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Kef�laio 1Proseggistikè
isoperimetrikè
 anisìthte

1.1 Proseggistikè
 isoperimetrikè
 anisìthte
'Estw (X;A; �) q¸ro
 pijanìthta
, ìpou A e�nai h Borel �-�lgebra w
 pro
 dedo-mènh metrik  d ston X . Lème ìti h tetr�da (X;A; �; d) e�nai èna
 metrikì
 q¸ro
pijanìthta
.Se k�je metrikì q¸ro pijanìthta
 mporoÔme na diatup¸soume to isoperime-trikì prìblhma:Gia dosmèna 0 < � < 1 kai t > 0, na breje� toinff�(At) : A 2 A; �(A) = �gkai na brejoÔn ta sÔnola A gia ta opo�a pi�netai autì to in�mum.Sto parap�nw er¸thma, me At sumbol�zoume thn t-perioq  tou A:At = fx 2 X : d(x;A) � tg:Sti
 epìmene
 paragr�fou
 autoÔ tou kefala�ou ja suzht soume merikè
 qarakth-ristikè
 peript¸sei
 isoperimetrik¸n problhm�twn gia ta opo�a h akrib 
 ap�nthshe�nai gnwst . Gia poll� �lla isoperimetrik� probl mata pou èqoun shmantikè
efarmogè
, k�ti tètoio den e�nai dunatì. M�a asjenèsterh ap�nthsh ìmw
 e�naiex�sou qr simh: ant� na broÔme thn akrib  tim  tou in�mum e�nai arketì na gnw-r�zoume èna kalì k�tw fr�gma gia to �(At) me thn upìjesh ìti �(A) = �.Ja lème ìti èna tètoio fr�gma lÔnei to sugkekrimèno isoperimetrikì prìblhma{kat� prosèggish} an h ekt�mhsh pou d�nei e�nai bèltisth me thn exa�resh k�poiwn7



apìlutwn stajer¸n sti
 {kat�llhle
 jèsei
}. Oi anisìthte
 pou epitugq�noun tè-toie
 kat� prosèggish lÔsei
 lègontai proseggistikè
 isoperimetrikè
 ani-sìthte
.Sthn epìmenh par�grafo ja suzht soume thn anisìthta twn Pr�ekopa kai Leind-ler. H anisìthta aut  e�nai m�a sunarthsiak  èkdosh th
 anisìthta
 Brunn - Min-kowski kai sqet�zetai �mesa me thn klasik  isoperimetrik  anisìthta ston Eukle�-deio q¸ro. Qrhsimopoi¸nta
 thn ja d¸soume apl  kai pl rh apìdeixh proseg-gistik¸n isoperimetrik¸n anisot twn gia th sfa�ra kai gia to mètro tou Gauss.Tèlo
, san eisagwg  sto kÔrio jèma aut 
 th
 ergas�a
, suzht�me thn proseggi-stik  isoperimetrik  anisìthta gia to summetrikì mètro pijanìthta
 sti
 korufè
tou kÔbou.1.2 H anisìthta twn Pr�ekopa kai LeindlerH anisìthta twn Pr�ekopa kai Leindler e�nai h gen�keush th
 anisìthta
 Brunn-Minkowski (thn opo�a ja suzht soume parak�tw) sto pla�sio twn metr simwn je-tik¸n sunart sewn.Je¸rhma 1.2.1 'Estw f; g; h : Rn ! R+ tre�
 metr sime
 sunart sei
 kai � 2(0; 1). Upojètoume ìti oi f kai g e�nai oloklhr¸sime
 kai ìti gia k�je x; y 2 Rn(1) h(�x+ (1� �)y) � f(x)�g(y)1��:Tìte, ZRn h � �ZRn f�� �ZRn g�1�� :Apìdeixh: Ja de�xoume thn anisìthta me epagwg  w
 pro
 thn di�stash n.(a) n = 1: MporoÔme na upojèsoume ìti oi f kai g e�nai suneqe�
 kai gn sia jetikè
.H apìdeixh pou ja d¸soume bas�zetai sthn idèa th
 metafor�
 tou mètrou.Or�zoume x; y : (0; 1)! R mèsw twnZ x(t)�1 f = t Z f ; Z y(t)�1 g = t Z g:SÔmfwna me ti
 upojèsei
 ma
 oi x; y e�nai paragwg�sime
, kai gia k�je t 2 (0; 1)èqoume x0(t)f(x(t)) = Z f ; y0(t)g(y(t)) = Z g:Or�zoume z : (0; 1)! R me z(t) = �x(t) + (1� �)y(t):8



Oi x kai y e�nai gn sia aÔxouse
. Epomènw
, h z e�nai ki aut  gn sia aÔxousa. Apìthn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou,z0(t) = �x0(t) + (1� �)y0(t) � (x0(t))�(y0(t))1��:MporoÔme loipìn na ektim soume to olokl rwma th
 h k�nonta
 thn allag  me-tablht¸n s = z(t):Z h = Z 10 h(z(t))z0(t)dt� Z 10 h(�x(t) + (1� �)y(t))(x0(t))�(y0(t))1��dt� Z 10 f�(x(t))g1��(y(t))� R ff(x(t))��� R gg(y(t))�1�� dt= �Z f�� �Z g�1�� :(b) Epagwgikì b ma: Upojètoume ìti n � 2 kai ìti to Je¸rhma èqei apo-deiqje� gia k 2 f1; : : : ; n � 1g. 'Estw f; g; h ìpw
 sto Je¸rhma. Gia k�je s 2 Ror�zoume hs : Rn�1 ! R+ me hs(w) = h(w; s), kai me an�logo trìpo or�zoumefs; gs : Rn�1 ! R+ . Apì thn (1) èpetai ìti, an x; y 2 Rn�1 kai s0; s1 2 R tìteh�s1+(1��)s0(�x + (1� �)y) � fs1(x)�gs0(y)1��;kai h epagwgik  upìjesh ma
 d�neiH(�s1 + (1� �)s0) := ZRn�1 h�s1+(1��)s0� �ZRn�1 fs1���ZRn�1 gs0�1�� =: F �(s1)G1��(s0):Efarmìzonta
 t¸ra xan� thn epagwgik  upìjesh gia n = 1 sti
 sunart sei
 F;Gkai H , pa�rnoumeZ h = ZRH � �ZRF���ZRG�1�� = �Z f���Z g�1�� : 21.3 H anisìthta Brunn-MinkowskiH anisìthta Brunn-Minkowski sundèei to �jroisma Minkowski me ton ìgko stonRn : 9



Je¸rhma 1.3.1 'Estw K kai T dÔo mh ken� sumpag  uposÔnola tou Rn . Tìte,(1) jK + T j1=n � jKj1=n + jT j1=n:Parathr sei
. Sthn per�ptwsh pou ta K kai T e�nai kurt� s¸mata, isìthta sthn(1) mpore� na isqÔei mìno an ta K kai T e�nai omoiojetik�.H (1) ekfr�zei me m�a ènnoia to gegonì
 ìti o ìgko
 e�nai ko�lh sun�rthshw
 pro
 thn prìsjesh kat� Minkowski. Gia to lìgo autì suqn� gr�fetai sthnakìloujh morf : An K;T e�nai mh ken� sumpag  uposÔnola tou Rn kai � 2 (0; 1),tìte(2) j�K + (1� �)T j1=n � �jKj1=n + (1� �)jT j1=n:Qrhsimopoi¸nta
 thn (2) kai thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou, mpo-roÔme akìma na gr�youme:(3) j�K + (1� �)T j � jKj�jT j1��:H asjenèsterh aut  morf  th
 anisìthta
 Brunn-Minkowski èqei to pleonèkthmaìti e�nai anex�rthth th
 di�stash
.Apìdeixh tou Jewr mato
 1.3.1: 'Estw K;T sumpag  mh ken� uposÔnola touRn , kai � 2 (0; 1). Or�zoume f = �K , g = �T , kai h = ��K+(1��)T . EÔkolaelègqoume ìti ikanopoioÔntai oi upojèsei
 tou Jewr mato
 1.2.1. Pr�gmati, anx =2 K   y =2 T tìte h(�x+ (1� �)y) � 0 = [f(x)℄�[g(y)℄1��;en¸ an x 2 K kai y 2 T tìte �x + (1� �)y 2 �K + (1� �)T , �rah(�x+ (1� �)y) = 1 = [f(x)℄�[g(y)℄1��:Efarmìzonta
 thn anisìthta Pr�ekopa-Leindler pa�rnoumej�K + (1� �)T j = Z h � �Z f�� �Z g�1�� = jKj�jT j1��:Autì apodeiknÔei thn (3) gia k�je tri�da K;T; �. Gia na p�roume thn (1) jewroÔmeK kai T ìpw
 sto Je¸rhma 1.3.1 (me jKj > 0 kai jT j > 0, alli¸
 den èqoume t�potana de�xoume), kai or�zoumeK1 = jKj�1=nK ; T1 = jT j�1=nT ; � = jKj1=njKj1=n + jT j1=n :Ta K1 kai T1 èqoun ìgko 1, opìte apì thn (3) pa�rnoume(4) j�K1 + (1� �)T1j � 1:10



Omw
, �K1 + (1� �)T1 = K + TjKj1=n + jT j1=n ;epomènw
 h (4) pa�rnei thn morf jK + T j � �jKj1=n + jT j1=n�n : 2Orismì
. An A mh kenì sumpagè
 uposÔnolo tou Rn , h epif�neia �(A) tou Aor�zetai apì thn �(A) = lim inft!0+ jAtj � jAjt :H isoperimetrik  anisìthta gia ton Eukle�deio q¸ro e�nai h ex 
 prìtash.Prìtash 1.3.1 An A e�nai mh kenì sumpagè
 uposÔnolo tou Rn , tìte�(A) � njAj(n�1)=njBj1=n;ìpou B h Eukle�deia monadia�a mp�la.Apìdeixh: ParathroÔme ìti At = A+tB. Qrhsimopoi¸nta
 thn anisìthta Brunn-Minkowski gr�foumejAtj � jAjt = jA+ tBj � jAjt � �jAj1=n + jtBj1=n�n � jAjt= jAj+ ntjAj(n�1)=njBj1=n +O(t2)� jAjt= njAj(n�1)=njBj1=n +O(t);kai pa�rnonta
 to ìrio kaj¸
 t! 0+ blèpoume ìtilim inft!0+ jAtj � jAjt � njAj(n�1)=njBj1=n:Apì ton orismì th
 epif�neia
 èpetai h Prìtash. 2Pìrisma 1.3.1 'Estw A mh kenì sumpagè
 uposÔnolo tou Rn kai r > 0 tètoio
¸ste jAj = jrBj. Tìte, �(A) � �(rB):Apìdeixh: Apì ton orismì th
 epif�neia
 blèpoume eÔkola ìti �(rB) = nrn�1jBj.Apì thn Prìtash 1.3.1,�(A) � njAj(n�1)=njBj1=n = nrn�1jBj = �(rB): 2Apì ìla ta mh ken� sumpag  uposÔnola tou Eukle�deiou q¸rou pou èqoundedomèno ìgko, h mp�la èqei thn mikrìterh epif�neia. Sthn pragmatikìthta, an kaied¸ den èqoume metrikì q¸ro pijanìthta
, h mp�la e�nai h lÔsh tou isoperimetrikoÔprobl mato
 me thn ènnoia th
 x1.1: 11



Prìtash 1.3.2 An jAj = jBj tìte jAtj � jBtj gia k�je t > 0.Apìdeixh: H apìdeixh e�nai apl  sunèpeia th
 anisìthta
 Brunn-Minkowski: èqou-me jA+ tBj1=n � jAj1=n + jtBj1=n = jAj1=n + tjBj1=n= (1 + t)jBj1=n = jB + tBj1=n;ap� ìpou èpetai to zhtoÔmeno. 2Dhlad , h mp�la e�nai lÔsh tou isoperimetrikoÔ probl mato
 me thn piì isqur ènnoia.1.4 H isoperimetrik  anisìthta sth sfa�raJewroÔme th monadia�a sfa�ra Sn�1 ston Rn efodiasmènh me thn gewdaisiak metrik  �: h apìstash �(x; y) dÔo shme�wn x; y 2 Sn�1 e�nai h kurt  gwn�a xoy stoep�pedo pou or�zetai apì thn arq  twn axìnwn o kai ta x; y. H Sn�1 g�netai q¸ro
pijanìthta
 me to monadikì anallo�wto w
 pro
 strofè
 mètro � to opo�o metr�eito posostì th
 epif�neia
 th
 sfa�ra
 pou katalamb�nei k�je Borel A � Sn�1.E�nai eÔkolo na de� kane�
 ìti an �(x; y) = � tìte(1) jx� yj = 2 sin �2 ;sunep¸
 h gewdaisiak  kai h Eukle�deia apìstash twn x; y 2 Sn�1 sugkr�nontaimèsw th
(2) 2� �(x; y) � jx� yj � �(x; y):To isoperimetrikì prìblhma sth sfa�ra diatup¸netai w
 ex 
:D�nontai � 2 (0; 1) kai t > 0. An�mesa se ìla ta uposÔnola A th
sfa�ra
 gi� ta opo�a �(A) = �, na brejoÔn eke�na gi� ta opo�a elaqi-stopoie�tai h epif�neia �(At) th
 t-perioq 
 tou A.H ap�nthsh d�netai apì to akìloujo je¸rhma:Isoperimetrik  anisìthta sth sfa�ra. 'Estw � 2 (0; 1) kai B(x; r) mi� mp�lasthn Sn�1 me akt�na r > 0 tètoia ¸ste �(B(x; r)) = �. Tìte, gi� k�je A � Sn�1me �(A) = � kai k�je t > 0 èqoume(3) �(At) � �(B(x; r)t) = �(B(x; r + t)):Dhlad , gi� opoiod pote dosmèno mètro � kai opoiod pote t > 0 oi mp�le
mètrou � d�noun th lÔsh tou isoperimetrikoÔ probl mato
.12



H apìdeixh th
 isoperimetrik 
 anisìthta
 g�netai me sfairik  summetriko-po�hsh kai epagwg  w
 pro
 thn di�stash. A
 jewr soume thn eidik  per�ptwsh� = 1=2. An �(A) = 1=2 kai t > 0, tìte mporoÔme na ektim soume to mègejo
 touAt qrhsimopoi¸nta
 thn isoperimetrik  anisìthta:(4) �(At) � � �B(x; �2 + t)�gi� k�je t > 0 kai x 2 Sn�1. H (4) odhge� sthn akìloujh anisìthta:Je¸rhma 1.4.1 'Estw A � Sn+1 me �(A) = 1=2 kai èstw t > 0. Tìte,(5) �(At) � 1�p�=8 exp(�t2n=2):Apìdeixh: Lìgw th
 (4), arke� na fr�xoume apì k�tw to � �B(x; �2 + t)�. 'Epetaiìti(6) � �B(x; �2 + t)� = R �2+t0 sinn �d�R �0 sinn �d� ;opìte jètonta
 h(t; n) = 1� � �B(x; �2 + t)�, zht�me �nw fr�gma gi� thn(7) h(t; n) = R ��2+t sinn �d�R �0 sinn �d� = R �2t 
osn �d�2In ;ìpou In = R �=20 
osn �d�. K�nonta
 thn allag  metablht 
 s = �pn pa�rnoume(8) h(t; n) = 12pnIn Z �2pntpn 
osn(s=pn)ds:Sugkr�nonta
 ta anaptÔgmata Taylor twn sunart sewn 
os s kai exp(�s2=2) blè-poume ìti(9) 
os s � exp(�s2=2)sto [0; �=2℄, epomènw
 h (8) ma
 d�neih(t; n) � 12pnIn Z �2pntpn e� s22 ds= 12pnIn Z (�2�t)pn0 exp(�(s+ tpn)2=2)ds� exp(�t2n=2)2pnIn Z 10 exp(�s2=2)ds= p�=8pnIn exp(�t2n=2):13



Gi� thn apìdeixh tou jewr mato
 arke� loipìn na doÔme ìti pnIn � 1 gi� k�jen � 1. Gi� to skopì autì parathroÔme ìti apì thn anadromik  sqèsh (n+2)In+2 =(n+ 1)In èpetai ìtipn+ 2In+2 = pn+ 2n+ 1n+ 2In = n+ 1pn+ 2In � pnIn;to opo�o shma�nei ìti arke� na elègxoume ti
I1 = Z �=20 
os�d� = 1 � 1kai p2I2 = p2Z �=20 
os2 �d� = p2�4 � 1:Autì oloklhr¸nei thn apìdeixh th
 (5). 2Parat rhsh. Autì pou èqei shmas�a se sqèsh me thn ekt�mhsh sthn (5) e�naiìti, ìso mikrì t > 0 ki an dialèxoume, h akolouj�a exp(�t2n=2) te�nei sto 0 kaj¸
n ! 1 kai m�lista me polÔ taqÔ rujmì (ekjetik� w
 pro
 n). Epomènw
, toposostì th
 sfa�ra
 pou mènei èxw apì thn t-perioq  opoioud pote uposunìlou Ath
 Sn+1 me �(A) = 1=2 e�nai sqedìn mhdenikì an h di�stash n e�nai arket� meg�lh,osod pote mikrì ki an e�nai to t.H apìdeixh tou Jewr mato
 1.4.1 bas�sthke polÔ isqur� sthn isoperimetrik anisìthta gia th sfa�ra. Gi� ti
 perissìtere
 ìmw
 efarmogè
 pou èqoume sto noÔma
 e�nai arket  mi� anisìthta san thn (5) kai ìqi h akrib 
 lÔsh tou isoperimetri-koÔ probl mato
. Qrhsimopoi¸nta
 thn anisìthta Brunn - Minkowski mporoÔmena d¸soume apl  apìdeixh th
 (5) qwr�
 na per�soume mèsa apì thn isoperimetrik anisìthta. H apìdeixh bas�zetai se èna aplì L mma.L mma 1.4.1 JewroÔme to mètro pijanìthta
 �B me �B(A) = jA \ Bj=jBj gi�k�je Borel A � RN . An A;C � B sumpag , kaiÆ(A;C) := minfja� 
j : a 2 A; 
 2 Cg = � > 0;tìte(10) minf�B(A); �B(C)g � exp(��2n=8):Apìdeixh: JewroÔme to sÔnolo A+C2 . Efarmìzonta
 thn anisìthta Brunn - Min-kowski pa�rnoume jA+C2 j � minfjAj; jCjg. Sunep¸
,(11) �B �A+ C2 � � minf�B(A); �B(C)g:Apì thn �llh pleur�, an a 2 A kai 
 2 C, o kanìna
 tou parallhlogr�mmou d�nei(12) ja+ 
j2 = 2jaj2 + 2j
j2 � ja� 
j2 � 4� �2;14



epomènw
(13) A+ C2 � �1� �24 �1=2 B:Sundu�zonta
 ti
 (11) kai (13) blèpoume ìti(14)minf�B(A); �B(C)g � �1� �24 �n=2 � �exp(��2=4)�n=2 = exp(��2n=8): 2Apìdeixh tou Jewr mato
 1.4.1: 'Estw A � Sn�1 me �(A) = 1=2 kai èstwt > 0. JewroÔme � 2 (0; 1) - to opo�o ja epilèxoume sto tèlo
 - kai ta uposÔnola(15) A1 = f�a : a 2 A; � � � � 1g ; C1 = f�a : a 2 Sn�1nA"; � � � � 1gth
 B. EÔkola elègqoume ìti(16) Æ(A1; C1) � 2� sin "2 � 2�"� :Apì to L mma 1.4.1 sumpera�noume ìti(17) jC1j � exp(�Æ2n=8)jBj � exp��4�2"2�2 n8� jBj:Omw
, jC1j = (1� �n)�(A
")jBj kai sundu�zonta
 me thn (17) blèpoume ìti(18) �(A
") � 11� �n exp���2"2�2 n2� :Epilègonta
 p.q. � = 1=2, katal goume se m�a ekt�mhsh th
 morf 
(19) �(A") � 1� 
1 exp(�
2"2n)ìpou 
1; 
2 > 0 apìlute
 stajerè
, dhlad  thn (5) me thn exa�resh apìlutwn sta-jer¸n se {kat�llhle
 jèsei
}. 21.5 Isoperimetrik  anisìthta ston q¸ro tou GaussSe aut n thn par�grafo, o q¸ro
 pijanìthta
 pou ja melet soume e�nai o 
 = Rnme thn Eukle�deia metrik  j � j kai to mètro pijanìthta
 
n pou èqei puknìthta thnsun�rthsh(1) 
n(x) = (2�)�n=2e�jxj2=2:15



Dhlad , an A e�nai èna mh�kenì uposÔnolo tou Rn , tìte(2) 
n(A) = Prob(x 2 A) = 1(2�)n=2 ZA e�jxj2=2dx:To 
n onom�zetai mètro tou Gauss kai o m. q¸ro
 pijanìthta
 �n = (Rn ; j � j; 
n)q¸ro
 tou Gauss.To mètro tou Gauss èqei dÔo polÔ shmantikè
 idiìthte
: apì th m�a pleur� e�naimètro ginìmeno, piì sugkekrimèna 
n = 
1 
 : : : 
 
