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Kef�laio 1Eisagwg 
1.1 Basikè
 ènnoie
 kai sumbolismì
Sumbolismì
. DouleÔoume ston Rn , ton opo�o jewroÔme efodiasmèno me miaEukle�deia dom  h�; �i. Se ìti akolouje�, L(Rn ) e�nai to sÔnolo twn grammik¸nmetasqhmatism¸n T : Rn ! Rn , GL(n) h kl�sh twn antistrèyimwn grammik¸nmetasqhmatism¸n, SL(n) h kl�sh twn T 2 GL(n) me j detT j = 1, O(n) h kl�shtwn orjog¸niwn metasqhmatism¸n. Sumbol�zoume me j � j thn ant�stoiqh Eukle�deianìrma, kai gr�foume Bn2 gia thn Eukle�deia monadia�a mp�la, kai Sn�1 gia thmonadia�a sfa�ra. O ìgko
 (n-di�stato mètro Lebesgue) sumbol�zetai me j � j.Gr�foume !n gia ton ìgko th
 Bn2 .Se aut  thn ergas�a, kurtì s¸ma lème èna sumpagè
 kurtì uposÔnolo K touRn me 0 2 int(K). To K lègetai summetrikì an x 2 K ) �x 2 K. To K èqeikèntro b�rou
 to 0 an(1:1:1) ZKhx; �idx = 0gia k�je � 2 Sn�1. H aktinik  sun�rthsh �K : Rnnf0g ! R+ tou K or�zetai apìthn(1:1:2) �K(x) = maxf� > 0 : �x 2 Kg:H sun�rthsh st rixh
 hK : Rn ! R tou K or�zetai apì thn(1:1:3) hK(x) = maxfhx; yi : y 2 Kg:1



2To pl�to
 tou K sth dieÔjunsh tou � 2 Sn�1 e�nai h posìthta w(K; �) = hK(�) +hK(��), kai to mèso pl�to
 tou K or�zetai apì thn(1:1:4) w(K) = 12 ZSn�1 w(K; �)�(d�) = ZSn�1 hK(�)�(d�);ìpou � e�nai to anallo�wto w
 pro
 orjog¸niou
 metasqhmatismoÔ
 mètro pija-nìthta
 sthn Sn�1. Gr�foume � gia to Haar mètro pijanìthta
 sthn O(n). MeGn;k sumbol�zoume thn pollaplìthta Grassmann twn k-di�statwn upoq¸rwn touRn . Tìte, h O(n) efodi�zei thn Gn;k me to Haar mètro pijanìthta
 �n;k.H akt�na tou K e�nai h posìthta(1:1:5) R(K) = maxfjxj : x 2 Kg:To polikì s¸ma KÆ tou K e�nai to(1:1:6) KÆ := fy 2 Rn : hx; yi � 1 gia k�je x 2 Kg:H anisìthta Brunn-Minkowski sundèei ton ìgko me thn prìsjesh kat� Minkowski:An A kai B e�nai dÔo mh ken� sumpag  uposÔnola tou Rn , tìte(1:1:7) jA+Bj1=n � jAj1=n + jBj1=n;ìpou A+B := fa+ b j a 2 A; b 2 Bg. 'Epetai ìti, gia k�je � 2 (0; 1)(1:1:8) j�A+ (1� �)Bj1=n � �jAj1=n + (1� �)jBj1=n;kai, apì thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou,(1:1:9) j�A+ (1� �)Bj � jAj�jBj1��:'Estw K summetrikì kurtì s¸ma ston Rn . H apeikìnish(1:1:10) kxkK = minf� � 0 : x 2 �Kge�nai nìrma ston Rn . O Rn efodiasmèno
 me thn nìrma k � kK ja sumbol�zetai meXK . Ant�strofa, an X = (Rn ; k � k) e�nai èna
 q¸ro
 me nìrma, tìte h monadia�atou mp�la KX = fx 2 Rn : kxk � 1g e�nai summetrikì kurtì s¸ma ston Rn .H duðk  nìrma k � k� th
 k � k or�zetai apì thn kyk� = maxfjhx; yij : kxk � 1g.Apì ton orismì e�nai fanerì ìti jhx; yij � kyk�kxk gi� k�je x; y 2 Rn . An X� =(Rn ; k � k�) e�nai o duðkì
 q¸ro
 tou X , tìte KX� = KÆX . Ja gr�foume k � kKÆ  k � k�, kai k � kK   k � k qwr�
 autì na dhmiourge� sÔgqush.



31.1.1 Eikas�a tou uperepipèdou kai isotropik  jèsh'Estw K èna kurtì s¸ma ston Rn . H kl�sh twn jèsewn tou K e�nai to sÔnolofTK : T 2 GL(n)g. Sto pr¸to mèro
 aut 
 th
 ergas�a
 asqoloÔmaste me thnisotropik  jèsh kai th sqèsh th
 me ton ìgko twn (n � 1)-di�statwn tom¸n twnkurt¸n swm�twn.1. Isotropik  jèsh. 'Ena kurtì s¸ma K ston Rn lègetai isotropikì an èqeiìgko jKj = 1, kèntro b�rou
 to 0, kai ikanopoie� thn isotropik  sunj kh(1:1:11) ZKhx; yi2dx = Ajyj2gia k�je y 2 Rn , ìpou A > 0 stajer�. 'Amesh sunèpeia th
 (1.1.11) e�nai h(1:1:12) ZK jxj2dx = nA:L mma 1.1.1 'Estw K èna kurtì s¸ma ston Rn pou èqei kèntro b�rou
 to 0. Tìte,to K èqei isotropik  jèsh.Apìdeixh: O grammikì
 telest 
 M : Rn ! Rn pou or�zetai apì thn(1:1:13) M(y) = ZKhx; yixdxe�nai summetrikì
 kai jetik� orismèno
, epomènw
 èqei tetragwnik  r�za: up�rqeisummetrikì
 kai jetik� orismèno
 S tètoio
 ¸ste M = S2. JewroÔme th grammik eikìna ~K = S�1(K) tou K. To ~K èqei kèntro b�rou
 to 0, kai eÔkola elègqoumeìti, gia k�je y 2 Rn(1:1:14) Z ~Khx; yi2dx = jdetSj�1jyj2:Kanonikopoi¸nta
 ton ìgko tou ~K pa�rnoume isotropikì s¸ma. 2H isotropik  jèsh tou K e�nai monos manta orismènh an agno soume orjog¸-niou
 metasqhmatismoÔ
, kai qarakthr�zetai w
 lÔsh enì
 probl mato
 elaq�stou(blèpe [47℄) .Je¸rhma 1.1.1 'Estw K kurtì s¸ma ston Rn me jKj = 1 kai kèntro b�rou
 to0. To K e�nai isotropikì an kai mìno an(1:1:15) ZK jxj2dx � ZTK jxj2dxgia k�je T 2 SL(n). K�je �llh jèsh tou K pou ikanopoie� thn (1:1:15) e�nai th
morf 
 (tU)(K), ìpou U 2 O(n) kai t > 0. 2



4 'Ena
 �llo
 qarakthrismì
 th
 isotropik 
 jèsh
, o opo�o
 prokÔptei eÔkolaapì thn (1.1.11) kai to Je¸rhma 1.1.1, e�nai o ex 
.L mma 1.1.2 To K e�nai isotropikì me stajer� A an kai mìno an(1:1:16) ZKhx; Txidx = A � (trT )gia k�je T 2 L(Rn ). 2To Je¸rhma 1.1.1 (pio sugkekrimèna, h monadikìthta th
 isotropik 
 jèsh
 w
pro
 orjog¸niou
 metasqhmatismoÔ
) exasfal�zei oti h stajer�(1:1:17) L2K = 1n min� 1jTKj1+ 2n ZTK jxj2dx �� T 2 GL(n)�e�nai kal� orismènh kai exart�tai mìno apì th grammik  kl�sh tou K. Ep�sh
, anto K e�nai isotropikì, tìte gia k�je � 2 Sn�1 èqoume(1:1:18) ZKhx; �i2dx = L2K :H stajer� LK onom�zetai stajer� isotrop�a
 tou K.2. To elleiyoeidè
 tou Binet. 'Estw K èna kurtì s¸ma ston Rn . To ellei-yoeidè
 tou Binet EB(K) tou K or�zetai apì thn(1:1:19) kyk2EB(K) = ZKhx; yi2dx = hMy; yi:MporoÔme loipìn na perigr�youme thn isotropik  jèsh tou K san eke�nh th jèshgia thn opo�a to elleiyoeidè
 tou Binet g�netai pollapl�sio th
 Bn2 . Akribèstera,to K e�nai isotropikì an kai mìno an EB(K) = L�1K Bn2 . Eidikìtera, an to K e�naiisotropikì kurtì s¸ma ston Rn , èqoume(1:1:20) jEB(K)j = !nL�nKMia �llh qr simh parat rhsh e�nai ìti, an sumbol�soume me M(K) ton p�nakaadrane�a
 tou kurtoÔ s¸mato
 K, pou or�zetai apì thn(1:1:21) [M(K)℄ij = hMei; eji = ZK xixjdx;tìte(1:1:22) M(TK) = TM(K)T �



5gia k�je T 2 SL(n). 'Epetai ìti, gia k�je kurtì s¸ma K ston Rn pou èqei ìgko 1kai kèntro b�rou
 to 0,(1:1:23) j detM(K)j = L2nK :Arke� na parathr soume ìti sthn isotropik  jèsh o p�naka
 adrane�a
 e�nai o L2KI .Apì thn (1.1.20) blèpoume ìti(1:1:24) jEB(TK)j = !nj detM(TK)j�1=2 = !nj detM(K)j�1=2 = jEB(K)jgia k�je T 2 SL(n). Autì ma
 d�nei to ex 
.L mma 1.1.3 'Estw K èna kurtì s¸ma ston Rn , me ìgko 1 kai kèntro b�rou
 to0. Tìte,(1:1:25) jEB(K)j = !nL�nK : 23. Tomè
 isotropik¸n swm�twn. 'Estw K èna kurtì s¸ma ston Rn me kèntrob�rou
 to 0. Gia k�je � 2 Sn�1 jewroÔme th sun�rthsh(1:1:26) fK;�(t) = jK \ (�? + t�)j:Apì thn anisìthta Brunn-Minkowski èpetai ìti h fK;� e�nai logarijmik� ko�lh stoforèa th
. Autì ma
 epitrèpei na de�xoume polÔ akribe�
 sqèsei
 an�mesa stonìgko th
 (n� 1)-di�stath
 tom 
 jK \ �?j kai se oloklhr¸mata th
 morf 
(1:1:27) I22 (K; �) := ZKhx; �i2dx:H sqèsh aut  g�netai saf 
 an, qrhsimopoi¸nta
 to je¸rhma tou Fubini, gr�youmeto parap�nw olokl rwma sth morf (1:1:28) ZKhx; �i2dx = ZR t2fK;�(t)dt:Prìtash 1.1.1 'Estw K kurtì s¸ma ston Rn me ìgko 1 kai kèntro b�rou
 to 0.Gia k�je � 2 Sn�1,(1:1:29) �ZKhx; �i2dx�1=2 � 12p3e 1jK \ �?j :Apìdeixh: 'Estw f := fK;�. Jètoume B = R +10 f(t)dt, b+ = maxff(t) : t � 0gkai or�zoume(1:1:30) g(t) = b+�[0;B=b+℄(t):



