834. Oswpia Opddwy

Tunuo Mobnpotixdy

[Movemiotnpto AOmvwy
Abnva, 2013






ITepteyopeva

1 Boaowég "Evvoleg

1.1 OpLopol - TOEOSEIYUOTO v v v v v v v it e e e e e e e e e e e e e e
1.2 YTOOUASEG KOl ZOUTTAOKOL « « « v v v v v e e e e e e e e e e e e e e e e e e e
1.3 Kavovix€g UTOOUGSES « . v v v v v v v vttt e e e e e e e e
1.4 OpOpoE@LOUOL OUBAOMY  « v v v v v v vt e e e e e e e e e e e e e e e

1.4.1  Oewpeuoto IoOLOPELOUMGY . .« . . v v i e e e
1.5 AUTOPOPQLOUOL OUBSWY « . . v v o e e e e e e e e e e e
1.6 AGXNOELG . . o v o o e e e e e e e e e e e e e

2 Apéboetg Opdadwy
2.1 Apcoelg oUdBwY ETL GUVOAWY .+« « v v v v i e e e e e e e e
2.2 Apdom opid0og G GOUTTAORO UTTOOUOSOS  « v v v v v e e e e e e e e e e e e e e
2.3 Apcaon ovluyiog, Kevtpomoroboeg vmoopddeg, EElowon xhdoswy . . . . . . .
2.4 Apdom oLCLYLOG OE VTTOOUBOES « « v v v v v v e e e e e e e e e e e e e e
2.5 AOGUNOELS . . o o i e e e e e e e e e e

3 Ozwpiuoata Sylow
3.1 Oewpnuota Sylow xow p-Opddeg . . . . . o o oL o

3.2 EQOOUOYES . . o v i e e e e e e e e e e e e
3.3 AOUNOELS . . o o i e e e e e e e e e e e e e

4 Twépevo Opddnv
4.1 BEobeo Twopevar . . . oL e e e e e e
4.2 llemepaopéva [lapaydueveg ABehavég Opédeg . . . o v v v v v vt vt v L
4.3 Hptevbéa I'vopevor. . . o L o o o e e e e
bh AOUNOELG . . . o o e e e e e e e e e e e

5 ZXepég Opddwy
5.1 KaVOvrEG ZELOEC . .+ v v v v i e e e e e e e e e e e e e e
5.2 ZUV0ETIMEC ZELPEG . v v v v i e e e e e e e e e e e e e e e
5.3 AOGUNOELS . . o i e e e e e e e e e e e e e

6 Em\dotpeg Opadeg
6.1 EmAOotpeg OUEBES . . o o o o i e e e e e e e e
6.2 TToplymYOg ZELOG « « v v v v v e e e e e e e e e e e e e e e e e e
6.3 ETALGLROTTO PE QLULKGL .« « v v v o v e e e e e e e e e e e e e e
6.3.1 ToAvwdvopa Babuod <4 . . . .. oo e

iii

S e I 2 B N R

13
13
15
16
18
18

21
21
24
25

29
29
34
36
37

41
41
43
46



HHEPIEXOMENA

6.3.2 Oeswpia Galois

6.4 Aoxnoeig

7 Mmndevodvvapeg Opddeg
7.1  Mndevodvvapeg Opédec
7.2 AvwTépo %ol XOTWTEQPN XEVTOLXY] GELOAL

7.3 Aoxnoetlg

8 TloAuxuxAxég xou IMpooeyytotixd Memwepaocpéveg Opddeg
8.1 TloAuvxvxAxég ouadeg

8.2 IlpooeyyloTixd TETEQAOUEVES OUADEC

8.2.1 Ta mpoPAnpoto AéEng xar Burnside

8.3 Aoxnoelg

9 EAe00gpeg Opddeg
9.1 EAebbepeg ABeAtavég Ouadeg
9.2 EAetbepa INvopeva
9.3 EAetbepec Opddeg
9.4 Tpdoenuo Cayley

9.5 Aoxnoelg

10 AmAég Opdideg

10.1 H AmtAétnta ™ A,
10.2 H ArtAdtntor twv [MpoPoitxy Etdixwy TMpoputxdy Opddwy
10.3 H Takvéunon twv Hemepoopévwy ATAdy Opddwy

iv



Kepdhioto 1

Boaowéc "Evvoleg

1.1 Optopol - ToPASEYRATO

Optopdg 1.1.1. Mo opdda G elvar €vor GOVOAO €QOBLOTUEVO pe pon TPdEn G x G — G,
(a,b) — a - b étoL hote:
() (a-b)-c=a-(b-c) yux xébe a,b,c € G.
(ii) Ymépyet éva otoyeio 1g téT0L0 Wote a-1g = 1g - a = a Y xébe a € G.
1 —1

(i) T x&6e a € G vrdpyet otoryeto at € G (avtiotpoo) étoL ote a-a~ ! =a 1-a = 1¢.

H G Aéyetow affehavn ov a-b=0b-a yia xébe a,b € G.
H té&En g opddag G eivor v toyxdg tov cuvérov G xor ocvpfoAiletan pe |G| 1 o(G). H G
Aéyetan emepaopévn av |G| < 00 xal ATELpY] SLOPOPETIXA.

Mopadeiyvpoto 1.1.1. (1) To 6BVOAO TwWV AVTLETEEPLU®Y 1 X N TUVEXWY UE oTOLYElR aTtd
éva odpa k, GL, (k), amotelel opado pe TEdEn Tov TOAATAAGLOOUS TLVEXWY.

(i) Ov axépator modn, Z,,, amoTEAOLY Op&do Pe TEAEN TV TEdcheo.

(iii) H ovppetowed opéda S, = {f : {1,2,...,n} = {1,2,...,n}, f 1-1 xow eni} eivar opdda
KE TPAEN T obvleon ameLxoviGEWY.

(iv) Av F C R2, 161 1 opéSa cuppetpLedy tou F,
Sym(F) = {¢ € Isom(R?) : ¢(F) = F}
elvor opdda pe TEAEN T odvbeon.

(v) ‘Eoto 11, évo xovovixd mToAbywvo tov R? pe n xopueéc. H diedpixr opddo D, eivor 1
ouédo ovppetprwy Sym(Il,). H téEn g D, givon | D, | = 2n.
To otowela g D, eivor ta eExg:

2k
n

— n OTPOWYESG Ywviog k= 0,1,...,n — 1, obppuva pe ™ @Qopd SeXTWY TOL

POAOYLOD, YOPW OO TO KEYTPO TOL TOAVYWVOL.

— N OVOXAAOELS WG TTPOG TOVG GEOVEG TTOL EVHVOLY OTTEVOVTL XOPUMES oL ULETOL
OTTEVOVTL TTASVPWY oY 0 1 Elvoll APTLOG, 1] XOPVPEG LE LETOL ATTEVOVTL TTAEVPWY OV
o n glvot TEPLTTOC.



KED®AAAIO 1. BAXYIKEY ENNOIEX

Av a givon 1 oTpoRY e Ywvio 2T, 1éte GAeC oL dAeG GTPORES ivan a,a?,. .., a" ! a" = 1.

n°

Av b elvor Lo avéxdaom, t6te

D, ={1,a,a% ...,a" 1 bab,a®,...,a" " 'b}

1.2 Ymoopddeg xot TOUTAORO

Optop.dg 1.2.1. 'Eva un xevé voovoro H tng G Aéyetor voopdda, xol ypdeovue H < G,
ov ooTeAel opdda Le Ty TEAEN ™ G, dINAadN:

(G) Ava,bc H, téte ab € H.
(i) Avae H,t6te a~* € H.

Mpoétaon 1.2.1. ‘Eva un xevd vrootvoio H wag ouddog G elvonw vrooudada tng G avy
ab™' € H, ywx xc0s a,b € H.

Nopadeiypota 1.2.1. (i) ‘Eotw g € G. Opilovue

g-9--9g 7k:172a"'

Oewpodpe o vtoabvoro H g G Tov amoTEAELTAL ATTO OAEG TLG AXEPULES SUVAUELSG

Tov oToLyetov g, dIhadN H = {¢* : k € Z}.

Evxoia Stamiotwvovpe 6t 1 H eivor vmoopdda g G, 1 omolor AEYeToL v XOXALXY
vTtoopada Mg G TOL TaPAYETUL ATtd TO oTOLYElO g XoL GLEPOALETOL PE (g).

(ii) To obvoro SL,(k), Twv n X n mvéxwy pe opifovoa 1 eivor vrooudda g G L, (k).

(iii) SL,(Z) < SL,(R) (yroti;).
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(iv) H Ttop vroopddwy -xor ameipov TARBoLG- eivor LTOORESA.

(v) '"Eotw X C G, voobvoro tou G. H vtoopddo tmg G mov mopdyetat amd 1o X opileton
WG N TOUN GAWY TWV LTOOUADWY TOL TEPLEXOLY To X. XvuPoAiletor pe (X) xor eivor
N WxEOTEPY LTTOOW.Ada Tng G TToL TEPLEYEL TO X.

Optopdg 1.2.2. H téEn evog otolyeiov g € G elvor v TAEN TNG LTTOOUASOG TTOL TTOPAYEL,
dnAadi o(g) = (9)]-

Av o(g9) = oo, T6TE T0 ¢ eivar ameipov TAENG. Av o(g) = n < oo, TOTE TO g AéyETAUL
TETEPAOUEVNG TAENG xoL LéALoTa 0 n glvat 0 puLxpdTtepog HeTindg axépanog €tol wote g" = 1.

EmmAéoy, g™ = 1 av xow wovo av n|m. Hpdyport, av 6Aeg ou duvépelg tov g eivor
OLOUPOPETIXES LETAED TOVG, TOHTE TTPOPAVHS TO g Elval amelpov TAENG.

ZUVETIWG OV TO OTOLXELD g E€XEL TTETEQUOWUEVY] TAEN N, TOTE OV UTOPEL OAEC OL OXEPAULES
SLVALELS TOL g va glvol SLOPOPETLXES ETOED Toug. ANAadY, vTdpEyoLY oxépatol k > £ ue

k—¢

" = g° xou étoL g¥~f = 1. ’Eyer vénuo Aotméy var Bewprioovpe tov wixpdtepo Betind axépoto

n ytoe Tov omoio g = 1. Téte yroo m € Z elvow g™ = g™t = (g")" - g% = g%, 0 < u < n.
Apa (9) = {1,9,6°,...,9" "}, Snhad1 [(g)| = n.

Optop.de 1.2.3. M opddor G Aéyetor xuxAini ov vTTdpyeL g € G tétowo wote G = (g). Xe
QUTY TNV TEPITTWON TO g AEYETOL YEVVNTOPOG TYG OULADNG.

Eivow apego amd tov optopd 6t xabe xuxAxn opddo eivor aeiiovy).

Hopoadeiypota 1.2.2. (i) To 6UVOAO TwY axepainy eivor pLor XOXALXY opddor areipov Td-
&ng. (Z,+) = (1).

(ii) Ov axépoor modn eivor por xOxXAXA opéda TéEewe n, (Zy, +) = ([1]).

Optopdg 1.2.4. 'Eotw G opdda xow H < G. Opilovpe aptotepd cOUTAOXRO Evor GOVOAO TNG
uwoppng gH = {gh : h € H} xow deELé obpumAoxo évo abvoro g woppng Hg = {hg : h € H}.

XONOLULOTOLOVTOUS TNY TTOPOXATW TEOTAOY SLOTLOTWYOLUE OTL T 0PLOTEPS GVUTTAOXO
Mg elval og op@LLovooNLovTn ovTlotolyio e tor ekl obumTAoxa tng H.

gH < Hg™!

To TANbog Twv apLotepwy oLUTAOXWY ¢ H elval (0o pe to TAM00g Twy SeELY CUUTAOK WY
g H.

Ilp6taon 1.2.2. 'Eotw G ouadoa, H < G xou a,b € G. Tote:
(i) aH =bH avv b™'a € H aw a € bH.
(i) aH = bH % oH NbH = 0.
Gii) |H| = |aH]|.

AnddetEy. () Av aH = bH, 16t a € bH xow dpo a = bh, yio xémowo h € H. Téte
b=la=hecH.

(iii) OpiCovpe amewxévion H — aH, h + ah. H amewxévion ooty eivoe 1-1 xow emi.
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Mo vroopado H g G opilel oxéon toodvvapiog oty G wg ekng:
a~b<=blacH
Ov xAdoeLg Ltooduvopiog elvol Tor aELGTEPA GUULTTAOXAL.

Nopadeiypoata 1.2.3. () Eotw G = (R%,+) = (C,+) xow H =R < G. T obumioxo g
H oty G elvon evbeieg TapdAAAeg Tpog Tov GEova .

(ii) 'Eotw G = (C*,) o H = (R*,-) < G. Ta obpmroxa g H oty G eivon evubeieg oo
Stépyovtol omd TNV aEy TV aEGVLY.

Optopog 1.2.5. '‘Eotw G oudda. O deintng g H ot G, [G : H], eivor t0 TARbog twy
OPLOTEPWY GLUTAOXWY Tng H oty G.

Ocdpnpo 1.2.1 (Lagrange). ‘Eotw G memepaouévy oudda xow H < G. Tdte
Gl =G : H]-[H]

Amode&n. H G eivon Eévn évwan [G : H| oplotepddv oLpTAOXwY T H, 1tov xébe abpmioxo
gH éyel |H| to mAf0og orotyeio.
Yvvene, |G| =[G : H] - |H|. O

H peydin yonotpdtnra tov Oswpnuartog Tov Lagrange golvetot amd to mopoxdte éucoo
TopLloyoToL.

Moptopa 1.2.1. Eotw G nemepaocudvn ouddo xar H < G. Tore |H|||G|.

"Eva Boowd gpodtnuo elvor av toydet to ’avtiotpo@o”. Anhody, av G opddo, TdTE Lo
x60e dronpétn m g |G| vrdpyel vroouddo H < G t6Eng m;

KdéTtu tétoto dev toyvel yevixd. ‘Eva mapddetypo eival 1 A4, n omtola dev €xel LTTOOUAS
TéEng 6.

H amévtnon elvon xotopotixy yio Temepaouéves ofehlovéc ouddeg 1 av To m eivon
VYo TEWTOL.


http://en.wikipedia.org/wiki/Lagrange
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optopa 1.2.2. 'Eotw G memepacuévn ouada xat g € G. Tote o(g)||G|.

Moptopa 1.2.3. Eotw G memepaocudvn oudda ye |G| = p, orwov p évag npwros. Tote n G
evar xuxAixy].

Ioptopa 1.2.4. 'Eotw G memepacuévn ouada ue |G| =n xou g € G. Tote g™ = 1.

Amode&n. Av m = o(g), tote m|n = |G|. Zovenddg n = mk, yio xdmoto k € N. "Eyovpe, tdte,
n _ ,mk _ (,m\k _
gt =g =(g")" = le. O

Moéptopa 1.2.5. 'Eotw G nenepaocudvy oudda xow K < H < G. Tote,
[G:K]=|G:H|H: K]

AmodeEn. "Exovpe

_ el
|K]|
G :H]-[H]
|K]
[G: H|[H : K] |K|
|K|
=[G : H|[H : K]

G : K]

1.3 Koavovixég vmoopddeg

Optopog 1.3.1. 'Eotw G opdda xow H < G. H H Aéyetow xavovixy vroopddo tng G, xou

L= H v xé0e g € G.

Yobpovpe H <G, av gHg™
IMpérooyn 1.3.1. Eotw G ouada xow H < G. Tor axclovba eivor toodbvauo:
() H<G.
(i) gH = Hg ytox xébe g € G.
Gii) gHg' C H yiox xd0s g € G.
(iv) ghg™' € H ywx xdbe g € G xou yioo xébe h € H.

ArodeEn. To (1),Gi) xow (iii),(iv) eivor Tpopavwe Loodvvoyo.

A6 to (i) éyovpe LobTnTa, dpor EXOLUE %o TOV EYXAstopd Tov amarteitar oty (iii).
Avtiotpoga, av gHg™ ' C H yio xébe g € G, téte H C g ' Hg yroe x60e g € G. T g = g~ *
notpvoopye H C gHg L.

Apa gHg™! = H. O
Napadsiypota 1.3.1. () ‘Eotw G opdda. Téte {1} <G xar G < G.

(i) Av 1 G etvow pro affehiovy] opddo, T0te %dbe LToOPESA TNg elva xovovixn. To avti-
OTPOEO deY LoYVEL.
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(iii) ‘Eotw G opéda, H < G xou [G: H] = 2. Téte H < G.
Mpérypatt, av g € H mpopaveg gH = Hg.

Avg¢g H,t6te G=HUgH = HU Hg"' »ow &po. gH = G\H = Hyg.

(iv) Amo to mponyobuevo énctan 6t A, < S, xou (a) < Dy, 6mov a M 0tpopy Ywviag 2T,
apod D, = {1,a,...,a" 1 b,ab,...,a" b} = (a) U (a)b.

(v) H topf ®ovovixoy DToOREd®Y -xoL ameipov TARBoLC- elvar xavovixy LTOOUASH.

Optopdg 1.3.2. 'Eotw G pta opédo, H G xow G/H t0 6OVOA0 TV ApLOTEPWY GLUTTAOKWY
g H ot G.

To obvoho G/H €@odLoopévo pe Ty TEAEN TOAATAAGLOOUOD TTov opiletor we g1 H -
g2H = g192H yioe xabe g1, g2 € G, amontd Ty Sopn opddog xot ovoudletor opado TnAixo.

Hopoatnoioeg 1.3.1. () H téEn g G/H civow |G/H| =[G : H].
(i) H mpdEn moramhaotacpod pe ty omolo epodtélovpe 10 odvoro G/H eival xoh&
OPLOMEVY.

Av 1 H = 1 H xow goH = xoH, éxovpe €&’ optopod a:l_lgl = h; € H xou xglgg € H.
Tére, (z172) tg192 = 1’2_11}1_19192 = x;lhng = 1‘2_192h2 Yl x@molo hy € H.

"Eto 371.’L‘2H = glggH.

(iii) EvxoAo dramiotvovpe 6t to G/H eivat opdda, pe povéda to obprioxo 1H = H =
la/u now avtiotpopo Tov cvunAdxov gH, g € G, T0 GOUTAOXO g 'H.

1.4 Opopop@Lopot opédwy

Optopdg 1.4.1. 'Eotw G, H opddeg xow ¢ : G — H pto ametxévion. H ¢ Oa Aéyeton opopop-
PLoPOG O
6(ab) = B(a)p(b) Va,be G
O opopoppLopdc ¢ Bo xaheitor pLovopopELopog av eivatl 1-1 xot emtpop@Lopnds o ivort
emt.
"Evog opopopoiopds eivor toopop@topos ov eivor 1-1 xow enti. Xe avth ™) meplinTtwon
Aépe 6L oL ouddeg G xar H elvar todpoppeg xot ypdpovpe G ~ H.
Evdopoppiopd xohodpe €voy opopop@Llopd G — G %ot oUTOROPELEUO EVOL LOOLOPPLOWLO
G—G.
Hopoatnehoeic 1.4.1. () Av ¢ : G — H op.opop@Lopoc opédwy, téte ¢(lg) = 15.
Hpdypat, ¢(le) = ¢(le - 1) = d(1a)d(lg). omdte ¢(1g) = 14.
(ii) Av ¢ : G — H op.opop@Lop.dg opddwy, tote ¢p(a 1) = (¢(a)) ! yia xébe a € G.
Hodrypot, 1g = é(lg) = ¢(aa™!) = d(a)¢(a™?). Etor ¢(a™") = (4(a)) "
(iii) "Eotw ¢ : G — H évog op.opop@Lolog opédSwmy.

OptCovpue Ty etxéva TOL P,

imé = {¢(a) : a € G} = 9(C)

'pe U ovpPorilovpe Ty Eévn évwon
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H ewdva tov ¢ elvar voopdada g H.

OpiCovpe Tov TLENVA TOL P,
kerg={a€G:¢(a) =1} =9 '(1n)

O mopRvag Tov ¢ eivor xovovixt vtoopdada g G.

Av a € ker ¢ xouw b € G, t6te P(bab™ ) = ¢(b)p(a)p(b™!) = 14.
Appa 1.41. ‘Eotw ¢ : G — H opouopptouds oudcdwy. Tote o ¢ eivar 1-1 avy ker ¢ = {1}.

AmodeEn. Av o ¢ eivon 1-1, té1e ker ¢ = {1}.
Avtiotpoga, av ker ¢ = {1} %o ¢(a) = ¢(b), T6te p(ab™!) = 1 xon cvvermwg ab™t € ker ¢ =
{1}, dpar a = b. O

1.4.1 Ozwonpota loopopeLopoy

Optopog 1.4.2. 'Eotw G opdda, N <G xow G/N n avtiotoryn opédo TnAixo. H ameixdvioy
7:G— G/N, g~ gN
elva emipop@Lopde xon ovopdletal uotxds (A xovovixdc) emLLOPELGILOG.

Bewpnuo 1.4.1 (1° Oewpnpa IoopopeLopwv). ‘Eotw G oudda xor ¢ : G — H évag ouo-
poppiouos ouadwy. Tote o ¢ endyet LoopuopPLoud ouadwy

<;~5:G/ker¢>—>im¢

Yy6Ao 1.4.1. Toverdg xdbe empop@ixn ewdva g G eivar (wg TEOS LooP.0PPLaUS) op.&dSa
TnAlxo g G.

AnddeiEn. Opilovpe ¢ : G/ker ¢ — im ¢, pe qNS(gK) = ¢(g), yto xé0e gK € G/ ker ¢.

Av gK = zK, t6te 27 1g € ker¢. Apax ¢p(z1g) = 1, onéte ¢(z) = ¢(g). Etor q ¢ eivon
XOAG OPLOUEVY.

H ¢ eivat opopop@Lopsc.
Modeyportt. (g1 K - 92K) = 6(g192K) = $(9192) = ¢(91)8(92) = (91 K)d(g2K).

H ¢ elvor mpopoveg emtl.
Téhoc, av ¢(g1K) = 1, t6te P(g) = 1. Juveng g € ker ¢, ondte kerp = {1}, dSnAad+ 1 ¢
efvot 1-1. O

I6ptopa 1.4.1. Eotw G nenepacuéyn ouado xat ¢ : G — H évog ououopptoucs ouadwy.
Tote,
G| = |ker ¢| - | im ¢|
Hopadeiypata 1.4.1. () ‘Eotw ¢: (C*,-) — (R%,-), ue ¢(z) = |z| yro xdbe z € C*.
Téte 0 ¢ eivon empopLopds xon ker ¢ = {z € C* : |z| = 1} = S, Apa C*/ST ~ R¥.

(ii) Oewpodpe TV cLvaEToM TN optlovoag det : GL,(R) — R*.

Téte det(AB) = det(A) det(B) »at dpa 1 det eivor emipopLopdg. Emimaéoy ker det =
SLn(R). Soverorg GL,(R)/SLy(R) ~ R*.

7
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(i) 'Eotw ¢ : Z — Zp,, pe ¢(n) =n (mod m).
Téte 1 ¢ eivor empopeiopds xot ker ¢ = mZ. Apow Z/mZ == Ly,

Bzwpnuo 1.4.2 (2° Oswpnpo loopoppLoptv). ‘Eotw G oudda, N <G xar H < G. Tdte
HNN<H, HN <G xou
H/HAN ~HN/N

Anodety. 'Eotw hing € HN, hong € HN. T va deiEovpe 6Tt HN < G apxel va deiEovpe
6t (hiny)(hong)~t € HN.’Eyovue hining 'hy ' = hihy ' [ho(ning Dhy '] € HN, apod niny ! €
N <G, onéte honyny 'hyt € N.
Oewpodye ¢ : H— HN/N pe ¢(h) = hN yio xé0e h € H.
Edxoia, éxovpe 6T m ¢ eivor opopop@Lopdg xot epoécov hnN = hNnN = hNN = hN = ¢(h)
Tl h € H,n € N n ¢ elvot emipop@Llopoe.
"Eotw h € ker ¢. Tote ¢p(h) = 1N, dnhadf hN = N, avw h € N. Zvventdig kergp = HNN < H.
Amé 7o 1° Bedpnua Ieopopeiopyv, H/HNN ~ HN/N. O

Ozhpnua 1.4.3 (3° Ocdpnpa loopoppLopwy). Eotw G ouddo, N <<H <G xor N <1G. Tote
G/H =~ (G/N)/(H/N)
AnodetEy. BOewpolpe Ty oOVOESY] TWY XOVOVLXWY ETLLOPPLOUKY
G G/N % (G/N)/(H/N)

xobdg H/N < G/N. Anhodn ¢(g) =gN - H/N.

H ¢ elvon emipop@lopds wg odvbeon emihop@Lopey.

‘BEotw g € ker¢. Téte ¢p(g) =1=gNH/N=1=H/N = gN € H/N, dn\ad1 gN = hN, vt

xémowoh€ H=h"lge NCH=gchH=H = ker¢p C H.

INo tov avtiotpoo eyxietoud, éotw h € H.Téte ¢(h) = hNH/N = H/N =1 = H C ker ¢.
ATt6 70 1° Bewpnuo Ioopopeiopyy G/H ~ (G/N)/(H/N). O

Ocdpnua 1.4.4 (Oehonuo g Avtiotoyiog). Eotw ¢ : G — G emuoppiouds ouddwy xat

K =ker¢. Tdte 0 ¢ endyet pox 1-1 xau eni avriotoyion ¢ uetakd e owxoyéveias A twy

vroouadwy tns G mov mePEyovy Tov TvpRva K xot T owoyévelos B twy vmwoouadwy

¢ G we efic: Av H € A, t6te ¢(H) = ¢(H) = H xou av H € B, t6t ¢~ : H — ¢~ (H).
Emriéoy, yioo H,Hy € A €xovue:

(i) ¢(H,) C ¢(H) < Hy C H, oty onolo mwepintwon [H : Hi| = [p(H) : ¢(Hy)].
(i) ¢(H) < ¢(G) & H <G xar o oty v meplntwon G/H ~ ¢(G)/¢(H).

Anddeiln. ‘Exovpe ¢(H) < G, H <G xow ¢~ (H) <G, K C ¢ Y(H) yroti 1 € H.

Ioe 0 1-1 %o emt: ‘Eotw H € A. Téote H — ¢(H) — ¢~ (¢(H)) xow av H € B, t61e
H— ¢~ (H) = ¢(67'(H))

Ou deifovpe 6t ¢ ((H)) = H xo ¢p(¢~ ' (H)) = H, amé T omoiox émetan 671 1 ¢ eivont
1-1 »ow emi.
‘Eotw g € ¢~ (¢(H)) = ¢(g9) € ¢(H) = 3h € H: ¢(g9) = ¢(h) = $(h"'g) =1 = h'lg €
ker¢ C H = gehll = H = ¢~ (6(H)) C H.
Avtiotpoa, éotw h € H = ¢(h) € ¢(H) = h € ¢~ Y¢p(H)) = H C ¢ 1 (¢(H)). Etor

H = ¢~ (¢(H)).
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‘Eotw g € ¢p(¢p~ 1 (H)) = g = ¢(x), yra xédmowo x € ¢~ (H) = ¢(z) € H =g € H.
Mot Tov avtiotPopo eyxAetond, éotw g € H, toTe emeldn 1 ¢ elvon empop@Lopoc g = ¢(x),
v xémowo r € G = p(r) =g H=xc ¢ ' (H) = g=9¢(z) € p(¢"*(H)).

(i) 'Eotw H,Hy € Aye Hi C H = ¢(H,) C ¢p(H) = ¢~ (¢p(H1)) C ¢~ (¢(H)) = H, C H.
I toug deinteg: opilovpe amewxévion ¢ : H/Hy — ¢(H)/d(Hy), PETOED TV GLYOAWY
ovuTAOxwy H/Hy xow ¢(H)/d(Hi) - €36d Sev €xovue avoyxoatixd Soun ouadag yLott
dev éyovpe xavovixdtnro- pe Y(hHy) = ¢p(h)p(Hy), yra xée hHy € H/H;.

H ¢ eivow xohé opiopévn: Av hHy = xHy = 2z 'h € Hy = ¢(a71h) € ¢(Hy) =
H(h)S(Hy) = o(x)B(Hy).

H 1 elvon Tpopavig emt.

MNotol—1:avh,x € H,t6te ¢p(h)p(Hy) = ¢(x)p(Hy) = ¢(x~th) € ¢(Hy) = ¢p(z71h) =
d(h1), yroo xémowo hy € H = ¢(hi'a™'h) =1 = hi'a ' he K C H, =z 'h € H =
hH, = zH;.

Soverwg [H : Hy| = [¢p(H) : ¢(Hy)]

(ii) '"Eotw 6t H <G xow z € ¢(H),y € ¢(G). Oéhovpe yry~ ' € ¢(H). Eyxovpe x € ¢(H),
apo z = ¢(h), yioo xémoto h € H xow y € ¢(H), Gpo y = ¢(h), yta xémoto g € G. Apa
yay~ ' = d(g)¢(h)d(g) ' d(ghg™") € G(H). Avtiotpopar, av ¢(H) <1 ¢(G) xou g € G, h €
H. <6ve ¢(ghg ") = 6(g)6(h)é(g) " € G(H), oo ¢(H) <1 6(G). Apa 6(ghg~1) = o(ha),
yioo xémoro hy € H = ¢(hy'ghg™) = 1, dradh hy'ghg™ € K C H xou ovvemsg
ghg~! € H, dnhad¥ H < G.

Io Tov toopop@lopd, Bewpodue ™ odvbeon ¢ : G 2, H(G) 5 o(G)/p(H) pe (g) =
#(9)p(H), n omtolo elvo ETLULOPPLOUOS WG GVVOETN ETLLOPPLOULEVY.

Av ¥(g) =1 = 6(9)(H) = ¢(H) = ¢(9) € ¢(H) = ¢(g) = 6(h), yio x&moto h € H
xow h™lge K C H= g€ hH = H, d\ad% kery) C H. Ipopavic H C ker) xou étol
kerv = H.

Amé 1o 1° Oedpnpa Ioopopeiopdy G/H ~ ¢(G)/d(H).

O

optopa 1.4.2. 'Eotw N<G. Tote vrapyet 1-1 xou eni avtiotoryion ueta&d twy vmToouddwy
s G wouv mepiéyovy Ty N xat Ty vTooUGdwY TNg ouadas myiixo G/N. H avtiotouyio
auty elvat

NCHv+—s H/N

EmitAdoy:
(i) H<G avv H/N <G/N.
Gi) Av HD H, D N, tdte [H : Hy] = [H/N : H,/N].

ArtodeiEn. Eivow dpeon amd to Teonyoduevo D@L Yol TOY XOWVOVLXO ETLLOPPLOUS
m:G— G/N. O

Ocdpnpa 1.4.5 (Cayley). Kdbe oudda G elvar to0uop@n ue DTOOUG O TNG OUBOAS UETA-
Ocoecwy.
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Anodety. 'Eotw X = G. T'ia x&be g € G opilovpe ) petdbeon ¢4 : X — X, pe ¢4(z) = gz,
Ve e X. H ¢, elvow 1-1 xou emni, dnhady mpdypatt ¢, € S(X).

Opilovue ¢ : G — S(X), g — ¢4. O ¢ elvar opopop@Louode.
Hpdypat, ¢(g192)(x) = (9192)x = 91(922) = ¢(g1)9(92) ().

Av ¢(g) = 1, 1612 ¢y(2) = = i x&be = € X, dpa gr = z. 'Etor ¢ = 1 o kero = 1,
SMAadH 0 ¢ eivan Loopop@Lowdc G = ¢(G) ue ¢(G) < S(X). O

1.5 Avtopopplopol opadwy

Optopog 1.5.1. ‘Eotw G opdda. Me Aut(G) ovpPoiilovpe 10 6OVOAO TWY GUTORLOPPLOUEDY
™ G. To abvoro Aut(G) yivetow opdda pe TEGEN ™) obvbeon xoL ovopdletal opada ow-
TOROPPLOPOY TN¢ G.

NMopadetypoa 1.5.1. Aut(Z) = Cs, 6mov Cy ) xxAxY opédo TéEng 2.

Mpdeypott, Z = (1). Av ¢ € Aut(Z), téte to ¢(1) eivon yewrropag g Z. Apa ¢(1) =1 7
(1) = —1."Exovpe 6t | Aut(Z)| = 2, dpo Aut(Z) ~ Cs.
Optopdg 1.5.2. 'Eotw g € G. O awtopopeLopog 7, : G — G mov opiletar wg 74(z) = grg™?,
OVOULALETOL O EOMWTEPLXOG AVTOUOPPLOILOG TTOV ETAYETOL XTTO TO OTOLYELD g.

To 6¥voho TwY GWTEPLXDY AVTOROPPLOUWY 1 G oupfoliletor pe Inn(G).

Optopog 1.5.3. 'Eotw G opdda. Opilovpe to #évtpo tng G, T0 abVoro
Z(G)={9e€eG:gx =29 VYreG}
Mpéraoyn 1.5.1. ‘Eotw G ouada. Tote Inn(G) <1 Aut(G) xou
Inn(G) ~ G/Z(G)

Anddeln. ‘Eotw 74,7, € Inn(G). Tote 74, (14,) " € Inn(G) xou épo Inn(G) < Aut(G).

Mpdyportt, 74, (15,) " (@) = 79, (95 '2g2) = 9195 ‘wg2g; " = Tglggl(x)‘ Apow 7y, (7g,) T =
Torgy! € Inn(G).

Oa detkovpe 6 Inn(G) < Aut(G). 'Eotw ¢ € Aut(G) xou 74 € Inn(G). Téte 19~ (z) =
blgo 1 (@)g™1) = 6(9)20(9) " = Ty(q) (). Frxor 67,671 = 74, € Inn(G).

Téhog, Yo Tov Loopoplopd, Bewpobpe ¢ : G — Inn(G), g — 74. H ¢ elvan emi o
opopop@Lol6s yrott 1 (g1)Y(g2) = T4, Tgy = Tgig. = Y(9192).-
IMo Tov vToAoytopd Tov TLENVY, éxovue Y(g) =1 & 175 = idg & T4(x) =2 Vr e G &
grgt=x VieG& gr=129 Ve eG&ge Z(G).

Apo ker ) = Z(G) now ouveTdg ard o 1° Oewprnua Ioopoperopdy Inn(G) ~ G/Z(G). O

Optopdg 1.5.4. Mo opéddo G Aéyetor amii] oy Oy €XEL YVNOLEG, U1 TETOLUUEVES XOVOVLXES
VTLOOULADEG.

Anradi, ov 1 opdda G eivor oA xow N < G, té6te N = {1} 4 N = G.
Mpoétaon 1.5.2. 'Eotw G merepaoudvy oudda ue ta&n modto apbuc. Tote n G elvou
aTTAY] xa XX,
AmodeEn. Av 1 # H < G, t6te 1 # |H|||G| = p, dpo |H| = |G| = p. Eniong H C G, dpo
H = G. Idtoutépwe, n G elvor o).

To H = (g), pe g # 1, éyovpe dntwg mpty G = (g). O

Xyoio 1.5.1. H A, elvor ot yioe x&be n > 5.

10
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1.6 Aoxnoeig

1. Amodei&te 6t av H, K < G pe [G: Hl=m xow [G: K] =n, t6te [G: HN K] >

exnt(m,n). EmnAéoy, éxovpe tadtnta av oL m xow n glvot TewToL LETAED TOovG.

2. Amodeitte 6tL av ot Hy, ..., H, elval vmoopddeg g G memepaopévon deinty, Téte xon
n n

N Toun Tovg elval TeTepaopévou deixtn oty G xou [G: () H;] < [[[G : Hy.
i=1 i=1

3. 'Eotw K memepaopévn xuxAuxy] vrooudado g G xal K <1G. ActEte dtL x&be vmoouddo
g K elvor xovovixn oty G.

4. 'Eotw NG, g € Gxot |G/N| =n < co. Yobétovpe 6T (m,n) =1 xou ¢"™ € N. AciEte
6ot g € N.

5. 'Botw G opdda xow Z(G) = {a € G : ag = ga vy xébe g € G} 1o »évrpo trg G.
AmodeiEte btu
(1) H Z(G) eivow afehiavyy, xovovins voopdda g G.
(i) Kébe vmoopddo tov xévtpou eivor xovovixy atny G.
(iii) Av n G dev eivow afeiiovh, T6te 1 G/Z(G) dev elvor xOXAXA.
(iv) Av K <G »ou |K| = 2, téte K < Z(Q).
V) Ay ¢: G — Gy empoperopic xow H < Z(@G), tote ¢(H) < Z(G1).

(vi) Av K <G, tote 7 Z(ZCE)C;)K elva Lobpopem pe vroopdda g Z(G/K).

6. 'Eotw G ouddo xow g,h € G. O petabétng twy g xou h eivar to otouxeio [g,h] =
g th~tgh. H mopbywyog vroopédda G’ opiletor we n vroopddo g G oL TopdyeToL
omd 6Aovg Toug petabéteg Twy otolyelwy . AmodeiEte It

G G'«aG.
(ii)) Av H < G xo G' C H, t6te H < G.

(iii) Av H <G, téte n G/H eivor afehiovi o xow pévo av G' < H. I8iontépws, 1 G/G’
elvor offeAtovn.

7. () 'Eotw G opdda xow ¢ : G — G amewxdvion tétola wote ¢(g) = gL o xébe g € G.
AmodelEte 4Tl M ¢ elval OpopoPELOUOS v %o Lévo av M G elvor offeAtov).

(ii) "Eotw G menepaopévn opddo xat 0 : G — G awtop.op@Lopdc tétolog wote 6%(g) =
g Yoo x60e g € G. Ymobétovpe emimAéoy 6t av g € G xaw 0(g) = g, T6te g = 1.
AmodeiEte 6m 0(g) = g7 Yo %éBe g € G xow ovvenmwe N G eivor aBeAiow.

[Yr6detEn:Acitte 6t {a 10(a) : a € G} = G.]

8. Ymobétovpe 6t N G elvor pLo TeTEPUOUEYT Opddo pe Ty toTTer (ab)™ = a™b™ Yo
%60e a,b € G, 6mov n otabepdg anéporog peyarbtepog tou 1. ‘Eotw G, = {a € G :
a™ =1} xow G™ = {g" : g € G}. Amodeikre 61t oL G, xow G™ givo xoVOVLRES VTTOOUADES
™ G xou 6T |G| =[G : G,].

9. 'Eotw G memepoopévn onddo xot K xovovixy vroouddo g G pe (|K|,[G : K]) = 1.
AciEte 6T v K elvow 1 povadixy; voopdda g G téEng | K.

1
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10. "Eotw F owpo xar G mtemepaopévy op.ddo. ActEte 6Tl 1 G elvon Ladp.opem pe vTtoopado
™G Yevixng yoauutxig onados GL,(F), yio xémoto n < |G|.

[YrtédetEn: Bewpriote Stovvopotind xwpo et tov F Staotdoewg |G|.]

11. 'Eotw G memepaouévo TopoyOUEY OUdda xoL S TETEPATUEVO COVOANO YEVWWNTOPWY
™ G. Opilovpe || - ||ls : G — [0,+00) wg €Efg: ||lglls = 0 xou vt 1g # g € G,
lglls =min{n e N: g =s!---si", 6mov s;;, € SUS™! xouw ¢; € {-1,1}}.

(i) AmodeiEte 6t opddo G pe v ovvépTnom ds(g, h) = ||g 1h|s Yivetow petpindg
ADEOS.

(i) AmodeiEte 6Tt x60e mETEQUOPEVO TTOPOYOUEYY, OUEDO ELPLTEVETAL OTNY OUEdx
LOOUETOLWY EVOG UETOLXOD YWOEOV.

12. '"Eotw G opddo, H < G xow K <G. Ay N < H, t6t7e NK < HK.

13. Mia vooudda H prog ouddog G Aéyetor yopoxtnototixy oty G, cvuPoAllovue pe
H<G, ov ¢(H) < H vy xébe ¢ € Aut(G). AmodeiEte ot
() Av H <G, t6te ¢(H) = H yroe x60e ¢ € Aut(G).
(i) Kébe xopoxtnototiny LTooUaSo VoL XoVoVLXY.

(iii) Xe avtifeon pe Tig *ooVLRES DTTOOUADES, OTLG XOPOXTNPLOTIXES DVTTOOUESES LoyVEL
N petaPatixétna, dnhadnh ov H <N xouw N <G, téte H 4 G.

(iv) Ay N 9K xow K <G, t6te N <1 G.
(v) Kébe vmoopdda prog xuxhixnig opddac elval yopoxtnoLoTixy.
vi) Z(G) <G xor G' < G.
(vii) YT&pyoLy OUAdES Yot TG OTOIEG M XAGOY] TWY YOPARTNELOTLXWY LTTOOUASWY Eivoat
YYNolwg YtxpdTtepn amd TNY XAACY TWVY XAVOVLXKDY LTTOOUASWV.
14. "Eotwy G memepaouévo mopayouevy opnado xal H vmoopddoa tng G TETEPATUEVOD
deintn. AeiEte 6L H elval TETEQOOUEVA TTAPAYOUEVY).

[YrtédetEn: ‘Eotw S memepaouévo advoro yewntépwy g G xot X oOVOAO ayTLTpOcet-
nwy SeELdy ouumAdxwy g H oty G. To obvoro {z;s;jx; ' € H : z;, x5 € X,s; € S}
TopayeL ™y H.]

12



Kepdioto 2

Apdoeig Opadmwy

2.1 Apdoslg opadwy Tl GUVOAWY

Optopdg 2.1.1. 'Eotw G opédda xor X # () obvoro. Mo (aptotep?) 8péon g G oto X eivon
ptoe ametxovion G x X — X, (g,x) — g x x pe tig axdrovbeg tdtétyreg:

@ lgxz =2 via x&be x € X.
(i) (g1 g2) *x = g1 * (92 * T) yroe %&b x € X xon g1,92 € G.
To X 0o Aéyetor G-ocvodo.

Yxoio 2.1.1. Xvo €€nc B ovuPorilovpe to g* x pE g - T
Hopatnpioeic 2.1.1. (1) Kdébe aprotepn dpdomn emdiyel Sekid Spdiorn xat avtioTopo.
-1
g-rxrT-g
(ii) Kébe dpdon tg G oto X emdyet opopop@opd p : G — Sy, 0 omolog Aéyetor o
avtiotoyn (f emayOUeEYY) OVATOPAGTOGY, XAl AVTIOTEOPO %80 OUOLOPPLOROS p :
G — Sx pog Sivel pLo dpdon g G oto X.
Modypott, av n G Spa et Tov X, tote Yo x&be g € G €xovpe v petdbeon py, € Sx

we py(x) = g-z. Hp, etvow 1-1 xow eni: ov g -z =g-y, t6te g1 - (g-2) =g~ ' (g ),
boor1-2=1-y.'Etor =y xow v = g(g~! - z), &pow éyovue opop.op@ioué p : G — Sx
ue p(g) = pg-

Avtiotpopa, av €xovpe opouop@loud p @ G — Sx m Spdom oplletal wg ekng, g - = =
p(g)(@).

Hapadeiypota 2.1.1. (1) ‘Eotw G opéda xor X = G. H G Spa 070 X pe ToAMamAaoLoaopo
omd oPLOTEPAL.

(i) "Eotw G opéda xor X obvoro. H tetoippévy dpdon g G oto X elvat n dpdon g-x =z
Yo xéfe g € G xow x € X.
Anhody eivor M SpAan TOL AVTLOTOLYEL GTOY TETPLUUEVO OUOMOPELONS p : G — Sx e
p(g) =1 yro xébe g € G.

(iii) "Eotw H < G xow X = G/H 70 60OVOAO TwY aPLOTEPWY GLUTAOXWY T H oty G. H G
dpo 0t0 X pe g- (xH) = gzH.

13
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(iv) Av X =TI, évo xavovixd v-ywvo, T0Te N Z,, 7 XOXAxA TEENS v, dpa oo 11, pe otpopéc.
H D, dpa ot0 X pe oTpoéc noL ovaxAdoeLs.

(v) H Sx dpa oto X pe T0ov Quotrd tpémo.
(vi) H GL,(R) 8pa oto R" pe A -z t0 ovyndiopévo yvopevo.

Optopdg 2.1.2. 'Eotw G opdda v omolo dpow el evig ouvorov X.
H dpdion Aéyetan moti, 6tov N aviiotoryn avaropdotaocy eivar 1-1, dniady ker p = {1},
p:G— Sx.
To odvoro
Gr={g-z:9€G}=0(x)

Aéyetor Tpoytd (G-tpoytd) tov otoyeiov x € X.

Aépe 6Tt 1 G dpa petafatixd 0to X av UTTEEYEL LOVO ULa TPOYLA Yot TNy PAao, SNAadT
Yo xabe z,y € X vmdpyel g € G TETOLO WOTE g - T = Y.

H otabspomotovoa tov = € X opileton wg T0 abGVOAO

Gy =Stabg(zx) ={9e€G:g-z ==z}

Hopationon 2.1.1. H otabeponotodon eivor vroopdda g G xow toydet Gy = gGrg™t.

"Eotw G ~~ X, dnAadn éotw 6T 1 G Spoa oto X. Edxola Stamiatdvovpe 4Tt 1 oxéomn mov
opileTol wg
T~y =9g-Y
elvar oygon toodvvapiog xow oL xAAoeLg Looduvaplog elvol oL TPoyLég TNg SPAoME.
Apat oL TPOYLEG ATTOTEAOVY SLOLEPLTT] TOL GUVOAOL CVTOV XL ETGL LTTOPOVILE VO YOG OLUE
10 X ooy Eévn évwon TPoXLOY.

Mopadetypo 2.1.1. 'Eotw G opéda xow H < G. H H Spa el tng G pe TOAMATAAGLOGUO
oo opLoTepd, dnAady h - g = hg. H tpoytéd evég x eivow O(z) = {hx : h € H} = Hx 7o 3eELd
obUTAO%0 TOL x. Apa 1 G elvon Eévn évwan Tpoytdv (SeELwy cupTAGKWY).

pétaon 2.1.1. Eotw X éva G-cbvoro xow x € X. Tote |O(x)] =[G : Gy.

