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Kecpo’c)\ou.o 1

Ev GOLY(;)YY']

1.1 Boaouxég Evvoreg xon cLULBOALGUOG

YvpPBoiomos.  Aovlebovue otov R?, tov omolo Yewpolue epodiacuévo ue uta
Eweldeta Souny (-,-). Xe 6t axohovlel, L(R™) elvor 10 GOVOAO TV YPOULULXGY
petaoynuatiopdy T @ R" — R, GL(n) n xA\don TV avTioTpéPLUmy YROULULXGY
petaoynuatiouoy, SL(n) n x\don twwv T' € GL(n) ue |detT| = 1, O(n) n xhdon
v 0ploydviwy yetaoynuatioudy. SuuBorilovue ue | -| tnv aviiotoyn Euxdeldewa
vopua, xou ypdpouue BEY yio Ty Euxdetdeio povodiodo undho, xou ST yia
povadiodor ogalpa. O dyxoc (n-dudctato uétpo Lebesgue) ocuvuBohileton ue | - |.
Fedipouue wy yior tov 6yxo g B,

Ye auth TV gpyactia, xupTd ooua Aue Eva cuuTayES xLET6 uTocLYolo K Tou
R™ e 0 € int(K). To K Myetow ovpuetpwd av ¢ € K = —x € K. To K éye
#€vTpo Bdpoug o 0 av

(1.1.1) / (x,0)dx =0
K
v xdde 0 € S H octvixd| ouvdptnon pi ¢ R*\{0} = RT tou K opileton amd
™mv
(1.1.2) pr(z) =max{A > 0:\x € K}.

H cuvdptnon otipiene hx : R* — R tou K opileton and tnv

(1.1.3) hi(x) =max{(z,y) :y € K}.



To mhdroc tou K ot diebduvon tou § € S™ ! elvor n nocdtnra w(K, 0) = hi () +
hi (—0), xa. 1o péoo mhdrog tou K opiletar and v

(1.1.4) w(K) = l/snilw(K,e)a(dQ) :/ hic (0)o(df),

2 gn—1
6mov o elvar 10 avoAAOlWTO WS TEOS 0PYOYWVLOUS UETACY NUATIOMOVS WETPo Tdo-
votntac oty S Tpdgouue p vl to Haar uétpo mdavédtnroc oty O(n). Me
G,k ovuBoAilovue Ty mohhamAdtnta Grassmann twv k-SldoTatey UTOYWEKY TOL
R™. Téte, n O(n) epodidlet tnv G, i pe 1o Haar pétpo mbdoavédtnrog vy, k.
H axtiva tou K elvon 1 moodtnta

(1.1.5) R(K) = max{|z| : x € K}.
To nohxd owuo K° tou K elvon o
(1.1.6) K°:={yeR":(z,y) <1 yiaxdde z € K}.

H avioétnto Brunn-Minkowski cuvdéet tov 6yxo ue tnv npdodeor xoatd Minkowski:
Av A xou B eivar 800 un xevd cuunoayt| utocivola tou R*, tote

(1.1.7) |A 4 B|™ > |A]Y" + | B,

6mov A+ B:={a+b|lac A,bec B}. Enctu 61, yio xde A € (0,1)
(1.1.8) IAA + (1 = N)B|Y™ > N AIM™ + (1= \)|B|Y/™,
%o, omd TNV aviedTNTA aprduUnTLXoV-YEWUETPXOL UEGOU,

(1.1.9) IAA + (1 = \)B| > |A]N B,

‘Eotw K cuuuetowd xuptd ooua otov R, H amewxdvion

(1.1.10) |z||x = min{A >0:z € \K}
elvow vépua otov R*. O R™ egodiaocuévos ue v vopua || - [|x Yo cuuBoriletan ue
XK. Avtiotpoga, av X = (R, ]| - ||) elvon évac ydpog ue vépua, téte 1 ovadiodo
tou undha Kx = {z € R” : ||z|| < 1} elvor ovuuetpixd xuptd ooy otov R™.

H dui voppt || - [ wrc || - | opiZean o6 <0y [lyl = max |z, )] : [l2]) < 1}.
Ané tov oploud elvan gavepd ot |(z,y)| < ||lyll«l|z]] vi& xdde z,y € R*. Av X* =
(R™, || - |l+) elvon 0 duinde ydpos tou X, tote Kx+ = K%. Oa ypdpouue || - ||xe 1

-l e - 1 1] 1 xwopic o6 vor Snrovpyet otyyuon,



1.1.1 Euxaocioa Tou unepentnédou xaL Lootpomixn Yo

‘Eotw K éva xupté owua otov R*. H xhdon twv Béoewr tou K elvon 1o cOvolo
{TK : T € GL(n)}. Y10 npid1o Uépog authg NS epYAolos AoYONOVUNGTE UE TNV
wotpomkn Péon xou N oyéon e UE TOV 6Y%0 WV (n — 1)-3ldoTATWY TOUOY TV
AVPTOV COUTWY.

1. Iocotpomuxn 9éom. Eva xupté ooua K otov R* Aéyeton tootponxd av €yel
oyxo |K| =1, xévtpo Bdpoug to 0, xar txavonotel Ty tootpomuxt; cuviixn

(1.1.11) /K(:c,y)zdfv = Aly[?

yia x&de y € R™, 6mouv A > 0 otodepd. ‘Apeon ovvéneta tne (1.1.11) elvon 7
(1.1.12) / |z|?dz = nA.
K

Aupa 1.1.1 Eow K éva kupté odpa orov R mov éyet kévtpo Bdpous to 0. Tore,
t0 K éye wotpomkn Oéon.

Anodedn: O ypouuwde teheotic M : R — R™ nou oplletan and tnv

(1.1.13) M(y):/K(:U,y>:Ud:U

elvar cLUUETELXOC xou YeETd OpLouévog, ETOUEVKS EXEL TETpaywVixT| pllo: LTdpPYEL
ouUUETELXOS Xan VETIXS oplouévog S tétolog hote M = S%. Oewpolue TN YooLixh
eéva K = S7H(K) tou K. To K éyet xévtpo Bdpouc to 0, xau exoha eAéyyouue
ot yio xdde y € R

(1.1.14) /~(:v,y)2d:c = |detS| ™ |y|?.
K

Kavovuonouwvtog tov 6yxo tou K tolpyouue LlooTpomxd ooud. O

H wotpomunr; ¥éom tou K elvor LOVOGHUOVTO OpLOUEVT] AV oy VOHIGOLUE 0ploy®-
VIOUG UETACY NUATIOU0US, xon Yapaxtnelletar wg Aoor evog tpofhuatog ehaylotou
(BMéme [47]) .

Ocdenua 1.1.1 Eoww K xupté odua orov R* pe |K| =1 ka1 kévrpo Pdpouvs to
0. To K etvai wotpomkd av kai povo av

(1.1.15) /|m|2d$§/ |z|*dx
K TK

yia kd0e¢ T € SL(n). KdOe dAAn Oéon tov K mov ikavorotel Ty (1.1.15) elvar tng
popens (tU)(K), énov U € O(n) kart > 0. O



‘Evag dhhog yapaxtnpiouds tng tootpotuxhic Yéong, o onolog mpoxdmtel ebxola
and v (1.1.11) xou o Oedpnua 1.1.1, elvar 0 eZhc.

Afupa 1.1.2 To K elvar wootpomikd e oralepd A av kat uévo av
(1.1.16) / (x, Txyde = A - (trT)
K
yia kd9e T € L(R™). m|

To Oedpnua 1.1.1 (mo ocvyxexpwéva, 1 Lovadxoétnta e wotpomxic Yéong wg
Tpoc opoydvioug petaoynuatiouols) efaoparilel ot n otadepd

1 1
1.1.17 L% = —min{i/ z|?’dz | T € GL(n }
a7 L= fmin e [ e | 7€ GL)

elvar %ok optouévn xan e€optdton OV amd TN yeouxh xhdon tou K. Ernlong, av
0 K elvor Lootpomixd, 161 Yo xdde 6 € ST éyovue

(1.1.18) / (x,0)*dx = L.
K

H otodepd L ovoudletar otadepd tootporniog tou K.

2. To elkerdoetdécg tou Binet. 'Eotw K éva xuptd owua otov R?. To erhet-
(oewdéc tou Binet Ep(K) tou K opiletan and tnv

(1.1.19) 910 = [ (o*de = M)

Mmnopolue howndv va mepLypddouue v tootpomxt Véon tov K cav exeivn tn Uéon
yia Ty onolo to ehherdoeldéc tou Binet yiveton molhamAdoto tne BY. Axpéotepa,
70 K elvor 1ootpomxd av xon uévo av Ep(K) = Ly BY. Eldudtepa, av 1o K elvou
tootpomxd xupTéd owua otov R, €yovue

(1.1.20) |Ep(K)| = wa L

M dhAn ypriowun mapathienon elvon 61, av oupPolioovue ue M(K) tov mivaka
adpavelag ToLv xVETOL cOuUatog K, Tou oplletan and TNV

(1.1.21) [M(K))ij = (Mej;, ej) = /K:c,-xjdx,

T0TE

(1.1.22) M(TK) = TM(K)T*



yia xde T' € SL(n). 'Eneton 6, yio xdde xupté oduo K otov R™ nou €yet dyxo 1
xa x€vtpo Bdpoug o 0,

(1.1.23) |det M (K)| = L3

Apxel va topatnpfioovue 6tL oty tootponxr| Yéon o tivoxas adpaveluc elvar o L3 1.
Ané v (1.1.20) BAémoupe ot

(1.1.24)  |E(TK)| = wy|det M(TK)|™'/? = w,|det M(K)|"*/? = |Ep(K)|
yia x&de T € SL(n). Autd uoc diver 1o eZ7c.

Afupa 1.1.3 Eoww K éva kyptd odua otov R*, ue dyxo 1 ka1 kévtpo Bdpovg to
0. Tére,

(1.1.25) |EB(K)| = wnL " O

3. Topég wootpomx®wy cwpatwy. 'Eotw K éva xuptd odua otov R ue xévtpo
Bépoug o 0. T xdde 6 € S~ Yewpolue 1 cuVdpTON

(1.1.26) freo(t) = |K N (6 +10)).

Ané v aviodtno Brunn-Minkowski énetar 6t 1 fi ¢ elvon Aoyopuduixd xoihn oto
popea TNg. Auto uoc emtpénet va delfouue ToAD axplBelc oyéoelg avdueca GToy
oyxo tne (n — 1)-8udotarng toufc | K NO+| xou o ohoxhnpduata Tng Lopphc

(1.1.27) I(K,0) = / (z,0)%dz.
K

H oyéon aut yiveton cagric av, ypnotuonoldvias o Yewdpnua tou Fubini, ypddouue
TO TOPOTAVEW OAOXAHPWUL 0T LOPYT

(1.1.28) /K(:U,H)de:/RthKﬂ(t)dt.

IIgétaon 1.1.1 Eotw K kuptd odua otov R* pe dyro 1 kar kévzpo Bdpovs to 0.
Ia xdde § € S™1,

) 1/2 1 1
1.1.29 ,0)2d > -
(1.1.29) </K< ) ) N ATGEE

Anéde&n: 'Eotw f := fip. Oftouue B = f0+°° f(t)dt, by = max{f(t) : t > 0}
xau opllovue

(1.1.30) g(t) = by x[0,B/64)(t)-



Xpnowonowdvtag to Afuua tov Hardy (BAéne [16], Ilpbtaon 3.6), nolpvouue

[} ) B/b4+ ) B3 B3
1.1.31 / tftdtz/ 2bodt = — > .
— A e 1]
Tehetwe avdhoya, av A = ono f(t)dt, Brénovue 6Tt
0 ) A3
1.1.32 / 2EE)dt > — o
— LT 3
[Ipooc¥étovtag xatd uéhn cuunepaivouue ot
A B3 + A3
1.1.33 / z,0)dr > ———,
— O S
xaw ool A+ B = |K| =1, énetan 61L
, 1/2 11
(1.1.34) (/ (z,0) d:v) > ——.
K 2V3 || flleo

‘Evo amotéheoua twv Makai xow Martini (BAéne [46]) Selyvel 6t av 10 xuptd odua
K éyeL 6yxo 1 xau xévtpo Bdpouc 1o 0, 167€ || fiplloo < efk,0(0) = e|K N L] yia

%89 6 € S Autd ohoxnpidver Ty ambSell. O

IMpotaoy 1.1.2 Eoww K kuptd odpa otov R e dyro 1 kar kévrpo Bdpouvg o 0.
INa xdfe 6 € S"~! wyva

1/2 1
1.1. 2 <tc—-
(1.1.35) </K(x,0> d:c) < g

omov ¢ > 0 andAvrn otalepd.

Anddeln: Oewpolue o f, A, B 6nwe oty Hpdtaon 1.1.1 xau Staxpivovue 300
nepintodoete. Ilpdta unodétouue 6t undpyet s > 0 ue v WdTTa f((s) = f(0)/2.
Aol 7 f elvar hoyapuduixr xolhn oo [0, s] xar f(0) > f(s), BAénouue 6t f(t) > f(s)
yia xdde ¢ € [0, s]. Apa,

(1.1.36) 1>B= /Ooo Ftydt > /0 Ftydt > sf(s) = s£(0)/2.

Av t > s, ypnowonowvtag o YEYOovog 6Tl 1 f elvon hoyoprduixd xolhy, €xouue
F(s) > [FOO)]' =5/t [f(t)]*/t, to onolo onuaiver otu f(t) < f(0)27¢/5. Tpdpouye

/Ooot2f(t)dt = /St2f(t)dt+/oot2f(t)dt

0 s

||f||oo/ t2dt+/ 2 7(0)2=/5dt
0

s

f 3 ooZud>
f(0)<63+s/1u2 u

< (e/F(0)*

IN

IN



Av tdpa yia xdde s > 0 otov gopéa g f oyler f(s) > £(0)/2, téte tov pého Tou
s mallet to so = max{s > 0: f(s) > 0}. Eivar 1 > B > f(0)s0/2 xou

(1.1.37) /Ooo 2 f(t)dt = /Oso 2 f(t)dt < ef(0)s3/3,

70 ornolo odnyel oty Bl axpPhdc extiunon. Me tov (Blo tpdmo @pdocouvue to
ohoxhfipwua 6o (—00,0]. Encton ot

/K(x,9> do /0 ¢ f(t)dt+/ioot F(t)dt
(¢/ £(0))%,

o6mou ¢ > 0 anéhutn otoepd. a

IN

Yy neplntwon mov o K elvan lootpomnixd, oL dVo autég llpotdoei delyvouv bt
Ohec oL (n — 1)-ddotatec Touéc K N 6+ tou K €youv mep(nou Tov (o byxo.

Ocdpnua 1.1.2 Eorw K 1w0otpomikd kuptd oopa orov R*. Ta kdfe § € S™1

wyvetl
C1 1 C2
1.1.38 — < |KNo~| < —
(1.1.39) PNt <
omov c1, ca > 0 antdAvtes otadepés. |

4. Ewxaocia tov unepeminédou xau tootpomixn 9€om. Mio and Tic mo xevTpixég
ewaoieg ot Yewpla TwY XUPTMY COUATOVY EVOL 1) €1KATTa TOU UTEPEMTESOU.

Trdpyer andhutn otodepd ¢ > 0 ue v e€ng Widtnra: av K elvar éva
xWpT6 oW 6Yxou 1 otov R ue xévipo Bdpoug To 0, undpyer 6 € S™~1
TETOLO OTE

K Né+t| > ec.

Av unodéoouue 6Tt 1 exaolo Tou unEpETLTESOL Loy VEL, TOTE YLot X&E LOOTEOTLXOG
otpa K 6eg ov touéc K N O+ éyouv byxo ueyahdiepo 1 ioo tou e. Tére, o0
Ocdpnua 1.1.2 éyet Ty &g ouvéneo:

Av oylel 1 ewxaocio tou utepemnédou, tdTE LTEPYEL AndALTH oTadEpd
C > 0 tétow dote Lg < C yra xdde xuptéd oouo K ue xévipo Bdpouc
70 0.

Avtiotpoga, av undpyet andhuto Qedyua yio TN otoepd LooTPOToG, TOTE ENETOL 1)
ewxaotio Tou unepeTESOU. AUt QalveTon EUXONX AV YETICLUOTIOLCOVUE TO ENRELOEL-
d¢éc tou Binet. Ao to Ajuua 1.1.3, yio xdde xvpt6 owua K otov R* nou éyel dyxo
1 o xévtpo Bdpoug to 0, Exyouue

Eg(K —n —n
(1.1.39) B = [ o)

Wn



Erouévac, undpyet 8 € S™1 ue v Buotnta

(1.1.40) | (.02 de = 101 a0 < T
Ané v Hpdtaon 1.1.1 énetan 611

1
N N Pk

Me awth| Ty évvoia 1 wehétn tng otadepdc Lootpontiag elvor amoAlTwS LoodivaUn UE
N weRéTn g ewcactag Tou utepemmEdou. To mpdBAnua auté elvar Lloodbvouo Ue TNy
AOLUTTWTLXY €XBOY 1) TOADY SAAWY XAACUDOY TEOBANUATWY TN XVETAS YEWUETEL-
ag (Yo meptoobtepes Aentouépeteg xat anodelels 60wV ATOTENECUATWY AVUPEPOVUE
ywelc anddelln, Bréne [47]).

(1.1.41) |K No+

5. I'vwotd anoteAéopata yia TNy Lootpomixn Y€or xow tn otadepd Loo-
Teomiag. Yrndpyouv xdmoleg eWdixéc xAdoEC cwUdTwY Yo TC onoleg N otodepd
wotponiag pedoceton e0xoha. Ot O YUPAXTNELOTIXES ElVaL: TAL CUUETELXE XUPTA
CWUITA TOU TA TOAXA TOUG E£X0UV PpaYUEVO AOYO YWY XOL ToL GOUITI TOU Efvor
CUMMETEWXE WS TEOS TOUC UTIOYWPOUS CUVTETAYHEVWV.

(o) BEotw K éva cuuuetpind xuptd ooua otov R”. YTrolétovue bt to K° nepté-
yer eMewpoedéc B xor 6T (|K°|/|E|)1/n < d (Mue 6T 0 Aéyoc 6yxwv Tou K°
ppdooeton and d). IoodOvaua, undpyer S € GL(n) tétowg kote BY C S(K°) xou
(|S(K°)|/wn)1/n <d. Agol wi!™ ~ 1/+/n, natpvovtac T = t(S™)* yio xatddhnho
t > 0 xan ypnowonowdvtag Ty aviiotpoprn avicdtnta Santald, eréyyouvue 6Tl uTdp-
xeL Ypouwxh edva TK tou K mou €yel éyxo 1 xou ieavornotel v T K C cdy/nBY,
émou ¢ > 0 andélutn otadepd. And v (1.1.12) xar 1o Oedpnuo 1.1.1,

(1.1.42) nL3 < / |z|?dz < Pd*n,
TK

dnhadn, Li < cd.

(B) Ac unodéoouvue 6t 0 K elvon LooTpomixd xat SUUUETELXS WS Tpog GAoUS Toug
UTIOYOPOUS CLUVTETAYUEVWY. Xe auTh Ty mepintwon, o M (K) elvon Storydviog xan 7
[Mpobtaon 1.1.2 delyver 6t

n n —2
(1.1.43) L2 = |det M(K)| = H/ 2dr < A" (H |Ki|> ,
i=1 K

i=1
6mouv K; = KNej = P,. K. Ané tny oviodtnta Loomis-Whitney (Bhére [42]),

n
(1.1.44) [I&il > |5k = 1.

i=1



Apa, Lg < c.

(Y) Anodewxvieton ebxola 6t Lx > Lpp > ¢ v xdde xuptd oduo otov R, 6mou
¢ > 0 anéhutn otodepd.

K\elvouue auth tnv mopdypago ue xdmoleg TANpopopleg yior Tn SIGUETEO XaL TO
(€GO TAETOC TV Lo0TPOTUXWY owUdtwy. Ta tny anddelln Bréne [36] xou [32].

Igdétaon 1.1.3 Eotw K wotponiks kupté odua otov R*. Tdrte,

(1.1.45) R(K) < (n+1)Lg

Kat

(1.1.46) w(K) < en®* L,

omov ¢ > 0 andAven otalepd. O

1.1.2 Mewxtol 6yxor xow 1 aviootnta Aleksandrov-Fenchel

1. Mewxtol éyxor. TDpdgovue K; yior Tnv xAdorn OA®Y TV UN XEVOV XUPTOV
ouunoy®y utocLVorwy tou R™. H K, elvon xuptog xhvog we mpog tny npdcdeor xotd
Minkowski xou tov mohhamiactacud ue un apvntixols npayatixols aptduods. To
Ocewpnua tou Minkowski (mou elvar ToawTY POV XoL 0 OPLOUOS TWY UEXTWY GYXWY)
poac Aéet ot av Ky, ..., Ky € Ky, m € N, t61€ 0 6yxog o 61 Ky + -+t Ky
elvar opoyevég moAv@vupo Baduod n wg tpog ta t; > 0. Anlady,

(1.1.47) Ky 4 Ko = Y V(K K )t
lfil,...,infm

6mou ot ouvteheotés V (K, , ..., K;, ) emhéyovton va elvar aveEdptnrot and uetadé-

oewc Twv K. O ouvteheothic V/(Ay,. .., A,) ebvon o peixtéc éyxoc twv Ay, ..., Ay,

Edwoétepa, av K,L € K, téte n ouvdptnon |K + tL| elvow mohuodvuuo tou
teRT:

n

(1.1.48) |K+tL| =" <?>VJ(K L),

=0
omov V;(K,L) = V(K;n — j,L; j) elvon 0 j-ot6g pewxtde bdyxoc twv K xou L. And
v (1.1.48) éyouue

1 K Ll - |K
(1.1.49) ViK, L) = L i L= IK]

n t—0+ t ’
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xa, oe cuYdUAoHO Ue TNy avicdtnta Brunn-Minkowski, nalpvovue v aviedtnta
tou Minkowski

(1.1.50) Vi(K, L) > |K|" /L)

v xde K, L € ICy,.
2. Quermassintegrals. ©¢tovtag L = By maipvouue tov tOno tou Steiner

n

(1.1.51) K+ By =Y (”) W, (K,

=0

émov W;(K) = V(K;n — j,B3; j) elvon to j-0t6 quermassintegral touv K.
Ané tov t0no tou Steiner eAéyyouue edxoha OTL 1) emipdveta Tou K dlveton amd
Y

K +tB}| - |K
(1.1.52) AK) = tim EHIBEZIEL g g
t—0+ t
H avicédtnta tou Minkowski delyver 61t
(1.1.53) A(K) > nwl/m K |m=0/m

v xde K € K. Auth elvon 1) LOOTEpUIETELX avloOTNTA Yol XUPTH COUATA GTOV
R™.
O ohoxhnpwtinde tonog tou Kubota

Wn

(1.1.54) W;(K) = / |Pe K |p—jdvp n—;(H)
Gnon—j

Wn—j

expdleL To j-o16 quermassintegral tou K cov tn uéon Ty T0U 6YXOL TWV TPO-
Bolov ddotaong (n — j) tou K we npog to Haar pétpo mdavétnrag otny Gr,pnj.
Egapuoélovtac ty (1.1.54) ywt j = n — 1 PAénovue ot

(1.1.55) W 1 (K) = waw(K).

3. Meuxtd emtgaveraxd wétpo. Oewpolue uia (n —1)-dda C = {Ky,...,Kp_1}
oty xhdon Ky, T xdde L € K, opllovue f(hr) = Vi(K, L), xou enextelvouue tny
f Yeopuuxd otov undyweo D(S™ 1) = span{hr|sr.-1,L € K} tou C(S" ). Ané
v tpoodetxdtnal tou Vi w¢ npog L xou and to yeyovée 6t by, = hi, + hp,
v xde Ly, Ly € Ky, n f elvon éva Yetind QporyU€vo YpouuLx6 CUVIRTNCOEWES GTOV
D(S™~1), 7o onolo enexteiveton otov C(S™ ). Ané to Yedpnua avamopdoTtaong Tou
Riesz, unopolue va Bpolue éva Borel uétpo S(C, ) otn uovadiaio ogatpar S~ 1o
ormolo wxavorotel TNy

(1.1.56) V(L K1,...,Kn_1) = %/ hi(w)dS(C, )
Sn—l
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yia xde L € K,,. To S(C,-) elvar to pewxtd entpavetand uétpo wwv Ki,..., K, ;.

Av K € K, 10 j-0t6 emgaveaxd pérpo tou K oplleton and my S;(K,-) =
S(K;j,By;n—j—1,-),7=0,1,...,n—1. 'Eneton ét. o0 quermassintegrals W; (K)
YedpovTaL TN Uopgh

1

(1.1.57) Wilk) = [ hiclu)dS, s (Ko

Sn—1
vy =0,1,...,n-1,%

1

(1.1.58) W, (K) = —/ dSn_; (K, u)

n Jgn-1
v j =1,...,n. Av utodécouvue 6T 1 h elvon 0o Qopéc cuvey®e TapaywYlow,

t61e 10 S;(K,-) éxer ouveyh tuxvétnTa s (K, u) we Tpog To 0, THY j-GTH OTOLYELNMN
CUUUETELXY) GUVEETNON TwV WioTw®Y e Bootavic tng hx 70 u.

Ewdw neplntwon elvar 1o emgaveloxd yétpo ox = Sp—1(K,-), 10 onolo nept-
Ypdupetan Loodlvaua wg e€hc: av A elvon évar Borel utoctivoho e S™ 1, tote ok (A)
elvow 10 (n — 1)-8Ld0T0To UETPO TOU GUVOAOL OAWY TWY CLUVORPLAXWY CHUElWY Tou K
o onola €youy eEmtepind xddeto ddvuoua oto A. Av 1o K elvon ntohbTono Ue €dpeg

Fi, ..., Fp xou x80etar SlavOoUaTol To Ui, . - - , Uy, AVTIOTOLYQ, TOTE TO O (PEPETOL
and o {u,...,um} xu ok ({u;}) = |Fj|, j =1,...,m. Hapatnpriote 6t
1
(1.1.59) K| = Wo(K) = ﬁ/ hic (w)o e (du).
Snfl

4. H avicotnta Aleksandrov-Fenchel. H woyvpdtepn yvwoty| yevixevon tng
avioétntog Brunn-Minkowski oto mhalolo twv xupT®v cwudtwy elvon 1 aviodtnta
twv Aleksandrov xou Fenchel: Av K, L, K3, ..., K, € K, téte

(1.1.60) V(K,L,Ks,...,K,)?>V(K,K,Ks,...,K,)V(L,L,Ks,...,K,).

Edwdtepa, 1 (1.1.60) delyvel 6t n axorouwdia (Wo(K),. .., Wy (K)) eivar hoyaprd-
(X xolAn. Yuvérneia autrg TN Tapathpnong elval oL aVLGOTNTES

(1.1.61) Wi(K + L)Y =90 > w(K)Y =0 4w (L)t (=9
mou oybouy yia xdde Leuydpl xLpT®V cwudtwv K, L otov R® xou yio xdde i =
0,1,...,n — 1. Ernlong, ot aviodtntec tou Aleksandrov
(K 1/i (K 1/j
(1.1.62) (M) > (M) ,
Wn, Wn,

v xdde 1 < i < j < n. Oérovtag i = 0 oty (1.1.61) malpvouvue v aviednta
Brunn-Minkowski. ©@¢tovtac i = n — 1 xu j = n omy (1.1.62) nolpvoupe tny
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oonepLueTpixf) oaviodtnta.  Téhog, ¥étovtag @ = 1 xow j = n omy (1.1.62) xou
xenowonowdvtag ™y (1.1.55), nalpvoupue tny avioétnta tou Urysohn

(1.1.63) w(K) > <|w—[i|>1/n.

Khaowée avagopés yia T Yewplor Twv uewxtdy oyxwy elvar o Bi3Mo tou Schneider
[56] xou to BiBAo twv Burago xou Zalgaller [18].

1.1.3 IIvdavodewpntixd xon avaluTLxd epyaheio

Oa yenowuonotioovue tpia Bactxd mdoavodewpntind xou avahutixd epyoleio and Ty
AoLUTTWTLX Vewpla TWY YOPWY TETEQACUEVNS DAGTAONG UE VOPUA.

1. Apuwduol xdAvdng xow N avicétnta Tou Sudakov. ‘Eotw K éva xuptd cdua
otov R". Oewpolue 1 aveldptnteg TUTLXES XAUVOVIXES TUYOLES UETIBANTES g1, . .-, gn
o€ xdmotov ywpo mdavotnrog (2, A, P), xou v avéhin tov Gauss Z2 = {Z, |z €
K} ue

(1.1.64) Zy = (2, gie:) = > wigi,
=1 i=1

émou {eq,...,en} elvon n ouvAdne opdoxavovixy Bdon tou R*. Mnopolue va Bré-
Touue TRY Z ooy utocvoho tou L (Q, A, P). Hopotnphote 6t

(1.1.65) 122 = Zyll2 = |z =y

v xéde z,y € K. Tpdgouvue B yio tn povadiato undha tou L2(Q, A, P) xou yio
x&e t > 0 opilovue tov t-aprdud eviponiag g Z and T oyéon

N
(1.1.66) Ni(2) = min{N | umdpyouv z1,..., 2y € K: Z C U(Zwi —l—tB)}.
i=1

Av 7o teleutalo ohvolo elvon xevd, Bétovue N (Z) = oo. H avicdtnra tou Sudakov
(BAéme [41]) Siver xdtw Qpdyuo yior T uéon Tuur Tou supremum e Z (oyleL yevxd
vio avell&elg Tou Gauss).