6Qrhsimopoi¸nta
 to L mma tou Hardy (blèpe [16℄, Prìtash 3.6), pa�rnoume(1:1:31) Z 10 t2f(t)dt � Z B=b+0 t2b+dt = B33b2+ � B33kfk21 :Tele�w
 an�loga, an A = R 0�1 f(t)dt, blèpoume ìti(1:1:32) Z 0�1 t2f(t)dt � A33kfk21 :Prosjètonta
 kat� mèlh sumpera�noume oti(1:1:33) ZKhx; �i2dx � B3 +A33kfk21 ;kai afoÔ A+B = jKj = 1, èpetai ìti(1:1:34) �ZKhx; �i2dx�1=2 � 12p3 1kfk1 :'Ena apotèlesma twn Makai kai Martini (blèpe [46℄) de�qnei ìti an to kurtì s¸maK èqei ìgko 1 kai kèntro b�rou
 to 0, tìte kfK;�k1 � efK;�(0) = ejK \ �?j giak�je � 2 Sn�1. Autì oloklhr¸nei thn apìdeixh. 2Prìtash 1.1.2 'Estw K kurtì s¸ma ston Rn me ìgko 1 kai kèntro b�rou
 to 0.Gia k�je � 2 Sn�1 isqÔei(1:1:35) �ZKhx; �i2dx�1=2 � 
 1jK \ �?j ;ìpou 
 > 0 apìluth stajer�.Apìdeixh: JewroÔme ta f;A;B ìpw
 sthn Prìtash 1.1.1 kai diakr�noume dÔopeript¸sei
. Pr¸ta upojètoume ìti up�rqei s > 0 me thn idiìthta f(s) = f(0)=2.AfoÔ h f e�nai logarijmik  ko�lh sto [0; s℄ kai f(0) � f(s), blèpoume ìti f(t) � f(s)gia k�je t 2 [0; s℄. 'Ara,(1:1:36) 1 � B = Z 10 f(t)dt � Z s0 f(t)dt � sf(s) = sf(0)=2:An t > s, qrhsimopoi¸nta
 to gegonì
 ìti h f e�nai logarijmik� ko�lh, èqoumef(s) � [f(0)℄1�s=t[f(t)℄s=t, to opo�o shma�nei oti f(t) � f(0)2�t=s. Gr�foumeZ 10 t2f(t)dt = Z s0 t2f(t)dt+ Z 1s t2f(t)dt� kfk1 Z s0 t2dt+ Z 1s t2f(0)2�t=sdt� f(0)�es33 + s3 Z 11 u22�udu�� (
=f(0))2:



7An t¸ra gia k�je s > 0 ston forèa th
 f isqÔei f(s) > f(0)=2, tìte ton rìlo tous pa�zei to s0 = maxfs > 0 : f(s) > 0g. E�nai 1 � B � f(0)s0=2 kai(1:1:37) Z 10 t2f(t)dt = Z s00 t2f(t)dt � ef(0)s30=3;to opo�o odhge� sthn �dia akrib¸
 ekt�mhsh. Me ton �dio trìpo fr�ssoume toolokl rwma sto (�1; 0℄. Epetai otiZKhx; �i2dx = Z 10 t2f(t)dt+ Z 0�1 t2f(t)dt� (
=f(0))2;ìpou 
 > 0 apìluth stajer�. 2Sthn per�ptwsh pou to K e�nai isotropikì, oi dÔo autè
 Prot�sei
 de�qnoun ìtiìle
 oi (n� 1)-di�state
 tomè
 K \ �? tou K èqoun per�pou ton �dio ìgko.Je¸rhma 1.1.2 'Estw K isotropikì kurtì s¸ma ston Rn . Gia k�je � 2 Sn�1isqÔei(1:1:38) 
1LK � jK \ �?j � 
2LK ;ìpou 
1; 
2 > 0 apìlute
 stajerè
. 24. Eikas�a tou uperepipèdou kai isotropik  jèsh. M�a apì ti
 pio kentrikè
eikas�e
 sth jewr�a twn kurt¸n swm�twn e�nai h eikas�a tou uperepipèdou.Up�rqei apìluth stajer� 
 > 0 me thn ex 
 idiìthta: an K e�nai ènakurtì s¸ma ìgkou 1 ston Rn me kèntro b�rou
 to 0, up�rqei � 2 Sn�1tètoio ¸ste jK \ �?j � 
:An upojèsoume ìti h eikas�a tou uperepipèdou isqÔei, tìte gia k�je isotropikìs¸ma K ìle
 oi tomè
 K \ �? èqoun ìgko megalÔtero   �so tou 
. Tìte, toJe¸rhma 1.1.2 èqei thn ex 
 sunèpeia:An isqÔei h eikas�a tou uperepipèdou, tìte up�rqei apìluth stajer�C > 0 tètoia ¸ste LK � C gia k�je kurtì s¸ma K me kèntro b�rou
to 0.Ant�strofa, an up�rqei apìluto fr�gma gia th stajer� isotrop�a
, tìte èpetai heikas�a tou uperepipèdou. Autì fa�netai eÔkola an qrhsimopoi soume to elleiyoei-dè
 tou Binet. Apì to L mma 1.1.3, gia k�je kurtì s¸ma K ston Rn pou èqei ìgko1 kai kèntro b�rou
 to 0, èqoume(1:1:39) jEB(K)j!n = L�nK = ZSn�1 k�k�nEB(K)�(d�):



8Epomènw
, up�rqei � 2 Sn�1 me thn idiìthta(1:1:40) ZKhx; �i2dx = k�k2EB(K) � L2K :Apì thn Prìtash 1.1.1 èpetai ìti(1:1:41) jK \ �?j � 12p3eLK � 
 := 12p3eC :Me aut  thn ènnoia h melèth th
 stajer�
 isotrop�a
 e�nai apolÔtw
 isodÔnamh meth melèth th
 eikas�a
 tou uperepipèdou. To prìblhma autì e�nai isodÔnamo me thnasumptwtik  ekdoq  poll¸n �llwn klasik¸n problhm�twn th
 kurt 
 gewmetr�-a
 (gia perissìtere
 leptomèreie
 kai apode�xei
 ìswn apotelesm�twn anafèroumeqwr�
 apìdeixh, blèpe [47℄).5. Gnwst� apotelèsmata gia thn isotropik  jèsh kai th stajer� iso-trop�a
. Up�rqoun k�poie
 eidikè
 kl�sei
 swm�twn gia ti
 opo�e
 h stajer�isotrop�a
 fr�ssetai eÔkola. Oi pio qarakthristikè
 e�nai: ta summetrik� kurt�s¸mata pou ta polik� tou
 èqoun fragmèno lìgo ìgkwn kai ta s¸mata pou e�naisummetrik� w
 pro
 tou
 upoq¸rou
 suntetagmènwn.(a) 'Estw K èna summetrikì kurtì s¸ma ston Rn . Upojètoume ìti to KÆ periè-qei elleiyoeidè
 E kai ìti �jKÆj=jEj�1=n � d (lème ìti o lìgo
 ìgkwn tou KÆfr�ssetai apì d). IsodÔnama, up�rqei S 2 GL(n) tètoio
 ¸ste Bn2 � S(KÆ) kai�jS(KÆ)j=!n�1=n � d. AfoÔ !1=nn ' 1=pn, pa�rnonta
 T = t(S�1)� gia kat�llhlot > 0 kai qrhsimopoi¸nta
 thn ant�strofh anisìthta Santal�o, elègqoume ìti up�r-qei grammik  eikìna TK tou K pou èqei ìgko 1 kai ikanopoie� thn TK � 
dpnBn2 ,ìpou 
 > 0 apìluth stajer�. Apì thn (1.1.12) kai to Je¸rhma 1.1.1,(1:1:42) nL2K � ZTK jxj2dx � 
2d2n;dhlad , LK � 
d.(b) A
 upojèsoume ìti to K e�nai isotropikì kai summetrikì w
 pro
 ìlou
 tou
upoq¸rou
 suntetagmènwn. Se aut  thn per�ptwsh, o M(K) e�nai diag¸nio
 kai hPrìtash 1.1.2 de�qnei ìti(1:1:43) L2nK = j detM(K)j = nYi=1 ZK x2i dx � 
2n nYi=1 jKij!�2 ;ìpou Ki = K \ e?i = Pe?i K. Apì thn anisìthta Loomis-Whitney (blèpe [42℄),(1:1:44) nYi=1 jKij � jKjn�1 = 1:



