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Kef�laio 1

Eisagwg 

1.1 To prìblhma Kadison–Singer

To prìblhma Kadison–Singer (1959, [22]) proèrqetai apì th JewrÐa Telest¸n se q¸rouc
Hilbert. Se aut  thn par�grafo perigr�foume sunoptik� thn arqik  tou diatÔpwsh kai
merikèc apì tic pollèc isodÔnamec diatup¸seic tou se di�forec perioqèc thc An�lushc.

Orismìc 1.1.1. 'Estw H ènac diaqwrÐsimoc q¸roc Hilbert kai A mia upo�lgebra tou
q¸rou B(H) twn fragmènwn grammik¸n telest¸n ston H. Me ton ìro state ennooÔme èna
grammikì sunarthsoeidèc f ∈ A∗ pou ikanopoieÐ ta ex c: f(I) = 1 = ‖f‖ kai f(T ) ≥ 0
gia k�je jetikì telest  T ∈ A.

To sÔnolo twn states eÐnai w∗�sumpagèc kai kurtì uposÔnolo tou A∗. Apì to
je¸rhma Krein–Milman èpetai ìti tautÐzetai me thn w∗�kleist  kurt  j kh twn akraÐwn
shmeÐwn tou (aut� onom�zontai pure states). To prìblhma Kadison–Singer diatup¸netai
gia diakritèc megistikèc abelianèc autosuzugeÐc upo�lgebrec (masas) tou B(H):

Kadison–Singer (KS): 'Estw H ènac diaqwrÐsimoc q¸roc Hilbert kai èstw
A mia pl rwc atomik  megistik  abelian  autosuzug c upo�lgebra tou B(H).
EÐnai swstì ìti k�je pure state thc A epekteÐnetai monos manta se èna pure
state tou B(H)?

Oi Kadison–Singer [22] apèdeixan ìti to antÐstoiqo sumpèrasma den isqÔei an A eÐnai
mia suneq c megistik  abelian  autosuzug c upo�lgebra (masa) tou B(H).

K�je atomik  masa ston B(H) eÐnai unitarily isodÔnamh me ton `∞(N), �ra kai me
thn C∗-�lgebra D twn diag¸niwn telest¸n ston B(H). 'Etsi, to prìblhma paÐrnei thn
akìloujh morf :

EÐnai swstì ìti k�je pure state thc D epekteÐnetai monos manta se èna pure
state tou B(H)?



2 · Eisagwg 

Oi Casazza–Edidin [10] anafèroun ìti to prìblhma proèkuye apì k�poiouc problh-
matismoÔc sto biblÐo Quantum Mechanics tou Dirac [16]. EÐnai gnwstì (blèpe [17])
ìti èna pure state thc D èqei monadik  epèktash se state tou B(H) an kai mìno an èqei
monadik  epèktash se pure state tou B(H). EpÐshc, apì to gegonìc ìti h D eÐnai abelian ,
prokÔptei (blèpe [17]) ìti ta pure states thc D eÐnai ta mh mhdenik� pollaplasiastik�
grammik� sunarthsoeid  sthn D.

1.1aþ H eikasÐa tou paving

MporeÐ kaneÐc na deÐxei ìti up�rqei 1-1 antistoiqÐa an�mesa sta pure states thc D kai ta
uperfÐltra tou N. Autì faÐnetai wc ex c. An σ ⊆ N kai Rσ eÐnai h orjog¸nia probol 
tou B(H) sthn kleist  grammik  j kh tou {en : n ∈ σ}, tìte k�je diag¸nia probol  tou
B(H) eÐnai thc morf c Rσ kai h grammik  j kh aut¸n twn probol¸n eÐnai pukn  sthn D.
Ta pure states thc D eÐnai pollaplasiastik� sunarthsoeid , sunep¸c apeikonÐzoun k�je
Rσ sto 0   sto 1. OrÐzontac Uf mèsw thc {σ ∈ Uf an kai mìno an f(Rσ) = 1}, paÐrnoume
thn antistoiqÐa.

Orismìc 1.1.2. 'Enac telest c T ∈ B(H) lègetai sumpièsimoc an gia k�je uperfÐltro
U sto N kai gia k�je ε > 0 up�rqei σ ∈ U ¸ste

(1.1.1) ‖Rσ(T −D(T ))Rσ‖ < ε,

ìpouD(T ) eÐnai o diag¸nioc telest c pou orÐzetai apì thn 〈D(T )(ei), ej〉 = δij〈T (ei), ej〉,
j ∈ N.

To 1979, o Anderson (blèpe [1], [2]) apèdeixe ìti k�je pure state thc D èqei monadik 
epèktash se pure state tou B(H) an kai mìno an k�je T ∈ B(H) eÐnai sumpièsimoc.
'Edwse epÐshc ènan qarakthrismì twn sumpièsimwn telest¸n o opoÐoc apofeÔgei ta up-
erfÐltra:

Je¸rhma 1.1.3. 'Enac telest c T ∈ B(H) eÐnai sumpièsimoc an kai mìno an gia k�je
ε > 0 up�rqei peperasmènh diamèrish {σ1, . . . , σk} tou N ¸ste, gia k�je i = 1, . . . , k,

(1.1.2) ‖Rσi
(T −D(T ))Rσi

‖ < ε.

Mia apl  apìdeixh autoÔ tou jewr matoc dìjhke argìtera apì thn Tanbay [26].
DÐnoume mia sÔntomh perigraf  thc apìdeixhc: Upojètoume pr¸ta ìti gia k�je ε > 0
up�rqei peperasmènh diamèrish {σ1, . . . , σk} tou N ¸ste, gia k�je i = 1, . . . , k na isqÔei
‖Rσi(T−D(T ))Rσi‖ < ε. 'Estw U èna uperfÐltro sto N. AfoÔ σ1∪· · ·∪σk = N, up�rqei
i ≤ k ¸ste σi ∈ U (an mia peperasmènh ènwsh sunìlwn an kei se k�poio uperfÐltro tìte
toul�qiston èna apì ta sÔnola an kei se autì). Gi� autì to σi ikanopoieÐtai h (1.1.1),
�ra o T eÐnai sumpièsimoc.

AntÐstrofa, upojètoume ìti up�rqei ε > 0 gia to opoÐo kamÐa peperasmènh diamèrish
den ikanopoieÐ thn (1.1.2) kai ja deÐxoume ìti kanèna uperfÐltro den sumpièzei ton T .
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QwrÐc periorismì thc genikìthtac upojètoume ìti D(T ) = 0. JewroÔme to sÔnolo F
ìlwn twn S ⊂ N gia ta opoÐa up�rqei diamèrish S = σ1 ∪ · · · ∪ σk ¸ste, gia k�je
1 ≤ i ≤ k, ‖Rσ1TRσi‖ < ε. DeÐqnoume ìti to F eÐnai ide¸dec (ed¸ qrhsimopoieÐtai h
upìjesh: èqoume N /∈ F). Sth sunèqeia jewroÔme to duðkì fÐltro thc F , dhlad  to
sÔnolo twn sumplhrwm�twn twn sunìlwn pou an koun sthn F , kai to epekteÐnoume se
èna uperfÐltro U . K�je σ ⊆ N gia to opoÐo ‖RσTRσ‖ < ε an kei sthn F , sunep¸c to
sumpl rwm� tou an kei sto U . Dhlad , σ /∈ U . Autì shmaÐnei ìti ‖RσTRσ‖ ≥ ε gia
k�je σ ∈ U , �ra to U den sumpièzei ton T . 2

Apì aut n thn isodÔnamh diatÔpwsh tou probl matoc Kadison–Singer mporoÔme na
per�soume se mia {peperasmènh èkdos } thc pou an�gei to prìblhma sth melèth telest¸n
pou orÐzontai stouc peperasmènhc di�stashc q¸rouc Hilbert `n2 .

Orismìc 1.1.4. 'Estw r ∈ N kai ε > 0. 'Enac telest c T ∈ B(H) lègetai (r, ε)�
sumpièsimoc an up�rqei diamèrish σ1, . . . , σr tou N ¸ste ‖Rσi

(T − D(T ))Rσi
‖ ≤ ε gia

k�je i = 1, . . . , r.

Je¸rhma 1.1.5. 'Estw ε0 ∈ (0, 1). Ta akìlouja eÐnai isodÔnama:

• Gia k�je diaqwrÐsimo q¸ro Hilbert, k�je T ∈ B(H) eÐnai sumpièsimoc.

• Up�rqei r = r(ε) ∈ N ¸ste, gia k�je n ∈ N, k�je T ∈ B(`n2 ) eÐnai (r, ε0)�
sumpièsimoc.

Apìdeixh. Ja skiagraf soume thn apìdeixh thc Tanbay [26]. DeÐqnoume ìti oi parak�tw
tèsseric prot�seic eÐnai isodÔnamec:

(i) Gia k�je diaqwrÐsimo q¸ro Hilbert, k�je T ∈ B(H) eÐnai sumpièsimoc gia k�poion
r.

(ii) Gia k�je ε0 ∈ (0, 1) kai gia k�je diaqwrÐsimo q¸ro Hilbert kai gia k�je T ∈ B(H)
me ‖T‖ = 1 up�rqei r ∈ N ¸ste o T na eÐnai (r, ε0)�sumpièsimoc.

(iii) Gia k�je ε0 ∈ (0, 1) up�rqei r ∈ N ¸ste gia k�je diaqwrÐsimo q¸ro Hilbert, k�je
T ∈ B(H) me ‖T‖ = 1 eÐnai (r, ε0)�sumpièsimoc.

(iv) Gia k�je ε0 ∈ (0, 1) up�rqei r ∈ N ¸ste, gia k�je n ∈ N, k�je T ∈ B(`n2 ) eÐnai
(r, ε0)�sumpièsimoc.

QrhsimopoioÔme ton qarakthrismì tou Jewr matoc 1.1.3.

(a) Gia thn isodunamÐa twn (i) kai (ii), h kateÔjunsh (i) ⇒ (ii) eÐnai profan c, en¸ gia
thn antÐstrofh kateÔjunsh jewroÔme tuqìn ε > 0 kai gia tuqìnta T ∈ B(H) me ‖T‖ = 1
efarmìzoume s forèc to (ii) gia k�poion s ∈ N pou ikanopoieÐ thn εs < ε0.

(b) Gia thn isodunamÐa twn (ii) kai (iii), h kateÔjunsh (iii) ⇒ (ii) eÐnai profan c, en¸
gia thn antÐstrofh kateÔjunsh douleÔoume me apagwg  se �topo: an gia k�je r up�rqei



4 · Eisagwg 

Tr o opoÐoc den eÐnai (r, ε0)�sumpièsimoc, tìte o T = T1 ⊕ T2 ⊕ · · · ⊕ Tm ⊕ · · · den eÐnai
(r, ε0)�sumpièsimoc gia kanènan r ∈ N.
(g) Gia thn isodunamÐa twn (iii) kai (iv), h kateÔjunsh (iii) ⇒ (iv) eÐnai profan c. Gia thn
antÐstrofh kateÔjunsh, h Tanbay deÐqnei ìti (iv) ⇒ (ii) qrhsimopoi¸ntac to akìloujo
epiqeÐrhma. JewroÔme ènan telest  T ∈ B(H) me nìrma ‖T‖ = 1 kaiD(T ) = 0. Gr�foume
Tm gia ton periorismì tou T sth grammik  j kh twn e1, . . . , em. Lème ìti mia diamèrish
tou {1, . . . ,m} se r ≤ n uposÔnola σ1, . . . , σr eÐnai kal  gia ton m an ‖Rσi

TRσi
‖ ≤ ε0

gia k�je i = 1, . . . , r. Apì thn upìjesh, gia k�je m mporoÔme na broÔme toul�qiston
mÐa kal  diamèrish. OrÐzoume èna dèntro wc ex c: ta stoiqeÐa tou dèntrou sto epÐpedo m
eÐnai oi kalèc diamerÐseic tou {1, . . . ,m} kai mia diamèrish Pm pou brÐsketai sto epÐpedom
prohgeÐtai miac diamèrishc Pm+1 = {σ1, . . . , σr} pou brÐsketai sto epÐpedo m+1 an k�je
σi � m := σi∩{1, . . . ,m} an kei sthn Pm (se aut  thn perÐptwsh gr�foume Pm ≤ Pm+1).

K�je diamèrish Pm+1 = {σ1, . . . , σr} pou an kei sto epÐpedo m + 1 èqei monadikì
prohgoÔmeno: thn diamèrish Pm = {σ1 � m, . . . , σr � m}. 'Eqoume loipìn ìntwc orÐsei
èna dèntro me �peira stoiqeÐa, to opoÐo epiplèon èqei thn idiìthta twn peperasmènwn
kladi¸n: k�je stoiqeÐo èqei peperasmènouc to pl joc prohgoÔmenouc. Pr�gmati, an
Pm+1 eÐnai èna stoiqeÐo tou dèntrou sto epÐpedo m + 1 kai an Pm eÐnai mia diamèrish
tou {1, . . . ,m} me Pm ≤ Pm+1, tìte h Pm eÐnai stoiqeÐo tou dèntrou sto epÐpedo m
(autì eÐnai fanerì apì to gegonìc ìti an σ ⊂ τ tìte ‖RσTRσ‖ ≤ ‖RτTRτ‖). Apì to
L mma tou König (blèpe [23]) sumperaÐnoume ìti up�rqei èna �peiro kladÐ P1 ≤ P2 ≤
· · · ≤ Pm ≤ Pm+1 ≤ · · · tou dèntrou. OrÐzoume diamèrish P = {σ1, . . . , σn} tou N
mèsw thc sqèshc isodunamÐac {s ∼ t an kai mìno an up�rqei m ∈ N ¸ste oi s, t na
an koun sto Ðdio uposÔnolo thc Pm} (profan¸c, tìte ja an koun sto Ðdio uposÔnolo
thc Pm′ gia k�je m′ > m). H P èqei thn ex c idiìthta: gia k�je m up�rqei s > m
¸ste P � m = Ps � m. Qrhsimopoi¸ntac aut  thn parat rhsh blèpoume ìti o T eÐnai
(n, ε0)�sumpièsimoc. ParathroÔme ìti ‖Rσi

TRσi
‖ = lim

m→∞
‖RmRσi

TRσi
Rm‖ gia k�je

i = 1, . . . , n, kai afoÔ gia k�je m up�rqei s > m ¸ste RmRσi
= Rσi�m = Rσs

i �m gia
k�poio σsi ∈ Ps kai ‖Rσs

i �mTRσs
i �m‖ ≤ ε0, sumperaÐnoume ìti ‖Rσi

TRσi
‖ ≤ ε0 gia k�je

i = 1, . . . , n. 2

H perigraf  pou prohg jhke deÐqnei ìti to prìblhma Kadison–Singer an�getai telik�
se èna prìblhma gia telestèc T : `n2 → `n2 me mhdenik  diag¸nio:

EikasÐa (P): Gia k�je ε > 0 up�rqei r = r(ε) ∈ N ¸ste gia k�je n kai gia
k�je grammikì telest  T : `n2 → `n2 me mhdenik  diag¸nio D(T ) = 0, up�rqei
diamèrish {σj}rj=1 tou {1, . . . , n} ¸ste

(1.1.3) ‖RσjTRσj‖ ≤ ε‖T‖

gia k�je j = 1, . . . , r.

Se aut  thn ergasÐa ja perigr�youme th doulei� twn Bourgain kai Tzafriri p�nw
sthn EikasÐa (P) (paving conjecture). Sto upìloipo aut c thc paragr�fou perigr�foume
merikèc apì tic pollèc isodÔnamec diatup¸seic tou se di�forec perioqèc thc An�lushc.
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1.1bþ Periorismènh antistreyimìthta

Sto Kef�laio 3 ja doÔme ìti to prìblhma Kadison–Singer sundèetai me to akìloujo
je¸rhma periorismènhc antistreyimìthtac twn Bourgain–Tzafriri:

Je¸rhma 1.1.6. Up�rqoun apìlutec stajerèc A, c > 0 ¸ste: an T : `n2 → `n2 eÐnai
grammikìc telest c me ‖Tei‖2 = 1 gia k�je i = 1, . . . , n, tìte up�rqei σ ⊆ {1, . . . , n} me
plhj�rijmo |σ| ≥ cn/‖T‖2 ¸ste, gia k�je epilog  pragmatik¸n suntelest¸n {aj}j∈σ,

(1.1.4)

∥∥∥∥∥∥
∑
j∈σ

ajT (ej)

∥∥∥∥∥∥
2

2

≥ A
∑
j∈σ

|aj |2.

ApodeiknÔetai ìti dÔo sqetikèc eikasÐec � h isqur  kai h asjen c eikasÐa Bourgain–
Tzafriri � eÐnai isodÔnamec me to prìblhma Kadison–Singer.

Isqur  eikasÐa (BT): Up�rqei apìluth stajer� A > 0 me thn akìloujh
idiìthta: gia k�je B > 0 up�rqei r = r(B) ∈ N ¸ste, an T : `n2 → `n2 eÐnai
grammikìc telest c me ‖T‖ ≤ B kai ‖Tei‖2 = 1 gia k�je i = 1, . . . , n, tìte
up�rqei diamèrish {σk}rk=1 tou {1, . . . , n} ¸ste, gia k�je k = 1, . . . , r kai gia
k�je epilog  pragmatik¸n suntelest¸n {aj}j∈σk

,

(1.1.5)

∥∥∥∥∥∥
∑
j∈σk

ajT (ej)

∥∥∥∥∥∥
2

2

≥ A
∑
j∈σk

|aj |2.

H isodunamÐa thc isqur c eikasÐac (BT) me to prìblhma Kadison–Singer apodeÐqthke
apì touc Casazza–Vershynin [14]. H asjen c eikasÐa (BT) diafèrei sto ìti h stajer� A
epitrèpetai na exart�tai apì to fr�gma B pou èqoume gia th nìrma tou telest  T :

Asjen c eikasÐa (BT): Gia k�je B > 0 up�rqoun A = A(B) > 0 kai
r = r(B) ∈ N ¸ste, an T : `n2 → `n2 eÐnai grammikìc telest c me ‖T‖ ≤ B
kai ‖Tei‖2 = 1 gia k�je i = 1, . . . , n, tìte up�rqei diamèrish {σk}rk=1 tou
{1, . . . , n} ¸ste, gia k�je k = 1, . . . , r kai gia k�je epilog  pragmatik¸n
suntelest¸n {aj}j∈σk

,

(1.1.6)

∥∥∥∥∥∥
∑
j∈σk

ajT (ej)

∥∥∥∥∥∥
2

2

≥ A
∑
j∈σk

|aj |2.

Mia trÐth prìtash, isqurìterh apì thn asjen  eikasÐa (BT), eÐnai epÐshc isodÔnamh
me to prìblhma Kadison–Singer (blèpe [10]):
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Je¸rhma 1.1.7. To prìblhma Kadison–Singer eÐnai isodÔnamo me thn ex c prìtash:
up�rqoun stajerèc A > 0 kai r ∈ N ¸ste, an P : `2n2 → `2n2 eÐnai probol  me ‖Pei‖22 = 1/2
gia k�je i = 1, . . . , 2n, tìte up�rqei diamèrish {σk}rk=1 tou {1, . . . , 2n} ¸ste, gia k�je
k = 1, . . . , r kai gia k�je epilog  pragmatik¸n suntelest¸n {aj}j∈σk

,

(1.1.7)

∥∥∥∥∥∥
∑
j∈σk

ajP (ej)

∥∥∥∥∥∥
2

2

≥ A
∑
j∈σk

|aj |2.

1.1gþ Riesz basikèc akoloujÐec

Mia oikogèneia dianusm�twn {xi}i∈I se èna q¸ro Hilbert H lègetai Riesz basik  an
up�rqoun stajerèc m,M > 0 ¸ste, gia k�je epilog  suntelest¸n {ai}i∈I isqÔei

(1.1.8) m
∑
i∈I

|ai|2 ≤

∥∥∥∥∥∑
i∈I

aixi

∥∥∥∥∥
2

H

≤M
∑
i∈I

|ai|2.

An, epiplèon, h oikogèneia {xi}i∈I par�gei ton H, tìte lègetai Riesz b�sh tou H. To
gegonìc ìti h {xi}i∈I eÐnai Riesz b�sh tou H eÐnai isodÔnamo me to ìti up�rqei orjokanon-
ik  b�sh {ei}i∈I ¸ste o telest c T : H → H me T (ei) = xi na eÐnai antistrèyimoc.
Eidikìtera, k�je Riesz b�sh tou H eÐnai �nw kai k�tw fragmènh akoloujÐa: up�rqoun
c1, c2 > 0 ¸ste c1 ≤ ‖xi‖H ≤ c2 gia k�je i ∈ I. An ‖xi‖H = 1 gia k�je i ∈ I tìte h
{xi}i∈I lègetai monadiaÐa.

An h (1.1.8) isqÔei me m = 1 − ε kai M = 1 + ε gia k�poio ε ∈ (0, 1) tìte h {xi}i∈I
lègetai ε-Riesz basik . Oi Casazza-Vershynin èjesan to ex c er¸thma:

EikasÐa Rε: Gia k�je ε > 0 k�je monadiaÐa Riesz basik  akoloujÐa eÐnai
peperasmènh ènwsh ε-Riesz basik¸n akolouji¸n.

Oi Casazza-Vershynin apèdeixan sto [14] ìti an to prìblhma Kadison-Singer èqei
katafatik  ap�nthsh tìte h eikasÐa Rε isqÔei. Argìtera, apodeÐqthke apì touc Casazza-
Tremain sto [13] ìti ta dÔo probl mata eÐnai isodÔnama.

1.1dþ EikasÐa tou Feichtinger

Mia oikogèneia dianusm�twn {xi}i∈I se èna q¸ro Hilbert lègetai plaÐsio (frame) gia
ton H an up�rqoun stajerèc m,M > 0 ¸ste, gia k�je x ∈ H,

(1.1.9) m‖x‖2 ≤
∑
i∈I
〈x, xi〉2 ≤M‖x‖2.

An isqÔei mìno h dexi� anisìthta sthn (1.1.9) tìte lème ìti h {xi}i∈I eÐnai akoloujÐa
Bessel me stajer� M .



1.1 To prìblhma Kadison–Singer · 7

'Estw {xi}i∈I èna plaÐsio gia ton H. An m = M tìte lème ìti h {xi}i∈I eÐnai M -
akribèc plaÐsio, en¸ an m = M = 1 tìte lème ìti èqoume èna plaÐsio Parseval. An ìla
ta xi èqoun nìrma 1, tìte to plaÐsio lègetai monadiaÐo. Apì thn (1.1.9) eÐnai fanerì
ìti ‖xi‖ ≤ M gia k�je i ∈ I. An, epiplèon, up�rqei stajer� c > 0 ¸ste ‖xi‖ ≥ c gia
k�je i ∈ I, tìte lème ìti èqoume èna fragmèno plaÐsio. Oi suntelestèc 〈x, xi〉 eÐnai oi
suntelestèc tou x ∈ H wc proc to plaÐsio.

'Estw {xi}i∈I mia akoloujÐa Bessel ston H. O fragmènoc grammikìc telest c T :
`2(I) → H pou orÐzetai mèsw thc T (ei) = xi, i ∈ I, lègetai telest c sÔnjeshc tou
plaisÐou {xi}i∈I . O suzug c telest c T ∗ lègetai telest c an�lushc tou {xi}i∈I kai
ikanopoieÐ thn

(1.1.10) ‖T ∗(y)‖2 =
∑
i∈I

|〈y, xi〉|2

gia k�je y ∈ H. Eidikìtera, h mikrìterh stajer�M gia thn opoÐa isqÔei h (1.1.9) isoÔtai
me ‖T ∗‖2. Apì thn (1.1.10) èpetai ìti mia akoloujÐa Bessel eÐnai Riesz basik  an kai mìno
an o T ∗ eÐnai epÐ.

O telest c tou plaisÐou eÐnai o telest c S = TT ∗ : H → H. O S ikanopoieÐ thn

(1.1.11) S(y) = TT ∗(y) = T

(∑
i∈I
〈y, xi〉ei

)
=
∑
i∈I
〈y, xi〉T (ei) =

∑
i∈I
〈y, xi〉xi.

Eidikìtera,

(1.1.12) 〈S(y), y〉 =
∑
i∈I

|〈y, xi〉|2.

Mèsw tou S, h (1.1.9) paÐrnei th morf  mI ≤ S ≤ MI, en¸ to {xi}i∈I eÐnai plaÐsio
Parseval an kai mìno an S = I. MporoÔme tìte na anakataskeu�soume to y ∈ H mèsw
tou tÔpou

y = SS−1y =
∑
i∈I
〈S−1y, xi〉xi

=
∑
i∈I
〈y, S−1xi〉xi =

∑
i∈I
〈y, xi〉S−1xi

=
∑
i∈I
〈y, S−1/2xi〉S−1/2xi.

Autì apodeiknÔei ìti h oikogèneia {S−1/2xi}i∈I eÐnai plaÐsio Parseval, isodÔnamo me to
{xi}i∈I me thn ènnoia ìti up�rqei antistrèyimoc telest c pou apeikonÐzei to èna sto �llo.

H eikasÐa tou Feichtinger proèkuye apì paradeÐgmata plaisÐwn Gabor pou eÐqan thn
idiìthta na gr�fontai wc peperasmènec en¸seic Riesz basik¸n akolouji¸n:
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EikasÐa tou Feichtinger: K�je monadiaÐo ( , isodÔnama, fragmèno) plaÐsio
gr�fetai wc peperasmènh ènwsh Riesz basik¸n akolouji¸n.

ApodeiknÔetai ìti h eikasÐa tou Feichtinger eÐnai isodÔnamh me to prìblhma Kadison–
Singer (blèpe [11] gia th mÐa kateÔjunsh � h isodunamÐa apodeÐqthke sto [13]). ApodeiknÔe-
tai m�lista ìti arkeÐ kaneÐc na apodeÐxei thn ex c asjen  morf  thc eikasÐac tou Fe-
ichtinger: k�je monadiaÐa akoloujÐa Bessel gr�fetai wc peperasmènh ènwsh Riesz basik¸n
akolouji¸n.

Perissìterec plhroforÐec gia ton kÔklo aut¸n twn problhm�twn dÐnontai sto �rjro
episkìphshc The Kadison–Singer problem in Mathematics and Engineering twn P. G.
Casazza, M. Fickus, J. C. Tremain kai E. Weber [12]. Up�rqoun ki �llec endiafèrousec
anagwgèc tou probl matoc (gia par�deigma, apì ton Weaver sto [28]) kaj¸c kai jetikèc
apant seic sthn eikasÐa (P) se eidikèc peript¸seic (gia par�deigma, oi K. Berman, H.
Halpern, V. Kaftal kai G. Weiss dÐnoun jetik  ap�nthsh sthn perÐptwsh pin�kwn me
mh-arnhtik� stoiqeÐa kai sthn perÐptwsh twn telest¸n Laurent - blèpe [3] kai [20], [21]).

1.2 Mia aploÔsterh perÐptwsh
DouleÔoume ston Rn, ton opoÐo jewroÔme efodiasmèno me to eswterikì ginìmeno 〈·, ·〉.
StajeropoioÔme mia orjokanonik  b�sh {e1, . . . , en} kai gia k�je x ∈ Rn gr�foume x =
(x1, . . . , xn), ìpou xj = 〈x, ej〉. SumbolÐzoume me `np ton (Rn, ‖ · ‖p), ìpou

(1.2.1) ‖x‖p =

 n∑
j=1

|xj |p
1/p

an 1 ≤ p <∞ kai ‖x‖∞ = max
1≤j≤n

|xj |.

Gia k�je ∅ 6= σ ⊂ {1, . . . , n} sumbolÐzoume me Rσ thn orjog¸nia probol  epÐ tou 〈ej :
j ∈ σ〉 (ton periorismì stic suntetagmènec tou σ).

Ja lème ìti o grammikìc telest c S : Rn → Rn èqei mhdenik  diag¸nio (kai ja
gr�foume D(S) = 0) an 〈Sej , ej〉 = 0 gia k�je j ≤ n. EpÐshc, ja lème ìti o grammikìc
telest c T : Rn → Rn èqei mon�dec sth diag¸nio (kai ja gr�foume D(S) = I) an
〈Sej , ej〉 = 1 gia k�je j ≤ n.

To prìblhma pou ja suzht soume mporeÐ na diatupwjeÐ wc ex c.

EikasÐa 1.2.1 (paving conjecture). Gia k�je ε > 0 up�rqei M = M(ε) ∈ N tètoioc
¸ste gia k�je n ∈ N kai k�je S : `n2 → `n2 me D(S) = 0 up�rqei diamèrish {σ1, . . . , σM}
tou {1, . . . , n} me thn idiìthta: gia k�je j = 1, . . . ,M ,

(1.2.2) ‖RσjSRσj‖ ≤ ε‖S‖.

Parat rhsh 1.2.2. (a) H upìjesh D(S) = 0 eÐnai anagkaÐa an jèloume na isqÔei to
parap�nw gia k�je ε > 0.
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(b) 'Opwc ja faneÐ sth sunèqeia, h megalÔterh duskolÐa pou parousi�zei to prìblhma
eÐnai ìti apaitoÔme to pl joc M twn sunìlwn thc diamèrishc na exart�tai mìno apì to ε
(na mhn exart�tai apì to n).

Prin per�soume sth melèth thc EikasÐac, axÐzei ton kìpo na doÔme to Ðdio prìblhma
sthn (aploÔsterh) perÐptwsh pou sth jèsh tou `n2 èqoume ton `n1   ton `n∞.

Je¸rhma 1.2.3 (Schechtman, 81). 'Estw S : `n1 → `n1 me D(S) = 0. Gia k�je ε > 0
up�rqei σ ⊂ {1, . . . , n} me plhj�rijmo |σ| ≥ εn

2‖S‖ tètoio ¸ste

(1.2.3) ‖RσSRσ‖ ≤ ε.

'Amesh sunèpeia tou Jewr matoc 1.2.3 eÐnai h ex c.

Pìrisma 1.2.4. 'Estw T : `n1 → `n1 me D(T ) = I. Gia k�je 0 < ε < 1 up�rqei
σ ⊂ {1, . . . , n} me plhj�rijmo |σ| ≥ εn

2‖T‖ tètoio ¸ste

(1.2.4) ‖(RσTRσ)−1‖ ≤ 1
1− ε

.