1. Apì thn �llh pleur� e�naianallo�wto w
 pro
 orjog¸niou
 metasqhmatismoÔ
: an U 2 O(n) kai A e�nai ènaBorel uposÔnolo tou Rn , tìte
n(U(A)) = 1(2�)n=2 ZU(A) e�jxj2=2dx= j detU j(2�)n=2 ZA e�jUyj2=2dy= 1(2�)n=2 ZA e�jyj2=2dy= 
n(A):H isoperimetrik  anisìthta ston q¸ro tou Gauss e�nai h ex 
.Je¸rhma 1.5.1 'Estw � 2 (0; 1), � 2 Sn�1, kai H = fx 2 Rn : hx; �i � �g èna
hm�qwro
 tou Rn me 
n(H) = �. Tìte, gi� k�je t > 0 kai k�je Borel A � Rn me
n(A) = �, èqoume(3) 
n(At) � 
n(Ht):Pìrisma 1.5.1 An 
n(A) � 1=2, tìte gia k�je t > 0(4) 1� 
n(At) � 12 exp(�t2=2):Apìdeixh: Apì to Je¸rhma 1.5.1 xèroume ìti1� 
n(At) � 1� 
n(Ht)ìpou H hm�qwro
 mètrou 1=2. AfoÔ to 
n e�nai anallo�wto w
 pro
 orjog¸niou
metasqhmatismoÔ
, mporoÔme na upojèsoume ìti H = fx 2 Rn : x1 � 0g, opìteoloklhr¸nonta
 pr¸ta w
 pro
 x2; : : : ; xn blèpoume ìti(5) 1� 
n(Ht) = 1p2� Z 1t e�s2=2ds:Paragwg�zonta
 de�qnoume ìti h sun�rthshF (x) = ex2=2 Z 1x e�s2=2ds16



e�nai fj�nousa sto [0;+1). H F (t) � F (0) se sunduasmì me thn (5) apodeiknÔeithn (4). 2'Opw
 kai sthn per�ptwsh th
 sfa�ra
, h apìdeixh th
 proseggistik 
 isope-rimetrik 
 anisìthta
 (4) qrhsimopoie� isqur� thn isoperimetrik  anisìthta (3).MporoÔme ìmw
 na apode�xoume apeuje�a
 thn proseggistik  isoperimetrik  ani-sìthta gi� ton q¸ro tou Gauss.Je¸rhma 1.5.2 'Estw A mh kenì Borel uposÔnolo tou Rn . Tìte,(6) ZRn ed(x;A)2=4d
n(x) � 1
n(A) ;ìpou d(x;A) = inffjx� yj : y 2 Ag. Epomènw
, an 
n(A) = 1=2 tìte(7) 1� 
n(At) � 2 exp(�t2=4)gi� k�je t > 0.Apìdeixh: Sumbol�zoume me 
n(x) thn sun�rthsh (2�)�n=2 exp(�jxj2=2), kai jew-roÔme ti
 sunart sei
(8) f(x) = ed(x;A)2=4
n(x) ; g(x) = �A(x)
n(x) ; m(x) = 
n(x):Gi� k�je x 2 Rn kai y 2 A èqoume(2�)nf(x)g(y) = ed(x;A)2=4e�jxj2=2e�jyj2=2� exp� jx� yj24 � jxj22 � jyj22 �= exp��jx+ yj24 �= �exp��12 ��x+ y2 ��2��2= (2�)n�m�x+ y2 ��2 ;ìpou qrhsimopoi same ton kanìna tou parallhlogr�mmou kai thn d(x;A) � jx�yj.Parathr¸nta
 ìti g(y) = 0 an y =2 A, blèpoume ìti oi f; g;m ikanopoioÔn ti
upojèsei
 th
 anisìthta
 Pr�ekopa-Leindler me � = 1=2. Efarmìzoume loipìn toJe¸rhma 1.2.1 kai èqoume(9) �Z ed(x;A)2=4
n(dx)� 
n(A) = �Z f��Z g� � �Z m�2 = 1:Autì apodeiknÔei ton pr¸to isqurismì tou jewr mato
. Gi� ton deÔtero, parath-roÔme ìti an 
n(A) = 1=2 tìte(10) et2=4
n(x : d(x;A) > t) � Z ed(x;A)2=4
n(dx) � 1
n(A) = 2:Dhlad , 
n(A
t ) � 2 exp(�t2=4). 217



1.6 H isoperimetrik  anisìthta ston EnJewroÔme to sÔnoloEn = f�1; 1gn, to opo�o taut�zoume me to sÔnolo twn koruf¸ntou kÔbou Qn = [�1; 1℄n ston Rn . Sto En or�zoume to kanonikì mètro pijanìthta
Pn pou d�nei m�za 2�n se k�je shme�o. O En g�netai metrikì
 q¸ro
 me apìstashthn(1) dn(x; y) = 1n
ardfi � n : xi 6= yig = 12n nXi=1 jxi � yij:H t-perioq  enì
 A � En e�nai w
 sun jw
 to sÔnolo At = fx 2 En : dn(x;A) � tg.Oi timè
 pou mpore� na p�rei h dn e�nai peperasmène
 to pl jo
: 0; 1=n; 2=n; : : : ; 1.Epomènw
, autè
 e�nai oi timè
 tou t gi� ti
 opo�e
 h t-perioq  tou A parousi�zeiendiafèron, me thn ènnoia ìti to At paramènei amet�blhto ìtan to t pa�rnei timè
se èna di�sthma th
 morf 
 [k=n; (k + 1)=n).To isoperimetrikì prìblhma e�nai loipìn to ex 
. M�
 d�noun ènan fusikìm = 1; 2; : : : ; 2n kai k�poio t = k=n, k = 1; : : : ; n. Gi� poiì sÔnolo A me pl jo
stoiqe�wn m e�nai h k=n-perioq  tou A h mikrìterh dunat ? H ap�nthsh e�naiìti to A ja prèpei na èqei ìso to dunatìn {ligìtera ken�}. An perièqei mi� n-�da x = (x1; : : : ; xn), tìte ja prèpei na perièqei kat� seir� proteraiìthta
 kai ti
{geitonikè
} th
 n-�de
, autè
 dhlad  pou diafèroun apì thn x se m�a suntetagmènh,dÔo suntetagmène
, k.o.k. (efìson to pl jo
 twn stoiqe�wn tou A eparke�). Autì,giat� h paramikr  epèktash tou A ja ti
 sumperil�bei oÔtw
   �llw
. Ta piìoikonomik� sÔnola e�nai oi dn-mp�le
 (oi legìmene
 Hamming mp�le
 tou En).ApodeiknÔetai h akìloujh isoperimetrik  anisìthta gi� ton En.Je¸rhma 1.6.1 'Estw A � En me m = Plk=0 �nk� stoiqe�a. Tìte, gi� k�je s =1; : : : ; n� l, èqoume(2) �n(As=n) � 12n l+sXk=0�nk� = �n(B(x; l=n)s=n) = �n(B(x; (l + s)=n))ìpou x tuqìn stoiqe�o tou En. 2H isoperimetrik  aut  anisìthta odhge� se m�a proseggistik  isoperimetrik anisìthta gia ton En.Pìrisma 1.6.1 An �n(A) � 1=2 kai t > 0, tìte(3) �n(A
t) � 12 exp(�2t2n):H (3) ermhneÔetai w
 ex 
: gia na ektim soume to �n(At) arke� na jèsoumel = n=2 kai s = tn sthn (2). Tìte blèpoume ìti�n(A
t ) � 12n nXj=( 12+t)n�nj�;18



to opo�o fj�nei ekjetik� sto 0 kaj¸
 n!1, giat� oi {akra�oi} diwnumiko� sunte-lestè
 e�nai polÔ mikro� se sÔgkrish me tou
 {mesa�ou
} ìtan to n e�nai meg�lo.Den ja apode�xoume to Je¸rhma 1.6.1 (h apìdeixh e�nai sunduastik  kai g�netaime epagwg  w
 pro
 n). Ja d¸soume ìmw
 apeuje�a
 apìdeixh th
 {proseggisti-k 
 isoperimetrik 
 anisìthta
} (3). H apìdeixh ja basiste� se èna je¸rhma touTalagrand to opo�o ja melet soume sto epìmeno kef�laio.Je¸rhma 1.6.2 'Estw A mh kenì uposÔnolo tou En. JewroÔme thn kurt  j kh
onv(A) kai gi� k�je x 2 En or�zoume(4) �A(x) = minfjx� yj : y 2 
onv(A)g:Tìte, isqÔei h anisìthta(5) ZEn exp(�2A(x)=8)d�n(x) � 1�n(A) :'Estw A mh kenì uposÔnolo tou En. H sun�rthsh �A tou Jewr mato
 1.6.2kai h sun�rthsh apìstash
 apì to Adn(x;A) = minf 12n nXi=1 jxi � yij : y 2 Agsugkr�nontai sÔmfwna me to epìmeno l mma.L mma 1.6.1 Gi� k�je mh kenì A � En èqoume(6) 2pndn(x;A) � �A(x) ; x 2 En:Apìdeixh: 'Estw x 2 En. Gi� k�je y 2 A isqÔei(7) hx� y; xi = nXi=1 xi(xi � yi) = 2ndn(x; y) � 2ndn(x;A):Apì thn (7) èpetai ìti gi� k�je y 2 
onv(A)(8) pnjx� yj � hx� y; xi � 2ndn(x;A):Autì apodeiknÔei thn (6). 2Sundu�zonta
 ta dÔo parap�nw l mmata de�qnoume thn proseggistik  isoperi-metrik  anisìthta gi� ton En:Je¸rhma 1.6.3 'Estw A � En me �n(A) = 1=2. Tìte, gi� k�je t > 0 èqoume(9) �n(At) � 1� 2 exp(�t2n=2):19



Apìdeixh: An x =2 At, tìte dn(x;A) � t kai to L mma 1.6.1 de�qnei ìti �A(x) �2tpn.Omw
, apì to Je¸rhma 1.6.2 èqoume(10) et2n=2�n(x : �A(x) � 2tpn) � ZEn exp(�2A(x)=8)d�n(x) � 1�n(A) = 2;to opo�o shma�nei ìti(11) �n(A
t) � �n(x : �A(x) � 2tpn) � 2 exp(�t2n=2): 21.7 To fainìmeno th
 sugkèntrwsh
 tou mètrou'Estw (X;A; d; �) metrikì
 q¸ro
 pijanìthta
. H sun�rthsh sugkèntrwsh
tou q¸rou e�nai h sun�rthsh(1) �(X; t) := 1� inff�(At) : �(A) � 1=2g:Lème ìti up�rqei {sugkèntrwsh mètrou} ston q¸ro an gia mikr� t oi timè
 th
�(X; t) e�nai mikrè
. Sta parade�gmata pou melet same sti
 prohgoÔmene
 para-gr�fou
 èqoume sugkèntrwsh tou mètrou h opo�a g�netai oloèna entonìterh kaj¸
h di�stash n aux�nei. Gia par�deigma, apì to Je¸rhma 1.4.1 blèpoume ìti(2) �(Sn�1; t) � 
1 exp(�
2t2n);en¸ to Je¸rhma 1.6.3 de�qnei ìti(3) �(En; t) � 2 exp(�t2n=2):To par�deigma tou q¸rou tou Gauss e�nai k�pw
 diaforetikì. H di�stash denemfan�zetai sthn anisìthta sugkèntrwsh
(4) �(�n; t) � 12 exp(�t2=2);ìmw
 h di�metro
 tou �n e�nai �peirh. H shmas�a tou fainomènou th
 sugkèntrwsh
tou mètrou gia q¸rou
 meg�lh
 di�stash
 phg�zei apì to ex 
 je¸rhma.Je¸rhma 1.7.1 'Estw (X;A; d; �) metrikì
 q¸ro
 pijanìthta
. An f : X ! Re�nai m�a sun�rthsh Lips
hitz me stajer� 1, dhlad  an jf(x) � f(y)j � d(x; y) giak�je x; y 2 X , tìte(5) � (fx 2 X : jf(x)�Mf j > tg) � 2�(X; t)ìpou Mf e�nai o mèso
 L�evy th
 f . 20



[O mèso
 L�evy th
 f e�nai o arijmì
 Mf gia ton opo�o �(x : f(x) � Mf ) � 1=2kai �(x : f(x) � Mf ) � 1=2. An h f e�nai suneq 
, o arijmì
 autì
 or�zetaimonos manta.℄Apìdeixh: Jètoume A = fx : f(x) � Mfg kai B = fx : f(x) � Mfg. An y 2 Attìte up�rqei x 2 A me d(x; y) � t, opìte(6) f(y) = f(y)� f(x) + f(x) � �d(y; x) +Mf �Mf � tafoÔ h f e�nai 1-Lips
hitz. 'Omoia, an y 2 Bt tìte up�rqei x 2 B me d(x; y) � t,opìte(7) f(y) = f(y)� f(x) + f(x) � d(y; x) +Mf �Mf + t:Dhlad ,(8) y 2 At \ Bt =) jf(x) �Mf j � t:'Omw
 �(At) � 1� �(X; t) kai �(Bt) � 1� �(X; t), �ra� (fx 2 X : jf(x)�Mf j > tg) � �(A
t) + �(B
t ) � 2�(X; t): 2Sthn per�ptwsh pou h sun�rthsh sugkèntrwsh
 e�nai polÔ mikr , autì shma�neiìti oi 1-Lips
hitz suneqe�
 sunart sei
 e�nai {sqedìn stajerè
} se {sqedìn olìklh-ro to q¸ro}. Autì èqei polÔ shmantikè
 efarmogè
 sta parade�gmata twn q¸rwnmeg�lh
 di�stash
 pou exet�same sti
 prohgoÔmene
 paragr�fou
. Skopì
 au-t 
 th
 ergas�a
 e�nai h melèth �llwn paradeigm�twn metrik¸n q¸rwn pijanìthta
me èntonh sugkèntrwsh tou mètrou. Eidikìtera ja asqolhjoÔme me afhrhmènou
q¸rou
 ginìmena metrik¸n q¸rwn pijanìthta
.Ax�zei na prosjèsoume thn parat rhsh ìti isqÔei kai to ant�strofo tou Jewr -mato
 1.7.1. H sugkèntrwsh twn Lips
hitz sunart sewn kont� sto mèso L�evy tou
e�nai isodÔnamh me thn Ôparxh isqur 
 proseggistik 
 isoperimetrik 
 anisìthta
.Prìtash 1.7.1 'Estw (X;A; d; �) metrikì
 q¸ro
 pijanìthta
. An gia k�poiot > 0 èqoume(9) � (fx 2 X : jf(x)�Mf j > tg) � �gia k�je 1-Lips
hitz sun�rthsh f : X ! R, tìte �(X; t) � �.Apìdeixh: 'Estw A Borel uposÔnolo touX me �(A) � 1=2. JewroÔme th sun�rth-sh f(x) = d(x;A). H f e�nai 1-Lips
hitz kai Mf = 0 giat� �(fx : f(x) = 0g) � 1=2.Apì thn (9) pa�rnoume �(fx 2 X : d(x;A) > tg) � �;dhlad  1� �(At) � �. 'Epetai ìti �(X; t) � �. 221



Anaforè
. Gia to genikì pla�sio twn proseggistik¸n isoperimetrik¸n anisot twn,blèpe to prìsfato bibl�o tou Ledoux [Led℄, to bibl�o twn Ledoux kai Talagrand[LT℄, kaj¸
 kai to �rjro episkìphsh
 tou S
he
htman [S
℄. H apìdeixh th
 ani-sìthta
 twn Pr�ekopa kai Leindler (blèpe [Lei℄, [Pr℄) pou parousi�zoume ed¸ e�naiapì to bibl�o tou Pisier [Pi2℄. Gia thn anisìthta Brunn-Minkowski kai genikìteragia thn klasik  jewr�a twn kurt¸n swm�twn, blèpe to bibl�o tou S
hneider [S
hn℄.H sfairik  isoperimetrik  anisìthta apode�qjhke apo ton S
hmidt [S
hm℄ kai sepl rh genikìthta apo tou
 Figiel, Lindenstrauss kaiMilman [FLM℄. Pr¸to
 o L�evy[Lev℄ parat rhse to fainìmeno th
 sugkèntrwsh
 tou mètrou sthn Eukle�deia mo-nadia�a sfa�ra meg�lh
 di�stash
. H apl  apìdeixh th
 proseggistik 
 sfairik 
isoperimetrik 
 anisìthta
 pou parousi�zoume e�nai apì to [ABV℄. H apìdeixh touJewr mato
 1.5.2 ofe�letai ousiastik� ston Maurey [Ma2℄. To Je¸rhma 1.6.1e�nai tou Harper [Ha℄. Gia thn sqèsh th
 sugkèntrwsh
 tou mètrou me thn sum-perifor� twn Lips
hitz sunart sewn, blèpe to bibl�o twn Milman kai S
he
htman[MS℄.
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Kef�laio 2Sugkèntrwsh tou mètrou seq¸rou
 ginìmena
2.1 'Ena isoperimetrikì je¸rhma gia ton kÔbo kaih anisìthta Khint
hine-KahaneJewroÔme to sÔnoloEn = f�1; 1gn, to opo�o taut�zoume me to sÔnolo twn koruf¸ntou kÔbou Qn = [�1; 1℄n ston Rn . Sto En or�zoume to kanonikì mètro pijanìthta
�n pou d�nei m�za 2�n se k�je shme�o. Gia k�je mh kenì A � En jètoume�A(x) = inffjx� yj : y 2 
onv(A)g:To basikì je¸rhma aut 
 th
 paragr�fou e�nai to ex 
.Je¸rhma 2.1.1 Gia k�je A � En,E exp(�2A=8) � 1�n(A) :Apìdeixh: Me epagwg  w
 pro
 to pl jo
 twn shme�wn tou A. An 
ard(A) = 1dhlad  A = fyg, tìte�A(x) = inffjx� zj : z 2 
onv(A) = fygg = jx� yj:'Ara E exp(�2A=8) = E �ejx�yj2=8�= 12n Xx2En ejx�yj2=8:23



K�je x 2 En diafèrei apì to y se i jèsei
, i = 0; 1; : : : ; n. To pl jo
 twn x 2 Enpou diafèroun se i jèsei
 apì to y e�nai �ni�. ParathroÔme ìti jx� yj2 = 4i ìtanto x diafèrei apo to y se i jèsei
. 'Ara,Eejx�yj2=8 = 12n nXi=0 �ni�ei=2= 12n �1 + e1=2�n = �1 + e1=22 �n� 2n = 1�n(A) ;afoÔ e1=2 � e � 3.'Estw t¸ra ìti 
ard(A) � 2. Exet�zoume pr¸ta thn per�ptwsh n = 1. Anag-kastik� èqoume A = E1, epomènw
 �A(x) = 0 gia k�je x 2 E1. 'Ara,E exp(�2A=8) = Ee0 = 1 = 1=�1(A):Gia to epagwgikì b ma jewroÔme A � En+1 me 
ard(A) � 2. Qwr�
 periorismì th
genikìthta
 mporoÔme na upojèsoume ìtiA = (A1 � f1g) [ (A�1 � f�1g)ìpou A1; A�1 6= ;. MporoÔme ep�sh
 na upojèsoume ìti 
ardA�1 � 
ardA1.L mma 2.1.1 Gia k�je x 2 En,�A((x; 1)) � �A1(x):Apìdeixh: Arke� na de�xoume ìtifjx� yj : y 2 
onvA1g � fj(x; 1)� zj : z 2 
onvAg:'Estw y 2 
onvA1. Tìte, y = Pmi=1 tixi ìpou ti � 0 me Pmi=1 ti = 1 kai xi 2 A1.Tìte ìmw
 (xi; 1) 2 A kaimXi=1 ti(xi; 1) = ( mXi=1 tixi; mXi=1 ti) = (y; 1);dhlad  (y; 1) 2 
onvA. AfoÔ jx� yj = j(x; 1)� (y; 1)j kaij(x; 1)� (y; 1)j 2 fj(x; 1)� zj : z 2 
onv(A)g;èqoume to zhtoÔmeno. 2L mma 2.1.2 Gia k�je x 2 En kai k�je 0 � a � 1,�2A((x;�1)) � 4a2 + a�2A1(x) + (1� a)�2A�1(x):24