9'Ara, LK � 
.(g) ApodeiknÔetai eÔkola ìti LK � LBn2 � 
 gia k�je kurtì s¸ma ston Rn , ìpou
 > 0 apìluth stajer�.Kle�noume aut  thn par�grafo me k�poie
 plhrofor�e
 gia th di�metro kai tomèso pl�to
 twn isotropik¸n swm�twn. Gia thn apìdeixh blèpe [36℄ kai [32℄.Prìtash 1.1.3 'Estw K isotropikì kurtì s¸ma ston Rn . Tìte,(1:1:45) R(K) � (n+ 1)LKkai(1:1:46) w(K) � 
n3=4LK ;ìpou 
 > 0 apìluth stajer�. 21.1.2 Meikto� ìgkoi kai h anisìthta Aleksandrov-Fen
hel1. Meikto� ìgkoi. Gr�foume Kn gia thn kl�sh ìlwn twn mh ken¸n kurt¸nsumpag¸n uposunìlwn tou Rn . H Kn e�nai kurtì
 k¸no
 w
 pro
 thn prìsjesh kat�Minkowski kai ton pollaplasiasmì me mh arnhtikoÔ
 pragmatikoÔ
 arijmoÔ
. ToJe¸rhma tou Minkowski (pou e�nai tautìqrona kai o orismì
 twn meikt¸n ìgkwn)ma
 lèei ìti: an K1; : : : ;Km 2 Kn, m 2 N, tìte o ìgko
 tou t1K1 + � � � + tmKme�nai omogenè
 polu¸numo bajmoÔ n w
 pro
 ta ti � 0. Dhlad ,(1:1:47) jt1K1 + � � �+ tmKmj = X1�i1;:::;in�mV (Ki1 ; : : : ;Kin)ti1 : : : tin ;ìpou oi suntelestè
 V (Ki1 ; : : : ;Kin) epilègontai na e�nai anex�rthtoi apì metajè-sei
 twn Kij . O suntelest 
 V (A1; : : : ; An) e�nai o meiktì
 ìgko
 twn A1; : : : ; An.Eidikìtera, an K;L 2 Kn tìte h sun�rthsh jK + tLj e�nai polu¸numo tout 2 R+ :(1:1:48) jK + tLj = nXj=0�nj�Vj(K;L) tj ;ìpou Vj(K;L) = V (K;n� j; L; j) e�nai o j-stì
 meiktì
 ìgko
 twn K kai L. Apìthn (1.1.48) èqoume(1:1:49) V1(K;L) = 1n limt!0+ jK + tLj � jKjt ;



10kai, se sunduasmì me thn anisìthta Brunn-Minkowski, pa�rnoume thn anisìthtatou Minkowski(1:1:50) V1(K;L) � jKj(n�1)=njLj1=ngia k�je K;L 2 Kn.2. Quermassintegrals. Jètonta
 L = Bn2 pa�rnoume ton tÔpo tou Steiner(1:1:51) jK + tBn2 j = nXj=0�nj�Wj(K)tj ;ìpou Wj(K) = V (K;n� j; Bn2 ; j) e�nai to j-stì quermassintegral tou K.Apì ton tÔpo tou Steiner elègqoume eÔkola ìti h epif�neia tou K d�netai apìthn(1:1:52) A(K) = limt!0+ jK + tBn2 j � jKjt = nW1(K):H anisìthta tou Minkowski de�qnei ìti(1:1:53) A(K) � n!1=nn jKj(n�1)=ngia k�je K 2 Kn. Aut  e�nai h isoperimetrik  anisìthta gia kurt� s¸mata stonRn .O oloklhrwtikì
 tÔpo
 tou Kubota(1:1:54) Wj(K) = !n!n�j ZGn;n�j jPHKjn�jd�n;n�j(H)ekfr�zei to j-stì quermassintegral tou K san th mèsh tim  tou ìgkou twn pro-bol¸n di�stash
 (n � j) tou K w
 pro
 to Haar mètro pijanìthta
 sthn Gn;n�j .Efarmìzonta
 thn (1.1.54) gia j = n� 1 blèpoume ìti(1:1:55) Wn�1(K) = !nw(K):3. Meikt� epifaneiak� mètra. JewroÔme mia (n� 1)-�da C = fK1; : : : ;Kn�1gsthn kl�sh Kn. Gia k�je L 2 Kn or�zoume f(hL) = V1(K;L), kai epekte�noume thnf grammik� ston upìqwro D(Sn�1) = spanfhLjSn�1 ; L 2 Kng tou C(Sn�1). Apìthn prosjetikìthta tou V1 w
 pro
 L kai apì to gegonì
 ìti hL1+L2 = hL1 + hL2gia k�je L1; L2 2 Kn, h f e�nai èna jetikì fragmèno grammikì sunarthsoeidè
 stonD(Sn�1), to opo�o epekte�netai ston C(Sn�1). Apì to je¸rhma anapar�stash
 touRiesz, mporoÔme na broÔme èna Borel mètro S(C; �) sth monadia�a sfa�ra Sn�1 toopo�o ikanopoie� thn(1:1:56) V (L;K1; : : : ;Kn�1) = 1n ZSn�1 hL(u)dS(C; u)



11gia k�je L 2 Kn. To S(C; �) e�nai to meiktì epifaneiakì mètro twn K1; : : : ;Kn�1.An K 2 Kn, to j-stì epifaneiakì mètro tou K or�zetai apì thn Sj(K; �) =S(K; j; Bn2 ;n� j�1; �), j = 0; 1; : : : ; n�1. 'Epetai ìti ta quermassintegralsWj(K)gr�fontai sth morf (1:1:57) Wj(K) = 1n ZSn�1 hK(u)dSn�j�1(K;u)gia j = 0; 1; : : : ; n� 1,  (1:1:58) Wj(K) = 1n ZSn�1 dSn�j(K;u)gia j = 1; : : : ; n. An upojèsoume ìti h hK e�nai dÔo forè
 suneq¸
 paragwg�simh,tìte to Sj(K; �) èqei suneq  puknìthta sj(K;u) w
 pro
 to �, thn j-st  stoiqei¸dhsummetrik  sun�rthsh twn idiotim¸n th
 Essian 
 th
 hK sto u.Eidik  per�ptwsh e�nai to epifaneiakì mètro �K = Sn�1(K; �), to opo�o peri-gr�fetai isodÔnama w
 ex 
: an A e�nai èna Borel uposÔnolo th
 Sn�1, tìte �K(A)e�nai to (n � 1)-di�stato mètro tou sunìlou ìlwn twn sunoriak¸n shme�wn tou Kta opo�a èqoun exwterikì k�jeto di�nusma sto A. An to K e�nai polÔtopo me èdre
F1; : : : ; Fm kai k�jeta dianÔsmata ta u1; : : : ; um ant�stoiqa, tìte to �K fèretaiapì to fu1; : : : ; umg kai �K(fujg) = jFj j, j = 1; : : : ;m. Parathr ste ìti(1:1:59) jKj =W0(K) = 1n ZSn�1 hK(u)�K(du):4. H anisìthta Aleksandrov-Fen
hel. H isqurìterh gnwst  gen�keush th
anisìthta
 Brunn-Minkowski sto pla�sio twn kurt¸n swm�twn e�nai h anisìthtatwn Aleksandrov kai Fen
hel: An K;L;K3; : : : ;Kn 2 Kn, tìte(1:1:60) V (K;L;K3; : : : ;Kn)2 � V (K;K;K3; : : : ;Kn)V (L;L;K3; : : : ;Kn):Eidikìtera, h (1.1.60) de�qnei ìti h akolouj�a (W0(K); : : : ;Wn(K)) e�nai logarij-mik� ko�lh. Sunèpeia aut 
 th
 parat rhsh
 e�nai oi anisìthte
(1:1:61) Wi(K + L)1=(n�i) �Wi(K)1=(n�i) +Wi(L)1=(n�i)pou isqÔoun gia k�je zeug�ri kurt¸n swm�twn K;L ston Rn kai gia k�je i =0; 1; : : : ; n� 1. Ep�sh
, oi anisìthte
 tou Aleksandrov(1:1:62) �Wn�i(K)!n �1=i � �Wn�j(K)!n �1=j ;gia k�je 1 � i < j � n. Jètonta
 i = 0 sthn (1.1.61) pa�rnoume thn anisìthtaBrunn-Minkowski. Jètonta
 i = n � 1 kai j = n sthn (1.1.62) pa�rnoume thn



12isoperimetrik  anisìthta. Tèlo
, jètonta
 i = 1 kai j = n sthn (1.1.62) kaiqrhsimopoi¸nta
 thn (1.1.55), pa�rnoume thn anisìthta tou Urysohn(1:1:63) w(K) � � jKj!n �1=n :Klasikè
 anaforè
 gia th jewr�a twn meikt¸n ìgkwn e�nai to bibl�o tou S
hneider[56℄ kai to bibl�o twn Burago kai Zalgaller [18℄.1.1.3 Pijanojewrhtik� kai analutik� ergale�aJa qrhsimopoi soume tr�a basik� pijanojewrhtik� kai analutik� ergale�a apì thnasumptwtik  jewr�a twn q¸rwn peperasmènh
 di�stash
 me nìrma.1. Arijmo� k�luyh
 kai h anisìthta tou Sudakov. 'Estw K èna kurtì s¸maston Rn . JewroÔme n anex�rthte
 tupikè
 kanonikè
 tuqa�e
 metablhtè
 g1; : : : ; gnse k�poion q¸ro pijanìthta
 (
;A; P ), kai thn anèlixh tou Gauss Z = fZx j x 2Kg me(1:1:64) Zx = 
x; nXi=1 giei� = nXi=1 xigi;ìpou fe1; : : : ; eng e�nai h sun jh
 orjokanonik  b�sh tou Rn . MporoÔme na blè-poume thn Z san uposÔnolo tou L2(
;A; P ). Parathr ste ìti(1:1:65) kZx � Zyk2 = jx� yjgia k�je x; y 2 K. Gr�foume B gia th monadia�a mp�la tou L2(
;A; P ) kai giak�je t > 0 or�zoume ton t-arijmì entrop�a
 th
 Z apì th sqèsh(1:1:66) Nt(Z) = min�N j up�rqoun x1; : : : ; xN 2 K : Z � N[i=1(Zxi + tB)�:An to teleuta�o sÔnolo e�nai kenì, jètoume N"(Z) =1. H anisìthta tou Sudakov(blèpe [41℄) d�nei k�tw fr�gma gia th mèsh tim  tou supremum th
 Z (isqÔei genik�gia anel�xei
 tou Gauss).Je¸rhma 1.1.3 Up�rqei apìluth stajer� 
 > 0 me thn ex 
 idiìthta: gia k�jekurtì s¸ma K ston Rn ,(1:1:67) 
 supt>0 �tplogNt(Z)� � E supx2K Zx:



13To je¸rhma autì èqei mia �mesh gewmetrik  efarmog . Or�zoume tou
 arij-moÔ
 k�luyh
 N(K; tBn2 ) tou K apì thn(1:1:68) N(K; tBn2 ) := min�N j 9x1; : : : ; xN 2 K : K � N[i=1(xi + tBn2 )�:Apì thn (1.1.65) e�nai fanerì ìti N(K; tBn2 ) = Nt(Z) gia k�je t > 0. Apì thn�llh pleur�, èna
 aplì
 upologismì
 de�qnei ìti(1:1:69) E supx2K Zx = 
nw(K);ìpou 
n stajer� pou exart�tai apì th di�stash n, me 
n ' pn. Epomènw
, mporoÔ-me na ektim soume tou
 arijmoÔ
 k�luyh
 tou K qrhsimopoi¸nta
 san par�metroto mèso pl�to
 tou K.Je¸rhma 1.1.4 Up�rqei apìluth stajer� C > 0 me thn ex 
 idiìthta: an K e�naièna kurtì s¸ma ston Rn , tìte(1:1:70) logN(K; tBn2 ) � Cnw2(K)t2gia k�je t > 0. 22. Upokanonikè
 anel�xei
 kai h anisìthta tou Talagrand. 'Estw (
;A; P )q¸ro
 pijanìthta
, kai Y = (Yx)x2K mia oikogèneia pragmatik¸n tuqa�wn meta-blht¸n. Lème ìti h anèlixh Y = (Yx)x2K e�nai upokanonik  an(1:1:71) EYx = 0gia k�je x 2 K kai an, gia k�je x;w 2 K kai k�je t > 0,(1:1:72) P (jYx � Ywj � t) � 2 exp�� t2jx� wj2� :Gia k�je Borel mètro pijanìthta
 � sto K jewroÔme thn posìthta(1:1:73) 
2(K;�) = supx2K Z 10 slog� 1�(B(x; t))�dt:To Je¸rhma tou Talagrand [58℄ gia ta kuriarqoÔnta mètra (sto pla�sio twn kurt¸nswm�twn) e�nai to ex 
.Je¸rhma 1.1.5 Up�rqei stajer� C > 0 me ti
 ex 
 idiìthte
:



14(a) Gia k�je upokanonik  anèlixh Y = (Yx)x2K ,(1:1:74) E supx2K Yx � C � 
2(K)ìpou 
2(K) = inf� 
2(K;�).(b) An jewr soume thn anèlixh tou Gauss Z = (Zx)x2K th
 (1:1:64), tìte(1:1:75) 1C � 
2(K) � E supx2K Zx � C � 
2(K): 2'Amesh sunèpeia twn parap�nw e�nai to ex 
 je¸rhma sÔgkrish
.Je¸rhma 1.1.6 'Estw K èna kurtì s¸ma ston Rn . An h anèlixh Y = (Yx)x2Ke�nai upokanonik , tìte(1:1:76) E supx2K Yx � C � E supx2K Zx;ìpou C > 0 e�nai mia apìluth stajer�. 23. El�qisto mèso pl�to
 kai h anisìthta tou Pisier. 'Estw K èna kurtìs¸ma ston Rn . Lème ìti to K èqei el�qisto mèso pl�to
 an w(K) � w(TK) giak�je T 2 SL(n). Ena aplì epiqe�rhma sump�geia
 de�qnei ìti k�je s¸ma èqei jèshme el�qisto mèso pl�to
. H jèsh aut  qarakthr�zetai apì to epìmeno je¸rhma(blèpe [27℄).Je¸rhma 1.1.7 'Ena kurtì s¸ma K ston Rn èqei el�qisto mèso pl�to
 an kaimìno an(1:1:77) ZSn�1 hK(u)hu; �i2�(du) = w(K)ngia k�je � 2 Sn�1. Epiplèon, h jèsh el�qistou mèsou pl�tou
 e�nai monadik  anagno soume orjog¸niou
 metasqhmatismoÔ
. 2Oi Figiel kai Tom
zak-Jaegermann èdeixan (se gewmetrik  gl¸ssa) ìti mpore�kane�
 na d¸sei �nw fr�gma gia to el�qisto mèso pl�to
 enì
 summetrikoÔ kurtoÔs¸mato
 an diajètei mia genik  ekt�mhsh gia th {stajer� K-kurtìthta
} C(XK)tou XK (blèpe [53℄).Je¸rhma 1.1.8 An K e�nai èna summetrikì kurtì s¸ma ston Rn , up�rqei gram-mik  eikìna ~K tou K me ìgko j ~Kj = 1 kai mèso pl�to
(1:1:78) w( ~K) � 
pnC(XK);ìpou 
 > 0 apìluth stajer�. 2



15O Pisier (blèpe [52℄) èdeixe ìti C(X) � 
 logn gia k�je n-di�stato q¸ro me nìrmaX . Epomènw
, k�je summetrikì kurtì s¸ma ston Rn èqei grammik  eikìna ìgkou1 pou èqei mèso pl�to
 O(pn logn). 'Ena aplì epiqe�rhma de�qnei ìti h upìjeshth
 summetr�a
 den e�nai apara�thth:Je¸rhma 1.1.9 'Estw K èna kurtì s¸ma ston Rn . Up�rqei grammik  eikìna ~Ktou K me ìgko 1, tètoia ¸ste(1:1:79) w( ~K) � 
pn logn;ìpou 
 > 0 apìluth stajer�.Apìdeixh: JewroÔme to s¸ma diafor¸n K �K tou K. Up�rqei grammikì
 me-tasqhmatismì
 T tou Rn tètoio
 ¸ste jT (K �K)j = 1 kai(1:1:80) w(T (K �K)) � 
pn logn:ParathroÔme ìti T (K �K) = TK � TK kaiw(TK � TK) = ZSn�1 hTK�TK(u)�(du)= ZSn�1 [hTK(u) + h�TK(u)℄�(du)= ZSn�1 [hTK(u) + hTK(�u)℄�(du)= 2w(TK):Ep�sh
, apì thn anisìthta twn Rogers kai Shephard (blèpe [55℄), èqoume(1:1:81) jTKj � 4�njTK � TKj = 4�n:'Ara, up�rqei 
1 � 4 tètoia ¸ste to ~K = 
1TK na èqei ìgko 1. SÔmfwna me taparap�nw,(1:1:82) w( ~K) � 4w(TK) � 2
pn logn: 21.2 Sunoptik  perigraf  th
 ergas�a
H kalÔterh gnwst  ekt�mhsh gia to prìblhma th
 stajer�
 isotrop�a
 ofe�letaiston Bourgain. Sthn [8℄ èdeixe ìti up�rqei apìluth stajer� 
 > 0 tètoia ¸ste giak�je summetrikì kurtì s¸ma K ston Rn na isqÔei(1:2:1) LK � 
 4pn logn:



16Mia diaforetik  parous�ash aut 
 th
 anisìthta
 dìjhke argìtera apì ton Dar[21℄. Sthn x2.5 de�qnoume ìti me kat�llhlh tropopo�hsh tou epiqeir mato
 mpore�kane�
 na epekte�nei autì to apotèlesma sthn kl�sh ìlwn twn kurt¸n swm�twn.H prohgoÔmenh gnwst  ekt�mhsh  tan LK � 
pn (blèpe [21℄). Gia thn akr�beia,an or�soume thn isotropik  jèsh enì
 kurtoÔ s¸mato
 K qwr�
 na upojèsoumeìti to K èqei kèntro b�rou
 to 0, to fr�gma gia thn LK exakolouje� na isqÔei.H upìjesh gia to kèntro b�rou
 e�nai apara�thth an jèloume na sundèsoume thstajer� isotrop�a
 LK me ton ìgko twn (n� 1)-di�statwn tom¸n tou K.Je¸rhma A Up�rqei apìluth stajer� 
 > 0 me thn ex 
 idiìthta: an K e�nai ènakurtì s¸ma ston Rn , tìte LK � 
 4pn logn.To arqikì epiqe�rhma tou Bourgain ousiastik� an�gei to prìblhma sthn kl�shtwn isotropik¸n kurt¸n swm�twn Q me akt�na R(Q) � 
pnLQ, ìpou 
 > 0 e�naimia apìluth stajer�. De�qnoume pl rw
 aut  thn anagwg  tou probl mato
 sthnx3.1. Apì eke� kai pèra, to basikì ergale�o gia thn apìdeixh th
 (1.2.1) e�nai togegonì
 ìti ta grammik� sunarthsoeid  p�nw sta kurt� s¸mata ikanopoioÔn thn 1-ekt�mhsh(1:2:2) kh�; �ik 1 � Ckh�; �ik1gia k�je � 2 Sn�1, ìpou C > 0 e�nai mia apìluth stajer�. Aut  h anisìthtae�nai sunèpeia tou gegonìto
 ìti h fK;� e�nai logarijmik� ko�lh, kai den epidèqetai- genik� - belt�wsh. Upenjum�zoume ìti h Orli
z nìrma kfk � th
 f : K ! Ror�zetai apì thn(1:2:3) kfk � = inf �t > 0 : ZK exp ((jf(x)j=t)�) dx � 2�:Apì thn apìdeixh th
 (1.2.1) sthn x3.1 g�netai fanerì ìti an isqurìterh plhrofor�agia thn  2-sumperifor� twn grammik¸n sunarthsoeid¸n sto Q, se sunduasmì meto Je¸rhma tou Talagrand gia ta kuriarqoÔnta mètra [58℄ kai thn anisìthta touPisier [52℄, ja pa�rname to �nw fr�gma O(log n) gia thn LQ. M�lista, o Bourgain[9℄ èdeixe prìsfata ìti ta s¸mata pou èqoun kal   2-sumperifor� se ìle
 ti
dieujÔnsei
 èqoun fragmènh stajer� isotrop�a
.1.2.1 	2-sumperifor� twn grammik¸n sunarthsoeid¸n stakurt� s¸mataDen e�nai safè
 an k�je isotropikì kurtì s¸ma ikanopoie� kal   2-ekt�mhsh giati
 perissìtere
 dieujÔnsei
 � 2 Sn�1. Ex� ìswn gnwr�zoume, akìma kai h Ôparxhm�a
 kal 
  2-dieÔjunsh
 den èqei epalhjeute� se pl rh genikìthta. Oi Bobkovkai Nazarov (blèpe [13℄ kai [14℄) apèdeixan prìsfata ìti an to K e�nai isotropikì