Apìdeixh. Gr�foume ton T sth morf  I + S. Parathr ste ìti ‖S‖ ≤ ‖T‖ (deÐte, gia
par�deigma, thn (1.2.6) parak�tw). Apì to Je¸rhma 1.2.3 up�rqei σ ⊂ {1, . . . , n} me
plhj�rijmo |σ| ≥ εn

2‖S‖ ≥
εn

2‖T‖ tètoio ¸ste ‖RσSRσ‖ ≤ ε, dhlad 

(1.2.5) ‖RσTRσ − Iσ‖ ≤ ε

ìpou Iσ o tautotikìc telest c ston 〈ej : j ∈ σ〉. 'Epetai h (1.2.4). 2

EÔkola elègqoume ìti an S : Rn → Rn eÐnai ènac grammikìc telest c kai an aij =
〈Sei, ej〉, tìte

(1.2.6) ‖S : `n1 → `n1‖ = max
1≤i≤n

n∑
j=1

|aij | kai ‖S : `n∞ → `n∞‖ = max
1≤j≤n

n∑
i=1

|aij |.

Apì thn (1.2.6) gÐnetai fanerì ìti gia thn apìdeixh tou Jewr matoc 1.2.3 mporoÔme na
antikatast soume ton S me ton S′ pou orÐzetai apì thn 〈S′ei, ej〉 = |aij |.

IsodÔnama loipìn èqoume na deÐxoume to ex c.

Je¸rhma 1.2.5. 'Estw A = (aij)ni,j=1 ènac n× n pÐnakac pou ikanopoieÐ ta ex c:

(i) aij ≥ 0 kai aii = 0.

(ii) Gia k�je i ≤ n,
∑n
j=1 aij ≤ 1.

Tìte, gia k�je ε > 0 up�rqei σ ⊂ {1, . . . , n} me plhj�rijmo |σ| ≥ εn
2 tètoio ¸ste: gia

k�je i ∈ σ,

(1.2.7)
∑
j∈σ

aij ≤ ε.
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Ja apodeÐxoume k�ti polÔ isqurìtero.

Je¸rhma 1.2.6 (Bourgain, 81). 'Estw A = (aij)ni,j=1 ènac n×n pÐnakac pou ikanopoieÐ
ta ex c:

(i) aij ≥ 0 kai aii = 0.

(ii) Gia k�je i ≤ n,
∑n
j=1 aij ≤ 1.

Tìte, gia k�je k ∈ N up�rqei diamèrish {σ1, . . . , σk} tou {1, . . . , n} tètoia ¸ste: gia k�je
l ≤ k kai gia k�je i ∈ σl,

(1.2.8)
∑
j∈σl

aij ≤
2
k
.

'Amesh sunèpeia eÐnai to gegonìc ìti h EikasÐa 1.2.1 {isqÔei gia telestèc ston `n1   ton
`n∞}:

Je¸rhma 1.2.7. Gia k�je k ∈ N kai k�je S : `n1 → `n1 me D(S) = 0 up�rqei diamèrish
{σ1, . . . , σk} tou {1, . . . , n} tètoia ¸ste: gia k�je l ≤ k

(1.2.9) ‖Rσl
SRσl

‖ ≤ 2
k
‖S‖.

Parat rhsh 1.2.8. (a) To Je¸rhma 1.2.7 mporeÐ na diatupwjeÐ ¸ste na apant� sthn
EikasÐa 1.2.1 (sthn perÐptwsh tou `n1   tou `n∞). Gia dosmèno ε > 0 arkeÐ na p�roume
M(ε) =

[
2
ε

]
+ 1.

(b) To Je¸rhma 1.2.3 eÐnai �mesh sunèpeia tou Jewr matoc 1.2.7: paÐrnoume k =
[
2
ε

]
+1

kai jewroÔme th diamèrish pou mac dÐnei to Je¸rhma 1.2.7. An σl eÐnai to uposÔnolo
sth diamèrish pou èqei to megalÔtero plhj�rijmo, tìte |σl| ≥ n/k ≥ εn/(2 + ε) kai
‖Rσl

SRσl
‖ ≤ ε‖S‖.

(g) AntÐstrofa, apì to Je¸rhma 1.2.3 mporoÔme na p�roume mia asjen  morf  tou Jewr -
matoc 1.2.7 (to epiqeÐrhma eÐnai genikì, �ra mporeÐ na efarmosteÐ kai sthn perÐptwsh tou
`n2 ): qrhsimopoi¸ntac to Je¸rhma 1.2.3 brÐskoume σ1 me |σ1| ≥ εn/2 kai ‖Rσ1SRσ1‖ ≤
ε‖S‖. Jètoume τ1 = {1, . . . , n} \ σ1. Tìte, |τ1| ≤

(
1 − ε

2

)
n kai ‖Rτ1SRτ1‖ ≤ ‖S‖.

Qrhsimopoi¸ntac p�li to Je¸rhma 1.2.3 brÐskoume σ2 me |σ2| ≥ ε|τ1|/2 kai

‖Rσ2SRσ2‖ ≤ ε‖Rτ1SRτ1‖ ≤ ε‖S‖.

Jètoume τ2 = τ1 \ σ2. Tìte, |τ2| ≤
(
1− ε

2

)2
n kai ‖Rτ2SRτ2‖ ≤ ‖S‖. SuneqÐzoume me ton

Ðdio trìpo mèqri na {exantl soume} to sÔnolo {1, . . . , n}. To pl joc twn bhm�twn, to
opoÐo ja d¸sei mia ektÐmhsh gia to M = M(ε, n) sthn EikasÐa, ousiastik� dÐnetai apì
th lÔsh thc exÐswshc (

1− ε

2

)k
n = 1

wc proc k. H posìthta M(ε, n) exart�tai apì to n: èqoume k ' log n/ε.



1.2 Mia aploÔsterh perÐptwsh · 11

Apìdeixh tou Jewr matoc 1.2.7: To epiqeÐrhma pou ja qrhsimopoi soume eÐnai tou
K. Ball kai up�rqei sto [7]. MporoÔme na upojèsoume ìti aij > 0 an i 6= j kai ìti gia
k�je i ≤ n èqoume

n∑
j=1

aij = 1.

Tìte, o A èqei idiotim  thn ρ = 1 me dexiì idiodi�nusma to 1 = (1, . . . , 1). 'Ara, up�rqei
mh mhdenikì γ = (γ1, . . . , γn) me γA = γ.

Isqurismìc. MporoÔme na upojèsoume ìti γi > 0 gia k�je i ≤ n.

Apìdeixh. Apì thn γA = γ èqoume

(1.2.10)
n∑
i=1

γiaij = γj

gia k�je j ≤ n. 'Epetai ìti

n∑
j=1

|γj | =
n∑
j=1

∣∣∣∣ n∑
i=1

γiaij

∣∣∣∣ ≤ n∑
j=1

n∑
i=1

|γi|aij

=
n∑
i=1

|γi|
n∑
j=1

aij =
n∑
i=1

|γi|.

AfoÔ èqoume pantoÔ isìthta, ta γj eÐnai omìshma. MporoÔme loipìn na upojèsoume ìti
γj ≥ 0 gia k�je j ≤ n. Epistrèfoume sthn (1.2.10): afoÔ aij > 0 an i 6= j, apì thn
γj = 0 ja katal game sthn γ = 0. 2

JewroÔme k ≥ 2 kai gia k�je diamèrish ∆ = {δ1, . . . , δk} tou {1, . . . , n} orÐzoume

(1.2.11) f(∆) =
k∑
l=1

∑
i,j∈δl

γiaij .

Up�rqei diamèrish Σ = {σ1, . . . , σk} gia thn opoÐa h posìthta f(·) elaqistopoieÐtai. Ja
deÐxoume ìti h Σ ikanopoieÐ to zhtoÔmeno:

Isqurismìc. Gia k�je l ≤ k kai gia k�je i ∈ σl èqoume
∑
j∈σl

aij ≤ 2
k .

Apìdeixh. An ìqi, qwrÐc periorismì thc genikìthtac, up�rqei r ∈ σ1 tètoio ¸ste

(1.2.12) θ :=
∑
j∈σ1

arj >
2
k
.

OrÐzoume (k − 1) to pl joc nèec diamerÐseic Σ2, . . . ,Σk wc ex c: gia k�je s = 2, . . . , k
paÐrnoume Σs = {σs1, . . . , σsk} ìpou

σs1 = σ1 \ {r}, σss = σs ∪ {r} kai σsl = σl an l 6= 1, s.
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ParathroÔme ìti

f(Σ)− f(Σs) =
∑
i,j∈σ1

γiaij +
∑
i,j∈σs

γiaij −
∑

i,j∈σ1\{r}

γiaij −
∑

i,j∈σs∪{r}

γiaij

= γr
∑
j∈σ1

arj +
∑
i∈σ1

γiair − γr
∑
j∈σs

arj −
∑
i∈σs

γiair.

Prosjètontac gia s = 2, . . . , k� kai paÐrnontac upìyin tic (1.2.12) kai (1.2.10) � èqoume

k∑
s=2

(
f(Σ)− f(Σs)

)
= (k − 1)γr

∑
j∈σ1

arj + (k − 1)
∑
i∈σ1

γiair − γr
∑
j /∈σ1

arj −
∑
i/∈σ1

γiair

≥ (k − 1)γr
∑
j∈σ1

arj − γr
∑
j /∈σ1

arj −
n∑
i=1

γiair

= (k − 1)γrθ − γr(1− θ)− γr

= γr(kθ − 2) > 0.

Epomènwc, up�rqei s ∈ {2, . . . , k} tètoio ¸ste f(Σ) > f(Σs). 2



Kef�laio 2

ErgaleÐa apì th
Sunarthsiak  An�lush kai
apì th JewrÐa Pijanot twn

2.1 Anisìthta tou Khintchine

Oi sunart seic Rademacher rk : [0, 1] → R (k ∈ N) orÐzontai apì thn

(2.1.1) rk(t) = sign
(
sin(2kπt)

)
.

Oi rk ikanopoioÔn thn ex c sunj kh orjogwniìthtac: an 1 ≤ k1 < k2 < · · · < km kai
p1, . . . , pm ∈ N, tìte

(2.1.2)
∫ 1

0

rp1k1(t)r
p2
k2

(t) · · · rpm

km
(t)dt = 0,

ektìc an pj ∈ 2N gia k�je j = 1, . . . ,m, opìte to olokl rwma eÐnai profan¸c Ðso me
1. Eidikìtera, h {rk} eÐnai orjokanonik  akoloujÐa ston L2[0, 1]. 'Epetai ìti, gia k�je
akoloujÐa {ak} ∈ `2,

(2.1.3)
∫ 1

0

∣∣∣∣∑
k

akrk(t)
∣∣∣∣2dt =

∑
k

a2
k.

Parathr ste ìti h {rk} den eÐnai orjokanonik  b�sh tou L2[0, 1]: èqoume r1r2 ⊥ rk gia
k�je k ∈ N.

H anisìthta tou Khintchine deÐqnei ìti ston upìqwro tou L2[0, 1] pou par�goun oi
rk, ìlec oi Lp-metrikèc (p > 0) eÐnai isodÔnamec.
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Je¸rhma 2.1.1 (Khintchine). Up�rqoun stajerèc Ap, Bp > 0 (p > 0) me thn ex c
idiìthta: gia k�je n ∈ N kai gia k�je a = (a1, . . . , an) ∈ `n2 ,

(2.1.4) Ap

(
n∑
k=1

a2
k

)1/2

≤

(∫ 1

0

∣∣∣∣ n∑
k=1

akrk(t)
∣∣∣∣pdt

)1/p

≤ Bp

(
n∑
k=1

a2
k

)1/2

.

Parat rhsh 2.1.2. (a) Lìgw thc (2.1.3), h anisìthta tou Khintchine gr�fetai isodÔ-
nama sth morf 

(2.1.5) Ap

∥∥∥∥ n∑
k=1

akrk

∥∥∥∥
L2

≤
∥∥∥∥ n∑
k=1

akrk

∥∥∥∥
Lp

≤ Bp

∥∥∥∥ n∑
k=1

akrk

∥∥∥∥
L2

.

(b) An doÔme tic rk san tuqaÐec metablhtèc sto [0, 1] tìte eÔkola elègqoume ìti eÐnai
anex�rthtec. H katanom  tou tuqaÐou dianÔsmatoc (r1(t), . . . , rn(t)) sumpÐptei me thn
katanom  tou (ε1, . . . , εn) ston En2 (me to omoiìmorfo mètro pijanìthtac). Sunep¸c, gia
k�je p > 0 èqoume

(2.1.6)
∥∥∥∥ n∑
k=1

akrk

∥∥∥∥
Lp

=

(
1
2n

∑
εk=±1

∣∣∣∣ n∑
k=1

εkak

∣∣∣∣p
)1/p

.

(g) 'Estw A∗p, B
∗
p oi bèltistec stajerèc gia tic opoÐec isqÔei to Je¸rhma 2.1.1. Apì thn

anisìthta tou Hölder eÐnai fanerì ìti A∗p = 1 an p ≥ 2 kai B∗
p = 1 an 0 < p ≤ 2.

Apìdeixh thc anisìthtac tou Khintchine

Perigr�foume thn apìdeixh pou dÐnetai sto [15].

(a) H perÐptwsh p = 4: ArkeÐ na deÐxoume th dexi� anisìthta. QrhsimopoioÔme to
gegonìc ìti ∫ 1

0

ri(t)rj(t)rk(t)rl(t)dt = 1

mìno an i = j = k = l   an up�rqoun t 6= s ¸ste k�poioi dÔo apì touc i, j, k, l na eÐnai
Ðsoi me t kai oi �lloi dÔo Ðsoi me s. 'Etsi, gr�foume∫ 1

0

∣∣∣∣ n∑
k=1

akrk(t)
∣∣∣∣4dt =

n∑
i,j,k,l=1

aiajakal

∫ 1

0

ri(t)rj(t)rk(t)rl(t)dt

= 3
n∑

i,j=1

a2
i a

2
j − 2

n∑
i=1

a4
i

≤ 3

(
n∑
i=1

a2
i

)2

,
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dhlad  h anisìthta isqÔei me B4 = 4
√

3. 2

MporoÔme t¸ra na proqwr soume me epagwg  kai na deÐxoume th dexi� anisìthta gia
k�je p = 2s. AntÐ gi� autì, dÐnoume apeujeÐac apìdeixh gia k�je p = s ∈ N.

(b) H perÐptwsh p = s ∈ {3,4,5, . . .}: 'Estw f(t) =
∑n
k=1 akrk(t). MporoÔme na

upojèsoume ìti
∑n
k=1 a

2
k = 1.

Parathr ste ìti

(2.1.7) |f(t)|s ≤ s!e|f(t)| ≤ s!
(
ef(t) + e−f(t)

)
.

Apì thn anexarthsÐa twn rk èqoume

(2.1.8)
∫ 1

0

ef(t)dt =
∫ 1

0

n∏
k=1

exp(akrk(t))dt =
n∏
k=1

∫ 1

0

exp(akrk(t))dt =
n∏
k=1

cosh(ak).

Gia thn teleutaÐa isìthta, parathr ste ìti rk(t) = −1 me pijanìthta 1/2 kai rk(t) = 1
me pijanìthta 1/2, �ra,

(2.1.9)
∫ 1

0

exp(akrk(t))dt =
eak + e−ak

2
.

Qrhsimopoi¸ntac thn cosh(x) ≤ exp(x2/2) (h opoÐa apodeiknÔetai me {ìro proc ìro}
sÔgkrish twn anaptugm�twn Taylor twn dÔo sunart sewn) sumperaÐnoume ìti

(2.1.10)
∫ 1

0

ef(t)dt ≤
b∏

k=1

exp(a2
k/2) = exp

(
1
2

n∑
k=1

a2
k

)
=
√
e,

kai, lìgw summetrÐac,

(2.1.11)
∫ 1

0

e−f(t)dt ≤
√
e.

Apì thn (2.1.7) blèpoume ìti

(2.1.12)
∫ 1

0

∣∣∣∣∣
n∑
k=1

akrk(t)

∣∣∣∣∣
s

ds ≤ (2
√
e)s! ≤ (2

√
e)
(s
e

)s
≤ ss,

kai, paÐrnontac up� ìyin thn

(2.1.13)
∥∥∥∥ n∑
k=1

akrk

∥∥∥∥
L2

=

(
n∑
k=1

a2
k

)1/2

= 1,
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katal goume sthn

(2.1.14)
∥∥∥∥ n∑
k=1

akrk

∥∥∥∥
Ls

≤ s

∥∥∥∥ n∑
k=1

akrk

∥∥∥∥
L2

.

Dhlad , h anisìthta isqÔei me Bs ≤ s. 2

MporoÔme t¸ra na oloklhr¸soume thn apìdeixh tou Jewr matoc 2.1.1.

(g) 2 < p <∞: 'Estw p ≥ 2. JewroÔme ton s = [p] + 1. Parathr ste ìti p < s ≤ 2p.
'Etsi, èqoume

(2.1.15)
∥∥∥∥ n∑
k=1

akrk

∥∥∥∥
Lp

≤
∥∥∥∥ n∑
k=1

akrk

∥∥∥∥
Ls

≤ s

∥∥∥∥ n∑
k=1

akrk

∥∥∥∥
L2

≤ 2p
∥∥∥∥ n∑
k=1

akrk

∥∥∥∥
L2

.

(d) 0 < p < 2: O 2 eÐnai kurtìc sunduasmìc twn p kai 4. MporoÔme dhlad  na broÔme
θ ∈ (0, 1) tètoion ¸ste 2 = pθ + 4(1 − θ): h tim  tou θ eÐnai 2/(4 − p). An f(t) =∑n
k=1 akrk(t) tìte, apì thn anisìthta Hölder,

(2.1.16)∫ 1

0

|f(t)|2dt =
∫ 1

0

|f(t)|pθ|f(t)|4(1−θ)dt ≤
(∫ 1

0

|f(t)|pdt
)θ (∫ 1

0

|f(t)|4dt
)1−θ

.

'Eqoume deÐxei ìti ‖f‖L4 ≤
4
√

3‖f‖L2 . 'Ara, h (2.1.16) mac dÐnei

(2.1.17)
∫ 1

0

|f(t)|2dt ≤ 31−θ
(∫ 1

0

|f(t)|pdt
)θ (∫ 1

0

|f(t)|2dt
)2(1−θ)

.

Parathr ste ìti 1− 2(1− θ) = pθ/2. 'Epetai ìti

(2.1.18) 3
θ−1
pθ ‖f‖L2 ≤ ‖f‖Lp

.

Tèloc, θ−1
pθ = 1

2 −
1
p . Dhlad , h anisìthta isqÔei me Ap = 3

1
2−

1
p . 2

Parat rhsh 2.1.3. H apìdeixh pou d¸same dÐnei Bp ' p ìtan p → ∞. Up�rqoun
kalÔterec apodeÐxeic pou deÐqnoun ìti B∗

p ' √
p ìtan p → ∞. Oi akribeÐc timèc twn

A∗p, B
∗
p èqoun upologisteÐ apì touc Szarek (A∗1) kai Haagerup (gia k�je p).

2.2 Anisìthta tou Grothendieck

Qrhsimopoi¸ntac thn anisìthta tou Khintchine deÐqnoume t¸ra thn anisìthta tou Grothen-
dieck. To epiqeÐrhma autì up�rqei sto [15].
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Je¸rhma 2.2.1 (Grothendieck, 1955). Up�rqei stajer� KG > 0 me thn ex c idiìth-
ta: an n ∈ N kai A = (aij) eÐnai ènac n× n pÐnakac tètoioc ¸ste

(2.2.1) max


∣∣∣∣ n∑
i,j=1

aijsitj

∣∣∣∣ : |si| ≤ 1, |tj | ≤ 1

 ≤ 1,

tìte gia k�je q¸ro Hilbert H kai gia k�je xi, yj ∈ BH , 1 ≤ i, j ≤ n, isqÔei h anisìthta

(2.2.2)
∣∣∣∣ n∑
i,j=1

aij〈xi, yj〉
∣∣∣∣ ≤ KG.

ShmeÐwsh: H upìjesh (2.2.1) eÐnai isodÔnamh me thn ‖A : `n∞ → `n1‖ ≤ 1. H bèltisth
tim  thc stajer�c KG den eÐnai gnwst .

Apìdeixh. OrÐzoume

(2.2.3) Sn = sup
∣∣∣∣ n∑
i,j=1

aij〈ui, vj〉
∣∣∣∣,

ìpou to sup eÐnai p�nw apì ìlouc touc q¸rouc Hilbert kai ìla ta ui, vj ∈ BH . AfoÔ
〈ui, vj〉 ≤ 1, eÐnai fanerì ìti Sn < +∞.

'Estw H q¸roc Hilbert kai xi, yj ∈ BH , 1 ≤ i, j ≤ n. Epeid  to zhtoÔmeno afor�
2n dianÔsmata, mporoÔme na upojèsoume ìti o H èqei peperasmènh di�stash N ≤ 2n.
'Estw {e1, . . . , eN} mia orjokanonik  b�sh gia ton H. OrÐzoume F : H → L2[0, 1] me
x 7→ X := F (x) ìpou

(2.2.4) X(t) =
N∑
k=1

〈x, ek〉rk(t).

H F eÐnai isometrÐa kai, gia k�je x, y ∈ H,

(2.2.5) 〈x, y〉 =
∫ 1

0

X(t)Y (t)dt.

Parat rhsh. An xèrame ìti up�rqei stajer� M > 0 tètoia ¸ste ‖X‖∞ ≤M gia k�je
x ∈ BH , tìte ja deÐqname to Je¸rhma wc ex c: an xi, yj ∈ BH , tìte
(2.2.6)∣∣∣∣ n∑

i,j=1

aij〈xi, yj〉
∣∣∣∣ = ∣∣∣∣ ∫ 1

0

n∑
i,j=1

aijXi(t)Yj(t)dt
∣∣∣∣ ≤ ∫ 1

0

∣∣∣∣ n∑
i,j=1

aijXi(t)Yj(t)
∣∣∣∣dt ≤M2.

Sto teleutaÐo b ma efarmìsame thn upìjesh (2.2.1) gia touc Xi(t)
M ,

Yj(t)
M ∈ [−1, 1] (gia

k�je t qwrist�).



18 · ErgaleÐa apì th Sunarthsiak  An�lush kai apì th JewrÐa Pijanot twn

H apìdeixh ja basisteÐ se aut  thn parat rhsh: StajeropoioÔme M > 0 (to opoÐo
ja epilèxoume kat�llhla) kai gia k�je x ∈ H gr�foume X = Xg +Xb, ìpou

(2.2.7) Xg(t) = X(t) an |X(t)| ≤M kai Xg(t) = M(signX(t)) alli¸c.

Isqurismìc. Gia k�je x ∈ H,

(2.2.8) ‖Xb‖L2 ≤
√

3‖X‖2L2

4M
.

Apìdeixh tou isqurismoÔ. An t ∈ [0, 1] tìte eÐte Xb(t) = 0   èqoume |X(t)| > M kai

|Xb(t)| = |X(t)| −M . Apì th stoiqei¸dh anisìthta s ≤ M + s2

4M (s > 0) blèpoume ìti,
sth deÔterh perÐptwsh,

(2.2.9) |Xb(t)| = |X(t)| −M ≤ |X(t)|2

4M
.

Dhlad , |Xb| ≤ X2/(4M) pantoÔ sto [0, 1]. 'Ara,

(2.2.10) ‖Xb‖L2 =
(∫ 1

0

|Xb(t)|2dt
)1/2

≤ 1
4M

(∫ 1

0

|X(t)|4dt
)1/2

=
‖X‖2L4

4M
.

Apì thn anisìthta tou Khintchine � gia p = 4 (!) � èqoume

(2.2.11) ‖X‖L4 ≤
4
√

3‖X‖L2 .

'Epetai o isqurismìc. 2

Sunèqeia thc apìdeixhc tou Jewr matoc 2.2.1. 'Estw xi, yj ∈ BH , 1 ≤ i, j ≤ n. Tìte,∣∣∣∣ n∑
i,j=1

aij〈xi, yj〉
∣∣∣∣ =

∣∣∣∣ ∫ 1

0

n∑
i,j=1

aijXi(t)Yj(t)dt
∣∣∣∣

≤
∣∣∣∣ ∫ 1

0

n∑
i,j=1

aijX
g
i (t)Y

g
j (t)dt

∣∣∣∣
+
∣∣∣∣ ∫ 1

0

n∑
i,j=1

aijX
b
i (t)Y

g
j (t)dt

∣∣∣∣+ ∣∣∣∣ ∫ 1

0

n∑
i,j=1

aijXi(t)Y bj (t)dt
∣∣∣∣.

Gia ton pr¸to ìro parathroÔme ìti ‖Xg
i ‖L∞ , ‖Y

g
j ‖L∞ ≤ M . 'Opwc sthn parat rhsh,

qrhsimopoi¸ntac thn upìjesh (2.2.1) paÐrnoume

(2.2.12)
∣∣∣∣ ∫ 1

0

n∑
i,j=1

aijX
g
i (t)Y

g
j (t)dt

∣∣∣∣ ≤M2

∫ 1

0

∣∣∣∣ n∑
i,j=1

aij
Xg
i (t)
M

Y gj (t)
M

∣∣∣∣dt ≤M2.

Gia touc �llouc dÔo ìrouc parathroÔme ìti:
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• AfoÔ |Xg
i | ≤ |Xi|, |Y gj | ≤ |Yj | kai ‖Xi‖L2 , ‖Yj‖L2 ≤ 1, èqoume ‖Xg

i ‖L2 ≤ 1 kai
‖Y gj ‖L2 ≤ 1.

• Apì ton isqurismì, ‖Xb
i ‖L2 , ‖Y bj ‖L2 ≤

√
3/(4M).

Sunep¸c,

(2.2.13)
∣∣∣∣ ∫ 1

0

n∑
i,j=1

aijX
b
i (t)Y

g
j (t)dt

∣∣∣∣ ≤ √
3

4M

∣∣∣∣ ∫ 1

0

n∑
i,j=1

aij
Xb
i (t)

‖Xb
i ‖L2

Y gj (t)dt
∣∣∣∣ ≤ √

3
4M

Sn

kai

(2.2.14)
∣∣∣∣ ∫ 1

0

n∑
i,j=1

aijXi(t)Y bj (t)dt
∣∣∣∣ ≤ √

3
4M

∣∣∣∣ ∫ 1

0

n∑
i,j=1

aijXi(t)
Y bj (t)
‖Y bj ‖L2

dt

∣∣∣∣ ≤ √
3

4M
Sn.

Sundu�zontac ta parap�nw paÐrnoume

(2.2.15)
∣∣∣∣ n∑
i,j=1

aij〈xi, yj〉
∣∣∣∣ ≤M2 +

√
3

2M
Sn.

'Ara,

(2.2.16) Sn ≤M2 +
√

3
2M

Sn,

kai epilègontac M = 3
√

3/4 paÐrnoume to je¸rhma me KG = 81/16. 2

2.3 Jewr mata paragontopoÐhshc
Orismìc 2.3.1. 'Estw X q¸roc Banach kai èstw T : X → L1(µ) fragmènoc grammikìc
telest c. Lème ìti o T paragontopoieÐtai pollaplasiastik� mèsa apì ton L2(µ)
me stajer� C > 0 an up�rqei mh arnhtik  g ∈ L2(µ) me ‖g‖L2(µ) ≤ 1 tètoia ¸ste: gia
k�je x ∈ X,

(2.3.1)
∫ (

T (x)
g

)2

dµ ≤ C2‖x‖2.

IsodÔnama, an mporoÔme na gr�youme T = S ◦ T1, ìpou o T1 : X → L2(µ) orÐzetai apì
thn T1(x) = T (x)/g, o S : L2(µ) → L1(µ) orÐzetai apì thn S(f) = f · g, kai ‖T1‖ ≤ C.
AfoÔ ‖S‖ ≤ 1, autì shmaÐnei ìti ‖S‖ · ‖T1‖ ≤ C.

Pr¸toc mac stìqoc eÐnai na apodeÐxoume to ex c:
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Je¸rhma 2.3.2. O T : X → L1(µ) paragontopoieÐtai pollaplasiastik� mèsa apì ton
L2(µ) me stajer� C > 0 an kai mìno an: gia k�je m ∈ N kai gia k�je x1, . . . , xm ∈ X,

(2.3.2)
∫ ( m∑

i=1

|T (xi)|2
)1/2

dµ ≤ C

(
m∑
i=1

‖xi‖2
)1/2

.

H apìdeixh ja basisteÐ stic epìmenec dÔo Prot�seic.

Prìtash 2.3.3. 'EstwK èna w∗-sumpagèc kurtì uposÔnolo enìc duðkoÔ q¸rou kai èstw
C ènac k¸noc pou apoteleÐtai apì kurtèc w∗-k�tw hmisuneqeÐc sunart seic f orismènec
sto K. Upojètoume ìti gia k�je f ∈ C isqÔei minK f ≤ 0. Tìte, up�rqei x ∈ K tètoio
¸ste f(x) ≤ 0 gia k�je f ∈ C.

Apìdeixh. Ston C(K) jewroÔme ton k¸no

(2.3.3) D := {g ∈ C(K) : up�rqei f ∈ C ¸ste g ≤ f}

kai ton anoiqtì k¸no P ìlwn twn gn sia jetik¸n h ∈ C(K). Apì thn upìjesh èqoume
D ∩ P = ∅, �ra up�rqoun µ ∈ [C(K)]∗ kai α ∈ R tètoia ¸ste

(2.3.4) µ(g) ≤ α < µ(h)

gia k�je g ∈ D kai gia k�je h ∈ P . AfoÔ ta D kai P eÐnai k¸noi, anagkastik� èqoume
α = 0. 'Ara, to µ eÐnai jetikì mètro sto K kai mporoÔme na upojèsoume ìti eÐnai mètro
pijanìthtac. K�je f ∈ C proseggÐzetai apì ton D, �ra, gia k�je f ∈ C,

(2.3.5)
∫
f dµ ≤ 0.

Epilègoume wc x to kèntro b�rouc tou µ. Tìte, x ∈ K kai

(2.3.6) f(x) ≤
∫
f dµ ≤ 0

gia k�je f ∈ C. 2

Prìtash 2.3.4 (Maurey). 'Estw (fi)i∈I oikogèneia mh arnhtik¸n sunart sewn ston
L1(µ). Ta ex c eÐnai isodÔnama:

(i) Up�rqei mh arnhtik  g ∈ L2(µ) me ‖g‖L2(µ) ≤ 1 tètoia ¸ste: gia k�je i ∈ I,

(2.3.7)
∫ (

fi
g

)2

dµ ≤ 1.

(ii) Gia k�je mh kenì, peperasmèno σ ⊆ I kai gia k�je epilog  pragmatik¸n arijm¸n
(ai)i∈σ,

(2.3.8)
∫ (∑

i∈σ
a2
i f

2
i

)1/2

dµ ≤

(∑
i∈σ

a2
i

)1/2

.
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Apìdeixh. Upojètoume pr¸ta ìti up�rqei mh arnhtik  g ∈ L2(µ) me ‖g‖L2(µ) ≤ 1 h
opoÐa ikanopoieÐ thn (2.3.7). 'Estw σ ⊆ I peperasmèno kai èstw (ai)i∈σ. Tìte, apì thn
anisìthta Cauchy-Schwarz,∫ (∑

i∈σ
a2
i f

2
i

)1/2

dµ =
∫ (∑

i∈σ
a2
i

(
fi
g

)2
)1/2

g dµ

≤

(∫ ∑
i∈σ

a2
i

(
fi
g

)2

dµ

)1/2

‖g‖L2(µ)

≤

(∑
i∈σ

a2
i

)1/2

.