Apìdeixh: 'Estw zi 2 
onvAi (i = 1;�1). Tìte, ìpw
 prohgoumènw
, (zi; i) 2
onvA. To 
onvA e�nai kurtì, �raz := a(z1; 1) + (1� a)(z�1;�1) = (az1 + (1� a)z�1; 2a� 1) 2 
onvA:'Eqoume j(x;�1)� zj2 = j(x� az1 � (1� a)z�1;�2a)j2= j(x� az1 � (1� a)z�1; 0)j2 + j(0;�2a)j2� (ajx� z1j+ (1� a)jx� z�1j)2 + 4a2� ajx� z1j2 + (1� a)jx� z�1j2 + 4a2:AfoÔ ta zi 2 
onvAi  tan tuqìnta, èpetai ìti�2A(x;�1) � a�2A1(x) + (1� a)�2A�1(x) + 4a2: 2Qrhsimopoi¸nta
 ta dÔo L mmata, gr�foumeEe�2A=8 = 12n+1 Xx2En+1 e�2A(x)=8= 12n+1 Xx2En e�2A((x;1))=8 + 12n+1 Xx2En e�2A((x;�1))=8� 12n+1 Xx2En e�2A1 (x)=8 + 12n+1 ea2=2 Xx2En ea�2A1 (x)=8+(1�a)�2A�1 (x)=8� 12n+1 Xx2En e�2A1 (x)=8+ 12n+1 ea2=2 Xx2En e�2A1 (x)=8!a Xx2En e�2A�1 (x)=8!1�a= 12E(e�2A1 =8) + 12ea2=2 �E(e�2A1 =8)�a �E(e�2A�1 =8)�1�a :Jètoume u1 = E �e�2A1=8� ; v1 = 1�n(A1)kai u�1 = E �e�2A�1=8� ; v�1 = 1�n(A�1) :Apì thn epagwgik  upìjesh èqoume u1 � v1 kai u�1 � v�1. (ep�sh
, h 
ardA�1 �
ardA1 gr�fetai v1 � v�1). 'Ara h prohgoÔmenh anisìthta pa�rnei th morf Ee�2A=8 � 12u1 + 12ea2=2(u1)a(u�1)1�a� 12u1 + 12ea2=2(v1)a(v�1)1�a� v12 [1 + ea2=2(v1=v�1)a�1℄:25



H teleuta�a posìthta g�netai el�qisth gia a = � ln(v1=v�1). H tim  � ln(v1=v�1)e�nai per�pou �sh me 1 � v1=v�1. Epilègoume a0 = 1 � v1=v�1. AfoÔ v1 � v�1èqoume 0 � a0 � 1, opìte mporoÔme na gr�youmeE(e�2A=8) � v12 [1 + ea20=2(1� a0)a0�1℄:L mma 2.1.3 Gia k�je 0 � a � 1 èqoume1 + ea2=2(1� a)a�1 � 42� a:Apìdeixh: Aplè
 pr�xei
 de�qnoun ìti h anisìthta pou zht�me e�nai isodÔnamh methn g(a) = ln(2 + a)� ln(2� a)� a2=2� (a� 1) ln(1� a) � 0:Paragwg�zonta
 blèpoume ìti g00 � 0 kai g0(0) = 0. 'Ara h g e�nai aÔxousa sto[0; 1℄. AfoÔ g(0) = 0, èpetai to zhtoÔmeno. 2Qrhsimopoi¸nta
 to L mma 2.1.3 èqoumeE(e�2A=8) � v12 42� a0 = 2v11 + v1=v�1= 21=v1 + 1=v�1 = 2�n(A1) + �n(A�1)= 1�n+1(A) :H teleuta�a isìthta e�nai faner  afoÔ �n+1(Ai � fig) = �n(Ai)=2, i = �1. 'Etsioloklhr¸nontai to epagwgikì b ma kai h apìdeixh tou Jewr mato
 2.1.1. 2Pìrisma 2.1.1 Gia ìla ta t > 0, èqoume�n(�A � t) � 1�n(A)e�t2=8:Apìdeixh: Apì to Je¸rhma 2.1.1 èqoume E exp(�2A=8) � 1�n(A) . 'Ara,et2=8�n(�A � t) � Zf�A�tg et2=8 � Zf�A�tg e�2A=8� E(e�2A=8)� 1�n(A) : 2Parat rhsh. 'Opw
 e�dame sthn x1.6, gia k�je mh kenì A � En kai gia k�jex 2 En èqoume 2pndn(x;A) � �A(x). 'Ara,�dn(x;A) � t	 � f�A � 2tpng:26



H isoperimetrik  anisìthta gia ton En d�nei thn ekt�mhsh�n(fdn(x;A) � tg � 12e�2t2nan �n(A) = 1=2. Apì to Pìrisma 2.1.1 èqoume per�pou thn �dia ekt�mhsh gia tomètro tou f�A � 2tpng, to opo�o e�nai megalÔtero sÔnolo.To Je¸rhma 2.1.1 èqei san sunèpeia thn sugkèntrwsh twn kurt¸n Lips
hitzsunart sewn gÔrw apì ton mèso L�evy tou
.Je¸rhma 2.1.2 JewroÔme m�a kurt  Lips
hitz sun�rthsh f : Rn ! R me stajer�Lips
hitz �. 'Estw M èna
 mèso
 L�evy th
 f sto En. Tìte, gia k�je t > 0 èqoume�n(fjf �M j � tg) � 4e�t2=8�2 :Apìdeixh: Gia ton M isqÔoun oi �n(ff �Mg) � 1=2 kai �n(ff �Mg) � 1=2.Jètoume A = ff � Mg. AfoÔ h f e�nai kurt , gia k�je y 2 
onvA èqoumef(y) �M . An loipìn f(x) �M + t gia k�poio x 2 En, tìtef(x) �M + t � f(y) + tgia k�je y 2 
onvA. 'Ara, �kx� yk2 � jf(x)� f(y)j � t. Autì shma�nei ìti�A(x) � t=�:Apì to prohgoÔmeno pìrisma kai apì thn �n(A) � 1=2 èqoume�n(ff �M + tg) � �n(f�A � t=�g)� 1�n(A)e�t2=8�2� 2e�t2=8�2 :'Estw t > 0 kai B = ff �M � tg. An u < t, ìpw
 prin elègqoume ìtif(x) �M � t+ u =) �B(x) � u=�kai me qr sh tou por�smato
 èqoume�n(ff(x) �Mg) � �n(ff(x) �M � t+ ug)� �n(f�B � u=�g)� 1�n(B)e�u2=8�2'Omw
 1=2 � �n(ff(x) �Mg), �ra�n(B) � 2e�u2=8�2 :27



Af nonta
 to u na te�nei sto t pa�rnoume�n(B) � 2e�t2=8�2 :Sundu�zonta
 ta parap�nw blèpoume ìti�n(fjf �M j > tg) = �n(ff �M + tg) + �n(ff �M � tg)� 2e�t2=8�2 + 2e�t2=8�2= 4e�t2=8�2 : 2Pìrisma 2.1.2 'Estw X q¸ro
 me nìrma kai (xi)i�n akolouj�a dianusm�twn stonX . Jètoume �2 = sup�Xi�n jx�(xi)j2 : x� 2 X�; kx�k � 1	:JewroÔme m�a akolouj�a (�i)i�n anex�rthtwn kai isìnomwn tuqa�wn metablht¸nBernoulli. 'Estw M mèso
 L�evy th
 kPi�n �ixik sto En. Tìte, gia ìla ta t � 0,P 0�fj kXi�n �ixik �M j � tg1A � 4e�t2=8�2 :Apìdeixh: JewroÔme thn f(u) = kPi�n uixik. H f e�nai kurt  sun�rthsh: èstww1; w2 2 Rn kai m1;m2 � 0 me m1 +m2 = 1. Tìte,f(m1w1 +m2w2) = kXi�nm1w1i xi +m2w2i xik� m1kXi�nw1i xik+m2kXi�nw2i xik= m1f(w1) +m2f(w2):'Estw x� 2 X� me kx�k � 1 kai u; v 2 Rn . Apì thn anisìthta Cau
hy-S
hwarzèqoume����x�0�Xi�n uixi �Xi�n vixi1A���� = ����Xi�n uix�(xi)�Xi�n vix�(xi)����= ����Xi�n(ui � vi)x�(xi)����� 0�Xi�n jx�(xi)j21A1=20�Xi�n (ui � vi)21A1=2� �ju� vj:28



Apì to Je¸rhma Hahn-Bana
h sumpera�noume ìtijf(u)� f(v)j � 



Xi�n uixi �Xi�n vixi



 � �ju� vj;epomènw
 h f e�nai Lips
hitz me stajer� �. Efarmìzonta
 to Je¸rhma 2.1.2 giathn f èqoume to zhtoÔmeno. 2MporoÔme t¸ra na d¸soume m�a apìdeixh th
 anisìthta
 Khint
hine-Kahaneme bèltisth ex�rthsh apì to p.Je¸rhma 2.1.3 Up�rqei stajer� K tètoia ¸ste gia k�je q¸ro me nìrma X , giak�je n 2 N, gia k�je x1; : : : ; xn 2 X kai gia k�je p � 1,0�E

Xi�n �ixi

p1A1=p � 2E

Xi�n �ixi

+K�pp;ìpou �2 = sup�Xi�n jx�(xi)j2 : x� 2 X�; kx�k � 1	:Ja qrhsimopoi soume to ex 
 l mma.L mma 2.1.4 'Estw (
; �) q¸ro
 pijanìthta
 kai f : 
! R+ metr simh. Tìte,Z
 fp = p Z 10 tp�1�(! : f(!) � t)dt:Apìdeixh: Gr�foumep Z 10 tp�1�(! : f(!) � t)dt = Z 10 ptp�1�Z
 �ff(!)�tg(!)d�(!)� dt= Z
 Z 10 ptp�1�ff(!)�tg(t)dtd�(!)= Z
 Z f(!)0 ptp�1dt! d�(!)= Z
 f(!)pd�(!): 2Apìdeixh tou jewr mato
: Efarmìzoume to l mma gia thn f : En ! R+ mef(�1; : : : ; �n) = �� kXi�n �ixik �M ��:29



Apì to Pìrisma 2.1.2 kai k�nonta
 thn allag  metablht 
 x = t2=8�2 èqoumeZEn �� kXi�n �ixik �M ��pd�n(�) = p Z 10 tp�1�n(� : jkXi�n �ixik �M j � t)dt� 4 Z 10 ptp�1e�t2=8�2dt= 2p+1p(p2�)p Z 10 e�xxp=2�1dx:Me k�ta par�gonte
 olokl rwsh kai gia p �rtio pa�rnoumep Z 10 e�xxp=2�1dx = p Z 10 (p=2� 1)e�xx(p�4)=2dx= pp� 22 p� 42 Z 10 e�xx(p�6)=2dx= : : := pp� 22 p� 42 : : : p� (p� 2)2 Z 10 e�xdx� pp=2:'Ara, an o p e�nai �rtio
 fusikì
,0�Z j kXi�n �ixik �M jpd�n(�)1A1=p � K�pp:Gia tuqìnta p � 2 up�rqei q �rtio
 tètoio
 ¸ste q � p � q+2. Apì thn anisìthtatou H�older èqoume



kXi�n �ixik �M



p � 



kXi�n �ixik �M



q+2� K�pq + 2 � K�p2p= K1�pp:Gia 1 � p � 2 p�li apì thn anisìthta tou H�older èqoume



kXi�n �ixik �M



p � 



kXi�n �ixik �M



2� K�p2 � K1�pp:'Ara, apì thn trigwnik  anisìthta0�ZEn kXi�n �ixikpd�n(�)1A1=p �M +K1�p1=230



gia k�je p � 1. Tèlo
, parathroÔme ìtiZEn kXi�n �ixikd�n(�) � �n0�kXi�n �ixik �M1A �M� M=2:'Ara, 0�E

Xi�n �ixi

p1A1=p � 2E

Xi�n �ixi

+K�pp: 22.2 Epèktash se ginìmena peperasmènwn uposunì-lwn q¸rwn me nìrma'Estw (Xi; k � ki), i � n akolouj�a q¸rwn me nìrma. Gia k�je i � n jewroÔme ènapeperasmèno uposÔnolo 
i tou Xi me di�metro mikrìterh   �sh tou 1. 'Estw Pimètro pijanìthta
 sto 
i. JewroÔme ton q¸ro ginìmeno X(n) = �Pi�n�Xi�2 kaijètoume 
 = 
1 � 
2 : : :� 
nkai P = Pn = P1 � P2 � : : :� Pn:(to mètro ginìmeno sto 
). Gia k�je A � 
 or�zoume�A(t) = d(t; 
onv(A));thn apìstash tou t apì thn kurt  j kh 
onv(A) tou A ston X(n).Je¸rhma 2.2.1 Gia k�je A � 
,E �e�2A=4� � 1P (A) :Apìdeixh: Me epagwg  w
 pro
 n.n = 1: Gr�foumeE �e�2A=4� = Z
 e�2A(t)=4dP (t)= ZA e�2A(t)=4dP (t) + Z
nA e�2A(t)=4dP (t)= P (A) + Z
nA e�2A(t)=4dP (t):31



H teleuta�a isìthta isqÔei afoÔ �A(t) = 0 gia k�je t 2 A. Ep�sh
, gia k�jet 2 
 nA isqÔei �A(t) � 1. Pr�gmati,�A(x) = inffkx� yk : y 2 
onv(A)g � inffkx� yk : y 2 Ag� diam(
1) � 1:'Ara, E �e�2A=4� = P (A) + Z
nA e�2A(t)=4dP (t)� P (A) + Z
nA e1=4dP (t)= P (A) + (1� P (A))e1=4� 1P (A) :H teleuta�a anisìthta isqÔei giat�maxr2[0;1℄�r(r + (1� r)e1=4)	 = 1:Epagwgikì b ma: 'Estw A � 
1�
2� : : :�
n+1. Gia k�je ! 2 
n+1 jètoumeA! = ft 2 
1 � 
2 � : : :� 
n : (t; !) 2 Ag:'Estw v 2 
n+1 tètoio ¸stePn(Av) = max!2
n+1 Pn(A!):L mma 2.2.1 Gia k�je t 2 
1 � : : :� 
n,�2A(t; v) � �2Av (t):Apìdeixh: Arke� na de�xoume ìtifkt� ykX(n) : y 2 
onv(Av)g � fk(t; v)� !kX(n+1) : ! 2 
onv(A)g:'Omw
 an y 2 
onv(Av) tìte (y; v) 2 
onv(A) kai kt�ykX(n) = k(t; v)�(y; v)kX(n+1) .2L mma 2.2.2 Gia k�je t 2 
1 � 
2 � : : :� 
n kai k�je v 6= !, isqÔei�2A(t; !) � infa2[0;1℄[a�2A! (t) + (1� a)�2Av (t) + (1� a)2℄:32



Apìdeixh: An z! 2 
onv(A!) kai zv 2 
onv(Av) tìte (z!; !) 2 
onv(A) kai(zv; v) 2 
onv(A). AfoÔ to 
onv(A) e�nai kurtì sÔnolo, èqoumeza := (1� a)(zv ; v) + a(z!; !) = (az! + (1� a)zv ; a! + (1� a)v) 2 
onv(A):Qrhsimopoi¸nta
 kai thn diam(
i) � 1 èqoumek(t; w)� zak2X(n+1) = k(t� az! � (1� a)zv; (1� a)(! � v)k2X(n+1)= kt� az! � (1� a)zvk2X(n) + k(1� a)(! � v)k2n+1= kt� az! � (1� a)zvk2X(n) + (1� a)2k! � vk2n+1= kat+ (1� a)t� az! � (1� a)zvk2X(n) + (1� a)2k! � vk2n+1� ka(t� z!) + (1� a)(t� zv)k2X(n) + (1� a)2:Apì thn trigwnik  anisìthta kai thn kurtìthta th
 sun�rthsh
 x 7! x2 èqoumeka(t� z!) + (1� a)(t� zv)k2X(n) � (akt� z!kX(n) + (1� a)kt� zvkX(n))2� akt� z!k2X(n) + (1� a)kt� zvk2X(n) :'Ara, �2A(t; !) � akt� z!k2X(n) + (1� a)kt� zvk2X(n) + (1� a)2:Epeid  ta z!, zv e�nai tuqìnta stoiqe�a twn A! kai Av, èpetai ìti�2A(t; !) � a�2A! (t) + (1� a)�2Av (t) + (1� a)2gia k�je a 2 [0; 1℄. 2Qrhsimopoi¸nta
 ta parap�nw l mmata kai thn anisìthta tou H�older gr�foumeE �e�2A=4� = Z
1�
2�:::�
n�fvg e�2A(s)=4dP (s)+X! 6=v Z
1�:::�
n�f!g e�2A(s)=4dP (s)= Pn+1(fvg) Z
1�
2:::�
n e�2A(t;v)=4dPn(t)+X! 6=vPn+1(f!g) Z
1�
2:::�
n e�2A(t;!)=4dPn(t)� Pn+1(fvg)E(e�2Av =4)+X! 6=vPn+1(f!g) Z
1�
2�:::�
n e(1=4)[a�2A! (t)+(1�a)�2Av (t)+(1�a)2℄dPn(t)� Pn+1(fvg)E(e�2Av =4) +X! 6=v Pn+1(f!g)e (1�a)24��Z
1�
2�:::�
n e�2A! (t)=4dPn(t)�a�Z
1�
2:::�
n e�2Av (t)=4dPn(t)�1�a33



= Pn+1(fvg)E(e�2Av =4) +X! 6=v Pn+1(f!g)e (1�a)24��E(e�2A! =4)�a (E �e�2Av=4)�1�agia k�je a 2 [0; 1℄. 'Ara,E(e�2A=4) � Pn+1(fvg)E(e�2Av =4)+X! 6=v Pn+1(f!g) inf0�a�1��E(e�2A! =4�a �E(e�2Av =4)�1�a e (1�a)24 � :Qrhsimopoi¸nta
 kai thn epagwgik  upìjesh, pa�rnoumeE(e�2A=4) � Pn+1(fvg) 1Pn(Av)+X! 6=vPn+1(f!g) inf0�a�1 � 1Pn(A!)�a� 1Pn(Av)�1�a e (1�a)24 != 1Pn(Av) 24Pn+1(fvg) +X! 6=v Pn+1(f!g) inf0�a�1��Pn(Av)Pn(A!)�a e (1�a)24 �35 :To el�qisto th
 e(1�a)2=4�a ìpou 0 � � � 1 lamb�netai sto shme�oa(�) = 8<: 1 + 2 log�; an 2 log� > �10; alli¸
.kai h ant�stoiqh tim  e�naig(�) = e(1�a(�))2=4�a(�) = 8<: e� log ��(log �)2 ; an 2 log� > �1e1=4; alli¸
E�qame katal xei sthn :E �e�2A=4� � 1Pn(Av) 24Pn+1(fvg) +X! 6=v Pn+1(f!g) inf0�a�1��Pn(Av)Pn(A!)�a e (1�a)24 �35 :AfoÔ �! = Pn(A!)Pn(Av) � 1, h anisìthta gr�fetai sthn morf  :E �e�2A=4� � 1Pn(Av) 24Pn+1(fvg) +X! 6=v Pn+1(f!g)g(�!)35 :34



Isqurismì
 Gia k�je 0 � � � 1 isqÔei g(�) � 2 � � (h apìdeixh tou isqurismoÔe�nai tetrimmènh).Apì ton isqurismì èqoume:E �e�2A=4� � 1Pn(Av) 24Pn+1(fvg) +X! 6=v Pn+1(f!g)(2� �!)35= 1Pn(Av)�Pn+1(fvg) + 2(1� Pn+1(fvg))�X! 6=v Pn+1(f!g)Pn(A!)Pn(Av) �= 1Pn(Av)�Pn+1(fvg) + 2(1� Pn+1(fvg))�X! 6=v Pn+1(A! � f!g)Pn(Av) �= 1Pn(Av)�Pn+1(fvg) + 2(1� Pn+1(fvg))�P (A)� Pn+1(Av � fvg)Pn(Av) �= 1Pn(Av)�Pn+1(fvg) + (1� Pn+1(fvg))��2��P (A)� Pn+1(Av � fvg)Pn(Av)(1� Pn+1(v)) ���= 1Pn(Av)�Pn+1(fvg) + (1� Pn+1(fvg))��2��P (A)� Pn(Av)Pn+1(fvg)(1� Pn+1(fvg))Pn(Av) ���:Jètoume q = Pn+1(fvg) kai t = P (A)� Pn(Av)Pn+1(fvg)(1� Pn+1(fvg))Pn(Av) :Tìte, E �e�2A=4� � q + (1� q)(2� t)Pn(Av) :ParathroÔme ìti 0 � q; t � 1. Pr�gmati,t = P (A)� Pn(Av)Pn+1(fvg)(1� Pn+1(fvg))Pn(Av) = P! 6=v P (A! � f!g)(1� Pn+1(fvg))Pn(Av)= P! 6=v Pn(A!)Pn+1(f!g)(1� Pn+1(fvg))Pn(Av) � P! 6=v Pn+1(f!g)1� Pn+1(fvg)= 1: 35



