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Illuminating 1-unconditional convex bodies in R? and
R*, and certain cases in higher dimensions

Wen Rui Sun and Beatrice-Helen Vritsiou

Abstract

We settle the Hadwiger-Boltyanski Illumination Conjecture for all 1-unconditional convex
bodies in R? and in R*. Moreover, we settle the conjecture for those higher-dimensional
l-unconditional convex bodies which have at least one coordinate hyperplane projection
equal to the corresponding projection of the circumscribing rectangular box. Finally, we
confirm the conjectured equality cases of the Illumination Conjecture within the subclass
of l-unconditional bodies which, just like the cube [—1,1]", have no extreme points on
coordinate subspaces.

Our methods are combinatorial, and the illuminating sets that we use consist primarily
of small perturbations of the standard basis vectors. In particular, we build on ideas and
constructions from [39], and mainly on the notion of deep illumination introduced there.

1 Introduction

This paper is a direct continuation of [39]: building on the approach there, which allowed us
to come up with a uniform way of illuminating 1-symmetric convex bodies of all dimensions in
accordance to what the Illumination Conjecture stipulates, we extend this to certain cases of
1-unconditional convex bodies.

Let K be a convezr body in the Euclidean space R", that is, a convex, compact set with
non-empty interior. Given a boundary point z of K and a non-zero vector d € R"™ (a direction),
we say that d illuminates x if there exists € > 0 such that z + ed € int K. A set of directions
D = {d1,ds,...,dp} such that, for each boundary point x of K, there is at least one d; € D
which illuminates x, will be called an illuminating set for K. The smallest cardinality of an
illuminating set for K is called the illumination number of K, and we denote it by J(K).

This definition of illumination is due to Boltyanski [I0]. There is also an equivalent definition
by Hadwiger [25], where we illuminate using point ‘light sources’ placed outside K (and all rays
emanating from them towards the boundary of K, which meet the boundary and then cross
into the interior of K); it can be shown that both definitions lead to the same number for a
fixed body K.

Moreover, we have that, for any convex body K, J(K) = N(K,int K), where the latter
stands for the covering number of K by int K (that is, the smallest number of translates of
int K whose union contains K). Thus the Illumination Conjecture, which we formulate right
below, is equivalent to Hadwiger’s Covering Problem. Finally, there is yet another equivalent
formulation by Gohberg and Markus [23], where we cover K by smaller homothetic copies of it.

Hadwiger’s Covering Problem/The Hadwiger-Boltyanski Illumination Conjecture.
For every convex body K in R", we should have J(K) = N(K,int K) < 2".

Furthermore, the inequality should be strict, except in the case of the cube and of its affine
images (parallelepipeds) in R"™.

Keywords: illumination, symmetries of the cube, covering number, X-ray number, deep illumination
2020 Mathematics Subject Classification: 52A40, 52A37 (Primary); 52A20, 52C07 (Secondary)


http://arxiv.org/abs/2407.11331v1

An excellent reference on the history of these conjectures, and of related problems, and on
progress up to recent years is the survey [6]. We also refer to the monographs [4], [I4] and the
surveys [3], 12, [33].

Levi in 1955 [30] fully settled the problem of bounding N (K, int K') for planar convex bodies
(showing that N(K,int K) = 3 for K C R2?, except if K is a parallelogram, in which case
N(K,int K) = 4). Motivated by that, in 1957 Hadwiger [24] posed the analogous question in
higher dimensions. Still, aside from Levi’s solution in R?, in all other dimensions the general
problem is still open. In dimension 3 Lassak [28] has shown that, if K is centrally symmetric
(that is, K — 2 = z — K for some z € R3), then J(K) < 8. In other words, short of the
equality cases, the conjecture in R3 is settled for symmetric convex bodies, but it remains open
for the not-necessarily symmetric case, with the best bound being 14 (due to Prymak [35]). We
also refer to a very recent paper by Arman, Bondarenko and Prymak [1], where the reader can
find all the progress to date and the most recent improvements on the bounds for other low
dimensions.

A longstanding general upper bound (which remains the best known when specialised to the
symmetric case) was already given in 1964 by Erdos and Rogers [20]:

vol(K — K)
vol(K)

vol(K — K)

J(K)=N(K,intK) < vol(K)

6(K) < n(lnn+Inlnn + 5)

where 6(K) is the asymptotic lower density of the most economical covering of R™ by copies
(translates) of K. Erdos and Rogers adapted an earlier proof by Rogers [36] which was giving
the first polynomial-order, and essentially best known to date, bound on #(K). Combining this
with the Rogers-Shephard inequality [37], one is led to the bound J(K) < C4™/nlnn for every
convex body K C R", where C is an absolute constant (moreover, in the symmetric case one
gets J(K) < C'2"nlnn). More recently, subexponential improvements to this general upper
bound were given in [26], [I8] and [21], with the latter two papers attaining almost exponential
improvements. The main novelty in these three papers is the use of results from Asymptotic
Convex Geometry on the concentration of volume in high-dimensional convex bodies. Note
however that neither the initial approach in [26], nor the more recent refinements, can contribute
anything to the bound in the symmetric case, which would be the most relevant one for both
this paper and [39].

The Hlumination Conjecture has been fully settled for certain special classes of convex
bodies. Again, we refer the reader to the survey [6] for a comprehensive list of references up to
2016. Just as examples, we mention that:

e Levi also showed in [30] that J(Q) = n + 1 for all smooth convex bodies @ in R".

e Martini [32] settled the conjecture for the class of belt polytopes (which contains the
zonotopes). This was later extended by Boltyanski and Soltan [15], [16] to zonoids, and by
Boltyanski [II] to belt bodies (see also [13]).

e The conjecture is fully settled for convex bodies of constant width. For dimensions n > 16,
this is due to Schramm [38]. For the remaining dimensions we have: [29], [41] (see also [8,
Section 11]) dealing with n = 3, [7] dealing with n = 4, and [17] dealing with 5 < n < 15.

e Tikhomirov [40] settled the conjecture for 1-symmetric convex bodies of sufficiently large
dimension (1-symmetric means that the body is invariant under reflections about coordi-
nate subspaces and under any permutation of the coordinates). His result was the main
motivation for [39], where the authors gave an alternative approach which also allows one
to deal with 1-symmetric bodies in low dimensions.



e Bezdek, Ivanov and Strachan [5] confirmed the conjecture for centrally symmetric cap
bodies in dimensions n = 3 (see also [27]), n = 4, and n > 20. They further showed that,
if the cap body is 1-unconditional (we recall the definition below), then the Illumination
Conjecture holds in all dimensions (and in that case J(K) < 4n once n > 5).

e Gao, Martini, Wu and Zhang [22] verified the conjecture for polytopes which arise as the
convex hull of the Minkowski sum of a finite subset of the lattice Z™ and of the unit-volume

cube [—%, %]n

e Finally, Livshyts and Tikhomirov [31] settled the conjecture for convex bodies in suffi-
ciently small neighbourhoods of the cube (with respect to either the geometric or the
Hausdorff distance). Given that J(K) = N(K,int K) is an upper semicontinuous quan-
tity (see e.g. [34]), the bound 2" can already be deduced for bodies sufficiently close to
[—1,1]™, so their result is about settling the equality cases (and indeed they show that,
if dist(K,[—1,1]™) is small enough, and K is not a parallelepiped, then 2" — 1 is a sharp
upper bound for J(K)). S

Recall that a convex body K in R is called 1-unconditional if it is invariant under reflections
about coordinate subspaces. Equivalently if

x = (x1,T2,...,2,) € K implies that (ejz1,€exe,...,6,2y) € K
for any choice of signs ¢; € {1}, 1 <7 < n.

Relevant results that would apply to this class are the following, which however only deal with
3-dimensional convex bodies. Lassak [28] showed that J(K) < 8 for every centrally symmetric
convex body K in R? (equivalently, for every origin-symmetric K, that is, such that K = —K).
Moreover, he showed this while using illuminating sets formed by 4 pairs of opposite directions
(and posed the question whether this is possible to do in higher dimensions as well, if K = —K).

Bezdek [2] showed that J(P) < 8 for any polytope in R? which has a non-trivial affine
symmetry. Finally Dekster [I9] obtained the same bound for any convex body K in R? which
is symmetric about a plane.

The main results of this paper are the following. Note that, given a convex body K, we
will denote by dim(K’) the dimension of the ambient Euclidean space. Moreover, assuming the
dimension n is clear from the context, we write 1 =e; + ey + -+ + e, where ¢;, 1 < i < n are
the standard basis vectors in R™.

Theorem 1. Let K be a 1-unconditional convex body in R® or R*, and assume that K is not
a parallelepiped. Then J(K) < 24m(K) _ 9,

Moreover, we can use illuminating sets of this cardinality which consist of pairs of opposite
directions.

Observe that, because of Lassak’s and Dekster’s results, the part of the above theorem which
concerns dimension 3 is only novel in that we also settle the equality cases.

Theorem 2. Let n > 3, and let K be a I-unconditional convex body in R™. Assume without
loss of generality that e; € OK for all 1 <i <n (see the next section on why this is WLOG).
In addition, suppose that there exists at least one ig € {1,2,...,n} such that the vector
1—e;, € OK (in other words, K contains at least one unit subcube of dimension n —1). Then,
if K is not a parallelepiped, we will have that J(K) < 2" — 2.
Moreover, we can use illuminating sets of this cardinality which consist of pairs of opposite
directions.

Similar to Theorem [2, we also have the following



Proposition 3. Let n > 4, and let K be a 1-unconditional convex body in R™ such that e; € 0K
forall1 <i<n.

Assume that for all1 <1i < j < n we have that 1 —e;—e; € 0K (in other words, K contains
all possible unit subcubes of dimension n —2). Then, if K is not a parallelepiped, we will have
that I(K) < 2" — 2.

Moreover, we can use illuminating sets of this cardinality which consist of pairs of opposite
directions.

Corollary 4. Let K be a 1-unconditional convex body satisfying any of the assumptions of
Theorems [1l and [2 or of Proposition [3.

Then, given that we can illuminate K using no more than
tions, we can conclude that K also satisfies the Bezdek-Zamfirescu X -ray conjecture, and that
its X -ray number X (K) < 24im(K),

2dim(K) =1 pairs of opposite direc-

For details on this latter conjecture, see e.g. [9] and [7].

The final main result of this paper is the following

Theorem 5. Let n > 3, and let K be a 1-unconditional convex body in R™ with the following
property:
if x is an extreme point of K, then x; # 0 for all 1 <1i < n. ()
Then, if K is not a parallelepiped, we will have that J(K) < 2™ — 2.
Moreover, we can use illuminating sets of this cardinality which consist of pairs of opposite
directions.

Remark 6. In this paper, 1-unconditional convex bodies which have Property (1) will be called
cubelike.

As we will recall in the next section, such convex bodies in R™ can be illuminated by 2"
directions (and in fact, they can be illuminated by any illuminating set of the cube in R™).
Hence, this last theorem is about settling equality cases in this subclass of bodies.

We will also see that its proof relies on an inductive process, which however on its own can
only recover the bound 2"; it’s a combination of this inductive process and Theorem [2] that
finally allows us to obtain the claimed result.

The rest of the paper is organised as follows. For most of the 3-dimensional cases of Theorem
[0, a proof (or a proof sketch) is given in Section Bl The remaining cases are also special cases
of Theorem [} all cases of this theorem, broken down into separate propositions, are proved in
Section @l The proof of Proposition Bl is also found at the end of this section. In Section [ we
establish Theorem Bl Finally, the still unsettled 4-dimensional cases of Theorem [0, which do
not already follow as special cases of Theorem 2] and of Proposition Bl are handled in Section [6l
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2 Preliminary results

We write [n] for the set {1,2,...,n}, and ej,es,...,e, for the standard basis vectors of R".
For any vector z € R", we will denote by Z, the set {i € [n] : z; = 0}. Also, we will write |f|
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for the vector >
coordinates.

Given a subset A of R™, we will denote its interior and its boundary by int A and by bdA
or 0A respectively. Recall that if A is a non-empty convex set, then its affine hull

icln] |z;| e;, namely the coordinate reflection of x which has only non-negative

aff(4) := {ulal—i—,ugag—i—---—i—,ugag >, aieAanduiERwith,ul—i—,ug—i—---—i—,ugzl}

coincides with the smallest affine subspace of R™ which contains A, and that, in the subspace
topology on aff(A), A has non-empty interior. We call this the relative interior of A and denote
it by relintA. Moreover, we call A\ relintA the relative boundary of A, and denote it by relbd A.

As already mentioned, a convex body K in R" is a convex set of R™ which is compact and
has non-empty interior. If K is also origin-symmetric, that is, K = — K, then K is the unit ball
of a certain norm on R", which is given by z € R" — |jz||x :=inf{t > 0: 2 € tK}.

Recall that the illumination number of any convex body is an affine invariant: namely
J(K) = J(TK + z) for any invertible linear transformation 7' € GL(n) and any (translation)
vector z.

Therefore, without loss of generality, we can assume that all the 1-unconditional convex
bodies B C R™ which we consider satisfy e; € OB for all i € [n], or equivalently that ||e;||g =1
for all i € [n] (this is possible because, if B does not already have this property, it suffices
to multiply it by the diagonal matrix diag(HeleBl, le2llgts-- - Hen||]§1)). We will denote this
subclass of n-dimensional 1-unconditional convex bodies by U".

Finally, we should mention the following fact about illumination (which we will often use in
the sequel).

Fact A. If a set D of directions illuminates all extreme points of a convex body K, then D
illuminates K.

We recall [39, Lemma 1, Corollary 2 and Remark 3] and [39, Lemma 6 and Corollary 7]
(they are now Lemma [7] Corollary 8] Remark [0 Lemma [I0] and Corollary [l respectively).
Their proofs are standard, and are already given in [39], so we will not repeat them here.

Lemma 7. Let B be a 1-unconditional convex body in R™. Suppose that x is a point in B, and
that y € R™ satisfies:
for alli € [n], |yi| < |zl

Then y € B as well.
Moreover, if we have that

for alli € [n], |yi| < x| or |yi| = |zi| =0,
then y € int B.

Corollary 8. Let B be a I-unconditional convex body in R™, and let x € 0B. Then x is
illuminated by any direction d € R™ which satisfies

Zi=2,, and d; - x; <0 for alli € [n]\ Z,

(recall that Z, is the set of indices in [n] which correspond to the zero coordinates of x).

In particular, B is illuminated by the set {—1,0,1}" \ {0}. Furthermore, if B is cubelike
(namely if it has Property (1) from Theorem [3), then B can be illuminated by the set {—1,1}"
(here we also rely on Fact A).



Remark 9. If B is a 1-unconditional convex body in R", and x € B, then, by Lemma [7, we
also have that |z;le; € B for all i € [n].
Thus, if B € U™, then ||z]|c := m?o}{ |z;| < 1. In other words, B C [—1, 1]".
€N

Lemma 10. Let K be a convexr body in R™, and let H be an affine subspace of R™. Suppose
that (int K) N H # 0. Then

relint(KNH) = (int K) N H and relbd(K NH) = (0K)NH.

Corollary 11. Given the same general assumptions as in LemmalIl, consider p € relbd(KNH),
and a non-zero vector d' in the linear subspace H — p < R™ such that p + ed' € relint(K N H)
for some € > 0. Then p+¢ed € int K.

In other words, if p is (K N H)-illuminated by d', within H = aff(K N H), then it is also
K -illuminated by d', viewed within R™ now.

In the sequel, we will also need the following

Lemma 12. Let K be a convex body in R™, let xo € 0K, and let dy be a direction in R™ which
illuminates xg.

(a) We can find p > 0 such that, if d € R™\ {0} satisfies ||dy — d'||oc < p, then d' also
illuminates x.

(b) We can find 7 > 0 such that, for everyy € 0K which satisfies ||x — ylloo < T, we will have
that the direction dy illuminates y as well.

Proof. Fix ¢y > 0 such that x¢ + €odg € int K. Then we can find ny > 0 such that
{zeR": ||(z0 + codo) — 2|loc <m0} C int K.

Now, set p = %770, and consider d’ € R™\ {0} such that ||dy — d'||ec < p. For 2o = z¢ +eod’, we
will have
| (0 + 0do) — 20|, = lleo(do — d")||co = €0lldo — d'lloe < 10,

which shows that zg = xg+e¢d’ € int K. In other words, d’ illuminates xg too, which completes
the proof of part (a).

Similarly, set 7 = ng. Suppose that y € 9K and satisfies ||[zg — y|loc < 7. Then, for
z1 =y + €odp, we have

| (zo + 0do) — 21|, = llzo — Yllow <m0,

and hence z; = y + e9dp € int K. In other words, dy illuminates the boundary point y too,
which shows part (b). O

2.1 A brief review of tools from [39]: illuminating 1-symmetric convex bodies
in all dimensions

Recall that 1-symmetric convex bodies are a subclass of 1-unconditional convex bodies: a body
B C R" is called 1-symmetric if

r = (x1,%2,...,7,) € K implies that (€174(1), €2T5(2);- s EnTo(n)) € K
for any choice of signs ¢; € {£1}, 1 <i < n, and any permutation o on [n].



In [39] we dealt with illuminating 1-symmetric convex bodies in all dimensions, and for this
purpose we introduced the notion of deep illumination: given ¢ € (0,1), consider the set

G"(6) :== ¢d € R":3i € [n] such that d = +e; + Z +oe; o, (1)
jem\{i}

of directions in R™. A direction d € G"(0) is said to deep illuminate a non-zero vector x € R™ if
(i) sign(z;) = —sign(d;) for every i € [n]\Z, and (ii) 1 = ||d||, = |d;| for an index j € [n]\Z,.
A subset S of G™(9) is said to deep illuminate a subset A of R™ \ {0} if every y € A is deep
illuminated by some d, € S.

Subsequently we showed that there exists a smaller subset Z"(J) of G™(d) with cardinality
2™ which still deep illuminates every non-zero vector in R™. We gave two explicit constructions,
a more geometric one, and a purely combinatorial and recursive one.

In this paper, when we write Z"(J), we will exclusively refer to the 2nd type of construction,
which we recall below. This is partly because it will be easier to define/describe variations of
this set, which, as we can then show, we can use as illuminating sets in different settings.

Reminder 13. (Construction of I™(6) from [39])
(i) Check that Z?(8) := {+£(1,0), £(6,—1)} deep illuminates every non-zero vector in R?.

(ii) Construct Z*T1(5) from Z"(J) as follows: out of the 2"*1 directions that Z"*1(§) will have
in the end, the first 2" are formed by appending to each direction d¥ of Z"(4) one more ‘small’
coordinate at the end, so that this new coordinate will have the same sign as the last coordinate
of d7; that is,

dit = (dY, sign(d?,,)d).

At the same time, this direction d? allows us to also define one of the remaining 2" directions
for Z"+1(§), which we will denote by dgf[jsz the sign of each of the first n coordinates of dg,}js
will be the same as for the respective coordinate of d, while the last coordinate of dgff_& s will
be equal to 1 in absolute value and will have opposite sign to the previous coordinate, the n-th

one. That is,
dgtl, = (5 (sign(dz,), sign(dZ,), ..., sign(dl,,_,), sign(df,,)), —sign(dz,,)).

Given this construction, we can inductively check that Z"(d) deep illuminates R™.

If we consider a 1-symmetric convex body B in R™ and x € dB, it is not hard to check that,
if a direction d € G"(n%rl) deep illuminates the vector x, then z + ed € int B for some € > 0
(see [39, Lemma 11]). Thus, B is illuminated by both the set G"(%ﬂ) and by its smaller subset

I”(n%rl) (since each of these sets deep illuminates all the boundary points of B).

Moreover, by examining more carefully

1

1. which directions are included in the set " (535

) when it is constructed as above, and
2. in which other cases deep illumination is guaranteed to imply illumination,
we could establish the following

Theorem 14. ([39, Theorem 23]) Let n > 3, and let B be a I-symmetric convex body in R™
which is not affinely equivalent to the cube. WLOG assume that B € U™. Then we can find a
minimal ag > 1 such that B C [-1,1]" C apB.



We can illuminate B using the set

1 1 1 1 1 1

T EONE L+t i R )

1
1 1 1 1
+ <+n—+1’+n—+1’+n—+1""’+n—+1’_ H—H’—i_l)}]

1 1 1 1

U {#t+r+atr im0 |

for some n € (0 (which will only depend on how close ap is to 1).

1
9 n—H)
One of the main ingredients in the proof of this theorem is the following
Fact B. ([39, Lemma 24]) The following subset of Z"(J) (§ € (0,1)):

I75(8) :=T"(6) \ {£(+0,46,...,+6,+0, =0, +1)} (2)

deep illuminates every vector z € R™\ {6} which has at least one zero coordinate, that is, every
vector z with 1 < [Z;| <n — 1.

A further observation that we will need here is the following: if B is 1-symmetric and in U™,
and moreover
1-¢€B

for all ¢ € [n], while 1 ¢ B, then B can more simply be illuminated by the set Z",(d) directly,
with § € (0,1) only depending on ||1||B.

As we will see (Proposition [20]), this can be extended to 1-unconditional convex bodies with
the same properties (note that these don’t necessarily have to be 1-symmetric too, because for
example we could have B contain some points of the form 1 — %ei, say, but not for all i € [n],
and this wouldn’t violate 1-unconditionality, but it would break 1-symmetry).

3 1-unconditional convex bodies in R?

Observe that if B € &2 is NOT affinely equivalent to the cube, then, by our convention, e; € OB
for all 4 € [3], while 1 = e 4+ e3 4+ e3 ¢ B. Thus we can separate the different 3-dimensional
cases of Theorem [I] into four groups, based on whether any coordinate permutations of e; + e9
are contained in B, and if yes, how many (equivalently, based on whether B contains any unit
squares (2-dimensional subcubes), and how many).

We summarise the conclusions for each of these groups of cases in the following theorem (the
numerical subscripts correspond to the numbering of the proposition(s) where each illuminating
set appears).

