble, 5 +1))
yid xdde t > 0 xow z € S~ H (4) odnyel oty axdbhoudn aviedtntos
Ochpnua 1.4.1 Eorw A C S™ pe o(A) = 1/2 kat éorw t > 0. Tére,
(5) o(A) > 1 —/m/8exp(—t*n/2).

Anédeldn: Adyw e (4), apxel va ppdouue and xdtw o o (B(z, § +1t)). Ereto
ot
B fO% ' sin™ 06

(6) o (B, 2 +1) = S

2
ondte Vétovrac h(t,n) =1—o (B(a:, 7+ t)), {ntdue dvew Qedryuo yLd Ty

B f;HsinnGdG B ft% cos™ pde

7 h(t,n) = —2—— =
( ) ( n) fo smn 0d0 QIn

orou I, = foﬂm cos™ pdg. Kdvovrtag tnv ahhayt) uetoBAntic s = ¢y/n nalpvouue
1 /’zrx/ﬁ
2vnl, Jiym

Yuyxplvovtag to avamtiyuato Taylor Twy cuvapthoewy coss xou exp(—s?/2) Bré-
TOUUE OTL

(8) h(t,n) = cos™(s/v/n)ds.

9) cos s < exp(—s?/2)

oo [0,7/2], emopévac 1 (8) uog divet

h L gy
tn) < —— —5
o) < s [ e
1 GE-ovE )
= N / exp(—(s + t/n)?/2)ds
n Jo
exp(—t?n/2

N8 )/Oooexp(—s2/2)ds
\/7/8

= il exp(—t°n/2).
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[é vy anddelln tou Vewpruatog apxel Aowndv va dovue 6t /nl, > 1 yid xdde
n > 1. T'd 10 oxond auté mapotnpolue 6t and v avadpouxt| oyéon (n+2) 140 =
(n+ 1)1, éreton 6TL

n+1 n+1
Vv 21, = 2——1I, = I, > I
n—+ 20,42 n—+ n+2n /—n+2n_\/7_ln:

70 onofo onuaivel 6Tt apxel vo EAEyEouuE Tig

w/2
11:/ cospdp =1>1
0

o

w/2
V2I, = \/5/ cos? pdg = \/5% > 1.
0

Autéd ohoxhnpdver Ty anddelln tne (5). O

IMopathenon. Autd nou €xel onuacio oe oyéon ue ty extiunon oty (5) elvon
6tL, 600 uxpd t > 0 %L av StokéZouue, n axohoudia exp(—t2n/2) telvel 670 0 xade
n — 00 ot Wdhiota He ToAs Toyl pudud (exdetind wg mpog n). Emouéves, to
T0G00TH TN oQalpac ToU UEVEL EEw amd TNV t-TEPLOY Y| OTOLOLSNTOTE UTOGUVOAOL A
e ST e 0(A) = 1/2 elvor oyedoy undevixd av n Sudotoon n elvon apxeTd ey,
ocodfmoTe Ulxpd xu av elvon To .

H anddeitn tou Oewprjuartog 1.4.1 Baclotnxe mohd WoyLpd TNV LOOTEQLUETELXT
aviodTnTa yior T ogatpa. ' Tic nepLocdTepeC dUmS EPUPUOYEC TOU EYOULUE GTO VOU
woc ebvon opxet Utd aviodtnta coy Ty (5) o Oyt 1 oxpB3ric AOoT TOU LCOTEPLUETEL-
%00 TpolAfjuatog. Xpnowonowdvtag Ty avieotnta Brunn - Minkowski uropolue
var ddoouue amnhi anddelin e (5) xwelc va tepdoouue UEoH and TNV LOOTEPUIETPLXY
aviootnto. H anddeién Boaoileton oe éva amnhd Auuo.

Appa 1.4.1 Ocwpolpe to pérpo mbavétnras pp pe pup(A) = |AN B|/|B| ynd
xdte Borel A C RN. Av A,C C B ouunayr, xai

(A, C) :=min{la—c|:a€ A,ce C} =p>0,

Tdte
(10) min{pis(A), 1 (C)} < exp(—p?n/S).
Anddegn: Oewpolue 10 cOVOAO A;F—C. Egopudlovioc tny avicétnta Brunn - Min-

kowski matpvouue [4EC| > min{|A|,|C|}. Tuvend,

(11) un (25 ) 2 min{un(4), un (©).

Ané v &M mhevpd, av a € A xaw ¢ € C, 0 xavdvog Tou TopoAnhoypduuou divel

(12) la+c? = 20af +2/cl? — Ja - o <4- 4,
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EMOUEVKC

2 1/2
(13) A;Cg<1—p—> B.

4

Suvdudlovtag tic (11) xan (13) BAémovue ot
(14)

2\ /2 )
min{up(A), up(C)} < (1 — %) < (exp(_p2/4))”/ = eXp(_p2n/8). O

An6de&n touv Oewpfpatog 1.4.1: Eotw A C S" ! ue 0(4) = 1/2 xu éotw
t > 0. Oewpolue A € (0,1) - 10 onolo Ya enthéZovue oT0 TENOC - XaL T LTOCUVOIL

(15)  Ai={pa:ac€ AXN<p<1} , Ci={pa:acS" NA,AN<p<1}
¢ B. Edxolo eAéyyouue ot
. € Ae
(16) 0(A41,Cy) 22/\sm§ >2—.
T

Ané o Afuua 1.4.1 cuunepaivovue 6Tt

4 2.2
an C1] < exp(—5n/8)|B] < exp (— e f) 1B].

T2 8

Ouwg, |C1| = (1 — A™)o(AS)|B| xou ouvdudlovtag ue v (17) BAénovue bt

1 NeZn
) < - ).
(13) o(12) < e (-5 5)
Emhéyovtog m.y. A = 1/2, xatolhyouue ot ulo extiunon e uopphc
(19) o(A.) > 1 — ¢ exp(—cae’n)

6oL c1,c2 > 0 amdlutes otodepée, dnhadn v (5) pe Ty eZalpeon amOAUTWY oTo-
Yepdv ot «xatdAAnheg VEoEgy. a

1.5 Iconspups‘cpm‘r’] owuoé'c'q'coc oTOV Xo')po Touv Gauss

e authv TNV Tapdypapo, o ywpeog tdavdtntag tou Yo ueAethAoouue givon o ) = R

ve v Evxdeldeior yetpued] | - | xon to pétpo mdavétnrog v, mou €xel muxvoTnTa Ty
GLVEETNON
M (@) = (2m) 7T,
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Anhadn, av A elvan éva un—xevéd unociOvoro tou R*, téte

1 1eI2/2
(271')"/2/146 21°/2 g

To 7, ovoudletan étpo tov Gauss xat o u. yweoc ndavétnrac I'y, = (R, ||, vn)
x®eog tou Gauss.

To uétpo tou Gauss €yet 300 TOAD onuavTXES WLOTNTES: and T Ul TAeUpd efvon
UETPO YWWOUEVO, TG GUYXEXQUIEVD Vp = 71 ® ... ® 1. ATo v dAAN Thevpd elvon
avololwTo we Tpog oploymvious uetaoynuatiopols: av U € O(n) xou A elvar éva
Borel vrocUvolo tou R™, tote

1 2
- - —|z|*/2
wmUA) = CORE /U(A)e dx

_ |det U| e_‘Uy|2/2dy

(2m)n/2 [ 4
1 2/
=y [,
= Ta(A4).

H wonepyuetpunr| aviobtnta atov ydpo tou Gauss elvon 1 e€ng.

(2) Yn(A) = Prob(z € A) =

Oepnua 1.5.1 Eoww a € (0,1), 0 € S" 1, ket H = {z € R : (z,0) < A} évag
nuixwpos tou R pe v,(H) = a. Tdre, y1d kdOe t > 0 kar kd0e Borel A C R® e
W (4) = a, éyovue

(3) ’Yn(At) > '7n(Ht)'

IIépiopa 1.5.1 Av v,(A) > 1/2, tdre ya kdde t > 0
1 .

(4) 1= (Ar) < 5 exp(—/2).

Andden: And 1o Oeddpnua 1.5.1 Eépovue ot

1=y (Ae) <1 —v,(Hy)

6mov H nuiywpoc uétpouv 1/2. Agol 10 v, elvon avalholwto we tpog opdoydvioug

UETAOYNUATIONOUS, UtopoVuE vo utodéoovue 61t H = {z € R* : 2, < 0}, ondre

OAOXUANPOYOVTUG TPOTA WG TPOC T3, - . . , Ty, BAETOVUE OTL

1 2
5 1 — v (H, :—/ e /2ds.
( ) Y ( t) \/ﬂ :
Hapaywyllovtoe delyvouue 6t 1 cuvdpTtnon

F(z) = ez2/2/ e /245

T
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elvar pdivouoa oto [0,+00). H F(t) < F(0) o ouvduaoud ue v (5) amodetxviet
my (4). O

‘Onwe xow oty neplntwon tne opalpas, N anddelln TNe TPOCEYYIOTLXNG LOOTE-
plueteuic aviodtnrag (4) yenotuomnotel woyupd Ty toomeptueTEL) aviodthTa (3).
Mrnopolue duwe vo anodeifovue aneudelog TNV TEOCEYYLOTIXT| LOOTEQPUIETELXY| OIVL-
obTnTaL Yid Tov Yweo tou Gauss.

Ochpnua 1.5.2 Eoww A un kevé Borel vroovrodo tov R*. Tdre,

2 1
6 / @A A qn (z) < ,
) : D@
omov d(z, A) = inf{|z —y| : y € A}. Enouévag, av y,(A) = 1/2 téte
(7) 1 — 9 (Ar) < 2exp(—t2/4)

yid kdOe t > 0.

—n/2

Anédergn: Yuufolilovue Ue v, (x) Ty ouvdptnon (2m) exp(—|z|*/2), xou Yew-

EOVUE TLC CUVAPTHOELS

®)  f@=e"E (@) gle) = xal@)m@)  ml) = Tale).
I xdde z € R* xou y € A éyovue
@) f(x)gly) = ed@D*/4e=lzl/2o=1vf/2

2 2 2
r—y z Y
< eXp<| 4| _|2| _|2|>

- (a(139)"

6TV YPNOULOTOLAOAUE TOV Xovdvar ToL TopoAnhoypduuou xo Ty d(z, A) < |z —y|.
Mopatnpdvioe 6t g(y) = 0 av y ¢ A, Brémovue 6Tt ot f,g,m xavomooly Tig
vnodéaelc g aviodtnag Prékopa-Leindler ue A = 1/2. Egapuélovue Aoy to
Ocdpnuo 1.2.1 xan €yovue

o (feraan)in= () ([5) < (fo) -

Auto anodexviel Tov Tp®To Wyuptoud tou Yewpriuatoc. I'id tov dedtepo, nopatn-
polue 61t av v, (A4) = 1/2 w61

10 et/ n(x:d(x, A) >t </ed(w’A)2/4 n(dr) <
(10) (@ d(z,A) > 1) < T )—%(A)

Anhadh, v (A§) < 2exp(—t?/4). 0
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1.6 H voonepipuetpLxy| aviootnta cTov F,

Ocewpole to clvoro E,, = {—1,1}", 10 omolo tawtilouue e 10 6OVOLO TwY X0pLYGHY
oL x0Bouv @, = [—1,1]" otov R". X0 E,, opiloupe T0 xavovixd uétpo mdavotntog
P, mou diver udla 27" oe xde onuelo. O K, yiveton UeTpindg Ypog UE andotaom
my

n

1 . 1
(1) dn(z,y) = Ecard{z <n:ix; Ayt = on Z lzs — il

i=1

H t-neproyn evéoc A C E,, elvar we ouvidwg to obvoro Ay = {x € E,, : dp(z, A) < t}.
Ou twée mou umopel va tdipet 1 dy, elvon menepaouéves to tAfdoc: 0,1/n,2/n,. .., 1.
Emouévwe, autég elvon ou Tuég tou t Yid Tic onoleg 1 t-neployn Tou A mapoucidlel
evdLapépoy, Ue TNy évvola 6tL 0 Ay Topouéver aUeTEBANTO dTay To ¢ Talpvel TLUES
oe éva ddotnua g wopehc [k/n, (k+ 1)/n).

To wonepuetpnd mpoBinua etvon Aowdv to e€hc. Mdg divouv évav guolxd
m=1,2,...,2" xou xdnowo t = k/n, k= 1,...,n. T'd o6 cbvoro A ue tAfdog
otowyelwy m elvoaw n k/n-neployhh tov A 1 uixpdtepn duvatrh; H amdvinon elvou
ot 1o A Vo npéner va €yer 600 T0 Suvatdy «Aiydtepa xeVdy. Av mepéyel Wid n-
8ot & = (@1, ..., Tp), TOTE Vot TPETEL VO TEPLEYEL XUTY OELPS TEOTEPUUOTNTAC XA TLC
CYELTOVIXESY TNE N-8deg, auTES dNhady) Tou Blapépouy amd TNy T GE Ulol CUVTETAYUEVT,
300 cuvtetayuéves, x.0.x. (epboov to Thidoc twv otolyelwy tou A enapxel). Autd,
yatl ) nopauixey| enéxtacn tou A Yo tig cuunepthdfBel ovtwe 1) dAhwe. To méd
owxovouxd oOvola elvor ot dp-undhec (o Aeyduevee Hamming unddec touv Ey).
Anodewvietar 1 axdhovldn LooneptueTpxr aviootrTa YLd Tov K.

Ocdpnua 1.6.1 Eotw A C B, pem =Y, _, (%) otoweta. Tére, yid xdde s =
1,...,n—1, éovue

1 <2
@ o) 2 o3 () = B ) = B 4+ )

érov x Tuydv otorelo Tov E,. |

H wonepyuetpnh auty| avicdtnta odnyel oe ulol TpOCEYYLOTIXT LOOTEQLUETELXT
avlooTTaL Yo Tov B,

IIépiopa 1.6.1 Av p,(A) >1/2 kar t > 0, tére
1
(3) () < 3 exp(~26%n)

H (3) gpunvedeton wec e€fc: yior vor EXTUWUNOOVUE TO phy, (Ar) apxel va Yéoovue
Il =n/2xou s =tn oty (2). Téte PAénovue bt

1 - n
c < .
i=(3+t)n
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0 onolo @iivel exdetind oto 0 xadde n — 0o, ylatl ot «axpaioly Stwvuuixol cuvte-
Aeotég elvon TOAD uxpol oe olYXELoN UE TOUS «UECAOUCY OTAY TO N elvar Ueydho.

Aev Yo anodetEovyue 10 Oetdpnuo 1.6.1 (n anddelln elvon cuvduaotixr xou yiveton
ve emaywyh wg mpog n). Oa dboouue duwe ancudelog anddEEn TNC «TEOCEYYLOTL-
xhc womeptuetpic aviodtnracy (3). H anddelln o Baototel oe éva dedpnua tou
Talagrand to omolo Yo YEAETACOLUE OTO EROUEVO XEQPSHALO.

Ocopnua 1.6.2 Eoww A un kevé vrooivolo tov E,. Ocwpolue tny kuptn Onkn
conv(A) kar yud kdOe x € E,, opilovue

(4) ¢a(x) =min{|z —y| : y € conv(A)}.

Tére, 10x Vel n avioétnta

6 [ ep @ @)/ @) <

‘Eotw A un xevé vnoclvoro tou E,. H cuvdptnon ¢4 tou Oswpruatog 1.6.2
xaL 1 cLVdPTNOY ardaTacTS and To A

n

o1
dn(z, 4) = min{5 > lwi—yil ry € A}

i=1

ouyxplvovtal cOUPWVA UE TO EROUEVO ARUUIL.
Adppa 1.6.1 I'd kdOe un kevé A C E,, éxovue
(6) 2v/nd,(z,A) < ¢pa(z) , z € E,.

Anodedn: 'Eow z € E,. ['d xdde y € A woyle
(7) (x —y,z) = in(:c,- —yi) =2nd,(z,y) > 2nd,(x, A).
i=1

Ané v (7) énetan 61 Y1 xdde y € conv(A)
(8) \/E|£L“ - y| > (iL“ - y,az) > 2ndn(w7A)

Auté anodewxvier Ty (6). O

Yuvdudlovtag ta 300 mapandve AuuoTa SElYVOLUE TNV TEOCEYYLOTLXY LCOTEPL-
HETELC oaVoOTNTOL YLl Tov Fy:

Ocdenua 1.6.3 Eotww A C E,, pe pn(A) =1/2. Tére, yid kdle t > 0 éyoupe

9) pn(Ay) > 1 —2exp(—t*n/2).

19



Anédeldn: Av x ¢ A, tote dp(x, A) > t xou 1o Afuua 1.6.1 delyver 6t dpa(x) >
2t\/1.

Ouwg, and o Osdenua 1.6.2 €yovue

10) e (e () 2 20 < [ explgh)/B)n() < =2,
0 onolo onualvel 6T
(11) pin (Af) < pin(x : pa(x) > 2ty/n) < 2exp(—t*n/2). O

1.7 To @owvouevo TG CLUYTXEVTIPWGTG TOL LETPOL
‘Eow (X, A, d,pn) petpixde yopoc mdavétnrag. H ouvdptnom cvyxévipwong
TOu YOPEOUL Elvar 1 GLYETNON

(1) (X, 1) == 1 — inf{u(Ay) : u(A) > 1/2}.

Aéue 6Tt UTdpPYEL «CLYXEVTPWOT UETRPOUY GTOV YWPEO av YLo Uxped t oL TLéS Tng
a(X,t) elvon uxpée. Xtar nopadelyota TOL UENETAOUUE 0TS TPONYOVUEVES TTHPOL-
YedpoUg EYOLUE CUYXEVTEWOT TOU UETEOUL 1) ontolal YivETon 0AoEva EVTIOVOTERT XM
n ddotaon n avgavet. o mapddetyua, and o Oewpnua 1.4.1 BAénovue 6T

(2) a(S™ 1, t) < i exp(—cat®n),

eved 10 Oedpnua 1.6.3 delyvel 6t

(3) a(Ep,t) < 2exp(—t°n/2).