Apì ton orismì tou t èpetai ìti1P (A) = 1Pn(Av)((1� q)t+ q) :An loipìn de�xoume ìti gia k�je q; t 2 [0; 1℄ isqÔei q + (1� q)(2� t) � 1q+(1�q)t jap�roume thn E �e�2A=4� � 1P (A) :'Omw
 [q + (1� q)(2� t)℄[q + (1� q)t℄ = q2 + 2(1� q)q + (1� q)2t(2� t)� q2 + 2(1� q)q + (1� q)2= (q + (1� q))2 = 1;kai autì oloklhr¸nei thn apìdeixh tou jewr mato
. 22.3 Ginìmena q¸rwn pijanìthta
 - èlegqo
 me ènashme�o'Estw (
;A; �) q¸ro
 pijanìthta
 qwr�
 �toma. JewroÔme to mètro ginìmenoP := PN = � 
 � � � 
 � (N forè
) ston X = 
 � � � � � 
. 'Ena shme�o x 2 Xgr�fetai sth morf  x = (x1; : : : ; xN ). H apìstash ston X or�zetai apì thnd(x; y) = 
ardf1 � i � N : xi 6= yig:An A � X , or�zoume f(A; x) = minfd(y; x) : y 2 Ag:Skopì
 ma
 e�nai na de�xoume to ex 
 je¸rhma {elègqou me èna shme�o}.Je¸rhma 2.3.1 Gia k�je t > 0 èqoumeZ etf(A;x)dPN (x) � 1PN (A) �12 + et + e�t4 �N� 1PN (A)et2N=4:Pìrisma 2.3.1 Eidikìtera, gia k�je k � N ,PN (fx : f(A; x) � kg) � 1PN (A)e�k2=N :H apìdeixh ja g�nei me epagwg  w
 pro
 N kai ja basiste� sto ex 
 L mma.36



L mma 2.3.1 'Estw g : 
! [0; 1℄ metr simh. Tìte,Z
min�et; 1g(!)� d�(!) Z
 g(!)d�(!) � a(t);ìpou a(t) = 12 + et+e�t4 .Apìdeixh: 'Estw ìti èqei g�nei h apìdeixh gia metr sime
 sunart sei
 h : 
 ![e�t; 1℄. 'Estw ìti 0 � g � 1. Or�zoume h = maxfe�t; gg. Tìte h h ikanopoie� thnZ
min�et; 1maxfg; e�tg� d� Z
maxfg; e�tgd� � a(t):Diakr�nonta
 ti
 peript¸sei
 g(!) > e�t kai g(!) � e�t, eÔkola blèpoume ìtimin �et; 1maxfg;e�tg� = min �et; 1g �. 'Ara,Z
min(et; 1=g) � Z
 g = Z
min�et; 1maxfg; e�tg� � Z
 g� Z
min�et; 1maxfg; e�tg� � Z
maxfg; e�tg� a(t):Arke� loipìn na de�xoume to zhtoÔmeno gia g : e�t � g � 1.Gr�foume C = fg : 
 ! [e�t; 1℄g kai gia k�je b 2 [e�t; 1℄ jewroÔme to Cb =fg 2 C : R
 g = bg. H sun�rthsh F : Cb ! R meF (g) = Z
 1g d�e�nai kurt  sto Cb afoÔ h x ! 1x e�nai kurt  sto R+ . JewroÔme to Cb sanuposÔnolo k�poiou (Lp)� = Lq, p > 1. EÔkola elègqoume ìti to Cb e�nai w�-kleistì uposÔnolo th
 BLq , opìte apì to je¸rhma tou Alaoglu e�nai w�-sumpagè
.Apì to je¸rhma twn Krein-Milman, isqÔeiCb = 
onvfxi : xi 2 ext(Cb)gw� :L mma 2.3.2 Ta akra�a shme�a tou Cb e�nai th
 morf 
�Ae�t + �
nA; A 2 A:Apìdeixh: Me apagwg  se �topo. 'Estw w 2 Cb akra�o shme�o tou Cb h opo�aden e�nai th
 morf 
 �Ae�t+�
nA. Ean � = f! : e�t < w(!) < 1g, tìte �(�) > 0.Jètoume �Æ = f! : e�t + Æ < w(!) < 1� Æg:37



Tìte, limÆ!0+ �(�Æ)! �(�). 'Ara, up�rqei Æ > 0 tètoio
 ¸ste �(�Æ) > 0. AfoÔ oq¸ro
 den èqei �toma, up�rqoun �1;�2 tètoia ¸ste �1 [ �2 = �Æ , �1 \ �2 = ;kai �(�1) > 0; �(�2) > 0. Or�zoumew1(!) = 8>>>><>>>>:w(!) + Æ �(�2)�(�1)+�(�2) ; an ! 2 �1w(!) � Æ �(�1)�(�1)+�(�2) ; an ! 2 �2w(!); ! 62 �Ækai w2(!) = 8>>>><>>>>:w(!) � Æ �(�2)�(�1)+�(�2) ; an ! 2 �1w(!) + Æ �(�1)�(�1)+�(�2) ; an ! 2 �2w(!); ! 62 �Æ.Tìte, w = w1+w22 kaiZ
 w1d� = Z�1 w(!) + Æ �(�2)�(�1) + �(�2)+ Z�2 w(!)� Æ �(�1)�(�1) + �(�2) + Z
n�Æ wd�= Z
 wd� = b:'Omoia, R
 wd� = b. Ep�sh
 gia ti
 w1, w2 isqÔei e�t � w1 � 1 kai e�t � w2 � 1.'Ara w1; w2 2 Cb. Epomènw
 h w den e�nai akra�o shme�o tou Cb. 2H F e�nai w�-suneq 
, �ra h F jCb pa�rnei mègisto se akra�o shme�o tou Cb. To �dioisqÔei gia thnH(g) = Z
min(et; 1g(!) )d�(!) Z
 g(!)d�(!); g 2 Cb:'Ara, gia k�je b 2 [e�t; 1℄ arke� na elègxoume ìle
 ti
 u = �Ae�t + �
nA pouan koun sto Cb. IsodÔnama, arke� na elègxoume ìle
 ti
 u = �Ae�t+�
nA. 'Estwu m�a tètoia sun�rthsh kai èstw �(A) = p. Tìte, èqoume :Z
min�et; 1u(!)� d�(!) Z
 u(!)d�(!) = �Z
 1ud�(!)��Z
 ud�(!)�= (pet + (1� p))(pe�t + (1� p)):Ean jewr soume thn sun�rthsh z(p) = (pet + (1 � p))(pe�t + (1 � p)), p 2 [0; 1℄,tìte parathroÔme ìti z(1�p) = z(p): Ep�sh
 z00(p) = 2(et�1)(e�t�1) � 0, dhlad h z e�nai ko�lh. 'Ara, z(1=2) � z(p) + z(1� p)2= z(p) + z(p)2 = z(p):38



'Ara, to mègisto th
 z e�naiz(1=2) = �12 + 12et��12 + 12e�t� = 12 + e�t + et4 = a(t):Autì apodeiknÔei to L mma 2.3.1. 2Apìdeixh tou Jewr mato
 2.3.1: Me epagwg  w
 pro
 N . 'Estw ìti N = 1kai èstw A 2 A. Apì to L mma 2.3.1 gia thn g = �A, èqoumeZ
min �et; 1=�A� d�(!) Z
 �Ad�(!) � a(t)�ra ZAmin�et; 1�A� d�(!) + Z
nAmin�et; 1�A� d�(!) � a(t)�(A) :'Omw
 ean ! 2 A tìte min(et; 1�A ) = 1 = etf(A;!) afoÔ f(A;!) = 0, kai ean ! 62 Atìte min(et; 1�A ) = et = etf(A;!) afoÔ f(A;!) = 1. 'Ara,Z
 etf(A;!)d�(!) � a(t)�(A) :Epagwgikì b ma: Upojètoume oti to Je¸rhma isqÔei gia toN kai ja to de�xoumegia to N + 1. JewroÔme A � 
N+1 kai jètoumeA(!) = fx 2 
N : (x; !) 2 Ag; ! 2 
kai � = fx 2 
N : 9! 2 
�" (x; !) 2 Ag:Parathr ste ìti A(!) � � gia k�je ! 2 
.Isqurismì
 1. f(A; (x; !)) � f(A(!); x).Apìdeixh: 'Eqoume f(A; (x; !)) = minfd((x; !); z) : z 2 Agkai f(A(!); x) = minfd(x; y) : y 2 Agìpou d(x; y) = 
ardfi � N : xi 6= yig. Arke� na de�xoume ìtifd(x; y) : y 2 A(!)g � fd((x; !); z) : z 2 Ag:'Omw
, ean y 2 A(!) tìte (y; !) 2 A kai d((y; !); (x; !)) = d(x; y). 2Isqurismì
 2. f(A; (x; !)) � f(�; x) + 1.39



Apìdeixh: 'Estw y 2 � me d(x; y) = f(�; x). Tìte, up�rqei !0 tètoio ¸ste(y; !0) 2 A. 'Ara,d((y; !0); (x; !)) � d((y; !0); (x; !0)) + d((x; !); (x; !0))= d(y; x) + d(!0; !)� d(x; y) + 1:'Ara d((y; !0); (x; !)) � f(�; x) + 1. Epomènw
, f(A; (x; !)) � f(�; x) + 1. 2Qrhsimopoi¸nta
 thn epagwgik  upìjesh kai tou
 dÔo isqurismoÔ
, pa�rnoume:Z
N etf(A;(x;!))dPN (x) � Z
N etf(A(!);x)dPN (x) � aN (t)PN (A(!))kai Z
N etf(A;(x;!))dPN (x) � et Z
N etf(�;x)dPN (x) � et aN (t)PN(�) :'Ara, Z
N etf(A;(x;!))dPN (x) � minfet aN (t)PN (�) ; aN (t)PN (A(!))g:Ean oloklhr¸soume w
 pro
 ! thn prohgoÔmenh sqèsh pa�rnoumeZ
N+1 etf(A;x)dPN (!)d�(!) � aN (t) Z
min� etP (�) ; 1P (A(!))�d�(!):Apì to L mma 2.3.1 gia thn g(!) = P (A(!))=P (�) èpetai ìtiZ
min� etP (�) ; 1P (A(!))�d�(!) � a(t)R
 P (A(!))d�(!) :Apì to Je¸rhma Fubini, P (A) = Z
 P (A(!))d�(!):'Ara, telik� Z
N+1 etf(A;(x;!)) � aN+1(t)P (A) :Autì oloklhr¸nei thn apìdeixh tou Jewr mato
. Gia na p�roume thn deÔterhanisìthta, gr�foume 12 + et + e�t4 = 1 + 1Xn=1 t2n2(2n)!kai parathr¸nta
 ìti 2(2n)! � 4nn!, pa�rnoumea(t) = 1 + 1Xn=1 t2n2(2n)! � 1 + 1Xn=1 t2n4n n!= 1 + 1Xn=1 (t2=4)nn! = 1Xn=0 (t2=4)nn! = et2=4:40



Epomènw
, Z etf(A;x)dP (x) � 1P (A) �12 + et + e�t4 �N� 1P (A)et2N=4: 2Apìdeixh tou Por�smato
: Apì thn anisìthta tou Markov,etkP (fx : f(A; x) � kg) = Zfx:f(A;x)�Kg etk � Z
 etf(A;x)dP (x)� 1P (A)et2N=4:Gia t = 2kN èqoume P (fx : f(A; x) � kg) � 1P (A)e�k2=N : 2Parat rhsh. Ta apotelèsmata aut 
 th
 paragr�fou genikeÔontai sthn per�-ptwsh 
 = 
1 � � � � � 
N kai P = �1 � � � � � �N , ìpou (
i;Ai; �i), i � N q¸roipijanìthta
 qwr�
 �toma. H apìdeixh e�nai akrib¸
 h �dia.2.4 Ginìmena q¸rwn pijanìthta
 - èlegqo
 me q sh-me�a'Estw (
;A; �) q¸ro
 pijanìthta
. JewroÔme to mètro ginìmeno P := PN =� 
 � � � 
 � (N forè
) ston 
N = 
 � � � � � 
. 'Ena shme�o x 2 X gr�fetai sthmorf  x = (x1; : : : ; xN ). An q � 2 kai A1; A2; : : : ; Aq metr sima uposÔnola tou
N , gia k�je x 2 
N jètoumef(A1; A2; : : : ; Aq ; x) = minf
ardfi � N : xi =2 fy1i ; : : : ; yqi gg :y1 2 A1; : : : ; yq 2 Aqg:Skopì
 ma
 e�nai na de�xoume to ex 
 je¸rhma {elègqou me q shme�a}.Je¸rhma 2.4.1 'Estw q � 2 kai A1; : : : ; Aq � 
N metr sima. Tìte,Z
N qf(A1;:::;Aq ;x)dP (x) � 1Qi�q P (Ai) :Eidikìtera, gia k�je metr simo A � 
N ,P (ff(A; : : : ; A; x) � kg) � 1qkP (A)q :41



L mma 2.4.1 'Estw q � 2 kai g : 
 ! R metr simh, tètoia ¸ste 1=q � g � 1.Tìte, �Z
 1gd���Z
 gd��q � 1:Apìdeixh: De�qnoume pr¸ta ìti(�) Z
 1gd�+ q Z
 gd� � q + 1:Pr�gmati, eÔkola elègqoume ìti an q�1 � x � 1 tìte1x + qx � q + 1�ra, afoÔ 1=q � g � 1 èqoume 1=g(!) + qg(!) � q + 1 gia k�je ! 2 
, kaioloklhr¸nonta
 pa�rnoume thn (�).ParathroÔme ìtia+ qb � q + 1 ) a� 1 + q(b� 1) � 0) ln a+ q ln b � 0) eln a+q ln b � e0 ) abq � 1:'Ara, ean jèsoume a = R
 1=gd� kai b = R
 gd� èqoume to zhtoÔmeno. 2Pìrisma 2.4.1 'Estw gi : 
! [0; 1℄ metr sime
, 1 � i � q. Tìte,�Z
min�q;mini�q 1=gi� d�� �Yi�q Z
 gid� � 1:Apìdeixh: Jètoume g = �min(q;mini�q 1gi )��1. Qrhsimopoi¸nta
 thn 0 � gi � 1elègqoume ìti 1q � g � 1:Apì to prohgoÔmeno l mma èpetai ìtiZ
min�q;mini�q (q;mini�q 1gi )� d� ��Z
 gd��q � 1:'Omw
, Yi�q Z
 gid� � �Z
 gd��q :Epomènw
, �Z
min�q;mini�q 1gi� d�� �Yi�q Z
 gid� � 1: 242



Apìdeixh tou jewr mato
: Me epagwg  w
 pro
 N . Gia N = 1, jewroÔme ti
sunart sei
 gi(!) =8<: 1; an ! 2 Ai1n ; alli¸
ìpou n > q, n 2 N . Apì to prohgoÔmeno pìrisma èpetai ìtiZ
min�q;mini�q 1gi� d� � 1Qi�q ��(Ai) + (1��(Ai))n �dhlad ZA1[A2[:::[Aq min�q;mini�q 1gi� d� + Z
nA1[A2:::[An min�q;mini�q 1gi� d�� 1Qi�q ��(Ai) + (1��(Ai))n � :Ean x 2 A1 [ A2 : : : [ Aq , tìte up�rqei i0 � q me x 2 Ai0 . AfoÔ x 2 Ai0 , èqoumemin(q;mini�q 1gi ) = min(q; 1) = 1 = q0 = qf(A1;A2;:::;Aq):Ean x 62 A1; A2; : : : ; Aq , tìteminfq;mini�q 1gi g = minfq; ng = qkai f(A1; : : : ; Aq ; x) = 
ardfi � 1; xi 62 fy1i ; : : : yqi gg = 1'Epetai ìtiZA1[:::[Aq qf(A1;A2;:::;Aq ;x)d� + Z
nA1[:::[Aq qf(A1;:::Aq ;x)d�� 1Qi�q ��(Ai) + (1��(Ai))n � � 1:Af nonta
 to n!1 pa�rnoumeZ
 qf(A1;:::;An)d� � 1Qi�q �(Ai) :Epagwgikì b ma: Upojètoume oti to je¸rhma isqÔei gia to N kai ja to de�xoumegia to N + 1. 'Estw A1; : : : Aq � 
N+1:43



Or�zoume Bi = fx 2 
N : 9! 2 
; (x; !) 2 Aigkai Ai(!) = fx 2 
N : (x; !) 2 AigIsqurismì
 1. f(A1; : : : ; Aq ; (x; !)) � 1 + f(B1; B2; : : : ; Bq ; x).Apìdeixh: 'Estw y1 2 B1; : : : ; yq 2 Bq . Tìte, up�rqoun !1; : : : ; !q 2 
 t.w.(y1; !1) 2 A1; : : : (yq ; !q) 2 Aq . Jètoume zi = (yi; !i) kai p = (x; !). ParathroÔmeìti f(A1; A2; : : : ; Aq; (x; !)) � 
ardfk � N + 1 : pk 62 fz1k; : : : ; zqkg :z1 2 A1; : : : zq 2 Aqg= N+1Xk=1 (1� �fz1k;:::;zqkg(pk))= NXk=1(1� �fz1k;:::;zqkg(xk)) + (1� �f!1;:::;!qg(!))� 
ardfi � N : xi 62 fy1i ; : : : ; yqi gg+ 1:AfoÔ ta y1; : : : ; yq  tan tuqìnta shme�a twn B1; B2; : : : ; Bq, èqoume to zhtoÔmeno.2Isqurismì
 2. 'Estw j � q. Tìte,f(A1; : : : ; Aq ; (x; !)) � f(C1; : : : ; Cq ; x);ìpou Ci = Bi gia i 6= j kai Cj = Aj(!).Apìdeixh: Jètoume z = (x; !). Arke� na de�xoume otif
ardfk � N : xk 62 fy1k; : : : ; yqkg : yi 2 Ai i 6= j; yj 2 Aj(!)g� f
ardfk � N + 1 : zk 62 fy1k; : : : ; yqkgg : yi 2 Aig'Estw oti yi 2 Ai gia i 6= j kai yj 2 Aj(!) (dhlad  (yj ; !) 2 Aj). Jètoume bi = yikai bj = yj .Tìte,
ardfk � N + 1 : zk 62 fb1k; : : : ; bqkgg = 
ardfk � N : xk 62 fy1k; : : : ; yqkggkai autì de�qnei to zhtoÔmeno. 2Suneq�zoume thn apìdeixh w
 ex 
: or�zoumegi(!) = P (Ai(!))P (Bi) ; ! 2 
:'Estw i0 tètoio
 ¸ste min 1gi(!) = 1gi0 (!) . Tìte apì tou
 dÔo isqurismoÔ
 èqoumef(A1; : : : ; Aq ; (x; !)) � 1 + f(B1; : : : ; Bq ; x)44



kai f(A1; : : : ; Aq ; (x; !)) � f(C1; : : : ; Cq; x)ìpou Ci = Bi gia i 6= io kai Ci0 = Ai0(!). 'Ara,Z
N qf(A1;:::;Aq;(x;!))dP (x) � Z
N q1+f(B1;:::;Bq ;x)dP (x)� q Z
N qf(B1;:::;Bq ;x)dP (x) � qQi�q P (Bi) :Ep�sh
Z
N qf(A1;:::;Aq ;(x;!))dP (x) � Z
N qf(C1;:::;Cq;x)dP (x)� 1Qi�q P (Ci) = 1P (Ai0(!))Qi 6=i0; i�q P (Bi) :'Ara,Z
N qf(A1;:::;Aq ;x)dP (x) � min� qQi�q P (Bi) ; 1P (Ai0 (!))Qfi 6=i0; i�qg P (Bi)�= 1Qi�q P (Bi) min�q; 1P (Ai0 (!))P (Bi0 ) �= 1Qi�q P (Bi) min�q;mini�q 1gi(!)�gia k�je ! 2 
. Apì to Pìrisma 2.4.1 kai to je¸rhma tou Fubini pa�rnoumeZ
 Z
N qf(A1;:::;Aq;x)dP (x)d�(!) � 1Qi�q P (Bi) Z
min�q;mini�q 1gi(!)�d�(!)� 1Qi�q P (Bi) 1Qi�q R
 P (Ai(!))P (Bi) d�(!)= 1Qi�q R
 P (Ai(!))d�(!)= 1Qi�q P (Ai) : 22.5 Ginìmena q¸rwn pijanìthta
 - kurt  j kh'Estw (
;A; �) q¸ro
 pijanìthta
. JewroÔme to mètro ginìmeno P := PN =�
 � � � 
 � (N forè
) ston 
N = 
 � � � � � 
. 'Ena shme�o x 2 
N gr�fetai sthmorf  x = (x1; : : : ; xN ). An A � 
N kai x 2 
N , or�zoumeUA(x) = f(si)i�N 2 f0; 1gN : 9y 2 A; si = 0) xi = yig:45