Theorem 15. Let B € U3 which is not a parallelepiped. Then B is illuminated by a coordinate
permutation of one of the following sets:

mé — {:I:(l, 8,0), +(=4,1,0), +(0,0, 1)} cases with no unit squares

or one unit square
or

J:Dlgl(sl = {:l:((sly 615 1)5 :l:((sly 61? _1)5 :l:(_(;la 17 0)}
or ‘7_—[]231,62,562 = { £ (e2,1,1),£(—0ey,1,60c,), £(—0ey, —0ey, 1) }

cases with two unit squares



or
Forls i= {i(l,(S, 0),£(8,—1,-9),£(4, 9, —1)} cases with three unit squares,

where the relevant parameter(s) 6,01, €2,0c, > 0 should also be chosen based on B (in explicit
ways, as we will see).

The theorem will follow from the proofs of Propositions [[6l and [I7] of Proposition [I8], which
is treated as a special case of Proposition 29 and of Proposition We will use the following
terminology for the last two cases mentioned here: they concern bodies B € UY? which contain
exactly two maximal unit subcubes, or all possible mazimal unit subcubes, respectively (where
‘subcube’ implies proper inclusion here, and where ‘maximality’ is in terms of dimension). We
treat these cases in the next section, in Propositions 29 and 20, proving the analogous results
in an arbitrary dimension n > 3.

Proposition 16. Let B € U? and suppose
llei +ejllg > 1 for every i, j € [3]. (%)

Then there exists § > 0 so that B can be illuminated by some coordinate permutation of the set

Amgms = {£(1,6,0), +(=6,1,0), +(0,0,1)}.

Proof. For every i € [3] and for every j € [3]\{¢}, set a; ; to be the supremum of non-negative
numbers x; such that

e +zje; € B

(note that the set of such numbers is nonempty as z; = 0 belongs to it). Observe that by
compactness the vector e; + a; je; is also in B, and so are all its coordinate reflections. By
assumption (x), we have a; ; < 1 for all i € [3] and for every j € [3]\{i}.

Let a;, j, be the maximum of these numbers (not necessarily unique). For the rest of the
proof, WLOG, we assume that {ig,jo} = {1,2}. We fix some § < H% and consider the

corresponding set m 5
Consider a boundary point y = (y1, y2, y3) of B. We will show how to illuminate y based on
the number |2, of zero coordinates of y.

o If |Z,| = 2, then necessarily y = e, for some s € [3]. If y = *e3, then Fes from HIGM7s
illuminates y. If y = +eyq, say y = e1, then y + (—1,—6,0) = (0,—4,0) € int B given that
0 € (0,1). Similarly we deal with y = —e; or y = +es.

e Assume now that |Z,| = 1.

— Suppose first that y = (y1,42,0). Then we choose the direction d,, in HIBITDs which
has 1st and 2nd entries non-zero and with opposite signs to the corresponding entries
of y. Clearly y + edy € int B for e € (0, min(|y1], |y2])) (recall Corollary [§]).

— If y = (y1,0,+£1) or (0,y2,£1), we use the directions Fes (since by our assumptions
we must have |y1| < 1 or |yz] < 1 in these cases). We can use the same directions if
y = (y1,0,y3) or (0,y2,y3) with y; representing numbers in (—1,1) \ {0} here.



— Finally, suppose that y is a boundary point of the form (1,0, ys). Then
(17 Oa y3) + (_17 _57 O) - (07 _57 y3)

Based on our notation, and because of the 1-unconditionality, we have |y3| < a3 <
iy, < 1. By convexity the vector

1—a;,,; 1+a;, ;5
2107J0 ey + 2107J0 es3

isin B. Moreover, it has strictly larger 2nd and 3rd entries in absolute value compared
to (1,0,y3) + (—1,—4,0), thus, by Lemma[7] the latter vector is in int B.

— Analogously to the last subcase, we deal with points of the form (—1,0,y3) and
(0, £1, y3).

e Finally we consider a boundary point y with |Z,| = 0.

— If lys| < 1, we can choose the direction d, in JI6IT7s Which has 1st and 2nd entries
non-zero and with opposite signs to the corresponding entries of ¢, and then employ
Corollaries [ and [I1]

— In the opposite case we have y = (y1,y2,+1); say, for illustration purposes, y3 = 1.
Note that, by the l-unconditionality, the points (|y1],0,1) and (0, |y2|,1) are in B,
thus |yi1| < as1 < aiyj, and |y2| < az2 < aiy4,- Hence, (y1,92,1) + (0,0,—-1) =
(y1,y2,0) and at least one of the following holds: |y1| < 1 and |y2| < aj2 < 1, or
ly2| < 1 and |y1] < ag1 < 1. Thus, regardless of whether (ig, jo) = (1,2) or (2,1), we
can use Lemmas [[ and [0 (with BN{¢ € R®: & = yo} or BN{€ € R3: & = y1},
respectively) to conclude that (y1,y2,0) =y + (0,0,—1) € int B.

In cases where {ip,jo} # {1,2} (that is, if neither a;2 nor ag; is the maximum of the
numbers we defined above), we set ¢y for the remaining element of [3] and consider the linear
map/coordinate permutation

ViR R miein + o + Taglry > (Tigs Tigy Tt )-
Then ¢(B) is illuminated by Jg|T7]s as above, and thus B is illuminated by L_l(m5). O

Note that in the previous proposition we did not have to add the assumption that B is not
an affine image of the cube: this is in fact implied from the other assumptions (namely that B
is in 43 and does not contain any unit squares), which were enough to verify that B can be
illuminated by (at most) 6 directions.

The same happens in the next proposition.

Proposition 17. Let B € U? and suppose that there is exactly one pair of indices iy,is € [3)]
such that ||e;, + ei,|l[g = 1. Then there exists § > 0 so that B can be illuminated by some
coordinate permutation of the set

Armergs = {£(1,6,0), £(=6,1,0), +(0,0,1)}.

Proof. Let us assume WLOG that (1,1,0) € B. Moreover, let a1, as > 0 be maximum possible
such that (1,0,a;) and (0,1,a2) € B (by our main assumption we have that ai,as € [0,1)).
WLOG we can assume that a1 > as.

Here we distinguish three main cases for boundary points y = (y1,y2,y3) of B: (i) |2, > 1
and |ys3| < 1, (ii) |2y = 0 and |y3| < 1, and (iii) |y3| = 1. We start with the following key
observation.
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¢ We can choose 6; > 0 small enough so that the directions +(1,4,0) will illuminate both
the point (1,0,a1) and all its coordinate reflections whenever ¢ < §;. Indeed, we have e.g.
that (1,0,a1) + (—=1,—0,0) = (0, —d,a1) = —dex + ajez € int B, aslong as 0 < § < 1 —ay,
so we can set 01 = (1 —ay)/2.

¢ At the same time, as long as 0 € (0,1), the pair £(—6,1,0) of directions illuminates
(0,1, a2) and its coordinate reflections: this is because e.g. (0,1,a2)+(d,—1,0) = (4,0, a2),
which has strictly smaller 1st coordinate compared to (1,0,a;) and at most as large 3rd
coordinate, which is also < 1 (so we can either use Lemma [ alone, or combine it with

Lemma [T0).
Now, suppose that y = (y1,0,y3) with 0 < |ys| < 1.
e If |y1| = 1, then necessarily (by the maximality of a;) we have that |y3| < aj. Thus:

— if Jy3| = a1, we have already seen that the directions (1, 4,0) illuminate y (as long
as d < 6y);

— if |y3| < a1, then y is in the convex hull of the point (1,0,a;) and its coordinate
reflections, and hence it is also illuminated by the directions (1,4, 0).

e If |y1| < 1, then the direction (0,0, —sign(ys3)) illuminates y (since (y1,0,0) € int B).

In an analogous way, we see that the directions £(—4,1,0),£(0,0,1) illuminate boundary
points of the form y = (0,ys2,y3) with 0 < |ys| < 1.

Furthermore, the directions +(1,4,0), £(—4,1,0), 6 < d; < 1, also illuminate:

e the point (1, 1,0) and its coordinate reflections (and thus also any boundary point y which
satisfies y3 = 0, since this will be in the convex hull of the former points);

e any boundary point y of B which satisfies |Z,| = 0 and |y3| < 1.

This takes care of the first two cases of boundary points in our breakdown. It remains to
figure out how to illuminate boundary points y satisfying |ys| = 1. In such a case, by our main
assumption we have |y;| < 1 and |y2| < 1, and thus the point (y1,y2,0) € int B (we see this if
we compare with the point (1,1,0) € B). Thus the direction (0,0, —sign(ys)) illuminates y. O

In contrast with the previous two propositions, the main assumptions in the next one can
also be satisfied by affine images of the cube in R3. In fact, all bodies in 4? which satisfy
the main assumption will contain such an affine image of the cube (which will also be in U?3).
Therefore, we have to explicitly rule out the cases where we don’t have strict inclusion, and in
the remaining cases we have to make crucial use of ‘special’ boundary points which verify the
strict inclusion.

Proposition 18. Suppose that B € U? is not an affine image of the cube but has the property
that, for some permutation (i1,12,13) of [3], [|ei, + €illg = |l€i, + €isllg = 1, while ||es, + es,]lg >
1. Then there exist d1,m5, > 0 or €3,0,, > 0 such that B can be illuminated by a coordinate
permutation of one of the following sets:

]Tlmgl = I§$2,1(51) = {£(61,01,%1),£(—61,1,0)}

or

f@q% = T2 00(e2,0¢,) = { £ (€2,1,1), £(—0cy, 1,06, ), £(—0ey, —0e, 1)}
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As before, we can check that, after applying some coordinate permutation on B (something
which wouldn’t ruin our main assumptions), we would be able to use one of the above sets
exactly. We can thus assume WLOG that B contains the points (1,1,0) and (1,0,1) but not
the point (0,1,1). We first need the following

Lemma 19. Suppose that B € U3 satisfies:
i H(l, 17O)HB - “(17071)“]3 =1, while H(07 171)HB > 1;
e B is NOT an affine image of the cube.

Then, for any € € (0,1], the point
11
(1-e 3 3)
is an interior point of B.

Proof. Since B contains the points (1,1,0) and (1,0,1) and all their coordinate reflections, it
will contain their convex hull too, which is the set

{(z1,39,23) € R3[| < 1, |ao| + |w3] < 1} =[-1,1] x CP}.

This is an affine image of the cube, therefore, by our last assumption for B, we must have that
B\ ([-1,1] x CP2) # 0.

Combined with the assumption that B € U3, this implies that B contains a point of the
form (0, 29, z3) where 23, 23 € (0,1] and 22 + z3 > 1. From this we can obtain that

(0,1,1) eintB (3)
as follows. WLOG we can assume that z9 > z3.
- If 23 > %, then (3] follows immediately by Lemma [l

- If 23 < %, then we can observe the following: zo + z3 > 1 implies that zo > 1 — 23 > %,
and hence zo + (1 — z3) > 2(1 — z3) > 1. Therefore, we can find A € (0,1) such that

)\-(Zg—i-(l—Zg)):l = )\222)\23+(1—)\).

From this we obtain that the point (0,y2,y3) = A(0, 22, z3) + (1 —X)(0,0,1) € B has equal
2nd and 3rd coordinates, and moreover that

Yyo+ys=Aza+Azs+(1—=X)=XAza+23)+(1—-A) > 1.
In other words, yo = y3 > %, whence (B)) follows as in the previous case.

Finally, we note that (1, %, %) = %(17 1,0) + %(1,07 1) € B, and thus, for any € € (0, 1), the
point
11 11 11
(I-e33)=0-6(133) +e(0.53)

is an interior point of B as a (non-trivial) convex combination of two points of B with one of
them being interior. O
Comment on the proof of Proposition[18. As mentioned above, we can assume that B contains
the points (1,1,0) and (1,0, 1) but not the point (0,1,1).

We will distinguish two main cases:

4 cither both (1,1,0) and (1,0,1) are extreme points of B,

12



¢ or at least one of them is not an extreme point of B.

T

In the former case, we will see that the set ’FDQZSleg 5. (which coincides with the set Z75 5 (€2, ¢, )
s0eg ’

of Proposition 29 when n = 3) illuminates B for some explicit €, d., depending on B.

On the other hand, if e.g. (1,1,0) is NOT an extreme point of B, then necessarily we can
find a € (0,1) such that (1,1,a) € B. In such a case we can show that the set ]-HE& illuminates
B for some explicit d1.

Similarly, if (1,1,0) is an extreme point of B, but (1,0, 1) is not, then (assuming what is
claimed in the previous paragraph) it is not hard to deduce that a coordinate permutation of
]:[]1:81 5 illuminates B: indeed, it suffices to consider the transformation that swaps the 2nd and
the 3rd coordinate.

Full details can be found in the proof of Proposition 29 which is the generalisation of
Proposition [I8 to all dimensions n > 3. U

The proof of Theorem [I5] will be completed with the proofs of Propositions 29 and 20l in the
next section.

4 Bodies with maximal unit subcubes

In this section we deal with 1-unconditional convex bodies B in arbitrary dimensions n which:
e have been normalised to be in #™, thus are contained in the unit cube [—1,1]™;
e are not affine images of the cube, and thus certainly satisfy B C [—1, 1]";

e and have at least one coordinate hyperplane projection (equivalently, coordinate hyper-
plane section) equal to [~1,1]?~! (this is equivalent to saying that B contains the point
1 — e; for at least one i € [n]). As mentioned before, we will also say in this case that B
contains a mazimal unit subcube.

Classifying 1-unconditional convex bodies in this way, by whether points of the form e;, +e;, +
-+ 4 e;, are contained in B or not, for different m € {0,1,...,n — 1}, is inspired by recent
approaches to settle the Illumination Conjecture for bodies with many symmetries (starting
with Tikhomirov’s work [40], and also adopted in the precursor [39] to this paper).

Of course, we could also describe the instances that we are focusing on here without/before
employing the ‘special’ normalisation that we use. We are considering 1-unconditional convex
bodies B which satisfy the following: if Rp is the circumscribing rectangular box given by

Rp={z€R": || < le;]|g* for all i € [n]},

then at least one coordinate hyperplane projection of B and the corresponding one of Rp
coincide. We will show that, for such bodies B, 3(B) < 2" — 2 unless B is an affine image of
the cube.

The results of this section will also help us obtain the main result of the next section. We
consider cases based on how many of the coordinate hyperplane projections of B coincide with
the corresponding ones of [—1,1]" (or, before normalisation, with those of the circumscribing
rectangular box); equivalently, based on how many maximal unit subcubes B contains.
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Proposition 20. Letn > 3 and let B € U™ with the property that, for alli € [n], z#i ejHB =

|1 —ellg =1 but B # [—1,1]". Then there is § = ég > 0 such that B can be illuminated by
the set

I75(0) = " (O)\{£(+0,46, ..., +8,+0,— 6,+1) }.
In other words, 3(B) < 2" — 2.

Proof. Set v = H1H]_31; then v1 € 9B (clearly v < 1 since B C [—1,1]™). We will see that B is
illuminated by the set in the statement as long as § <1 — 7.

Observe that, for every boundary point ¥y = (y1,%2,.--,Yn-1,Yn) of B, we can pick two
different indices iy, j, € [n] such that |y;,| < < |y;,| (this is because, if we had |y;| > v for all
i € [n], then by Lemma [7] we would get that v1 € int(B), which would contradict our choice
of «; moreover, if the first of the desired inequalities were satisfied by every coordinate of v,
that is, if we had |y;| <« for all i € [n], then for at least one index j we should have |y;| = v,
otherwise y would not be a boundary point of B).

Fix now some y € 0B, and pick the smallest, say, index ig such that |y;,| < . As recalled
in Subsection 211 Fact B, we can find a direction d = dy;, € Z",(0) which deep illuminates
Proj,. (y) (since the latter vector is non-zero and has at most n — 1 non-zero coordinates).

%0

Note that the direction d = d,;, that we just considered illuminates the point y. Indeed,
if to is the index at which [|d||,, is attained (by the definition of deep illumination, this also
ensures that y;, # 0), then

i (y + ‘yto‘d)to =0,

e and at the same time |(y + |yz,|d)s| < max(|y;| — |ys,|6, |y, |6) < 1 for all i € [n]\{to, %0}
(here this is satisfied as long as § < 1).

o Finally, (v + |yt |d)io| < |¥io| + [Yt0]0 < |yiy| + 6 < 1, as long as we choose § < 1 — .

We can now invoke Lemma [I{] for the affine subspace {{ € R™ : &, = 0}: we compare y + |y, |d
with 1 — e, (both points of BN {§ € R™ : &, = 0}) to conclude that the former point is in the
interior of B. O

Proposition 21. Let n > 4 and let B € U™ with the property that there is sy € [n] such that
|1 —eillg =1 for all i # s, while at the same time |1 — ey |lg > 1. Then there is 6 = o > 0
such that B can be illuminated by coordinate permutations of the set

I"51(8) x {—0,+6}.
In other words, J(B) <2- (2" 1 —2) =27 — 4.
Note. Given our notation,
%M ) =TV O\ £ | en1—dena+6 Y ¢
j€n=3]
(where the standard basis vectors here are considered in R"~1).

Proof. WLOG assume that so = n. Set 6, = |1 — e,||g". Then 6,,(1 —¢,) € 9B, and we have
0 < 6, <1 by our assumptions. We will see that B is illuminated by the set in the statement
as long as § < 1 — 6, (and by coordinate permutations of this set if sy # n).
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Consider a boundary point y of B, and moreover suppose that y is an extreme boundary
point (recall Fact A from Section 2] namely that it suffices to show how to illuminate these
boundary points). Because n > 4, because y is an extreme boundary point, and given that, by
our assumptions, 1 —e; € 0B for all i € [n — 1], we can find two distinct indices iy, j, € [n — 1]
such that y;, - y;, # 0. Moreover, since 0,(1 —e,) € OB, and by the I-unconditionality of B,
we can find an index iy € [n — 1] such that y;, < 6,.

Note that at least one of the two indices ¢, j, is different from iy, and thus the vector
Proj lesgren] 1 (y) is non-zero. At the same time, it has at most n — 2 non-zero coordinates among
its first n — 1. Therefore, looking initially at these coordinates, we can find a direction d’ =

o € 7",1(8) which deep illuminates the subvector of the first n — 1 coordinates of Projel;0 (y)
(recall Fact B from Subsection 21]), and then we can naturally rely on this to pick a direction
d=dy;, € I",(5) x {3,403} which deep illuminates Proj, . (y).

Given the way we selected d = d, ;,, if to is the index “at which |ld||loo is attained, then
to € [n — 1]\ {io}. Moreover, y;, # 0. We can now check, just as in the previous proposition,
that y + |y, |d € int B (by comparing coordinate-wise the displaced vector y + |y, |d with the
boundary point 1 — ey,). O

Remark 22. The above proposition cannot be restated as simply as above when n = 3 because
in R? there are ) € U which are affine images of the cube and satisfy the main assumption
(namely that there exists sg € [n] such that |1 — e;]| g = 1forall i # so, while at the same time

11— 680”@ > 1; this is the case when e.g. Q = CP2 x [—1,1]). Therefore, when n = 3, we need
to further assume that B is not an affine image of the cube, and we need to have extra steps
in our proof which essentially encode and capitalise on this additional, necessary assumption.
This leads to Proposition [I8], which finds a better high-dimensional analogue in Proposition

For the remaining cases, we need to introduce some further, combinatorially constructed,
sets of directions in R™ that will serve as building blocks for the illuminating sets we will use.

4.1 Constructing other illuminating sets

Notation 23. Let us fix n > 2 and 6 € (0,1), and consider the set Z"(J) from Reminder I3
(exactly as is described there).

Define a function m.c. which maps each d € Z"(6) to the index of its maximum (in absolute
value) coordinate; in other words m.c. : Z"(§) — [n] and e.g. m.c.((—=0,9,—1,—6,...,—d,—0)) =
3. Note that the index of the maximum coordinate, as well as its sign, will not change no
matter what value of § € (0,1) we pick. Thus, we can also identify directions d; € Z™(4;) and
dy € I"(d2) if their respective coordinates have the same signs and if their maximum coordinate
is the same, and then we can view m.c. as a function from the set of these equivalence classes
to [n].

By abusing our notation, we also consider the set Z™(1), which is simply the set {—1,1}".
For each d' € Z"(1), there is a unique direction dy € Z™(1/2) (say) which agrees in sign in
each coordinate. Then we can also define a function m.c. : (1) = {—1,1}" — [n] by setting
m.c.(d) =m.c.(dg).

Notation 24. Starting from the set Z"(d), we construct a new, similar set ZA,':LL_L”((S) in the
following way:

e if d € 7"(9) satisfies m.c.(d) € {n — 1,n}, then we keep it in ig—l,n(é) as well (there are
27=1 1 272 guch directions).
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o If d € I"(9) satisfies m.c.(d) < n —1, then replace d by a direction d’ which agrees in sign
with d in every coordinate, but has maximum (in absolute value) coordinate the (n—1)-th

one, and place d’ in z’;_lm(é). Thus e.g. the direction (-1, -4, —4,...,—d, =3, —J) from
77 (5) will give the direction (—6, =4, —4,...,—6,—1,—0) in Z7"_, ,(9).