To mapdderyua tou ydpouv tou Gauss elvon xdmwe dapopetind. H didotaon dev
EUQAVIZETOL OTNY AVLGOTN T GUYXEVTRWOTS

@) o, 1) < 5 exp(—1/2)

ouwe n dduetpog tou Iy, elvan dmepn. H onuascio tou gawvouévou tng cuyxévtpwong
Tou HETPOU YiaL YWEoUg UEYIANS Sudotaong mnydlel and to e&hc Yedpnua.

Ocedpnua 1.7.1 Eoww (X, A,d, n) perpikds ydpos mavétnras. Av f : X - R
etvar pia ovvdptnon Lipschitz pe otalepd 1, onkadn av |f(xz) — f(y)| < d(z,y) ya
kdle z,y € X, téte

() p({r e X o [f(x) = My| > t}) < 2a(X,1)

omov My elvar o uéoog Lévy tng f.
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[O uéoog Lévy tne f elvar o aprdude My yio tov onolo p(x : f(x) > My) > 1/2
xow p(x @ f(xr) < My) > 1/2. Av n f elvon ouveync, o apriudc autéds oplleton
(ovoohiovto.]

Anoden: Oétovue A = {z : f(x) f} xaw B ={x: f(x) < My} Avy e A
t, ont

t6te undpyel « € A e d(z,y) <

(6) fy)=fly) - f(e) + f(z) 2 —d(y,x) + My > My —t

o\l\/

agol 1 f elvon 1-Lipschitz. ‘Ouow, av y € By té1e undpyel « € B ue d(z,y) < t,
omoTE

(7) fly)=Fly) = f(2) + f(z) < d(y,z) + My < My +1t.
Anhody,
(8) y€eANB = |f(:U)—Mf|St

Opec u(Ay) 2 1 - a(X,1) xau u(By) > 1 - (X, 1), dea

i ({x € X : |f(0) = My| > 1)) < p(A9) + p(B) < 2a(X,1). O

Yty neplntwon Tou 1 cuVEETNOT CUYXEVTEWOTS Elval TOAD ULXEY|, AUTS ornualveL
6t ot 1-Lipschitz cuveyelc cuvapthoeis elvar «oyeddv otodepécy ot «oyedov OAOXAT-
PO TO XpO». AuTO €xel TOAD ONUAVTIXES EQUPUOYES OTA TORADELYUATA TV YOPWY
HEYSANG didotaomng nou eEETACUUE OTIG TPONYOVUEVES TAPAYPAPOUS. LXOTOG o-
ThS TN epyactag elvon 1) UEAETT GAAWY TORABELYUATWY UETELXMY YWewY TavoTHToS
HE évtovn cLYXEVTpwoT Tou PEtpou. Ewwdtepa Yo aoyoiniodue ue agpnenuévoug
YWEOLS YLVOUEVA UETOXWDY YWpwv TdavdTnTag.

AZ{let va tpociécovue Ty Tapathenon ot Loy Vel xo T0 avtioTpopo Tou Owen-
patog 1.7.1. H ouyxévtpwon twv Lipschitz cuvapticewy xovtd 6to uéco Lévy toug
elvat l0odOvaun ue Ty OTopén Loy UPHE TEOCEYYIOTLXNG LOOTEPUUETPIXNAC AVLGOTNTOG.

Ilpétaon 1.7.1 FEotw (X, A,d, ) petpikds yopos mavdtntag. Av ya kdnowo
t > 0 éovue

9) p{ze X :[f(x) = My >1}) <7
yia kdO¢ 1-Lipschitz ovvdptnon f: X — R, tére a(X,t) < n.
Anéderdn: ‘Eotww A Borel unosivoho tou X ue pu(A) > 1/2. Oewpolue 1 ouvdptn-
on f(z) = d(xz, A). H f eivow 1-Lipschitz xou My = 0 vl p({z : f(z) =0}) > 1/2.
Ané my (9) nalpvovue

p({z € X 2d(z, A) > t}) <,

dnhadh 1 — u(As) < n. Ereton 6t a(X,t) <. m|
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Avagopég. [N 10 YEVNS TAAGLO TWV TPOGEY YLGTLXWY LOOTEPLUETPLXWDY OVLGOTHTWY,
BAéne to mpbogato BuBAio tou Ledoux [Led], to Biio twv Ledoux xou Talagrand
[LT], xodde %o to dpdpo emoxdnnone touv Schechtman [Sc]l. H anddeiln tng avi-
o6tnroac wwv Prékopa xou Leindler (BAéne [Lei], [Pr]) mou mapoucidlovue €3¢ elvon
an6 to BBAMo tou Pisier [Pi2]. T tyv avicdtnta Brunn-Minkowski xou yevixbtepa
yior Ty oo Yewplo Ty xUpTdY cwudtwy, BAére to BYBAlo tou Schneider [Schn].
H ogapwun| woonepiuetpunsy aviodtnta anodelydnxe ano tov Schmidt [Schm] xou oe
e yevuxotnta ano toug Figiel, Lindenstrauss xou Milman [FLM]. ITotog o Lévy
[Lev] mopatipnoe To QouvOUEVO TNE CUYXEVTPWONS Tou UéTpou otny Euxdeldeia po-
vodratar oatpo ueydine ddotaone. H amhf anddelln tne npoceyyiotixic opatpixnc
LOOTEPUIETPXAC avtabTnTag Tou Topouctdlouvue elvon and to [ABV]. H anddelln tou
Oewphuartoc 1.5.2 ogelletar ouvolaotind otov Maurey [Ma2]. To Oewdpnuo 1.6.1
elvow tou Harper [Ha]. T tnv oyéon tng ouyxévipwong tou U€Tpou Ue TV ouu-
neptpopd twv Lipschitz cuvapthoewy, Préne To BiBAlo twv Milman xow Schechtman
[MS].

22



qu)o'c)\ou.o 2

DUTHEVTPWOT) TOU UETEOV OF
Y OPOLUS YLYOUEVQL

2.1 ’Eva woonepipetpixo Jenpnua yia Tov x0B0 xow
7 aviootnta Khintchine-Kahane
Oewpolue 10 olvoro E,, = {—1,1}", 10 onolo tawtilouue e 10 5OVONO TwY X0pLYGHY
oL X0Bov @y, = [—1,1]" otov R™. Y0 E, opilouue 10 xovovixd uétpo mbovdtnrag
fn 0L dlver udla 27" oe xdde onueio. o xd&de un xevé A C E,, ¥étouye
da(z) =inf{|z —y|: y € conv(A)}.

To Baowd Vedpnua authc Tng Topaypdpou elvar to e€Xg.

Ochpnua 2.1.1 I'a kdle A C E,,

Eexp(¢%/8) <

pn(A)

Anéderdn: Me enaynyh we mpog 1o mhidog twv onuelwy tou A. Ay card(4) =1
dnhadh A = {y}, téte

da(z) =inf{|z — 2| : z € conv(4) = {y}} = |z —y|.

"Apa

Eexp(¢%/8)

E(e|wfy|2/8)

1 .
L eI/
gn 2 e

zeFE,
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Kdbe z € E,, Siagépel and 10 y oe i ¥éoewg, ¢ = 0,1,...,n. To mAifdoc wv = € E,
ou Sopépouy ot i Véoewc and o y elvan (7). Topatneolue ot |z — y|? = 4i 6tav
T0 & dlopépet ano To Y oe ¢ Véoelc. Apa,

Eelz—vl*/8  _— 1 (”)ei/z
— )
2 —\u

B 1 1/2n_ 1_|_el/2 n
= (e )‘( 2

IA
™
3

|

apol e/? < e < 3.
‘Eotww thpa 6t card(A) > 2. EZetdlovue mpdta tny mepintwon n = 1. Avay-
xaotxd éyovue A = Ey, enouévec ¢a(x) = 0 yio xdde x € Ey. Apa,

Eexp(¢%/8) = Ee® = 1 =1/ (A).

[ to enaywywd Bhus Yewpobue A C Eyyq ue card(A) > 2. Xwplc teproptoud tng
YEVIXOTNTOC UTOpoLUE var UToYEcouUE OTL

A= (A x {1)U Aoy x {-1})
6mouv Ay, A_1 # 0. Mnopolue enione va vnodécovue 6t cardA_; < cardA;.
Adupa 2.1.1 T'a kdOe z € E,,
pa((z,1)) < pa, (2).
Anodelln: Apxel va del€ovue 6Tt
{lt —y|:y € convA; } C {|(z,1) — 2| : z € convA}.

'Eotw y € convA;. Téte, y = Y it tiw; 6mou t; > 0ue 0 t; = 1 xow ; € Ay
Téte buwc (z;,1) € A xou

> ti(wi, 1) = () tiws, Y ) = (y,1),
i=1 i=1 i=1
dnhadh (y,1) € convA. Agol |z —y| = |(z,1) — (y,1)] xou
(@, 1) = (y, D] € {[(,1) — 2] : z € conv(A)},
€youvue To {nToluevo. |

Afupa 2.1.2 T'a kdOe z € E,, kat kd0e 0 < a <1,

¢a((z,-1)) < da® +ag}, () + (1 - a)d%y_, (2).
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Anodedn: Eow z; € convd; (i = 1,-1). Tére, énwe nponyovuévwe, (z;,1) €
convA. To convA eivor xupTd, dpa

z:=a(z1,1) + (1 —a)(z—1,—1) = (az1 + (1 — a)z—1,2a — 1) € convA.
"Eyouue
|(z,~1) —z* = |(x—az — (1 —a)z_1,—2a)
= |(z —az — (1 —a)z_1,0)]* + |(0, —2a)|?
(a)lz — 21| + (1 — a)|z — z_1|)* + 4a®

alr — z1]* + (1 — a)|z — 21| + 4a®.

IAIA

Aqgol T 2z; € convA; fitav TuydvTa, EneTon OTL
$a(,—1) <ad, (v) + (1 - a)¢h_, (z) +4a”. O

Xpnowomowdvtag to 0o Afuuata, Yedpouue

B = L S A
2 rEE, 41
L % (@1)/s 1 62 (a1—1))/8
- n+1ZeA’ +2n+1ZeA7
2 zelE, z€E,
< Ll Z e¢il(z)/8+ %ea2/2 Z eadﬁ,l(z)/8+(1—a)¢3_1(x)/8
S onF e
2 zelE, 2 z€E,
< % T @8
2 z€FE,
a l—-a
+Lle“2/2 (Z eﬁl(x)/s) (Z edﬁ,_l(z)/s)
n+
2 zel, z€E,
1 1 . a 2 l1—a
= 5]E(edﬁll/ts)_'_ieaz/z (E(eﬁl/s)) (]E(e¢A—1/8)) '
O¢étovue
2 1
u :]E(6¢A1/8) , U] =
1 T ()
et . .
U_] = E(e(p“*l/g) , V] = ————.
' ' ,Ufn(A—l)

Ané my eraywywoi vnddeon éyovue u; < vy xon u_y < v_j. (enlong, ncardA_; <
cardA; yedgeton v; < v_1). Apd 1 TRPONYOVUEVN AVLGOTNTA TTPVEL TN LOPYT

1 1
Ee%% /3 < §U1+§€a2/2(u1)a(u—1)1w
1 1
< pu et P) (0)
<

v .
?1[1 + e 2 (v fu_1)* .
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H televtala moodtnta yivetaw ehdytotn yia ¢ = —In(vy /v_1). H ©uh —1In(vy /v_1)
elvaw mepinou {on ue 1 — vy /v_1. Emléyovue ag = 1 — v /v_1. Aol vy < vy
éyouvue 0 < ag < 1, ondte unopolue vo Ypdouue

B(e4 /%) < S1+ e/ (1 - ag)™ ")

Afppa 2.1.3 T'a kd9e 0 < a < 1 éyovue

2 ¢
1 a®/2 1— a71< .
te ( @) ~—2-a

Anddern: Anhéc npdelc delyvouv 6t 1 avioétnta tou {ntdue elvon toodivoT Ue
mv

gla) =In(2+a) —In(2 —a) —a?/2 — (a — 1) In(1 —a) > 0.
Hopaywyilloviac BAénovue 6t ¢ > 0 xou ¢'(0) = 0. Apa 1 g elvar adZouoa oTo
[0,1]. Agol ¢g(0) =0, énetar t0 {nToluevo. O

Xpnowonotwvtog o Afuuo 2.1.3 éyouvue

4 2v
R(e®a/8) < YL - 1
(e ) - 2 2—aqp 1+U1/U_1
_ 2 _ 2
Vvi+1/ vy pn(Ar) + pn(A-1)
_ 1
Hn+1 (A) '
H televtolo wobtnra etvar goveph) apol pint1 (A; x {i}) = pn(4;:)/2, i = £1. Etot
ONOXATPGVOVTOL TO ETAYWYWO Brua xou 1 anddetén tou Oewpruatog 2.1.1. g

Ilépiopa 2.1.1 I'a dda ta t > 0, éyovue

1 2
n(ba > 1) < e /S,
04 2 1) S )
AnédetEn: And to Oedprua 2.1.1 éyouvue Eexp (4% /8) < un%A)' Apa,
¢ un(pa>t) < / et/ g/ ea/8
{42t} {pa>t}

R CET

< ! |

= p(4)

Hapathenon. Onwg eldaue oty §1.6, v xdde un xevé A C E, xan yio x&de
x € E,, éyovue 2¢/nd,(z,A) < da(z). Apa,

{dn(z, A) >t} C {pa > 2t/n}.
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H wonepiuetpun; aviobtnta Yo tov By, diver v extiunon
| Y
pin({dn(z, A) > t} < 3¢

av pn(A) = 1/2. Ané o Iépwoua 2.1.1 éxouue mepinouv v (Bta extiunon yia to
wétpo tou {pa > 2t\/n}, 10 onolo elvon ueyollTePO GUVONO.

To Oewpnuo 2.1.1 €yel ooy CUVETELX TNV CLYXEVTRPWOT TwV xLET®V Lipschitz
CUVIPTHOEWY YOpw amd Tov uéco Lévy toug.

Ocwpnua 2.1.2 Ocwpolje ula xkuptr) Lipschitz ovvdptnon f : R* = R pe owaepd
Lipschitz 0. Eoww M évag péoos Lévy tng f oto E,. Tote, yia kdOe t > 0 éyovpe

pa({1f — M| > t}) < 4e70/37",

Anodedn: o tov M woybouv ou pun({f > M}) > 1/2 xou pn({f < M}) > 1/2.
O¢tovue A = {f < M}. Agol 1 f elvar xupth, yia x&de y € convA €yovue
fly) < M. Av howndy f(x) > M 4+t yio xdnowo x € Ep, t61€

fl@)2M+t>fly) +t
v x&de y € convA. Apa, ollz —yll2 > |f(x) — f(y)| > t. Autd onuaiver ot
pa@) >t/
Ané to nponyoluevo ndpioua xou and Ty pn(A) > 1/2 éyovue

pn({f > M +t}) < pn({da > t/o})
< 1 e_t2/8‘72

T pa(4)

9e—t°/807

IN

‘Eow t>0xw B={f <M—t} Avu < t, 6nwe Tpw eAéyyouue 6Tt
f@) > M—t+u = én(x) > ufo

xou Ue ypron Tou Toplouatoc €YoVUE

pn({f(z) > M}) < pu({f(z) > M —t+u})
< ({2 u/o})
< 1 €_u2/8‘72
= pa(B)

Ouoc 1/2 < pa({f(x) > M}), dpa

wn(B) < 2w /8%
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Agrivovtag 1o u va telvel oTo ¢ Talpvouue
42 2
pn(B) < 2e e,

Tuvdudlovtag tar tapandvew BAEnovue ot

wn({lf = M| >1}) = p{f = M+1}) +pn({f < M —t})
2e—t2/80'2 + 2€—t2/8a2

— 4e—t2/80'2' D

IN

IIopiopa 2.1.2 Eoww X xdpos pe vépua kai (2;)i<n axodoviia dwavvopdrwy otov
X. Oérovue
0® =sup{ Z |o* (z;)|? : 2* € X*, ||l2*|| < 1}.
i<n
Ocwpolue ula axodoviia (€;)i<n ave€dptnrwy kar 1W06vouwy tuxainy petapAntdy
Bernoulli. Eotw M péoos Lévy s || Y., €ixi|| oto Ey. Tére, yra dAa ta t > 0,

P emill = M| >t} ] < demt/8

i<n

Anéddegn: Oewpolue v f(u) = || >, ., wixi]|. H f elvon xupth ouvdptnon: éotw

wh,w? € R xou my,ma > 0 ye my +mao = 1. Tére,

fmiw' + mow?) = ||Zm1wi1$z'+m2wi2$i||

i<n

< m1||zw%$i|| + ma|| Zw?will

i<n i<n

= mif(w') +maf(w?).

Eow z* € X* pe ||lz*] <1 xu u,v € R*. And v avicdétnro Cauchy-Schwarz
€)OVUE

Z u;z”(z;) — Z viz*(z;)

z* E uixi—g VT ‘ =

= | D (ui —vi)z* ()
i<n
1/2 1/2
< DDl @) > (i —wi)’
i<n i<n
< olu—v.
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Ané 1o Oedpnua Hahn-Banach cuunepaivouue 6t

E Uil — E Vg

i<n i<n

< olu—vl,

£ (u) = f(0)] <

enouévwg 1 f elvon Lipschitz ue otoadepd 0. Egapuolovtag to Oewpnua 2.1.2 yia
v f €youue to {nroduevo. a

Mmnopolue tdpa va dwcovue uta anddelln g avicotntoag Khintchine-Kahane
ue BérTion e€dptnom and To p.