'Estw VA(x) h kurt  j kh tou UA(x). Sumbol�zoume me fC(A; x) thn Eukle�deiaapìstash tou 0 �po to VA(x).Parat rhsh. IsqÔei h isodunam�a: 0 2 VA(x), x 2 A.Apìdeixh: Ean 0 2 VA(x), tìte afoÔ 0 2 ext([0; 1℄N) prèpei na isqÔei 0 2 UA(x).'Omw
 tìte, x 2 A. Ant�strofa, ean x 2 A tìte 0 2 UA(x), �ra 0 2 VA(x). 2JewroÔme san {t-epèktash} tou A to sÔnoloAt = fx 2 
N : fC(A; x) � tg:Skopì
 ma
 e�nai na apode�xoume to ex 
 je¸rhma:Je¸rhma 2.5.1 Gia k�je metr simo A � 
N èqoumeZ ef2C (A;x)=4dP (x) � 1P (A) :Eidikìtera, P (At) � 1� 1P (A)e�t2=4:Gia na exhg soume ton trìpo me ton opo�o qrhsimopoie�tai to Je¸rhma 2.5.1, qreia-zìmaste to ex 
 l mma.L mma 2.5.1 An x 2 At, tìte gia k�je (ai)i�N 2 RN up�rqei y 2 A me thnidiìthta Xfi�N :xi 6=yig ai � tsXi�N a2i :Apìdeixh: 'Estw (ai)i�N 2 RN . Or�zoume �a : RN ! R me �a(x) = Pi�N aixi.Tìte, k�ak = jaj =sXi�N a2i :To VA(x) e�nai sumpagè
, epomènw
 up�rqei x0 2 VA(x) tètoio ¸ste jx0j = fC(A; x).'Ara, minf�a(x) : x 2 VA(x)g � �a(x0) � j�aj � jx0j = j�ajfC(A; x) � tk�ak:To �a e�nai grammikì sunarthsoeidè
, �raminf�a(x) : x 2 VA(x)g = minf�a(x) : x 2 UA(x)g:Epomènw
, up�rqei s 2 UA(x) tètoio ¸ste �a(s) � tk�ak. H anisìthta aut  gr�fetai�a(s) = Xi�N aisi = Xfi�N :si=1g ai � tqX a2i :46



'Epetai oti Xfi�N :xi 6=yig ai � Xfi�N :si=1g ai � tqX a2i : 2Qrhsimopoi¸nta
 to L mma 2.5.1 mporoÔme na sugkr�noume ta Jewr mata 2.3.1 kai2.5.1. To Je¸rhma 2.3.1 ma
 d�nei thn anisìthtaPN (fx : f(A; x) � kg) � 1PN (A)e�k2=Nìpou f(A; x) = minfd(y; x) : y 2 Agkai d(x; y) = 
ardf1 � i � N : xi 6= yig(X = 
N kai A metr simo uposÔnolo tou X me jetikì mètro). An sto L mma 2.5.1p�roume ai = 1 kai t = k=pN , blèpoume otifC(A; x) � kpN =) 9y 2 A : d(x; y) � k:Dhlad , fx 2 X : f(A; x) � kg � fx 2 X : fC(A; x) � k=pNg:Efarmìzonta
 to Je¸rhma 2.5.1 blèpoume otiPN(fx : f(A; x) � kg) � PN(x : fC(A; x) � k=pNg) � 1PN (A) exp(�k2=4N);dhlad  to Je¸rhma 2.3.1 me elafr¸
 qeirìterh arijmhtik  stajer�. To meg�-lo ìmw
 pleonèkthma tou Jewr mato
 2.5.1 e�nai oti ma
 af nei to perij¸rio naepilègoume ta (ai), k�ti pou èqei shmas�a gia k�poie
 efarmogè
.Apìdeixh tou Jewr mato
 2.5.1: H apìdeixh th
 pr¸th
 anisìthta
 g�netaime epagwg  w
 pro
 N . Gia N = 1 èqoume: an x 2 A tìte 0 2 VA(x), �raf(A; x) = d(0; VA(x)) = miny2VA(x) jyj = 0. Ep�sh
, an x 62 A tìte UA(x) = f1g�ra VA(x) = f1g, epomènw
 f(A; x) = miny2VA(x) jyj = 1. Autì shma�nei ìtiZ ef2C(A;x)=4dP (x) = ZA ef2C(A;x)=4dP (x) + Z
nA ef2C (A;x)=4dP (x)= P (A)e0 + e1=4(1� P (A)) � 1P (A) :(èqoume  dh qrhsimopoi sei thn teleuta�a anisìthta).Epagwgikì b ma: Upojètoume ìti to Je¸rhma isqÔei gia toN kai ja to de�xoumegia to N + 1. 'Estw A � 
N+1 metr simo. Gia k�je ! 2 
 jètoumeA(!) = fx 2 
N : (x; !) 2 Ag47



kai B = fx 2 
N : 9! 2 
; (x; !) 2 Ag:Isqurismì
 1. Ean s 2 UA(!)(x), tìte (s; 0) 2 UA((x; !))).Apìdeixh: 'Estw z = (x; !). AfoÔ s 2 UA(!)(x), up�rqei y 2 A(!) tètoio ¸stesi = 0 ) xi = yi. Epeid  y 2 A(!), èqoume v = (y; !) 2 A. To � = (s; 0) 2UA(x; !) afoÔ gia k�je i � N�i = si = 0) zi = vi;en¸ gia i = N + 1 èqoume zN+1 = vN+1 = !. 2Isqurismì
 2. Ean t 2 UB(x), tìte (t; 1) 2 UA((x; !)).Apìdeixh: AfoÔ t 2 UB(x) tìte up�rqei y 2 B tètoio ¸ste (ti = 0 ) yi = xi)AfoÔ y 2 B, up�rqei ! 2 
 ¸ste (y; !) 2 A. Tìte, (t; 1) 2 UA(x; !): apì tonorismì arke� na elègxoume oti gia k�je i � N�i = ti = 0) xi = yi;to opo�o isqÔei. 2Isqurismì
 3. f2C(A; (x; !)) � (1� �)2 + �f2C(A(!); x) + (1� �)f2C(B; x).Apìdeixh : 'Estw z = (x; !). An s 2 VA(!)(x) kai t 2 VB(x), parathroÔme otis 2 VA(!)(q)) (s; 0) 2 VA(x; !)kai t 2 VB(x)) (t; 1) 2 VA(x; !):AfoÔ to VA(x; !) e�nai kurtì,�(s; 0) + (1� �)(t; 1) = (�s+ (1� �)t; 1� �) 2 VA((x; !)):Apì trigwnik  anisìthta kai apo to gegono
 oti h x2 e�nai kurt , èqoumej(�s+ (1� �)t; 1� �)j2 = j(�s+ (1� �)t; 0)j2 + j(0; 1� �)j2= j�s+ (1� �)tj2 + (1� �)2� (�jsj+ (1� �)jtj)2 + (1� �)2� �jsj2 + (1� �)jtj2 + (1� �)2:'Ara f2C(A; z) � (1� �)2 + �jsj2 + (1� �)jtj2:AfoÔ ta t; s e�nai tuqìnta stoiqe�a twn VB(x) kai VA(!)(x), èqoumef2C(A; z) � �f2C(A(!); x) + (1� �)f2C(B; x) + (1� �)2: 248



Apì thn prohgoÔmenh anisìthta, apì thn anisìthta tou H�older kai apì thn epagw-gik  upìjesh, èqoumeZ
N ef2C (A;(x;!))=4dP (x) � e(1��)2=4 Z
N e�f2C (A(!);x)=4e(1��)f2C (B;x)=4dP (x)� e(1��)2=4�Z
N ef2C(A(!);x)=4�� �Z ef2C(B;x)=4�1��� e(1��)2=4� 1P (A(!))��� 1P (B)�1��= 1P (B)e(1��)2=4�P (A(!))P (B) ���gia k�je � 2 [0; 1℄. 'Ara,Z
N+1 ef2C (A;(x;!))=4dP (x) � inf�2[0;1℄ 1P (B)e(1��)2=4 �P (A(!))P (B) ��� :'Eqoume de�xei oti gia k�je 0 � r � 1 isqÔei hinf0���1 r��e(1��)2=4 � 2� r:An p�roume r = P (A(!))P (B) � 1;blèpoume oti Z
N+1 ef2C (A;(x;!))=4dP (x) � 1P (B) �2� P (A(!))P (B) � :Apì to je¸rhma tou Fubini èpetai otiZ
 Z
N ef2C(A;(x;!))=4dP (x)d�(!) � 1P (B) Z
�2� P (A(!))P (B) � d�(!)= 1P (B) �2� 1P (B) Z
 P (A(!))d�(!)�� 1P (B) � P (B)(P � �)(A)= 1(P � �)(A) :H teleuta�a anisìthta isqÔei lìgw th
 x(2� x) � 1, x 2 [0; 2℄. Autì sumplhr¸neithn apìdeixh tou pr¸tou isqurismoÔ tou Jewr mato
 2.5.1. T¸ra, gia k�je t > 0,et2=4P (
N nAt) � Z
NnAt ef2C(A;x)=4dP (x)49



� Z
N ef2C (A;x)=4dP (x)� 1P (A) :'Ara, P (At) � 1� 1P (A)e�t2=4: 2Anafore
. To Je¸rhma 2.1.1 apode�qjhke apì ton Talagrand sto [T3℄. Oi John-son kai S
he
htman èdwsan mia apl  gen�keus  tou (Je¸rhma 2.2.1) sto [JS℄, thnopo�a qrhsimopo�hsan sthn asumptwtik  jewr�a q¸rwn peperasmènh
 di�stash
.Sth sunèqeia, o Talagrand apèdeixe plhj¸ra anisot twn sugkèntrwsh
 me thn {mè-jodo th
 epagwg 
}, thn opo�a anèptuxe se olìklhrh jewr�a. Ta apotelèsmatapou endeiktik� parousi�zoume sti
 Paragr�fou
 2.3, 2.4, 2.5 all� kai sthn 3.2perièqontai sto ektenè
 �rjro [T1℄, sto opo�o g�netai {episkìphsh th
 jewr�a
}.
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Kef�laio 3H mèjodo
 twn martingales
3.1 H summetrik  om�da - h mèjodo
 twn martin-galesJa apode�xoume mia anisìthta sugkèntrwsh
 gia thn summetrik  om�da, qrhsi-mopoi¸nta
 mia gnwst  anisìthta gia martingales, thn anisìthta tou Azuma. Hmèjodo
 ofe�letai ston Maurey.D�noume pr¸ta tou
 basikoÔ
 orismoÔ
 th
 desmeumènh
 mèsh
 tim 
 kai toumartingale se ènan q¸ro pijanìthta
 (
;F ; P ). An G e�nai mia upo-�-�lgebra th
F kai an f 2 L1(
;F ; P ), tìte h sunolosun�rthsh�(A) = ZA fdP; A 2 Gor�zei èna mètro sthn G, to opo�o e�nai apolÔtw
 suneqè
 w
 pro
 to P jG . Apì toje¸rhma Radon-Nikodym, up�rqei monadik  h 2 L1(
;G; P ) me thn idiìthtaZA hdP = ZA fdPgia k�je A 2 G. H h onom�zetai desmeumènh mèsh tim  th
 f w
 pro
 thn G kaisumbol�zetai me h = E(f jG).Basikè
 idiìthte
 th
 desmeumènh
 mèsh
 tim 
 e�nai oi ex 
:1. O telest 
 f 7! E(f jG) e�nai jetikì
, grammikì
 kai èqei nìrma 1 se k�je Lpq¸ro, 1 � p � 1.2. An G1 e�nai mia upo-�-�lgebra th
 G, tìte E(E (f jG)jG1 ) = E(f jG1 ).3. An g 2 L1(
;G; P ) tìte E(f � gjG) = g � E(f jG).51



4. An G = f;;
g e�nai h tetrimmènh �-�lgebra, tìte h E(f jG) e�nai stajer : e�naih mèsh tim  th
 f E(f jG) = Ef = Z fdP:Orismì
 'Estw F1 � F2 � : : : � F mia akolouj�a �-algebr¸n. Mia akolouj�af1; f2; : : : sunart sewn fi 2 L1(
;Fi; P ) lègetai martingale w
 pro
 thn fFig anE(fi jFi�1) = fi�1 gia k�je i � 2.H anisìthta tou Azuma d�nei ekt�mhsh mia
 sun�rthsh
 apì thn mèsh tim  th
.L mma 3.1.1 'Estw f 2 L1(
;F ; P ) kai èstw f;;
g = F0 � F1 � F2 � : : : �Fn = F mia akolouj�a �-algebr¸n. Jètoume di = E(f jFi )�E(f jFi�1 ), i = 1; : : : ; n.Tìte, gia k�je 
 > 0 èqoumeP (jf � Ef j � 
) � 2e�
2=4Pni=1 kdik21 :Apìdeixh: ParathroÔme oti h fE(f jFi )gni=0 e�nai martingale w
 pro
 fFigni=0.Pr�gmati èqoume E(E (f jFi )jFi�1) = E(f jFi�1 )kai E(f jFi ) 2 L1(
;Fi; P ) apo ton orismì th
 desmeumènh
 mèsh
 tim 
, epomènw
h akolouj�a fE(f jFi )gni=0 e�nai martingale. Epiplèon èqoume E(di jFi�1) = 0:E(di jFi�1) = E(E (f jFi )� E(f jFi�1 )jFi�1)= E(E (f jFi )jFi�1)� E(E (f jFi�1 jFi�1))= E(f jFi�1 )� E(f jFi�1) = 0:Me sÔgkrish twn dunamoseir¸n twn ex kai ex2=2 pa�rnoume thn anisìthta ex �x + ex2 . AfoÔ o telest 
 f 7! E(f jF) e�nai jetikì
, sumpera�noume oti gia k�je� 2 R E(e�di jFi�1) � E(�di jFi�1) + E(e�2 d2i ):Apì thn grammikìthta th
 f 7! E(f jFi�1 ) èqoume otiE(�di jFi�1) = �E(di jFi�1) = �0 = 0:Epomènw
, E(e�di jFi�1) � E(e�2 d2i ) � E(e�2kdik2 jFi�1) = e�kdik2 :ParathroÔme oti k�je dj 2 L1(
;Fj ; P ) afoÔ E(f jFj ) 2 L1(
;Fj ; P ) kai E(f jFj�1 ) 2L1(
;Fj�1; P ). Pr�gmati, afoÔ f 2 L1(
;F ; P ) up�rqei M > 0 tètoio
 ¸ste�M � f � M sqedìn pantoÔ sto 
. Tìte, �M � E(f jFj ) � M . 'Omoia,E(f jFj�1 ) 2 L1(
;Fj�1; P ).Isqurismì
: IsqÔei h anisìthtaEePni=1 �di � e�2Pni=1 kdik21 :52



Apìdeixh: Me epagwg  w
 pro
 n: Gia n = 1 èqoume Ee�d1 = E(e�d1 jF0) �e�2kd1k21 . Upojètoume oti isqÔei gia n = k, dhlad Ee�Pkj=1 dj � ePkj=1 �2kdjk2 :Ja de�xoume oti isqÔei gia n = k + 1.'Eqoume ePkj=1 �dj 2 L1(
;Fk; P ) afoÔ dj 2 L1(
;Fj ; P ) ìpw
 e�dame proh-goumènw
. 'Ara, apì thn idiìthta 3 th
 desmeumènh
 mèsh
 tim 
E(ePkj=1 �djedk jdk�1) = ePkj=1 �djE(edk jFk�1):Qrhsimopoi¸nta
 kai thn epagwgik  upìjesh èqoume:E(e�Pk+1j=1 dj jF0) = E(E (ePk+1j=1 �dj jFk)jF0)= E(E (ePj=k+1j=1 �dj jFk))= E(E (ePkj=1 �dj+�dk+1 jFk))= E(ePkj=1 �djE(e�dk+1 jFk))� E(ePj=kj=1 �dj )e�2kdk+1k21� e�2Pkj=1 kdik21e�2kdk+1k21= e�2Pk+1j=1 kdjk21 :Gia k�je � > 0 èqoumeP (f � Ef � 
) = P (E(f jF0 )� E(f jF1 ) � C)= P ( nXj=1 dj � C)= P ( nXj=1 �dj � �C)= P (e�Pnj=1 ��C � 1)� Ee�Pnj=1 �dj��C� e�2Pnj=1 kdjk21��C :'Ara, P (f � Ef � C) � min�>0 e�2Pnj=1 kdjk2��C = e�
2=4Pnj=1 kdjk21 :Ean efarmìsoume thn anisìthta gia thn �f , pa�rnoumeP (�f + Ef � C) � e�
2=4Pnj=1 kdjk21 :'Ara,P (jf � Ef j � Cj) � P (f � Ef � C) + P (E � f � C) � 2�
2=4Pnj=1 kdjk21 : 253



Je¸rhma 3.1.1 H oikogèneia Sn twn metajèsewn tou f1; 2; : : : ; ng me metrik  thnd(�; �) = 1n jfi : �(i) 6= �(i)gj kai me to omoiìmorfo mètro P pou d�nei m�za 1n! sek�je met�jesh e�nai mia kanonik  L�evy oikogèneia me stajerè
 
1 = 2 kai 
2 = 1=64.Dhlad , �(Sn; ") � 2 exp(�"2n=64) gia k�je " > 0.Apìdeixh: 'Estw Fj h �lgebra pou par�getai apo taAi1;:::;ij = f� : �(1) = i1; : : : ; �(j) = ijgìpou i1; : : : ; ij diakekrimèna stoiqe�a tou f1; : : : ; ng. JewroÔme thn akolouj�af;; Sng = F0 � F1 : : : � Fn = 2Sn :Tìte, Fj � Fj+1 gia k�je j = 0; 1; : : : ; n� 1. Pr�gmati, k�je �tomo th
 Fj e�naith
 morf 
Ai1;i2;:::;ij = [k2f1;:::;ngnfi1:::;ijgf� : �(1) = i1; : : : ; �(j) = ij ; �(j + 1) = kg;dhlad  an kei sthn Fj+1.'Estw f mia sun�rthsh orismènh sto Sn, me stajer� Lips
hitz 1 kai èstw(fj)j=nj=0 to martingale fj = E(f jFj ) pou par�getai apo thn f .L mma 3.1.2 Gia k�je �tomo A = Ai1;i2;:::;ij th
 Fj kai k�je zeug�ri atìmwnB = Ai1;i2;:::;ij ;r kai C = Ai1;:::;ij ;s th
 Fj+1 pou perièqontai sto A, mporoÔme nabroÔme mia 1-1 ape�konish � : B ! C tètoia ¸ste d(b; �(b)) � 2n gia k�je b 2 B.Apìdeixh: 'Estw � h met�jesh pou antimetajètei ta r kai s kai af nei amet�blhtata upìloipa stoiqe�a tou f1; : : : ; ng. Or�zoume � : B ! C me �(�) = � Æ �.Tìte, �(�)(i) = �(i) gia i 6= j + 1 kai i 6= ��1(s). Pr�gmati, ean i = ��1(s)tìte �(i) = s kai�(�)(i) = � Æ �(i) = �(s) = r. Ean i = j + 1, tìte �(�)(j + 1) =� Æ �(j + 1) = �(r) = s kai an i = ��1(s) tìte �(�)(i) = �(s) = r. Epomènw
,d(b; �(b)) � 2n:H � e�nai ex orismoÔ 1-1 kai afoÔ 
ardB = 
ardC èpetai oti h � e�nai ep�. 2'Estw A;B;C ìpw
 ston isqurismì. AfoÔ ta B;C e�nai �toma th
 Fj+1, h fj+1e�nai stajer  sta B;C. 'EqoumeZB E(f jFj+1 )dP = ZB fdP = 1n! X�2B f(�):'Omw
 h fj+1 = E(f jFj+1 ) e�nai stajer  sto B, �rafj+1jB � 1P (B) 1n! X�2B f(�) = 1jBj X�2B f(�):54