Ocwpnua 1.1.3 Trdpyer anddvn otalepd ¢ > 0 pe v €&ng bidtnta: ya kdde
kupté owua K oror R*,

(1.1.67) csup (t Tog Nt(Z)) < E sup Z,.
t>0 zeK
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To Yedpnua autd éxel o dueon yewuetpwxr epapuoyy. Opilovue toug apld-
pole xdhudne N (K, tBY) tou K ond tny

N
(1.1.68) N(K,tBY) := min {N | 3z1,...,an € K K C | J(w +th)}.
i=1
Ané v (1.1.65) elvon gavepd 6t N(K,tBY) = Ni(Z) yua xdde t > 0. And v
dAAN Thevpd., évag amhdég utohoyloudg Selyvel 6T

(1.1.69) E sup Z, = cyw(K),
zeK

6moU ¢y, oTodepd oL eZapTdrar and T SudoTaon n, UE ¢ = /1. Enouévwe, unopol-

ME Vol EXTLUHCOUUE TOuE aiptduole xdAudng tou K YpnoldonotdvIag ooy TopdUETPOo
70 U€co TAdtoc Tou K.

Ocwpnua 1.1.4 Trdpye andlven otalepd C > 0 pe v e€ijs bidtnra: av K elvar
éva kupté owpa otov R*, tdre

w?(K)

(1.1.70) log N(K,tB}) < Cn 2

ya kdOe t > 0. O

2. Troxavovixég avelilerg xou 1 avicotnta tov Talagrand. Eow (2, A, P)
yweoc mdavdtnTag, xou YV = (Y3)zek UL OLXOYEVELD TPOYUOTIXOY TUYLWY UETH-
BANTay. Aéue 6t n avéhin YV = (Yy)zek elvon utoxavovinh av

(1.1.71) EY, =0

v xde x € K xow av, yio x&de z,w € K xon xdde t > 0,

t2
1.1.72 P(|Y, =Y, >t) <2 - .
(11.72) (¥ = Yul 2 0 < 20w ()

I xéde Borel uétpo mbavétnroc p oto K Yewpolue tny tocodTnTa

(1.1.73) o (K, ) _31612/ \/log )>dt.

To Oewpnua tou Talagrand [58] yio To xLpLaEY0GVTA UETE (0TO TAGLOLO TWV XVPTEWY
owdtwy) elvar To eZhc.

Ocwenua 1.1.5 Trdpyer oralepd C > 0 e ug e€nig 1016tnreg:
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(o) Ta kdBe vrnokavorikry avéhién'Y = (Yy)zek,

(1.1.74) Esup Y, <C-%»(K)
zeK

onov 2 (K) = inf,, v (K, p).
(B) Av Oewpriooupe tnr avéuén tov Gauss Z = (Zy)zer s (1.1.64), tére

1
(1.1.75) E-VQ(K)gEsup Zy <C -7 (K). |
zeK

"Aueon ouvénela Twy Tapandyve elvon o e€hc Yedpnua cUYXpLoNG.

Oewpnua 1.1.6 Fotw K éva kuptd odua otov R*. Av n avéuién Y = (Yy)zek
elvar vrokavovikr, tote

(1.1.76) Esup Y, <C-Esup Z,,
zeEK €K
orov C > 0 efvar pa anélvrn otalepd. |

3. EXdyioto péoo mAdtog xon 1 aviootnta tou Pisier. Eotw K éva xuptod
owuo atov R*. Aéue 61t 10 K éyel ehdyloto péco mhdroc av w(K) < w(TK) vy
x&0e T € SL(n). Evo anhé emyelpnuo cvundyelog delyver 6t xdlde omua éxer Yéon
ue eAdytoto wéoo mAdtoc. H Véon auvth yopoxtnelleton and to enduevo Yedpnua
(BMéme [27]).

Ocwpnua 1.1.7 Eva kupté odpa K otov R* éyear eddyioto péoo mAdtos av kai
uovo av

w(K)

(1.1.77) /5 () ()% (du) =

ya kde 0 € S, EmmAéov, n 0éon eldxiotov péoov mAdrovs elvar povadikrj av
ayvonooupe opPoydviovs HeETATYNHATIOUOUS. |

O. Figiel xou Tomczak-Jaegermann édellov (oe yewuetpixry Yhdooa) 6t unopel
xovelg vor SOoeL dvw Ppdiyua Yiar To EASyLoTo WECO TAATOG EVOC GLUUETELXOU XxVETOV
owuatog av Swodéter uta yevudj extiunon yia ) «otodepd K-xuptétnroacy C(Xk)
tou Xk (BMéne [53]).

Ocewpnua 1.1.8 Av K elvar éva ouupetpiké kupté odua otov R, vndpyer ypap-
ik eicova K tov K e dyro |K| =1 ka1 péoo nAdrog

(1.1.78) w(K) < ey/nC(Xk),

omov ¢ > 0 andAvrn otalepd. O
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O Pisier (Bihéne [52]) €dele 61t C(X) < clogn yio xdde n-3tdototo xhpo He vopua
X. Enouévag, xdlde ovuuetpixd xuptéd coua otov R? €xet ypouuiny| euxéva dyxou
1 mou éyer uéoo mhdtog O(y/nlogn). Evo anhé emyelpnua delyver 6t n unddeon
e ovuuetpiog Sev elvon amopaltnTn:

Ochpnua 1.1.9 Eotw K éva kuptd odua otov R*. Trdpyea ypapuxij axéva K
tov K e dyko 1, tétoa dote

(1.1.79) w(K) < ey/nlogn,
omov ¢ > 0 andAven otalepd.

Anoden: Oewpolue 10 odua Swupopdy K — K tou K. Tndpyet ypouuuixog ue-
taoynuatiouwds T tov R térowog dote |T(K — K)| =1 xon

(1.1.80) w(T(K — K)) < ev/nlogn.
Hapatnpotye 6t T'(K — K) =TK — TK xou

w(TK —TK) = /S _hrxorx(u)o(du)

= /Sn_1[hTK(u) + h_7k(u)]o(du)

/S () + hrc(-wlo(du)
— 2u(TK).

Eniong, and v avioétnta wwv Rogers xaw Shephard (BAéne [55]), éyouue
(1.1.81) ITK|>4""|TK — TK|=4""

"Apa, undipyel ¢1 < 4 o Gote 10 K = ciTK va éyel éyxo 1. Tougwva ue to
TOPATVW,

(1.1.82) w(K) < 4w(TK) < 2¢v/nlogn. O

1.2 Yuvontixn nepLypapn tng epyaciog

H xohOtepn yvowoth extiunon yio 1o mpoBinua tne otadepdc wootporniog opelieton
otov Bourgain. Ytny [8] é8ele 61t undpyel andhutn otadepd ¢ > 0 tétola WoTe Yot
xdrde cuUUETEWS xLVPTO odua K otov R™ va woylet

(1.2.1) Lk < cy/nlogn.
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M Swapopetiny| napovsiaon autic g aviootntag 360nxe apyodtepa and tov Dar
[21]. Etny §2.5 delyvouue 6Tl e XUTEAANAY TEOTOTOINGT TOU ENLYELPHUATOC UTOPEL
xovelc vor EMEXTEVEL AUTO TO ATMOTEAEOUA OTNY XAJOT, OAWY TWY XUPTWY CWUATWV.
H nponyoluevn yvowoth extiunon Atav L < c¢y/n (Bhéne [21]). T v oxpiBea,
av oploovue v wootpomixt| Véon evog xupTol cuatoc K ywplc vo urtodécouvue
ot 1o K éyel xévtpo Bdpouc 1o 0, to gedyua v tny Li e€oxolouldel va toyleL.
H vnédeon yia 1o xévtpo Bdpoug eivon amapaltntn av Yélouue va cUVIECOLUE TN
otadepd wootponiog Li Ue Tov 6yxo twy (n — 1)-didotatwy Toumy tou K.

Ocwpnua A Yrdpye anédvtn otalepd ¢ > 0 pe v €€njg ididtnta: av K elvar éva
kuptd odpa otov R™, tére L < c/nlogn.

To apywd emyelpnua Touv Bourgain ouclactixd avdyel 1o TEOBANUL 0TNY XAAGCT
TWV LOOTPOTULXDV XVPTWY cwudtwy @ ue axtiva R(Q) < ¢y/nLg, émou ¢ > 0 elvon
wor amdAuTy otadepd. Aelyvoude TAHEWS QUTH TNV AvaywYT) ToL TROBAAUATOC TNy
83.1. And exel xou mépa, 10 Baoxd epyarelo yioo v amddeldn e (1.2.1) elvon o
YEYOVOS OTL TAL YPOUUIXE CUVHPTNOOELSH VW GTO XUPTE GOMOTO IXAVOTOLO0Y TNV

W1-extiunon
(1.2.2) 16l < CIIC O

v xéde 0 € S™L énou C > 0 elvon pror amdhutn otadepd.  Auth n aviednta
elvar cLVETELX TOU YEYOVOTOC OTL 1| fK 9 Elvon hoyapuduxd xolkn, xou Sev emdéyeton
- yewwd - Behtiwon. Ymevduuilovue 6t n Orlicz vépua || flly, ™c f : K = R
opileton and v

(12.3) 1£lls. =inf{t>o: /K exp((lf(w)l/t)“)d:c§2}-

Anb v anddeldn e (1.2.1) oty §3.1 yiveton @avepd bTL av toyupdTeEn TANPOYOpLa
YO TNV 1)2-CUUTERLPOPE. TWY YPUUUIXWDY CUVAPTNOOEWBWY 010 (), OE GUVBLACUS UE
0 Oedpnuo tou Talagrand yuo tor xupLapyolvTa uétpa [58] xou TRV aviebTnTa TOU
Pisier [52], Yo nadpvaue 1o dve @pdyua O(logn) yia tnv Lg. Mdhota, o Bourgain
[9] €de&e mpbopoTa OTL TOL COUATA TOU €YOUV XU a-CUUTERLYOPS. GE OAES TLC
dtevdivoelg éyouv ppayuévn otodepd ootporniag.

1.2.1  Vy-CUUTERLPORA TWY YRUAULXGY CUVURTNCOELSWY GTA
XUPTA CWUATL

Aev elvar coagéc av xdde LooTEOTUIXO XUPTO GOU XaVOTOLEL XUAT| 2-exTiunon yia
T TepLoobTepeg deudivoec B € ST EE dowv yvwpllouue, oxdua o 1 Onopén
ulog xohfg Pa-dieduvong dev éyel enakndeutel oe mAfen yevixotnta. Ou Bobkov
xaw Nazarov (BAéne [13] xau [14]) anédetlav npbdopata 6Tt av 10 K elvar tootpomind
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1-unconditional xvpté obua, t6te ||(+,0)]|w. =~ V|0l Yot xdde 6 € S™L. Ei-
dudtepa, N darydviar dievuvon elvon Po-dtedduvor. To Lwvoedr; oynuotilouy uia
delTEEN XNAOT XVPTAOY CWUATWY Yia Ta ontola 1) VTOEEN XOADY P2-dtevdivoewY UTopE
vo emohnleutel. Autd mpoxdnteL and 1o e€nc YeEVOTERO amotéAeoua Tne §3.2.

Ocedpnua B FEotw K éva kupté odua otov R* pe dyro |K| = 1. Yrodérovue dn
K C ay/nBY. Tére, vndpyer 8 € S"~* térowo dote

(1.2.4) </K |(w,0>|pd$> v < Ca\/ﬁ/K [(z,0)|dz

ya kd0e p > 1, émov C' > 0 elvar pa arélven oradepd.

To emyelpnua mou anodewxviel To Oewpnua B delyver 6tu ya Tig «uioécy dieu-
Yovoewg 0 € S™1 Eyouue «xohAy Pa-cuuTERLYOpE, Sev Elvar dung avd vo Betiet bTL
T0 UETPO TV XAV deudivoewy elvar 1 — o(1) otav 1 didotaon telvel oTo dnetpo.

To Levoeldn €xouy YpoULxEg ELXOVES TTOU XaVOToLo0Y TNV LTOVECT] ToU OewEn-
tatog B ya xdmota andhutn otadepd o > 0: atv Z elvon éva Lwvoedés otn Véor Lewis
# otn 9éon Lowner # otn ¥éon ehdytotou péoou mhdtouc, téte 2R(Z) < /n|Z|H/™.
Enouévog, éxyouv «xolécy ¢e-Stevdivoelc.

Mmnopolue eniong oyetind edxola vor anodelEouue dTL xUPTA GOUATA TIOL €YOLY
Huen) didueTpo éyouy ueydhes (n — 1)-didotateg toués (awtd unopel vo emokndeutel
ue Sdpopoug TpdToLS, To emtyelpnua Ouws TN §3.2 dlvel emmiéov xdmotar extiun-
on Yy ™V xatavour tou éyxou twv (n — 1)-8idoTatwy Toumy). Auth elvon dAAN
Hior €VBEEn YL T0 YEYOVOG OTL 1) ha-cuuTEPLpopd. oyetileton UE TNV ewxacia Tou
UTEPETLTESOL.

Ocdenua I' Eotw K éva kuptd odua otov R ue dyxo | K| =1 ka1 kévtpo Bdpoug
70 0. YroO¢éroupe éut K C ay/nBYy. Tére, yia kdle t > 0 éovue

(1.2.5) o(0es | Knet > 2) >1 -2,
ta

omov cg > 0 efvar pa anélvrn otalepd.

Ta xevtpid UoC AmOTEAEGUATO OYETLXE [UE TNV P2-CUUTERLYPORS TWY YRAULULXGDY
ouVaPTNoOEWWY TepLéyovTat oTig §3.3 xou §3.4. Me agopun Ty avarywyT Tou TeoBAr-
Hotog g otodepdc LooTPOTAS OTA LOOTEOTLXA XVETY oduaTta () Tou €youv axtiva
R(Q) < e/nLg, UENETAUE TNV 12-CUUTEPLPOEE. TWY YRUUULXDY CUVIRTNOOELSHOY 0T
Lootpomxd xVptd oouata K mou éyovy axtiva R(K) < Ay/nLk, cuvapthoeL e
napauétpou A > 1. Do ouvtoula Yo Aue 6Tl auTd elvon «LOOTEOTUXE CWOUATA UE
Hixen) duduetpoy. Iopatnerote 6t oo Oewpruata B xon I' ev éyoupe xdver tny
unédeon ot o K elvan L.ootponixd.

Trdpyouv d0o cuvapThcelg Tou UTalvouy QUGLohOYWXd ot auTy T UeAéTn. Ilpo-
XEWEVOL VoL 0plooLUE TNV TEWTY, Yo xde ¢ > 1 Yewpolue T0 g-xeVTROELdES cwUA
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Z4(K) tou K nou éyeL oav ouvdptnorn othpéng tny

(1.2.6) o) = 1) = ([ |<x,y>|qu)1/q,

XL XATOTLY ELOGYOUUE TN oLUVERTNOT Mk Twv «apuducv Dvoretzky»

w(Z,(K))

(1.2.7) mk(q) :nR(Zq(K))Q'

‘Onwe Yo dolue, 1 xoAh Po-cuuneplpopd ce OAeg Tig dlevdivoelg elvon ouoLaoTiXd
toodOvaun ue ™ cuviixn mi (q) ~ n ya xdde g. Enouévwe, elvar guotohoyixd va
UEAETHOOLUE THY Mk (g) Yo TOL LOOTPOTUXE COUATA ULXPHS DLYLETPOU.

H 3e0tepn ouvdiptnon fr UeTpdel TN U€oT TuUH Tou 6YxoU TwY Touwy Tou K Ue
Ta unepenineda mou Beloxoviar ot andotaon t > 0 and TRV apyh Twy a&ovev:

(1.2.8) fx(t) = /Sn_1 fr,o(t)o(d6).

Elvow gavepd 6TL 1) oA 1)2-cUUTERLQORA Ot OAeC Tig SteLdUVOELS €xEL GaV CUVETELX
€vol LTOXAVOVLXS dve Ppdyua yiar Ty fi(t). Eivar Aowndy mdht @uotoloyxd va
UEAETACOVUE TN CLUTEPLYPOPA TNS fK YO LOOTPOTUXE XUPTE CWUATI ULXPHC dtoyté-
Teou. ‘Onwg Yo olue, 1 «uToxavovLxy cLUTERLPOPd» TNE fi Elvon LoodOVauT UE TNV
WLoTnTa TNG WUXEhS DL€ TEou Yiar Evar LooTpoTind xLpTd odua K.

Ou ouvoptioelg my xou fx elodyoviar oTC Topaypdgoug §2.2-2.4, émou amo-
deuxviovton didpopeg Baoixég WdTNTES Toug.

To Yetind uag anotehéouato YLot To LOOTPOTULXA COUATA [(UXPNS SLaUETPOoU GLVO (-
Covton oto €€ Vedpnua.

Ocwpnua A Eotw K éva wotpomkd kuptd odpa otov R*. Yrolérovue ét ya
kdrowa otallepd A > 1 1wyvet K C (Ay/nLk)BY. Tdre,
() mr(q) > c1v/n/A% ya kdde g > 1, émov ¢ > 0 elvar ja andlven oradepd.

B) fx(t) < % exp(—c3t?/A’L3) ya kdOe t > 0, émov cz,c3 > 0 efvar andluzes
otalepéq.

() 1 M lps < 04\/Z€/ELK yia kdde 0 € S, kar

(1.2.9) a0 € 5™ L1 ||, 0)]lu > csA(L + 1) L) < exp(—cey/nt?/A?)

ya kdle t > 0, émov c4,c5,c6 > 0 €elvar ardlutes otaepés.

Me 8o Abyiar, yior Ty Tuyodor Siebduvon @ € S, éva LooTpomixd xLpTd cHU
UE Uueen dLduEeTEOo eavomolel Ty

(1.2.10) (5 0ly, < CLk,
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apxel N tapduetpog A va elvar ouotduopga gpayuévr. H extiunon ouwe tou uétpou
Y xoAOV dlevdivoewy dev elvon Wialtepa toyuey| (tapatneiote vy eZdptnon and
™V /1 oto Oewpnua A.)

‘Onwe npoxUntet, dAeg oL Topandvw extydnoelg elvar Béltioteg. Mmopolue va
XUTOGKEVIGOUUE €VaL LoOTPOTUXO %VpTH owua () uxprc dloawétpou, Yo To onolo
ming, mg(q) ~ /n xow maxg ||(-,0)||y, ~ vnLg. A&ilel vo onueiwdel 6Tt 10 TP~
devyua dtvetan amd Eva cwua Tou omolou N YEwUETELXY| andoTacT and Ty Euxieldeia
uTdAa elvor ouoLOUOpQ PparyUEVT.

Ocwpnua E Trdpyer éva wotpomikd kupté odua ek nepotpopns @ otov R* ue g
axoAovdeg 1016tnTes.

(o) c1y/nBY C Q C eay/nBY, dmov ¢1,c2 > 0 elvar andhuzes oradepés.

B) 1y endllws = c3/n, dmov ¢z > 0 efvar pua anddven otadepd.

(Y) Trdpxer qo ~ /n térows dote mg(q) ~ n/q av ¢ < qo xar mgo(q) ~ q av
g <g<n.

1.2.2  3uyxévtpwon Tou OYX0U XoL XEVTPLXES OPLAXES LOLOTN-
TEG LOOTROTUXWY XVETWY COUATWY

‘Eotw K éva wootponixd xuptéd owua otov R*. Térte,
(1.2.11) / |z|?dz = nL3%,
K

xou epopublovtac Ty aviodtnta tou Markov BAénouue 6t |[KN(3y/nLk)BY| > 8/9.
Ané to Afupo tou Borell (BAéne §2.1) éneton to €€¥c.

IMeoétaom 1: Av K elvar éva wootponikd kuptd owua ovov R, tére
(1.2.12) Prob ({z € K : |z| > 3\/nLkt}) < exp(—t)

yia kdOe t > 1.

O Alesker [1] €dei&e 6Tt av 10 K elvon tootpomuxd, té1e ) Euxheldewa vopua f(z) = ||
weavoroLlel TNy p-extiunon

(1.2.13) [£lly. < ellfll < evnLg,

6mou ¢ > 0 elvar ptar amdAuTy otodepd (Yo Uior yevixevon, BAéne §2.4). Ewdwdtepa,
nadpvouue v e€rc Beltiwon tng aviobétntag e Ilpdtaone 1.
IMpdétaoy 2: Yrndpyet anédven oralepd ¢ > 0 térowa wote av K elvar éva wotponikd

Kupté odua otov R*, tite

(1.2.14) Prob ({z € K : || > ey/nLit}) < 2exp(—t?)
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yia kdOe t > 1.

Ot Bobkov xou Nazarov [13] anédeiZoy éva eVvTUTmotaxd LoyLpGTERO ATOTEAECUN OTNY
neplnTwon twv 1-unconditional 1ooTEOTXGY (LETOY COUATWY.

Ilpotaoy 3: Yrdpyer amddvtn otalepd ¢ > 0 térowa wote av K elvar éva 1-
unconditional 10otpomixé kuptd odpa otov R*, tdre

(1.2.15) Prob ({:c €EK:|z|> c\/ﬁt}) < exp (—ct\/ﬁ)

yia kdOe t > 1.

Ouundelte 61 L ~ 1 oty nepintwor twv 1-unconditional xuptdv cwudtwy. Ao
n axtivae R(K) evéc wootpomixold xuptob otuatos K otov R gpdooeton mdvto amd
(n+ 1)Lk [36], n avioétnra otny Mpdtaon 3 elvon woyupdtepn and Tic TPONYOUUEVES
300 Yyl xdde t > 1. "Eva eptdtnua Tou TpoxOTTEL QUOLOAOYLIXE ol SLATUTOVETOL GTNHY
[13] elvar 0 €&¥c.

IMeopAnua:  Efvar owoté du vrndpyovv andlven owalepd ¢ > 0 kar ovvdptnon
¢ : N = RT pe ¢p(n) = 0o drav n — oo, téroies dote ya kdle 1wotpomikd kuptd
odua K otov R* va wyde n aviodtnra

(1.2.16) Prob ({z € K : || > ev/nLgt}) <exp (— ¢(n)t)

ya kdlet > 1;

‘Onwe Yo dodue, autd 10 TEOBANUL oYeTILETOL UE TS XEVTPLXES OPLUXES LALOTNTES TWY
LOOTPOTUXWY XUPTAOY cwudtwy. To tehevtaia ypdvia Exel oulnniel n exaoto 6T 0
(n — 1)-8udotatoc byxoc fi o(t) Twv Topudy K N (04 + th) evéc ootponixol xupTtol
oouatoc K ue urepenineda xddeta ot Sodeloa Sievduvon 8 € S~ av tov Solue oo
oLvdpTNoN TN amooTaoNS ¢ > 0 TV UTEPETTEIWY artd TNV apy )| TwV afovey, elvar -
UE UEYIAN TdovbTNTOL - X0VTE 0TIV xovovixd TuxvéTnTa UE Uéco 0 o Staomopd L .
Auvth n euxaolo unopet va Swartumwiel axptBéotepa ue ToAAOUE SLapopeTixo0g TPOTOUG
(BAéme [17], [2]) o éxer emahndeutel udvo yio xdmoleg etdixés xhAoels owudtwy. Ot
Bobkov xow Koldobsky [11] (BAéne eniong [17]) dedpnoay ™ uéon tunf mdve ot
opalpa

(1217) i) = [ Ieotota),

xon €detav 6L av K efvan éval lootpomixd xuptd owua otov R?, tote

ﬁ exp(—ﬁ/(zL%())‘ <C (Utfj,if " %)

v x89e 0 < t < ey/n, 670U ¢, C' > 0 glvon amdAuTeS oTodepéc xou 1 TOEAUETPOS Ok
opileton and v

(1.2.18) Fre(t) —

‘ Var(|z|?)
(1.2.19) o = T
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Ewdleton 61t 1 nopdpetpog ok gpdooeton and andhuty otadepd (awtd Exel enoin-
Veutel yla 6Aec Tic £p-undhec and toug Ball xou Hepuowvdnm [15]).

To Baowd anotéeoua Tov Kegohatou 4 Selyver 6tu 1o apyixd mpdBinua cuvdée-
TOL GTEVE UE T CUUTERLPOEA. TG cLVPTNONS fK -
Ocdenua Z Eotw ¢(n) > 1 a Jetikn oralepd. Ia kdle wootpomikd kuptd odpa
K otov R*, o1 mapakdtew npotdoeis elvar oodvvaueg:

(o) Ta kdmowo v > 1 ka1 y1a kdde t > 1,

(1.2.20) Prob ({z € K : |z| > yW/nLkt}) < exp (— ¢(n)t).
(B) I'a kdOe 0 < t < c1(y)\/9p(n) Lk,
(1.2.21) Fie(t) < 7exp (= /(e () 1))

émov ¢;(7y) =~ .
(v) Ia kdBe 2 < q < cap(n),

(1.2.2) ) = ([ |:c|de)1/q < s,

érov ¢5(7y) ~ 7.

Me Aiyo AoyLa, 0 6yxog eVOC LooTpomxol xUPTOL GOUATOC ToL Bploxeton E€w and
i umdhor oxtivoe v/nLi mé@tel «andtopay ov xou u6vo av 1 fi elvor utoxavovixt
o€ €val <UEYERO apyd Sidotnuay. EmmAéov, ol 800 autég cuviixeg efvon LloodUvoueg
e To va {nthoouue 6t ot porée Iy tne Euxeldetag vopuac nopouévouy otaldepés xou
nepinou {oec ue /nLg yio peydhes twués tou q. H axpBric e€dptnon wwy otoadeptv
() oe xadeulo and Tic ouvenaywyés Tov Yewpruatog Va yivel pavepr otig §4.2 xou
§4.3.

Aev yvopllovue av t0 meéBANUa €xel xatapotxy| andvinorn. ‘Ouws to Ock-
pnua Z éyel v e€fc ouvénelo (n omola wwvelton mpog TN Vetixr| xoteviuvorn av
OUVIUGCOLUE UE TNV ELXACTOL YLOL TNV TOPAUETPO Ok ).

Ocwpnua H Fotw K éva wotpomixd kuptd owua otov R™. T,

(1.2.23) Prob ({z € K : |z| > Cy/nLkt}) < exp ( — ¢(K)t)

yia kd9e t > 1, dmov

(1.2.24) ¢(K) = min{log (n*/Var(|z|*)) ,logn},

kat C > 0 elvar pua anddven otadepd.

Aev glvou d0oxoho va eéyZouue 6Tt av ok, L ~ 1 tote ¢(K) ~ logn, ondte
(1.2.25) Prob ({z € K : |z| > Civ/nt}) <n7*,

ya xde t > 1, 6mov Cp > 0 elvon o amdAutn otodepd.
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1.2.3 Tomuxég popyég tng avicotntag Aleksandrov-Fenchel

Agetnplo tou Kegohalou 5 elvon Ui aviodtnto twy Marcus xou Lopes [40] yio cuuue-
TEWES oLVAPTACELS VTNV TparyuaTixwy aprduwy. H i-oth otouyetddne cuuuetou
ouwvdptnon E;(x) uwc n-ddac & = (1, .., x,) YeTxdy nporyUatixdy aptducdy opl-
Ceton and tic Eo(z) = 1 xou
Ei(z) = Z zj x5, x5 , 1<i<n.
1<ii<--<gisn
Edwoértepa, By (z) = Y iy @i xou Ep(z1,...,2,) = [[12, @i Me autd to cuufolt-
ouob, Yo xdde ¢ = 1,...,n xot yia onoleodrote Yeuxée n-ddeC T,y EYOLUE
Ei(r +y) S Ei(x) . E;(y)
Ei1(x+y) = Eia(z)  Eia(y)

Tumxh, cuvéneta e avobTnTog apldUNTLXoV-YEWUETEXOU Wéoou xou e (1.2.26)
elvar 1 aviedTnTAL

(1.2.26)

(1.2.27) [Bi(z + )] > [Ei(2)]"* + [Ei(y)]"!

(BAéme [10] (81.33 xou §1.34) yio amodelZelc XL EMEXTACELS TWV TAUPATAVE. )

M avicdtnra tou Bergstrom [3], mou etvar to avdhoyo tng (1.2.26) yia nivaxeg
(BAéne enfong [10], §2.17), woyvpiletar bt av A xou B elvon d0o cuvuuetpixol Jetind
oplouévol mivaxeg xan av A;, B; elvar oL utonivaxec nou tpoxdntouy av dtarypddouue
TNV i-0TH YPAUUR xou OTHA, TOTE

det(A + B) S det(4)  det(B)

(1.2.28) det(A; + B;) = det(4;) ' det(B;)

H tehevtola aviodtnra éxel yevixeutel and tov Ky Fan [24] ot popeh

det(A+ B) \'* _ [ det(4) \"/* [ det(B) \/*
(1.2.29) <m) Z(det(Ak)> +<det(Bk)> ’

6mou Ay, elvan o umonivaxag tou A mou tpoxdnTEL av dtarypdpovue k ypouues xon Tig
avtiotoyeg othheg tou A. Yty meplntwon k = n, avoryOUAGTE GTNY AVLGOTNTA TOU
Minkowski [det(A + B)]Y/" > [det A]*/™ + [det B]'/".