ArodeEn. Opilovpe amewxdvion ¢ : O(x) — G/G, pe ¢(g-x) = gGy. H ¢ eivor xadd opLopévn:
J1T = go & gglglz —r& g{lgl € Gy & 916G, = 92G,. A6 To TOPOTTAVW, ETETOL Ko OTL
N ¢ eivon 1-1. TéAog, elvar TPOPOVHS L. O

Moptopa 2.1.1. Ay n G elvouw mermepaouéyy, tote \(9(:13)|‘|G|

MMoptopa 2.1.2. 'Eotw X memepaouévo obvolo xar T éva obvoAo avTimpoodmwy Twy
Too)Y NG dpaons. Tote
|X| = Z[G : G

zeT

AmodeEn. To X eivan Eévn évwon tpoxtwdy, dnpadn X = || O(z), doa
zeT

X| =Y 10@@)| =) [G: G

zeT zeT

14
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YxoAdo 2.1.2. To X eivar Eévn évwan tpoytddy. [alpvovtog éva atotyeio amd xdbe tpoyLd
dnutovpyovpe to T

Iéptopa 2.1.3. Osdonuoc Lagrange

AnodeEy. H H ~~ G pe molamiootaopd and aptotepd. E3w ov tpoylée eivar tor SekLd
obumioxa xal |T| =[G : H]. Emunidéov H, = Staby (z) = 1 yioe xd0e . Tovemdg

(X| =G| =) [H:H]=Y) |H=[G:H|H

€T zeT

2.2 Apbom opddog o cOUTAOXO VTOOUABOG

"Eotw G pta opddo xor H < G. Oewpodpe X = G/H 10 6OVOAO TV 0PLOTEQHDY GUUTIAG-
xwv g H ot G. H G dpa emi tov X wg eEng:

g+ (zH) =gzH

Ag ovpforioovpe pe py : G — Sg/p ™Y AvVTLOTOLYT OVOTOREGTOON.
H Spdon eivar petafBotint, éxer pévo pLo TpoyLd, epbéooy g-x 1 (xH) = gH.
H otabepomorodoa tov zH eiva,

Stab(zH) = 2Hz !

woc xow g-xH =zH < o lgr e He g xHa™ L.
O(x)|=|G/H| =[G : H| =[G : xHr '] yio xébe x € G.
YroAoyilovpe thpa Tov TVPRAVE ToL pg. ‘Exovpe 6t py(g) =1 g-2H=a2H Ve G&

gexHz™! VxeGege () zHz™ !, ovvemdg
zx€G

Apoa,

ker pg = ﬂ zHzx ' <G
zeG

H xowvovixr vroopddo tng G, ker py = (| xHz ™1, ovopdletan mopivag g H xaw ovpfo-

z€G
Ailetow pe Core(H).
H vmoopdda avty, Core(H), elvar 1 peyahdtepn xovovixy vroopddoa g G Tov TePLE-
xetow oty H.
Mpdypott, ov N <G pe N C H, t6te aNax~! C xHx™! yio x4be z € G. Ouwg N < H =

Nz~ =N, dnhadq N C zHz~ ! yio xébe x € G xou étoL N C (| zHz 1.
zeG
Ag vrobéoovpe emitAéov ot v H éxel memtepaapévo deixtn ot G, éotw [G : H| = n < 0.

Tote Sg i ~ Sn xoL GLVETHG éxovpe ouopoPPLoUd (avarapdotaan), pg : G — Sy.

Mpéraoy 2.21. Eotw H < G pe [G: H) =n < co. Tdte vrapyet opouoppouds pg : G —

S, ue kerpy = (| vHxz ' C H.
zeG

YxoAo 2.2.1. Zovendg kerpy C G av H < G.

Moptopa 2.2.1. Kabe vrooudda H memepaocudvov deixtn n oc wo ouddo G meptéyet
xavovu vrroouado N tic G memepaocuévov deixtn m érot dote nlm xot m|n!
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AnddeiEy. Oewpobye pg 1 G — S, O6mwg mow, xou éotw N = kerpy = () zHz ' < G.
zeG
Téte G/N ~ impy < S,. EQdoov 1 S, elvor memepoouévn opdda, érnetal 6t n G/N eivon

TETEPAOULEVY], OUbda, dnAad? [G : N| = m < co.
EmnAéov, m = |G/N| = |impH|'|Sn| = nl, dAadN m|n!
Téhog, m =[G : N| =[G : H|[H : N|=n-[H : N| xou dpo n|m. O

IMpotaoy 2.2.2. To wA%00¢ TV LTOOUASWY TTETEQACUEVOV SEMXTN N O U0 TIETEQACUEVOL
Topoyoueyn oudda G eivorl TETEQUCUEVO.

ArodeEn. o xébe vtoopddo H g G Seintn n €xovpe opopopolopo py : G — S,. Epboov
N G elvol TTETEPUOUEVH TTOPAYOUEVY] XOL V] S;, TTIETEQPUTUEVY], TO TTANDOG TWY OLOLOPPLOUEY
¢: G — S, elvonw memepaopéVO.

Mopdeypot, av G = (91,92, -5 9k), X = {g1,92,- .., gr} o g € G, 01 g = g; - - - g5, 6TCOL
gi; € X xow g; € {£1}. Apa ¢(g9) = ¢(gi,)** -+~ ¢(gi,)° . AvTé onuaiver 6TL 0 OUOP.OPPLEUDS ¢
xabopiletol TANPWS aTtd TIg ELXOVES TOL GTO TOLYELXL TOV CLVOAOL YEVWNTOPWY X, dNAdY
d(g1), -, 0(gr). E@boov xabe ¢(g;) € Sy, éxer To TOAD n! emtAoYEg, LTLAPYOLY TEETEPOTUEVOL
70 TAN00g opopoppLopol ¢ 1 G — S,,.

Apxel va detEovpe GTL SLaopeTirég LTTOOUADES SEiXTOL N ETTEYOLY BLAUPOPETLXOVE OUO-
poppLopotg G — Sy,

‘Eotw, downdy, H # K, HHK < G pe [G: H| = [G : K] = n. 0o deiEovpe 6t pg #
pr G — S,. Eotw 6t G/H ={H,q1H,...,gn—1H} v G/K ={K, 1 K,...,x,_1K}. Téte
pu(9)(k) = X & ggrH = grH not pr(9)(p) = v < g9, K = g, K. Ou oyéoelg avtég opilovy
TOUG OPLOUOPQLOUOVGS prr - G — Sy, pr : G — Sh.

Epéoov H # K, vrdpyet h € H\K % k € K\H. 'Eotw 67 vrdpyet h € H, h ¢ K.
Mopatnpobpe 6t pr(h)(1) =1 evd pr(h)(1) # 1 ywati h € K, dpo émeton 6T py # pr. O

2.3 Apdom ovluyioag, Kevtpomolodoeg voopades, EEicwon
*AAGEWY

‘BEotw G opdda xar X = G. H G Spa enl Tov X wg eEng:

g-w=grg~" =1y(2)

H amewoévion avt, mov otéhvel to Levyos (g, z) oto g-ouluYég Tov z, elvar 3pdam, opod
1oz =x %o (g192) - = = g1922(9192) " = 91(g2292) 197" = g1 - (g2 - x).

H tpoyté O(x) tov x Aéyeton ®xAdoy culuyiog Touv x xot ovpforiletor pe Clg(z). Anhady
N ¥Aédom ovluyiag Tou z,

Clg(z) = {gzg~" : g € G} = O(x)

amoteleitor amd OAx Tar cLLVYYN TOL .

H otabepomolodoa tou z,

Stab(z) ={ge G:9 -z ==z}
={9eG:gxg ' =1}
={9€G: gz =2g}

omtoteAeiton artd Tow ototyela g G Tov petartifevtor pe to xz. H voopdda Stab(x) Aéyeton
XEVTPOTTOLOVGA TOV T oV G xal GLPPOAeTOL pe

Ca(z) ={g9 € G: gz = xg} = Stab(z)
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Mpéraoy 2.31. Av G oudda, tote |Clg(z)| = [G : Co(x)]. ISutéows, av n G elvau
nenepaouévn, tote |Clg(z)|||G|.

2xoAo 2.3.1. Av p: G — S|g|, n aviioTtoym avarnapdotaon, tote ker p = Z(G). Hpdypat,

av p(g) =1, t6te grg~!

=z yia x&0e = € G, dnAad? gr = gz yio x6be x € G oy g € Z(G).
Hoaparnonon 2.3.1. Ioyde. 6m © € Z(G) oy 1o Clg(z) eivor povoabvoro avy Clg(x) = {x}.
Hpdypatt, av x € Z(G), 16t Clg(x) = {gzg~' : g € G} = {xgg~t : g € G} = {z} xou

1

ovtiatpopa, av to Clg(x) eivor povoobvoro, téte Clg(z) = {1 -2} = {z} xot grg~"' = = v

x&le g € G, dpo gx = zg yia x&be g € G, dhadn x € Z(G).

Bzwpnua 2.3.1 (EEiowon twv xAdocwy). ‘Eotw G nercpacudvy oudada xat Clg(z1), Clg(z2),
..., Clg(zk) ot xAaoec g G mov dey elvar povoovvolda, dniady éotw {x1,xa, ..., x%} Eva
oUVOAO QVTITPOCWTTWY TWY TPOXUIY TNG Spdons mov Sev elvat povoabvola. Tote:

() G=Z(G)u Clg(z1) UClg(z2) U... UClg(zk) xa

) |G| = 12(G)| + §|Clc<xi> — |2(@)] + ﬁl[c : C(as)

AnddeEn. H G dpa 610 X = G pe ovluyta, dnAad? g x x = grg~! xow ovvenwe n G eivo
Egvn évwon Tpoytty. 'Exovpe Set 4Tl oL TpoyLég oL Elval LOVOGUVOAX ELVaL TO. GTOLYELOL TOL

xévtpov Z(G). O
IHapationon 2.3.2. To tAbog Twv xAdoewy ovluyiag eivor |Z(G)| + k.

Moptopa 2.3.1. Av p modroc xar |G| = p", tote Z(G) # 1.

AmodeEn. Av k=0, t6te G = Z(G) # 1.

Av k > 0, t6te | Clg(2;)|||G] = p™ xou é‘ccnp‘\ Clg(z;)| vtoexébe i = 1,2, ..., k."Eyovpe 6t p||G]
k
xot p|| Clg(z;)| yroo xé0e i = 1,2,..., k. Apa p’|G| = > |Clg(x)| = p||1Z(G)| = |Z(G)| > p.
i=1
IStowtépweg Z(G) # 1. O
Moépopa 2.3.2. (i) Av |G| = p™, drmov o p elvar wpwTog xar n > 1, tdte n G dev elva
anmiy.

(i) Av |G| = p?, dmov o p evar mpwdtoc, tote n G eivon afieiovi.
Anddely. () Apob G = p", and to Tonyoduevo mopLopa énetor 0tL Z(G) #£ 1. Av
Z(G) < G, téte apob n Z(G) eivor xovovixy, 1| G dev eival otiy.

Av G = Z(G), n G eivor afehav xou xdbe vroouddo tng eivor xovoviny. Apo opxel
va delEovpe 6T 1 G TepLéYEL YVt p) TETELUUEYT bTtoopdda. ‘Eotw g # 1. Av (g) < G
Tedetdoape. Av (g) = G, tote | G elvar xoxhxy xot opilovpe H = (¢P). "Exovpe 61t
1# HJG xow H # G.
— H#1: Av H=1, 16t ¢* = 1= |G| = |(g9)| = p -&romo.
~-AG=Htege(gP)=>g=g" =g 1 =1=o(g)lkp—1=plkp—1=p|1
-QToTO.
(ii) "Exovpe 6t Z(G) # 1 xou |Z(G)|‘|G| =p? oo |Z(G)| =p % p? AV |Z(G)| = p* = |G| =
Z(G) = G xow qpa n G eivon afeitov.
Av | Z(G)| = p, téte M opddo Thixo G/ Z(G) éyer p?/p = p otoryeto. Avtd onuadver 6T

N G/Z(G) eivor xOxAx? xo oLVETTWS M G eivor o eAow.
O
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2.4 Apdon ocvluylog 6 LTTOONAOES

‘Eotw G opdda xow X = {H : H < G} t0 6bvolo Tov amtotereiton amd GAeS TLg LTTOOUADES
s G. H G dpa 0710 X wg ekng:
g+« H=gHg™!
H tpoyté g H, O(H) = {gHg™ ' : g € G}, Myetow xAdon ovluyiog g vroop.ddog H, xow

ovpBoAiletar pe Clg(H).
H otabepomotoboa g H € X

Stabg(H)={gcG:gxH=H}={ge€G:gHg ' = H}

Aéyetal xavovixomotovoo g H oty G, ovuPoliletor pe Ng(H), o glvor  ueyoAdTepn
vroopada ¢ G, oty omola N H elvor xovovixy).

Afppo 2.41. () H < Ng(H).
(i) H< G avv Ng(H) =G.

(i) | Clg(H)| = [G : Ng(H)].

2.5 Aoxnoeig

1. AmodeiEte 6T M OpASH VTOUOPPLOUWY TNG KUXALUNG OUASOG TAENS N Elval LOOLOPEPY
UE TNV TOAAOTAXOLaGTLXY OUESo ToL SoxTuAioL Z/nZ, dnhadh Aut(C,,) ~ (Z/nZ)*.

[Yt6SeLEn: "Eva ototyeio g™ € C), elvan yevwnropog g C,, ov %o LOVO oy OL m XOL 1
elvor TpyToL peToED Toug. ]

2. 'Eotw G TETMEQaTUEVH TTORAYOUEYT] OUASO TNG OTOLOG Ol VTTOOUASES TETEQUOULEVOL
deixtou €yovy TeTELUEYN dour. AciEte 6Tt %d0e emipopplopde ¢ : G — G eivor avto-
poppLop.dg.

[Yt6SetEn: T xé&be @uownd n Bewpnote Tig vToopAdeg deixtov n g G xoL YEN-
olpomotnote to fedpnua g avtiotoyiog yia va amodeikete 6Tl 0 TLENVAS TOL @
mepLéyetal o xdbe vroouddo g G mMeETMEPUOUEVOL SElXTY.]

3. 'Eotw G plo memepoaopévy opdda n omoio dpa €Tl ev6g MemEPaOUEVOL cLYOAOL X xOL
Fix(g) = {x € X : gz = 2} T0 abvoro twv otabepdv onueiny Tov atotyeiov g € G.
(i) Aeikte 6T to ARB0g TwV TEOYLDY TNg dpdong eivar (oo pe ﬁ > | Fix(g)].
geG
[Y763etEn: Ymohoyiote To TAfbog Twy Levywy (g, x), 6oL g = x pe dVo TPOTOoLE. |
(ii) Av 7 dpdon eivar petoBotind xow | X| > 1, téte vdEyeL otoeio g G Tov dev
otabepomolel xavéva atolyeio Tov X.

4. 'BEotw G plto memepaouéyn opado TaEsws p™, OToL p TEWTOG, ol X TETEQUCUEVO

, tote () Fix(g) # 0.

e

G-abvoho. Av o mpwtog p dev drowpel to | X

5. Av |G| = n < 00 %ot p 0 PXEOTEPOS TPWTOG SLOLPETNG TOL N, TOTE xdbe vroouddo H
™G G SelxToL P lvort xOVovVLX.
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6.

10.

11.

12.

13.

14.

15.

16.

17.

Av G elvon pro opado TeEEwg p™, 6TTOL P TEWTOG, TOTE N G EYEL ULAL XAVOVLXY) VTTOOUAS O
TéEewg p™ Yo x&be m < n.

[Yt6SeLEn: Xpnotpomoiote emoaywyy xot To Oewpnuo ™g avtiotolyiog o XUTAANAL
Yvota TtAixo g G.]

. Oewpwvtag dedopévo 0Tl N As elvor oAy, OelEte 6TL 3ev TEPLEYEL LTTOOUASES TAEEWS

15,20 7 30 (ovveTmg To avTioTPoPo Tov Oewpruortog Tov Lagrange dev LoyveL).

. 'Eotw G opédo meptttig TéEng xor N <G pe |[N| = 5. N owodetyfet 6t n N mepLéyeton

oo xévtpo ¢ G, Z(G).

. 'Eotw G memepaopévy, un-afehavy opdda xouw H < G pe 1 < [G : H] < 5. Na

amodetybel 6Tt n G elvor amAn.

"Eotw G temtepaopévn opdda ot H, K vmtoop.ddeg tng G. XpNoLULOTOLOYTOG XOUTAAANAY
dpdon, deiEte 6t |HK| - |HN K| = |H| - |K]|.
"Eotw G opéda, H < G xow Cg(H) = {g € G : hg = gh yio xé0e h € H} 71 xevtpo-

mowovoa g H oty G. AeiEte 61t Co(H) < Ng(H) xow 6t t0 TnAixo Ng(H)/Cq(H)
eival toépop@o pe vroopada tng Aut(H).

Av G eivon pror opdda téEewg p”, émov p mpwTog, xou 1 £ H G, tote HN Z(G) # 1.

Av G pio memepaocpévn opdda xor H < G, tote | |J gHg Y| <1+ |G| - [G: H].
geG

(1) "Eotw G memepaopévy opddo xa H < G. AgiEte 6Tt vmdpyet otovyeio g G to
0oTtolo OgY TEPLEXETOL OTNV EVWOT TwWY oL{LYWV ¢ H.
(i) Av 7 G eivor memepaopévn xow OAEC oL PEYLOTIXES LTTOOUEDEC TNg efvar oulvyelc,
T61e N G €lvot xOUALXY.
Av H yvnoio vtoopddo. Temepaoévou Oeixtn ot uLa opddo G, TéTE 1 €vwor] TV

ovluywy |J gHg ! g H mepLéyeton oty G.
geG

[YrédeLEn: XpnoLtpomotnote XoTAAANAO TTETEPACULEVO TTNALXO.]
"Eotw G memepaopévn opdda xol r 10 TAN0og Twv xAdoewy ovluylog g G.
(1) Acikre 6t |C(a)| > |G/G| yro xGbe a € G, 6mov G M TaPdYWYOS LTOOUASA TG
G.

(i) Av pg elvat 0 pLxpdtepoc TEMTOG oL el Y TéEN g G xow rpy > |G|, ToTE
Z(G) # 1.

(iii) Av 1 G dev eivor afelhavy, téte 7 > |Z(G)| + 1.

(iv) Av |G| = p3, 6mov p mpwtog, xaw n G Sev eivan afeiiovi, tote G' = Z(G), |Z(G)| = p
xour=p?>+p—1.
[YrédetEn: Av 1 G/ Z(G) eivar xoxhxy, tote 1 G eivar afeiiavi.]

(i) AeiEte 6T yioo x60e otobepd M eEiowon 1 = n% + ...+ n% EYEL TIETEPAUOUEVES
Oetixée axéponeg AOOELG Ny, . . ., Ny

(ii) "Eotw C1, . . ., C, ot xAd&oelg ouluyiog piag Temepaopévng opnddag G xoL ny, . . ., N,
oL TaEelg avTwy, avtiotouyo. AstEte 6T i +...+ % =1
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18.

19.

20.

21.

22.

23.

24.

(iii) AeiEte 4Tt LEPYOLY TETEEPAOUEVES TO TARDOG TTETEPUOUEVESG OUADESG e aXELPAG
r xAdaoeLg avluyiog.

‘Eotw G memepoaopévo mapoyopevy] ondda. AciEte 6t xdbe vmoopddo g G meme-
QOOUEVOL DEINTY TTEPLEYEL WLOL YOPOXTNOLOTLXY] VTTOOUASN TETMEQAOUEVOL JElXTN OTNY

G.

[Yt6SetEn: To mAn00g Twv LTOOKEdWY ¢ G dedopévou BeixTn v elvol TETEQPUOEVO.]

‘Eotw G =0(n) ={A € Myxn(R): A'A = T,,} 1 opddo Twv 0p00YWILOY 1 X 1 TTLVAXRWY.
Arodeikte 6L, yia xébe m < n n Quoxy dpdon g G 6To GVVOAO TV M-OLACTOTWY
LTTOHYWEWY Tov R™ eivor petaPotixy.

[Yt6SetEn: "Evag mivaxog eivor 0pBoydviog av xol (6vo oy oL GTHAEG TOL ATTOTEAOVY
opboxavovixy Bdon tov R™.]

‘BEotw G oudda xor X, Y 800 G-obvoha. Mia ameixdvion ¢ : X — Y Ayetow G-
amewxévion av ¢(gz) = gop(z) yia xdbe g € G xor z € X xor G-Loopop@Lop.og oy eivor
emttAéov 1-1 xou emi. AmodeiEte 6Tt 1 G Jpa petoPoatixd eni Tov X ovy to X eivo
G-106p.0p0p0 pe to G/H yioo xdrotor vrtoopdda H g G.

[H G dpo. 510 6BVv0r0 TV 0pLaTteptdy oLUTAOXWY G/ H pe Tov @uotxd Tp6To.]

‘Eotw G memepaopévn opddo téEewg 2 - 3 - 7 - 11. AstEre 1t xdbe vroopdda g G
TéEewg T7 elvor xovovixy.

"Eotw G pLo opéda n omoio Spo. UE OpPLOLOLOPPLGLOVG ETTL EVOE GUVEXTIXOD TOTTOAOYLXOV

xwpeov X. Yrobétovpe 6t LTEGEYEL avotxtd LTtocbvoro U tov X étot wote X = J gU.
geG

AciEte 611 v G mtapdryeton omd To obvoro S ={ge€ G : gU NU # 0}.
[Yr6SelEn: MeAetnote ta obvora HU xow (G\H)U, émov H = (5).]
‘Eotw G opada 1 omolo dpo petofotixd emi evdg ouvorov X xol f oLTOULOPELOUOG
™ G. AmtodeiEte 6t vtapyeL 1-1 xou emti amewndvion ¢ : X — X tétoia ote ¢(ga) =

f(g9)o(x) yroexébe g € G, x € X, oy 0 avtopopLopds f petabétel tig otabepomolodoeg
Twv onueiwy z € X.

Av G =7, x -+ X L, 600 p TPHTOG, ToTE N opddor Aut(G) Spa petafatixd (ue ™y
—_——

Qoo dpdon) ato abvoro G\{1g}. loybeL To avtiotpoeo;

[Yr6derEn: AciEre mpwta 61t G ~ GL,(Zp).]
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Kepdioto 3

Ozwonrotoa Sylow

3.1

Ozwpnpata Sylow xot p-Opddeg

Bewpnuo 3.1.1 (1° Bevpnua Sylow). Eotw G mermepacudvy oudda tdEews p'm, dmov
p mpdtog xar (p,m) = 1, dndady p t m. Tote, vy xabe s € {0,1,...,n} n G wepiExet

vroouadoa taEews pe.

AnddeEn. 'Eotw X = {S C G : |S]| = p°}, dnhadn 1 owoyévela vTooLYOAwWY Tng G ue p°

otowxeio. H G Spa 610 X pe moAamAootaoud and aplotepd, g A =gA, yia g € G,A € X.

1° Brjuou

2° Brpou

3° Brpa:

Yroloyilovpe

=)
_ (p"m)!
pbl(pm _ps)!
_ p"m(p"m —1)--- (p"m —p*+1)
1-2---p°
(p"m —1)---[p"m — (p° —1)]

p*—1 .

n—s pm—1
=p m -

- {2

=1

— pnme

@cwpobpe Toug pnTodg L= 1 < i < pf — 1.

Av p*i, téte p* < p* = A < s xow pMp"m. Apa prpm — i.

Av p* p"m — i xouw A > s, 16T p*p"m — i xow p*|p"m. Apa p®li = p* < i -dToTo.

"Eyovpe, Aotméy, 6t av p[pm —i, téte A < s xow p*li. TupmEPaivoLpE 6TL OL LOLXOL i

xaL pm — i eppovifouy Ty (Stor SVVOUY TOL TEEWTOL P GTNY AVAAVGY] TOVG TE YLVOUEVO
TEHTOY. AvTé onuaiver 6t pt St X

To X eivan Eévn évwon tooxtwdy, X = O1 U ... UO,, doa |X| = |01+ ...+ |0,]. E¢@’
, TEEYEL TEPOYLE O; étot hate p"*TL [|0;].'Eotw 6Tt ot M TpoyLé

6oov pn st M
eivat 1 tpoyta O(A), 6mov A € X xow éotw G M avtiotouyn otobepororoboa. Tote
p"m = |G| = |O(A)||Gal- H peyordtepn d¥vaun touv p mov pmopet vo dtonpel tov |O(A)|
|O(A)] - [Ga Gl

elvor p" 5. Opwg p™ ."Emteton 6T p*
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IStowtépwg, p° < |Gal. Apob G- A=A, av z € A, té1e g) - 2 € A vt ¥ gy € Gy.
Aradf Gy -2 C A= |Gp| = |Ga - x| < |A] = p°. Tehxd, |Ga| = p*

O

Optopdg 3.1.1. 'Eotw p mpdtog xow G memepaouévy opdda. Aépe 6t v G eivor p-opada
o M TEEN g elva dVvon Tov TEHTOL p, dINAady |G| = p*, X € N.

Optopog 3.1.2. 'Eotw G memepaopévn opdda pe |G| = p™m, 6mov p mpwtog, n € N, p { m.
Mt Sylow p-vmoopddoa g G eivor pio p-vmoouddo g G UEYLOTNG TAENG, dNAadH pia
vToopado TéEewg p".

YxoAo 3.1.1. H OropEn twv Sylow p-umtoopddwy g G eEoapoiiletal omd To TPoNYodUEVO
Bedpnpo.

Moptopa 3.1.1. 'Eotw G wa wemepooudvn ouada. Tote n G evar p-ouado avy xabe
otowyeio s G Exet Ta€n wa Svvoun Tov TEWTOL P.

ArddeiEn. Av n G eivow p-opdda xow g € G, ToTE o(g)’|G\ = pF xou 101 o(g) = p*, N < k.
Avtiotpopa, éotw dtL x&be otolyeio g G €xel TaEn uLo ddvaun tov TEWToL p. Eotw
6Tl 0 ¢ elvor TPWTOG StatPétng TG |G|. AT6 To TPonyoduevo Bedpnua, N G €xeL LTTOOUAD L
H téEewg g, n omola Oa elvor xuxhixd. Anhadh H = (g),0(g) = q. Amtd tny vrdbeon, o(g) = p.
"Eteton 6Tt ¢ = p, oLVETIG ®A0E TEWTOG SLatPéTng TNg TaEewg g G elvon (00g UE TOV TPWTO

p, Goo |G| = p*. O
Méptopo 3.1.2 (Cauchy). Ay n G elvou memepaoudvn ouddo xar p wpwtos ue p||G|, Tdte
vrapyet g € G ue o(g) = p.

AmodeEn. Apeon amd Ty amddelEy Tov TEONYOVUEVOL TOPIoUOTOG. O

Ocdpnpa 3.1.2 (Sylow). Eotw G memepaocudvn oudda ue |G| = p™m, drov p mpdrog ue
ptm. Tore:

1. H G éxet tovidyiotoy ua Sylow p-vmwoouddor.

2. Kabe p-vmooudado s G meptéyetan oe o Sylow p-vmoouddo s G.
3. 0leg ot Sylow p-vmwooudades ts G elvar ovluyeis oty G.

4. Av n, elvar to wAnbos twy Sylow p-vroouadwy s G, TOTE

np, > 1,mm xow m,=1 (mod p)

5. H G éxet povaduey Sylow p-vrooudada P avy P <1 G.
AmodeEn. 1. ‘Eyer Sewybel mponyovuévee.

2. 'Eotw S p-vmoopada tng G xar P plo Sylow p-umoopado g G.
Bewpobpe ™V Quoxy dpdor TNg LToouddos S ato apLotepd obumioxa G/P g P
oty G.
Av pra tpoyté O(xzP) dev eivar povootvoro, tote p||O(zP)| yratt |O(zP)|||S] = p'.
‘Opwg to obvoro G/ P eivor Eévn évwan tpoytwy pe |G/P| =m xow ptm.
"Emetor 6t untdpyovy TpoyLég Tov eivor povoodvoro. ‘Eotw P € G/P pe O(xP) =
{xP}. Téte g - aP = 2P, Vg € S. AqAady g € 2Pzt yie xébe g € S avw S C xPxr~ !
xa xPz~1 Sylow p-umoopdda g G, aod [Pz~ = |P| = p".
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3. 'Eotw P xow P; Sylow p-umoop.édec tng G. ‘Onwg oty Bpioxovpe 6w P C x Pz~ ! yo
®4moto x € G. Apob to. abvoha Py xow z Pz~ efvow toomAnOixd, éxovpe 6t Py = 2Pz~ 1.

4. 'Eotw P Sylow p-vmoouddoa xotr C(P) n xAdon cvluyiog tng P. ATé to mponyoduevo,
7o C(P) eivat t0 6UVOAO GAwY TwV Sylow p-vmoouddwy g G. Apa n, = |C(P)| =[G :
Ng(P)] xoo m =[G : P] =[G : Ng(P)] - [Ng(P) : P] = n, - [Ng(P) : P], dnAad1 m,|m.

Bewpobpe ™y 8pdon g G oto C(P) pe ovluyieg xot TOV TEPLOPLOUG QWTHS GTNY
vroopddo P.'Etot P ~ C(P). Av pLa tpoyté, O(zPr~1), Sev eivor Lovoobvoro, téte 10
Punpog” g Sronpeltal amd Tov p. Ho SeiEovpe dTL M oYM TPOYLA TTOL Elvor LOVOGUYOAO
eivar  tpoytd O(P) tng vroop.ddog P.

‘Eotw 6Tt P; € C(P) pe O(P1) = {P1}. Avté onpaiver 6t gPig~! = P, Vg € P xou
apa g € Ng(Py), Vg € P, dnhadn P C Ng(Py). ‘Etot, Aowndy, éxovpe P, Py C Ng(Py)
xot |P| = |P1| = p™. E@dboov ov P, P; eivow Sylow p-vmoopddeg tg N (Pr), ot P xow
Py eivor ovluyeic oty Ng(Pr). Anhody vmépyer @ € Ng(Py) pe P = zPiz~! = Py.
TeAwxd, P = P;. To C(P) eivor E€vn évwar TpoyLwy, dpo

m=|C(P)| =1+ > |O(P) =1+ p“ a;>0

P:O(P')>{P'}

‘Emeton 6Tt n, =1 (mod p).

5. H P eivon n povadixy Sylow p-vmoopddo aww m, = 1 aw [G : Ng(P)] =1 aw G =
N¢g(P) avv P <QG.
O

Mpéraoy 3.1.1. Av P Sylow p-vroouada uas nerepaocuévns ouddos G xow Ng(P) < H <
G, tote H = Ng(H).

AnddeEn. ‘Eyovue 6t P C Ng(P) C H C Ng(H) C G.’Eotw g € Ng(H). Téte gPg—! C
gHg™' = H. Aqhad#, ov P xow gPg~ ! eivow Sylow p-vmoopddeg tg H. Apo ov P xow gPg~1
eivow ovluyeic oty H. Eotw h € H pe P = hgPg~'h~! = hgP(hg)~!. 'Emetow 6T hg €
Ng(P) C H. Apod h € H, éyovpe 6mt g € H, dnradh Ng(H) C H. Tehxd, Ng(H) =H. O

ZavopArémovpe Ty Aoxnon 2.6:

Aoxnon 3.1.1. Av G eivor o opada taEewe p”, 6oL P TEWTOG, TOTE N G EXEL ULOL XOVOVLXY]
vToopada TéEews p™ Yo x&be m < n.

Abon. XpNnoLpomolovpe eToywyy el TOL n.

Dvwpilovpe 6t Z(G) # 1. 'Etol |Z(G)| = p*, k > 0.

Av m < k, 6t n Z(G) éxer vroopddo H téEewg p™, 1 omoio eivor xovovixy oty G
ot H C Z(G).

Avm >k, t6te |G/ Z(GQ)| = p"~F. Ané ty emoywyinn véBeon, n owddSo G/ Z(G) éxe xa-
vovLx1, DTTOOUGSA TEEEWS p™ ~*. ATé 10 Bcwpnuar TNg AvTLoToLyiag, N TOEATEYL LTTOOUESHL
O éxeL ™ woppn H/Z(G), 6mov Z(G) C H < G.'Etor H <G xouw |H| = |H/Z(G)|-Z(G)| =

pmfkpk :pm. O
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3.2 Egoappoyég

Mpdraoyn 3.2.1. Av |G| = pq. omov p,q wpwtot xat p < q, 10te N G ExeL xAVOVIXY XVXAXY
vrmooudda takews q. Idoutépwe, n G dev elvar amAy.

ArddeiEy. Av p = q, to1e |G| = p*. A6 ™y Aoxnon 3.1.1 1 G mepLéyer xovovxny DTOOUESo
T&Eewe p, N omolor elvot XUXALXY.

Av p < ¢, té1E €0t 1, TO TANOOG TwWVY Sylow g-vToOUAdWY TNg G. Av @ uto Sylow g-
vroopdda g G, ToTe and To Oedpnua Sylow |Q| = ¢ xor dpo elvor xUXALX TéEews g. T
va SefEovpe 6t @ 1 G, apxet vo SetEovpe ot 1y = 1. 'Eotw 6t 1y > 1. I'vwpilovue 6Tt

nglp=ng=1Mp=ng=p xot

ng=1 (mod p)=g¢qlng—1=qg<n—1=¢<p—1=q<p-G&romo.

Apang =14 Q <G. O

Moptopa 3.2.1. Av |G| = 2p, 0oV p TEPITTOS TEWTOS, TOTE

G~ ng = Cgp

ESN

G = (a,bla* =b*=1,b"rab=a?"')~ D,

ArodeiEn. Améd v Tpdtoon 3.2.1 vmapyel xovovixy xoxAuxy] vroopddo tng G TdEewg p,
€0t (a), dINAady (a) < G xot o(a) = p. Ané t0 Oedpnpa Cauchy, vrdpyet b € G pe o(b) = 2
(&por b=b"1).

E@éoov (a) <G, b~ tab € {a) xow dpo b~tab = a®,1 < s < p — 1. EmmAéoy, a = ba*b~! =
(bab=1)* = (b~lab)® = (a*)* = a*. Mpadh a® = a = a* ' =1 = ofa) = p|s? — 1 =
(s=1)(s+1)=p|ls—17p|s+ 1. Ataxpivovye TEPLTTWOELS:

* Av pls — 1, t6te 0o s — 1 < p—2 < p, éxovpe s —1 =0 = s = 1. e ot ™V
nepimtwon b~ lab = a & ab = ba. To a o b perotiBevtor xow oL TéEeLg Toug eivon
TEATOL LETOED Tovg. Apa o(ab) = o(a) - o(b) = 2p = |G|. Zuventwe, G = (ab) ~ Zs,.

e Av pls+ 1, téte oo s+1 < p—1+1=p, éovpe p =s+1 = s =p—1xo
b=tab = aP~L. Eyovpe, Aotmdy, a? = b? = 1,b~tab = a?~! xou ot a, b mopdyovy Ty G
0T WG ATOSELXVOOVUE OTY] CUVEXELOL.

Ioyvet 6 |G/{a)| =2 xow b & (a), ooV o(b) =21 p = |(a)]. Apo. G/{a) = (b{a)) xou YLt
xébe g € G, gl{a) = (b(a))k = bk (a), 6moL k = 0 | 1. Tovendwg, g € b¥(a) = g = tFa* =
g € (b,a).

O

Ozwpnpa 3.2.1. Eotw G memepaoudvy oudda. Av n ta&n s G Exer axpfdc Toelg
TOWTOVS TTopdyovtes, T0te ) G Oev elvar amy.

AmtodeEn. Aloxplvovpe TPELG TTEQLTTWOELS:

o |G| =p3. Am6 ™y Aoxnon 3.1.1, n G éxer xavovixy vroop.ado TéEewg p ( xow p?) xow
étot Sev eivor amAn.
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* |G| = p?q, 6m0OL p, g TEGTOL xOL P # q. Ag LITOBECOLYE bTL My > 1 o 1y > 1.
mplq = mp = q > 2
=1 (modp)=p<m-l=¢g—1=p<yq
ng|p® = ng = p 1 p?
=1 (mod q) = q<mn,—1=n,>q>p=n,=p°
Soveneg, N G éxer p*(q — 1) otoueio téEewg g(plog %o ot n, to mARBog Sylow g-
LTOOWADES TNG G avd SVO €XOLY TETELULEEYN TOUT) %o TOLAGYLGTOY P + p? —p oToLYE oL
TaEews p 1 p® A 1.
Apa |G| > p*(q—1) +p* +p* —p = pPq—p* + 20> —p = p*q+p* —p > p*q = |G| -Gromo.
Apa n, =11 ng =1 xo n avtiotoryy Sylow vmooudda (p M ¢) Ho elvor xovovixy.
* |G| =pqr, p < q <r. Ag vrobéoovpe TEAL 6Tt 1, > 1,1, > 1 xouw n. > 1.
mlpg = m. =p 1N ¢ 1 pg
=1 (modr)=rln—1=r<m-—1=n>r=n=pg
nolpr = ng =p A1 A pr
ng=1(modq)=qlng—1=qg<mn—1=n>q¢>p=n>r
mlqr = m =g A qr=m =g
Ot n, to TAMBog Sylow r-vmoopédeg pog divovy n,.(r — 1) ototyeio TRENS .
Ot 1y 0 TAMB0g Sylow g-vmoouddeg pog divovy ny(g — 1) otoyelo TGENG g.
Ot n, T0 TAN00g Sylow p-vmoouddeg pag divovy m,(p — 1) otovyelo TéExg p.

ZUVETTWG,

1G] 2 m(r—1) +ng(g—1) +mp(p—1)+1
>pg(r—1)+r(@—1)+qlp—1)+1
=pqr—pqg+rq—r+qgp—q+1
=pqr+r(g—1)—(¢—1)
=pqr+(r—1)(g—1)
> pgr = |G

Tehxd, n, =11 ng =11 n, =1 xou  avtiotolyn Sylow vrooudda Ba elvar xovovex.
‘Etot, 1 G ey elvat oAy,

O

3.3 Aoxnoeig

1. (i) 'Eotw a xat b 300 otovyeio memepaopévne TaEne pLog opddoag G. Av to a o b
petoatifevton (ab = ba) xor oL TaEelg Toug o(a) xan o(b) eivon TEWTOL LETAED TOLG,
t61e o(ab) = o(a) - o(b).
(i) AciEte 6Tt 1 ToANaTTAOGLOOTINY Oubdo F* evic memepaopévon owpotog F elvar
HOXALXY).
[Y6detEn: ‘Eotw [F*| = pi* - - - pp*, 6mov p; TpwdToL StapopeTixol LetaEd Toug Ko
P; n Sylow p;-vmoopdda g F* pe |P;| = p;'. AciEte 6t P; elvo xoxuxn.]

2. (1) AciEte 61t LTOOWADES O OUASES TTNAIXOL p-OUGBWY Elvo p-OUAdES.

25



KED®AAAIO 3. OEQPHMATA SYLOW

(i) Av N <G xow N,G/N p-opédeg, téte xow 1 G eivor p-opddo.

3. 'Eotw G menepoopévy p-opdda xon H peytotixy (yviota) vroopddo tg G. Téte H <G
xot [G: H| = p.

4. () 'Eotw G opédo, K memepoopévn xovovixy vroopdda g G xor P Sylow p-
vroopdda g K. AeiEte 6t G = Ng(P) - K.
(ii) Av xdfe peytotxf vToopdda piag Tenepacuévne opédac G eivor xavovixy (oTny
@), t67e xabe Sylow vroopdda g G eivor xavovixy.
5. (1) 'Eotw H <G, P Sylow p-vmoopédo tng H xor Q Sylow p-vmoopddo tng G tétola
wote P< Q. AciEte 6t P=Q N H.
(ii) "Eotw H p-vmoopdda tng G, n omoio dev eivan Sylow p-vmoopdda g G étot ote
p|[G : H]. AeiEre 6t H < Ng(H).

6. 'Eotw G memepaopévy opada xal P Sylow p-vmoouddo tng G.

(i) Av Ng(P) < H<G,16te [G: H =1 (mod p).
(ii) Av K <G, téte 1 K N P eivow Sylow p-vmoopdda g K xow i PK /K eivow Sylow
p-vmoouddo g G/ K.

(iii) Av K <G, t6te n,(G/K) < my(G), 6mov 10 m, cupuPorilel tov optbud twv Sylow
P-UTTOOUAOWV.

7. 'Eotw D, 1 dtedpny] opdda téEewe 2n (v opddo ouppetpiog evig xovovixod ToAY®-
YOU UE n x0PLEEC). AgiEte dTL av 0 n elvor TEEPLTTOG, TOTE OAeg oL Sylow LTOOWRAdES
™¢ D, elvor xuxAxéc. loydel To ovpmépaapa av o n eivol &ETLOG;

8. 'Eotw Pi,. .., Py, ol Sylow p-umoouddeg pLog memepaoévng opddoag G xot S, 1 ouado

uetobéoewy Tov cvvérov {Py,..., P,}. Opilovpe amewdvion ¢ : G — Sp étol wote

#(g) etvow n petdbeon mov otédver ™y P; oty gPig L.

(1) AciEre 611 M ¢ elvor opopop@Lopds xoL Beeite Tov TLEAVL TNG.
(i) AciEre 61t m dedpnyy D, givor Lodpopey pe vTooREda TG Sy, oV 0 n elvar Te-
OLTTOG.
9. 'Eotw G pn xuxAuxn Temepoaopévn opdda pe |G| < 60. AciEte 6Tt 1 G Sev eivor oAy,

10. Aci&te 6Tt dev vLTAEYOLY aTTAEG opddeg TaEews 90, 132, 144 7 150.

2XOTOG TWY EMOUEVWY AOXNOEWY Elvol vor 3ooLY Lo SLopopeTixy] amddetEn touv Oe-
WENULOTOG ToL Sylow.

11. 'Eotw F, = Z/pZ, p mpwtog, T0 owuo ue p atoryeio, GL,(F,) n opuddo twy avtiote-
Prpwv n x n Tvdxwy ent tov F, xaw UT,(F,) n voopdda g mov amoteAeiton amd
eXE(YOVE TOVG TILVAXES TWVY OTOLWY T GTOLYELO XA TW TNG *VPLAG dtorywviov eivor Undév
xo xabe otolyeio g xOpLag Staywviov eivar (oo pe 1. AnAady, x&be mivaxog otny
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UT,(F,) éxet mmv oax6rovdn popem

1 x * *
0 1 = *
0 0 1 *
o0 o0 --- 1

ActEre 6t m UT,(Fp) eivon Sylow p-vmoouddo tmg GL,(F,).

[YédetEn: Amd to yeyovdg OTL €vag TETPAYWILXOG TVOXOG EVOL OVTLOTEEPLUOG oY
XoL U6Vo oy oL 0THAEG ToL elvat Ypouuixwg aveEdptntes, Poloxovue 6t |GL,(F,)| =
(" =" —p)-- " —p" )]

12. '"Eotw H pio Sylow p-umtoopado plog memepaopévng onddag G xol K pior vmoouddo
¢ G g omolog N T&EN eivor TOAaTTAGGLo Tov p. AsiEte Tt LTTdPYEL aToLYElD T TNG

-1

G étoL dote y KNaxHzx™ eivor Sylow p-vmoopdda g K.

13. 'Eotw G opddo téEcwe pFm, émov p mpotog mov Sev dtowpet tov m. Téte vRdpyeL
ToLAGLoToY ptar Sylow p-vmooupdda g G.

[Yr63etEn: Apxel va epgutedoete v G oty GL,(F,), 6mov n = |G|.]
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KepdhAoto 4

[Nvopeva Opédwy

41 EvbOéa I'tvopeva

Optopdg 4.1.1. 'Eotw H xow K opddeg. Oswpodue to xopteoiovd toug yvéuevo, H x K,
Hx K ={(h,k):he H ke K}

%0l TO €QOOLALOVUE UE TNY axdAoLlY TEAEN
(h1, k1) - (R, ka) = (hiha, kiks)

H mapomdve mpdEn xobiotd to H x K opdda, v omoio. ovopdlovpe eEwteptrd v
Ywopevo twv H xou K.

To ovdétepo ototyeio ivar T0
(1,1) = (1g, 1K)

®ouL
(h k)=t = (k™1 k7Y

Eriovg, n amewxévion ¢ : H x K — K x H pe ¢((h,k)) = (k, h) eivat toop.op@Lopos opddmy.
AnAod1, otov oynupatiopd Tov eEwteptkod evbéog yivouévou dev Tallel POAO M OELPA TWV
TOEAYOVTWY.

Mpétaoy 4.1.1. ‘Eotw G = H x K, 10 ekwtepixd 000 ywvduevo twv H xow K, H = {(h,1) :
heH} xao K={(1,k): k€ K}. Tore H~ H,K ~ K. Emurwiéov

(i) H<G xar K <G.
(i) G=H K.
Gii) HNK = 1.
Arddei&y. ‘Exovpe 6t H, K < G xou
H=H ,(hy1)—h K>SK ,(1,k—k
(i) ‘Eotw (h,1) € H xow g = (h1,k1) € G. Téte
(h1, k1) (b, 1)(hy, k1)~ = (bt 1) € H
Apo H <1 G. Opotwe, K <1G.
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(i) Gog=(hk)=(h1)(1,k)eH K.

(i) TTpogpovéc.

H ITpdtaomn 4.1.1 08nyel otov 0pLtopd g €vvoLag Tov €0wTeEPLXoV eLBEOG YLvouévou.

Optopdg 4.1.2. Mia opddor G Aépe 6T elvol T0 e6mTEPLXO VOV YLVOUEVO TwY LTTOOUAD WY
e, H xou K, av toydovy to ekxg:

G) H<G now K <G.
(i) G=H - K.
Gil) HN K =1.

Mpoértaon 4.1.2. H G elvot 10 e0wtepix6 000 Yvouevo Ttwy vroouddwy tns, H xat K,
oy:

G) hk = kh, yia xdbe h € H k € K.
(i) Kabe g € G yodpetor xatd povadixd t1pomo we g = hk, drov h € H k € K.

AmodeEn. 'Eotw 6T n G elvor 10 eowteEL®d €vbV yivépevo twv H xon K, dnAadi G = HR K.
Oéhovpe vo detkovpe 6t hk = kh < h™'k~'hk = 1, o omolo toyder apod h~k~thk €
HNK = {1}.

Mpdyportt, amd to (i) Tov opLopov, H<G, dpo k~thk € H xow dpo h~1k~1hk € H. Opoiwg,
K <G épo h™'k='h € K xou dpoe h='k~'hk € K. Zvverdeg, h™'k~'hk € HN K = {1}.

A6 7o (ii) Tov opLopov, éxovpe 6Tt x4be g € G Ypapetar wg g = hk,h € H, k € K. Méver
vo detEovpe ™y povadixoTnToL.

‘Eotw hk = hiky, h,hy € H k,k; € K. Té6te, H>h ™ *h=kke K=h'hec HNK =
{I}=h=hrow k1ik ' e HNK = {1} = k1 = k.

Avtiotpopa, éotw 6Tt toybouy tor (i) xow (ii). Amé to (ii) g TEdTaong, xd&be otoryeio
g € G ypdpeTal xatd povadind Tpémo ws g = hk,h € H k € K. Itoutépwe, G = H - K.

Mo v xavovxdtyro: ‘Eotw hy € H xot g = hk € G. Tote,

ghig™! = hkhik™'h™' = hhikk *h™ ' = hhih ' e H

Apa H < G. Opoiwg, K < G.
‘Eotw g € HN K. Tote,

H- K>g-1=g=1-geH-K
AT Ty povadixdtTa TN Yoopns, éxovue 6t g = 1. O

Mpotaoy 4.1.3. H G elvar 10 eowtepixd vl ywiuevo twy vroouddwy H xar K avy 7
aTTEXOVION
¢ HxK—=G, (hk)—hk

elvat 1ooUOPPLOUOG.
AmodeEn. Aprveton wg Goxno. O
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To TponyoLpeva Yevixedovtol YLor OTTOLOINTOTE TETEPATUEVO TTANDOG opdidwy Hy, Ha, . .., Hy.
Mo ouyxexpipéva, av o Hy, Ha, ..., Hy elvol opddeg, to eEwtepind toug v yivduevo
elvol To XOPTEGLOVO TOLG YLVOUEVO

G =H; x Hy--- x Hyg
UE TPEEN TOV TOAAATIAXCLOGUO XATA ONUELO
(hi,ha, ..., hg) - (R, Ry, .. hy) = (hih), hahb, ... hih})
H G eivor 10 eowtepind vV yvdpevo twv vroopddwy ™ Hy, Ha, ..., Hy av:
() H; <G, yioe x&be i =1,2,... k.
(i) G = H{H,--- Hy,.
Gii) H; N (Hy - H;_1H; 1+ Hg) = {1}, vt %66 i = 1,2, ... k.