Ocvpnua 2.1.3 Trdpye otalepd K térowa dote ya kdle xdpo e vopua X, ya
kdlen € N, yia kd0e x1,...,xn € X kat y1a kdle p > 1,

1/p

B Y]’ | <28 Y e + Ko,

i<n i<n

émouv
o? = sup { 3 [e* (@) : o € X", la*]| < 1.
i<n

Oa ypnowonoticovue To e€Ng AU,

Adfppa 2.1.4 Eoww (Q, 1) xopos mbavdétnrag kar f : Q@ — R pegpioun. Tore,
/ fP :p/ P pu(w : f(w) > t)dt.
Q 0

Anodedn: I'odgpouue

p[Conest@zoa = [T ([ s ) d
0 0
= /Q/ P TIX () 20y (D) dtdp(w)
0

/Q ( /0 ™ pt’”dt) dpu(w)

= [ fwrdue. o
Q

Ané6del&n touv Jewphpatog: Egapudlovue to Muua vty f : E, — RT e

fler, .. en) = | ||ZQ’$,‘||—M |

i<n
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Ané 1o Ibpropa 2.1.2 xou xdvovtog Ty odhayf uetaBAntic = = ¢2 /802 éyouue

[ ISl =0 Pdunte) = p [0 e )Y el - 31> s
0

n i<n i<n

IN

(o]
4/ ptp_le_t2/8‘72dt
0

o0
= 2p+1p(\/§U)p/ e~ xP/ > g,
0

Me xdita mapdyovieg ohoxhpwoT) xon Yior p deTLo TalpvouuE

p/ e TP Py = p/ (p/2 — Ve aP=H/2qy
0 0
p—2p—4 Ooe—zx(p—G)/de
2 2 J,
p—2p—14 p—(p—2)/°° s
= d
P53 2 . o
< p2
Apa, av o p elvon dpTiog puoLxdc,
1/p
[T aaill - MPdunte) | < Kov

i<n

Lo tuydvta p > 2 undpyet g dptiog tétotog Wote ¢ < p < ¢+ 2. And tny aviodtna
tou Holder éyouue

‘uze,-x,-n—M < ‘HZQ%H—M
i<n p i<n q+2
< Koyg+2< Ko\2p

= Kla\/z_).

[ 1 <p <2 ndht and v aviodtnto tou Holder €youue

‘ I el -] < ‘ 1> el - M
P

AN

i<n i<n 2
< Kov2< Kyio\/p.
Apa, and Ty TELYWVLX aVeOTTA
1/p
/E ||Z(—:,-:c,-||pdun(e) < M + K op*/?

i<n
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yia xdde p > 1. Téhog, napatneolue ot

[ I el = (uzeixiuzM)-M

i<n i<n

\Y

v

M/2.

1/p
(EH Zei:c,-”p) < QE“ Z(—:,-:c,-” + Koy/p. O

i<n i<n

2.2 EnéEXTAom OF YLYOUEVA TENEPACUEVLY LUTLOGLYVO-
AWV YORWY UE VORUO

‘Eoww (X4, - 1]i), ¢ < n axolovdio yodewv ue vopua. Ta xdde ¢ < n Jewpodue éva

nenepaouévo utoclvolo ; tou X; Ue Siduetpo uxpdtepn 1 lon tou 1. Eotw P

uétpo miavéTnToc oTo ;. Oewpolue Tov Ybpo Yvéuevo X (M) = (Xicn GBXi)2 Ol

YéTouue
QZQl XQz...XQn

Hol
P=P"=P, x P, x...xP,.

(to uétpo ywoéuevo oto ). T xdde A C Q opilouue
da(t) = d(t,conv(4)),
TNV an6oTaon Tou t and ThY xupTh Yk conv(A) Tou A otov X (.

Ocwenua 2.2.1 Ia kdle A C Q,

2 1
E(e?/4) < —.
(e/)—mm
Anodedn: Me enaywyn wg npog n.
n = 1: Ipdyouue
E(ed’i/‘l) = /eﬁ(t)“dp(t)
Q
_ / 3O/ qp(t) + / 3 O/14p(1)
A o\A

P(A) + / e?a)/4qp(t).
Q\A
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H televtolo woétnra oylel ool ¢a(t) = 0 yio xdde ¢t € A. Enlong, yia xd&de
t e\ Awyle pa(t) < 1. Ipdyuort,

pa(z) = inf{|lz—y|:y € conv(A)} <inf{|lz —y| :y € A}

E(efﬁ/‘l) - P(A)+/ e?3(O/1qp(t)
o\A

IN

el/4
P(A) + /Q " dP(t)
= P(A)+ (1 - P(A4))e/*
1

= Py

H tekevtala avicdtnta oy det yrott

+ (1 =r)e/H) =1.
Trél{%ﬁ]{r(r (1—r)e'’")}

Enaywyixd Biua: Eotw A C Q) x Qo x ... X Qyyqq. Do xdde w € Q41 9€tovue
Ay, ={t e x Dy x ... x Q1 (t,w) € A}
Eotww v € Q41 TéT010 OOTE

P*(A,) = max P"(A,).

WEQn 41
Adupa 2.2.1 Ta kdOet € Qg x ... x Q,,
Palt,v) < ¢4, (2).
Anodelln: Apxel va del€ouvue 6Tt
{llt = yllxe v € conv(Ay)} C{[|(t,0) = wllx(ns1) 1w € conv(A)}.

‘Ouwg av y € conv(A4,) t6te (y,v) € conv(A) xou [[t—y|l xw = [[(E,v)—(y, v)|| x ns1) -
O

Afupa 2.2.2 Ta kdOe t € g x Qo X ... X, kar kdOe v # w, wWxVe
$at,w) < inf adhy, () + (1 - )¢}, (1) + (1 - a)’].

~ a€[0,1]
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Anodedn: Av z, € conv(A4,) xou 2z, € conv(A,) t6t€ (24,w) € conv(A) xou
(2y,v) € conv(A). Aol to conv(A) elvar xuptd chvolo, Exovue

2 = (1 = a)(2y,v) + a(2w,w) = (a2, + (1 — a)2zy,aw + (1 — a)v) € conv(A).
Xpnowwonowhvtag xar tny diam(§;) < 1 éyovue

1t w) = zallx ey = (It = azo = (1 = @)z, (1 = @) (@ = 0) [y
= It —az — (1= a)zlio + 111 - a)(w =0l
= lIt—az, — (1= a)z/fm + (1 —a)’lw -0l
llat + (1 = a)t = azy — (1 = @)z |3 + (1 = @)*|lw = vl[544

la(t = z0) + (1 = a)(t = 20) [ + (1 = ).

IN

A6 TV TELY WYL aVLoGTATA XoL TY XUPTOTNTOL TNS oLVEPTNONG & — T2 €YOUUE

la(t —20) + (L= a)(t — 2[5 < (allt = zullxen + (L= a)llt = 20l xm)?

< allt =zl + (L= a)llt = zoll 5
"Apa,
G4 (t,w) < allt = zulZm + (L= )llt = 2% + (1= a)2,
Enedn ta 2y, 2,y elvon tuydvta otouyelo twv A, xat A, éneton 6T
$a(t,w) < adly, (t) + (1 - a), (1) + (1 - a)”

ya xdde a € [0,1]. O

XpnoLuomoLvTag oL Topandve Afupata xou Ty avicotnta tou Holder ypdgouue

E (e¢i/4) e?a(5)/4qP(s)

/Ql X2 X ... Xy x{v}

2
+ / e?2()/ g P (s)
Z Q1 X...xXQp x{w}

w#v
= PnJrl({U}) / e¢3‘(t’”)/4dP"(t)
Q1 XQ2...x02,
+ Z PnJrl ({LU}) / e"ﬁ‘(t"”)/‘ldpn(t)
w#v Q1 XQ2... X2,
< Popi({0})E(e%: /%)
+ Z Poi({w}) / e(1/Dadh, (O+(1—a)dh, (D+(1-a)] gpn(y)
w#v Q1 xQ2X... X2
a2
< Pt (DB + 3 Pra ()
w#v

a 1—a
y < / ey (t)/4dpn(t)> < / ey (t)/4dpn(t)>
Q1 X2 X ... X2y Q1 xXQo2... X2
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= Pra(fohEe Y + > Pn+1({w})e¢
w#v

% (]E(ed’iw /4)) ¢ (E (e¢iu/4))

yia xdde a € [0,1]. ‘Apa,

l1—a

E(eﬁf’i "y < Pn+1({v})E(e¢3‘v /4y
+ Z Ppii({w}) Og;fgl ((E(efﬁiw /4)“ (E(edﬁ‘“ /4)) l1-a e(l_;)z> '

w#v

XpNouwomoLVTaS oL TNV ETaywYLxy| unddeon, nalpvouue

2 1
ba /4 <
E(e ) = Pn+1({v})Pn(Av)
. 1 @ 1 1=a o2
+2_ Pan({w)) inf ((P”(Aw)> (P”(A,J) ¢ >
w#v - =
= —1 : Pn(Av) ¢ %
o [Pnﬂ({v}) F 2 Pl Bt (Crk >] |
To ehdyroto tng 6(1_;:2/4 omou 0 < A < 1 AopPdveton oo onuelo
14+ 2log), av2logh > -1
a(N) =
0, OAALOC.

xou 1) avtioTolyn Tt elvon

g(A) =

e(1—a()?/4 e~ logA—(log >‘)2, av 2log A > —1
PC

el/ 4 QANLDC

Elyoue xatoliel oty :

)2 et o= B, o1, () )]

w#v

Agol A\, = ?:E‘i‘:; < 1, n aviodTnTaL YRAQYETOL OTNY U0PQY]

]E(eqﬁ/‘l) < % [Pn+1({v}) + Z Pn+1({w})!](>\w)] :

wHv
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Ioyveromog T xdde 0 < A < 1 woyder g(A) < 2 — A (n anddeln tou Loy LELOUOV
elvow TeTpLUUéVD).

Ané tov woyuploud €youue:

E(e?31) < ﬁ [Pn+1({v}>+ZPnH({w})@—Aw)]
v w#v
_ % Pasr({0}) +2(1 = Pur({0])
Pn 1({W})Pn(Aw)
DR e
wHv
_ ﬁ Posi({v}) +2(1 = Poya ({0})
N P (A {w})}
w#v Pn(Av)
_ % Pasr({0}) +2(1 = Pur({0))
_z«A)_zm+%Avx{vD}
Pr(A,)
_ pn(lA,,) Pusi({o}) + (1 = Pasi({v}))
P(A) — P"t1(A4, x{v}
X<2"<_P(A (1= Pura( ))]
= i [Pert () + (1= PraCto)
_(P(4) - o) Par1({v})
X<2 <(1_Pn+1{v} pr(A >>}
O¢touvue

- o) o = P = P (A) P ({0})
q= Pn+1({ }) xau t (]_ _ Pn+1({1)}))P”(AU) '

Tore,

2 ¢+ (1-q2-1)
E(e¢ /4) < Pi(A,) .

Iopatneodue 6t 0 < g, < 1. Hpdyuartt,

P(4) = PMAu)Pasi({0}) Do P(Aw x{w})
(1= Pop({vh))P(4y) (1= Pua({0}))P(Ay)

2owzo PM(A)Pri (W) Xw Pt ({w})

(1= Popa({o)P(Ay) = 1= Pupa({v})
= 1

t =
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Ané tov oploud tou ¢ éncton 6L

1 1
P(A)  P'(A)((1-qt+q)

Av hoirdy Set€ouvue 6Tt Yo xde g, t € [0,1] woylter g+ (1 —¢)(2 —1t) < m Yo
TYEOVUE TNY
4/4) < 1
E(e) < 5 A
Ouwg
1+ (1-2-llg+1-9t] = ¢+2(1-qq+(1-q*t(2-1)

< @+201-qg+(1-0q)°

= (@+(1-9)" =1,
%O AUTO ONOXANPGOVEL TNV amddeLET Tou VewphaTog. O

2.3 T'wopeva yopwy mdavotntag - EAEYY0G UE EVA
onuelo
‘Eow (Q,A, 1) yopoc mdavomnrag ywpelc dtoua. Oewpolue 1o Uétpo YoUevo
P:=PN =p®--®@pu (N gopéc) otov X = Q x -+ x Q. Eva onuelo © € X
yodpetar ot wopph T = (21,...,xn). H andotaon otov X oplleton and tny
d(z,y) =card{1 <i < N: z; #y;}.

Av A C X, opilovue
f(A,z) = min{d(y,z) : y € A}.

Yxondg uog etvon va del&ouue to e€hig Yedpnua «eAéyyou UE €va onueioy.

Ocwpnua 2.3.1 Ia xdle t > 0 éyovue

t —t\ N
[ aDdpY @) < (he T )

PN(A) \ 2 4
1 2
< t*N/4
= PNA)©

IIépiopa 2.3.1 Eidikdtepa, ya kde k < N,

1 2
PN({z: f(Ax) > k}) < me KN

H anédeln Yo yiver e emaywyn we mpog N xow Yo Baoiotel oto e€ng Afuua.
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Adppa 2.3.1 Eorww g : Q@ — [0, 1] perpriowun. Tore,

| i ( ri)) () [ a)du(o) < att),

—t

érov a(t) = £ + et+46

Anodedn: Eotww 6t éyel yiver ) amddeln yio uetpriowdes ouvoptroes h @ ) —
[e7t,1]. 'Eotw 6t 0 < g < 1. Opllouue h = max{e™t, g}. Tédte n h wovoroel tnv

1
. t —t
/len <€ ,m) d,u/Qmax{g,e }d,U/ S a(t)

Avaxpivovtag Tic mepitdoes g(w) > et xan g(w) < et edxoha Brémovue 6t
. 1 . 1 ,
min (et, m) = min (et, 5) Apoc,

fmcanfs = fon (e tn) |
R —

(t).

Apxel howrdy va Set€ovue to Intoluevo yra g et < g < 1.
Codpouue C = {g: @ = [e7 4, 1]} xon vy x&9e b € [e~, 1] Yewpolue 0 Cp =
{geC: [,9="0}. Houvdpton F: Cy — R ue

1
- / Lau
Q9
elvar x0pTh oT0 Cp ool N & — < elvon xvpth oto RT. Oewpolue to Cy cov
unoclvoho xdnowu (Ly)* = Ly, p > 1. Edxoha ehéyyovue 6t 10 Cp elvon w*-

x\elot6 utochvoho tng Br, , ondte and to Yedpnua tou Alaoglu etvon w*-cuunayéc.
Ané 1o Yedpnua twv Krein-Milman, woydet

IN

<

Q

*

Cy = conv{z; : x; € emt(Cb)}w

Aqupa 2.3.2 Ta axpatla onueta tov Cy €lvat tng popens

xae~ + x4, A€ A
Anodedn: Me anaywyr ot drono. Eotw w € Cf axpaio onuelo tou C n onola
Sev elvan tne pwopgrc xae '+ xo\a- Eav D ={w: e’ <w(w) < 1}, téte () > 0.

O¢touue
Is={w:e "+ <ww)<1-75}.
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Tote, lims o+ p(Ts) = p(T). Apa, undpyet & > 0 tétotog dote p(I's) > 0. Apov o
Y&poc dev éxel droua, udpyouy Ap, Ay tétowa wote Aj UAs =T, AjNA, =0
xow u(Ar) > 0, u(Az) > 0. Opilovue

( ) + 6%, av w &€ Al
w1(w) = w(U\))—ém, O(VUJEAQ
\ w(w), w g Ls
pideln . (As)
W(W)—(Sm, O(VLUEAl
wa(w) = w(w) + 67M(AT)($;)(A2)’ av w € Ay
\ UJ(UJ), w € Ls.
Téte, w = U2 yon
1(A2)

/ widp
Q

[ we) o s
P Y
+/A2w(w) 6u(A1)+u(Az) +/Q\Fa du

= /wdu:b.
Q

‘Ouota, [owdp =b. Eniong yio nig wi, wy wyder e ¥ <wp <1xaw e <wy <1
Apa wy,ws € Cy. Enouévwg n w dev elvar oxpalo onuelo tou Ch. g

H F elvar w*-ouveyrc, dpa n F|e, malpvel uéyioto oe axpalo onuelo tou Cy. To (do
oy VeL YLor TV

i ti w w w
Z/Qmm(e,g(w))du( >/Qg( Jdu(w), g€ Ch.

Apa, vy xdde b € [et, 1] apxel va ehéyZouue Ohec Tic u = yae b + Xo\A TOU
avhxouy oo Cp. Loodlvaua, apxel var eNEyEouuE GAEC Tic U = YA€ " +xa\a- Eotw
u plo tétolo ouvdptnon xat éotw p(A) = p. Tére, éyovue :

Jomin (e 5 ) dute) [ wine) = ([ aue) ( /Q udu(w)>

= (pe' + (1= p))(pe™" + (1 —p)).
Ea cwprpoue v owipsron =(p) = (pe! + (1 = p)(pe" + (1= p), p € [0,1],
t67€ TopatneoluEe 6Tt 2(1—p) = z(p). Exlong 2" (p) = 2(e* —1)(e~t —1) < 0, dnhady

n z elvon xolAn. ‘Apa,

_ 2 ;—z(p) —2(p).

\Y
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"Apa, t0 UéyloTo Tng z elvon
1 1 11 1 et+e
1/2)=(z+ze) [z+zet) =2 = af(t).
z(1/2) <2+2e><2+2e> 5T 1 a(t)

Auté amodewnviel to Afuua 2.3.1. o

Andéden touv Oewpruartog 2.3.1: Me enaywyr we npoc N. Eotw 61t N =1
xou éotw A € A. And o Afuua 2.3.1 yioe tny g = x4, EYOUVUE

[ min (¢ 1)) ) [ xadu(e) < oo
Q Q

_ 1 . 1 a(t)
min | e, — ) du(w) + min <et, —) du(w) < .
/A ( XA> ) o\A XA W) < n(A)
‘Ouoc gav w € A t61e min(el, XLA) =1=et/A%) qpot f(A,w) =0, xou cav w ¢ A
t67€ min(ef, XLA) = et = elf (A9 g000 f(A,w) = 1. Apa,

/Qetf(A7w)du(w) < a(t) .