Trdpyet a&oonuelwtn avaroylo aveUESH GE AVIGOTNTES YLoL CUUUETELXES GUVOLP-
oewg (1) 0plloVoES GUUUETEXMDY TUYAXMY) XOUL AVIOOTNTES YLA TOUS MEXTOUS OYXOUS
XUpTOY owudtwy. Edxdtepa, 1o avdroyo g (1.2.27) A e (1.2.29) o Jewpla
Brunn-Minkowski efvor 1 avicétnta

(1.2.30) Wi(A+ B)Y"=9 > w;(HY =) L wy(B)YD | i=0,...,n-1

7oL Loy Ve o xde Leuydipl xUpT®Y owudtwy A xoar B otov R . H tehevtolo aviod-
mnta elvon ouvéneta e avtodtnrag Aleksandrov-Fenchel (BAéne §1.1 yio tov oploud
Twv quermassintegrals W;(-) xou ) oyetxr Yewplar).
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Me agpopun autéc ¢ avaroyieg, o Milman pwtnoe av undpyel 10 avdhoyo Trng
(1.2.26) 1 tne (1.2.28) otn Yewpla twv petdy dyxwy. ‘Onwg Yo Sobue otny enduevn
Tapdypopo, umopel xavels va detéet tnv telelwe aviiotolyn npdtact dtay 1o B elvan
o

Ocwpnua © Eoww A éva kuptd odpa xar B pa pndda ovov R*. Tire,

Wi(A+ B) S W;i(A) + W;(B)

(1.2.31) Witi(A+B) = Wi (A Wi (B)

ya kddei € {0,...,n —1}.

H nepintwon i = 0 avtold tou Yewpruatog éxel 0N eupaviotel ot BBNoypagpio.
1o [23] SwatumdveTor To epdTNUA oy oUTH 1 avo6TnToL LoyVeL Yo Tuydy Ceuydipt
LN XEVOY oLuTaydY xUpTdY cuvéhwy A xou B. Enlong avagépeton ot n (1.2.31)
npoxOnTeL and v avieétnta Aleksandrov-Fenchel étav ¢ = 0 xou 1o B elvor unda.

H andvtnon oto yevwxd epdtnuo elvon apyntix| (BAéne [26]).
Ocwpnua I H ariodtnta

Wi(A+ B) S W;i(A) + W;(B)

(1.2.32) Witi(A+B) = Wi (A Wi (B)

wxvet ya kdle Levydpt kuptdy owudrwy A kat B otov R* av kat pévoavi =n—1
ni=mn-—2.

[apouoidler Suwe evdiagpépov to va yopoxtneloer xavels Tnv xAdon B twv cuyu-
Y@V XUPTOY UTooUYOAwY B tou R yia tor omola 1 (1.2.32) woyber yia xd&de xuptd
owua A. EWduxdtepa, av tor euB0YRUUUN TARUNTE AVAXOLY GE QUTAHY TNV XAdoT), TOTE
nodpvoviac i = 0, A = K, xou B = [—6, 6] yio x&9e 6 € S"1 BAérovue 6T

APy (K)) _ A(K)
P ()] = IR

(1.2.33)

Yo x&e xwptd owuo K otov R?, émou Pyo elvan 1 opdoydvia tpoBorf otov 6+
xow A(-) elvan 1 emgdvela otny xatdAnAn didotaon. Odnyoluacte étol oto e€ig
LOOTEPLUETEIXS TtPOBANnUAL

IIpéPrnpa 1: Eotw A n kAdon dAwr twr kuptdy cwpdtwy mov n mpofoln touvg
otov E elvar dedopuévo kuptd odua A (avtn elvar n canal class tov A e Tty opoloyia
zov [56]). Elvar owotd éu to infimum twv Adywr A(K)/|K| ndvew ané dla ta K € A
«midvetary ya évav kUAwopo «drelpou urjkovsy atny A;

[apovsidlovue dVo mpoceyyioes oe avtd to TedBAnua. H npdtn Paotileton oe
(e o) éxdoon twv avicottwy Aleksandrov-Fenchel yio ta quermassintegrals
eVOg xUpTOL oWUAToS. Me autdv Tov dpo eVVooUUE €Vol GUGTNUA OVICOTHTWY YL
To. quermassintegrals tou owpotog xou Tuyoloug (n — 1)-didotatng Tpofoiic Tou,
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oL onoleg UE OAOXApwaoTn oTnV xatdAAnAn tohhanAdtnta Grassmann divouv Tig xho-
owéc aviootntec Wi(K)? > Wi (K)W;_1(K) ye 1o xbotoc uag otodepdc. H
axpPrc Statdmwon elvon 1 e€hc.

Ocetpnua K Eotw K éva kuptd odua otov R* kar éotw E évag (n — 1)-6idotatog
undywpos tou R™. Tore,
Wit (K) < W!(Pg(K)) < 2Wi(K)

[}

2Wi(K) — W/_(Pp(K)) = W;_1(K)

(1.2.34)

ya kd9e i € {1,...,n —1}.

1o napandvew Yedpnua, o tévoc oto W] onualver 6t ta quermassintegrals tou
Pr(K) Yewpolvton otny xatdhinhn didotaon n — 1. H o evdiagépovoa tepintwon
elvan 6tav ¢ = 1. Tote, and 1o Oedpnua K Brénouue 6t

A(Pp(K)) _ 2(n —1) A(K)

(1.2.35) @ S K

yio xde (n — 1)-8idotato undywpo E. ‘Onwe anodelytnxe tehxd oo [26], n avod-
o Ut elvon BéEATLoT (Snhady, 1 amdvinon oto Hpdfinua 1 elvon apynuxd).

H debtepn npocéyyiot| uag, mou elvon mo otoiyewddng, Paotleton oe Uta Tomx
éxdoor g aviedtnTac Loomis-Whitney yio tic mpofBoiég evée xuptod cwuatog o
UTIOYWPOVEC CUVTETAYHEVWV.

‘Eva ddho gpdtnua mov oyetiletar ue o napandve efvon to e€nc:

IMpopAnua 2: Eotw K éva kupté odua otov R*. I'a xdOe t > 0, Jewpolue tnv
t-enékraon Ky := K + tBY tov K. Eivai 0woté du o Adyos |K|/| K| padvetar av
mpoPdAovue o€ Ttuydrta vrdywpo E tou R™;

Eivar gavepd 611 xatagatinf andvinon oty teplntwon dim(E) = n — 1 apxel
ya T Yevi mepintwon. Autd mou elpacte oe Véon va del&ouue elvon to e€nc.

Oedpnuoa A Eotw K éva kuptd odua otov R* kat éotw E évag (n — 1)-6idotatog
vndywpos tov R™ . Tire,

|Pi(K) +tBi| _ |K + 2tBy|

(1.2.36) PeK) S K]

yia kdOe t > 0.

Ynuetwon. Kdnowo and 1o anoteAéouata authc Tne epyactiag £youy #dn dnuoaoteu-
tel. IIo ouyxexpluéva:

(o) Tar amoteréoparta e Hapaypdpou 2.5 elvan 1o avtixeluevo e epyaoctog



G. Paouris: On the isotropic constant of non-symmetric convex bodies,
Geometric Aspects of Functional Analysis (Milman-Schechtman eds.),
Lecture Notes in Mathematics 1745, Springer, Berlin (2000), 238-243.

(B) To anoteréouata tne Mopaypdpou 3.2 elvon to avtixeluevo tne epyaoiog

G. Paouris: Us-estimates for linear functionals on zonoids, Geome-
tric Aspects of Functional Analysis (Milman-Schechtman eds.), Lectu-
re Notes in Mathematics 1807, Springer, Berlin (2003), 211-222.

(v) To anoteléopata tne HMapaypdpou 5.2 elvar 1o aviixeluevo tne epyaociog

A. Giannopoulos, M. Hartzoulaki and G. Paouris: On a local version
of the Aleksandrov-Fenchel inequality for the quermassintegrals of a
convex body, Proc. Amer. Math. Soc. 130 (2002), 2403-2412.

25



26



Ke:q)dc)\ou.o 2

Bawouxég extiuroeLg

2.1 Aviocotnteg tOnov Khintchine yia moAvovuua
OE XLPTA CWLATA

2.1.1 Tpopuixd cuvaetnooeldn xow to Afuua tov Borell

‘Eotww K éva xuptéd oopa otov R” ue éyxo |K| = 1. T xdde p > 0 xou yio xdde
6 € S" opilouue

(2.1.1) I(K,0) = </K |(x,e>|de> "

H ouuneptpopd v Ypoulixmy cuvaptnooed®y & — (z, #) tdve oto K neplypdgpeto
and v enouevn lpdtaon.

IIpétaom 2.1.1 Trdpyer anddven otalepd ¢ > 0 pe nr axédovdn widtnea: Av K
elvar éva kupté odpa otov R™ ue dyko |K| =1, kat av 0 € R, tére yid kdle p > 1
wyvet n avioétnta

(2.1.2) I,(K, ) < cpl (K, 6).
H oanédeiZn Baoileton oto Afuua tou Borell (Biéne [48]):

Adppa 2.1.1 Eoww K kuptd odua otov R* ue dyko |K| = 1. Yrodérovpe dn A
elvar éva ouppetpikd kuptd otrodo atov R™ térow dote |[K NA| =6 > 1/2. Tdre,
yud kdle t > 1 éyouue

1-9 (t+1)/2
(2.1.3) I(R"\ tA) N K| <8 <T) .

27



28

[y anddergn e Hpdraong 2.1.1 érovye I := I (K, 0) xou

(2.1.4) A={zeR":|(zx,0)| <3I}.

To A elvar cuUUETPXO XVETS LTOGOVOLO ToL R™ | X and Y aviedTnTa ToL Markov,
(2.1.5) [ANK|>2/3.

Mopotmpotue 6t {z € K : [(z,0)] >t} = KN (R™\ (t/31)A), xou ypdpouue

31
[ Naopas = [t @ @/sna
K 0
+/ ptP LK N (R \ (t/31)A)]|dt.
31
To mpdyto ohoxhApwua ppdooeTo amd
3I
(2.1.6) / ptP~tdt = (3I)?,
0

eV® Yl To delTEpo XdvovTag TNV ohhay| LETABANTAC t = 315 xaL YeNoYIOTOLOVTAS
0 Afjupo tou Borell nofpvouue

/: ptP UK A (R \ (¢/30)A)|dt = (31) /100 psPL|K N (" \ s4)|ds

o0
< (31)”/ psP~1275/2ds.
1
Yuvdudlovtag Tor Tapamdve Xol EXTULOVTOS TO TEAEUTAO OMOXAHpWUA, TalpVOUUE
(2.1.7) / (2, 0)Pdz < (317 [1+ (c1p)”]
K

yior xdmotar amdhuth otadepd ¢ > 0, an’ émou éneton 1 (2.1.2). O

H avicémnto tne Hpdtaone 2.1.1 Swotunddveton otnyv e€ig taodvoun Lop@n:

ITpétaon 2.1.2 Eoww K kuptd odua dykov 1. Ia kdde § € S~ wyvea
(2.1.8) / exp(|{z,8)|/CL(K,0))dz < 2,

K
omov C > 0 andAven otalepd.

Anddedn: Avoantdooouue To ohoxArpwua xat emthéyovue T otadepd C ato téhoc.
Ané v Hpdtaon 2.1.1 éyovue

/Kexp(|<:c 0)|/CL(K,0)) Z m/ Ckfl K 6)k
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av emhégouue C = 3ec. O

ITépiopa 2.1.1 Eoww K kuptd odua Syxov 1. Ia kdde § € S*~! ka1 kdOe s > 0
Vel

(2.1.9) Prob(z € K : |(z,0)| > CI,(K,0)s) < 2e?,

émov C > 0 n owalepd tng Hpéraong 2.1.2. a

2.1.2 BéAktioteg aviaoTNTES YLa TOALOYLUA Badpot d

Yupupohifouvue ye Pg p 10 x@po TV ToALwvOpey [ R? = R Boduod uipdtepou 7
{oov and d. Tao anoteréopata TG TEOTYOLUEVNE TARAYEAPOU YEVIXEDOVTAL WS EENG:
yia xdde 0 < g, 7 < oo undpyel otadepd ¢4, > 0 mou e€apTdTaL UGVO ATd TAL @, T XKoL
d, TéTol oTE

(2.1.10) (f If(:v)lqd:c>1/q e (| |f(x>|"dx)w

v xde f € Pg,p xan xdde xupt6 odua K 6yxou 1 otov R*. Extiunoec avtod tou
eldoug anodelydnxav tpdto and tov Bourgain [8] xou, apydtepa, and tov Bobkov [7].
Hpéogata, o Carbery xow Wright [20] édwoav mAfen andvinon oto mpdBinua
e e&dptnone e otalepdc ¢4 amd o g, 1 xan d. T Ty o3 Sratdmwon tou
YewpUaTdg ToUC ELTdYOUUE Xdmoto cuUBohioud: av f € Py ,, opllouue

(2.1.11) (@) = 1 f (@),

I xdde g > 0 xon yroe xdde xwptd owua K 6yxou 1 otov R? Yewpodue tnv g-vépua

(2112) i#1 = ([ f#(:v)"dw>l/q -(/ |f<w>|q/ddx)l/q.

Téhoc, Vétouue || f#]|oo T oUVADN co-vépua T f#, xou

(2.1.13) | £#]lo = exp </K logf#(x)dx> .
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Ocwpnua 2.1.1 Trdpyer anddven oralepd C' > 0 pe ty e&ng idtnra: ya kde
kupté odpua K dyrxouv 1 ovor R*, ya kdle nodvdvuuo f € Py p kat yra kdbe 0 <
r<q< oo,
o[PB,g+ D]

el
[nB(n,r +1)]

émov B n ouvvdptnon Bijta. |

(2.1.14) 1F#ll, < C

Enueiwon: HrnosbtnranB(n, g+1) wolbtar ue — fol s9d(1—s)™, xou 0TI TEPLNTAOCELS
¢ = 0 %ot ¢ = 0o Yewpolue 6t [nB(n, g+ 1)]"/? = 1/n xo 1 avtiotoya. Me auth T
obuBoon, N aviodtTa Tou Pewefuatos 2.1.1 wylel yio 6ha T Levydpla r < g 67O
[0, 00]. AvoxplvovTtag TEPLTTOGELS Xo EXTUOVTAS TN ouvdptnon Brta, uropodue va
dratunoouue 1o Oewpnua 2.1.1 otny e&hg LoppH.

Ocwpnua 2.1.2 Trdpyer anédven oralepd C' > 0 pe ty e&ng didtnra: ya kde
kupté owua K dyrov 1 atov R* kat yra kdle molvidvvpo f € Py 10xVovr ta e€ijs:
(a) Avn <r < g < o0, tdte

2.1.15) 1 #1l, < ClLF#s-

(
B) Av0<r <n<gq< oo, tdte
(

2.1.1 #| < C B

6) 1F#]ly < C— { 1}||f I
() Av 0<r < g <mn, tdre

max{q,l}
2.1.1 # <O #[
(2.1.17) 11l < Oy 71
Eibikdrepa,
q

(2.1.18) 17#1ls < C1#]ls
ar 1 <r<gq< oo. O

Ou eapudoovue 10 Oewpnua 2.1.2 yo mohudvuua f € Py, e woppic f(x) =
(z,0)*% xou yio To mohudvupo f(z) = |z|. Tia x&de p > 0 opilouue

(2.1.19) L(K) = < /K |x|de)1/p

IMpotaocy 2.1.3 Eoww K kuptd odua éykov 1 orov R* kat éotw p,q > 1. T,
(2.1.20) Ly (K,8) < Cql, (K, 6)

ya kdde 6 € S, kar

(2.1.21) Ipe(K) < Cqlp(K),

omov C n otalepd tov Ocwpnpatog 2.1.2.
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AnédelEn: (o) ‘Eotww 6 € S" L. Oewpolue to toludvuuo f(z) = (z,0)F, émou
k € N. Eyouue f#(z) = [(z,0)|, ondte T0 Oedpnua 2.1.2 pac Siver

(2.1.22) 17 Nlpa < CallF# 115,

dnhady

(2.1.23) I, (K,0) < Cql,(K,0).

(8) Egapuélouue 1o Oehpnua 2.1.2 yia 1o tohuidvuuo f(z) = |z|%. ‘Eyovue p¥ (z) =
2| 3o (| #]lpg < Call £#]lp- =

O aviedtnTeC AUTéC Uog EMLTEENOLY Vo Yevixeboouue to Ildploua 2.1.1. 'evixd-
TepaL, Yo xde mtoAv@vuuo f € Py, €xouue To e€nc.

Adppa 2.1.2 Eorw K kuptd odpa dykov 1 otor R” kat éotw moAvdvupo f € Py .
Tore,

(2.1.24) Prob (z € K : f#(z) > 3C||f#||ys) <e
yia kd0e g > 1 ka1 s > 1, émov C' n otalepd tov Ocwprjuatog 2.1.2.

Anodedn: And 1o Oedpnua 2.1.2, yio xdde p > 1 €youue

(2:1.25) | r#@mds < oy
K
Ané v avicoétnta tou Markov,
(21.26)  (3C||f#|l45)"Prob (z € K : f#(x) > 3C||f*|ly5) < (Cp)™IIF*IIF7,
dInhadn

(2.1.27) Prob (& € K : f#(a) > 3C|f#llys) < (o) -

Emuléyoviog p = 3s/e > 1, nolpvouue

(2.1.28) Prob (z € K : f#(z) > 3C||f#]|,s) < e 21%/¢ <e

Inhadh) v (2.1.24). O

‘Aueon egapuoyt tou Afjuuartog 2.1.2 etvan 1 e€ric.
Igétaon 2.1.4 Eotw K xyptd odua éykov 1 otov R kar éotw q¢ > 1. Tdre,
(2.1.29) Prob (z € K : [(z,0)| > 3C1,(K,0)s) <e™*
na kdde 6 € S"t ka1 s > 1, kat
(2.1.30) Prob(z € K : |z| > 3CI,(K)s) <e™ %

ya kdbe s > 1, 6mov C' > 0 andAven owalepd. O
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2.2 Lq-xsvcpost.&r'] CWULATA

2.2.1 Oprouoég xon Paocixég LdLOTNTEG

Eotw K xupté ooua otov R” ue éyxo |K| = 1. T xdde ¢ > 1 opilovue 10
g-xevtpoewéc ovua Z,(K) tou K nalpvovtag oav cuvdptnon otipténc Tou tny

1
221) o = 100 = ([ eprar)
‘Otav elvon cagég Yo ToLd xUpTtd odua ULhdue, Yo Ypdpouue
(2.2.2) Hy(y) := hz,x)(y).
Agol |K| =1, i xdde y € R €yovue
(2.2.3) Hy(y) < max|(z,y)| = Heo(y) = h (),
6mou K = co{K, —K}. Xpnowuomoldvtag xou Ty aviedtnta Tou Holder nafpvouue:

Afupa 2.2.1 FEoww K xuptd odua dykov 1 otor R*. Tdre,
(2.2.4) Z(K) C Zy(K) C Z,(K) C K
yia kdfe 1 < p < g < 00. |

Tot g-xeVTPOELS| COUATI CUUTERLPEPOVTOL XUASL WG TEOS TOUG YRAUUUIXOVG UETA-
OYNUATIOMOVE TOL BLATNEOUY TOV 6YXO:

Afupa 2.2.2 Eow K xuptd odua dykov 1 orov R*. Tore,
(2.2.5) Zy(TK)=T(Z,(K))
yia kd9e T € SL(n) kai kd¥e q € [1, 00].

AnédeEn: Eoto 6 € S" 1. 'Eyouue hr(z, k) (0) = bz, k) (T*8) xou

W ® = [ o= [ o
TK K

= /K|(a:,T*9)|qd:U:thq(K)(T*e).

Anhadh, hz, (1) (0) = hrz,(x)) (0)- -

Av ¢ > n, téte ovoloouxd éyovue Z,(K) ~ K. H TapaThenon oty elval dueon
ouvénela tou e€fg AfuuaTog.
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Aqupa 2.2.3 Eow K éva kupté odua ooy R* pe dyko 1 kar kévpo Bdpouvs to
0. Tére, yia kdle § € S™71,

(2.2.6) /|az0|qd _2€§q(;+13fi i) max {h% (8), hZ, (—8)}.

AnédeEn: Oewpolue T ouvdptnon fio(t) = |K N (01 + t6)]. Aré tnv opyh Tou
B 1/(n—1) _, , ’ .
runn, 7 f, elvow xoflAn. 'Eneton 6tu

(2.2.7) fr,o(t) > (1— ﬁ) . Jx0(0)

v x&de t € [0, hg(6)]. Apa,

/K|<a:,0>|qu - /Ohm)tqu dt+/0'”‘ e o(t)dt
> /OhK(g) ( ) fr,6(0
)
= fxo(0) (hgjl(e) +hgj1(—9)) /01 s1(1 — 5)"1ds
_ 7?812)451)) Fico(0) (W (0) + 1 (-0))
> L(g+1I'(n)

S T 17700 U (6) + huc(=0)) - max ((6), Wi ().

Agolb 1o K éyel xévtpo Bdpouc 10 0, éyovue ||frgllcc < efr,0(0) (BAéne [46]),
EMOUEVKC

hi (6)
(2.25) L= 1K= [ " fuo(tydt < e (bic(6) + hic(~6) Fica0).
—hi(—0)
Autd ohoxdnpddver TNy amddelln. O

Iépropa 2.2.1 Eoww K éva kupté odua otov R* e dyxo 1 kar kévtpo Bdpovg
t0 0. Téte, yra kdOe ¢ > n éxovue
(2.2.9) ¢K C Z,(K)C K

omov ¢ > 0 andAven oralepd.
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AnoderEn: And ta Afuparta 2.2.1 xan 2.2.3, ya x&de g > n €yovue

hz,)(0) > hz,(x)(0)

n n 1/n
{%} max {f (), hic(—0) §

O ouvteleotrc elvar acuunTwTXd (oo UE

1 (27" 1
2.2.10 — > >c
( ) v 2en < n ) ~ 43/2en —
6mou ¢ > 0 andhutn otodepd. Anhadh, hz, (k) > chi v xdde ¢ > n. O

Inuelworn. Ta g-xevipoedy) ooduata €youv eugaviotel otn BBhoypagpia ue Evay
xdmwe dapopetind opoud. Av |K| =1 xw 1 < ¢ < o0, 10 odua I'y(K) oplleton
and TNy

1 1/q
(2.2.11) hr, (k) (y) = (—/ I(w,y>|"dw> ;
Cn,g JK
61OV

Wn+g
2.2.12 ="
( ) Cn,q Wpntg1

Anhadi, Z,(K) = c}z{gf‘q (K). H Sagopetixhy xavovixonolnon touv éyxou emhéyeton
€10l OOTE Vo Loy Vel 1) Lo6TNTA

(2.2.13) r,(BY) = B}

v xde g. Ou Lutwak, Yang xou Zhang (BAéne [45]) éyouv amodeler v e&hc
aVLOOTNTAL YLl TOV OYXO TWV ¢-XEVTIPOEWWY COUITWV.

Ocwpnua 2.2.1 Eow K éva kupté ovua dykov 1 orov R*. I'a kdle g > 1,
(2.2.14) LK) > 1,

pe wotnta av kat udvo av vo K elvar eldetpoerdés dyrov 1 pe kéytpo ovuuetpiag to
0. |

afpvovtog v’ 6y 1 otadepd ¢y ¢ XaUToAYOUUE 6TO €EHC CUUTEPAUCUA.
IMpotaocy 2.2.1 Eoww K kupté odua éykov 1 orov R*. Tore,

(2.2.15) | Z,(EK)|'/™ > c\/g

ya kdle 1 < g < n, énov ¢ > 0 andAvrn owadepd. O
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2.2.2 T'evixeuuévo LECO TAATOG TWY -XEVIPOELIWY COUATWY

‘Eotww V éva cuupetpind xuptd oo otov R, xon éotw || - || n vopua tou endryel to
V otov R”. T x&de g > 1 opllovue

(2.2.16) M, = M, (V) = </3 ||6||qa(d6)>1/q.

Ou nopduetpor My ueretidnxay and toug Litvak, Milman xow Schechtman [44].

Ocedpnua 2.2.2 Eotw V éva ovupuetpixd kuptd odua otov R kai éotw || - || n
emayduevn vépua. XvpBolilovue pe b tn pkpdtepn Uetikn otalepd yra tnv omola n
ariodrnra ||z]| < blz| wyve ya kdde x € R*. Tdre,

b\/q b\/q
(2.2.17) max{Ml,cl%_} < M, Smax{2M1,CZT\/n_}

yia kdOe g € [1,n], dmou ¢1,ca elvar andluteg Jetikés otalepés.

Anédel&n: H ouvdptnon [|z|| : S*7' — R elvor Lipschitz ue otoadepd b. Ané
ogatpix)) LoomepLUETELXY aviobtnTa (BAéne [48]) énetan 6Tt

(2.2.18) o(zes!: | ||| — M | > t) < 2exp(—ct’n/b)

yioe x&de t > 0. Enouévoc,

IN

[ Vel =t Pota) < 20 [ 6 expl=ctniya

q 00
(%) 2q/ s exp(—s?)ds
0

8

Yo xdmotar amdhutn otadepd C' > 0. And v Tprywvixd aviodtnta otov LI(S™)

gneton 6TL
b\/q
(2.219) M, =My < ol = Ml < O,
Shadt
b\/q
(2.2.20) M, < 2max {Ml,CT\/n_}.

Lo Ty aplotepy] aviodtnta tapatnpodue 6t o 1/b elvar to ehdyioto mhdtog tou V,
Snhadh undpyer z € S"1 tétowo Bote V C {y : |(y, 2)| < 1/b}. Eneton 61

(2.2.21) {z €8 2|l >t} D Cyi={z e S |(z,2)] > t/b}
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v xdde t > 0. Anhoc unoloylopog delyvet ot
t .
(2.2.22) o(Cy) > c\/ﬁl—) exp(—cnt? /b?)

yia xdde t < b/3, 6mov ¢ > 0 andhutn otadepd. Hpdyuatt,

2 w/2 -
o(Cy) = T / cos" ™" (u)du,

6nov € = arcsin(t/b) xou I = fl/r% cos®(u)du. Aot I ~ 1/Vk (Bréne [48]),
€Y OLUE

o(Cy) > cv/n /61 cos™ 2 (u)du > c(e; — €)y/ncos™ %(ey)

vy xde g1 € (e,7/2). Emnouévwg, av t < b/3 unopobue vo emAEZovuE €1 =
arcsin(2t/b), to onolo odnyel oty (2.2.22). Tére,

oo 1/q
My = (o et el 2 o)
0
oo 1/q
> (q/ tqla(C’t)dt>
0
> s[o(Cy)]
1/q
> s <c bns) exp(—cnt?/qb?)
v xde s < b/3, xou emAéyovrag s = by/q/3+/n taipvouue to {ntoduevo. O

Iopatnenoeig (o) H petaoly cuunepigopdc tng napopétpouv M, ovufaiver dtay
q ~ n(M;/b)?. H mooétnta ot ouvdéeton dueca ue To Oedpnua tou Dvoretzky.
[ ovvtoula, Yo ovoudlouue apidud Dvoretzky tov V' 1o ueyalltepo axépono k =
E(V) yio tov omolo

Uni (E € G o (M1/2)|z| < ||z|| < 2Mi|z| yoxdde z € E) > 1 — ER

6mov Gy, elvon 1 tolhamAdTn o Grassmann twv k-Sidotatwy unoywewy tov R™ xon
Un, i lvon to Haar uétpo ndavomroc oty Go k. Anhady, k(V) elvon o ueyokitepog
puoLXOS Yior Tov omolo N TAelodnpla Twy k-SLAoTHTWY XEVTPXWY TouoY Tou V elvar
4-Buxeldeiec.

(B) Etvow qovepd 6t My, < My <boavp <q. Apa, M, = bav ¢ > n. Anhadf, ua
deltepn uetoBohr| cuunepLpopds TNe Tapauéteou M, cuufaivel 6To onuelo ¢ = n.

O egopuocovue 0 Oedpnua 2.2.2 nalpvovtag cav V1o TOAXS GOUAL TOU
Zy(K). Téte, b = R(Z,(K)) xow My = w(Zy(K)). T xdde p,q > 1 opllovyue

(2.2.23) wy(Zy(K)) = ([5 hgq(K)(o)a(d0)> "
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Tote, 10 Oedpnua 2.2.2 Siatundvetar wg eENC.

Oceopnua 2.2.3 Eotw K éva kuptd odua otov R” pe dyko 1. I'a kde p, q € [1,n]
éxoupe

i {w(Z, (), e TV < (2,000)
< maX{Qw(Zq(K)),CQ R(Zq\(/g))\/ﬁ}.
Avp >n, téte wy(Zy(K)) =~ R(Z,(K)). O

Ané tov axpPn acuuntwTxd TOTO ToL Oewpruatog 2.2.3 TPOXVUTTEL dUECT OTL OL
nocétntes wq(Z,(K)) ouyxplvoviar we e€hc.

IIépropa 2.2.2 Eoww K éva kuptd odpa otov R” e dyko 1. Ia xdle g € [1,n]
katl <p <r < n, éovue

(2.2.24) wy(Z4(K)) < C\/%wp(zq(K)):

omov ¢ > 0 andAven otalepd. O

2.2.3 [,(K) xow wy(Z,(K))

Yty §2.1.2 oploaue tnv ntocdTNTA

(2.2.25) I, = I,(K) = </K |:c|qu>1/q

v xdde ¢ > 0. H oyéon tou I,(K) ue 1o ¢-xevtpoeldy owuota tou K éneton and
0 e&hc Afjuuo.