Similarly, we construct a new set ig—z,n—l,n(‘s) in the following way:

o if d € I(6) satisfies m.c.(d) € {n — 2,n — 1,n}, then we keep it in Z"

n72,n71,n(5) as well
(these are 2"~ 1 4 272 4 273 directions).

o If d € I"(0) satisfies m.c.(d) < n — 2, then replace d by a direction d’ which agrees in sign
with d in every coordinate, but has maximum (in absolute value) coordinate the (n —2)-th
one, and place d’ in fﬁflnfl,n(é). Thus e.g. the direction (—1,—4,—9§,...,—3d,—0,—9)
from Z"(6) will give the direction (=4, -9, —0,...,—1,—0d,—J) in ig—z,n—l,n(é)-

Definition 25. Let n > 3 be an integer. If n is even, we set
Tni={deI"(1): #{icn]:di=+1} €{2,4,6...,n—2}}.
If n is odd, we distinguish cases.
— Ifn =3, weset J5={(1,1,1), (-1,—-1,-1)}.
— If n >3 and (n — 1)/2 is odd, we first define
Iy ={deI"(1): #{i€n]:d;=+1} € {2,4,..., 252 - 1}}

and then
TIn =T U (=)

— Finally, if n > 3 is odd and (n — 1)/2 is even, then we set
Jy={deI"(1): #{ien]:d;=+1} € {1,3,..., 25 — 1}}

and afterwards we set

In = *771 U (_«77%)-

Remarks 26. (a) With the above definition, we have ensured that the sets 7, are symmetric
(that is, Jp, = —Jn)-

(b) We also need some ‘efficient” bounds on the cardinalities of J,,. Note that |J3| =2 =
21 — 2. We will check that, for all n >3, |J,| < 27! —2.

When n is even, observe that, to determine a direction in J,, we simply need to know which
coordinates are equal to +1, and the subset of the corresponding indices will range over all
subsets of [n] of even cardinality > 2 and < n — 2. Thus

Gl n 2" n n 1
B )5

[m/2]
2m
(the fact that E <12n> = E <m> =5 regardless of whether m is even or odd, can
S
s=0

u
ueven <m

be checked using induction in m).
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To estimate the cardinality of ,, when both n > 3 and (n — 1)/2 are odd, we first observe

that
(n—1)/2
£+
u=0 u
and also that, for u < (n —1)/2, we have that (1) < (u:il) Therefore,
o N b2 N
n-1 _ > —=
2 <0>+<1>+ UZZQ <u>_n+1+ T2 ; <2S>,
which shows that
(n 2/ n on +1
- <onm? :
= % (5) <2
This gives that
(n—3)/4 (n—3)/4
n n n _ on+1
| = —9 <on-t_ -
[Tl ; [(25) + (n— 2S>:| ; <25> - 4

Finally, when n > 3 is odd and (n — 1)/2 is even, we similarly observe that

N n2 I (s R
n—1 _ >
2 <O>+ > <u>_1+—4 +2 <23—1>

u=1 s=1

which shows that

(n—1)/4
1 _ Z n n—2 n+3
[T = (25—1>§2 8

Thus, in this case
n+3

|| <2771 — 1

As claimed, in all cases we have that |7,| < 2"~ — 2.

(c) The last key property of the sets J,, which we use in the sequel is the following: consider
any direction d’ € {0,1, —1}" such that exactly two coordinates of d’ are equal to 0. Then we
can find a direction d € J, such that d; = d} whenever d; # 0.

Indeed, let i1,iz € [n] be the two indices for which dj, = dj, = 0 (WLOG suppose that
i1 < i2). Assume first that n is even. The subset of indices ¢ for which d} = +1 is a subset Py
of [n|\{i1,i2}. If |Py| =0, set d;; = d;, = +1, and we will have that the corresponding subset
P4 for d has cardinality 2, so d € J,. If |Py| is even and > 0, then we can set d;;, = d;, = —1,
and we will have that 0 < |Py4| < n — 2, thus d will be in 7,, again. Finally, if |Py| is odd, then
it must be an odd number between 1 and n — 3, thus we can set d;;, = +1, d;, = —1.

Assume now that n is odd. We first deal with the case n = 3. In this case, [Pgy| =0 or = 1.
If the former holds, set d = (—1,—1,—1), while, if the latter holds, set d = (+1,41,+1). In
both cases, d will agree with d’ in the unique entry of d’ that is non-zero.

If n > 3 and (n —1)/2 is odd, again observe that Py is a subset of [n]\{i1,i2}. If [Py| =0,
set d;, = d;, = +1, and we will have that |P;| = 2, thus d € J,. If |Py| is a positive even
number < (n —1)/2, then we set d;; = d;, = —1. If |Py| is a positive even number > (n —1)/2,
then it is also < n — 2 (since n — 2 is odd in this case), and we can set d;; = +1, d;, = —1, in

17



which case [Py| will be an odd number between 22 = n — (231 — 1) and n — 2, thus d € J,.
If instead |Py| is an odd number < (n — 1)/2, then set d;, = +1, d;, = —1, in which case |Py]
will be an even number between 2 and 252 = 221 — 1. If [Py is an odd number > (n — 1)/2

and < n — 2, set d;; = d;, = +1, in which case |Py4| will be an odd number between 22 and
n — 2. Finally, if |Py| =n—2, set d;; = d;, = —1. In all these cases, we end up with a direction
de J,.

Similarly we deal with the last case, where n > 3 is odd and (n —1)/2 is even. If |Py| is an
even number < (n — 1)/2, then set d;; = +1, d;, = —1. If [Py| is an even number > (n —1)/2,
then it will also be < n — 2 (since n — 2 is odd), and thus we will be able to set d;;, = d;, = +1

to get that |Py| is an even number > %2 = n — (221 — 1) and < n — 1. If |Py| is an odd

number < (n — 1)/2, then set d;, = d;, = —1. If |Pg| is an odd number > (n — 1)/2 (and
obviously < n — 2 since Py C [n]\{i1,i2}), then set d;; = +1 and d;, = —1. In all cases, we
pick a direction d € 7, as needed.

With these properties at hand, we are now ready to illuminate the remaining cases of bodies
in 4™ which contain a maximal unit subcube.

4.2 Remaining cases with maximal unit subcubes

Proposition 27. Let k > 2 and n > k+3, and consider B € U™ such that we can find k indices
J1 < ja < -+ < jk in [n] with the property that

1-¢;€B
for all j € [n]\{j1, ]2, .., Jk}, while, if js € {j1,J2,- .-, jr},
1—ej, ¢B.
Then there is § = 0 such that:

o if k=2, then B can be illuminated by a coordinate permutation of the set

([T 2(O\{£ (6,6,....6,~6,1)}] x {8, ~6}*] |J {£(6,6,...,6,-6,1,0,0)},  (4)

n—2

e and if k > 3, then B can be illuminated by a coordinate permutation of the set

[T * (O£ (8,66, =6, )} x {6, =6}*] |J [{£(6,6,-..,6, -6, 1)} x6-Ti]. (5)

n—k n—k

Thus J(B) < (2772 —2)-44+2=2"—6 if k = 2, while J(B) < (2" % —2).2F 2. (2k-1 - 2) =
o2n —2F 4 if k> 3.

Proof. Case k = 2: WLOG suppose that {j1,j2} = {n — 1,n}. In other words, 1 —e,,_; and
1 — e, are not in B, while 1 —¢; € 0B for all j € [n — 2].

Set 0,1 = |1 —en—1llg" and 6,, = ||[1 —e,||g'; by our assumptions 6,,_1,6, € (0,1). Set also
©¢ = max{6,_1,6,}. We will show that B is illuminated by the set in () as long as § < 1— 0.

Consider a boundary point y of B, and moreover suppose that y is an extreme boundary
point. Because n > k 4 3 > 5, because y is an extreme boundary point, and given that, by our
assumptions, 1 —e; € 0B for all i € [n — 2], we can find two distinct indices 4y, j, € [n — 2] such
that y;, - y;, # 0. Moreover, since 0,(1 —e,) € 0B, and by the 1-unconditionality of B, we can
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find an index i, € [n — 1] such that |y;,| < 6, < ©¢. Similarly, because 6,_1(1 — e,_1) € 0B,
we can find an index i,—1 € [n] \ {n — 1} such that |y; .| < 60,—1 < O (note that it’s possible
that Z'n,1 = Zn)

Assume first that either i, or i,_1 can be picked from [n — 2], and denote the smallest
such index by ig. Note that at least one of the two indices i,, j, is different from ig, and thus
the vector Proj [eio,en—l,en]l(y) is non-zero. At the same time, it has at most n — 3 non-zero
coordinates among its first n — 2. Therefore, looking initially at these coordinates, we can find
a direction

d=d,; €T"5%0) =T 26\{£(5,6,...,5,-6,1)}

Yst0

n—2
which deep illuminates the subvector of the first n — 2 coordinates of Proj . (y) (recall Fact B),
0

and then we can rely on this to pick a direction d = dy;, € Z"52(8) x {8, +6}? which deep
illuminates Proj, 1 (y).
0

Given the way we selected d = d,, if to is the index at which ||d||« is attained, in other
words, if tg = m.c.(d), then ty € [n — 2]\ {igp}. Moreover, y;, # 0. We can now check that
y+|ys,|d € int B (by comparing coordinate-wise the displaced vector y+ |y, |d with the boundary
point 1 — ey,).

Next assume that |y;| > ©¢ for all i € [n — 2]. Then necessarily i, = n — 1 and i,—1 = n.
In other words, max{|yn—1l, |yn|} < O < 1. We can then pick a direction d from the set in
(@) such that d; - y; < 0 for all ¢ € [n — 2|, and, as before, we can check that y + |y, |d € int B
(where tg = m.c.(d)).

Cases where k > 3: WLOG we suppose that {j1,jo,...,Jk} ={n—k+1,n—k+2,...,n},
and for each j € {n—k+1,n—k+2,...,n} weset §; = ||1 — ejH];l. We also set ©g = max{60); :
n—k+1<j<mn}; by our assumptions Oy € (0,1). We will show that B is illuminated by the
set in () as long as 6 < 1 — Oy.

Again consider an extreme boundary point y of B. We can find two distinct indices iy, j, €
[n — k| such that y;, - y;, # 0. If we can also find an index iy € [n — k] such that |y;,| < Oy,
then as before we can pick a direction

de [TV FON\{£(5,0,...,6,—6,1)}] x {5, —0}F

n—k

which will deep illuminate Proj,. (y), and then we can check that y + |y |d € int B (where
ig
to = m.c.(d)).

Assume now that |y;| > ©¢ for all i € [n — k]. Since 6,(1 — e,) € 0B, there is an index
in € [n — 1] such that |y;,| < 6, < ©p. Given our prior assumption, we also have that
in € {n—k+1,...,n—1}. Next we also use the assumption that 6; (1 —e; ) € OB, which
implies that there is an index

spme€{n—k+1n—k+2,....,n}\{in}

such that |ys, | < 6;, < ©.
We can find a (unique) direction d’ € Z"*(§) such that d. - y; < 0 for all i € [n — k].

¢ If
d ¢ {£(5,0,...,6,—6,1)},
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then we can extend d’ to a direction

de [TV FON\{£(0,6,...,6,—6,1)}] x {5, —0}F

/

~~

n—k
which deep illuminates y.

¢ On the other hand, if d’ € {£(0,4,...,d,—0,1)}, then, given the third main property of
the set Jj, we can find a direction

de {£(0,0,...,0,—0,1)} x0-Tg
which deep illuminates the vector Proj [einﬁs”}L(y).

In both subcases, we can check that, for the direction d that we ended up picking, y + |y, |d €
int B (where tg = m.c.(d) € [n — k]). The proof is complete. O

It is clear from the above proof that the assumption that n — k > 3 (that is, the number
of maximal unit subcubes contained in B is > 3) was crucially used (so that, given an extreme
boundary point y, we could find two distinct indices iy, j, € [n — k] such that y;, - y;, # 0).
This is not an artefact of the proof though. As we will see, if the number of maximal unit
subcubes contained in B is exactly 2, then B could also be an affine image of the cube (e.g.
B = CP? x [-1,1]"2). Thus we need to argue more carefully about how to illuminate such B
which are not parallelepipeds.

Not for the same reason, but we also have to argue more carefully when B contains only
one maximal unit subcube; this is the case that we deal with now.

Proposition 28. Letn > 4, and let B € U™ with the property that there exists exactly one index
ig € [n] such that 1 —e;, € B. Then there are §,n5 and § > 0 such that B can be illuminated
by a coordinate permutation of the set

Lsps=ZonV [(5 Tn-1) x {1,-1}]

where J,—1 is defined as in the previous subsection (note that n —1 > 3 here), and where

Lsy = {(£(1,m5), £6,£0,...,46,0), (£(—ns,1), %6, £6,...,£6,0) }.

Note. Recall that |J,—1| < 22 — 2 and thus ‘Iéng‘ <2nlgp2n2 —2)=2" 4.

Recall also that, since Jn—1 is symmetric, the set (g jn,l) x {1, =1} is formed from pairs
of opposite directions, and so is Ién?f'

I A]

Proof. WLOG we can assume that iy = n, and thus 1 —e,, € B, while 1—¢; ¢ B for j € [n—1].
For each such j, we set o; to be the supremum of non-negative numbers x,, such that

Tp€n + Z e; € B.
i€[n—1\{7}
By compactness the point w; := aje, + zig[nfu\{j} e; € B (in fact, € 0B), and, by our
assumptions, a; € [0,1). WLOG we assume that aq > ap > a; for each j € [n — 1]\{1, 2}.
Given any § € (0,1), the directions (£1,0,£d,+46,...,44,0) illuminate the point we =
azen + 3 iein—1]\{2} & and all its coordinate reflections (we can use Corollary [T here). Further-
more, by Lemma [12] we can find 19 s > 0 sufficiently small so that the directions

(£(1,m), £d,£46,...,+5,0)
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will illuminate the same points if 0 < n < 195 (note that, in the latter subset of (perturbed)
directions, we have sign(d;) = sign(dz) for each direction d).

Similarly, the directions (0, =1, £, £, ..., +4,0) illuminate wy = alen+2ie[n—1}\{1} e; and
all its coordinate reflections, and if we pick 19 s even smaller if needed, so will the directions

(£(—no,,1), %6, £6,...,£6,0)

(note that, in the latter subset of directions, sign(d}) = —sign(d}) for each direction d’; this
shows that the set Zs , ; we just formed contains any combination of signs for the first n — 1
coordinates).

Consider now j € [n — 1]\{1,2}, and suppose z is one of the coordinate reflections of the
point
w; = ajeén + Z €;.
i€[n—1\{7}
Based on whether sign(xz;) = sign(z2) or not, choose a direction d, from Zg,mé such that
dyi-x; <0 for all i (to avoid any ambiguity later, we can agree to set dyj = +6). Then the
coordinates of x + d, satisfy the following;:

— one of (x 4+ dz)1, (z+ dg)2 is equal to 0,

— while the other one is < 1 in absolute value (in fact equal to 1 — 7 5 in absolute value).
— In addition, |(z +d);| =0,

— and for all ¢ € [n — 1\{1,2,7}, [(x + dz)i| =1 —0.

— Finally |(z + dy)n| = |zn] =0 <ap < a; < 1.

Hence we can use Lemma [I0 (combined with Lemma [7]), and compare with one of the points
ate, + Zie[nfl]\{l} e; and asge,, + Zie[nfu\m e; to conclude that x + d, € int B.

For the rest of the proof we fix g € (0,1) and 79 = 195, such that the set Zs, ,, illuminates
all the points w; and their coordinate reflections. Moreover, for each of these points x we fix
a direction d, from Zs, ,, which illuminates = (we pick it as before, when it is not unique),
and then, recalling Lemma [[2(b), we also find 7, > 0 with the property that, if z € 9B and
|z — z[| < 7o, then 2 is also illuminated by d,. Given that the points ajen + > e, _1)\ 53 €
and their coordinate reflections are finitely many, we can set

11—«
Tp = min <Tl’ min {7, : z is a coordinate reflection of one of the points wj}> .

Next, for each j € [n — 1], set 3; = B;(a;,79) to be the supremum of positive numbers u

such that
(aj 4+ 710)en +u Z e; €B
i€n—1]\{5}

(such positive numbers exist since we can consider convex combinations of the point e,, and the
point Z?:_f e;, and focus on those convex combinations which are closer to e, ). By compactness
we have that the point (o +70)en + B85 - X e\ ;3 € € B (in fact € 9B); moreover §; <1
since (o + 70)en + X e\ (5} € ¢ B (by how we chose a; previously).

Finally, as before, for each j € [n — 1] set §; := ||1 — ej||]§1; by our main assumption, we
have that ©g := max{6; : j € [n — 1]} € (0,1). We can finally choose

d < min{r, min{l —8; : j € [n — 1]}, 1 — O }.

We are now ready to illuminate all boundary points of B using the set Z 50,110, 0" Let y € 0B.
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¢ If y =1 — e, or one of its coordinate reflections, then y is illuminated by some direction
in Zs,, n, (since we can find any combination of signs for the first n — 1 coordinates).

¢ If n € Z,, then y is contained in the convex hull of 1 — e, and its coordinate reflections,
and thus it is also illuminated by some direction in Zs, ,,.

¢ Assume now that n ¢ Z,.

e Suppose also that y has the property:
for two distinct indices s, 5o € [n — 1], max{|ys, |, [ys,|} <1 — do. (%)

By the third main property of the set J,,_1, we can find a direction d € (6~0 . jn,l) X
{1, —1} which deep illuminates the vector Proj [6517652%(3/). We can then check that
the displaced vector y + |y, |d € int B (by comparing coordinate-wise with the vector
1—ep).

Note that property (x) is satisfied in several instances, including the following:

— when |Z,| > 2, given also our previous assumption that n ¢ Z,,.

— When |y,| > ©¢. Indeed, in this case, since 6,_1(1 — e,—1) € 0B, we must be
able to find an index s, € [n — 2] such that |y, | < 6,_1 < g < 1 — .
Similarly, because 0,,(1 — es,) € 0B, we should be able to find an index sy €
[n — 1] \ {s1} such that |ys,| < 65, < Oy.

— When 2, = {to} C [n — 1], and |y,| > a4, + 79. Indeed, by our choice of fy,,
we have that vy, = (ay, + 70)en + Bto Dicn_1)\jto} & € OB. Given that the
n-th coordinate of Proj et (y) is strictly bigger in absolute value than the n-th
coordinate of vy,, while their £yp-th coordinates are both zero, we must have that
some other coordinate of vy, exceeds the respective one of Proj, : (y) in absolute

value. Thus, we can find some t; € [n — 1]\ {to} such that |y, | < S, <1 — 8.

e Suppose now that, for at least n — 2 indices i € [n — 1], |y;| > 1 -6y > 1 — 7.
First of all, this implies that |y,| < ©g < 1. Therefore,

— if Z, = 0, then, since |y,| € (0,1), we can use Corollary [[I] to conclude that a
direction d from Zs, ,, illuminates y (it suffices to pick the unique direction from
T5y.mo Which satisfies d; - y; < 0 for all i € [n — 1]).

— If instead Z, # 0, then necessarily, given our main assumptions here, we will
have that Z, = {t1} C [n — 1]. From the previous remarks, we know that this
implies that |y,| < ay, + 70.

If |yn| < ayy, then y is in the convex hull of the point

W, = O € + Z €;
i€[n—1]\{t1}

and its coordinate reflections, and thus it is illuminated by some direction in
Lsy,mo-

If instead |yn| € (o, , at, + 0], then we will have that ||z — y||,, < 70 < 7, with
x some coordinate reflection of wy,. Thus, y will again be illuminated by some
direction d € Zs, », (in fact, the selected direction d, which illuminates ).

In this way, we have illuminated all boundary points of B. O
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We now turn to the case where a convex body B € U™ contains exactly two maximal
unit subcubes. The proof of the following proposition will also encompass the full proof of
Proposition [I8 that is, the relevant result in R3.

Proposition 29. Let n > 3, and suppose B € U™ is not an affine image of the cube but has
the property that there are exactly two distinct indices iy,ia € [n] such that 1 —e;, € B for
s=1,2, while 1 —e; ¢ B for any j € [n]\{i1,i2}. Then, up to coordinate permutations, one of
the following sets illuminates B.

1. The set I[51(9), for some § = 0B € (0,1), which consists of the following directions:
- the directions {6- (d, sign(dm_c.(d))) NS I"_Q(l)} x {£1} for some § > 0 which
depends only on B (these are 272 .2 = 2"~ directions);

- the directions {(5 -d, — sign(dm_c.(d)),O) td e I”*Q(l)} for the same 6 > 0 as above
(these are 272 directions);

- if n > 4, the directions {6 - (d, —sign(dy, c. () : d € Tn—2} x {£1} for the same
§ > 0 as above (these are < (2773 —2) -2 = 2""2 — 4 directions).

Important Clarification. Note that, in the cases of n = 3 and n = 4, we have not
defined a set J,_o. In these cases, as we will see, we don’t need a third subfamily of
directions, and we can quickly write down what the sets ng2,1(5) and ngll(é) look like:
I3,01(0) == {£(6,6,+1),%(8,6,—1), £(6,—1,0)} and
Lo (8) == { £(6,6,6,1),£(6,6,8, 1), +(=6,6,8,1), (4,6, 8, 1),

+ (6a 6, _1, 0)’ :|:(—5, 5, _1’ 0)}

2. The set 17,5 5(€,0c), for some € > 0 and 6. > 0 which depend only on B, which is defined
as below:

Igm2,2(€? 66) = {:l:(e’ € ..y 6 15 1)}
UZn 1 n O\ E0e, b, -, 06, 1,80), £(0e, 0cs - - e, =0, 1)}

We then see that in both cases I(B) < 2™ — 2.

Proof. WLOG assume that iy = n — 1 and i = n. In other words, B contains the points
(1,1,1,...,1,0,1) and (1,1,1,...,1,1,0), but does not contain other similar points, that is,
points of the form 1 —e; for j € [n — 2]. We distinguish two cases.

Case 1. At least one of the points 1 —e,_1 and 1 — e, is NOT an extreme point of B. In other
words, there is a > 0 such that ae,_1 + Zie[n]\{nfl} e; € B or ae, + Zie[nfl] e; € B.
WLOG assume that B certainly contains a point of the form ae, + Zz‘e[nfl} e; for some
positive a.