Enaywyuxd Bua: Trnodétouue ot 1o Osdpnua toylet yia to IV xan o to dei€ouue
v 10 N + 1. Oewpodue A C QN you 9étovue

Aw)={z e QV : (z,w) € A}, weQ

Xow
L={zrecQV:3weQue(z,w) € A}

Mapatneriote 6t A(w) C Ty xdde w € Q.
Ioyvepioposg 1. f(A, (z,w)) < f(A(w),x).
AnddelEn: ‘Eyovue
f(4, (z,w)) = min{d((z,w),z) : z € A}

xolt
f(A(w),2) = min{d(z,y) : y € A}
onou d(z,y) = card{i < N : z; #y;}. Apxel va del&ouue 6t

{d(z,y) 1y € A(w)} C {d((z,w),2) : z € A}.
Ouwc, eav y € A(w) t61e (y,w) € A xon d((y,w), (z,w)) = d(z,y). O

Ioyveiopdg 2. f(A4A, (z,w)) < f(T,z) + 1.
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Anédeln: Eow y € I pe d(z,y) = f([,z). Toéte, undpyer w' tétolo wote
(y,w') € A. "Apa,

Ay ), (@,0) < dl(y,), (@,01) +d((z,w), (2,)
= d(y,:c)+d(w w)
< dz,y) +
Apa d((y,w'), (z,w)) < f([,z) + 1. Enouévec, f(A4, (z,w)) < f(T,z) + 1. i

Xpnowonoldytag Ty enaywyxh unddeoT xat Toug dUo LoyLELeUOUS, TUlEVOUUE:

/ (T 2PN () </ A gpN () < — OB
QN —Jav~ PN (A(w))

/ etf(A7(w7w))dPN(a:) < et/ etf(r’”’)dPN(:U) <et a™ () .
QN - QN - PN(F)

qow

Apa,

N N
o (A(2.9) PN () < minfet > (t) a™ (1)
/QN AP (@) < min{e' B Ry PN TAwW)

Eov oAoxAnptcouue wg mpog w TNV TeonyoUUEVY oyéon TalpvouuEe
t 1
A2 PN (w)dp(w) < o (¢ /min{e—,i}d w).
/.. @)du() £ a¥(0) [ min{ 5o oy )

Ané 1o Afupa 2.3.1 vy v g(w) = P(A(w))/P(T) éneton 6t

. e_t 1 " a(t)
/Qm‘“{P(rV PA()) }d"( ) S T PAw)du@)
Ané 1o Oedpnua Fubini,

P(A) = / P(A(@))dp(w).

Apa, TeEAxd
aN+1 (t)

tf(Ar(a’rw)) < .
/QN+1 € - P(A)

Autd ohoxhnpdver Ty anddelln tov Oewpruatos. o vo mdpouvue v dedtepn
avLoOTNTA, YEAPOVUE

Ly
2 4
)

XalL oA TNEMYTIS 6Tt 2(2n)! > 47n!, nodpvouuz—:

alt) = 1+Z2 ,_1+Z4nn,
_ 1+§: t2/4 i t2/4 — ot/

n=0
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Enouévucg,

1 1 et+et\V
tf(Avx) < —
/e dP(z) < PA) (2+ 1 >
1 2
< 1 N4 g
= PA)°

Ano6dedn tou Ioplopatog: And v aviodtnta tov Markov,

/ etk S/etf(A’”)dP(:U)
{z:f(A,2)>K} Q

1 5
< t*N/4
= P@A)°

etkP({a: : f(A, ) > k})

Dt = 2k ¢youue

1 2
P({z: f(A,2) 2 K} € prpe™™. O

HHopathenorn. Ta anoteréouata auTAg TS ToEAYEAPOL YeEVIXELOVTAL GTNY TERL-
mwwon = X -+ X Qn xaw P = p1 X -+ X pun, 6mou (4, Ai, 1), © < N ydpot
mdavotnrag ywels dropa. H anddeiln elvon axpBde n (Sio.

2.4 T'wopeva ywewy MUAVOTNTAS - EAEY YOG [AE ¢ OT)-
melo

'Eotw (2, A, 1) yoeoc mdavétniag. Oswpolue to uétpo ywéuevo P = PN =

p@--®p (N gopéc) otov QY = Q x -+ x Q. Eva onueto z € X ypdyetor ot

popp & = (21,...,2N). Av ¢ > 2 xou Aj, A, ..., Ay UETPTOLWA UTOGUYORY TOU
QN vy xdde © € QN Yérouue

f(A1, Aoy Ay ) = min{card{iSN::Ui¢{yi1,...,yf}}:
yl e A, y7 € A}

Yxonde uog elvon va det&oupe o e€ig Yedpnua «ehéyyou ue g onueiay.

Ocwpnua 2.4.1 Eotw q > 2 kat Ay,..., A4, C QN perprioyua. Tére,

1
f(Alv"'7Aq7w)dP <
q z) < .
/QN () L, P(4)
Exbicdrepa, ya kdde petprionuo A C QN
1
o > < —.
PUS(A, oo 4i) 2 ) €

41



Appa 2.4.1 Eotw ¢ > 2 kat g : @ = R perprjioyun, térowa dore 1/q¢ < g < 1.

Tdre,
1 q
() (o) <
Q9 Q

Amnddern: Aclyvouue mpodta 6Tt

1
(*) /-du+Q/lMuSq+L
Q9 Q

Hpdryuatt, ehxoha ehéyyouue 6Tt av g1 <o < 1 té1e

1

—+qgr<qg+1

x
dpa, agol 1/g < g < 1 éyovue 1/g(w) + qg(w) < g+ 1 vy xdde w € Q, xou
ohoXANpwvovTaS Talpvouue Ty ().

IMopatnpodue 6t

a+gh<qg+1 = a—-14+qb—-1)<0=>Ilna+qlndb<0
= elnatalnd <0 o gpe < g

‘Apa, gav Véoouue a = [, 1/gdp xaw b = [, gdp éyouue o Intoduevo. g

IIépiopa 2.4.1 Eoww g; : Q@ — [0, 1] perprioues, 1 < i < q. Tdre,

in (g, min1/g; ) du) - < 1.
(A&mn<qg£ M) u) [LLg <

1<q

AnddelEn: O¢tovue g = (min(g, mini<, i))fl. Xpnowornowwvtag v 0 < g; <1
EAEYYOVUE OTL

<g<LlL

Q| =

Ané 1o mponyoluevo Muua éneton 6Tt

1 q
min | ¢, min(q, min —) | du - d <1.
[ oo ) (o)

‘Ouwg,
a

H/m@ﬁ(/ﬂ@-

i<q”’% @
Erouévoc,

1
</ min <q,min —> d,u> H/ gidp <1. O
Q i<q gi i<q’9
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AT6delln tov Yewpfuatog: Me enayoynh og tpoc N. [Na N = 1, Yewpolue ti¢
CUVIPTYOELS
1, avweA;

1 ,
= AANLDC

omoun > ¢, n € N. An6 10 nponyolUEVO TOpLoUA ENETOL OTL

. 1 1
/ min <q,1;1<1n f> dp < T aA)
0 09 g, () + Goaa))

dnhadn

. 1 . 1
min | ¢,min — ) du  + min | ¢,min — ) du
A1UAzU..UA, i<q gi Q\A1UAz...UA, i<q gi

1
e, ((4) + D)

Eov ez € Ay UAs ... UAy, t6te undpyet i9 < g Ue @ € A;. Aol © € Ay, éxovue

<

1
min(g, min —) = min(q, 1) = 1 = ¢ = ¢/ArAeAe),

i<q Gi

Eov o & Ay, As, ..., Ay, T0TE

1
min{g, min —} = min{g,n} =¢q
i<q gi

o)
f(Ar,.. Agyr) = card{i < Lzi & {yi,...yf}} =1
‘Ereton 611
/ gf Az de) gy 4 / of Arde) g
A1U...UAq Q\AlU...UAq
1
< <1.

Mic, (40 + Ct0) =

AgAvovtag 10 n — 0o Talpvouvue

1
f(Aly---7An)d < _
q < .
/Q Higq 1(A;)

Enoywyuxd BRure: Trodétouvue ot o Yedpnuo toydet yio 1o N xou Yo to Sel€ouvue

yie to N + 1. 'Ectww
Ap,.. A, CQNTL
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OplCouue
Bi={zc Q" :3weQ,(z,w) € A}

o
Aj(w) = {z € OV : (z,w) € 4;}
Ioxveiopmosg 1. f(Ar, ..., Aq, (z,w)) <14 f(By,Bs,..., By, ).
Anéde&n: Eoto y! € By,...,y? € B,. Térte, undpyouy wl,...,w! € Q t.o.
(y',wh) € Ay,... (y%,w?) € A;. Oétouvue 2° = (¥, w') xou p = (z,w). Hopatnpolue
ot
f(AL, Aoy Ay (mw) < card{k < N +1:pp € {z},...,20}:
2 ed,...2te A}
N+1

= Z(l - X{zk, Zg }(pk))

k=1
N

= D (=g, eay (@) (1= Xgot,.wny (@)
=1

< card{i < N:z & {y;,...,yl}}+ 1.

Agol Tyt ..., y? frav tuybvia onuela twv By, B, ..., By, éxouue 1o {ntoduevo.
O

Ioyvupiowoeg 2. Eotw j < g. Tote,
fA1,... Ay, (z,w)) < f(C4,...,C4 ),
omov C; = B; yw i # j xou O = Aj(w).
Anbdelln: Oétovue z = (z,w). Apxel va delovue ot
{card{k < N :z) & {yp,-.-,yi} 1y € A i#3j, vy € A;w)}
C {card{k < N+1:z; & {y,ﬁ,...,yg}} cyt e A}
‘Eotw ont yi € A; vy i# jxowyl € Aj(w) Brhadh (v, w) € A;). Oétovue bl = y!
xou b =yl . Tote,
card{k <N +1:z & {b},...,b{}} = card{k < N : 2y & {yp,---,yl}}
xan oawtd delyvel to {nroduevo. |
Yuveyilovue v anddeln ws e€nig: opllovue

P(A;i(w))

, we
P(B;)

gi(w) =

‘Eotw iy TéT010¢ ()oTE min Téte and toug 800 oyLELOUOUE EYOUUE

1 __1
g9i(w) — gzo( w)*

f(Ala---aAqa(xaw)) < ]-+f(Bla---7BQ7w)
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pe )

flA1, ..., Ay, (z,w)) < f(Ch,...,C4 )
onou C; = By yw i # i xou Ciy = Ajy (w). "Apa,

/ qf(Al,...7Aq7(z7w))dP($) < / q1+f(B17...,Bq7z)dP(w)
QN QN

f(Bi,...,Bq,x) q
q/ q "dP(z) < =57~
QN Hzgq P(Bl)

IN

Eniong

/ qf(AI’“'7Aq’($’w))dP(.’E)
QN

IN

/ qf(Ch...,Cq,w)dP(x)
QN

1 1

S e, P~ PlAu @) i,y PBD)

Apa,
1
f(Al,...,Aq,Z)dP < . { q }
q x min ,
ﬂ# (=) e, P(B) P&y, ) s ven; POBD
1 . { 1
= =5 MG Fao
M., P(B:) PG
io

1 . . 1
= —————min{ ¢, min ——
[Li<, P(Bi) { i<q gz’(w)}

yia xde w € Q. Ano to Ildpioua 2.4.1 xon t0 Yedpnua tou Fubini nolpvouue

| [ teap @) < ﬁ;%@gémm%ggmaJWW)
: Hz’ﬁqlP(Bi) [Li<, Jo Pé?ﬁsgf)))du(w
- m@bP&mmww>
_ m O

2.5 TI'wopeva yopwv nidavotntag - xuety Unxn

'Eotw (2, A, 1) yopeoc mdavétniag. Oswpolue to uétpo ywéuevo P = PN =
p® - @ pu (N gopéc) otov QN = Q x --- x Q. Eva onueto z € QN ypdoeton ot
woph = (z1,...,zn). Av A CON xou z € OV, opilovue

Ua(z) = {(si)i<ny €{0,1}V : Iy € A,5, = 0= z; = y;}.
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‘Eotww Va(z) n xwopth ixn touv Ua(z). Zuvufolilovue ue fo(A4,z) tnv Euxheldewa
andéotoon tou 0 dro to Va(z).

IMopatAenon. Ioylel n woduvaulo: 0 € Va(z) & x € A.

AnédeiEn: Eov 0 € Vy(z), téte ool 0 € ext([0,1]Y) npénel va toyler 0 € Ua(z).
‘Ouwc t6te, z € A. Avtiotpoga, cav ¢ € A t6te 0 € Ua(x), dpa 0 € Va(z). O
Oewpolue cav «t-enéxtaony Tou A 10 clvolo

A ={x e OV : fo(A,x) <t}
Yxomée pog elvon var amodelEouue 1o e€hc Yemdpnua:

Ocvpnua 2.5.1 T'a kdde petprioyuo A C QN éovpe

2 1
fe(Az)/4 <
/e c dP(x) < @

Erdixdrepa,

1 2
>1— ——e /1

Lo var e€nyrioouue tov tpdmo we Tov omolo ypnotdonotelton 1o Oewdpnua 2.5.1, ypewo-
Couaote t0 €€ AMjuuaL.

Afupa 2.5.1 Av z € A, téte ya kdde (a;)i<y € RY vrdpya y € A pe myr

widTnTa
> wer [y
{i<N:zi#y;} i<N

An6delln: ‘Eotw (a;)icy € RV, Opilovpe a : RY — R pe a(z) = 3,y aiz;.

Tore,
lall = lal = | > a}.
i<N

To Va(z) elvon ouunayéc, enouévwe undpyet g € Va(z) tétolo dote |xo| = fo (4, ).
Apa,

min{a(z) : z € Va(z)} < a(zo) < |a| - |zo| = |a|fc(4,z) < tlal.
To a elvar ypauuixd cuvopTnooeldée, doa
min{a(z) : ¢ € Va(z)} = min{a(x) : x € Ua(x)}.

Enopévac, undpyet s € Ua(z) tétowo dote a(s) < tlall. H aviodtnra auth ypdpeton

a(s) = Z a;s; = Z a; < t\/Za%.

i<N {i<N:s;=1}
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"Ereton ot

I aigt@. |

{i<N:z;#y;} {i<N:s;=1}

Xpnowomowdvtag 1o Afjuua 2.5.1 unopolue va cuyxpivouue o Oewphuata 2.3.1 xou
2.5.1. To Oewpnua 2.3.1 yag dlver Ty aviodtnTa

PN({;U : f(A,;U) > k;}) < PN#(A)eka/N
oTou
f(A,7) = min{d(y, ) : y € A}
Xow
d(z,y) =card{1 <i < N: z; #y;}

(X = QN o A petphowwo utocivoro Tou X ue 9etixd Uétpo). Av oto Afuua 2.5.1
ndpovue a; =1 xou t = k/VN, BAénouue otL

fe(A,z) < \/LN = Jy € A:d(z,y) <k.
Anhody,
{reX:f(Ax)>k}C{reX: fc(Az)>k/VN}.

Egapudlovtog 1o Oemdpnua 2.5.1 BAénovye ot

PN({: f(4,2) > K) < PN(a: fo(4,2) > kV) < Sy exp(—K/4N),

(4)
dnAadh to Oewpnua 2.3.1 pe ehagppds yelpdtepn apwuntud otadepd. To ueyd-
Ao ouwe mAgovExTNU ToL Oewphuatog 2.5.1 elvar ott uag agpriver To tepinplo Vo
eMAEYOUUE T (@), XYTL TOL ExEL oNUACLAL Yol XATOLES EQUPUOYEC.

Anodedn touv Oewpruatog 2.5.1: H anddeln tng mpdtng avicdtnrog yiveton
pe emaywyh we mpog N. T N = 1 éyovue: av z € A t6te 0 € Vy(z), dpa
f(A,z) = d(0,Va(z)) = mingey, () |y| = 0. Eniong, av o ¢ A té1e Ua(x) = {1}
doa Va(x) = {1}, enouévag f(A,z) = mingey, ) ly| = 1. Autd onuaivel ot

/efé(A,z)/éldP(w) _ /efg(A7w)/4dP(w)_'_/ efé(A,z)/ade(x)
A o\A
1
- O 4el/4(1—-P(A) < ——.
P + /(1= PU) S i

(éyouue 1dN yenoLULoTOLACEL THY TEAELTHLO OVIGHTNTAL).

Enaywyuxd Bua: Trnodétouue 6t 1o Osdpnua toylet yia to IV xan o to dei€ouvyue
yie o N + 1. 'Eotw A C QNFL uetphowo. T xdde w € Q Yétovue

Aw) ={z € QY : (z,w) € A}
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xou
B={zecQV:3we,(z,w)c A}.
Ioyvplopdsg 1. Eav s € Uy (), tot€ (8,0) € Ua((z,w))).

Anédeldn: Eotw z = (v,w). Agol s € Uy(y)(z), undpye. y € A(w) tétowo hote
si =0=z; = y;. Enedfy € A(w), éyovue v = (y,w) € A. To p = (5,0) €
Ua(z,w) apol yio xdde i < N

pi =i =0=z; = v,
evd Yot = N 4+ 1 €yovue 2ny11 = UN41 = W. O
Ioyvpiopds 2. Eav t € Ug(x), téte (t,1) € Ua((z,w)).

Anéderdn: Agol t € Up(zr) t6te undpyel y € B tétowo dote (t; = 0 = y; = ;)
Agol y € B, utdpyer w € Q dote (y,w) € A. Tore, (¢,1) € Ua(z,w): and tov
oploud apxel va eréyEouue ot yia xdde i < N

pi =t =0=2; =y,
10 omnolo toyVeL. |
IGXUQLO‘H(’)Q 3. f(zj(Aa (;an)) < (]- - /\)2 + )\f%(A(LU),ZL“) + (1 - )\)f%(B,ZL“)
Andédeldn : 'Eotw z = (z,w). Av s € Vy,)(x) xou t € Vp(x), tapatnpodue ot
s e VA(w)(q) = (870) € VA(ZL“,LU)

practs
teVp(x) = (t,1) € Va(z,w).