171-un
onditional kurtì s¸ma, tìte kh�; �ik 2 ' pnk�k1 gia k�je � 2 Sn�1. Ei-dikìtera, h diag¸nia dieÔjunsh e�nai  2-dieÔjunsh. Ta zwnoeid  sqhmat�zoun miadeÔterh kl�sh kurt¸n swm�twn gia ta opo�a h Ôparxh kal¸n  2-dieujÔnsewn mpore�na epalhjeute�. Autì prokÔptei apì to ex 
 genikìtero apotèlesma th
 x3.2.Je¸rhma B 'Estw K èna kurtì s¸ma ston Rn me ìgko jKj = 1. Upojètoume ìtiK � �pnBn2 . Tìte, up�rqei � 2 Sn�1 tètoio ¸ste(1:2:4) �ZK jhx; �ijpdx�1=p � C�ppZK jhx; �ijdxgia k�je p > 1, ìpou C > 0 e�nai mia apìluth stajer�.To epiqe�rhma pou apodeiknÔei to Je¸rhma B de�qnei ìti gia ti
 {misè
} dieu-jÔnsei
 � 2 Sn�1 èqoume {kal }  2-sumperifor�, den e�nai ìmw
 ikanì na de�xei ìtito mètro twn kal¸n dieujÔnsewn e�nai 1� o(1) ìtan h di�stash te�nei sto �peiro.Ta zwnoeid  èqoun grammikè
 eikìne
 pou ikanopoioÔn thn upìjesh tou Jewr -mato
 B gia k�poia apìluth stajer� � > 0: an Z e�nai èna zwnoeidè
 sth jèsh Lewis  sth jèsh Lowner   sth jèsh el�qistou mèsou pl�tou
, tìte 2R(Z) � pnjZj1=n.Epomènw
, èqoun {kalè
}  2-dieujÔnsei
.MporoÔme ep�sh
 sqetik� eÔkola na apode�xoume ìti kurt� s¸mata pou èqounmikr  di�metro èqoun meg�le
 (n�1)-di�state
 tomè
 (autì mpore� na epalhjeute�me di�forou
 trìpou
, to epiqe�rhma ìmw
 th
 x3.2 d�nei epiplèon k�poia ekt�mh-sh gia thn katanom  tou ìgkou twn (n � 1)-di�statwn tom¸n). Aut  e�nai �llhmia èndeixh gia to gegonì
 ìti h  2-sumperifor� sqet�zetai me thn eikas�a touuperepipèdou.Je¸rhma G 'Estw K èna kurtì s¸ma ston Rn me ìgko jKj = 1 kai kèntro b�rou
to 0. Upojètoume ìti K � �pnBn2 . Tìte, gia k�je t > 0 èqoume(1:2:5) � �� 2 Sn�1 : jK \ �?j � 
3t�� � 1� 2e�t2 ;ìpou 
3 > 0 e�nai mia apìluth stajer�.Ta kentrik� ma
 apotelèsmata sqetik� me thn  2-sumperifor� twn grammik¸nsunarthsoeid¸n perièqontai sti
 x3.3 kai x3.4. Me aform  thn anagwg  tou probl -mato
 th
 stajer�
 isotrop�a
 sta isotropik� kurt� s¸mata Q pou èqoun akt�naR(Q) � 
pnLQ, melet�me thn  2-sumperifor� twn grammik¸n sunarthsoeid¸n staisotropik� kurt� s¸mata K pou èqoun akt�na R(K) � ApnLK , sunart sei th
paramètrou A � 1. Gia suntom�a ja lème ìti aut� e�nai {isotropik� s¸mata memikr  di�metro}. Parathr ste ìti sta Jewr mata B kai G den èqoume k�nei thnupìjesh ìti to K e�nai isotropikì.Up�rqoun dÔo sunart sei
 pou mpa�noun fusiologik� se aut  th melèth. Pro-keimènou na or�soume thn pr¸th, gia k�je q � 1 jewroÔme to q-kentroeidè
 s¸ma



18Zq(K) tou K pou èqei san sun�rthsh st rixh
 thn(1:2:6) hZq(K)(y) = Iq(K; y) := �ZK jhx; yijqdx�1=q ;kai katìpin eis�goume th sun�rthsh mK twn {arijm¸n Dvoretzky}(1:2:7) mK(q) = nw(Zq(K))2R(Zq(K))2 :'Opw
 ja doÔme, h kal   2-sumperifor� se ìle
 ti
 dieujÔnsei
 e�nai ousiastik�isodÔnamh me th sunj kh mK(q) ' n gia k�je q. Epomènw
, e�nai fusiologikì namelet soume thn mK(q) gia ta isotropik� s¸mata mikr 
 diamètrou.H deÔterh sun�rthsh fK metr�ei th mèsh tim  tou ìgkou twn tom¸n tou K meta uperep�peda pou br�skontai se apìstash t > 0 apì thn arq  twn axìnwn:(1:2:8) fK(t) = ZSn�1 fK;�(t)�(d�):E�nai fanerì ìti h kal   2-sumperifor� se ìle
 ti
 dieujÔnsei
 èqei san sunèpeiaèna upokanonikì �nw fr�gma gia thn fK(t). E�nai loipìn p�li fusiologikì namelet soume th sumperifor� th
 fK gia isotropik� kurt� s¸mata mikr 
 diamè-trou. 'Opw
 ja doÔme, h {upokanonik  sumperifor�} th
 fK e�nai isodÔnamh me thnidiìthta th
 mikr 
 diamètrou gia èna isotropikì kurtì s¸ma K.Oi sunart sei
 mK kai fK eis�gontai sti
 paragr�fou
 x2.2-2.4, ìpou apo-deiknÔontai di�fore
 basikè
 idiìthtè
 tou
.Ta jetik� ma
 apotelèsmata gia ta isotropik� s¸mata mikr 
 diamètrou sunoy�-zontai sto ex 
 je¸rhma.Je¸rhma D 'Estw K èna isotropikì kurtì s¸ma ston Rn . Upojètoume ìti giak�poia stajer� A � 1 isqÔei K � (ApnLK)Bn2 . Tìte,(a) mK(q) � 
1pn=A2 gia k�je q � 1, ìpou 
1 > 0 e�nai mia apìluth stajer�.(b) fK(t) � 
2LK exp(�
3t2=A2L2K) gia k�je t > 0, ìpou 
2; 
3 > 0 e�nai apìlute
stajerè
.(g) kh�; �ik 2 � 
4pA 4pnLK gia k�je � 2 Sn�1, kai(1:2:9) �(� 2 Sn�1 : kh�; �ik 2 � 
5A(1 + t)LK) � exp(�
6pnt2=A2)gia k�je t > 0, ìpou 
4; 
5; 
6 > 0 e�nai apìlute
 stajerè
.Me �lla lìgia, gia thn tuqa�a dieÔjunsh � 2 Sn�1, èna isotropikì kurtì s¸mame mikr  di�metro ikanopoie� thn(1:2:10) kh�; �ik 2 � CLK ;
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 A na e�nai omoiìmorfa fragmènh. H ekt�mhsh ìmw
 tou mètroutwn kal¸n dieujÔnsewn den e�nai idia�tera isqur  (parathr ste thn ex�rthsh apìthn pn sto Je¸rhma D.)'Opw
 prokÔptei, ìle
 oi parap�nw ektim sei
 e�nai bèltiste
. MporoÔme nakataskeu�soume èna isotropikì kurtì s¸ma Q mikr 
 diamètrou, gia to opo�ominqmQ(q) ' pn kai max� kh�; �ik 2 ' 4pnLQ. Ax�zei na shmeiwje� ìti to par�-deigma d�netai apì èna s¸ma tou opo�ou h gewmetrik  apìstash apì thn Eukle�deiamp�la e�nai omoiìmorfa fragmènh.Je¸rhma E Up�rqei èna isotropikì kurtì s¸ma ek peristrof 
 Q ston Rn me ti
akìlouje
 idiìthte
.(a) 
1pnBn2 � Q � 
2pnBn2 , ìpou 
1; 
2 > 0 e�nai apìlute
 stajerè
.(b) kh�; enik 2 � 
3 4pn, ìpou 
3 > 0 e�nai mia apìluth stajer�.(g) Up�rqei q0 ' pn tètoio
 ¸ste mQ(q) ' n=q an q � q0 kai mQ(q) ' q anq0 � q � n.1.2.2 Sugkèntrwsh tou ìgkou kai kentrikè
 oriakè
 idiìth-te
 isotropik¸n kurt¸n swm�twn'Estw K èna isotropikì kurtì s¸ma ston Rn . Tìte,(1:2:11) ZK jxj2dx = nL2K ;kai efarmìzonta
 thn anisìthta touMarkov blèpoume ìti jK\(3pnLK)Bn2 j � 8=9.Apì to L mma tou Borell (blèpe x2.1) èpetai to ex 
.Prìtash 1: An K e�nai èna isotropikì kurtì s¸ma ston Rn , tìte(1:2:12) Prob ��x 2 K : jxj � 3pnLKt	� � exp(�t)gia k�je t � 1.O Alesker [1℄ èdeixe ìti an toK e�nai isotropikì, tìte h Eukle�deia nìrma f(x) = jxjikanopoie� thn  2-ekt�mhsh(1:2:13) kfk 2 � 
kfk1 � 
pnLK ;ìpou 
 > 0 e�nai mia apìluth stajer� (gia mia gen�keush, blèpe x2.4). Eidikìtera,pa�rnoume thn ex 
 belt�wsh th
 anisìthta
 th
 Prìtash
 1.Prìtash 2: Up�rqei apìluth stajer� 
 > 0 tètoia ¸ste an K e�nai èna isotropikìkurtì s¸ma ston Rn , tìte(1:2:14) Prob ��x 2 K : jxj � 
pnLKt	� � 2 exp(�t2)