Let a;,_1 be the supremum of all y,,_1 > 0 such that

Yn—1€n—1 + Z e; € B.
i€[n)\{n—1}

By compactness we have that o, _1e,_1 + Zie[n}\{n—l} e; € B, and thus 0 < a1 < 1.
Similarly, set «;, to be the supremum of all y,, > 0 such that

Yn€n + Z e; € B.
1€[n—1]
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By compactness we have that ane, + >
that 1 > «,, > 0.

icln—1] € € B, and by our assumptions it follows

As in the previous propositions, for every j € [n — 2|, set §; = ||1 — ej||]§1, and Qg =
maxc[,—g 0j. Also, set v = |1)|g". Clearly, for all j € [n—2], 0 <y < 0; < 6y < 1.
On the other hand, max(ay,—1, a,) < v (because otherwise v1 would not be a boundary
point of B). We will show that, in the setting here, I 5,(d) illuminates B as long as
6 <1-—0y.

Consider a boundary point x of B.

¢ Assume first that £ = a,_1€/—1 + Zie[n}
Then we find the unique direction d, in Z"~2(1) which has opposite signs to z in each
of the first n— 2 coordinates. Observe that d, = (0-da, d8ign(dy m.c.(dy)) — sign(zy))
illuminates x (we can compare the displaced vector x + d, with the point 1 — e, to
confirm this; this is because a1 +6 < v+ < Og+6 < 1).

\{n—1} € OF one of its coordinate reflections.

¢ Similarly, the first two types of directions in ngQ,l(‘S) illuminate all the coordinate
reflections of ay, e, + Zie[nfl] e; (here is where we use the assumption that 1 — e,, is
NOT an extreme point of B, and thus that o, > 0; indeed, this allows us to have
access to all of the 2"~ combinations of signs for the first n — 1 coordinates, that are
all needed, without having to include 2" all new directions, which would otherwise
lead to an illuminating set of larger than desired size).
In more detail now, if x is one of these coordinate reflections, again we pick the
unique direction d, in Z" 2(1) which has opposite signs to x in each of the first
n — 2 coordinates. In the case that sign(dy .c.(4,)) = sign(z,—1), then the direction
d = (6 ~dy, —sign(dy m.c.(d,)) 0) (of the second type that we included) illuminates x
(this is because |z, | = a,, € (0,1), and thus we can use Corollary [IT]).
Otherwise, the direction d” = (6 - dy, § sign(dy, p.c.(4,)), — sign(zy)) (of the first type)
will work instead.

¢ Next, assume that either |z,_1| < ap—1 or |z,| < a5 (or both). Then x is in the
convex hull of the points o;,_1€,—1+ Zie[n}\{nfl} e; and ape, + Z@-e[nq] e; and their
coordinate reflections, and thus it is illuminated by some of the directions we have
already used.

¢ We now suppose that |z,—1| > ap,—1 > 0 AND |z,,| > o, > 0.

e Assume first that min{|x,_1], |z,|} < ©p.

— In this case, if |z,| > Og, then necessarily |z,-1] < ©¢. Thus, as for the
point au,_1€,_1 + Zz’e[n]\{nﬂ} e; and its coordinate reflections, we can use
a direction of the first type in 7}, 1(d) to illuminate the boundary point z
that we are considering now (it suffices to pick d, such that d,; - z; < 0 for
all i € [n — 2] U{n}, and then compare the displaced vector = + |z, |d, with
the point 1 — ey,).

— If |z,| < ©g < 1, then, since we also have |z,,—1] > 0, we can pick a direction
dy from the first two types in I, ,(d) so that dy; - z; < 0 for all 7 € [n].
Depending on whether m.c.(d;) = n — 1 or not, we consider the displaced
vector x + |x,—1|d, or the displaced vector x + |z,|d,, and we compare with
the points 1 — e,,_1 or 1 — e, respectively.

e We finally consider the cases where min{|z,—1|, |x,|} > ©¢ > 7. Then we can
find s1 € [n — 2] such that |z, | <~y <1-—0.
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Case 2.

— In the case where n = 3, we can quickly confirm that x is illuminated by one

of the directions £(4,d, £1).

If instead n > 4, then we can find one more index so € [n — 2]\ {s1} such
that |zs,| < ©¢. Indeed, since 6,5, (1 — es,) € 0B, we should be able to find
an index sg € [n] \ {s1} such that |zs,| < 65, < O¢. Since both |z,_1| and
|z,| are > ©g, we must have so € [n — 2]\ {s1}.

We can now conclude the following: if n = 4, then {si, s2} = {1,2}, and we
have that x is illuminated by one of the directions 4(4, 0,9, 1), +(4,6,0, —1)
(indeed, set d; to be the unique direction among these that satisfies d; ;- x; <
0 for i € {n — 1,n}, and then compare = + |z,|d,; with the point 1 — e, to
conclude that the former is in int B).

If instead n > 4, then we have access to the set J,_o that we previously
defined, and hence we can find a direction d’ € J,,—2 such that d;» ~xj <0 for
all j € [n— 2]\ {s1,82}. Clearly d’ € Z" %(1) as well, and thus both vectors

(6-d, 6sign(d;n_c_(d,)), —sign(z,)) and (6-d, —5sign(d;n_c_(d,)), —sign(zy,))

are in I/, ,(6). The one which has (n — 1)-th coordinate of opposite sign
to xp—1 will illuminate z (and we can compare the displaced vector to the
point 1 — e, to confirm this).

We have thus illuminated all boundary points of B (regardless of what the dimension
n > 3 is), when Case 1 holds.

Both of the points 1 — e,_1 and 1 — ¢, are extreme points of B. Recall that we have
assumed that B is not an affine image of the cube, however the convex hull of these two
points and of their coordinate reflections is an affine image of the cube, the convex body
[—1,1]"72 x CPZ. Thus there must exist a point x € B outside of this convex hull, which
in particular implies that |z,—1| + |z,| > 1. Just as in Lemma [I9 we can show that this
entails that

L(en—1+en) €int B, or equivalently |le,—1 +eng > 3

which further implies that

for every e > 0, the point (1 —¢,1 —¢,1—¢,...,1 —¢, 3 %)Ein‘cB.

DR

Fix some ¢y € (0,1), and note that, because the point

(1-9 1-2 1-2 1_ @
2 2 290 2

, 3) €int B,

[N

we can find ¢ € (0,1) such that

(1_67071_67071_6707"'71_6707 %+C07 %+CO)

is also an interior point of B.

Next, we set 3,,_1 to be the supremum of positive constants ¢ such that

(oen—1+c¢ Z e; € B.
i€[n]\{n—1}
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By compactness (pen_1 + Bn_1 Zie[n}\{n—l} e; € B, and by the main assumption of Case
2, Bn—1 € (0,1). Similarly, we set /3, to be the supremum of positive constants ¢ such
that

Coen + Z e; € B.

i€[n—1]
Again, we have (ye, + Bn Zz’e[n—l] e; € B and 3, € (0,1).
Now we pick
50 < mln(l - C07 - 5n—17 1- 571)

and consider the corresponding set Z/},5 5(€0,do). We will show that this illuminates B.

Consider a boundary point x of B.

¢ If z is the point 1 — e,,_1 or one of its coordinate reflections, then we find a direction
dx € 17,9 9(€0,00) which has opposite signs to x in all the first n — 2 entries, as well as
the n-th entry, and has maximum entry the n-th entry. Unless sign(x;) = sign(xq) =
sign(zg) = -+ - = sign(x,_2) = sign(x, ), we take d, from the set

7 1 1 (60)\{=£(0, 80, - - -+ 60, 1,80), £(J0, Do, - - - , o, —F0, 1)}

and it is clear that x4+ d, € int B if we compare to the point 1 —e,,. In the remaining
case, d, will be one of the directions +(ep, €, . . ., €9, 1, 1), and again we can see that

ﬂ:—l—%dm €intB

since x—l—%dw will be a coordinate reflection of the point (1—%,1-,..., 1-,

).

[N

)

N[

¢ Analogously we illuminate the point 1 — e,, and its coordinate reflections.

¢ Given the above, we have now also illuminated all boundary points x of B which fall
in the convex hull of the points 1 —e,_1, 1 — e, and their coordinate reflections;
thus all boundary points z which satisfy |x,—1| + |z,| < 1.

¢ Suppose now that |z,—1| + |z, > 1.

e Assume first that |z,_1| < {o. Again, we find a direction d, which has oppo-
site signs to x in all the first n — 2 entries, as well as the n-th entry, and has
maximum entry the n-th entry. Unless sign(x;) = sign(xg) = sign(zs) = -+ =
sign(zy,_2) = sign(z,), we take d, from the set

I 1 (80)\{£ (50, 8o, - - -, 80, 1,80), £(J0, %o, - - - , do, —F0, 1)}

and then compare z + |x,|d, to the point 1 — e, (since in particular |(z +
[Zn|de)n—1] < |Zn-1| + |zaldo < Go + o < 1).
In the remaining case, we choose d, from =+(e€, €g, ..., €9, 1,1). We can see that

x+%dl« €intB

because we will have
(x4 3dy)i| <max(1—2L,9)=1—2Lforalli € [n—2],
o+ )| < max(1 - 1.3 = .

- and finally |(z + §dg)n—1| < |#n—1] + 3 < 5 + (o,

26



while the point
(1_67071_%)7 _6707"'71_6707%+CO7%+C0)
is an interior point of B, given our choice of (p.
e We argue analogously if |z, | < (.
e Finally, let us assume that min(|x,—1|, |z,|) > (o.

— Suppose also that max(|z,—1], |zs|) < max(Bn—1,58,) < 1 — dp.
If z,,_1 -z, <0, then we can pick a direction d, from the set

71 (30)\{£ (00,00, - - -+ 0, 1,80), £(8o, 8o, - - ., do, —d0, 1)}

to illuminate x. In fact, in most cases we can take d, from the second
half of this set, which contains directions with maximum (in absolute value)
coordinate the n-th one (and consider the vector = + |z,|d,, comparing it to
1 —e,,). This will work in all cases except when all entries of « are non-zero

and

sign(zy) = sign(xy) = sign(xs) = - - - = sign(x,—2) = sign(x,) = —sign(z,—1).
In this last subcase, we instead choose d, from +(dg, do, do, - - ., 0, —1, —dp)
(and consider the vector = + |z,—1|d;, comparing it to 1 — e,,_1, given that
we have ‘(:c + |xn,1|dm)n‘ = |xn| + |Tn-1]00 < |zn] + do < 1 by our last

assumption above).

Similarly, if z,,_1-2 > 0, we choose d, from the first half of the set i’}flm(éo),
except in the case where all entries of x are non-zero and

sign(x;) = sign(xg) = sign(xz) = - - - = sign(zy_2) = sign(zp—1) = sign(z,).
In this last subcase we can instead choose d, to be one of the directions
+(e€o, €0, - - - » €0, 1, 1) and consider the vector x+¢c,d, where e, = min;cp, [7i].

— Now, suppose that max(|z,_1|, |x,|) > max(Bp—_1,8,). Given also our ‘par-
ent’ assumption that min(|z,—1|, |zn|) > (o, by the choice of the constants
fn—1 and B, we can find jo € [n—2] such that |z;,| < max(5,—1,08n) < 1—0dp.
But then it is possible to find a direction d, from

A371,n(50)\{i(507 d0,---,00,1,00),%(d0, 0, - .., 00, =00, 1)}

such that d,; - 2; < 0 for all i € [n]\{jo}, and we can check that this d,
illuminates x.

We have completed the proof in both Case 1 and Case 2. O

Remark 30. (I) Combining Propositions 20, 2] and 27, Proposition 2§ (and its 3-dimensional
version, Proposition [I7)) and Proposition 29 we reach the following conclusion: for any dimen-
sion n > 3, if B € Y™ is NOT an affine image of the cube, but has the property that there
is at least one index iy € [n]| such that 1 —e;, € B, then J(B) < 2" — 2. In other words,
if B contains at least one maximal unit subcube (according to our terminology) but is not a
parallelepiped, then J(B) < 2" — 2.

(IT) Moreover, Proposition and the proof of Proposition allow us to complete the
discussion of Section[Bt we can conclude that, for ALL 1-unconditional bodies B in R3, 3(B) < 6,
unless B is a parallelepiped.

(ITI) As a ‘bonus’, we have also confirmed all the above results while using illuminating sets
which consist of pairs of opposite directions.
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4.3 Bodies with all unit subcubes of dimension n — 2

We finish this section by proving a similar result to the above, namely Proposition B of the
Introduction, since a similar argument can work here as well. To keep the proof simpler, we
assume that the convex bodies that we will consider are not already covered by any of the
previous propositions, or in other words by Theorem [l

Proposition 31. Let n > 4 and let B € U™ with the property that B contains
el t+e+---+ep—2
and all its coordinate permutations, but it does not contain any coordinate permutation of
e1rt+er+---+tep_o+te,.
For § € (0,1) and ¢ = (5 € (0,0), let f&c be the following set of directions:

— we will include most of the directions in Z" (0) except

n—2n—1,n

(') the directions dy = (4,9,...,0,—0,1) and d_ = —(4,6,...,d,—0,1),

(i) and all the other directions d € fgﬁQ,nan(é) whose sequence of coordinate signs
differs from that of either di or d_ in exactly one place (e.g. =£(9,9,...,0,1,6,0)
or £(4,9,...,9,—d,—0,1)); note that, for each of these directions d, the place where

its sequence of signs differs from that of dy or d_ is not the place where d has its
maximum in absolute value coordinate.

— For each of the directions d in (ii’) we introduce a ‘replacement’ direction d’ as follows:
we first distinguish whether d has an almost identical sequence of signs to that of d; or
to that of d_ (suppose for illustration purposes that it is dy here). We then set d’ to be
the direction which has the same respective entries as d, except for the one entry d;, of d
which differs in sign from the respective entry of dy, in which case we set d; = sign(d;,)¢
(e.g. ifd=(4,6,...,0,—8,—0,1), then d' = (4,6,...,0,—¢,—6,1)).

Then there are 6 = 6 > 0 and ¢ = (g > 0 such that B can be illuminated by the corresponding
set Zs ¢

Remark 32. For illustration purposes, let’s write down what the sets f&( would look like in
R%: we get the set of directions

{i(é’lac’é), i(é,_l’_éa _6), i(éaéa_la_g)’ :t((;’_(sal,é)’
+(6,6,6,—1), £(6,—¢,—4,1), £(—¢(,8,—6,1)}.

Proof. We first verify the following N
Claim. Let y € R"\ {0} such that |Z,| = 2. Then we can find d € Z; ¢ which deep illuminates
y, and which in addition satisfies the following: if d; = ¢ for some i € [n] (unique in our setting),

then y; = 0 (in other words, if d is one of the modified directions in Zs ¢, and d; is the modified
coordinate, then this corresponds to one of the two zero coordinates of y).

Proof of Claim. Note that, due to the way we construct f&( from fgﬁanl’n(&) (and ulti-
mately from Z"(0)), all sequences of signs whose last 3 terms take one of the forms £+(1,1,1) or
+(—1,1,1) or (1,1, —1) are still there (there are 2”2 sequences of signs of each such form).
Moreover, there is exactly one pair of opposite directions in each of these subgroups which

comes from the modified directions: in fact,
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- in the first subgroup the coordinate which may be equal to ¢ is the (n — 1)-th one,

- in the second subgroup the coordinate which may be equal to ( is the n-th one,

- and in the third subgroup the coordinate which may be equal to ¢ is the (n — 2)-th one.

At the same time, we observe that (because of the specific, combinatorial construction of Z™(0)

that we rely on in this paper, and then the construction of I_

(6) from that)

2n—1n

the maximum (in absolute value) coordinate of all directions in the first subgroup is the
(n — 2)-th one,

the maximum coordinate of all directions in the second subgroup is the (n — 1)-th one,

- and the maximum coordinate of all directions in the third subgroup is the n-th one.

We can now analyse what d should be, based on where the zero coordinates of y are found.

Case 1:

Case 2:

Case 3:

The two zero coordinates of y are among the last three ones. Then the remaining coor-
dinate from these, say coordinate ig € {n — 2,n — 1,n}, is non-zero, and so are all the
coordinates with index < n — 2. Thus we can focus on one of the first three subgroups of
directions in i&C’ which contains directions with maximum (in absolute value) coordinate
the ig-th one, and pick the unique direction d whose signs on the non-zero coordinates of
y are opposite to the corresponding signs of y (in such a case, even if d has a coordinate
equal to £(, this will have index in {n —2,n — 1,n} \ {ip}).

Only one of the zero coordinates of y is among the last three ones, say the coordinate
with index i; € {n —2,n — 1,n}. Let us also write iz for the index of the other zero
coordinate of y: i9 < n — 2. For illustration purposes, let’s assume that iy = n (the other
cases can be treated completely analogously). Then we can use directions either from the
first subgroup (if the (n — 2)-th and (n — 1)-th coordinates of y have the same sign), or
from the second subgroup (if these coordinates of y have opposite signs). To avoid the
one pair of directions in these subgroups which has an (n — 1)-th coordinate equal to ¢ (in
absolute value), we can focus on directions d which satisfy sign(d;,) # sign(d,—1) (since
d;, will correspond to a zero coordinate of y, so it can have either positive or negative sign
without issue).

Both of the zero coordinates of y have indices < n — 2, say indices i3 and iy (where
1 <3 <ig4 <n—3). Clearly this case can occur only when n > 5. We first focus on the
subgroup of directions in f&( whose sequences of signs in the last three coordinates match
or are exactly opposite to the respective sequence for y. From within this subgroup, it
suffices to consider those directions d which satisfy sign(d;,) # sign(d;,) (because in this
way we both avoid the one pair of opposite directions/sign-sequences missing from f&(
compared to ig—zn—lm(é)’ which we wouldn’t have been able to pick anyway, and also
we make sure that, even if a suitable direction d has a coordinate equal to +(, this will
be its ig-th or its i4-th one, as desired).

The proof of the claim is complete.

Since B does not contain any of the coordinate permutations of 1 —e,, as previously we can
set, for each j € [n], 0; := ||1 — ej||]§1; we will have 6; € (0,1). We also set ©g := max;¢[, 0,
and pick

(1 1-6
O<5<mm{67 5 }
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Furthermore, set 7 := || 1]|g'. A suitable value for ¢ will become clear towards the end of the
proof, but for now we just make sure that ¢ < 4.

Let x be an extreme point of B. We distinguish two main cases.

12,] > 1.

12,] = 0.

Suppose z;, = 0 for some iy € [n]. Because 0;,(1 — e;,) € OB, for at least one index
i1 € [n]\ {io} we must have |z;,| < 6;, < Oy < 1. Moreover, for every j € [n]\ {ip, i1}, we
must have z; # 0, because otherwise  would not be an extreme point of B (it would be
in the convex hull of a point of the form 1 —e;, —e;, j € [n]\ {i0,%1}, and of its coordinate
reflections, without being any of those points). Thus the point

Yp =T — CCZ'OGZ'O _xileil =T — xileil

has exactly two zero coordinates, and hence, by the above claim, we can find a direction
d € ZLs which deep illuminates y,. Moreover, we can make sure that, if ds = 3¢ for some
s € [n], then y, s = 0 (or, in other words, |ds| = ( = s € {ip,i1}).

Let jo = m.c.(d). Then x + |xj,| d satisfies the following:

- its jp-th coordinate is zero,
- while |($ + |xj0| d)io| < |xj0| 0

-and [(z 4+ |zj,|d)i| < O + |zj,|0. Moreover, by our assumptions on §, we have
O + |xj0|6 <1l- |xj0| 0.

- Finally, for any j € [n]\ {jo, 0,71}, we will have that
(@ + |zjo| d)j| < max{|a;] — |2jol 0, |ajo| 0} <1~ |ay|o.
We now compare this point to the convex combinations
cl(x) = (1 - ‘xj()’ 5)(1 — €y — ejo) + ‘xj()’ - €ip
and 02($) = (1 - ‘xjo‘ 5)(1 — €iy — €jg — ei1) + ‘xj()’ - iy T ‘(w + ’xjo‘ d)h‘ © €4y

which are contained in B. All the respective coordinates of cj(x) and ca(x) are equal,
except for the i1-th coordinate: in that case, co(z) has a strictly smaller coordinate than
ci(x). Moreover, the coordinates of = + |z;,|d do not exceed the corresponding ones of
co(x) in absolute value. Thus it suffices to show that ca(z) € int B to also obtain that
x + |zj| d € int B. To do this, we will use the fact that

63(56) = (1 - |xj0| 6)(1 — €ig — €jo — eil) + |xj0| g €ig

is an interior point of B (which is verified if we compare with the point 1 —e;, —e;, € B).
Thus the desired conclusions follow by applying Lemma [I0 on the section

{Z €B: Rs = (1 - |x.70| 5) for all s € [’I’L] \ {Z.O’Z'l,j(]}’ Zjo = 0) Zig = |x_]0|6}5
which contains all three points ¢ (z), c2(x), c3(x).

Here, it suffices to pick a direction d from f&c which deep illuminates x (which, in this
case, simply means that sign(d;) = —sign(z;) for all ¢ € [n]). This will not be possible
only in the case that sign(z;) = sign(z,) for all i € [n — 2| and sign(z,_1) = — sign(z,)
(since we removed without any replacement the only two directions in ig—Q,n—l,n(é) which
had exactly this property). To deal with this remaining case, we distinguish two subcases.
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— At least two coordinates of x are < % in absolute value. Say max(|z;, |, |zi,|) < % with
1 <141 < 19 < n. Recall that we have also assumed that x has no zero coordinates.
For the point

Yo = T — Ty €4y — Tijy€4y

we again use our initial claim, and find a direction d € f&( which deep illuminates
Yz, and is such that, if d; = £ for some s € [n], then y,, = 0 (in other words,
’d5’ = C = S E {il,ig}).

Let jo = m.c.(d). Then x + |xj,| d satisfies the following:

- its jo-th coordinate is zero,

- while . 1
@+ sl il <l + |6 < 5 +6 < 3

for both s = 1 or 2 (the last inequality holds because of our assumptions on J).
- Finally, for any j € [n] \ {jo,%1,%2}, we will have that

[z + |2j,] d);] < max{|a;| — |ajo| 6, |2jo] 6} <1 —|aj|é.