Aol 1o Va(z,w) elvon xuptd,
A(5,0) + (1= X)(t,1) = (As + (1 = N)t,1 = X) € Va((z,w)).
A6 tpyevind ovodTnTa xou amo To yeyovog ot 1 2% elvon xUpTH, €YOUUE

(As+ (1 =Nt 1 =X = |(As+ (1 —=Nt,0)]? +](0,1 = \)?
|As + (1= A)t]* + (1 = \)?

(Als| + (1 = M) + (1 = 1)
Als|? + (1 = N)Jt)? + (1= )2,

IN A

Apa
fE(A,2) < (L =X+ Xls|” + (1= Nt

Ago0 ta t, s elvon TuyovTa otouyela TV VB(x) xon V() (z), éxouue
fE(A,2) S AME(AW),2) + 1= NfE(B2) + (1= N7 O
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Ané v nponyoluevn aviodtna, and v aviootnta tou Holder xan and tny enoryw-
ywer) unddeon, €yovue

/ JEAEN/AGP(p) < 0N/ / ME(A)0) /11N 2 (B.2) /gD ()
QN QN

A 1-X
1=/ < / efé<A<w>,z>/4> < / efé(B,x>/4>
QN

JFMH4<Poiw>>A<P&n>PA

IN

IN

v x&de A € [0,1]. Apa,
-\

/ S AN tgp(z) < inf —e1-N?/a (PAW)) T

QN+1 ~ xelo,1] P(B)

"Eyouue del€el ot yio xde 0 < r < 1 woydel 1

inf rre(-V?/4 <2-—r.
0<A<1

Av mdpouue
P(Aw))

=-— 2 <1
"TTPB) =

BAénouvye otL
/ eI A [Agp(g) < ) <2_P(A(W))>'
QN+1

Ané 1o Yedpnua tou Fubini éneton ot

[ [ ereesmapee < g [ (2= S ) du)
1 1
~ 55 (2 7 [, PA@)E)
1 P(B)
S BB Txmm)
1
BRI

H tehevtola aviodtnra oyler Moyw e (2 — x) < 1, z € [0,2]. Autd cvumhnpdvel
NV amodeLT TOL TEWTOL Loy UPLoUOL Tou Bewphuatog 2.5.1. Tdpa, Yo xdde ¢ > 0,

PN\ 4,) < / I3 (A) Agp(g)
QN\ A,
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< / eIE(A) /4GP ()
< s

Avagpopes. To Oewpnua 2.1.1 anodelydnxe and tov Talagrand oto [T3]. Ot John-
son xou Schechtman édwoay uta amhf yevixeuoy| tou (Oedpnua 2.2.1) oto [JS], Ty
omnola yprowonolnoay otny acuUnTOTXr Yewpla yOpwy Tencpacuévng Sidotaong.
Y1 ouvéyeta, o Talagrand anédeile mAnodpo aVicOTHTOY CUYXEVTEWONE HE TNV «UE-
Yodo tng enaywyhcy, TNy omola avéntuée ot ohdxhnen Vewpia. To anoteréouata
moL evdewtixd mapovaidlovue otic Hoapaypdpous 2.3, 2.4, 2.5 ahhd xar oty 3.2
neptéyovton oTo extevés dpdpo [T1], oto onolo yiveton «emoxdmnon e Yewplacy.

50



Ke:cpo’c)\ou.o 3

H pédoodog twv martingales

3.1 H ouvppuetpuxr oudda - n wévodog twyv martin-
gales

Oo amodelfoue ULar avioOTNTO CUYXEVTRPMWONG YLl TNV GUUUETELXH oudda, yenot-
HOTOLWVTAG ULal YVWOoTH avicdtnta Yo martingales, tnv aviedtnta touv Azuma. H
pédodoc ogelleton otov Maurey.

Alvovue mpwta Toug Baoctxols oplouols NG SECUELUEYNS UEOTC TUUNG XaL TOU
martingale oe évay ydpo mavétnroag (2, F, P). Av G elvon pia uto-o-GhyeBpa g
F xan av f € Li(Q, F, P), téte i cuvoloouvdptnon

u(A):/AfdP, Aeg

optlet éva uétpo oty G, To omolo elvor anohltwe cuveyés we Tpog to Plg. Ané 1o
Yedpnuo Radon-Nikodym, undpyet povadih h € Li(Q, G, P) ue tny Wdidtnta

/Ath:/AfdP

v x&de A € G. H h ovoudleton deouevpérn péon nun e f wg mpog v G xou
ovuPBohileton ue h = E(f|G).
Baowéc lotnies tne Seouguuévne uéone tLunc etvon ot e€rg:

1. O tereotic f — E(f|G) elvon Yetinde, yoauuixods xon éyel vopua 1 oe x&de Ly,
yeo, 1 < p < oo.

2. Av Gy elvar wiat uro-o-dhyeBpa tne G, tote E(E(f|G)|G1) = E(f|G1).
3. Av g € Loo(©,G, P) t6te E(f - 9|9) = g - E(f]9).
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4. Av G = {0,Q} elvor 7 tetpiupévn o-dhyeBpa, tote N E(f|G) elvon otadepn: elvon
N weon i e f
E(fG) = £f = [ faP.

Ogiowds Eow Fi C F C ... C F wa axohouvdio o-ahyeBpcdv. Mua axoloudia
fi, fa, ... ouvapthoewy f; € L1(Q, F;, P) Myeton martingale we npog v {F;} av
E(fi|Fi-1) = fi—1 yio x0e i > 2.

H avioétnta tov Azuma, Siver extiunorn uog cuvdptnong and tny uéor T .

Aupa 3.1.1 Eotw f € Loo(Q,F, P) kat éotw {§,Q} =Fy CFL CF C... C
Fn = F a akodovilia o-akyefpdv. Oévovue d; = E(f|F;)—E(f|Fi—1),i=1,...,n.
Tére, yia kdOe ¢ > 0 éyovue

P(|f —Ef| > ¢) < 2e /ATl

Arnédeldn: Ilopatnpodue ot n {E(f|F;)}™, elvon martingale we mpog {F; .
pdryuorty €yovue

E(E(f[Fi)|Fi-1) = E(f[Fi-1)
xow E(f|F;) € L1(Q, Fi, P) amo tov oploud e SeoUeVUEVNS EOTC TUUAS, ETOUEVKDS
n axohoudia {E(f|F;) 1, elvon martingale. Emniéov éyovue E(d;|Fi—1) = O:

E(di|Fi-1) = EE(f|F:) — E(f[Fi-1)|Fi1)
= EE(f|F)|Fim1) — EE(f|Fiz1|Fi-1))
= E(f|Fi-1) — E(f|Fi-1) = 0.

, , 2 /.

Me GUYXPLON TwV SUVALOCELGY Twy e xou e /2
2 7, 7 ’ 4 ’ 7z

x +€" . Agol o teheotic f — E(f|F) elvon Yetinde, ouunepalvovue ot yio xdie

AER

nalpvovue TNy aviootnta ¥ <

E(eM | Fi 1) < B | Fi 1) + E(eN %),
Anéb v ypouuwdtnra tne f — E(f|Fi—1) éxovue ot
E(\d;|Fi—1) = AE(d; | Fi—1) = A0 = 0.
Enopévac,
i | A% d? A2 di||1?) . _Mdi)?
E(e™™ |Fi—1) <E(e™ %) <E(e |Fiii) =e :

Hopoatnpotue ot xée dj € Lo (2, Fj, P) agoO E(f|F;) € Loo(Q2, Fj, P) xa E(f|Fj—1) €
Lo(Q, Fj—1,P). Ipdyuat, agod f € Lo (2, F, P) undpyer M > 0 tétolog ¢Hote
—M < f < M oyedéy naviob oto Q. Téte, —M < E(f|F;) < M. Ouowa,
E(f|.7:j71) S LOO(Q,]:]',l,P).

Ioyvelowog: Ioylel n aviodtnTa

FeXimi Ms < N 0oy s,
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Anédeln: Me enoywyh oc mpoc n: [ n = 1 éyouue Eert = E(er |Fy) <

2 2 z 7. 7
M s - Yrodétouue ot woyle yia n = k, Snhadh

Ee*Z, 145 <6 51)‘2de“2_

Ou det&ouue ot oylel yian = k + 1.
‘Eyouue eXimi M ¢ Loo (2, Fi, P) agol dj € Lo (Q, Fj, P) 6nwe eldaue mpon-
youuévng. ‘Apa, and tny Wt 3 NG decuguuévng uéong TS

k . k .
E(eXi=1 Mieh|dy ) = eXi= MiE(e® | Fy ).
Xpnowomoldvtag xou Tny enaywyxr unddeon éxoupsz

B Tt G F) = B(B(eX50 M| F)| Fo)

] k+1

(

(E(e>i=1" A5|F))
(B(eZim MrtMin| 7))
(

E(e>

|
5 =

E(eXi=1 A E(erMs+1|Fy))

2520 My A%l

IN

N o ldillZ APl ll%

k
NI 4%

IN

Do xdde A > 0 €youvue

P(f—Ef >¢) = P(E(f|F) —E(f|F) > C)
= P()_d; >0)
j=1
= P(D_M; <X0)
j=1
= P(e>‘ Z?:l —AC Z 1)
< Fet Zi—1 Adj—C
< M ldsli-ae
Apa,
P(f-Ef >C) < min e iz ldsllP=AC _ —c?/a 577, Nld; I3,
A>0

Eav egopudoouue Ty ovodnta Lo tny — f, nodpvouue
P(—f +Ef >C) < e~ /A X5 5%
Apa,

P(f-Ef| >C) < P(f—Ef >C)+ P(E— f>C) <27 </1EialllL o
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Oedpnua 3.1.1 H owkoyévea S, twv petabléoewy tov {1,2,...,n} pue perpikry tny
d(o,7) = L|{i : 0(i) # 7(i)}| kar pe o oporduopgo pétpo P mov diver pdla & oe
kdOe petddeon elvar pia kavovikrj Lévy owkoyéveia pe otalepés ey = 2 kat ca = 1/64.
AnAadr, a(Sy,e) < 2exp(—e?n/64) ya kdde e > 0.

Andden: ‘Eotww Fj 1 dhyeBpoa mouv mapdyeton ono ta
Ai iy ={0:0(1)=1i1,...,0()) =i}
OTOoL i1, . .. ,1; doxexpuéva otolyela Tou {1,...,n}. Oewpolue Ty axorovdia
{0,8.} =Fo CFr...C Fpy =2

Tote, Fj C Fjq1 yeaxdde j =0,1,...,n — 1. Hpdyuat, xéde dropo tng F; eivon
e Lopeic

Ah,iz,...,ij = U {0'30'(].) :7:1,...,0'(]') :lJ,O'(]-i'].):k},
ke{l,...n}\{i1...,5; }

Inhad”y avixer otny Fjy.
‘Eotw f uto cuvdptnon opwouévn oto Sy, ue otadepd Lipschitz 1 xou éotw
(fj)j=o wo martingale f; = E(f|F;) mou napdyeton ano tnv f.

Afupa 3.1.2 Ta kdle dropo A = Aj 4,5, ™S Fj kar kdOe Levydpt arduwv
B = Ajyiy,.ijr ket C = Ay i s TS Fjp1 mov mepiéyovat oto A, umopolue va
Bpovpe a 1-1 anetcorion ¢ : B — C térowa dote d(b,¢p(b)) < 2 ya xdbe b € B.

Anddern: Eotw 7 1 uetdieon nou aviyuetard€Tel o 7 xaL § xol apriveL aeTdBAn T
o unohotna otolyela tou {1,...,n}. Opllovue ¢: B = C ue ¢p(o) =moo.

Tote, ¢p(o)(i) = (i) yroi # § + 1 xow i # o~ 1(s). Hpdypot, eav i = o~(s)
t61€ 0(i) = s xud(o)(i) = moo(i) =7(s) =r. Eavi =7+ 1, 6t ¢(o)(j + 1) =
moo(j+1)=n(r) =sxu avi=o0"1(s) t6tc p(0)(i) = n(s) = r. Enouévwc,

S

d(b, (b)) <

H ¢ elvan €€ oplopo0 1-1 xan agol cardB = cardC éneton ot 1 ¢ elvan enl. o

‘Eow A, B,C 6w otov woyvetoud. Aol ta B,C elvon droua tng Fjit1, N fi+1
elvan otadepn) ota B, C. 'Eyouue

1

/B]E(f|]-‘j+1)dP - /dep -G 20
‘Ouwe N fir1 = E(f|Fjy1) elvon otadepr| oto B, dpa
11 1

fi+1|B = mm;@%ﬂa) =15 > flo).

ocEB
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‘Opota detyvouue ot fi41|C = |17| > occ f(o). Tedgovue

1 1 1
finlC = el ;f(o) = 5B a%f@(o)) = 13 > F(@(0)).

ocEB

Aqgob 1 f elvon ouvdptnon Lipschitz ue otadepd 1,

ﬁ S 1£(0) - H6(0))]

oc€EB

|fi+1]B = fi+1|C]

IN

1
S E Z d(07 (f)(O'))

ocEB
1 2 2
< —N ==z
- |B] Z non
‘Eretan 6t | fj1|B — fi|A] < 2. Hpdryuar, éyouvue

|A| = | U . Ai1 ----- ij73| = Z ' |Ai17i27---7ij73| = (n _.7)|C|

Enougvwg,

1
RIS IR PR Sl

sZ{i1,...,ij },s=10€A; _i..s

1
= o 2= 2

CCAoeC

1
= LYl
n—7

CCA

|fir1|B = fi|Al =

1 1
p— > finlB - P > fj+1|0‘

CCA CCA

> n%j(fj-i-ﬂB - fj+1|0)‘

CCA

1
< > ——fi+1lB = filC]
cca T

1 2
Zn—jﬁ

ccA

2
o
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‘Eyouue @ = |JB; 6nov B; € Fjp1. Oa detovue ot |djq1|B;| < 2 470U ot d;

n?’
optlovtar émwe otny aviedtnta Tou Azuma. [pdyuatt,

Sl

|djr1|Bil = |fix11Bi — fi|Bil = |fj1]1Bi — fj|Ail <

6mou A; 1o dtouo e Fj nou mepiéyel 1o B;. Apa,

2
d; < -
ldssaloc < =

H f npogavide avixer 610V Log(Sn, Fn, P), dpa 1 mponyoduevn aviodTnta xol To
Afupo 3.1.1 divouy
P(|f —Ef| > ¢) < 2e /18,

‘Exouvue howndv anodetéet tny e€ic mpdtaom.
IIpétaon 3.1.1 Eotw f: S, = R ouvdptnon Lipschitz e otalepd 1. Tdre,
P(If —Ef| > ¢) <2e <"/ D

Oloxhnpidvouvue tny anddelén tou Yewpruatog wg e€nc. Ta xdde A C Sy, 7
d(-, A) elvor. Lipschitz ye otaepd 1. Emiéyouue ¢ > 0 tétolov wote 2exp(—c?n/16) =

1/2. Anhad¥), ¢ = 4y/log4/n. Téore,
P(ld(-, A) — E(d(-, 4))| < 4/log4/n) < 1/2.

Eav vnodéoovue ot P(A) > 1/2, t6te P(d(, A) = 0) = P(A) > 1/2. Ta evdeyo-
ueva {o : d(o, A) =0} xou {|d(-,A) —Ed(-,A)| < 44/log4/n} éxouv un xévn toun

apol
P({o:d(o,4) =0}) + P({ld(-,4) - Ed(-, A)| < 4y/log4/n})
1 1

S4o =1
373

Apa undpyet o € S, tétowo Gote |d(o, A) — Ed(, A)| < 44/log4/n xo d(o,A) =0
(dnrodr, o € A). Eneton ot

Ed(-, A) < 4+/log4/n.

‘Exouue
P (d(-, A) < ¢+ Ed(-, A)) < P(|d(, A) — Ed(-, 4)] > ¢) < 2¢7F5".
P(d(aA) < c+4\/ 10g4/n) < P(d(aA) > C+Ed('7A))'

P(d(-,A) < c+ 4+/log4/n) < 2exp(—c*n/16).

o6



T e > 84/log4/n nalpvouue
P(d(-,A) >¢) = P(d(-, A) > /2 + 4\/log4/n) < 2e 51"
Ané v & mhevpd, av € < 8y/log4/n

P(d(-, A) > £) < P(Sp \ A) < = = 26l080/4) < 976z

N | =

"Apa, 1 ouvdpTnom cuyxEVTpwoNns a Sy, €) txavorotel TNy
a(Sp,e) < 20 /64

v x&de € > 0. Anhad¥), n (Sp) elvar xavovin| owoyévero Lévy pe otadepée ¢ = 2
xat ¢z = 1/64. m|

H S uédodog divel uior dANT anddetén tng avicdtntog tou Khintchine.

Ochpnua 3.1.2 I'a kdle 1 < p < oo vrdpyovr otalepés 0 < Ay, B, < 00 tétoteg
aote: av ay,...,an € R, téte

ATN O Ml <D airily < B i)'
i=1 =1 =1

EmmAéov, B, = O(\/p) kalis p — +oo ka1 n Ay, elvar gpaypévn paxpid amo to
undév: dnladn, vrdpyer pia otadepd m > 0 térowa dote |Ap| > m ya kdle p > 1.

AnédelEn: Eotw {a;}l; C Ryue Y i a? = 1. T x&de k > 1 Yewpolue tny

i=1 @i
dhyeBpa Fj, mou amotekeiton amd T TlCETIEPO(O'{JéVEC EVOOELC TV UTOSLACTNUSTWY
[s/2%, (s +1)/2%), s =0,1,...,2%F — 1. Ou ouvopthoec Radermacher r1, ..., 7y elvou
peTphowes we mpog Ty Fi. Ilpogavee Fy C Fy C ... F, xou {Zle airi}zzl
elvow martingale w¢ mpoc vy {Fi}p_ ;. Ipdyuort,

k k k-1
E (Z airi|Fk—1> = Z a;lB(r; | F—1) = Z a;E(r;|F—1) + agE(rg | Fj—1).
i=1 i=1 i=1
Emedfour;, i =1,...,k — 1 elvon uetprioldec wg mpog tny Fi_1, €Youue

E(ri|Fr—1) =7, i=1,...,k—1.