AntÐstrofa, upojètoume ìti ikanopoieÐtai h (2.3.8). Ja qrhsimopoi soume thn Prìtash
2.3.3. San K paÐrnoume to BL2(µ)

⋂
{g : g ≥ 0}. JewroÔme ton k¸no C pou apoteleÐtai

apì ìlec tic sunart seic thc morf c

(2.3.9) F(σ,~λ)(g) =
∑
i∈σ

λi

∫ (
fi
g

)2

dµ−
∑
i∈σ

λi,

ìpou σ mh kenì peperasmèno uposÔnolo tou I kai λi ≥ 0. EÔkola elègqoume ìti k�je
F(σ,~λ) eÐnai kurt  kai w∗-k�tw hmisuneq c.

Elègqoume pr¸ta ìti ikanopoieÐtai h upìjesh thc Prìtashc 2.3.3. 'Estw σ kai ~λ.
Epistrèfontac sthn apìdeixh thc Prìtashc 2.3.4, parathroÔme ìti

(2.3.10)
∫ (∑

i∈σ
λif

2
i

)1/2

= min


(∫ ∑

i∈σ
λi

(
fi
g

)2

dµ

)1/2

: ‖g‖L2(µ) ≤ 1

 .

'Ara, up�rqei g = g(σ,~λ) me ‖g‖L2(µ) ≤ 1 tètoia ¸ste

(2.3.11)
∫ ∑

i∈σ
λi

(
fi
g

)2

dµ =

∫ (∑
i∈σ

λif
2
i

)1/2

dµ

2

≤
∑
i∈σ

λi,

ìpou qrhsimopoi same thn (2.3.8) me a2
i = λi. Autì shmaÐnei ìti

(2.3.12) min
K

F(σ,~λ) ≤ F(σ,~λ)(g) ≤ 0.

Apì thn Prìtash 2.3.3 up�rqei mh arnhtik  g me ‖g‖L2(µ) ≤ 1 tètoia ¸ste F(σ,~λ)(g) ≤ 0

gia k�je σ kai ~λ. Eidikìtera, an σ = {i} kai λi = 1 paÐrnoume

(2.3.13)
∫ (

fi
g

)2

dµ ≤ 1.
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gia k�je i ∈ I. 2

Apìdeixh tou Jewr matoc 2.3.2. Upojètoume pr¸ta ìti o T : X → L1(µ) paragonto-
poieÐtai pollaplasiastik� mèsa apì ton L2(µ) me stajer� C. Dhlad , up�rqei mh arn-
htik  g ∈ L2(µ) me ‖g‖L2(µ) ≤ 1 tètoia ¸ste: gia k�je x ∈ X,

(2.3.14)
∫ (

T (x)
g

)2

dµ ≤ C2‖x‖2.

Apì thn Prìtash 2.3.4, gia k�je m ∈ N, gia opoiad pote mh mhdenik� x1, . . . , xm ∈ X
kai gia opoiousd pote a1, . . . , am ≥ 0 èqoume

(2.3.15)
∫ ( m∑

i=1

a2
i

(
T (xi)
C‖xi‖

)2
)1/2

dµ ≤

(
m∑
i=1

a2
i

)1/2

.

PaÐrnontac ai = C‖xi‖ èqoume thn (2.3.2).
O antÐstrofoc isqurismìc apodeiknÔetai an�loga (qrhsimopoioÔme t¸ra thn �llh

kateÔjunsh sthn isodunamÐa thc Prìtashc 2.3.4). 2

H efarmog  tou Jewr matoc 2.3.2 pou ja qreiastoÔme eÐnai to legìmeno {mikrì
je¸rhma tou Grothendieck}:

Je¸rhma 2.3.5. 'Estw H q¸roc Hilbert kai èstw T : H → L1(µ) fragmènoc grammikìc
telest c. Tìte, o T paragontopoieÐtai pollaplasiastik� mèsa apì ton L2(µ) me stajer�
C ≤

√
2‖T‖.

Apìdeixh. SÔmfwna me to Je¸rhma 2.3.2, arkeÐ na elègxoume ìti gia k�je m ∈ N kai
k�je x1, . . . , xm ∈ X,

(2.3.16)
∫ ( m∑

i=1

|T (xi)|2
)1/2

dµ ≤ C

(
m∑
i=1

‖xi‖2H

)1/2

.

Qrhsimopoi¸ntac kat� shmeÐo thn anisìthta tou Khintchine gia p = 1 (h bèltisth stajer�
eÐnai

√
2) gr�foume

∫ ( m∑
i=1

|(Txi)(s)|2
)1/2

dµ(s) ≤
√

2
∫ ∫ 1

0

∣∣∣∣∣
m∑
i=1

(Txi)(s)ri(t)

∣∣∣∣∣ dt dµ(s)

=
√

2
∫ 1

0

∫ ∣∣∣∣∣
m∑
i=1

(Txi)(s)ri(t)

∣∣∣∣∣ dµ(s) dt

=
√

2
∫ 1

0

∥∥∥∥∥∑
i=1

ri(t)T (xi)

∥∥∥∥∥
L1(µ)

dt
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≤
√

2‖T‖
∫ 1

0

∥∥∥∥∥
m∑
i=1

ri(t)xi

∥∥∥∥∥
H

dt

≤
√

2‖T‖

∫ 1

0

∥∥∥∥∥
m∑
i=1

ri(t)xi

∥∥∥∥∥
2

H

dt

1/2

=
√

2‖T‖

(
m∑
i=1

‖xi‖2H

)1/2

,

ìpou sta dÔo teleutaÐa b mata qrhsimopoi same thn anisìthta Cauchy-Schwarz kai ton
kanìna tou parallhlogr�mmou. 2

2.4 p-ajroÐzontec telestèc
Se aut  thn par�grafo parousi�zoume mia duðk  prosèggish sto Je¸rhma 2.3.5, h opoÐa
basÐzetai sth jewrÐa twn p-ajroizìntwn telest¸n. Shmantikì rìlo paÐzei ed¸ h anisìthta
tou Grothendieck. Perissìtera gia thn jewrÐa twn p�ajroizìntwn telest¸n up�rqoun
sta biblÐa [25] kai [15].

Orismìc 2.4.1. 'Estw X kai Y q¸roi Banach kai èstw p ≥ 1. 'Enac grammikìc telest c
T : X → Y lègetai p-ajroÐzwn an up�rqei stajer� C > 0 me thn ex c idiìthta: gia k�je
m ∈ N kai gia k�je epilog  dianusm�twn x1, . . . , xm ∈ X èqoume

(2.4.1)

(
m∑
i=1

‖Txi‖p
)1/p

≤ C sup


(

m∑
i=1

|x∗(xi)|p
)1/p

: x∗ ∈ BX∗

 .

An o T eÐnai p�ajroÐzwn, h mikrìterh stajer� C > 0 gia thn opoÐa ikanopoieÐtai o orismìc
sumbolÐzetai me πp(T ). Alli¸c, jètoume πp(T ) = +∞. PaÐrnontac m = 1 blèpoume ìti
k�je p�ajroÐzwn telest c T : X → Y eÐnai fragmènoc, me ‖T‖ ≤ πp(T ).

SumbolÐzoume thn kl�sh ìlwn twn p-ajroizìntwn telest¸n T : X → Y me Πp(X,Y ).
MporeÐ kaneÐc na elègxei ta ex c:

(a) H kl�sh Πp(X,Y ) eÐnai grammikìc upìqwroc tou B(X,Y ), h πp(·) eÐnai nìrma ston
Πp(X,Y ) kai o (Πp(X,Y ), πp(·)) eÐnai q¸roc Banach.

(b) An X,Y, Z eÐnai q¸roi Banach kai an T : X → Y kai S : Y → Z eÐnai fragmènoi
telestèc, tìte

(2.4.2) πp(S ◦ T ) ≤ πp(S)‖T‖ kai πp(S ◦ T ) ≤ ‖S‖πp(T ).

Dhlad , an ènac apì touc dÔo telestèc eÐnai p�ajroÐzwn, to Ðdio isqÔei kai gia th sÔnjes 
touc.
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To Je¸rhma tou Pietsch dÐnei ikan  kai anagkaÐa sunj kh gia na eÐnai o T : X → Y
p-ajroÐzwn.

Je¸rhma 2.4.2 (Pietsch, 1967). 'Estw X, Y q¸roi Banach kai èstw T : X → Y
ènac grammikìc telest c. Tìte, T ∈ Πp(X,Y ) an kai mìno an up�rqoun C > 0 kai mètro
pijanìthtac µ sthn (BX∗ , w∗) tètoia ¸ste

(2.4.3) ‖Tx‖ ≤ C

(∫
BX∗

|x∗(x)|pdµ(x∗)
)1/p

gia k�je x ∈ X. Se aut  thn perÐptwsh, h mikrìterh stajer� C pou ikanopoieÐ ta
parap�nw isoÔtai me πp(T ).

Apìdeixh. Upojètoume pr¸ta ìti up�rqoun C > 0 kai µ sthn (BX∗ , w∗) tètoia ¸ste na
ikanopoieÐtai h (2.4.3). An x1, . . . , xm ∈ X, tìte
(2.4.4)

m∑
i=1

‖Txi‖p ≤ Cp
∫
BX∗

n∑
i=1

|x∗(xi)|pdµ(x∗) ≤ Cp sup

{
m∑
i=1

|x∗(xi)|p : x∗ ∈ BX∗

}
.

'Ara, T ∈ Πp(X,Y ) kai πp(T ) ≤ C.

AntÐstrofa, upojètoume ìti T ∈ Πp(X,Y ) kai πp(T ) = 1. OrÐzoume Q ⊂ C(BX∗) wc
ex c: h f an kei sto Q an kai mìno an eÐnai thc morf c

(2.4.5) f(x∗) =
m∑
i=1

(‖Txi‖p − |x∗(xi)|p)

gia k�poia m ∈ N kai x1, . . . , xm ∈ X. EÔkola elègqoume ìti to Q eÐnai kurtì. An h
f orÐzetai apì to {x1, . . . , xm} ⊂ X kai h g orÐzetai apì to {z1, . . . , zs} ⊂ X, tìte gia
k�je λ ∈ (0, 1) h λf + (1− λ)g orÐzetai apì to {λ1/pxi : i ≤ m} ∪ {(1− λ)1/pzj : j ≤ s}.
Tèloc, jètoume Q′ = conv({Q, 0}).

JewroÔme ton jetikì k¸no P tou C(BX∗). Autìc apoteleÐtai apì ìlec tic f ∈
C(BX∗) gia tic opoÐec f(x∗) > 0 gia k�je x∗ ∈ BX∗ . AfoÔ πp(T ) = 1, an f ∈ Q′ tìte
up�rqei x∗ ∈ BX∗ tètoio ¸ste f(x∗) ≤ 0. Dhlad , P ∩Q′ = ∅.

AfoÔ o P eÐnai anoiktìc, apì to je¸rhma Hahn-Banach up�rqoun µ ∈ [C(BX∗)]∗ kai
c ∈ R tètoia ¸ste: gia k�je g ∈ Q′ kai gia k�je f ∈ P ,

(2.4.6) µ(g) ≤ c < µ(f).

'Omwc: (a) 0 ∈ Q′ �ra c ≥ 0, kai (b) gia k�je λ > 0 èqoume f ∈ P ⇒ λf ∈ P kai
µ(λf) = λµ(f), �ra c ≤ 0. EpÐshc, afoÔ to µ eÐnai suneqèc kai µ(f) > 0 gia k�je f ∈ P ,
sumperaÐnoume ìti f ≥ 0 ⇒ µ(f) ≥ 0. Dhlad  to µ eÐnai jetikì mètro kai, diair¸ntac me
th nìrma tou, mporoÔme na upojèsoume ìti eÐnai mètro pijanìthtac. Epistrèfontac sthn
(2.4.6) blèpoume ìti

(2.4.7)
∫
BX∗

g(x∗)dµ(x∗) ≤ 0 gia k�je g ∈ Q.
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'Estw t¸ra x ∈ X. PaÐrnontac thn g(x∗) = ‖Tx‖p − |x∗(x)|p kai b�zontac thn sthn
(2.4.7) èqoume

(2.4.8) ‖Tx‖p ≤ Cp
∫
BX∗

|x∗(x)|pdµ(x∗)

me C = π(T ) = 1. 2

Pìrisma 2.4.3. 'Estw X kai Y q¸roi Banach kai èstw 1 ≤ p < r. Tìte,

(i) Πp(X,Y ) ⊆ Πr(X,Y ).

(ii) gia k�je T ∈ Πp(X,Y ) isqÔei πr(T ) ≤ πp(T ).

Apìdeixh. 'Oi dÔo isqurismoÐ prokÔptoun �mesa apì to Je¸rhma 2.4.2, me apl  efarmog 
thc anisìthtac tou Hölder. 2

Sthn apìdeixh tou Jewr matoc 2.4.2, mporoÔme na antikatast soume thn BX∗ me thn
kleist  j kh tou sunìlou twn akraÐwn shmeÐwn thc. 'Etsi, sthn eidik  perÐptwsh ìpou
X = C(K) me ton K sumpag , paÐrnoume to ex c.

Je¸rhma 2.4.4. 'Estw T : C(K) → Y ènac grammikìc telest c. 'Eqoume T ∈ Πp(X,Y )
an kai mìno an up�rqoun C > 0 kai mètro pijanìthtac µ sto K tètoia ¸ste

(2.4.9) ‖Tf‖ ≤ C

(∫
K

|f(x)|pdµ(x)
)1/p

gia k�je f ∈ C(K).

Je¸rhma 2.4.5 (Lindenstrauss-Pelczynski, 1968). Gia k�je telest  T : `n∞ → `n2
èqoume

(2.4.10) π2(T ) ≤ KG‖T‖.

Apìdeixh. 'Estw {ei}i≤n kai {vj}j≤n oi sun jeic b�seic twn `n∞ kai `n2 . Jètoume aij =
〈Tei, vj〉 (dhlad , Tei =

∑n
j=1 aijvj).

'Estw x1, . . . , xm ∈ `n∞. QwrÐc periorismì thc genikìthtac upojètoume ìti

(2.4.11) sup

{
m∑
k=1

|x∗(xk)|2 : ‖x∗‖`n1 ≤ 1

}
= 1.

K�je xk gr�fetai sth morf  xk =
∑n
i=1 bkiei, epomènwc paÐrnontac x∗ = ei, apì thn

(2.4.11) blèpoume ìti

(2.4.12)
m∑
k=1

b2ki =
m∑
k=1

|ei(xk)|2 ≤ 1
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gia k�je i = 1, . . . , n. Autì pou jèloume na fr�xoume eÐnai to �jroisma

m∑
k=1

‖Txk‖2`n2 =
m∑
k=1

∥∥∥∥ n∑
i=1

bkiTei

∥∥∥∥2

`n2

=
m∑
k=1

∥∥∥∥ n∑
i=1

bki

n∑
j=1

aijvj

∥∥∥∥2

`n2

=
m∑
k=1

n∑
j=1

∣∣∣∣ n∑
i=1

bkiaij

∣∣∣∣2.
OrÐzoume ui = (b1i, . . . , bmi), i = 1, . . . , n. Apì thn (2.4.12) èqoume ‖ui‖`m2 ≤ 1 gia k�je
i = 1, . . . , n kai

(2.4.13)
∥∥∥∥ n∑
i=1

aijui

∥∥∥∥
`m2

=
m∑
k=1

∣∣∣∣ n∑
i=1

aijbki

∣∣∣∣2.
Sunep¸c,

(2.4.14)
m∑
k=1

‖Txk‖2`n2 =
n∑
j=1

∥∥∥∥ n∑
i=1

aijui

∥∥∥∥2

`m2

.

'Estw y ∈ `n2 . Gia k�je s = (s1, . . . , sn) me ‖s‖`n∞ ≤ 1 jètoume ys = (s1y1, . . . , snyn). An
x = (t1, . . . , tn) kai ‖x‖`n∞ ≤ 1, tìte∣∣∣∣ n∑

i,j=1

aijyjsjti

∣∣∣∣ =
∣∣∣∣〈 n∑

j=1

sjyjvj ,
n∑
j=1

(
n∑
i=1

tiaij

)
vj

〉∣∣∣∣
=

∣∣∣∣〈 n∑
j=1

sjyjvj ,

n∑
i=1

ti

 n∑
j=1

aijvj

〉∣∣∣∣
=

∣∣∣∣〈ys, n∑
i=1

tiTei

〉∣∣∣∣
= |〈ys, Tx〉| ≤ ‖Tx‖`n2
≤ ‖T‖.

Apì thn anisìthta tou Grothendieck èpetai ìti, an w1, . . . , wj ∈ `n2 kai ‖wj‖`n2 ≤ 1, tìte

(2.4.15)
∣∣∣∣ n∑
i,j=1

aijyj〈ui, wj〉
∣∣∣∣ ≤ KG‖T‖.

Dhlad ,

(2.4.16)
n∑
j=1

yj

〈 n∑
i=1

aijui, wj

〉
≤ KG‖T‖,
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kai afoÔ ta wj eÐnai tuqìnta sthn B`n2 ,

(2.4.17)
n∑
j=1

yj

∥∥∥∥ n∑
i=1

aijui

∥∥∥∥
`m2

≤ KG‖T‖.

'Omwc to y = (y1, . . . , yn)  tan tuqìn sthn B`n2 . 'Ara,

(2.4.18)

 n∑
j=1

∥∥∥∥ n∑
i=1

aijui

∥∥∥∥2

`m2

1/2

≤ KG‖T‖.

AfoÔ eÐqame k�nei thn upìjesh (2.4.11), èqoume apodeÐxei ìti

(2.4.19)

(
m∑
k=1

‖Txk‖2`n2

)1/2

≤ KG‖T‖ sup


(

m∑
k=1

|x∗(xk)|2
)1/2

: ‖x∗‖`n1 ≤ 1

 .

'Ara, π2(T ) ≤ KG‖T‖. 2

Pìrisma 2.4.6. 'Estw H q¸roc Hilbert di�stashc k kai èstw S : H → `k1 fragmènoc
1 − 1 grammikìc telest c. Tìte, o S m-paragontopoieÐtai mèsa apì ton `k2 me stajer�
C ≤ KG‖S‖.

Apìdeixh. O S∗ : `k∞ → H eÐnai 2-ajroÐzwn. Apì to Je¸rhma 2.4.4 (afoÔ o `k∞ sumpÐptei

me ton C({1, . . . , k})) up�rqoun λi ≥ 0 me
∑k
i=1 λ

2
i = 1 tètoioi ¸ste

(2.4.20) ‖S∗x‖H ≤ KG‖S‖

(
k∑
i=1

λ2
ix

2
i

)1/2

gia k�je x = (x1, . . . , xk) ∈ `k∞.
OrÐzoume D : `k∞ → `k2 me Dei = λiei, kai U : `k2 → H me Uei = S∗ei

λi
. H (2.4.20)

deÐqnei ìti

(2.4.21) ‖U(Dx)‖H ≤ KG‖S‖ · ‖Dx‖`k2

gia k�je x ∈ `k∞. 'Ara, ‖U‖ ≤ KG‖S‖. 2

2.5 Kanonikèc tuqaÐec metablhtèc
H tupik  kanonik  katanom  ston Rn eÐnai to Borel mètro pijanìthtac γn pou orÐzetai
apì thn

(2.5.1) γn(B) =
1

(2π)n/2

∫
B

exp(−‖x‖22)dx,
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gia k�je Borel uposÔnolo B tou Rn, ìpou ‖ · ‖2 eÐnai h EukleÐdeia nìrma. Mia tuqaÐa
metablht  N : Ω → Rn lègetai tupik  kanonik  tuqaÐa metablht  ston Rn an P (N ∈
B) = γn(B) gia k�je Borel uposÔnolo B tou Rn.

'Estw (Ω,A, P ) ènac q¸roc pijanìthtac. Mia tuqaÐa metablht  X : Ω → R lègetai
kanonik� katanemhmènh sto R an X = σN+m gia k�poia tupik  kanonik  tuqaÐa metabl-
ht  N sto R kai k�poiouc σ ≥ 0 kai m ∈ R. Gr�foume µ gia thn katanom  dist(X) thc
X (dhlad , to mètro pijanìthtac sto R pou orÐzetai apì thn µ(B) = P (X ∈ B)). Tìte
isqÔoun ta ex c:

Prìtash 2.5.1. 'Estw X = σN +m mia kanonik  t.m. kai èstw µ = dist(X). Tìte, h
mèsh tim  kai h diaspor� thc X dÐnontai apì tic

(2.5.2) EX = m kai V(X) = σ2.

H qarakthristik  sun�rthsh thc X eÐnai h

(2.5.3) µ̂(−t) = E(eitX) = eimt−
1
2σ

2t2

gia k�je t ∈ R. 2

Lème ìti h X thc Prìtashc 2.5.1 eÐnai mia N(m,σ2) tuqaÐa metablht . An σ = 0 tìte
µ = δm (h shmeiak  m�za sto m), en¸ an σ > 0 èqoume

(2.5.4) dµ(x) =
1

σ
√

2π
exp

(
− (x−m)2

2σ2

)
dx,

ap� ìpou blèpoume ìti

(2.5.5) E(f(X)) =
1

σ
√

2π

∫ ∞

−∞
f(x)e−(x−m)2/2σ2

dx

gia k�je f ∈ L1(µ)   f : R → [0,∞) Borel metr simh.

Prìtash 2.5.2. 'Estw X = (X1, . . . , Xn) : Ω → Rn èna tuqaÐo di�nusma. Ta ex c eÐnai
isodÔnama:

(a) Up�rqoun n× n pÐnakac A kai di�nusma m ∈ Rn tètoia ¸ste

(2.5.6) dist(X) = dist(AN +m),

ìpou N tupik  kanonik  tuqaÐa metablht .

(b) Gia k�je epilog  pragmatik¸n arijm¸n t1, . . . , tn ∈ R, h tuqaÐa metablht 

(2.5.7) Y =
n∑
i=1

tiXi
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eÐnai kanonik� katanemhmènh sto R.

(g) Up�rqoun a ∈ Rn kai jetik� hmiorismènh tetragwnik  morf  Q ston Rn tètoia ¸ste

(2.5.8) E(ei〈y,X〉) = ei〈a,y〉−
1
2Q(y)

gia k�je y ∈ Rn. 2

'Estw ìti oi isodÔnamec sunj kec (a)-(g) isqÔoun gia to tuqaÐo di�nusmaX = (X1, . . . , Xn).
JewroÔme ton pÐnaka Γ = (γij) twn sundiakum�nsewn

(2.5.9) γij = E
(
[Xi − EXi] · [Xj − EXj ]

)
, i, j = 1, . . . , n.

Tìte, me to sumbolismì thc Prìtashc 2.5.2, isqÔoun ta ex c:

(i) m = EX.

(ii) E(Y ) = 〈t,m〉, ìpou t = (t1, . . . , tn).

(iii) V(Y ) = ‖A∗t‖22.

(iv) AA∗ = Γ.

(v) a = m.

(vi) Q(y) = 〈Γy, y〉 = V(〈y,X〉) gia k�je y ∈ Rn.

Je¸rhma antistrof c gia to metasqhmatismì Fourier. An f, f̂ ∈ L1(Rn), tìte

(2.5.10) f(z) =
1

(2π)n

∫
Rn

f̂(y)ei〈y,z〉dy

sqedìn pantoÔ ston Rn. Epiplèon, h (2.5.10) isqÔei gia k�je z ∈ Rn sto opoÐo h f eÐnai
suneq c. 2

Upojètoume ìti to tuqaÐo di�nusma X = (X1, . . . , Xn) eÐnai kanonik� katanemhmèno
ston Rn, kai ìti E(Xi) = 0, i = 1, . . . , n. An o pÐnakac sundiakum�nsewn Γ eÐnai anti-
strèyimoc, tìte apì to je¸rhma antistrof c paÐrnoume to ex c:

Prìtash 2.5.3. An dist(X) = dist(AN), tìte to X èqei puknìthta pou dÐnetai apì thn

(2.5.11) g(z) = (2π)−n
∫

Rn

exp(i〈y, z〉 − 〈Γy, y〉/2)dy,

ìpou Γ = AA∗ o pÐnakac sundiakum�nsewn twn Xi. 2

Perissìterec plhroforÐec up�rqoun sto biblÐo [4] tou Bogachev.
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2.5(a) To L mma tou Slepian

To L mma tou Slepian [27] dÐnei èna krit rio sÔgkrishc gia n-�dec kanonik¸n tuqaÐwn
metablht¸n.

Je¸rhma 2.5.4. 'Estw (Ω,A, P ) q¸roc pijanìthtac kai èstw X = (X1, . . . , Xn), Y =
(Y1, . . . , Yn) dÔo n-�dec kanonik¸n tuqaÐwn metablht¸n pou orÐzontai ston Ω kai èqoun
mèsh tim  0. Upojètoume ìti ∫

Ω

X2
i dµ =

∫
Ω

Y 2
i dµ,∫

Ω

XiXjdµ ≥
∫

Ω

YiYjdµ

gia k�je i, j = 1, . . . , n. Tìte,

(2.5.12)
∫

Ω

max
i≤n

Xi dµ ≤
∫

Ω

max
i≤n

Yi dµ.

Apìdeixh. GnwrÐzoume ìti, an Z = {Z1, . . . , Zn} eÐnai mia n-�da kanonik¸n tuqaÐwn
metablht¸n me mèsh tim  0, tìte o pÐnakac sundiakum�nsewn Γ = (γij), ìpou γij =∫
ZiZjdP , eÐnai ènac jetik� hmiorismènoc pÐnakac: dhlad , 〈Γx, x〉 ≥ 0 gia k�je x ∈

Rn. AntÐstrofa, k�je jetik� hmiorismènoc orismènoc pÐnakac Γ orÐzei mia n-�da Z =
{Z1, . . . , Zn} pou èqei ton Γ san pÐnaka sundiakum�nsewn. H puknìthta tou tuqaÐou
dianÔsmatoc Z dÐnetai apì thn

(2.5.13) g(z1, . . . , zn | Γ) = (2π)−n/2(det Γ)−1/2 exp
(
− 〈Γ−1z, z〉/2

)
,

kai h qarakthristik  sun�rthsh tou Z eÐnai h

(2.5.14) ĝ(y) = exp
(
− 〈Γy, y〉/2

)
.

Apì to je¸rhma antistrof c, èqoume

(2.5.15) g(z1, . . . , zn | Γ) = (2π)−n
∫

Rn

exp
(
i〈y, z〉 − 〈Γy, y〉/2

)
dy

gia k�je z = (z1, . . . , zn) ∈ Rn. ParagwgÐzontac wc proc γij paÐrnoume thn tautìthta

(2.5.16)
∂g

∂γij
=

∂2g

∂zi∂zj

gia k�je i 6= j, i, j = 1, . . . , n.
StajeropoioÔme t1, . . . , tn ∈ R kai jewroÔme th sun�rthsh G(Γ | t1, . . . , tn) := G(Γ)

me

(2.5.17) G(Γ) := P

 n⋂
j=1

{ω ∈ Ω | Zj(ω) < tj}

 =
∫ t1

−∞
· · ·
∫ tn

−∞
g(z1, . . . , zn | Γ)dz
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san sun�rthsh tou Γ (paraleÐpoume ta t1, . . . , tn gia eukolÐa sto sumbolismì). Apì thn
(2.5.16) blèpoume ìti

(2.5.18)
∂G(Γ)
∂γij

=
∫ t1

−∞
· · ·
∫ tn

−∞

∂2

∂zi∂zj
g(z1, . . . , zn | Γ)dz

gia k�je i 6= j, i, j = 1, . . . , n. To olokl rwma sto dexiì mèloc isoÔtai me èna olokl rwma
thc g wc proc tic (m− 2)-metablhtèc zk, k 6= i, j. Gia par�deigma,

(2.5.19)
∂G(Γ)
∂γ12

=
∫ t3

−∞
· · ·
∫ tn

−∞
g(t1, t2, z3, . . . , zn | Γ)dzn . . . dz3.

'Ara,

(2.5.20)
∂G(Γ)
∂γij

≥ 0

gia k�je i 6= j, i, j = 1, . . . , n.
Parathr ste epÐshc ìti

E max
i≤n

Zi =
∫

Ω

(
max
i≤n

Zi
)+
dµ−

∫
Ω

(
max
i≤n

Zi
)−
dµ

=
∫ ∞

0

P
(
max
i≤n

Zi > t
)
dt−

∫ ∞

0

P
(
max
i≤n

Zi < −t
)
dt

=
∫ ∞

0

[1− P
(
max
i≤n

Zi < t
)
]dt−

∫ ∞

0

P
(
max
i≤n

Zi < −t
)
dt

=
∫ ∞

0

(1−G(Γ | t, . . . , t))dt−
∫ ∞

0

G(Γ | −t, . . . ,−t)dt.

JewroÔme t¸ra tic n-�dec X = (X1, . . . , Xn) kai Y = (Y1, . . . , Yn) tou Jewr matoc, kai
gr�foume ΓX kai ΓY gia touc antÐstoiqouc pÐnakec sundiakum�nsewn. QwrÐc periorismì
thc genikìthtac, upojètoume ìti oi ΓX kai ΓY eÐnai jetik� orismènoi (alli¸c, proseggÐ-
zoume tic X kai Y me n-�dec Xε kai Yε pou èqoun aut n thn idiìthta, kai met� pern�me
sto ìrio).

Gia k�je θ ∈ [0, 1] jètoume

(2.5.21) Γ(θ) = θΓX + (1− θ)ΓY .

Me autì ton orismì èqoume Γ(0) = ΓY kai Γ(1) = ΓX . K�je Γ(θ) eÐnai jetik� orismènoc
pÐnakac. An orÐsoume

(2.5.22) T (θ) = G(Γ(θ)),



32 · ErgaleÐa apì th Sunarthsiak  An�lush kai apì th JewrÐa Pijanot twn

tìte

T ′(θ) =
n∑

i,j=1

∂G(Γ(θ))
∂γij

· dγij(θ)
dθ

=
n∑

i,j=1

∂G(Γ(θ))
∂γij

·
(
E(XiXj)− E(YiYj)

)
=

∑
i 6=j

∂G(Γ(θ))
∂γij

·
(
E(XiXj)− E(YiYj)

)
giatÐ EX2

i = EY 2
i gia k�je i = 1, . . . , n. Apì thn (2.5.20) kai th deÔterh upìjes  mac,

èpetai ìti

(2.5.23) T ′(θ) ≥ 0,

�ra

(2.5.24) G(ΓX) = G(Γ(1)) ≥ G(Γ(0)) = G(ΓY ).