20gia k�je t � 1.Oi Bobkov kai Nazarov [13℄ apèdeixan èna entupwsiakì isqurìtero apotèlesma sthnper�ptwsh twn 1-un
onditional isotropik¸n kurt¸n swm�twn.Prìtash 3: Up�rqei apìluth stajer� 
 > 0 tètoia ¸ste an K e�nai èna 1-un
onditional isotropikì kurtì s¸ma ston Rn , tìte(1:2:15) Prob ��x 2 K : jxj � 
pnt	� � exp ��
tpn�gia k�je t � 1.Jumhje�te ìti LK ' 1 sthn per�ptwsh twn 1-un
onditional kurt¸n swm�twn. AfoÔh akt�na R(K) enì
 isotropikoÔ kurtoÔ s¸mato
 K ston Rn fr�ssetai p�nta apì(n+1)LK [36℄, h anisìthta sthn Prìtash 3 e�nai isqurìterh apì ti
 prohgoÔmene
dÔo gia k�je t � 1. 'Ena er¸thma pou prokÔptei fusiologik� kai diatup¸netai sthn[13℄ e�nai to ex 
.Prìblhma: E�nai swstì ìti up�rqoun apìluth stajer� 
 > 0 kai sun�rthsh� : N ! R+ me �(n) ! 1 ìtan n ! 1, tètoie
 ¸ste gia k�je isotropikì kurtìs¸ma K ston Rn na isqÔei h anisìthta(1:2:16) Prob ��x 2 K : jxj � 
pnLKt	� � exp �� �(n)t�gia k�je t � 1?'Opw
 ja doÔme, autì to prìblhma sqet�zetai me ti
 kentrikè
 oriakè
 idiìthte
 twnisotropik¸n kurt¸n swm�twn. Ta teleuta�a qrìnia èqei suzhthje� h eikas�a ìti o(n� 1)-di�stato
 ìgko
 fK;�(t) twn tom¸n K \ (�? + t�) enì
 isotropikoÔ kurtoÔs¸mato
 K me uperep�peda k�jeta se doje�sa dieÔjunsh � 2 Sn�1, an ton doÔme sasun�rthsh th
 apìstash
 t � 0 twn uperepipèdwn apì thn arq  twn axìnwn, e�nai -me meg�lh pijanìthta - kont� sthn kanonik  puknìthta me mèso 0 kai diaspor� L2K .Aut  h eikas�a mpore� na diatupwje� akribèstera me polloÔ
 diaforetikoÔ
 trìpou
(blèpe [17℄, [2℄) kai èqei epalhjeute� mìno gia k�poie
 eidikè
 kl�sei
 swm�twn. OiBobkov kai Koldobsky [11℄ (blèpe ep�sh
 [17℄) je¸rhsan th mèsh tim  p�nw sthsfa�ra(1:2:17) fK(t) = ZSn�1 fK;�(t)�(d�);kai èdeixan ìti an K e�nai èna isotropikì kurtì s¸ma ston Rn , tìte(1:2:18) ����fK(t)� 1p2�LK exp(�t2=(2L2K))���� � C ��KLKt2pn + 1n�gia k�je 0 < t � 
pn, ìpou 
; C > 0 e�nai apìlute
 stajerè
 kai h par�metro
 �Kor�zetai apì thn(1:2:19) �2K = Var(jxj2)nL4K :
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 �K fr�ssetai apì apìluth stajer� (autì èqei epalh-jeute� gia ìle
 ti
 `np -mp�le
 apì tou
 Ball kai Perusin�kh [15℄).To basikì apotèlesma tou Kefala�ou 4 de�qnei ìti to arqikì prìblhma sundèe-tai sten� me th sumperifor� th
 sun�rthsh
 fK .Je¸rhma Z 'Estw �(n)� 1 mia jetik  stajer�. Gia k�je isotropikì kurtì s¸maK ston Rn , oi parak�tw prot�sei
 e�nai isodÔname
:(a) Gia k�poio 
 � 1 kai gia k�je t � 1,(1:2:20) Prob ��x 2 K : jxj � 
pnLKt	� � exp �� �(n)t�:(b) Gia k�je 0 < t � 
1(
)p�(n)LK ,(1:2:21) fK(t) � 
2LK exp �� t2=(
3(
)L2K)�;ìpou 
i(
) ' 
.(g) Gia k�je 2 � q � 
4�(n),(1:2:22) Iq(K) = �ZK jxjqdx�1=q � 
5(
)pnLK ;ìpou 
5(
) ' 
.Me l�ga lìgia, o ìgko
 enì
 isotropikoÔ kurtoÔ s¸mato
 pou br�sketai èxw apìmia mp�la akt�na
 pnLK pèftei {apìtoma} an kai mìno an h fK e�nai upokanonik se èna {meg�lo arqikì di�sthma}. Epiplèon, oi dÔo autè
 sunj ke
 e�nai isodÔname
me to na zht soume ìti oi ropè
 Iq th
 Eukle�deia
 nìrma
 paramènoun stajerè
 kaiper�pou �se
 me pnLK gia meg�le
 timè
 tou q. H akrib 
 ex�rthsh twn stajer¸n
(
) se kajem�a apì ti
 sunepagwgè
 tou jewr mato
 ja g�nei faner  sti
 x4.2 kaix4.3.Den gnwr�zoume an to prìblhma èqei katafatik  ap�nthsh. 'Omw
 to Je¸-rhma Z èqei thn ex 
 sunèpeia (h opo�a kine�tai pro
 th jetik  kateÔjunsh an thsundu�soume me thn eikas�a gia thn par�metro �K).Je¸rhma H 'Estw K èna isotropikì kurtì s¸ma ston Rn . Tìte,(1:2:23) Prob ��x 2 K : jxj � CpnLKt	� � exp �� �(K)t�gia k�je t � 1, ìpou(1:2:24) �(K) = minflog �n2=Var(jxj2)� ; logng;kai C > 0 e�nai mia apìluth stajer�.Den e�nai dÔskolo na elègxoume ìti an �K ; LK ' 1 tìte �(K) ' logn, opìte(1:2:25) Prob ��x 2 K : jxj � C1pnt	� � n�t;gia k�je t � 1, ìpou C1 > 0 e�nai mia apìluth stajer�.



221.2.3 Topikè
 morfè
 th
 anisìthta
 Aleksandrov-Fen
helAfethr�a tou Kefala�ou 5 e�nai mia anisìthta twnMar
us kai Lopes [40℄ gia summe-trikè
 sunart sei
 jetik¸n pragmatik¸n arijm¸n. H i-st  stoiqei¸dh
 summetrik sun�rthsh Ei(x) mia
 n-�da
 x = (x1; : : : ; xn) jetik¸n pragmatik¸n arijm¸n or�-zetai apì ti
 E0(x) = 1 kaiEi(x) = X1�j1<���<ji�nxj1xj2 � � �xji ; 1 � i � n:Eidikìtera, E1(x) = Pni=1 xi kai En(x1; : : : ; xn) = Qni=1 xi. Me autì to sumboli-smì, gia k�je i = 1; : : : ; n kai gia opoiesd pote jetikè
 n-�de
 x; y èqoume(1:2:26) Ei(x+ y)Ei�1(x + y) � Ei(x)Ei�1(x) + Ei(y)Ei�1(y) :Tupik  sunèpeia th
 anisìthta
 arijmhtikoÔ-gewmetrikoÔ mèsou kai th
 (1.2.26)e�nai h anisìthta(1:2:27) [Ei(x+ y)℄1=i � [Ei(x)℄1=i + [Ei(y)℄1=i(blèpe [10℄ (x1.33 kai x1.34) gia apode�xei
 kai epekt�sei
 twn parap�nw.)Mia anisìthta tou Bergstrom [5℄, pou e�nai to an�logo th
 (1.2.26) gia p�nake
(blèpe ep�sh
 [10℄, x2.17), isqur�zetai ìti an A kai B e�nai dÔo summetriko� jetik�orismènoi p�nake
 kai an Ai; Bi e�nai oi upop�nake
 pou prokÔptoun an diagr�youmethn i-st  gramm  kai st lh, tìte(1:2:28) det(A+B)det(Ai +Bi) � det(A)det(Ai) + det(B)det(Bi) :H teleuta�a anisìthta èqei genikeute� apì ton Ky Fan [24℄ sth morf (1:2:29) � det(A+B)det(Ak +Bk)�1=k � � det(A)det(Ak)�1=k +� det(B)det(Bk)�1=k ;ìpou Ak e�nai o upop�naka
 tou A pou prokÔptei an diagr�youme k grammè
 kai ti
ant�stoiqe
 st le
 tou A. Sthn per�ptwsh k = n, anagìmaste sthn anisìthta touMinkowski [det(A+B)℄1=n � [detA℄1=n + [detB℄1=n.Up�rqei axioshme�wth analog�a an�mesa se anisìthte
 gia summetrikè
 sunar-t sei
 (  or�zouse
 summetrik¸n pin�kwn) kai anisìthte
 gia tou
 meiktoÔ
 ìgkou
kurt¸n swm�twn. Eidikìtera, to an�logo th
 (1.2.27)   th
 (1.2.29) sth jewr�aBrunn-Minkowski e�nai h anisìthta(1:2:30) Wi(A+B)1=(n�i) �Wi(A)1=(n�i) +Wi(B)1=(n�i) ; i = 0; : : : ; n� 1pou isqÔei gia k�je zeug�ri kurt¸n swm�twn A kai B ston Rn . H teleuta�a anisì-thta e�nai sunèpeia th
 anisìthta
 Aleksandrov-Fen
hel (blèpe x1.1 gia ton orismìtwn quermassintegrals Wi(�) kai th sqetik  jewr�a).