Adupa 2.2.4 T'a kdOe ¢ > 1 ka1 kdle x € R,

(2.2.26) (/Sn1|(:c,6)|qa(d0)>1/q: Ve

Anodedn: Hopatnpodue 6t

n

2.2.27 ) |dy = |BR |-
(2.2.27) [ Vemirdy = 1251

2

/ (@, 0) |10 (d6).
S’n—l
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Ané v &N Theupd,

[ Vewlay =ttt [ er ity

n
2 BQ

1
= 2|Bg—1|-|x|q/ (1 — %) (=24
0
(L) (ntd
= oy e L)
(“57)
Ago0 |BY| = «h/2 )T (E£2), malpvouue
L n+qT(45)0(252)
2.2.28 Hio(df) = — a
@229 [ oot = S
To anotéhecua npoxntel and tov TUTo Tou Stirling. o

IMpotacy 2.2.2 Eow K éva kupté odua otov R* e dyro 1. I'a kdde ¢ > 1,

(2.2.29) wy(Zy(K)) ~ ‘/qznlq(K).

Anddern: Me anhi e@apuoyt| tou Oewpriuatog tou Fubini talpvouue

wizgny = ([ ] |<x,9>|qdw(d0)>1/q
) (/K /Sn_1 |<$,9)|qdwg(d0)>1/q
. \/HTn(/K vaIde>1/q,
Snhad”) v (2.2.29). |

2.2.4 Apuiuol Dvoretzky twyv ¢-xeVIpOELd®Y COUATWY

Erodeponolotue ula amdhuty otadepd > 0 tétow dote R*(V) < fnw?(V) yua
%x&e ouuuETEXS xVPTO owua V otov R, Ta xdde xuptd odua K 6yxou 1 otov
R™ ue xévtpo Bdpouc to 0, opllovue uta ouvdptnon mk : [1,00) — (1,00) ue
w(Zy(K))?

(2.2.30) mi(q) = fn—rab—rts.
R(Z,(K))?

Eivar gavepd 61t n mg malpver twés oto Sidotnua (1, fn]. Oewpolue ta ohvola

Pk = {ge[l,00):q>mk(q)}
Nk = {g€[l,0):q<mk(q)}
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Mapatnpfiote 6t [Bn,00) C Pi xou 61t 1 € Nig. H mg elvon ouveync ouvdptnon
xou o P, N elvon un xevdl, emouévog undpyet éva eAdytoto otolyeio gy tou P,
YL to onolo woylet N wdtnta mi (go) = qo-

Adppa 2.2.5 Avp,q > 1 kar p < mg(q), vdre

(2.2.31) w(Z,(K)) > cwy(Zy(K)),
émov ¢ > 0 andAvtn otalepd.

Anéderdn: And my p < mk(q) éyovue

(2.2.32) w(Zy(K)) > R(Z,(K)Vb//Bn,
xou amd to Oedpnua 2.2.3 €yovue

(2.2.33) esR(Z,(K)B > wy(Z,(K))v/n.

Tuvdudlovtag Tic d0o aviobdte naipvouvue to {nroduevo (n B > 0 elvar amébhutn
otodepd). O

IMpdétaon 2.2.3 Yrdpyour otalepés ci,ca,c3 > 0 téroes dote: av K elvar éva
Kupté owua dykov 1 otov R, tdre 1oxvovr ta €.

(1) Av q € Nk, tdte

(2.2.34) mr(q) > mf;@)

(2) Av mc(2) > 1/cs, tére

(2.2.35) [1, c2y/mx (2)] C Ni.

(3) Av q € Px, tére

(2.2.36) R(Z,(K)) > cav/nw(Zo(K)).

Anéderdn: (1) Agob ¢ < mi(q), anbd 1o Afuua 2.2.5 xou to Ilépioua 2.2.2 tolpe-
VOUUE

w(Zy(K))

\VJ
(@)
S
=]
N
=
=
\VJ
Q\
=

_Q’\!
=

(A4
Q\
=
hon
=
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Ané v Hpdtaon 2.1.1 Brénovye oTu

(2.2.37) R(Z,(K)) < cqR(Zs(K)).
Apa,

L wl(Z,(K))? WwZK)?  mi)
(2239 mxle) =Pty 2 A R =g

(2) Av go = min Pk €youue mg(go) = go xa and o (1),

(2.2.39) @ > cmg(2).

Apa, [1,c2¢/mK(2)] C Nk, 610U ¢ = \/C1.
(3) Tt 50 g0 éxove w(Zy, (K)) 2w, (Zyy (K)), dpo

— nw(ZQO(K)) c nw‘IO(ZQO(K)) ~
(2:240) R(Zy, (1)) = VIn=moel 2 efimttms = 0,

Ouowg I(K) ~ /nws (Z2(K)) > vVnw(Z2(K)). Apa,

(K) > ey (K).

(2.2.41) R(Zy, (K)) > ev/aw(Zs(K)).

Av g € Pk t6t€ R(Z4(K)) > R(Zy(K)), an’ 6mou €netar 1o {Nroduevo. i
Ty neplntwon mou 1o K elvan tootponind éyovue Zy(K) = Li BY, dpa .oy bouv

ot R(Z3(K)) = w(Z2(K)) = Lx xou mi(2) ~ n. Enouévwe, n Ipbtaon 2.2.3

nalpver Ty e€hc Lop@.

IMpétaon 2.2.4 Eotw K 1wotpomiké kuptd odua otov R*. Tdte,

(1) Ia kd¥e g € Nk éxovue mi(q) > cin/q, dmov ¢ > 0 andlutn otalepd.

(2) [1,cav/n] C Nk, érov ¢z > 0 anddvzn owadepd.

(3) Ia kdOe q € Pk éxovue R(Z,(K)) > c3v/nLi, émov cg > 0 anddvtn oradepd.
O

2.3 Topég ue unegenineda o otaldepr) ANOCTACT) ATO
NV ApYN TV aEoVeY
[ xdde 6 € S™ 1 xou t € R opilovyue

(2.3.1) Eo(t) = {z € R" : (z,0) = t}.
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‘Eoww K éva xuptd owua otov R ue dyxo |K| = 1. Oewpolue ) cuvdptnon
(2.3.2) Fra(t) = |K 0 Eg(®)] = K 1 (8" +16)

xon opilovue fi :[0,+00) = R ue

(2.3.3) fr(t) :/ fro(t)o(do) = / |K N Ey(t)|o(db).

Sn—1 Sn—1
H enduevn Ipbtaon diver évav ohoxhnpwtind tomo yiow v fx (n ouyxexpluévn
an6delin ogeileton otouc Bobkov xar Koldobsky [11]).

IMpoétaon 2.3.1 Ia kdle kupté odua K dyrov 1 orov R* kar yia kdle t > 0,

1 2\
(2.34) fx(t) =cp /UK(t) Tl (1 - W) dx,
(235) en = P(2)/[VAr ("5 )] = Vi

kat Uk (t) = {z € K : |z| > t}.

Anéderdn: TuuBorilovue Ue Ag s to Uétpo Lebesgue oto unepeninedo Ey(t). Ocw-
eo0UE T0 UETPO

(236) >\t = / )\97t0'(d9).
Sn—1

Tote, 10 Ay elvon Yetind pétpo otov R® xon
(2.3.7) = [ [ xx@dnsle)olds) = a(K)
sn—1 JEy(t)

H muxvotnra tou Ay elvon avahholwtn wg npog optoydvioug uetacynuatiopols, dn-
Aad

(2.3.8) — =pi(|z])

omou py : [t,+00) = [0,4+00). ' var Bpolue v pt, unohoyilouvue e 300 tpdTOUS
10 At(B(0,r)), 6mou r > t. Kot’ apyhy,

(2.3.9) M(B0,7)) = /

pe(|z])dx = nwn/ pe(s)s"ds.
B(0,r) t
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Anb v dhhn mheupd, ool 1 tour tne B(0,7) ue to unepeninedo Ey(t) elvon uia
(n — 1)-didotarn undha axtivoc vr? — t2, nolpvouue

(2.3.10) A(B(0,7)) = /Sn_1 Xo.«(B(0,7))o(df) = wn,l(rZ _ t2)(n71)/2_

Hapaywyllovtag we mpog r > t, fAénovue 6Tt

-1
(2.3.11) W1 (0 =) 7/22p = sy ()
dInhody
(n—Dw, 1 (r2 —t2)(n=3)/2
2.3.12 = .
(23.12) plr) = e
Apa,
(n = Dwn (Jaf? — £2) (=72
(2.3.13) fx(t) = / pe(|z])dx = = dzx,
Uk (1) ' Wn Ux (¢) ||n=2
an’ 6TOL EMETOL TO CLUTEPUCUAL. |

H ouvdptnon fr oyetileton ye 10 «xevipnd opraxd mpbfBinuoy (Biéne [2]) to
onolo Yo culnticovue oto Kepdhato 4. o xdmoteg eldinés xAAOELS LGOTRPOTULXGDY
XUPTWV COUATWY, €yel anodelydel 6t mpooeyylletar and TNV xavovixrh TuxvdTnTo
Tou éxer uéoo 0 xor daonopd L3 (Bhéne [17] xou [11]).

2.4 VY, ,-copata
e auth Ty Tapdypapo Yewpolue éva xupTéd onua K oyxou 1 ctov R, Av f: K —

R elvon pra gporyuévn petpriowun ouvdptnon xou av o > 1, n Orlicz vépua || fl|y. ™c
f oplletar and v

(2.4.1) | f]ly. = inf {t >0: / exp ((|f(2)]/t)*) dz < 2}.
K
H Orlicz vépua tdnc o e f meptypdpetar toodivaua we e€hg.

Ipotaon 2.4.1 Av f : K = R elvar jua gpaypévn petpioun ovvdptnon kar av
a > 1, tote

/
(242) Il = sup { U > o}
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Amoédelln: Av

(2.4.3) 11y < vp'/®

yio xdmotar otardepd ¥ > 0 xon yia x&de p > 1, tdte

ery [ eor@iayna=3 gy WBL 5l
B K 1 F{am)e S 2 ki S

k=0 k=0

av emhéZouue c1 ~ (ea)/*. Anhadih, undpyel anéhutn otadepd ¢1 > 0 této GoTe
£y .

(2.4.5) 1|l < c1sup pije P > 14,

Avtiotpoga,

ISk

(2.4.6) < /Kexp((If(w)l/llfllwa)‘”‘)dw <2

EUAIGE ~
v xdde k € N, dnhadn

(2.4.7) 1 ok < B2 F

an’ 6Tov éneton OTL

(2.4.8) 1/l < D2 flla

v x&de p > a. Autd ovumhnpdver v anddelln g (2.4.2). |

Opiowés. Eotw a > 1 xow y # 0 otov R”. Aéue dtu 10 K wovomotel iq-extiunon
ue otadepd by otn diediuvor Touv Y av

(2.4.9) 1€ lga < Dall )1

Aépe 6t 10 K elvan ¢hg-odua pe otadepd by av 1 (2.4.9) wylder yia xdde y # 0.
Am\béc unoloyioude delyvel 6Tt av 1o K ixavonolel ¢q-extiunon ue otadepd by ot
dteviduvon touv y xou av I’ € SL(n), t6te 10 T(K) tavonotel P -extiunon ue v (dia
otodepd ot devduvorn tov T*(y). ‘Eneton 6t 10 T'(K) elvon ¢o-otdua ue otadepd
bo av xan uévo av 1o K elvan ¢o-ocoua ue tny (St otadepd.

Ané v Hpdtaon 2.1.2 éyovue éva npddto TOND YeEVIXd anoTéAecuaL.

Ocwpnua 2.4.1 Trdpye anéAven oralepd C > 0 pe tr e&ng widtnra: ya kdde
kupté ovdua K otor R® kar yia kdle y # 0,

(2.4.10) 1€ 9w, < CHC ol O
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Me dhhat Aoya, undipyet andiutn otodepd C' > 0 tétowa dote xdde xuptd o
K va elvan ¥1-coua ue otoadepd C. Xty mpdtaoT autr EVOWUATOVETOL OXN) 1) TTAT-
pogopla mou urope!l va uwag dwoet 1 avioétntar Brunn-Minkowski yia to ypouuuxd
CUYOPTNOOELY| GE XUPTY COUATAL.

Y ouvéyeta Yewpolue 6t to K elvon tootpomixd xuptd odua otov R® xon
divouue xdmolor TETH ATOTEAEGUATA YL TNV o -CUUTEPLPORE TWV YROUUIXOY GU-
voptnooedny xo tne Euxheldelag vopuac.

IMpotaoy 2.4.2 KdOe 1wotponikd kuptd odpa K elvat Yqo-odpa pe ovadepd
(2.4.11) b < cR(K)'=Yori/®,

AnéddelEn: Do xdde 0 € S xou yio %8¢ p > « éyouue

1/p
L(K.6) = (/K |<x,e>|P/“|<x,e>|"“-1/“>dx)

< R(K)'“YL0(K,0)Y®
1-1/a (P 1/a

< RE)V(E1(x,0))
1-1/a (P 1/a

< R(K) (caLK)

< CIR(K)lfl/aL}(/apl/a_
Ané v Hpdtaon 2.4.1 énetan 611
(2.4.12) 1 0) | < cR(E) ML,
moL elvae t0 {nToduEvo. O

H enduevn Ipdtacn Seiyver dtL Sev unopodue var tepluévoue thy UTopén Yo owud-
Ty btav a > 2 (1 otadepd by qUEAVEL avaryXaoTXE 0TO dnElpo UE T ddoTao).

IMpétaon 2.4.3 Eotw a > 2 kai éotw K kupté odpa otov R ue dyko 1 kat kévtpo
Bdpovs o 0. Av to K elvat o -0dpa pe ovadepd B, tote

(2.4.13) B > ent/?Ye,

omov ¢ > 0 andAvrn otalepd.

Andédergn: Mnopolue va unodécouue 6Tt to K elvan tootpomixd. Tote,
(2.4.14) R(K) > I,(K) = v/nLk.

Agol 1o K elvar tpo-ctdua ue otodepd B, €youue

(2.4.15) I,(K,0) < e1Bq"/°I,(K,0) < ¢; B¢*/“Lg



45
v x&9e 6 € S"1 xou v x&9e ¢ > 1, 6mou ¢1 > 0 amdhutn otoadepd. Armd o
Afpo 2.2.3 éneton 6T
(2.4.16) R(K) < ¢2R(Z,(K)) < c3Bn*/* L.

Ané g (2.4.14) xou (2.4.16) éneton dueoa to Lnroduevo. a

[epvdyue tdpa o€ o extiunoes yior Ty Ewdeldea vopua. And tnv aviedtnia
twv Carbery xow Wright (BAéne Ilpbtaom 2.1.3) #, mo anhd, and 1o Afupo tou Borell
(emavahauBdvovtog ovotaotixd Ty anddelin tne Hpdtaong 2.1.1) éyouue

(2.4.17) I,(K) < cqlh (K)

yia xde xvptd aduo K dyxou 1 xou xde ¢ > 1. 'Eneton 10 e€rc.
Ipétaon 2.4.4 Eoww K kyptd odua dyxov 1 otov R*. Av f(z) = ||,
(2.4.18) |l < ellflln

émov ¢ > 0 andlvtn oralepd. Eibikdrepa,
(2.4.19) Prob(z € K : |z| > c¢[1(K)s) < 2exp(—s)

yia kde s > 0. U

Ty nepintwon mov 1o K elvon tootpomixd xuptd odua, o Alesker [1] édeile 61t
n Euxdeldeta vopua weavomolel a-extiunon.

Oceopnua 2.4.2 FEotw K wotponikd kuptd odua. Av f(x) = ||, tére

(2.4.20) 1£llv. < cllfll < evnlLk,

émov ¢ > 0 andlvtn otalepd. Fibikdtepa,
(2.4.21) Prob(z € K : |z| > cy/nLks) < 2exp(—s?)
yia kdOe s > 0.

Oa anodelloupe éva Yevixdtepo Oedpnua to onolo €xel cov JUECT GUVETELX TNV
avioétnta tou Alesker.

Ocdenua 2.4.3 Eoww K kuptd odua dykov 1 arov R*. Av 1 < p < q <mg(p),
TlTe

(2.4.22) 1,(K) < ¢, 11, (K),

omov ¢ > 0 andAven otalepd.
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Anéderdn: And ty Ipdroon 2.2.2, 1 (2.4.22) ypdypeton Loodbvaua
(2.4.23) wq(Z(K) < 17 wp(Zy (K)).

Ané v Hpdtaon 2.1.3 éyovue

(2.4.24) H,(0) < clng(Q)

v x&de 6 € S™L. Apa,

w0y = ([ o)
< c1%< - Hg(ﬁ)a(d9)>1/q

= c gw .
= ajw(Zy(K))

‘Ouws ¢ < mg(p), dpo 1o Afuua 2.2.5 uog Sivel
(2.4.25) wi(Zy(K)) = wy(Zy(K) = w(Z, (K).

Auté anodexviel Ty (2.4.23). |

Ynueiwon: To Oebpnua 2.4.2 npoxOTTEL and TNy TapATHENOT OTL Yol Xde LlGoTEo-
6 xptd owua K to Zy(K) elvon undha, dpa mi (2) ~ n. Eyouue

(2.4.26) I,(K) < ey/gl(K) = ey/gV/iLx

v xdde 2 < g < fn, evd v g > fn n (2.4.26) elvon mpogavic, agod R(K) <
(n + 1)LK.

2.5 Ave gpdyua yia 1 otadepd Lootpomniog
To gpdyua Lk = O(+/nlogn) tou Bourgain [8] Bacileton 6Tny ¢ -ouUTERLPORE TwV

Yooy cuvaptnooedwy. H anddel&n mou divouue oaxoroudel tnv tapovsiaon tou
[49] xou dev amoutel ) ovuuetpla tou K (BAéne entong [21]).

Ocwenua 2.5.1 Eoww K 10otponikd kupté owpa ovov R*. Ioxvel n aviodnta
(2.5.1) Lk < cy/nlogn,

omov ¢ > 0 andAvrn otalepd.
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H an6dei&n Yo Baciotel oto Ajuua 1.1.2 mou yapaxtnellet Ta LooTpoTxd GOULT
xaL oty aviootnta tou Pisier. Oa ypelaotolue axdua d0o teyvixd epyolelo.

1. Méon T Tou maximum YPUULULX®Y CUVAPTNCOELIWMY OE XUPTA OW-
Qoo

Oewpolue éva otpomxd xuptd oua K otov R™, 10 onolo uxavonolel v Y-
extiunon

(2.5.2) 1€ Olwe < Bl 0)[l1 < BLk
v x&e 6 € S"L, bmov a € [1,2] xou B > 0 pio otadepd.

Ilpétaom 2.5.1 Avby,...,0§ € S"L, tdre

(2.5.3) / max |(z,0;)| de < CBLg(logn)'/?,

1<i<N

émov C > 0 andAven otalepd.

Anodedn: And my (2.5.2), yraxdde i =1,..., N xou xdde t > 0 toylet

N
Prob (x €EK: 113111;%)5\[|(x,0,-)| Zt) < ;Prob(:c € K :|(z,0;)] >1)

2N exp (—(t/BLk)®).

IN

o xde A > 0 unopodue vo ypddouue

/ max |(z,6;)|dz = / Prob (azeK: max |(z,6;)| Zt) dt
0 1<i<N

1<i<N
< A+/ Prob <:CEK: max |($,0i>|2t> dt
A 1<i<N

< A+2N/Amexp(—(t/BLK)°‘)dt.

Enéyovtac A = 4BLk (log N)'/* éyouue

o0 o0
/ exp (—(t/BLg)*)dt = 4BLK(logN)1/"‘/ exp(—4%slog N)ds
A 1 N
< 4BLK(logN)1/“exp(—210gN)/ e~ *ds
1
< 4BLk(log N)'/*N~2

OTIOU Y PTOULOTOLACOUE TNV

(2.5.4) exp(—4%slog N) < exp(—2logN) -e™*
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7 onofa LoyVeL yia xdde s > 1. ‘Eneton 6t

(2.5.5) / max _|(z,0;)|dz < CBLg(log N)'/?,
K1<z<

6mouv C' = 12. O

2. H dudonaorn Dudley-Fernique

BOewpolue éva xupTd odua K otov R*. Trnodétouue o 0 € K xan ypdgpouue R ylo
v axtiva tou K. Ta xdde j € N Boloxovue nenepaouévo unocivoro N; tou K
TETOLO WOTE

(2.5.6) INj| = N(K, (R/2’)B3),

now

(2.5.7) KC | (y+ (R/2)BY).
yEN;

Téhog, Vétovue Ny = {0} xan opilouvue
(2.5.8) Wj=N;=Nj-i={y—y'|y €N,y € Nj_1}
yia xdde j > 1.

Afppa 2.5.1 T'a xdbe v € K ka1t kd0e m € N pumopodue va Ppodue z; € W; N
(BR/21)BY, j=1,...,m kat wp, € (R/2™)BY térowa dote

(2.5.9) T=21+ "+ 2Zm + W

Anéden: Eoww ¢ € K. And tov oplopd tou Ny, unopolue va Bpolue y; € Nj,
j=1,...,m, T€T010 OOTE

R
(2.5.10) |z —y;| < %5
pdipovue
(2.5.11) =0+ (1 —0)+ (2 —y1) + 4 Wm — Ym-1) + (= — Ym)
xow VETouUe Yo = 0 XU Wy, = T — Yy, 25 = Yj — Yj—1 Yo j = 1,...,m. Torte,
|| = |z — ym| < R/2™, xou z; € Nj — Nj_y = W;. Eniong,

R R 3R

(2.5.12) |zj|§|x—yj|+|x—yj_1|§§+2jj:§.
Téhoc, x =21+ + zm + Wiy O

Optlouue Z; = W; N (3R/27) BY. Talpvovtog umdy uag xor Ty avodTnta Tou Su-
dakov (@edpnuo 1.1.4) unopoliue va dtatundooupe 1o axdhovdo Yewpnua (Sudonoon
Dudley - Fernique).
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Ocwpnua 2.5.2 Eoww K kuptd odua otov R, ne 0 € K xat axtiva R. Trndpyovy
temepaouéva ovvola Z; C (3R/27)BY, j € N, tétowa dote

2%};10)2 |

(2.5.13) log|Z;| < cn <

mou tkavomowody o e€ns: ya kdbe x € K kat kdde m € N umnopoUpe va Bpolue
zj € Zj, j=1,...,m ka1 wy, € (R/2™)BY tétowa dote & = z1 + -+ + 2y + Wy,. O

3. Ano6delln touv Oewpnuatog 2.5.1

O anodetouue éva yevixdtepo anotéheoua, to onolo delyvel Tt cuuBalvel ue To
emyelpnua av unodécovue 6Tl 10 K €xel xaAOTERT <o -CUUTEQLPOPAY.

Ocwpnua 2.5.3 Fotw K éva 1wotpomkd xupté odpa otov R* kat éotw B > 0.
TroOérouue 6ti, yra kdnow 1 < a < 2, to K 1kavormolel tny q-extiunon

(2.5.14) 1,8l < BII( 0l < BL
ya kdOe € S"1. Tére,

(2.5.15) Lig < CB**(2 —a)~o/?pt/2=2/togn
émov C > 0 arddvtn otalepd.

Amnédergn: H avioémnta tou Pisier (Qedpnua 1.1.9) poc eZaocpariler dtu undpyet
ouvuueTpnds Vetnd oplouévoc T € SL(n) tétolog dote

(2.5.16) w(TK) < ev/nlogn.

Ané o Afupo 1.1.2,

(2.5.17) /(az,Saz)daz: ﬁ/ 2|2 dz
K n Jk

v xdde S € L(R™). O T éyer Yetinée mpayuotixée Wotiués xan optllouvoa 1, dpa
trT] > n. Enouévac,

trl’
(2.5.18) nL3 :/ |z|?dr < 1r—/ || :/(:C,T:c)d:c.
K n Jk K
I xdde z € K éyovue
9. <
(25.19) (2.T2) < mae |(z, )],

2.5.20 L3 < de.
(2.5.20) nic < [ (0.a)lds
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Xpnowonowlue topa T didonaon Dudley-Fernique tou TK. Av R eivar 1 ooctiva

tou TK, eldaue ot v j = 1,...,m, m € N undpyouv nenepacuéva cOvora Z; C
(3R/27) B} tétox o
i\ 2
TK)2
(2.5.21) log|Z;| < en <%> :

xon xd0e y € TK ypdgpeton oTn Lop@h, ¥ = 21 + *++ + Zm + Wi, OOV 25 € Z; %ou
€ (R/2™)B%. 'Enetot 61t

ma,; T < Zma za: ma; w, T
yET}gl(y, )< ZEZXI e(R/ﬁ)B;'( ;)|

Zngasz az>|+£|az|
= 27 ze 2m ’

6mou Z 1o povadiato didvuoua oty dieduvor Tou z. XenolLUOoToLWYTIS TO TUPATAVW,
xaddS xon T [5 |z]de < /nLk, Phénovue ot

z€Z

nLi < /max|za:|dm+—/ |z|dz
K

/ max| Z,T) |dm+—\/_LK
K *€Z;
Ané v Hpdtaon 2.5.1 nalpvouyue
i\ 2/
9 Ve w(TK)2 R
(2.5.22) nL% < § c"n /2L (T B+ VL.

To ddpowoua oo de&Ld Uéhog ppdooeton and
‘1

(2.5.23) T

LK,nl/ozw(TK)Z/a2m(2/a71)R172/aB‘

Abvovtag v e€lowon

1/a TK 2/a2m(2/a71)
(2.5.24) prw(TK) _ Bvm
R/-1(2— q) gm

Bploxovue tn BéATiotn TLUr ToL M TEENEL VAL LxavoTtoLEL TNV

1 nl/?o/4y(TK)
2.5.2 — = - B2
(2:5:25) 2m (2 —a)*/?R

Enotpépoviog oty (2.5.22) nofpvouue

(2.5.26) nL3 < ey(2 — )~ 2t/ 4w (TK) L B*/?,
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xa, apol w(TK) < esv/nlogn, xatahfiyovue otny (2.5.15). i

Enueiwon: Ltny neplntwon nou 1o K wavornotel tny extiunon (2.5.2) yio a = 2, 10
nopandve entyetpnua diver L < CBlog? n. Yto enduevo Kepdhowo Yo uehethcouue
TOL KYP2-CWUATOY AETTOUEPECTERAL.
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Ke:q)o'c)\ou.o 3

Vo-GUUTERLPORA TV
Ypocpw.xo’w ouvocp‘cvqooez.&{w
oTo xup‘co'c oo')ptoc‘coc

3.1 Euxoaocla tou unspsmﬂ:e’:Sou HOLL co')puoc'coc LE pu.xp‘r']
SLO'LHE‘CPO

H pehétn tov owudtov ue uixer Siduetpo éyel ooy agetnpla tnv &g nopatripnon
OYETWXA UE TO TPOBANUA NG oTodepdc LooTponiag.

Igétaon 3.1.1 Eotw K 1wotpomkd kuptd owua otov R*. Yrdpyer wotpomikd
kuptd odpa @ otov R" pe Lo ~ Lk xat R(Q) < ¢y/nLq.

[ v amddetln Yo ypetaoToVUE (ol oA TopatipnoT OYETXE UE TNV «ELGTAVELY
¢ tootpomxig VEoTc.

Aqupa 3.1.1 Eow K xuptd odua dyrov 1 otor R*. Trobérovue dut yra kdmotoy
L > 0 xat kdroteg otalepés a,b > 0 éyovue

(3.1.1) a L2 < / (z,0)*dz < b>L?
K
ya kdOe 6 € S"1. Tére,

(3.1.2) cia 'L < L < ¢ybL,

omov ¢y, ¢y > 0 andlures otalepés.

93
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Anéderdn: Oewpolue 10 eMeupoedés tou Binet Eg(K) nou opiletar and v

(3.1.3) ||9||%B(K) = / (z,0)*dz.
K
Ané v vnddeon éyovue
(3.1.4) 1/(bL)wy/™ < |Ep(K)[V™ < (a/L)wy/",
eved, and to Afuua 1.1.3,
(3.1.5) |Ep(K)|V/™ = Litwl/m.

Yuvdudlovtag tic (3.1.4) xou (3.1.5) €youue T0 CUUTEPUOUL. O

Amnddelgn tng Ilpdtaong 3.1.1: To K eivon wootpomxd, dpa

(3.1.6) /K |z|?dz = nL3%.

[ xdde r > 0 opiloupe

(3.1.7) K,={z € K:|z| <ry/nLk}.
Ané v aviedtntor tov Markov éyouue

(3.1.8) |Kp| >1—7r72.