Gia na oloklhr¸soume thn apìdeixh parathroÔme ìti

E max
i≤n

Xi =
∫ ∞

0

(1−G(ΓX | t, . . . , t))dt−
∫ ∞

0

G(ΓX | −t, . . . ,−t)dt

≤
∫ ∞

0

(1−G(ΓY | t, . . . , t))dt−
∫ ∞

0

G(ΓY | −t, . . . ,−t)dt

= E max
i≤n

Yi.

Autì prokÔptei �mesa, an jewr soume t ≥ 0 kai efarmìsoume thn (2.5.24) gia tic n-�dec
(t, . . . , t) kai (−t, . . . ,−t). Gia thn akrÐbeia, h (2.5.24) dÐnei polÔ isqurìterh plhroforÐa
gia thn katanom  twn X kai Y . 2

Ja qreiastoÔme epÐshc thn ex c parallag  tou L mmatoc tou Slepian.

Je¸rhma 2.5.5. 'Estw (Ω,A, µ) q¸roc pijanìthtac kai èstw X = (X1, . . . , Xn), Y =
(Y1, . . . , Yn) dÔo n-�dec kanonik¸n tuqaÐwn metablht¸n pou orÐzontai ston Ω kai èqoun
mèsh tim  0. Upojètoume ìti

(2.5.25) ‖Xi −Xj‖2 ≤ ‖Yi − Yj‖2

gia k�je i, j = 1, . . . , n. Tìte,

(2.5.26) E max
i≤n

Xi ≤ 2E max
i≤n

Yi.
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Apìdeixh. An jèsoume X ′
i = Xi −X1 kai Y ′

i = Yi − Y1, tìte h (2.5.25) exakoloujeÐ na
isqÔei, kai

(2.5.27) E max
i≤n

X ′
i = E max

i≤n
Xi , E max

i≤n
Y ′
i = E max

i≤n
Yi.

MporoÔme loipìn na k�noume thn epiplèon upìjesh ìti X1 = Y1 = 0. Tìte, apì thn
(2.5.25) paÐrnoume

(2.5.28) ‖Xi‖2 ≤ ‖Yi‖2

gia k�je i = 1, . . . , n. JewroÔme mia tupik  kanonik  tuqaÐa metablht  g, anex�rthth
apì tic Xi, Yi, ston Ω, kai jètoume

C = max
i≤n

‖Yi‖2

X̃i = Xi + C · g

Ỹi = Yi +
(
C2 − ‖Yi‖22 + ‖Xi‖22

)1/2
g = Yi + bi · g.

Parathr ste ìti C2−‖Yi‖22 +‖Xi‖22 ≥ 0, �ra o bi orÐzetai kal�. Apì thn (2.5.28) èpetai
ìti

(2.5.29) bi ≤ C.

Apì ton trìpo orismoÔ twn X̃i kai Ỹi èqoume

(2.5.30) ‖X̃i − X̃j‖2 = ‖Xi −Xj‖2

kai

(2.5.31) ‖Ỹi−Ỹj‖2 = ‖(Yi−Yj)+g(bi−bj)‖2 =
(
‖Yi − Yj‖22 + |bi − bj |2

)1/2 ≥ ‖Yi−Yj‖2,

�ra

(2.5.32) ‖X̃i − X̃j‖2 ≤ ‖Ỹi − Ỹj‖2

gia k�je i, j = 1, . . . , n. EpÐshc,

(2.5.33) ‖X̃i‖22 = ‖Xi‖22 + C2 = ‖Yi‖22 + b2i = ‖Ỹi‖22.

Apì tic (2.5.32) kai (2.5.33) eÐnai fanerì ìti oi n-�dec X̃ = (X̃1, . . . , X̃n) kai Ỹ =
(Ỹ1, . . . , Ỹn) ikanopoioÔn tic upojèseic tou Jewr matoc 2.5.4. 'Ara,

(2.5.34) E max
i≤n

X̃i ≤ E max
i≤n

Ỹi.
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ParathroÔme ìti

(2.5.35) E max
i≤n

X̃i = E
(

max
i≤n

Xi + C · g
)

= E max
i≤n

Xi

kai, lìgw thc (2.5.29),

E max
i≤n

Ỹi ≤ E max
i≤n

(Yi + bi · g+)

≤ E max
i≤n

Yi + C · Eg+.

'Omwc, aplìc upologismìc deÐqnei ìti EY +
i = ‖Yi‖2 · Eg+, �ra

(2.5.36) C = max
i≤n

‖Yi‖2 = max
i≤n

EY +
i

Eg+
≤ E maxi≤n Y +

i

Eg+
=

E maxi≤n Yi
Eg+

,

giatÐ maxi≤n Y +
i = maxi≤n Yi afoÔ Y1 ≡ 0. 'Ara,

(2.5.37) C · Eg+ ≤ E max
i≤n

Yi,

dhlad 

(2.5.38) E max
i≤n

Ỹi ≤ 2E max
i≤n

Yi.

Apì tic (2.5.34), (2.5.35) kai (2.5.38) èpetai to sumpèrasma. 2

2.5(b) Kanonikèc kai Rademacher tuqaÐec metablhtèc

Se aut  thn upopar�grafo deÐqnoume dÔo akìma teqnik� L mmata gia kanonikèc kai
Rademacher tuqaÐec metablhtèc, ta opoÐa ja qrhsimopoihjoÔn sta epìmena Kef�laia
(perissìterec plhroforÐec up�rqoun sto biblÐo [24] twn Ledoux kai Talagrand).

Prìtash 2.5.6. 'Estw g1, . . . , gN anex�rthtec tupikèc kanonikèc tuqaÐec metablhtèc.
Tìte,

(2.5.39) c1
√

logN ≤ E max
i≤N

gi ≤ c2
√

logN,

ìpou c1, c2 > 0 apìlutec stajerèc.

Apìdeixh. 'Estw q ≥ 1. Apì thn anisìthta Hölder,

(2.5.40) E max
i≤N

gi ≤ E max
i≤N

|gi| ≤ E
(∑
i≤N

|gi|q
)1/q ≤ (∑

i≤N

E|gi|q
)1/q

.
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H rop  t�xhc q thc g upologÐzetai akrib¸c:

E|g|q =
2√
2π

∫ ∞

0

xqe−x
2/2dx =

2√
2π

∫ ∞

0

(2y)
q−1
2 e−ydy

=
2q/2√
π

Γ
(
q + 1

2

)
.

'Ara,

(2.5.41) E
(

max
i≤N

gi

)
≤
(
N

2q/2√
π

Γ
(
q + 1

2

))1/q

≤ c
√
qN1/q.

An epilèxoume q ∼ logN , blèpoume ìti

(2.5.42) E
(

max
i≤N

gi

)
≤ c2

√
logN,

ìpou c2 > 0 eÐnai mia apìluth stajer�.
Gia thn antÐstrofh anisìthta deÐqnoume pr¸ta ìti up�rqei (arket� mikr ) apìluth

stajer� α > 0 kai up�rqei fusikìc arijmìc n0 ¸ste: an g ∼ N(0, 1) kai N ≥ n0, tìte

(2.5.43) P (g > α
√

logN) ≥ 1
N
.

Pr�gmati,

P (g > α
√

logN) =
1√
2π

∫ ∞

α
√

logN

e−x
2/2dx ≥ 1√

2π

∫ 2α
√

logN

α
√

logN

e−x
2/2dx

=
α
√

logN√
2π

e−2α2 logN =
α
√

logN√
2π

N−2α2

≥ 1
N

an, gia par�deigma, α = 1/2 kai to n0 epilegeÐ kat�llhla. Tìte, gia k�je N ≥ n0 èqoume

(2.5.44) P

(
max
i≤N

gi ≤ α
√

logN
)

=
[
P (g ≤ α

√
logN)

]N
≤
(

1− 1
N

)N
≤ 1
e
,

�ra, apì thn anisìthta Markov paÐrnoume

(2.5.45) E max
i≤N

gi ≥
1
2

√
logN · P

(
max
i≤N

gi ≥
1
2

√
logN

)
≥ 1

2

(
1− 1

e

)√
logN

an N ≥ n0. EÐnai t¸ra fanerì ìti an epilèxoume kat�llhlh apìluth stajer� c1 > 0,
petuqaÐnoume thn

(2.5.46) c1
√

logN ≤ E max
i≤N

gi
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gia k�je N ∈ N. 2

To epìmeno L mma twn Maurey-Pisier mac epitrèpei na sugkrÐnoume th mèsh tim  thc
nìrmac {kanonik¸n dianusm�twn} me th mèsh tim  thc nìrmac twn antÐstoiqwn {Rademach-
er dianusm�twn}.

Prìtash 2.5.7. 'Estw H q¸roc Hilbert kai èstw e1, . . . , en ∈ H. An gi eÐnai anex�rtht-
ec tupikèc kanonikèc tuqaÐec metablhtèc se k�poio q¸ro pijanìthtac Ω kai ri eÐnai oi
Rademacher sunart seic ston En2 = {−1, 1}n, tìte

√
2/π

(∫
En

2

‖
n∑
i=1

ri(ε)ei‖2dε

)1/2

≤

(∫
Ω

‖
n∑
i=1

gi(ω)ei‖2dω

)1/2

≤ C

(∫
En

2

‖
n∑
i=1

ri(ε)ei‖2dε

)1/2

,

ìpou C > 0 apìluth stajer�.

Apìdeixh. Gia thn pr¸th anisìthta parathroÔme pr¸ta ìti

(2.5.47)
∫

Ω

|gi(ω)|dω =
2√
2π

∫ ∞

0

te−
t2
2 dt =

√
2/π.

Sunep¸c,(∫
En

2

‖
n∑
i=1

ri(ε)ei‖2dε

)1/2

=
1√
2/π

(∫
En

2

‖
n∑
i=1

ri(ε)
(∫

Ω

|gi(ω)|dω
)
ei‖2dε

)1/2

=
√
π/2

(∫
En

2

‖
∫

Ω

n∑
i=1

ri(ε)|gi(ω)|eidω‖2dε

)1/2

≤
√
π/2

(∫
En

2

∫
Ω

‖
n∑
i=1

ri(ε)|gi(ω)|ei‖2dωdε

)1/2

=
√
π/2

(∫
Ω

‖
n∑
i=1

gi(ω)ei‖2dω

)1/2

,

an p�roume up� ìyin mac to gegonìc oti oi gi ston Ω kai oi ri|gi| ston En2 ×Ω èqoun thn
Ðdia katanom .

Gia th deÔterh anisìthta, jètoume hi = giχ{|gi|≤1} kai h′i = giχ{|gi|>1}. Ara, gi =
hi + h′i kai
(2.5.48)(∫

Ω

‖
n∑
i=1

gi(ω)ei‖2dω

)1/2

≤

(∫
Ω

‖
n∑
i=1

hi(ω)ei‖2dω

)1/2

+

(∫
Ω

‖
n∑
i=1

h′i(ω)ei‖2dω

)1/2

.
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OrÐzoume f : [−1, 1]n → R, me

(2.5.49) f(t1, . . . , tn) =

(∫
En

2

‖
n∑
i=1

ri(ε)tiei‖2dε

)1/2

.

EÔkola elègqoume oti h f eÐnai kurt , epomènwc h mègisth tim  thc paÐrnetai se koruf 
tou [−1, 1]n. Akìma, h f eÐnai �rtia kai h tim  thc se ìlec tic korufèc eÐnai h Ðdia. Ara,

(2.5.50) f(t1, . . . , tn) ≤ f(1, . . . , 1) =

(∫
En

2

‖
n∑
i=1

ri(ε)ei‖2dε

)1/2

.

Lìgw thc anexarthsÐac kai summetrÐac twn hi, oi hi kai rihi èqoun thn Ðdia katanom 
stouc Ω kai En2 × Ω antÐstoiqa. Sunep¸c,(∫

Ω

‖
n∑
i=1

hi(ω)ei‖2dω

)1/2

=

(∫
Ω

(∫
En

2

‖
n∑
i=1

ri(ε)hi(ω)ei‖2dε

)
dω

)1/2

≤

(∫
En

2

‖
n∑
i=1

ri(ε)ei‖2dε

)1/2

.

Gia na ektim soume to
(∫

Ω
‖
∑n
i=1 h

′
i(ω)ei‖2dω

)1/2
parathroÔme ìti, lìgw anexarthsÐac

kai summetrÐac twn h′i,(∫
Ω

‖
n∑
i=1

h′i(ω)ei‖2Hdω

)1/2

=

(∫
Ω

n∑
i=1

|h′i(ω)|2‖ei‖2Hdω

)1/2

=

(
n∑
i=1

(∫
Ω

|h′i(ω)|2dω
)
‖ei‖2H

)1/2

.

Jètoume I1 =
∫
Ω
|h′i(ω)|2dω. ParathroÔme ìti 1

4 t
2e

−t2
2 < te

−t2
4 gia t > 1. Sunep¸c,

I1 =
2√
2π

∫ ∞

1

t2e−
t2
2 dt ≤ 2√

2π
4
∫ ∞

1

te−
t2
4 dt

=
16√
2π

∫ ∞

1
4

e−sds =
16√
2π
e−1/4.

AntikajistoÔme kai, qrhsimopoi¸ntac thn summetrÐa twn h′i kai ton kanìna tou parallhlo-
gr�mmou, èqoume ìti(∫

Ω

‖
n∑
i=1

h′i(ω)ei‖2Hdω

)1/2

=

(
n∑
i=1

I1‖ei‖2H

)1/2
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≤ C1

(
n∑
i=1

‖ei‖2H

)1/2

= C1

(∫
En

2

‖
n∑
i=1

ri(ε)ei‖2Hdε

)1/2

,

qrhsimopoi¸ntac p�li ton kanìna tou parallhlogr�mmou. 2



Kef�laio 3

Antistreyimìthta meg�lwn
pin�kwn

3.1 Periorismènh antistreyimìthta
Skopìc mac se aut  thn par�grafo eÐnai na apodeÐxoume to {je¸rhma periorismènhc
antistreyimìthtac} twn Bourgain kai Tzafriri apì to [8].

Je¸rhma 3.1.1 (Bourgain-Tzafriri, 87). Up�rqei stajer� c > 0 me thn ex c idiìthta:
an o grammikìc telest c T : `n2 → `n2 ikanopoieÐ thn ‖Tei‖2 = 1 gia k�je i ≤ n, tìte
up�rqei σ ⊂ {1, . . . , n} me |σ| ≥ cn/‖T‖2 tètoio ¸ste, gia k�je epilog  pragmatik¸n
suntelest¸n (ai)i∈σ,

(3.1.1)
∥∥∥∥∑
i∈σ

aiTei

∥∥∥∥ ≥ c

(∑
i∈σ

a2
i

)1/2

.

Par�deigma 3.1.2. H ektÐmhsh gia ton plhj�rijmo tou σ sto Je¸rhma 3.1.1 eÐnai
bèltisth: Ac upojèsoume ìti n = km gia k�poiouc fusikoÔc arijmoÔc k kai m. OrÐ-
zoume T : `n2 → `n2 jètontac T (ei+jk) = ei gia k�je 1 ≤ i ≤ k kai 0 ≤ j < m. Tìte,
rank(T ) = k kai eÔkola elègqoume ìti ‖T‖ =

√
m. Dhlad ,

rank(T ) =
n

‖T‖2
.

Parathr ste ìti an ta T (ei), i ∈ σ ikanopoioÔn thn (3.1.1) tìte eÐnai grammik� anex�rth-
ta. 'Ara, o plhj�rijmoc tou σ den mporeÐ na xeper�sei thn rank(T ).

JumhjeÐte ìti, san pr¸to b ma gia to prìblhma Kadison–Singer, ja jèlame na apodeÐ-
xoume èna je¸rhma thc parak�tw morf c.
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Je¸rhma 3.1.3. Gia k�je ε > 0 up�rqoun n(ε) ∈ N kai δ(ε) > 0 tètoioi ¸ste: an
n ≥ n(ε) kai an S : `n2 → `n2 eÐnai ènac grammikìc telest c me diag¸nio D(S) = 0, tìte
up�rqei σ ⊂ {1, . . . , n} me |σ| ≥ δ(ε)n tètoio ¸ste

(3.1.2) ‖RσSRσ‖ ≤ ε‖S‖.

Ta dÔo jewr mata sundèontai sten�: ac upojèsoume ìti èqoume apodeÐxei to Je¸rhma
3.1.3 kai ìti mac dÐnoun ènan telest  T : `n2 → `n2 me D(T ) = I. Gr�foume ton T sth
morf  T = I + S. An n ≥ n

(
ε

‖T‖+1

)
, tìte apì to Je¸rhma 3.1.3 mporoÔme na broÔme

σ ⊂ {1, . . . , n} me |σ| ≥ δ
(

ε
‖T‖+1

)
n tètoio ¸ste

(3.1.3) ‖RσSRσ‖ ≤
ε

‖T‖+ 1
‖T − I‖ ≤ ε.

'Epetai to ex c:

Pìrisma. Gia k�je M > 0 kai 0 < ε < 1 up�rqei d = d(M, ε) > 0 tètoioc
¸ste: an n ≥ 1/d kai an T : `n2 → `n2 eÐnai ènac grammikìc telest c nìrmac
‖T‖ ≤M me D(T ) = I, tìte up�rqei σ ⊂ {1, . . . , n} me |σ| ≥ dn tètoio ¸ste

(3.1.4) ‖(RσTRσ)−1‖ ≤ 1
1− ε

.

Pr�gmati, arkeÐ na p�roume d = min
{
δ(θ), 1

n(θ)

}
, ìpou θ = ε

M+1 kai na parathr -

soume ìti

(3.1.5) ‖RσTRσ − Iσ‖ = ‖RσTRσ −RσIRσ‖ = ‖Rσ(T − I)Rσ‖ = ‖RσSRσ‖ ≤ ε.

Qrhsimopoi¸ntac aut  thn parat rhsh, mporoÔme na deÐxoume mia èkdosh tou Jew-
r matoc 3.1.1. Upojètoume ìti isqÔei to Je¸rhma 3.1.3 kai jewroÔme ènan telest 
T : `n2 → `n2 pou ikanopoieÐ thn ‖Tei‖2 = 1 gia k�je i ≤ n. Tìte, o T ∗T ikanopoieÐ
tic upojèseic tou PorÐsmatoc me M = ‖T ∗T‖ = ‖T‖2. Efarmìzontac to Pìrisma me
ε = 1/2, brÐskoume σ ⊂ {1, . . . , n} me |σ| ≥ δ

(
c

‖T‖2
)
n tètoio ¸ste

(3.1.6) ‖(RσT ∗TRσ)−1‖ ≤ 2.

Tìte, gia k�je epilog  suntelest¸n (ai)i∈σ,(∑
i∈σ

a2
i

)1/2

=

∥∥∥∥∥∑
i∈σ

aiei

∥∥∥∥∥
2

≤ ‖(RσTRσ)−1‖

∥∥∥∥∥(RσTRσ)
(∑
i∈σ

aiei

)∥∥∥∥∥
2
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≤ 2
∥∥∥∥(RσT ∗T )

(∑
i∈σ

aiei

)∥∥∥∥
≤ 2‖T ∗‖

∥∥∥∥∑
i∈σ

aiT (ei)
∥∥∥∥.

Autì eÐnai to sumpèrasma tou Jewr matoc 3.1.1, me polÔ asjeneÐc, ìmwc, ektim seic:
antÐ gia mia apìluth stajer� c > 0 èqoume thn posìthta 2‖T‖, h de ektÐmhsh tou |σ| me
autì ton trìpo ja  tan h swst  mìno an petuqaÐname na deÐxoume to Je¸rhma 3.1.3 me
δ(ε) ≥ cε.

Sth sunèqeia dÐnoume mia apìdeixh tou Jewr matoc 3.1.1.

Apìdeixh tou Jewr matoc 3.1.1 (pr¸to b ma)

To pr¸to b ma thc apìdeixhc basÐzetai se èna pijanojewrhtikì epiqeÐrhma epilog c kai
isqurÐzetai ìti an oi st lec tou pÐnaka tou T eÐnai monadiaÐa dianÔsmata kai, tautìqrona,
h nìrma tou T eÐnai mikr , tìte arketèc apì tic st lec eÐnai {k�jetec metaxÔ touc}.

Prìtash 3.1.4. 'Estw T : `n2 → `n2 pou ikanopoieÐ thn ‖Tei‖2 = 1 gia k�je i ≤ n.
Up�rqei σ1 ⊂ {1, . . . , n} me |σ1| ≥ c1n/‖T‖2 tètoio ¸ste, gia k�je i ∈ σ1,

(3.1.7)
∥∥P〈Tej :j∈σ1\{i}〉(Tei)

∥∥ < 1√
2
,

ìpou P eÐnai h orjog¸nia probol  kai c1 > 0 eÐnai mia apìluth stajer�.

Ja qreiastoÔme èna L mma gia anex�rthtec tuqaÐec 0-1 metablhtèc.

L mma 3.1.5. 'Estw ξ1, . . . , ξn anex�rthtec tuqaÐec metablhtèc sto q¸ro pijanìthtac
(Ω,Σ, µ) pou paÐrnoun tic timèc 0   1. Upojètoume ìti E (ξi) = δ ∈ (0, 1) gia k�je i ≤ n.
Tìte,

(3.1.8) µ

({
ω :

n∑
i=1

ξi(ω) <
δn

2

})
≤ exp(−δn/10).

Apìdeixh. JewroÔme tic tuqaÐec metablhtèc ψi = ξi − δ (h ψi paÐrnei thn tim  1 − δ me
pijanìthta δ kai thn tim  −δ me pijanìthta 1− δ). Parathr ste ìti

(3.1.9) E (ψi) = 0 kai E (ψ2
i ) = (1− δ)2δ + δ2(1− δ) = δ(1− δ).

Gia k�je t > 0 gr�foume

E
(
etψi

)
= 1 +

t2

2
E
(
ψ2
i

)
+ E

( ∞∑
k=3

tkψki
k!

)
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≤ 1 +
t2

2
Eψ2

i + E

( ∞∑
k=3

tkψ2
i

k!

)

= 1 +
t2δ(1− δ)

2
f(t),

ìpou

(3.1.10) f(t) = 1 +
2
t2
(
et − 1− t− t2

2
)
.

'Epetai ìti

E
(
et(ξ1+···+ξn−δn)

)
= E

(
et(ψ1+···+ψn)

)
≤

(
1 +

t2δ(1− δ)
2

f(t)
)n

≤ exp
(
nt2δ(1− δ)

2
f(t)

)
.

'Omoia,

(3.1.11) E
(
e−t(ξ1+···+ξn−δn)

)
= E

(
e−t(ψ1+···+ψn)

)
≤ exp

(
nt2δ(1− δ)

2
f(t)

)
.

'Eqoume

(3.1.12) µ

({
ω :

n∑
i=1

ξi(ω) <
δn

2

})
= µ

({
ω :

n∑
i=1

ξi(ω)− δn < −δn
2

})
.

Apì thn anisìthta tou Markov,

µ

(
n∑
i=1

ξi <
δn

2

)
= µ

(
e−t(ξi+···+ξn−δn) ≥ etδn/2

)
≤ e−tδn/2 exp

(
nt2δ(1− δ)

2
f(t)

)
.

Elaqistopoi¸ntac wc proc t > 0 thn posìthta

(3.1.13)
δn

2
(
t2(1− δ)f(t)− t

)
paÐrnoume to zhtoÔmeno. 2

Apìdeixh thc Prìtashc 3.1.4. StajeropoioÔme δ ∈ (0, 1) (to opoÐo ja epilegeÐ
kat�llhla) kai jewroÔme anex�rthtec tuqaÐec 0-1 metablhtèc ξ1, . . . , ξn me E (ξi) = δ se
ènan q¸ro pijanìthtac (Ω,Σ, µ). Gia k�je ω ∈ Ω jètoume

(3.1.14) σ(ω) = {i ≤ n : ξi(ω) = 1}.
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Parathr ste ìti

(3.1.15) |σ(ω)| =
n∑
i=1

ξi(ω).

Apì to L mma 3.1.5,

(3.1.16) µ

({
ω : |σ(ω)| < δn

2

})
≤ exp(−δn/10).

Qrhsimopoi¸ntac thn anexarthsÐa twn ξi kai th grammikìthta thc mèshc tim c, gr�foume

E

(
n∑
i=1

ξi(ω)
∥∥P〈ξj(ω)Tej :j 6=i〉(Tei)

∥∥2

)
=

n∑
i=1

(Eξi(ω)) E
∥∥P〈ξj(ω)Tej :j 6=i〉(Tei)

∥∥2

= δ E

(
n∑
i=1

∥∥P〈ξj(ω)Tej :j 6=i〉(Tei)
∥∥2

)

≤ δ E

(
n∑
i=1

∥∥P〈ξj(ω)Tej :j≤n〉(Tei)
∥∥2

)
= δ E

∥∥P〈ξj(ω)Tej :j≤n〉T
∥∥2

HS

≤ δ‖T‖2 E
∥∥P〈ξj(ω)Tej :j≤n〉

∥∥2

HS

= δ‖T‖2 E [dim(〈ξj(ω)Tej : j ≤ n〉)]

≤ δ‖T‖2 E

 n∑
j=1

ξi(ω)


= δ2n‖T‖2.

Apì thn anisìthta tou Markov sumperaÐnoume ìti, me pijanìthta megalÔterh   Ðsh tou
1/2 èqoume

(3.1.17)
n∑
i=1

ξi(ω)
∥∥P〈ξj(ω)Tej :j 6=i〉(Tei)

∥∥2 ≤ 2δ2n‖T‖2.

Sundu�zontac me thn (3.1.16) blèpoume ìti up�rqei ω0 ∈ Ω tètoio ¸ste gia to σ0 := σ(ω0)
na èqoume |σ0| ≥ δn/2 kai

(3.1.18)
∑
i∈σ0

∥∥P〈Tej :j∈σ0\{i}〉(Tei)
∥∥2 ≤ 2δ2n‖T‖2.

Jètoume

(3.1.19) τ := {i ∈ σ0 : ‖P〈Tej :j∈σ0\{i}〉(Tei)‖ > 4‖T‖
√
δ}.
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Efarmìzontac xan� thn anisìthta tou Markov � t¸ra sthn (3.1.18) � blèpoume ìti

(3.1.20) |τ |(16δ‖T‖2) ≤ 2δ2n‖T‖2,

dhlad ,

(3.1.21) |τ | ≤ δn/8.

An loipìn jèsoume σ1 = σ0 \ τ , tìte èqoume |σ1| ≥ 3δn/8 kai, gia k�je i ∈ σ1,

(3.1.22) ‖P〈Tej :j∈σ1\{i}〉(Tei)‖ ≤ ‖P〈Tej :j∈σ0\{i}〉(Tei)‖ ≤ 4‖T‖
√
δ.

Epilègontac δ = 1/(32‖T‖2) paÐrnoume to zhtoÔmeno. 2

Apìdeixh tou Jewr matoc 3.1.1 (deÔtero b ma)

To deÔtero b ma thc apìdeixhc ja basisteÐ se èna sunduastikì l mma pou apodeÐqjhke
anex�rthta apì touc Sauer kai Shelah.

L mma 3.1.6 (Sauer-Shelah, 71). 'Estw A èna uposÔnolo tou En2 = {−1, 1}n kai èstw
k ∈ {1, . . . , n}. An

(3.1.23) |A| >
k−1∑
j=0

(
n

j

)
,

tìte up�rqei σ ⊂ {1, . . . , n} me plhj�rijmo |σ| = k tètoio ¸ste Rσ(A) = Eσ2 = {−1, 1}σ,
ìpou Rσ eÐnai o periorismìc stic suntetagmènec tou σ.

Apìdeixh. H apìdeixh pou perigr�foume up�rqei sto [5] kai gÐnetai me epagwg  sto n+k.
Ja perigr�youme to epagwgikì b ma: Upojètoume ìti A ⊆ En2 , kai |A| >

(
n
0

)
+ · · · +(

n
k

)
. JewroÔme to sÔnolo A1 ⊆ En−1

2 pou sqhmatÐzetai an apì k�je stoiqeÐo tou A
afairèsoume th n-ost  suntetagmènh tou. DiakrÐnoume dÔo peript¸seic:

An |A1| >
(
n−1

0

)
+ · · ·+

(
n−1
k

)
tìte mporoÔme na efarmìsoume thn epagwgik  upìjesh

kai na broÔme σ1 ⊆ {1, . . . , n− 1} me |σ1| > k, gia to opoÐo Rσ1(A1) = {−1, 1}σ1 . 'Omwc
Rσ1(A) = Rσ1(A1), �ra to zhtoÔmeno isqÔei me σ = σ1.

An p�li |A1| ≤
(
n−1

0

)
+ · · ·+

(
n
k

)
, tìte apì to trÐgwno tou Pascal èqoume

(3.1.24) |A| − |A1| >
k∑
i=0

(
n

i

)
−

k∑
i=0

(
n− 1
i

)
=
k−1∑
i=0

(
n− 1
i

)
.

Tìte, jewroÔme ta sÔnola

(3.1.25) B1 = {x ∈ A1 : (x, 1) ∈ A}, B2 = {x ∈ A1 : (x,−1) ∈ A}
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kai thn tom  touc

(3.1.26) C = {x ∈ A1 : (x, 1) ∈ A, (x,−1) ∈ A}.

'Eqoume |B1|+ |B2| = |A| kai |A1| = |B1|+ |B2| − |B1 ∩B2|, �ra

(3.1.27) |C| = |B1 ∩B2| = |A| − |A1| >
k−1∑
i=0

(
n− 1
i

)
.

MporoÔme loipìn na efarmìsoume thn epagwgik  upìjesh kai na broÔme σ1 ⊆ {1, . . . , n−
1} me |σ1| > k − 1, tètoio ¸ste Rσ1(C) = {−1, 1}σ1 .

'Omwc, (C×{1})∪ (C×{−1}) ⊆ A. An loipìn jèsoume σ = σ1 ∪{n}, èqoume |σ| > k
kai

(3.1.28) Rσ(A) ⊇ Rσ((C × {1}) ∪ (C × {−1})) = {−1, 1}σ.

2

Prìtash 3.1.7. 'Estw T : `n2 → `n2 pou ikanopoieÐ thn ‖Tei‖2 = 1 gia k�je i ≤ n.
Up�rqei σ2 ⊂ {1, . . . , n} me |σ2| ≥ c2n/‖T‖2 tètoio ¸ste, gia k�je epilog  suntelest¸n
(ai)i∈σ2 ,

(3.1.29)
∥∥∥∥∑
i∈σ2

aiTei

∥∥∥∥ ≥ c2

∑
i∈σ2

|ai|√
|σ2|

.