'Omoia de�qnoume oti fj+1jC = 1jCjP�2C f(�). Gr�foumefj+1jC = 1jCj X�2C f(�) = 1j�(B)j X�2B f(�(�)) = 1jBj X�2B f(�(�)):AfoÔ h f e�nai sun�rthsh Lips
hitz me stajer� 1,jfj+1jB � fj+1jCj � 1jBj X�2B jf(�)� f(�(�))j� 1jBj X�2B d(�; �(�))� 1jBj X�2B 2n = 2n:'Epetai ìti jfj+1jB � fj jAj � 2n . Pr�gmati, èqoumejAj = j [s62fi1;:::;ijgAi1;:::;ij ;sj = Xs62fi1;:::;ijg jAi1;i2;:::;ij ;sj = (n� j)jCj:Epomènw
, fj jA = 1jAj X�2A f(�)= 1(n� j)jCj nXs62fi1;:::;ijg;s=1 X�2Ai1;:::;ij ;s f(�)= 1(n� j)jCj XC�AX�2C f(�)= 1n� j XC�A fj+1jC:'Ara, jfj+1jB � fj jAj = ���� 1n� j XC�A fj+1jB � 1n� j XC�A fj+1jC����= ���� XC�A 1n� j (fj+1jB � fj+1jC)����� XC�A 1n� j jfj+1jB � fj+1jCj� XC�A 1n� j 2n= 2n: 55



'Eqoume 
 = SBi ìpou Bi 2 Fj+1. Ja de�xoume oti jdj+1jBij � 2n , ìpou oi djor�zontai ìpw
 sthn anisìthta tou Azuma. Pr�gmati,jdj+1jBij = jfj+1jBi � fj jBij = jfj+1jBi � fj jAij � 2nìpou Ai to �tomo th
 Fj pou perièqei to Bi. 'Ara,kdj+1k1 � 2n:H f profan¸
 an kei ston L1(Sn;Fn; P ), �ra h prohgoÔmenh anisìthta kai toL mma 3.1.1 d�noun P (jf � Ef j � 
) � 2e�
2n=16:'Eqoume loipìn apode�xei thn ex 
 prìtash.Prìtash 3.1.1 'Estw f : Sn ! R sun�rthsh Lips
hitz me stajer� 1. Tìte,P (jf � Ef j � 
) � 2e�
2n=16: 2Oloklhr¸noume thn apìdeixh tou jewr mato
 w
 ex 
. Gia k�je A � Sn, hd(�; A) e�nai Lips
hitz me stajer� 1. Epilègoume 
 > 0 tètoion ¸ste 2 exp(�
2n=16) =1=2. Dhlad , 
 = 4plog 4=n. Tìte,P (jd(�; A) � E(d(�; A))j < 4plog 4=n) � 1=2:Ean upojèsoume oti P (A) � 1=2, tìte P (d(�; A) = 0) = P (A) � 1=2. Ta endeqì-mena f� : d(�;A) = 0g kai fjd(�; A) � Ed(�; A)j < 4plog 4=ng èqoun mh kènh tom afoÔ P (f� : d(�;A) = 0g) + P (fjd(�; A)� Ed(�; A)j < 4plog 4=ng)> 12 + 12 = 1:'Ara up�rqei � 2 Sn tètoio ¸ste jd(�;A) � Ed(; A)j < 4plog 4=n kai d(�;A) = 0(dhlad , � 2 A). 'Epetai oti Ed(�; A) < 4plog 4=n:'Eqoume P (d(�; A) � 
+ Ed(�; A)) � P (jd(; A)� Ed(�; A)j � 
) � 2e�
2n16 :'Omw
, P (d(�; A) � 
+ 4plog 4=n) � P (d(�; A) � 
+ Ed(�; A)):'Ara, P (d(�; A) � 
+ 4plog 4=n) � 2 exp(�
2n=16):56



Gia " > 8plog 4=n pa�rnoumeP (d(�; A) > ") = P (d(�; A) > "=2 + 4plog 4=n) � 2e�"2n64 :Apì thn �llh pleur�, an " � 8plog 4=nP (d(�; A) > ") � P (Sn nA) � 12 = 2elog(1=4) � 2e�"2n64 :'Ara, h sun�rthsh sugkèntrwsh
 �(Sn; ") ikanopoie� thn�(Sn; ") � 2e�"2n=64gia k�je " > 0. Dhlad , h (Sn) e�nai kanonik  oikogèneia L�evy me stajerè
 
1 = 2kai 
2 = 1=64. 2H �dia mèjodo
 d�nei mia �llh apìdeixh th
 anisìthta
 tou Khint
hine.Je¸rhma 3.1.2 Gia k�je 1 � p <1 up�rqoun stajerè
 0 < Ap; Bp <1 tètoie
¸ste: an a1; : : : ; an 2 R, tìteA�1p ( nXi=1 jaij2)1=2 � j nXi=1 airijp � Bp( nXi=1 jaij2)1=2:Epiplèon, Bp = O(pp) kaj¸
 p ! +1 kai h Ap e�nai fragmènh makri� apo tomhdèn: dhlad , up�rqei mia stajer� m > 0 tètoia ¸ste jApj � m gia k�je p � 1.Apìdeixh: 'Estw faigni=1 � R me Pni=1 a2i = 1. Gia k�je k � 1 jewroÔme thn�lgebra Fk pou apotele�tai apì ti
 peperasmène
 en¸sei
 twn upodiasthm�twn[s=2k; (s+1)=2k), s = 0; 1; : : : ; 2k� 1. Oi sunart sei
 Raderma
her r1; : : : ; rk e�naimetr sime
 w
 pro
 thn Fk . Profan¸
 F1 � F2 � : : : Fn kai h �Pki=1 airi	nk=1e�nai martingale w
 pro
 thn fFkgnk=1. Pr�gmati,E  kXi=1 airi��Fk�1! = kXi=1 aiE(ri jFk�1) = k�1Xi=1 aiE(ri jFk�1) + akE(rk jFk�1):Epeid  oi ri, i = 1; : : : ; k � 1 e�nai metr sime
 w
 pro
 thn Fk�1, èqoumeE(ri jFk�1) = ri; i = 1; : : : ; k � 1:Ep�sh
, E(rk jFk�1) = 0. IsqÔei m�lista k�ti perissìtero:(�) ZA E(rk jFk�1)dP = 0gia k�je A 2 Fk�1. 57



Apìdeixh th
 (�): Arke� na de�xoume oti RA E(rk jFk�1)dP = 0 gia k�je �tomoth
 Fk�1. 'Estw A �tomo th
 Fk�1. Tìte, A = B1 [ B2, ìpou ta B1, B2 e�naidiast mata m kou
 12k , �ra �toma th
 Fk. Epomènw
,ZA E(rk jFk�1)dP = ZA rkdP = ZB1 rkdP + ZB2 rkdP = 0:H teleuta�a isìthta isqÔei afoÔ se èna apo ta B1, B2 h rk pa�rnei thn tim  1 kaisto �llo thn tim  �1. 2'Estw f =Pni=1 airi. Tìte,E(f jFk ) = E(E (f jFn�1 )jFk)= E  n�1Xi=1 airi��Fk! = E  E  n�1Xi=1 airi��Fn�2!��Fk!= E  n�2Xi=1 airi��Fk! = : : : = E  k+2Xi=1 airi��Fk!= E  E  k+2Xi=1 airi��Fk+1!��Fk! = E  k+1Xi=1 airi��Fk!= kXi=1 airi:'Epetai otikdkk1 = kE(f jdk )� E(f jdk�1 )k1 = 



 kXi=1 airi � k�1Xi=1 airi



1= kakrkk1 = jakj:Profan¸
 f 2 L1([0; 1℄; F; P ). 'EqoumeEf = E  nXi=1 airi! = nXi=1 aiEri = nXi=1 ai0 = 0:'Ara, apì to L mma 3.1.1 pa�rnoume èqoumeP  ���� nXi=1 airi���� > 
! � 2e �
24Pni=1 kdik21 = 2e�
24afoÔ Pni=1 a2i = Pni=1 kdik2 = 1. Efarmìzoume to L mma 2.1.4 gia thn f =Pni=1 airi: an k�noume thn allag  metabl th
 x = t2=4, pa�rnoumeZ 10 jXairijpdP = Z 10 pep�1P  ���� nXi=1 airi���� > t! dt58



� Z 10 ptp�1e�t24 dt= 2pp Z 10 e�xxp=2�1dx'Opw
 sthn x2.1, sumpera�noume oti an p e�nai �rtio
 fusikì
 tìte2pp Z 10 e�xxp=2�1dx � 2ppp=2:Or�zoume Bpp = Z 10 ptp�1e�t24 dt:Gia k�je p � 2 up�rqei q �rtio
 me p � q � p+ 2, �raBp � Bq � 2pq � 2pp+ 2 � 2p2p = 2p2pp:'Ara, supp�2Bp=pp � 1:Apì ton kanona tou parallhlogr�mmou èqoume1 =  Z 10 ����X airi����2dP!1=2 :Oi prohgoÔmene
 sqèsei
 kai h anisìthta tou H�older de�qnoun oti gia k�je 2 � p <1, 1 =  Z 10 ����X airi����2dP!1=2 �  Z 10 ���� nXi=1 airi����pdP!1=p � Bp:Exet�zoume t¸ra thn per�ptwsh 1 � p � 2. Apì thn anisìthta tou H�older,1 = Z 10 ���� nXi=0 airi����2dP= Z 10 ���� nXi=1 airi����2=3���� nXi=1 airi����4=3dP�  Z 10  ���� nXi=1 airi����2=3)3=2! dP!3=20�Z 10  ���� nXi=1 airi����4=3!3 dP1A1=3=  Z 10 ���� nXi=1 airi����dP!2=3 Z 10 ���� nXi=1 airi����4dP!1=3 :59



'Epetai oti B�24 � Z 10 ���� nXi=1 airi����dP:Ep�sh
, gia 1 � p < 2 apì thn anisìthta tou H�older èqoume Z 10 ���� nXi=1 airi����pdP!1=p �  Z 10 ���� nXi=1 airi����2dP!1=2 = 1:'Ara, gia k�je 1 � p < 2 èqoumeB�24 � Z 10 ���� nXi=1 airi����dP �  Z 10 ���� nXi=1 airi����pdP!1=p �  Z 10 ���� nXi=1 airi����2dP!1=2 = 1:Dhlad , gia k�je 1 � p <1 up�rqoun stajerè
 Bp, Ap tètoie
 ¸steA�1p � 



 nXi=1 airi



p � Bpgia k�je a1; : : : ; an me Pni=1 a2i = 1.Apì ti
 ektim sei
 pou d¸same gia ti
 Ap kai Bp prokÔptoun �mesa oi upìloipoiisqurismo� tou Jewr mato
 3.1.2. 23.2 H summetrik  om�da - h mèjodo
 th
 kurt 
j kh
Sumbol�zoume me SN thn om�da twn metajèsewn tou sunìlou f1; 2; : : : ; Ng, efo-diasmènh me to summetrikì mètro pijanìthta
 PN . Gia k�je A � SN kai � 2 SN ,jewroÔme to sÔnoloUA(�) = fs 2 f0; 1gN : 9� 2 A : 8 l � N; sl = 0) �(l) = �(l)gkai sumbol�zoume me VA(�) thn kurt  j kh tou UA(�) sto [0; 1℄N . Jètoumef(A; �) = inf �Xl�N s2l : s = (sl) 2 VA(�)�:Skopì
 ma
 e�nai na apode�xoume thn ex 
 anisìthta:Je¸rhma 3.2.1 Gia k�je mh kenì A � SN ,ZSN ef(A;�)=16dPN (�) � 1PN (A) :60



To Jewrhma auto dinei analogh ektimhsh me to Jewrhma 3.1.1 gia thn sunhjhsunarthsh sugkentrwsh
 tou qwrou metajesewn SN . Me mia omw
 ennoia einaiisqurotero (h sugkrish einai paromoia me authn twn Jewrhmatwn 2.3.1 kai 2.5.1:blepe Kefalaio 2, selida 47).H apìdeixh ja g�nei me epagwg  w
 pro
 N , e�nai ìmw
 teqnik� polÔplokh. Anp;m � N kai p 6= m, or�zoumef(A; �; p;m) = inf �s2p +Xl�N s2l : s 2 VA(�); sm = 0�;kai gia i; j � N jètoumeg(A; �; i; j) = inf � Xl6=i;j s2l : s 2 VA(�)�:To Je¸rhma 3.2.1 e�nai �mesh sunèpeia tou ex 
:Je¸rhma 3.2.2 Gia k�je mh kenì A � SN kai p � N èqoume:(1) ZSN ef(A;�;p)=16dPN (�) � 1PN (A)kai(2) ZSN ef(A;�;��1(p))=16dPN (�) � 1PN (A) :Apìdeixh: Me epagwg  w
 pro
 N .Gia N = 1 èqoume S1 = f idg kai p = 1, epomènw
ZS1 ef(A;�;��1(1))=16dPN (�) = ef(A;id;1):AfoÔ A 6= ;, èqoume A = S1. 'Ara, UA(id) = f1; 0g. 'Epetai oti VA(id) = [0; 1℄,opìte f(A; id; 1) = 0. Epomènw
,ZS1 ef(A;�;��1(1))=16 = 1 = 1P1(A) :'Omoia apodeiknÔoume thnZS1 ef(A;�;p)=16dP1(�) � 1P1(A) :Upojètoume oti to Je¸rhma isqÔei gia k�poio N kai ja de�xoume oti isqÔei gia tonN + 1. Gia to epagwgikì b ma ja qreiastoÔme ta parak�tw l mmata:61



L mma 3.2.1 'Estw i; j � N + 1 me i 6= j, èstw � 2 SN+1 kai 0 � � � 1. Tìte,f(A; �; i) � 4(1� �)2 + (1� �)g(A; �; i; j) + �f(A; �; j; i):Apìdeixh: 'Estw s 2 VA(�) kai t 2 VA(�) me ti = 0. AfoÔ to VA(�) e�nai kurtì,èqoume u = (1� �)s+ �t 2 VA(�):'Ara, f(A; �; i) � Xl�N u2l + u2i= 2u2i + Xl�N;l6=iu2l= 2u2i + u2j + Xl�N;l6=i;j u2l� 2[(1� �)si + �ti℄2 + ((1� �)sj + �tj)2 + Xl�N;l6=i;j u2l= 2(1� �)2 + ((1� �)sj + �tj)2 + Xl�N;l6=i;j u2l :Apì thn anisìthta (a+ b)2 � 2a2 + 2b2 kai ti
 0 � sj � 1, 0 � � � 1 pa�rnoume((1� �)sj + �tj)2 � 2(1� �)2s2j + 2�2t2j� 2(1� �)2 + 2�2t2j� 2(1� �)2 + 2�t2j :'Ara, f(A; �; i) � Xl6=i;j((1� �)sl + �tl)2 + 4(1� �)2 + 2�t2j :H x 7! x2 e�nai kurt , �ra((1� �)sl + �tl)2 � (1� �)s2l + �t2l :Epomènw
, èqoumef(A; �; i) � (1� �) Xl6=i;j s2l + �(2t2j + Xl6=j;i t2l ) + 4(1� �)2= (1� �) Xl6=i;j s2l + �(t2j +Xl�N t2l ) + 4(1� �)2gia k�je s; t 2 VA(�). Pa�rnonta
 in�mum w
 pro
 t; s pa�rnoume to zhtoÔmeno. 2Orismì
 Gia k�je i � N or�zoumeGi = f� 2 SN+1 : �(i) = N + 1g62



Sumbol�zoume me ti = tN+1;i thn antimet�jesh twn N + 1 kai i, kai jewroÔme thnapeikìnish R : � 7! � Æ ti. ParathroÔme oti, ean � 2 Gi tìteR(�)(N + 1) = (� Æ ti)(N + 1) = �(i) = N + 1:Epomènw
 mporoÔme na blèpoume thn R san mia apeikìnish apì to Gi sthn SN .Tèlo
, an A � SN+1 or�zoume Ai = A \Gi.L mma 3.2.2 Ean � 2 Gi, èqoumef(A; �; j; i) � f(R(Ai); R(�); ti(j)):Apìdeixh: JewroÔme pr¸ta thn per�ptwsh i = N + 1. Tìte, tN+1 = id kai Re�nai h probol  tou GN+1 sthn SN . An s 2 UR(An+1)(R(�)), elègqoume eÔkola oti�s = (s; 0) 2 UA(�). 'Epetai otis 2 VR(AN+1)(R(�)) =) �s = (s; 0) 2 VA(�):Ep�sh
, �s2j + Xl�N+1 �s2l = s2j +Xl�N s2l :AfoÔ �s 2 VA(�) kai �sN+1 = 0,f(A; �; j;N + 1) � s2j +Xl�N s2l :Pa�rnonta
 in�mum w
 pro
 s èqoume to zhtoÔmeno.'Estw t¸ra i 6= N + 1. JewroÔme �s = (�sl) 2 f0; 1gN+1 jètonta
 �si = 0, �sN+1 = sikai �sl = sl an l 6= i; N +1. Parathr ste oti �sl = sti(l) gia k�je l 6= i. Ja de�xoumeoti s 2 VR(Ai)(R(�))) �s 2 VAi(�):Arke� na de�xoume oti(�) s 2 UR(Ai)(R(�))) �s 2 UAi(�):AfoÔ s 2 UR(Ai)(R(�)), up�rqei � 2 R(Ai) tètoia ¸stel � N; sl = 0) �(l) = R(�)(l):AfoÔ � 2 R(Ai), èqoume � = R(�) gia k�poia � 2 Ai = A \Gi. Epomènw
,l � N; sl = 0) �(ti(l)) = �(ti(l)):Ja de�xoume oti �sl = 0) �(l) = �(l):63



Gia l = i, èqoume (�si = 0 ) �(i) = �(i)) afoÔ �(i) = N + 1 = �(i) lìgw th
�; � 2 Gi. Ean l 6= i èqoume �sl = 0 ) �sti(l) = 0 �ra �(ti(ti(l))) = �(ti(ti(l))),dhlad  �(l) = �(l). Autì apodeiknÔei thn (�).An s = (sl)l�N 2 VR(Ai)(R(�)) kai �s 2 VA(�) ìpw
 parap�nw, èqoumes2j +Xl�N s2l = �s2ti(j) +Xl�N s2l= �s2ti(j) + Xl�N;l6=i �s2l + s2i= �s2ti(j) + Xl�N;l6=i �s2l + �s2N+1= �s2ti(j) + Xl�N+1 �s2l :Pa�rnonta
 kat�llhla in�mum w
 pro
 s 2 VR(Ai)(R(�)), sumpera�noume otif(A; �; j; i) � f(R(Ai); R(�); ti(j)): 2Sumbol�zoume me Qi to omoiìmorfo mètro pijanìthta
 sto Gi.Pìrisma 3.2.1 IsqÔei h anisìthtaZGi ef(A;�;j;i)=16dQi(�) � 1Qi(Ai) = 1Qi(A) :Apìdeixh: Apì th sqèsh f(A; �; j; i) � f(R(Ai); R(�); ti(j)) èqoumeZGi ef(A;�;j;i)=16dQi(�) � ZGi ef(R(Ai);R(�);ti(j))=16dQi(�)= ZSN ef(R(Ai);�;ti(j))=16dPN (�)� 1PN (R(Ai)) = 1Qi(A) :H teleutaia anisìthta isqÔei lìgw th
 epagwgik 
 upìjesh
ZSN ef(A;�;p)=16dPN (�) � 1PN (A) ;en¸ h teleuta�a isìthta isqÔei giat�Qi(A) = jAi \Gijn! = jAijn! = R(Ai)n! = PN (R(Ai)): 264



L mma 3.2.3 'Estw j 6= i. Tìte,ZGi ef(A;�;i;j)=16dQi(�) � 1Qj(A) :Apìdeixh: JewroÔme thn S : Gj ! Gi me S(�) = �Æ ti;j : H S e�nai kal� orismènh:S(�)(i) = (� Æ ti;j)(i) = �(j) = N + 1:E�nai fanerì oti h S e�nai 1-1.Isqurismì
: 'Estw B 2 R(S(Aj)). Tìte,g(A; �; i; j) � f(B;R(�)):Apìdeixh: Arke� na de�xoume otis 2 UB(R(�)) ) �s 2 UA(�);ìpou to �s 2 f0; 1gN+1 or�zetai w
 ex 
: �si = �sj = 1, an i; j 6= N+1 tìte �sN+1 = si,kai an l 62 fi; j;N + 1g tìte �sl = sl.AfoÔ s 2 UB(R(�)), up�rqei � 2 B tètoia ¸ste: gia k�je l � N ,sl = 0) �(l) = � Æ ti(l):AfoÔ � 2 B, mporoÔme na gr�youme � = � Æ ti;j Æ ti gia k�poia � 2 Aj . 'Ara, anl � N , sl = 0) � Æ ti;j Æ ti(l) = � Æ ti(l):Ja de�xoume oti �sl = 0) �(l) = �(l):Ean l 62 fi; j;N +1g, tìte �sl = 0) sl = 0 epomènw
 èqoume � Æ ti;j Æ ti(l) = � Æ ti(l)kai lìgw th
 l 62 fi; j;N + 1g èqoume �(l) = �(l).Ean l = i = j, tìte �sl = 1 kai h zhtoÔmenh prìtash isqÔei.Ean l = N + 1 = i   l = N + 1 = j, tìte �sN+1 = 1 �ra p�li h zhtoÔmenhprìtash isqÔei.Tèlo
 gia l = N+1 kai l 6= i; j, èqoume �sN+1 = si, �ra ean �sN+1 = 0 pa�rnoume� Æ ti;j Æ ti(i) = � Æ ti(i)�ra � Æ ti;j(N + 1) = �(N + 1)�ra �(N + 1) = �(N + 1):'Ara �s 2 UA(�). 265