23Me aform  autè
 ti
 analog�e
, o Milman r¸thse an up�rqei to an�logo th
(1.2.26)   th
 (1.2.28) sth jewr�a twn meikt¸n ìgkwn. 'Opw
 ja doÔme sthn epìmenhpar�grafo, mpore� kane�
 na de�xei thn tele�w
 ant�stoiqh prìtash ìtan to B e�naimp�la:Je¸rhma J 'Estw A èna kurtì s¸ma kai B mia mp�la ston Rn . Tìte,(1:2:31) Wi(A+B)Wi+1(A+B) � Wi(A)Wi+1(A) + Wi(B)Wi+1(B)gia k�je i 2 f0; : : : ; n� 1g.H per�ptwsh i = 0 autoÔ tou jewr mato
 èqei  dh emfaniste� sth bibliograf�a.Sto [23℄ diatup¸netai to er¸thma an aut  h anisìthta isqÔei gia tuqìn zeug�rimh ken¸n sumpag¸n kurt¸n sunìlwn A kai B. Ep�sh
 anafèretai ìti h (1:2:31)prokÔptei apì thn anisìthta Aleksandrov-Fen
hel ìtan i = 0 kai to B e�nai mp�la.H ap�nthsh sto genikì er¸thma e�nai arnhtik  (blèpe [26℄).Je¸rhma I H anisìthta(1:2:32) Wi(A+B)Wi+1(A+B) � Wi(A)Wi+1(A) + Wi(B)Wi+1(B)isqÔei gia k�je zeug�ri kurt¸n swm�twn A kai B ston Rn an kai mìno an i = n�1  i = n� 2.Parousi�zei ìmw
 endiafèron to na qarakthr�sei kane�
 thn kl�sh B twn sum-pag¸n kurt¸n uposunìlwn B tou Rn gia ta opo�a h (1.2.32) isqÔei gia k�je kurtìs¸ma A. Eidikìtera, an ta eujÔgramma tm mata an koun se aut n thn kl�sh, tìtepa�rnonta
 i = 0, A = K, kai B = [��; �℄ gia k�je � 2 Sn�1 blèpoume ìti(1:2:33) A(P�?(K))jP�?(K)j � A(K)jKjgia k�je kurtì s¸ma K ston Rn , ìpou P�? e�nai h orjog¸nia probol  ston �?kai A(�) e�nai h epif�neia sthn kat�llhlh di�stash. OdhgoÔmaste ètsi sto ex 
isoperimetrikì prìblhma:Prìblhma 1: 'Estw A h kl�sh ìlwn twn kurt¸n swm�twn pou h probol  tou
ston E e�nai dedomèno kurtì s¸ma A (aut  e�nai h 
anal 
lass tou A me thn orolog�atou [56℄). E�nai swstì ìti to in�mum twn lìgwn A(K)=jKj p�nw apì ìla ta K 2 A{pi�netai} gia ènan kÔlindro {�peirou m kou
} sthn A?Parousi�zoume dÔo prosegg�sei
 se autì to prìblhma. H pr¸th bas�zetai semia topik  èkdosh twn anisot twn Aleksandrov-Fen
hel gia ta quermassintegralsenì
 kurtoÔ s¸mato
. Me autìn ton ìro ennooÔme èna sÔsthma anisot twn giata quermassintegrals tou s¸mato
 kai tuqoÔsa
 (n � 1)-di�stath
 probol 
 tou,



24oi opo�e
 me olokl rwsh sthn kat�llhlh pollaplìthta Grassmann d�noun ti
 kla-sikè
 anisìthte
 Wi(K)2 � Wi+1(K)Wi�1(K) me to kìsto
 mia
 stajer�
. Hakrib 
 diatÔpwsh e�nai h ex 
.Je¸rhma K 'Estw K èna kurtì s¸ma ston Rn kai èstw E èna
 (n� 1)-di�stato
upìqwro
 tou Rn . Tìte,(1:2:34) Wi+1(K)2Wi(K) � W 0i (PE(K))W 0i�1(PE(K)) � 2Wi(K)Wi�1(K)gia k�je i 2 f1; : : : ; n� 1g.Sto parap�nw je¸rhma, o tìno
 sto W 0i shma�nei ìti ta quermassintegrals touPE(K) jewroÔntai sthn kat�llhlh di�stash n� 1. H pio endiafèrousa per�ptwshe�nai ìtan i = 1. Tìte, apì to Je¸rhma K blèpoume ìti(1:2:35) A(PE(K))jPE(K)j � 2(n� 1)n A(K)jKj ;gia k�je (n� 1)-di�stato upìqwro E. 'Opw
 apode�qthke telik� sto [26℄, h anisì-thta aut  e�nai bèltisth (dhlad , h ap�nthsh sto Prìblhma 1 e�nai arnhtik ).H deÔterh prosèggis  ma
, pou e�nai pio stoiqei¸dh
, bas�zetai se mia topik èkdosh th
 anisìthta
 Loomis-Whitney gia ti
 probolè
 enì
 kurtoÔ s¸mato
 seupoq¸rou
 suntetagmènwn.'Ena �llo er¸thma pou sqet�zetai me ta parap�nw e�nai to ex 
:Prìblhma 2: 'Estw K èna kurtì s¸ma ston Rn . Gia k�je t > 0, jewroÔme thnt-epèktash Kt := K + tBn2 tou K. E�nai swstì ìti o lìgo
 jKtj=jKj mei¸netai anprob�loume se tuqìnta upìqwro E tou Rn ?E�nai fanerì ìti katafatik  ap�nthsh sthn per�ptwsh dim(E) = n � 1 arke�gia th genik  per�ptwsh. Autì pou e�maste se jèsh na de�xoume e�nai to ex 
.Je¸rhma L 'Estw K èna kurtì s¸ma ston Rn kai èstw E èna
 (n� 1)-di�stato
upìqwro
 tou Rn . Tìte,(1:2:36) jPE(K) + tBE jjPE(K)j � jK + 2tBn2 jjKjgia k�je t > 0.Shme�wsh. K�poia apì ta apotelèsmata aut 
 th
 ergas�a
 èqoun  dh dhmosieu-te�. Pio sugkekrimèna:(a) Ta apotelèsmata th
 Paragr�fou 2.5 e�nai to antike�meno th
 ergas�a
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onstant of non-symmetri
 
onvex bodies,Geometri
 Aspe
ts of Fun
tional Analysis (Milman-S
he
htman eds.),Le
ture Notes in Mathemati
s 1745, Springer, Berlin (2000), 238-243.(b) Ta apotelèsmata th
 Paragr�fou 3.2 e�nai to antike�meno th
 ergas�a
G. Paouris: 	2-estimates for linear fun
tionals on zonoids, Geome-tri
 Aspe
ts of Fun
tional Analysis (Milman-S
he
htman eds.), Le
tu-re Notes in Mathemati
s 1807, Springer, Berlin (2003), 211-222.(g) Ta apotelèsmata th
 Paragr�fou 5.2 e�nai to antike�meno th
 ergas�a
A. Giannopoulos, M. Hartzoulaki and G. Paouris: On a lo
al versionof the Aleksandrov-Fen
hel inequality for the quermassintegrals of a
onvex body, Pro
. Amer. Math. So
. 130 (2002), 2403-2412.
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Kef�laio 2Basikè
 ektim sei

2.1 Anisìthte
 tÔpou Khint
hine gia polu¸numase kurt� s¸mata2.1.1 Grammik� sunarthsoeid  kai to L mma tou Borell'Estw K èna kurtì s¸ma ston Rn me ìgko jKj = 1. Gia k�je p > 0 kai gia k�je� 2 Sn�1 or�zoume(2:1:1) Ip(K; �) = �ZK jhx; �ijpdx�1=p :H sumperifor� twn grammik¸n sunarthsoeid¸n x 7! hx; �i p�nw stoK perigr�fetaiapì thn epìmenh Prìtash.Prìtash 2.1.1 Up�rqei apìluth stajer� 
 > 0 me thn akìloujh idiìthta: An Ke�nai èna kurtì s¸ma ston Rn me ìgko jKj = 1, kai an � 2 Rn , tìte gi� k�je p > 1isqÔei h anisìthta(2:1:2) Ip(K; �) � 
pI1(K; �):H apìdeixh bas�zetai sto L mma tou Borell (blèpe [48℄):L mma 2.1.1 'Estw K kurtì s¸ma ston Rn me ìgko jKj = 1. Upojètoume ìti Ae�nai èna summetrikì kurtì sÔnolo ston Rn tètoio ¸ste jK \ Aj = � > 1=2. Tìte,gi� k�je t > 1 èqoume(2:1:3) j(Rn n tA) \Kj � ��1� �� �(t+1)=2 : 227



28Gia thn apìdeixh th
 Prìtash
 2.1.1 jètoume I := I1(K; �) kai(2:1:4) A = fx 2 Rn : jhx; �ij � 3Ig:To A e�nai summetrikì kurtì uposÔnolo tou Rn , kai apì thn anisìthta touMarkov,(2:1:5) jA \Kj � 2=3:ParathroÔme ìti fx 2 K : jhx; �ij � tg = K \ �Rn n (t=3I)A�, kai gr�foumeZK jhx; �ijpdx = Z 3I0 ptp�1jK \ (Rn n (t=3I)A)jdt+ Z 13I ptp�1jK \ (Rn n (t=3I)A)jdt:To pr¸to olokl rwma fr�ssetai apì(2:1:6) Z 3I0 ptp�1dt = (3I)p;en¸ gia to deÔtero k�nonta
 thn allag  metablht 
 t = 3Is kai qrhsimopoi¸nta
to L mma tou Borell pa�rnoumeZ 13I ptp�1jK \ (Rn n (t=3I)A)jdt = (3I)p Z 11 psp�1jK \ (Rn n sA)jds� (3I)p Z 11 psp�12�s=2ds:Sundu�zonta
 ta parap�nw kai ektim¸nta
 to teleuta�o olokl rwma, pa�rnoume(2:1:7) ZK jhx; �ijpdx � (3I)p�1 + (
1p)p�gia k�poia apìluth stajer� 
1 > 0, ap� ìpou èpetai h (2.1.2). 2H anisìthta th
 Prìtash
 2.1.1 diatup¸netai sthn ex 
 isodÔnamh morf :Prìtash 2.1.2 'Estw K kurtì s¸ma ìgkou 1. Gia k�je � 2 Sn�1 isqÔei(2:1:8) ZK exp(jhx; �ij=CI1(K; �))dx � 2;ìpou C > 0 apìluth stajer�.Apìdeixh: AnaptÔssoume to olokl rwma kai epilègoume th stajer� C sto tèlo
.Apì thn Prìtash 2.1.1 èqoumeZK exp(jhx; �ij=CI1(K; �))dx = 1Xk=0 1k! ZK jhx; �ijkCkI1(K; �)k dx