Apìdeixh. JewroÔme to σ1 pou mac dÐnei h Prìtash 3.1.4. Dhlad , èqoume |σ1| ≥
c1n/‖T‖2 kai gia k�je i ∈ σ1,

(3.1.30)
∥∥P〈Tej :j∈σ1\{i}〉(Tei)

∥∥ < 1√
2
.

Gia k�je i ∈ σ1 orÐzoume u
′
i = Tei−P〈Tej :j∈σ1\{i}〉(Tei) kai ui = u′i/‖u′i‖. Tìte, ‖ui‖ = 1

kai eÔkola elègqoume ìti gia k�je i ∈ σ1,

(3.1.31) 〈Tei, ui〉 ≥
1√
2

kai 〈Tei, uj〉 = 0 an j 6= i.

Apì ton kanìna tou parallhlogr�mmou,

(3.1.32) Ave


∥∥∥∥ ∑
j∈σ1

εjuj

∥∥∥∥2

: εj = ±1

 =
∑
j∈σ1

‖uj‖2 = |σ1|.

Apì thn anisìthta tou Markov, an jewr soume to sÔnolo

(3.1.33) A :=

(εj)j∈σ1 ∈ E
σ1
2 :

∥∥∥∥ ∑
j∈σ1

εjuj

∥∥∥∥ ≤√2|σ1|

 ,
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èqoume

(3.1.34) |A| ≥ 2|σ1|−1.

Epomènwc, efarmìzetai to L mma twn Sauer-Shelah me k ≥ |σ1|/2: up�rqei σ2 ⊂ σ1 me
|σ2| ≥ |σ1|/2 ≥ (c1/2)n/‖T‖2 tètoio ¸ste

(3.1.35) Rσ2(conv(A)) = conv ({−1, 1}σ2) = [−1, 1]σ2 .

Apì ton orismì tou A elègqoume eÔkola ìti an (tj)j∈σ1 ∈ conv(A) tìte

(3.1.36)
∥∥∥∥ ∑
j∈σ1

tjuj

∥∥∥∥ ≤√2|σ1| ≤ 2
√
|σ2|.

Gia tuqoÔsa epilog  pragmatik¸n arijm¸n (ai)i∈σ2 , qrhsimopoi¸ntac thn (3.1.31), gr�foume

(3.1.37)
1√
2

∑
i∈σ2

|ai| ≤
〈∑
i∈σ2

aiTei,
∑
j∈σ2

sign(aj)uj

〉
.

ParathroÔme ìti

(3.1.38)
(
sign(aj)

)
j∈σ2

∈ [−1, 1]σ2 ⊂ Rσ2(conv(A)).

'Ara, up�rqei akoloujÐa (tj)j∈σ1 ∈ conv(A) tètoia ¸ste

(3.1.39) tj = sign(aj) an j ∈ σ2.

AfoÔ 〈Tei, uj〉 = 0 an i ∈ σ2 kai j ∈ σ1 \ σ2, èqoume

(3.1.40)
〈∑
i∈σ2

aiTei,
∑
j∈σ2

sign(aj)uj

〉
=
〈∑
i∈σ2

aiTei,
∑
j∈σ1

tjuj

〉
.

Apì tic (3.1.37), (3.1.40) kai thn anisìthta Cauchy-Schwarz,

1√
2

∑
i∈σ2

|ai| ≤
〈∑
i∈σ2

aiTei,
∑
j∈σ1

tjuj

〉

≤
∥∥∥∥ ∑
j∈σ1

tjuj

∥∥∥∥∥∥∥∥∑
i∈σ2

ajTej

∥∥∥∥
≤ 2

√
|σ2|
∥∥∥∥∑
i∈σ2

ajTej

∥∥∥∥.
'Eqoume loipìn to zhtoÔmeno me c2 = min{c1,1/

√
2}

2 . 2
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Apìdeixh tou Jewr matoc 3.1.1 (trÐto b ma)

MporoÔme t¸ra na apodeÐxoume to Je¸rhma 3.1.1. JewroÔme ènan telest  T : `n2 → `n2
me ‖Tei‖ = 1 gia k�je i = 1, . . . , n. Jètoume xi = Tei kai jewroÔme to σ2 ⊂ {1, . . . , n}
pou mac dÐnei h Prìtash 3.1.7. Tìte, |σ2| ≥ c2n/‖T‖2 kai o telest c S : X = 〈xi : i ∈
σ2〉 → `n1 pou orÐzetai apì tic

(3.1.41) Sxi =
ei√
|σ2|

, i ∈ σ2

èqei nìrma ‖S‖ ≤ 1/c2 (autì akrib¸c eÐnai to sumpèrasma thc Prìtashc 3.1.7).
O suzug c telest c S∗ : `n∞ → X eÐnai 2-ajroÐzwn kai, apì to Je¸rhma 2.4.5 kai to

Pìrisma 2.4.6, èqoume

(3.1.42) π2(S∗) ≤ KG‖S∗‖ ≤
KG

c2

kai o S∗ paragontopoieÐtai sth morf  S∗ = U ◦D, ìpou U : `n2 → X me ‖U‖ ≤ π2(S∗) kai
D : `n∞ → `n2 eÐnai diag¸nioc telest c me Dei = λiei gia k�poiouc λi ∈ R me

∑n
i=1 λ

2
i ≤ 1.

'Epetai ìti o S gr�fetai sth morf  S = D∗ ◦U∗, ìpou D∗ei = λiei. Parathr ste ìti

(3.1.43) U∗(xj) =
1

λj
√
|σ2|

ej , j ∈ σ2.

OrÐzoume

(3.1.44) σ = {j ∈ σ2 : |λj | ≤
√

2/|σ2|.

Apì thn
∑n
i=1 λ

2
i ≤ 1 blèpoume ìti

(3.1.45) 1 ≥
∑

j∈σ2\σ

λ2
j ≥

2|σ2 \ σ|
|σ2|

,

�ra

(3.1.46) |σ| ≥ |σ2|
2

≥ c3n/‖T‖2.

Tèloc, gia k�je epilog  pragmatik¸n suntelest¸n (ai)i∈σ èqoume

KG

c2

∥∥∥∥∥∥
∑
j∈σ

ajxj

∥∥∥∥∥∥
2

≥

∥∥∥∥∥∥U∗

∑
j∈σ

ajxj

∥∥∥∥∥∥
2

=

∑
j∈σ

∣∣∣∣∣ aj

λj
√
|σ2|

∣∣∣∣∣
2
1/2

≥ 1√
2

∑
j∈σ

a2
j

1/2

.

Autì apodeiknÔei to Je¸rhma. 2
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3.2 PÐnakec me mhdenik  diag¸nio
Se aut  thn par�grafo dÐnoume dÔo apodeÐxeic tou Jewr matoc 3.1.3:

Je¸rhma 3.2.1 (J.3.1.3). Gia k�je ε > 0 up�rqoun n(ε) ∈ N kai δ(ε) > 0 tètoia ¸ste:
an n ≥ n(ε) kai S : `n2 → `n2 eÐnai ènac grammikìc telest c me D(S) = 0, tìte up�rqei
σ ⊆ {1, . . . , n} me plhj�rijmo |σ| ≥ δ(ε)n tètoio ¸ste

‖RσSRσ‖ ≤ ε‖S‖.

ApodeiknÔetai ìti h kalÔterh dunat  ex�rthsh tou δ(ε) apì to ε eÐnai δ(ε) ' ε2. Ja
doÔme pr¸ta mia apìdeixh pou odhgeÐ se asjenèsterh ex�rthsh, kai met� thn apìdeixh
twn Bourgain-Tzafriri pou dÐnei to bèltisto apotèlesma.

3.2(a) Pr¸th apìdeixh

H apìdeixh pou dÐnoume ed¸ eÐnai tou K. Ball (blèpe [7]) kai deÐqnei ìti ta Jewr mata 3.1.1
kai 3.1.3 eÐnai {isodÔnama} an den mac apasqoleÐ h bèltisth ex�rthsh apì to ε. 'Eqoume
 dh deÐxei ìti to Je¸rhma 3.1.1 prokÔptei apì to Je¸rhma 3.2.1. T¸ra ja deÐxoume kai
to antÐstrofo. Ektìc apì to Je¸rhma 3.1.1, ja qrhsimopoi soume thn akìloujh �mesh
sunèpeia tou Jewr matoc 1.1.6.

Je¸rhma 3.2.2. 'Estw B = (bij)ni,j=1 ènac n× n pÐnakac pou ikanopoieÐ ta ex c:

(i) bij ≥ 0 kai bii = 0.

(ii) Gia k�je i ≤ n,
∑n
j=1 bij ≤M .

Tìte, gia k�je ρ ∈ (0, 1) up�rqei σ ⊂ {1, . . . , n} me plhj�rijmo |σ| ≥ ρn
2M tètoio ¸ste:

gia k�je i ∈ σ,

(3.2.1)
∑
j∈σ

bij ≤ ρ.

Apìdeixh tou Jewr matoc 3.2.1. 'Estw A = (aij)ni,j=1 o pÐnakac me stoiqeÐa aij =
〈Sei, ej〉.

JewroÔme ton pÐnaka B = (bij)ni,j=1 me bij = a2
ij . ParathroÔme ìti gia k�je i =

1, . . . , n,

(3.2.2)
n∑
j=1

bij =
n∑
j=1

a2
ij = ‖Sei‖2 ≤ ‖S‖2.

Efarmìzoume to Je¸rhma 3.2.2 me M = ‖S‖2 kai ρ = ε2/4: Up�rqei σ ⊆ {1, . . . , n} me

|σ| ≥ ε2n
8‖S‖2 tètoio ¸ste, gia k�je i ∈ σ,

(3.2.3) ‖RσSei‖2 =
∑
j∈σ

a2
ij =

∑
j∈σ

bij ≤
ε2

4
.
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OrÐzoume xi = 2RσSei

ε , i ∈ σ. Tìte, gia k�je i ∈ σ èqoume

(3.2.4) ‖xi‖ =
2
ε
‖RσSei‖ ≤ 1

kai, gia k�je epilog  suntelest¸n (αi)i∈σ,

(3.2.5)

∥∥∥∥∥∑
i∈σ

αixi

∥∥∥∥∥ =
2
ε

∥∥∥∥∥RσS
(∑
i∈σ

αiei

)∥∥∥∥∥ ≤ 2‖S‖
ε

(∑
i∈σ

α2
i

)1/2

.

OrÐzoume

(3.2.6) K :=
2‖S‖
ε

kai jewroÔme ton pÐnaka C = (cij)i,j∈σ me

(3.2.7) cij :=
K2

K2 − 1
δij −

〈xi, xj〉
K2 − 1

.

Upojètoume ìti K > 2 kai skopìc mac eÐnai na {mikrÔnoume} aut  th stajer� pern¸ntac
se kat�llhlo uposÔnolo tou σ. ParathroÔme ìti, gia k�je epilog  suntelest¸n (αi)i∈σ,

(3.2.8)
∑
i,j∈σ

cijαiαj =
K2

K2 − 1

∑
i∈σ

α2
i −

1
K2 − 1

∥∥∥∥∥∑
i∈σ

αixi

∥∥∥∥∥
2

≥ 0.

Autì shmaÐnei ìti o C eÐnai jetik� hmiorismènoc. Sunep¸c, up�rqoun dianÔsmata zi, i ∈ σ
se k�poion q¸ro Hilbert H ¸ste

(3.2.9) 〈zi, zj〉 = cij , i, j ∈ σ.

Apì thn (3.2.9) blèpoume ìti

(3.2.10)

∥∥∥∥∥∑
i∈σ

αizi

∥∥∥∥∥
2

=
1

K2 − 1

K2
∑
i∈σ

|α2
i −

∥∥∥∥∥∑
i∈σ

αixi

∥∥∥∥∥
2


gia k�je epilog  suntelest¸n (αi)i∈σ. 'Epetai ìti

(3.2.11) ‖zi‖ ≥ 1, i ∈ σ

kai

(3.2.12)

∥∥∥∥∥∑
i∈σ

αizi

∣∣∣∣∣ ≤ K√
K2 − 1

(∑
i∈σ

α2
i

)1/2

≤ 2

(∑
i∈σ

α2
i

)1/2



50 · Antistreyimìthta meg�lwn pin�kwn

gia k�je epilog  suntelest¸n (αi)i∈σ.
JewroÔme ton telest  T : `σ2 → H me Tei = zi/‖zi‖H . MporoÔme na jewr soume ìti

H = 〈zi : i ∈ σ〉, dhlad  dim(H) = |σ|. Apì tic (3.2.11) kai (3.2.12) èqoume ‖T‖ ≤ 2.
Parathr ste ìti ‖Tei‖H = 1 gia k�je i ∈ σ. MporoÔme loipìn na efarmìsoume to
Je¸rhma 3.1.1 gia ton T : up�rqei σ1 ⊂ σ me plhj�rijmo |σ1| ≥ c|σ|/4, tètoio ¸ste

(3.2.13)

∥∥∥∥∥∑
i∈σ1

αizi

∥∥∥∥∥
2

≥ c

(∑
i∈σ1

α2
i

)1/2

gia k�je epilog  suntelest¸n (αi)i∈σ1 . Epistrèfontac sthn (3.2.8) blèpoume ìti

(3.2.14)

∥∥∥∥∥∑
i∈σ1

αixi

∥∥∥∥∥ ≤ K1

(∑
i∈σ1

α2
i

)1/2

gia k�je epilog  suntelest¸n (αi)i∈σ1 , ìpou

(3.2.15) K1 =
(
1 + (K2 − 1)(1− c2)

)1/2
.

T¸ra, mporoÔme na epanal�boume autì to epiqeÐrhma kai na broÔme σ2 ⊂ σ1 me |σ2| ≥
c|σ1|/4 tètoio ¸ste

(3.2.16)

∥∥∥∥∥∑
i∈σ2

αixi

∥∥∥∥∥ ≤ K2

(∑
i∈σ2

α2
i

)1/2

gia k�je epilog  suntelest¸n (αi)i∈σ2 , ìpou

(3.2.17) K2 =
(
1 + (K2

1 − 1)(1− c2)
)1/2

=
(
1 + (K2 − 1)(1− c2)2

)1/2
.

SuneqÐzontac me ton Ðdio trìpo, kai stamat¸ntac ston mikrìtero s gia ton opoÐo

(3.2.18) (K2 − 1)(1− c2)s ≤ 3,

brÐskoume σs ⊂ σ tètoio ¸ste

(3.2.19) |σs| ≥
cs|σ|

4
≥ csε2n

8 · 4s‖S‖2

kai

(3.2.20)

∥∥∥∥∥∑
i∈σs

αixi

∥∥∥∥∥ ≤ 2

(∑
i∈σs

α2
i

)1/2
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gia k�je epilog  suntelest¸n (αi)i∈σs
. Tìte,

(3.2.21)

∥∥∥∥∥∑
i∈σs

αiRσs
Sei

∥∥∥∥∥ ≤ ε

(∑
i∈σs

α2
i

)1/2

,

gia k�je epilog  suntelest¸n (αi)i∈σs
, dhlad 

(3.2.22) ‖RσsSRσs‖ ≤ ε.

Jètontac ε′ = ε‖S‖ paÐrnoume to zhtoÔmeno. 2

3.2(b) DeÔterh apìdeixh

H deÔterh apìdeixh eÐnai apì to [8]. Ja apodeÐxoume thn akìloujh isodÔnamh diatÔpwsh
tou Jewr matoc 3.2.1.

Je¸rhma 3.2.3. Gia k�je ε > 0 kai gia k�je M > 0 up�rqei stajer� c = c(ε,M) > 0
tètoia ¸ste: an n ≥ 1/c kai an S : `n2 → `n2 eÐnai ènac grammikìc telest c me D(S) = 0
kai ‖S‖ ≤M , tìte up�rqei σ ⊆ {1, . . . , n} me plhj�rijmo |σ| ≥ cn, tètoio ¸ste

(3.2.23) ‖RσSRσ‖ ≤ ε.

Gia thn apìdeixh ja qreiastoÔme k�poiec bohjhtikèc prot�seic.

Prìtash 3.2.4. Up�rqei stajer� A > 0 tètoia ¸ste gia k�je 1 < r ≤ 2, 0 < δ < 1
kai δr

′
e2 ≤ γ ≤ δ ìpou r′ = r

r−1 , mporoÔme na broÔme fusikì n0 tètoion ¸ste gia k�je
n ≥ n0 kai gia k�je akoloujÐa {ξi}ni=1 anex�rthtwn tuqaÐwn 0-1 metablht¸n me mèsh
tim  δ sto q¸ro pijanìthtac (Ω,Σ, µ) na èqoume ìti∥∥∥∥∥ ∑

1≤i≤n

ciξi

∥∥∥∥∥
m

:=

(∫
Ω

∣∣∣ ∑
1≤i≤n

ciξi(ω)
∣∣∣mdµ(ω)

)1/m

≤ A
( m

log( γ

δr′ )

)1/r′

‖c‖r

gia k�je c =
∑

1≤i≤n
ciei ∈ `nr me ci ≥ 0, ìpou m = [γn].

Apìdeixh. Kat� arq n parathroÔme ìti P (ξi = 1) = δ kai P (ξi = 0) = 1 − δ. EpÐshc,
ξki = ξi gia k�je k ∈ N. StajeropoioÔme ta r, δ, γ kai epilègoume n arket� meg�lo ¸ste
n1/m ≤ 2. Tìte, gia k�je c =

∑
1≤i≤n

ciei ∈ `nr me ‖c‖r = 1 kai ci ≥ 0 èqoume ìti

∥∥∥∥∥ ∑
1≤i≤n

ciξi

∥∥∥∥∥
m

=

(∫
Ω

∣∣∣ ∑
1≤i≤n

ciξi(ω)
∣∣∣mdµ(ω)

)1/m



52 · Antistreyimìthta meg�lwn pin�kwn

=

( ∑
1≤i1,...,im≤n

∫
Ω

ci1ci2 · · · cimξi1(ω)ξi2(ω) · · · ξim(ω)dµ(ω)

)1/m

=

( ∑
1≤i1,...,im≤n

ci1ci2 · · · cim
∫

Ω

ξi1(ω)ξi2(ω) · · · ξim(ω)dµ(ω)

)1/m

=

( ∑
1≤i1,...,im≤n

ci1ci2 · · · cimδh(i1,i2,...im)

) 1
m

,

ìpou h(i1, . . . im) eÐnai to pl joc twn diaforetik¸n deikt¸n ij sthn m-�da (i1, . . . , im).
Efarmìzontac thn anisìthta Hölder paÐrnoume
(3.2.24)∥∥∥∥∥ ∑

1≤i≤n

ciξi

∥∥∥∥∥
m

≤

[ ∑
1≤i1,...,im≤n

(ci1ci2 · · · cim)r
]1/r[ ∑

1≤i1,...,im≤n

δr
′h(i1,...,im)

]1/r′

.

'Eqoume upojèsei ìti ‖c‖r = 1, sunep¸c

(3.2.25)
∑

1≤i1,i2...,im≤n

(ci1ci2 · · · cim)r =

 ∑
1≤i≤n

cri

m

= ‖c‖rmr = 1,

�ra h (3.2.24) gr�fetai

(3.2.26)

∥∥∥∥∥ ∑
1≤i≤n

ciξi

∥∥∥∥∥
m

≤

[ ∑
1≤i1,...,im≤n

δr
′h(i1,...,im)

]1/r′

.

JewroÔme mia deÔterh akoloujÐa ξ̃i tuqaÐwn 0-1 metablht¸n me E(ξ̃i) = δr
′
. Tìte, an

akolouj soume thn Ðdia diadikasÐa gia tic ξ̃i me ci = 1, mporoÔme na gr�youme thn (3.2.26)
sth morf 

(3.2.27)

∥∥∥∥∥ ∑
1≤i≤n

ciξi

∥∥∥∥∥
m

≤

∥∥∥∥∥ ∑
1≤i≤n

ξ̃i

∥∥∥∥∥
1/r′

m

.

Parathr¸ntac ìti

(3.2.28) P

(
n∑
i=1

ξ̃i = k

)
=
(
n

k

)
δr
′k(1− δr

′
)n−k

gia k�je k = 0, 1, . . . , n, gr�foume

(3.2.29)

∥∥∥∥∥ ∑
1≤i≤n

ξ̃i

∥∥∥∥∥
m

=

[
n∑
k=0

km
(
n

k

)
δr
′k(1− δr

′
)n−k

]1/m

≤

[
n∑
k=0

km
(
n

k

)
δr
′k

]1/m

.
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Qrhsimopoi¸ntac kai thn

(3.2.30)
(
n

k

)
≤
(en
k

)k
,

sumperaÐnoume ìti ∥∥∥∥∥ ∑
1≤i≤n

ciξi

∥∥∥∥∥
m

≤

[
n∑
k=0

km
(en
k

)k
δr
′k

]1/m

≤ n1/m max
0≤k≤n

[
k
(enδr′

k

)k/m]

≤ 2 max
0≤k≤n

[
k
(enδr′

k

)k/m]
.

PaÐrnontac up� ìyin mac kai thn m = [γn] katal goume sthn

(3.2.31)

∥∥∥∥∥ ∑
1≤i≤n

ciξi

∥∥∥∥∥
m

≤ 2m sup
x>0

[
x
(eδr′
xγ

)x]
.

T¸ra, k�nontac melèth thc sun�rthshc f(x) = x
(
eδr′

xγ

)x
parathroÔme ìti to supremum

pi�netai se k�poio x = x0 pou ikanopoieÐ th sqèsh

(3.2.32)
1

log(γ/δr′)
≤ x0 ≤

2
log(γ/δr′)

.

Eis�gontac aut  thn tim  tou x sthn (3.2.31) sumperaÐnoume ìti, gia k�poia apìluth
stajer� A ≥ 1,

(3.2.33)

∥∥∥∥∥ ∑
1≤i≤n

ciξi

∥∥∥∥∥
m

≤

∥∥∥∥∥ ∑
1≤i≤n

ξ̃i

∥∥∥∥∥
1/r′

m

≤ A

(
m

log(γ/δr′)

)1/r′

,

ìpwc isqurÐzetai h Prìtash. 2

Prìtash 3.2.5. 'Estw (Ω,Σ, µ) q¸roc pijanìthtac kai (Ω′,Σ′, µ′) èna anex�rthto an-
tÐgrafo tou (Ω,Σ, µ). StajeropoioÔme 0 < δ < 1 kai jewroÔme mia akoloujÐa {ξi}ni=1

anex�rthtwn tuqaÐwn 0-1 metablht¸n me mèsh tim  δ sto q¸ro pijanìthtac (Ω,Σ, µ).
Tìte, gia k�je q¸ro Banach X kai gia k�je dipl  akoloujÐa dianusm�twn {xi,j}ni,j=1

ston X me xii = 0 gia 1 ≤ i ≤ n, èqoume∫
Ω

∥∥∥ ∑
1≤i,j≤n

ξi(ω)ξj(ω)xij
∥∥∥dµ(ω) ≤ 20

∫
Ω

∫
Ω′

∥∥∥ ∑
1≤i,j≤n

ξi(ω)ξj(ω′)xij
∥∥∥dµ′(ω′)dµ(ω).
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Apìdeixh. Kat� arq n ja apodeÐxoume thn prìtash me thn epiplèon upìjesh ìti oi tuqaÐec
metablhtèc {ξi}ni=1 èqoun mèsh tim  0. JewroÔme mia akoloujÐa anex�rthtwn tuqaÐwn
metablht¸n {ηi}ni=1 pou paÐrnoun tic timèc 0 kai 1 me pijanìthta 1

2 kai eÐnai orismènec se
ènan q¸ro pijanìthtac (U,U , ν). Tìte, gia k�je 1 ≤ i 6= j ≤ n èqoume ìti

(3.2.34)
∫
U

ηi(u)(1− ηi(u))dν(u) =
1
4
.

'Etsi,

I =
∫

Ω

∥∥∥∥∥
n∑

i,j=1

ξi(ω)ξj(ω)xij

∥∥∥∥∥dµ(ω)

=
∫

Ω

∥∥∥∥∥
n∑

i,j=1

4

[∫
U

ηi(u)(1− ηi(u))dν(u)

]
ξi(ω)ξj(ω)xij

∥∥∥∥∥dµ(ω)

= 4
∫

Ω

∥∥∥∥∥
n∑

i,j=1

[∫
U

ηi(u)(1− ηi(u))dν(u)

]
ξi(ω)ξj(ω)xij

∥∥∥∥∥dµ(ω)

≤ 4
∫
U

∫
Ω

∥∥∥∥∥
n∑

i,j=1

ηi(u)(1− ηi(u))ξi(ω)ξj(ω)xij

∥∥∥∥∥dµ(ω)dν(u).

Gia k�je u ∈ U jètoume

(3.2.35) σ(u) = {1 ≤ i ≤ n : ηi(u) = 1}.

Tìte,

(3.2.36) I ≤ 4
∫
U

∫
Ω

∥∥∥∥∥ ∑
i∈σ(u)

∑
j /∈σ(u)

ξi(ω)ξj(ω)xij

∥∥∥∥∥dµ(ω)dν(u)

Dedomènou ìti, gia k�je stajerì u ∈ U oi akoloujÐec {ξi}i∈σ(u) kai {ξj}j /∈σ(u) eÐnai
anex�rthtec, paÐrnoume

(3.2.37) I ≤ 4
∫
U

∫
Ω

∫
Ω′

∥∥∥∥∥ ∑
i∈σ(u)

∑
j /∈σ(u)

ξi(ω)ξj(ω′)xij

∥∥∥∥∥dµ′(ω′)dµ(ω)dν(u).

Sunep¸c, up�rqei u0 ∈ U me thn idiìthta

(3.2.38) I ≤ 4
∫

Ω

∫
Ω′

∥∥∥∥∥ ∑
i∈σ(u0)

∑
j /∈σ(u0)

ξi(ω)ξj(ω′)xij

∥∥∥∥∥dµ′(ω′)dµ(ω).
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Jètoume σ = σ(u0). Qrhsimopoi¸ntac t¸ra to gegonìc ìti E(ξi) = 0, paÐrnontac mèsh
tim  pr¸ta wc proc thn upo�lgebra thc Σ pou par�gei to {ξi(ω)}i/∈σ kai met� wc proc
thn upo�lgebra thc Σ′ pou par�gei to {ξi(ω′)}i/∈σ, paÐrnoume

(3.2.39) J =
∫

Ω

∫
Ω′

∥∥∥∥∥
n∑

i,j=1

ξi(ω)ξj(ω′)xij

∥∥∥∥∥dµ′(ω′)dµ(ω) ≥ I/4.

Exet�zoume t¸ra thn perÐptwsh ìpou E(ξi) = δ > 0. 'Eqoume

I ≤
∫

Ω

∥∥∥∥∥∥
n∑

i,j=1

(ξi(ω)− δ)(ξj(ω′)− δ)xij

∥∥∥∥∥∥ dµ′(ω′) dµ(ω) + δ

∫
Ω

∥∥∥∥∥∥
n∑

i,j=1

ξi(ω)xij

∥∥∥∥∥∥ dµ(ω)

+δ
∫

Ω

∥∥∥∥∥∥
n∑

i,j=1

ξj(ω)xij

∥∥∥∥∥∥ dµ(ω) + δ2

∥∥∥∥∥∥
n∑

i,j=1

xij

∥∥∥∥∥∥ .
Apì thn anisìthta Jensen elègqoume eÔkola ìti kajènac apì touc treic teleutaÐouc ìrouc
tou dexioÔ mèlouc fr�ssetai apì J . 'Ara,

(3.2.40) I ≤
∫

Ω

∥∥∥∥∥∥
n∑

i,j=1

(ξi(ω)− δ)(ξj(ω′)− δ)xij

∥∥∥∥∥∥ dµ′(ω′) dµ(ω) + 3J.

AfoÔ E(ξi(ω) − δ) = 0, to apotèlesma gia thn perÐptwsh δ = 0 se sunduasmì me mÐa
akìma efarmog  thc anisìthtac Jensen mac dÐnei

I ≤ 4

[
J + δ

∫
Ω

∥∥∥∥∥∥
n∑

i,j=1

ξi(ω)xij

∥∥∥∥∥∥ dµ(ω)

+δ
∫

Ω

∥∥∥∥∥∥
n∑

i,j=1

ξj(ω)xij

∥∥∥∥∥∥ dµ(ω) + δ2

∥∥∥∥∥∥
n∑

i,j=1

xij

∥∥∥∥∥∥
]

+ 3J

≤ 7J + 4δ
∫

Ω

∥∥∥∥∥∥
n∑

i,j=1

ξi(ω)xij

∥∥∥∥∥∥ dµ(ω)

+4δ
∫

Ω

∥∥∥∥∥∥
n∑

i,j=1

ξj(ω)xij

∥∥∥∥∥∥ dµ(ω) + δ2

∥∥∥∥∥∥
n∑

i,j=1

xij

∥∥∥∥∥∥
≤ 20J.

2
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Prìtash 3.2.6. Up�rqei stajer� D > 0 tètoia ¸ste: gia k�je 0 < δ < 1 mporoÔme
na broÔme fusikì n(δ) tètoion ¸ste, gia k�je n ≥ n(δ) kai gia k�je grammikì telest 
S : `n2 → `n2 me D(S) = 0, up�rqei τ ⊆ {1, . . . , n} me plhj�rijmo |τ | = m = [δn] gia to
opoÐo

(3.2.41) ‖RτSRτx‖1 ≤ D‖S‖
( m

log(1/δ)

)1/2

‖x‖2

gia k�je x ∈ `n2 .

Apìdeixh. 'Estw 0 < δ < 1 kai S : `n2 → `n2 me D(S) = 0. Gr�foume

(3.2.42) Sei =
n∑
j=1

aijej , i = 1, . . . , n.

JewroÔme mia akoloujÐa {ξi}ni=1 anex�rthtwn tuqaÐwn 0-1 metablht¸n me mèsh tim  δ
sto q¸ro pijanìthtac (Ω,Σ, µ) kai jewroÔme èna anex�rthto antÐgrafo (Ω′,Σ′, µ′) tou
(Ω,Σ, µ).

Gia k�je grammikì telest  W : Rn → Rn sumfwnoÔme na gr�foume

(3.2.43) |||W ||| = sup
{

1√
m
‖Wx‖1 : x ∈ `n2 , ‖x‖2 ≤ 1

}
.

Tìte, an jewr soume ton W san telest  apì ton `n2 ston `n2 , èqoume

(3.2.44) |||W ||| ≤ 2√
δ
‖W‖.

AfoÔ D(S) = 0, èqoume aii = 0 gia k�je i = 1, . . . , n. Gia k�je ω ∈ Ω jètoume

(3.2.45) τ(ω) = {1 ≤ i ≤ n : ξi(ω) = 1}.