Tére, Yo xdde 6 € S»1,

/Kr(:c,H)de = /K<$70>2d$_/1(\1(,,<x’6>2d$
L% — |K\ K,|'? (/K(a:,0>4da:>l/2

> L3 —r'(4¢)’L3,

v

6mou ¢ > 0 1 otodepd tne Hpdtoone 2.1.1. Av emhéZouue r = 32¢2, éyovue

(3.1.9) (1/2)L3 < / (z,0) dr < L3

r

v xdde 6 € S Agol |K,| > 1 — 2, unopolue va Bpodue otadepd a > 1 ue
a® < cp:=1/(1 —r72), étor wote Yo to W = aK,. va éyovue |W| = 1. Tére,

(3.1.10) / (2, 0)2ds = a”+2/ (z,0)2dz > L% )2
w

r
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pde i

(3.1.11) / (z,0)*dx < a”“/ (z,0)*dr < L%,
w K,

Srhadt

(3.1.12) (1/2) L3yl < /W<w,y>2dx3c%L%<|y|2

yia xde y € R”. And to Afjuua 3.1.1 cvunepaivouue 6t Ly ~ Lk.
‘Eoww T € SL(n) tétooc dote 10 Q = T(W) va elvar wootporuxd. And tny
(3.1.12), yio x&e 6 € S™! éyouue

(3.1.13) L2, :/(x,0>2dx:/ (2, T*6)2dz ~ |T*OP L.
Q w

Xenowwonowdvtag xou v Lo = Ly ~ Lk, noflpvouue

(3.1.14) ey <770 < 3

yio % 6 € S"L. Apa,

(3.1.15) R(Q) <||T: €5 — (3]|R(W) < esary/nLi < cav/nLi < ey/nLg
6mou ¢ > 0 andiutn otadepd. a

XpNoUWoToLdVTaS AUTH TNY TAPATHENOY UTOPOVUUE var SWCoUUE Ul delTeRT amodeLin
e extiunone O(y/nlogn) vy ) otadepd wotponioc. Oa YENOLLOTOGOUUE TNV
e€nc dueor ovvémela tng Hpdtaong 2.4.2.

Afupa 3.1.2 Eotw Q wotpomiké odua pe R(Q) < Ay/nLg. I'a kdde § € S"~1
éxouue

-0
(3.1.16) [ <L’ >||¢2 < cVAYn,
Q
émov ¢ > 0 andAvtn otalepd.
Anodedn: And v llpdtaon 2.4.2,
(3.1.17) (0l < cR(Q)V2Lef” < eV AY/nLo,
70 onolo efvor Loodlvouo ue to {nroduevo. o

Ocwpnua 3.1.1 Eoww K 1wotponiké kuptd odua otov R*. Ioyve n aviodtnta
(3.1.18) L < c¥/nlogn,

omov ¢ > 0 andAven otalepd.
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Amnddern: And v [lpdtaon 3.1.1, undpyet tootpomixd xuptéd cwua ¢ otov R? ue
Lo ~ L xou R(Q) < ey/nLg. Apxel hotndy vo extiufioovue v Lg.

Enavohaufdvoviae 1o apyxd xouudtt e anddedne tou Oswpruatos 2.5.3,
BAénovue 6T Yo x&e ouppeTpd xon Yetixd opouévo T € SL(n),

3.1.19 nL? </ ma, ,T)|dx.
(3.1.19) o< | mas (w,)

Ané o Afuua 3.1.2 éyovue

('7 y>
3.1.20 _ <1
120 & La - <
v xdde y # 0, 6mou ¢ > 0 andhutn otodepd. Apa,
(3.1.21) Prob({z € Q : [{z,y)| > e1v/nLqt}) < 2exp(—t*/|yl*)

yia x&de y # 0 xou xdde t > 0.
Ocewpolue ™y avélin X = (Xy)yerg, Xy : Q@ = R ue

(3.1.22) X, (z) = %

Téte, yia xdde y # z € TQ xou yio xdde t > 0,
Prob(|X, — X.| >t) = Prob({z € Q:|(y — z,2)| > c1v/nLot})
S 2exp (_t2/|y - Z|2) )

Inhadh n X elvon umoxavovixh we tpog Ty Ewxkeldeia andotoor oto T'Q).
Ocewpolue ) cLVAYN avéNEn tov Gauss Z = (Zy)yeTg UE

(3.1.23) Z,(w) = (Gw), y).
Ou & xau Z wxoavorotody Tic unodéoelc tou Oewpruatog 1.1.6. Apa,

(3.1.24) E sup X, <C-E sup Z,,
yeTQ yeTQ

6mouv C' > 0 andiutn otadepd. Ialpvovtag unddy xar tnv

(3.1.25) E sup Z, ~ vnw(TQ),
yeTQ

BAénoupe 6T

anQ < av/nLg-E sup X,
yeTQ
< aCv/nLg - vnw(TQ),
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dnhadn,
(3126) LQ S CQU)(TQ)/%,

omou ¢z > 0 andhutn otodepd. Ty anddeilln cuuninedver 1 aviedtnta Tou Pi-
sier (Oedpnuo 1.1.9): yio xdnoov cuuuetexd Yetind optouévo T € SL(n) éyouvue

w(TQ) = O(y/nlogn). O

3.2 Yopoata Ue wLxpn duduetpo

3.2.1 Ecaywyn
H anédeén tou gpdyuatoc O(/nlogn) yo tn otodepd tootponiog Baotletar oty

- CUUTEPLPOPE TWV YPUUULXWY CUVIPTNoOEWOY T — (x,6). Xe mifpn yevixbdnta,
TO UOVO TOU UTOPOUUE VoL UTOUEGOVUE Yial £Val LoOTEOTXG XVpTd o K elvar 1

(3.2.1) (- 0Mly, < CLk,

onou 1 Vet otadepd C elvon ave€dptnn and ) ddotaon n, and 0 cwua K,
xou and T dedduvon 6. Ta dbo emyelpuata Tou Topouctdoaue oTig §2.5 xou §3.1
YeVVoUY 300 QUOLOAOYLXE EpWTAHUTAL

1. Ebvou cwot6 611 xdde 160Tpomind odua xavoTotel Pa-extiunoT ue «xokf ota-
Yepdy yLa Tl meplocdTepES Stevdlvoels 8 € sn—L.

2. Elvor owoto 61 yia xdde wwotpomnixd xuptd ooua K ta couata K, := KN
(rv/nLK) Dy, €ouy «<xahOTEPTY 12-CUUTEPLPORS,;

Yy neplntwon nou xdmolo and autd o 300 epwTHUaTA EXEL Loy Led JeTen andvTnon,
umopel xavelg va @avtaoTel Ul xahOTERY 0pYAVWOT Xxdnolou and Ta TEOoNYOoVUEVA
emyELpriuaTa, 1 onolo Yo umopoloe va odnyroel oe xahdtepn extiunon tne L.

To npdto mpdBinua elvon telelng avoxtd: €€ dowy Yvwpllovue, axduo xou 1
Omapsn éotw ulag xohrc Pa-diebiuvorng dev €xel enoknleutel oe TATEN YEVXOTN T
Kdt tétolo Yo amoteholoe éva «xatd onuelo avdhoyo» Tou amoTeEAECUNTOC TOU
Alesker (Oempnua 2.4.2): Av K elvon éva tootpomixd xuptd owuo otov R xon av
f(z) = |z|, 6t

(3.2.2) 1 fllgs < evnli,

6mou ¢ > 0 andivtn otadepd. Enouévwg,
(3.2.3) Prob(z € K : |z| > ey/nLit) < 2exp(—t?)

yio x&de ¢t > 0.
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Auto elvar 10 UGVO «yEVIXS Po-amoTélecuar tou undpyet. [lpdogara, or Bobkov
xon Nazarov Uehétnooy TNV Y-CUUTEPLPORE TWY YRUUULXWY CUVIQTNCOELS®OY o1
1-unconditional twotpomxd oduata. '’ autd Tar cdUATA UTOEOVUE Vo UTOVECOVUE
6t 1 ouvidne oploxavovixd, Bdon {e1,...,en} Tou R* elvou 1-unconditional Bdon
vty || - |l &, dnhadn

(3.2.4)

n n
E tie; E gitie;
i—1 i=1

v xdde emAhoyr mpoyUaTX@dY apLdU®Y t1,. .., t, X0 TPOCNUWY E1,...,Ep. Kt
mhéov, oto Kegdhowo 1 eldaue 61t Lg < C, énov C > 0 elvon yta andAutr otadepd.
To Baowxd anotéheoua twv Bobkov xouw Nazarov (BAéne [14]) elvon to e€nc.

K K

Ocwpnua 3.2.1 Eow K éva wotponiké 1-unconditional odua ovov R*. I'a kdOe
y € R* kat kdOe p > 1 1oy vVet n avioénza

1/p
(3.25) ([ Kwpas) < vpvabliLn
K
Me dAda Aéyra, ya kdde y € S*1 éyouue

(3.2.6) 19y < evnllylloo Lic

émov ¢ > 0 ardlvn otalepd. |

To amotéleoua autd divel TOND axpLBelc Po-EXTWUACELS: VIOl ToEADELYUd, o
vy = (£1,...,%1) t6t€ ba(y) = ||(, Y)|ly /L < ¢, Snhadh oL «Sraydviegy dieu-
Y0voeLe elvon 3. And v (3.2.6) éneton 6TL xoTd Léco 6po to K €xel «hoyapriuixn
Pa-oToEPY:

(3.2.7) /Sn_l bo(8) o(d) < c\/Togn.

Eniong, o Bobkov xow Nazarov (Bhéne [13]) anédelov ott, oty meplntwon towv 1-
unconditional cwudtwy, o anotéhecua tou Alesker emdéyeton v e€hc BeAtiwon.

Ocwpnua 3.2.2 Trdpyel andlvrn otalepd ¢ > 0 téroa dote: ya kdle 10otpomkd
I-unconditional kupté odua K otov R* ka1 kdOe t > 1,

(3.2.8) Prob(z € K : |z| > ctv/n}| < exp (—cty/n) .

HMopatnpriote 6tL 1 avioétnTa Tou Oewpruatog 3.2.2 elvon toyvpdTepn and TNV
(3.2.3) v 6heg g Tyéc Tou t > 1t 7 Suduetpoc evic wootponixol 1-unconditional
ocwuatog otov R* gpdoceton and C' - n, étouv C' > 0 andiutn otadepd.
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3.2.2 Xdpota (e ULxen dLAUETRO

Aéue ot éva xuptd oduo K otov R ue xévtpo Bdpoug 1o 0 €xel «uixpr didye-
te0» av |K| = 1 xau R(K) = ay/nBY, 6nou n otadepd a elvar «xohd @poryuévny.
[Mopatnerote 6Tt Eval xUpTd oOUL EYEL YRUUULXT EXOVOL UE UXEY| SLEUETPO oV XOlL
HOVO oy TO TOAXG TOU oduUa EYEL Qpayuévo A6Yo byxwy (BAéne §1.1.1). Xxomndg
Hog oe ouThH TNV unonopdypapo elvor var SElEOUHE OTL ToL CWUAT TOU EXOLY «UXEY
ddueTpoy €xouy «UAAECY P2-Blevdivaoelc.

Adppa 3.2.1 Eoww K éva kuptd odua otov R pe dyko | K| = 1 kat kévrpo Bdpoug
70 0. Tdre,

(3.2.9) c(@eS" ¢ >ea)>1-27",

omov ¢1 > 0 efvar pa anélvrn otalepd.

Anéderdn: Oewpolue to eMewpoedéc Binet Ep(K) tou K. Eyouue

(3.2.10) 101155 () = 15012 = NI )11,
xan amd to Afuua 1.1.3,

_ |EB(K)

(3.2.11) / 161157 s 0 (d6) = =22l — o,
gno1 ) |BZ| K

Ané v avicdémTa tou Markov,

1
(3.2.12) o(0€S™ " |0llpyx) > Lr/2) >1— o

Ago0 L > ¢ xau ||0||gs (k) = [I(50)]]1, mpoxdnteL to ouunépacya. i

Adppa 3.2.2 Eotw K éva kuptd odua otor R* pe dyko | K| = 1 kat kévtpo Bdpoug
70 0. Trobérovpe du K C ay/nBY. Tdre,

(3.2.13) /5"—1 /Kexp (ﬁ—j”)zdwa(dw <2,

omov ¢y > 0 elvar pia anédven otadepd.

Anodergn: [ xdde s > 0 éyouue

/Sni1 /Kexp <@>2 dro(df) =1+ kf:l k's% /K/SM1 \(, 0)|** o(dB) d.
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: 2k 2k, k : : :
Xenowonowwvtac my [ |[z[**dr < o®*n¥ xau o Afupa 2.2.4, BAénouue 6t 1 Te-
hevutato toodTnTAL PEdoCETOL AT

(3.2.14) 1+§:L 2k k/ |w|2kdaz<1+i car) ™
- Pt kls2k \ 2k +n K - =\ s ’

6mou ¢, ¢ > 0 elvon andlutes otadepéc. o vor ohoxAnp@oovue Ty anddelln, tolpe-
VOUUE § = Cax OTIOV ¢ = oIS O

Me oamhf epapuoyr tne aviodtntos tou Markov nalpvouue to e€c.

Ibpiopa 3.2.1 Eotw K éva kyptd odua otov R* pe dyko |K| = 1 kar kévtpo
Bdpoug o 0. Trodérovue dut K C a/nBY. Tére, yra kdde A > 2 éyovue

2
(3.2.15) o (6 €St / exp <M> dz < A) >1-2
K Cotu A

omov ¢z > 0 elvar n owalepd tov Anpparog 3.2.2. i

Ocedpnua 3.2.3 Eoww K éva kuptd odua orov R ue dyro |K| = 1 kar kévepo
Bdpouvs 70 0. Trodérouue éut K C ay/nBY. Tére, vndpye 0 € S~ térow dore

1/p
(3.2.16) (/ |(a:,0>|pda:> < C’a\/f)/ [(z,0)|dz
K K
ya kdle p > 1, émov C > 0 elvar pia andlven otadepd.

Anddern: Enkéyovue A = 6. And to Afuua 3.2.1 xou to Hoépoua 3.2.1 BAémovue
6t av n > 3, téte ue mdavétnTo ueyohltepn amd 1/2, ua Sedduvon 6 € S
IXavoToLel TaUTOY POV TLC
oV 2
(3.2.17) / [(z,0)|dz > 1 xou / exp <M> dz < 6.
K K G20

Xpnotuonowbvtac v aviodnta e* > 28 /k! (z > 0), ouunepaivouue 6Tt
(3.2.18) / (2, )2 dz < 6k!(ca)2"
K

v xd&de k > 1, dpa

1/(2k)
(3.2.19) </ |(a:,0>|2kda:> < caV2k < ia\/zk/ \(z,8)|dz.
K 1 K

Auté elvan 0 cuuTEpacua Tou Oewphuatog 6tay p = 2k. H yevx neplntwor éneton
Y eINA |

Mrnopolue enione oyetixd ebxoha vor anodeloVUE OTL XVETA CWUATO TOU EYOLV
wixen dtdueTpo €youy peydhes (n — 1)-didotates Toués (autd unopel vor emohnieutel
ue didpopoug TpoToug, To emyelpnua dUwS ToL axoloulel divel emmAéov xdmota
extiunon ylo Ty xortavour touv dyxou v (n — 1)-Sidotatwy Touny).
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Ilpétaom 3.2.1 Eoww K éva kuptd odua ovov R" pe dyko |K| = 1 kat kévzpo
Bdpous o 0. Trodérovpe dut K C an/nBYy. Tére, yia kdle t > 0 éyoupe

(3.2.20) o (0 €Sl K Ngt| > :—;) >1 -2t
omov cg > 0 elvar pa anélvrn otalepd.

Anodedn: Egapudlovtag ty avicotnta tou Jensen oto Afuua 3.2.2, naipvouue

(3.2.21) /SH exp ((”< 202”1) > o(df) < 2

H avioédtnta tou Markov Setyvel ét
(3.2.22) o (65" |(-0)] > crat) <27

yia x&de t > 0. And v dAAn mAevpd, 1o Oewpnua 1.1.2 Selyvel 6t av o K €yet
6yxo 1 xou xévtpo Bdpouc o 0, TéTE

1

v xdde 6 € S Autd ouunhnedvel Ty amddeldn. O

3.2.3 Egopuoyy ota {wvoeldy|

Treviuuilouvue npdta xdmoto cuuBoloud xou divouue xdmota Baocixd otouyela Yo o
Cwvoedh. H ouvdptnon athipléng evég xuptol owuatog K oplleton and tny hk (y) =
maxzer (%, y) Yoo x8e y # 0. To uéoo mhdroc Tou K divetar amd tnv

(3.2.24) w(K) = /S (o (dw)

Aéue 6t 1o K éyet eNdytoto uéco mhdrog av w(K) < w(TK) yw xdde T € SL(n).

'Evoc 16080vauoc optouds tou entpavelaxol (wétpov ok = Sp—1 (K, ) evic xup-
00 oduatoc K (mou oplotnxe otnyv §1.1.1) elvon o e€rc: yio x&de Borel V' C sn—l
YéTouue

(3.2.25) ox(V)=v({z € bd(K) : ug(z) € V}),

6mov uk () elvar to e€wtepnd xdeto Stdvuoua tov K oto z, xot v elvon to (n—1)-
ddotato enwpavelaxd wétpo oto K. Elvow govepd 6t ox (S™ 1) = A(K), nemgdvew
touv K. Aéue 6t 10 K éyer eNdyrotn emwpdivera av A(K) < A(TK) v xdde T €
SL(n).

Zwvoedn Mue tor xupTd owuata mou elvar opla adpotoudtwy Minkowski euvdu-
Yoduuwy tunudtwy ue t uetpwy) Hausdorfl. IcodUvaua, éva cuuuetpind xuptd
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owua Z elvor Lovoetdég av xaL UGVo av To TOAXO TOL WU lvon 1) Lovadiata umd-
Aot evog n-dLdoTatou LTEYWEOL xdmolou ywpeou Li: axpiBéotepa, av undpyel Yetixd
uétpo p (to uétpo othpeng tou Z) oty S tétowo dote

1
(32.26) lellze =5 [ lan)lutay).
Sn—1
H »xhdon twv Lovoeddy tautileton ue Ty xAdoT twv cwiudtwy tpoBoldy. Opilovue
T0 owua teofohwy IIK evde xupTtob oduatog K v elvol T0 CUUUETEIXO XUVPTO COUA
TIOL EYEL CLVAETNON OTHPENS TNV

(3.2.27) huk(0) = |Py(K)|, 6eS"!

6mou Py(K) elvor 1 opdoydwia mpoforf Tou K ent tou 61, Anéd v ohoxhnpw i
e ehselole TopdoTony|

(3.2.28) |Py(K)| = % /Sn_l [(u, )| dok (u)

mou enokniedetar €0xoAa GTNY TEQITTWOT TWV TOAVTOTWY XOL ETMEXTEIVETOL UE TEO-
oéyylon oe xde xvptd cwua K, BAémovue 61l to ocwua mpoloindy tou K eivor
Cwvoeldég mou €yel oav uétpo othpleng to ok. Emmiéov, av cuufoiicovue ue Cp
TNV XAAON TV CUUUETPIXOY XUPTMVY COUTWY Xat UE Z TNy XAdon Ty {wVoedoy,
0 Yedpnua wovadixétntag tou Aleksandrov delyvel dtu 1 amewxdvion tov Minkow-
ski Il : C, = Z ye K — IIK, elvon éva mpog éva. Ymuewwvoupe enfong 6t n Z
elvor ovaAAOlw TN S TEOS AYTLOTREPLULOUS YROLUXOUS UETACY NUATIOUOUS (Xol UdAL-
ot, I(TK) = (T"H*(IIK) vy x&9e T € SL(n)) xor xheloTh 0C TpOC T UETELXN
Hausdorff. T mepoodtepec mhnpogopies oyetind Ue ta Lovoeldy|, BAéne [56] xou
[12].

Oo Solue OTL TPELC PUOLONOYIXES VETELS TV LWVOELBWY €Y0OLY ULXpT] SLAUETPO UE
v évvola g §3.2. H anddelln yprowuonolel Ty Lo0TpOTUXT] TERLYRAUPT] QUTWY TwV
Véoewv, N onola emLTEENEL T1) XpHon TG aviobTnTag Twv Brascamp xon Lieb.

1. H 9éom touv Lewis: O Lewis [39] (BAéne enlone [4]) éxer del&er 6T xdde
Lwvétono Z éyet ypauuwxn exova Zy (n «éon Lewisy tou Z) ue v oxéhoudn dLo-

T UTdEy oLV Wovadiata SLVOCUATA Ul, . . ., Upy oL YeTiXol Tpayuatixol apriuot
Cl,---,Cp TETOLOL OOTE

m
(3.2.29) hz,(x) =) cjl(w,ug)]

j=1
xon

m

(3.2.30) I= E Cjuj & uj

=1
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6mou I elvon o tawtotixde teheotric otov R®. Xpnowomowwvtag v avodTnTa
Brascamp-Lieb, o Ball anédeile oo [4] 61, xdtw and autéc e unodéoeLg,

2n
(3.2.31) |21 < = w B CVnZi.

H avtiotpogn avicdtnra Santald yio ta Lwvoedr| (BAéne [54] xou [31]) delyver bt

(3.2.32) |Zy| > 2" xa  Zy C/nBY.
Apa,
(3.2.33) 2R(Z) < \/n|Zy|M".

2. H 9¢éom tov Lowner: Trnodétovue 6t 1 BY elvon to ehhewoedéc eNdytotou
6Yx0L Tou TepLéyel éva Lwvoeldéc Zy. Eotw Z; n ¥éon Lewis touv Zy. Tore,

|By| _ |vnBy|
|Z2| = |Zi]

Topa, ot (3.2.32) xon (3.2.34) Selyvouv éTt

(3.2.34)

(3.2.35) 2R(Z5) <2 < |2y < Vnl| 2|

3. ©éom chdyiotov wéoouv mAdtoug: Trnolétouue 61t Z3 = IIK elvon éva
Cwvoedéc byxou 1 mou €yet eNdytoto péoo mAdtog. To anoteréouota twv [29] xou
[31] Belyvouv 6Tl T0 empavelaxd UETpo ok elvon LooTpOTIXG, dNAUdN

AE)

(3.2.36) /Sn_1<U;0>2dUK(U) =

v xdde 0 € S 6nou A(K) etvon 1 emgpdvera tou K. Emmiéov, éva anotéhe-
oua tou Petty [51] Selyver 61 1o K éyel edyiotn emgdveto.  ATAH e@apuoyh g
aviedtnrag Cauchy-Schwarz xou 1 (3.2.36) delyvouv 6t

1

(3.2.37) ha,(0) = 5 /5 18, u) | dos (u) <

A(K)
2yn

v xdde 6 € S"L. Oa ypnowuonotfioovue uta aviodtnta and o [29]:

Aqupa 3.2.3 Av o K éyet eldyiotn emedrea, tote

(3.2.38) A(K) < n|IK Y™

‘Eneton 6Tt bz, (0) < v/1/2 yio xdde 6 € S"~L. Me dhho Moo,
(3.2.39) 2R(Zs3) < v/n|Zs|*".

H oulritnon nouv nponyhinxe delyver 61t tar Lwvoedy| €youy Uéoelg mou €youy
(et diduetpo. H onpiBric datdnwon €xel we e€he.
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Ocwpnua 3.2.4 Eow Z éva lwvoedés otn Oéon Lewis 1 otn Oéon Lowner 1 otn
Uéon eldyrotou puéoov mAdrous. Tore,

(3.2.40) R(Z) < (vn/2)|Z|'™.
IIépiopa 3.2.2 Eotww Z éva Lwvoadés orov R*. Tére, Ly < 1/2. i

‘Eneton 61t tot amoteléoporta g §3.2.2 epapudlovion otny xAdon twv {wvoeldoy:
x&ie Lwvoedéc exet Pa-dleudivoels Ue Ty évvola Tou Bewpruatos 3.2.3.

IMapatienon: Aev yvwpllovue av 1o 1ootpomxd Lwvoeldy| £xouy uixpY| DGUETEO.
Mrnopolue vo ehéyEouue 6t T0 u€co TATOC Toug Ypdocetar amd ¢y/n (Exel tn ut-
xpoTepn duvath T8En ueyédouq):

IIpétaon 3.2.2 Eoww Z éva wotpomkd Lwvoedés otov R*. Tére, w(Z) < cy/n
omov ¢ > 0 andAvrn otalepd.

Lot tnv andde&n Yo ypnoyronotioouvue évay TOTO Yol 1oV 6Yx0 Twv (wVOELSKOVY.

Aqupa 3.2.4 Eotw Z Lwrvoadés ue pétpo otipiéns to . Tore,

1
(3.2.41) |Z|:—/ P, Z|dp(z),
n Jgn-1

émov P, Z etvar n opfoydvia tpofodn tov Z otov xt.

Ano6delgn: And tov tono tou Cauchy éyouue

1
(3.2.42) P, Z) = 5/ \(z,8)|do 2 (6),
Sn—l

6mouL oz elvon To emLpaveloxd LETpo Tou Z. Apa,

1
%/Sn_l /Sn_l |(x, 0)|doz (0)du(z)

1
= 5 [ | e Oldua)es @)

1
- /SH 16117 dor 2 (6)

= |4l

1

— P, .7|d
o L

oo, and v (1.1.57), n tehevtalar LodtnTol Loy Vel YLot X8E CUUUETELXS XUPTO GOUL.
O
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AnédeEn tng Mpdtaong 3.2.2: N xdde z € S™ ! éyouue ZNat C P,uZ. And
v aviodtnta Cauchy-Schwarz xou and to Afuua 3.2.4,

1 2
1/2
(/Snl \P,. 7| 7|Z0$L|1/2u(d:c)>

([ _pezinan)- ([ o)

1
- AR RN .
n)Z| /5 FA )

To Z elvar wootpomixd, dpa |Z] =1 xow Ly < 1/2 and o Ilépioua 3.2.2. Enouévec,
1/1ZNnat| <e1Ly <e1/2 ywa xdde z € S™ L, 6mov ¢ > 0 amdhutn otodepd. Autd
delyvel ot

IN

al?

IN

(3.2.42) lull < ean.

Ané v &M mheupd,

wz) = [ lal
= 5/ [ et
C3

Al U(dl’)

C3
< — dy) = —=||pl|-
S T Juns M) = Al
Tuvdudlovtag ue tny (3.2.42) ohoxAnpedvouue thy omdden. a

3.3 Iootpomixd COUATA UE ULXEY) BLAULETEO

Ye auth TV Topdypapo utodétouue 6T K elvon €va LooTpomxS ®LETO CWUN CTOV
R™ e duduetpo R(K) = Ay/nLk, énou A elvor pia Vet napduetpoc. Anhadi, to
K éye dyxo 1, xévtpo Bdpoug 1o 0, txavornotel Tnv tootpomixy] cuviixn

(3.3.1) /K(:c,0>2dx =L%

v xdde 6 € S xon 2] < Ay/nLk vy xdde z € K.

3.3.1 Extipnioelg Ty Baotxny TopaUéTewy

Adupa 3.3.1 I'a kdOe ¢ > 1 éyovpe
(3.3.2) w(Z,(K)) € wy(Z,(K)) < 1 AViLx,

omov ¢; > 0 andAvzn otalepd.
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Andden: H aplotepr; aviodtnta elvon amhf cuvéneta e avioétntag tou Holder,
eved yia T 8e€Ld umopolue vo utodécouue 6tL ¢ < n. Ao v [lpdtaon 2.2.2 éyouvue

(3.3.3) wy(Z4(K)) < c\/gIQ(K) < c\/gA\/ﬁLK =cA/qLk,

o0

(3.3.4) I,(K) = (/K |x|qdm>1/q < AvnLg

yia x&e g > 0. |
Afupo 3.3.2 Ia kdfe 0 € S™1 éyoupe

(33.5) 160, < caVAYRL,

omov ¢z > 0 amdAvtn otalepd.

AnédelEn: Eotww § € S" 1. And v Hpbdroon 2.4.2 éyovue

(3.3.6) 1,0l < 2 ROK)2 L3> = exVAYnLic

v xdmotar anoiutn otadepd ¢ > 0. O
IMpotaoy 3.3.1 Ia kdle g > 1 éxovue

(3.3.7) mi(q) > csv/n/A?,

émov c3 > 0 anddvtn otalepd.

Anodeldn: Ané my [pbdroon 2.2.4 undpyel 1 ~ /n ue Ty Wiét [1,¢:1] C Nk.
Ané 1o Afuua 2.2.5,

w(Zy, (K)) > ewy, (2, (K)) = @iT,, (K) [V > LK) /v = /E L.
Apa, yuoL xéde q > qy youue
(3.3.8) w(Z,(K) 2 w(Z,,(K)) > ey/@iLi > ¢ /L.
Amé Ty & Thevpd,
(3.3.9) R(Z,(K)) < R(K) < AvnLg,

dpat oy ¢ > g1 EYOLUE

(3.3.10) mg(q) = aniz > cy/n/A%.
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Av ¢ < ¢ t61€ ¢ € Nk, ondte ndht and v pdtaon 2.2.4 noflpvouyue

(3.3.11) m(q) > a > a’ > civn.
q a1
Ye xde meplntwon éyouvue to {nroduevo. a

Téhog, delyvovue 6T 1) ouvdptnon fi (t) cuurepLpépeton ooy v exp(—t?/L%).
Ilpotaon 3.3.2 Ia kdde t > 0 éyouue

(3.3.12) fre(t) < LC—; exp(—cat? [ALY),

omov ¢y, ¢y > 0 andlures otalepés.

Anodedn: And my lpdtaon 2.3.1 éyouvue

1 2\

(3.3.17) fx(t) <cevn — <1 - —2> dx.

U (1) 1] |z]
Ocewpolue ) ouvdptnon g : [t, Ay/nLk] = R, ue

1 t2 Tg
3.1 =—|1-— .
(3.3.18) s =7 (1-5)
H rapdywyog tne g woolton UE
l 1 t2 %5 2 2

(3.3.19) g(s):s—4 1_5_2 [P (n—2) = 7],

Avt > 2ALKg xou n > 3, téte 1 g(Jz]) elvon ad&ovoa cuvdptnon tou |z| oto Uk (t).
Enouéveg,

n—3
1 t2 2
< ) —— (1 ———
futt) < eV = (1= o)
¢ o
S m eXp(—Cgtz/AzL%{)
< c—lexp(—02t2/A2L%().