Ilpotaon 4.1.4. H G elvou 10 eowtepixd evbb ywouevo twy vroouddwy Hi, Hs, ..., Hy
oy:

(1) hih] = hjhi, Yo xcle h; € Hl',hj S Hj.
(i) Kabe g € G yodpetar xotd povodixd tp0mo ws g = hihy---hy drov h; € H;, yo
xale 1=1,2,...,k.
Mpotaoyn 4.1.5. H G elvow 10 eowtepixd evdb ywouevo twv vmoouddwy Hiy, Ho, ..., Hy
avy N oTTEXOVION
¢IH1XH2'~‘XHk4)G, (hl,hQ,...,hk)i—)hth"'hk
elvat LoopopPLoUoS.

"Etot, AoLtmtdy, UTopodUE vor TAVTIOCOLUE TLG €VVoLleg eEwTEPLXO VOV YLVOUEVD oL E0WTE-
o6 evbv yvéuevo.

MNopddetypa 4.1.1. Av oL m xow n elvar TpoToL netakd tovg, TéTe
iy X Ly = Loynn

Mpdypott, éotw 6Tt Zy = {(a),o0(a) = m xow Z, = (b),0(b) = n. Oewpodyue to ototyeio
(a,b) € Zyy, X L.

"Eotw v = o((a,b)). 'Exovpe 6t (a,b)™ = (a™™,0™") = (1,1) = 1. "Emeton 6 0((a,b)) =
vimn xot v < mn.

A6 v &MY, (a”,b0Y) = (a,b)” = 1, dnAadi ¥ = 1 xow b = 1. AnAad, m|v,n|lv xow
e@boov oL m %ot n glvol TEETOL LETAED Toug LoyveL mn|v, dpo mn < v.

Tehxd, v = mn xow 1 vroopddo Tov Topdyetol and o (a,b) éxet mn otovxeia, doy
elval xow v T6EN ™G oUESUG Ly X L. A, Ly X Ly = {(a, b)) = Ly,

Opoiwg, av n = pi'p5? - - - pp¥, 6oL p; SLOXEXPLUEVOL TTPWTOL, TOTE

Zn :Zp;n X Zp<212 X oo X Zka

Afupa 411, Ay G = Hy x Hy x --- x Hy, (eowtepixd ywduevo), orov (|H;|,|H;|) =1 v
xdbe i # j xow H < G, t0te

H:(HlmH)X(HQOH)X'~'X(HkﬂH)
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AnodeEy. A@ob xabe H; <G, éxovpe 6 HiNH < H. Enlong, (|H;NH|,|H; NH|) =1 yioti
(1H;|, | H;)) = 1 xou |H; ﬂH|‘|Hi\, H, ﬁH\‘|Hj\,i £ j.'Emeton 6w (H; N H) N (H; N H) = {1}.

Epdoov xébe H; N H < H, to ywopevo (H;, N H)--- (H;, N H) eivow vroopdda tng H yia
%GO v, 41,49, ...,0, € {1,2,...,k}.

Me emorywym Seiyvovpe 6T
) [(HyNH)---(H,,nH)| =|(H;, NH)|-|(H;, N H)| o

(2) [(Hi,NH)---(H;, nH)|N(H;,,, NH)={1}

v+1
INan=1mn (1) elvor TpoPavig xatL M (2) TEOXOTTEL OO TOL TLPOTYOVUEVOL TYOALCL.
AT6 Ty emaywyxn vtoleon, éxovpe 6T

((Hyy NH)---(H;
\[(Hiy NH)--- (H;

NH)|-|H;, NH|
NH)N(H;, NH)|

v—1

|(Hiy N H) - (H;, NH)| =

v—1

cpo émetor M (1).

Twpa, N oyéon (1) pog diver ™y (2). Ilo avarvtixd, av

p||(Hiy NH) -+ (H;, N H)| = |(Hy, NH)|---|(H;, N H)|

xot
p|[(Hi, ., N H)|
TéTE
p||(H;; N H)| , vyt xémoto  j € {1,2,...,v}
Opwe, (|H;,,, NH)|,|[(H;; N H)|) = 1. Zvvernwg p = 1. 'Emeton 1 (2).

[Biontépwe, yioo xabe i
(H;nH)N[(HiNH)---(Hi.1NH)(H;s1NH)---(H;,,"NH)] =1

Mével va deikovpe 6t xébe h € H ypdepetow h = hihy - - - hy, 6mov h; € H; N H.

E@éoov G = Hy x Hy X -+ x Hi, av h € H, t6t€ h = hihy- - hg, Yio0 xémota h; € H;.
Apxel va detEovpe 6t h; € H yio x&be i. Av xamoto h; = 1, téte h; € H. Ag vobéoovye,
AoLmtéy, 0T hy # 1, yiow xélbe 4.

"Eotw m; = o(h;) xat n; = myma - - m_1m;q1 - - - mg. E@doov ta h; petatibevton, éxovpe
ot

h™i = hi"hy - hil e bt =Dt # 1

yiott m; § n;.
EmmAéoy, (mi,n;) = 1, dpo vmdpyovv ki, A; € Z wote 1 = kim; + A\in;. Téte h; =
(PP () = (B € () € . i

Ozdponua 4.1.1. ‘Eotw G nencpaouévy ouddo. To emduevor eivar toodvouor:
(i) H G elvor 10 €005 yvduevo twy Sylow vmoouddwy tng.
(i) Kdbe ueyiotiny vroouddo tys G eivar xavovua) oty G.

(iii) Kabe Sylow vrooudda tns G elvar xavovixs; oty G.
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Anodety. ‘Eotw |G| = pi*ps? - --pp*, 6mov p; TpwToL dLo@opeTixol UETOED TOLG X0 €0TW
P; Sylow p;-vmoopddeg g G.
(1) = (i1): Epdoov 1 G eivor to 00V yvouevo twv Sylow vmoopddwy tng, dnAady G =
Py X Py X -+ X Py, 6mov xdabe P; elvor xovovixy] xot (Lovodixy).

‘Eotw H peyronxn vrooudda g G. E@doov (|P|,|P;|) =1 = (p?i,p?j) Yo x&be ¢ # 7,
Tt TO TEONYOVUEVO AU EXOVUE OTL

H=PNH)x---x(PNH)x---x (P,NH)

A6 ™V peyLoTxdTTo TN LTTooRAdog H, émeton dTL LTAEYEL axPELPWS évag BeinTng i pe
P, N H # P, dtoupopeTixd Oo eiyopre
<P; <P;
—— ——
HCP x---(P,NH)Xx---x(P,NH)x---x (PyNH)
Chx---xP,x--(PbNH)x---xP, CG

atomo, SL6TL  H elva peytotixy.
Apa
H:P1 X"‘X.Pi,1 X (PZQH) X.PZ'+1 X”'XPk

xau PN H < P;.

Mo tov iSto Adyo, Ty peytotxdtnta g H, v P, N H elvol peylotixy] VToopado g
pi-opodag P;.

ATé v Aoxnon 1.12 P, N H < P;. "Eyovpe, Aowntéy, 6t P, N H < P; xow Pp < G. "Erteton
ot Pi(P,NH)<PiPj avi#1. Av i =1 moMamhaoidlovyue e Ps.

[MoAarAaotdlovtog dradoyixd pe Tig Sylow vToouddeg StopopeTixég omd P; Oo éxovpe
H:P1PZ_1(PZQH)R+1PkQPlPQPlPk:G

Apo H <4 G.
(i1) = (ii1): 'Eotw P Sylow vmoouddo g G pe Ng(P) < G. Téte vmdpyet peytotixn
vroouéda H < G pe Ng(P) < H -evdéyetow Ng(P) = H- xow

P<Ng(P)<H<G

Amd v vmdébeon H < G.

I %66 g € G ov P,gPg~" eivow Sylow p-vumoop.édeg tng H. Suvendg, vmapyet h € H
ue hgPg='h™! = P = hg € Ng(P) C H = g € H, t0 omofo eivaw &tomo ot H < G.

Apa Ng(P) =G xor P QG.
(7i1) = (i): AoV xdébe P; < G, t0 ytvopevo P Ps - - - Py eivonw voopddo g G. Omwg ot 0Tto

Appo 4.1.1
|PLPy - Py| = |P1||P2| - - |Pr| = |G|
xow
PNP - PP P, ={1}
Apo G =Py X Py x -+ x Py. O
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4.2 Tlemepaopéva IMapaydpeveg ABeAtavég Opadeg

Mo afehavég opadeg ypnotpomolobue + avti yio -, SNAadn Tpoabetind ovuoioud, xol
0 avti vyt 1. Av 1 G eivar afehov xou {x1, 22, ..., 25} C G, t6te

k
(X1,29,...,x%) = {Z:chcZ :m; € Z}
i=1

E3 to eubd ywvopevo Ba eivor evbd abpotopa x.0.x.

Afqupo 4.2.1. Yrobérovue dtt v G elvon afeiiovy) xar 0Tt TOEAYETOL OTTG TO OUVOAO
{z1,20,...,21}. AV A1, Ao, ..., A axéoauor ue (A, Aa, ..., \,) = 1, 10T LETAE)EL OVVOAO
revvnropwy {y1,yz2, ..., Yk} ™¢ G TéT0t0 ote

Y1 = ATy + Aoxg + -+ Mg

AmtodeEn. ANGovTog Ta TEOoUO TWY T; XL \; LTTOPOVUE vor btobéoovpe 6t A; > 0.
Xpnotpomotodue emorywyh €nl To0L A = A; + Ao + -+ + Ag.
Av A =1, 10t axpiBdg eva A; Bo elvar pun undevixd xar avtd (oo pe 1. Xe authy Ty
TEPITTWON Y1 = \iT; = T;.
Av A > 1, T6TE LTTAPYOLY TOLAGYLGTOY 2 GPOL TOL ABPOLoPOTOG A, €0TW A1 > Ay > 0.

e To {z1,21 + x2,23,..., 2} €lvor éva GBVOAO YEWTTOPWY TNg G
® ()\I_A27>\27)\37"'7)\]€):1
.()\1_)\2)"_)\2"_)\3"_+)\k<)\1+)\2++>\k

ATt ™y eToywyxn vtdbeoy LTTAEYEL GOVOAO YEWNTOPWY {Y1, Y2, - - ., Yk} TNG G TETOLO HOoTE
Y1 = ()\1 — )\2)1’1 + )\2(%1 +.’E2) + 4 )\kxk = )\1(E1 + )\21‘2 + e+ )\kxk- O

Ozdonua 4.2.1. Kabe mernepaousvo mopoyouevn afeiovy oudado eivar evf abpoloua
XOXAMXDY OUAOWY.

AmodeEn. Me emoywyn ent Touv TARB0LG evdg cLYGAOL YEWNTOPWY TNg G.

Av 1 G mopdyetol amd évo oTOLKELD, TOTE EVAL XUXALXY).

‘Eotw {1,%2,..., 25} oOvoho yewwntdpwy g G. Ao 6hor tar abvoror Yewwntépwy g G
pe k to mAhbog otoryeio emtAéyouvpe éva, éotw {x1, Ta,. .., Tk}, TETOLO WOTE N TEEN o(z1) va
elval N uxpdtepn duvorty -evdéyetal N TéEn va lvot dmeLpm.

Ay o(z1) =1 & x1 = 0, TOTE TEAELOOOYE.

‘Eotw 6t o(x1) > 1. Oa deiEovpe 6t 1 G eivon to evbb dbpolopa Twv LTOORASWY (1)
%ot (Xa2,...,T) 7O TO OTTOLO ETETOL TO CUUTEQUOUN UE ETLOYWYN.

‘Eyovpe 6t (x1) < G, (z2,...,25) < G, yati 1 G eivar ofehavy o mpopovdg G =
(1) - {ma, ..., xk).

Mével va SetEovpe étt (z1) N (x2,...,zk) = 0. Ag vmobéoovpe dtu (z1) N (T2, ..., Tk) #
0. Tote vrapyovLY My, ma, ..., MK € Z DOTE Mix1 + Mok + -+ + mpxr = 0 oL myzy #
0. Atowpwdvtog pe o(xzy) propodpe vo vrobéoovpe 6t my < o(x1). Eniong, propodue va
vrtobéoovpe 6t my € N, apod i m;r; =0 & Zk:(—mixi) =0.

FBotw d = (ml,mg,...,mk)l;&L A= Tote (At A2y M) = 1. A6 0 Afupor 4.2.1
VTLAEYEL GVVOAO YewTTOpwY 15 G, {y1,Y2,. .., Yk}, OOTE Y1 = Mx1 + daxa + -+ + A\pzp =
dy = d\ixy +dhoxg + - - + dApxr = mixy + moxo + -+ - + mpxg = 0.
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"Ereton 61t o(y) < d < my < o(xy), T0 omoio avtipdoxeL pe v vrdbeor 6Tt v TEN o(xq)
elvor v pxpdtepy, dSuvoTy. O

"Exovpe det 6Tt
Zm:Zp;u Xooee XZka :Zp‘fl EB“'EBZka
OTOU p; SLoKEXPLUEVOL TTEWTOL XaL m = pi* - - - pik.
Ozopnua 4.2.2. Kale un tetopupévn menepaouévor wopayouevn affeiavy ouada G elvou
cvl6 abpoiouo (f Yvouevo) Amepwy xXMXDY xal XOXMXDY UE TEEEIC SLUVAUEIS TEWTWY.

Anlady,
G:Zptlz1><~~~><Zka>< ZX- XU

oudda oTpédme ouddo edevbépos oTEdns

07OV p; TEWTOL.

optopa 4.2.1. Eotw G memepacuevy affelavy ouada. Tote, n G eivar to vl yvouevo
Ty Sylow vTooUKdWY TYS.

Hopationon 4.2.1. Av plo memepoapévo Topoyouevn ofiehtovy opddoa G eivor to gvbd
dbpotopo (1 YLyOuevo) xUXAXWY OUadwY TREEWY pi*, ..., Pk %ot s To TA00G TwV Gmelpwy
XOXALXDY OPASWY, OTOL p1,...,pE TEWOTOL p1 < po < ... < pp xoL 7; < 71 OV Dj = Dit1s
tote N Sratetorypévn (k4 1)-&da (pi'ps?, ..., ik, s) Ayetan TOmog g G. Mmopel vou devybel
6t 0 ToTog g G eivor povoofuoavto optopévog (Aoxfoetg 11,12).

Mapaderypo 4.2.1. Na Bpebody (w¢ mpog LoopoppLop.d) 6Aec ot afehiavéc opddec TéEewg
72.

‘Eyovpe 6t 72 = 23 . 32, Mio memepoopévn affehiovy opddo eivor to eubb yvéuevo
Twy Sylow vmoouddwy g Lvvermws, av H 1 Sylow 2-vmoopdda g G xouw K v Sylow
3-vmoop.dda g G, té6te G = H x K.

o |H| =23 %ow H=Zge1 X+ X Loox. Apor |[H| = 23 =201+ F% = gy +... +q; = 3. Apa,
H=75xXZoxZo N ZoXxZy N Ly
e Opora,
K=7Z3x%Zs W Z3
Tehxa, vtaEYOoLY 6 YN LOOULOPEPES OUADES TAEEWS 72:
Lo X g X Uiy X Uiz X Lz, Lo X Ly X T X Zi32,
Lo X Dig2 X Uiz X Lz, Loy X Lig2 X L3,
Loz X Uz X L3, Zios X Zi32
Aoxnon 4.2.1. Kabe opada takewg 45 eivor offeAtovy).

Abay. 'Eote G opddo pe |G| = 45 = 3% -5."Eotw n3 10 mAh0g Twv Sylow 3-umoopddwy g
G ot ny To TAN00g Twy Sylow 5-vmoouddwy g G.

Ivwpilovpe 6t 5|32 = n5 = 13 49 xow n5 = 1 (mod 5) = n5 = 1. Apa, LT&EYEL
uovo o Sylow 5-vmooudda e G, éotw P, v omola Adyw povadixdtnrog Do elvar xavovixt
-P aG.
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Opoiwg, n3]5 = n3 = 1 N 5 xow n3 = 1 (mod 3) = n3 = 1. ZUVeTHG, LTAPYEL LOVOSLKY|
Sylow 3-vmooudda g G, éotw Q, M omoiot Adyw povadixdtnrag bo eivar xavovixy -Q < G.
Apob xabe Sylow vrooudda g G elvar xavovxn, n G o glvar To LBV YLYOUEVO TWY
Sylow vToou.&dwY TNg, dNAXSN
G=PxQ

6mov |P| =5 xou |Q| = 3%

E@éoov |P| = 5, P = Zs. IStoutépwe, n P eivon offediovi. Emmiéoy, |Q| = 32. Apob 7

TéEN g Q elvan TeTPdYwvo TEWTOL, N () elvor aBeAlovy).
"Entetat 6t 1 G glvor offediovn wg 000 yvduevo affeAiovdyy opadwy.
MaAtota,
G="75x7Zs2 N ZsXZLsx1ZLs

Aoxnon 4.2.2. Tleptypddte wg TPOG LOOLOPPLORS OAES TLG Opadeg TAEEWS 425.

Abon. ‘Exovpe 425 = 52 - 17.'Eotw K Sylow 17-vmoopédo tg G xow N Sylow 5-umoopddo
g G.

Dvwpilovpe 6t m7]5% = mr =1 %5 5% xow m7 = 1 (mod 17) = m7 = 1. Apa., vTEEYEL
povadixn Sylow 17-vmoopddo g G xow elval xavovix AdYw LovadSixdTNTaS.

Opota, 15|17 = n5 =1 7 17 xow n5 = 1 (mod 5) = n5 = 1. Apa, vrtdpyel povadixy Sylow
5-vmooudda g G %o efvot xovovixn AGYw LOVodLXOTNTAC.

Apob ot Sylow vroouddeg g G eivor xavovixég, n G elvor

G=KxN

pe |K| = 17 = K = Zy7 now |N| = 52, dpoe 1 N eivow afehavi. Omwg xow oLy, n G eivor
ofehovn wg YLouevo afelovwdy opbédwy xot N = Zs X Zs M Zsz2, Gpo

G:Z5XZ5XZ17 ‘/] Z52XZ17

4.3 HpevOéa I'ivépeva

Optopodg 4.3.1. Mo opédar G Aépe 6L elvor To NULevdy YLVOpeEVO TV LTTOORASWY T™Ng, N
xol H, owv:

(G N«QG.
(i) G=NH = HN.
(i) NN H =1.

YvpPoiilovue pe G = N x H. Aéye, emtiong, 6Tt n G avoddetot wg nuLevdd yvéuevo twv N
xou H.

Hoparhonon 4.3.1. To (ii) xow (i) TOL TEPATEVW O0PLOROL Elvorl LoodVVOUN UE TO EEAG:
Kdébe otoryeio g tng G ypdpetonw xotd povodixd Tp6mo wg g = nh pen € N xow h € H.
IStoetépwe, av 1 G elvan wemepaopévn, tote |G| = |N| - |H|.

36



KE®AAAIO 4. I'INOMENA OMAAQN

Hapadeiypota 4.3.1. (1) Kbz =000 yvopevo dbo mapoydvtwy eivor uLevdy.
(i) S, = A, x {((12)).
(iii) H D,, = (a,b: a™ = b* = (ab)? = 1) ypdoetor wg Nutevdd yvépevo D, = (a) x (b).

Hopationon 4.3.2. Ay G = N x H, té6te 1 G dev xobopiletor TAfpws and tig N xow H.
Mpdypote, éxovpe 6t D3 = Zs X Zg now Zg = Lz X Lo = L3 X Lo, OAN& D3 # Zg, yLott

(ab)? =1 &po bab = a~t = a™ 1.

Av 1 D3 #rravy xuxhixt, T6te Oo fray xow offeAtovi. Anhadh ab = ba avv bab~! = a = a1,
T0 omolo elvar dTomo.

‘Eotw G = N x H xot g1 = ni1hi, go = nahs, 6mov n; € N xow h; € H. Tote
g192 = n1h1n2h2 = nlhlnghfl hlhz = MN1Th, (ng)hlhg
——
eN €H
6TTOL Tj,, O TEPLOPLOUOS TOL AVTLOTOLYOV EGWTEPLXOV AVTOUOPPLOROV oty N.
"Etot, éyovpue opopop@loud
T:H — Aut(N), 7(h)=m,

Tehx&, g1g2 = ni7(h1)(n2)hihs.

Avtiotpopa: Eotw H xor N opddec xat ¢ : H — Aut(N) opopop@iopdc. To (eEwtepLnd)
nuevdd ywvéuevo twy H xor N egival o xopteotovd toug yivopevo N x H €@odtaouévo pe
TOV TOPOXATW TTOAMXTTAQGLOOUO

(n1,h1) X (n2, ha) = (n1¢(h1)(n2), hihz)

¢
To ovpPoAiifovpe pe N x H.
Av N ={(n,1):ne N}, H={(h,1): he€ H}, t6te N,H < N
¢ o
NxH=NxH.

;’:H, W,FQN;ZH xou
Hoparionon 4.3.3. To nutevdy yvduevo eivar evbhd avy o ¢ eivan TeTELUUEVOC.

Mopédetypa 4.3.1. Av o ¢ : H — Aut(N) dev eivor tetptppévog, téte t0 Nutevdd yvépevo

N jz] H ey eivar afehiavn opdado.

Av o ¢ eivon pn-tetpLupévog, téte vTdEYEL h # 1 pe ¢(h) # 1 € Aut(N). Apo vTTGEYEL
n#1,neN pe ¢(h)(n) #n.

[Mopatnpodue o1t

(L) (n,1) = (1¢(h)(n), h - 1) = (6(h)(n), h)

KoL

(n, (1, h) = (nép(1)(1),1 - h) = (n, h)

¢
E@doov ¢(h)(n) # n, n opddo N x H Sev eivar afehovy.

4.4 Aoxioclg

1. () Ay M <G xow N<K,t6te M x N<Gx K xow (GxK)/(MxN)~G/Mx K/N.
Ilevixedote yia memepoopévo TANbog TopoydvTwy.
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10.

11.

(ii) AeiEre 6t ov H, K <G xow G = HK,t6te G/(HNK)=H/(HNK)x K/(HNK).
(iii) Av H,K < G, téte v G/(H N K) elvar 1o6popen pe vroopdda g G/H x G/K.

Yrobétovpe 6Tt G = H x K.

(i) AeiEte 61t H ~ K ov xot p6vo av vrépyet vroopddo M tng G tétola hote
G=HM=KMxawo HNM =KNM =1.

() Av H <A <G, t6te A=H x (KNA).

.'Eotw G = Hy x Hy X -+ x H,. Aeikte 6t Z(G) = Z(Hy1) x Z(Hz) X --- x Z(Hy,).

. 'Eotw H pLo eAoytaoTixy U1 TETOLULEVT] XOYOVLXY DTTOOUASOL ULOG TIETIEQAUTUEVNG OLASOG

G. Téte H ~ Hy x Hy x - -+ x Hy, 6mov H; elval Lo6p.op@ec amAég OUASEG.

Av 1 G elvon mtemepoopévy ofehavy xan |G| = n, téte Yoo x40 Stonpéty m tov n N G
TEQLEYEL LTTOOUADA TAEEWS M.
(1) Tboeg aferiavég opddeg vTdEYOLY (WS TTPOG LEOROPOLOLG) TaEEwg 231 1 432;
(i) Ozwpwivtog dedopévo 6Tt LITEYoLY 14 (Wg TEOC LEOROPPLoUE) opddeg TéEewe 81,
Bpeite To TAHB0C TwY 0pédwy (wg TEOS Loop.opPLaRd) ThEewg 891.
Ymobétovpe 6Tt M G elvor ploe TETEPUOUEYY OUBda NG OTTolog OAEC OL UEYLOTIXEG

LTTOOUEDES elva ahég ko xowvovirée. AetEte 6t 1 G eivon afehowvy xan |G| = 1, p, p?
N pg, OTTOL P %OL ¢ TEWTOL.

[Yt6SetEn: Av vtdpyel povadixy ReYLaTixy vroopddo g G, Téte N G elvor xLXALXA.]

Av ot G xow H eivow memepaopéveg opédes pe (|G, |H|) = 1, t6te Aut(G x H) ~
Aut(G) x Aut(H).

(i) AeiEte 6Tt TO0 OOVOAO TWY OTOLYELWY TETEPOOUEYNG TAENG ULog oBENavig opadog
G, eivar voopéda g G, ovpf: T(G), nat xébe atoyeio g G/T(G) eivor ameipov
T&ENC.

(ii) 'Eotw G xow H offehavég opddes. Av G ~ H, t6te T(G) ~ T(H) non G/T(G) ~

Abo memepaopéveg ofichiavég opddeg G xow H elvar todpoppeg oy xot pévo o, yio
xabe TpITo P, oL G xow H €xouy Lobp.oppes Sylow p-vmoouddec.

o peoe ofertov opddo G xow xéfe Betind axéporo n opilovpe (yprotpomordvtag
tpochetind ouUBoALGULs)
nG = {ng: g€ G}

xow
Gln] ={g9 € G:ng =0}
Aeikre to eEVg:
(1 Ot nG xou G[n] givor vroopddeg g G.
(i) Av G xow H ofehovée, t6te n(G x H) ~nG x nH o (G x H)[n] = G[n] x H[n].

(iii) nZ,, ~ Zj, 6mov k = ﬁ 10t L [0] = Ly ) -
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(iv) Av 1 G eivar memepaopévy ofehtov opddo xoL q TEHOTOG oL dey BLotpel TNV
TéEn g G, tote G = G.

(v) Av n G eivow memepaopévy afeliovy p-opddo, téte To G[p] eivar Stavoopotinde
XWEOG ETTL TOL Z), TEMEPUOPEVYS dLéoTAONS.

(Vi) Ay G = Zym1 X Zypms X -+ X Lpmr, OTOL p TEGHTOG, ToTE PG = Ligmy—1 X Liymay—1 X
oo X Lmp—1

12. 'Eotw G Temepaouéva TopoyOueyn ofeALavn opnado xot

G:melxouxZw XTLX XD
1 Py, —_———

67OV p; TEWTOL OYL ATTOPOLTATWG SLOPOPETLXOL HETAED Toug. AgiEte dtu
(i) To TARB0C N TWV TOEOYOVTWY TTOL EivoL GTTELPES XUXALXEC elval TTARPWS xobopL-
ouévo améd v G.
(ii) To TAM00G m, TWY XVXALXGDY TTOEAYOVTWY TTOL €XOLY TAEN WLor SOVOUT TOL TEWTOL
p elvar TARpwe xobopLopévo antd v G.
[Ym63etEn: n, = dimgz, G,[p], 6mov G, M Sylow p-vmoop.éda g G.]
(iii) O Suvéuerg pi"* eivar TApwg xaboptopéveg amd v G.

13. Kabe opdda G taEewe pq, 600 p, g dLopopeTixol TpwToL eivor Mutevdd yvdupevo xu-
XAV VTTO0OUEBWY TAEEWS P AL ¢ AVTIOTOLYOK.

14. Ay G =N x H, t6te G/N ~ H.
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Kepdioto 5

Yetpéc Opadowy

5.1 Koavovixég Xelpég

Optopdg 5.1.1. 'Eote G opdda. Mio ahvaido uTTO0OUAS WY
1=GoCG1C...CG, =G

AéyeTon xovovixy ostpd ™ G ov G; < Gy yro x@be i.
AnAadn, pLoe xavovixn oelpd €xeL ™ Lopen

1=Gy<xG1<---<G, =G

O opddec G; Aéyovtor 6por g oelpdc xan T TAixe Gi1/G; Aéyovtor mhixa (
TOPAYOVTES) TNG OELPAC.
Aépe 61 1 osLpd elvar ywplig emavalndetg av G; # G Yo xébe 1.

Ye auTH TNV TEPITTTWOY TO N XAUAETOL UN%OG TNG OELPAEC.

Mapadesiypoto 5.1.1. () Av G opdda, t61e 7

116G
elvow pLae xavovixn oetpd g G.
(i) Av N <G, 6t 7
1<N<G
elvo pLaw xavovixn oetpd g G.
(iii) Av G = S, 67 7
1<A4,<S,

elvo pLar xavovixy oetpd g G.

Optopdg 5.1.2. 'Eotw
1=Go<xGi1<---<xG, =G (1)

Aol
1=Ky<xK;1<--<K,, =G (2)

00 xavovixég oelpés g G.
H (2) Aéyetat emdémrovon g (1), av xébe dpog g (1) eppaviteton atny (2).
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Optopog 5.1.3. Abo xavovixéc oeLpéc uLag opédag G
1=Go<xGi1<---<G, =G (1)

HolL
1=Kg<xK1«---<K,, =G (2)

AéyovTon t6od0vapeg o LTTGEYEL ptor 1-1 xow emtl avtioTolyion LETOED Twv TNAIX®Y ToLG.

Mopadetypo 5.1.1. ‘Eotw G = Zsg. Abo xovovixég aelpég tng G elvor oL
1<Zs5 <75 <230 =G

®oL
1<]Z3<]Z6<]Z30:G

"Exovpe 6t Zso/Z1s ~ Lo, ZL15/Zs ~ ZLs wou L5/l ~ Ly evd ZLso/Ze ~ ZLs,ZLe/Z3 ~ Lo xo
Zg/l ~ Zg.
ZUVETIWG, QVTEG OL XAVOVLXEG OELREG, TNg G = Zsg, elvot LOOSVVAES.

Adppa 5.1.1 (Zassenhaus). ‘Eotw G ouddo

G

N

H K

H* K*
ue HHK <G xou H* < H, K* < K. Tore:
() H*(HNK*) < H*(H N K)
Gi) K*(H*NK)< K*(HNK) xou
Gii) H*(HNK)/H*(HNK*) ~ K*(HN K)/K*(H* N K).

AmodeEn. Edxolo Topatnpodue 4Tl To Topomavey oOVOAa Evol VTTOOUASES. ATtd TNV LTO-
Ocon H*<H xow K*<K, onéte H*NK, HNK*<HNK. Eto,, N := (H*NK)(HNK*)<HNK.
Moatpvovpe Ty amewévion H*(H N K) S H NK/N pe ¢(hx) =aN,he H, x € HN K.
EVxoAa, 1 ¢ elvor xoAd optopévy xot opopop@topds. Illpopavedg n ¢ elvar emnt.
Emiong, av ¢p(hz) =1 = N t6tc 2 € N av he € H*(H N K*).'Enetat 4t

H*(HNK)/H*(HNK*)~ HNK/N
Ouoiwe, K*(HNK)/K*(H* N K) ~ HN K/N. O

Bewpnuo 5.1.1 (Schreier). Kdbfe 800 xavovixéc celpéc uoc ouddag G éxovy 10odbvauss
ETUAETTTOVOELS.

Amoden. 'Eotw
1=Hy<xH<---<H,=G (1)

soL
1:K0<]K1<]"‘<]Km:G (2)
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o0v0 xavovixég oelpég g G.
Exomdg eivor vo. etoorydyovpe” éva Tavtitomo” g (2) oty (1) xaw g (1) oty (2).'Exovpe

1=Ky<xK1<---<K,, =G
oo
1:HiJrlﬁKQQHiJrlmKl4"'<]Hi+1me: i1

omdte
H;, = Hi(Hi+1 N Ko) < Hi(Hi-i-l N Kl) <--- 4 Hi(Hi—i-l N Km) =H;

‘Eotw H; ; = Hi(H;11 N K;) xouw K; ; = K;(Kj41 N H;). Tote, oL Topoxdtw oelpég amote-
AoVY eTttAemtTivoeLg Twy (1) o (2) avtiotouya:

]-:HO,O<]"'<]HO,m:Hl:Hl,OQ"‘QHn—l,m:Hn:G

nolL
1:K0,0<]"'<]K0,n:K1 :K1,0<]"'<]Km—1,n:Km =G

Amé to mponyoduevo Afupea, Tow Tnhixe H; 1/ H; j wow K i1/ K; 5 €lvon todpopea. O

5.2 XvvOetixéc XeLpég

Optopdg 5.2.1. 'Eotw
1=Go<xGi1<---<xG, =G (1)

pLor xavovixn oetpd g G. Mo emuAémtovoy g (1) pe pixog peyordtepo tng (1) Aéyeton
yviota emttAémtoven trg (1).

Optopodg 5.2.2. Mia xavovixy oeLpd.
1=Go<xGi1<---<G, =G
g opédag G Aéyetal ovvleTin] octpd g G av Sy €xeL YYNoLEG EMLASTTOVOELS.

Mpotaoy 5.2.1. Mia xavovue) oetpd
1=Go<G1 9 <1G1 <G, =G
™ G elvar ovvletie avy tor TRAixo TG elVor amAés ouadeg yro xabe i.

Arnodety. 'Eotw
1=Gyp<G1<---<G, =G (1)

ouvbeTinn oetpd ™ G.Oa deilEovpe dtL tar TNAIxa G141/ G elval amAég opddeg yrow xdbe i.
‘Eotw 6t xémoro Gip1/G; Sev elvor oA, dnhadn vmdpyet 1 < K < Gi41/G;. ANAG
K=A/G;, pe A< Gipq nor 1 £ A # Giqq. Tote 7

1:G0<1G1<1"'<1Gi<]A<1G1'+1<1"'<]Gn:G

eivat yvfota emtAémtovoy g (1) -dtomo, aeob 7 (1) eivor ovvbetiny oetpd tng G. Apa xdbe
Gi11/G; glvor oty opddo.
Avtiotpopa, éotw 6Tt x&be TAixo G,11/G; elvon amhn opdda. Oo deikovue 6Tt N

1=Gop<G1 <16, =G (1)
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elval ovvbetixy oelpd g G. 'Eatw 61t Sev eivou, dpo udpyet yvhoto emAémtovoy ¢ (1),
€0TW 7
1l=Hy<xH,<---<H,, =G

"BEotw k o peyondtepog deixtng tétotog wate v Hy vo puny eivar 6pog tng (1). Tote, epdooy
G < Gxy1, Lo 60 H pe H < Gaqq toyder Gy < H xo dpo

Gy<H,_1<H,<« Hk+1 = G)\+1
Téte 1 # Hi /Gy < Gagr1/Ga. Apa 1 Gay1 /Gy Bev givor amhf -dtoTo. O

Hopoadeiypota 5.2.1. () H
1<1A3 <83

elvat ovvbetixn oelpd ™G S3 pe TAixe Ag/1 ~ Zs xow S5/ As ~ Zs.

(i) ‘Eotw G = Z105. H ocLpd
1<Zs <14Z1g5 =G

dev eivor ovvletixn, yiott N Zios/Zs ~= Loy OV eivort otAn.

H emAémtuvon
175 <1235 <2105 =G

eivatl ovvletiny oelpd, Le TN Zs, ZLss/Zs ~= L7, Z1os/Zss ~ Zs.

Emiong, n emAéntuvon
1 <QZs5 < Zas < Zaos =G

elvar ovvBeTixn oetpd. To TNAlxo TOL TEOXVTTTOLY elval -pe AVASLATOEN- Tor TTNALX O
IOV BENKOYUE TTAPATTAV®.

(111) AVG:Hl XH2 Xoee XHn,'Y]
1<H <H xHy<---<tHy xHy x---xH, =G
elval ovybeTiny] OELPA Xo TPOXVTTEL UE LOVOSLXS TPOTO.

(iv) H dmeLpon xoxhiny] opddo Z Sev €yet ouvBetixny oeLpd.

Ay eiye, éotw TV
1=Gy<Gi1<---<G, =7

61 N G1 B0t Oy OUTTAY).

Opwg, 1 # Gy < Z, dpo Gy = kZ xow 1 # 2kZ < kZ xow 2kZ < kZ -&toTo.
Optopog 5.2.3. Aépe 6t n opddo G eivor eméxtao g N péow g H av:
(i) N <G xouw
(i) G/N ~ H.

Anhodv, éxovpe To €ENg oo
NYetH

o6mov 1 P elvon 1-1, N ¢ elvan enl xon ker ¢ = im 1.
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e L0 XOVOYLXY] OELPAL
1=Go<xGi1<---<G, =G

0 6pog Gy lvor eméxtaoy tov G; péow g Gir1/Gi, dnAadf 1 G AowPdavetal amd tovg
6p0ovG %o ToL TINALXOL TNG OELPAG, UE SLOSOYLKEG ETMEXTATELG,.

Mo va pedetndel, Aotmdy, pior OpadSo ~-TOLAGYLOTOY TIETEQUOUEVT- TTPETEL VO LEAETNOOVY
Ol OLTTAEC XOLVOVLXES UTTOOUAOES TS.

Otwg PAéTovpe TTopoxdTw, oy G opddo ot

1=Gy<xG1<---<G, =G

ouvBeTinn oelpd e G, Tor TALxa (amtAéc LTToOUASES) Tne oeLEdic xabopilovTol TANPWS aTtd
™y G, ahAé dev “xabopilovy” v G.

Ocdpnua 5.2.1 (Jordan-Holder). Advo cvvbetiés oepés was ouddas G elvar toodbvoues.

ArddeiEn. Apeoo arntd to Oedpnpo Schreier, Tov opLtopd cuvleTinig oeLPd %ot LGOSHVOUWY
OELOWY. O

Mpértaon 5.2.2. Kabe nerncpaoudvn ouadoa G Exet ovuvletiny oelod.

AnodeEn. 'Eotw G memepaopévy opddo. Xponotpomnolodue emoywyy ent g |G|.

Av 7 opada G elvatl amin, n 1 <G elvor ouvbetinn. Av dev elvar oA, €0Tw N UEYLOTLXN
%xowvovLxy voopddo g G.

AT6 Ty emaywYxn vtdleom, LTTAEYEL cLVOETIXY oELPd Yiow TV N, €0Tw 7

1=Nog< N1 <N, =N

Tére, n oesLpd
1=Nog<aN1<---<N,,=NAG

elvar ovvbetixy oetpa g G. O

IMMpo6taoy 5.2.3. Ectw
1=Go<xGi1<---<G, =G

xou H < G. Tote vrdpyet xavovwe] oetoc tng H
1l=Hy<xHy«---<H,=H
térotx wote ) Hiv1/H; vo elvon 1o0uopey ue vroouddo e Giy1 /G yioo xdbe i.
AnodeEn. 'Eotw H; = H N G;. Téte, apod G; < G,41, éxovpe HNG; < H N Giqpq xou
l=Hy<xH,«---<H,=H
Téroc,

Hipr/H; = HO Gy JH N G,
=HNGi1/(HNGi11)NG;
~(HNG,;+1)G;/G;
< Giy1/Gi
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5.3 Aoxnoeig

1. No Bpeboly dvo pn todpoppeg opddeg G, G2 TETOLEG WOTE VoL LTIAPYOLY CLYOETIXES
ocpéc yLo g G, Go pe (do (e mpog Loop.o@Loud) TnAixo.

2. Mwcg elvar prow ovvbetiny oelpd prog opddog G ue
G| =p",p"q,p¢* par
OToL p, q, T TEWTOL;

3. Noa amodetyfei 6Tt x4be QuoLxdg apLbudg YpdpeTor xotd povoadind tpdmo (e ovadLd-
TatEN) WG YLYOUEVO TRWOTWY.

4. "Eotw G ouado. Miow xovovixn ostpd g G,
1=Gy<xG«---<xG, =G
elvor ouvletinn avy xdbe G; elvar peyiotixn xavovxy oty Gip1 yiow x40e i.
5. Mua affeiiovy opddo G €xel ouvleTixy] oelpd avy elvol TETEQATUEYY.

6. No Bpebel dmetpyn opddo pe ouvbetiny oeLpd.
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EmtAbopeg Opadeg

6.1 Em\doipeg Opddeg
Optopdg 6.1.1. Ml xovovixy oeLpd
1=Gy<xG1<---<G, =G
ptog opddog G Aéyetan emtAboLun ov xdbe TNAIXO TNg gelpdc elvor offeAtovy) opdda.
Optopdg 6.1.2. Mo opdidar G Aéyston emtAdoLUy oy €xel ETLAVOLULY XOYOYLXY] OELOAL.

Hapartionon 6.1.1. Mo emtAdotpn opddo TEoxOTTeL e SLodoyLnéc EMEXTATELS OPEALOVEWY
opédwy.

YxoAo 6.1.1. Kébe emAémtovon emtAdoLung oeLtpdg eivor emtAbOLUT GELPA.
Mpdypott, éotw
1=Gy<xGi1<---<G, =G

pLor emtAboLun oetpd xow G <IA <1 G;11. Oa deiEovpe 6t o A/G; xa G /A eivon ofehavég
OpLAdES.
Epdoov n Git1/G; glvon afehovi, n A/G; eivar afehovy wg vtoopddo afeAtovig opud-
dag. EmimAéoy,
Git1 /A= (Git1/Gi) /(A Gi)

coa xo N Gip1/A eivon afehovy.
Mopdpora, eEetdletal ot | mepintwon G; <A < A2 < Giyg.

Moptopa 6.1.1. Ay wo ouddo G eivar emtAbolun xat €xet ovvletiny oelpa, TOTe 1) cLVleTNn
oelpa elvat emtAdolun CeLRA.

AmodeEn. Apeco amd t0 TEONYOVUEVO GYOALO, TOV 0pLops TNG oLYOETIXNG TeLPdg xat TOo
Oedpnua Scheier. O

Hapadeiypota 6.1.1. () Kdébe afeitovy opddo G eivar emtddotpy.

Mpdypoatt, oav n G givor afehiovi, Téte 7
1<G
elval emAboLun oelpd g G.
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(i) H S3, mopdtt pun offehtovy, ivar emtAbopy. H oetpd
1< A3 <855
elval emAboLUY.
(iii) "Eotw D, 7 dtedpwxy opddo téEewe 2n. Dvwpilovpe 6Tt
Dy = (a8 0(8) = 2,0() =n, 3B = a™")

H xovovixn oelpa
1< (o)< D,

elval pa emAdoLuy ostpd g Dy, dpa n D, eivor emtAdoru.
(iv) H S, vt n > 5 dev eivow emtAdotpy, opob v

1<A,<8,

elvarl ovvbetiny] oetpd -emetdn) 1 A, elvor oA yro xébe n > 5- xar n A, dev sivo
ofBedovn.

Ozwpnpa 6.1.1. H xAdon twy emtAbouwy ouadwy elvar xAetoti] WS TOOS VTOOURIES,
ouUadeg Ao xou ETEXTAOELS, ONAODR:

(i) Kdbe vmooudda emidboiuns ouddag elvar emtAvouy.
(ii) Kdbe oudda mniixo emidbolunc ouddoc evar emtAbouy.
(ii) Av N <G xow ot N,G/N elvau emiAboues, t6te 7 G emdbowuy.

ArodeiEn. 'Eotw
1=Go<xGi1<---<xG, =G (1)

eTAVOLUY, xOovovixy] oeLpd g G.
() Av H < G, t6te 1

1=HnNnGo<g:---<HNG; <---<1HNG, =H

elvor emtAbap oelpd g H.
Mpéypatt, Exovpe 6T

HNGi1 — Gip1r — Gig1 /Gy

¢

xal kerg = H N G;. 'Etol, vy HN Gip1/H N G; epoovtedetar oty Girq /Gy, n omoio eival
ofBedovn.

Apa, xébe mAixo H N Gip1/H N G; glvor afehiovn opddo.
(ii) 'Eotw N <G xow 7 : G — G/N o @uowxdg emipoppLopids. Tote, 1

1=N=xn(Gy) <n(Gy) < <n(Gn) =G/N
elvat xavovixn] oetpd g G/N.
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Oo deikovpe 6t elvor emtAdorun. ‘Exovpe 6t n(G;) = G;N/N xou

Gix1N/N
"(Gi)/m(6) = SN

_ Gin(GiN)

o G;N

_ Gin

- Giy1 NGN

N Git1/Gi

- (GiaNGiN) /Gy

7 omoio eivo ofeAiavyy, wg TNAIXO TN aeitovig Git1/Gi.
(iii) 'Eotw N < G xat N,G/N emAbotpes. 'Eotw, eniong,

1=No<a N1 <N, =N

ETUAVGLULY] XOVOVLXT] GELPA TNG V.
A6 t0 Oewpnuo g Avtiotolyiog, xdbe emtAboLuy oetpd g G/N Bo éxel ™) LopEY

N=Go/N<Gi/N<-<Gy/N =G/N

omov G; < Gip1 xor G; 2 N yiow xée 1.
Tore, 1 osLpd

1=Ny<---<aN,,=N=Gy<xG1<x---<1G, =G
elvar emtAbaLun oelpd g G. O
Npéraoy 6.1.1. Kabe nemepocuévy p-ouada eivor emtAboluy.

AmddeEn. A’ tpoémog: ‘Eotw |G| = p". XpnoLpomotobpe emoywyh 610 n.

Av n =1, t6te 7 G eivor afelovi xow dpo eTtAbGLUY.

‘Eotw 6T xabe p-opdda téEng < |G| eivar emtddoiun. Oa deiEovpe b1t G elvon emtAd-
oL

TvwpiCovpe 6t Z(G) # 1. Av G = Z(G), t6te 1 G eivor ofehavy] ko emthboluy). Av
Z(G) # G, t6te o. G/Z(G) »a Z(G) eivor emAOOLUEG aTtd TNV ETaywYLxY] LTTO0ETY.

Apo, M G eivar emtAdoLuy wg enéxtaon g Z(G), péow g G/Z(G).
B’ tpomog: ‘Eotw |G| = p™ xou

1=Ky<K;1<1---<K, =G (1)

utor ovvbetinn oetpd g G. Apod K; < G, xdbe K; eivon p-oudda. Eniong,

Ki1/Kil-|Ki| =
|Kit1| Goa xow ot K;11/K; elvor p-opédec.

AoV 7 (1) eivar ovvletixy oelpd xébe K11/ K; eivar py tetptppévn amiy opddo. Topo
|Kiv1/K;| = p (yratis), dpa Kip1/K; ~ Z,. Boventdg, 1 (1) eivor emtAborun. O

Mopadetypo 6.1.1. 'Eotw K oopa xot

*
*
*
*

*
*
*

T.(K) = . € GL,(K) p <GL,(K)
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Ol OLYTLOTEEPLUOL, AV TELYWYLXOL n X n Tivaxeg pue atolyeior and to owpo K.

H opédoa T, (K) eivor emtAdoLun.
Bo ypnorpomotioovpe emoywyy eni tov n. Av n = 1, t6te T1(K) = K*, n omola eivor
ETUADOLULY] ©G OBEALOVY.

lNo n > 1, maipvovue ™y amewovion ¢ : T,(K) — T,_1(K), mov “Siaypdpelt” tnv
TEAELTOLO YOO XOL TNY TEAELTOLO GTNHAN TOL TLVAXO GTOV OTTOLO EQPUEUOLETOL.

Ebxoha, BAémovpe 6Tt ¢ elvor emipoplopods, xal étol T, (K)/ ker ¢ ~ T, (K).
A6 ™y emtaywyiny] vtéeon, N Th,—1 (K) eivow emAdoLun, ondte apxei vo delEovpe 6Tt 1

I,.; T
ker¢={< ! ):FGM(nl)Xl(K),ameK*}

0 Ann

elval emtAboLUY.
OptCovpe

I,_ r
w:ker¢p - K*, ( ! >1—>ann
0  ann

H 7 elvor emipopelopds xot

I, T
kerw:{< 01 1) :FGM(n—l)xl(K)}

Awamtiotddvovpe 6Tl n kerm elvor offeAtavn opddo, xon dpo M ker ¢ elvarl emtAdoLLy, apod
ker ¢/ kerm ~ K*.