Enfong, E(ri|Fr—1) = 0. Ioylet udhiota xdtt neptocdtepo:
(*) / ]E(Tk |Fk_1)dP =0

A
v xéde A € Fy,_ 1.
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Anddeldn tng (*): Apxel va deioupe ot [, E(ry|Fj_1)dP = 0 yio xdde droyo

e Fr—1. EBEow A dwouo g Fj,_1. Tétwe, A = By U By, 6nou t By, By elvau

SrooTAUOT Ufixous 5%, dpo droua T Fy. Enouévec,

/E(Tk|Fk_1)dP:/7"de:/ ’I"de-l-/ rrdP = 0.
A A B B,

H teheutalo lodtnta toylel agod oe eva amo toe By, By 1 rp nodpvel v tiur 1 xon
oT0 dAho Ty Ty —1. i

Eotw f =31, air;. Tore,
n—1
(E (Z airi|Fn2> |Fk>
i=1
E

E(f|Fk) = EE(f[Fn-1)|Fk)
k+2
.= (Zaﬂ'i|Fk>

n—1
= E (Z airi|Fk> =FE
i=1
n—2
= E(Zalrz|Fk> = ..
=1
l k42 kt1
= E (E (Z a,-r,-|Fk+1> |Fk> =E (Z a,-r,-|Fk>
1 i=1
k l l
= Zaim.
i=1

‘Ereton ol

ldklloo = [[E(fldr) = E(fldr—1)lloc =

k k—1
E ;T — E ;T
i=1 =1

llarrelloo = lak|.

o0

Hpogavae f € Log([0,1], F, P). Eyouvue
Ef =E (Z airi> = Z aiEri = Z aiO =0.
i=1 i=1 i=1

Apa, and 1o Afuua 3.1.1 nafpvouue éyouue

n
E a;Tg
i=1

p<.

agol Y af = Y ||di||* = 1. Egapuélovue o Afuuo 2.1.4 vty f =
S airi: v xdvouue Ty olhoyr) uetaPBhitne @ = t2/4, nadpvouue

1 0
/ |Za,-ri|de = / peP~tP ( > t) dt
0 0 —

n
E a;Tg
i=1

2

_—et 2
> c> < 2etTim 14l = 2¢~a

o8



IN

o) 2
/ ptP e a dt
0

oo
= 2pp/ L
0
‘Onwe oty §2.1, cuunepaivouue otL av p elvar dETIOC PUOLXOS THTE
o0
QPp/ e P2 Ny < 2PpP/?.
0

OptZlouue
Bg:/o ptpflethzdt.

Mo xd&de p > 2 undipyet g dptiog ue p < g < p+ 2, dpa

B, < B, <27<2\p+2<2\2p=2V2\p.

"Apa,
sup By, /+/p < o00.

p>2

Ané tov xovovor Tou TapAUAANAOY RSOV EYOVUE

1 2 1/2
1= </ Zairi dP) .
0

Ot nponyoluevee oyéoelc xou 1 aviodtnta tou Holder Selyvouv ot yia xdide 2 < p <

00,
1 2 1/2 1) n » 1/p
1= (/ Zaﬂ'i dP) S (/ Zaﬂ'i dP) S Bp.
0 0 li=1

E&etdlovue thpa v mepintwon 1 < p < 2. And tny avicdtnta tou Holder,
1 n
1 = / Z a;T;
0 li=o0
1 n
| S
0 i=1

(L (3

n
> airi
i=1
1 n
( [0
0 1i=1

2
dpP

2/3 4/3

dP

Zaﬂ'i
i=1
2/3 3/2 1 n
3/2 dP /
2/3 Lon
dP> (/ Zaﬂ'i
0 li=1

4 1/3
dp> .
59
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IN

;1

4/3\ 3
> ap




"Ereton ot

dP.

1 n
B;Z S / Zaﬂ'i
0 i=1

Eniong, yia 1 <p < 2 and v avicdétnta tou Holder €youvue
1| n P 1/p 1| n 2 1/2
(/ Zairi dP> < (/ Zairi dP> =1.
0 li=1 0 li=1

Apa, yia xdlde 1 < p < 2 éyouvue
P /p 1
) <
0

1| n 1| n n 2 1/2
BZZ S A Z(lﬂ'i dP S (A Z(lﬂ'i Z(lﬂ'i dP> =1.
i=1 i=1 i=1

Anhadr), v xdde 1 < p < oo undpyouv otaldepé By, A, tétoleg doTe

n
A;l < Z a;ri|| < Bp
i=1 P
Yo X80 ay, ..., an Ue Y i, ai = 1.
Ané e extynoels mov ddoapue yio i Ay xow By mpoxdntouy dueca oL UTOAOLTOL
oyvpouol Tou Bewpruatog 3.1.2. o

3.2 H ovpuetpuxr oudda - 1 weédodog tng xLETHg
Openg
TuuPorilovue ue Sy v oudda twy uetoéoewy touv cuvorou {1,2,..., N}, epo-

Staouévn ue to cuuueTpxd UEtpo mdavotnag Py. Do xdde A C Sy xow o € Sh,
YewpoLuEe T0 clvolo

Ualo) ={s € {0,1}N : Ir € A:VI<N,5, =0=7(l) = o(l)}

xor. cuuBohilovue e Va(a) v xupth 9xn tou Ua(o) oo [0, 1], Oétouue

fao) =int { 5755 = () € Valo) ).

IKN

Yxomoée pog elvon var amodel€ouue tnyv e€hc aviodtnTa:

Ocwpnua 3.2.1 Ia kdle un xevé A C Sy,

/ /(A 184Py () <
SN

Pn(A)
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To Oewpnuo auvto dvel avahoyn extiunon Le 10 Oewpnua 3.1.1 yio Ty cuvrin
CUVOPTNOY CUYXEVTPWOTC TOL Ywpou uetadeoewy Sy. Me Ula ouwe Evvola etvor
LoYUPOTEPO (N CLYXPLOT EWVAL TAPOUOLY UE aUTHY TwY Oewpnuatwy 2.3.1 xo 2.5.1:
Bhene Kegaharo 2, oehdo 47).

H onddeln o yivel ye emaywyn we mpog N, elvan dune teyvind toAdmhoxn. Ay
p,m < N xou p # m, opllovue

f(A,U,p,m) = lnf{si + Z Sl2 NS VA(O’),Sm = 0},
I<N
xou ya ¢, § < IV détouue
9(A,0,i,7) = inf{ Z siis€ VA(CT)}.
11,5

To Oetpnua 3.2.1 elvon dueon cuvéneia tov eERC:

Ocwpnua 3.2.2 I'a xdle un xkevé A C Sy karp < N éxovue:

1
f(A,0,p)/16 <
) fe ) S B
Kat
1 1
9 ef (Ao s p))/16 3P (5) < :
2) /S ) No) < B

Anodedn: Me enaywyn we npog N.
Fio N =1 éyouvpe S1 = { id} xaw p = 1, enouévwe

/ e]"(A7LJ',.:;-—1(1))/16d13]\r(0_) — ef(A,id,l)'
S1

Aol A # (0, éyovue A = S;. Apa, Ua(id) = {1,0}. Enecton o Vu(id) = [0,1],
ondte f(A4,id, 1) = 0. Enouévuc,

Aot ()/16 _ 1 L
e =1= .
/51 Pi(A)

‘Ouota amodetxvbovue Ty

f(Aop)/163p < .
L 1)< B

Trodétovue ot To Oedpnua toylet yio xdmoto N xou Yo del€ouue ot LoyleL yia Tov
N + 1. T'a 10 enaywyxd Bruo Yo ypeltaoToOUE To TOROXATE ARLUOTL:
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Adupa 3.2.1 Eow i,j <N +1 pei #j, éotw o € Syy1 kar 0 < A < 1. Tore,
f(A,O',?:) S 4(]‘ - >\)2 + (]‘ - )\)Q(A,U,l,]) + )\f(A,O',],l)

Anédeln: ‘Eotww s € Va(o) xou t € Va(o) we t; = 0. Agod 10 Vy (o) elvon xuptd,
€)(OVUE
u=(1=X)s+ At € Va(o).

fAo0) < > uj+u

I<N

= 2u?+ Z u?

I<N,I#i

_ 2 2 2
= 2u; + uj + E u;
ISN i,

< (L= Nsi+ AP (L= Vs A2+ Y W
I<N,l#i,j5

= 201=X"+((1=Ns; + A, + > uf.
1SN I#i,j
An6 my aviobétnra (a + b)? < 2a* + 26 xou g 0 < 55 < 1, 0 < A < 1 modpvouue
(1= Nsj +At;)> < 2(1=N)7s] +20%
2 2,2
< 2(1— )%+ 2222
< 21— M)+ 20
Apa,
F(A,0,0) < D (1= Nsi+ Aty)® +4(1 = M) + 2083,
I#i,j
H z — 2? elvon xupth, dpo

(1= N)sp + At)? < (1= N)sf + At

Enopuévocg, éyovue

fA00) < (1=X) D s +A2E5+ D> t7) +4(1-))?

1#£i,j 145,
= (1=X) D sT+AE+ Dt +4(1-))?
1#£i,j IKN

yia x8de s,t € Va(o). Ialpvovtae infimum we npog ¢, s naipvovue 1o {ntoduevo. O

Opropdg o xdlde ¢ < N opllovue
Gi={o€Sny1:0()=N+1}

62



YuuPoiilovye ue t; = tyy1,; Ty avuuetddeon twv N + 1 xou i, xou Yewpolue tny
anewxovion R : p = pot;. Hapatnpolue ott, eav p € G; t61€

R(p)(N +1) = (pot)(N +1) = p(i) = N + 1.

Enouévwe unopolue va Bhénovue v R cav uia anewxévion and 1o G; oty Sy.
Télog, av A C Sy41 opllovue A; = ANG;.

Aqupa 3.2.2 Eav o € G, éxouue
f(A,U',j,l') < f(R(Al)aR(U)atl(]))

Anodedn: Oeswpolue mpwta tny mepintwon i = N + 1. Tote, tyyr = id xou R
elvow 1 Tpofolh Tou Gy i1 otV Sn. Av s € Ug(a, ) (R(0)), ehéyyouue ebxola ot
5= (s,0) € Ua(o). 'Enetor ot

5 € VR(an41) (R(0)) = 5= (5,0) € Va(o).

Eriorng,

=2 § =2 2 § 2

I<N+1 I<N

Agol 5 € Va(o) xou 5n41 =0,

f(A4,0,5,N+1) < s? + 2312
ISN

Mafpvovtag infimum we npog s €yovue t0 {ntoduevo.

Eotw thpa i # N + 1. Ocwpodue 5 = (5) € {0, 1}V 9étovrac 5 = 0, 5541 = 54
xow 5 = sp av [ # 1, N + 1. Hopatneriote otL 5 = 54,y Yot xde | # i. O Bellouyue
ot

5 € Vray(R(0)) = 5 € Va,(0).

Apxel va del€ouvue ot
(%) 5 € Upa,)(R(0)) = 5 € Ua,(0).
Agol s € Up(a,)(R(0)), urdpye. 7 € R(A;) tétola dote
I<N, 51 =0=7() = R(o)(I).
Agol T € R(4;), éyouue T = R(p) vy xdmowa p € A; = ANG;. Enouévac,
LN, s =0= p(t;(1)) = o(t;(1)).

Oa delfouue otL
5 =0=p() =0a(l).
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T I =i, éypoupe (5, = 0 = p(i) = (i) agoL p(i) = N +1 = o(i) Noyw g
o

p,o € Gi. Eav l # i éyovue 5 = 0 = 54,y = 0 dpa p(t;(t:(1))) =
dnhadh p(l) = o(1). Autd amodewxviel Ty ().

Av s = (s1)i<n € Vga,)(R(0)) xou 5 € Va(0) 6me¢ mopamdve, éxovue

s?-l—Zsf = E?i(j) + Zslz

I<N I<N

= St Y, FHits
I<N, i

_ =2 =2 =2
= Syt D, St
I<N,I#£i

= gi’(]')_'_ Z §l2'

I<KN+1

Mofpvovtog xotdAhnia infimum wg npoc s € Vi(a,) (R(0)), ovurepaivoupe ot
f(4,0,5,4) < f(R(Ai), R(0), (7). O

Yuupoiilouue pe Q; 10 ouotdbuoppo uétpo mavotnrag oto Gj.

IIépiopa 3.2.1 Ioyver n aviodnta

F(A0d)/16 g, 1 1
/G Qi) < Gy T o

Arnédeldn: And m oyéon f(A,0,7,1) < f(R(A;),R(0),t:(j)) éxovue

[ erteiiisage) <
G;

_ / R(A4).0.t:(0D16 Py ()

R(A:),R(0),ti J))/lﬁdQ( )

1
= PN<R<Ai>> “ @

H tedeutana avicdnta oy Vel Aoyw g enarywyixiig unddeong

f(Aep)/16 7D <
/SNe N(U)_PN(A),

EV® 1 TEAeLTAlL LEOTNTA Loy VEL YLorTl

|A; NG| Al R(A)
n! Tl ol T

Qi(A) =
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Aqupa 3.2.3 Eow j #i. Tore,

y 1
ef (Aot /16g0 . (o) < .
A <o @

Anéderdn: Oewpolue ty S : G — G ue S(p) = pot; ;. H S elvan xahd oplouévn:
S(p)(@) = (potiy)(i) = p(j) = N +1.

Etvow @avepd otu 1 S etvon 1-1.

Ioyverowods: ‘Eotww B € R(S(A;)). Tére,
9(4,0,i,j) < f(B, R(0)).
Anodedn: Apxel va del€ouue ot
s € Ug(R(0)) = 5 € Ua(o),

6mou 10 5 € {0, 1}V opiletor wc elhc: 5, =5, = 1, avi,j # N +176t€ 5n4+1 = si,
xoavov [ & {i,j, N + 1} t61€ 5, = ;.
Agol s € Up(R(0)), undpye. T € B tétota wote: yo xde [ < N,

si=0=71(l) =0 ot;(l).

Agob T € B, unopolue va ypdpouue T = pot;;ot; yia xdmow p € Aj. Apa, av
<N,
si=0=pot;;ot;(l) =0cot;(l).

Ou detéouue ot
55=0=p(l) =0().

Eov i ¢ {i,j, N +1}, t6t€ 5, = 0 = s; = 0 enouévwg éxovue pot; jot;(l) = oot;(l)
xow Noyw el & {i,7, N + 1} éyovue p(l) = o(l).

Eav l =i = j, t6te 5 = 1 xou 1 {nroduevn npdtact oy Vet

Eowvl=N+1=i7ql=N+1=j, t6t€ 5541 = 1 dpa ndAt n {ntoduevn
TpoTUoT) Loy VEL.

Téhog vl = N+1xonl # 0,5, Ex0ovue Sn4+1 = 85, dpaeay 541 = 0 nalpvovue

potijoti(i) =0 oti)

dipat
potij(N+1)=0o(N+1)
dipat
p(N+1)=0(N+1).
Apa 5 € Ua(o) ad
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Ané tov Loyuploud talpvovue

/ I AT/ 160 (5) < / ¢! (BR@)/160) (i)

- / I BD/16p (1)

11
Py(B) — Q;(4)

H tedevtata avicdtnta tpoxntel and tny enaywyixh unédeo. o

Emotpépouue otny anddeln e

/ ef(A,a,a*I(p))/lﬁdPNH(a) <
SN +1

1
Pnyi(A)

Xwple BAEBN TG Yevidtntag unodétovue ott p = N + 1. Awahéyouue j T€T0L0 OOTE

max; Q,(A) = Qj (A)

Oewpolue i, <K N+1uei # jxu0< A< 1 And

nponyolueva Afuuarta, and to Hépwoua 3.2.1 xar ano v avicdtnto Holder éneton

oTL

/ ef(A,a'J)/lGin(a_)

< 6(17A)2/4/e(lfk)g(AymiJ)/we"f(A"”j’i)/min(U)

s N 1-A N A
< 5 ( / 69“‘7"’”)/16(1@@-(0)) (/ efMMﬂ)ﬂﬁin(a))
<

“(atw) ()
(

B QiA) (gé;) o

v x8de A € [0,1]. 'Ouwe, yia xdde 7 € [0, 1]

Enopévac,

[ s Qgt ( i;)

vy ¢ # j. H (S oyéon woydel xon yio @ = j. Hocpocmpo UE OTL

1
Prog =
NS N z<%:+1 Q;

xow ool 0 € G = i =0 (N + 1), éyovue

/ ef (Ao 1(N+1))/16de+1
SN+1

N+1

Z/ TATDdPy 41 (o)
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N+1 1 )
= - f(A,o,07H(N+1))/16 7).
Z N +1 /Gi € dQi(o)

i=1

N+1 1 1 Qz(A)
. — N+1Q;(4) ( - Qj(A)>
_ 1 (, m=riie

Q;(A) Q;(4)
1 _ Pvni(4)
o Q;(4) <2 Q;(A) )

1

S @

Auté ohoxhnpdver Ty amddeldn e (2). To emaywywd Bruoa v Ty (1) elvou
avdhoyo ue autd g (1), ahhd Syt eviehdds 6uoto.

Adppa 3.2.4 Ta o € Sy11,j SN+1j#c(N+1),0< <1 époupe
f(A707N+1) < 4(]‘_>\)2+(1_>‘)g(A707N+170'71(.]))+>\f(A70.70'71(.7)7N+1)

Anodedn: To Intoduevo mpoxintel and ty avioétnta tou Afuuatog 3.2.1 av
avtataoThoovue o i ue N + 1 xou 1o § ue o1 (j). |

O¢touue
G; :{UE SN+1 U(N"‘].) :Z}

Tradeponotolyue ¢ xo Yewpolue tny anewxévion R' : p = t;0p. Av p € G, téte
R'(p)(N +1) =t;(i) = N + 1,

dpar umopoluEe vo BAénouue v R’ cav anewxévion and o G oty Sy. Oétouue
Al =ANG].