We can now compare to the convex combination

1
(l—ejo—eil) + 5(1—6]'0—62‘2)

N |

in B, to conclude that = + |z;,| d € int B.

— At most one of the coordinates of = is < % in absolute value. Let iy be the (smallest)
index of min;ecp,) |7;|. We must have |z;,| < v (otherwise the point 1 would not be
a boundary point of B). Moreover, recall that the only subcase that we have to still
consider here is the one satisfying the following:

(i) for all j € [n] \ {io} we have |z;| > £ > 4;
(ii) sign(x;) = sign(xy,) for all i € [n — 2] and sign(x,—1) = — sign(z,).

We now pick the unique direction d € f&c which satisfies |d;,| = ¢ and sign(d;,) =
sign(z;, ), while sign(d;) = —sign(x;) for all j € [n] \ {io}. Let jo = m.c.(d). Then
z + |zj,| d satisfies the following: for all j € [n] \ {40},

(@ + [z50] d) 5] < |j] — [2j0] 0,

while
(@ + |zjo| d)ig| = |Tio| + |2jo| € < |@ip| + €.

Fix some \g € (0, g); then, for all j € [n] \ {ip}, we can write
0
Ao |$]| <) < g < |$j0|5,

and thus |z;| — |zj,| 0 < (1 — o) |z;|. Based on this, we consider the convex combi-
nation

Co(m') = (1 — )\0) Z ‘.%'Z’ ei + Ao €ip = (1 — Ao)‘f{ + Ao €io

i€[n]

which is contained in B, and we observe that:

31



- each of its coordinates with index j € [n] \ {ip} is equal to (1 — Ag) |z;| >
|(@ + [, ] )1,

- while the coordinate with index ig is equal to

(1= 20) [zig| + Ao = [Zio| + Ao(1 = [zip]) = |io| + Ao (1 — 7).
Hence, if we fix some ¢ < A\g(1—7) (e.g. fix Ao = g and ( = %(1 —7); note that none
of these quantities has to depend on the point x that we are considering), we can also
ensure that |(x + |z;,| d);,| is strictly smaller than the ig-th coordinate of the convex
combination c¢o(z). This will imply that x + |z;,| d € int B.

We have addressed all possibilities for the arbitrary extreme point of B, and we have shown
how to illuminate it in each case using some direction from Zs (with ¢ and ( suitably chosen
with respect to B). Therefore Zs ¢ is an illuminating set for B, and J(B) < 2" — 2. O

5 Cubelike 1-unconditional convex bodies

Here we prove Theorem [B, namely we settle the Illumination Conjecture for 1-unconditional
convex bodies K which have the following property:

if z is an extreme point of K, then z; #0 forall 1 <i<mn (t)

(we called these cubelike bodies).

Recall that, because of standard results such as Fact A and Corollary B it is well-known
that such convex bodies can be illuminated by 24™(X) directions. Therefore, the novelty in
Theorem Bl is that we also verify the conjectured equality cases of the Illumination Conjecture.

The proof of Theorem [l could be summarised as follows: we will use induction in the
dimension, and in the inductive step we will rely on combining two key lemmas, which we
present first.

The first of these lemmas could be of independent interest as well, since it applies in a
broader setting than that of ‘cubelike’ 1-unconditional convex bodies.

Lemma 33. Let n > 3, and let K be a convexr body in R"™ and H a(n) (affine) hyperplane of
R™. Suppose that: (i) Projy(K) = K N H (where projection of any given vector here means
translating the vector parallel to a normal vector to H until we hit H), and (ii) K has NO
extreme points in H, that is, ext(K) N H = (.

Then 3(K) <2-3(KNH) =2-3(Projy(K)) (note that 3(K N H) is the illumination number
of an (n — 1)-dimensional convex body, found by illuminating K N H = Projy(K) within H ).

Proof. WLOG we can assume that H = erll + ae, for some a € R, and then, by translating both
H and K by —ae,, we can assume (for simplicity) that H = e#. From now on, we will write
K., instead of KN H = K Ne;.

Note also that, because K N H = Projy(K), we have that aff (K N H) = H.

Next we observe that K contains points x with x,, = (x,e,) > 0, as well as points y with
yn < 0. This is because, if this were not true, we would have that K., is a support set of
K, and thus it would have to contain some extreme points of K, contrary to our second main
assumption. As a consequence of this, we also get that (int &) N e # (.

Set now Ny = J(K,,) (where we initially view K., as a subset of R"~! instead of e,-). We
can find a set D = {dy,ds,...,dn,} of directions in R™ ! which illuminates K.,. Let us also
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restate this as a statement about subsets and directions of R”: D can be viewed as a (minimum-
size) subset of e which has the property that, for every p € relbd(KL,), we can find d; € D
and £ > 0 such that p + ed; € relint(Ke,, ).

Claim. We can find a common gy > 0 with the property that, for every p € K., (and not
just € relbd(K,,)), there will be some d; € D such that p + eod; € relint(K,,). By convexity,
this will also imply that, for p and d; as before, p 4 &'d; € relint(K,, ) for every &’ € (0,¢eq).

Proof of the claim. We will use compactness (working with relatively open sets in the
subspace topology on e#, so as not to further complicate our notation). The following is
essentially the (core of the) standard argument that shows that the illumination number and
the covering number of a convex body coincide.

For every p € K., we can find d;, € D and some ¢, > 0 such that p + ¢,d;, € relint(K,, ).
For points on the relative boundary of K., this is already guaranteed by our choice of the set
D. On the other hand, if p € relint(K,, ), then, no matter which direction d we choose from
aff (K., ) = e;- (more accurately, from aff (K., ) —p, which just happens to coincide with aff (K,,)
here), we can get the desired conclusion as long as we pick €, = &), 4 small enough.

We can rewrite this as p € —e,d;, + relint(K,, ), and thus

K., C U (—epd;, + relint(K.,,)).
PEKe,

Therefore, by compactness, we can find finitely many positive numbers €1, ¢es,...,ep7, M > 1,
such that, for every p € K., , it will be possible to write

p € —gjd; +relint(K,,) << p+ejd; € relint(K,,)

for some j € {1,2,...,M} and i € {1,2,..., No}. Finally, if we set ¢g = min{e; : 1 < j < M},
by convexity we will have that p 4 £od; € relint(K,, ) as well, while £y will not depend on the
point p anymore. The proof of the claim is complete.

We can finally define an illuminating set for the convex body K. Set
ap = max{|z,|:x € K}.
By our remarks at the beginning, we know that ag > 0. Set 19 = Z—g We claim that the set
oD x {£1} = {(nod;, 1), (nodi, 1) : 1 <i < No}

illuminates K (where we abuse our notation a bit again, and view D as a subset of (n — 1)-
dimensional vectors now).
Indeed, let x be an extreme point of K. Then, by our assumptions z,, # 0, and also

Proj.1 (z) € Proj.1 (K) = K N et =K,,.
Hence, we can find d; € D such that Proj,. () + ¢'d; € relint(K,,) for any ¢’ € (0, &].
We will show that z is illuminated by the direction (nodi, - sign(mn)):
T + |z, |(nod;, —sign(z,)) = (Proje# () + |@n| 22 di, 0) € relint(K.,)

given that |z,|Z2 < eo (again, we abuse our notation and view Proj.i(z) as a vector with
n

n — 1 coordinates). It remains to recall that, since (int &) N e # () due to our assumptions on
e;- = H, Lemma [I0 gives us that relint(K,, ) = relint(K Nel) C int K. O
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Remark 34. Let K be a l-unconditional convex body in R™ which has Property (f). It is not
hard to see that we can find at least one affine image K of K which belongs to the subclass U™
and still has Property (7).

Indeed, as mentioned in Section 2] an obvious choice for an affine image of K from U™ is the
convex body we get if we multiply K by the diagonal matrix diag(HelH}l, lealls - - - H%H}l)
Let us write Tg for the linear transformation of R™ which corresponds to this matrix. It is clear
that

zeext(K) < Ty(x) € ext(Ty(K)),

while this transformation Ty is such that, for all y € R™ and i € [n], y; #0 < (To(y)): # 0.

Lemma 35. Let B be a cubelike 1-unconditional convex body in U™ (in other words, assume
that B has Property (1), and that |le;||B =1 for all i € [n]).
Suppose that for some ig € [n] we have that Proj,. (B) is a(n) ((n — 1)-dimensional) paral-
20

lelepiped. Then we will have that PrOJe (B) coincides with PrOJe (-1, ] ) (and not only that
they are affinely equivalent). Equwalently, B must contain the pomt 1-

Proof. WLOG we can assume that ig = n. By the linearity of projections, we can observe that
ext (Proje% (B)) C {Proje% (z) : z € ext(B)}.

Moreover, since we have assumed that Proj.. (B) is an (n — 1)-dimensional parallelepiped, we
know that it has exactly 2"~ ! extreme points. Let v; be one of them; as already observed, we
can find an extreme point z; of B such that v; = Proj.. (z1).

Now note that, because of Property (f), all coordinates of x; are non-zero, and hence the
first n — 1 coordinates of v; will be non-zero. Moreover, by the 1-unconditionality, we know
that all coordinate reflections of v1 must also be extreme points of Proj,. (B), and given what
we just remarked, we have that there are 2"~! different such coordinate reflections (including
vy itself).

We conclude that the extreme points of Proj.1 (B) are precisely v1 = Proj.. (1) and its
coordinate reflections. WLOG we can assume that v; has only positive coordinates (except for
its last one).

We finally observe that, for all j € [n — 1], e; € Proj.1(B), and thus it must be possible
to write it as a convex combination of vy and its coordinate reflections. This implies that
|v1,j] = v1; > 1 (and since B € U™, we also have vy ; = x1; < 1). We conclude that v; =
Proj.. (1) =1 — ey, and by the l-unconditionality we know that this is contained in B. O

We are now ready to give the
Proof of Theorem[3. Let n > 3, and consider a cubelike 1-unconditional convex body B in R"”
which is NOT a parallelepiped. Because of Remark B4] we can also assume that B € U™ without
ruining any of the other assumptions. We will show that 3(B) < 2" — 2 by using induction in
the dimension n.

Base of induction: If n = 3, then Theorem [I5] gives us that J(B) < 6 (without even
having to use the assumption that B is cubelike), and it also guarantees that we can illuminate
(any affine image of) B using 3 pairs of opposite directions.

Induction Step: Let us now assume that the theorem holds in dimension n — 1 for some
n > 3, and consider B € U™ as above.

Because of the 1-unconditionality, we have that Proj..(B) =BnN ei-. Moreover, as we also
observed in the proof of Lemma [B5] it holds that

ext(Proje%(B)) - {Proje%(x) rx € ext(B)},

and thus Proj.. (B) (viewed as a convex body in R"~1) is 1-unconditional and cubelike.
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¢ If Proj, 1 (B) is a parallelepiped of R" !, then Lemma B35l gives us that B contains the point
1 — e,. Note that B is assumed to NOT be a parallelepiped of R"™, and thus Theorem
applies in this case, allowing us to illuminate B using %(2" —2) pairs of opposite directions.

¢ If instead Proj, #(B) is NOT a parallelepiped of R”™!, then we can invoke the inductive
hypothesis and conclude that J(Proj,1 (B)) < 271 92 1In fact, we obtain that Proj..(B)
can be illuminated using 2”2 — 1 pairs of opposite directions.

We can then combine this with Lemma [B3 (given our assumptions, which imply the
conditions of that lemma), and this gives that 3(B) < 2-3(Proj.. (B)) < 2" — 4.

In addition, by looking at the proof of Lemma B3] as well, we can check that, if we start
with an illuminating set of Proj,. (B) which consists of pairs of opposite directions, then
we pass to an illuminating set for B which also consists of pairs of opposite directions
(and has double cardinality).

This completes the proof. ]

It is worth remarking that we only looked at the particular hyperplane projection Proj, (B)
of B for simplicity. By the l-unconditionality assumption (which is a rather strong symmetry
assumption from certain points of view), we have that Proj,.(B) = BN ejL for all j € [n].
Therefore, we could have applied the inductive hypothesis and Lemma B3] exactly as we did
above, for any index jo € [n] for which we would know that Proj, L (B) is NOT a parallelepiped.

And if it turned out that no such index exists, then (by also recalling Lemma B5) we would
deduce that we are in the setting of Proposition 20, which is just a special case of Theorem
(in fact, the case with the easiest, most direct proof). Thus, the proof of Theorem [ only truly
requires Proposition

Still, in this paper we sought to give a full proof of Theorem [2, because this allows us to

settle more high-dimensional cases of the Illumination Conjecture in the class of 1-unconditional
bodies.

6 1-unconditional convex bodies in R*

It remains to complete the proof of Theorem [I} note that we have already fully settled the part
of the theorem that concerns R3. Recall also that Propositions B0, 21, B8 and 29 apply with
n = 4 too, and cover all cases where we have at least one coordinate permutation of e; +es + e3
contained in a l-unconditional convex body B € U*. Analogously, Proposition 1 corresponds
to, and settles, the case of 1-unconditional convex bodies in 4% which contain all coordinate
permutations of e; + ey and no coordinate permutations of ey + es + eg3.

Therefore, to also fully confirm the Illumination Conjecture for 1-unconditional convex bod-
ies in R?, it remains to address the cases where B € U* contains only some of the coordinate
permutations of e; + eg or none of them. We summarise the conclusions that we reach in this
section in the following

Theorem 36. Let B € U* which is not a parallelepiped.

o If B contains at least one coordinate permutation of e1 + ez + ez, then, as we have already
seen, there exist 0 € (0,1), or §1 € (0,1), or e2 and e, € (0,1), or 93,03 € (0,1) and

35



n3 € (0,93), which depend only on B, so that B is illuminated by one of the following sets:
%5 =T7%,(0) = {£(1,6,6,6), £(5,—1,—8,—0), £(6,8,—1,—6), £(5,—4,1,6),
+(6,6,6,—-1), £(8,—6,—8,1), £(6,—6,6,—1)},
or ]]"2]16 =T°,(6) x {£0} = {£(1,4,0), £(6, —1,-6), £(5,6,—1)} x {£6},
or ﬂ[ﬁl Topo1(61) = {£(61,61,61,1), £(61, 61,01, —1), £(d1, =1, =61, 1),
:l:((sly _515 _51, _1)5 :l:((sla 61, _1, 0)? :l:((sla _51, 15 0)}’

r.7:4’2

52,55 I§x22(627 {i 627627171) i(5627_5527_17_5 ) (56275627_ ) 552)7

:‘2(552, _562 ) 17 5 ) (552 ’ 552 ) 5527 - ) i((SEQa _562 ) _5527 1)7 i((SEQa _562 ) 562 ) _1)}7
or ]:537773753 = {(i(15n3)5i53’0)’ (:l:(_n?nl)’j:(s?no)} U [{:l:(g?ng?ng?»)} X {il}]’

or by some coordinate permutation of those.

o Again, as we have seen, if B contains all coordinate permutations of e; + ez (and none of
the coordinate permutations of e1 + ea + e3), then B can be illuminated by the set

]ﬁﬂéczfgcz{i(é,l,g,é), +(8,—1,—68,—68), +(6,6,—1,—C), +(5,—6,1,0),
i(575757_1)7 j:((sa_ga _571)7 i(_<757_57 1)}

for some 6 € (0,1) and ¢ € (0,0) which depend only on B. Note that an equivalent
description for B here is that it contains all possible unit squares.

e In the remaining 4-dimensional cases, where B may contain only some unit squares, or
none at all, we can use a coordinate permutation of one of the following illuminating sets:

M&n,g = {i(laéana 0)’ :l:((;,—l,—’l’], 0)’ :l:((sﬁ —77,1,0, i(_éy _nal’C)’
+ (O’i(n’(;)’l)’ i(oala_éan)}a

m&n = {i (17 57777 0)7 i(57 _177770)7 i(_77757 17 0)7 i(na 57 _17 0)7
i(_na 07571)7 i(_7770757_1)7 i(1707170)}7
FiQates, = 1£(1,61,0,0),£(=61,1,0,0),+(0,0,1,61),£(0,0,=61,1) },

m&n = {i (17577770)7 i(57_17_7770)7 i(57 _777170)7 i(57777_170)7
:I:(O,:I:(n,é),l), :I:(O,l,—l,O)},

maltﬁz,m = {:l:(772,1,62,0), :l:(—772,1,(52,0), ( 772, 625 )a
:t(772777271752)7 :t(_n27_77271752)7 i(n277727_527 )7 (—7727—77%—5271)}7

or ma]tﬁ&n?) = {i(17_7737_537—53)7 ( T]37 ) 537 53)7
:l:((53,0,1,—773), i(6350)_773, ), (0563,15 ) (0 53? —13, )}
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Note that the order in which we include the parameters/‘small’ constants that we use as
subscripts should indicate how they (potentially) depend on each other: parameters appearing
earlier do not depend on later ones, but how small one may need to choose the later one(s)
depends on the values of the earlier parameters.

In the same manner as in earlier sections, we divide the remaining cases into the following
propositions (based on how many unit squares the given unconditional body contains).

Proposition 37. Suppose that B € U* satisfies |le; + €;]|g > 1 for every i,j € [4]. Then there
exist 6 > 0, n = n5 > 0 and ¢ = (5, > 0 so that B can be illuminated by some coordinate
permutation of the set

m&,n,g = {j: (17577770)7 i(57_17_7770)7 i(57 —7771707 i(_57 —7771707
+ (07:t(7775)71)7 i(0717_57n)}

Observe that ‘mm&‘ = 14.

Proof. For all i,j € [4],i # j, set 0; ; = ||e; + ejH]_31; this is equivalent to 0; j(e; +€;) € OB, and
thus 0; ; < 1 for all 7 # j by our main assumption. Set ©g = max;; 0; ;.

Next, similarly to the proof of Proposition [I6] for each i € [4] and for each j € [4]\{i}, set
«; ; to be the supremum of non-negative numbers x; such that

1+ 6
2

e +xje; € B.

Then 1+29°ei + o; je; € B, and we must have «;; < 1 (in fact, oy must be < 6;;, since
otherwise the point 0; j(e; + e;) would not be a boundary point of B; indeed, since 6;; < 1, if
we had that @ei + 0, je; € B, we could use LemmalIl to conclude that y;e; + 60, je; € int B
for any y; € (0, #))

Set ap = max;<;-j<a 0; ; and WLOG assume that (at least) one of a2, a1 is equal to ay.
We will now show that Fg7gas ., ¢ (with suitably chosen 4,7, () illuminates B. Let = € 0B.

Consider the following cases for the index set Z, of zero coordinates of x.

|Z;| > 2. First of all, if z = z;e; for some i € [4], where z; = +1, then we find a direction
d € J37Es, c satisfying m.c.(d) = i and d; - x; < 0. Observe that [|d — di€;foc = 4,
and thus, as long as we choose ( <7 < 4§ < i, we will have that z + d € int B.
Similarly, if © = x;e; + xje;, and we assume WLOG that |z;| > |z;] > 0, we will have

that |z;| < 6;; < ©¢. Again we choose d € Fgppds,, . Which satisfies m.c.(d) = i and
d; - ¢; < 0. Then, for the displaced vector = + |z;|d, we will have that

-~ |(z + [zild):| =0,
N+ zild) ;] < i) + (@il < x| +6 < O + 6,
- and for s € [4] \ {7,5}, |(x + |z;|d)s| < 4.

Thus, if we also choose ( <7 < § < 1_360, we will have that = + |z;|d € int B (note that

these restrictions on 0,m and ¢ do not depend on what the coordinates of x are).

|Z:| = 0. We consider two subcases here.
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— First, assume that |z1| < % Then |z1]| < 1, and we can invoke Corollary [I1] to

conclude that a direction d from
i(07 i(ﬁ? 5)7 1)7 i(07 17 _57 77)

will illuminate z if it holds that ds - z; < 0 for all s € [4] \ {1}. Otherwise, if
none of these directions can satisfy this requirement, it will mean that sign(zs) =
—sign(x3) = —sign(zy4), in which case one of the directions

i(év =1, 17 C)v i(_éa -n, 17 C)

will illuminate z (the one direction d which also satisfies d; - x1 < 0).

Now we assume that |z1] > @. Then, by our choice of the numbers «; j, we will

have that |z4) < a4 < ap < 1.

If sign(z1) = sign(xzy) = sign(xs) or sign(zy) = —sign(xe) = —sign(x3), then one
of +(1,4,n,0), £(,—1,—n,0) will illuminate = (by Corollary [[1). Thus, assume for
the remainder of this case that x does not satisfy either of these sign assumptions.
We consider further subcases here.

- If max(|zo, |23]) < 1520 < 1_%, then, as long as we also make sure that

(<n<d< 1_80‘0, we can choose a direction d € {i(l, 0,1, 0)} which satisfies
dy - 1 < 0 (and we can check that x + |z1|d € int B by comparing to the point
1—'—%64 + 1—404() (62 + 63) S B)

- Assume now that max(|zz|, |z3|) > 1522 > min(|2s|, [z3]). Also assume first that
max(|z2l, [z3]) = |z2|. Then we choose the unique direction d from {+(1,4,7,0),
+(6,—1,—n,0)} which satisfies ds - z; < 0 for s € [2] (recall that, by our last
assumption on the signs of z, we will also have here that ds - x3 > 0). For the

displaced vector x + 1;5&0 d we observe that

|(:U + %d)s‘ < (1= Xp)|zs| for s € {1,2}, as long as
Ao < 1_%5.
Based on this, we can compare with the vector

. 3+« 11—«
Ugy = (1—)\o)|x‘+)\0< 1 Oey + 1 063) € B.

We have that {(:U + 1_80‘0 d)s‘ < Uqq,s for s € {1,2,4}, and also that

1—040 1—0&0

8

Uao,3 = |23 + Ao ( - \903’> > |xs| 4+ Ao

Thus, if we also choose
1-— (674}

n <A < 0,

we will have that | (:U—l— %d)?ﬂ < |xs|+ %n < Uqq,3, Which finally shows that
x+ %d € int B.