Ozdpnua 6.1.2. Ay G ouada ue |G| = p™q, drov p,q wpdror, tote N G elvar un-amAy xou
emtAbouy).

AmodelEn. Av p = q yvwpilovpe %O 6t 1 G Sev eivor amAf. ‘Eotw 4t p # ¢. Améd o
Oewpnuota Sylow my|q xow n, =1 (mod p), dpa n, =1 1 g. Av n, = 1, T6te vIGEYeL P Sylow
vroopada ¢ G, n omola elval xavovixy oty G AdYw LOVASIXOTNTOG.

‘Eotw 6t 1, = g. Av PN P; = 1 yta xébe 300 Sraxexpiuéveg Sylow p-vmoopddes tng
G, tote éyovpe q(p™ — 1) = gp™ — q otovyeia TAENG wor dvvopy tov p. ‘OAn N ouddo €yet
gp™ oTovyeln, dpor TTEPLOOEVOLY g OTOLYELD. LUVETIHG, EXOLUE LOVADLXY), QOO XavovLxy), Sylow
g-vmoopado g G.

EEetdlovpe, tdpa, Ty TEPITTWOY TTOL LTT&EYOLY Sylow p-vToopddeg g G pe un TE-
Toupévn toun). ‘Eotw Pp, P» Sylow p-vmoopddeg g G ote 10 I = P, N Py va éyel 10
uéytoto duvatd TANbog otoyeilwy. loydetl 6Tt av A pLa memepaopévy p-opdda xow B < A,
6t B < N4 (B). Apa, apod I < Py, éxovpe 6Tt I < Np, (I) = Ny xow époia I < Np,(I) = Na.

"Erntetat 6t I < (N1, No) = M. lpéypott, éotw w € M. Téte w = ajas - - - ag, a; € N1 UN5.
Emmaéoy wlw™! = ajag--- aklagla;il e a;l = I yrott yroe x60e © € Ny, zlox~t = I xou o
%&b y € No, yly~ ' = 1.

Ay n M ftav p-oudda téte Ha vnpye pia Sylow p-vmoouddo Py g G ue M C Ps. Ay
P = P;, t6te [ < N7 < P NP3 -&tomo, amd v emthoyy tov I. Av P, = Ps, BAémovpe 6T
I < Ny < PoN Ps. Apae p M ev givor p-op.ddo, dnAady q‘|M|

"Eotw Q wto Sylow g-vmoopdda g M. Téte, |P1Q| = m = |P|-|Q| = p"q, opob
ov K = P NQ, tote |K|’|P1| =p" xou |K|‘|Q\ =g = K = 1."Eyovpe, Aowmdy, 6t G = P1Q.
Anhadn av g € G, t6t€ g = ab, a € P1,b € Q. Téte vy x&be g € G, glg~! = ablb~ta™! =
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ala=! -opob b € Q < M xow I<IM-xow glg~! = ala! < Pi.’Eotw A = (glg7' : g € G) < P,.
Opwce,
1£1<(glg':geG)<G

%o
(glg7':gcGY< P <@

Tehxa, n G 8ev elval omAn.
Ac vmobéoovpe, TP, GTL LTTAPYXOLY U1 ETLAVGLUES OPASES TAEEWS p™q. ATtO aUTEG ETTLAE-
Yovpe ULor EAGLOTNG TEENS, é0Tw G pe |G| = pq.

Téte, p # g xo 1 G elvar oAy -e@dooy av 1 # N <1 G, t6te and ty emtroyn g G, oL
N, G/N eivar etuhbotpeg, dpo xor n G eivat eTtAboLy-, To omoio ivol Gtomo. O

Ocdpnpa 6.1.3. Av G oudda ue |G| = p*q®, drmov p,q mpdrol, 10t N G elvar un-anii
xou emtAvou).

AmodeEn. Av p = g, 16t Yvwpilovue 6T G Sev elvar oA, ‘Eotw 6T p > ¢q. Téte n, =
1+ kp|g® xou Gopa m, =1 % ¢°. Av n, = 1, TeEAeLdOOYE.

‘Eotw 61t m, = ¢%. Av PN P; = 1 yio xéBe draxexprpéveg Sylow p-vmoopadeg g G, t6te
ny =1 (yroeti;). Apo av Q Sylow g-vmoopdda g G, téte Q < G.

Méver va e€etaotel 1 mepintwon mov vwdpyovy Py, Py Sylow p-vmoopddeg g G pe
PN P, =1#1. Ened |P1| = |P| = p? émeton 6T oL Pp, Py elvon afehiavég xow [ <1 Py, 1 <
Py, = 1 # 1 <1(P,P) = M. Ened, |M| > |P1| = p?, éyovpe 6T |M| = p*q 7| p?¢®. Av
|M| = p?¢?, 16te M = G %o TEAELHOOE.

Av |M| = p?q, t6te N G éyeL LTOOPES L SeixTn q %o dPOL LTLAPYEL OULOROPPLOUOS p = G —
Sy Av kerp = 1, 16te G — S, xou pP¢® = |G|‘q! -4romo. Apa 1 # kerp < M < G xou
kerp < @G.

‘Etot, G Sev elvar amAy.

Aeiyvoupe, tpo 6Tt glval xat emtAbolun/Eatw p # g xot

1=Ky<xK1<--<K, 1<K, =G (1)

ovvletixn oelpd g G. Tote xdbe TNAIXO NG OELPAG Elvol oTTAN U] TETELLLEYT ORGSO KoL
|K7:+1/Ki|‘\G| = p*¢® v x40 i = 0,1,...,n. Tovends |Ki1/Ki| = p,q,p°, ¢*,0°¢,¢°p 1 pg.
Eépovye, duwe, 6Tl opddeg TaENg pq,p”, pq dev elvar amAés. Apa | K11 /K| = p M ¢ Yo
xabe i. Téte To TAlxor Tng oELPAg elvor xUXALKES oL aBeAlovég ouades, dpa 1 ouvheTixy
oeLpd glvor xol emlAboLUY oeLpa ¢ G. O

Ozdpnua 6.1.4. Mo oucda G ue |G| = pgr, omov p,q,r mpdtor eivar un-andy xot emtAd-
o).

AnodeEn. Dvwpilovpe 6t 1 G dev elvor amtdy. Apa, vtdpyet N <G pe 1 # N xow oL opédeg
N, G/N éyovv TéEn ™5 LOpQYS K - A, 6TToL oL K, A eivar TpWTOoL N K = 1.

A6 ta dvo Tponyodueva Bewpuota, oo N, G/N eivar emtAdorpes, doo xal n G eivan
ETUADOLUY] WG ETEXTAON ETULADGLULY OULASWY. O

To Topamavew ocvvodilovtar oto eENg:

Ocdpnpa 6.1.5. Mix oudda G pe |G| = p"™ 74 p"q % p*q® 7 pgr, dmov p,q,r TEdTOL, EVOLL
emAdou.
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MMpéraoy 6.1.2. Ay n G elvar o merepaoudvn p-ouada xor K < G, 1dte K < Ng(K).

AmodeEn. H G dev eivan afehavi. Entiong 1 # Z(G) # G xow 1 1 # G/ Z(G) eivow p-oudda,
oo Z(G/Z(@)) # 1. Zoumepaivovpe 6t Z(G/Z(G)) = J2(G)/Z(G) »ar J2(G) < G.
"Exovpe 6t Jo(G) = G 1 J2(G) < G. Ay J2(G) < G, t6te 1 1 # G/J2(G) eivar po p-
oudda, dpo Z(G/J2(G)) # 1. Emndéov, Z(G/J2(GQ)) = J3(G)/J2(G) nar J5(G) < G, omdre
J5(G) = G 1 J(G) # G.
H opéda eivon mtemepoopév, dpo LETA ol xAToLo BALOTO EYOLUE

1=Js(G) < Z(G) = J1(G) < J2(G) < --- < J,(G) =G

pe Ji(G) <G xow Jiyp1/Ji(G) = Z(G/Ji(G)) yra x60e i.
‘BEotw K < G. Tote KJ;(G) < KJi11(G). Hpdypott, éotw b = kizi11 € KJi11(G) xon
a = kez; € KJ;(G). Oo 3eiEovpe 61t bab~! € K J;(G).

k‘le_l kQZi Z;rllkil_l = k12i+1z;r11k22’i22k‘1_1 = k‘lk‘QZiZ;kl_l S KJZ(G)K = KJl(G)
g9

A@ob 1 G elvol TETEQPUOWLEYT P-OULASL KoL
1=J0(G) < Z(G) = J1(G) < J2(G) < --- < J,(G) =G

ov K; = KJ;(G), téte
1<« K=Ky<xK1«<---<K, =G

Yo xébe K < G.
Av K < G, t6te vngpyel ¢ wote K; = K xot K1 # K, oMé K = K; < K1 wow Kipq <
Ng(K)={g:9Kg ' = K}, dpo. K < Ng(K). O

Mopdadetypa 6.1.2. Av G opada pe |G| = 72, téte 1 G eivor emtAboLn.
‘Eyovpe |G| = 72 = 23 . 32, T'vwpilovpe 6t n3 = 3k + 1|8, dpor n3 = 1 7§ 4. Av n3 = 1, t671e
vTtdpyeL povadixy Sylow 3-vmoopado P <1 G. Ov P xow G/ P elvor eTtAdoLpeg wg p-oUddeg,
xow €tol M G elvol eTtAboLUY.

‘BEotw, tdpa, 61t n3 = 4. Téte, av P pia and 1 4 Sylow 3-vmoouddec tng G, éyovpe
[G : Ng(P)] = 4. Bétovpe Ng(P) = K. I'vwpilovpe 6Tt DTAEYEL OULOUOPOLOUOG

p: G— S,
ue kerp < K. Téte G/ kerp ~ imp. ApoV [G : K] = 4, |K| = 32 - 2. Apob 1 |K| eivar tng
wopeng p"q, N K eivor emAborun xo dpo xo o ker p wg voopddo emtAboLUNG opadog elval

emAboLuy. Entiong, n Sy elvar emAdoiun, oo 1 im p < Sy elvor emtAdoLuy.
Tehxd, n G eivor emtAbOLU.

Mopdadetypa 6.1.3. Av G opada pe |G| = 90, tédte 1 G eivor emtAboLUn.
‘Eotw G opédo pe |G| =90 = 2 - 45.
YrevOouiorn: Av |G| = 2n, pe n mepLttd, téte vdpyet N <G pe [G: N| = 2.
"Exovpe Toug OpOROPELOLOVS
p: G — Sym(G)

g pg G = Gopy(z) =gz

Emnedy 2||G|, vmépyet a € G pe a* = 1.'Eotw
pa G — G, x1 = ar, — aary = a’r = 11
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H (z1, ax1)(z2, a23) . .. (Tn, ax,) elvor mepttty petdbeon.
‘Exovpe S| = Ajg| U padjg| xou p(G) < Sjg) Goo

p(G) = (p(G) N Ajg)) U (p(G) N padicy)
="K U pap(G) N paAjg
= K Up, (p(G) N Ajqy)
=KUpK
ondte K = p(G) N Ajg| xow [p(G) : K| = 2.
"Etot vmapyet N <G pe [G: N] =2 xou |[N| = 45 mweptttos. Zuvenadg n N elvor emtAdoLyy.
Emniéov |G/N| =2, dpo xow i G/N elvor emhboiuy.
Tehxd, n G elvar emtAdoLuT.

Bzopnpo 6.1.6 (Hall). Av n G evar emtAbown xow |G| = mn, drov (m,n) = 1, tdte
vrapyet A < G ue |Al = m xat x&be dbo téroteg vroouades elvat ovluyels.

YxoAo 6.1.2. H emhvorpdtnta g G eivar ovoyxaio cuvOixy. Hpdypat, |As| = 60 = 3- 20,
OANG Sy vTapyel btooudda g As TéEng 20.

Bedpnpo 6.1.7 (Burnside). Kdbe oudda ta&ns p™q", dmov p,q mpdrot, elvor emtAboyuy.

Ocdpnuoa 6.1.8 (Feit-Thompson). Kafe oudda mepirtic taéng elvar emAbouy.

6.2 Tlopdywyog Xetpd

‘Eotw G opdda xou a, B € G. Tore, [a, 8] = a~ 7 af. H mapbywyog vroopéda g G
eivaw 1 G' = ([o, 8] 1 a, B € G).

Hopatnpodpe 61t G' <1 G o 6Tt G/G' eivan affehovi). H Gop := G/G’ xoheitor afeho-
voroinon g G.

Optopdg 6.2.1. H n-06th Tapdywyog vroop.ada G g G opileton emaywyind wg G =
(G=1Y, 6mov GO = G.

Optopdg 6.2.2. H mopbywyog oetpd g G eivar 1 “oelpd”
e G gD g M G0 = g
Hapatnoipoeic 6.2.1. (1) H G eivor aferov ovw G’ = 1.
(ii) Av H < G, tote i G/H eivow afehovi avw G’ O H.
(iii) Kdbe mnAixo tng maporyddyou oetpde, G /G| eivon, aehovyy opdSo.
Sovende, av G =1 yio xdmoto n, téte N G eivor emAdoLUY.

(iv) Av ¢ : G — G évag opopopLopic, tote H(G™) < G, dnrady n G eivor TAjpwG
avaAloiwty vTooudda e G, G™ < G.

Hopoadeiypota 6.2.1. () Av n > 5 nopoatnodue 6t 1 S, /A, ~ Za civor ofehavy. Tote
S < An. AN SIS, wou n A, glvor oAy, dpo S), <G Ay, dnhad SL =11 S, = A,.
Av S/ =1, 16t aBa! =1 yia xébe o, B € S, avw af = Ba yio x8be o, 3 € S, SnAadH

N S, elvor affeiovy) -dtomo.
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Apo S!, = A, now N Top&YwYOg oeLpd TG Sy, glvon M

aS® s sl =A,<8,

(ii) ‘Eotw n > 3 xou D, = {(a, B),0(a) = n,0(B) = 2, taf = a1

Tvwpilovpe 6t (o) <1 D, xou D, /{a) ~ Zs, dpo D < {(a). Apod n D, dev eivor
offertovi, D), # 1.

H D!, bpwg, cival afehovy] g VTTOORAdH XOUMXAG OLASOS, xat ETaL D =1.

Apo 1
1=D? oDV <D,

elval N ToE&YwYog osLpd g Dy,
Mpértaon 6.2.1. Eotw G oudda. Tote, G < G yio xdbe n.

AnddeiEn. Xpnowomotodyue emoywyn eni tov n. Mpogavee GO, G 4 G.
‘Eotw 6t G < G. Oa deifovpe 61t Gt 4 G.
‘Botw g € G xow a, f € G Téte, 1,[a, f] = [1,(a), 7,(8)] € G,
Apor, T,(GMHD) C G you éror G < G O

Mpo6taoy 6.2.2. 'Eotw G emtdboun oudda xou
1=Gy<xGi1<---<G, =G (1)
we emAbowun oed. Tote, G < G,_; yix xdbe i.

AnodeEy. Me emaywy? enl Tov i.

loi = 1 6o Seibovpe 6t G = G < G,,_1. Enadf 1 (1) eivow emAboun oelpd xébe
TNAIXO NG OELPadg elvar afehiovn opdda, wWiaitepa n G, /Gpo1 = G/Gp_1 glvor afehiovy.
Yovenwe G < G-

‘Eotw 6t G < G,,_;. Oa Sei€ovpe 6t GV < G, ;1. Eyxovpe GUHY =[G W] <
[Gr—i,Gn—i], 0M& N Gp—i/Gp—i—1 €lvor affertovi, oo G _; < Gp_i_1.

Sovente, GUTD < G, _i_1. O

Hopatneioeg 6.2.2. () Av 7 G elvon emtddoLpy, T0te 1 G TEPLEYEL TARPWS WVOANOLWTN
ofeitovn vtoopada.

(i) Av 7 G eivow emtAborun xow G # 1, t6te G # G
Ozwpnua 6.2.1. H G eivar emAboun avy G™ =1 yia xdmoto n.

Anddei&n. Av G = 1 yioo x&moto n, téTE eivo TPOoEavéC 6Tl N G eivar eTAbGLT,.

Avtiotpoga, éotw 6TL N G elvot emLADOLUT KoL ECTW
l1=Hy<xH,<---<H,=G

pLta emAdoLuy oelpd g G.
A6 ) ponyobuevn Mpbtaom, éxovpe 6t G C Hy = 1. O
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6.3 EmtAvopdtnto pe ptlixd

6.3.1 MMoAvovupa Babdpod <4

Zenvépe pe pLa LotopLxy] ovoSpouy) 0T HEAETY TwY PLLKY TwY ToOALWYOULY. Ot poby-
potixol Tov Meoaiwva, xor mhoavog xot awtol ot Bapuiwvia, yvoptlov Tov TOTo Tou divel
LG pileg Tov TPLWYLpROL f(X) = X% 4+ aX + b. Oétovtog X = x — 3b 10 f(X) petatpémeton
o€ €val TTOAVWDYLUO

g(z) = 2% + ¢ — 1/4b*

Nopoatpeiote 6Tt 0 a eivor pilo Tov g(z) avy 0 a — 1b etvon pilo Tov f(X). Ot pileg Tov
g(z) eivow ot £1/2/b% — 4e, xon étot ou pileg tov f(X) elvan ot

%(—bi Vi — 40)

Ot Scipione del Ferro, Tartaglia (Niccolo Fontana) xat Cardano Bprvxov tomo yio Ttg pileg
evég TOAWVOPOL 30v Bobuod. ‘Evo molvkvopo f(X) = X3 + aX? + bX + ¢ pmopet vo
petaoynuatiotel, 0étovtag X =z — a, o€ Evar TOAGYLLO

g(x) =’ + gz +r

%o 0 o glvor pier Tov g(x) vy 0 o — fa eivan pio Tov f(X). Av « piler Tov g(z), Ypbpovtog
a =+ -6mov Tt B xow v Oo Bpebody apydtepa- €xovue

o’ =(B+7)°
= 3% +9° +3(8%7 + 57?)
= B33 +~% +3a8y

xot vTToAoYilovTag To g(a) Talpvovue
B+ + (BB +qa+r=0
Xwpig PAGBY g yevixdtrTag, Lropodue vo vrtobéoovpe 6t Sy = —q/3. ‘Etot,
B4y’ =—r

I'vwpilovpe, emimAéoy, 4Tt
B = —¢* /27

xow Bptoxovpe tor 2 xow v3. Avuxodiotivroc,

53 q353_
-5 = —p

EYOLUE
5 = Sl (2 + 4420
Op.ota,
7= S[or F (7 +4g*/20)7]
Av w = €2™/3 mowTtapyx xuPxy pile g povéadag, vTtdpyovy EEL Thavéc xuPxéc pilec: ot

B, whB, W2, v, wy now wy. ZevLYoPWYOVTOS WOTE Vo dHToLY YLVéUevo Bploxovpe —q/3
—q/3 =By = (WB)(w*) = (W*B)(wY)
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‘Emeton 61t oL pileg Tou g(x) eivon ov B+ 7, wfh + w?y xow w?B + wy.
O tmog o tig pileg evég moAvwYLBHoL 4ov Babuod Beébnxe amd tov Lodovici Ferrari,
70 1545. Tlapovatalovpe pLa eEorywyn Tov TOTOL oWTOV TTOL oPeiAeTal oTov Descartes.
"Eva. tohvvopo f(X) = X4 +aX? +bX2 + cX + d propet vo petooynuotiotet, Bétovtog
X =z — la, 070 moAvWYLPO
g(x) =2 +qz® +ra+s

EmumAéov, o a eivon pilo Tov g(z) ow 0 a — ta elvan pilo Tov f(X).
[Mopoyovtorotobpe to g(x) oe TELOYLPOL

ot gt tre 4+ s = (2% + kx + (2 — kx +m)

Ay o k, £, m popody vo Bpebody, tdte %o ot pileg Tou g(x) pmopoby va Ppeboby. Avamtio-
oovtog To Oekl péhog, xot eELodvovtog cuVTEAEGTES PBploxovpe

q="L+m—k?
r=hkm—kl
%Ol
s=4Im

Eovaypdovpe T SVO TPWTES EELOMOELS WG
m+0=q+k?

%o
m—{=r/k

[Mpocbétovtog o apalpdvtog Talpvovue
W=k*+q—r/k

%o
om =k?>+q+1r/k

AvTég ol eELowoelg delyvouy OTL TEAELWOAUE v UTTOPOVKE Vo Bpodue To k. AAAG, 7
(k* +q—r/k)(K* + ¢+ r/k) = 4m = 4s

divet
K® +2gk* + (¢* —48)k* —r2 =0

a6 6mou Pptoxovpe to k2.

6.3.2 Ozwplio Galois

Yrobétovpe 6Tl xabe owpo F elvor vtéowpa evdg adyefpLxd xAetatod avp.atog C. Avtd
onpaivel 6t ov f(z) € Flz], Tov SoxTOALO TV TOAWYOUWY PE CLYTEAEGTEG amtd To F, xon
7o f(x) éxet Babud n > 1, téte LIAEYOLVY oTOLELX (A, (xg, . ..,y € C' -0L Pileg TOL f(2)- ot
a € F yn undevind téTtolo wote

f@)=alz—a)(z—az) - (z—a,) € Clx]
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H toun pLog otxoyeévelag DTOOWUATWY EVOG OWUATOG ELVOL DTTOCWLOL.

Opilovpe t0 YxPdTEPO LTTOGWRO TOL C' TTOL TEPLEYEL €va GUVOAO X WG TNV TOUY OAWY
TWY LTOOWUATWY Tov C' ToL TEPLEYOLY To X. Av, Topadelypatog xapw, a € C, TOTE TO
uLxp6TEEO LTTGoWUO Tov C ToL TEPLEXEL To F U {a} elvar To

Fla) ={f(@)/g(a): f(z),9(x) € Flz], g(e) # 0}

To F(a) xoheitor xon T0 DTOOWRA TTOL TTEOXVTTTEL atd To F emtovvdntovtog to a. Opota,
xawvelg puropel va opioel to F(aq, ag,. .., qy), TO DTTOOWRO TTOL TPEOXVTTTEL Ol To F emiov-
VATTTOVTOG TA (1, (g, - - ., Ay TTILO oUYREXQLUEVE, v f () € F[x] %o

f(@) = (z —an)(z —az) - (z — an) € Cla]

161e 10 oo Flag,as, ..., a,), TO UTOOWWUO TTOL TTEOXVTTEL ATtd TO F ETLOLYATTOVTOS TLG
pilec tou f(z), xoreiton T0 oo P&y Tov f(x) eni Tov F.

Mopoatnpeiote 6Tt To owpo PLlwy tou f(z) eoptdror amd to F. Av f(z) = 22 +1 € Q[x],
T6TE T0 oWpo PLLWY Tou f(z) eni Tov Q eivon to Q(7), evdd av Bewproovpe f(x) € Rz, téte
70 oopa ptloy touv f(x) eni tov R eivor to C.

Optopog 6.3.1. 'Eotw f(x) € Flz] pe ovdpoa pllodv E eni tov F. Aépe 6t to f(x) eivor
emt OG0 pe PLlxd av vTépEyeL axolovbio vITOCWUETWY

F=KyCKiC---CK;

omov E C Ky now xabe K11 mpoxVmtel amd 10 K; emiovvémrtovtog po pilo evég ototyelov
Tou K, 3nAodf K11 = K;(Big1), 60U Bip1 € K1 %o por SVvouy tov Bi1 ovrxet ato K.

‘Otov Mépe dtL vEGEYEL évag TOTTOG YLow TG Pileg evdg ToAVWYOROL f(x), evwoolpe 4Tt
70 f(x) elvor emAbOLpO pe PLlind. AvTo YivETOL QOVEPD GTLG TTEPLTTTWOELS TWY TTOAVWYVILWY
devtépov, TP{TOoL, XoL TETAPTOL Babuov.

Av f(x) = 22 + bz + ¢, éotw F = Q(b,c). Av B = Vb2 — 4c, w61 B? € F. Opilovrog
K, = F(B) mapoatnpodue bt to K; eivor 1o oodpa ptlloy touv f(z) eni tov F.

Av f(z) = 2% + qz + 7, éotw F = Q(q, 7). Optlovpe B = /12 +4¢3/27 now K1 = F(B1).
EmumAéoy, éotw B2 = /—r + 1 xow Ko = Kq(B2). Téhog, éotw K3 = Ka(w), 6T0L w o
xuBxen pilor g novadac. Iapatnpeiote étt 0 TOTOG TV ELWWY Tov f(z) cvveTdyeTon 6T
0 K5 mepLéyeL to owpo oty E tov f(z). Ao v &y, to E dev eivar ev yével (0o e to
K3. Av ot pileg tou f(x) ftay Aeg mporypotixég, tote E C R, eved K3 € R.

Av f(z) = 2* + q@2®> + ro + 5, éotw F = Q(q,7,5). XpnoLtpomowdvtog tov oupBoloud
Yoo TV avedpeon Ty Plwy Tou f(), LT&EYEL TELWYLRO oL éxeL To k? wg pila. Omwg
TIPONYOVULEVWG, VTTAPYEL AAVCISO CWUATWY

F=KyC K| CKy;CKj3

ue k? € Ks.
Opitovpe Ky = K3(k), K5 = Ky(\/7), 6mov v = k? — 40, xou Kg = K5(V/5). 6mov & = k? — 4m.
Téte, 0 owpo pLlwy Tou f(x) TepLéxetor oto K.

Avtiotpopa, eivar eppovég dti, o to f(x) elvor emtAbotpo pe pLlixd, téte xdbe pila Tov
f(z) exppdletor péow TV CLUYTEAEGTHOY TOL f(X) XENOLLOTOLOVTAS TLS TIPAEELS TOV GULOTOG
%ol Ty eEoywyy pLioy.

Optop.dg 6.3.2. 'Eotw E xow E' odpoto. Mia arnetxdvion o : E — E' tétota oTe:
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@ o(1) =1,
(i) o(a+B) =c(a)+a(B) ya xébe ., B € E, xow
(iii) o(aB) =o(a)o(B) yio xébe o, B € E

XOAELTOL OLOUOPPLOUOG TOUATWY.
Av o o eivor 1-1 xou emi, Téte Ot Aépe OTL 0 o elval toopop@Lopds. Ewdixdtepa, évag
toopop@louds o @ B — E xodeital avtop.op@iopde.

Afppa 6.3.1. Eotw f(x) € Flz], E to cdua plwy tov f(x) eni tov F, xat 0 : E — E
&vac autouoppiouds mov otaleporoe! to F, dnladyn o(a) = a yta xabe o € F. Av 70
a € E evat ol Tou f(z), t0te T0 o(a) evon ollor Tov f(x).

Anoden. Av f(z) = a;zt, Tt

xot €tot to o) eivar pilo Tov f(x). O

Afppo 6.3.2. Eotw F vroowua tov K, {a1,as,...,an} C K xou E = F(ag,qg,...,00).
Av K' odua mov mepiéyet 1o F wg vmdowua, xat o : E — K' avtopoppiouds mouv
otabeporotel o F ue o(a;) = a; vt xalle i, T0Te 0 0 €lvon 1 TAVTOTIXY ATELXOVLOY,).

AmodeEn. Xopnotpomolobpe emoywyh eni Tov n. Av n = 1, téte 10 E TepLéyel 6Aa To
g(a1)/h(a1), 6mov g(z), h(z) € Flz] xow h(ag) # 0. Eivaw Gueco 6t 0o o otobepomolel
xabe tétolo oToLyelo.

To emaywyxd Puo Emetor amd Ty ToEATHENON OTL

F(avaQa"'7an) = F*(Oén)
omov F*(a,) = F(a1, a2, ... ,ap_1). O

Av 70 F' eivor umtéompo Tov odpotog F, TdTE To0 GOVOAO TWVY OTOROPPLOUGY Tov E Tou
otabepomoLody to F' amoteAel pLo opada pe mpdEn t obvbeon.

Optop.de 6.3.3. 'Eotw F vméowpo tov E. H opdda Galois, Gal(E/F), eivar 1 ouddo pe
TEA&EN T obvbeor dAwY TwY avTopoPPLoUKY Tov E Tov otabepomotody to F.

Av f(z) € Flz] xov E = F(ag,qz,...,0,) T0 odpo ptldy tou f(x) eni touv F, téte 7
opédo Galois Tov f(x) eivor n Gal(E/F).

Ozdponua 6.3.1. Eotw f(x) € Flz] xow X = {a1,qs,...,q,} TO 60V0A0 TwY Staxexpiuévwy
oty touv f(x) oto odua pldy tov, E = F(ay,as,...,q,) enl tov F. Tote, n amexdvion

¢:Gal(E/F) — Sx ~ S,

ue ¢(o) = o|x elvour o eupitevon, dnlady n ¢ xaboplletor TAYPWS amd T SPACY TNG
oto X.
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Amddekn. Av o € Gal(E/F), tote and to Afupa 6.3.1 épovpe 6t o(X) C X. H o|x sivon
1-1 xow emti, emewdN 1 o elva 1-1 xow 0 X elvon wemepaouévo. Eivol edxoro vo dodpue 6Tl 7
¢ elvor opopopLapdc, xou emtAéoy elval 1-1, amd o AMupa 6.3.2. O

Aev eivar avoayxaio xabe petdbeoyn twv plody tov f(x) vor TEOXOTTEL OO XATOL0 o €
Gal(E/F). T moodetypo, av f(x) = (22 — 2)(2? — 3) € Q[z], w6t E = Q(v/2,v/3) xouw Sev
vrépyel o € Gal(E/F) pe o(v/2) = /3.

Optopdg 6.3.4. Ay F vrméowpo evég avpotog F, tote to E eivor évag F-Stovoopartindg
¥0pos. O Babudg tov E eni tov F, [E : F], eivow 1 Stdotaoy Tov F-Stovuopatixod yHeov
L.

Mpéraoy 6.3.1. 'Eotw F C E C K oduara ue [K : E], [E: F] < co. Tote,
[K:F)=[K:E|E:F|
AmodeEn. Aprvetor wg Goxno. O

Mpéraoy 6.3.2. Eotw p(x) € Flz] avaywyo molvwyvuo Babuod n. Ay o poile tov p(z),
anodelEre ot to {1, a,a?,. .., a" 1} elvar Baon tov F(a) wg F-Sixvoouatixod ydoov, xou
agopa [F(a): F] =n.

Amodety. Apfvetal wg doxno.
YrédetEn: Ou daxtorol Flx]/(p(x)) xow F(a) elvan todpoppot péow tng ametxoviong g(z) +
(p(2)) = g(). o

Afppa 6.3.3. Eotw p(z) € Flz] avaywyo moivdvouo, xat o,  pileg tov p(x) oe éva
odua oy tov p(x) eni tov F. Tote, vrapyet toouoppioucs N\ : F(a) — F(B) mov
otalfeporoel To F xot N\ (o) = B.

ArtddeiEn. Aréd v Mpdtaoy 6.3.2, xabe atoryeio tov F(a) exppdletor Lovadixkd wg

ap+oara+ -+ ap_1a™t

OptCovpe ™y \* g ekg:
Mag+aja+-+ap 10" ) =ag+ B+ +a, 1"

EVxoAa, BAémovpe 6Tl N A* elvor opopop@lopds ocwpdtwy. Eivatl, emtmAéoy, toopopplopos
YLoTl ) AVTIOTEOPY TNG XKATUOUEVALETOL OULOLA. O

Xyoio 6.3.1. To mponyoduevo Afupo Lmopel vo yevixeutel axohovbovtag Ty amddetEy.
‘BEotw A : F = F' wo0p0p@Lopdg owpdtwy, p(x) = ap + arx + -+ + a,z™ € Flz] oavéaywyo
moAvWYLPO, xot p'(z) = AMap) + A(an)z +- - -+ May)z™ € F'[z]. 'Eotw, téhog, a pila Tou p(x)
xot B piCo Tov p'(x) oe aviiotoryo oodpato PLlwy. Tote, vtdpyet LoopopeLlapds \* : F(a) —
F'(B) pe AM*(a) = B xow X|p = A

Afppa 6.3.4. ‘Eotw f(x) € Flz], xou E 10 oduo pilddy touv f(x) emitov F. Av K evdiauecoo
odua, FC K CE, xau A: K — K autouoppioucs tov K mov orabeporowt to F, t0te
VTTGOYEL AVTOUOPPLOUOS N* 1 E — E ue \*|g = .
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AmddeiEn. Xopnotporotobpe emaywyh ent tov [E : F| =d. Av d =1, té1e E = F, xdbe pilo
Tou f(x) avixel 0to K, oL UTOPOVUE Vo TTEEOLUE A* = A.

Av d > 1, t6te E # K now vmdpyet pilo o tou f(z) mov dev avrixet ato K. Tpa, 0 «
elvar o x&motov avdywyov Tapdyovta p(z) Tov f(z). E@dcov a ¢ K, o Babudg tov p(x)
eivat k > 1. A6 to yevixevpévo Afupo 6.3.3 vTTGEYEL Loopop@Lopds A1 - K(a) — K(f) mov
emexteivel Tov A pe A\1(a) = 8. amtd v Ipdtoon 6.3.1 [E: K(a)] = d/k < d.

To E eivow to odpo ptlody tou f(z) eni tov K(a). Amd v emorywyixy vmdbeon ocvopre-
paivovue 6Tl 0 A1, Gpa xot 0 A, uTopel vo emextabel oe avtopopplopd tov E. O

Y60 6.3.2. OTtwg ot TPONYOLUEVKCS, TO TTPOTYOVREVD Afupo wopel vor yevixevlei. Ay
f(z) € Flx], téte xdbe Vo ohuoto pledy Tov f(x) eivar tadpopea. AnAody, LToPOVUE Vo
WAGPE YLow TO oo Pty tou f(x).

Ozdonua 6.3.2. Eotw p mpdtog, F ouo mov Tepléyet to TowTaoxix) p-ooth oller ¢
uovadas, éotw w, xat f(x) =P —a € Fz]. Tote:

(i) Av a pila Tov f(z), t0te 0 f(2) elvar avaywyo avv a & F.
(i) To coua pldy, E, tov f(z) ent Tov F elvar 10 F(a).
@iii) Av 1o f(z) eivou avaywyo, tote Gal(E/F) ~ Z,.
Anddeln. () Ava € F, 16te 10 f(2) Sev elvo avdywYo, YLortt €YEL TO T — a ¢ TOEEYOVTOL.

Avtiotogo, éotw 6Tt f(z) = g(x)h(x), émov o Babudg Tov g(x) eivar k < p. Epdoov ot

2

pilec Tou f(x) etvor oL a, wa, w?a, ..., wP~ta, xé&be pilo Tov g(z) ivow g LopPg wia

Lot XATTOLO i
Av 0 otabepide bpog tou g(x) elvon ¢, Téte ¢ = tw"ak Yo xdmoto 7. Aol w, ¢ € F,
éneton 6Tt of € F. A& (k,p) = 1, ytott o p elvon mpwtog, xow étor 1 = ks + tp yio
xamotoug s,t € Z. 'Etot,

a=ak TP = (oF)¥(aP) e F

(ii) Apeoo, epdoov ot pileg Tov f(x) eivor TNg PoPEHg wia.
(iii) Av o € Gal(E/F), téte o(a) = w'a yio xémoto i. Optlovpe
¢:Gal(E/F) — Z,, o~ |i]p

Edxoia, o ¢ eivor opopoppropds. Eivor 1-1 amtd to Aqupoe 6.3.1. TéAog, epdoov o f(x)
elvat oavaywyo, amd Tty vébeon to Afppa 6.3.3 pog Siver 6t Gal(E/F) # 1. 'Etot, n
@ elvon emtl, apod n Z, dev €xeL YVNOLEG LTTOOUASEC.

O

Ozdpnua 6.3.3. Eotw f(z) € Flz], E 10 odua oy tov f(x) eni tov F, xot é0tw o1t
t0 f(x) éxer dAeg tig plleg tov amiés. Tote, To f(x) evar avaywyo avy n Gal(E/F) Soa
uetafotixa oto ovvolo X twy oWy Tou f(x).

ArodeiEn. Katapyde, to Afppo 6.3.1 pog eEaopoiilet 6t n Gal(E/F) dpo oto X. Av t0
f(z) elvow avaywyo, t6te 0 Afupoa 6.3.3 deiyver 6t 1 Gal(E/F) Spa petafotixd oto X.
AvtioTtpoga, éotw 6Tt LTEEYEL Tapayovtoroinon f(x) = g(x)h(x) € Flz]. Téte, g(x) =
[[(z — a;) xow h(z) = [[(z — B;) eni Tov E. Apob to f(x) éxel amAés piles, a; # [; Yior x&be
i,7. AMG& 7 Gal(E/F) dpa petofatind otig pileg tov f(x), dpo vmdpyet o € Gal(E/F) pe
o(ay) = p1 -Gromo, omd To Afupo 6.3.1. O
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YxoAo 6.3.3. Mmopel va amodetydel 6Tt av To odpo F' elvor yopoxtnptotixig 0 o to F
elvat TeTEPOOUEVOD, TOTE XG0E avdywYo TToAvwvLpo ato F[z] éyel amiég plles.

Eivow ebxolro va dodpue dtL av g o piler tou f(x), n otobepomotobon Tov oy givor

Gal(E/F(ay) < Gal(E/F)

xot M Gal(E/F(oy) elvoe m opuada Galois tov f(x)/(x — o) enl Tov F(ay).
"Etot, to f(z)/(x — 1) elvor ovéywyo eni tov F(ay) avy 1 Gal(E/F (o) dpa petoartind
€Tl TWY LTOAELTTOUEVWY PLEWV.

Afppa 6.3.5. 'Eotw E odua pldy eni tov F yia xarowo f(x) € Flx], xat K oduo ptledy
enl tov E yio xamoto g(x) € Elz]. Av o € Gal(K/F), tote o|g € Gal(E/F).

AmodeEn. Aprvetor wg Goxno. O

Ozdponua 6.3.4. Eotw F' C K C E oduata, onov ta K xat E elvon cduata pldy ent
tov F. Tote, Gal(E/K) < Gal(E/F) xou

Gal(E/F)/ Gal(E/K) ~ Gal(K /F)

ArodeEy. H
®:Gal(E/F) = Gal(K/F), 0 — 0|k

elval XA opLouévy amd To TPEONYOVUEVO AU XOL OULOUOPPLOUOG.

0 mupfvag g ¢ amotedeitor ad TOLE AWTOROPPLOLOVE ToL aTalbepomolody To K,
OnAadh ker @ = Gal(E/K), xat étol  LTOOUASA OWTH ELVOL XOVOVLXT.

Ioyvptlopoaote 6t 1 ® eivow emti. Av A € Gal(K/F), t6te n A pmopel vo emextabel oc
évay awtouopelopd A* touv E, yiati to E eivar odpo pilov. ‘Etor, A* € Gal(E/K) xow
D(N*) = Xk = A. To {nrodpevo énetal and to 1o Oedpnuo loopopeLopdy. O

Appoa 6.3.6. Eotw f(zr) = 2" —a € Flz], E 10 odua oy tov f(x) eni Tov F, xou
a € E wa n-oot) oo Tov a. Amodelte 0Tl UTAPYOVY VTOCWHUXTA

F=KyCK C--CK;=F(a)
pe K1 = Ki(Bit1), ﬂffl) € K;, xat p(i) mpddtog vt xdbe i.
AmodeEn. Aprvetor wg Goxno. O
H ovlntnom mov axorovbnoe ovvodileton oto eEng:

Oecdpnpo 6.3.5 (Galois, 1831). Eotw f(x) € F[z] Babuob n. Eotw, emmAéoy, dtt 1o F
TeQE el OAeg Tig p-00TES OLlEC TNg povadag yio xabe mpwTo p mwov Otopel To nl, xou
gotw E To oduoa oy tou f(x) end Ttov F. Av 10 f(z) elvar emtAbowo ue olixa, T0te N
G = Gal(E/F) elvau emtAborun.

ArddeiEn. E@bdooy 1o f(x) elvor emthboLpo pe pLtlind, LTTEEYOLY LTTOCWLOLTA
F=KyCKi C---CK;

pe E C Ky nat Kijp1 = Ki(Bit1), 070U Birq € Kirq xow xdmotor dOvopn tov Bi11 OvAXeEL 6T0
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Am6 to Tponyoduevo AMupua, propoldue vo vtobéoovpe 4Tl xdTmoLo TEWTN SOV TOL
Bit1 avixet oto K; 1. Av opioovpe H; = Gal(K;/K;), tote

1=G: <G 1 < <Gop=G

A@ob, to F mepLéyel p-ootég pileg tng povadog, to Bewpnuo 6.3.2 pog diver 6Tt T0 Kjiyq
elvor odpo pLlody el Touv K;. EmimAéoy, pmopel vo amoderyfel 4t vdpyet tétoltog "tdpyog”
OCWUATWY 0TOV 0Ttolo T0 K; elvar owpo pLlidy ®xEmoLov ToAVwYVUoL emtl Tou F.

A6 to Tponyobuevo Bewpnua

Hi+1 = Gal(Kt/KiH) < Gal(Kt/Kl) = H;

nolL
Hi+1/Hi ~ Gal(KZ+1/KZ) ~ Zp

omd to Oewpnua 6.3.2. O

Hopoatnehoeic 6.3.1. (i) AsiEape 6t n Gal(K;/F) eivow emhdoiun. And 1o Ocdpnuo 6.3.4
Gal(K:/F) < Gal(K;/F) nou Gal(K;/F)/Gal(K;:/E) ~ Gal(E/F), dpo xor n Gal(E/F)
elval emAboLUY.

(ii) H vmdbeon 6t n F mepiéyet pilec g wovadog pmopel vor amahetpOet.

(iii) Av to oopa F eivor yopoxtnpLotixfic 0, TOTe LoydeL xat T0 avtioTpopo To OewEAHTog
6.3.5, xo amodelydnxe, emiong, ard tov Galois.

IM'vwpilovpe 6TL 1 S, Sev eivor emtAboLpn Yo x&be n > 5. Autd amoteAel xplotpo onuelo
Yioe vou amtodetyfel 6t vTaEoLY TToALWYLUA Babuol n, yiow xdbe n > 5, Tor ool Sev eivon
emAdoLp pe LA,

6.4 Aoxnoceig

1. AetEte 671 oL S5, Sy elvor emAbotpec.

2. Av H p-vmoopdda prag memepaopévrg opddag G xow p||G/H|, téte H < Ng(H).
[Y6detEn: Oewpriote g Spdon g H oto G/H. T onuoaivel 6T pLo TpoyLd €xet éva
ototyelo;]

3. Av G opdda pe |G| < 100 xow |G| # 60, téte 1 G eivor emtAboLuy.

4. No eEetoobel av pto opddo G pe |G| = 144 eivon emthboruy.

5. Mo emtAdotuyn ouddo G €xel ouvbeTLXn OELPd avY glvol TETEQPOTUEYT.

6. Av M, N < G xow ot M, N eivow emtAdoipeg pe M < G, tote n M N elvarl emtAdoLuy.
7. Ay M,N <G xov oo G/M,G/N eivor emtAdotpes, téte n G/M NN givor emtAdoun.

8. Me dedopévo 6T 0 apLide Twv ototxelwy oe pLo xAdom ovluylag YLog TETEPATUEYTS
opédog e Umopel vo elvor SVvoun TEWTOL PEYOADTEEY ToL 1, amodelEte 6Tl av p xo
g TpwToL, ToTE *A&be opdda TAENS P @™ elval emAboLUY.

9. AmodetEte 6Tl Ta TOPOUATW Elvol LoOSVVOLO:
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10

11.

12.

13.

14.

15.

16.

17.

18.

(1) Kdbe opédo mepLttig TéENS eivor emAboLu.

(i) Kébe memepaopévn amhf opddo elvar meplttig téEne.

Mt temtepaouévn emtAdoLuy opdda G TePLEYEL xovovixy) oBEALOVY] p-OUASH YLO XATIOLO
TEWTO P.

"Eotw G memepacyuévy opdda xar a,b € G étol Hhote T o(a), o(b), o(ab) va eival oyeTixd
TpwTa ova Ledyy. Todte 1 G Sev eivor emtAdoLun.
[Y6detEn: Oewpnote tig H = (a,b) xow H/H'.]

Av G emtAdorpr opdda xan |G| < 200, téte |G| = 60, 120, 168 7 180.

(i) Av n G eivon pra oy opédo téEewg 23 - 7% xow H < G, téte [G : H| > 14.

(ii) No eEetacbel av pro opddo téEewg 23 - 72 elvow emAboLun.

Mo temtepaouéva Toporyouevn emtAdoluy opada tng ooiag xébe otolyelo Exel TeTE-
poopévy TéEN eivor TeETEQATUEY).

AvK < A < M,t6te K < M.

O .0 TT.OL.

Amodeitte 6Tt G < G v xébe n.
.0

ArodeiEte 6L 1 Z(G) dev eivar ooy raoTikE TARPWS avahAoteytn vTToouéda g G.
[Y60etEn: Oewpnote ™y G = Zy X S3.]

Noa Bpebel n mopdywyog ostpd g Sy.
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KepdaAaro 7

Myodevodvvapeg Opadeg

7.1 Mndevodvvapeg Opddeg
"Eotw G opéda xor H, K < G. Optovpe
[H,K]:=([h,k]: he H,k € K)
Optopdg 7.1.1. Mo xavovixy aeLtpd
1=Gy<G1<---<1G, =G
Aéyetar xevtpnd] oetpd g G ov G; <G xat Giy1/G; C Z(G/G;) yiow »ébe i.

Hapationoy 7.1.1. 'Eotw
1=Gy<xGi1<1---<G, =G

xovovix, oelpd ptog opadag G. Tote [G;, G < Gi—1 aw Gi11/G; < Z(G/G;).
Mpdypot,

2i41Gi € Z(G/G;) & 2i41Gi9G; = gGi2;4:1G; Vg € G
< 2i419Gi = gzi1Gi Vg € G
= z;llg_lziﬂg eG;Vge G
& [zit1,9] € Gi Vg € G

Optopdg 7.1.2. Mia opéda G Aéyetor pndevodOVOUY oy ETILIEYETOL L0 XEVTOLXY] OELOEL.

IHapationon 7.1.2. Av v G eivor undevodbvauy, téte Z(G) # 1.
Hpdypott, av G # 1, tote 1 # G C Z(G/Gy) = Z(G).

Hapadeiypota 7.1.1. () KdébBe afeiiovy opdda eivar pndevodovayun.

(ii) Kdbe xevtpien oelpd eivar emAdolun oetpd. Apa, xdébe pundevodvvoun opdda eivor

emAbOLUY.

(iii) TvwpiCovpe 6t Z(S,) = 1 yroe x&be n > 3. Ou S5 xow Sy, AoLTToY, TOPOTL Elvol ETUADGL-

ueg, 8ev eivor undevodvvayeg.
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7.2 AvVOTEQO %Ol RATWTEPO KEVTOLXY] GELOA

Optopdg 7.2.1. 'Eatw G opada. Opilovpe ™y avwtépo *evtpiri] 6elpd ™ G wg Ty ad-
Eovooa axorovbior vTTOOU.ESWY

1= 2°(G) < 2(G) = ZN(G) < Z(@) < - < Z"(G) < ---
TIOL OPLLETAL ETAYWYLXA LECW TNG OYXEDTNG
Z1(G)/Z21(G) = Z(G/Z(G))
Iapatnonoec 7.2.1. (i) Eivow dueco, amd tov 10670 0pLopod tov, 6t Z' <1 G yiow %80 i.