Lk

T x&de ¢t > 0 éyovue fr(t) ~ ¢/Lk, onbdte 1 aviodTNToL LOYVEL TETPULUEVDL OV
0<t<2ALg. m]

Hapatienon. H aviootnra e Hpdtaong 3.3.2 aviiotpépeton ue tny e€rg évvola
Yo x&e t < ¥ Ly woyler n aviodtnta

(3.3.20) fr(t) exp(—cqt?/L%).

>_3
- A3LK



68
Lo Ty anddeién, nopatneodue TemdTa 6Tt
nL3 = / |z|*dz < Uk (v/nLk/2)| - A*nL + (1 — Uk (vVnLk/2)|) - nLi /4,
K

oo [Uk(v/nLk[2)] > 3/(4A?). Enouévec, av 0 < t < v/nLk /2 éyouue

fx®) > evm i(l tQ)de

Uk (t) |7l |z |2

c .
> exp(—cyt?/L?
=/ o P )
a3 2772
Z mexp(—cﬂ /LK)

3.3.2 Uy-dtevdlvoeLg

Yy §3.2 eldope 61 av to K éxel yxo 1, xévtpo Bdpouc 1o 0, xow av K C ay/nBY,
ToTE

(3.3.21) a0 €S 1(,0)|lys > c2at) <

N

v xdde t > 0, 6mou ¢z > 0 andhutn otadepd. Xe aUTHY TNV UTOTOPAYPAPO UTO-
Vétovue 611 to K elvor emmhéov tootpomxnd, xon éyer axtiva R(K) = Ay/nLk. Ou
Solue bt n extiunon tou uétpou otny (3.3.21) Behtidveton: T0 oOVONO TV Steudiv-
OEWV UE KUEYEANY 12-cTtodepd €xel «eExIETNd ULxpdy UETEO.

Afupa 3.3.3 Eow K éva kupté ovua ovov R*. TroOérovue étt yra kdmorov R > 0
éxovpe hi(6) < R ya kdde 0 € S 1. Tére,

(3.3.22) a(6 € 8" hi () > 2(1 + yw(K)) < exp <—C@>

ya kdOe t > 0.

AnéderEn: Eotw m o uéooc Lévy tne hi oty S" 1. Agol n hk elvor Lipschitz
ouveyhc ue otadepd R, 1 opotpxr oonepiuetpxr aviodtnta (Bhéne [48]) divet

(33-23) o0 € 8™ 1 hi(6) 2 m + tw(K)) < exp (—c—“’“ii) t2n>

yia xdde t > 0. Hoapoatnpodue 1t m < 2w(kK), x. autd OAOXANEMVEL TNV AmOdEEN.
a
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Oewpnua 3.3.1 Eow K wotpomkd kuptd odua otov R* ue R(K) = Ay/nLk
yia kdnowa otafepd A > 1. Tore,

(3.3.24) o0 €S|, 0y, >t AL+ t) L) < exp (—eay/nt®/A?),
omov ¢y, ¢y > 0 andlures otalepés.

AnédelEn: Do xdde ¢ > 2 xow x&de 6 € St éyovue
(33.25) Lic < Hy(6) < R(Z,(K)).

Ané o Afuua 3.3.3 éyovue

o0 € S" 1t Hy(0) >2(1+ tw(Z,(K)))

A
o
[}
T
|
o

yia xdde ¢ > 0. And to Ajuua 3.3.1 éyouue

(3.3.26) w(Zy(K)) < c1A\/qLk,
dipat
(3.3.27) o(f €S Hy() > 2c1(1 +t)A/qLk) < exp(—comg (q)t?).

Téhoc, ané v Ipdtaon 3.3.1, m(q) > c3y/n/A? dpo
(3.3.28) o(6 €S Hy(f) > 2c1(1+t)Ay/qLk) < exp(—cay/nt®/A?).

Ané o [Iépioua 2.2.1, yio xdmotar amdhutn otadepd cs > 0 €youue

n

(3.3.29) (05" 10) s > s AL+ 0)Li) € |y,
q=2
6ToU
(3.3.30) J, i ={0€S" " Hy(6) > 2c:(1+t)A/qLk}.
Xpnowuonowdvtag xaw v (3.3.28) nalpvouvue to {nroduevo yia n > ng(A4). O

3.3.3 To LoOTRPOTUAA 2-CWUATA EYOLY ULXEN OLAUETPO

'Onwe Ya dodue oe auThHY TNV UTOTORAYPAQO, 1) UTGYEST) TL XATOL0 XUPTS G ElvoL
ha-owua elvor TOAD TEPLOPLOTLXN.
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Ocswenua 3.3.2 Eow K éva wootpomikd kuptd odpa otov R*. Trodéroupe du to
K etvar ¢o-0dpa pe ovalepd by. Tore,

(3.3.31) K C Cb3log(1 + b2)v/nBY,
omov C > 0 elvar pia anédven otadepd.

Anddedn: Agol to K elvan Pp-odua ue otadepd b, n Ipdtaon 2.4.1 xou o
[I6pwoua 2.2.1 detyvouv ot

ChK(e)
\/ﬁ

v xéde 0 € S"7L. Aol 10 K elvon 1o0tponixd, €youue

(3.3.32) <G O g < b2l 0) 1

(3.3.33) 160 < L
v xéde § € S"~1. O Bourgain [9] anédelle npéogota o1t
(3.3.34) Lg < c'bylog(1 + by).

Tuvdudlovtac autés tig aviodtntes malpvouvue Ty (3.3.31). |

Ynuelwon: To Oedpnua 3.3.2 delyver 6Tt Tar Pa-cduaTH avrixouy o ulo TOAD
neploplolévn xAdom (tor ToAxd Toug oduaTa Exouy QpayUévo AGYo byxwy). ‘Eva
evdLapépov epwtnua etvon av tar {wvoeldr| etvar Pa-couata 1 oxL.

Ac vnodéoouvue 6L To wotpouxd xUET6d odua K wavormolel ™y (-, 0|y, <
boLk Yo xéde § € S"~1. Téte w0 K éyer uxph Suduetpo, ondte 1 Mpbdraon 3.3.2
woc e€oopailel 6t

(3335) fK(t) S C1 (bz) eXp(—Cz(bz)tz)

v xde t K ¢(ba)y/n. H enduevn npdtaon delyver 6t auth xou uévo 1 unddeon
enf3dAAer oto coua K va éyel uuet| SidueTpo.

IIpotacy 3.3.3 Eoww K éva wotpomkd kupté owua otov R*. Av ya kdnotov
A > 0 éovpe

(3.3.36) Fie(t) < o exp(—* /A LR)
ya kdle t > 0, tte
(3.3.37) R(K) < caA\/nLk.

Anéderdn: Trnodétouvue 6t toylel 1 (3.3.36). Ou ypetaotolue to eEHS MU



71

Adppa 3.3.4 Yrdpye oralepd s € (0,1/2) térowa ddoe
(3.3.38) Prob(z € K : |z| > sR(K)) > s".

Ano6dedn tov Afupartog: Ao tny Ilpdtaon 2.2.2, to Hopioua 2.2.1 xon 10 Oewd-
pnua 2.2.3,

(3.3.39) I(K) ~ wp(Zy(K)) ~ R(Z,(K)) ~ R(K).

Trdpyel howndv andiutn otadepd 0 < C' < 1 tétola dote

(3.3.40) /K |z|"de > C"R(K)".

Agol

(3.3.41) /K |z|"de < |Uk (sR(K))|R(K)" + (1 — Uk (sR(K))|)s"R(K)"
v x&de s > 0, av ndpouue s = C/2 Brénovue bt

(3.3.42) Uk (sR(K))| > % > (C/2)" =

Auté amodewnviel to Afuua. o

Ano6dedn tng Ilpdraong 3.3.3: Haipvouue t = sR(K)/2. Tore,

v

fi (1) c\/ﬁ i (1 — i) = dz

= [JK t( >
2)
Z

cf
i B4

>

Yo xdmotar améhutn otodepd ¢ > 0. And v undleon v MV fr xou TO YEYOVOS
o6t L > ¢ éyouue

(3.3.43) " exp(—cat? JA?L3) > exp(—c'n).
"Apa,

s?R(K)?
(3344) c'n Z m,

an’ 6nov énetor 61t R(K) < e3 ALk +/n yia xdmota andrutn otodepd ¢z > 0. O
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Hapatnenoeig: Khielvovue auth tnv napdypapo ue 800 amhég TopatnenoeLs Yo
oxéon TNE Pa-cuuneptpopds Tou K ue tn cuvdpTtnon mi.

(o) TroVétouue mpddtar 6T 10 K elvan tootpomuxd xon weavomolel v (-, 0) ||y, <
byLg v x&de @ € S* 1. Tére,

(3.3.45) R(Z,(K)) < cbay/qLk
v xdde ¢ > 1. Ewdixotepa,
(3.3.46) R(K) ~ R(Z,(K)) < ¢'bav/nLk.

Me 7o cuuPoiioud tng §2.2.4, av ¢ € Nk t01e
(3.3.47) w(Zy(K)) > cwy(Zy(K)) > ¢'\/q/nly(K) > ¢'\/qLk.

Xpnowonowdvtac xat Ty (3.3.45) nodpvouue

w(Zy(K))* _ o

3. = —_— = > .

(3.3.47) mk(q) BnR(Zq(K)P >c'n/b;
Ewwdtepa,

(3.3.48) go = min Px = mx(qo) > ¢'n/b3,

ondte, ya xde g € Px éyovue

w(Z,y(K))® w(Zy, (K))? QoL s
3. = > > >
(3.3.49) mg (q) BnR(Zq(K)P > fBn RIKE 2 en 2 2 en /b
Anhody,
(3.3.50) mr(q) > en/by vy xdde g > 1.

(B) Avtiotpoga, ac untodéoovue 6Tt R(K) < Ay/nLi xon 6t m(q) > an you x&de
qg>1. Toére,

(3.3.51) R(Z,(K)) < %w(zqu{))

v xdde g > 1. ‘Ouwg,

(3.3.52) w(Zy(K)) < wy(Z,(K)) = V/q/nly(K) < ¢/gALK.
Apa,

(3.3.53) R(Z,(K)) < %\/@K

70 onolo anodetxviel 6Tl

(3.3.54) 1, 8)llgs < %LK

v xéde 6 € S™L
(v) Me Aiyo Aoy, o (o) xou (B) Selyvouv ot éva tootpomixd odua K elvor 1ha-odua
oV xow UOVo o €yl Uixpn DdUeTpo o xavorotel TNy mi (¢) ~ 1 yia xdde g > 1.
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3.4 ALdUETPOG %o Yr-CUUTEPLPOEA TWYV YTEULULKGDY
CLUVAPTNCOELIWY

‘Eotww C(D) n x\don 6wy twy xuptev coudtny K otov R® mou éyouv axtiva
R(K) < D, 6mov D > 0 SoVeloa otadepd. O¢touue

— a a .0 .
D= 88 B N0 Ollivecre

Av v xdmowo Ko € C(D) xou xdmowo 6§ € S™~ 1 wavonowetton 0 [|(, )| 42 (10) = €D,
t61e 1 oupuetponolnon Schwarz Kq tou Ky wg mpog 6 avixer oty C(D) xou
wavonotel Tny

165 O pea acy) = ¢ Ol vz (1) = -

Auto unodewviet 6t av YEAouUE var TEOGDLOPICOVUE TN YELPOTERN 1Pa-CUUTEPLPOES.
YLOL TNV XAJOT) TWV LOOTPOTLXWY XUPTKOY owidTwy otov R™ nou €youv axtiva To ToAD
{on ue Ay/nLk, npénet Vo xoLTdE0VUE ToL EX TEPLOTPOYHS oduata ot dtebduvorn Tou
d&ovd Touc.

Ytadepornotoue R > 0 xon Yewpolue GUUUETRLXE XUPTA COUATH EX TEPLOTEOPNS,
e Lopgrc

(3.4.1) K ={(z,1) : [t| < R, |z < f(J])},
6mouv f:[0,R] = R gdivouoa ypouuixh cuvdptnorn. Mropolue vo ypddouue
(3.4.2) f(t) =a—bt,

6mouv a > 0 xow a—bR > 0, dnhadh 0 < b < a/R. Trodétouue 6T |K| =1, to onolo
Hog dtver T cuvihxn

R
(3.4.3) 2wn -1 / (a—bt)" tdt =1,
0
xa cuufohilovue ue I tnv nocodTnTAL

R
Bad) D= hKe) = [ [welde =20, [ ta- bt
K 0

Adfppa 3.4.1 Ta xdde 6 € [0, 1] wyvea

(3.4.5) /H HL— e = — Jlr : (/1_6(1 — ) Ldt — 6n(1 — 5)) .
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Anddegn: I'odgpouue

1—06 1-9 t
/ tl—t)"tdt = / (1—t)"——adt

= 1 /H [(1 -] Lo
- n+1), 1—t

1— )]0 1 e t
n+1 |, n+1J,

_ (1 -9) I ne1
T n+1 +n+1/0 (1= dt,

an’ 6mou mpoxVnTeL 1 (3.4.5). O

Afupa 3.4.2 Trdpyovr andlvtes otalepés 1, ca,c3 > 0 e tnr e€ng ibidtna. Av
Jewpnoovpe to odua K onws napandrw, kat av R > ¢ 1, tére

a a
4. 20— <b< c3—.
(3.4.6) Cznl_b_03n1
Anéderdn: Opilovue 6 € [0,1) and tnv e&iowon
b
(3.4.7) 1—5= FR.

Eniong ¥étovyue

1-6
1-9"
(3.4.8) M = 2w, 1a"™"  xo = / (1—t)"tdt = ——.
0 n

H (3.4.3) ypdgpeton

a R

.4. ]_ = K = . — — o .
(3.4.9) (K| =M v J=M:—-J,
evod 1 (3.4.4), oe ouvduaoud ue to Afuua 3.4.1 maipver T wopen

(3.4.10) I = nﬂﬂ - Z—j <J—6”(1—6)> _ (nﬂfl) - (11_%25)2 - <J—6”(1—6)>.

Anb v (3.4.9) éyouvue
(3.4.11) 5" =1-nl.
Avtadiotdvtac oty (3.4.10) xou ypnouuonotdvtac Ty (3.4.9), ypdpouue

I = ﬁ% (J—(1—nJ)(1—5)>
nR R R
ntl e D=0 (1T
nR R MR

nrl T rDA=0) m+Da=0)
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Abvovtog we npog 1 — ¢ nalpvouue

bR MR?-R

4.12 1= =" =
8 ) 0 a nR-(Mm+1)I’
Snhadn,

a MR-1
I n
Iopatneodue 61
1

(3.4.14) M =2w, 1a" ' =2|KNet| ~ T

onéte, av 1 otadepd ¢1 elvon apxetd ueYdhn, éxovue MR ~ R/I > 1. Autd uoc
eZooahilel Ty (3.4.6) yio xdnoteg andhutes otadepés ca,c3 > 0. O

H onuacia tng cuvidixne tou Afuuatog 3.4.2 yiveton qoveph| and 10 €NOUEVO
Ao

Afupa 3.4.3 Ocwpolue éva odua K onws mapardrw, to ormolo tkavorowel tny R >
cl. Av s < 'min{R,a/b}, tére

(3.4.15) Prob(|t| > s) > cyexp(—css/1),
émou ¢, cq,c5 > 0 andAvres oralepés.

Anoédergn: H ndavénra elvon (on ue

R
Prob(|t| >s) = 2w,_s / (a—bt)"~dt
e (5 -(-2))
nb a a

(3.4.16) w1t = |Knet| > ¢/l

IMopatnpodue mpoTa OTL

Maipvovtac urddy pag xou Ty b < cza/(nl), BAénovue bt
an
(3.4.17) 2wn,1% >c

Yo xdmota ambAuTr otadepd ¢ > 0. Av s < a/2b, ypnowonowdviag Ty 1 —z > e2*
v z € [0,1/2], nalpvovue

(3.4.18) <1 - %‘”)n > exp(—2bns/a).
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Ané v &N Theupd,

(3.4.19) <1 - %)n < exp(—bRn/a).

Av s K R, t6te

(3.4.20) exp(—bRn/a) < %exp(—2bns/a).

Ané ta mapandve énetan 6t av s < ¢ min{R,a/b}, t6te

(3.4.21) Prob(|t| > s) > (¢/2) exp(—2bns/a) > (¢/2) exp(—2c2s/1).

‘Eneton 1o {nroduevo, Ue ¢4 = ¢/2 o ¢5 = 2¢s. o

Afupa 3.4.4 Ocwpolje to odpua K nws mapandvow. Ia kdde j = 1,...,n —1
éyoupe

(3.4.22) 06@ <|KnN ej‘| < ¢ "VR,
a
omov cg, c7 > 0 andlures otalepés.

Anodergn: I 1o dvw @pdyua yenousonowlue Ty avioétnta tou Holder:
n—2
n—1

R R
2wn72/ (a —bt)" " 2dt < 2w, > (/ (a — bt)”ldt> RY/(n-1)
0 0

= 2w, 5(2w,y) FIRY(D < ¢ "VR,

|Kﬁej‘|

6mou c7 > 0 andiuty otadepd. I'ar 1o xdtw @pdyua topatneoduE Ot

R ‘ W R
|Knej| = 2wn_2/ (a —bt)"2dt > —— 2wn_1/ (a — bt)" tdt
0 aWp—1 0
- S Z 06@7
aWn—1 a
omou cg > 0 andrutn otadepd. |

Adupa 3.4.5 Yrdpyovr a ~ \/n kar b ~ 1/y/n téroia dote o ouppeTpikd kyptd
obUa €K TEPLTTPOPNS

(3.4.23) W= {y=(e0):t| < ala] <a—ble]}

va éxe 6yro 1 kar va ikavonolel Tny
(3.4.24) cg < / (y,0)*dy < co
w

ya kde 6 € S, émov cg, co > 0 andlures oTalepés.
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Anddel&n: Av r elvon 1 Mon g e€lowong w,—1r"t = 1, v 10 coua

(3.4.25) K ={(z,t): |t| <rJa| <r—|t]/v/n}
€youue

1—(1-1)"
(3.4.26) |K| = 2wy - /nr % ~1,

agol T =~ y/n. Oewpolue s > 0 tétowo HGote 1o W = sK va éyet 6yxo 1. Tére,
s ~ 1, xar to W ypdpeton ot wopyh (3.4.23), 6mov a =~ \/n xoaw b = 1/y/n. Eniong,

(3.4.27) '~ Wnep| =wpr s 1
dipat
(3.4.28) / (y,en)’dy ~ I ~ 1.

w

Iopatneodue 6t To W elvor cUUUETEUO WS TEOG TOUG UTOYWEOUG CUVTETAYUEVMV,
oo 1 (3.4.24) woyler yio x&e 8 € ST av éyovue

(3.4.29) cg < / (y,e;)?dy < cg
w

v xdde j = 1,...,n. Abyw e (3.4.28), apxel va edéyZouue v (3.4.29) yia
J<n—1 Ané to AMjuua 3.4.4, yiaxdde j =1,...,n — 1 éyovue

(3.4.30) cg < 06? <|Wneji| <er"Va<d,
dipot
(3.4.31) / (y,e;)°dy ~ W ney|™> = 1.
w
Auté amodewnviel to Afuua. a

Ané 1o odua W umopolue eUX0A VoL TEPACOUUE OE KTUPOUOLOY LOOTPOTUXO GO

Oenpnua 3.4.1 Yrdpyowr ay, Ry ~ v/n kaiby ~ 1/4/n téroia dove to ouppetpid
KUPTS 0wua €K TePLOTPOPIIS

(3.4.32) Q={y=(a.0): || < Ru,le| < ar —bultl}

va elvai 1.00Tpomniko.
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Anddelgn: Oewpolue to odua W tou nponyoluevou AMuuatog. Trdpyet Stayhviog
teheotic T = diag(u, ... ,u,v) étowg dote 10 @ = T(K) vo elvon tootpormxd. H
anddeln e Hpdtaons 3.1.1 xouw 1o Afuua 3.4.4 Selyvouy ot w,v ~ 1. To @
yedpetar otn wopyh| (3.4.16) ue R1 = av, a1 = au xou b1 = bu/v. Autd anodewxviel
10 Oewpnua. |

To emdueva 300 Afuuoato Teplypdpouy dVO KUVTLXPOUOUEVESY WBLOTNTES TOU ().
Afupa 3.4.6 Trdpyovr ardlutes otabepés ¢, C' > 0 tétoles vhote
(3.4.33) cv/nBy C Q C Cy/nBj.

Anéderdn: To mpdPinua elvon ovotaotixd dddotato. T xdde y = (z,t) € Q
€Y OLUE

(3.4.34) ly|> = |z|* + t* < a® + R} < C?n,

6mov C' > 0 andhutn otadepd, yotl a1, R1 =~ /n. Autd amodewvier tov 8elid
eyxhewoud. I'ia Tov oploTtepd, TopaTNEOVUE OTL 1 axTival TG EYYEYPUUUEVNG UTEANS
oL @ wolton pe min{R,,d}, 6mou d elvon 1 amdotaon tou (0,0) and ™y eudela
y = a; — bit oo R?. 'Eyouue

ai
3.4.35 d=—= ~/n,
(3489 im o
dpa Q 2 ey/nBY v xdmota anéhuty otadepd ¢ > 0. i

Afppa 3.4.7 Trdpyer anddvtn otalepd ¢ > 0 térowa dote

(3.4.36) ¢ endlls = c¥/n.

Anddergn: o xdde g > 1 éyovue

(3.4.37) I, :=1(Q, e) < c1¢l < cag,

omou ¢y > 0 andéiutn otodepd. Enlong, amd tnyv Hpdtaon 2.1.4 éyovue
(3.4.38) Prob(y € Q : (9 en)| > 3C1,) < e~

yia xdde ¢ > 1. Ay 3C - cog < ¢/ min{R,a1/b1} 6mov ¢’ 1 otadepd Tov Afuuartog
3.4.3, éyouue

(3.4.39) Prob(y € @ : [(y,en)| > 3C1I;) > exp(—3¢;sCI, /I).

'V autd ta g éreton 6tL gl < 3¢5C 14, xow ool [ =~ 1,

(3.4.40) > '/,

Sk
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omov ¢’ > 0 andhuty otadepd. Aedouévou 6w min{R;,a1/b1} = R ~ /n, 7
uéylotn Tuh tou ¢ yia Ty onola toyet 1 (3.4.40) elvar tng téEng e v/n. Amo v
Ipbtaon 2.4.1 énetan 6T

(3.4.41) MwMMZwMM$%ﬁwzuzw@

yia xdmotar amdAuvtn otadepd ¢ > 0. O

Yuvodilovue oTo e€hc Oewpnuo.

Ocwpnua 3.4.2 Trdpyel 1w0otpomkd kUpTé owua €k Teprotpopns  otor R* pe g
€&ng 1010TnTeg:

(3.4.42) avnBy CQ C cay/nBy

Kat

(3.4.43) 1 el = e /m

omov ¢y, ¢z, c3 > 0 andlutes otadepés. |

IHapatnenoeig To Oewpnua 3.4.2 deiyver 6t 1 amhn Pe-extiunon tov Afjuuctog
3.3.2 dev BeATidveETOL, UXOU XA VLU COUITA TOL E(VAL OUOLOUOPQA LOOUOPPLXT UE
v Ewdeldelo pmdho. T autrv tnv évvola, 1 andvtnon oto 20 epodtnuo g §3.2.1
elvon TOAD oyLEd apvNTL.

Mrnopolue eniong va Sobue 6t 1 Hpdtoor 3.3.1 elvon axpPric: av v epopud-
COULUE OTO () €YOLUE

(3.4.44) mo(a) > e/

yia xde ¢ > 1. Oewpolue to UéyLoTo g > 1 yia To onolo woylet n (3.4.40). Tote,
(3.4.45) R(Z4y(Q)) > e

xa, and 1o Afuua 3.3.1,

(3.4.46) (Zy(Q) < CVas.
Apa,
(3.4.47) mq(go) = Bn% < Bni;—;go < Cin/qo.

Aedouévou 6Tt qo ~ /1, cuunepaivouue Ot

(3.4.48) inf mg(q) =~ vn.

q>1
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Me dhat AoyLar, OAES OL EXTUIACELS TV BAOXOY THpaUETEWY ToL dwooue oTtny §3.3.1
YLOL TO OWOUAT UE [XET| StdueTpo, oy axpLBelc.

Mnopolue udhota vor 8GoVUE TATIEN TEPLYPUPT| TwV Lg-XEVTPOEBOY CWUATWY
0V @ YpnotdonowdvTac To e€hc anotéheoua twy Lutwak, Yang xou Zhang (BAéne
[Ip6raon 2.2.1 [45]).

IIpotaocy 3.4.1 Eoww K kupté odua éykov 1 orov R*. Tore,

(3.4.49) |Z,(K)|M" > ¢ %

yia kd9e 1 < g < n, énov ¢ > 0 ardlvtn otalepd. O

Ocswpnua 3.4.3 Eoww () to 1w00tponiké kupté odua tov Ocwpnuatos 3.4.2. Tndp-
Y€l qo = /N TéT010§ DoTE:

1. Ta kde 1 < q <n,

w(Z4(Q)) = V4.
2. Av 1< q < qo tote R(Zy(Q)) =~ q, kav av ¢ > qo t6te R(Z4(Q)) ~ y/n.

3. Av 1 < q < qo tote mg(q) ~n/q, kar av go < g < n wére mg(q) ~ gq.

Anéderdn: Oétouue go tov UéyloTo ¢ > 1 yia Tov omolo woydel n (3.4.40).

(o) And v Hpdtoaon 3.4.1 xou and v aviedtnta tou Urysohn, yia xdde 1 < g <n
€)(OVUE

(3.4.50) w(Z4(Q)) = Vn|Zy( @M > ev/a.
Ano v SN Thevpd, ool R(Q) = O(y/n), éyxovue

(3.4.51) w(Z,(Q)) < w,(Z,(Q)) = ValnI,(Q) < ¢ Va.
(B) Ano v (3.4.45) éyovue R(Zy,(Q)) ~ qo- Apa, Yio x8e g > go €xovue
(3.4.52) Vi~ o = R(Zyy (@) < R(Z,(Q)) < R(Q) ~ V.

[ xdde g < qo toylel n (3.4.40), dpa
(3.4.53) R(Z,(Q)) ~q.

(v) Aol éyouv mpoadiopiotel T R(Zy(Q)) xon w(Zy(Q)) vy dhec Tg TLuée TOU
q € [1,n], unopolue vor unohoyioouue Ty T g napauéteov mg(g) and o (o)

xan (). O
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Euyxévrp(omq TOL (’)-pcou WOLL
XEVTPLXES OPLOXES LOLOTNTES
LGO‘cpom%d)v xup‘co’w owpo’c‘cwv

4.1 Ewoaywyn

To mpéPinua ue To omolo Yo acyohndolue oe aLTH TNV ToEdypapo elvon 1 oyéon
NG «MEONS CUUTIEPLPORECY TWY YPOLULXGY GUVOPTNOOELSMY GE £VAL LOOTPOTLX XUETS
OMUA UE TN CLYXEVTPWOT] TOL 6YXOL YUpw ond uta undha axtivas /nLlk.

ITeéBAquar Alndeler 6L urndpyet ouvdptnon ¢ : N — R ue ¢(n) — oo étav
n — 00, 1 onola avorolel to e€Xg: yia xde LooTtpomxd xuptéd cwua K otov R

(4.1.1) Prob (z € K : |z| > ¢v/nLkt) < exp ( — ¢(n)t)

v xéde t > 1, 6mov ¢ > 0 andiutn otadepd;

Agetnpla yioo T weétn awtol Tou TpoBARUaTOS Elvon €va TEOCPAUTO ATOTEAECUO
twv Bobkov xou Nazarov [13] oyetxd ue tnv xhdon twy wotpomixdv 1-unconditional
CWUATWY.

Ocwpnua 4.1.1 Trdpye ardlvrn otalepd ¢ > 0 téroa dote: ya kdle wotpomkd
I-unconditional kupté odua K ovov R ka1 kdle t > 1,

(4.1.2) Prob (z € K : || > cty/n) < exp (—cty/n) .

[ 10 yevd wotpotund owua, o uéva anoteAéouata autod tou eldoug eivar
ouvéneleg Tou Afjuuatog tou Borell xou tou Oswprjuatog tou Alesker mou €yovue

81
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7O avarpépet. Lnv §2 eldoue 6t av K elvon éva xuptd owua 6yxou 1 otov R?, téte
yia xdde ¢ > 1 xan t > 1 éyouue

(4.1.3) Prob (z € K : |z| > 3CI,(K)t) < e™

yia xdde s > 1, émouv C' > 0 andiuty otadepd. Ewdixdtepa, av 1o K elvon tootpomixd
t6te I(K) = v/nLk, ondte

(4.1.4) Prob (z € K : |z| > 3Cy/nLkt) < e *

v xdde t > 1. Bougwva ue to Osdpnua tou Alesker, av K elvon éva lootpomixd
%VpTd oodua xan av f(z) = |z|, téte

(4.1.5) 1£lly, < ellflly < evnL,
omov ¢ > 0 andlutn otadepd. Ewducdtepa,
(4.1.6) Prob(z € K : || > ey/nLkt) < 2exp(—t?)

v xdde t > 0. Av 1o npoBinua elye xatopotinf andvinon, téte Yo elyaue oyvpdte-
on oLYXEVTPWOT Tou GYXoL YOpw and tny axtiva v/nLg. H (4.1.1) elvon woyvpdtepn
and T (4.1.4) xon (4.1.6) yio uxpd t.