Aqupa 3.2.5 Av o € G}, i # j, égovue
f(A,0,07(j), N +1) < f(R'(A)), R'(0), R'(0) 7! (t:(1)))-

AnédeEn: Do xdde axorovdia s € {0, 1} dewpolue tnv axohoudia 5 = (5) €
{0, 13N+ nou opiletor amd Tic 5 = s; v [ # N + 1 xow 5y41 = 0. Ago0

o~1(j) = R'(0) "' (ti(4)) # N + 1,
apxel va det€ovue ot
s € Upr(ay)(R'(0)) = 5 € Ua(0).
‘Eotw éva tétoto s. A Tov oploud, undpyet T € R/(A}) tétow dote

I<N, s =0=>7() = R (c)(l).
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Agol T € R'(A}), éyouue T = R'(p) yio xdmota p € Al Apa,
SN, s1=0= (tiop)(l) = (tico)(l) = p(l) = o (1)
Agol p(N +1) =o(N +1) =i, éneton ont
I<N,5=0=p()=0(l).
Anhad®y, 5 € Ua(o). O
TuuBorilouue pe Qf 1o ouobuoppo uétpo mdavétntog oto Gi.

IIépropa 3.2.2 Av j #1,

L 1
e/ (Are T @NFD/16 Ot (5) <
/ )< i

Anéderdn: And to Afupa 3.2.5 xou 0 Yeyovég ot i R’ uetapépet o Q) oto Py,
T0 ApLoTERS UENOG ppdooETOL Amd

/ ef(R’(Ai)vpvpfl(ti (4)))dPn (P)Sm:%

NoYw g (2), n omolo €xel HON anodeiydel. O

Adppa 3.2.6 Av i # j, éyovue

. 1
eI(A 0 N+Lo 7 (1)) /16 gyl (1) <
/ @S g

Ano6derdn: H onewdvion S’ @ p = ti; 0 p elvon éva mpog éva and 10 G oto G,
O¢tovue B = R’ 0 S'(A;). Oa delZouue ot av o € G} t61€

(%) 9(4,0,N +1,071(j)) < f(B, R'(0))
(Brenovrac v R’ oav amewdvion and 1o G oto Sn). Agob Py(B) = Q}(4), o
Afupa éreton and ™y enaywylxr unddeon yia v (1) Ay (2).

T xéde s € {0,1}Y opllouue uto axolovdia 5 € {0, 1}V ¢ e€fic. Av

1 ¢ {N+1,07'(j)} Vétovue 5 = s;. Enlong, sn41 = S,-1¢;) = 1. Dot va detouue
v (x) apxel vo delfovue ot

s € Up(R'(0)) = 5 € Ua(0).
‘Eow s € Ug(R'(0)). Yrdpye 7 € B tétota Hote
s1=0=7(l) = R'(0)(l) = (ti 0 0)(I).
Agol T € B, unopolue va ypdpoue T = t; o t;j o p yia xdnowa p € A’ Emouévoc,

s1= 0=ty 0 p(1) = o(1) = p(l) = (tij 0 o) 0).

68



Ouwe, av I # N + 1,071(j), éxovue a(l) #i,j. Apa, (t;j 0 o)(l) = o(l). AnhadH,
YU auTéc TG TYéC Tou | EyouuE

5=0=s5=0= p(l) =0(l). O

H anédeiln tou enaywyxol Bhuatos yio Ty (1) ypnovsonowel autd to Auuata
xo elvor Guota UE aUTHY Tou emarywyxol BAuatoc yio Ty (2). |

Avagpopés. To Oedpnua 3.1.1 anodelydnxe and tov Maurey [Mal]. T aviobtnteg
«tOmou Azumay BAéne 1o BBMo tou Stout [St]. H egopuoyt| twy martingales otny
an6delin tne avioétnrag Khintchine-Kahane (Oswpnuo 3.1.2) elvar and to Bifilo
[MS]. To Gewpnua 3.2.1 eivar tou Talagrand [T1].
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Ke:cpo’c)\ou.o 4

H duotmta (7)

4.1 H 3ot (7)

Optopol. 'Eotw f xou g petprioweg ouvapthoelc optouévec otov R*. Me fOg
ouuBoiillovue Ty eAayotikn ovvéaén twv f xou g,

(fBg)(x) = inf {f(z —y) +g(y) : y € R"}.
Av p etvon éva pétpo mbavdtnrog otov R xow w ulo Yetnr) uetpriowun cuvdptnon

otov R™, Mue 6t 1o Leuydip (p, w) xavorotel Ty Wibtnta (1) av yia xdde poayuévn
pETEow ouvdptnom ¢ otov R™ toylet

(=) (o)

Adppa 4.1.1 Av o (p;,w;) wkavorotel tnv (1) otov R ya i = 1,2, tére o0
(11 ® po, w) wkavorotel TNy (1) otor R™ x R™ | dmov w(xy, z2) = wy (z1) + wa(z2).

Anoédeln: 'Eotww ¢ : R™ x R™ — R gpayuévn uetpriowun cuvdpetnon. L'edgouvue

(6Pw)(ey) = nt {olx —uy—v) + w(w0)
= inf {6(r —uy =)+ vy () +un(v))

igf {ir;f {p(x —u,y —v) + w2(v)} + wl(u)} .

[emdm o) = [ [ e {endnteenmnteo ) du )du @
R™1 JR

ny U
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IN

/ inf{ewl(“) einfv{¢<z—u,y—v>+wz<v>}du2(y)}dul(x)
R R™2

ny U

-1
< / inf {e“’l(“) </ e¢(z"7y)du2(y)> }dﬂl (z),
R ¥ R72

6mou eapudoaue TV Lo T (T) Yioe to Leuydipl (e, wa) xou TNV ouVaETNoN fzu(y) =

¢($ - u, y)

O€touue

A

(x) = log </RZ e‘w"”)duz(y)) o

Tére, n o elvan gparypévn xon epapudloviag Ty WidtnTa (1) yio 1o Levydpt (pr, wr)
otov R™" nafpvouue

/€¢Dwd(ul ®pg) < / et tvlem ey, ()
R™1
-1
< ([ e anw)
R™1
—1
= ([ [ e anmin )
R”1 JR™2
-1
= </ e 2@V d(p ®u2)(fv,y)> :
R™1 xR"™2
Apa, to Levydipt (g1 ® pa,w) weovorotel Ty (7). a

‘Eotw py xou po Uétpa mbavotnag otov R . H cuvENEN p1 * o Twv 300 uétpwy
optleton Yéow e

/Rnhd(:u‘l * i) = /n/nh(m+y)dﬂl($)duz(y)-

Xy nepintwon mou ta dUo uétpa elvar anoAdTteng cuveYY we Teog To Wétpo Lebesgue
UE TuXVOTNTES fi Xou fa, TO g * 1o €lvon To UETPO TOU EYEL TTLUXVOTHTXL TNV f1 * fo.

Adppa 4.1.2 Ay to (i, w;) tkavorotel Tny (1) otov R* ya i = 1,2, tdre to Levydpr
(1 * po, w1 Ows) tkavorotel Tnv (1) otov R™.

Anoderln: 'Eow ¢ : R* = R gpayuévn uetprowun ocuvdptnor. I'edpouvue
[0B(w1Bwy)|(z +y) = nf{g(z +y —2) + (wiBws)(2)}
= inf {qﬁ(az +y = 2) +inf{w (2 - u) + wz(u)}}
}
}

= infinf{p(z +y—2) + wi(z — u) + wa(u

~— ~—

= infinf{p(z +y — 2) + wi(z — u) + wa(u
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12f {irzlf{qﬁ(a: +y—2)+w(z—u)}+ wg(u)}

= irlltf {wg(u) + ir;f{(j)(x +y—u—2z)+ wl(z)}} .
Apa,
/6¢D(wlmw2)d(ﬂl *p2) = / loRr Bl dpy () dpry (y)
R~ JRrr
= / / inf { w2t {0ty w2t Oy, (1) dps ()
R~ JRe

P—h

< / in { / einfz{¢(w+y7ufz)+w1(z)}d,u1 (ZL“)} d,uz(y)
R’n n

-1
< / mf{ewz<u> ( / e—¢<w+y—u>du1<x>) }d/m(y),
Rn U n

6oL eapudooe TNV WLOTNTA (T) yia To Leuydipl (p1, wi ) xou TV cuvdptnon fy u(x) =

¢z +y—u).
w(s) =tog ([ (o)) o

O¢tovue
Téte, n 1 elvon gparypévn xou epapudlovtog Ty Widtnta (1) yia 1o Leuydpt (pa, wa)
otov R™? maipvouue

/e¢‘:‘(wlﬂw2)d(u1 * p2) < / inf {e’”(“)elp(y*u)} dp2(y)
R

n U

- / RUCTSICPI

</R e’”(’"’)duz(y)> h
- ( [ e e )duz(y)>_1
</n e %d(m *H2)> _1-

"Apar, o LeuydipL (p1 * po, w1 Ows) weavorotel Ty (7). O

A

IN

Appa 4.1.3 Eoto du to (u1,w;) kavorotel tnv (1) otov R™ . Eotw w : R*? —
R Jenixn petprjonun ovvdptnon kar f : R™ — R™ owvdptnon mov ikavonoiel tny
wa(f(x) — fy)) wi(z —y) yua kdle x,y € R". Eotw pa to pérpo mbavitntag
f(pa) oror Rz, 6nAadn pa(A) = pa(f~1(A)). Tére, to (p2,ws) tkavonoel tny (1)
otov R"2.
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Amnddeln: Ou det€ouue npcdta OTL

[(¢ 0 F)Dun] > [(¢0w2) o f]
v xdde Qpayuévn uetpriowun ¢ : R*? — R. 'Eyouue

(@0 f)lBun](z) = iwf {(4of)=

(@0 )z
= inf {(¢of)
(¢of)

yeR"l

v
=)
=,

>z inf {(¢of)(y) +waf(z) —w)}

= (¢Bw2)(f(x))
= [(¢Bw2)

v xdde & € R™ . And ty po = f(p1) éneton 6

/ @I W) gy () = / (@900 (@) 11 (1)
R™2 R™1

< / (NP @) gy ()
R™1

-1
</ e—(aﬁof)(x)dul(m))
R™1

-1
</ ed’(y)duz(y)) :
Rn2

Apa, 10 (2, ws2) wovorotel Ty (7). i

IN

H Biétnra (1) evéde Leuyaplol (p, w) cLUVIEETOL UE TNV CUYXEVTPWOT| TOU LETPOU
p. H oyéon diveton and tnyv enduevn mpdToo.

IIpétaom 4.1.1 Eotw du to (u, w) tkavorotel tny bistnta (1) orov R™. I'a kdOe
petpoiuo A C R™ kar kdOe Oetiké apiOud t éyovpe

e ¢ A+ {w < 1)) < (u(A) e
Anodergn: I xdde n > t Yewpolue tnv cuvdptnon

0, z€A
n, OAALOC.

ante) = {
Avz ¢ A+ {w < t}, 161€ (pa,,0w)(x) > t. Hpdyuot,
(%) (0a,n0w)(2) = nf{pa,n(2) + w(z - 2)}.
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Av z € A, 161 ¢ n(2) =0 xow agod z ¢ A+ {w < t} éyovue w(x — z) > t. Apa,
Pan(z) +w(x—2)>0+t="t

Av dh z ¢ A, t61€ dan(2) = n xow w(zx — z) > 0, dpa
Pan(2) +w(z—2)>n+02>1.

Enouévwe, woyler n (x). And v Wdidtnra (1) €yovue

—1
/6¢A.nuwd,u < </ etﬁA,ndu)
—1
/€7¢A’"d/l+/ ef‘“'"du
A R™\ A

= (A + e (1 —p(A))
1/p(A).

IN

Ané v avicoétnta tou Markov,

epe ¢ A+ {w < t}) < et : ($alw)(@) > 1) < / ePanudy < (u(A))~)

Apa,
pleg A+{w<t}) < (u(4) e O

4.2 Mia avicotnta touv Talagrand: anodelln peow
™G5 LWLoTTAS (7)
Oploupe uia ouvdptnon W : R — R e

_ [ #°/18, |t] <2
W) = { 2t~ 1)/9, || > 2.

H W elvan dptia, xwpth, cuveywe mopaywylown cuvdptnor. Oewpolue enlong to
ué€tpo TavOTNTOC e 0TO R, UE TUXVOTATA TNV X (0,400) (T)E".

Ilpétaon 4.2.1 To Levyos (e, w) kavomoiel Tny 16idtnta (7).

Anédegn: Eow ¢ gpayuévn ouveyhc ouvdptnon oto (0, 4+00). Tedgovue ¢ yo
v 0w xon Y€TovuEe

+0o0 +oo
Iy = / e 0@y you I = / ew(y)_ydy.
0 0
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[ xde ¢ € (0,1) opllovue x(t) xon y(t) and e oyéoels
(t) y(t)
/ e @)= dr = t1y xou / ew(y)*ydy =tl.
0 0

Ané Tic mopandve oyéoeig gaiveton 6t ou x(t), y(t) elvan mopaywylowee, we

(1) = Te? T s /(1) = [e PO+

Eyouue
Y(y(t) = ;g£{¢(y)+w(y(t)—y)}
< B + wly(t) - 2(0).
Apo,
Y (t) > Le 9wt s,
O¢woupe
(0= 2000 w0 - e,
oTtHTE
2 = ZOEYO ) - a(e) ') - 2 0)

2

EOxola ehéyyouvue 6t [WW'| < 1/2 oto R, dpa 1 2(t) elvar awd€ovoa.
TCedypouue x,y avtl twv x(t),y(t). Xenowonoldvtag tThy ovobtna

1
3 (ua+2) > Vuv, wu,v,a6>0
a

ue a = exp(¢(x)), nolpvovue

d(z)

(1—2W'(y — 2))Tpe"
> V1—4(W'(y —z))2\/ I L e@+V/2=Wly=2)/2

= V1—aW'(y — 2))2\/IoL; e +¥)/2=Wy=2) W (y—2)/2
= 1—4(W'(y —x))2/ToL DV v=2)/2,

(1)

v

+ (14 2W'(y — z))[e WV v—2)+y

Ioyvelowog: I xdde s,

(1—4(W'(s))?) e > 1.
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Arndde&n tov woxvpiopov: Apod n W elvan dptia, apxel vor amodetEovue tny aviedtnta
vy s > 0. ¥to [2,4+00) éyovue W' (s) = 2/9 xou n W elvon adZovoa. Av hotndv 7
aviloéTnTa Loy Vet Yo s = 2, téTE Yo Loylet yio xdde s > 2. Zntdue

(1-4(2/9)%) e > 1

f, 10odlvoya, e¥/? > 81/65. H teleutaio avobtnto toyler Yot

‘ 2 1/2\° 101 _ 81
o5y 2y L () J o 8L
“ =z +9+2<9> 81~ 65

T s € [0,2] éxouue W (s) = s/9, ondte {ndue v e /18 < 1 — 45%/81. Apxet
Aourtov va Set&ouue 6Tl 1 cuvdpTnoN

nadpver un opvtixée Tiwéc oto [0,4]. Mopaywyilovtac PAémouvue dtu 1 f elvar xolkn,
dpo aipxel vo eZetdoouue Tic Twée f(0) xou f(4). Ouwe, f(0) =0 xou n f(4) >0
ebvan 1ood0voun ue Ty e2/? > 81/65 1 onola, 6nwe etdaue, woyleL. o

Ané tov Loyuploud ol THY TEONYOUUEVT] AVIGOTITO CUUTERAVOUUE OTL
/ z(t)
z (t) Z [0[16 5

dipat
(—efz(“)' > /IoI,.

Ohoxinpdvovtag oo [0, 1] xon ypnowtonowdvtas 1o yeyovos 6t z(0) = 0, nalpvouyue

1
1> =0 _g=200) = / (_e—z<t>)’dt > /oI,
0

</ ed’DWdue) </ e_¢due> =1y <1.
0 0

Aol n ¢ Arav Tuyoloa, T (e, W) éxer Ty Wibtnra (7). O

Anhody,

OewpolUE TOPA TNV CLUUETELXY EXGVIL Ul TOU pe 010 (—00,0), UE TUXVOTNTA
Y X(=00,0) (7)€", Abyw ovuuetplag, to (g, W) éyel v Wiétnra (7). Av & elvon
70 extdeTtnd wétpo mavdétnTag oto R ue muxvétnTa TNV %e_m, elxo o ENEYYOLUE
ot

§ = e * ,Ufé-
Ané 1o Afupa 4.1.2, o Leuydpl (£, WOW) éxer v Wbt (7). Ialpvoviag ur’
o tov optoud e W, BAénovue ot n U := WOW divetar amd tnv

[ t2/36, [t| <4
vt = {2(|t| Zoy0, i) > 4
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OewpolUE TP TO UETPO YWOUEVD &, = Q- --® & (n gopés) otov R”. Av oploouue
v owvdptnon U, : R* — R ue

Un(@1,. . 20) = »_Ulzi),
i=1

0 Afjupo 4.1.1 yag divel 1o e€rg anotéheoua.
Oewpnua 4.2.1 To Levydpr (&, Up) éxer tnv 1didtnra (1) otov R™. O

Ané 10 Oewpnua 4.2.1 xon and v llpdtacn 4.1.1 éneton ott yia xdde YeTproLUO
A CR™ xou xdde t > 0,

1 —t

Ané tov oploud e Uy, xon Ty (*) mpoxOnteL 1 oxdhoudn npoceyYLoTix avieotnta
tou Talagrand yia 10 &,:

Ocwpnua 4.2.2 I'a kdle perprioypo A C R™ xar kdOe t > 0,

En(z ¢ A+ 6VEBY + 9tBY) <

£n(4)
Anodderdn: Apxel va del€ouue ot
{U, <t} C 6VtBY + 9tBY.