(i) Av Z"(G) = G yra xdmoro n, téte 1 G eivor undevodBvouy, ool 1 OVWTEPN KEVTOLXH
ocLPd Elvol XEVTOLXY).

MNoapédetypa 7.2.1. 'Eotw

1 a b
G = 01 c|:abceZy <GL3(Z)
0 0
Tére,
1 0 b
Z(GQ) = 01 0|:0€2) <G
0 0 1

Yeyvovpe Z2(G) wote Z(G/Z(G)) = Z%(G)/ Z(G).
[Mopatnpodue 6t o
0:G—>ZLZXZ

— (a,c)

o O =
= 0 o

a
1
0
elva emipop@lopods xon ker ¢ = Z(G). Zuvemdc,

G/Z(G)~Z xT

AoV 1 ZXZ eivor afiehiovi, Emeton 6t xat n G/ Z(G) eivor affehovn. Xovenwe, Z(G/Z(G)) =
G/Z(G) »ou oo Z2(G) = G.
H avwtépa xevtpixn oelpd g G elval 1

1=2%G) < 2(G) = Z21(G) <G = Z*(G)
7 omolo elval xaL xevtptxn oetpd g H. TeAwrd, 1 G elvor pndevodvvauy.
Ilp6taon 7.2.1. Kabe mermepoaoucyy p-ouddo eivor undevodvvauy.

AmodeEn. 'Eotw G opddo pe |G| = p", n > 1. Kd&be pn-tetptppévo mnAixo g G éxet
UN-TETPLUULEVO XEVTPO WG P-OUEDdAL.

Apa, av ZH(Q) # G, t6te 1 # ZHH G/ ZHG) = Z(G/ ZH(G)) »ow ZH(G) C ZHHG). Apod
1 G elvan Temepaopévn, vapyet n wate Z"(G) = G. O
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Optopdg 7.2.2. 'Eotw G opddo. Opilovpe Ty ®atoTéPo %evtony] oelpd g G wg ™y
@Oivovoo axorovdior LTTOOK.ESWY

DYt (G) <n(G) <-4 2(G) = G A (G) =G
IOV 0PLLETAL ETOUYWYXA LEOW TNG OXEANS Ynt1(G) = [n(G), GJ.

Haparnoioeg 7.2.2. (1) loyder 61t v,(G) < G yroe x60e n. Xpnotpomolobue enaywyn et
Tou n. [ n =1 to {nroduevo elvar queco.

Ay 7, (G) < G naw g € G, 161 YLow @ € v, (G) xouw B € G, éxovpe 6t

mola, B] = T4(a) , 74(B) € nt1(G)
Evn(G) €G

o0t Tg(Yn+1(G)) € Yn+1(G) o 1,41(G) < G.

(i) Av a € 7,(G) xou B € G, 6t [, Bl = a~ L B apB, dnAad 1,1 1(G) C 7 (G).
N~ ——
€1m(G) e

(iii) Av 7,(G) = 1 vl #4moLto n, TOTE 1 KOTWTEPX KEVTPLXY OELP& elval %eEVTELXH, %o
oLVETIWOG N G elvor undevodbvoun.

Ilp6taon 7.2.2. 'Eotw
1=Gy<xGi1<---<G, =G

ULor xevTowa) oelpd o undevodovaunsg ouadog G. Tote:
(i) v (G) C Gp_iy1 vt xabe i, xouw oo vn+1(G) = 1.
(i) G; C Z{(G) nax xébe i, xar apo Z"(G) = G.
(i) Ymi1(G) =1 avw Z™(G) = G.
ArodeEn. Xopnolpomolobue emoywyr €l TOL i.

() T i =1, éxovpe 11(G) = G = G,,.

‘Eotw ot ’YL(G) c Gn—i—i—l' Tote, Gn—i—i—l/Gn—i - Z(G/Gn—i)a dpa [GTL—i+17G] C G-
KoL
Yir1 = [7i(G), G] C [Gnoiy1,G] C Gy

(ii) T i = 0 TO INTOVKEVO TLPOPOVKG LOYVEL.

‘Eotw 6t G; C ZY(G). ba deiEovpe 6t Gip1 C ZFHG). ‘Exovpe 6t Gip1/Gi C
Z(G/Gl), é(QO( 9i+19 = 99i+1 mod Gi, 87}7\0(67/] 9i+19 = 9Gi+1 mod Zl(G), 6mou gi+1 €
Giy1 xou g € G.

Torte, gir124(G) € Z(G/ZHG)) now TeN%E giy1 = 2it1 z € Z7H(G).

~—
€Zi11(G) €Z4(G)
(iii) "Emeton amd tar TponyovuEva.
O

Optop.dg 7.2.3. 'Eotw G pndevodvvapn opddo. To eAdytoto m yio to oroio Z™(G) = G 1
LoodVVORA Yimt1(G) = 1, Aéyeton xAdom pndevoduvapiog g G.
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Hapadeiypota 7.2.1. (i) 'Eotw R Saxtorog pe povada xot I < R vrodaxtiiiog Tou R.

Opilovpe
pu
Im:{wEI:w:Zwi, Wi = Ty T+ T4, Ti; €1}
i=1
Toéte I < 1.
‘Botw xr €l xowa=1+z Téote (1+z)(1—x+22— -+ (=1)"" 12" 1) = 1. Apa 0

1+ x elvor avtiotpédLpo ototyeio Tov SaxtuAiov. Apa I™ = 0.

‘BEotw x,y € I. Téte (1+z)(1+y) =14+ z+y+ xy xow dpo av opiocovpe G =1+ 1,
—_—

€l
t61e M G elvor opdda xot
G:G12G22G322Gn—12Gn:1 (*)
elvat xevtptxn aelpd g G, dnhady (G4, G| < Git1.

‘Eotw y; € I,y € 1. Téte

I+y)A+y)A+y) I+ =0 +y) A+ (1 +y:) "
=(0+yi+y+v)l+y+yi+yy) "

@ b
=(l+a)(1+b)~"
= (]- + a)(l —-b+ B — ... + (_1)ﬂ—lbn—1)
=1+(a=b)(1-b+ b+ (*1)”7217”*2) 4 (,1)n71 abn—1
v eI

=(1+a)(yiy—yyi)w € 1+ I'"" = G4

(i) "Eotw R petobetinds SaxtOAog Ue Lovado, %ot

1 r2 -+ 1
O 1 e 7‘2,n

Un(R) = 1T €R
0o 0 - 1

N OUASA TWY AV TELYWYLXWY N X N TUVAXWY LE aTolxelor ot Tov R, pe 1 oty xdpLa

SLoryhvio.
Toére,
1 O O Tl,n
0 1 0 T2.n
Z(U,(R) =<0 0 1 0 [:r,;eR
0 0 O 1
1 0 -+ 7rip1 Tim
o1 --- 0 To.n
ZQ(UrL(R)) = 00 0 0 Ty € R
0 0 0 1

68




KE®AAAIO 7. MHAENOAYNAMEY OMAAEX

oL
1 0 m3 - 7mpn
0 1 0 To.n
Zn_z(Un(R)) = 0 0 1 vt T3 | o rij € R
0 0 O cee 1

Anhadi, n Uy (R) elvan pndevoddvoyun opddo xAdoews n — 1.

"Etot, umtédpyovy undevoddvoueg ouddeg xAGoews ¢, yror x&be ¢ € N.
n(n—1)

Av R =7, 167e Uy (Zy)| = p* T2+ 0=D) = p™ 5 Snhadn n Un(Z,) etvon p-opédo.

Ay R = Z, t6te 1 U,(Z) eivon ehevbépor aTpéPendc xo TETEQAOUEVA TIOPAYOUEYT
Undevodivoyn opéda.

Ocdponua 7.2.1 (Hall). Mix memepaouéva mapoyduevn, edcvbépo otpédmg undevodvvaun

oudada eivor toouoppyn ue vroouddoe s U(Zy,) v xamowo n.

Ocdponua 7.2.2. (i) Kabe vroouado H wog undevodvvauns ouadoas G evor undevodi-

voun.

(i) Av n G eivar undevodvvoun xor N <G, tdte p G/N elvar undevoddvouy).

@iii) ‘Eva evbb ywduevo Gi x Gy X + - x Gy, undevodovouwy ouadwy eivor undevodvvaun

oudda.

AnodeEy. (i) Mmopobpe evxora va ovpe 6t v (H) C v;(G) yroe xGOE i, YONOLLOTTOLYTOG

(i)

(iii)

ETLOYWYY] ETTL TOV 1.

Apod 1 G eivor undevodvopy, vrapyel n Pe vn(G) = 1 xow étot 1, (H) = 1, dnAadi 1
H elvor pndevodvvopun.

"BEotw 7: G — G/N 1 @uotxi TtpoBoii,.

Tére,

T(Yi+1(G)) = 7([%(G)
= [r((G),
= [n(r(G)),
= Yit1(m(G)

~—

H mpoteAevtaio todTnTo TEOXVTTTEL PLECW ETAYWYNG ETTL TOL 4.

Apxel va deiEovpe T0 {nToduevo Yo k = 2.
loyver 6t 7;(G1 x G2) C 7i(G1) x 7(G2).
E@doov or Gy xo Gy eivor undevodbvapeg, vmtdpyovy n xor m 1ol Wote v,(G1) =
1 = ym(G2). T k > max{m,n}, éxovpe v, (G1 x G3) = 1, o étor 1 G1 x Gy eivon
undevodvvou.

O

Yxoio 7.2.1. Ze avtileon pe Tig eTLAVGLILES OUADES, ETEXTATELS NOEVOSVOVOLLWY OULASWY eV

eivar ev yéver undevodivvopes. Epdoov Z(S3) = 1, éxovpe bt n S3 dev eivor undevoddvouy,,

ToPOTL glvat TEXTOOY UNOEVOSHVaUWY OUEdWY.
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Optopdg 7.2.4. 'Eotw G opdda. Mio voopdda H g G AEYETOL DTTOXOVOVLXT OV DTTEYEL
H=Hy<H <---<H,=G

Ozwpnpa 7.2.3. Eotw G undevodvvaun ouado. Tote xale vmooudda H tng G elvou
VTTOXAYOVLXY].

AmodeEn. Apob n G eivonl pndevoddvaun, vmapyet n Hwote Z"(G) = G, ondTe N WVWTEPD
XEVTOLUN OELPA ElvaL 1
1=2°G)<Z(G)<---<Z2(G) =G

"Etot, Aapfdvovpe v
H=HZ°(G)<HZ(G)<---<HZ"(G)=G

Oo Seitovpe 61t HZH(G) < HZ7H(G) yrow %dibe .
‘Eotw 211 € ZTHG). Apob ZHY(G) ) ZH(G) = Z(G)ZH(@G)), woyel zi119 = gzip1 mod Z4(Q)
Yioe x80e g € G, 1oodbvopa 2 gziv1 € gZ°(G) Yo x8be g € G.
‘Etov, 241 HZ(G)z € HZY(G).
Av h € H, w6te hHZH(G)h—" = hHh="hZ'(G)h~—! = HZH(G), apod Zi(G) <1 G. 0

Ozwpnpa 7.2.4. 'Eotw G ouddo térowa tote xabe vroouada H tc G eivar vroxoavovixy.
Av H < G, t0te H < Ng(H).

AnodeEy. 'Eotw H < G. Enednq 1 H elvor vtoxavovixy; vroopéda g G, vtépyet
H=Hy<xH<---<H,=G (1)

Xwplg BA&PN t™g yevixdtntog, vobétovue 6t Hy < Hy. Téte, H < Hy C Ng(H) xou dpo
H < N¢(H). O

Ozdonua 7.2.5. Eotw G memepocuéyvy oudda. Tote ta axdlovlo elvor tocodvvoua:
() H G evar undevoddvousy.
(i) Kdabe vroouddo H e G eivar vmoxovovixy.
(i) Ay H < G, ©dte H < Ng(H).
(iv) Kdbe ueyiotixd; vmoouddo eivar xavovixi).
(v) Kdabe Sylow vrooudda tns G eivor xovovixy.
(i) H G eivou t0 evb6 ywvouevo twy Sylow vroouddwy 6.
(i) N xébe m||G| vrdpyer K <G ue |K|=m.

ArddeEy. Ou ovventaywyég ()=-(ii)=-(iii) amoterody Tor dvo ToNYOLLEVE DEwpELOTAL.
(iiD=(@v): Av n M < G eivon peytotind , t6te M # Ng(M) xow M <t Ng(M) = G.
(iv)=(v): "Eotw P Sylow vmooudda g G étot ote Ng(P) < M. Téte, M <1 G »ow

PaNg(P)C M <G

1

INo xabe g € G, o P, gpg~" elvar Sylow vmoopéddeg tng M.
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Apa, vrépyer © € M pe gPg~! = xPx~t. Andad¥, v 1g € Ng(P) C M, &po g € M-
aroro, yrott M < G.
(v)=(vi): "Eyer amoderydet.
(vi)=(i): Kd&be Sylow vmoopddo eivor undevodbvaun wg memepoopévn p-opdda, dpo n G
elvar pndevodvvauy wg evbd yvopevo undevodHvouwy Opadwy.
k
()=(viD): "Eotw G undevodbvaurn opdda pe |G| = [] pi*. Tote xabe Sylow vrooudda tng G
i=1
elvot xovovix xo
G:P1XP2X'~-XPk
k
6mov P; eivar 1 Sylow p; vroopdda g G.'Eotw m = [] pf'||G

i=1

, 03 < a;. o xéBe i vdpyet

A; < P; pe |A;] = pi*. Tote, av
Z:A1XA2><"'XA]€

éyovpe |[A| =m xow A< G.
(vii)<=(i): Apeoo. O

Xxoho 7.2.2. 'Eotw G menepaopévn opédo pe |G| = pi'---pp¥, 6mov p; Soxexpuuévor
TpWTOL, A; > 0 o éotw w € G pe o(w) = n. Tote n‘|G|, doon =pit---pr* ue Ny > 0; > 0.
Bewpodye 7; = p# Téte (11,72, -, Tk) = 1, QOO VTREEYOLY L1, 2, - - -, i, € Z €TOL DOTE

paTi+ poTe + o+ T =1
Apar, w = wHITL .- WHETE “Eyovpe (whiTPit = whi™ = 1. 'Etot to whiTi glvow p; otouyelo.

Mopadstypo 7.2.2. I1éoeg undevodivapes ouddes TAENS 6 LTTAEYOLY;
"Exovpe 6 =2 -3, dpor G = Cy x C3 ~ Zy X L3 ~ Zg prog xat (2,3) = 1. Tuverwg LTAEYEL
uévo Lot

To iSto toyVet yio opédeg TéENG pg, 6TTOL D, ¢ Elval TEWTOL UE P # q.
INpdraon 7.2.3. Av n G eivor undevodvvoun xow N < G, tote NN Z(G) # 1.
ArodeEn. Epbdoov v G eival pndevoddvoun DTTAEYEL XEVTOLXT GELOA

1=Go<G1 < <G =G

ve [Gi, G] < Gi—1 Yo xébe i.
Tote vdpyet i pe NNG; =1 xow NN Giqq # 1, dpo

[NNGit1,G] < NN[Giy1, Gl
< NNG;
=1

ométe [N n Gi+17G] =1.
N——

#1

Avw € NNGiy1, 16T wgw g™t

=1y xé&be g € G, LoodVvopa wg = gw YL X&be g € G,
toodbvopa w € Z(G).
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NMopddetypa 7.2.3. Bploxovpe Tig Xavovixég LTTOOUADES TNG Sy

Eépovpe 6TL M A, elval oAy yio x&le n > 5. ‘Eotw n > 5.
Emedn [Sy, : An] = 2, éxovpe 4, <S,,.
"Eotw N <5, t6te NN A, < A,. Opuwg n A, elvow oAy, dpoe NN A, = A, 1 1.

e AWVNNA,=A4,,1ttc A, <N, dpa A, =N 1 A, <N.

e Ay NNA, =1,16te N, A, < S,, xou [NA,| = |N|| A,

Av A, < N, t6te |N| > 2|A,| xow |Sp| = 2|A,|, dpoe N = S,,.

,00a0 N =17%|N|=2.Av |N| =2,
t6te N = (w) <5, pe o(w) =2 xow owo~! € N yiae x4be 071 € S, IAadY owo ™! =w

yta x80e o € S,,. Tote, ow = wo i x&be o € S,,, ondte w € Z(S,) = 1.

Apoa dev LTLAEYEL xOVOVLXT LTTOOUOSA TNG Sy, UE TAEN 2 dLéTL vty B Mty LToOUAS L
TOL XEVTPOU.

Apo oL uOveg xaVOVLXEG LTTOOUASES TnG Sy, €lvat ot 1, Ay, S, yia n > 5.

Mo n = 4, o xavovixég vroop.ddeg g Sy elvor ot 1, A4, 54, V, 6Tov

V= {1,(12)(34), (13)(24), (14)(32)} < Sy

7.3 Aoxnoelg

1.

10.

‘Eotw H, K < G not
[H, K| = {([h,k] : h € H k € K)

No 3eikete 6t [H, K] = [K, H] »ou [H, K] <1 (H, K).
Yr6Seten: [a, be] = [a, b][a, c]® xow [ab, c] = [b, c]*[a, c], 6T0L ¥ = brb™! ]

.'Eotw N <G. Téte N <G ow [G,N] < N.

. Ay NG, A, B <G, téte

[AN/N,BN/N] = [A, BIN/N

. Av H, K, A, M op.édec, tote

[H x K,Ax M| =[H,A] x [K,M]

. Kabe 6pog g avwTépag xevtptung oclpdg elval yopoxTnolotixy vroopdde s G,

Z{(G) < G.

. Kabe 6pog g notwtépog xevtpinig ostpdg eival TANPWS avoAAolw ™) LToOUAdA TG

G, 7(G) < G.

. 'BEotw G menepaopévn undevodbvourn opdda xor H < G pe [G : H] < oo. Now arodetydel

otL g" € G v xébe g € G.

. No amwodewybet 6t m D, eivor undevoSvvopun avy n = 2F,

. Av H < Z(G) »at n G/H eivor pndevoddvayy, téte n G eivor pndevodbvauy.

Av P eivor pio Sylow p-vmoopdda pLog undevodvvaung ouadag G, tote Z(P) < Z(QG).
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11.

12.

13.

14.

15.

16.

17.

18.

19.

No eketootel av EMAETTUVON KEVTOLXNG OELPAS ULag oubdog G elvol xevTpLxy] oELpd
g G.

Mo memtepaopévn undevodivayy opado Exel xevtpixn oelpd pe mnAlxo TéEng p yio
XATTOLO TTPWTO P.

Av 7 Aut(G) eivor undevodvvaun, téte n G eivor undevoddvoun.

‘Eotw G memepaouéva mopayopevy undevodvvoun oudado. Av H < G, téte 1 H eivon
TIETEPAOUEVOL TLOOOYOUEYT].

‘BEotw G menepacyéyn oudado. AmodeiEte 6t n G eivor undevoddvoun avy yo xabe a,
B € G e (o(a),0(B)) =1, woxvel af = Ba.

"Eotw G pndevodbvouy) opdda xAdoewg ¢ > 1. Ta xdbe o € G, nouroopédo H = (o, G')
elvor pundevodVvouy] XAAGEWS XPOTEPNS TOV C.

Ye pLoe pndevodvvouy, ehevbépo oTtpéPng opddo G M eEorywyh TV PLLWY -0ToY oUTEG
LTTGEYOLY- Elval pLovadixy. AnAady, av o™ = B, yioe n > 0, Téte o = .

[Yr6deEn: a, BaB~t € (o, G').]
"Eotw G pndevodvopn opdado xAdorng 2 xal g € G. Tdte, n ovvdptnon
¢o:G—>G, z—]g,12]

elval opopop@Lopos.

Yvpmepdvete 6t Ca(g) < G.

1

[Yroderkn: (g, 2y] = [g,2][g,y] oaw [z,g7 Ty g™, 2]y = 1.]

(Mal’cev) 'Eotw G pundevoddvopun opado g omoiog to xévtpo Z(G) eivar opdda ehev-
0épa oTpéPng. Tote:

() Kébe mnrixo Z"HH(G) /2™ (G) g avewtépog xevtpinig oeLpdic eivor opéddo eAey-
0gpo oTPéPng.
(i) H G eivor erevbépa otpédrg.

[Yr6derEn: Oswpriote opopoppLoud Z"HG)/Z™(G) — Z™(G)/Z"H(G), yonorwo-
TOLWOYTOG TNV TTEOYYOVUEYY doxnon.]
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KepdAoto 8

I[ToAvxvxAtxég xon IlpooeyyLtoTind
[Tetepoopéveg Opdides

8.1 TloAuvxvuxAixéc opddeg

Optopdg 8.1.1. Mio opddar G AéyeToL TTOAMORVKALXY] Oy EXEL XOVOVLXT OELPG TNG oTtolog x&be
TNAIXO elvol XUXALXY] OUASOL.
AnAodv), VTTAPYEL XOVOVLXY GELOA

1=Gy<xG1<---<G, =G

étol Hote N Git1/G; vou elvor oAy yia x&be 7.
Mo tétolor oeLtpd Oor Aéyetol TTOAVXVXALXY] GELOA.

Hapationon 8.1.1. Kabe molvxuxAixn opdda elval emtAboLuy.
Ozwpnpa 8.1.1. Kabe molvxuxdixs) ouddo eivar TETEQACUEVO TAOOYOUEVT.

ArtodeiEn. 'Eotw G mohuxuxAx] opddo ot
1=Gy<xGi1<---<G, =G

Lot TTOAUXUXALXY] OELPE TNG.
To xébe i =0,1,...,n—1, éotw Giy1/G; = (2;G). Av g € G, tote g € G; Lo x&oto i
%O

ki
g=; Gi-1
~~
€Gi-1

_ ki ki
=TT Gi—1
~—~

€Gi—2

_ k’i k'i,—l k‘g
=T T T
Apa, xabe otoryeio g G YpAPeTOL WG
kn—1 _kn_2 ko
Lp—1 Tp—2 """ Lo
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Aniod¥, to {zg,x1,...,Tn_1} Elvor éva mETEPOOLEVO GUVOAO YEWTTOPWY TNg G, dpa n G
elvoll TTETEPUOULEVOL TLOROYOULEVY). O

Hopationon 8.1.2. Av G moAvxvxAx? opdda, pe dAow Tow oToLYElo TIETEQAOUEVNG TAENC,
T6te N G elvol TTETEQOTUEWY,.

Mpdyp.ott, 0pod x&be x; eivor Temepaouévng TEENG, T =+ éyel memepaopéveg “emhoyéc”,
xon €tol N G elval TETEQUOUEVY.

Ozwpnua 8.1.2. H xAdon TwV TOALDXUXAXGDY OUddwY Vot XAELOTH) WS TPOS VTOOUADES,
TINADXOL, X0l ETEXTAOELS.

ArodeEn. 'Eotw
1=Gy<xGi1<---<G, =G

TOAVXLXALXY oELPd. T1¢ G.

(i) Eotw H<G.H
1=HNGy<xHNG<---<HNG, =H

elvor TOALXLXALXY oeLpd g H, dpo n H elvor TALXUXALXY).

Mopdypoatt, yia xébe mnAixo woyxder (H N Giq1)/(H N G;) — Git1/Gi, M omolo glva
XOXALXY).

(ii) 'Eotw N <G xow G/N 1 opédo wnhixo. Tote, av 7 : G — G/ N, 7 oeLpd
(1) =7(Go) 9 n(Gy) Q-+ <w(Gy) = G/N

elvo ToAUXLUXALXT, oeLpd tng G/ N, dpo 1 G/ N go TTOANORUHRALR].

Mpdypott, n 7(Git1)/7(G;) glvor tobpopen pe TnAixo g Gir1/G; now x380s TAixo
HOUALXTG OULASOG ELVol XUXALXY].

(iii) "Eotw N <G »ow N, G/N mohoxvxhxég opddeg. Av
1=Ng<N1<---<aNp, =N

TOAVXUXALXY OELPA TNg N xau

1=N=Gy/N<G;/N<---<G,/N=G/N
TOANUXUXALXY, 0eLpd g G/ N, émov G; < Gi1q xow G; O N, t61e 7

1=Ng<aN1<---<aAN,,=N=Gy<xG1<---<xG, =G
elvor ToALXLXALXY geLpd g G.
O

Hoparionon 8.1.3. Kdbe vmoopddo moAuxuxAtxig ouddag eival TETEQOOUEVR TTOPOYO-
UEW.

Ozwpnpa 8.1.3. Mo ouddo elvor mwolvxvxdixy) avy eivar emtAbolun xal xabe vTooudda
NG ElVaL TTETEQACUEYOL TTAOAYOUEVY].
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AnodeEy. Av n G eivor TOALXUXALXT, E(SOUE TTEOMNYOLUEVWCS OTL lval eTTLADGOLULT Xou xA0e
VTTOOWLASOL TNG ELVOIL TIETEPUTULEVOL TLOROYOULEVT].

AvtioTpopa, éotw G emtAdOLUT opada €Tal HaTe x&be LTOOUAdH TNG Vo Elval TETTEPOL-
OUEVD TTOPOYOUEYT].

Maipvovpe emAdoLuy oelpd

1=Go<xGi1<---<1G, =G

™ G. Amé Ty vmobeon, xabe G; elval TemEPAOUEVL TTOEAYOUEYT ORAS, oL €TOL xAbe
TNAix0 Gi41/G; elvan affehovn Temepaopévo Topoyduevn opddo.
Sovenwg, x6be Giy1/G; eivon (memepaopévo) evbd dbpolopor XUXALXWDY OPESwVY.
‘Emteton 6Tt pumopodpe vor EMLASTTTOVOLUE TNV OOYLXY] XOVOVLXY] OELOAL X0l VoL TTPOXVYEL
XOAVOVLXY] OELRE UE HUXALXA TTALXo. AnAadn, n G Oo elval TOALXUXALXY. O

loybet o €kvg Stéypoppo
{m.m. afehovéc}t C {m.mt. undevodbvopest C {moivxvxhixégt C {m.m. emAdoLpeg}h

Mopadeiypoto memepaoUéva TOEAYOUEV®Y UNSEVOIOLYOULY Opddwy Tov dey eival afeAio-
VEC CLUVOVTOUE OE OUASES TILVAXMWY.
"Evor mopdSetypor ToALxUXALXYG opadoag, Tov Sey elvar undevoddvouy elvar 1 Ss, 0ol 7

1<]A3<53

elval TTOAUXUXALXY] OELPAL.

TéAog, divovpue évor TOPASELYLO TTETEQATUEVA TIOROUYOUEYNG ETUAVGLUNG OULASOG 1 OTTOlOL
dev elvoll TTOAVXUXALXY).

‘Eotw N = é Z o H = (1) ~ Z. Tlaipvovpe Spdon pe avtopop@iopols g H oty N
g €€hg: 1- (%)Z:JZ = (xi—1)icz, ONADN petabétovpe pa 0éon SekLd.

‘BEotw G = N 321 H 7o avtiotouyo nutevbd yvouevo. Tote, n G elvor emAboLun wg emé-
XTAON ETUADGLUWY, EVE JEV ElVOL TTOAUXLXALXY, YLOTl TTEPLEYEL LTOOWAD, 1 OTtolor BV elvort
TIETEQAOUEVDL TTOROYOUEYY].

Emniéoy, G eivon emtepaopéva tapoyopevn. Av ¢ = ((0),1) xow z = ((J;4 )icz, 0), 6TTOL
Jip =1 av i = 0 xo 0 StopopeTind, téte G = (t, ).

Mpoértaon 8.1.1. Xe ua moAvxvxAwe) oucada G, 10 TAR00C TV TNAXWY ULoG TTOAVXVXALXYG
OELOAE TTOL elval ATELPEG XUXAXES Oy eEaptatal amo TNy TOAVXUXAXY] Oelpd, OnAadT
elvar avadiolwto tng ouadag xar ovoudletar aptBuos tov Hirsoh, xat ovufolileton ue
h(G).

AmddeEn. O toyuplopds TEOXVHTTEL amtd TLg oxéAovbES TapaTnENoELS:
e Kovovixég ocLlpég €X0uy LOOUOPPES ETTLAETTOVOELG.

* Mot eTTLAETTTUYGY TTOANUXUXALYNG OELRAG EYEL TO (DL0 TANDOC ATTELPWY XUXALXWDY TINAIX WY
UE TNV OEYLXY| OELOAL.
Mpéypott, éotw H<K xouw K/H ~7. Ay HJA<K pe H# A# K,t6te A/JH < K/H,
apo givar dmeLpy xoxhny, A/H = mZ.

Emiong, apod K/H = 7Z, t0 nhxd % ~ K/ ~ Z,, elvon TeTMEQAUOUEVO.
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O

Opiopdg 8.1.2. Mo moAvxvrALXY opédSa G AéyeTtor TOALATELPN ®xuxAx] (1] TOAL-Z), av
EYEL Lot XavovLxY oeLpd Tng omolog xAbe TNAIxO elvor ATTELEN XUXALXN M OV ELVOL TETOLUUEWY.

Hapationoy 8.1.4. H »¥AGomM TwVY TOAGTELPWY KUXAXWDY ORASWY €lvol *AELOTH WG TEOG
UVTTOOU.AOES.

Ozwpnpa 8.1.4. Eotw G molvareipn xuxAua) oudda. Tote :
(i) H G mepiéyer mOAVGTEON XX Xayoviey) VTTOOUASa TTETEPACUEVOL SEXTOL.
(i) H G mepiéyel dreon xavovixd aficlavy vrooudda, elcvbféoa otpédmc.
ArodeiEy. (i) ‘Eotw
1=Go<x G <a---G, =G
TOALXLVXALXN geLpd g G. Ba SeiEovpe pe emoywyn enl Tov n, 6TL x&be G,, TEPLEXEL
TOAD-Z, ®OVOVLXY] LTTOOUADOL TTETEPATUEYOL deinT.
INan=0,Gy=1xon1 elvar moAv-Z.

"Eotw 61t N <Gp—1 pe N moAv-Z xou [G : N| < co. Tote, § N TepLéyel yo0axtnoLotixy
vroouéda M memepaouévouv deixty oty Gp_1. Apa, M 1 G,, o M elvar ToAv-Z,
G vTToopAda TG N.

Av 1 G, /Gp—1 elvor memepoouévy, Téte N M elvon v {nrodpevn vroopdda g Gy,
yiott (G, : M| < 0.

Ay G, /Gpo1 = (2Gp—1) =7, t6t€ & & G,,—1 2 M. Hodipvovpe H = (z) M. H vroopada
H eivor moAv-Z, yioti 1 M eivor woAv-Z xow H/M = (M) ~ 7, apob x & M.

Eriong, n H eivar menepoaopévou deixtn oty G,,. Mpdypott, epoocov [Gr—1 : M| < oo,
k

éyovpe 6t Gp—1 = | | Moy, 6mov a; € G,—1 %o
i=1

Gnog=2"go1 =i p-ay € Hay
W—/
€Gn_1
"Eneton 6t (G, : H] < [Gp—1: M] < 0.
"Eotw K 1 xovovixy] vwoopddo memepaoévon deixtn atny G, Tov meptéxetol oty H.

Téte, n K eivar moAv-Z, wg vroopédo g H, K <1 G, xou [G,, : K] < oo.

(ii) "Eotw N 7 xavovixi vroopddo g G mov eivat mTohv-Z xo [G,, : N] < co. H voop.édo
N eivon emAboun. Apo, av N, 0 i-6poc g maporyhyou celpéc, éxovpe 6t N = 1
xoiw N@=1 =£ 1 vy xdmoro d.

‘Eneton 6t n N @D efvor afiehrovi xow N4 G, yrort n N@1 eivoun yopoxtnototiny
oty N < G.

H vmoopdda N eivor ehevbépa otpédmg, wg eméxtaon vToouddwy eAcvbépag oTEEPTNC.

‘Etot, n N1 givon ehevbépa otpédme. we vmooudda g N, afehovi, N@—D 9 G xoun
ATTELON.
O
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Mpéraoy 8.1.2. Eotw G molvxvxAua) ouddo xar H, N < G ue N<G. Tote, oo HAN, G/N
elvar moAvxvxdixég xar h(H) < h(G), h(G) = h(N) + h(G/N).
EmrmAéov, h(H) = h(G) avy |G : H| < co.

Anodety. Av
1=Go<xGi1<---<G, =G

TOALXVXALXY OELPG TG G, TéTE N
1=HNGy<xHNG1<---<HNG, =H

elva ToAUXLUXALXT, oeLpd g H, opob (H N G,11)/(HNG;) = Giy1/G;.
"Ertetat 6t h(H) < h(G).
Av
1=Ng<aN1<---<aN,, =N

TOAVXUXALXY oeLpd g N xow
1=N=Gy/N<G;/N<---<G,/N=G/N
TOANUXUXALXY oeLpd g G/ N, téte 7
1=Ng<aN1<--+<N,,=N=Gg<xG;<1---<xG,, =G

efvorl ToALKLXALXN oeLpd g G.

Eoooy Giy1 /Gy~ S5EN éyovue 6m h(G) = h(N) + h(G/N).

‘Eotw, twpa, 6t [G : H] < co. H vrmoouddo H meptéyel xavovixy vrooudado g G,

memepaoévou Seinty, éotw N. Torte,

Avtiotpoga, éotw 6Tt h(H) = h(G). Oa deiEovue 6Tt [G : H] < 00, pe emoywyh oto h(G).

Ay h(G) = 0, dnrad” ov 1 G elvor Temepaauévy, TéTe To {nTovpevo eivar dueco. ‘Eotw,
AoLmtéy, ot M G elvan dmelpn.

A6 0 mponyolpevo Oedpnuo, N G TEQPLEYEL xavovixy, aBelovy], eAcLOEpo aTEPEPNS
vroopdda N. Hopotnoodpe étt, h(H N N) < h(N), xow h(H/H N N) < h(G/N), ogpob
H/HNN < G/N.

Apo,

h(H) = h(HNN)+h(H/H N N)
(N) + h(G/N)

E@doov h(H) = h(G), énetar 6t h(N) = h(H N N). Avté onuaiver 6t n N/H N N eivor
TIETIEQUOWLEVT].

Mpdypott, av vrtoBéoovpe 1 n N/H N N eivar dmelpy, t6te N/JHNN =Z @ A, yioti 1
N/H N N eivol TETEQOOUEVR TIHPOYOUEYT] OBEAOVY OUAdAL.

Apa, h(N/HNN) > 0 xou

W(N) = h(H N N)+h(N/HNON) > h(HNN)
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A&TOTO.

E@dboov n H N N eivow mtemtepoopévou deixtn oty N, 1 H NN TEQPLEYEL YOLOAXTNOLITLN
vroopddo M oty N, pe [N : M] < oo. Apa, M <G xow M C H.

H M eivou dmelpy, wg ouddo memepacpuévon Seixtn oty anetpn N. Apo, h(M) > 0 xon

h(H/M) = h(H) — h(M)
= h(G) — h(M)
= h(G/M)
< h(G)

A6 ™y emoywywn vrdbeoy, [G/M : H/M] < co xat and 10 Ocdpnpo g Avtiotoryiog,
[G: H] < c0. O

Hapationon 8.1.5. Ohot Tol TAPATTAVE YEVIXEDOVTOL YLOL OLASES TTOL TTEPLEYOVY TTOAVXUXALYN
UTTOOWLASOL TIETEPAUTULEVOL DELXTY).

Nopadetypa 8.1.1. 'Eotw G opddoa xow H < G mohuxvuxAuxy pe [G : H] < oo. Opilovue
h(G) = h(H).
Ay H;, Hs mohuxvuxAxég memepoopévou deixtn otny G, t6te h(H1) = h(Hs).
Mpéypat, n Hy N Hy elvon memepaopévon deixty oty G, xol TETEPATUEVOL BEIXTN OTLG
Hy xow Ho, dpo
h(Hy) = h(Hy N Hy) = h(H>)

Avagépovpe ywplc amddetEn ta eEvg tolar onuovtixnd Hewpruoto:

Bedpnpo 8.1.5 (Mal’cev, 1951). Miax emtAbowun Z-yoouuxy ouddo, dniady G — GL,(Z),
elvat TOAVXUXALXY].

Ozhpnuoa 8.1.6 (Auslandor-Swan, 1967). Kabe ouddo mov mepiéxet moAvxvxAues vmoo-
pada TeTEQAOUEVOL OEXTY), Vo L-yYoouuxy].

Xyoio 8.1.1. To Bewpnuo Auslandor-Swan eivor ovGLOGTIXA TO OWVTIGTEOPO TOL BEWEAUO-
Tog Mal’cev.

Bedpnpo 8.1.7 (Tits, 1972). ‘Eotw G yoouuwd ouddo enl evds oduatos F.

() Av x(F) = 0, tdte n G mepiéyet elre emAdown oudda memepaouévov Selxty, elte
eAetbepn oudda dSicotaons 2.

(i) Ay x(F) # 0, xav G elvou memepaouéva mapoyduevy, tote n G mepiéyet elte
emAVGIUY OUadO TETMEQOOUEVOL OelxTy, eite eAeVlepn ouado dicotaons 2.

8.2 TlpooeYYloTIRE TETEQAGUEVES OUAOEG

Optopdg 8.2.1. Ml opddo G AEYETAL TPOGEYYLOTIXA TETEPAGUEYY, av Ylo xdbe g € G
LVTLGEYEL TIETEPOTPEVY opddar K xot opopoppLopds ¢ : G — K pe ¢(g) # 1.

Hopationon 8.2.1. Ta mopoxdtw eival Loodvopa, yia po. opédo G:
(1) H G eivow mpooeyylotind Temepoopév.

(ii) T xébe g € G, vdpyer N <G pe [G: N| < oo xow g € N.
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(iii) T #dBe g € G, vdpyet H < G pe [G: H] < oo xow g € H.

(iv) H top# 6Awv Ty LT00UESwWY TtemepaoUévon Seixty elvar TeTELLUéVY.

(v) H top1 A0V TwY %ayovLx®dy DTOOUAS®Y TETEPAOUEVOL JeixTy elvo TETOLUUEYY,.
INpéraoy 8.2.1. Eorw H < G. Tore:

(i) Av n G elvar mpooeyytotixd memepaoudvy, tote n H elvaw mpooeyyiotind nemepa-
OUEVY).

(i) Av n H elvor memepaouévou Seixty otny G xou eivow TOOCEYYIOTIXA TTETEQUOUEVY),
10T N G Vot TPOCEY YIOTIXA TTETEQATUEYY

ArodeEn. H amddelEn oprvetan wg doxnon. O
Hopadeiypota 8.2.1. (1) Kdébe wemepoopévn opdda eivor TpooeyyLoTind Temepooév.

(ii) H Z elvo mpooeyYloTind TETEQOOUEVY,.

Av 0 # n € Z, téte vmdpyel TEWTOG p 1 n oL n € pZ. O {NTodUEVOS ORLOUOPPLOUOG
elvat o

Z — Z/pZ, n — [n],

(iii) Av G1,Ga, ..., G, TEOCEYYLOTIXE TTEMEQAUOUEVEC OAdES, TOTE G = G1 X G X - - X Gy,
elvoll TTPOOEYYLOTIXE TTETEQUOUEWY.

Mpdypott, ov g # 1, xot g = g1g2 - - - gn, OOV g; € G;, TOTE LTAPYEL i UE giy, 7 1 %L O
{nroduevog opopopLouds ivot o

GGy S K

g Gio = 9(9io) # 1
AT6 to mopdderypo (iii) Tpoxdmrer dpeoo Gt

Ipotaon 8.2.2. Kabe nemepaocuédva namapayduevn affeiovy) ouddo eivot mOOCEYYLoTIXA
TETEQUTUEVT.

Afppo 8.2.1. Eotw A wercpaocuéva waporyouevn afelavy ouado xor A" = {a™ : a € A}.
H A™ elvar yopaxtnototixy vroouddo tns A, TE€Totor HoTe:

(i) [A: A"] < 0o Y xébe n, xou

i) M A" =1.

n>1

k
AmodeEn. E@odoov n A eivor memepaopéva Topoyouevn ofiedavy), téte A = [ Ai 6mov
i=1
xabe A; elvorl xOXAXN, TELOY 7] TETEQOOUEWY.

k k
(i) "Exovpe A™ = [] A xou Qoo m AJA™ = [] Ai/A? eivow memepoopévn, yioti xébe
i=1 1=1
A; /AT elvon memepaopévn ouddo.

81



KE®AAAIO 8. IIOAYKYKAIKEY KAI IPOXEITIYXTIKA IIENNEPAXMENEY OMAAEY

k
(ii) Toyver N A" =T] N AP =1, yrati [ A =1, apob x8be A; eivor xuxALXA.

n>1 i=1n>1 n>1

NAr=(nzZ=1

n>1 n>1

Mpdyuoatt, av A; = Z, téte

eve av A; = Z,,, TOTE
ﬂA;’: ﬂnzmgmzmzl

n>1 n>1

Ozopnua 8.2.1. Kale molvxvxiny ouado G elvol TOOCEYYIOTIXG TETEQACUEYY.

AmodeEn. Me emoywyh oto h(G).

Av h(G) =0, téte 1 G elva TETEQOOUEYT,.

"Eotw, Aotmtdy, 6T 1 G eivor dmelpyn xal €0Tw A xavovixy, ATeLlpn, eAevBEpa TP ng, ofie-
Atavn vtoopdda g G. E@doov 1 G eivor TTOAUXUXALXY, N A ElVOL TTETEQPUGLEVOL TIOROYOLEVT,
oo [ A" =1 xow [A: A"] < 00, YL x&be n.

n>

Ecp?ﬁloov, N A elvor dmelpn, xébe A™ elvar amelpn xow xavovixn oty G, yrati A" A QG.

Yovenwe, h(G/A™) < h(G), yrati h(G) = h(A™) + h(G/A™).

A6 Tty eTtoywyLxr véleor, 1 G/ A" eival TEOCEYYLOTIXA TIETEPAOLEVY] OULASO YLow xG0E

‘Eotw g € G pe 1 # g. E@booy [ A™ = 1, umdpyet ng étot wote g & A™ xow n G/A™
n>1
elval TPOOEYYLOTLX TTETMEQATUEYT].

Apa, LTTGEYEL OROUOPPLOUOG ¢ : G/A™ — K, dmtov K memepaopévn opéda, pe ¢p(gA™) #

1.
[Maipvovpe tov opopop@Lloud
G5 G/Aam S K
g gA" = ¢(gA™) # 1
%ol qpo, N G elval TPOGEYYLOTIXE TIETEQPUGILEYT]. O

Ozdonua 8.2.2. H ouada GL,(Z) elvor TOOCEYYLOTIXG TETEQAUCUEVY.

Arodely. 'Eotw g € GL,(Z) e g = (a;;) # I,. ' Eotw m € Z pe m > max |a;;].
Z7J
H ouotxh mpoPor Z — Z/mZ endyeL oLOpoPQLORO

¢ : GLn(Z) = GLy(Zon)
A6 Ty emidoy Tov m, ¢(g) # I, IAadN n GL,(Z) eivor mpooeyyLotind Tenepaopévy. 0

Bewpnuo 8.2.3 (Mal’cev). ‘Eotw R memepacudva nopoyducvy axépaia weptoyy. Tote, 7
ouado GL,(R) elvat TOOOEYYIOTIXA TIETEQUCUEYY).

Yxédto amodeéneg. loxdovy ta eEvg, yiow xG0e meTEpaoUéva TTaPAYOREYY] axépata TEPLOYY]
R:

(1) H topH 6AwY Twv LEYLOTIXOY LOEWI®Y elvoil TETOLUUEVY,.
(i) Av M peytotxd 13ewdeg tou R, 161 0 R/ M eivor Temepaopévo ohua.
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Av g € GL,(R) pe g # I, tote g — I, # 0 xow po xdoto atotyeio r tov mivoxa g — I eivar
JLApopo Tov PNdeVHC.

Téte, amd to (1), vTaEYEL peytotxd Ldebdeg M, pe r € M xow R/ M menepoouévo odua,
amndé to (ii).

H ouotxf mpoPor R — R/ M emdryetl opop.op@Llopd

¢: GL,(R) = GL,(R/M)

pe ¢(g) # In. O

Ozwpnpa 8.2.4. Kablle nemepaouéva mopayduevy vrmoouado I' tne GL,(F), omov F
odua, VAL TOOCEYYIOTIXK TIETEQACUEVT].

Amdde&n. ‘Eotw 6t T' = (g1,92, .-, gk)-

"Eotw R 0 utodaxTOALOG TOU F' TTOL TTAPAYETAL 0T T GTOLYEL TWY TUVEXWY g1, 2, - - - , Jk
poli pe to 1.

‘Etor, I' < GL,(R) »aL and to mTponyoduevo Bedpnua n GL,(R) elvor TpooeyyLaTixd
TETTEQOOLEYY].

Tehxd, n I’ elvor TPOOEYYLOTIXE TTETEQUOULEYY. O

"Evoe onuovtind oamoTtéAEoUo TwY TEONYOVUEVLY Oewpnudtwy, n amddetEn Tov omolov
Eepelyel amtd To OXOTO TWY TUPOVTWY CNUELWTEWY elvort To eEAG:

Moptopa 8.2.1. H Ocuciddng ouadoa uog xAetotic vrwepfoiixng moldamiotyroas Sioto-
oNg N, EVAL TPOCEYYIOTIXA TIETEQACUEYY).

Xyédto amodens. Epputevodye ™) Oepeitddn opdda g moramAdT oS, (M), aTtny opddo
LOOUETPLWY TOL N-SLAGTOTOL LTEPPROALXOD YWpov, Isom(H™), 1 omoio elvor LTTOOUAdAL TG
GL,(R). O

8.2.1 Ta wpofAquroto AéENG xor Burnside

Y1tépyovy TOANOL AdYOL YLt TNV UEAETY] TNG EVVOLOG ~TTOOGEYYLOTLXE. TIETTEQOOULEVY] OLEdA”.
Qo avapepbodyue oe dvo:

(1) To mpoBAnua tng AéENg(Dehn [1912]): 'Eotw G pio opédo v oroio diveton amd pio
TeETEPOOUEYY], TtapdoTtaon G = (X|R).
Yrapyet ohy6pLbuog o omolog amopaivetol Tote pio Sobsioo AéEN 010 oAafnTo X avoro-
OLOTé TO TETPLUEVO aToLyelo, 1g, M OxL;

H amdvtnon 860nxe amd tov Nobikov, to 1955, xow yevxd eivan GyL.'

To mpbéfAnua €xel MO, 6L, OTNY TEPITTWOY TWY TPOCEYYLOTLXE TETEQAUOUEVLY OULAL-
dwv.

Ozdponuoa 8.2.5. Miax TemEQUOUEVO TOOIOTWUEYY], TTOOTEYYLOTIXK TETEQUCUEYY OUAdAL,
Exet emAVotuo TeofAnuo AEEns.