Yy §4.2 napouctdlovue Uior TedTn avorywyh: TO TEOBANU EYEL XAUTOPATLXY
amdvtnomn av o wévo av ol porée I, (K) e Euxdeldetac vopuac mapauévouy oto-
Yepég ya €var UEYENO apyixd SLAoTnUA TWWY Tou g > 2.

Oewpnua 4.1.2 Eotw ¢(n) > 2 kat éotw K éva wotponikd kuptd odua otov R™.
Ia kd0e v > 1 ta €€ng elvar 1w0o0dvvapa:

(a) Ia kdBe t > 1,
(4.1.7) Prob (z € K : |z| > yv/nLgt) < exp (— ¢(n)t).
(B) I'a xdle 2 < q¢ < c16(n),

(4.1.8) 1,(K) < ex()WiLx,

dmov ¢; > 0 andAvTn otabepd kat ca(7y) ~ 7.

Xpnoyomoldvtag auth Ty avarywyt), otny §4.3 delyvouue 61 To apyLxd npdBAin-
oL CUVOEETOL OTEVA UE TN CUUTEPLPORS. TNS ouVAPTNoNS fk.

Ocedpnua 4.1.3 Eoww ¢(n) > 2 kai éotw K éva wotpomkd kuptd odua orov R™.
Ia kd0e v > 1 ta €€nis elvar 1006Uvapa:
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(o) Ia kdOe t > 1,
(4.1.9) Prob (z € K : |z| > yv/nLkt) <exp (— ¢(n)t).
(B) Ia kd0e 0 < t < c1(7)/d(n),

(4.1.10) f(8) < 7 exp(=t/(es(1) L)),
K

émov ¢;(7y) ~ 7.

Aev yvopllovue av to TpoBAnua Exel xoTapatixny) andvnoy. XenoulonotwyTog
ouws To Oewpnua 4.1.3 xou éva Tpdogato anotéieoua twv Bobkov xar Koldobsky
[11], otnv §4.4 nafpvouue tnv e€hc yevurn extiunon.

Ocwpnua 4.1.4 Fotw K éva wotpomikd kuptd owua otov R*. Tdte,
(4.1.11) Prob ({z € K : |z| > Cv/nLkt}) < exp (— ¢(K)t)

yia kdOe t > 1, dmov

n2
4.1.12 K)=1 —
(1.1.12) o8 =tog (s )
kat C > 0 elvar pa anddven otadepd.

Tuvénew wog (avanddeintng) ewaoctoc twv Bobkov xar Koldobsky etvar n ¢(K) ~
logn. Av auté woylet, 1o Oewpnua 4.1.3 pog divet

(4.1.13) Prob ({z € K : |z| > Ci1v/nt}) <n7",

v xdde t > 1 xon xdde Lootpomixd xvuptd odua K otov R?, émouv C > 0 elvan uia
amdAuTH oTadepd.

4.2  Avaywyh oTa g-%EVIPOELDT COUATA

Ye auth TNV Topdypapo TEPLYRAPOVUE ULal TpKOTN avaywYr Tou TpolAiuatos. Av
K etvon éva wootpomund xuptd otdua otov R, 161 0 dyxog tou K nou PBeloxeton
€€w and wa undha axtivag ty/nLg mégtel andtoua UE T0 t oV xoL UGVO AV OL POTES
I,(K) nopauévouy otodepéc xar (oeg ue /nLk Yo apxetd ueydha g > 2.

Igétaon 4.2.1 Eotw K éva wotpomkd kupté odua otor R to omolo ikavomolel
Ty

(4.2.1) Prob (z € K : |z| > yv/nLkt) < exp (— ¢(n)t)
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ya kd9e t > 1, dmov v ka1 ¢(n) elvar 6Vo Fetikés oralepés. Tore,
(4.2.2) I,(K) < 2yy/nLg
yia kde 2 < q < c1¢(n), drov ¢1 > 0 andlvn otadepd.

Anddelgn: I'odgpouue

II(K) = / |z|?dx = q/ s 'Prob (z € K : |z| > s)ds
K 0
vvnLk 00
< g Tsrdse [ gstesp(-o(ms/vaLi)ds
0 vvnLk
L q 00
= (ynLk)"+ <Wﬁ K) / gttt et dt
¢(n) 1
q
< AIpe/214 (1 + (ﬂ) > ,
= T )

6mov ¢ > 0 andhutn otadepd. Av cg < ¢(n), t6tE
(42.3) 1,(K) < 2417/,
dInhadh €xoupe to Lnroduevo yio xde 2 < g < c1p(n), brov ¢ = 1/c. O

Ilpértaom 4.2.2 Eotw K éva wotpomikd kupté odua otov R” kary > 1, ¢(n) > 2
ovo otalepés. Ay

(4.2.4) 1,(K) < Wl
ya kdle 2 < g < ¢(n), tdre

(4.2.5) Prob (z € K : |z| > eyy/nLkt) < exp (—(n)t)
ya kdle t > 1, émov ¢ > 0 amdlvtn oralepd.

Andden: And my Ilpbdraon 2.1.4 €youue

(4.2.6) Prob (z € K : |z| > 3CI,(K)t) <e

v x&de t > 1, 6mouv C' > 0 anbéhutn otadepd. Oétoviag ¢ = ¢(n) xaw ypnouo-
nodvTag Ty (4.2.4) naipvouue

(4.2.7) Prob (z € K : |z| > 3Cyv/nLt) < exp(—t(n)t)
ya xdde t > 1, dnhadn to {nroduevo ue ¢ := 3C. g

Ané v Hpbraon 2.2.2 éyovue wy(Zy(K)) =~ /q/nly(K) v xdde iootpont-
%6 xwptd odua K xou xdde ¢ < n. Xuvdudlovtac auth v todTTa UE TS S0
nponyolueveg [lpotdoelg, natpvouue 1o e€rc.
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Ocdenua 4.2.1 Eoww ¢(n) > 2 kar éotw K éva 1wotponikd kuptd odua ooy R™.
I'a kdOe v > 1 wa €€ng elvar wodvvapa:

(2) Ta xkdde t > 1,

(4.2.8) Prob (z € K : |z| > yv/nLxkt) < exp (— ¢(n)t).
(B) Na kdbe 2 < q < c19p(n),

(4.2.9) I,(K) < e2(y)v/nLk,

omov ca(7y) =~ 7.
(v) Ia kdBe 2 < q < c3p(n),

(4.2.10) wq(Z4(K)) < eca()V4Lk,

orov cq(7y) ~ 7. O

4.3 Avaywyh otn cvunepLpopd tng [k

e auTh TNV Toedypapo Ttapouctdlovue Uia SEOTERT avarywY T} TOL TEOBAUATOC, AUTY
N @opd 0N CUUTERLPOES. TS cuvdptnong fx. Kiplo epyaheio uag Yo elvon xdmoleg
TEYVXESG AVLOOTNTES TOU GUVBEOLY TAL YEVIXEVUEVA TALTT| TWV G-XEVTPOELIDY CWUSTWY
ue v fr. D euxohio ahhdlovue xdnwe 10 cLUBOAOUS Twv S00 TEONYOVUEVWY
Kegahalwv.

’,

Yuupoiiomds. ‘Eotw K éva xuptd o6
t > 0 ¥étouvue

7

ua 6yxou 1 otov R, T'a x&de g > 0 xou

4z 2@ =v w0 = ([ [ 1eoras a(cw))l/q

K
Xl
1/q
(4.3.2) Z(q,t) = (/S"_l /BK,Q(t) |{(z,0)|?dx a(d9)>
OTov
(4.3.3) Bro(t) ={z € K : |(z,0)] <t}.

Mapatnefiote bt Z(q,t) < Z(q) yw x&de t > 0. Enlone, n Z(g) elvon ab€ovoa xou
CUVEYC CLVAETNOT TOVL ¢.
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Afupa 4.3.1 T'a kdOe t > 0 wyvea n tavrétna

(4.3.4) Z(g,t) = 2/0 9 fg (r)dr.

Amnddeldn: Eivon dueon ouvéneia tou Oewpriuatog tou Fubini:

Z(q,t) = 2/5n—1 /Otrquyg(r)drcr(dw = 2/0t rd /5"—1 fr,o(r)o(df)dr

2 /Ot r? fr (r)dr,

and Tov oploud e fk. i

Aol Z(q) = we(Zy(K)), n Hpbdroaon 2.2.2 nalpvel v eZhc Lopeh.

Afupa 4.3.2 Eow K éva kuptd odua dyrov 1 otov R*. Tore,

(4.3.5) Z(q) ~ ./ - f_ —[,(K).

yia kd0e g > 1. O

Do %8 § € S xan g > 1 9étouue Hy(8) = ||(-,0)|4- To enduevo Muuo Setyve
6TL UE ohoxAhpwon Tng ouvdptnone (-, 8)|7 otn Awplda Bi g (Hy(6)) ovolootxd
mdvouue Ty T g H(6).

Afupo 4.3.3 Ta kdde 0 € S*! ka1 ya kdOe q,s > 1,

(4.3.6) (1 - e*qs/z(QC)q) Hi(0) < / |(z,0)|"du,
BI(’9(3CHq(9)S)

émov C > 0 elvar n otalepd oto Oedpnua 2.1.2.
Anodergn: H Ilpbtaon 2.1.4 Selyvel 6T
(4.3.7) |K \ Brp(3CHy(6)s)| < exp(—gs)

v xdde g, s > 1. T'pdpovue

Hi(6) = / (&, 6)] 0 + / \(z,6)|“de
Bi.o(3CH,(9)s) K\Br.6(3CH,(8)s)
1/2
< [ o0t + expl-as/2) ([ |, 0) o)
BI(’9(3CHq(9)S) K
< / |, 8)]1dx + exp(—gs/2)(2C)1HI(8),
BI(’9(3CHq(9)S)
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omou yenotuonotiooue tny (4.3.7), tnv ovioétnta Cauchy-Schwarz xaw v Hpdroon
2.1.3 ue 10 ¢ 07O POLO TOU P XAL TOV 2 GTO PONO TOU ¢. a

To Boownd teyvind epyaheio pog elvon n enduevn npdtacn: delyvel 6w Z(q) ~ Z(g,t)
6tay To t yivel nepinov (oo ue Z(q).

IIpoétaocm 4.3.1 Yrdpyer anéhven otalepd > 0 pe wy e€ng 10idtna: ya kdde
Kupté odua K dyrxov 1 orov R* ka1 yia kdOe g > 1,

(4.3.8) Z%(q) <22%q,B%(q))-

Ané6de&n: T xdide t > 0 Vétovue Uy = {# € S" 1 Hy(0) > tZ(q)}. H aviodnta
tou Markov delyver 6n o(U;) < t77. Xpnowonowdviag to Afjuua 4.3.3, yior xdlde
s > 1 ypdpouue

(1-e 220y 2(g) < / / \(z, 0)|7dzxo (d6)
Sn 1\Ut Bg ¢(3CH, (9) )

+/ / |(z,0)|!dxo(df)

U, J B4 (3CH,(0)s)

/ / [{z,0)|dzo(db)
Sn—1 By, 9(3CtsZ(q

o(U)'/? </ / |(x, 0)|*Ydzo( d0)>
Sn— 1

< Z9q,3CtsZ(q)) + (20)14~92 Z9(q).

IN

/2

Emnkéyouue tdpa ol 8,1 OOTE VoL LXAVOTIOLOUY TLG Vt =8C xoun e*/? = 8C. Tére,
(4.3.9) (1-4712%q) < Z%(q,3CtsZ(q)) +471Z%(q).

Avtuodotdvtog tie Tiués v ¢, s otny (4.3.9) urohoyilovue v T e otadepdc
B O
Ynuetwon: To enuyeipnuo dlve

(4.3.10) (1—(2C)" (e /2 +t9/%)) 24(q) < Z%(q,3CtsZ(q))
yio x&e t, s > 1.

Aqupa 4.3.4 FEoww K éva kuptd odua dyxov 1 orov R*. H fi efvar pOivovoa
ovvdptnon.

Anodedn: ‘Aueco, and Ty wwdTN T

n—3
1 t2 2
fx(t) = cn/ — (1 — —> dz,
Uk (t) || ||?

1 onola loyVeL yio xdde ¢ > 0. O
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ITpotaocy 4.3.2 Yndpyer andAven ovalepd ¢ > 0 pe tr €£nig idtnra: ya kdle
kupté owua K éykov 1 otov R* kat yra xdle ¢ > 1,

(43.11) Fx(eZ(@) < % exp(—q).

Anodelgn: Octovue

(4.3.12) G(t) = Z(q,t)".

Ané v 4.3.10 xon and tov oploud g Z(g,t) éyovue

(4.3.12) (1 - (20)1(e~1/2 4+ £-9/2)) Z(q)" < G(CHsZ(q)) < Z(g)"

v xdde t,s > 1. And 1o Ajuuo 4.3.1, vy xdde u < v €youue

v pItl ettt
(4.3.13) G(v) — G(u) = 2/ r? fx(r)dr > 2fg (V) ——————
u q+1
apol 1 fi elvou @divovoa. Apa, yio xde t,s > 1 éyovue

q+1 (20)‘1(6*118/2 + tfq/Z) ,
2 (60t 2(q) 1" — BCts (g 20"

(4.3.14) fx(6CtsZ(q)) <
Eméyovtoag s = 1 xou t = e €youue

(4.3.15) fe(6Cez(q) < L 1

—qp=4/2 <
< g e/ e v

70 onofo anodetxviel o Oewenua, e ¢ := 6Ce. g

Mrnopolue tdpa va Solue Ty oxplPr} oyéon Tou TPOBAAUATOC TOL UENETAUE UE TN
oLUTERLYPOPA TNS fK -

Octpnua 4.3.1 Eoww v > 1 kat éotw K éva wotpomikd kuptd odua otov R*. Ay
(4.3.16) Prob ({z € K : |z| > vv/nLkt}) < exp (— ¢(n)t)

yia kdOe t > 1, tdve

(4.3.17) () < exp (—eat? /P L)
Lk

ya kd9e 0 < t < c3y\/o(n)Lk.

IMpddtn anddergn: Trodétouue 6Tt n > 3. 'Eyovue

(4.3.18) fr(t) = cn/U o g¢(|@])da



89
yia xdde t > 0, 6mou 1y g oplletan and TNV

43.19) i) = 1 (1_ﬁ)”*

o710 [t,00). Iopaywyilovtac v g Brénoupe 6t elvar awEovoa oo [t, tv/n — 2] xou
uetd goivouoa. Yrodétouue mpwta 6t yy/nLig < ty/n — 2 (awtd avornoteiton av
t > V/2vLk). Tére, ypdpouue

fet) = e / ge(|z)dz + ¢, / gr(jz))de
KEn{t<|z|<yvnLx} Uk (vvnLk)

< enge(yWnLk) + exp(—¢(n))cnge (tvn — 2)

Cpn t2 2 Cn 1 2
- i () oo (-55)

cC P C:
< il exp(—cat? [y2 L% + = exp(—a(n))
Lk Lk
< Lc—4exp(—62t2/72L§(),
K

av Towtoypova t < eyy/d(n) Lk (YenotLoTOooE XoL TNV ¢ =~ /).
Av 0 <t <min{v2yLg,cy\/d(n)Lk}, t6te

D < 2 exp(—ert L),

(4.3.20) fr(t) < Ie SIx

dpor 1 (4.3.17) woylel vy xdde 0 < t < c¢y\/@p(n)Lg av emhéEouue xoTtdhAnin
anélutn otadepd c. o

AcVtepn anddetgn: And tny llpdtaon 4.2.1 xou 1o Afuua 4.3.2 éyouvue

(4.3.22) 2(q) = wy(2,(K)) < exr/aLic

v x&e 2 < g < Y(n) := c1é(n).

‘Eotww ¢ > 0 n otadepd e Mpdtaone 4.3.2. H cuvdptnon G : [2,9(n)] — R ue
G(q) = cZ(q) elvor adZouoa xou cuveyric. Aol G(q) = cZ(q) > c3,/qLK Yo %3
g > 1, éxovue

(4.3.20) GI2,(m)] 2 [cLi, cs\/9(n) Lic).

Av howndy cLg <t < ez/9(n) Lk, vndpyet ¢(t) € [2,¢¥(n)] oo dote cZ(g(t)) =
G(qt)) = t. Emmréow, Z(q(t)) < cxy/a(D Lic, po

(4.3.23) t < eayv/q(t) L.
Ané v Hpdraon 4.3.2 cuunepaivovue 61t
1 c
4.3. < - < - 2/ciyP L) .
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Aol ¢/t < 1/Lk, malpvouue
c -
(4.3.25) fr(t) < i exp(—cet? /72 L%).

H (4.3.25) wyber npogavie av 0 < ¢t < cLg, apxel var LeTaBIAOVUE TNV TWUY TwY
(amdhuTwy) otadepdy ¢, ce oV YPELIOTEL. O

H avtiotpogn xatedduvon elvar cuvéneia tne Hpdtoong 4.3.1.

Ocwpnua 4.3.2 Eow v > 1 kat éoww K éva 1wootpomkd kuptd owua otov R™.
YroYérovue ont f < (n) < R(K)/Lk xa

(4.3.26) Fre(t) < = exp (—2/7°L%)
Lk

yia kde 0 < t < yp(n)Lg. Tére, ya kdde 2 < q < c2th*(n) éxovue

(4.3.27) I,(K) < c3vyv/nLk.

Anédedn: Iopatnpriote ot Z(2) = L xou lims o0 Z(s) = R(K). Aol <
¥(n) < R(K)/Lg, undpyet s > 2 tétowog wote SZ(s) = y(n)Lk. And 1o Afuua
4.3.1 xou tnv Ilpdtaon 4.3.1 nalpvouue

52(s)
7(s) < 228(5,52(5)):4/0 v Fre (r)dr

Y¥(n) L
< 4/ % fi (r)dr
0
4 Y¥(n) L
< - ¥ exp(—r? [y? L3 )dr
LK 0
4 o0
< “a ¥ exp(—r?/y? L3 )dr
LK 0
< (evVsLi)®.
Me o Aoyia,
(4.3.28) Z(s) < eyy/sLk.
Tore,
(4.3.29) I;(K) ~ \/n/sZ(s) < eyv/nLk,

xou amd TNy avieotnTa Tou Holder mafpvouue

(4.3.30) I,(K) < L(K) < eyw/nLx
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yia xdde ¢ < 5. Ao v dAAN TAELEdL,

Z2 ¢2
(4.3.31) s> 0272(2)% _ 625;)7

xou 1 am6deten elvar TARpng. O

IMapathenon. To ddomnua f < ¢P(n) < R(K)/Lk elvar autd mou napovotd-
Cet evdagépov yior v mopduetpo P(n). Av 0 < ¢(n) < B, 161 T0 cuuTEpacU
0L Oewphuatos xavoroteltal xotd TeTPLUUEVO TeoTo. Av ¥(n) > R(K)/Lk téte
gyovue v (4.3.26) v xdde t > 0. Axohouddvtag to mponyoluevo emyelpnua,
ehéyyovue 6t I, (K) ~ Z(n) < eyy/nLi. Ounc I, (K) ~ R(K), xat aut diver tnv
(4.3.27) yio xdde g > 2.

Ané o Oewpruata 4.3.1, 4.3.2 xou and Ty avorywyr) oL TeoBAAUaTos oty §4.2
gneton 10 €.

Oceopnua 4.3.3 Eotw ¢(n) > 2 ka1 éotw K éva 1wotponikd kuptd odua otov R™.
I'a kdOe v > 1 wa €€ng elvar wodvvapa:

(o) Ia kdOe t > 1,

(4.3.32) Prob (z € K : |z| > yv/nLkt) < exp (— ¢(n)t).

(B) INa xd0e 0 < t < ¢1(7)\/b(n) Lk,

(43.33) Fie(t) < o exp(—1/(e3() L)),

omou ¢;(7y) =~ 7. .
"Aueco moploua oty Tepinttwon Twv 1-unconditional cwudtwy elvar to e€g.

IIépropa 4.3.1 Yndpyovr anddvtes otalepés c; > 0 téroles wote: av K elvar éva
wotpomikd I-unconditional kupté owpa ovov R™, téte

(4.3.34) fi(t) < e1exp(—cat?)

ya kd0e 0 < t < ez ¢/n. O

Ynuetwon: Mnopolue va xataoxevdoovue Topadelyuata 1-unconditional xou too-
TPOTUXWY cwUdTwY otov R™ yia ta onola to uixog tou daotAuaTtog 6To onolo oy Vel
n oaviootnta (4.3.34) Sev umopel vo €yet T8EN ueyolbtepn g v/n.
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4.4 IlopatneroeLg OYETLXA UE TO XEVIPLXO 0OPLOAXO
neoOBANUA

To teheutata ypovia €xel oulnndel n ewxaoio 6t o (n — 1)-didotatoc byxoc fi g(t)
Twv Toumy KN (A4 +10) evéc tootpomxol xuptol otuatoc K e urepeninedo xdieto
oe Sodeloa dekduvon @ € S, av tov Solue oo cuvdpTnon g ambotaoTg t > 0
TWV UTEPEMTEDWY and TNY apyY| Twv aévwy, elvan - Ue UeYdAn mdavdTnta - xovtd
oty xovovxh TuxvéTnTo ue uéoo 0 xou dtaomopd L. Auth 1) ewacto unopel vo
Sratunwiel axpBéotepa ue Tohholg dapopeTinolc tpdTous (BAéne [17], [2]) xon €xet
enolnieutel uévo yio xdmoleg edixéc xhdoelc owudtwv. Ot Bobkov xat Koldobsky
[11] (BAéne enione [17]) Yewdpnoay T péon T Tévw ot opaipa

(141) i) = [ Troola),
xon €delav To e€re.

IMpotaocy 4.4.1 Av K elvar éva 10otponiké kuptd odua otov R*, tdre

1 O'KLK +l
V2rLg tyn - n

yia kd0e 0 < t < ey/n, dnov ¢,C > 0 elvar andlutes otalepés kar ) TapdueTpos ok
optletar and Tny

(4.4:2) Fi(t) -

eme#mu@ﬂsc(

Var(|x|2)'

(4.4.3) o3 = nLL

Xenowwonowwvtag v [pdtaon 4.4.1 xan 1o Paocwd anotéeoua awtol Tou Ke-
pokalou matpvoupe edxoha To e€hc.

Ocwpnua 4.4.1 FEotw K éva wotpomixd kuptd owpa otov R*. T,
(4.4.4) Prob ({z € K : |z| > Cy/nLkt}) < exp (— ¢(K)t)
yia kdOe t > 1, érov

(4.4.5) ¢(K) ~ min{log(n?/Var(|z|?)),logn},

kat C > 0 elvar pua arndédvtn otalepd.

Anéderdn: Eow C 1 otadepd e Hpdtaone 4.4.1. And my (4.4.5) éyovue

(4.4.6) #(K) = log <ﬁ> = %log (UZZJ .
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Av VO <t <e/o(K), tote

(4.4.7) e 27/ S oxlLi
4. A

ondte 1 Hpbtoom 4.4.1 dlver

L C
oxbk  ©

t2v/n n

fr(t) < exp(—t*/(2L%)) + C

1
vV 27TLK

!
c ‘
< ——exp(=c't? /L)
Lk
(O bpoc C'/n etvar xu awtde Uxpdtepos and tov extetind 6po). And tny Ipbtaon
4.4.1 éneton TO CUUTEPACUOL. a

Ewdleton 6t n napduetpog ok ppdooeton and andlutn otadepd (awtod Exel emo-
Apeutel Yo dheg i £-undhec and toug Ball xou Ilepuowdnen [15]). Aev eivon 30-
oxoho va eréyEouue 6Tl av ok, Lx ~ 1 téte ¢(K) ~ logn, ondte 10 Oewpnua 4.4.1
dlvel xatapatinr amdvtnomn oo apyd uoc medBinuo: av K elvon éva tootpomind
%xVpT6 oo otov R* | téte

(4.4.8) Prob ({z € K : |z| > Ci1v/nt}) <n7*,

ya xde t > 1, 6mov Cp > 0 elvon o amdAutn otodepd.
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Ke:q)dc)\ou.o 5

Tomuxeg Lopeg TN AVLOOTNTAS
Aleksandrov-Fenchel

5.1 Eicaywyy

e auté 1o Kepdhato amodetxviovue xdmoteg aviodnTeS YLoL TOUC UELXTOUS HYXOUS
XUPTWY cwUdTwy. O uewtol dyxot opllovion UEGw TOU XhacLxol VewpRuatog Tou
Minkowski (BAéne §1.1.2 yio yioe oOvToun etcorywyh xow to cuufoloud mov Yo yen-
owonotfoouue): Av Ky, ..., Kp € Ky, m € N, t61€ 0 6yxoc touv t1 Ky +- - -+t Ky
elvow opoyevég moludvuuo Boduod n we teog t; > 0 (BAéne [18], [56]). Anhadn,

(5.1.1) WK+t K| = Y VK, Kt -,

1<i1,0enyin <m

6mou ot ouvteheotés V (K, ..., K;,) emhéyovton va elvon aveldptntotl and uetodé-
oewg v Ki;. O cuvteheotrg V(Kiy,-..,K;,) elvar o yewtoc dyxoc tne n-ddog
(Ki17' . -7Kin)-

O t0nog tou Steiner elvar eWduxy) tepintwon tou Yewpriuatog tou Minkowski: av
KekK, xawt>0,t6te

n

(5.1.2) K +tBy|=>" (") W, (K)t,
—a \J
7=0
onov W;(K) :=V(K,n — j; B, j) elvow to j-ot6 quermassintegral tou K.

H avicétnra Aleksandrov-Fenchel woyvpiCetar 6t av K, L, K3,..., K, € K,,

(5.1.3)  V(K,L,Ks,...,Kn)?>V(K,K,Ks,...,K,)V(L,L,Ks,...,Ky,).

95
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Ewdwétepa, autd onualvel 6t nn-8do (Wo (K), ..., W, (K)) elvon hoyapduixd xolhn.
Yuvéneeg tng aviootnrag Aleksandrov-Fenchel eivon 1y avicdtnto Brunn-Minkowski
xou 1) Yevixeuon g

(5.14) Wi(K + L)Y =0 > Wi (k)Y =0 4 wiy(L)t (=0,

vy xéde i =0,...,n — 1.

TrdpyeL otev) oyéon avdueoa o avlodTNTES Yio To quermassintegrals xupTey
COUSTWY Xl IVICOTNTEC YLoL CUMMETELXEC CUVOPTAHCELS VETIXWY TEAYUATIXWY apLd-
1oy R opllovoes cuuUeTEXWY Tvdxwy. T'or topdderyua, ula avicétnta tou Berg-
strom [5] Selyver 61t av A xou B elvan ouppetpixol Yetixd opiouévol nivaxes xou
A, B; elvan oL unornivoxeg mou meoxOnTouy av SLayedPouUE TNV i-0TH YEOUT X
oThAN TOug, TOTE

det(A + B) S det(A)  det(B)
det(A4; + B;) — det(A;)  det(B;)’
O Milman pwtnoe av undpyet xdmow avdhoyo tng avicdtntag tou Bergstrom ot

Yewpla Twy wewtdy dyxwyv. To npoBinua umopel va dtatunwiel we e€fc: yio totég
TWES Tou ¢ LoyLeL 6T

(5.1.5)

Wi(K + L) S Wi(K) Wi(L)
Wipt(K+ L) = Wi (K) ~ Wi (L)

v xdde CLevydipt xvptdv owudtwy K xau L otov R?; Av autd loyve yia xdde

(5.1.6)

t=0,...,n—1, t6te éva Tumxd emyelpnua «oEIUNTIXOV-YEWUETEXOD UETOLY Vo
€dwve v (5.1.4).

To (3o epdnua (nepintwon i = 0) édnxe and toug Dembo, Cover xouw Thomas
oto [23], 6mou 1 aviebTnTa

|K_|_L| |K| |L|
(5.1.7) AR+ D)) = JAE)] T AW

npotelvetan wg 1 duixnr tng aviedtntag tou Fisher

(5.1.8) JX+Y) ' > J(X) - J() !

and ) Yewplo Tne Thnpogopiac. Ed®, A(V') elvar n empdvera touv V, eved J(X) elvon

1 Thnpogopla xatd Fisher tou tuyaiou Swavdouatog X otov R™.

Y1nv §5.2 delyvouue OTL TO EpOTNU EYEL XATAPATIXH ATAVTNOT oy TO €var amd Tar 300

owuata eivar undha. H neplntwon i = 0 autod tou Yewpruatog €xel #0n eupavioTel

ot BBAoypaplo (BAéne [23]).

Ocswpnua 5.1.1 Eotw K éva kuptd odua kar B pua pndda otov R*. Tdre,
W;(K + B) S Wi (K) N W;i(B)

Wipt (K +B) = Wi (K) ~ Wi (B)

ya kdoei € {0,...,n —1}.

(5.1.9)
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H andvtnon duwg etvon yevixd opvntuer.  Ou udveg Tiwég Tou ¢ Yo TC omoleg 7
(5.1.6) toyVel mdvta otov R™ elvar ot i = n — 1 xaw 4 = n — 2. Autd 1o anoté-
Aeouar amodewxvietar oto [26] (xon Yo napouotdoovue Ty anddellr Tou yia Aoyoug
TANEOTNTAC).