‘Eoww & € R” ue Up(z) < t. Opillovue y xau z otov R™ we eZhc: y; = @; av |z < 4
xor Yy = 0 oS, 2 = o av 23] > 4 xou z; = 0 odwde. TTpogavade,

T=y+z.

[Mopatneodue ot

ly|? = Z z7 =36 Z U(z;) < Up(z) < 36t,
{islz <4} {islzr1<4}

dpa y € 6vtBY. Enlong, av |z;] > 4, t6te

2 2 T .
Ue) = 3l -2 2 5 (Jal - 21) = 12,

dipot
Izl = Y =l <9 D Ulw) < 9Un(x) <9
{i:|w:|>4} {i:]zs| >4}
dnrad”, z € 9tBY. |



4.3 H 8uotnTa (7) oT0 Yhpeo tou Gauss

’ sz ’ 4 1 —2z2/2
Eotw v 10 tumixd uétpo mdavotnrag Tou Gauss oto R, ue nuxvétnto Ty Words /

AU Yp =Y ® - ® 7y T0 UETPO YLVOUEVO ooV R™.
Ocdpnua 4.3.1 To Levydpt (vn,|z|?/4) éxer Tnv 1didTna (7).

AnddelEn: And o Afupa4.1.1, apxel va detfouue ott o (77, 22 /4) éxet Ty WBLdTa
(1) oto R Mnopel xavelc va ddoer anddetln autod Tou WoyUptouol Tapduota Ue
authy g Hpdtaone 4.2.1. Ou ddoouue duws ancevieiac anddelln ¥ENoULOTOLWOYTIG
v avioétnta Prékopa-Leindler.

'Eotw ¢ gparyuévn uetphowun ouvdptnon otov R™. Opllovue w(y) = |y|*/4 xou
Y = ¢0Ow. Av

|z
2

TOTE EUXONAL EAEYYOUUE OTL

B <w+y> < f@) +9(y)

_ 2P

f@ = 0@ + 2L o) = v+ W e = EL

2 2
Apa,
2
</ e_f(w)da:> </ e_g(”)da:> < </ e_h(z)da:> .
Anhadn,
(/ e_¢d7n> </ 6¢Dwd7n> <1
oL elvon t0 {NTovUEVO. O

Yav eapuoyh tou Oewphuatog 4.3.1 nalpvovue wior aviootnta tou Pisier yio tny
ouyxévtpworn Twv Lipschitz cuvapticewy we Tpog T0 YETEo vy,.

Ocwpnua 4.3.2 Eow f : R* — R Lipschitz ovvdptnon pe otalepd 1, kat éoww
X,Y avebdptnra tuyaia davvopata pe katavoun to vy La kdle t > 0 wyve

e (wp (IO TON) o

AnédelEn: Oewpolue v w(y) = |y|*/4 xou opilovue

_t
V2

Ow

(5

‘Eotww z € R® xau y € R® tétow0 dote



Tére, apod || fllip < 1,

v > L Ly Y
tf(x) 82
=N “;%RZ‘T}
_ tfe) £
- 9L

Ané 1o Oedpnua 4.3.1,

(Joo) () 1

XpNnoLomoLWVTAC TNV TEONYOUUEYY avGOTr T TolpvouUE

/etf/\/id’)/n : /e_tf/ﬂd’)/n < et2/2:
dnhadn

E (exp(w)> < 22 O

V2

IIopiopa 4.3.1 Av n f: R* = R elvar ovvdptnon Lipschitz je || fllnip < 1, tdte
v (x : ‘f(m) —/ fd’y‘ > s> < 2e=5"/4

Andden: ‘Eotww t > 0. And 1o Oedpnua 4.3.2 xar tnyv avioétnta Tou Jensen,

yia kdOe s > 0.

B (expl (7 B <2

7
Apa, yia xdde s > 0
t? ts
: —Ef >s5) < ——— .
Vs @) B > 9 <o (5 - )

EXayotonoudvtag wg mpog t xon axohoudwvrog Ty (S Stadixactia yio tny — f mode-
vouue to {nroluevo. |

‘Onwe €yovue det oto Kepdiowo 1, n avicdtnta tou [opiouatog 4.3.1 exppdlet,
1oodOvaua, TY cUYXEVTPWON Tou UEtpou otov (R™, |- |, vy,).

Avagopéc. To vAxd avtod tou Kegahaiov Bacileton otny epyacio tou Maurey
[Ma2]. To Oetpnua 4.2.2 anodelydnxe apyxd and tov Talagrand [T3] ue molbmhoxo
tp6m0. To Oedpnuo 4.3.2 anodelydnxe apyxd and tov Pisier [Pil].
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Ke:cpo’c)\ou.o 5

Aoyocp!.ﬂw. xv'] ocw.o(')‘cv]‘coc
Sobolev

5.1 H Aoyapiduixn avicotnta Sobolev

‘Eoww E = (R", || ||) évoc nenepaopévng dtdotaong ywpeoc Ue vopua xou éotw E* =
(R™, ] - |l+) o duixde tou ydpoc. Oewpolue éva Uétpo mbavétniac u ctov E ue
ouvdptnon tuxvétnroe Ty e~V (@) énou V(z) xupth cuvdptnon oplouévr ot éval
avolytd xuptéd unoclvoro 1 tou E. Emmiéov, urodétouue 6tL undpyel otodepd
¢ > 0 térola dote: yia xdde s,t > 0 e s+t = 1 xou xdde z,y € Q2 Loybet

V(@) + 5V () = Vitw +sy) > Sl =yl
‘Eow f € C*(Q). H evtponio tne f? w¢ mpoc o p oplleTon we elnc:
Ent,(f*) = /f2 log f2du — /fzdu-log/fzdu.
Oo anodetéovue Ty e€hg aviodTnTaL.
Ocewpnua 5.1.1 Ia kdde f € C*(Q),

. 2 .
Bat (%) <2 [ 19 fIdn

Andédel&n: Mnopolue vo Héoouue f2 = €9 6mou g € Cp°(Q), Snhadh n g éxel
ouunayt) @opéa oo {1 xan QeayuUEves uepuxég mapaydyous. Eotw t,s > 0 ue ¢ +
s = 1. Bewpolue Tic ouvapthoec u(z) = eI@/1=V@) y(y) = eV xo w(z) =
e9()=V(2) 4roy

9¢(2) = sup{g(z) — [tV (x) + sV(y) = V(tz + sy)] : 2 = tw + sy, z,y € Q}.
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Ot ouvaptnoe u, v, w : R* — RT elvor uetpriowec. Enlong, av z = tz + sy woyvet:
w(z) > u(t)u(y)®. Mpdyuot:

ut(:c)vs(y) = @)tV (z)—sV(y)

—  ed@)—tV(x)=sV(y)

— 9@ =[tV(2)+sV(y) =V (tz+sy)| -V (tz+sy)

< SUWPimtatsyia,yealg(@) [V (2)+sV (y) —V (ko t+sy)]} -V (to+sy)

= w(z).

Egopudlovtog tnv avicétnta Prékopa -Leindler éyouue:

/egtd,u = /69‘(2)7V(Z)da:
t s
</ eg(w)/tvmdw) </ evm)
t
= </ eg/td,u> .

Avanticoovtag to de&ud uéhog YOpw and to t = 1 talpvouue

(/ eg/td,u>t - /egdu + sEnt,(¢9) + O(s?).

Mpdyuatt, éotw h(t) = ([ e9/tdu)t = etlog J e/ du e,

h(t) = h(1) + K/ (1)(t — 1) + O((t — 1)*) = h(1) — K'(1)s + O(s?).

t g d
() = 9/tq 1 /"’”d _ Jetodp
we) (/e ”) <Og T Tesdn )

dpor h'(1) = —Ent,(e9) ondte éyouue t0 {nroduevo.
[epvdue topa oto aplotepd uéhoc. Ao tny unddeon,

v

Ouwce,

g(x) = [tV (z) + sV (y) = V(tz + sy)] < g(z) - ?Ilw —yll*

v xdde z,y € . And tov oploud e gr EmeTon 6Tl

ctslle — yll*

5 1z =tx + sy, z,y € Q}.

gi(z) < sup{g(x) —

Ano v z =tz +sy épovpe z—y =tz +sy—y =te— (1 —s)y =tz —ty = t(r—y),
dpoo x —y = +(z —y). Enlong tw = 2z — sy = tz + sz — sy = tz + s(z — ), dpa

z=z+ L9 Ay doirdy Véoovue h =2z —y xun = 3, t6te

t
en||h|?
912) < sup{g(z +h) — Ty,
heE
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Ioyveiomog. And to Jewpnua tou Taylor,
9(z +nh) = g(2) + 1(Vg(2), h) + n*O(||hl),
omov O([|h]]?) < C||h||* xou n C elvor aveZdptnTn ToUL 2.

Anddelln: Oétouue w = nh xor Yewpodue T0 UTOAOLTO

n 1 82
Ri(w,z0) = Z /0 (1- t)aTagm(zo + tw)w;w;dt
i,j=1 v
1 n 82
= / Z (1- t)iamagw' (20 + tw)w;w;dt
0 ;=1 Ll
1

= /(1—t)(AZO+tww,w>dt.
0

O A.ottw : R* = R”® elvon tedeotiic ue mivaxa tnv Eootavh tng g. And 1o yeyovog
OTL 1) g EXEL PPAYUEVEC UEPLXEC TIHPAYWYOUS, EAEYYOUUE EUXOA OTL
2

200 < — <
g 05 = 51 S Vimax 3 e )] <

onou M otadepd aveEdptntn and to 2 + tw. ‘Apa,

1
Rawizo)l = | [ (0= 0w, w)d
0
1
< [ =00, u
0
1
< [ Mssrlelolad
0
< Mr?|wl”.
6mouv r = || : E — €3]|. Oétovtac C = Mr? éyovue anodeliel Tov LoyupLoud. O

XpNnoLIOTOLWVTAC TOV LoYUPLOUGS YESPOUUE
c
ge(2) < sup{g(2) +n(Vyg(2), h) + n* O(IRI*) - gIIhIIQ}
c
= g(2) +nsup{(Vyg(2),h > (5 = nO)|[A[*}-

Kd&de h € R* ypdgpeton ot uopph b = Ae 6mov A > 0 xou ||e|| = 1. "Apa, av Yécouvue
0=c—2nC,

9(x) < g(=)+msup sup {\Vg(2),¢) = (5 = 1)’}

A0 lef|=1

/\2
= 9:(2) < g(2) +nsup{A[[Vg(2)|lx — 0= : A > 0}
_ IVg()Il?
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EOxola eNéyyouue ot

o0 2 £

xa apol N vopua ||Vg(2)||« elvan ouotbuopga gporyuévn nalpvouue

n 2 _ N 2 2
5 IV = 5 [IVa (Il + O(").

Apa,

9:(2) < g(=) + 5LV g(2)2 + OGr).
Ano tno tou Taylor yio ty @ — €” o0 & €youue

e = et + ety —a) + O((y — 2)?).
Apa,
9+ 2= 1Va(2)I2+0(n?)

e9() 4 eg(z>2ic||v9(z)||£ +0(7%).

e9t(2)

ININ

Enopévac,

[eom < [eOaur L [19ge)Ee O [ 06

/eg(z>du+%/IIVg(Z)IIfeg(Z)du+0(ﬂ2)-

And v avicéTTa (feg/td,u)t < [edtdp xou o avamtOyUoTo TOU TEPLYP&poUE,
TEOXUTTEL 1)

sEnt,(e0) < I [ [Vgletdu+0(s2)
dipot

Bnt, (@) < 5o | IValEerdn-+ 0(o).
ITofpvovtoc s = 0 xaTahfyouue oTny
(%) Ent, (e%) < % / IVgle?dp.

Ané v f = e9/2 Brénouue 6T 2V f = e9/2V g, dpa 4|V f]|? = e9]|g]|>. Emotpépov-
Tag oty (*) modpvouue

Ent () = Bnty(e") < oo [ 4171Pdu=> [ IV7lPdu. O
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5.2 Egoapuoyveég otov ywpo tou Gauss

Ye authv v mopdypagpo Yo dodue dVo eapuoyéc Tne Aoyopuduixhc aviodTnTog
Sobolev. H mpwtn elvon 1 avicdtnta Tou Poincaré:

Oceopnua 5.2.1 Eotw v, 1o tunikd pétpo Gauss otov R™. Av o1 f kai |V f| elvar
OAOKANPOLLES, TOTE

2
2y, — dvn 2dy,,.
Rnf y </Rnf7> S/Rnlvfl y

Anodedn: ‘Eotw ot éyovue dellel v aviobdtnta

f2d7n < / |vf|2d7n
R™ R™

Yo cuvapThHoeE; f Ue TNV emmAéov WidTnTa
fdy =0.
Rn

(dnhadh 6L €yovue o Oedpnua YU auTAV TNV utoxAdon). Téte, yio tuyoloo f
Vétovtac h = f — [5. fdyn éxovue [, hdy, = 0. Apa,

[0 L) oue [ )

2
2y, — dvm 2dy,,.
Rnf y </Rnf7> S/Rnlvfl y

Emednd n aviodtnta elvar ouoyevig, unopolue enione va unodécovue ot

2

dyn,

Srihad

fdy, = 1.
R’n

Egopudlovue v Aoyoprduw avicdtntor Sobolev yiot tnv 1 4+ ef ue € > 0 uixpd:
"Eyouue

/n(l +ef)?log(1 + e f)dy, — %/n(1+af)zlog </n(1+sf)2> dyn,

<o / IV Py
Rn
dnhadn
52f2
2

/n(1+2sf+s2f2) (:—:f— +0(s3)> dn
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1
5 [asereeo( [ averee))an<e [ vt
n R» :3
Iood0vaua,

{ef - 622f2 + 26?2 + O(e°) }dyn —%/ (14 2ef +%f?)
Rn

n

x log (1 +2 | f+ 82/ f2> dvy, < 52/ |V f12dyn,
R’". n R’".
dInhadn

2 1 . .
—% +2e2 +0(e?) — 3 / (14 2ef + 2 f?)dy, log(1 + €2) < 82/ IV fll3dvn
n Rn

dInhody
_3—;2 +0(®) — % /n(l +2ef +2f?)(e* + O(e®))dy, < &* /Rn IV £ [2dn.
Iood0vaua,
—% +0(e%) - %(/nst +28%f + e f2 4+ 0(e%))dy < & /R IV f[2dm,
Inhadn
dInhody
3_;2 _ (1+52)a2 <2 /Rn IV f2dyn + O(%)
dInhadn

2

1-5 < [ IViPdn+00).
2 Rn
[afpvovtag € = 0 BAémouye 6T
Pan=1< [ [ViFd,.
Rn Rn

Autd ohoxhnpddver Ty anddelln. O

H debtepn eqapuoyt elvon n aviodtnta cuyxévtpwong yia To Uétpo tou Gauss.

Oedpnua 5.2.2 Av i f: R* — R elvar ovvdptnon Lipschitz pe || f||nip < 1, tdre
~y (x : ‘f(x) —/ fdy‘ > r> < 2~ /2,
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To Oedpnua 5.2.2 npoxintel and tnv &g lpdtaom.

Ilpétaom 5.2.1 Av n F : R — R elvar ovvdptnon Lipschitz pe ||F||pip < 1 kat
av [o. Fdy, =0, téte yra kdde X > 0,

/ e)\Fd,y < eA’/2

Anédergn: 'Eotw F ue [o, F =0 xou |[|F||lLiyp < 1. Oétovue f2 = ', ondre

ANMVE  AeMVF _ éeAFmVF.

VIi= %5 = %awz =3

Ané v Aoyaprduw aviodtnta Sobolev yia v f €youue

F 1 2
/ eAF%dy - 5/ M dylog </ e>‘Fd’y> < / %eAF|VF|2d7
n n n Rn

Ouwg |VF| <1, dpa
/ M|\ VF|2dy S/ eMdy

xou o oploouvue

H(\) = / ) eMdy

1 TOEATEVL avlooTrTaL YiveTon:
2

A, 1 A
SH'(N) = SHW) log HO\) < -H(N).

Iood0vaua,
AH'(A) — H(A\)log H()) <

1
N2 H()) 2

Eav %éoovue k(\) = w €youue
CAH'(\) — H(\) log H(\)

E' (A
9 A2H (X) ’
dpa k' (A) < 3. Iopatnpolyue ot
/ AF g
o 0N T e
A—0 A A=0 H(A)  a—o [, eMdy

S lima_o e Fdy
Jon limy_y eXMdy

= Fdy=0.
R’n
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Mrnopolue hotndv va enextelvovue tov optoud e k 9€tovtac £(0) = 0. And v

k'(X) < 3 éyouue

1 A

< P

k(M) < k(0) + 2)\ 5
/ eAFd’y < e>‘2/2. O

Anodeln touv Oewpruatog 5.2.2: 'Eotww f ouvdptnon Lipschitz ue otodepd
I fllip < 1. Ocwpobue tnv F = f — [ fdy. Téte, [ Fdy =0 xo

|F(z) = F(y)l = [f (@) = FW)] < [Iflziple —yl < o —yl.

Apat ||Fl|lnip < 1. Ané v Hpdtaon 5.2.1 éyovue

/ e}\Fd,Y < 6)\2/2.
Apa,

Myfe i F@ 2 = [ My [ iy <
{F>r} Rn

Anhadn, yio xdde A > 0,

y({oesor- [ gmsr}) st
Y ({w f(@) —/fdyZ }) <o,

Axorouvddvtag Ty B dtadwaciar yia vy — f BAémovue ot
v <{fv : —f(x) +/fd7 > r}) <e /2

’y(:c: ‘f(:c)—/fd’y‘ 27") §2€7r2/2. O

[ A = r nadpvouue

Avagopég. To Oedpnua 5.1.1 anodelydnxe npdopata and toug Bobkov xou Ledoux
[BL]. Ov egapuoyéc tne Hapaypdgou 5.2 elvan xhaowxés (Bhene [Led]).
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