(ii) To acOzvég TPOBANLe Tov Burnside[1902]: Av G eivow plo memepoopévo Topoyd-
pevn opado TN omolog xafe ototyeio €xel TETEPAOUEY TAEY, TOTE elvon 1) G ATTOPOLTATWG
TIETIEQUOLEYT);

'Now emLoNUEVOLUE GTL LTEEXOLY XOLL TOL CVTLGTOLYO TTPOBAALOTA TOV LGOUOPPLOP.OD %O TOU OLOUOPPLOLOV, UE
o (SLo ATTOTEAEOPOLTO.
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H amévtnon xow e8¢ eivon yevixd 6yt (Gohad-Shafarevich [1964]). H amdvtnoy, 6pws,
gival xoto@otixny Yoo Ttg VTTtoouédeg g GL, (F), 6mov F éva obpo.
To mpdéBAnua Tov Burnside: Av v G eivor piow Temepaopévo Topoyduevn opéda exbéton
N, 3nradn gV =1 ya xébe g € G, eivor N G amopoLTHTRE TETEPAOUEVT;

H andavton eivat var yioo N = 2,3,4, 6, xat Oyt yioo "opxetd” peydho mepttto N.
To mepLopLtopévo TEoPAnro tov Burnside: Eotw K xow N Betixol axéparot. Yrépyet (Gvw)
PEAYLOL OTLG TAEELG TWY TIETEPATUEVLY OU&dwY exBétov N, pe K yevwitopec;
Eivow 10 mAbog B(N, K) twy menepaopévmny opddwy exfétov N mov mopdyovtal and K
OTOLYE(O TTETTEQUOWUEVO;

Anoteréoparta twy Hall-Higman podf pe tmy TaEtvéunon twy TETEQAOUEVWY ATTAWDY OUdL-
Jdwv, ovayovy To TEOPRANLO 0TNY TEPITTTWAET 0TToL To N elval dUvoy TEOTOU.

To 1950, o Kostrikim amnédetEe 4t n amdvinoy eivar Oetixn dtav o N eivor wpdtog. To
1991 o Zelmanov amédetEe 6t 1 amavtnon elvar Betiny) yevixd.

"Erteton, Aotmtdy, to axdiovdo:

Ozwpnpa 8.2.6. Mo memepaouéva mapoyOUeEYy), TOOCEYYIOTIXA TETEQOOUEY OUADL,
TEMEQACUEVOV EXOETY VoL TTETEQATUEVY.

Anodety. 'Eotw G mpooeyYLlotixd TeTepaopévy] opdda, menepaouévov exBétov N, mTov
mopdyetor omé K 1o mAnlog atovyeio. Tote, xdbe opddo mnAixo mapdyetor and To TOAD
K 7o mAabog otoryeion xa eivor exbétov N.

ATt6 t0 aotélecpa Tov Zelmanov, to B(N, K) eivot memepaopévo. Avtd onuaivel 6Tt 1
G gyeL memepaopéva To TAND0G, TTETEQAUTUEVO TINALXAL.

AtoTto, yioti 1 G elvol TEOGEYYLOTIXA TIETEQATUEY]. O

8.3 Aoxnoeig

1. Mio opéda G Aéyetar Hopfian av dev eivat todpopey pwe yvnoro mnAixo tng, 1 Loody-
vopo o ¢ 1 G — G eTPLOPELROG, TOTE N ¢ EVOL ETULLOPPLOLOG.
AmodeiEte 6t ndbe TETMEPAOUEVO TTAPAYOUEVY] TTPOCEYYLOTIXG TETEQAUCTUEVY, OUAOO

elvo Hopfian.

2. Av G TETEPUOUEVA TLAPOYOUEYT] XOUL TEOOOEYYLOTIXE TIETEQAUOUEVT OUada, ToTe v Aut(G)
elvol TPOOEYYLOTIXA TTETEQATUEVY].

3. () Av G1,Gs,. .., G, TPOCEYYLOTXE TTETEPAOUEVES P-OUaSeS, T6Te N G = G X G X
-+ X G, elval TPOOEYYLOTIXG TEMEQAOUEYT P-OULADOL.

(ii) Kébe memepaopéva mapoyouevn eAcvbépo otpédne afchiovy) opddo eivon mpo-
OEYYLOTIXE TETEQAUOUEVY] P-OUASA, YLO xAOE TEWTO p.

(iii) Av G memepaopéva Topaydpevy eAeubépo oTeédhne undevodvvoun oudda, Téte 1
G elvon TPOOEYYLOTIXE TETEPATUEVY p-oudda, yio. xAbe TEWHTO p.

84



Kepdhoto 9
EAc00spsg Opdides

9.1 EA=00gpeg ABeAiavég Opddeg

Optopdg 9.1.1. Mo affeAtavn opado F' Aépe OTL elvor eAedOspy Stdotoong n av eivor evdd
&bpotopa n aVTLTOTTWY TNG ATTELPNG XUXALXNG Z.
Anhody), vapyovy z; € F,i=1,2,...,n pe
F=(21) & (x2) @ & (wn)
%o (z;) ~ Z yioo A0 1.
To {x1, T2, ..., zn} Myetan Boon tng F o Aépe 6t F eivan ehebbepn emi tou {x1,za, ..., 2, }.
Hapationon 9.1.1. 'Eotw F eAedbepn afeiiavy) opdda dtdotaorg rank(F) = n. Tote,
F=7¢Z& - --0Z
—_—

n

%o
2F =22®22®-- - ®2Z

‘Etot,
F/2F =Z)2L & L)2L& - - & L/2L.
=Zo®ZLy® - DZo
Texd, |F/2F| = 2", ) oAAudg dimg, F'/2F = n.

Mpotaon 9.1.1. 'Eotw Fi xat Fy eledlepec affeliavéc ouades Sldotocewy ny xal no
avtiotoyo. Tote, Fy ~ Fy avy ny = ns.
AmodeEn. Av Fy ~ Fy omté Ty TEONYOVUEVY TTOQOTHONOY, 2™ = 272, dnAadN ny = na.

To avtiotpoo elval aueoo. O
Bzdpnpo 9.1.1 (Kabohwxd Wdiétnre). ‘Eotw F eAetbepn afeiiovi ouddo ue fdon {x1,xa,...,Tn}.

Tote, yioo xabe afelovy ouada G xot anexovion ¢ : X = {x1,x9,...,2,} = G, vwdpyet
povadixdc opouoppioudc ¢ : F — G mov emexteiver Ty ¢.
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AnddeiEn. ‘Eotw © € F. To x ypdoetonw xotd povadixd témo wg x = Y. m,x;. Opilovpe
i=1

$z) = Zl m;ip(w;).

Evxoha Seiyvovpe 6Tt 1 ¢ eivar opopLopée. BE optopot é(x;) = ¢(x;) Yoo x&Oe i.

H ¢ eivow povadixs, yrorti xabopiletor TAMRPmC ord o ¢(x;), naL xobLoTd TO TOPATTEVW
daypappa petodeTixd. O

Hoaparionon 9.1.2. To n dev elvor ovoryxooTx TETEQOOUEVO.

Ioptopa 9.1.1. Kale mernepaoucva mapoyouevn affeiiovy ouado eivor mnAixo elebbepng
afeliavig oudadoc.

AnodeEn. 'Eotw 6t G = (91,92, .-, Gn)-
Hotpvovpe F =Z' @Z2 @ --- @ Z"™, bémov ZF = (x;) ~ 7 now Ty ametxévion

¢ :{x1,z9,...;2,} = G, xi— g

A6 Ty xoohxd W6t vdEyet ¢ - F — G e (;3(:131) = ¢(x;) = gi, YLt %A0E 7.
H ¢ eivon emi, yroti tor g; = é(mz) Topayovy Ty G. O

Ozwpnuo 9.1.2 (HpoPohxy WBiétra). ‘Eotw 7 : G — H emuoppiouds ouddwy. Av F
elAebbeon afelhavy ouada xor ¢ : F — H ououop@ioucs, TOTE VTTHOXEL OUOUOOPLOUOS
Y : F — G érot dote ¢ = mor.
F
v lqﬁ
v

G——>H
™

AmddeEn. ‘Botw X = {x;}ier Bdon g F. Apod 1 m eivon enti, yia xébe z; € X, vmdpyet
9i € G pe ¢(z;) = m(gi)-

Maipvovpe ™y amewxdvion x; — g;, N omolor Adyw TNg xoboALxng L3LOTTOG ETTEXTEVETOL
oc opopoppLloud ¢ 1 F — G.

To ddypappa eivar petabetind, yrott mo(x;) = m(g;) = P(x;) Yoo xGOe . O

Optop.dg 9.1.2. Mo affeAiavy) opdda Aéyeton TEOBOAXY Oy LXOVOTIOLEL TO CUUTEPUOULOL TOL
ToEOTEVE BEwETLOTOG.

Afqupo 9.1.1. Eotw F eledbepn afehavy ouada, G afehavy ouado xot m : G — F
emuoppiouds. Tote, G =kern @ H, omov H ~ F.

ArodeEn. Amd v TeoPoixy) L3LoTNToL TV eAeBlEpWY aBEAOVEY OUESWY, LTTAPYEL OpRO-
Lop@Lopos ¢ F' — G pe mo ¢ = idp.

F
o lidF
L
G—> H
iy

"Emetat 6t n ¢ eivoe 1-1 xow ¢(F) =im F ~ F. O« SeiEovpe 6Tt G = ker 7 @ im ¢.
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‘Exovpe 6t kerm Nim¢ = {0}. Tpdypartt, éotw g € kerm Nim ¢. Téte, m(g) = 0 xoun
g = ¢(x), ytoo xémoro x € F.'Etot, 0 = n(g) = (w0 ¢)(z) =z, dpa x =0 xow g = ¢(0) = 0.

Mopatnpobpe, emimAéoy, 6t w((¢pom)(g)) = 7 (g), oo g — ¢(n(g)) € ker .

Tehxd, g = g — ¢(7(g)) + ¢(n(g)) € kerm Nim ¢. O

Mpéroaoy 9.1.2. Eotw F wo eAebbepn afchavy ouddo ddotaons n. Av {0} C H < F,
tote N H elvon edebbepn afchavy oudda ddotaons < n.

ArmodeEn. Me emorywyn el Tov n.

Av n =1, t6te n F elvor v dmetpn xoxAu), 1 H elvor xot oot 1 ATELPN XOXALXY %Ol
rank(H) = 1 = rank(F).

"Eotw n > 1. Tote, F = K & Z, émov K ehebbepn affeiiovy) opdda Stéotoong n — 1.
[Tatpvovpe tov Quoxd empoplopd 7 : F — F/K = Z. Tote, K = ker.

Av H C kerm, t6te amd tny enaywyixn vébeon vy H sivor eAedbepn afieiiovy) opnddo
dtdotaong < rank(K)=n—1<n.

Av H ¢ kerm, tote n(H) # 0 xou étor n(H) ~ Z. Tlaipvovyue tov mteproplopd nly : H —
m(H) ~ 7. A6 to mtponyolpevo Mupo H = ker(w|g) @ im ¢.

Opwg, ker(r|g) = HNK < K xow omd tny enaywytxy vobeon n ker (| ) elvor ehedbepn
ofeiiav opddo Stéotaong < n — 1.

Ao im ¢ ~ Z, émeton 6Tt M H elvon eAedlepn offeiiov didotoong < n. O

Moptopa 9.1.2. Ay woa memepaocuévoa mapoyoueyn afeloyy ouddo TopdyeTow oo n 10
nAnfoc otoiyeia, T0Te xAle vITOOUGdA TNS UTOPEL Vo Tapay Ol atd n TO TOAD oToL El.

AnodeEn. 'Eotw G = (g1,92,...,9n). Tote, vRGpyeL empopelopés «© @ F — G, émov F
eAelbepn afeAiavn opada Stéotaong n.

Av H < G, ané 1o Oedpnpa g Avtiotoryiog, H = A/ kern, 6mov kerm < A < F. And
™MV TTEONYOVpEYN TtpdTaan, N A elvar eAeblepn afieAiavn Stdotaong < n.

Apo, émetor OTL M emLLOPELxY exévo g A/ kerm = H pmopel va mopoybel and n to
TIOAD oToLyelo. O

9.2 EAsv0egpa I'tvopeva

‘Eotw G,, a € J plo otxoyévela opédmwy.

Mo AEEn pvixovg n a0 ah@afnro | | G, eivan pio memepoouévy axorovbio (g1, ..., gn),
acJ
omov g; € || Ga.
acJ
Mo M€ (g1, - -+, gn)» LE Gi € Go, AEYETOL OVNYREVY OV Stadoyixd g; avixovy oe dLapo-

QETLXEG OUAOES %Ol ¢; 7 1o, Yl %EOE i. ANAOON v # aip1 xoL g; # 1o, YO0 xG0E i
H xevi AéEn () eivor m avnypévn (povadixn) AéEn pixoug 0.
Mot 6TOLXELDBNS ovorywYT] VoL Ylor ol TLG TToPaxXATw SVO "SpAoeLs’™

(91,3 9is Git1s -5 9n) = (G103 Gi  Git1s -+, Gn)s OV @ = Qg1

nolL
(glv <o Gy ]-Ozvgi+17 s ,gn) — (glv' -39, 941, - - - ,gn)

"Eotw W 10 6Ovolo Ttwy ovnypévey AEewv ato | |G, kot P(W) 1 opdda petabéocwy tou
«
w.
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l'o xébe a € J now g € G, opilovpe petdbeon L € P(W) wg egig:
Av g = 14, t0Te LT =idw. Av g # 1,, 10T

(97915"'3911) 70[?&0[1
E;“(gh ey Gn) = (991,---,9n) sa=a1 Agg # 1o
(915 9n sa=a1ANggr = la
OpiZovye, eniong, Ly () = (g)-
[Moapatneodpe, dLoxpivovtog TEPLTTWOELS, OTL
Lo, =Ly oLy, Vg geGy (1)
ZUVETWG, Eg‘,l oLy =Ly oﬁg,l = idw. Emeton 6Tt n L7 elvon 1-1 xou eml, dnAady, mpdypott,
LS € P(W).
H amewxdvion
io: Ga = P(W), ia(g) = Ly
elvar povopopLopdc.
Hpéyportt, opopop@lopos eivor Adyw g (1). o to 1-1, BAémovpe 6Tt av g € Go\{1a},
67 ia(9)(0) = L5(0) = (9). Apa L # idw, xou €ToL 1 i, ivor 1-1.
Optopog 9.2.1. To ededlepo ywwopevo twv G, a € J eivar n vroopada g P(W) mouv
TPAYETOL OTTO TLG VTOOUESES i (Gy), v € J, xow ovpPorileton pe zJGa, OnAodn

£ Go = (ia(Ga):a € J) <P(W)

acd
O opédeg G, Aéyovrtor (eAetBepol) mapdyovteg ToL eAcHOEPOL YLVOUEVOL.
BAémoupe, thpa, Tig Baotxég t8LdtnTeg ToL EAcVbepoL YLvouévou.
[Mopatnpodpe 6Tt
ia(Ga) Nig(Gp) =1, Va5 (1)
Mpdyper, ov g € Go\{la} xeu h € Gs\{15}. w6t ia(9)(®) = (9) # (h) = i5(h)(0). Ao
ia(g) # ig(h).

E@dboov, 1 QZ']GQ TOPAYETOL ATt TLG ELXOVES 06 (Gy ), a € J, #60e g € azJGa YodpeTon wg
YLYOUEVO GTOLYELWY TV iy (G4 ), 6oL « € J.
Anhad,
9 = ar (91)ias (92) -+ - ia, (9n), 9i € Ga,
Av dadoyixd g; owhxovy aTov (Lo TaEAYOoVTH, €0Tw OTL a; = i1, TOTE TO YLVOUEVO
G (9i)iass (gig1) UT0pEL vor avtixataotabdel -Adyw g (1)- ard 10 i, (gigit+1)-
YuveTwg, xdbe ototyeio g € QZJGQ ue g # 1, umopel va YOope! wg TETMEPAOUEVO YLVOUEVO

oTOLELWY TWV i (Gy), a € J, ot avnyrévn pop@y (xavovix? popeh), dniad

g= ioq (gl)iaz(QQ) o 'iak (gk)7 gi € Goci A a; # i1, Gi 7& 1@@ Vi

"Etot, Stadoytxol 6poL ToL YLYOUEVOL TIPOEPYOVTOL OO SLOPOPETLXOVG Ttapdyovtes G, ot
gi 7 1 yioo x60e i.

EmmAéoy, i avnypévn Lopen evég otoryeiov eivarl povodixn.
Av

9 = ta1(91)ias (92) - - iy (9r)
=g, (h1)ig, (h2) - ig,, (hm)
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000 avNYUEVES EXPEATELS TOL g # 1, ToTE

9(0) = 7;041 (gl)iaz (92) e iak (gk)(q))
= Lo LgEon o L)
= (91,92, 9k)

KoL

9(0) =i, (h1)ig, (h2) - -~ ig,, (hm)(D)
=£51 Oﬁfﬁo---oﬁf:
= (h1,ha, ..., hm)
‘Emteton 6t m =k xow o = B4, g; = h; yioo xde 1.
Av
g = ial (91)7’(12 (92) e iak (gk)7 k>0
OE OVMYUEYN LOPPY, TOTE g # 1.
Hpéypart, g(0) = (91,92, --,95) € W, xow étor g # 1 = idy .
Mmopobpe va opicovpe ametrdvion ¢ : zJGa — W wg ekng:
Av g e x G, \{1} xou
QEJ . . .
9 = loy(91)ias(92) - - e (9k)

O OVNYILEYY LOPQY), TOTE
¢(g) = g(@) = (917927 e 7gk) ew

xa (1) = 0.

EvxoAa, 1 ¢ eivor 1-1 xow emi.
ZUVETIWG, LEGW TNG @, LTTOPOVUE VO OXEQPTOUAGTE T OTOLXELDL TOL EAVBEPOL YLVOUEVOL WG
ovnyuéveg Aételg oo | | Go.

To ywépevo dvo a\jynyplévwv AEEEWVY elvar M avnyUévn AEEN oL TTPOXVTITEL oTth TNV TTO-
pbbeon Ty AEEEWY UE OTOLYELDBELS OVOYWYES

(917927' <. 7gk) (hlah27 .- '7h7n) ~ (917927 s 7gk7h17h25 <. ’hM) ~ OW"]YUéWI xég"]
ew ew

H xevn AéEn elvar to 1 xou

(917927"'7916)_1 = (g1_17g2_1?"' aglzl)

Mpértaon 9.2.1. 'Eotw G, a € J, oxoyeveia ouadwy xot G = *]Ga. Tore:
ac.

() N x60e o € J vraEyet euPVTEVTN B0 : Go — azJGa.
Apa, umopobue va malpyovue tovg mapayovtes G, ws vmoouddes g G.
(1) G = (ia(Gy) v € J).
(ii) Kdbe g € G\{1} yodpetal xatd uovadixo To0mo WG YIWOUEVO GTOLEWY TWY iy (Gy)

OE aVNYUEVN LOPPY:
9 =0, (91)ias(92) ** * ia,, (gn)

omov ¢; € Ga,, gi # la, ot a; # a1 ytoe xle i.
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Bzodpnpo 9.2.1 (Kool wdiétnra). ‘Eotw G,, a € J wo oxoyéveia ouddwy xar G =
EJGO‘ T0 €Ae0000 ToUG Yvouevo. Tote, yio xcabe ouado H xot xdle owxoyévetor ouopop-

QLousy ¢o 1 Go — H, a € J, vrapyet povadixoc ououoppiouos ¢ : G — H ue ¢poi, = ¢q
i xabe o € J.

AmodeEn. E@ooov ol ewxdves i (G,), o € J, Tapdyovy ™y G xot BEAOVUE P 0 iy = ¢qo, O ¢
elvar TApwe xobopLtopévog.
Optlovpe, Aotmtdy, Tov ¢ wg eEfg: Av g € G\{1}, td1e T0 g YPAPETOL XOTA LOVOSIXS TEOTO
OE QVNYUEVY LOPPY
9 =0, (91)ias(92) -+ +ia, (gn)

omov k > 0, g; # 1 xa To g;, gi+1 OV owfAxovy atov (3Lo Topdyovto G, yiow x40e i. Opilovpe,

ToTE,
?(9) = ba,(91)Paz(92) - - ba, (9n)
xol ¢(1) = 1.
EbxoAa, o ¢ glvort opopop@lopdc -povodixdc wg Tpog auTh Ty LGTNTa- %ol €E’ 0pLapod
¢ Olg = ¢a O

Ozwpnua 9.2.2. 'Eotw G,, a € J, oxoyéveia ouadwy, G ouddo xot A\, : G, — G owxo-
YEVELR OUOUOPPLOULY UE TNV axCiovln WdotyTta: yio xalbe oucda H xot xcbe owxoyévela
oUOUOPPLOULY ¢ : Go — H , vrtapyet povadixds opouoppoucs ¢ : G — H, ue poly = dq
i xabe .

Tote, n G elvat toouoppn ue T0 eAebOep0 YIVOUEVO azJGa, Ty Gy, a € J.

ArddeiEn. Topotnpodue, xatopyds, ot x&be A, eivor povopopeLopioc.

Hocypott, aov H = G, ¢o : Go = G4 M tavTOTX, 0L 08 1 Gz — G, 0 TETOLUUEVOG
OHOUOPPLOUOS Yl xGbe [ # o, TOTE amd TNV LTOBECOT LTAEYEL ¢ WOTE P o Ay = Po = id,,
apa n Ay elvar 1-1.

AT6 v xaBoAxn LSLéTTOL TOL EAEBOEPOL YLVOUEVOL EJGO“ VTCAPYEL LOVOSLXOS OULOLOPPL-

oulg ¢ : *JGQ — G pE Ppoig = Ag.
ac
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Eriong, amd ™y vdbeon, vmdpyel Lovoadixdg opopop@Llopos ¥ 1 G — zJGa, UE Yoy =ig.
«

Aa
Gy —G

N

*(g,
Mopatnpodue 6T, 1) o P oiy =1 0 Ay = in. ANAXSY,

o
Gy — G,

lew

*G g,
«

‘Ouwe, toydet 6L
ia
Ga —_— *Ga

!

*Gy,
«@

AT Tty povadixdtta, oot id . ¢, 0y = iq, ETMETOL OTL YO0 P =1id 4 G-
aeJ aed
Opoiwe, potp =id . g.. Apa, N ¢ etvor LooLoPPLOP.OG pe ¢~ L = 1. O
aeJ
Mpdraon 9.2.2. 'Eotw G,, o € J, voouades woag G, ye GoNGg =1 rta o # f. T
axolovbo elvon toodvvoua:

(i) H G evat t0 eAebfepo ywiouevo twv G.,.
(i) Kdbe oroiyeio g # 1 ¢ G ypdpetow xotd povadind Tp0m0 we

g=4g192 " " gn

ue n >0, g 1 xot a; # a1 yoo xabe i.

Gii) H G napdayetow and tic vmoouddec G, xar to 1 dev umopel vo ypopel wg yvouevo
qige - gn e >0, g; 1 xou o # ip1 Yoo x&be i.
Anddely. () = (i) Amodeiybnxe mponyovuévwe.
(ii) = (iii) 'Eotw g1g2- - gn = 1, 670U g; € G,, pe g; # 1 now a; # ayq yiow xé0e i
Téte, g7t = g2 - - - gn. ATOTO, TG TNV LOVASUOTNTO.
H G mapdyetor and tig G4, opod xabe otoryeio g G yYpdpetor xatd povadixkd Tpdmo
WG YLYOUEVO oToLyelwy Twy Gy.
(iii) = () 'Eotw J, : G, — G 1 avtiotouyn évbeon Yo xébe a.
ATé v xoBoAxn LBLéTNTOL TOV (tGO“ UTTAPYEL LOVOOLKOG OLOUOPPLOUOS & : iG" — G pe
Poin = Ja.

i
Go — %G,
«

N

G
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E@doov ot J,(G,) = G, Topdyovy ™y G, 0 ¢ eivon emi.
"Eotw g € ker ¢ pe g # 1. Tote, T0 g YpdpeTor XATA LOVOILXS TPOTTO GE OWVNYUEVY] LOPOY).
AnAod,
9 = oy (91)ias (92) - - i, (9n)

omov n >0, g; # 1 ot o # a1 Lo xabe i. Tote,

1 =¢(g)
= ¢ 0ia,(g1)P 0 iay(g2) P 0ia,(gn)
= Ja,(91)Jaz(92) - Ja, (9n)
=4g192° " gn

atomo, and Ty vrobeon.
‘Etot, ker ¢ =1 xon 1 ¢ ivon Loopop@Lop.oc. O

Hapationoy 9.2.1. 'Eotw ¢ : G — H opop.opplopds. Av N <G pe N C ker ¢, 16t LTTRQYEL
povadixos opopopLopdc ¢ : G/N — H pe o = ¢.

GLG/N

N

H

H ¢ opiletar ¢p(gN) = ¢(g) yra x&0e g € G.
Av 2N = gN, w6t g~ 'z € N C ker ¢, dpo. ¢(g7'2) = 1. 'Exor, ¢(g9) = ¢(z) xow m é eivo
xoho 0ptauévy. Exoha @aivetor 6T, 1 ¢ €ivo OLoLop@LoWOC.

IMMpo6taon 9.2.3. Eotw G = G1xGe xat N; < G;, i =1,2. Av N elvon ) uxpotepn xavovixy
vrooudda tns G mov mepiéyet tic Ny xow No, t0te G/N ~ G1 /Ny x G3/Ns.

AmodeEn. Oa Seikovpe 6Tt G/N xavorotel Ty xoboAtxn tdLtdTnTOL.
Epdoov n N mepiéyetar oty N = ker m, vmeapyet A1 : G1/N1 — (G1xG32) /N pe A\jom = 7.

o —r S a /N

Ry

(G]_ * Gg)/N

Opoiwg, vIEGEYeL Ag : Go/ Ny — (G1 * G2)/N pe A oo = .

GQ L GQ/NQ

b o

(Gl % GQ)/N

‘BEotw H opdda xou ¢; : G;/N; — H opopoppLopol yroe i = 1,2. Amtd v xotboAxr] tdtdtrTo
Tou eAeblgpoL Yvouévov Gy * G, UTTAPYEL LOVOSLXOS OUOLOPPLORGS ¢ @ G1 % G — H pe
¢poij = ¢jom;, 6OV i; oL avtioTolyeg evbéoelg G C Gy x G, j = 1,2.
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Gi > Gy %Gy —— (G1 % Ga)/N

@E%\\li//K//
io®

H

Mopatnpodue 6t N; C ker ¢, yrati ¢(N;) = ¢; o mi(N;) = 1, dpo N C ker ¢ xow €taL vmdpyet
¢:(G1%Gy)/N = H ye por = ¢.
Oélovpe va deiEovpe 6Tl TO TOPOUATEL Staypappo elval petabetind

Ag
Gi/Ni E— (Gl *GQ)/N

S|

H

Mpdypott, éxovue 6T

poNi(g1N1) = do A omi(g1)
(2 ngﬂ—(gl)
© #(g1)

2
@ #10m1(g1)

= ¢(g1N1)

SNAaSH ¢ o Ay = 1. Ouoiwe, ¢ o Ay = ¢bs.
Tty povaduxétnta ¢ ¢: 'Botw ¢ : (G1 % Go)/N — H pe o \; = .
Ou deifovye 6Tt ¢ = 1. Apxel vo deifovye LGGTNTA GE €y GUYOAO YEWTOPWV.
‘Eotw g1 € G;. Téte
; -3 @
P(N) = dpom(g) = ¢(g1)
2
2 61 0mi(g1) =¥ o\ om(gr)

L yon(g) = (g N)

Opolwg, (g2V) = 1 (galV) yrot g2 € Go.
TeAwnd, ¢ = . O

Méptopa 9.2.1. Ay N, < G, xow N 0 xavovixy xdewototnro s |J, Na ot0 G, T0TE
*G/N ~ %G,/ N,.

Moptopa 9.2.2. Ay G = Ax B xow N 0 xavovxy vmoouado wov mapayetot amo v A,
tote G/N ~ B.

9.3 EAs00egpsg Opddeg

Optopdg 9.3.1. 'Eatw X éva un xevd advoro. o xébe o € X molpvoupe TNy ATTELp XUXALXT
opédo (o) Tov TapdyeTon oo TO (.
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H gAed0zpm opdda enti Tov X eivar to eAedbepo yvdpevo twy opddwy (a), a € X xau
ovuPoliletal pe F(X).

Anpadi, n F(X) elvon éva eAebBepo YLVOUEVO avTLTOTIWY TNG GTELPNG XUXNXAG Z, Eva
avtitumo Yl xabe otoryeio Tov X,

x {0) = % Lo, Lo =7
acX aeX

OpiCovpe, eriong, F(0) = {1}.
To X Aéyetonw Béon g F(X) xon t0o | X| dtdotaon g F(X).
IHaparyoroeg 9.3.1. (1) Kdbe eretbepy opdda eivor erevbépa otédmg, apod n Z eivor
ehevbépa oTPEPTS.
(i) Av F(X) # Z, w6t Z(F(X)) = 1.

Bzopnpo 9.3.1 (Kavoviny ouvbixn). Eotw X otvolo xar F(X) 5 edebleon oudda eni
touv X. Tote, yia xdbe ouado H xou xabe amexovion ¢ : X — H vrdpyer povadixoc
ouopopioudc ¢ : F(X) — H mov emexteivet Ty .

X — F(X)

N

H

ArtodeEn. To {nrobuevo émeton omd Ty xovovixy] auvbnxn tov eedbepov yvopévou, ool
N omewxovion ¢ 1 X — H eTdyel OLXOYEVELO OLOUOPPLOUDY ¢ @ () = X, o € X. O

Mpdraoy 9.3.1. H didotaon uag eAebleong ouadag eivor xald optouévn, dniadn F(X;) ~
F(XQ) ovy |X1‘ = ‘X2|

AmddeEn. Av | X1] = | X2
TPONYOVUEVD Bedpnua, N ¢ emdyet opopoppioud ¢ : F(X1) — F(X,), o omoiog eivon too-

pop@Lopbs, pe 1 = ¢,
Avtiotpopa, éatw 6Tt F(X;) ~ F(X2), dnAady * Z~ x Z.Toéte, *x Z/( x Z) ~
acXy

, ToTE LvTaEyeL 1-1 xow emi amewodvion ¢ : X3 — Xo. Ao 7o

a€Xs aeX aeXy
x Z[( % Z) xow Gpa P Z~ @ Z.Epdoov ol mponyolueves ouddeg eivar eAedbepeg
a€Xy - a€Xp acXy a€X,
offertavég, Emetan 6T | X1| = | Xal. O

Mpéraoyn 9.3.2. Eotw X vmoctvolo uag ouadas G. To axdlovbo eivar toodbvoyuor:
() H G eivar ededbzpn ue Bdon 1o X.
(ii) Kdabe un-tetoipuuévo otoyelo g G umopel va ypapel xatd uovodixd todmo wg

€1 .62 Ek
‘Til xi2 xik

orov k>0, 1#x;, € X, e €Ly xouwxi; #1, x;; # x4, VX x6be j.
Gii) H G mapdystar and 10 X xoat t0 1 e umopel vo ypoopel we x5 a5? - x5k

T i, omov
k>0, 1#x;, €X.¢ej €Ly xow i, #1, x;;, # x4, VX xcbe j.

ArddeiEy. Tlpordmter dueoo amd Ty avtiotoryn TEdtoon Yo eAebbepa yvépeva, apod
x60e otoryeio g (z), z € X, elvon 2, € € Z. O
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‘Eotw G opédo xat R vroobvoro g G. Zupfoiilovpe pe ((R)) v xovovxr LTTOO-
uwada g G mouv Topdyetol omtd To R. AnAoadn, to ((R)) ivor 1 TOpY OAWY TWV XOVOVLXEDY
VTOOASWY TNg G TOL TEPLEYOLY TO R, N LGOSHVOULO TOL YLVOUEVO. GLLVYWY GTOLYEIWY TOL
R*L.

Optopdg 9.3.2. 'Eotw G opdda. Aépe 6t 1 G éyel mopbotaoy (X|R) av G = F(X)/{(R)).
To X eivow 0 0OvoA0 YeEWNTOHPWY Xoil TO R TO0 0OVOAO TwV OYECEWY.

Anradi, ov X éva ouvvoro moaipvovpe to F(X) xar yioo R C F(X), opilovpe (X|R) =
FOX)/((R)).

H G Aéyetor memepaopéva Topayopeyy, av to cOvora X xot R elvol memepaouéva.
Npdraoyn 9.3.3. Kabe ouada G éxet wa napaotooy.
AmodeEn. 'Eotw X odvoro yevwntépwy g G. 'Eotw Xy = {(z,0) : x € X} xaw F(Xo) 7
eAeblepn opdda el Tov X -0t ovoia X = X, opod (z,0) — .

ATé ™V xovovixn cuvOUN Ty eAebEPWY OpASwY N amewxévian ¢ ¢ Xg = X — G pe
(z,0) — & emexteivetan oe opouwop@Lowéd ¢ : F(X,) — G.

EmumtAéov, o ¢ eivar erti, yoti ¢(Xo) = X o abvoro yewntépwy ¢ G. ‘Etot,

G ~ F(X,)/ker ¢

T R = ker ¢, éyovpe 6t G = (X|R). O
Bzdpnpo 9.3.2 (Von Duck). Eotw G = (X|R) xow H uo dAdy oudda. Kdabe ameixdvion

¢ : X = H téroia dote ¢(r) = 1 yioe xébe r € R, umopel va emextabel oc ououoppiouc
(;NS :G— H.

ArtddeEn. H xovovixn ouvifixn twy eAebiepwy opdadwy pog divel opopopplopd ¢ : F(X) —
H Tov emextelvel ™y ¢.

Epdoov ¢(r) = 1 yiae xébe r € R, éxovpe 6t ((R)) C ker ¢, xow €ToL ETEAYETOL OUORLOQPL-
opos ¢ : G =F(X)/{(R)) — H. O
Hapadsiypota 9.3.1. () Eoxola BAémovye 6t Z,, = {x|2" = 1) = Z/nZ.

(ii) "Eyovpe 61t pra mopdotoon g 2" eivoe v
(@1, @2, ..., x| [@i, ] =1, Vi, j)
Mpdypoatt, éotw F = F(&, 4, ..., 2,) N eAeO0epn opdda enti tov {27, o, ..., 2, } xou
N = <<[xi7xj]7 Za]>>
Apxeil va deiEovpe 6t F/N ~ 7.
ATt6 To TponYobuEVO Bepnua, Exovpe ETULULOPOLOWS ¢ : FI/N — 7", pe ¢(z;) = x;.

Egdéoov ot yevwntopeg #; N g F/N petatibevton, yiatl [T;, £;] € N, n opddo F/N
elvor offeAtovn.

‘Eotw g € F/N pe ¢(g) = 1. Tote,
g=a1"'Naix®>N ---2,°" N
= flslf252 e .T_nE"N
Ay ¢(g) =1, t6te 011 ax%2 -2, =1 € 2", Gpo e =g =+ =g, =0 xot g = 1.

Anhodn ker ¢ = 1 xow 1 ¢ elvo Loopop@Lopos.
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(i) Toyver 6T
Ty X Ty = {a, Bla®> = b* =1, [a, B] = 1)
Hpdypart, éotw F = F(a,) xow N = {(a?, 82, [a, B])) < F.
Qo deikovpe 6Tt G = F /N ~ Zs X Zs.
Amé to Oedpnpa Van Duck €yovpe emipop@Lopd ¢ : G — Zo — Zs.

H G etvow aeiiovy, yroti ot yevwritopec aN xot SN petottBévtor xon xébe yevwrtopog
etvow TédEewe 2, oot a2, 3% € N.

"Emetat 6Tt v G €xet o oA 4 ororyeio. Opwe, 1 ¢ : G — Zo X Zg eivan emtl, dpa |G| = 4
xot ker ¢ = 1.

(IV) Ay G1 = <X1|R1> ol G2 = <X2|R2>, ToTE Gl * G2 = <X1 [ XQ‘Rl L R2>
(v) Ioyver 6t

D, = (o, Bla* =1," = 1,07 fa=571)
(vi) H dmelpon dtedpixh; Do = Isom(). Xdbnxe otn Stadpopr.

Afupo 9.3.1 (Ping-Pong). Eotw G o oudda, n orolo Spa oe éva abvoio M. Eotw Hy
xot Hy 600 vroouadeg tnc G ue |Hi| > 3 xaw |Ha| > 2 xou éotw H n vroouada tqs G
mov mapayetar ano T Hy xar Hs.

Yrobérovue ot vapyovy dV0 un-xeve vroovvoia S1 xot Sy Tov M Erotl dote :
(i) Sy € Sy,
(i) oSy C Sy yia xdébe o € Hy, xou
(ii) BSy C Sy yix xabe B € Ho.
Tote, n H elvouw 10 €AedOep0 ywvouevo twy Hy xat Ha, oniodn
(H1,Hy) = Hy * Hy

AmodeEn. Apxel vo deibovyue 6t x&be avnypévn AéEn otig Hy xon Ha eivor Sloopetixy
omo 1.
Araxplvovpe TEPLTTWOELS:
e Ay
w=aifrazfz - anfnomil
o6mouv «; € Hi\{1} xou §; € Hy\{1}, t6te

wSs = a1 frasfa - - anBp any152
——

€S,
C a1franfs - fBnSt
c S

E@dooy Sy € S, 10 w dpo un-tetoLtupéve xot étot w # 1.
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° Av
w = Pra1fraz - BnonBnt1
omov «; € Hi\{1} xou B; € Ho\{1}.
‘Eotw a € Hi\{1}. Anté ™V Tponyoduevn Tepintwan ovpe 0T

lwa = a ™t Braifeas - Buon friia

21

o~

X0l OLYETIOG w # 1.

e Ay
w=oafrazfs - anfp

o6mouv «; € Hi\{1} xou B; € Ho\{1}, t6te mtawvovtag a € Hi\{1,, a1} éxovpe
a lwa=a "l fiazfs - anfha
xo omd TNV TEWTN TEPITTWoN o twa # 1, omdte w # 1.
Opolwg, w # 1, av w = Brag Baa - - - Bray.

O

1 2 1
Mopadestypo 9.3.1. Ov wivoaxeg A = (0 1> xow B = (

0 , .
5 1 Topayovy pLoe eAedlepn

opédo dréotoong 2 oty SLa(Z).
Mpéypat, éotw

KoL

‘Eotw, emtmtAéoy

s~ {(0) exra-u]
o= { () ex <l

Tote, Sy € S1, o eivor Eéva uetokd toug. Eniong, H1S2 C S1 xow HaSp C Ss.

XolL

Botw <”"”> € So, ST, |z| > |y|. Tore,
Yy

1 2k 2k
x _ T + 2Ky €S,
0 1 Yy Yy
2ky + x| > |2ky| — ||

> 2[y| — |y
= |y

Mpdyport,

Opolwe, amodetxvdeton 6t HoS1 C S
‘Etot,
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9.4 Todoenpo Cayley

Optopog 9.4.1. ‘Eotw G pror Temepaopévo. TapoyOLeyy] opada oL S = {s1,82,..., 8, éva

TETEPOOXEVO OVOVOAO YEWNTOPWY TNG G.

To yodonuo Cayley, I'(G, S), tng G wg mpog T0 advoro yevwntépwy S opiletor wg ekxg:

To abvoro xopve®Vy eivol To ototyeion g opddog G. o xdbe g € G xaw xébe s € S

LTEEYEL WLt YewUeTEL (] BeTinn) oxp amd To g 0To gs, xow N AVTLETEOPN TNS.

Abo xopvEéc g xon h cuvdéovton Pe pLor o ovy g th € SEL,

loyvovy ta eExg:

E@doov 10 S mapdyet v G, 10 T'(G, S) eivar cuvexTixd.

To I'(G, S) TepLéxel xOUADUOTO TNG LOPPNS Q 1 ﬁ aw SNS~ 0.

A6 xébe xopvE”N “PULTEWYOLY” 2N OXUES, EX TWY OTOLWY OL N PEVYOLY XL OL GAAEG 1
EpyovToL.

To I'(G, S) yivetow petpixdg xwEog wg eENg:

Kabe axpn éxel unxog 1.

H anéotoorn 800 x0pu@y elval To EAGLOTO UNXOS TWVY LOVOTIOTLHY TTOL TLG CLUVIEOLY,

ds(g,h) = |lg”'h|| =min{n: g7 h = 551552 ... 557, si; € S,e5 € {£1}}

11 2 in
H @uown 8pdon g G oto I'(G, 5), pe g : x — gh, elvow Spdom pe Loopetpiec.
EmumAéov, 1 Spdom elvar eAedbepn kot petofortixy oTlg XOPLEEC.

To yodenuo TmAixo I'(G, S) /G amoteleiton amd pioe x0pLEN xoL 1 OUES, Lo Yo xGOE
Yevvnropo. Anhad, To Ypdonuo TnAixo eivor

Hapadeiypota 9.4.1. (i) 'Eotw G = (Z,+) xow S = {1}. Tére, to ypdonuo Cayley g G

elvat to
SO0 1 2

(ii) 'Eotw G =Z @ Z xow S = {(1,0),(0,1)}. Tote, to ypdpnuo Cayley tng G eivar to
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(iii) "Eotw G = F(a,b), eredbepn opdda eni tov {a,b}. Tote, T0 Ypbonua Cayley g G

elvor to N
o
AT
s
<
o

Mpéraoy 9.4.1. 'Eotw G ouada. Tore, to T'(G,S) evar 6évtpo avy n G elvar eAcbbepn ue
Paon to S.

Anddeiln. 'Eotw p = ejes - - e, éva xAelatéd povondtt (ywpic moiwdpouioec) oto I'(G,.S)
EAGYLOTOL UTx0LG, dNASY p XOXAWU.O.

Xwplc BAGSN Tng YevixdTnTog pmopodue va vtobéoovue GTL M oy xoiL To TEAOG Tou p elvat
7o 1.
E@doov ot xopvég 1 xor g1 ouvdéovtor ato I'(G, S) pe uto oxpn, éxovpe 6t g = si* €

SEL T tov (310 A6Y0 g7 Lgo = 552 € S*L, xou étot gp = AL

Tevixérepa, g; 'giv1 = i, ométe

_ LE1.E Eit1 €j +1
g1 =81'83" 841, 57 €8
Qo gyovpe, AoLToy,
1 =gy, =s57"s5%--s7", s, € S,¢e; € {£1} (A)

xo avtiotpo@a xé0s (avnypévn) AéEn fon e 1 Stvel xAetoté povordtt oto [(G, S).
E@doov to p éxet emtheyel pue eAdytoto pixog, N AEEN (A) elvor avnypévn.
‘Etot, to I'(G, 5) elvon 3évtpo avv 1o I'(G, S) Sev éxel xuxAdpoato avy xdbe avnypévy
AEEN oTo S elvar dLdpopn tov 1 avy v G elvar ehedbepn pe Baon to S. O

Méptopa 9.4.1. Miax eAcbbepn ouadoa Spa elebbcspa entl evog SGEvToOoUL.
Amddekn. Av G = F(S), téte 1 G dpa ehebbepo oo dévtpo I'(G, S). O
MéAtota, LoyleL xot To ovTLoTEOPO:

Bzopnpo 9.4.1. M oudda eivar eAebbepn avy Spa eldebbepa ("ywols avtiotpopés™) enl
evog 8évTpou.

Ozwpnuo 9.4.2 (Nielsen-Schreier). (1) Kdfe vroouddoa £Aebbepns ouddac eivor eled-
Oeom.
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@ii)

Av n G elvar eAblepy ouada dwaotaons k xow H vrmoouddo tng G memepocuéyou
delxtn n, 1ote 1 H eivow eAebbepn Saotaons n(k —1) + 1.

Xyédo anddetng. (i) 'Eotw F ehedbepn o H C F.

(ii)

‘Eotw X ypaenuo pe n(X, ) = F.

Bewpodyue Tov XWEOo emixdAvPng Xy mov aviiotolyel oty vooudda H, p: Xy — X
™V TEoPoAn emixdAvPng %o pi (T (X, ~*)) = H. Apa, epdoov 1 p, eivow 1-1, H =
T ( Xy, ~").

Opwg, to X elvor ypdonua, doo n 71 (Xg,~*) elvor ehedbepn, xow étor n H eivon
eAedbepn.

‘Eotw X To

2

Téte, m1(X,~) ~ G = Fi. Oewpodpe t0v X0 emtxdivdrng Xy mov ovtotolyel oty
vmoopadoa H xow pg : Xg — X v avtiotolyn TpooAn.

E@doov [G : H] = n, x&be viua g p (dnhadh p~1(z)) éxer n otoryeio.

Yuventddg, T0 X elvol YOAQNUO LE 1 XOPLPES xo nk axpéc. Apa,

rank(H) = rank(m (Xg, -))
= #oxpY OV SEV OWVNXOLY OE PEYLGTO JEVTPOL
= nk — (#oxpdy eviog péytatov 3évtpov)
=nk—(n—-1)
=nk—1)+1

9.5 Aoxnostg

1.

2.

Mo affediov) opddo eivar TpoBoAuxy avy eival eAedbepn afeAtav.

Av 1 G elvan ehedbepn afelovy) didotaong n, T0te G dev umopel va apaybel amd

m atotxelo, émov m < n.

. 'Botw F ehebbepyn afehiovn opdda memepaouévng dtaotaong n < oo xor H < F. Téte,

n F/H eivaw nenepoaopévn avy rank(F) = rank(H).

. Av G eAebbepm afeiiav Temepaouévng Staotoong xot ¢ : G — H emiuop@Llopds, téte

rank(G) = rank(H) + rank(ker ¢).

. 'Eotw F eAedbepn afehavy) Sidotaong n. AmodeiEte 61t Aut(F) ~ GL,(Z).

. Ay G = G, now G, = EHQ[; Yo x6Be o, téte M G elvor To eAedbepo yvdéuevo GAwy
[0

Twv H,g, T0 0Tolo eAeVBeEO YLVOUEVO OVOUALETOL ETLAETTUVGY] TOL XOYLXOD.
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7.

8.

10.

11.

12.

13.

14.

15.

16.

17.

Av G = G, xav 1 < H, < G4 oo xabe «, toTtE 1 LIOOK.&SO TG G TTOL TTOLPALYETOL

omé g H, elvar to ehedbepo yvopevo twv H,, SnAadn «Hy = (Hy : ).

(1) (Kabohuwxn 1dtétntar Tov evbéwg abpoiopatog) Eotw G afehovy opdda xot G,

a € J, owoyévela vmoopddwy g G. Av G = P G, td1te Yoo xdbe ofehavy
aeJ
opédo H xo x&be oLxoyévelo OpopoppLopey ¢, : G, — H, vTapyel povadixdc

opopop@Lopde ¢ : G — H mov emexteivel Tic ¢o (] ¢ 0in = ¢a).
(i) Av G = %G, now G’ 1 Tapdywyog voopdda ¢ G, 6t G/G' = P G, /G,
[Y763etEn: H G/G’ weawvomotel v xoBoluxy tdidtnta tou evbéwg abpoioportog.]

Ay G, # 1 io x6be a € J, 6mov |J| > 2, t6te Z(*xG,) = 1.

Av G = aé]G“ pe Go # 1 yio »ébe a xat |J| > 2, téte 1 G meptéyel otoryeio ameipov
TGENS.

Idtontépws, n G elvor &metpn oudda.

Kdbe otouxeio memepaopévng takng o éva eAedbepo yivduevo zGa, elvar ovluyég pe
oTolyelo evég elebiepov TapdyovToL.

Idtontépws, av xé&be G, elvor eAsvbépa oTEédng, TéTe 7 zGa elvat eAevbépo oTpédng.

H eAebbepyn oudda didotaorg 2, Fr, meptéxel ehevbepyn vmoopdda dibotaong k, yro
xafe puoxo k.

H F, mepiéyer eAebepn voopddo ameipov TdENG.