Apì thn Prìtash 3.2.5 èqoume

I =
∫

Ω

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣

n∑
i,j=1

ξi(ω)ξj(ω)aijei ⊗ ej

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ dµ(ω)

≤ 20
∫

Ω′

∫
Ω

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ ∑
i∈τ(ω)

n∑
j=1

ξj(ω′)aijei ⊗ ej

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ dµ(ω)dµ(ω′).

SÔmfwna me to L mma 3.1.5 èqoume

(3.2.46) |τ(ω)| ≤ 2δn
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gia ìla ta ω se èna Ω ⊆ Ω mètrou megalÔterou apì 1− exp(−δn/10). Sunep¸c,

I ≤ 20
∫

Ω′

∫
Ω\Ω

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ ∑
i∈τ(ω)

n∑
j=1

ξj(ω′)aijei ⊗ ej

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ dµ(ω)dµ(ω′) +

40√
δ
‖S‖e−δn/10

≤ 40 sup{I(τ) : |τ | = m}+
40√
δ
‖S‖e−δn/10,

ìpou

(3.2.47) I(τ) =
∫

Ω

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣∑
i∈τ

n∑
j=1

ξj(ω)aijei ⊗ ej

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ dµ(ω).

StajeropoioÔme èna uposÔnolo τ tou {1, . . . , n} me |τ | = m kai jewroÔme èna 1
2 -dÐktuo

F(τ) thc monadiaÐac mp�lac tou Rτ `
n
2 me plhj�rijmo

(3.2.48) |F(τ)| ≤ 4m.

'Ena aplì epiqeÐrhma diadoqik¸n proseggÐsewn deÐqnei ìti k�je x sthn kleist  monadiaÐa
mp�la tou Rτ `

n
2 gr�fetai san �jroisma x =

∑∞
k=1 λkxk me ta xk ∈ F(τ) kai touc λk ≥ 0

na ikanopoioÔn thn
∑∞
k=1 λk ≤ 2. 'Epetai ìti

I(τ) ≤ 2√
m

∫
Ω

max


n∑
j=1

∣∣∣∣∣∑
i∈τ

aijbi

∣∣∣∣∣ ξj(ω) : x =
∑
i∈τ

biei ∈ F(τ)

 dµ(ω)

≤ 2√
m

∫
Ω

 ∑
x=

∑
i∈τ biei∈F(τ)

∣∣∣∣∣∣
n∑
j=1

∣∣∣∣∣∑
i∈τ

aijbi

∣∣∣∣∣ ξj(ω)

∣∣∣∣∣∣
m1/m

dµ(ω)

≤ 2√
m
|F(τ)|1/m max


∥∥∥∥∥∥
n∑
j=1

∣∣∣∣∣∑
i∈τ

aijbi

∣∣∣∣∣ ξj
∥∥∥∥∥∥
m

: x =
∑
i∈τ

biei ∈ F(τ)


≤ 8‖S‖√

m
max


∥∥∥∥∥∥
n∑
j=1

cjξj

∥∥∥∥∥∥
m

: c =
n∑
j=1

cjej ∈ `n2 , ‖c‖2 ≤ 1

 .

Apì thn Prìtash 3.2.4, me γ = δ kai r = 2, paÐrnoume

(3.2.49) I(τ) ≤ D0‖S‖√
log(1/δ)

gia k�poia stajer� D0 anex�rthth tou n. Sunep¸c,

(3.2.50) I ≤ 40D0‖S‖√
log(1/δ)

+
40‖S‖√

δ
e−δn/10.
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MporoÔme loipìn na broÔme ω0 ∈ {ω ∈ Ω : m ≤
∑n
i=1 ξi(ω) ≤ 3δn/2} me thn idiìthta

(3.2.51)

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ ∑
i,j∈τ(ω0)

aijei ⊗ ej

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ ≤ 41D0‖S‖√

log(1/δ)
,

arkeÐ to n na eÐnai arket� meg�lo ¸ste na ikanopoieÐtai h

(3.2.52) e−δn/10 ≤ D0

40

(
δ

log(1/δ)

)1/2

.

AfoÔ m ≤ |τ(ω0)| ≤ 3δn/2, gia na oloklhr¸soume thn apìdeixh arkeÐ na p�roume san τ
opoiod pote uposÔnolo tou τ(ω0) pou na èqei m stoiqeÐa. 2

Apìdeixh tou Jewr matoc 3.2.3. Apì thn Prìtash 3.2.6 up�rqei D > 0 ¸ste gia
k�je 0 < δ < 1 na mporoÔme na broÔme uposÔnolo τ ⊆ {1, . . . , n} me plhj�rijmo |τ | =
m = [δn] ¸ste gia ton W = RτSRτ : `n2 → `n1 na èqoume

(3.2.53) ‖W‖ ≤ D‖S‖
( m

log 1
δ

)1/2

.

JewroÔme ton suzug  telest  W ∗ : `n∞ → `n2 . O W ∗ eÐnai 2-ajroÐzwn kai

(3.2.54) π2(W ∗) ≤ KG‖W ∗‖ = KG‖W‖ ≤ KGD‖S‖
( m

log 1
δ

)1/2

.

Sunep¸c, mporoÔme na paragontopoi soume ton W ∗ sth morf  W ∗ = U ◦ V , ìpou U :
`n2 → `n2 me ‖U‖ = 1 kai V : `n∞ → `n2 me V ei = λiei, 1 ≤ i ≤ n, ìpou λi = 0 an
i ∈ {1, . . . , n} \ σ2 kai

(3.2.55)
∑
i∈σ2

λ2
i ≤ (KGD‖S‖)2m/ log(1/δ).

Pern¸ntac ston W , èqoume W = V ∗ ◦ U∗, ìpou V ∗ei = λiei, i = 1, . . . , n. Jètoume

(3.2.56) σ = {i ≤ n : |λi| ≤ 2KGD‖S‖/
√

log(1/δ)}.

Apì thn (3.2.55), efarmìzontac thn anisìthta tou Markov, paÐrnoume

(3.2.57) |σ| ≥
(
1− δ

4
)
n.

Gia k�je x ∈ `n2 èqoume

‖RσSRσx‖2 = ‖RσWRσx‖2 = ‖RσV ∗U∗Rσx‖2

≤
(

max
i∈σ

|λi|
)
‖U∗Rσx‖2 ≤ 2KGD‖S‖ · ‖x‖2/

√
log(1/δ).
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Dhlad ,

(3.2.58) ‖RσSRσ‖ ≤ 2KGD‖S‖/
√

log(1/δ) ≤ 2KGDM/
√

log(1/δ).

Gia dosmèno ε > 0 mporoÔme na epilèxoume δ = δ(ε,M) ∈ (0, 1) arket� mikrì ¸ste

(3.2.59) 2KGDM/
√

log(1/δ) < ε.

Tìte, ‖RσSRσ‖ < ε. 2





Kef�laio 4

Merik  ap�nthsh sto
prìblhma Kadison–Singer

4.1 PÐnakec me mhdenik  diag¸nio: beltiwmènec ektim seic
Se aut  thn Par�grafo, dÐnoume nèa apìdeixh tou Jewr matoc 3.1.3 me beltiwmènec
ektim seic gia to mègejoc tou upopÐnaka ston opoÐo epitugq�netai dedomènh meÐwsh thc
nìrmac. Genikìtera, apodeiknÔoume ìti an periorÐsoume tìso to pedÐo orismoÔ ìso kai to
pedÐo tim¸n se èna sÔnolo {meg�lou mètrou}, tìte h nìrma enìc n×n pÐnaka me mhdenik 
diag¸nio mei¸netai kat� èna stajerì par�gonta. To Je¸rhma pou akoloujeÐ eÐnai apì
to deÔtero �rjro twn Bourgain kai Tzafriri [9] kai dÐnei bèltistec ektim seic.

Je¸rhma 4.1.1. Up�rqei stajer� c > 0 ¸ste na isqÔei to ex c: 'Estw 0 < δ < 1 kai
n ≥ 1

c , kai èstw S : `n2 → `n2 grammikìc telest c me D(S) = 0. Gia k�je akoloujÐa
{λi}ni=1 mh arnhtik¸n arijm¸n me

∑n
i=1 λi = 1, up�rqei uposÔnolo σ tou {1, 2, . . . , n}

gia to opoÐo

(4.1.1)
∑
i∈σ

λi ≥ cδ

kai

(4.1.2) ‖RσSRσ‖ ≤
√
δ‖S‖.

Epilègontac λi = 1
n gia 1 ≤ i ≤ n, mporoÔme na d¸soume mia isqurìterh èkdosh tou

Jewr matoc 3.1.3:

Je¸rhma 4.1.2. Up�rqei stajer� c > 0 ¸ste na isqÔei to ex c: Gia k�je ε > 0 kai
n ∈ N me n ≥ 1

c , an S : `n2 → `n2 eÐnai ènac grammikìc telest c me D(S) = 0, tìte up�rqei
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σ ⊆ {1, . . . , n} me plhj�rijmo

(4.1.3) |σ| ≥ cε2n

tètoio ¸ste

(4.1.4) ‖RσSRσ‖ ≤ ε‖S‖.

OmoÐwc, mporoÔme na p�roume mia �llh diatÔpwsh tou PorÐsmatoc tou Jewr matoc
3.1.3:

Pìrisma 4.1.3. Up�rqei stajer� d > 0 ¸ste na isqÔei to ex c: Gia k�je ε > 0 kai
n ≥ 1/d, an T : `n2 → `n2 eÐnai ènac grammikìc telest c me D(T ) = I, tìte up�rqei
σ ⊂ {1, . . . , n} me plhj�rijmo

(4.1.5) |σ| ≥ dε2n/‖T‖2

tètoio ¸ste

(4.1.6) ‖(RσTRσ)−1‖ ≤ 1 + ε.

Gia thn apìdeixh tou Jewr matoc 4.1.1 ja qreiastoÔme k�poia bohjhtik� L mmata.

L mma 4.1.4. 'Estw {gi}ni=1 akoloujÐa anex�rthtwn kanonik¸n tuqaÐwn metablht¸n me
mèsh tim  0 sto q¸ro pijanìthtac (Ω,Σ, µ). Upojètoume ìti oi gi èqoun nìrma 1 ston
L2(Ω,Σ, µ). Tìte, gia k�je E ⊂ Rn pou perièqei to mhdenikì di�nusma, èqoume ìti

(4.1.7)
∫

Ω

sup
x∈E

∣∣∣ n∑
i=1

|xi|gi(ω)
∣∣∣2dµ(ω) ≤ 8

∫
Ω

sup
x∈E

∣∣∣ n∑
i=1

xigi(ω)
∣∣∣2dµ(ω).

Apìdeixh. Kat� arq n, gia k�je x = (x1, . . . , xn) ∈ E kai gia k�je ω ∈ Ω, jètoume

Xx(ω) =
n∑
i=1

xigi(ω)

kai

Yx(ω) =
n∑
i=1

|xi|gi(ω).

ParathroÔme ìti oi Xx, Yx eÐnai summetrikèc tuqaÐec metablhtèc. Me autì to sumbolismì,
prèpei na deÐxoume ìti

(4.1.8)
∫

Ω

sup
x∈E

∣∣∣Yx(ω)
∣∣∣2dµ(ω) ≤ 8

∫
Ω

sup
x∈E

∣∣∣Xx(ω)
∣∣∣2dµ(ω).
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Ja qrhsimopoi soume to gegonìc ìti∥∥∥∥∥
n∑
i=1

tigi

∥∥∥∥∥
L2(Ω,Σ,µ)

= ‖t‖2

gia k�je t = (t1, . . . , tn) ∈ Rn, dhlad  o upìqwroc tou L2(Ω,Σ, µ) o opoÐoc par�getai

apì thn akoloujÐa {gi}ni=1 eÐnai isometrikìc me ton `n2 . Apì thn anisìthta
∣∣∣|xi| − |x′i|∣∣∣ ≤

|xi − x′i| èqoume

(4.1.9)
( n∑
i=1

∣∣∣|xi| − |x′i|∣∣∣2)1/2

≤
( n∑
i=1

|xi − x′i|2
)1/2

.

Sunep¸c, gia k�je x, x′ ∈ E,

(4.1.10) ‖Yx − Yx′‖L2 ≤ ‖Xx −Xx′‖L2 .

Qrhsimopoi¸ntac to L mma tou Slepian, paÐrnoume

(4.1.11)
∫

Ω

∣∣∣ sup
x,x′∈E

(
Yx(ω)− Yx′(ω)

)∣∣∣2dµ(ω) ≤
∫

Ω

∣∣∣ sup
x,x′∈E

(
Xx(ω)−Xx′(ω)

)∣∣∣2dµ(ω).

K�nontac aplèc pr�xeic sto dexiì mèloc thc sqèshc (4.1.11) èqoume ìti∫
Ω

∣∣∣ sup
x,x′∈E

(
Xx(ω)−Xx′(ω)

)∣∣∣2dµ(ω) ≤
∫

Ω

∣∣∣ sup
x∈E

Xx(ω)
∣∣∣2dµ(ω)

+
∫

Ω

∣∣∣ sup
x′∈E

Xx′(ω)
∣∣∣2dµ(ω)

+2
∫

Ω

∣∣∣ sup
x∈E

Xx(ω)
∣∣∣ ∣∣∣ sup
x′∈E

Xx′(ω)
∣∣∣dµ(ω)

≤ 4
∫

Ω

∣∣∣ sup
x∈E

Xx(ω)
∣∣∣2dµ(ω).

EpÐshc, apì to gegonìc ìti oi (Yx)x∈E eÐnai summetrikèc tuqaÐec metablhtèc, sumperaÐ-
noume ìti

µ

(
sup
x∈E

|Yx|2 > ρ2

)
= µ

({
sup
x∈E

(Yx) > ρ
}
∪
{

sup
x∈E

(−Yx) > ρ
})

= 2µ

({
sup
x∈E

(Yx) > ρ
})

≤ 2µ

(∣∣∣ sup
x∈E

Yx

∣∣∣2 > ρ2

)
,
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gia k�je ρ > 0. 'Epetai ìti

(4.1.12)
∫

Ω

sup
x∈E

∣∣∣Yx(ω)
∣∣∣2dµ(ω) ≤ 2

∫
Ω

∣∣∣ sup
x∈E

Yx(ω)
∣∣∣2dµ(ω).

An jèsoume x1 = 0, èqoume ìti∫
Ω

sup
x∈E

∣∣∣Yx(ω)
∣∣∣2dµ(ω) ≤ 2

∫
Ω

∣∣∣ sup
x∈E

(
Yx(ω)− Yx1(ω)

)∣∣∣2dµ(ω)

≤ 2
∫

Ω

∣∣∣ sup
x,x′∈E

(
Yx(ω)− Yx′(ω)

)∣∣∣2dµ(ω)

≤ 2
(
4
∫

Ω

∣∣∣ sup
x∈E

Xx(ω)
∣∣∣2dµ(ω)

)
= 8

∫
Ω

sup
x∈E

∣∣∣Xx(ω)
∣∣∣2dµ(ω).

Autì apodeiknÔei thn (4.1.8). 2

Prìtash 4.1.5. Up�rqei stajer� D > 0 me thn ex c idiìthta: an n ≥ D kai S :
`n2 → `n2 eÐnai ènac grammikìc telest c me D(S) = 0, tìte gia k�je akoloujÐa {λi}ni=1

mh arnhtik¸n arijm¸n me
∑n
i=1 λi = 1 kai gia k�je 0 < τ < 1 up�rqei uposÔnolo η tou

{1, 2 . . . , n} ¸ste

(4.1.13)
∑
i∈η

λi ≥
τ

2

kai

(4.1.14) ‖RηSRη‖`n2→Ln
1 (
√
λ) ≤ D‖S‖

√
τ
(∑
i∈η

λi

)1/2

,

ìpou Ln1 (
√
λ) eÐnai o q¸roc Rn efodiasmènoc me th nìrma

(4.1.15) ‖x‖`n2→Ln
1 (
√
λ) =

n∑
i=1

|xi|
√
λi.

Apìdeixh. 'Estw {ξi}ni=1 akoloujÐa anex�rthtwn tuqaÐwn 0-1 metablht¸n sto q¸ro
pijanìthtac (Ω,Σ, µ), pou èqoun mèsh tim  τ . JewroÔme èna anex�rthto antÐgrafo
(Ω′,Σ′, µ′) tou (Ω,Σ, µ) kai mia akoloujÐa {ξ′i}ni=1 anex�rthtwn tuqaÐwn metablht¸n pou
èqei thn Ðdia apì koinoÔ katanom  me thn {ξi}ni=1. Gia k�je ω ∈ Ω jètoume

(4.1.16) σ(ω) = {1 ≤ i ≤ n : ξi(ω) = 1}

kai

(4.1.17) σ(ω′) = {1 ≤ i ≤ n : ξ′i(ω
′) = 1}.
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'Estw S : `n2 → `n2 grammikìc telest c me nìrma ‖S‖ = 1. Gr�foume (aij)ni,j=1 gia ton

pÐnaka pou orÐzetai apì thn S(ei) =
∑n
j=1 aijej , j = 1, . . . , n. Upojètoume epÐshc ìti

o S èqei mhdenik  diag¸nio, dhlad , aii = 0 gia k�je 1 ≤ i ≤ n. Qrhsimopoi¸ntac thn
Prìtash 3.2.5 gr�foume

I =
∫

Ω

‖Rσ(ω)SRσ(ω)||`n2→Ln
1 (
√
λ)dµ(ω)

=
∫

Ω

∥∥∥ ∑
1≤i,j≤n

ξj(ω)ξi(ω)aijei ⊗ ej

∥∥∥
`n2→Ln

1 (
√
λ)
dµ(ω)

≤ 20
∫

Ω

∫
Ω′

∥∥∥ ∑
1≤i,j≤n

ξj(ω)ξ′i(ω
′)aijei ⊗ ej

∥∥∥
`n2→Ln

1 (
√
λ)
dµ′(ω′)dµ(ω)

≤ 20
∫

Ω′

∫
Ω

‖Rσ(ω)SRσ(ω′)‖`n2→Ln
1 (
√
λ) dµ(ω) dµ′(ω′).

StajeropoioÔme ω′ ∈ Ω′ kai gr�foume

J(ω′) =
∫

Ω

‖Rσ(ω)SRσ(ω′)‖`n2→Ln
1 (
√
λ)dµ(ω)

=
∫

Ω

sup
‖x‖2≤1

‖Rσ(ω)SRσ(ω′)(x)||Ln
1 (
√
λ)dµ(ω).

ParathroÔme ìti

(4.1.18) ‖Rσ(ω)SRσ(ω′)(x)‖Ln
1 (
√
λ) =

∑
j∈σ(ω)

ξj(ω)
√
λj

∣∣∣ ∑
i∈σ(ω′)

ξ′i(ω
′)xiaij

∣∣∣,
�ra,

(4.1.19) J(ω′) =
∫

Ω

sup
‖x‖≤1

{ ∑
j∈σ(ω)

ξj(ω)
√
λj

∣∣∣ ∑
i∈σ(ω′)

ξ′i(ω
′)xiaij

∣∣∣}dµ(ω).

T¸ra, gr�foume

J(ω′) =
∫

Ω

sup
‖x‖≤1

{ n∑
j=1

(
ξj(ω)− τ + τ

)√
λj

∣∣∣ n∑
i=1

ξ′i(ω
′)xiaij

∣∣∣}dµ(ω)

≤
∫

Ω

sup
‖x‖≤1

{ n∑
j=1

(
ξj(ω)− τ

)√
λj

∣∣∣ n∑
i=1

ξ′i(ω
′)xiaij

∣∣∣}dµ(ω)

+
∫

Ω

sup
‖x‖≤1

{ n∑
j=1

τ
√
λj

∣∣∣ n∑
i=1

ξ′i(ω
′)xiaij

∣∣∣}dµ(ω)
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≤
∫

Ω

sup
‖x‖≤1

{ n∑
j=1

(
ξj(ω)− τ

)√
λj

∣∣∣ n∑
i=1

ξ′i(ω
′)xiaij

∣∣∣}dµ(ω)

+τ
∫

Ω

sup
‖x‖≤1

{ n∑
j=1

√
λj

∣∣∣ n∑
i=1

ξ′i(ω
′)xiaij

∣∣∣}dµ(ω).

Efarmìzontac thn anisìthta Cauchy–Schwarz sto deÔtero olokl rwma kai paÐrnontac
up� ìyin thn upìjesh ìti

∑n
j=1 λj = 1, gr�foume

J(ω′) ≤
∫

Ω

sup
‖x‖≤1

{ n∑
j=1

(
ξj(ω)− τ

)√
λj

∣∣∣ n∑
i=1

ξ′i(ω
′)xiaij

∣∣∣}dµ(ω)

+τ
∫

Ω

sup
‖x‖≤1

{( n∑
j=1

λj

)1/2( n∑
j=1

∣∣∣ n∑
i=1

ξ′i(ω
′)xiaij

∣∣∣2)1/2}
dµ(ω)

=
∫

Ω

sup
‖x‖≤1

{ n∑
j=1

(
ξj(ω)− τ

)√
λj

∣∣∣ n∑
i=1

ξ′i(ω
′)xiaij

∣∣∣}dµ(ω)

+τ sup
‖x‖≤1

( n∑
j=1

∣∣∣ n∑
i=1

ξ′i(ω
′)xiaij

∣∣∣2)1/2}
=

∫
Ω

sup
‖x‖≤1

{ n∑
j=1

(
ξj(ω)− τ

)√
λj

∣∣∣ n∑
i=1

ξ′i(ω
′)xiaij

∣∣∣}dµ(ω)

+τ sup
‖x‖≤1

‖SRσ(ω′)(x)‖

≤
∫

Ω

sup
‖x‖≤1

{ n∑
j=1

(
ξj(ω)− τ

)√
λj

∣∣∣ n∑
i=1

ξ′i(ω
′)xiaij

∣∣∣}dµ(ω)

+τ‖S‖.

Apì to gegonìc ìti oi ξj − τ èqoun mèsh tim  0, eis�gontac tic sunart seic Rademacher
wc anex�rthtec tuqaÐec metablhtèc sto [0, 1], blèpoume ìti

(4.1.20) J(ω′) ≤ τ + 2
∫

Ω

∫ 1

0

sup
‖x‖≤1

{ n∑
j=1

rj(t)ξj(ω)
√
λj

∣∣∣ n∑
i=1

ξ′i(ω
′)xiaij

∣∣∣}dt dµ(ω),

qrhsimopoi¸ntac kai thn upìjesh ìti ‖S‖ = 1.
JewroÔme mia akoloujÐa

{
gi
}n
i=1

anex�rthtwn tupik¸n kanonik¸n tuqaÐwn metabl-
ht¸n se èna q¸ro pijanìthtac (Ω′′,Σ′′, µ′′). Apì to je¸rhma sÔgkrishc Rademacher�
kanonik¸n mèswn kai apì thn anisìthta Cauchy–Schwarz èqoume

J(ω′) ≤
√

2π

(∫
Ω

∫
Ω′′

sup
‖x‖≤1

{∣∣∣∣∣
n∑
j=1

ξj(ω)gj(ω′′)
√
λj

∣∣∣ n∑
i=1

ξ′i(ω
′)xiaij

∣∣∣∣∣∣∣∣
2

dµ(ω′′)dµ(ω)
}) 1

2
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+τ.

OrÐzoume

(4.1.21) E =

{{
ξj(ω)

√
λj

( n∑
i=1

ξ′i(ω
′)xiaij

)}n
j=1

:
n∑
i=1

|xi|2 ≤ 1

}
.

Efarmìzontac to L mma 4.1.4 gi� autì to E � me ta ξj(ω)
√
λj

(∑n
i=1 ξ

′
i(ω

′)xiaij
)
sto

rìlo twn xj � èqoume∫
Ω

sup
E

∣∣∣ n∑
j=1

∣∣∣ξj(ω)
√
λj

( n∑
i=1

ξ′i(ω
′)xiaij

)∣∣∣gj(ω)
∣∣∣2dµ(ω)

(4.1.22) ≤ 8
∫

Ω

sup
E

∣∣∣ n∑
j=1

ξj(ω)
√
λj

( n∑
i=1

ξ′i(ω
′)xiaij

)
gj(ω)

∣∣∣2dµ(ω).

'Epetai ìti
(4.1.23)

J(ω′) ≤
√

2π

(
8
∫

Ω

∫
Ω′′

sup
‖x‖≤1

{∣∣∣∣∣
n∑
j=1

ξj(ω)gj(ω′′)
√
λj

n∑
i=1

ξ′i(ω
′)xiaij

∣∣∣∣∣
2

dµ′′(ω′′)dµ(ω)
})1/2

+τ.

ParathroÔme ìti∣∣∣∣∣
n∑
j=1

ξj(ω)gj(ω′′)
√
λj

n∑
i=1

ξ′i(ω
′)xiaij

∣∣∣∣∣
2

=

∣∣∣∣∣
n∑
i=1

ξ′i(ω
′)xi

n∑
j=1

ξj(ω)gj(ω′′)
√
λjaij

∣∣∣∣∣
2

≤
n∑
i=1

ξ′i(ω
′)

∣∣∣∣∣
n∑
j=1

ξj(ω)gj(ω′′)
√
λjaij

∣∣∣∣∣
2

an
∑n
i=1 x

2
i ≤ 1, qrhsimopoi¸ntac kai thn

(
ξj(ω)

)2 = ξj(ω). 'Ara,

J(ω′) ≤ τ + 4
√
π

(∫
Ω

∫
Ω′′

n∑
i=1

ξ′i(ω
′)

∣∣∣∣∣
n∑
j=1

gj(ω′′)ξj(ω)
√
λjaij

∣∣∣∣∣
2

dµ′′(ω′′)dµ(ω)

)1/2

= τ + 4
√
π

∫
Ω

n∑
i=1

ξ′i(ω
′)

n∑
j=1

ξj(ω)λj |aij |2dµ(ω)

1/2

= τ + 4
√
π
√
τ

 n∑
i,j=1

ξ′i(ω
′)λj |aij |2

1/2

.
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Gia thn pr¸th isìthta qrhsimopoi same to gegonìc ìti

(4.1.24)
∫

Ω′′

∣∣∣∣∣
n∑
j=1

gj(ω′′)ξj(ω)
√
λjaij

∣∣∣∣∣
2

dµ′′(ω′′) =
n∑
j=1

ξj(ω)λj |aij |2.

Gia na oloklhrwjeÐ h apìdeixh, oloklhr¸noume thn J(ω′) wc proc ω′:

I =
∫

Ω

‖Rσ(ω)SRσ(ω)||`n2→Ln
1 (
√
λ)dµ(ω)

≤ 20
∫

Ω′
J(ω′) dµ′(ω′)

≤ 20
∫

Ω′

(
τ + 4

√
πτ

(
n∑
i=1

ξ′i(ω
′)
{ n∑
j=1

λj |aij |2
})1/2)

dµ′(ω′)

≤ 20

(
τ + 4

√
πτ

∫
Ω′

n∑
i=1

ξ′i(ω
′)
{ n∑
j=1

λj |aij |2
}
dµ′(ω′)

1/2)

= 20τ

(
1 + 4

√
π

(
n∑

i,j=1

λj |aij |2
)1/2)

.

AfoÔ ‖S‖ = 1, èqoume
n∑
i=1

|aij | ≤ 1 gia k�je j = 1, . . . , n. Qrhsimopoi¸ntac kai thn∑n
j=1 λj = 1, paÐrnoume

(4.1.25) 1 + 4
√
π

(
n∑

i,j=1

λj |aij |2
)1/2

≤ 1 + 4
√
π ≤ 10.

Sunep¸c,

(4.1.26)
∫

Ω

‖Rσ(ω)SRσ(ω)‖`n2→Ln
1 (
√
λ)dµ(ω) ≤ 200τ.

ParathroÔme ìti

(4.1.27)
∫

Ω

n∑
i=1

λiξi(ω)dµ(ω) =
n∑
i=1

λi

∫
Ω

ξi(ω)dµ(ω) = τ
n∑
i=1

λi = τ.

Epomènwc, up�rqei ω0 ∈ Ω ¸ste, gia to σ(ω0) na èqoume

(4.1.28)
∑

i∈σ(ω0)

λi ≥
τ

2
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kai

(4.1.29) ‖Rσ(ω0)SRσ(ω0)‖`n2→Ln
1 (
√
λ) ≤ 200τ ≤ 200

√
2τ
( ∑
i∈σ(ω0)

λi

)1/2

.

An jèsoume D = 200
√

2 kai η = σ(ω0), èqoume

(4.1.30) ‖RηSRη‖`n2→Ln
1 (
√
λ) ≤ D‖S‖

(∑
i∈η

λi

)1/2√
τ

afoÔ eÐqame upojèsei ìti ‖S‖ = 1. 2

Apìdeixh tou Jewr matoc 4.1.1. JewroÔme th stajer� D thc Prìtashc 4.1.5, s-
tajeropoioÔme n ≥ D kai jewroÔme S : `n2 → `n2 me D(S) = 0 kai λ1, . . . , λn ≥ 0 me∑n
i=1 λi = 1. Efarmìzontac thn Prìtash 4.1.5 me τ = δ/4D2 brÐskoume η ⊂ {1, . . . , n}

tètoio ¸ste

(4.1.31)
∑
i∈η

λi ≥
δ

8D2

kai

(4.1.32) ‖RηSRη‖`n2→Ln
1 (
√
λ) ≤

‖S‖
√
δ

2

∑
i∈η

λi

1/2

.

Me th sun jh diadikasÐa, mporoÔme na paragontopoi soume tonRηSRη sth morf RηSRη =
V ◦ U , ìpou U : `n2 → `η2 telest c me

(4.1.33) ‖U‖`n2→`η2
≤
√
δ‖S‖

kai V : `η2 → Ln1 (
√
λ) diag¸nioc telest c me V ei = tiei, i ∈ η kai

(4.1.34) ‖V ‖`η2→Ln
1 (
√
λ) ≤

1
2

∑
i∈η

λi

1/2

.

Parathr¸ntac ìti

(4.1.35) ‖V ‖`η2→Ln
1 (
√
λ) =

∑
i∈η

t2iλi

1/2

,

kai qrhsimopoi¸ntac thn anisìthta tou Markov, blèpoume ìti to

(4.1.36) σ = {i ∈ η : |ti| ≤ 1}
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ikanopoieÐ thn

(4.1.37)
∑
i∈σ

λi ≥
3
4

∑
i∈η

λi ≥
3δ

32D2
.