On the other hand, if max(|z2|, |z3|) = |z3|, then we pick the unique direction
d' from {£(6,—n,1,¢), £(—6,—n,1,¢)} which satisfies d} - z, < 0 for s € {1,3}.
Similarly, we compare the displaced vector x + %d’ with the vector

. 7T+ « 11—«
UZXO :(1—)\1)|1‘|+)\1< 3 Oe4+ 2 0@2) € B,

38



where \; needs to be < 1= —524. Observe that, as long as ¢ < 7A; < M

will have that x + = = d € int B.

4, we

- Finally, assume that min(|za|, |23]) > 152¢. Then we pick the unique direction

de {£(6,-n,1,0), £(— 5 —n,1,¢)} which satisfies ds - x5 < 0 for s € [3]. Again,
we can check that = + 15204 € int B as long as ¢ < (1 — ag)n.

We now turn to the cases where:

|Z:] = 1. We will argue similarly to the previous case, but will now rely on the existence of the
points

3+06 1-0
Oei—i— 026]'

1)2‘;@0 = 1

J#i
in B.

— Assume first of all that x4 = 0.

I fag] < @, then we cannot have max(|z1], |z2|) < 1—25190

could compare the entries of x with those of vs.e, and we would obtain that  is
not a boundary point). If |xe| = min(|z1|, |z2|) and it is < 1_2?0, then we simply
choose a direction from +(1, d,7,0) such that d; -x1 < 0. Then z + |z1|d € int B

as long as

B0
24
(this can be seen by comparing with the corresponding coordinates of the point
v3.0, again).
Similarly, if |z1| = min(|z1], |z2]) <
from +(6,—1,—n,0).

1-—
(<n<i<

—Bq

2 177, then we illuminate z with a direction

Finally, if min(|x1],|z2|) > 124 , then we choose d from the same directions

as previously, +(1,4,7,0), £(5,—1,—n,0), so that ds - zs < 0 for s € [2]. We
compare the coordinates of the displaced vector x -+ 15?0 d with those of a convex
combination of the form

/\63+(1—>\)\ 7] = (1= Na1l, (1= Nlazl, |z + A1~ |zs]), 0)  (6)

L 9077 <= 60 < A(1—|z3|), which can
be achieved 1f n< = 6“5 we w111 have that z + 15 60d € int B.

- If instead |z3| > 1+£®°, then we observe the following: by 1l-unconditionality,

we will have that |z1|e; + |z3les € B = |z1] < ag1 < ap = max(aj 2, a2;1).
Similarly, we see that |z2| < as2 < max(aq 2, a21). Therefore, we can pick the
unique direction d € {£(d, —n, 1,{)} which satisfies d3 - 23 < 0, and we will have
that « + |z3|d € int B as long as

012 —0ag 012 —max(a12,a21) 1( Oéo)

<o < = = = ’ : d <—=(1—-—
K 2 2 and ¢ <3 019

(we can confirm this by comparing to the point

01,2+ oo 1 a
T(ﬁ +eg) + 5" 20, 2 €4

which is a convex combination of #; 2(e; + e2) and of ey).
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— Now we assume that x3 = 0.

I x| < @, we argue exactly as before, and we illuminate x using one of the

directions +(1,0,7,0), £(d, —1,—n,0). The only change that we make is that,
in the subcases where min(|z1], |x2]) > %, instead of comparing the displaced
vector x + 1_2?061 with a vector analogous to the one in ([6l), we compare with a

vector of the form

Nuge, + (1= N)|Z|-

I |xg| > 1+2@°, again we argue similarly to the previous case, while illuminating

x with the unique direction d € {£(0,7,0,1)} which satisfies d4 - 24 < 0.

— Next, assume that zo = 0. In this case we illuminate x with a direction d from
i(la 57 7, 0)7 i(éa =1, 17 C)a i(_57 =1, 17 C)7 j:(07 i(777 5)7 1)

and we distinguish subcases based on whether |z4| < # or not (in fact, in the
latter subcase we illuminate « with one of the directions from +(0, (7, ¢), 1), relying
on the fact that |z1] < ay1 < o < #)

— Finally assume that 1 = 0. Then we illuminate x with one of the directions from
i(07 i(”’ 5)7 1)7 i(oa 17 _57 77)7 i(d =1, 17 C)

If sign(za) = sign(zs3), then we use one of the first 4 directions. We also use one

of these directions in the cases where sign(ze) = —sign(z3), but at the same time
72| < 1520 and |z4] > 520, whereas we use the last pair of directions here if,
instead of the last assumption, we have min(|zs|, |z4]) = |z4| < 1522.

Finally, if sign(ze) = —sign(z3) and |za| > #, then we will have that |z4] <
ag4 < op. Thus, regardless of whether min(|zs|, |z3]) = |z3] < 1_2?0 or not, we will

illuminate x by a direction d € {£(0,1,—4,7)} (it’s just that in the former subcase
we will compare the displaced vector x + |x2|d with the vector vy.e,, whereas in the
latter subcase we will compare the same displaced vector with a convex combination
of the form Aes + (1 — \)|Z]; note that in the latter subcase we again consider the
displacement z + |z2|d because |zg| > 1_2?0 > ¢ by our restrictions so far, and thus
|(z + |x2|d)s| = |x3| — |z2|d, which we can write as < (1 — \)|x3| for a suitably chosen

A€ (0,1)).

We have thus illuminated all boundary points of B. We finally remark that, if B doesn’t
satisfy the assumption that maxi<;zj<4;; = max(ai 2,a91), then clearly a coordinate per-
mutation ¢ of R* suffices to give an affine image +(B) of B which does. This completes the
proof. O

Proposition 38. Suppose that for a given B € U* there is exactly one pair of indices iy, € [4]
such that ||e;, + e;,||lg = 1. Then there exist 6 > 0 and n =ns > 0 so that B can be illuminated
by some coordinate permutation of the set

m&m = {i(17577770)7 i(éa_lanao)a i(_77757170)7 i(naéa_lao)a
+(-n,0,6,1), £(-n,0,d,—1), £(1,0,1,0)}.

Proof. WLOG we can assume that e; + ey € B. For any 1 < # j <4 with {i,j} # {1,2}, we
set
01 = lles + ¢jllg"
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which by our assumption will be < 1. Set ©g = max{6;; : 1 <i # j < 4,{i,j} # {1,2}} and
fix some & € (0, %) and some 15 € (0,0/2) (we will further restrict ns by the end of the
proof). Let x be a boundary point of B, and consider the following cases.

|Z:] = 3. Since n < 0 < %, to illuminate a boundary point x = x;e; with x; = +1, it suffices to pick
Z direction d, from the first 12 in J3g3)5,, Which satisfies m.c.(d;) = m.c.(z) = i and
xyit Tp < 0.

|Z2] = 2. We first deal with the subcase where

— Z, ={3,4}. Here we pick the unique direction d € +(1,4,7,0), £(J,—1,7,0) which
satisfies ds - x5 < 0 for s € [2]. Then the non-zero coordinates of x + d do not exceed
in absolute value the non-zero coordinates of either (1 —4§,0,7,0) or (0,1 — d,7,0).
The latter points are interior points of B since 1 —d +7 < 1, and thus z +d € int B
too.

- Z, # {3,4}. If we write z = w;,€;, + wiye;, with {i1,i2} = [4] \ 25, and we assume
WLOG that |z;,| > |x;,|, then we will have that |z;,| < 6;, 5, < ©g. Thus, we can pick
a direction d, from the first 12 in m&n so that m.c.(dy) =i and dg 3, - ;; <O0.
We can compare the displaced vector x + |x;,|d, to either (©¢ + d)e;, + de;, or
Opei, + d(eis + €;,), where {is,i4} = Z;. Given that ©g + 20 < 1, the latter points
are in int B, and thus the same is true for « + |x;, |d,.

|Z:| = 0. Here we distinguish subcases based on the magnitude of |z4].

— If |x4] < ©g < 1, then, by employing Corollary [[1] (combined with Corollary ), we
can illuminate x using one of the first 8 directions in Fggsos, (we choose the unique
direction d among these which satisfies ds - =5 < 0 for s € [3]).

— Assume now that |z4] > ©¢. Then |z1] < 614 < O¢ and |z2| < 024 < Oy.

- If x| < 17460, we use the unique direction d € {+(—n, 0,4, 1)} which satisfies d4-

x4 < 0. We compare the displaced vector = + |z4|d with the convex combination

1+0 1-0
5 O(e1+62)+ 0

U3;0, 1= es € B.

- If instead |z3| > 1*460, then we use the unique direction d € {£(—n,0,d,1),

+(—n,0,d,—1)} which satisfies ds - s < 0 for s € {3,4}. For the same indices s,
we have that

| (@ + |2ald)s| < (1= Ao)las]

as long as A\g € (0,0) (since (x + |z4]d)s = 0, and since Ng|zz| < Xob34 < AoOg
and |z4]0 > ©¢d). But then we compare = + |z4|d with the vector

(1 — )\0)‘5‘ + )\0(61 + 62) S B,

and we can conclude that =+ |z4|d € int B as long as n < A\g(1—0g) < 6(1—0y)
(SO that ‘(.%' + ‘.%'4’6[)1‘ < ’1‘1‘ + ‘.%'4’?7 < ‘.%'1’ + )\0(1 — @0) < ‘.%'1’ + )\0(1 — ’1‘1‘))

|Z.| = 1. First of all, if Z, = {4}, then we argue as in the cases where |Z,| = 0 and |z4| < Oq: the
first 8 directions of FER39s . illuminate z.

The remaining subcases are the following.
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— Assume that z3 = 0. If |z4] < Op, while min(|z1], |z2]) < % < max(|z1|, |x2]),
then we use a direction d from +(1,,7,0), +(4, —1,7,0) so that m.c.(d) is the same
index where max(|z1|,[v2|) is attained, and so that d, c.(q) - Tm.c.@y < 0. We will
have that x + ]wm.c_(d)\d € int B based on our restrictions on ¢ and 7.

If instead |z4] < ©¢ and min(|zy|, |z2]) > 17490, then we choose from the same
directions a direction d such that ds - x5 < 0 for s € [2]. We compare the displaced

vector x + 17490(1 with a convex combination of the form

. 140 1-0
(1=N)|Z] + A Oy + Oeq
2 2
where A < 1_460 d, to conclude that x + 1_4®°d € int B as long as n < %5.

Finally, if |z4] > ©g, then we use a direction d € {£(—n,0,d,1)} and compare

x + |z4]d with us.e, = 1+29° (e1 +e2) + 1_290 es again.

— Assume now that 7 = 0. Then we will illuminate z using one of the directions
:l:((sa _1a m, O)a i(—ﬁ, 6, 1a O)a i(ﬁ, 6, _1, 0)’ i(_na 0, 6, 1)’ i(—ﬁ, Oa 55 _1)

while distinguishing subcases based on whether |z4] < ©¢ or not, and whether in the
former case min(|zsl,|z3|) < % or not, or whether in the latter case |z3| < 1_490
or not.

— Finally, we assume that zo = 0. If |z4] > Og, then we will have that |z1| < O¢, and
thus we can use a direction d from +(—n,0,4,1), £(—n,0,d, —1) so that ds - z5s < 0
for s € {3,4}: we can conclude that x + |z4|d € int B (while distinguishing subcases
in our analysis based on whether |z3| < % or not).

If instead |xz4| < ©¢ < 1, then we can also rely on Corollary [[Il We distinguish cases
based on whether sign(x;) = —sign(zs) or not. In the former case, we use again
one of the directions +(—n,0,4,1), £(—n,0,d,—1) to illuminate x (here we can find
a direction d such that ds-zs < 0 for all s € {1,3,4}). If instead sign(z;) = sign(zs),
then Corollary [[1] guarantees that one of the directions £(1,0,1,0) illuminates z.

In the end, by examining our analysis more carefully, we can see that the restrictions § €
(07 %) and n < 1*2905 are sufficient to complete the proof. O

Proposition 39. Suppose that for a given B € U* there are exactly two pairs of indices iy, €
[4] such that |le;, + e, |lg = 1. Then at least one of the following two statements holds:

(i) there exist &1 > 0 and n1 = ns, > 0 so that B can be illuminated by some coordinate
permutation of the set

m&hnl = {i(1751777170)7 i(517_1777170)7 i(_7717517170)7 i(nlaéla_lao)a
i(_nlaoy(;lal)a i(_nlaoy(;la_l), :I:(l,O,l,O)},

(ii) there exists 02 > 0 so that B can be illuminated by some coordinate permutation of the set
FBatts, = {i(l,ég,0,0),i(—ég, 1,0,0),+£(0,0,1,d2),+(0,0, —d2, 1)}

Proof. We first deal with the cases where statement (ii) definitely applies. These are the cases
where the two pairs of indices i; # iy and j; # jo € [4] for which we have |le;, + e;,llg =
||6j1 + 6]’2”]3 =1 satisfy {il,’iQ} N {jl,jQ} = 0.
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WLOG we can assume {i1,i2} = {1,2} and {j1,72} = {3,4}. For each other pair (i,7) of
(distinct) indices, we set 0, ; = ||e; + ¢;|| 5", and we know from our assumptions that 6; ; < 1.
Let us set Og = max{6;; : 1 <i < j <4,e; +e; ¢ B}, and let us fix do < 1 — Oy.

Consider now a boundary point z of B, and suppose |z1| is its maximum coordinate
(in absolute value); note that this doesn’t have to be unique. Necessarily max{|zs|, |z4|} <
max{6; 3,614} < Oy, and thus (0,0, z3,x4) is an interior point of B (since e3 + e4 € B).

If 29 = 0, then we illuminate = using the direction d, = —sign(z1)(1, d2,0,0): we will have
x + |z1|dy = (0, —x102, x3, x4), which by our assumptions is an interior point of B (this can be
seen by comparing with the point (1 — ©g)ea + Og(e3 + e4) € B).

If 9 # 0, then we pick instead a direction d,, from +(1, d2,0,0), +(—d2, 1,0, 0) which satisfies
dys - x5 <0 for both s =1 and = 2. Then, using Corollary [[1], we see that d, illuminates x.

We argue analogously if the maximum (in absolute value) coordinate of x is its 2nd or 3rd
or 4th one.

Consider now the cases where {i1,i2} N{j1,j2} # 0. WLOG let e1 + €2, €2 + e3 € B. Again
let us set g = max{f;; : 1 <i < j <4,e; +e; ¢ B}, where 6;; = |le; + ¢;||g', and observe
that ©g < 1. Fix now some

1-0
4
and suppose also that we have chosen some 7; < 01/2 (we will soon see that we need to restrict
mp further, but this will be done in an unambiguous manner).

The argument that FERBAs, .m illuminates B is very analogous to that of the previous

proposition: let us fix an extreme point x € 0B.

0 <

¢ If |Z,| = 3, then z is an extreme point only if x = +e4. Then z is illuminated by the
directions F(—mny,0,d1,1), as long as 11, < 1.

¢ If|Z,] = 2, and x = +e;+Eeg or £eg+tes, then one of the first 8 directions of m&,m
illuminates z. The ‘trickiest’ case here is if x = 4+(e; — e3). Then we have to use the
directions F(d1,—1,71,0): e.g. (e1 —ez) + (—01,1,—m1,0) = (1 — 41,0, —n1,0), which is
€ int(B) since 1 — 01 +m < 1.

Note that all other points x € 0B with Z, = {3,4} or Z, = {1,4} are not extreme, but
in the convex hull of £e; + ey and +eg + +e3 (so they are also illuminated by the same
first 8 directions). Other subcases that we need to consider here are the following.

o If z = (21,0, x3,0), then by our assumptions min(|z1],|z3]) < Oq. If |z1| < |x3], then
we illuminate x using the directions £(—n1,d1, 1,0):

x + (—sign(xs)|xs])(—m, 01,1,0) = (z1 + z3m1, —x301,0,0) € int(B)
since |21 + x3m | < O¢ + 17490 <1- 1*290, while |z36;| <61 < 1*290.

Similarly, when |z3| < |z, we illuminate x with the directions (1, d1,71,0).

e Assume now that x = xje; + x4e4 for some j € [3]. One of the ‘trickiest’ cases here
is if 7 = 2. Again, we distinguish the subcases |z4] < |z2| and |z2| < |z4| (With
min(|za], |z4]) < Og by our assumptions). In the former we have

x + (—sign(xa)|x2|)(—01,1, —1m1,0) = (x201,0, 2271, 24) € int(B)

since |zam| < |x2d1] < 1*290 and |z4] < ©g, and thus the above displaced vector can

be compared with the convex combination Gpeq + 522 (e + e3) € B.
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On the other hand, in the subcase where |z3| < |z4|, we will have
x + (—sign(za)|za]) (=1, 0,61, 1) = (zam1, T2, —2461,0)
which is € int(B) by completely analogous reasoning.

The remaining cases, where x = z;e; + x4e4 with j = 1 or 3, are handled very

similarly (and we illuminate x using one of the first 12 directions of JBR39.s, 771)'

¢ If|Z,] = 1, and we have Z, = {4}, then we can use one of the first 8 directions to illuminate
x (since they contain all possible combinations of signs for the first three coordinates).

e Assume now that Z, = {3}. If |x4| < Oy, then max(|x1],|z2]) > 1 — Oy (because
otherwise x would not be a boundary point, since B contains (1 —0y)(e1 +e2) + Opes
and we can use Lemma [[0 with the section {{ € B : {4 = O}). If in addition
min(|x1], |z2]) < 1_490, and we write s; for the index where the maximum is attained,
then we can pick a direction d from +(1,d1,71,0), £(d1,—1,71,0) so that m.c.(d) =
s1 € {1,2} and ds, - x5, < 0. We will have that =+ |z, |d € int B by our assumptions

on §; and 7.

1-0g
1
directions so that ds - z5 < 0 for both s = 1 and = 2. We compare x + #d with a

convex combination of the form

If instead |z4] < Op and min(|zy|, |za]) > , then we pick d from the same

1+0 1-0
(1—)‘)‘3?“‘)\( +2 Ces+ 5 063)

where \ < 17460 01. Aslongasm < 2\ < 17260 61, we will have that -+ 17460(1 € int B.

Finally, if |z4] > Oy, then max(|z1],|x2]) < ©p. Therefore, we pick a direction
d € {£(-n1,0,91,1)} such that ds - 24 < 0, and we can check that = + |z4|d € int B
by comparing to the point 1+2@° (e1 +e2)+ 1_290 es € B.

e We argue completely analogously when Z, = {1}, and we use the directions
:|:(61, —1, m, 0), :|:(—?71, 51, 1, 0), :|:(’I’]1, 61, —1, 0), :|:(—771, 0, 51, 1)

to illuminate x.

e Assume finally that Z, = {2}. If |z4] < Oy, and at the same time sign(z;) =
—sign(zs3), then we use one of the directions +(—ny,0,01,1), £(—n1,0,d1,—1) to
illuminate x.

If instead |z4] < ©p < 1 and sign(z1) = sign(xs), then one of the directions
+(1,0,1,0) illuminates x because of Corollary [I11

On the other hand, if |z4] > ©g, then |z1| < ©g. Then we choose d € {£(—n1,0,d1, 1),

+(—m1,0,81,—1)} so that dy -z, < 0for s € {3,4}. We will have that z+|z4|d € int B
1-6¢
1

(where we distinguish subcases in our analysis based on whether |z3| <
not; in the latter subcase we compare = + |z4|d with a convex combination of
the form (1 — A)|Z| + Ae; where A < ©gd; < |z4]61, and observe that, as long as
m < A1 —0g) < Op(1 —0g)dy, the desired conclusion will follow).

or
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¢ Finally we deal with the cases where |Z,] = 0. We can argue as in the very last
subcase when |z4| > ©¢: indeed, then max(|z1|,|z2|) < ©p, and thus we can pick
d € {£(-m,0,01,1), £(—n1,0,61,—1)} so that ds - x5 < 0 for s € {3,4} to illuminate
x (considering again the displaced vector x + |z4|d and distinguishing subcases based on
whether |z3| < 1_460 or not; the only change we have to make is that, in the latter subcase,
we compare « + |z4]d to a convex combination of the form (1 — A)|Z| 4+ A(er + e2)).

will

On the other hand, if |z4] < ©9 < 1, then one of the first 8 directions in J3gyzy|
illuminate z by Corollary [Tl

d1,m

Gathering all the restrictions on 71, we see that, as long as
1-06g
2

(which also implies that 71 < ©¢(1 —©g)d1 since Og > 1/2), the set F3gI3g|s, ,,, Will illuminate
B in this second main case that we considered. O

m < 01

Proposition 40. Suppose that for a given B € U* there are exactly three pairs of indices
Q1,92 € [4] such that |le;, + ei|lg = 1 (and at the same time there are NO triples of indices
J1,72,J3 € [4] such that ej, + e;, +ej, € B). Then at least one of the following two statements
holds:

(i) there exist 61 > 0 and m = ns, > 0 so that B can be illuminated by some coordinate
permutation of the set

mfslml = {i(1’51’n1’0)’ i(&l,—l,—’l’]l,O), i(51,—771,1a0)a :t((slynla_lao)a
j:(O,j:(m,él),l), j:(O,l,—l,O)},

(ii) there exist 69 > 0 and ny = n5, > 0 so that B can be illuminated by some coordinate
permutation of the set

’malt7527n2 = {j: (n27175270)7 i(_n27175270)7 i(_772717_5270)7
i(7727n271752)7 i(_n27_77271752)7 j:(n277727_5271)7 i(_n27_7727_5271)}'

Proof. We single out three non-equivalent cases, and observe that any other case here can be
reduced to one of these three after a coordinate permutation:

Case 1: B contains the points e; + ez, €1 + e3 and es + e3 (but does not contain the point
er +ey+ 63).

Case 2: B contains the points e; + es, e1 + e3 and e3 + eq4.

Case 3: B contains the points e; + es, e1 + e3 and e + eq4.