Apì ton isqurismì pa�rnoumeZ eg(A;�;i;j)=16dQi(�) � Z ef(B;R(�))=16dQi(�)= Z ef(B;p)=16dPN (p)� 1PN (B) = 1Qj(A) :H teleuta�a anisìthta prokÔptei apì thn epagwgik  upìjesh. 2Epistrèfoume sthn apìdeixh th
ZSN+1 ef(A;�;��1(p))=16dPN+1(�) � 1PN+1(A) :Qwr�
 bl�bh th
 genikìthta
 upojètoume oti p = N +1. Dialègoume j tètoio ¸stemaxiQi(A) = Qj(A). JewroÔme i; j � N + 1 me i 6= j kai 0 � � � 1. Apì taprohgoÔmena L mmata, apì to Pìrisma 3.2.1 kai apo thn anisìthta H�older èpetaiotiZ ef(A;�;i)=16dQi(�) � e(1��)2=4 Z e(1��)g(A;�;i;j)=16e�f(A;�;j;i)=16dQi(�)� e (1��)24 �Z eg(A;�;i;j)=16dQi(�)�1���Z ef(A;�;j;i)=16dQi(�)��� e (1��)24 � 1Qi(A)��� 1Qj(A)�1��= 1Qj(A) �Qi(A)Qj(A)��� e (1��)24gia k�je � 2 [0; 1℄. 'Omw
, gia k�je r 2 [0; 1℄inf0���1 r��e (1��)24 � 2� r:Epomènw
, Z ef(A;�;i)=16 � 1Qj(A) �2� Qi(A)Qj(A)�gia i 6= j. H �dia sqèsh isqÔei kai gia i = j. ParathroÔme otiPN+1 = 1N + 1 Xi�N+1Qikai afoÔ � 2 Gi ) i = ��1(N + 1), èqoumeZSN+1 ef(A;�;��1(N+1))=16dPN+1(�) = N+1Xi=1 ZGi ef(A;�;i)dPN+1(�)66



= N+1Xi=1 1N + 1 ZGi ef(A;�;��1(N+1))=16dQi(�)� N+1Xi=1 1N + 1 1Qj(A) �2� Qi(A)Qj(A)�= 1Qj(A)  2� 1N+1PN+1i=1 Qi(A)Qj(A) != 1Qj(A) �2� PN+1(A)Qj(A) �� 1PN+1(A) :Autì oloklhr¸nei thn apìdeixh th
 (2). To epagwgikì b ma gia thn (1) e�naian�logo me autì th
 (1), all� ìqi entel¸
 ìmoio.L mma 3.2.4 Gia � 2 SN+1,j � N + 1 j 6= �(N + 1) ,0 � � � 1 èqoumef(A; �;N +1) � 4(1��)2+(1��)g(A; �;N +1; ��1(j))+�f(A; �; ��1(j); N +1):Apìdeixh: To zhtoÔmeno prokÔptei apì thn anisìthta tou L mmato
 3.2.1 anantikatast soume to i me N + 1 kai to j me ��1(j). 2Jètoume G0i = f� 2 SN+1 : �(N + 1) = ig:StajeropoioÔme i kai jewroÔme thn apeikìnish R0 : � 7! ti Æ �. An � 2 G0i, tìteR0(�)(N + 1) = ti(i) = N + 1;�ra mporoÔme na blèpoume thn R0 san apeikìnish apì to G0i sthn SN . JètoumeA0i = A \G0i.L mma 3.2.5 An � 2 G0i, i 6= j, èqoumef(A; �; ��1(j); N + 1) � f(R0(A0i); R0(�); R0(�)�1(ti(j))):Apìdeixh: Gia k�je akolouj�a s 2 f0; 1gN jewroÔme thn akolouj�a �s = (�sl) 2f0; 1gN+1 pou or�zetai apì ti
 �sl = sl an l 6= N + 1 kai �sN+1 = 0. AfoÔ��1(j) = R0(�)�1(ti(j)) 6= N + 1;arke� na de�xoume oti s 2 UR0(A0i)(R0(�)) =) �s 2 UA(�):'Estw èna tètoio s. Apì ton orismì, up�rqei � 2 R0(A0i) tètoia ¸stel � N ; sl = 0 =) �(l) = R0(�)(l):67



AfoÔ � 2 R0(A0i), èqoume � = R0(�) gia k�poia � 2 A0i. 'Ara,l � N ; sl = 0 =) (ti Æ �)(l) = (ti Æ �)(l) =) �(l) = �(l):AfoÔ �(N + 1) = �(N + 1) = i, èpetai otil � N ; �sl = 0 =) �(l) = �(l):Dhlad , �s 2 UA(�). 2Sumbol�zoume me Q0i to omoiìmorfo mètro pijanìthta
 sto G0i.Pìrisma 3.2.2 An j 6= i,Z ef(A;�;��1(j);N+1)=16dQ0i(�) � 1Q0i(A) :Apìdeixh: Apì to L mma 3.2.5 kai to gegonì
 oti h R0 metafèrei to Q0i sto PN ,to aristerì mèlo
 fr�ssetai apìZ ef(R0(Ai);�;��1(ti(j)))dPN (�)� 1PN (R0(Ai))= 1Q0i(A)lìgw th
 (2), h opo�a èqei  dh apodeiqje�. 2L mma 3.2.6 An i 6= j, èqoumeZ eg(A;�;N+1;��1(j))=16dQ0i(�) � 1Q0j(A) :Apìdeixh: H apeikìnish S0 : � 7! tij Æ � e�nai èna pro
 èna apì to G0j sto G0i.Jètoume B = R0 Æ S0(Aj). Ja de�xoume oti an � 2 G0i tìte(�) g(A; �;N + 1; ��1(j)) � f(B;R0(�))(blèponta
 thn R0 san apeikìnish apì to G0i sto SN ). AfoÔ PN (B) = Q0j(A), toL mma èpetai apì thn epagwgik  upìjesh gia thn (1)   thn (2).Gia k�je s 2 f0; 1gN or�zoume mia akolouj�a �s 2 f0; 1gN+1 w
 ex 
. Anl =2 fN + 1; ��1(j)g jètoume �sl = sl. Ep�sh
, �sN+1 = �s��1(j) = 1. Gia na de�xoumethn (�) arke� na de�xoume otis 2 UB(R0(�)) =) �s 2 UA(�):'Estw s 2 UB(R0(�)). Up�rqei � 2 B tètoia ¸stesl = 0 =) �(l) = R0(�)(l) = (ti Æ �)(l):AfoÔ � 2 B, mporoÔme na gr�youme � = ti Æ tij Æ � gia k�poia � 2 A0j . Epomènw
,sl = 0 =) tij Æ �(l) = �(l) =) �(l) = (tij Æ �)(l):68



'Omw
, an l 6= N + 1; ��1(j), èqoume �(l) 6= i; j. Ara, (tij Æ �)(l) = �(l). Dhlad ,gi� autè
 ti
 timè
 tou l èqoume�sl = 0 =) sl = 0 =) �(l) = �(l): 2H apìdeixh tou epagwgikoÔ b mato
 gia thn (1) qrhsimopoie� aut� ta L mmatakai e�nai ìmoia me aut n tou epagwgikoÔ b mato
 gia thn (2). 2Anaforè
. To Je¸rhma 3.1.1 apode�qjhke apì ton Maurey [Ma1℄. Gia anisìthte
{tÔpou Azuma} blèpe to bibl�o tou Stout [St℄. H efarmog  twn martingales sthnapìdeixh th
 anisìthta
 Khint
hine-Kahane (Jewrhma 3.1.2) e�nai apì to bibl�o[MS℄. To Je¸rhma 3.2.1 e�nai tou Talagrand [T1℄.
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Kef�laio 4H idiìthta (� )
4.1 H idiìthta (�)Orismo�. 'Estw f kai g metr sime
 sunart sei
 orismène
 ston Rn . Me f2gsumbol�zoume thn elaqistik  sunèlixh twn f kai g,(f2g)(x) = inf ff(x� y) + g(y) : y 2 Rng :An � e�nai èna mètro pijanìthta
 ston Rn kai w m�a jetik  metr simh sun�rthshston Rn , lème ìti to zeug�ri (�;w) ikanopoie� thn idiìthta (�) an gia k�je fragmènhmetr simh sun�rthsh � ston Rn isqÔei�Z e�2wd���Z e��d�� � 1:L mma 4.1.1 An to (�i; wi) ikanopoie� thn (�) ston Rni gia i = 1; 2, tìte to(�1 
 �2; w) ikanopoie� thn (�) ston Rn1 � Rn2 , ìpou w(x1; x2) = w1(x1) +w2(x2).Apìdeixh: 'Estw � : Rn1 � Rn2 ! R fragmènh metr simh sun�rthsh. Gr�foume(�2w)(x; y) = inf(u;v) f�(x � u; y � v) + w(u; v)g= inf(u;v) f�(x � u; y � v) + w1(u) + w2(v)g= infu ninfv f�(x � u; y � v) + w2(v)g+ w1(u)o :'Ara,Z e�2wd(�1 
 �2) = ZRn1 ZRn2 infu new1(u)einfvf�(x�u;y�v)+w2(v)go d�2(y)d�1(x)71



� ZRn1 infu �ew1(u) ZRn2 einfvf�(x�u;y�v)+w2(v)gd�2(y)� d�1(x)� ZRn1 infu (ew1(u) �ZRn2 e��(x�u;y)d�2(y)��1) d�1(x);ìpou efarmìsame thn idiìthta (�) gia to zeug�ri (�2; w2) kai thn sun�rthsh fx;u(y) =�(x � u; y).Jètoume  (x) = log�ZRn2 e��(x;y)d�2(y)��1 :Tìte, h  e�nai fragmènh kai efarmìzonta
 thn idiìthta (�) gia to zeug�ri (�1; w1)ston Rn1 pa�rnoumeZ e�2wd(�1 
 �2) � ZRn1 einfuf (x�u)+w1(u)gd�1(x)� �ZRn1 e� (x)d�1(x)��1= �ZRn1 ZRn2 e��(x;y)d�2(y)d�1(x)��1= �ZRn1�Rn2 e��(x;y)d(�1 
 �2)(x; y)��1 :'Ara, to zeug�ri (�1 
 �2; w) ikanopoie� thn (�). 2'Estw �1 kai �2 mètra pijanìthta
 ston Rn . H sunèlixh �1 ��2 twn dÔo mètrwnor�zetai mèsw th
ZRn h d(�1 � �2) = ZRn ZRn h(x+ y)d�1(x)d�2(y):Sthn per�ptwsh pou ta dÔo mètra e�nai apolÔtw
 suneq  w
 pro
 to mètro Lebesgueme puknìthte
 f1 kai f2, to �1 � �2 e�nai to mètro pou èqei puknìthta thn f1 � f2.L mma 4.1.2 An to (�i; wi) ikanopoie� thn (�) ston Rn gia i = 1; 2, tìte to zeug�ri(�1 � �2; w12w2) ikanopoie� thn (�) ston Rn .Apìdeixh: 'Estw � : Rn ! R fragmènh metr simh sun�rthsh. Gr�foume[�2(w12w2)℄(x+ y) = infz f�(x + y � z) + (w12w2)(z)g= infz n�(x + y � z) + infu fw1(z � u) + w2(u)go= infz infu f�(x + y � z) + w1(z � u) + w2(u)g= infu infz f�(x + y � z) + w1(z � u) + w2(u)g72



= infu ninfz f�(x+ y � z) + w1(z � u)g+ w2(u)o= infu nw2(u) + infz f�(x+ y � u� z) + w1(z)go :'Ara,Z e�2(w12w2)d(�1 � �2) = ZRn ZRn e[�2(w12w2)℄(x+y)d�1(x)d�2(y)= ZRn ZRn infu new2(u)einfzf�(x+y�u�z)+w1(z)go d�1(x)d�2(y)� ZRn infu �ew2(u) ZRn einfzf�(x+y�u�z)+w1(z)gd�1(x)� d�2(y)� ZRn infu (ew2(u)�ZRn e��(x+y�u)d�1(x)��1) d�2(y);ìpou efarmìsame thn idiìthta (�) gia to zeug�ri (�1; w1) kai thn sun�rthsh fy;u(x) =�(x+ y � u).Jètoume  (s) = log�ZRn e��(x+s)d�1(x)��1 :Tìte, h  e�nai fragmènh kai efarmìzonta
 thn idiìthta (�) gia to zeug�ri (�2; w2)ston Rn2 pa�rnoumeZ e�2(w12w2)d(�1 � �2) � ZRn infu new2(u)e (y�u)o d�2(y)= ZRn e( 2w2)(y)d�2(y)� �ZRn e� (y)d�2(y)��1= �ZRn e��(x+y)d�1(x)d�2(y)��1= �ZRn e��d(�1 � �2)��1 :'Ara, to zeug�ri (�1 � �2; w12w2) ikanopoie� thn (�). 2L mma 4.1.3 'Estw ìti to (�1; w1) ikanopoie� thn (�) ston Rn1 . 'Estw w : Rn2 !R jetik  metr simh sun�rthsh kai f : Rn1 ! Rn2 sun�rthsh pou ikanopoie� thnw2(f(x) � f(y)) � w1(x � y) gia k�je x; y 2 Rn1 . 'Estw �2 to mètro pijanìthta
f(�1) ston Rn2 , dhlad  �2(A) = �1(f�1(A)). Tìte, to (�2; w2) ikanopoie� thn (�)ston Rn2 . 73



Apìdeixh: Ja de�xoume pr¸ta ìti[(� Æ f)2w1℄ � [(�2w2) Æ f ℄gia k�je fragmènh metr simh � : Rn2 ! R. 'Eqoume[(� Æ f)2w1℄(x) = infy2Rn1 f(� Æ f)(x� y) + w1(y)g= infy2Rn1 f(� Æ f)(y) + w1(x� y)g� infy2Rn1 f(� Æ f)(y) + w2(f(x)� f(y))g� infw2Rn2 f(� Æ f)(y) + w2(f(x) � w)g= (�2w2)(f(x))= [(�2w2) Æ f ℄(x)gia k�je x 2 Rn1 . Apì thn �2 = f(�1) èpetai ìtiZRn2 e(�2w2)(y)d�2(y) = ZRn1 e((�2w2)Æf)(x)d�1(x)� ZRn1 e((�Æf)2w1)(x)d�1(x)� �ZRn1 e�(�Æf)(x)d�1(x)��1= �ZRn2 e��(y)d�2(y)��1 :'Ara, to (�2; w2) ikanopoie� thn (�). 2H idiìthta (�) enì
 zeugarioÔ (�;w) sundèetai me thn sugkèntrwsh tou mètrou�. H sqèsh d�netai apì thn epìmenh prìtash.Prìtash 4.1.1 'Estw ìti to (�;w) ikanopoie� thn idiìthta (�) ston Rn . Gia k�jemetr simo A � Rn kai k�je jetikì arijmì t èqoume� (x =2 A+ fw < tg) � (�(A))�1e�t:Apìdeixh: Gia k�je n � t jewroÔme thn sun�rthsh�A;n(x) = � 0; x 2 An; alli¸
.An x =2 A+ fw < tg, tìte (�A;n2w)(x) � t. Pr�gmati,(�) (�A;n2w)(x) = infz f�A;n(z) + w(x � z)g:74



An z 2 A, tìte �A;n(z) = 0 kai afoÔ x =2 A+ fw < tg èqoume w(x � z) � t. 'Ara,�A;n(z) + w(x � z) � 0 + t = t:An p�li z =2 A, tìte �A;n(z) = n kai w(x � z) � 0, �ra�A;n(z) + w(x � z) � n+ 0 � t:Epomènw
, isqÔei h (�). Apì thn idiìthta (�) èqoumeZRn e�A;n2wd� � �ZRn e��A;nd���1=  ZA e��A;nd�+ ZRnnA e��A;nd�!�1= ��(A) + e�n(1� �(A))��1� 1=�(A):Apì thn anisìthta tou Markov,et�(x =2 A+ fw < tg) � et�(x : (�A2w)(x) � t) � Z e�A;n2wd� � (�(A))�1:'Ara, � (x =2 A+ fw < tg) � (�(A))�1e�t: 24.2 M�a anisìthta tou Talagrand: apìdeixh mèswth
 idiìthta
 (�)Or�zoume m�a sun�rthsh W : R ! R meW (t) = � t2=18; jtj � 22(jtj � 1)=9; jtj > 2.H W e�nai �rtia, kurt , suneq¸
 paragwg�simh sun�rthsh. JewroÔme ep�sh
 tomètro pijanìthta
 �e sto R, me puknìthta thn �(0;+1)(x)e�x.Prìtash 4.2.1 To zeÔgo
 (�e; w) ikanopoie� thn idiìthta (�).Apìdeixh: 'Estw � fragmènh suneq 
 sun�rthsh sto (0;+1). Gr�foume  giathn �2w kai jètoumeI0 = Z +10 e��(x)�xdx kai I1 = Z +10 e (y)�ydy:75



Gia k�je t 2 (0; 1) or�zoume x(t) kai y(t) apì ti
 sqèsei
Z x(t)0 e��(x)�xdx = tI0 kai Z y(t)0 e (y)�ydy = tI1:Apì ti
 parap�nw sqèsei
 fa�netai ìti oi x(t), y(t) e�nai paragwg�sime
, mex0(t) = I0e�(x(t))+x(t) kai y0(t) = I1e� (y(t))+y(t):'Eqoume  (y(t)) = infy2Rf�(y) + w(y(t)� y)g� �(x(t)) + w(y(t) � x(t)):'Ara, y0(t) � I1e��(x(t))�w(y(t)�x(t))+y(t):Jètoume z(t) = x(t) + y(t)2 �W (y(t)� x(t));opìte z0(t) = x0(t) + y0(t)2 �W 0(y(t)� x(t))(y0(t)� x0(t))= �12 +W 0(y(t)� x(t))� x0(t) +�12 �W 0(y(t)� x(t))� y0(t):EÔkola elègqoume ìti jW 0j � 1=2 sto R, �ra h z(t) e�nai aÔxousa.Gr�foume x; y ant� twn x(t); y(t). Qrhsimopoi¸nta
 thn anisìthta12 �ua+ va� � puv; u; v; a > 0me a = exp(�(x)), pa�rnoumez0(t) � (1� 2W 0(y � x))I0ex e�(x)2 + (1 + 2W 0(y � x))I1e�W (y�x)+y e��(x)2� p1� 4(W 0(y � x))2pI0I1e(x+y)=2�W (y�x)=2= p1� 4(W 0(y � x))2pI0I1e(x+y)=2�W (y�x)eW (y�x)=2= p1� 4(W 0(y � x))2pI0I1ez(t)eW (y�x)=2:Isqurismì
: Gia k�je s, �1� 4(W 0(s))2� eW (s) � 1:76



Apìdeixh tou isqurismoÔ: AfoÔ hW e�nai �rtia, arke� na apode�xoume thn anisìthtagia s � 0. Sto [2;+1) èqoume W 0(s) = 2=9 kai h W e�nai aÔxousa. An loipìn hanisìthta isqÔei gia s = 2, tìte ja isqÔei gia k�je s � 2. Zht�me�1� 4(2=9)2� e2=9 � 1 , isodÔnama, e2=9 � 81=65. H teleuta�a anisìthta isqÔei giat�e2=9 � 1 + 29 + 12 �29�2 = 10181 > 8165 :Gia s 2 [0; 2℄ èqoume W 0(s) = s=9, opìte zht�me thn e�s2=18 � 1 � 4s2=81. Arke�loipìn na de�xoume ìti h sun�rthshf(u) = 1� 4u81 � e�u=18pa�rnei mh arnhtikè
 timè
 sto [0; 4℄. Paragwg�zonta
 blèpoume ìti h f e�nai ko�lh,�ra arke� na exet�soume ti
 timè
 f(0) kai f(4). 'Omw
, f(0) = 0 kai h f(4) � 0e�nai isodÔnamh me thn e2=9 � 81=65 h opo�a, ìpw
 e�dame, isqÔei. 2Apì ton isqurismì kai thn prohgoÔmenh anisìthta sumpera�noume ìtiz0(t) �pI0I1ez(t);�ra ��e�z(t)�0 �pI0I1:Oloklhr¸nonta
 sto [0; 1℄ kai qrhsimopoi¸nta
 to gegonì
 ìti z(0) = 0, pa�rnoume1 � e�z(0) � e�z(1) = Z 10 ��e�z(t)�0 dt �pI0I1:Dhlad , �Z 10 e�2W d�e��Z 10 e��d�e� = I0I1 � 1:AfoÔ h �  tan tuqoÔsa, to (�e;W ) èqei thn idiìthta (�). 2JewroÔme t¸ra thn summetrik  eikìna �0e tou �e sto (�1; 0), me puknìthtathn �(�1;0)(x)ex. Lìgw summetr�a
, to (�0e;W ) èqei thn idiìthta (�). An � e�naito ekjetikì mètro pijanìthta
 sto R me puknìthta thn 12e�jxj, eÔkola elègqoumeoti � = �e � �0e:Apì to L mma 4.1.2, to zeug�ri (�;W2W ) èqei thn idiìthta (�). Pa�rnonta
 up�ìyin ton orismì th
 W , blèpoume oti h U :=W2W d�netai apì thnU(t) = � t2=36; jtj � 42(jtj � 2)=9; jtj > 4.77