Tèloc, apì thn |ti| ≤ 1, i ∈ σ, èqoume ‖RσV ‖ ≤ 1. Sunep¸c, gia k�je x ∈ `n2 èqoume

(4.1.38) ‖RσSRσx‖ = ‖RσV URσx‖ ≤ ‖URσx‖`η2 ≤
√
δ‖S‖ ‖x‖,

dhlad  ‖RσSRσ‖ ≤
√
δ‖S‖. 2

4.2 DiamerÐseic kai to prìblhma Kadison–Singer

'Estw T : `n2 → `n2 telest c nìrmac 1 me mhdenik  diag¸nio. Mèqri t¸ra èqoume apodeÐxei
thn Ôparxh meg�lwn uposunìlwn σ tou {1, . . . , n} me thn idiìthta o RσTRσ na èqei
osod pote mikr  nìrma. Se aut  thn par�grafo prospajoÔme na broÔme diamerÐseic tou
{1, . . . , n}, mikroÔ m kouc, ¸ste to parap�nw na isqÔei gia k�je sÔnolo thc diamèrishc.
'Ola ta apotelèsmata aut c thc Paragr�fou proèrqontai apì to deÔtero �rjro twn
Bourgain kai Tzafriri [9].

Je¸rhma 4.2.1. 'Estw T ènac n × n pÐnakac me mhdenik  diag¸nio. 'Estw 0 < δ < 1,
ε > 0 kai {ξi}ni=1 akoloujÐa anex�rthtwn tuqaÐwn 0-1 metablht¸n sto q¸ro pijanìthtac
(Ω,Σ, µ), oi opoÐec èqoun mèsh tim  δ. Upojètoume ìti

(4.2.1)
(∫

Ω

‖Rσ(ω)TRσ(ω)‖ddµ(ω)
)1/d

≤ ε,

ìpou d = log n kai, gia k�je ω ∈ Ω, σ(ω) = {1 ≤ i ≤ n : ξi(ω) = 1}. Tìte, mporoÔme na
broÔme diamèrish {σj}mj=0 tou {1, 2..., n} sem+1 xèna an� dÔo uposÔnola ìpoum = [1/δ],
¸ste

(4.2.2) ‖Rσj
TRσj

‖ ≤ 3ε

gia k�je j = 0, 1, . . . ,m.

Apìdeixh. JewroÔme anex�rthta antÐgrafa (Ωj ,Σj , µj), 0 ≤ j < m, tou (Ω,Σ, µ) kai,

gia k�je j, anex�rthtec tuqaÐec 0-1 metablhtèc φji , i = 1, . . . , n me mèsh tim  δ
1−jδ ston

(Ωj ,Σj , µj).
JewroÔme ton Ω′ = Ω0×Ω1×· · ·×Ωm−1 me to mètro pijanìthtac µ′ = µ0⊗µ1⊗· · ·⊗

µm−1 kai gr�foume ω′ = (ω0, ω1, . . . , ωm−1) gia ta shmeÐa tou Ω′. Gia k�je 1 ≤ i ≤ n
orÐzoume

(4.2.3) ξ0i (ω
′) = φ0

i (ω0)
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kai

(4.2.4) ξji (ω
′) = φji (ωj)

j−1∏
l=0

(
1− φli(ωl)

)
gia j = 1, 2, ...,m− 1. Tèloc, orÐzoume

(4.2.5) ξmi (ω′) =
m−1∏
l=0

(1− φli(ωl)), 1 ≤ i ≤ n.

Parathr ste ìti h mèsh tim  thc ξ0i eÐnai Ðsh me δ, kai, lìgw thc anexarthsÐac twn {φji}ni=1

h mèsh tim  thc ξji eÐnai Ðsh me to ginìmeno twn antÐstoiqwn mèswn tim¸n, dhlad 

(4.2.6) E(ξji ) =
δ

1− jδ

j−1∏
l=0

1− (l + 1)δ
1− lδ

= δ.

H mèsh tim  thc ξmi eÐnai Ðsh me 1−mδ.
ParathroÔme epÐshc ìti

(4.2.7)
m∑
j=0

ξji (ω
′) = 1

gia k�je 1 ≤ i ≤ n kai ω′ ∈ Ω. Pr�gmati, antikajist¸ntac touc orismoÔc twn {ξji }ni=1

elègqoume (gia par�deigma, me epagwg ) ìti

(4.2.8) 1−
s−1∑
j=0

ξji (ω
′) =

s−1∏
l=0

(1− φli(ωl)),

�ra

(4.2.9) 1−
m−1∑
j=0

ξji (ω
′) =

m−1∏
l=0

(1− φli(ωl)) = ξmi (ω′).

Gia k�je ω′ ∈ Ω′ orÐzoume

(4.2.10) σjω′ = {1 ≤ i ≤ n : ξji (ω
′) = 1}.

'Eqoume ìti

(4.2.11)
∫

Ω

‖Rσ(ω)TRσ(ω)‖ddµ(ω) ≤ εd,
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ap� ìpou blèpoume ìti, gia k�je j,

(4.2.12)
∫

Ω′
‖Rσ(ω′j)TRσ(ω′j)‖ddµ(ω′) ≤ εd.

Sunep¸c,

(4.2.13)
m∑
j=0

∫
Ω′
‖Rσ(ω′j)TRσ(ω′j)‖ddµ(ω′) ≤ (m+ 1)εd.

'Ara, up�rqei toul�qiston èna ω′0 ∈ Ω′ ¸ste an jèsoume σj = σjω′0
na èqoume

(4.2.14) ‖RσjTRσj‖ ≤ (m+ 1)1/dε

gia k�je j = 0, 1, . . . ,m. Gia k�je i èqoume

(4.2.15)
m∑
j=0

ξji (ω
′
0) = 1.

'Epetai ìti up�rqei j0 ¸ste ξj0i (ω′0) = 1 (�ra gia j diaforetikì apì to j0 èqoume ξji (ω
′
0) =

0). 'Ara,
⋃
j σ

j
ω′0

= {1, 2, . . . , n} kai ta σjω′0 eÐnai an� dÔo xèna, dhlad  èqoume th zhtoÔmenh
diamèrish. 2

To prohgoÔmeno je¸rhma aforoÔse pÐnakec me mhdenik  diag¸nio. Sth sunèqeia ja
doÔme ìti mporeÐ na efarmosteÐ kai sthn perÐptwsh pÐnaka pou ta stoiqeÐa tou eÐnai arket�
mikr�, arkeÐ na èqoume kat�llhlo fr�gma gia ta stoiqeÐa aut�. Pr¸ta ìmwc ja d¸soume
èna par�deigma pou deÐqnei ìti an ta stoiqeÐa tou pÐnaka den eÐnai kat�llhla fragmèna
tìte den mporoÔme na perimènoume to an�logo tou prohgoÔmenou jewr matoc.

Par�deigma 4.2.2. Gia k�je 0 < δ < 1 up�rqei fusikìc n(δ) tètoioc ¸ste gia k�je
n ≥ n(δ), mporoÔme na kataskeÔasoume n× n pÐnaka A = (aij)ni,j=1 nìrmac 1 me |aij | ≤
2 log(1/δ)

logn gia k�je 1 ≤ i, j ≤ n, ¸ste∫
Ω

‖Rσ(ω)(A−D(A)Rσ(ω)‖ dµ(ω) ≥ 1
2
,

ìpou {ξi}ni=1 akoloujÐa anex�rthtwn tuqaÐwn 0-1 metablht¸n me mèsh tim  δ se k�poio
q¸ro pijanìthtac (Ω,Σ, µ) kai, gia k�je ω ∈ Ω, σ(ω) = {1 ≤ i ≤ n : ξi(ω) = 1}.

Apìdeixh. StajeropoioÔme k me 1 ≤ k ≤ n kai gia na aplousteÔsoume to prìblhma
upojètoume epiplèon ìti k | n. OrÐzoume m = n

k kai gia 1 ≤ l ≤ m jètoume

(4.2.16) ηl = {(l − 1)k + 1, (l − 1)k + 2, . . . , lk}
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kai

(4.2.17) Ωl = {ω ∈ Ω : ξi(ω) = 1 gia k�je i ∈ ηl}.

T¸ra, orÐzoume ènan pÐnaka A = (aij)ni,j=1 me aij = 1
k an i, j ∈ ηl gia k�poio 1 ≤ l ≤ m

kai aij = 0 alli¸c. O telest c A : `n2 → `n2 pou orÐzetai apì ton pÐnaka A = (aij)ni,j=1

èqei nìrma ‖A‖ = 1: autì faÐnetai amèswc an parathr soume ìti eÐnai h orjog¸nia
probol  ston upìqwro pou par�goun ta dianÔsmata ul =

∑
i∈ηl

ei, l = 1, . . . ,m. 'Epetai
ìti ‖A−D(A)‖ ≤ 1. An ω ∈ Ωl, tìte ηl ⊂ σω kai ‖Rηl

ARηl
‖ = 1 gia k�je l = 1, . . . ,m.

'Ara,

(4.2.18) ‖Rσ(ω)ARσ(ω)‖ = 1.

Tìte, ∫
Ω

‖Rσ(ω)ARσ(ω)‖dµ(ω) ≥
∫

⋃m
l=1 Ωl

‖Rσ(ω)ARσ(ω)‖dµ(ω) = µ

(
m⋃
l=1

Ωl

)

= 1− µ

(
m⋂
l=1

Ωcl

)
= 1−

m∏
l=1

µ
(
Ωcl
)

= 1− (1− δk)m,

afoÔ ta endeqìmena {Ωl}mi=1 eÐnai anex�rthta. Jètoume

(4.2.19) k =
[

log n
2 log(1/δ)

]
+ 1

kai parathroÔme ìti, an to n eÐnai arket� meg�lo,∫
Ω

‖Rσ(ω)(A−D(A))Rσ(ω)‖dµ(ω) ≥
∫

Ω

‖Rσ(ω)ARσ(ω)‖dµ(ω)

−
∫

Ω

‖Rσ(ω)D(A)Rσ(ω)‖dµ(ω)

≥ 1− (1− δk)m − 1
k
.

'Epetai ìti
∫
Ω
‖Rσ(ω)(A−D(A))Rσ(ω)‖dµ(ω) ≥ 1/2. 2

To prohgoÔmeno par�deigma deÐqnei ìti èna omoiìmorfo fr�gma thc t�xhc tou 1/ log n
gia tic suntetagmènec enìc n × n pÐnaka A den eÐnai arketì gia na epilèxoume kal 
diamèrish me thn pijanojewrhtik  mèjodo. An ìmwc upojèsoume èna elafr¸c mikrìtero
fr�gma, tìte isqÔei to an�logo tou jewr matoc 4.2.1 akìma kai gia pÐnakec pou mporeÐ
na mhn èqoun mhdenik  diag¸nio.
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Je¸rhma 4.2.3. Up�rqei apìluth stajer� C > 0 kai gia k�je 0 < δ < 1 kai ν > 0
up�rqei fusikìc arijmìc n(δ, ν) ¸ste gia k�je n ≥ n(δ, ν) kai gia k�je n × n pÐnaka
A =

(
aij
)n
i,j=1

tou opoÐou ta stoiqeÐa ikanopoioÔn th sunj kh

(4.2.20) |aij | ≤
1

(log n)1+ν

gia k�je 1 ≤ i, j ≤ n, mporoÔme na broÔme diamèrish {σj}mj=1 tou sunìlou {1, 2, . . . , n}
se m = [1/δ] xèna an� dÔo uposÔnola ¸ste

(4.2.21) ‖RσjARσj‖ ≤ Cδν/C

gia k�je j = 1, . . . ,m.

Prin apì thn apìdeixh tou jewr matoc 4.2.3 ja apodeÐxoume to asjenèstero je¸rhma
pou akoloujeÐ:

Je¸rhma 4.2.4. Up�rqei apìluth stajer� C > 0 kai gia k�je 0 < δ < 1 kai ν > 0
up�rqei fusikìc arijmìc n(δ, ν) ¸ste gia k�je n ≥ n(δ, ν) kai gia k�je n × n pÐnaka
A =

(
aij
)n
i,j=1

tou opoÐou ta stoiqeÐa ikanopoioÔn th sunj kh

(4.2.22) |aij | ≤
1
nν

gia k�je 1 ≤ i, j ≤ n, mporoÔme na broÔme diamèrish {σj}mj=1 tou sunìlou {1, 2, . . . , n}
se m = [1/δ] xèna an� dÔo uposÔnola ¸ste

(4.2.23) ‖Rσj
ARσj

|| ≤ Cδν/C

gia k�je j = 1, . . . ,m.

Gia thn apìdeixh ja qreiastoÔme thn ex c bohjhtik  prìtash.

Prìtash 4.2.5. Gia k�je polu¸numo

(4.2.24) Qn(x) =
n∑
k=0

ckx
k

isqÔoun oi anisìthtec

(4.2.25) |ck| ≤
nk

k!
max
|x|≤1

∣∣Qn(x)∣∣ ≤ en max
|x|≤1

∣∣Qn(x)∣∣
gia k�je 0 ≤ k ≤ n.
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Apìdeixh. JewroÔme to polu¸numo Chebychev

(4.2.26) Pn(x) = cos(n arccosx) =
n∑
k=0

akx
k.

To Pn èqei thn ex c idiìthta: an stajeropoi soume k�poion suntelest  ak0 tìte gia ìla
ta polu¸numa bajmoÔ n pou èqoun suntelest  tou xk0 ton ak0 isqÔei

(4.2.27) max
|x|≤1

∣∣Qn(x)∣∣ ≥ max
|x|≤1

∣∣Pn(x)∣∣.
An loipìn jewr soume tuqìn polu¸numo Qn(x), gia k�je 0 ≤ k ≤ n jewroÔme to
polu¸numo ak

ck
Qn(x) (¸ste o suntelest c tou xk na eÐnai o Ðdioc) kai èqoume

(4.2.28)
∣∣∣∣akck

∣∣∣∣max
|x|≤1

∣∣Qn(x)∣∣ ≥ max
|x|≤1

∣∣Pn(x)∣∣ = 1,

dhlad 

(4.2.29)
∣∣ck∣∣ ≤ ∣∣ak∣∣ max

|x|≤1

∣∣Qn(x)∣∣.
UpologÐzontac ton suntelest  ak tou poluwnÔmou Chebychev, sumperaÐnoume ìti

(4.2.30) |ck| ≤
nk

k!
max
|x|≤1

∣∣Qn(x)∣∣ ≤ en max
|x|≤1

∣∣Qn(x)∣∣. 2

Apìdeixh tou Jewr matoc 4.2.4. Jètoume d = log n kai, gia na aplousteÔsoume
thn apìdeixh, upojètoume ìti o d eÐnai dÔnamh tou 2. Apì to gegonìc ìti an o T eÐnai
autosuzug c tìte h ‖T‖ isoÔtai me th mègisth idiotim  tou, èqoume

(4.2.31) ‖T‖d ≤ tr(T d)

kai

(4.2.32) tr(T ) ≤ n‖T‖

gia k�je autosuzug  T : `n2 → `n2 .
Upojètoume pr¸ta ìti o A eÐnai autosuzug c. JewroÔme 0 < δ < 1 kai mia akolou-

jÐa anex�rthtwn tuqaÐwn 0-1 metablht¸n {ξi}ni=1 me mèsh tim  δ sto q¸ro pijanìthtac
(Ω,Σ, µ). Gia k�je ω ∈ Ω orÐzoume σ(ω) = {1 ≤ i ≤ n : ξi(ω) = 1}. 'Eqoume(∫

Ω

‖Rσ(ω)ARσ(ω)‖ddµ(ω)
)1/d

≤
(∫

Ω

tr
(
Rσ(ω)ARσ(ω)

)d
dµ(ω)

)1/d

≤
(∫

Ω

n‖Rσ(ω)ARσ(ω)‖ddµ(ω)
)1/d

= e

(∫
Ω

‖Rσ(ω)ARσ(ω)‖ddµ(ω)
)1/d

.
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SumbolÐzoume me
(
a
(d)
ij (ω)

)n
i,j=1

ton pÐnaka tou telest 
(
Rσ(ω)ARσ(ω)

)d
kai parathroÔme

ìti

(4.2.33) a
(d)
ij (ω) =

∑
l∈Γij

slφl(ω),

ìpou

(4.2.34) Γij = {(i, i1, . . . , id−1, j) : 1 ≤ ih ≤ n, 1 ≤ h < d}

kai, gia k�je l = (i, i1, . . . , id−1, j) ∈ Γij ,

(4.2.35) sl = aii1ai1i2 · · · aid−1j

kai

(4.2.36) φl(ω) = ξi(ω)ξi1(ω) · · · ξid−1(ω)ξj(ω)

gia k�je ω ∈ Ω kai 1 ≤ i, j ≤ n.
Gr�foume ∫

Ω

tr
(
Rσ(ω)ARσ(ω)

)d
dµ(ω) =

∫
Ω

n∑
i=1

a
(d)
ii (ω)dµ(ω)

=
∫

Ω

n∑
i=1

∑
l∈Γii

slφl(ω)dµ(ω).

Jètoume

ch =
n∑
i=1

∑̃
l∈Γii

sl,

ìpou to �jroisma
∑̃
l∈Γii

anafèretai stouc l ∈ Γii pou apoteloÔntai apì akrib¸c h
diaforetikoÔc akèraiouc. Tìte, h prohgoÔmenh sqèsh paÐrnei th morf 

(4.2.37)
∫

Ω

tr
(
Rσ(ω)ARσ(ω)

)d
dµ(ω) =

n∑
h=1

chδ
h.

Gia na to doÔme autì, parathroÔme ìti afoÔ

(4.2.38)
∫

Ω

φl(ω)dµ(ω) =
∫

Ω

ξi(ω)ξi1(ω) · · · ξid−1(ω)ξj(ω)dµ(ω),

kai afoÔ ξkih = ξih , mazeÔontac touc Ðdiouc ìrouc se dun�meic èqoume∫
Ω

φl(ω)dµ(ω) =
∫

Ω

ξi1(ω)ξi1(ω) · · · ξih(ω)dµ(ω)

=
∫

Ω

ξi1dµ(ω)
∫

Ω

ξi2(ω)dµ(ω) · · ·
∫

Ω

ξih(ω)dµ(ω)

= δh.
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Sundu�zontac ta parap�nw, paÐrnoume

(4.2.39)
n∑
h=1

chδ
h ≤ ed

(∫
Ω

‖Rσ(ω)ARσ(ω)||ddµ(ω)

)
≤ ed

gia k�je 0 < δ < 1, epomènwc

(4.2.40) max
|δ|≤1

∣∣∣ d∑
h=1

chδ
2h
∣∣∣ ≤ ed.

Tìte, apì th prìtash 4.2.5 èpetai ìti

(4.2.41) |ch| ≤
d2h

(2h)!
max
|δ|≤1

∣∣∣ d∑
h=1

chδ
2h
∣∣∣ ≤ e2ded = e3d.

Enallaktik�, xekin¸ntac apì thn

(4.2.42) ch =
n∑
i=1

∑̃
l∈Γii

sl,

an aparijm soume touc ìrouc tou ajroÐsmatoc èqoume ìti

(4.2.43) |ch| ≤ n

(
n− 1
h− 1

)
(h− 1)d−1n−dn ≤ (en)hhd−hn−dn,

ìpou, gia thn teleutaÐa anisìthta arkeÐ na deÐxoume ìti

(4.2.44) n

(
n− 1
h− 1

)
(h− 1)d−1 ≤ (en)hhd−h.

Pr�gmati, apì thn anisìthta nn

n! ≤ en èpetai ìti (h−1)h−1

(h−1)! ≤ eh−1. EpÐshc, parathroÔme

ìti n (n−1)!
(n−h)! ≤ nh, �ra

n

(
n− 1
h− 1

)
(h− 1)d−1 = n

(n− 1)!
(h− 1)!(n− h)!

(h− 1)d−1+h−h

= n
(n− 1)!
(n− h)!

(h− 1)d−h
(h− 1)h−1

(h− 1)!

≤ nhhd−heh−1 ≤ (en)hhd−h.

T¸ra, epistrèfontac sthn apìdeixh tou jewr matoc, an jèsoume k = [dν/2], parathroÔme
ìti ∫

Ω

‖Rσ(ω)ARσ(ω)||ddµ(ω) ≤
d∑

h=1

chδ
h
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≤
k∑
h=1

|ch|+
d∑

h=k+1

|ch|δh

≤ kd(en)kn−dν + e3d
δk+1

1− δ
.

'Ara,

(4.2.45)

(∫
Ω

‖Rσ(ω)ARσ(ω)‖ddµ(ω)

)1/d

≤ νd(en)ν/2n−ν +
e3δν/2

(1− δ)1/d
≤ Cδν/2

gia k�poia apìluth stajer� C > 0 kai n arket� meg�lo.
An o A den eÐnai autosuzug c, efarmìzoume to prohgoÔmeno epiqeÐrhma stouc A+A∗

kai i(A−A∗) kai katal goume sto Ðdio sumpèrasma me th stajer� 2C sth jèsh thc C.
To Je¸rhma eÐnai t¸ra �mesh sunèpeia tou Jewr matoc 4.2.1. 2

Apìdeixh tou Jewr matoc 4.2.3. Sth sunèqeia parousi�zoume thn apìdeixh tou
Jewr matoc 4.2.3. K�noume thn asjenèsterh upìjesh ìti |aij | ≤ 1

(logn)1+ν .

Up�rqei apìluth stajer� C > 0 kai gia k�je 0 < δ < 1 kai ν > 0 up�rqei
fusikìc arijmìc n(δ, ν) ¸ste gia k�je n ≥ n(δ, ν) kai gia k�je n× n pÐnaka
A =

(
aij
)n
i,j=1

tou opoÐou ta stoiqeÐa ikanopoioÔn th sunj kh

|aij | ≤
1

(log n)1+ν

gia k�je 1 ≤ i, j ≤ n, mporoÔme na broÔme diamèrish {σj}mj=1 tou sunìlou
{1, 2, . . . , n} se m = [1/δ] xèna an� dÔo uposÔnola ¸ste

‖RσjARσj || ≤ Cδν/C

gia k�je j = 1, 2, . . . ,m.

Gia thn apìdeixh ja qreiastoÔme k�poiec bohjhtikèc prot�seic gia tic opoÐec eis�goume
ton kat�llhlo sumbolismì. Gia k�je akèraio n kai gia k�je 0 < δ < 1 kai 0 < γ, % ≤ 1
orÐzoume

(4.2.46) an(γ, δ) = sup
A

(∫
Ω

‖Rσ(ω)ARσ(ω)‖ddµ(ω)

)1/d

,

ìpou to supremum eÐnai p�nw apì ìlouc touc grammikoÔc telestèc A : `n2 → `n2 nìrmac
‖A‖ ≤ 1 pou ikanopoioÔn thn |〈Aei, ej〉| ≤ γ gia k�je 1 ≤ i, j ≤ n. EpÐshc, orÐzoume

(4.2.47) bn(%, δ) = sup
A

(∫
Ω

‖ARσ(ω)‖ddµ(ω)

)1/d

,
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ìpou to supremum eÐnai p�nw apì ìlouc touc grammikoÔc telestèc A : `n2 → `n2 nìrmac
‖A‖ ≤ 1 pou ikanopoioÔn thn ‖Aei‖ ≤ % gia k�je 1 ≤ i ≤ n.

'Opwc kai sthn prohgoÔmenh apìdeixh, jètoume d = log n kai jewroÔme mia akolou-
jÐa anex�rthtwn tuqaÐwn 0-1 metablht¸n {ξi}ni=1 me mèsh tim  δ sto q¸ro pijanìthtac
(Ω,Σ, µ). Gia k�je ω ∈ Ω jètoume σ(ω) = {1 ≤ i ≤ n : ξi(ω) = 1}.

Prìtash 4.2.6. Up�rqei apìluth stajer� D0 > 0 tètoia ¸ste gia k�je fusikì n kai
gia k�je 0 < δ < 1 kai 0 < γ ≤ 1,

(4.2.48) an(γ, δ) ≤ D0bn(
√
δ + γ

√
log n, δ).

Apìdeixh. 'Estw A ènac grammikìc telest c A : `n2 → `n2 nìrmac ‖A‖ ≤ 1 tou opoÐou
o pÐnakac wc proc thn kanonik  b�sh tou `n2 ikanopoieÐ th sunj kh |aij | ≤ γ gia k�je
1 ≤ i, j ≤ n. Tìte, ‖D(A)‖ ≤ γ kai

I :=
(∫

Ω

‖Rσ(ω)ARσ(ω)‖ddµ(ω)
)1/d

=
(∫

Ω

‖Rσ(ω)(A−D(A) +D(A))Rσ(ω)‖ddµ(ω)
)1/d

≤
(∫

Ω

‖Rσ(ω)D(A)Rσ(ω)‖ddµ(ω)
)1/d

+
(∫

Ω

‖Rσ(ω)(A−D(A))Rσ(ω)||ddµ(ω)
)1/d

≤ γ +
(∫

Ω

‖Rσ(ω)(A−D(A))Rσ(ω)‖ddµ(ω)
)1/d

≤ γ + 20
(∫

Ω

∫
Ω′
‖Rσ(ω)(A−D(A))Rσ(ω′)‖ddµ′(ω′)dµ(ω)

)1/d

,

ìpou (Ω′,Σ′, µ′) eÐnai èna anex�rthto antÐgrafo tou (Ω,Σ, µ) kai σ(ω′) = {1 ≤ i ≤ n :
ξi(ω′) = 1}. Gia tic teleutaÐec anisìthtec parathroÔme ìti

(4.2.49) Rσ(ω)(A−D(A))Rσ(ω) =
∑

i,j∈σω,i 6=j

ξi(ω)ξj(ω)aijei ⊗ ej

kai efarmìzoume thn Prìtash 3.2.5.
StajeropoioÔme k�poio ω ∈ Ω kai parathroÔme ìti

(4.2.50) ‖Rσ(ω)(A−D(A))‖ ≤ ‖Rσ(ω)A‖+ ‖Rσ(ω)D(A)‖ ≤ 1 + γ

kai

(4.2.51) ‖Rσ(ω)(A−D(A))ei‖ ≤ max
1≤i≤n

 ∑
j∈σ(ω)\{i}

a2
ij

1/2

=: %ω.
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'Ara,

I1 :=

(∫
Ω′
‖Rσ(ω)(A−D(A))Rσ(ω′)‖ddµ′(ω′)

)1/d

≤ (1 + γ)

(∫
Ω;

∥∥∥∥ 1
1 + γ

(A−D(A))Rσ(ω′)

∥∥∥∥d dµ′(ω′)
)1/d

= (1 + γ)bn

(
%ω

1 + γ
, δ

)
≤ 2bn

(
%ω

1 + γ
, δ

)
≤ 2bn(%ω, δ)

gia k�je ω ∈ Ω. OrÐzoume

(4.2.52) %̃ =
(∫

Ω

%dωdµ(ω)
)1/d

.

ParathroÔme ìti

(4.2.53) bn(%ω, δ) ≤ bn(%̃, δ)

an %ω < %̃ kai

(4.2.54) bn(%ω, δ) ≤
%ω
%̃
bn(%̃, δ)

an %ω ≥ %̃. Oi anisìthtec autèc prokÔptoun �mesa apì th sqèsh

(4.2.55) bn(%, δ) ≤ Bbn

( %
B
, δ
)

h opoÐa isqÔei gia k�je B ≥ 1. Pr�gmati,

bn(%, δ) = sup
A

(∫
Ω

‖ARσ(ω)‖ddµ(ω)

)1/d

≤ B sup
A

(∫
Ω

‖(B−1A)Rσ(ω)‖ddµ(ω)

)1/d

= Bbn

( %
B
, δ
)
.



4.2 DiamerÐseis kai to prìblhma Kadison–Singer · 81

Epistrèfontac sthn apìdeixh, èqoume

I :=

(∫
Ω

‖Rσ(ω)ARσ(ω)||ddµ(ω)

)1/d

≤ γ + 20

(∫
Ω

∫
Ω′
‖Rσ(ω)(A−D(A))Rσ(ω′)||ddµ′(ω′)dµ(ω)

)1/d

≤ γ + 20

(∫
Ω

(2bn(%ω, δ))ddµ(ω)

)1/d

≤ γ + 40

(∫
Ω

bn(%ω, δ)ddµ(ω)

)1/d

≤ γ + 40

(∫
{ω∈Ω:%ω<%̃}

bn(%ω, δ)ddµ(ω)

)1/d

+ 40

(∫
{ω∈Ω:%ω≥%̃}

bn(%ω, δ)ddµ(ω)

)1/d

≤ γ + 40

(∫
{ω∈Ω:%ω<%̃}

bn(%̃, δ)ddµ(ω)

)1/d

+ 40

(∫
{ω∈Ω:%ω≥%̃}

(
%ω
%̃
bn(%̃, δ)

)d
dµ(ω)

)1/d

≤ γ + 40µ
(
{ω ∈ Ω : %ω < %̃}

)1/d

bn(%̃, δ) + 40
bn(%̃, δ)

%̃

(∫
Ω

%dωdµ(ω)

)1/d

≤ γ + 40bn(%̃, δ) + 40
bn(%̃, δ)

%̃
%̃

= γ + 80bn(%̃, δ).

EpÐshc

%̃2 =
(∫

Ω

%dωdµ(ω)
)2/d

≤

(∫
Ω

max
1≤i≤n

( n∑
j=1,j 6=i

ξj(ω)a2
ij

)d
dµ(ω)

)1/d

≤

(
n∑
i=1

∫
Ω

( n∑
j=1,j 6=i

ξj(ω)a2
ij

)d
dµ(ω)

)1/d

= n
1

log n max
1≤i≤n

(∫
Ω

( n∑
j=1,j 6=i

ξj(ω)a2
ij

)d
dµ(ω)

)1/d
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= e max
1≤i≤n

(∫
Ω

( n∑
j=1

ξj(ω)a2
ij

)d
dµ(ω)

)1/d

.

'Omwc, gia k�je epilog  pragmatik¸n arijm¸n {bj}nj=1 me |bj | ≤ γ kai
∑n
j=1 |bj |2 ≤ 1,

eis�gontac anex�rthta antÐgrafa twn ξi èqoume ìti

J :=

(∫
Ω

( n∑
j=1

ξj(ω)|bj |2
)d
dµ(ω)

)1/d

≤ δ +

(∫
Ω

∫
Ω′

∣∣∣ n∑
j=1

(ξj(ω)− ξj(ω′))|bj |2
∣∣∣ddµ′(ω′)dµ(ω)

)1/d

.

Eis�gontac tic sunart seic Rademacher kai qrhsimopoi¸ntac thn anisìthta Khintchine,
paÐrnoume

J ≤ δ +

(∫
Ω

∫
Ω′

∫ 1

0

∣∣∣ n∑
j=1

(ξj(ω)− ξj(ω′))|bj |2rj(t)
∣∣∣ddtdµ′(ω′)dµ(ω)

)1/d

≤ δ +
√
d

(∫
Ω

∫
Ω′

∣∣∣ n∑
j=1

(ξj(ω)− ξj(ω′))2|bj |4
∣∣∣ddµ′(ω′)dµ(ω)

) 1
2d

≤ δ + 2
√
d

(∫
Ω

∣∣∣ n∑
j=i,

ξj(ω)|bj |4
∣∣∣ddµ(ω)

) 1
2d

≤ δ + 2γ
√
d
√
J.