Kabe memepaopéva mopoyduevn ehedbepn opddo elval Z-yoouutxy, dnAody] epeuTe)-
etow oty GL,(Z).

Ay N <G xar q G/N eivon ehedbepy, téte vTdpyeL vroopédo H g G pe G = HN
xoo HNN =1.

"Eotw F' ehetbepn opdda xow H < F vroopddo memepaouévon deixtn. Av K < F pe

K#1,t6te KNH #1.

Kdbe memepaopéva mopaydueyn eAedbepn opddo €xel memepaouévy SLAOTOO.
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Kepdioto 10
AmAég Opbdideg

"Exovtag Topotnoet, OYETIXE oOVTOUN, TNV LOEX Vo xaTovorioovle xabe opdda, Tpoomo-
folpe vou YELPLOTOVUE TIG TTETEPUOUEVES ATIAEG OUASES, 1] XOAVTEQR, VO OTTOVTNOOVUE OTO
EQWTNUOL: YLOL TTOLEG TAEELS LTTAPYOVY OTTAEG OULADES KOl TTOLEC ELVOL OUTES OL OUADES OTAY
vTtaEyovy; H amdvtnon 6to epTnuo avTd ATa, (awe, To XVPELOTEPO LEANLOL YLOL GOVG 0LOYO-
Aovvtaw pe ) Oewpio Opddwy xat thpa 860nxe. H mAnpng TtaEtvéunon Eepedyel amd touvg
OXOTIOVG TWY TAPOVTWY ONUELDOEWY, OAA& UTTOPEL Vou YIVEL ULor opyN.

Av xdmoLog emixevtpwlel 0T0 LEPOC TOL TTPOPRANLOTOG TTOL PWTAEL YLOL TTOLEG TAEELS OEV
VTTAPYOLY OTTAEG OUADES, TOTE PTOPOVUE Vo DewpNoovpe GTL EXOVIE XAVEL Lor oELOTTPET
opyn: o amoxAeloovpe dmetpeg Tboavég TéEelg. AuTo, BERona, aprvel dmeLpeg oxdu TAEELS
vo eheyybody, oAAG elval TOAD xoAbTEPR aTté TO Vo amoxAsioue TETEPAOUEVES TO TTAN00G
TaEeLc.

Kdémrorog pmopel, Baotpa, va oavopwtniel yioti TaELvopodpe ovo TG TETEQOGUEVES OG-
dec. AuTo yiveTtow eTteldn av YVwEILope OAEG TLG ATTAEG TTETEPATLEVES OULADEG XL OV UTTOPOV-
oo vor AOOOLUE TO TTPOBANUO TG ETEXTUOTNG YL TTETEPAUOUEVES OUEdES, TOTE Hox Yvwpilaype
OAeg Tig TteMEPUOUEVES OpadeS. Voo SUO%OAY %L oy PalveTol aLTY 7 TTEOOCEYYLOT, (Vo TTOAD
ELXOAGTEPY] OO TNV TPOTEYYLOT TAEN-TTPOG-TAEN,.

10.1 H AzmAdtnro g A,

Oa amodelEovpe Tt N A, elvor oA yra xébe n > 5. H Ay Sev elvon amAy, yrortl mepLéyet
%xovovLxy vooudda, v opada Klein, V.

Appo 10.1.1. H A5 evar anly.
ArodeiEn. H omddelEn yivetow oe tpla Priparta.

(i) Ono ot 3-xUxAoL eivan ovluyeic oty As.
Ay, Topadeiypatog xapty, a = (1 2 3), téte 1 TepLtt petdbeon (1 2) petatibeton pe Ty
a. E@pdoov 1 As elvar deixtov 2 otny Ss, elvort ptor xotvovixy DTTOOUASO TTEWTOL SELXTY,
dpo To « €xet (Lo TARB0g aulLYWY oty As xow oty Ss, emetdn) Cly, () < Clg, ().
(i) ‘Onow Tt yrvopevo Eévwy avtipetabéoswy eivoar oul{uyh oty As.

Av o= (12)(34), 6t 1 (1 2) petatifeton pe 10 . Epdoov n A5 eivor deixtov 2 atny
S5, T0 o €yel (Lo TANBog ovlvywy oty As xow oty Ss.
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(iii) Yrépyovv Vo ovluyeic xAdoelc 5-xOxAwy oty As, xobepio and Tic omoieg éyet 12
oToLyelo.

Yty Sy na = (12345) éxel 24 ovluyy otoryeia, xot étot 1 Clg, (o) éxet 5 ototyeia, To
omoio TpémeL va eivor duvdpetg Tov a. E@doov |Cly, ()| = 5, n Cly, (a) eivar deixty
12.

MeAetnoope OAeg Tig xAdoels ovluyiog TOL TEOXVTTOLY TNV As. APod xdbe xovovixi
vroopddo H tng As elvon évwaon xAdoewy ouluylag, 1 |H| eivar dbpotopa twv 1 xot xdmotwy
ex TV axepoiwv: 12, 12, 15 xow 20. EOxoAa, fAETovpE 6TL xovéva dbpotopa Sev elval YVIoLog
dronpétng tov 60, dpo |H| = 60 xor n As eivat oA, O

Afqppo 10.1.2. Eotw H <1 A,,, owov n > 5. Av n H mepiéyet évay 3-xOxlo, tote H = A,,.

Amodei&n. Asiyvovpe 6t ta (12 3) xouw (i j k) eivae ouluy oty A, xal dpo GAot oL 3-xOxAoL
elvor ovluyeic oty A,. Av avtol ot xOxAot dev elvar Evol, tte 0 xobévag atabepomotel
OAat Taor cOPPoAa extog Twvy {1,2,3,1, 5}, xow ot 3o xBxAoL owTol avixovy oty A*, 1y opdda
OAWY TwY TEPLTTWY UeTabEoewy og avuTd Tor 5 oOUBoA.

Ioyver A* ~ A5 xow 6mwg 7Ly, oty arddetEn tou (i) ToL TEONYOVUEYOL AAULOITOG, TOL
(123) xou (i j k) elvow ovloyn oty A*, doo xow oty A,,.

Av oL xdxAot elvor Egvol, éxovpe M1 det 6Tt o (1 2 3) elvow ouluyhg otov (3 j k) xoL o
(3 7 k) elvow ovluyng atov (i j k).

Mo xavovixy) vtoopddor H Tou TepLéyet évay 3-xO%Ao a TTRETEL va TepLéyet xébe auluyég
ToU . AQOoVL 6AoL oL 3-xUxAoL elvar ovluyeicn H mepléyel xébe 3-xOxAo. I'vwpilovpe, dpwe,
0Tl N A, TopdyeTon amtd Tovg 3-xOxAovg, dpo H = A,,. O

Afppo 10.1.3. H Ag elvou amAy).

Anodey. 'Eotw H # 1 oA vtoopddo g Ag o o € H 3idpopo tov 1. Av to o atolbde-
potoLel x4moLo i, opilovue

F={BeAs:p(i) =i}

Todpa, FF~ As xow o € HNF. ANMG HNF < F, o étot av N F elvar oA xow H N F # 1,

Tote HNF =F, dnhad F < H. Tehxd, n H wepLéyel 3-udxho, H = Ag xal TEASLOOAUE.
Mmopodpe vo vobégovpe 4Tl xovéva o € H pe a # 1 3ev otabepomotel to i, yio

1 <4 < 6. Mmopobpe va dodue, TéTe, 6Tt To v elvare (12)(3456) 7 (12 3)(456). Xt mpedTn

2 otabepomotel 10 1 -&romo. XN Sedtepyn mEPiTTWO,

TEPITTWOTN, a? € H,a? # 1 xow 10 «
t0 H meptéyet 1o a(Ba=t71), émov B = (2 3 4), xow edxora eEAeyeTon OTL 0TSO TO GTOLXELD

dev elvar TawToTd xo otabepomolel to 1 -drtomo. O
Ozdonua 10.4.1. H A, evou oAy yior xébe n > 5.

ArodeEn. ‘Eotw n > 5 xow H # 1 xavovix? voopdda g A,. Av 8 € H xow 8 # 1, téte
VTTGEYEL ¢ HE B(i) = j # i. Av a évag 3-xUxhog Tov atabepoTotel To i xow petobétel To 7,
T6te T o o B Sev petatibevron. ‘Etot, [a, 8] # 1 o [o, 8] € H. EmtnAéoy, o petabétng
Toug gfvo YVOReVo 30 3-xOxAwy (aBa~t)B7 L, omdte petabéter To TOAD €EL GUUBOAR, é0TW
i1,io,. .., ig. AV

F={yeA, vk)=k Vk#i, 1 <{<6}

t6te F ~ Ag xou afa~371 € HNF < F. E@boov 1 Ag eivow amdi, HNF = F xow F < H.
TeAwxad, n H meptéyetl 3-udxro xow H = A,,. O
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10.2 H AnAdtyra twv [Ipofoitxeny Etdixwv N'popptnody Opé-
oWV

10.3 H Toa&wvdépnon twv llewepaopévoy ATtAdy Opddny

To TANpeg Bedpnua g TaEvéunong Ba xpetaldtoy TOAD YWEO xot XEOVOo YLa vor dLortu-
Tw0el, A& xowvelg Ttaipvel pior YOOy Tov OewENLOTOg ot TNV ToEOXATW bvodT:

Ozopnpa 10.3.1. Kale nemepacudvn amdn ouado eivar toouopQyn UE:
(i) wor xvxAxy ouddo TEWGTNG TAENS, %
(i) o evalloxtins ouddor A, v xdmwoto n > 5, %
(iii) wor oAy oudda tomov Lie emd tov Fy, 7
(iv) wa ex Twy 26 omOPAdIXGY ATAGY OUASWY.
AmodeEn. Aprvetor wg Goxno. O

Ta 300 TpwTa PLEPN €xovy amodelybel, xow To TELTO ELoMybn oY TEONYOVEYVY EVHTNTA.
Ewdwixdrepa, ov opddeg PSL(n,q) eivor amAiég opddeg tomouv Lie. Optopéveg dAAeg ORAdES
TOToL Lie pmopody var XoTooKELAGTODY WG OUGASES TLYAXWY TTOU SLOTNPOVY ECWTEQLXA Y-
VOpEVA JLaPOP®Y TOTWY.

Trdpyer ptoe dAAn TPooéyytoy, mov opelAetor otov Chevalley, mouv epmAéxel dAyePpeg
Lie. Mwax dAyePpo Lie el evég avpotog F eival évog F-Stovuopatixds xweog L pe pla
amewxévion L x L — L, mov xoeltal ayxOAn Lie, tétoia wote

(i) [z,2] =0 %o
G [lw,y], 2] + [ly, 2], 2] + [z, 2, 9] = 0.

Téte, pmopel xovelc va oploel évo 3ewdeg Tng GAyePpog Lie L va elvan évag umdywpog
I tétotog hote: av i € I,x € L, téte [i,z] € I, xow Aépe étt L eivor ok av Sev €xet
yvfolo etdeg. Ov aAyefpeg Lie memepaouévrg didotaong ent tov C takivoundnxoy amd
Toug Cartan xou Killing xo elvat ot A, yen > 1, B, uen > 2, C, uen >3, D, pen >4,
EG, E7, Eg, F4 nolL GQ.

AvTtég dev dlvouy Queoo TETEQOUOUEVES ATTAEC OUADES, AANA UTTOPEL Xavelg vor SLoAEEEL
pLoe "xoA” Baon yior ploe oAy uryodien aayeBpa Lie xow petd va Oewpnoet v dAyePpa
L(q) exi wov F, mov Sivetan amd v Fy—0vxn avtig g Pdons. Tote, n Aut(L(q)) €xet évay
UN XUXAXO TTOEAYOVTO SLAOTTOONG, UL OTTAY TIETTEQPUOUEYT OUASOL.

‘Eyovpe 6t A, (q) =~ PSL(n +1,q), Bn(q) = PQopt1(q), Cnlq) = PSpan(q) xow Di(q) =
PQs,(q), xow opadeg mov oyetifovrton pe tg E, F ko G tomov. Avtég ovopdlovtor opnddeg
Chevalley.

Avtég dev elvar OAeg o amAéc opddeg TOTOL Lie: ou vTOAOLTEG HATAUOKELALOVTAL WG
vToouAdES OTADEPWY ONUELWY XATW ATTO CLYXEXPLULEVOUS AUTOUOPPLOLOVE TWY TTOROTIOV®
opédwy. Autég Aéyovton twisted opddeg xon pall pe tig opddeg Chevalley amoteAodv Tig
oTAéG opddeg ToToL Lie.

O1 26 omopadixég ouddeg eival:

® OL Op.é(8€g Mathieu, M1, Mo, Moo, Mos noit Moy,
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® oL opddeg Janko, Jy, Jo, J3 xow Jy,

ot ouédeg Conway, Coy, Coz xo Cos,
e oL opddeg Fischer, Fligs, Fliog xott Fioy,
* 7 opdda Highman-Sims, HS,

* 71 opddo McLaughlin, McL,

e 7 opédo Held, He,

e 1 opdda Rudvalis, Ru,

e 1 omopadixn opddo Suzuki, Suz,

1 opdda O’Nan, O'N,

7 opéda Harada-Norton, HN,

7 opdda Lyons, Ly,

N opéSo Thompson, Th,

7 opdda Baby Monster, B xow
* 1 oudda Fischer-Griess Monster, M.

H opédo My elvon 1 pixpdtepy omopadixy opdda, pe TéEn 7920, xor v opddo M, v peya-
AOTEQT, UE TAEN

808017424794512875886459904961710757005754368000000000

OL TeETEPAOUEVES ATTAEC OUADES €XOVY OXOUY TTOAAG VO LOG TTOVY, ELBLXA OGOV apoEd. T De-
WELOL VOTTOPOOTATEWY TOVG. H UEAETN TV TTETMEPATUEVWY ATTAWY OUAS WY, YLOL XOVEVOL AGYO,
Oev €XelL TEAELWOEL, XOL N UEAETY] TWV TETEPATUEVWLY OUAdwY, alyovpa, 3ev €yel TEAELWOEL.
H peAétn toug, duwg, 08edel mpog éva TEAOG.
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Boowéc "Evvoleg

1. AmodeiEte 6t av H, K < G pe [G: Hl=m xow [G: K] =n, téte [G: HN K] >
exnt(m,n). EmnAéoy, éxovpe tadtnta av oL m xot n glvot mTpwToL LeTaEd Toug.

Aboy. Tvwpilovpe 6t
[G:HNK]=[|G: H|[H: HNK]
xow
[G:HNK]=[G: K|[K:HNK]
Yovveng, [G 1 HN K| >exwt(m,n).
Apod [G: K|[K: HNK|=[G: HNK| =[G : H|[H : HN K], éovpe 6T

G K¢ HH Bk 222 6 K)|[H:HNK] = [G: K] < |[H: HNK]

‘Eotw
¢o:H/HNK - G/K, h(HNK)— hK

H ¢ eivow xoA& optopévn: Av hi(HNK) = ho(H N K), téte hy 'hy € HNK = hy'hy €
K= hK=hnhK.

1-1: Ay MK = hoK, t61e hy 'hy € K xow hy'hy € H = hy'hy e HNK = h(HNK) =
he(H N K). Zovenwyg, [H : HN K] < [G : K], dpo

[G:HNK|=[G:H|H: HNK]=[G: H||G: K] =mn

O

2. AmodeiEte 6T av oL Hy, ..., H, elvon vtoop.ddeg g G memepaopévon deixty), TOTE xou
n n

N Topn Tovg eival TeTEpaopévou deixtn oty G xon [G: () H;] < []1G : Hy.
i=1 i=1

Abon. Av n = 2, Oa deiEovpe 6t [G 1 H1 N Hy] < [G : Hi][G : Hs]. Epboov [G :
Hy N Hy] =[G : Hy|[Hy : Hy N Hs| opxel vo deikovpe 6w [Hy : Hy N Hy] < [G : Hy).
‘Omwg xaw oty Aoxnon 1 o ¢ : h(HiNHz) — hHy eivon 1-1, oo [Hy : H1NHs| < [G : Ha).

To {nroduevo émetol pe eETAyYwYN GTO N. O

3. 'Eotw K memepoaopévn xuxAxy voopdda tng G xou K <1G. AeiEte 6Tt xdbe vmoopdda
g K elvor xavovixn oty G.
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Abon. 'Eotw K = (k), yia xamowo k € K xow H < K. Téte, vnapyet h € N dote

H = (k™). A6 v vrébeon, K <1 G, oo gkg™! € K = gkg™' = k*, yio x&moto A € N.

‘Eotw, topa, € H. To x ypdpeton = = (KM)4, yi x&moro d € N. Tére,
grg~t = g(")'g™" = (gkg™ )" = (M) = (") e H
Anhadn, H < G. O

’

. 'Eotw N<G, g € G xaw |G/N| =n < oco. Yobétovpe 6t (m,n) = 1 xow g™ € N. Aeikte
6ot g € N.

Abon. AoV |G/N| = n, éxovue étL g"N = N xou dpa g" € N. EmmAéov, (m,n) =1,
apo vtaEyoLvy x,y € Z pe 1 = ma + ny. Tote,

g=g'=gmTt = g"g™ = (g™)"(¢")Y € N
0

. Eotw G opdda xar Z(G) = {a € G : ag = ga v %&b g € G} 10 ®évrpo g G.
Amodeikte 4tu
() H Z(G) eivon offehiovi, xavovixi vroopdda g G.
(ii) Kdbe vroopdda tov xévtpov eivar xovovixh oty G.
(iii) Av n G dev eivor afeiov, t6te  G/Z(G) dev eivor xOXMXA.
(iv) Av K <G xau |K| =2, t6te K < Z(G).
V) Av ¢ : G — G; empoperopic xow H < Z(G), tote ¢(H) < Z(G).
(vi) Av K <G, tote 7 Z(CE)O)K elvat Labpope pe vroopdda g Z(G/K).

Aboy. () H Z(G) eivon mpopoveg afehovy). 'Eotw a,b € Z(G), g € G. Tore,
(ab)g = (ag)b = g(ab) = ab € Z(G)

xol

Anmradn Z(G) < G.
Térog, gag~! = agg~' = a € Z(Q), dpa Z(G) <1 G.

(ii) ‘Eotw H < Z(G). Téte H < G xow av g € G, h € h, éyovpe ghg™t = hgg ! = h €
H= HxG.

(iii) ‘Eotw 61t 1 G/Z(G) ewor xuxhxi. Tote G/Z(G) = (aZ(Q)), yio xdmoto a €
G. 'Eotw g1,92 € G. Téte vmdpyovy ki, ks € Z : ¢1Z(G) = a"* Z(G), 92 Z(G) =
a*? Z(@G). Apa, vTGEYOLY 21,2 € Z(G) : g1 = aF 21, g2 = a2 2.
Tote
gi192 = ak zlak%g = aklak22122 = akQaklzle = a* 22ak1Z1 = gog1

Anhadn n G eivor ofeAiov.
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(iv) ‘Eyovpe 6 K = {l,k},k € G now K < G. Av g € G, t6te gkg™! € K, dpa
W) 1g € H = 1g, € ¢(H) = ¢(H) # 0. 'Eotw a,b € ¢(H). H ¢ eivonr eni, dpa
VTAEYOLY hy, hy € H Wote a = ¢(hy) xaw b = ¢(hs). Tore,

ab™" = ¢(h1)¢(hy ') = p(hahy ') € ¢(H)
KoL
ab = ¢(h1)p(h2) = ¢(hih2) = d(hah1) = ¢(h2)p(h1) = ba
TeAwxd, ¢(H) < Z(G1).

(vi) ‘Eotw 7 : G — G/K 0 @uoixdc empopiop.dc. Tlaipvovpe tov Teploptoid awtod,
Tl z(a)» 0t0 Z(G). 'Exovpe 6t Z(G) < G = 7(Z(G)) = im7|zq) < Z(G/K) xou
ker 7|z (@) = Z(G) N K. Zuvemag,

Z(G) Z(G)
ker7r|Z(G) N Z(G) NnK

\
1

m(2(G)) < Z2(G/K)

O

6. 'Eotw G ouddo xot g,h € G. O petabétng twy g xou h eivar to otouxeio [g,h] =
g th~lgh. H mapbywyog vrwoopada G’ opileton wg n vmoop.ddo tng G ov mopdyeTtoL
amd 6Aovg Toug petabéteg Twv oTtolyelwy . AmodeiEte 4t

) ¢ «dq.
(i) Av H <G »ow G' C H, t6te H < G.

(iii) Av H <G, téte 1 G/H eivor afediovi o xow pévo av G' < H. I8toutépwe, n G/G’
elvar afeitovi.

Aboy. Tapotnpovdpe apyxd 6t [g,h]™t = (g7 h~tgh)~t = h=lg=thg = [h, g], dnhadA
70 ovtioTpo@o evdg petabéty eivan emiong petabétng.
YoveTg, x&be otoryeio g G’ Ypdpetal wg YLVOUEVO petobeTdy.

(i) Apxet va detEovpe 6t glz,ylg~t € G'.
Hodryportt, glz.ylg™ = 74([2,y]) = [74(2), 74 ()] = [929~ ", gyg~ '] € G".
Tevixd, ov h € G', téte h = [x1, y1][x2,y2] - - - [Tk, Y] xoU
ghg™" = gler,yi] - [z, yelg ™" = gle,mlg ™ gl yolg ™"
(ii) 'Eotw H < G pe H O G' xou h € H,g € G. Téte ghg~' = ghg 'h™'h =
g7, h=]h € H xou dpa H < G.

e glog,yklgTt € G

(iii) H G/H eivow aBehov < g1HgoH = goHgnH Vg1,92 € G < g1goH = gog1 H
V91,90 € G & g7'95 192 € H Vg1,92 € G & [g1,92] € H Vg1,90 € G & G’ C
H.

O

7. () 'Eotw G opdda xor ¢ : G — G amewxdvion tétola wote ¢(g) = gL o xébe g € G.
AmodelEte 6Tl M ¢ elval OpLOPOPPLOUOS v %o LOvo av M G elvor offeAtov).
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(ii) ‘Eotw G menepoopévn opdda xou 0 : G — G owtopop@Loudc tétotog wote 02(g) =
g Yoo x60e g € G. Ymobétovpe emmAéoy 6t av g € G xaw 0(g) = g, T6te g = 1.
Amodeitte 6T 0(g) = g yroe x4 g € G %o ovvende N G eivor afeiiow.

[Yr6detEn:Aciéte 6t {a 10(a):a € G} = G.]
Abon. (i) ‘Eotw a,b € G. Tore,
a v = ¢(a)p(b) = ¢p(ab) = (ab) ™ =b'a™t = ab = ba

Apa, N G elvor offeAiov.
AvtioTpopa, av 1 G elvor offeAtovn,

p(ab) = (ab)™' = (ba) ™' =a b = ¢(a)o(b)

Anhodv), 0 ¢ elvor ouopoPELOG.
(i) ‘Eotw
K=1{a"'9):acG}
[popavec K C G. 'Eotw, thpa, a,b € G pe at0(a) = b=10(b). Téte 0(a)f(b~1) =
ab=' = 0(ab ) =ab ! = ab ! =1 = a=0b, dnad |K| = |G].
Yoverwe, K = G.
"Eotw g € G. T'vwpilovpe 6t vdpyet a € G pe g = a=0(a) xow oo g~4 = O(a"1)a.
Tére
0(g) = 0(a=")0%(a) = 0(a”Na=g"

O

8. Ymobétovpe 6t N G elvor pLo TeETEPUOUEYT Opddo pe Ty tSLoTTe (ab)™ = a™b™ Yo
%60e a,b € G, 6mov n otabepdg onéporog peyardtepog tou 1. ‘Eotw G, = {a € G :
a™ =1} xow G™ = {g" : g € G}. Amodeikte 61t oL G, xow G™ €ivo xOVOVLRES VTTOOUADES
g G xon 6t |G| =[G : Gp)].

Aboyn. 'Eotw f: G — G,g — ¢g". AT6 ™y vndbeon, f(ab) = (ab)™ = a™b™ = f(a)f(b),
oo o f elvor opopopeLopds. Hpopavag, ker f = G, <G, im f = G™ < G xou

G/Gp ~G" = |G"| =[G : G,
Térog, av a € G", g € G, T6te a = h"”, YL x&moto h € G o
gag~' =gh"g~t = (ghg™")" =g"h" (g )" € G"
oo G" <4 G. O

9. 'Eotw G memepoopévn opddo xoat K xovovixy vroopdda g G pe (K|, [G : K]) = 1.
AeiEte 6t v K eivon 1 povodixy) viroopdda g G téEng | K.

Abon. 'Eotw H < G pe |H| = |K|. Oewpobue tov Quotxd emipopplopd m: G — G/ K
xot peAeTépe Ty ewdva w(H).

o ©(H) < G/K = |x(H)|[|G/K| = [G : K]

112



KE®AAAIO 10. AIIAEY OMAAEXY

. |7r(H)|‘|H\ = |K|, ytati av ¢ : G — G opopoppLopide, t6te amd 1o 1o Oedonuo
IoopoppLopy G/ ker f ~im f = ¢(G) = |G| = | ker f| - |6(G)|.

Apo to |w(H)| elvor xowog dronpétng twv [G : K| xat |K|. Apob ([G : K], |K|) =1
éneton 6t |m(H)| = 1 xow ovvendg m(H) = 1g k. Avtéd onpaiver 61t H C kerm = K

xo dpo H = K opod |H| = |K]. O

10. ‘Eotw F owpa xot G memepoaopévy oudda. ActEte 6t v G elvol LoGLOPEY PE LTTOOUAS
™G YEVXNG Yoouuxig opddag G L, (F), yio xdmoto n < |G].

[Yr6SelEn: Oswpriote Stovvopotixd xwpeo enti Tov F Stactdosws |G|.]

11. 'Eotw G memepoouévo TopoyOUevn ouado xol S TETEQACUEVO GUVOAO YEVWNTOPWY
™ G. Opilovpe || - ||ls : G — [0,4+00) wg €Efg: ||lglls = 0 xou vt 1g # g € G,
lglls =min{n e N: g =s!---si" 6mov s;, € SUS™! xouw ¢; € {-1,1}}.

(i) AmodeiEre 61t N opddo G pe v ouvbpton ds(g, h) = ||g~ 1 h|ls yivetor petpLxdg
XDOOS.

(ii) ArodeiEte 61t xdbe meTEQOOUEVOL TTOPAYOUEYT] OUASaL ERPUTEVETOL GTNY OUADOL
LOOUETPLHY EVOG UETOLXOD YWOEOV.

Abon. () di Av g = h, t6te ds(g,h) = |l¢g7tglls = |llclls = 0. Avtiotpopa, av
ds(g,h) =0, 16t |¢g  hlls =0= g 'h=1g=h=g.
ds 'Eotw ds(g,h) = n. Téte ds(h,g) < n. Av ds(h,g) = m < n, 6t h™lg =
sileosim =gt h =8, 55" = n=dg(g, h) < m -dromo.
d3 Av |lg7 klls = n, |k hl|s = m, tote g7k = s} - s5m wow kTR = 85085,

xow oo g~ h =g kT h = 7l - sinsSl - s Bovend, (g7 hlls > ntm =

n J1
g~ klls + K A]s.
(ii) Opitovpe ¢ : G — Isom(G), pe g = ¢4, 6mOL ¢4(x) = gx Vo € G. H ¢(G) €

Sym(G) xou [|¢; " (2)dy(y)lls = [(92) ' gylls = lz7 g7 gylls = [lz™ ylls yroe xcibe
z,y €G

O
12. 'Eotw G opada, H < G xow K <1 G. Av N < H, t6te NK < HK.

Abon. 'Eotw hk € HK,mk; € MK. Téte

hkmkl(hk)fl
= hkmk k= h™1
=hmm Ykmk k" h!
S————
€K €K

= hmh *hm Ykmk k" 'h e MK
N—_——
eM cK

O

13. Mioe vroopddo H prog opddog G Aéyeton yopoxrtnototixy oty G, cupBoiilovpe pe
H<G, ov ¢(H) < H vy xébe ¢ € Aut(G). AmodeiEte ot
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14.

(i) Av H <G, 167e ¢(H) = H oo x6be ¢ € Aut(G).
(ii) Kdbe yopoxtnmplotiny vmoopdda eivor xovovix.

(iii) Xe avtibeomn e Tig XaVOVLKES DTTOOUADES, OTLC XOPAXTNELOTIXEC DTTOOUESES LoYVEL
7 petoBatixétnre, Snaad av H I N xow N 4G, t6te H 4G

(iv) Ay N K xow K <G, t61e N < G.
(v) Kébe vroopddo prog xuxhixig ouddog eivat YopoxTtnoLotixy.
vi) Z(G) 4G xo G' <G.

(vil) Y7dpyovy opddeg Yot TLg OTOLEG 1) XAAGY] TWV YOPOXTNPLOTIXWY DTTOOUASWY Eivort
YYnolwg ptxpdTteEn omtd TNY XAAGN TWVY XOVOVLXKDY LTTOOUAIWV.

Abon. (i) ‘Eyovpe 6nt ¢y € Aut(H), dpa |H| = |¢p(H)| xow ¢(H) C H, dnhadA
¢(H) = H.

(ii) ‘Eotw g € G. Apob 1, € Aut(G), 74(H) = H, dpo H <1 G.

(iii) Av ¢ € Aut(G), t6te 0 0 = ¢|n € Aut(N). Apa ¢(H) = ¢|n(H) = o(H) = H.
Yoverwe, H JG.

(iv) ‘Eyovpe 74(N) = 74|k (N) = N, dpo. N <1 G.

(V) AvG = (g9), K = (g*) < G nou ¢ € Aut(G), t6te $(K) = (6(9)*) xou [6(9)"||6(9)] =
d(K) < K. Tenxda, K 4G.

(vi) ‘Eotw ¢ avtopoppLopidc. Tote, o ¢ eivar etdixdtepa xow empop@Lolos xan Z(G) <
Z(@), dpo. otd v Aoxnon 5(v) éxovue 6t ¢(Z(G)) < Z(G). Anhady, Z(G) 4 G.

"Eotw ¢ awtopopeLopde. Tote,

¢([z,y]) = o(a™'y " ay) = o) "1 d(y) T d(2)e(y) = [6(x), $(y)] € G’

Apa ¢(G') < G' = G'4G.

(vii) 'Eotw H opéda pe [H| > 1 xow G = H x H. Opilovpe K = H x {1} <G. H K ey
elvar yopoaxtnolotixn atny G. pdypatt, o ¢ : G — G, pe (hy, ha) — (he, hy) elvor
AVTOROPPLOROG, 0ANG G(K ) N K€ # ().

O

"Eotw G memepaopéva mopoyopevy opédo xat H vroopddo tng G memEPaopévon
deintn. AelEte 6L ) H elval TETEQOGUEVA TTAOAYOUEVY.

[Yt6SetEn: "Eotw S memepaouévo oOvoro yevwwntdpwy s G xot X oOVOAO oVTLITROGM-
Ty SekLidy ouumAdxwy g H oty G. To obvoro {z;sjz; ' € H : 2,1, € X,5; € S}
Topdyet v H.]
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Apéoetg Opadwy

1. AmodeiEte 4Tl M OUADOL VTOUOPPLOUWY TNG XLXALXYG OUASHS TAENG N ELvoL LOGLOPEY
UE TNV TOANTAaOLOo TR Opédor Tov daxTtuAiov Z/nZ, dnhadh Aut(Cy,) ~ (Z/nZ)*.

[YrmédetEn: "Eva ototyeio g™ € C), givor yevwnropog g Cp, oy %ol wévo oy oL m xot n
elvor TEWTOL PETAED TOUC. ]

Aboy. ‘Eotw C, = {(g). I'vwpilovpe 6t ot yevwwftopeg tng C), givor ¢(n) to mTAR0og,
6mov ¢ M ovvaptnoy Euler.

‘Eotw
¥ Aut(Cy) — (Z/nZ)”
Aut(C,) 3 a— alg) € (Z/nZ)*
"Exovpe 6t Cp, = (a(g)), o €tol xébe o € Aut(C,,) xabopiletor TApws ad to a(g).
H 9 elvow mpopovedg opopop@Llopdc xon Etot
Yz Aut(Cp) = (Z/nZ)*
O

2. 'Botw G memepaouévo TopoyOpevy, opdda Tng Omolog Ol DTTOOUASES TETEPUOUEVOL
deixtou €yovy TeTELUEYN doun). AciEte 4Tl xdbe emipopeLopds ¢ : G — G eivor avto-
HopPLopog.

[YrédetEn: INa xdbe @uowd n Bewpnote Tig vmoopddeg Seixtov n g G %ot YEN-
olpomotiote to fedpnua g avtiotoryiog yia va amodeiEete 6Tl 0 TLENVAS TOL @
TepLéyetal oc xabe vmoopdda g G TETEPUOUEVOL JE(XTT.]

Abon. 'Eotw ¢ : G — G empoppiopos xar H < G pe [G: H| = n < oco. E@doov 1
G elvor memepaopévo TopoyOpevy, To TANBog Twy vroopddwy g G deintn n slvor
TETTEQOLOLEVO.

‘Eotw Hy, Hs,...,H, ot vtoopédec g G Seixtn n. Av K = ker ¢, t6te G/K ~ G xou
cpa N G/K éyel xor avth oxpLBoe v vToouddes Seixtn n.

Amté o Bedpnuo g Avtiototyiog, Yvwpifovpe 6Tt oL TopaTéve v vroopddes g G/ K
0o elvow o M1 /K, My /K, ..., M,/K yia xémoeg M; < G pe M; 2 K xou emttnAéoy

Apa ot My, My, ..., M, amotehody pio avoldidtatn twy Hy, Ho, ..., H,. Zuvendg, H; O
K yia xébe i =1,2,...,v xou doutépws H D K.
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Apa xabe voouddoa g G TETEPATUEVOL SEIXTY TEQLEYETOL GTOV TLETVO TNG ¢. 'Etot

Kc (| H={1}
H<G
[G:H]< o0
Yvvenwg K = {1} xow dpa 1 ¢ eivor Loopop@Lopos. O

3. 'Eotw G plo memepoaopévy opdda N omoio dpo €Tl ev6g TeTEPaOUEVOL cLYVOAOL X xoL
Fix(g) = {x € X : gz = 2} T0 obvoro Twv otabepdv onueiny Tov atotyeiov g € G.

(i) AeiEre 6T to TARB0g TwV TEOYLDY NG Bpdong eivar (oo pe \Tl;| >~ | Fix(g)].
geG

[Y763etEn: Ymohoyiote to TAR00g Twy Levywv (g, x), 6oL g = x pe dVo TPOTOLE. ]

(ii) Av 7 dpdon eivar petoBotind o | X| > 1, téte vGEyeL otoeio g G Tov dev
otabepomoLel xavéva atolyeio Tov X.

Aboy. () ‘Botw A= {(g,z) € G x X : gv = x} o n T0 TAN00G TWY TWV TEOYLOY TNG

dpdong.

Ytabepomotobue g € G xon éxovpe 6t gr = = < z € Fix(g). Apa |[A] = Y | Fix(g)|.
e

Twpa otabepomotodpe = € X xow éyovpe gr = ¢ & g € G,. Tuvendg |A| =

> |Gl

reX

Av T 1, T2 €lval oty (Bto TPOYLA, TOTE oL avTtioTolyeg otabepomolovoeg Gy, , G,

elva auvluyeic, dpo LoomAnOwés, |Gy, | = |Gy, Av X = O(21)UO(z2)U. . .LO(zy),

t6te [A] = Y |Go| = D 10(x)||Ga, | = D2 |G| = n|G|. Tehxd, n|G| = Y | Fix(g)
TEX i=1 i=1 gea

o dpotn = &7 2 | Fix(g)].
geG

(i) AoV m dpdom eivor petofoatixi n = 1 xau |G| = > |Fix(g)| = |Fix(1g)| +

geG
> |[Fix(g)l = |X|+ > |Fix(g)]-
9#la 9#lc

Av vrobéoovpe 6t Fix(g) # 0 yro xébe g # 1¢, téte |G| > | X|+ |G| -1 < 1 > |X|

10 omoio eivor dromo. Apa Jg € G : Fix(g) # 0.

O

4. 'BEotw G plor TETEQPUOWUEYT OUAdH TAEEWS p", OTTOL p TEWTOG, XAl X TETEQATUEVO

G-o0bvoho. Av o Tpdtog p dev drowpel to | X|, tote () Fix(g) # 0.
geG

Abon. 'Eotw = € X. IN'vwpilovue 4t |O(x)|'|G| = p", dpo |O(z)] = 1 A p* yroo xémoro
1 <k <n.’Eotw 61 Sev vmdpyet © € X pe |O(z)| = 1.

Téte p||O(z)| oo x40 x € X xow étor p| > |O(x)| = | X]| -dromo. Ymapyet, Aotmdy,

zeX
x € X pe |O(x)| = 1, dpo O(x) = {z}, dnAad" g - = = x yia x&be g € G. Tehxd,
z € () Fix(g).
geG

O

5. Av |G| = n < 00 %ot p 0 PXEOTEPOS TPWTOG SLOLPETNG TOL N, TOTE xdbe vroouddo H
™G G SelxToL P lvort xOVovVLX.
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Abon. Beswpodye v dpdor g H oto abpmioxa G/H. Eyovpe 6t |G/H| = p xow oy
\H|’|G\ YUVETHG
x60e TP TOG dronpétng q Touv |O;| elvan dtatpétng xow Tov |G| xon étot g =1 M g >p

O; elvor pLo tpoyLd g dpdorg, tote |O;| < |G/H| = p. Eniong, |0;]

ot Ty vtébean. Ouwg |O;| < p. ‘Emeton, Aoy, bt xébe tpoytd éxet 1 M p otolyeia.
EminAéov, 1 6Aeg oL TpoyLég elval LOVOGUVOAX 1] UTTAPYEL LOVO Lot LE P OTOLXELN, ooV
|G/H| = p

Mopatnoodue 6t O(H) = {H}, dnhadn 1 tpoxtéd Tov cvumAdéxov H eivar L.ovoaivolo.
Apa, amd Tor TOPOTAVL, xA&be TpoYLd givor pwovoabvoro. Aniady O(gH) = {gH} 7o
omoto onpaiver 6t hgH = gH yiow xébe g € G, h € H. loodbvapo g thg € H yio xébe
g€ G,he H xo étor H<G. O

6. Av G elvon pta opado TdEewg p™, 6TTOL P TPWTOG, TOTE N G EXEL ULAL XAVOVLXY) DTTOOUAS O
TéEewg p™ Yo x&be m < n.
[YrédetEn: Xpnotpomotnote emaywyn xot To Oedpnua g avtiototyiog oe xXTAAANAX
yvnota TAixo g G.]

Aboy. Xpnolomololpe entaywyy| €l TOL n.

Ivwptlovpe 6t Z(G) # 1. 'Etol |Z(G)| = p*, k > 0.

Ay m < k, téte | Z(G) éyeL vroopdda H téEewg p™, v omoio eivor xovovixy oty G
yviatt H C Z(G).

Av m >k, t6te |G/ Z(G)| = p" k. Ané v emarywyixh véBeon, N opdda G/ Z(G) éye
xovovixy LIooWAda téEswe P F. Amé 10 Oepnuo g AvtioTtoyiog, N TOEOTEVG
vroopdda Bo éxel ™ pwoppn H/Z(G), émov Z(G) C H < G.’Etot H <G »ou |H| =
|H/Z(G)||Z(G)| = p™~Fp* = p™. O

7. Oewpwivtog 6edouévo 6Tl M As elvor oAy, detEte 6Tl dey meptéxel vToouddeg TéEewg
15,20 7 30 (ovvemdg o avtioTpogo ToL Bewphupatog Tov Lagrange dev toyVet).

Abon. 'Eotw H C As pe [As : H = n > 1. Oewpobpe v 8pdon g As otor abpmhoxo
g H xow ty avtiotolyn avoanapdotooy p : As — S,. H A5 elvor amAy, dpo ker p = 1.
Téte A5 — Sp, dnAadi N As epputedetar oty S, xou |As|in! = 3-4-5n!l =n > 4.
Topa, ov |H| = 15, éyovpe 6t [A5 : H] = 82 = 4 -Gromo. Opolx yra [H| =20 1 30. O

8. 'Eotw G memepaopévy opdda xal H, K vroouddec g G. XPNOLULOTTOLVTOG XUTAAANAN
dpdom, deiEte 6t |HK| - |HNK| = |H| - |K]|.

Aboy. Oewpobdpe Ty dpaon ¢ G ota aplotepd obumroxo ¢ K, G/K, xal Ttov
TEPLOPLoPS awthg oty vTtoouada H. Eyovpe H ~~ G/K,h - gK = hgK.

"Eotw O(K) 1 tpoxté tov K. Tote O(K) = {h K, hoK,...,h, K}, 6m00 h; € H,i =
1,2,...,v. Dvwpilovpe 6t v = |O(K)| = [H : HN K], wog xow Staby (K) = HN K.

Ard Ty 6\, HEK = O(K) xou |HK| = Y |hiK| = v|K| = itk |K|. Tehuxd,
=1

\HK|-|HNK| =|H| |K]|. O
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9.

10.

11.

"Eotw G opéda, H < G xow Cg(H) = {g € G : hg = gh yio xé0e h € H} 71 xevtpo-

mowovoa g H oty G. AeiEte 61t Co(H) < Ng(H) o 6t t0 TnAixo Ng(H)/Cq(H)
elval toépop@o pe vroopada g Aut(H).

Abon. 1€ Cq(H) oo Ca(H) # 0. 'Eotw g1,92 € Ca(H),h € H. Téte

g1(g2h) = (91h)g2 = hg192

cpa gi1g2 € Ca(H) xow
gi th=(h"'g1) = (gh™) P =hgi' = g7t € Ca(H)

Mpopoavie, Ca(H) C Ng(H), xou étor Cq(H) < Ng(H).

OptCovpe
¢: Ng(H) — Aut(H)

Ng(H) > g~ 14 € Aut(H)

ue 74(h) = ghg™! v x40e h € H. O mophvag g ¢ eivow n Co(H). HMpdypott, z €
kerp < 7,(h) =1 Vhe Heaoha'=h Vhe Hexe COg(H).

ZUVETLG,

Ne(H)/C(H) ~ ¢(No(H)) < Aut(H)

O
Av G eivon po opdda téEewg p, émov p mpwTog, xou 1 # H 1 G, tote HN Z(G) # 1.

Abon. Bswpodye Ty dpdon g G atny vooudada H = X pe ouluylo, dnhadn gxh =
ghg™!. H 8pdon eivow xohd opropévn, yrott H <1 G. ‘Eyovpe 6t O(h) = Clg(h) C H
Yo xébe h € H.

Mo tpoyto O(h) etvor Lovosvoro oy ghg~!

= h yta xébe g € G avv hg = gh Lo xé0e
geGavw he Z(G)NH. Apo to X eivor 1 EEvy) évwaon TPOoyLWY ToL Elvot LOVOGUVOAX

%O TPOYLWY oL Jev elvat LovoaVvoAa, xau dpa |H| = |HNZ(G)|+ >,  |Clg(h)].

h:O(h)>{h}
Ay o tpoya Clg(h) ey eivor povoohvoro p‘ |Clg(h)|."Etoup > |Cla(h)|,p||H|
h:O(h)D{h}
xo Gpo p||H N Z(G)|. Tenxd |[H N Z(G)| > p xow wowtépwe H N Z(G) # 1. O

Av G plo memepaopévn opada xor H < G, téte

U gHg | <1+1G] - (G H]
geG

Abon. Tywpilovpe 6t [G : Ng(H)| eivor to TA00g Twv Staxexplévmy cL{LYWY TG
H xow |gHg | = |H|. Tére,

1UgHg ]flf\UgHg 1| <6 : Ne()](1H| - 1)

Opeos [G : Ne(H)| < [G : H]. o

]U (gHg™\{(1})| < G+ H)(H| - 1) = |G| - (G - H]
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XL TEALXE
U gt <1416~ (G H]
geG
O

12. (i) 'Eotw G memepaopévy opddo xow H < G. AciEte 6t vmdpyet otowyeio g G To
0Ttolo OEY TEPLEXETOL OTNY EVOY] TV oLLLYWY TNg H.
(i) Av 7 G eivor Temepoopévn xot OAEG OL HEYLOTLXES DTIOOUADES Tng eivat oLLLYEIC,
T6te N G elvor xOXALXY).

Avoy. (i) ‘Eotw 61t G = UGgHg_l. Tére |G| =
ge

U gHg_l’ xow o6 Ty Aoxnon 11
geG

[G:H| <1=[G:H=1=G=H

-atomo. Apo vTdpyel otolyeio g G To OTOlo dEV TEPLEXETOL OTNY EVWOY] TWV
ovluywy g H.
(ii) "Eotw M peyionxh vmoopddo g G. A 1o epdtnua (i) vrdpyeta € G\ |J gMg?.
geG
BOo deiEovpe 6Tt G = (a). 'Eotw 6t (a) < G. Téte vaPEYEL HEYLOTIXT VTTOOUAD L

K pe {a) < K < G. Ouwg K = gMg™!, yio. x&mowo g € G xow a ¢ |J gMg~!
geG
-atoro. Apo G = (a).

O

13. Av H yvfora vmoopdda Temepaopévoy delxtn o ploe opdda G, TOTE M €vwon TwV

ovluywy |J gHg ! g H mepLéyeton oty G.
e

[YtédetEn: Xponotpomotnote xTEAANA0 TETEPATUEVO TTNALXO.]

Abon. 'Eotw N = Core(H)<G. I'vwpilovpe 61t |G/N| < 00. Zuvendc, amd Ty Aoxnon
12(4)
G/N # | J 9(H/N)g™

geG

Apa., vtdpyer N tétoro Hote N & g(H/N)g~!, Vg € G. Ané 10 Oecdpnuo tg Avte-
otowyioac v € gHg™! Vg € G. O

14. "Eotw G memepaouévn opddo xot r To0 TAN00¢ Twv xAdoewy aulvylog g G.
(1) Acikre 6t |Ci(a)| > |G/G| yro xG4be a € G, 6mov G’ M TaPdYWYOS LTOOUASH TNG
G.

(ii) Av po glvor 0 puxpGTEEOg TPWTOG oL Stonpel TV TéEN g G xan rpy > |G|, TotTE
Z(G) # 1.

(iii) Av n G dev eivon afehavy, téte 7 > |Z(G)| + 1.

(iv) Av |G| = p?, 6mov p mpditog, xow n G dev eivar afeitovi, tote G = Z(G), | Z(G)| = p
xow r=p?+p—1.
[Y76detEn: Av v G/Z(G) eivor xuoxAuxn, Tte 1 G eivan afehiovi]
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15.

Abon. (i) ‘Eotw a € G. Opilovpe

(iD)

(iii)

(iv)

()

(i)

(iii)

o Clg(a) - G’

g 'ag [a,g] =a'g 'ag

Oa dctEovpe 6Tt M ¢ eivow 1-1 : ‘Botw a g~ tag = a tg' tag'. Téte g lag =
G| |G|

—lag'. A G'| > |Cl :>|7>—:>C > |G/G.