JewroÔme t¸ra to mètro ginìmeno �n = �
� � �
� (n forè
) ston Rn . An or�soumethn sun�rthsh Un : Rn ! R meUn(x1; : : : ; xn) = nXi=1 U(xi);to L mma 4.1.1 ma
 d�nei to ex 
 apotèlesma.Je¸rhma 4.2.1 To zeug�ri (�n; Un) èqei thn idiìthta (�) ston Rn . 2Apì to Je¸rhma 4.2.1 kai apì thn Prìtash 4.1.1 èpetai oti gia k�je metr simoA � Rn kai k�je t > 0,(�) �n(x =2 A+ fUn < tg) � 1�n(A)e�t:Apì ton orismì th
 Un kai thn (�) prokÔptei h akìloujh proseggistik  anisìthtatou Talagrand gia to �n:Je¸rhma 4.2.2 Gia k�je metr simo A � Rn kai k�je t > 0,�n(x =2 A+ 6ptBn2 + 9tBn1 ) � 1�n(A)e�t:Apìdeixh: Arke� na de�xoume otifUn < tg � 6ptBn2 + 9tBn1 :'Estw x 2 Rn me Un(x) < t. Or�zoume y kai z ston Rn w
 ex 
: yi = xi an jxij � 4kai yi = 0 alli¸
, zi = xi an jxij > 4 kai zi = 0 alli¸
. Profan¸
,x = y + z:ParathroÔme otijyj2 = Xfi:jxij�4gx2i = 36 Xfi:jxij�4gU(xi) � Un(x) < 36t;�ra y 2 6ptBn2 . Ep�sh
, an jxij > 4, tìteU(xi) = 29(jxij � 2) � 29 �jxij � jxij2 � = jxij9 ;�ra kzk1 = Xfi:jxij>4g jxij � 9 Xfi:jxij>4gU(xi) � 9Un(x) < 9t;dhlad  z 2 9tBn1 . 278



4.3 H idiìthta (�) sto q¸ro tou Gauss'Estw 
 to tupikì mètro pijanìthta
 tou Gauss sto R, me puknìthta thn 1p2� e�x2=2kai 
n = 
 
 � � � 
 
 to mètro ginìmeno ston Rn .Je¸rhma 4.3.1 To zeug�ri (
n; jxj2=4) èqei thn idiìthta (�).Apìdeixh: Apì to L mma 4.1.1, arke� na de�xoume oti to (
; x2=4) èqei thn idiìthta(�) sto R. Mpore� kane�
 na d¸sei apìdeixh autoÔ tou isqurismoÔ parìmoia meaut n th
 Prìtash
 4.2.1. Ja d¸soume ìmw
 apeuje�a
 apìdeixh qrhsimopoi¸nta
thn anisìthta Pr�ekopa-Leindler.'Estw � fragmènh metr simh sun�rthsh ston Rn . Or�zoume w(y) = jyj2=4 kai = �2w. Anf(x) = �(x) + jxj22 ; g(y) = � (y) + jyj22 kai h(z) = jzj22 ;tìte eÔkola elègqoume oti h�x+ y2 � � f(x) + g(y)2 :'Ara, �ZRn e�f(x)dx��ZRn e�g(x)dx� � �ZRn e�h(x)dx�2 :Dhlad , �ZRn e��d
n��ZRn e�2wd
n� � 1pou e�nai to zhtoÔmeno. 2San efarmog  tou Jewr mato
 4.3.1 pa�rnoume mia anisìthta tou Pisier gia thnsugkèntrwsh twn Lips
hitz sunart sewn w
 pro
 to mètro 
n.Je¸rhma 4.3.2 'Estw f : Rn ! R Lips
hitz sun�rthsh me stajer� 1, kai èstwX;Y anex�rthta tuqa�a dianÔsmata me katanom  to 
n. Gia k�je t > 0 isqÔeiE �exp( t(f(X)� f(Y ))p2 )� � et2=2:Apìdeixh: JewroÔme thn w(y) = jyj2=4 kai or�zoume = tfp22w:'Estw x 2 Rn kai y 2 Rn tètoio ¸ste (x) = tf(y)p2 + jx� yj24 :79



Tìte, afoÔ kfkLip � 1, (x) � tf(x)p2 � tp2 jx� yj+ jx� yj24� tf(x)p2 +mins2Rfs24 � tsp2g= tf(x)p2 � t22 :Apì to Je¸rhma 4.3.1, �Z e d
n��Z e�tf=p2d
n� � 1:Qrhsimopoi¸nta
 thn prohgoÔmenh anisìthta pa�rnoumeZ etf=p2d
n � Z e�tf=p2d
n � et2=2;dhlad  E �exp( t(f(X)� f(Y ))p2 )� � et2=2: 2Pìrisma 4.3.1 An h f : Rn ! R e�nai sun�rthsh Lips
hitz me kfkLip � 1, tìte
�x : ����f(x)� ZRn fd
���� > s� � 2e�s2=4gia k�je s > 0.Apìdeixh: 'Estw t > 0. Apì to Je¸rhma 4.3.2 kai thn anisìthta tou Jensen,E �exp( tp2(f � E(f)))� � et2=2:'Ara, gia k�je s > 0 
 (x : f(x)� Ef > s) � exp� t22 � tsp2� :Elaqistopoi¸nta
 w
 pro
 t kai akolouj¸nta
 thn �dia diadikas�a gia thn �f pa�r-noume to zhtoÔmeno. 2'Opw
 èqoume dei sto Kef�laio 1, h anisìthta tou Por�smato
 4.3.1 ekfr�zei,isodÔnama, thn sugkèntrwsh tou mètrou ston (Rn ; j � j; 
n).Anaforè
. To ulikì autoÔ tou Kefala�ou bas�zetai sthn ergas�a tou Maurey[Ma2℄. To Je¸rhma 4.2.2 apode�qjhke arqik� apì ton Talagrand [T3℄ me polÔplokotrìpo. To Je¸rhma 4.3.2 apode�qjhke arqik� apì ton Pisier [Pi1℄.80



Kef�laio 5Logarijmik  anisìthtaSobolev
5.1 H logarijmik  anisìthta Sobolev'Estw E = (Rn ; k � k) èna
 peperasmènh
 di�stash
 q¸ro
 me nìrma kai èstw E� =(Rn ; k � k�) o duðkì
 tou q¸ro
. JewroÔme èna mètro pijanìthta
 � ston E mesun�rthsh puknìthta
 thn e�V (x), ìpou V (x) kurt  sun�rthsh orismènh se ènaanoiqtì kurtì uposÔnolo 
 tou E. Epiplèon, upojètoume ìti up�rqei stajer�
 > 0 tètoia ¸ste: gia k�je s; t > 0 me s+ t = 1 kai k�je x; y 2 
 isqÔeitV (x) + sV (y)� V (tx+ sy) � 
ts2 kx� yk2:'Estw f 2 C1(
). H entrop�a th
 f2 w
 pro
 to � or�zetai w
 ex 
:Ent�(f2) = Z f2 log f2d�� Z f2d� � log Z f2d�:Ja apode�xoume thn ex 
 anisìthta.Je¸rhma 5.1.1 Gia k�je f 2 C1(
),Ent�(f2) � 2
 Z krfk2�d�:Apìdeixh: MporoÔme na jèsoume f2 = eg ìpou g 2 C1b (
), dhlad  h g èqeisumpag  forèa sto 
 kai fragmène
 merikè
 parag¸gou
. 'Estw t; s > 0 me t +s = 1. JewroÔme ti
 sunart sei
 u(x) = eg(x)=t�V (x), v(y) = e�V (y) kai w(z) =egt(z)�V (z), ìpougt(z) = supfg(x)� [tV (x) + sV (y)� V (tx+ sy)℄ : z = tx+ sy; x; y 2 
g:81



Oi sunarthsei
 u; v; w : Rn ! R+ e�nai metr sime
. Ep�sh
, an z = tx+ sy isqÔei:w(z) � u(t)tu(y)s. Pr�gmati:ut(x)vs(y) = eg(x)�tV (x)e�sV (y)= eg(x)�tV (x)�sV (y)= eg(x)�[tV (x)+sV (y)�V (tx+sy)℄�V (tx+sy)� esupz=tx+sy:x;y2
fg(x)�[tV (x)+sV (y)�V (tx+sy)℄g�V (tx+sy)= w(z):Efarmìzonta
 thn anisìthta Pr�ekopa -Leindler èqoume:Z egtd� = Z egt(z)�V (z)dx� �Z eg(x)=t�V (x)dx�t�Z e�V (x)�s= �Z eg=td��t :AnaptÔssonta
 to dexiì mèlo
 gÔrw apì to t = 1 pa�rnoume�Z eg=td��t = Z egd�+ sEnt�(eg) +O(s2):Pr�gmati, èstw h(t) = (R eg=td�)t = et log R eg=td�: Tìte,h(t) = h(1) + h0(1)(t� 1) +O((t � 1)2) = h(1)� h0(1)s+O(s2):'Omw
, h0(t) = �Z eg=td��t�log Z eg=td�� R eggd�t R egd�� ;�ra h0(1) = �Ent�(eg) opìte èqoume to zhtoÔmeno.Pern�me t¸ra sto aristerì mèlo
. Apì thn upìjesh,g(x)� [tV (x) + sV (y)� V (tx+ sy)℄ � g(x)� 
ts2 kx� yk2gia k�je x; y 2 
. Apì ton orismì th
 gt èpetai ìtigt(z) � supfg(x)� 
tskx� yk22 : z = tx+ sy; x; y 2 
g:Apo thn z = tx+sy èqoume z�y = tx+sy�y = tx� (1�s)y = tx� ty = t(x�y),�ra x � y = 1t (z � y). Ep�sh
 tx = z � sy = tz + sz � sy = tz + s(z � y), �rax = z + s(z�y)t . An loipìn jèsoume h = z � y kai � = st , tìtegt(z) � suph2Efg(z + �h)� 
�khk22 g:82



Isqurismì
. Apì to je¸rhma tou Taylor,g(z + �h) = g(z) + �hrg(z); hi+ �2O(khk2);ìpou O(khk2) � Ckhk2 kai h C e�nai anex�rthth tou z.Apìdeixh: Jètoume w = �h kai jewroÔme to upìloipoR1(w; z0) = nXi;j=1 Z 10 (1� t) �2g�xi�xj (z0 + tw)wiwjdt= Z 10 nXi;j=1(1� t) �2g�xi�xj (z0 + tw)wiwjdt= Z 10 (1� t)hAz0+tww;widt:O Az0+tw : Rn ! Rn e�nai telest 
 me p�naka thn Essian  th
 g. Apì to gegonì
ìti h g èqei fragmène
 merikè
 parag¸gou
, elègqoume eÔkola ìtikAz0+tw : `n2 ! `n2k � pnmaxj nXi=1 j �2g�xi�xj (z0 + tw)j �Mìpou M stajer� anex�rthth apì to z0 + tw. 'Ara,jR1(w; z0)j = j Z 10 (1� t)hAz0+tww;widtj� Z 10 (1� t)jhAz0+tww;wijdt� Z 10 kAz0+twwk2kwk2dt� Mr2kwk2:ìpou r = kI : E ! `n2k. Jètonta
 C =Mr2 èqoume apode�xei ton isqurismì. 2Qrhsimopoi¸nta
 ton isqurismì gr�foumegt(z) � supfg(z) + �hrg(z); hi+ �2O(khk2)� 
�2 khk2g= g(z) + � supfhrg(z); h > �( 
2 � �C)khk2g:K�je h 2 Rn gr�fetai sth morf  h = �e ìpou � � 0 kai kek = 1. 'Ara, an jèsoume� = 
� 2�C,gt(z) � g(z) + � sup��0 supkek=1f�hrg(z); ei � ( 
2 � �C)�2g= gt(z) � g(z) + � supf�krg(z)k� � ��22 : � � 0g= g(z) + � krg(z)k2�2� :83



EÔkola elègqoume ìti �2� = �2
 +O(�2); j�j < 
2Ckai afoÔ h nìrma krg(z)k� e�nai omoiìmorfa fragmènh pa�rnoume�2�krg(z)k2� = �2
krg(z)k2� +O(�2):'Ara, gt(z) � g(z) + �2
krg(z)k2� +O(�2):Apo tÔpo tou Taylor gia thn x 7! ex sto x èqoumeey = ex + ex(y � x) +O((y � x)2):'Ara, egt(z) � eg(z)+ �2
krg(z)k2�+O(�2)� eg(z) + eg(z) �2
krg(z)k2� +O(�2):Epomènw
,Z egt(z)d� � Z eg(z)d�+ �2
 Z krg(z)k2�eg(z)d�+ Z O(�2)d�= Z eg(z)d�+ �2
 Z krg(z)k2�eg(z)d�+O(�2):Apì thn anisìthta � R eg=td��t � R egtd� kai ta anaptÔgmata pou perigr�yame,prokÔptei h sEnt�(eg) � �2
 Z krgk2�egd�+O(s2);�ra Ent�(eg) � 12
(1� s) Z krgk2�egd�+O(s):Pa�rnonta
 s! 0 katal goume sthn(�) Ent�(eg) � 12
 Z krgk2�egd�:Apì thn f = eg=2 blèpoume ìti 2rf = eg=2rg, �ra 4krfk2 = egkgk2. Epistrèfon-ta
 sthn (�) pa�rnoumeEnt�(f2) = Ent�(eg) � 12
 Z 4kfk2d� = 2
 Z krfk2d�: 284



5.2 Efarmogè
 ston q¸ro tou GaussSe aut n thn par�grafo ja doÔme dÔo efarmogè
 th
 logarijmik 
 anisìthta
Sobolev. H pr¸th e�nai h anisìthta tou Poin
ar�e:Je¸rhma 5.2.1 'Estw 
n to tupikì mètro Gauss ston Rn . An oi f kai jrf j e�naioloklhr¸sime
, tìteZRn f2d
n ��ZRn fd
n�2 � ZRn jrf j2d
n:Apìdeixh: 'Estw oti èqoume de�xei thn anisìthtaZRn f2d
n � ZRn jrf j2d
ngia sunart sei
 f me thn epiplèon idiìthtaZRn fd
n = 0:(dhlad  ìti èqoume to Je¸rhma gi� aut n thn upokl�sh). Tìte, gia tuqoÔsa fjètonta
 h = f � RRn fd
n èqoume RRn hd
n = 0. 'Ara,ZRn�f � ZRn fd
n�2 d
n � ZRn ����r�f � Z fd
n� ����2d
ndhlad  ZRn f2d
n ��ZRn fd
n�2 � ZRn jrf j2d
n:Epeid  h anisìthta e�nai omogen 
, mporoÔme ep�sh
 na upojèsoume otiZRn f2d
n = 1:Efarmìzoume thn logarijmik  anisìthta Sobolev gia thn 1 + "f me " > 0 mikrì:'EqoumeZRn(1 + "f)2 log(1 + "f)d
n � 12 ZRn(1 + "f)2 log�ZRn(1 + "f)2� d
n� "2 ZRn jrf j2d
ndhlad  ZRn(1 + 2"f + "2f2)�"f � "2f22 +O("3)� d
n85



�12 ZRn(1 + 2"f + "2f2) log�ZRn(1 + 2"f + "2f2)� d
n � "2 ZRn jrf j2d
n:IsodÔnama,ZRn �"f � "2f22 + 2"2f2 +O("3)	d
n � 12 ZRn(1 + 2"f + "2f2)� log�1 + 2" ZRn f + "2 ZRn f2� d
n � "2 ZRn jrf j2d
n;dhlad �"22 + 2"2 +O("3)� 12 ZRn(1 + 2"f + "2f2)d
n log(1 + "2) � "2 ZRn krfk22d
ndhlad �3"22 +O("3)� 12 ZRn(1 + 2"f + "2f2)("2 +O("3))d
n � "2 ZRn jrf j2d
n:IsodÔnama,�3"22 +O("3)� 12(ZRn "2 + 2"3f + "4f2 +O("3))d
 � "2 ZRn jrf j2d
n;dhlad  3"22 +O("3)� (1 + "2)2 "2 +O("3) � "2 ZRn jrf j2d
n;dhlad  3"22 � (1 + "2)2 "2 � "2 ZRn jrf j2d
n +O("3)dhlad  1� "22 � ZRn jrf j2d
n +O("):Pa�rnonta
 "! 0 blèpoume ìtiZRn f2d
n = 1 � ZRn jrf j2d
n:Autì oloklhr¸nei thn apìdeixh. 2H deÔterh efarmog  e�nai h anisìthta sugkèntrwsh
 gia to mètro tou Gauss.Je¸rhma 5.2.2 An h f : Rn ! R e�nai sun�rthsh Lips
hitz me kfkLip � 1, tìte
 �x : ����f(x)� ZRn fd
���� > r� � 2e�r2=2:86



To Je¸rhma 5.2.2 prokÔptei apì thn ex 
 Prìtash.Prìtash 5.2.1 An h F : Rn ! R e�nai sun�rthsh Lips
hitz me kFkLip � 1 kaian RRn Fd
n = 0, tìte gia k�je � > 0,ZRn e�F d
 � e�2=2:Apìdeixh: 'Estw F me RRn F = 0 kai kFkLip � 1: Jètoume f2 = e�F , opìterf = �e�FrF2f = �e�FrF2e�F=2 = �2 e�F=2rF:Apì thn logarijmik  anisìthta Sobolev gia thn f èqoumeZRn e�F �F2 d
 � 12 ZRn e�F d
 log�ZRn e�F d
� � ZRn �24 e�F jrF j2d
'Omw
 jrF j � 1, �ra ZRn e�F jrF j2d
 � ZRn e�F d
kai an or�soume H(�) = ZRn e�F d
h parap�nw anisìthta g�netai:�2H 0(�)� 12H(�) logH(�) � �24 H(�):IsodÔnama, �H 0(�)�H(�) logH(�)�2H(�) � 12 :Ean jèsoume k(�) = logH(�)� èqoumek0(�) = �H 0(�) �H(�) logH(�)�2H(�) ;�ra k0(�) � 12 . ParathroÔme otilim�!0 logH(�)� = lim�!0 H 0(�)H(�) = lim�!0 RRn e�F d
RRn e�F d
= RRn lim�!0 e�FFd
RRn lim�!0 e�F d
= ZRn Fd
 = 0:87



MporoÔme loipìn na epekte�noume ton orismì th
 k jètonta
 k(0) = 0. Apì thnk0(�) � 12 èqoume k(�) � k(0) + 12� = �2�ra ZRn e�F d
 � e�2=2: 2Apìdeixh tou Jewr mato
 5.2.2: 'Estw f sun�rthsh Lips
hitz me stajer�kfkLip � 1. JewroÔme thn F = f � R fd
. Tìte, R Fd
 = 0 kaijF (x)� F (y)j = jf(x)� f(y)j � kfkLipjx� yj � jx� yj:'Ara kFkLip � 1. Apì thn Prìtash 5.2.1 èqoumeZRn e�F d
 � e�2=2:'Ara, e�r
(fx : F (x) � rg) = ZfF�rg e�F d
 � ZRn e�F d
 � e�2=2:Dhlad , gia k�je � > 0,
��x : f(x)� ZRn fd
 � r�� � e�22 ��r:Gia � = r pa�rnoume 
 ��x : f(x)� Z fd
 � r�� � e�r2=2:Akolouj¸nta
 thn �dia diadikas�a gia thn �f blèpoume oti
 ��x : �f(x) + Z fd
 � r�� � e�r2=2:'Ara, 
 �x : ����f(x)� Z fd
���� � r� � 2e�r2=2: 2Anaforè
. To Je¸rhma 5.1.1 apode�qjhke prìsfata apì tou
 Bobkov kai Ledoux[BL℄. Oi efarmogè
 th
 Paragr�fou 5.2 e�nai klasikè
 (blepe [Led℄).
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