We will see that if either Case 1 or Case 2 holds, then m
suitably chosen d1,7;), while if Case 3 holds, we may use Fan

illuminates B (for some
to illuminate B.

d1,m
alt,d2,m2

Proof for Case 1. For every i € [3], set 6;4 = |le; + e4||g'. By our assumptions for this main
case, ©g :=max{0; 4 : i € [3]} € (0,1).

We pick §; < 1_490, and n; < %1 (which we will restrict further by the end of the proof).

Note that the only extreme points = of B with |Z,| = 3 are +e4. To illuminate such a point
x, we use the directions F(0,71,01,1): e.g. eq + (0, —m1,—1,—1) = (0,—n1,—91,0) € int B if
we compare with the point ey + e3.

We now consider the other possibilities for | Z;].
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¢ Assume that |Z,| = 2, and consider first the (potentially extreme) points +e; + +e; with
i,j € [3]. The “trickiest” case here are the points +ey + +es, for which we can pick a
direction d from +(d1, —1,—n1,0), £(61, —n1, 1,0) so that ds - zs < 0 for s € {2,3}. E.g.
es —es+(01,—m,1,0) = (61,1 —m1,0,0) € int B, and this can be confirmed if we compare
with the point e; + es.

Note also that there are no other extreme points of B with |Z,| =2 and 4 € Z,.

Consider now a (potentially extreme) point = € OB of the form x;, e;, +x4e4, where i; € [3]
(write also {iz,i3} = [3] \ {#1}). By our assumptions, min(|z;, |, |z4]) < O¢. If |z;,| < O,
then we choose d € {£(0,71,01,1)} so that dy - x4 < 0. Then x + |z4]d € int B, which can
be seen if we compare with one of the points

(|ziy| + |zal01)es, + |zalbr0s, O |24y |esy + [24]01(es, + €45)

(where the values of 2,73 from [3] \ {i1} are suitably chosen based on z). Note that both
the above points are interior points of B by our restriction on d1, and at least one of them
has larger in absolute value corresponding coordinates to those of x + |x4]|d.

If instead |z4] < Op, then we pick a direction d from the first 8 in JE0E3.s, 1, SO that
d;, - x;; < 0. In a similar manner to above, we can compare the point = + |z;,|d to the
point |z4leq + |xi,|01(€i, + €i5) to see that the former point (as well as the latter) is in

int B.

¢ Next, assume that [Z;| = 1. If Z, = {4}, the first 8 directions of Fygpgg)s, ,, illuminate
z.

o If instead Z, = {1}, and we assume first that |z4| < ©g, then one of the directions
from {+(0,=%(m,61),1), £(0,1,—1,0)} illuminates z (we use one of the first 4 if
sign(ze) = sign(x3), and we use one of the last 2 if sign(xe) = —sign(z3) while
relying on Corollary [I1] as well).

When |z4] > Og, we will instead have that |z2| < ©p, and thus we can pick a direction
d' from £(0,£(n1,61),1) so that d, - x5 < 0 for s € {3,4}. Then z + |z4|d’ € int B,
since we can compare it to the point (©¢+11)e2 + (1 — d1)es which is also an interior
point of B.

o If Z, = {2}, and we assume first that |z4] < Og, then we use the directions
+(1,01,m,0), £(61,—m,1,0), £(d1,7m1,—1,0) to illuminate x (and we consider sub-
cases based on whether min(|z1], |z3]) < % or not; in the latter subcase, we pick
d € {i(él,—m,l,O), i(él,m,—l,O)} so that ds - x5 < 0 for s € {1,3}, and we

1_460 d with a convex combination of the form

compare  +

. 1-0 140
(1—)\)‘x|+)\< 0€2+ Oe4>
2 2
1-005 . A 1-6g 1—-6¢
where A < ==2%41; as long as 71 < 2\ < =57%41, we can conclude that x + ~—~d €

int B).

If instead |z4] > ©g, then we have that max(|z1|, |x3]) < ©g. We thus pick d' €
{£(0,%(m,61),1)} so that d} -z, < 0 for s € {3,4}, and we check that = + |z4|d’' €
int B by comparing this point to a point of the form ©g(e; + e3) + 17290 ea, which
is also an interior point of B (here we also use the fact that ©9 > 1/2, and thus

(x4 |z4]d')3] < max(|zs| — |24]d1, |z4]61) < max(|zs], 61) < Op).
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e Finally, if Z, = {3}, then we argue similarly to the previous subcase, and we illumi-
nate x using one of the directions

i(1751777170)7 i(517_17_77170)7 i(07i(771751)71)

(while distinguishing subcases based on whether |z4| > ©¢ or not, and in the latter

case, based on whether min(|x1], |xa|) < 1=%0 o not).
) ’ 4

4 It remains to deal with the cases where Z, = 0. If |z4] < ©¢ < 1, then we use the first 8
directions in m S1m to illuminate .

If instead |z4] > Op, then, as before, we observe that max(|x1[,|z2]) < ©¢. Thus, we
can illuminate = using a direction d from =£(0, £(71,91),1) which satisfies ds - 5 < 0 for
s € {3,4} (to show that the point x + |z4|d € int B, we distinguish subcases based on
whether |z3| > 1_460 or not; in those cases that |z3| is ‘not too small’, we compare the
point x + |z4|d with a convex combination of the form (1 — A)|Z| + A(e1 + e2) where
A < Ogd1 < |z4|d1, and note that, as long as 71 < A(1 — Op) < (1 — ©g)O¢d1, the desired
conclusion holds).

We can conclude that, as long as §; < 174@0 and n; < 1*290 01, the set m&m will

illuminate the body B which contains the points e; 4+ es, e1 + e3 and ez 4 e3, but not the points
e; + ey, © € [3], or the point e; + ey + e3.

Proof for Case 2. Analogously to the previous main case, we set 0; ; = ||e; + ejH]_31 for all
1 <i<j<4such that (i,5) ¢ {(1,2), (1,3), (3,4)}, and then set

Op:=max{0;;:1<i<j<4, (7)) ¢{(1,2), (1,3), (3,4)}}.

We will again pick d; < % and n; < %51.
Let x be an extreme boundary point of B. In this main case, the additional assumption
that z is extreme implies that |Z,| < 2.

¢ Assume that |Z,| = 2, and consider first the (potentially extreme) points +e; + e; with
(i,5) € {(1,2), (1,3), (3,4)}. The “trickiest” cases here are the points +(e; + e2) and
+es +es. We have e.g. that —(e; +e2) + (1,91,m1,0) = (0,—1+ d1,71,0) € int B because
(1 —41) +m < 1. Similarly, for +es £ e4 we use the directions £(0, £(n1,01),1), and we
have e.g. that —es +e4+ (0,71,01,—1) = (0,71, —1+01,0) € int B for the same reason as
above.

If x is a different extreme point of B with |Z;| = 2, then we must have x = z;e; + zje;
with {i,7} = (4] \ Z2) ¢ {{1,2}, {1,3}, {3,4}}. But then min(|z;],|z;|) < 6. WLOG
suppose that |z;| = max(|z;[,[2;]), and pick a direction d from the first 12 in Fgo@gs, .
so that d; - x; < 0. Then z + |z;|d € int B, which can be seen in the same manner as in
the previous main case, by comparing to coordinate permutations of the points

(@0 + 61)61 + d1es and Oge; + 51(62 + 63)

(all coordinate permutations of these points are in B, and are interior points because of
our restriction on dy).

¢ Next, assume that | Z,| = 1. We argue exactly as in the previous main case when Z, = {4}
or when Z, = {3}.

We also argue as in the previous main case when Z, = {1} or = {2}, and we additionally
suppose that |z4] < Oy.
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o If Z, = {1} and |z4| > Op, we have that |z2| < Op. As in the previous main case, we
pick a direction d’ from +(0, £(n1,01),1) so that d’ zs < 0 for s € {3,4}, but now

we distinguish cases according to whether |z3| < 1 60 or not. In both subcases, we
1— @0

consider the displaced vector x + |z4]d’. Moreover, when |zg| > , We compare
4 |z4|d’ to a convex combination of the form (1 — A)|Z| + Aes, where A < Ogdy;
similarly to before, as long as n; < (1 — @0))\ < (1 — ©¢)BOpd1, we obtain that
x + |z4]d’" € int B in this subcase too.

o If instead Z, = {2} and |z4| > Oy, we similarly have that |z1| < ©¢ (but unlike the
previous main case, we cannot claim anymore that |x3| < Gg). Still, as earlier, we
pick a direction d’ € {£(0,%(n1,61),1)} so that d} -z, < 0 for s € {3,4}, but now we
distinguish cases based on whether |:U3| < ©g or not. In the former case, we continue
as we did before, while, in the cases where |z3| > ©g, we compare x + |z4]|d’ with a
convex combination of the form

(1 — )\/)‘f‘ + )\/(61 + 62)

where M < ©¢d;, and obtain the desired conclusion as long as 17, < X' < Ogd.

4 Finally, when Z, = (), we argue exactly as in the previous main case.

We are done with the proof of Case 2 as well.

Proof for Case 3. Just as in the previous main cases, for any pair (4, j) for which e; +e; ¢ B,
we set 0; ; := ||e; + ejHB , and then we define

Op :=max{h; ; : 2 < i< j <4}

We pick d9 <1 90 and 12 < (1—0g)d2, and, under these restrictions, we show that ‘malt 5

777
illuminates the convex body B of Case 3. We will be relying on the following i

Key Observation for Case 3. Let 2 < i < j < 4, let p;,pu; € (0,1) be such that
pi +pj < 1, and let A\g € (0,1). Then the point

Aoe1 + pie; + jje;

is an interior point of B, since it can be written as a (non-trivial) convex combination of the
points A\pe1 + €;, Age1 + e; € B and the interior point Age;:

Xoer + pieq + pyej = pi(Xoer +e;) + pi(Xoer +e) + (1= pi — pj)Aoer.

Consider now an extreme point z € 9B. Observe that there are no such z with |Z,| = 3,
thus we consider the remaining possibilities.

¢ Assume that |Z,| = 2, and consider first the (potentially extreme) points +e; & e;, where
Jj € 4{2,3,4}. We pick a direction d such that m.c(d) = j, and such that ds - zs < 0 for
s € {1,7}. Then x + |z;|d = = + d satisfies:
- (z+ d)j =0
: ’(.%'—i—d)l’ =1-—ny <1,
~and [(z 4+ d)i, | + |(z 4+ d)iy| < 02 4+ 12 < 202 < 1, where {i1,i2} = [4] \ {1, j}.
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We obtain that « + d € int B from the above “key observation”.

Next, note that there are no other extreme points in B with |Z,| = 2 and 1 ¢ Z,.
Thus, assume now that x = xz;e; + zje; with 4,5 € {2,3,4}, i # j. WLOG assume that
max(|x;], |x;]) = |x;|, which in turn implies that |z;| < ©g. Thus, we pick a direction d’
such that m.c.(d') =4 and d} - ; < 0. We will have that = + |z;|d’ satisfies:

- (@ A+ faild)i = 0,

(@ A+ |zild)1| = [wiln2 < m2,

(@ 4 |ald) ] < O + 02,

- and |(z + |z;|d)s| < 2, where {s} = {2,3,4} \ {i,j}.

Since |(x+|z;|d) ;| +|(x+|xi|d')s| < Op+202 < 1, we conclude from the “key observation”
that x + |z;|d’ € int B.

Next, assume that |Z;| = 0. Suppose first that |z4] < Og. Except for the cases where

sign(z1) = sign(za) = —sign(xs), we can use the first 6 directions of g,y s,,, tO
illuminate x.
On the other hand, if sign(xz;) = sign(xy) = —sign(xs), then one of the directions

+(=n2, —m2, 1,82), £(n2,m2, =02, 1) illuminates = (based also on what sign(z4) is).

Next, suppose that |z4| > ©g. In that case |x2| < ©¢. If we first assume that |z3| < #,
then we pick a direction d from =4(ng, 12, —d2,1), £(—n2, =12, —d2,1) so that ds - x5 < 0
for s € {1,4}. We will have that = + |z4|d satisfies:

< (x4 |z4|d)g = 0,

@+ fzald)r] <1 = |zalnz <1 - Oong,

* (@ + [zald)2] < ©0 + 12,

- and |(z + |zald)s| < 1520 + 6,

Thus |(z + |z4|d)2| + |(x + |z4]d)3| < Op+ 17490 +265 < 9+ 2(1—0y) < 1, which implies
that « + |z4|d € int B because of the “key observation”.

If instead |z3] > 1520, then we pick a direction d’ from the last 8 in Hanl so that
d, x5 < 0for s € {1,3,4}. We can compare z + 1=22d’ with a convex combination of the

form

alt752 )T12

(1 — )\)‘.ﬂ + )\(61 + 62)

where \ < 1_460 d2. As long as 12 < (1 — ©g)da, we obtain that = + %d’ € int B.

Finally, we suppose that |Z,| = 1. Assume first that Z, = {r} with » € {2,3,4}.
Let us write {i,j} = {2,3,4} \ 2, = {2,3,4} \ {r}, and WLOG let us assume that
max(|z;|, |z;]) = |z;|. Then we will also have that |z;| = min(|z;], |z;]) < Op.

We pick a direction d so that m.c.(d) = i, and so that ds - x5 < 0 for s € {1,i}. Then
x + |z;|d will satisfy:

- (z+ \xlld)z =0,

@+ fzild)1 | <1 = |zfme < 1,

- and |(x + |x;]d) ;| + [(x + |zild),| < O + |zi|d2 + |x;]62 < 1, given our restrictions on
02 and 7s.

49



Thus, by the “key observation”, = + |z;|d € int B.

It remains to deal with the cases where Z, = {1}. Here, we first consider the subcases
where |z3| < 1520, Let {i,j} = {2,4}, and let us write i for the index where max(|z2|, |z4|)
is attained (if x| = |z4/, then set i = 2). We then know that |z;| < ©p. Again, we pick
a direction d’ so that m.c.(d’) = ¢ and d} - x; < 0. Then, similarly to above, we can
check that = + |z;|d’ € int B by the “key observation” (given that |(z + |z;|d’)1| < 12, and
(4 || d) ;| + (2 + |i|d)3| < O + |24]a + 2520 4 |2;]d2 < 1).

We argue very similarly when |z3] > % while at the same time |z;| = max(|z;|, |2;]) =
max(|za|, |z4]) < 1_460: in those subcases, we pick a direction d' from =+(n2, 72,1, d2) so

that dj - z3 < 0, and check in an analogous way that  + |z3|d’ € int B.

The last subcase to consider is when min(|z;|, |z3|) > 17460. Then we pick a direction

d” so that {|d}|, |d4|} = {1,682}, and so that dJ - z; < 0 for s € {i,3}. We compare the
displaced vector x + %d" with a convex combination of the form

(1 — )\/)|f‘ + )\,(61 + ej)
where \ < %52: the former vector is guaranteed to be in int B as long as 1*490 Ny <
)\/(1 — @0) < )\,(1 — |$J|) = 2 < 4N < (1 — @0)52.

This completes the proof in all main cases. O

Remark 41. Taking into account that parameters which appear as later subscripts depend on
previous parameters, and can be chosen much smaller if needed, we can now also verify, through
a minor adaptation of the above argument, that, for Cases 1 and 2 of Proposition 40, we can
use the illuminating set

TR 6. = {£(1,6,1,0), £(6,—1,-n,0), £(6,—n,1,¢), £(=8,—n,1,¢),
+(0,£(n,6),1), £(0,1,-6,n)}

instead of

méhnl = {i(1751777170)7 i(dla_la_nlao)a i(51,_7717170)7 j:(5177717_170)7
+ (0, £(m,61),1), £(0,1,-1,0)}.

This reduces further the number of non-equivalent illuminating sets that we need (we still chose
to work with the latter set to keep the proof a little more transparent).

Next we prove the case where B contains five 2-dimensional unit subcubes, because it is
much more similar to the previous settings compared to the case where B contains four such
subcubes (which we will handle last).

Proposition 42. Suppose that for a given B € U* there are exactly five pairs of indices i1,is €
[4] such that ||e;, + e, |lg = 1 (and at the same time there are NO triples of indices ji, j2, js € [4]
such that ej, + ej, +e€j, € B). Then there exist 6 > 0, n =ns >0 and { = (5, > 0 such that B
can be illuminated by a coordinate permutation of the set

m&n,g = {i (1757777 0)7 i(57—17—777 0)7 i(éa _n717<)7 i(_éa _n717<)7
+ (O,i(%(S),l), i(O,la_(San)}'
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Proof. WLOG we can assume that the only pair of indices i1 # is € [4] for which e;, +¢;, ¢ B
satisfies {i1,492} = {1,4}. Set Og = |le1 + es||g* < 1. Also, for each j € [4] set

-1
=11 —ellg
By our assumptions, g := max;eq) vj < 1. Fix now some

min(1 — g, 1 — )
4

o<

and some ¢ < 1/2 < /4 (which we will further restrict shortly).

Clearly there are no extreme boundary points € B with |Z,| = 3, thus we focus on the
remaining cases.

¢ Assume that |Z;| = 2. Here most cases are similar, except for the case where Z, = {2, 3}
(or in other words, where x = (21,0,0,2z4)). From the remaining cases the only potentially
extreme points are of the form +e; +=+e; where {4, j} # {1,4}. We illuminate these points
using a direction d as follows:

‘ Boundary point ‘ Possible illuminating directions ‘
+e1 + te +(1,6,1,0), £(6,-1,-n,0)
+e + te3 +(6,-n,1,¢), £(=06,-1,1,¢)
+ ey + +eg +(6,—1,-1,0), +(6,—n,1,¢)

+ eg + *ey, fez+ ey +(0,7n,6,1), £(0,—n,—4,1)

so that ds - x5 < 0 for s € {i,7}. E.g.
(e2 +e3) + (6,—1,—n,0) = (4, 0, 1 — n, 0) € int B,
which follows simply from the facts that e; + e3 € B and that 6,7 € (0,1). Similarly
(—ez +e3) + (=6,n,—1,—¢) = (=6, —(1 — ), 0, —¢) € int B,

which can be seen by comparing to the point (1 —n)(e; +e2) + Ceq, that is also an interior
point of B since 1 —n+ ¢ < 1.

Now assume that z = (21,0,0,z4). Then min(|z1], |z4|) < ©¢. Thus, if ¢ is the (smallest)
index at which max(|x1|, |z4]) is attained, we can illuminate  choosing a direction d from
+(1,9,71,0), £(0,7n,6,1) so that m.c.(d) =7 and d; - z; < 0. We will have that = + |z;|d €
int B, which can be seen by comparing with the points HQ@O ej + 1*290 (e2 + e3) € B,
Jje{1,4}.

¢ Next, assume that | Z,| = 1.

o If Z, = {4}, then we illuminate x choosing from the directions
j:(17 57 n, 0)7 i(57 _17 =, 0)7 i(éa =, 17 C)a i(_éa = 17 C)

This is straightforward to do in the cases that sign(ze) = sign(zs), so we examine
how to handle the remaining subcases here.
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Note that min(|z1[, |22, |x3]) < 4 < 0. If sign(ze) = —sign(x3), but also |z3| < 7o,
then we still pick a direction d from the first 4 above so that ds - x5 < 0 for s € [2].
Then, if i = m.c.(d) € [2], we will have that = + |z;|d € int B by comparing it to one
of the points e; + e3 or es + e3.

If instead |z3| > 70, then we pick a direction d’ from +(8,—n,1,¢), (-4, —n,1,¢)
so that d), - x5 < 0 for s € [3]. We then check that = + |x3|d" satisfies:

- (z+ |asld)s =0,

(@ A+ Jwsld)al = |as|C,

- and |[(x + |x3|d')1| < 1—]z3]0 < 1—|z3|n, and similarly |(z+ |z3|d')2| < 1—|z3|n.
Thus we can compare x + |z3|d’ with the point (1 — |x3|n)(e1 + e2) + |x3|¢ €4, with
the latter point being an interior point of B, since 1 — |z3|n + |z3|¢ < 1.

If Z, = {1}, we use the directions +(0,+(n,d),1), +(0,1,—0,n) to illuminate x.
Again, this will be straightforward when sign(xy) = sign(x3), so we examine the
remaining subcases.

Note that min(|xal,|zs|, |z4]) < 71 < Y. If |z4] < v and sign(zy) = —sign(xs),
then we pick the unique direction d € {£(0,1,—d,7)} which satisfies ds - zs < 0 for
s € {2,3}. We will have that = + |z2|d € int B, which can be seen by comparing to
the point ez + eq4.

If instead |z4] > 70, then min(|xa|, |z3]) < 0. Let i € {2,3} be the index at which
max(|ze|, |z3]) is attained, and pick d" € {£(0,%+(n,d),1)} so that d - x5 < 0 for
s € {i,4}. Then z + |z4]d’ € int B, which can be seen by comparing to the point
e + es.

Now, assume that Z, = {2}. Then min(|z1|, |z4]) < ©¢. If we also have that |z3| <

17490, and if 4 is the (smallest) index at which max(|z1], |x4]), then we pick a direction

d from £(1,0,1,0), £(0,n,0,1) so that m.c.(d) = i and d; - v; < 0. We have that

x+|x;|d € int B, which can be seen by comparing to the point 1+2®° e+ 17290 (ea+e3),

je {43\ {i}.

Suppose now that |x3| > %. Then we pick a direction d’ from

:|:((5, -, 15 C)a :E(—(S, -n, 1a C)a :|:(0, i(n’ 5)’ 1)

so that {|d}|, |d5|} = {1,0} and so that d, -z, < 0 for s € {i,3}. We compare
x+ %d’ with a convex combination of the form (1 — A)|Z| + A(ez2 + ¢;), where
je{1,4}\ {i} and X < %5. As long as n < 0 and ¢ < 4\ < (1 — ©p)J, we can
conclude that o + =204’ € int B.