970’ how |2 [ Clato)] = ot > ol = cota) > (676

‘BEotw Z(G) = 1. K&be xAdon ovluyiog éxel uinog LeYaddTepo Tov py. Tote, amd

™Y €Elowan TwY XAGTEWY,
1+ (r—1po < |G|

ANAG p,

Gl = 1p0[|G| = o < G-

Apod n G dev eivar afehiovi, éxovpe o6t |Z(G)| < @ Ag vmobéoovpe oTL
|1Z(G)| = % Tote 1 G/ Z(G) éxer TaEN 2, dpo eival xUXAXT. ZoveTtwg 1 G elvor
oehovn -dtoro. Tote r— |Z(G)| > 1. Av r— | Z(G)| = 1, vmapyet povodixs xAdon
ovluyiog pue UNxog PeYoAdTEEO ToL 1. Apax 1 TPOYLE OLTY €XEL UNn0g > % Tére,
Opws, ol TNV €ELOWON TWV XAATEWY TTALPVYOLIE OTL 1] AVTIGTOLYT XAVOVLXOTIOLOVOO
€YeL TAEN avapeoa amtd to 1 xat to 2.

H Z(G) eivan vroopddo g G xan |G| = p?. Apa |Z(G)| = 1,p,p* % p®. A@od
N G elvor p-opddo, 10 %évtpo eiva pn tetpLupévo. Emmiéoy, av |Z(G)| = p?
w0t |G/Z(G)| = p nou étoL 1 G/Z(G) eivar xuxAwun, dpo n G glvor affeAtov.
Mpogoavag, |Z(G)| # p3. 'Exor | Z(G)| = p. Téte |G/ Z(G)| = p? xow n G/ Z(G) eivon
offertavi, oo G' C Z(G). Ta tov avtiotpoo eyxhetopd, yvwpilovpe 6t G # 1
voti G Sev eivor afehovy, dpo |G| > p. Tehxa G' = Z(G).

Av, tpa, vdpyeL g € G pe | Clg(g)| = p?, téte [Ca(g)] = p xon dpo
[Calg)l=p>p*=|G/C|

-QTOTT0. Avoryxaotind, AoLTtoy, utdpyovy | Z(G)| = p xAdoetg ouluyiog TaENg 1 xon
éotw m to mAfog xAdoceLg ovluyiog TaEng p. Téte, amd Ty eElowor Twy xAdoswy

P’ =p+mp
Tétem=p?> —1xowr=p>+p—1.

O

, £ . Z ; _ 1 1 2 .
AeiEte 6ty xdbe otabepd r n eklowon 1 = = + ... + - (el TETMEPOOUEVEG
Oetinég axépateg AOoELG Ny, ..., Ny

‘Hotw C1, ..., C, oL ¥Adoelg ovluylog ULog TETEPUOUEVTS opddasg G xoL ny, . .., N,

oL TGEELSC TWY XEVTPOTIOLOLGKY QVTWY, avtioTtowa. Asite 6t = + ...+ L =1,
ni Ny

AglEte 6TL LTTAPEYOLY TTETEPUOUEVES TO TTANDOG TETEPUOUEVES OUADES LE OxELPBWS
r xAdaoeLg auluyiog.

Aboy. () T r =1 71 uévn Ao givoe 1 ny = 1. 'Eotw, tdpa, r € N xat ny < np <

... < n, uto Ao g ekloworg.
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11 "1
[Mpémet ny < 7, yLoTl SLOLPOPETIXGL — > — %O AP E — > 1. Yvvenwg vTdEYoLY
n; T . n;
i=1
, , , ~ 1 1 1
TIETEPUOWEVES ETILAOYEG YLt TO ny. Eyovpe 1 = E — = 1-— = E - =
i .

n
i=1 1

T
ny ny (r—1)ny ni(r—1) ,
ng—1= — < — =0 -1 < —— = ny < ——. Tuven®

; n; ZZ; ) Up) ny — 1 e
XOL TO Ng €YEL TEETEPOOUEVESG ETILAOYES. YTTO0ETOLUE OTL TO M EYEL TETEQOUOUEVEG
emAOYEG YLor x6be i < k < r. Tote

T T 1 T 1
=Y —=1-) = —
n X le n;
i=1 Jj=1 i=k+1
k k k
[In;=> | Il ns
=1 =1\ s=1 T
/ Al 1
= = —
k Z "y
. 1
H N, i=k+1
m=1
k k
k ko[ K v II 7m S
=1 =1
> 1Im =2 | 1In )= 20 "5 —=< > =
n i Nk+1
j=1 =1 \ s=1 i=k+1 v i=k+1
s#£l
T k
> [T nm
=k+1 \m=1
= N1 <
k k k
[In; =23 | Il 7
Jj=1 =1 \ s=1
s#l

(ii) Tvwpilovpe 6T |G| = Z |Cyl, Gpor
i=1

(iii) "Eotw G po Temepaopévn opdda pe axpLBog r xAdoelg ovluyiog, Ttg
Clg(lg) = C1,Cs, ..., Cy
Téte |Ng(Cq)| = |G|. T'vwpilovpe 6t tar

[Na(Ch)], INa(C2)l,- -, INa(Cr )

. . . "1
elvo Adom g eklowong 1 = ; e
Ot AooeLg elvon emepaouéveg To TANbog. EmtAéyovpue, Aotmdy, avtiy TOL EpQo-
viler péytoto duvarté M € N. Téte |G| = |Ng(Ch)| < M.
ZUVETMG, LTLAPYOVY TETEPAUOUEVES TO TTANDOG TTETEPUOUEVES OUADES e axPLBWS
r xAdaoeLg avluyiog.

O
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16.

17.

18.

‘BEotw G memepaouévo mapayOopevy] ondda. AciEte 6t xdbe vmoopado g G meme-

QOLTUEVOL DELXTY TIEPLEYEL ULOL YOLPUXTNOLOTIXY LTTOOUADO TIETEPAUGLEVOL BEIXTN GTNY
G.

[Yt6SetEn: To tAR00g Twv LTOOKESWY Tng G dedopévou Seixtn v eivol TETEPUTEVO.]
Abon. 'Eotw H vmoouddo g G pe [G : H] = v. Epboov 1 G eival memepaopéva
TOPOYOUEYY] LTTEPYOLY nenspaousvsg 70 mANbog vroouddes g G delxtn v, €0Tw
Hy,H,,...,Hy. Opilovpe K = ﬂ H;. Hvomooudda K tng G eivot Temepaoevon SeixTy

1=1
xat 0o 58!.&00“5 oL glvon XO(QO(K‘L'Y]QLG’CLKY] atny G.

‘Eotw ¢ : G — G avtopopelopdc. I'vwpilovpe 61t

(G Hi] = [0(G) : o(Hi)] =[G : 9(Hy)] = v

YUVETKYG, ot LTTOOW&deg d(Hy),. .., ¢(Hy) amoteAoly pLor avadidtatn twy Hy, . .., Hy.
Apa

k k
_¢<mHi> =m¢(H)=

xat €tol N K eivor yopaxtnolotixn oty G. O

‘Eotw G =0(n) ={A € Myxn(R): A'A = 1,,} 1 opddo Twv 0p0oYWIL®Y 1 X 1 TLYAXRWY.

AmodetEte 6Tt Yo xdbe m < n n Quowy dpdon g G 0TO0 GVVOAO TWV M-OLAOTATWY
LTOXWEWY ToL R™ eivor peTaPoTiny.

[YrédetEn: "Evag mivoxog eivor opboywdviog oy xot pévo oy oL 0THAEG ToL ATToTEAOVY
opfoxavovixn Baoy tov R™.]

Abon. 'Eotw V C R™ vndéywpog tov R"™ pe dimV = m xow {v1,va,...,0m} WUlow opbo-
xovovixy) Baon tov V.

Enexteivovpe v Bdon tov V oe pLa opboxavovixy Baon tov R™, éotw
{’U171)27 ooy Umy Um41y - - - 7vn}

Oewpovpe Tov Tivaxo A TOL EYEL OTNAES TOL V;.

Téte, 0 A elvor opboyhviog xor A - e; = v;. Apow A(R™) =V xow étoL n dpdon eivae
peTOBorTiny. O

"Eotw G pLo opéda 1 omoio Spo UE OpLOLOLOPPLOLODG ETTL EVOG GUVEXTLXOD TOTTOAOYLXOV

¥weouv X. Yrobétovpe 6Tt uTdEYEL avoLxT6 LIToGVvoro U tov X étot hote X = |J gU.
geG
AciEte 6t v G mapdyeton omd To obvoro S ={g e G : gU NU # 0}.

[Y763etEn: Mehethiote tar obvora HU xou (G\H)U, 6mov H = (S).]
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Ozwonrota Sylow

1. @G

(i)

"Eotw a xow b 360 otoryeion temepaapévng TaENg oG opédag G. Av ta a %o b

petatifevtat (ab = ba) xow ot TdEeLg Toug o(a) kot o(b) ivor TEWTOL PETAED TOULG,
t61e o(ab) = o(a) - o(b).

AciEte 6TL M ToOAAaTAaoLooTIXY opdda F* evég memepaouévou ovpatog F eivor
XOXALXY).

[YtéSerEn: ‘"Eotw |F*| = pi* - - - pii*, 6oL p; TwTOL SLapopeTLxol HETAED TOLG XL
P; n Sylow p;-vmoouada g F* pe |P;| = p;'*. AciEte 6t P; elvor xuxAuxy.]

AnddeiEn. () ‘Eotw o(a) = n,o(b) = m xow o(ab) = k. Téte

(i)

Apa k < mn.

Epdoov o(ab) = s, éxovpe a®b® = (ab)® = 1. AnAadn, a® = b~*° € (a) N (b). Zvuverde,
o(a®)|n xat o(a®)|m. Téte o(a®*) =1 =a®*=1=>b"°xoum
Tehxd, o(ab) = nm = o(a)o(b).

s,nls = mn|s = mn < s.

Xtabepomorobue i < k. Xpnotpomorolue emaywyn oto n. Iia n; = 1, n P; ivon
TPOPOVHEG XUXALXY].

"Eotw 61t toydet to {nroduevo Lo xébe @uotxd pxpdTEPO TOL N;.

A6 o Oeddpnpo Sylow vrédpyel H; < P; pe |H;| = p?"’_l. Téte, n H; elvor xuxAunn
ni—1 7 7

%ot Tor ototyelor g eival ot pileg Tov xPi — 1 € Fla] wiog xow ot pileg eivon to

TOAD Pl Tt ®ewEOLUE TO TOADGOVLLO

A S (x”?i _ 1)(1‘(’”"*1)?? P P 1) € Flz]

To moAvwvLPO

I(p"fl)p?ifp?i + -+ ajp:ZL +1e€ F[‘T]

n;

éyet To TOAY (p™ — 1)p;"* — pi plleg, eved To
A W
gxel oxpfudg p" — 1 ptles. "Etot, 1o ToALWVLUO
2Pl 1€ Flx]
éyet axptPug p;’ piles.
Eméyovpe p; € P\H;. Téte o(p;) = p;*, opob to p; elvor pilo Tov i — 1€ Flx],
evéd Sev elvan pilo tov 2P — 1 € Fla].
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2.

TeAxd,
F* = (p1p2- - px)

(1) AciEte 6Tt vTOOUADEG RO OPADES TTNALXA P-OUESWY eivor p-opddes.

(i) Av N <G xat N,G/N p-opédeg, tote xo 1 G eivor p-ouddo.

AnddeiEy. (i) Eotw |G| = p" xouw H < G. Téte |H|||G|, oo |H| = p*, é6mov A < n.
G
EmurAéoy, av H < G, éyovue |G/H| = ||H|| =p" N

(ii) 'BEotw |[N| = p", |G/N| = p* xow g € G. Téte
(gN)" =g N =N

‘Etot, g?° € N. A@od |N| = p", éxovpe 6t (gP")P" = 1. Apa plolg). dnrad#h n G
elvat p-opdda.

O

3. 'Eotw G menepoopévy p-opdda xon H peytotixy (yviota) vroopddo tg G. Téte H<G

xot [G: H| = p.

Abon. Me emoywyi eni tov n.

PvwpiCovpe 6t 1 # Z(G) < G. Oswpodyue v vrooudda H - Z(G) -elvor vwoopddo
yiatt N Z(G) eivow xavovixn. Téte H C H - Z(G) C G. And v peytotxomnra g H
énetar 6w, H=H-Z(G) WG = H - Z(G).

e Av H =H- -Z(G), t6te Z(G) C H o Z(G) < H. Apob  H elvan peyiotixn
oty G, n H/Z(G) eivar peyrotny oty G/ Z(G) xow amd v emoywyixy vmdbeoy
H/Z(G)<G/Z(G). Aré 1o Bedpnupa g Avtiotoryiog H < G.

* Ay G=H-Z(G), 6t yiat g € G o hy € H vmépyovy h € H,x € Z(G) dhote

ghig™ " = (hx)hy(ha)™' = hahiz ' h™ ' = hhyh™' € H
Anradh, H < G.
Av |G/H| = p*, A\ > 2, t6te n G/H éygL vroop.ddo téEewe p g popehc K/H yo
xamowo K C H.

Xe auty ™y Tepintwon H C K C G -dtomo, amd Ty peytonxotnta g H. O

() "Eotw G opdda, K memepaopévn xovovix? vroouddo tng G xow P Sylow p-
vroopdda g K. AciEte 6t G = Ng(P) - K.

(i) Av xd0e peytotixf vToopdda pag tenepaopévrg opddag G eivor xavovixy (oTtny
G), téte nébe Sylow vroopddo g G elvar xavovxy.

Avoy. (i) ‘Eotw g € G. Téte gPg~ ' C gKg™' = K.
Apoa ov P,gPg!
1

eivar Sylow p-vmoouddec g K. Zovemwe, vmapyel ¢ € K pe
xgPg~tx~! = P. Auté onpaiver 6t xg € Ng(P).

‘Botw g = g1 € Ng(P). Téte g =ax'g1 = g197 "o~ g1 € No(P) - K.
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(ii) "Eotw P Sylow vmoopdda tng G pe Ng(P) < G. Téte LTEEYEL LEYLOTIXY] LTTOO-
weda H < G pe Ng(P) < H -evdéyetar Ng(P) = H- nou

P<Ng(P)<H<G

Amé v vndbeon H < G.

o %&b g € G o P,gPg~* eivow Sylow p-umoop.ddec tg H. Zuvemdg, vmdpyet

h € H pye hgPg~'h™' = P = hg € Ng(P) C H = g € H, t0 ornofo eivaw drtomo
vott H < G.
Apa Ng(P) =G xow P <QG.
O
5. (1) 'Eotw H <G, P Sylow p-vmoopédo tng H xor Q Sylow p-vmoopddo tng G tétola
wote P< Q. AciEte 6t P=Q N H.
(ii) "Eotw H p-vmoopdda tng G, n omoio dev eivan Sylow p-vmoopdda g G 1ot ote

p|[G : H]. AeiEre 6t H < Ng(H).

Avon. (i) Mpogaveeg P C QN H.
INo tov avtiotpoo eyxietoud: Epdoov |Q N HI||H| xow |Q N H|||Q]| éxovpe 6T 1
QN H eivow p-opada g H. Etot,

QNHCzPz !
Oupwg QN H <G, opod H <1 G xaw dpa
QNH=2""(QNnH)xCP

(i)

6. 'Eotw G memepaopévy opado xot P Sylow p-vmoouddo tng G.

(i) Av Ng(P) < H <G, 16t [G: H =1 (mod p).

(i) Av K <G, t6te 1 KN P eivor Sylow p-vmoopddo g K xow  PK /K eivor Sylow
p-vmoopddo g G/ K.
(ii) Av K < G, t61e n,(G/K) < n,(G), 6mov 10 1, cvpPorilet tov opLbud twv Sylow

P-UTTOOULASWV.

Abon. (1) Amo to Oswpfuato Sylow yvwpilovpe 61t m,(G) =1 (mod p) xow n,(H) =
1 (mod p). Téte
[G: Ng(P)]=1 (mod p)

%o
[H:Ng(P)]=1 (mod p)

Opweg Ny (P) C Ng(P) C H C G xou étol
[G:Ng(P)=[G: H|[H : Ny(P)]
%0l ETETAL TO {NTOVUEVO.
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K| =pa, pe

(i) "Eoto |G| = p"m, ue (m,p) =1, |P| = p", |[KP| = p°k. pe (k,p) = 1,
(a,p) =1L, A<nxow |[KNP|l=p' p<A
Téte

prap" = |K||P| = |[KP||K N P| = p*kp"

‘Etot A = p xow n = s. Apo. |[K N P| = p* now KN P eivow Sylow p-vmoop.éda g
K.
Aot K <G, éyovpe 6Tt K <« KP. Ané 0o Oewpnpo g Avtiatotyiog, taipvovue

OtL epaviCetor 1 dtoe ddvopy tov p otg |G/K| wow |KP/P|, pog xot to 8o
ovuPaiver yio g |G| xow | K P.

TeéAog, amd o 2° Oewpua loopopioudy
KP/K~P/PNK

cpan K P/ P eivow p-opada. Zuventwg, K P/ P eivow Sylow p-vmoopdda g G/ K.
(iii) Apeco amd o gpoytpe (ii).

O

7. 'Eotw D, 7 dtedptxy] opddo téEewe 2n (n opddo ovppetpiog evig xowovtxod ToALY G-
YoU UE n x0PLYEC). AgiEte OTL av 0 n eivor TEEPLTTG, TéTE OAeg oL Sylow LTOOUAESEG
e D, elvor xuxxéc. loydel To ovumépaopa av o n eival &ETLOG;

8. 'Eotw Pi,. .., Py ot Sylow p-umoouddeg plag Tenepaouévng opnddog G xon Sy, 1 ouddo

petobéoewy tov ovvérov {Pi,..., P,}. Opilovpe anewovion ¢ : G — Sp étol wate

#(g) etvow  petdbeon mov otédver ™y P; oty gPigt.

(1) AciEre 611 M ¢ elvor opopop@Lopds xol Beeite Tov TLEHAVL TNG.

(ii) AeiEte 611 n dedpixn D, eivon tobpopen pe vroopdda g Sy, ov 0 n elvor Te-
OLTTOG.

1 elvow o awtég Sylow

Abon. () And o Oewphpato Sylow, éxovpe 6t m gPig
p-uTOOPAdES NG G.
E@dboov

g(hP:h=")g™" = (gh)P;(gh) ™!
éyovpe o ¢(gh) = ¢(g)p(h), dNAadn N ¢ elvar opopopPLoL.os.
Twpa,g Ekerp & gPgt =P, Vi=1,2,....m& g€ Ng(P) Vi=12,...,m&
ge (1 Na(P)

i=1
TeAuxd,

ker¢ = (| Na(P)
=1

(i)
O
9. 'Eotw G un xuxAuxn wemepacpévn ondda pe |G| < 60. AciEte 6Tt G Sev eivor oAy,
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Abon. Eépovpe 6t av |G| = p",pg M pgr, 6mov p,q,r eivow mpwtol, téte G dev

elvat oAy ZOpQwvoe Le owTo, amopével vor XOLTEEoLpE av plor opndda taEng |G| =
24,40, 48,54 7 56 3ev elvarl aAéc.

Av |G| = 24 = 23 . 3, a6 to Bewprpota Sylow éxovpe n3 = 3k + 1

8, oo n3 =17
4. Av 1 G elvon oAy, T6TE n3 = 4 xon

G(—>S4

AMG |G| =23 -3 =|S,4], dpo G =~ Sy. Téte, Spwg, 0dNYodRAOTE GE &TOTO, EQOTOY
A4 < 84.

‘Eotw |G| = 40 = 23-5. Anté 1o Oewprip.oto Sylow éyovpe ns = 5k+1

8, dpa ns =1,
T0 omolo oNualvel OTL LTTAPYEL pLovadLXY), Gpa xot xovovixy, Sylow 5-vmoouddo
g G.

‘Eotw |G| = 48 = 2% - 3. A6 to Oewprjuota Sylow éxovpe n3 = 16 + 1]3. Av n G
elval oA, 1éte n3 = 16, dpo vtapyovy 16-2 = 32 oToryela TaEng 3. ATtouévouy 16
otouelo TdEng 2,22, 23, 24, dpo vT&EYEL PovadSixh] xaw xavovixy Sylow 2-uToop.&do
g G.

‘Eotw |G| =54 = 2-33%. Av H Sylow 3-vmooudda g G, t6te [G : H] = 2, &oo 1
H eivar xavovixn oty G.

‘Eotw |G| = 56 = 23 - 7. Téte ny = 8k + 1
"Exovpe, dnAad?, 8- (7 — 1) = 48 otouyeio TdENe 7 o amouévouy 23 = 8 otoryeio.

7, xo ov M G elvorl ortAn éxovpe ny = 8.

Apo vTTpEyeL povadixn xot xovovixy Sylow 2-vmooudado g G.

10. Aci&te 6TL 3ev vTTAEYOLY aTTAEG opddeg TaEEws 90, 132 1 150.

Abon. (i) ‘Eotw 6t n G eivow oamd pe |G| = 90 = 2-32.5. Téte n5 = 5k+1[18 = n5 = 6

(i)

xo ng = 3k + 1|10 = n3 = 10.
Av P, N Py =1 vyt x&be Py, Py Sylow 3-vmoopéda g G, téte €xovpe 6 -4 = 24
ototxeion TaEng 5 xow 8 - 10 otoryeion TéEng 3 H 9 -drromo.
‘Eotw P, Sylow 3-vmoouddeg g G pe |[PN Q| = 3. Tote 9||Ng(P N Q)|[190. Apa
[INa(PNQ)| = 18,45 7 90.
Ay [Ng(PN Q)| =90, t6te PNQ 2 G.
Av [Ng(P N Q)| =45, t6te [G: Ng(PN Q)] =2, dpo Ne:(PNQ)<G.
Télog, av |[Ne(P N Q)| = 18, téte [G : Ng(PN Q)] =5 xat étor G — S5 -drtoro,
ooV 90 )(5!.
‘Eotw 61t 1 G eivow amhf pe |G| =132 =22-3-11. Téte ny > 1,13 > 1 xou nyq > 1.
IM'vwpilovpe 6Tt

m|2?-3=m; =2,3,4,12 4 6

m1 =1 (mod 1)11 = 11|my — 1 = nyy > 12

Apo n17 = 12.
Emiong n3|2 - 11 xow n3 =1 (mod 1)3 = n3 > 4
Télog, n3|3 - 11 %ot np = 1 (mod 2) = ny > 3.
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11.

Ot n11 = 12 Sylow 11-uvTtoop.adeg pag divovy 12(11—1) = 120 otoryeio téEng 11. Ot
n3 > 4 Sylow 3-vmoopddeg pog divovy TovAdytotoy 4(3 — 1) = 8 atoryeia TaENS 3.
Ot np > 3 > 2 Sylow 2-vToopédeg pag divovy TovAdyLotoy 22 + 2% —2 = 6 oToLyeio
TéENG téEewe 22 42 4 0.

Apa |G| > 1204+ 8 + 6 = 134 -dtomo. Tehxd, my1 = 1M ng =1 M mp =1 xow 7
avtioTolyn Sylow vroouddo eivot xovovix.

Apa, 1 G dev eivor omtAn.

(iii) "Eotw G amhf opdda pe |G| = 150 = 2-3-5%. Téte, n5 = 5k + 1]6. Toverwg ns = 6.
"Etot éyovpe
G — Sg

xow dpo 2 -3 - 5% = |G|||Se| = 6! -drromo.

O

2XOTOG TWY EMOUEVWY AOXNOEWY Elvot vor 3ooLY Lo SLopopeTiny] amddetEn tou Oe-
WENULOTOG ToL Sylow.

‘Eotw F, = Z/pZ, p mpwtog, 10 owduo ue p otorxeio, GL,(F,) n opddo twy avtoté-
Prpwv n x n mvdxwy ent tov F, xaw UT,(F,) n vwoopdda g mov amoteAeiton amd
eXELYOUE TOVG TILVAXES TWVY OTTOLWY T GTOLYELO XA TW TNG xVPLOG dtorywviov elvor undév
xo x&be otoryeio tng xOpLag Staywviov eivar (oo pe 1. Aniady, xé&be mivaxog otny
UT,(F,) éxer v oxdéAovdn nopon

1 x % -+ %
0 1 = *
0 0 1 *
oo0o0 --- 1

ActEre 6t UT,(Fp) eivon Sylow p-vmoouddo tmg GL,(F,).

[Yt6SetEn: AT To YeYOVOS OTL €vag TETPOYWVLXOG THivoxag elvol avTLOTREPLULOS oY
XoL U6VO oy oL OTAHAEG TOL efval YpouuLxws aveEdptntes, Pploxovpe 6t |GL,(F,)| =
®" =" —p) " —p").]

Aboy. 'Eotw A € GL,(F,). INa ty mpwyt) oA Tou A vtdpyovy p™ — 1 emtAoyég, Yo

™V Sebtepn P — p %o Yoo TV n-00TH p" — p" L emoyée.
"Etot

|GLa(Fp)| = (" = 1)(p" =p) - (" =p" ") =p-p*--p" " m
pe p fm.

Av, tdpa, B € UT,(Fp), tote Yoo TV TTPDTYN OTHAY uTdpyxeL 1 emAoyy), yiow Ty de¥TEQE
p %o yiow T n-0oT p" L. Apa

UT,(Fp)| =p-p*-p"
Yvvende, n UT, (F,) eivowr Sylow vroopdda g GL, (F)). O
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12.

13.

‘Eotw H pto Sylow p-umoopddo plog memepaopévng onddag G xot K ptor vmoouddo
¢ G g omolog N T&EN eivor TOAaTTAGGLo Tov p. AsiEte Tt LTTGPYEL oTOLYELD T TNG

G étoL ote n KNaHx ™!

elvar Sylow p-vmoopdda g K.
Abon. 'Eotw |G| = p™m pe pt m xow |H|p". Oswpobpe v dpdor tg K oto abpmioxo
G/H.

‘Exovue 6n |G/H|=[G: H|=m =} |O(z;H)| =

=1 7

[K:Kna;Ha; ).

gl

E@dboov p  m = [G : H], vdpyet x; € X ot p /T[K s KNaHa ') Av |K| = p'p =

(K : K Na;Ha; Y|K Na;Ha Y, t6te p” ||K N o Hr | oapod p )([K K Na;Hap .

1

EmnmAéov, n K Na;Ha, ~ elvan p-vmooudda g H xat vmoopddo g K.

Ao |[K Na;Ha | = p” wow n K Na;Ha; ' eivow Sylow vmoouéda g K. O

‘Eotw G opdda téEgwe pFm, émov p mowtog mov dev Stawpel tov m. Tdte vmhpyEL
ToLvAGYLoTOY Lo Sylow p-vToopada g G.

[Yr6detEn: Apxel va epgputedoete v G oty GL,(F,), 6mov n = |G|.]
Abon. ‘Eotw |G| = p*m = n, pe (p,m) = 1. Téte, vmdpyet
¢:G— GL,(F)p)

pdod’

AoV n UT,(F,) eivon Sylow p-vmoouddo g GL,(Fp) ko im ¢ < GL,(F,), E€povpe
ot vmbpyeL © € GL,(F,) tétoo vote n K NaUT,(Fy)z~! va eivow Sylow p-vmoopddo

e K.
Téte
L=y Y KnzUT,(F,)z™")
elvar Sylow p-vmooudda g G. O

129



KED®AAAIO 10. AIIAEY OMAAEY

130



[Nvopeva Opédwy

1.

2.

3.

4.

5.

(1) Av M <G xow N K,tte M X NG XK o (GXK)/(MXxN)~G/M x K/N.
levixevote yia memepoopévo TAN00g ToporydvTwy.

(i) AciEre 6t av H, K <G xo. G = HK,t6te G/(HNK)=H/(HNK)x K/(HNK).
(iii) Av H,K < G, tote 1 G/(H N K) elvat 1o6popen pe vroopdda e G/H x G/K.

Yrobétovpe 6Tt G = H x K.

(i) AciEre 61t H ~ K av xot g6vo av vrépye. vrooudda M tne G tétolo hoTe
G=HM=KMxaw HNM=KnM =1.

(i) Av H <A <G, 16t A=H x (KNA).

‘BEotw G = Hy X Hy X --- X Hy,. Ael&te 610 Z(G) = Z(Hy) X Z(Hy) X - X Z(Hy).

"Eotw H plor eAorloTinn) U1 TETELLLEYY XOVOYLXT] UTTOOUASOL [LOG TIETIEQOLOUEVNS OUADOG

G. Téte H ~ Hy x Hy x - -+ x Hy, 6mov H; elval Lo6p.op@eg amTAEG OUASEG.

Av 1 G eivor mtemepoopévy ofeliavy] xat |G| = n, téte Yoo x40 Stonpéty m tov n N G
TIEPLEYEL DTTOOUASO TAEEWS M.

Abon. ‘Eotw |G| = n = pi'p5? - - - ppk, émov p; droxexptpévol mpwTol. Agod 1 G eivon
offehovn, Yoo xabe i vTGpEyEL Lovadixn, éotw P;, Sylow p;-umoopdda g G, N omola
emttAéov Do elvor xovovix.

Méaota, n G eivor To v yvéuevo Twy Sylow vToouadwy TG, SNAAdT

G:P1><P2><'-~X_Pk
Topa, m|n, oo m = pirph? - ~pzk, 6mou b; < a; yiow xébe i. Opwe,  P; eivor p;-opédor.
Apo n P; éyer vmoopdda tdEewg p;t yio xdbe m; < a;.

ISioutépwg, n P; éxel vToopddo p?’i, €otw Q;. ' Eotw H = Q1 X Qg X -++ X Q. Tote
H < G xou [H| = |Q1]|Q2] - |Qk| = p'p3 - - pJt = m. O

(i) Tléoeg afehavég opddeg vLTdpEYoLY (WG TTPOG LoOUOPPLOUD) ThEEwg 231 1 432;
(ii) Oewpwvtog dedopévo 6Tt vTdEYoLY 14 (wg TPOG LoOKOPPLEUE) OpEdeg TaEEWS 81,
Bpeite To TAH00g TwY opddwy (wg TEOG LoopopELopd) TéEews 891.

YmoOétovpe 6Tt M G elvor Lo TETEPAOUEVT OUEda NG OTolog OAEC OL LEYLOTIEG
LTOOWGDES Elvor amAég ko xavovixée. AeiEte 6Tt N G elvan afeiiovi xou |G| = 1,p, p?
N pg, OTOL D KoL ¢ TTEWTOL.

[YédetEn: Av vdpyel povadixy peytotixy voopdda e G, 1éte N G eivor xOXALXN.]
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8. Av o G xow H eivow memepaopéveg opddes e (|G|, |H|) = 1, t6te Aut(G x H) ~
Aut(G) x Aut(H).

9. (i) AciEre 6Tt T0 GUVONO TWY GTOLYELWY TETMEPAOUEVNC TAENS Uiag afBedtovic opédog
G, eivor voopéda g G, ovuf: T(G), xat xabe atowyeio g G/T(G) eivor ameipov
TéENS.
(ii) 'Eotw G xow H ofehavég opddes. Av G ~ H, t6te T(G) ~ T(H) »ow G/T(G) ~
H/T(H).

10. Abo memepaopéveg afehiavég opddes G xo H elval toduop@eg av xal pévo av, yLo
%60 TpdTo p, oL G xow H €xovy Lobéuoppeg Sylow p-vmoouddes.

1. T proe affehavy] opddo G xor x60e Betind oxépono n opilovpe (NENOLLOTOLLOVTOG

mpoobetind cvpPoiioud)
nG ={ng: g € G}

xow
Gln]={g € G:ng =0}
AsiEte To €€V

(1) Ot nG xau G[n] eivor vroopddeg g G.
(i) Av G xow H offehovée, t6te n(G x H) ~nG x nH o (G x H)[n] = G[n| x H[n].

(i) nZ,, ~ Zj, 6mov k = (L

oy KO Zan[n] = L) -

(iv) Av 1 G eivar memepaopévy ofeAtov opddo xoL q TEHOTOS oL dey BLotpel TV
TéEn g G, tote G = G.

(v) Av 1 G eivor memepaopévy afeliovy p-opddo, téte To G[p] elvar Stavoopotindg
XWEOCS €TTL TOL Z), TEMEPUOPEVYS dLéoTAUONS.

(Vi) Ay G = Zym1 X Zypms X -+ X Lpmr, OTOL p TEGHTOG, ToTE PG = Ligmy—1 X Ligmay—1 X

oo X Lgmp—1
12. 'Eotw G memepaouévoa mapayouevy ofeitovy oudda xar G = Zp;nl X oo X Zp;:tk X

7, X -+ X 7 OOV p; TEWTOL OYL ATOROLTATWS SLAPOPETIXOL HETAED Toug. AsiEte dtu
—_———

n

(1) To mAMB0g n TwY TOPAYGVTWY TOL Eivor &Ttelpeg xUXARES elvar TTARPWS xabopt-
ouévo amd ™y G.

(ii) To TAAO0G 1, TV XVXALXWY TOPEAYOVTWY TTOL €XOLY TAEYN YLar SHYOUY TOL TEWTOL
p elvar TAMpwe xaboplopévo and v G.
[Ym63etEn: n, = dimgz, G,[p]. 6mov G, M Sylow p-vmoopéda g G.]

(iii) O Suvépetg p"* eivar TApwg xaboptopéveg amd v G.
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Yetpég Opadowy

1. No Bpebody dvo uy tadpoppeg opddes G, G TETOLES HATE va LTTAPYEL CLYDETLXY] OELPG
yioe g G, Go pe idia (wg mpog LoopopLopd) mniixa.

2. Mwg elvor plo auvbetinn aetpd pLag opédag G pe
G| =p",p"q,p°¢* par
6oL p, q, T TEWTOL;

3. No amodetybet 6t x60e puotkdc opLOu.oc YodpeTor xotéd povadixd Tpémo (e ovodié-
TaEn) WG YOULEVO TTRWHTWV.

4. 'Eotw G opdda. Mo xavovixy] oelpd g G,
1=Gop<G1<4---1G, =G
elvar ovvbetiny avy xdbe G; elvar peylotixy xovovixn oty Giyr yro xabe i.
5. Mo affehovn opdda G €xel ouvbetiny] ocLlpd avy elvol TETEPUOUEVY).

6. Na Bpebei amelpn opadda pe ovvbetiny ocLpd.
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EmtAboLpeg Opddeg

[ S N Y

10.

11.

12.
13.

14.

15.

16.

17.

. Av H p-umooudda prog memepacpévng opadas G xau p||G/H

. AelEte 6TL oL S3, 5, elvor emtAbOLpEG.

, T6te H < Ng(H).
[YT63etEn: Oswpriote g Spdo g H oto G/H. T onpoaiver 6t pLor TpoyLd xet éva
oToLYELO;]

. Av G opédo pe |G| < 100 xat |G| # 60, tote G elvor emtAdoLuy.

. No eEetaolei av pia opddoa G pe |G| = 144 eivor emtAdoLun.

. Mo emddoiun opdda G €xel ouVOETIXN OELPA VY E(VOL TIETEQUOULEYT.

. Ay M, N <G xow ot M, N elvar emAdotpeg pe M < G, t6te n M N elvor emtAdorun.
. Ay M,N <G xow oo G/M,G/N eivow emhdotpeg, tote 1 G/M NN eivor emtAdoLuy.

. Me 8edopévo 61t 0 apLbuds twy otoyelwy oe pLo xA&om ovluYiog ULOG TETEQAUOUEVNG

opadog de PTopel vou elvar SVvVaUY TEWTOL LEYOADTEET ToL 1, amodelEte 4Tl ov p xout
q TpwTOoL, TéHTE *Abe opada TAENG P g™ elvor emAVOLUY.

. AmodeiEte 611 To TOPOUATWL Elval LooSVVoLO:

(i) Kébe opdda meptttic TéEng eivor emtAboLuy.

(i) Kébe memepaopévn amhy opddo sivor meplttig TéEnc.

Mo Temepaouévn emLADOLUT OUASO G TTEPLEXEL XOVOVLXY] ABEALOVY] P-OULASOL YLOL XATTOLO
TEWTO P.

"Eotw G memtepacyévy opdda xat a,b € G étol Hhote Ta o(a), o(b), o(ab) va eival oyeTixd
Tt ovar Levym. Tote G Sev elval emtAdoLuy.
[YT63etEn: Oewpnote tig H = (a,b) xow H/H'.]

Av G emAdorun opdda o |G| < 200, téte |G| = 60, 120, 168 7 180.

(i) Av n G eivon pra oy opédo téEewg 23 - 7% xow H < G, téte [G : H]| > 14.

(ii) No eEetacbel av pro opddo téEewg 23 - 72 elvon emtAboLuy.

Av K < A < M, t6te K < M.

O .. TC.OL.

AmodeiEte 6Tt G < @ YLow x60e n.
TT.OL

ArodeiEte 6tL M Z(G) dev eivar ooy rooTikE TARPWS avahAoLe Ty vTToou&da g G.
[Y60etEn: Oewpnote ™y G = Zy X S3.]

No Bpebel | mTapaywyog oelpd g Sy.
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Mrdevodvvopeg Opadeg

10.

11.

12.

13.

14.

15.

. 'Eotw H, K < G %o

[H,K] = ([h,k]: he H k € K)

No deikete 6 [H, K] = [K, H] »ou [H, K] < (H,K).
[Yr6deten: [a, be] = [a, b][a, c]® xouw [ab, c] = [b, c]%[a, c], 6m0L 2° = brb~1.]

.'BEotw N <G. Téte N <G ow [G,N] < N.

. Ay NG, A, B<G, 161

[AN/N,BN/N] = [A, BIN/N

. Av H K, A, M op.édec, tote

[H x K,Ax M| =[H,A] x [K,M]

. Kabe 6pog g avwtépag xevtptung oelpds elval xopoxTnolotixy vroopdde s G,

ZYG) < G.

. Kéibe 6pog g xotwtépag xevtpnng oelpdg elval TANPWS avaAAolw T LTTOOUAdA TNG

G, (@) < G.

. 'Eotw G nenepoaopévn undevodbvoun opdda xar H < G pe [G : H] < oo. Na arwoderyOet

ot g" € G o xébe g € G.

. No amodewybet 6t n D,, eivor pndevodvvoun avy n = 2%,

. Av H < Z(Q) »ow 1 G/H eivar pndevoddvoyun, t6te i G eival pndevodivouy.

Av P eivow poe Sylow p-vmoopdda pLog undevodvvaung opdadag G, tote Z(P) < Z(QG).

No cketootel av eMAETTUVON KEVTPLXNG OELPAS ULag ouddog G elval xevTpLxy| oELpd
e G.

Mt memepaopévy, undevodvaun opddo €xel xeVTLXY OELP& UE TIMAIXX TAENG p Lo

XATTOLO TTRWTO P.
Av 7 Aut(G) eivor undevodbvapy, téte N G eivor undevoddvoun.

‘BEotw G menepacyévn opndado. AmodeiEte 6t 1 G eivor undevoddvaun avy yro xabe a,
B € G ue (o(a),0(8)) = 1. oyber aff = fa.

"BEotw G pndevoddvouy opddo xAdoewg ¢ > 1. Ta xébe a € G, nomoopddo H = (a, G')
elval undevoddvouy xALoEws ULXPOTEPNG TOV c.
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16.

17.

18.

Ye pto pndevodvvouy, ehevbépo oTtpéPng opddo G M eEorywyn Twy PL{wy -0Tay aTéS
LTTAEYOLY- Elval pLovadixy. Anhady, ov o™ = B, yioe n > 0, TétE o = S.

[Yr6detEn: o, BaB~t € (o, G').]

‘Eotw G pundevodbvoun opado xAdorng 2 xou g € G. Tote, n ouvapTnon

o:G—= G, xw—lg,1a]

elvor opopop@Lopoe.
Yvpmepavete 6T Ce(g) < G.
[Yr6derEn: [g, xy] = [g,2][g, y] o [z, g7y~ g™t 2]y = 1.]
(Mal’cev) ‘Eotw G undevoddvoun opado g omoiog to xévtpo Z(G) eivor opdda ehev-
0épa oTpéPng. Tote:
(i) Kébe mnAixo Z"THG)/Z™(G) tng aveTtépog xevTpixhc oeLpdig elvor opuddo ehev-
Oépa oTEEPNS.
(ii) H G eivon ehevbépa otpédmg.

[Yr6detEn: Oswpnote opopopeLopd Z"HG)/Z™(G) — Z™(Q)/Z"1(G), yenorwo-
TIOLWOVTAG TNY TEONYOVUEYY] doxno.]
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IToAvxvxAwxéc xou IlpooeyyLtoTind
[Ietepoopéveg Opadeg

1. Mo opédo G Aéyetor Hopfian av Sev elvat Lodpopen pe yvnoto TmAixo tng, 1 Loodv-
vopo av ¢ : G — G emPop@LOROG, TOTE 1 ¢ elval ETTLULOPELOROC.
AmodeiEte 6Tt xdbe TMEMEQUOUEVO TTOPOYOUEYY TTPOCEYYLOTIXE TETMEQATUEYY OUASH

elvo Hopfian.

2. Av G TeTEQPUOUEVHL TTOPOYOUEVY] XOUL TUPOCEYYLOTIXE TIETEQATEVY] OUbdat, TOTE 1 Aut(G)
elvol TTPOOEYYLOTIXA TTIETEQUOUEWY.

3. () Av G1,Go,...,G, TEOOEYYLOTIXE TEREPUOUEVES p-opddee, 16T 1 G = G1 X Ga X
<o X Gy €lvol TPOOEYYLOTIXE TIETEQPUGULEYT P-OULADCL.

(i) Kéve memepoopéva moporydpevy elevbBépa otpédme afehavy) opddo eival mpo-
OEYYLOTIXE TTETEQUOUEVY] P-OUE&daL, Yl xAbe TEWTO p.

(iii) Av G memepaopévo mopayouevn elevbépo atpédmng undevodbvoun opdda, ToTe 1
G elval TPOOEYYLOTIXA TIETEPATUEYT] p-Oouada, YLow x&be TEEWTO p.
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EAe00ecpeg Opades

10.

11.

12.

13.

. Mo affediovy opddo eivor TpoBoAtxy avy eival eAedbepn ofieAtavi.

. Av 1 G elvon ehedbepn affeiovn) dtdotaong n, t6te 1 G dev umopel vo moporydel amd

m oTolela, 6oL Mm < n.

. 'Eotw F eAedbepy affeAiovn opado memepaopévng Staotaons n < oo xot H < F. Tére,

n F/H eivatr wenepoopévn avy rank(F) = rank(H).

. Av G eAebbepm afediavi memepacuévng Staotoons xot ¢ : G — H emuop@Llopds, téte

rank(G) = rank(H) + rank(ker ¢).

. 'Eotw F eAebdbepy afehavy) Sidotaong n. AmodeiEte 61t Aut(F) ~ GL,(Z).

. Ay G = xG, ot G, = EH‘XB Yoo x&be o, ToTE N G elvor To eAedBEPO YLVOUEVO OAWY
«

Twv H,g, T0 0olo eAclBep0o YLVOUEVO OVOUALETOL ETIAETTTUVGY] TOU QOYLXOD.

Ay G =G, v 1 < Hy < Gy Lo xébe o, té1te M vmoopdda g G Tov TopdyeTo

amé T H, elvar to ehedbepo yvopevo twv H,, SnAadN «H, = (H, : ).

(1) (KoBolwen 1dtétntar Tov evbéwg abpoiopatog) Eotw G afehavy opddo ot G,

a € J, owoyéveta vmoopddwy g G. Av G = P G, téte Yoo xdbe ofelavy
acJ
opado H xot xabe olxoyevelo opoop@Lopwy ¢, : Go — H, vmdpyel povodixdg

opopopLouds ¢ : G — H mov emtexteivel TG ¢ (R ¢ 0iq = ¢o).
(i) Av G = %G, o G’ 1 mopdywyog vrooudda g G, téte G./G' = P Go/GL,.
“ e}

[YrédetEn: H G/G’ wwavomotel v xoboAuxn] t3Ltétntar Tov evbéwe abpoiopotog.]

. Ay G, # 1y x60e o € J, émou |J| > 2, t6te Z(xG,,) = 1.
«

Av G = ZJGQ pe Go # 1 yio xé0e a o |J| > 2, t6te v G mepLéyet ototyeio ameipov
TEENC.

[Sroutépwg, n G elvor ameLpyn opador.

Kdbe otouyeio memepaopévng taEng o éva eAedbiepo yvéuevo Gy, eivor ouluyég pe
[e3%
oTolyelo evég elebiepov TapdyovToL.

I3ontépwg, av xabe G, eivor erevbépa oTpePne, Téte N *G,, elval eAevbEpa oTEEPTS.

H eAebbepyn oudda didotaorg 2, Fi, meptéxel ehevbepyn vmoopdda dibotaong k, yro
xabe puoxo k.

H F» mepiéyetl eAedbepn vmooudda ameov TéENG.
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14.

15.

16.

17.

Kabe memepaopéva mapoyduevn eAedbepn opdda elval Z-yoouutxy, dnAady] epeuTed-
etot oty GL,(Z).

Av N <G xow 1 G/N eivor ehetBepr;, téte vIEyeL vtooada H tng G pe G = HN xat
HNN =1.

‘BEotw F ehedbepy opdda xow H < F vmooudda memepoopévov deixtyn. Av K < F pe

K +#1,t6te KNH #1.

Kdbe memepaopéva mopaydueyn eAedbepn opdda €xel memepaopévy SLAOTOON.

142



	Βασικές Έννοιες
	Ορισμοί - παραδείγματα
	Υποομάδες και Σύμπλοκα
	Κανονικές υποομάδες
	Ομομορφισμοί ομάδων
	Θεωρήματα Ισομορφισμών

	Αυτομορφισμοί ομάδων
	Ασκήσεις

	Δράσεις Ομάδων
	Δράσεις ομάδων επί συνόλων
	Δράση ομάδος σε σύμπλοκα υποομάδος
	Δράση συζυγίας, Κεντροποιούσες υποομάδες, Εξίσωση κλάσεων
	Δράση συζυγίας σε υποομάδες
	Ασκήσεις

	Θεωρήματα Sylow
	Θεωρήματα Sylow και p-Ομάδες
	Εφαρμογές
	Ασκήσεις

	Γινόμενα Ομάδων
	Ευθέα Γινόμενα
	Πεπερασμένα Παραγόμενες Αβελιανές Ομάδες
	Ημιευθέα Γινόμενα
	Ασκήσεις

	Σειρές Ομάδων
	Κανονικές Σειρές
	Συνθετικές Σειρές
	Ασκήσεις

	Επιλύσιμες Ομάδες
	Επιλύσιμες Ομάδες
	Παράγωγος Σειρά
	Επιλυσιμότητα με ριζικά
	Πολυώνυμα βαθμού 4
	Θεωρία Galois

	Ασκήσεις

	Μηδενοδύναμες Ομάδες
	Μηδενοδύναμες Ομάδες
	Ανωτέρα και κατωτέρα κεντρική σειρά
	Ασκήσεις

	Πολυκυκλικές και Προσεγγιστικά Πεπερασμένες Ομάδες
	Πολυκυκλικές ομάδες
	Προσεγγιστικά πεπερασμένες ομάδες
	Τα προβλήματα λέξης και Burnside

	Ασκήσεις

	Ελεύθερες Ομάδες
	Ελεύθερες Αβελιανές Ομάδες
	Ελεύθερα Γινόμενα
	Ελεύθερες Ομάδες
	Γράφημα Cayley
	Ασκήσεις

	Απλές Ομάδες
	Η Απλότητα της An
	Η Απλότητα των Προβολικών Ειδικών Γραμμικών Ομάδων
	Η Ταξινόμηση των Πεπερασμένων Απλών Ομάδων