Ocwpnua 5.1.2 H arodtnta

Wi(K + L) S Wi (K) n Wi(L)

(5.1.10) Wipt(K+ L) = Wi (K) Wil (L)

wx Vel ya kdUe Levydpr kuptddv owpdtwr K kar L otov R av kat pévo avi =n—1
ni=mn-—2.

Evor evdiagpépov ep@tnua elvan var yapaxtneloel xovelc v xhdon £ twv ouu-
Y@V ®VPTWY LTooLYOwY L tou R™ yia ta onola 1 (5.1.6) toylet yia xdde xuptd
ocoua K. Ewbudtepa, av to eudlypauior TUAUOTE AVAXOLY OE QUTHY TNV XAJoT), TOTE
nabpvovtac i = 0, L = [—6, 0] yio x&de 6 € S~ Brénovue 61

APy (K)) _ A(K)
P ()] = TIK]

(5.1.11)

Yo x&e xwptd owua K otov R, émou Pyo elvan 1 opdoydvia tpoorf otov 6+
xow A(-) elvan 1 emgdvela otny xatdAnAn didotaon. Odnyoluacte étol oto e€ig
LOOTEPLUETELXO TEOBANUL

IIpéBAnua 1: Eotw A n xAdon 6wV Twv xUpThv OUATOV Tou 1 TeoBoAT] Toug
otov E elvon dedouévo xuptd otdua A (awth elvan 1 canal class tou A ue tny opoloyia
Tou [56]). Eivor cwotd 61t 1o infimum twv Aoywv A(K) /| K| nédve and hata K € A
CTLAVETOLY Yol EVOy XOALVOPO «EMELPOL UnXouCy otny A;

Hapovotdlovue S0 mpoceyyioels oe awtéd 10 TEdBAnua. H mpdtn (Bhéne §4.3)
Baolletan oe war tomuxy éxdoon twy avicotitwy Aleksandrov-Fenchel yia tor quer-
massintegrals evéc xvpTol cwuatog. Me autdév Tov bpo evvooluEe €va GUGTNUA
aVLoOTATWY Yl T quermassintegrals tou oouatog xaw Tuyoloag (n — 1)-8udotatng
TPoBoATic TOU, oL OTolEC UE OAOXAPWOT TNV XUTEIAANAT, ToAAamAdTnTor Grassmann
Stvouv tic xhaowée aviodtntee Wi(K)? > Wi (K)W;—1(K) ue 1o xboT0C uLog

otadepdc. H axpif3ric Statdnwon elvan 1 e€nc.

Ocdenua 5.1.3 Eoww K éva kupté odua otov R* kar éotw E évag (n — 1)-
didotatos vrdywpos tov R™. Tdre,

Wiy1(K) < W (Pg(K)) < 2W;(K)

(5.1.12) 2Wi(K) = W | (Pe(K)) = W;_1(K)

ya kdOei € {1,...,n—1}.
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Yo napandve Yedpnua, o tévog oto W onualvel 6ttt quermassintegrals tou
Pg(K) 9ewpobvton otny xotdhhnhn Sudotaon n — 1. H no evdiagépovoa teplntwon

elvan 6ty ¢ = 1. Torte, and o Oedpnua 5.1.3 BAénovue 6L

A(Pp(K)) _ 2(n —1) A(K)
|Pe(K)] =  n  |K]C

(5.1.13)

yia xdde (n — 1)-ddotato undyweo E.

H deltepn npocéyyiot| pog (BAéne §4.4), mou elvon mo otouyewddng, Baoctleton oe
wwor Tomuxt| €xdoor tne aviootnTac Loomis-Whitney yia tic mpofokéc evde xuptol
OOUATOS OE LTIOYWPEOVUS CUVTETAYUEVWV.

Snueiwon: H andvinon oto HedBinua 1 elvon ndh apvntixr. Xto [26] anodeixvie-
o 6t 1) otadepd 2(n — 1) /n oto Oewpnua 5.1.4 elvon BéAtiotn. Enumhéov, anodeix-
voeta 1 e€hc Yevixeva.

Ocwpnua 5.1.4 Eow K éva kupté odua ooy R* kat éotw 0 < k < p < n. Tdre,
ya kde p-6idotaro vndywpo E tov R*, av PpK elvar n opfoydria npoforij tov K
otov E, éyovue

Wi, (K) 1 Wi(PeK) 1 Wi (PeK)

5.1.14 > =
(61149 KT = () PeK] [T, (1+ %2) [Pek]

Ou otodepéc oto Oetdpnua 5.1.4 elvar BEATIOTEC av X0 JEV UTERYOLY TEPLTTWOELG
loéTnTaC.

‘Eva dhho epdtnuo mou oyetiletor Ue ta mopandve elvon To e&hc:

IpbéBAnua 2: Eotw K éva xuptd odua otov R*. T xdde ¢ > 0, Jewpodue tny
t-enéxtaon Ky := K +tBY tou K. Elvaw cwoté 6t o Moyoe | K| /| K| uetdveton av
Tpofdouue oe TuydVTa UTdYweo E tou R™;

Eivar gavepd 6t xatagatinf andvinon oty tepintwon dim(E) = n — 1 apxel
ya T Yevi tepittwon. Autd mou elpacte oe Véon va del&ouue elvon to e€nc.
Oedpnua 5.1.5 Eotw K éva kupté odua otov R* kar éotw E évag (n — 1)-
didotatog vrdywpos tov R™. Tdte,

|Pu(K) +tBp| _ |K +2tBj|
\Pe(K)] —  |K]

(5.1.15)
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5.2 H avicotnta tou Bergstrom oto miaiocio twv
quermassintegrals

Acelyvovue mpdta 6Tt T0 apyxd epwtnUa awtol tou Kegahalou éyel xortouportiny
andvTnoT av To éva amd oL dVo oOdUATA elvol UTEAAL.
Ocwpnua 5.2.1 Eow K éva kupté odpa xar B pa pndda ovov R*. Tire,

Wi(K + B) S Wi(K) n Wi(B)
Wi (K +B) = Wi (K) ~ Wi (B)

ya kddei € {0,...,n —1}.

(5.2.1)

Anodedn: Mnopolue va unodécovue 61t B = tBY yia xdmowov t > 0. Do xdde
i €{0,...,n — 1} opllovue fi(s) = Wi(K + sBE). Térte, and ) ypouuxdtnto twy
MEWXTOY OYxwv BAémouvue 6T

(5.2.2) fils+¢€) = fi(s) + e(n — i) fiy1(s) + O(?),
vy x&de i < n — 1, dpa
(5.2.3) fils) = (n— i) fita(s).

A6 v aviobétnta Aleksandrov-Fenchel éyouue f21(s) > fi(s) fira(s) yio xéde

1 <n — 2. Enetou 61t

fi(8) finr(s) = fi(8) fiza(s) = (n—=i)fZ1(s) — (n—i = 1) fis) fira(s)
= fia(s) + (n—i = V[fZ1(s) = fis) fira(s)]
> fi2+1 (s)

av 0 < i < n—2. Av lowndv oploovue g; : Rt — RT ue gi(s) = Wi(K +
sBY)/Wit1(K + sBY), 161€ 1 g; wavorotel tny gi(s) > 1. Anhady, ¢i(t) > g:(0) +1¢
yia xdde ¢ > 0. Autd elvan axplBodg To cuunépacua Tou OewpERUaToS.

[Mopatnerote 6Tt 6ty ¢ = n — 1, 16T 10 Odpnua AVAYETAL OTNY AVCOTNTA
Wy—1 (K +B) > Wy_1(K)+Wy_1(B), n onola toyber oay wodtnta yia xdde Leuydpt
2x0pTOV owudTwy. To uéco mhdtog elvon Ypouud we mEog TNV TEOoUEsT) XaL TOV
nolhamiactacud xotd Minkowski. Autd ohoxhnpdvel tny anddeiln. a

‘Aueon ouvénela g anddeléng tov Oewpruatog 5.2.1 elvon to e€nc:
Iépropa 5.2.1 Eoww K éva kuptd odua otov R*. Ta kd0e 0 < j <i<n-—1,n
owvvdptnon

Wj (K + th)

(5.2.4) WK ¥ B3

elvar avéovoa ws mpog t € [0, +00). m|
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‘Eow k € {1,...,n — 1}. Ané 7o Ilépioua 5.2.1, Brénovue auéows bt 1 ou-
véptnon Wo(K + tBY) /Wi (K + tBY) elvor adZovoa. O tonoc tou Kubota Selyvet
ot
(5.2.5)

| PO aE) >

a

n,n—k

K]

Py(K) + tBplva, 1(dE
|K+tB”|/”k|E + 8Bilnn-4(dE)

yia xde ¢ > 0, dipar To TEOBANUSL UG VLol TG E-ETEXTACELS EYEL XATAPATLXY| ATAVTNOT
xatd uéoo 6po (yia xdde ouvdidotaon k). Ewdudtepa, yior xdde ¢ > 0 éyovue

|K + tBy| S | K|
A(K +tBy) — A(K)’

(5.2.6)

Iepvdpue oty anddelln tou Oewpriuatog 5.1.2. To Bacwd uag AMjuua eivar uo
ouvénelo e oaviodtntog Aleksandrov-Fenchel. Hapduotec avicdtnteg xan 1 totopia
Toug eugavilovion oo [56], §6.4.

Aupa 5.2.1 Eoww C = (Ks,...,Ky,) a (n — 2)-dda owdrwr K; € K,. Av
A,B € K, ovuBodilovue to pewxtd éyxo V(A, B,C) pe V(A,B). Tére, ya kdOe
A,B,C € K, éxouue

(V(B,A)V(C,A) —V(B,C)V(4,4))° < [V(B,A)? -V (4,A)V(B,B)]
x[V(C,A)?* =V (4,A)V(C,0)].
Anodergn: And v aviedtnta Aleksandrov-Fenchel, yio xdde ¢, 5 > 0 €yovue
(5.2.7) V(B +tA,C +sA)? = V(B +tA,B+tA)V(C +sA,C +sA) >0
ol
(5.2.8) V(sB +tC, A)* —V(sB +tC,sB +tC)V (A, A) > 0.

XpNoUOTOLWVTAC T YRUUMIXOTNTOL TWV UELXTGVY OYXWY, Ad TNV TEWTN AVLGHTNTA
HOTAARYOUUE TNV
0 < glt,s) +1* (V(C,A) - V( )V(C’, 0))
s* (V(B,A)” - V(4, A)V (B, B))
+2ts (V(B,C)V (4, 4) - ( )V( 4)),
omou g etvon pLa ypauuxr cuvdptnor Twv ¢ xat s. ‘Ereto 6tL 0 tetpaywvixds dpog
elvon un apynuxde, dpa eite V(B,C)V (4, A) > V(B,A)V(C, A) f; n dwoxplvovoa
x[V(C, 4)" = V(4, 4V (C,0)]
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elvar uxpotepn 1 lon tou undevoc.
Aovkebovtag duota ue Ty (5.2.8), XATOAHYOUUE GTNY
+2ts(V(B,A)V(C,A) =V (B,C)V (A, A)).
Auté amodewxviel 6t av V(B,C)V(A,4) > V(B,A)V(C,A) t6te n daxpivovoa

authc Tne Seltepne TeTpaywVhc Lop@hc (Tou elvar 1 (dta 6w Tpw) elvan ixpdtepn
1 {on Tou undevoe. a

Yuvénreta Tov AMjuuotog 5.2.1 elvon 1) e€hc aviodTnTa.

Ilpétaon 5.2.1 Eoww C = (K3,...,Ky) ua (n — 2)-déa owwddwr K; € K,,. Me
T0 oupfoliond tov Afpuaros 5.2.1, yia kd0e A, B,C € K,, éxouue

V(B+C,B+C) _ V(B,B) V(C,C)

(5.2.9) V(B+C,4) =~ V(BA) V(A

Anodedn: And 1o Afuuoa 5.2.1 xaw tny aviabtnTa aptdunuinol-YEWUETELX0U UEGOU
nofpvouue
< (V(B,A)? - V(4,AV(B,B)*(V(C, 4 - V(4,4V(C,C))"*

< % X “;Egi)) (V(B,A)? —V(A, AV (B, B))
+% x ‘;Eg jg (V(C, 4)* — V(4, A)V(C,C)).
Apa,
(5.2.10) 2V (B,C) > ng ;41; < V(B,B) + ‘;Eg’jg <V (C,C).

XpNoLUOTOLOYTAS XOL T YROUUULXOTNTH TV UEXTOV OYXwY BAETOLUE OTL

V(B+C,B+(C) = V(B,B)+2V(B,C)+V(C,C)

V(C, A)
V (B, B) <1+ V(B,A)) +V(C,C) <1+ VC A

v

1 LoodovouL

V(B+C,B+C) _ V(B,B) V(C,C)
(5:2.11) VB+CA) = V(BA) VA -

Oé¢toviac B=K,C =L xaw A=Kz =...= K, = B}, naipvouue dueca 10 e€nc.
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IMpotacy 5.2.2 Eoww K kat L Vo kuptd oduata ooy R*. Tore,

Wn72 (K + L)

Wy_2(K) . Wn—2(L)
Wp_1(K + L)

W (K) T W)

(5.2.12) >

T ouvéyeta delyvouue 6t av 0 <4 < n—3, tote N aviodtnta (5.1.6) Sev oy leL Yl
6ha tar Leuydplor xupTy owudtwy K xou L otov R”. To emyelpnua yenoyonotet
o Aeyopeva epomtouevixd couata. Eotw 0 <p <n—1. Av K xau M elvon xuptd
ocwuata otov R® xou M C K, t61€ T0 K AMyeton p-epantouevixd o®ua tou M av
xdde (n — p — 1)-oxpaio eninedo athipling tou K elvor eninedo othping touv M (na-
panéunouue oto [56] §2.2 yia neplocdtepec hentouépetes). EAéyyeton edxola otL av
p < q <n—11téte ®de p-eantouevixd owua oL M elvar g-EQATTOUEVXS WU
tou M. To epantouevind oOUATL TNG UTSAAS CUVIEOVTAUL OTEVE UE TO TPOBAnUA
e oot otie avicdtnteg Aleksandrov-Fenchel yio to quermassintegrals xup-
TGV owudtwy. Oa ypewaotolue to e€X¢ anotéheoua (BAéne [57] xou [56], Oewdpnua
6.6.19).

IMpoétaon. Eotw K éva oupuetpikd kupté odua otov R* kai éotw 1 < i <n — 1.
Tdre,

(5.2.13) Wi(K)? = Wi (K)W; 1 (K)
av kat pévo av o K elvar (n — i — 1)-epantopevicé odua Evkdelbeias pndAag.

BOa ypnowotnolficouue entong TRy mapathpnon 6Tt Yy xde 0 < p < n — 2
uTdpy oLV cLUUETEXE (P + 1)-e@antouevind coUATHL TS UTdlac Tou dev elvon p-
eQamTouEVXd owuaTa TG Undhac. Mmopolue va XaTaoxeUdCOVUE EUXONI TETOLL
Topadely worta TolpvovTag TNV xueTh VXN T umdhog xot 2(p+ 1) xotdAAnia enthey-
UEVwY onuelwy €€w and authy (BAéne eniong Tov YopoXTNELOUS TWV P-EPAUTTOUEVIXEY
owudtwy oto [56], Oehdpnuo 2.2.8).

Appa 5.2.2 Eotw 0 < i < n— 1. Yrodérovue du n (5.1.6) wyve ya da ta
kvptd oduata K kai L otov R*. Tédre, n ovvdptnon

Wi(K +tL)

(5.2.14) 90 = § K i)

elvar koidn ovo [0, +00) ya kdle K ka1 L. Eibikdtepa, av 0 < i < n — 3, ya kdOe
kupté ovua K otov R* éyovue
(n = Wi () (W2, () = Wil K) Wi (K)
> (n—i—2)Wi(K)(Wi o (K) — Wipa (K)Wiys(K)).
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Anodedn: Eréyyouvue ot

t+s\  Wi((K+tL)/2+ (K +sL)/2)
g( 2 ) T Wi (K +tL)/2 + (K +sL)/2)
Wi((K +tL)/2) Wi((K + sL)/2)
Wirt (K +tL)/2) ~ Wi (K +5L)/2)
Wi(K +tL) 1 W;(K + sL)

1
5 Wit (K + tL) 2 Wit (K + SL)

9(t) +9(s)
R

(
(

vV

[N to Beltepo LoyvpLtouod, Yewpolue TuYdY xVpTd odua K otov R*, n > 3. INa
x&de i > 0 9étouue f;(t) = Wi(K + tBy,). Tore,

(5.2.15) Ft) = (0 = i) fira (0):

H rapdywyog tne ouvdptnong

_ fit)  Wi(K +tBy)
(5.2.16) gi(t) = fir1(t) ~ Wip1 (K +tBy)

dlveton amd tnv

i(8) figa(t

(5.2.17) gi(t) = (n—i)—(n—i—l)ifl( Zfl“( ),

()

Ané 1o Tpwro pépog Tou Afuuatos, 1 g; elvar xolkn. Enetar 6t fifiya/f2 etvon
adZovoa cuvdpTnoT, xat Topaywyilovtag BAéTouUE 6T

(5.2.18) (n—i) i1 fire + (n—i—=2)fifix1 firs —2(n—i— 1) fiff >0

o710 (0, +00). IoodUvaua unopotue vo ypddouue

(5.2.19) (n =) fira(fin — fifire) > (n—i = 2)fi(frs — firr fivs)-

AgAvovroc to t — 07, ohoxhnpdvouue v onddelln. o

IIpdétaoy 5.2.3 Eow 0 < i < n —3. Trdpyovr kvptd odpara K xar L ocov R
ya ta onola n (5.1.6) dev wxUeL

Amnédergn: YTrodétouue to avtideto xou talpvouue ooy K éva cuuuetpind (n—i—2)-
eQamToUeVIXG obuo e undhag. Toéte, W2, (K) — Wi(K)Wiio(K) = 0 xou o
Afpo 5.2.2 Setyver ot W2, (K) — Wig1 (K)Wiy3(K) = 0. ‘Ouwg tote, 10 K elvon
(n — i — 3)-epantouevixd oOUA Tne undhac. Aol yia xdde 0 < p < n — 2 undpyouvy
oLUUETEIXE (P + 1)-epanTouevind o@uaTa TS Undhag Tou Sev elvarl p-epantouevixnd
COUATO TNEG MTHAAS, XATOUAYOLUE OE dTOTO. o
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Téhoc, nopatnpolue 6t oty nepintwon i = n — 1 1 (5.1.6) elvan tood0voun ue
my Wyp_1(A+ B) > W,_1(A) + Wy_1(B), n onola toybel cav odtniar yLa xdie
Ceuydipt xUpTHY owUdtwy (to uéoco TAdToS elvon Ypouixd we Tpog TNy tpdoleon
xatd Minkowski). Zuvdudloviag auth v mapatienon ue T Hpotdoec 5.2.2 xou
5.2.3 malpvouue to €.

Ocwenua 5.2.2 H aviodinta

Wi(K + L) S Wi (K) n W;(L)

(5.1.20) Wipit(K +L) = Wi (K) Wi (L)

wxVel yia kdUe Levydpr kuptdv owpdtwy K kar L otov R av kat pévo avi =n—1
ni=n-—2.

Iapathenon. Muw evdiagépouvoa ewduxn nepintwon nalpvovue dtav n = 3 xan @ = 1.
IoyOer n aviodTnTaL

A(K +L) _ A(K) A(L)

>
w(K+L)~ *

(5.2.21) AR

v %8 Levydipr xvpTdy cwudtwy K xou L otov R3.

5.3 Tomuxy poppy Tng avicotntag Twv Aleksandrov
xow Fenchel
Do x&de u € S™71, ypdyouue Jy, yia 10 eudlypauuo tuhua [o,u]. Troroyllovrog

Tov éyxo tou K + tJ,, BAérovue 6t nV (K,n —1;.J,) = |Pe(K)|, 6mov E = ut. H
YOOUUULXOTNTA TV UEXTOV 6YXwV Selyvel 6Tt

(5.3.1) nV(Ky,. .., Kn_1,Ju) = Vg(P(K1),. .., Pe(Kn 1))

v xde Ki,...,Ky_1 € Ky, émov ue Vi cuuPBohilovye toug yewxtols 6Yxous 6Tov
E. Trdpyet udhiota uta yevixevon e (5.3.1), n onola ogelletar otov Fedotov (oee
[18]):

Afppa 5.3.1 Eoww E € Gy kat Ly,..., Ly} ovurnayn xuptd vmooUrvoda tou
Et AvKi,... K € K,, téte
(5.3.2)

n
k)V(Kl, oy Ky Ly ooy Ly k) = V(P (K4), ..., Pe(K))Ver (L1, ..., Ly—y),

émov e Vi, Vi oupBolilove tous pektols dykovs orovs E, E+ avtiortorya. O
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‘Eotww K éva xuptd odua otov R*. T xdle ¢ € {1,...,n — 1}, oplCovue v
TOEGETEO

Wi (BK) Wi (K)

Eivar gavepd 6t d;i(K) > 0, xou ou avicdtnree Aleksandrov-Fenchel Selyvouv 6t
d;(K) < 1. 'Onwe Adn avapépaue, otn ovuuetpu neplntwon, o Schneider [57] éye
anodel&et 6t di(K) =1 av xou wévo av to K elvar (n — i — 1)-epoantouevind odua
HLOC UTIEAGG.

Ocdenua 5.3.1 Eoww K éva kuptd odua orov R*. Ia xdfe (n — 1)-0idorazo
undywpo E tou R® ka1 kdOe i € {1,...,n — 2}, éovue

(5.3.4) (1_ﬂ) Wi(K) W;(PE(K)))S(1+m) Wi(K)

Wia(K) = Wi, (Pe(K) Wi 1 (K)

[ZupBohopds: Tedgovue W/ (Pg(K)) yw tov Vg(Pr(K),n—1—1i;Dg,i), énou Vg
elvar 0 uewtéc dyxog otov E
Anoden: ‘Eow C n (n —2)-&da (K,n —i— 1;BY,i — 1) xou ac vnodéoovue 6L
E=u',ue s
Y10 Afuuo 5.2.1 9étovue A = K, B = J, xav C = BY. Iapatnpolue ot
V(Ju, Ju) = 0, ondte
Wi(K) _ V(Ju, BY) 1 1/2

(5.3.5) Wi (K)  V(Ju K) < Wi () (Wi(K)? = Wi ()W (K))) 7,

xat o Afuua 5.3.1 dlver

Wi_1(K) - V(JU,K) o Wilil(PE(K))-

(5.3.6) (1-vi=a) WilK) _ V(o BY) _ Wi(Pu(K))

Ané v (5.3.6) malpvouue TV oplotep| aviodtnTa ToU Oewpruotog. ot Sedud
avaotnTa, emAéyouue A = BY, B = J, xou C = K oto Afuua 5.2.1, xow oxohou-
Yolue ta (S Bruata. Eyouvue

V(Ju, By) _ Wi (K)

63D TTor) ~ Wik =

V(Ju, By)
V(Jy, K)

(Wi(K)? = Wit (K) Wi (K))) /2,

70 onolo uéow tou Afuuartog 5.3.1 divel

W!(Ps(K)) 1 Wa(K) N W)
638) w7 Emwy STovisT .~ VIR

Auto ohoxhnpdver Ty amddetln. a
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Anédelln twv Oewpnudtwy 5.1.3 xow 5.1.5: Aol d;(K) < 1y xde 1 <
i <n — 1, anhy) dhyefpa diver

559 Wor(K) _ WiPL(K)) _ 2Wi(K)
2Wi(K) — Wi (Pe(K)) — Wi (K)
yia xéde (n — 1)-didotato vndyweo E tou R™ xow xdde i € {1,...,n —1}. Avutéd

amodewxviel To Oewenua 5.1.3.
[l v anddeln tov Oewpriuatog 5.1.5, epapudlovue mpodta dadoylxd Ty
(5.3.9) xatalfyovtag oty

WI(Ps(K)) _ 2Wi(K)
P = IK]

(5.3.10)

v xdde i € {1,...,n — 1}, xou xotémy yenotuonolodue tov T0no tou Steiner:

S (" waeste

i=1

|Pp(K)| "= n—i(n\,, ;
< T 2 (5w,

|Pe(K) +tBg| — |Pp(K)|

70 orolo dlvel

|Pi(K) +tBp| = [Pp(K)| _ n—1|K +2tBy| - |K|
|Pg (K| - on K|

(5.3.11)

H teheutalo avicdtnra elvan ehappns Loy Lpedtepn amd Tov LoYUELoUS TOL OEWPHUAUTOS
5.1.5. g

5.4 Tomuxeg LopPeg TNg avicotnTag Twv Loomis xow

Whitney
‘Eotww K éva xuptéd odua otov R*, n > 2. Tpdgovue P;(K) v ty opdoydvia
TpoBor Tou K otov ei, i = 1,...,n. H awioétnta Loomis-Whitney [42] ouyxpive

tov | K| ue 10 yewuetpxd uéco twv |Pi(K)|:
n

(5.4.1) K"t < [P O)
i=1

Oa delZovue 6tL unopel xavels var extiuroet tov |K| ypnowonoudviag utxpdtepo
aprdud meoBoAnv:
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Adppa 5.4.1 Eorw K éva xuptd odpa otov R" kar i # j € {1,...,n}. Av
Pl'j (K) = P(ei,e]-)J- (K), ToTe

(5.4.2) |Pi(K)| - |7 (K )I_Q(ilKl |Pij (K-

1)

[ty anddetln tou Afuuotog 5.4.1, Yo xpNoyOTOLACOVUE (Lol XAAoLXY) aviedTnToL
tou Berwald [6]:

Aupa 5.4.2 Eowo A éva kupté odua otov R¥ | ka1 ¢ : A — RY pua xotdn ovvdp-
tnomn. Tére, ya kdle 0 < p < g,

sas (7)) |¢<x>|de]l/qs (e |¢<m>|pdx]1/p. .

Anédedn tou AMupatog 5.4.1: Xwplc andAela TG YEVXOTNTAG UTOPOVUE VL
vnodéoovue 6t i =n — 1 xou j = n. T xdde x € R* ypdgpouue © = (y,t,s) 6mou
y eR"? xout,s € R T xdde y € P;j(K) optlouue 1o chvola

(5.4.4) Ki(y) ={s € R:(y,0,5) € Ai(K)}, Kj(y) ={t€R:(y,1,0) € P;(K)}
xan

(5.4.5) Kij(y) = {(t,s) € R? : (y,t,5) € K}.

Tote, o Ki(y) xou K;(y) elvon o opdoymdvies mpoPoréc touv K;j(y) otous dEoveg
ouvtetayuévey Tou R?, enouévec

(5.4.6) 1K ()] < [Ki(y)] - 1K (y)]

v xdde y € P (K). Me anhf egapuoyn g avioétntog Cauchy-Schwarz Bhénouue

PO 1P| = ( [ |Ki(y>|dy> ( [ |Kj<y>|dy>
(/ IKi(y)|1/2|Kj(y)ll/2dy>
P;; (K)
> (/ Il/zdy>
Pij(K

Ané v avioémrto Brunn-Minkowski, n ouvdptnon ¢ : Pii(K) — R ue ¢(y) =
| (y)|*/? eivor xoihn. Egapuélovtac 1o Afuua 5.4.2 ue A = P;(K), k =n — 2,

’
oTL

vV

\Y
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p =1 xo ¢ = 2, nodpvouue

2
. n
/ K@) 2dy| > " |Py(K)] / K )y
Pi; (K) 2(n —1) P;;(K)

n
= " K| |P;(K)|.
Yuvdudlovtag Tig Tapandve avedTnies, Exovue 1o Afuua. O
IHapathenon H extiunon tov Afuuartog 5.4.1 eivar axpiBhc étav n = 3, dnwe ai-
vetow amd to axéhovdo opdderyua: Eotw K = conv{Qs, ez} 6nou Q2 = [—1,1]2
elvow To povadlabo tetpdywvo otov RZ. Téte, |Pi(K)| = |P(K)| = 2, |Pra(K)| = 2
xou | K| = 8/3.
Efuaote tdpa €totuol vo anodelZovue ty (5.1.13).

Ocpnua 5.4.1 Eoww K éva kuptd odua otov R™. Ta kdde u € St éyouue

AEK) 0 AP (K))

(5.4.7) K[ = 2(n—1) [P (K)]

Amnddern: And to Afuua 5.4.1 éyouue
n
(5.4.5) Pac (O] [Pus ()] 2 g [Pl (1)

v xée 0 otn wovadiato ogalpa S(ut) tou ut. Oloxhnpdvouue Tt 800 UEAN we
TPOC TO aVOANOLWTO WE TPOS TLC OTPoYES Létpo TiavéTTaC 0y oty S(ut) xou
XPNOULOTOLOVUE TOY 0AoXANewTxd TOTo Ttou Cauchy. To delud uéhog dive

Sl [ Pows Klouldd) = 5l K] eu s AP (K)

= g oot K AP (K)).

OTOL 1 = wWp_2/ (N — 1)wp_1, xou and 10 aploTepd UENOC TA{PVOLUE

1
POl [ 1B Ol@) = PG5 [ [ 10l @eu @
= Pelg [ [ 6.0l
= POl e [ VI EuPox(d)

Cn—1|Py (K)| - A(K).

IN

"Ereton 6t

| Py (K)| - A(K) K| - A(Pys (K)).

2 3 —1)
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