Analogously we argue if Z, = {3}, while picking a direction d from
i(l, 6, m, 0)’ :|:((5, _1’ -, 0)’ :|:(0, i(n’ 5)’ 1)

to illuminate x. For most subcases we can simply rely on the restrictions n < § <
1-6¢
2.

In the subcases where |z5| > 1_460 and |z4| > |x1], we pick d € {£(0,£(n,0),1)} so

that ds - s < 0 for s € {2,4}. We will have that « + |z4|d € int B because we can

compare this displaced vector to the vector

1+06 1-06
0 + 0

2 4

which we can show is an interior point of B as well, in a similar manner to how we
proved the “Key Observation for Case 3” of Proposition 40

(1 - \954’77)62 + €3
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4 Finally, we consider the cases where Z, = (). If 1| < Oy, then we can use the directions
+(0,£(n,9),1), £(0,1,—d,n) to illuminate =, except in the subcases where sign(zs) =
—sign(x3) = —sign(z4). In these latter subcases, we can instead use one of the directions
+(5,—n,1,¢), £(—95,—n,1,{) (which we choose based also on what sign(z1) is).

If instead |z1| > Oy, then |z4] < ©¢p < 1. Here we also consider subcases according
to whether max(|za|, [z3]) < 3522 or not. If this maximum is “small”, we simply pick
d € {£(1,0,1,0)} so that d; - z1 < 0, and we compare the displaced vector x + |z1|d to

the vector

1-0 1+06
5 0(62+€3)+ + o

If instead max(|z2|, |z3]|) > 1_460, then we pick a direction d’ from among all the first

8 in FE7Em S We consider further subcases according to whether it also holds that
min(|xa|, |z3|) > 1_490 or not: if the minimum is “small”, and 7 € {2,3} is the index at
which max(|zs], |z3]) is attained, then we pick d' so that {|d}|, |d}|} = {1,d} and so that
d, - x5 <0 for s € {1,i}; on the other hand, if the minimum is ‘not too small’, we pick d’

so that d), - x5 < 0 for all s € [3]. Then, in all subcases we can conclude that, as long as

eq4 € B.

¢<n<(1-6n)o, and also ¢ < (1 —©g)n,

the displaced vector x + %d' (with z being displaced in the appropriately chosen di-
rection d’, as explained above) will be an interior point of B.

The proof is complete. O

Proposition 43. Suppose that for a given B € U*, which is not an affine image of the
cube, there are exactly four pairs of indices i1,is € [4] such that e;, +e;, € B, and at the same
time there are NO triples of indices ji,j2, js € [4] such that ej, + ej, + e, € B. Then at least
one of the following two statements holds:

(i) there exist &1 > 0 and m1 = ns, > 0 so that B can be illuminated by some coordinate
permutation of the set

m517771 = {i(1751777170)7 i(517_17_77170)7 i(517_7717170)7 j:(5177717_170)7
+ (0,%(m1,61),1), £(0,1,-1,0)};

(ii) there exist 62 > 0 and ny = n5, > 0 so that B can be illuminated by some coordinate
permutation of the set

’maltﬁg,ng = {i (17 _7727_527 _52)7 i(_TD? 17_527_52)7
i(5270717—772)7 i(52707 _77271)7 i(0752717—772)7 j:(07527_77271)}'

Proof. Up to coordinate permutations, there are two main cases to consider:

Case 1: B contains the points e; + e, e; + €3, €2 +e3 and e3 + e4 (and does not contain the point
e1+ e+ 63).

Case 2: B contains the points e; +e3, e; +e4 and es + e3, es +e4. Here we need to further observe
that the convex hull of all coordinate reflections of these points is C'P2 x C'P? which is an
affine image of the 4-dimensional cube, therefore by our assumptions B must contain at
least one more point zp which satisfies |20 1| + |20,2| > 1 and/or |20 3| + |20,4] > 1. We can
check that this is equivalent to having By := max{|le1 +e2|g", [les + ea|lg'} > 3. WLOG
we will assume here that ||e3 + e4||g" = Bo > 1.
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Proof for Case 1. We set ©g := max{||e; + esllg', llex + 64H;31}, and note that ©¢ € (0,1).
We pick 41 < 17490 and n; < 1*290 01, and we will show that m S1m illuminates the convex
body B that we consider here, which satisfies the assumptions of the 1st main case.

Let « be a boundary point of B. As previously, we ignore boundary points which are
guaranteed to not be extreme, so we do not consider cases where | Z,| = 3.

¢ Assume that |Z,| = 2. We first consider points of the form +e; + +e;, where {i,j} ¢
{{1,4}, {2,4}}. Given such a point, we pick a direction d as follows:

‘ Boundary point ‘ Possible illuminating directions ‘
+e + e +(1,61,m,0), £(51,—1,—mn1,0)
+e1 + tes +(61,—m,1,0), £(d1,m,—1,0)
+ eg + tes +(61,—1,—m,0), +=(61,—m,1,0)
+es+ tey +(0,7m1,01,1), £(0,—m1,—01,1)

so that ds - x5 < 0 for s € {i,j}. We will have that  + d € int B because it can be
compared to one of these points again: if 1 < i < j < 3, then y, = (z;e; + zje;) +d
(where |z;| = |z;| = 1) will satisfy [|yz|l, <1, |Zy,| =2, and 4 € Z,,, thus we can see
that y, € int B by comparing it to one of the points e; + es, 1 + e3, es + e3.

Similarly, if e.g. © = e3 — ey, then = + (0, —n1, —d1,1) = (0,—n1,1 — §1,0) € int B, which
can be seen by comparing with the point es + e3.

Note now that no other point of B with support the same as one of the above points can
be extreme, as they will be contained in the convex hull of the above points, so all these
other points can be illuminated by the same directions. This leaves two more subcases to
consider here.

e Suppose that * = x1e; + z4e4. Then min(|z1],|z4]) < Op. If |z4] < Oy, then we
illuminate x using the unique direction d € {#(1,d1,71,0)} satisfying d; - 21 < 0. We
will have that x+ |z1|d € int B, by comparing it to the point #64 + 17290 (ea+e3).

Analogously, if |z4] > O, we use the unique direction d’ € {£(0,71,01,1)} which
satisfies d)j - x4 < 0: we will have that x + |x4|d’ € int B, as before.

e Finally, suppose that x = zgey + z4e4. In this subcase, pick the unique direction
d € {£(0,+(m,61),1)} which satisfies ds - z; < 0 for s € {2,4}. Then z + |z4|d €
int B, since (z + |z4]|d)s = (z + |z4|d)1 = 0, while |(z + |z4|d)2]| < 1 —|z4lm < 1, and
’(.%' + ’1‘4‘d)3’ = ’1‘4‘(51 < 1.

¢ Now assume that |Z;| = 1. If Z, = {4}, then the first 8 directions of 735, ,,, illuminate
x. We now examine the remaining subcases here.

o If Z, = {1}, then we illuminate z using the directions £(0, +(n1,41),1), £(0,1,—1,0).
Indeed, if |z2| > Og, then necessarily |x4] < ©g, and thus we can use the first 4 direc-
tions here if sign(xy) = sign(x3), otherwise we can rely on Corollary [[T]and illuminate
x using one of the directions +(0,1, —1,0).

If instead |z2| < O, then we pick d from £(0,£(n1,d1),1) so that ds - zs < 0 for
s € {3,4}. We will have that x + |z4|d € int B, since (z + |x4|d)s = (x + |z4]d)1 =0,
while |(x + |z4]d)3| <1 —|z4]d1 < 1, and |(x + |z4|d)2| < Op + |x4lm < 1.
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e Next assume that Z, = {2}. Then we use the directions

i(la 5177717 0)7 i(éla —n1, 170)7 i(élanh _170)7 i(oa i(nla 51)7 1)

to illuminate x. When |z1| > ©¢ and |z3| < 60, we pick d € {£(1,d1,m,0)} so
that dy - 1 < 0: we have that x + |z1|d € int B, which can be seen by comparing to
the point 120¢, + 1520 (¢5 4 ¢3) again (recall that |71 > ©g implies that |z4] < Op).
If instead |z1| > O and |x3| > 1_490, we pick d’ from +(61, —m, 1,0), =(d1,7m1,—1,0)
so that d,-xs < 0 for s € {1,3}. We can then compare the displaced vector z+ %d’
with a convex combination of the form

1—
(1—>\)\f|+>\< 52T

where A < %51. Then, as long as 71 < 2A < %51, we will obtain that x +
=204 € int B.

(CH) 14+ 0 >
€4

Finally, if |z1] < ©g, then we pick d € {£(0,£(n1,61),1)} so that ds - zs < 0 for
s € {3,4}. We will have that z + |z4|d € int B, which can be seen by comparing with
the point

(1= [zald1)(e1 + e3) + [walm ez

which is also an interior point of B since 1 — |z4]d1 + |x4|m < 1.

e It remains to consider the subcases Z, = {3} here: we will now illuminate = using
the directions

:l:(1551577170)7 i(éla_la_nlao)a i(oynly(;l?l)'

Similarly to the previous subcase, we first assume that max(|x;|, |z2|) > ©9. Then
we will have that |z4| < ©g. If we also have that min(|z1],|zs|) < 1522, and we
write ¢ for the index at which max(|x1],|z2|) is attained, then we simply pick d from
the first 4 directions above so that m.c.(d) = ¢ and so that d; - z; < 0.

If instead min(|z;], |zs]) > =0 from the first 4 directions again,
but this time so that d - x5 < 0 for s € [2]. Similarly to above, we consider the
displaced vector x + %d’ , and conclude that it is in int B as long as 1 < 17260 1.

Finally, if max(|z1],|z2]) < ©p, then we pick d € {£(0,71,01,1)} so that dy - x4 < 0.
We will have that = + |z4|d € int B, which can be seen by comparing with the point
L0, 1 ¢5) 4+ 1500y

¢ We now suppose that Z, = 0. If |x4| < Oy, then, as in previous propositions and subcases,
we illuminate z using the first 8 directions of aoas (which capture all combinations
of signs for the first three coordinates).

01,M1

Next assume that |r4] > ©p. Then max(|zi],|z2|) < ©¢. Hence, we can pick d €

{£(0,%(m,61),1)} so that ds - s < 0 for s € {3,4}. If |z3| < 1_460,1t1ré)en we simply
—90
2 ©3

compare the displaced vector x + |z4|d with the vector 1+®° (e1 +e2) +

On the other hand, if |z3| > 17490, we consider the displaced vector x + 17490 d, and
compare it with a convex combination of the form

— )\)‘f‘ + )\(61 + 62)

95



where \ < %51. We will have that x + %d € int B, as long as %m <AM1-0) <
A1 = |zg|) & m < 4\ < (1 — ©¢)d1, which is already guaranteed by the restrictions we
imposed on 7;.

This completes the proof of Case 1.

Proof for Case 2. Recall that we have set 8y := max{||e; +eallgt ||63+64H1_31}, and we know
that By > % (since we assumed that B is NOT an affine image of the cube). Recall also that
we supposed WLOG that Sy = |les + es||g'. We will then show that F)alt 65,1, Hluminates B

for some suitably chosen o, 7. In this main case, we need some preparatory/key observations
first.

Observation 1 for Case 2. Since 1(e3+e4) € int B, we get that, for every € € (0,1)\ {3},
the point
(1 —€)es + eeq

is also an interior point of B. Indeed, assume first that ¢ < %, and set A = 2¢ (in which case
A€ (0,1)). Then
(1 — )\)63 + A %(63 + 64) € intB

because it is a non-trivial convex combination of points in B with one of them being interior.
But
(I—=Nes+Ag(es+eq) = (1— %) es + Ses = (1 — €)es + eea.

Analogously we show the result if € € (%, 1), by considering convex combinations of %(63 + eyq)
with ey4.

Observation 2 for Case 2. For every a,e € (0,1), we have that the points
(a,0,1 —€,¢) and (0,a,1 —e€,¢€)

are interior points of B. Indeed, by the previous key observation we know that the point
(0,0,1 — ¢,¢) € int B. At the same time B contains the point

(1,0, 1—k¢, 6) = (1 — 6)(61 + 63) + 6(61 + 64).

But then
(a,0,1 —€,¢) =a(1,0,1 —¢,e) + (1 —a)(0,0,1 — ¢,¢),

which shows that it is an interior point of B. Similarly we check that (0,a,1 — €,¢) € int B.

For the rest of the proof we fix dy < %, and 19 < (1 — By)d2. We are ready to illuminate
the boundary points of B, and as before, we only focus on potentially extreme points x € B.
By our current assumptions for B, there are certainly no such points with | Z,| = 3, so we move
on with the remaining possibilities for | Z,|.

¢ Assume that |Z,| = 2. If x = e + *e3, then we use the directions
+(1, —n2, =02, —d2) =+ (d2,0,1, —19)
to illuminate . Indeed, e.g.
e1 —es + (—1,m2,02,02) = (0, n2, —1 + d2, d2)

which is in int B by the 2nd key observation.

o6



On the other hand, if e.g. * = —e; — e3, then x + (02,0,1,—1m2) = (=1 + d2,0,0, —12),
which we can immediately confirm is an interior point of B by comparing it to e; + e4.

In a very analogous manner, we can illuminate all the points ey + t+e4, *eo + teg and
+e9 4+ +e4, and then we will have also illuminated every other point in their convex hull.

Assume now that © = wz1e; + x9ea. Then min(|xq|, [z2|) < Bo. If @ is the index at
which max(|z1|, |x2|) is attained, and {j} = {1,2} \ {i}, then we pick a direction d from
+(1, —n92, —d2, —02), £(—n2,1, =02, —d2) so that m.c.(d) = i and d; - z; < 0. We will
have that z + |z;|d € int B, which can be readily seen if we compare with the point

(,80 + 1_460> €; + —1_460 (63 + 64) € int B.

Similarly, if © = x3es + x4eq, then min(|zs|,|z4]) < Bo. If r is the index at which
max(|zs|, |z4]) is attained, and {t} = {3,4} \ {r}, then we pick a direction d’' from
+(02,0,1,—12), £(d2,0, —n2,1) so that m.c.(d') = r and d] - z, < 0. We will have that
x + |x,|d" € int B, which can be seen by comparing with the point 1'260 (e1 +€) € int B.

4 Assume now that |Z,| = 1. If Z, = {2}, then we consider the following subcases:

e sign(x3) = —sign(zs). Then one of the directions +(d2,0,1, —n2), £(J2,0, —12,1)
illuminates x.

e sign(x3) = sign(x4). We also recall that min(|zs|, |z4|) < Bo; write i for the index at
which max(|zs|, |z4|) is attained, and j for the other index.

If at the same time sign(xz;) = —sign(xs) = —sign(x4), then the unique direction
d € {£(1, —n2, —02, —d2)} satisfying ds-z, < 0 for s € {1,3,4} illuminates . Indeed,
if |z;| = min(|zs|, |z4]) < |21]d2, then x + |21 |d satisfies:

- (z + |z1|d)1 =0,
(@ + Jaa|d)s] < max(lag| — |1]d2, [21]62 — |2s]) < max(|zi| - [21|02, |21]62) <
1-— ‘.%'1‘(52,

(@ + Janld);] < max(|z;] — [21]d2, 21102 — |5]) < 21102,
- and [(z + |z1|d)a| < fa1[n2 <1,
Thus z + |x1|d has smaller (in absolute value) corresponding coordinates compared
to the vector
|z1meea + (1 — |z1|d2)e; + [z1]d2e;.

It remains to recall that the latter point is in int B because of the 2nd key observation.
On the other hand, if |x;| = min(|x3|, |z4]) > |z1|02, then we compare = + |z;|d with

a point of the form
(1 — )\)‘.ﬂ + )\62

where A\ < |z1]|d2. Then, since we have assumed that 7, < (1 — Sy)d2 < d2, we can
choose A so that |z1|ny < A < |z1]d2, which will then imply that z + |z1]d € int B.

Next we consider the cases where sign(x1) = sign(z3) = sign(z4). Then we pick d’
from +(d2,0,1, —n32), +(d2,0, —n2,1) so that d, - x5 < 0 for s € {1,i} (recall that we
write ¢ € {3,4} for the (smallest) index at which max(|zs|,|z4|) is attained, and j
for the remaining index). Then x + |z;|d’ satisfies:

(A |zgld); = 0 = (2 + |z4]d)2,
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@ A |zald) 1] <1 —aldy < 1,
~and [(z + [x|d');] < Bo + |wiln2 < 1.

It follows that = + |x;|d’ € int B since its non-zero coordinates are strictly smaller
than the corresponding coordinates of e; + e;.

o If Z, = {1}, then we illuminate z in a completely symmetric way compared to the
previous subcase, by using one of the directions £(—ns9, 1, —d2, —d2), £(0,d2, 1, —12),

(0 52’ =12, )

o If Z, = {3}, then we illuminate = using one of the directions

Zl:(l,—UQ,—(;Q,—(SQ), :l:( 772’ 525 62)5 :l:((SQ,O,—’I’]Q,l), (0 52, —n2, )

We recall that min(|z1], |z2|) < Bo; let us write 4 for the index at which max(|z1], |z2])
is attained, and j for the other index in [2].

If sign(x;) = — sign(zy4), then we pick d from +(1, —n2, —d2, —d2), £(—n2, 1, =2, —02)
so that m.c.(d) = i and so that ds - x5 < 0 for s € {i,4}. Then = + ]w,]d will have
smaller (in absolute value) corresponding coordinates compared to the point

(Bo + |ziln2)e; + |wild2es + (1 — |ai|d2)ea,
which is in int B by the 2nd key observation. Hence z + |z;|d € int B too.

If instead sign(x;) = sign(x4), then we pick d’ from =+(ds, 0, —1) 1), =£(0,d2,—m2,1)
so that |d}| = 85 and so that d, -z, < 0 for s € {i,4}. If |z;] < 1 50 , then we compare
x + |z4]d with the vector

1—- 5
4

(62‘ +e; + 63) € int B.

On the other hand, if |z;| > 1_450, then we compare x + |z4|d" with a convex combi-
nation of the form (1 — X)|Z| + N (e; + e3) where X < |z4]65. Our assumption that
n2 < d2 implies that we can choose such a X so that |x4|ny < N < |x4|0, which in
turn implies that z + |x4|d’ € int B.

e We illuminate x in a symmetric fashion when Z, = {4}, by using one of the directions
i(17_7727_527_52)7 i( 7727 ) 527 52)7 j:(5270717_772)7 i(0752717_772)-

4 Finally, assume that Z, = (). We know that min(|z1|, |x2|) < Bo, and the same inequality
holds true for min(|xs|,|z4|). Let us write ¢ for the index at which max(|z], |x2]|) is
attained, and j for the other index in [2]. Similarly, let us write r for the index at which
max(|zsl, |z4|) is attained, and ¢ for the other index in {3,4}.

e Assume first that sign(xs) = —sign(xzy4). Then, by Corollary [l z is illuminated
by the unique direction d among the last 8 directions in 3 which satisfies
d; # 0 and ds - x5 < 0 for s € {i,3,4}.

e Next, assume that sign(zs) = sign(zy4).

alt,d2,m2

— If sign(z;) = sign(x3) = sign(x4), then we pick d’ from the last 8 directions of
@Bl att, 50, SO that m.c.(d') =r, |di| = > and d -z < 0 for s € {i,r}.

o8



- If in addition |z;| < 1_46 9 then we simply compare the displaced vector
x + |z,|d" to the point

1- 5
4

+ Bo
2

1+5 _ 1-Fo

(61 +e2) + 7
5 (&7 1 €1 €9

(ei + ej) +

e €B

to conclude that z + |z,.|d’ € int B (we can do this because, by our assump-
tions here, |(z + |z, |d");| < max(|z;| — |z,|02, |2,|02 — |2;]) < max(|x;|, d2) <
1150 and |z;| < |z;| < 1; 2).

- If instead |z;| > 1746 0 then we compare x + |z,|d’ to a convex combination
of the form

(1= N)|Z| + Aej + er)

where A < |z,|02. As long as |z,|n2 < A1 — Bo) < A1 — |x¢|) (which a
suitably chosen A can satisfy given the restriction 7o < (1 — 5y)d2), we will
have that = + |z,|d’ € int B.

— It remains to consider the cases where sign(x;) = —sign(z3) = —sign(z4). Then
we pick the unique direction d from 4(1, —n2, —d2, —d2), £(—n2, 1, =2, —d2) so
that m.c.(d) =i and so that ds - x5 < 0 for s € {i,3,4}.

- If |x¢| = min(|xs|, |z4]) < |zi]d2, then, similarly to one of the subcases of the
settings where Z, = {1} or Z, = {2}, we will have that the displaced vector
2+ |z;|d has smaller (in absolute value) corresponding coordinates compared
to the vector

(804252 5+ (1~ aado)er + il

which is an interior point of B itself, by the 2nd key observation. Thus
x + |zi|d € int B.

< If |x¢| = min(|xs], |z4]) > |24|d2, then we compare x + |x;|d with a convex
combination of the form

(1 - )\)‘.ﬂ +)\€j

where A < |z;|d2. As long as |x;n2 < A(1 — By) < A(1 —|z;]), which is again
possible for some A € (0, |z;|02) because of the restriction 7y < (1 — Bp)da,
we will have that x + |z;|d € int B.

This completes the proof of Case 2 as well. O

We can also make a similar note to Remark (1]

Remark 44. By slightly adjusting the proof of Case 1 of this last proposition, we can also
confirm that any set B € Y* which contains the points e; + e2,e1 + e3,ea + ez and e3 + e,
but does not contain e; + e4 and eg + e4 (nor does it contain the ‘triple’ e; + es + e3) can be
illuminated by the set

’m&n,c = {i (1757777 0)7 i(57—17—777 0)7 i(d —7771707 i(_éa _n717<)7
+ (O,i(ﬁ,5),1), i(oala_é, 77)}

instead of the set

m%,m = {i(1751777170)7 i(dla_la_nlao)a i(51,_7717170)7 i(5177717_170)7
+ (0,%(m,61),1), £(0,1,-1,0)}.
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