Epomènwc,

(4.2.56) J ≤ 2δ + 16γ2d,

ap� ìpou sumperaÐnoume ìti

(4.2.57) %̃ ≤ C1(
√
δ + γ

√
d)

gia k�poia stajer� C1 ≥ 1. Sunep¸c,

(4.2.58) an(γ, δ) ≤ γ + 80bn(C1(
√
δ + γ

√
d, δ) ≤ γ + 80C1bn(

√
δ + γ

√
d, δ),

kai h apìdeixh eÐnai pl rhc an parathr soume ìti γ ≤ bn(γ, δ). 2

Prìtash 4.2.7. Gia k�je fusikì k up�rqei stajer� Dk > 0 tètoia ¸ste, gia k�je
fusikì n kai gia k�je 0 < δ < 1/d kai 0 < γ ≤ 1,

(4.2.59) an(γ, δ) ≤ Dkan(δ + γ2k(log n)2k−1, δ)
1
2k .
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Apìdeixh. Exet�zoume pr¸ta thn perÐptwsh k = 1. 'Estw A : `n2 → `n2 grammikìc
telest c tètoioc ¸ste ‖A‖ ≤ 1 kai ‖Aei‖ ≤ τ gia k�je 1 ≤ i ≤ n, ìpou 0 < τ ≤ 1. Tìte,
‖A∗A‖ ≤ 1 kai |〈A∗Aei, ej〉| ≤ τ2 gia k�je 1 ≤ i, j ≤ n. Apì tic upojèseic autèc èpetai
ìti

an(τ2, δ) ≥

(∫
Ω

‖Rσ(ω)A
∗ARσ(ω)‖ddµ(ω)

)1/d

=

(∫
Ω

‖ARσ(ω)‖2ddµ(ω)

)1/d

≥

(∫
Ω

‖ARσ(ω)‖ddµ(ω)

)2/d

,

ap� ìpou èpetai ìti

(4.2.60) an(τ2, δ) ≥ bn(τ, δ)
2

gia k�je τ ∈ (0, 1). Apì th sqèsh (4.2.60) kai thn Prìtash 4.2.6 èpetai ìti

an(γ, δ) ≤ D0bn(
√
δ + γ

√
log n, δ) ≤

√
2D0bn((

√
δ + γ

√
log n)/

√
2, δ)

≤
√

2D0an(δ + γ2 log n, δ)1/2.

Jètontac D1 =
√

2D0, èqoume telik�

(4.2.61) an(γ, δ) ≤ D1an(δ + γ2 log n, δ)
1/2
.

SuneqÐzoume me ton Ðdio trìpo gia k > 1. Gia par�deigma, jètontac d = log n kai qrhsi-
mopoi¸ntac thn an(γ, δ) ≤ Ban(B−1γ, δ) (h opoÐa isqÔei gia k�je B ≥ 1) mporoÔme na
gr�youme

an(γ, δ) ≤ D
3/2
1 an(δ + (δ + γ2d)2d, δ)1/4 ≤ D

3/2
1 an(δ + 2δ2d+ 2γ4d3, δ)1/4

≤ D
3/2
1 an(3δ + 2γ4d3, δ)1/4 ≤ 31/4D

3/2
1 an(δ + γ4d3, δ)1/4,

to opoÐo apodeiknÔei to zhtoÔmeno gia k = 2. 2

Prìtash 4.2.8. Up�rqei stajer� B > 0 tètoia ¸ste, gia k�je fusikì n kai gia k�je
0 < δ, λ < 1 kai 0 < γ ≤ 1 kai 0 < κ < 1

2 ,

(4.2.62) an(γ, δ) ≤ B
(
δλ + κ−λan(γ, κ)

)
.

Apìdeixh. 'Estw n, κ, δ, λ, γ ìpwc sthn upìjesh kai èstw A : `n2 → `n2 autosuzug c
telest c me ‖A‖ ≤ 1. Upojètoume ìti |aij | = |〈Aei, ej〉| ≤ γ gia k�je 1 ≤ i, j ≤ n.
Qrhsimopoi¸ntac ton Ðdio sumbolismì kai daodikasÐa apìdeixhc ìpwc sto Je¸rhma 4.2.4,
blèpoume ìti ∫

Ω

‖Rσ(ω)ARσ(ω)‖ddµ(ω) ≤
∫

Ω

tr
(
Rσ(ω)ARσ(ω)

)d
dµ(ω)

≤ ed
∫

Ω

‖Rσ(ω)ARσ(ω)||ddµ(ω).
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EpÐshc, blèpoume ìti

(4.2.63)
∫

Ω

tr
(
Rσ(ω)ARσ(ω)

)d
dµ(ω) =

d∑
h=1

chδ
h

gia kat�llhlouc suntelestèc ch. An jèsoume δ = κx2, èqoume ìti

(4.2.64)
∣∣∣ d∑
h=1

chδ
h
∣∣∣ = ∣∣∣ d∑

h=1

chκ
hx2h

∣∣∣ ≤ edan(γ, κx2)
d ≤ edan(γ, κ)

d

gia k�je −1 ≤ x ≤ 1. EpÐshc,

(4.2.65) |chκh| ≤ e3dan(γ, κ)
d

gia k�je 1 ≤ h ≤ d. Qrhsimopoi¸ntac to gegonìc ìti |ch| ≤ e3dan(γ, 1)d ≤ e3d gia k�je
h = 1, . . . , d, h opoÐa prokÔptei apì to prohgoÔmeno fr�gma gia ton |ch|κh an p�roume
κ = 1, blèpoume ìti

∣∣∣ d∑
h=1

chδ
h
∣∣∣ ≤

[λd]∑
h=1

|ch|+
d∑

h=[λd]+1

|ch|δh

≤ e3dan(γ, κ)d
[λd]∑
h=1

κ−h + δλdde3d

≤ 2e3dan(γ, κ)dκ−λd + δλde4d,

�ra, apì ton orismì tou an(γ, δ), apì thn (4.2.63) kai apì thn prohgoÔmenh anisìthta
èpetai ìti

an(γ, δ) = sup
A

(∫
Ω

‖Rσ(ω)ARσ(ω)‖ddµ(ω)

)1/d

≤
∣∣∣ d∑
h=1

chδ
h
∣∣∣1/d

≤
(
2e3dan(γ, κ)

d
κ−λd + δλde4d

)1/d

≤ B
(
κ−λan(γ, κ)

d + δλ
)

gia k�poia stajer� B ≥ 1. Sth genikìterh perÐptwsh, ìpou o A den eÐnai aparaÐthta
autosuzug c, blèpoume me ton sun jh trìpo ìti to sumpèrasma exakoloujeÐ na isqÔei an
antikatast soume th stajer� B me th stajer� 2B. 2
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Prìtash 4.2.9. Up�rqei stajer� C0 > 0 me thn ex c idiìthta: 'Estw T : `n2 → `n2
grammikìc telest c nìrmac 1 tètoioc ¸ste ‖Tei‖ ≤ % gia k�je 1 ≤ i ≤ n, ìpou 1

n ≤ % ≤ 1.
Gia k�je 1 ≤ h ≤ n orÐzoume

(4.2.66) Ph =

{
h−

1
2

∑
i∈A

Tei : |A| ≤ h

}
.

Tìte, h entropÐa N2(Ph, t) (dhlad  o el�qistoc arijmìc mpal¸n aktÐnac t pou qrei�zontai
gia na kalÔyoun to Ph) ikanopoieÐ tic

(4.2.67) logN2(Ph, t) ≤ C0h log n

an 0 ≤ t ≤ %, kai

(4.2.68) logN2(Ph, t) ≤ C0%
2ht−2 log n

an % ≤ t ≤ %
√
h.

Apìdeixh. Sthn tetrimmènh perÐptwsh 0 ≤ t ≤ % ektimoÔme thn entropÐa apì ton plhj�r-

ijmo
(
n
h

)
≤
(
en
h

)h
tou Ph. An % ≤ t ≤ %

√
h, upojètoume gia aplìthta ìti t = 2

j
2 % gia

k�poion fusikì j kai jewroÔme j anex�rthta antÐgrafa {εli}ni=1, ≤ l ≤ j miac akolou-
jÐac {ε0i }ni=1 anex�rthtwn tuqaÐwn 0-1 metablht¸n. Tìte, gia k�je A ⊂ {1, 2, . . . , n} me
|A| ≤ h èqoume∑

i∈A
Tei =

∑
i∈A

ε1iTei +
∑
i∈A

(1− ε1i )ε
2
iTei + · · ·

+
∑
i∈A

(1− ε1i ) · · · (1− εj−1
i )εjiTei +

∑
i∈A

(1− ε1i ) · · · (1− εji )Tei.

ParathroÔme ìti

J =
∫ ∥∥∥∥∥h−1/2

∑
i∈A

Tei − h−1/2
∑
i∈A

(1− ε1i ) · · · (1− εji )Tei

∥∥∥∥∥ dε1 · · · dεj
≤ h−1/2

j∑
l=1

∫ ∥∥∥∥∥∑
i∈A

(1− ε1i ) · · · (1− εl−1
i )εliTei

∥∥∥∥∥ dε1 · · · dεl
≤ h−1/2

j∑
l=1

∫ ∫ ∥∥∥∥∥∑
i∈A

(1− ε1i ) · · · (1− εl−1
i )εliTei

∥∥∥∥∥
2

dεl

1/2

dε1 · · · dεl−1.

An efarmìsoume sthn teleutaÐa sqèsh to genikeumèno kanìna tou parallhlogr�mmou,
paÐrnoume

J ≤ h−1/2

j∑
l=1

∫ (∑
i∈A

∥∥(1− ε1i ) · · · (1− εl−1
i )Tei

∥∥2

)1/2

dε1 · · · dεl−1
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= h−1/2

j∑
l=1

∫ (∑
i∈A

|1− ε1i |2 · · · |1− εl−1
i |2‖Tei‖2

)1/2

dε1 · · · dεl−1.

Epiplèon, epeid  ‖Tei‖ ≤ %, èpetai ìti

(4.2.69) J ≤ %h−1/2

j∑
l=1

∫ (∑
i∈A

|1− ε1i |2 · · · |1− εl−1
i |2

)1/2

dε1 · · · dεl−1.

T¸ra, gia k�poio stajerì 1 ≤ l ≤ j kai mia stajer  akoloujÐa {εki }i≤n,k≤l jètoume

(4.2.70) Al(ε) = {i ∈ A : ε1i = · · · = εli = −1}

kai gr�foume thn prohgoÔmenh anisìthta sth morf 

(4.2.71) J ≤ %h−1/2

j∑
l=1

2l−1

∫
|Al−1(ε)|1/2dε1 · · · dεl−1.

AfoÔ
(4.2.72)

S :=
∫
|Al−1(ε)|1/2dε1 · · · dεl−1 = 2−l+1

∫ ∑
i∈A

(1− ε1i ) · · · (1− εl−1
i )dε1 · · · dεl−1,

h (4.2.69) gÐnetai

(4.2.73) J ≤ %

j∑
l=1

2
l−1
2 ≤ C1t

gia k�poia stajer� C1 > 0 anex�rthth tou t. 'Epetai epÐshc ìti up�rqei akoloujÐa
pros mwn ε = {εli}i≤n,l≤j ¸ste

(4.2.74) |Aj(ε)| ≤ 2−j+1h ≤ 2h%2t−2

kai

(4.2.75)

∥∥∥∥∥∥h−1/2
∑
i∈A

Tei − h−1/22j
∑

i∈Aj(ε)

Tei

∥∥∥∥∥∥ ≤ C1t.

Sunep¸c,

(4.2.76)

∥∥∥∥∥∥h−1/2
∑
i∈A

Tei −
√

2t%−1(2h%2t−2)−1/2
∑

i∈Aj(ε)

Tei

∥∥∥∥∥∥ ≤ C1t,
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to opoÐo deÐqnei ìti

(4.2.77) N2(Ph, C2t) ≤ N2(P2h%2t−2 , %)

gia k�poia arijmhtik  stajer� C2 > 0. An ektim soume ton arijmì entropÐac sto dexiì
mèloc thc (4.2.77) mèsw tou plhjarÐjmou tou P2h%2t−2 , ìpwc k�name gia thn N2(Ph, t),
èqoume ìti
(4.2.78)

N2(P2h%2t−2 , %) ≤
(

n

2h%2t−2

)
≤
(

en

2h%2t−2

)2h%2t−2

=
(
ent2

2h%2

)2h%2t−2

≤
(en

2

)2h%2t−2

diìti t ≤ %h−1/2. 2

Ja qreiastoÔme èna akìma L mma apì to [6]:

L mma 4.2.10. 'Estw E èna uposÔnolo tou Rn+ kai èstw B = supx∈E ‖x‖2. JewroÔme
δ ∈ (0, 1) kai mia akoloujÐa {ξi}ni=1 anex�rthtwn 0-1 tuqaÐwn metablht¸n me mèsh tim 
δ sto q¸ro pijanìthtac (Ω,Σ, µ). Gia k�je q ≥ 1 kai gia k�je 1 ≤ m ≤ n,∥∥∥∥∥ sup

x∈E,|A|≤m

(∑
i∈A

ξi(ω)xi

)∥∥∥∥∥
Lq(Ω)

≤ C

(
δm+

q

log(1/δ)

)1/2

B

+
1√

log(1/δ)

∫ B

0

√
logN2(E , t) dt.

Apìdeixh. DeÐqnoume pr¸ta ìti, gia k�je k ≤ n,

(4.2.79)

∥∥∥∥∥
k∑
i=1

ξi(ω)

∥∥∥∥∥
Lq(Ω)

≤ Cδk + C
q

log(1 + q/δk)
.

MporoÔme na upojèsoume ìti o q eÐnai akèraioc kai ìti q > 2δk (alli¸c h anisìthta isqÔei
tetrimmèna). Gr�foume ∥∥∥∥∥

k∑
i=1

ξi

∥∥∥∥∥
q

q

=
∫

Ω

(
k∑
i=1

ξi(ω)

)q
dµ(ω)

=
k∑
j=0

(
k

j

)
δj(1− δ)k−jjq

≤ C
k∑
j=1

(
δk

j

)j
jq.



88 · Merik  ap�nthsh sto prìblhma Kadison–Singer

H teleutaÐa posìthta fr�ssetai apì

(4.2.80) qq
∫ ∞

0

(
δk

tq

)tq
tqdt ≤

(
C

q

log(1 + q/δk)

)q
.

Me èna epiqeÐrhma diadoqik c prosèggishc, qrhsimopoi¸ntac ìlo kai leptìtera dÐktua
gia to E , blèpoume ìti k�je x ∈ E gr�fetai sth morf 

(4.2.81) x =
∑

2k≤B

2ky(k),

ìpou ta y(k) an koun se k�poio Fk ⊂ Bn2 me plhj�rijmo pou ikanopoieÐ thn

(4.2.82) log |Fk| ≤ C logN(E , 2k−2).

Sunep¸c,
(4.2.83)∥∥∥∥∥ sup

x∈E,|A|≤m

(∑
i∈A

ξi(ω)xi

)∥∥∥∥∥
Lq(Ω)

≤
∑

2k≤B

2k
∥∥∥∥∥ sup
x∈Fk,|A|≤m

(∑
i∈A

ξi(ω)|yi|

)∥∥∥∥∥
Lq(Ω)

.

StajeropoioÔme F := Fk kai jètoume p = q + log |F|. OrÐzoume

(4.2.84) %1 =
√
δ/m kai %2 =

√
log(1/δ)/

√
p.

Gia k�je A me |A| ≤ m gr�foume∑
i∈A

ξi(ω)|yi| ≤
∑

i∈A,|yi|≥%2

|yi|+
∑

i∈A,|yi|≤%1

|yi|+
∑

i∈A,%1<|y1|<%2

ξi(ω)|yi|

≤ 1
%2

+m%1 +
∑

i∈A,%1<|yi|<%2

ξi(ω)|yi| sup
y∈F,|A|≤m

(∑
i∈A

ξi(ω)|yi|

)

≤ 1
%2

+m%1 + sup
y∈F

 ∑
%1<|y1|<%2

ξi(ω)|yi|

 .

An %1 ≥ %2 tìte o trÐtoc ìroc paraleÐpetai. Sunep¸c,
(4.2.85)∥∥∥∥∥ sup

x∈F,|A|≤m

(∑
i∈A

ξi(ω)|yi|

)∥∥∥∥∥
Lq(Ω)

≤ 1
%2

+m%1 + sup
y∈Bn

2

∥∥∥∥∥∥
∑

%1<|y1|<%2

ξi(ω)|yi|

∥∥∥∥∥∥
Lp(Ω)

.

Qrhsimopoi¸ntac thn (4.2.79) kai - sto tèloc - ton orismì tou %2, gr�foume

sup
y∈Bn

2

∥∥∥∥∥∥
∑

%1<|y1|<%2

ξi(ω)|yi|

∥∥∥∥∥∥
Lp(Ω)

≤
∑

k=2s,%−2
2 <k<%−2

1

∥∥∥∥∥
k∑
i=1

ξi(ω)

∥∥∥∥∥
p
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≤ Cδ%−1
1 + Cp

∑
k=2s,k>%−2

2

(√
k log(2 + p/δk)

)−1

' δ%−1
1 + p%2

∫ ∞

1

t−3/2 (log(2 + log(1/δ)/δt))−1
dt

' δ%−1
1 + p%2(log(1/δ))−1.

'Epetai ìti∥∥∥∥∥ sup
x∈F,|A|≤m

(∑
i∈A

ξi(ω)|yi|

)∥∥∥∥∥
Lq(Ω)

≤ m%1 + Cδ%−1
1 + p%2(log(1/δ))−1 + %−1

2

< C
√
δm+ C(log(1/δ))−1/2(q + log |F|)1/2.

Antikajist¸ntac sthn (4.2.83) kai prosjètontac p�nw apì ìla ta 2k ≤ B paÐrnoume to
zhtoÔmeno. 2

Prìtash 4.2.11. Up�rqei stajer� C1 > 0 tètoia ¸ste, gia k�je fusikì n > 1 kai gia
k�je 0 < δ < 1

e kai 1
n ≤ % < 1,

(4.2.86) bn(%, δ) ≤ C1

[
δ1/2(log n)1/2 + (% log(1/%))1/2 (log n)1/4

]
.

Apìdeixh. 'Estw n, δ, % ìpwc parap�nw kai èstw T : `n2 → `n2 grammikìc telest c me
‖T‖ ≤ 1, tètoioc ¸ste ‖Tei‖ ≤ % gia k�je 1 ≤ i ≤ n. JewroÔme akoloujÐa anex�rthtwn
tuqaÐwn 0-1 metablht¸n {ξi}ni=1 sto q¸ro pijanìthtac (Ω,Σ, µ) kai stajeropoioÔme h me
1 ≤ h ≤ n. Gia k�je A ⊂ {1, 2, . . . , n} me |A| ≤ h kai gia k�je ω ∈ Ω orÐzoume

(4.2.87) FA(ω) = h−
1
2

∑
i∈A

ξi(ω)Tei.

Tìte,

(4.2.88) ‖FA(ω)‖2 = h−1

[∑
i∈A

ξi(ω)%2 +
∑

i,j∈A,i 6=j

ξi(ω)ξj(ω)〈Tei, T ej〉

]
.

AfoÔ |A| ≤ h kai ξi(ω) ≤ 1, èpetai ìti

(4.2.89) ‖FA(ω)‖2 ≤ %2 + h−1
∑
i∈A

ξi(ω)〈Tei,
∑

j∈A,j 6=i

ξj(ω)Tej〉.

OrÐzoume

(4.2.90) Kh(ω) = max
|A|≤h

‖FA(ω)‖.
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Jètoume d = log n kai jewroÔme èna anex�rthto antÐgrafo (Ω′,Σ′, µ′) tou (Ω,Σ, µ).
Qrhsimopoi¸ntac thn Prìtash 3.2.5 parathroÔme ìti

(∫
Ω

Kh(ω)2ddµ(ω)
) 1

d ≤ %2 +
(∫

Ω

max
|A|≤h

∣∣∣∣∣h−1
∑
i∈A

ξi(ω)〈Tei,
∑

j∈A,j 6=i

ξj(ω)Tej〉

∣∣∣∣∣
d

dµ(ω)
)1/d

≤ %2 + 20
(∫

Ω

∫
Ω′

max
|A|≤h,|A′|≤h

|〈FA(ω), FA′(ω′)〉|
d
dµ′(ω′)dµ(ω)

)1/d

.

StajeropoioÔme ω′ ∈ Ω′ kai jewroÔme to uposÔnolo

(4.2.91) Eh,ω′ =

{{
|〈Tei, FA′(ω′)〉|

}n
i=1

: |A′| ≤ h

}

tou `n2 . OrÐzoume

(4.2.92) Bh,ω′ = max
|A′|≤h

(
n∑
i=1

|〈Tei, FA′(ω′)〉|2
)1/2

.

Tìte,

Bh,ω′ = max
|A′|≤h

max
‖a‖≤1

[
n∑
i=1

ai〈Tei, FA′(ω′)〉

]
≤ ‖T‖ max

|A′|≤h
‖FA′(ω′)‖

≤ Kh(ω′).

Qrhsimopoi¸ntac to L mma 4.2.10 blèpoume ìti up�rqei arijmhtik  stajer� B1 > 0 tètoia
¸ste, gia k�je ω′ ∈ Ω,

(4.2.93)
(∫

Ω

max
|A|≤h,|A′|≤h

|〈FA(ω), FA′(ω′)〉|
d
dµ(ω)

)1/d

≤ h−1/2

[
B1

(
δh+

d

log(1/δ)

)1/2

Bh,ω′ + log(1/δ)−1/2

∫ Bh,ω′

0

√
logN2(Eh,ω′,t)dt

]

≤ B1δ
1/2Kh(ω′) + h log(1/δ)−1/2

[
B1d

1/2Kh(ω′) +
∫ Bh,ω′

0

√
logN2(Eh,ω′,t)dt

]
.

ParathroÔme ìti gia thn apìstash dÔo sunìlwn A kai A′ me plhj�rijmo ≤ h isqÔei

(4.2.94) dA,A′ =

(
n∑
i=1

|〈Tei, FA(ω)− FA′(ω′)〉|2
)1/2

≤ ‖FA(ω)− FA′(ω′)‖.
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'Ara,

(4.2.95) N2(Eh,ω′ , t) ≤ N2(Ph, t)

gia k�je ω′ ∈ Ω′ kai 0 < t <∞, ìpou

(4.2.96) Ph =

{
1√
h

∑
i∈A

Tei : |A| ≤ h

}
.

'Omwc,

(4.2.97) BPh
= max

|A|≤h
h−1/2

∥∥∥∥∥∑
i∈A

Tei

∥∥∥∥∥ ≤ %h1/2 ∧ 1,

opìte, oloklhr¸nontac wc proc µ′, paÐrnoume(∫
Ω

Kh(ω)ddµ(ω)
)2/d

≤ %2 +B1δ
1/2

(∫
Ω′
Kh(ω′)

d
dµ(ω′)

)1/d

+h log(1/δ)−1/2 ×

[
B1d

1/2
(∫

Ω′
Kh(ω′)

d
dµ(ω′)

)1/d

+
∫ %h1/2∧1

0

√
logN2(Ph, t)dt

]
.

Epomènwc up�rqei mia apìluth stajer� B2 > 0 ¸ste(∫
Ω

Kh(ω)ddµ(ω)
)1/d

≤ B2

[
%+ δ1/2 +

( d

h log(1/δ)

)1/2

+

{(
h log(

1
δ
)
)− 1

2
∫ %h1/2∧1

0

√
logN2(Ph, t)dt

}1/2]
.

UpologÐzoume t¸ra to teleutaÐo olokl rwma qrhsimopoi¸ntac thn Prìtash 4.2.9: èqoume∫ %h1/2∧1

0

√
logN2(Ph, t)dt ≤ (C0h log n)1/2%(1 + log(1/%))

≤ 2(C0h log n)1/2% log(1/%).

Sunep¸c,(∫
Ω

Kh(ω)2ddµ(ω)
)1/d

≤ B2

[
%+ δ1/2 +

( d

h log(1/δ)

)1/2

+

{(
h log(1/δ)

)−1/2

2(C0h log n)1/2% log(1/%)

}1/2]
.
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Epomènwc, up�rqei apìluth stajer� B3 > 0 ¸ste

(4.2.98)
(∫

Ω

Kh(ω)ddµ(ω)
)1/d

≤ B3

[
%+ δ1/2 +

(
d

h

)1/2

+ d1/4
(
% log(1/%)

)1/2
]
.

An h ≥
√
d/% tìte (d/h)1/2 ≤ d1/4%1/2, �ra

(4.2.99) %+ (d/h)1/2 ≤ 2d1/4
(
% log(1/%)

)1/2

.

An p�li h <
√
d/%, tìte

(4.2.100)
(∫

Ω

Kh(ω)ddµ(ω)
)1/d

≤ %h1/2 < d1/4%1/2.

Epomènwc, se k�je perÐptwsh èqoume ìti, gia mia apìluth stajer� B4 > 0 isqÔei

(4.2.101)
(∫

Ω

Kh(ω)ddµ(ω)
)1/d

≤ B4

[
δ1/2 + d1/4

(
% log(1/%)

)1/2
]

gia k�je 1 ≤ h ≤ n.
Qrhsimopoi¸ntac ta parap�nw, ja ektim soume to b(%, δ). 'Estw {ai}ni=1 mia akolou-

jÐa mh arnhtik¸n pragmatik¸n arijm¸n kai èstw π mia met�jesh tou sunìlou {1, 2, . . . , n}
tètoia ¸ste

(4.2.102) aπ(1) ≥ aπ(2) ≥ · · · ≥ aπ(n).

Tìte, gia k�je ω ∈ Ω èqoume ìti∥∥∥∥∥
n∑
i=1

aiξi(ω)Tei

∥∥∥∥∥ ≤
n−1∑
j=1

(aπ(j) − aπ(j+1))

∥∥∥∥∥
j∑
i=1

ξπ(i)(ω)Teπ(i)

∥∥∥∥∥
+aπ(n)

∥∥∥∥∥
n∑
i=1

ξi(ω)Tei

∥∥∥∥∥
≤

n−1∑
j=1

(aπ(j) − aπ(j+1))j1/2Kj(ω) + aπ(n)n
1/2Kn(ω)

≤ max
1≤j≤n

Kj(ω)
n∑
i=1

aπ(i)

(
i1/2 − (i− 1)1/2

)
≤ d1/2‖a‖2 max

1≤j≤n
Kj(ω).
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An h akoloujÐa {ai}ni=1 eÐnai tuqoÔsa, tìte paÐrnoume to Ðdio �nw fr�gma, mìno pou to
dexiì mèloc diplasi�zetai. Epomènwc,

(4.2.103) ‖TRσω‖ ≤ 2d1/2 max
1≤j≤n

Kj(ω)

gia k�je ω ∈ Ω. Apì ta parap�nw èpetai ìti

b(%, δ) ≤ d1/2
(∫

Ω

max
1≤j≤n

Kj(ω)ddµ(ω)
)1/d

≤ 2d1/2
( n∑
j=1

∫
Ω

Kj(ω)ddµ(ω)
)1/d

≤ 2d1/2n1/d max
1≤j≤n

(∫
Ω

Kj(ω)ddµ(ω)
)1/d

≤ 6B4d
1/2

[
δ1/2 + d1/4

(
% log(1/%)

)1/2
]
.

2

Apìdeixh tou Jewr matoc 4.2.3. 'Estw ν > 0. Efarmìzoume thn Prìtash 4.2.7 me
γ = d−1−ν , δ = d−10 kai k = [5/ν]. Tìte, gia k�poia stajer� Dk > 0 èqoume ìti

(4.2.104) an(d−1−ν , d−10) ≤ Dkan(d−10 + d−1−2kν , d−10)
1
2k ≤ Dkan(2d−10, d−10)

1
2k .

T¸ra, efarmìzontac thn Prìtash 4.2.6 me γ = d−1−ν kai δ = d−10 paÐrnoume

(4.2.105) an(2d−10, d−10) ≤ D0bn(d−5 + 2d−19/2, d−10) ≤ D0bn(2d−5, d−10),

an upojèsoume ìti to n eÐnai arket� meg�lo. Epiplèon, apì thn Prìtash 4.2.11 èpetai
ìti an jèsoume % = 2d−5 kai δ = d−10, d = log n tìte

(4.2.106) bn(2d−5, d−10) ≤ C1

[
δ−9/2 +

(
2d−10 log(d10/2)

)1/2
d1/4

]
≤ C1d

−4,

upojètontac p�li ìti to n eÐnai arket� meg�lo. Sundu�zontac ta parap�nw, sumperaÐ-
noume ìti

an(d−1−ν , d−10) ≤ Dkan(2d−10, d−10)
1/2k

≤ Dk

(
D0bn(2d−5, d−10)

)1/2k

≤ Dk

(
D0C1d

−4
)1/2k

≤ Dk

(
D0C1

)1/2k

d−2/k.
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An t¸ra efarmìsoume thn Prìtash 4.2.8 me γ = d−1−ν , δ = d−10 kai λ = 1
10k , blèpoume

ìti

an(d−1−ν , d−10) ≤ B
(
δ

1
10k + k−

1
10k an(d−1−ν , k)

)
≤ B

(
δ

1
10k + k−

1
10kDk

(
D0C1

) 1
2k

d−
2
k

)
gia k�je 0 < δ < 1. Epomènwc, gia arket� meg�lo n ja èqoume

(4.2.107) an(d−1−ν , δ) ≤ Cδ
1

10k

gia k�poia apìluth stajer� C > 0 kai qwrÐc bl�bh thc genikìthtac upojètoume ìti 1
10k ≤

ν
C . Oloklhr¸noume thn apìdeixh qrhsimopoi¸ntac to je¸rhma 4.2.1 me d−1−ν , δ = d−10

kai ε = Cδ
1

10k . AfoÔ

(4.2.108) an(d−1−ν , δ) ≤ Cδ
1

10k ,

èqoume

(4.2.109)
(∫

Ω

‖Rσ(ω)TRσ(ω)‖ddµ(ω)
) 1

d ≤ Cδ
1

10k ,

�ra to Je¸rhma 4.2.1 mac dÐnei diamèrish {σ1, . . . , σm} me thn idiìthta

(4.2.110) ‖Rσj
TRσj

‖ ≤ 3Cδ
1

10k

gia k�je j. Epomènwc, an jèsoume C ′ = 3C kai jumhjoÔme ìti 1
10k ≤

ν
C èpetai ìti

(4.2.111) ‖Rσj
TRσj

‖ ≤ C ′δ
ν
C .

2
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