29� 1 + 1Xk=1 1k! �
kI1(K; �)CI1(K; �) �k� 1 + 1Xk=1� 
kC(k!)1=k�k� 1 + 1Xk=1 12k � 2;an epilèxoume C = 3e
. 2Pìrisma 2.1.1 'Estw K kurtì s¸ma ìgkou 1. Gia k�je � 2 Sn�1 kai k�je s > 0isqÔei(2:1:9) Prob (x 2 K : jhx; �ij � CI1(K; �)s) � 2e�s;ìpou C > 0 h stajer� th
 Prìtash
 2:1:2. 22.1.2 Bèltiste
 anisìthte
 gia polu¸numa bajmoÔ dSumbol�zoume me Pd;n to q¸ro twn poluwnÔmwn f : Rn ! R bajmoÔ mikrìterou  �sou apì d. Ta apotelèsmata th
 prohgoÔmenh
 paragr�fou genikeÔontai w
 ex 
:gia k�je 0 � q; r �1 up�rqei stajer� 
q;r > 0 pou exart�tai mìno apì ta q; r kaid, tètoia ¸ste(2:1:10) �ZK jf(x)jqdx�1=q � 
q;r �ZK jf(x)jrdx�1=rgia k�je f 2 Pd;n kai k�je kurtì s¸ma K ìgkou 1 ston Rn . Ektim sei
 autoÔ toue�dou
 apode�qjhkan pr¸ta apì ton Bourgain [8℄ kai, argìtera, apì ton Bobkov [7℄.Prìsfata, oi Carbery kai Wright [20℄ èdwsan pl rh ap�nthsh sto prìblhmath
 ex�rthsh
 th
 stajer�
 
q;r apì ta q; r kai d. Gia thn akrib  diatÔpwsh toujewr matì
 tou
 eis�goume k�poio sumbolismì: an f 2 Pd;n, or�zoume(2:1:11) f#(x) = jf(x)j1=d:Gia k�je q > 0 kai gia k�je kurtì s¸ma K ìgkou 1 ston Rn jewroÔme thn q-nìrma(2:1:12) kf#kq = �ZK f#(x)qdx�1=q = �ZK jf(x)jq=ddx�1=q :Tèlo
, jètoume kf#k1 th sun jh 1-nìrma th
 f#, kai(2:1:13) kf#k0 = exp�ZK log f#(x)dx� :



30Je¸rhma 2.1.1 Up�rqei apìluth stajer� C > 0 me thn ex 
 idiìthta: gia k�jekurtì s¸ma K ìgkou 1 ston Rn , gia k�je polu¸numo f 2 Pd;n kai gia k�je 0 �r � q �1,(2:1:14) kf#kq � C [nB(n; q + 1)℄1=q[nB(n; r + 1)℄1=r kf#kr;ìpou B h sun�rthsh B ta. 2Shme�wsh: H posìthta nB(n; q+1) isoÔtai me� R 10 sqd(1�s)n, kai sti
 peript¸sei
q = 0 kai q =1 jewroÔme ìti [nB(n; q+1)℄1=q = 1=n kai 1 ant�stoiqa. Me aut  thsÔmbash, h anisìthta tou Jewr mato
 2.1.1 isqÔei gia ìla ta zeug�ria r � q sto[0;1℄. Diakr�nonta
 peript¸sei
 kai ektim¸nta
 th sun�rthsh B ta, mporoÔme nadiatup¸soume to Je¸rhma 2.1.1 sthn ex 
 morf .Je¸rhma 2.1.2 Up�rqei apìluth stajer� C > 0 me thn ex 
 idiìthta: gia k�jekurtì s¸ma K ìgkou 1 ston Rn kai gia k�je polu¸numo f 2 Pd;n isqÔoun ta ex 
:(a) An n � r � q �1, tìte(2:1:15) kf#kq � Ckf#kr:(b) An 0 � r � n � q � 1, tìte(2:1:16) kf#kq � C nmaxfr; 1gkf#kr:(g) An 0 � r � q � n, tìte(2:1:17) kf#kq � Cmaxfq; 1gmaxfr; 1gkf#kr:Eidikìtera,(2:1:18) kf#kq � C qr kf#kran 1 � r � q <1. 2Ja efarmìsoume to Je¸rhma 2.1.2 gia polu¸numa f 2 Pk;n th
 morf 
 f(x) =hx; �ik kai gia to polu¸numo f(x) = jxj2. Gia k�je p > 0 or�zoume(2:1:19) Ip(K) = �ZK jxjpdx�1=p :Prìtash 2.1.3 'Estw K kurtì s¸ma ìgkou 1 ston Rn kai èstw p; q � 1. Tìte,(2:1:20) Ipq(K; �) � CqIp(K; �)gia k�je � 2 Sn�1, kai(2:1:21) Ipq(K) � CqIp(K);ìpou C h stajer� tou Jewr mato
 2:1:2.



31Apìdeixh: (a) 'Estw � 2 Sn�1. JewroÔme to polu¸numo f(x) = hx; �ik , ìpouk 2 N. 'Eqoume f#(x) = jhx; �ij, opìte to Je¸rhma 2.1.2 ma
 d�nei(2:1:22) kf#kpq � Cqkf#kp;dhlad (2:1:23) Ipq(K; �) � CqIp(K; �):(b) Efarmìzoume to Je¸rhma 2.1.2 gia to polu¸numo f(x) = jxj2. 'Eqoume p#(x) =jxj kai kf#kpq � Cqkf#kp. 2Oi anisìthte
 autè
 ma
 epitrèpoun na genikeÔsoume to Pìrisma 2.1.1. Genikì-tera, gia k�je polu¸numo f 2 Pd;n èqoume to ex 
.L mma 2.1.2 'Estw K kurtì s¸ma ìgkou 1 ston Rn kai èstw polu¸numo f 2 Pd;n.Tìte,(2:1:24) Prob �x 2 K : f#(x) � 3Ckf#kqs� � e�qsgia k�je q � 1 kai s � 1, ìpou C h stajer� tou Jewr mato
 2:1:2.Apìdeixh: Apì to Je¸rhma 2.1.2, gia k�je p � 1 èqoume(2:1:25) ZK f#(x)qpdx � (Cp)qpkf#kqpq :Apì thn anisìthta tou Markov,(2:1:26) (3Ckf#kqs)qpProb �x 2 K : f#(x) � 3Ckf#kqs� � (Cp)qpkf#kqpq ;dhlad (2:1:27) Prob �x 2 K : f#(x) � 3Ckf#kqs� � � p3s�qp :Epilègonta
 p = 3s=e � 1, pa�rnoume(2:1:28) Prob �x 2 K : f#(x) � 3Ckf#kqs� � e�3qs=e � e�qsdhlad  thn (2.1.24). 2'Amesh efarmog  tou L mmato
 2.1.2 e�nai h ex 
.Prìtash 2.1.4 'Estw K kurtì s¸ma ìgkou 1 ston Rn kai èstw q � 1. Tìte,(2:1:29) Prob (x 2 K : jhx; �ij � 3CIq(K; �)s) � e�qsgia k�je � 2 Sn�1 kai s � 1, kai(2:1:30) Prob (x 2 K : jxj � 3CIq(K)s) � e�qsgia k�je s � 1, ìpou C > 0 apìluth stajer�. 2



322.2 Lq-kentroeid  s¸mata2.2.1 Orismì
 kai basikè
 idiìthte
'Estw K kurtì s¸ma ston Rn me ìgko jKj = 1. Gia k�je q � 1 or�zoume toq-kentroeidè
 s¸ma Zq(K) tou K pa�rnonta
 san sun�rthsh st rix 
 tou thn(2:2:1) hZq(K)(y) = Iq(K; y) := �ZK jhx; yijqdx�1=q :'Otan e�nai safè
 gia poiì kurtì s¸ma mil�me, ja gr�foume(2:2:2) Hq(y) := hZq(K)(y):AfoÔ jKj = 1, gia k�je y 2 Rn èqoume(2:2:3) Hq(y) � maxx2K jhx; yij = H1(y) := hK̂(y);ìpou K̂ = 
ofK;�Kg. Qrhsimopoi¸nta
 kai thn anisìthta tou H�older pa�rnoume:L mma 2.2.1 'Estw K kurtì s¸ma ìgkou 1 ston Rn . Tìte,(2:2:4) Z1(K) � Zp(K) � Zq(K) � K̂gia k�je 1 � p � q � 1. 2Ta q-kentroeid  s¸mata sumperifèrontai kal� w
 pro
 tou
 grammikoÔ
 meta-sqhmatismoÔ
 pou diathroÔn ton ìgko:L mma 2.2.2 'Estw K kurtì s¸ma ìgkou 1 ston Rn . Tìte,(2:2:5) Zq(TK) = T (Zq(K))gia k�je T 2 SL(n) kai k�je q 2 [1;1℄.Apìdeixh: 'Estw � 2 Sn�1. 'Eqoume hT (Zq(K))(�) = hZq(K)(T ��) kaihqZq(TK)(�) = ZTK jhx; �ijqdx = ZK jhTx; �ijqdx= ZK jhx; T ��ijqdx = hqZq(K)(T ��):Dhlad , hZq(TK)(�) = hT (Zq(K))(�). 2An q � n, tìte ousiastik� èqoume Zq(K) ' K̂. H parat rhsh aut  e�nai �meshsunèpeia tou ex 
 L mmato
.



33L mma 2.2.3 'Estw K èna kurtì s¸ma ston Rn me ìgko 1 kai kèntro b�rou
 to0. Tìte, gia k�je � 2 Sn�1,(2:2:6) ZK jhx; �ijqdx � �(q + 1)�(n)2e�(q + n+ 1) max�hqK(�); hqK(��)	:Apìdeixh: JewroÔme th sun�rthsh fK;�(t) = jK \ (�? + t�)j. Apì thn arq  touBrunn, h f1=(n�1)� e�nai ko�lh. 'Epetai ìti(2:2:7) fK;�(t) � �1� thK(�)�n�1 fK;�(0)gia k�je t 2 [0; hK(�)℄. 'Ara,ZK jhx; �ijqdx = Z hK(�)0 tqfK;�(t)dt+ Z hK(��)0 tqfK;��(t)dt� Z hK(�)0 tq �1� thK(�)�n�1 fK;�(0)dt+ Z hK (��)0 tq �1� thK(��)�n�1 fK;�(0)dt= fK;�(0)�hq+1K (�) + hq+1K (��)�Z 10 sq(1� s)n�1ds= �(q + 1)�(n)�(q + n+ 1) fK;�(0)�hq+1K (�) + hq+1K (��)�� �(q + 1)�(n)2�(q + n+ 1)fK;�(0) (hK(�) + hK(��)) �max�hqK(�); hqK(��)	:AfoÔ to K èqei kèntro b�rou
 to 0, èqoume kfK;�k1 � efK;�(0) (blèpe [46℄),epomènw
(2:2:8) 1 = jKj = Z hK(�)�hK(��) fK;�(t)dt � e (hK(�) + hK(��)) fK;�(0):Autì oloklhr¸nei thn apìdeixh. 2Pìrisma 2.2.1 'Estw K èna kurtì s¸ma ston Rn me ìgko 1 kai kèntro b�rou
to 0. Tìte, gia k�je q � n èqoume(2:2:9) 
K̂ � Zq(K) � K̂ìpou 
 > 0 apìluth stajer�.



34Apìdeixh: Apì ta L mmata 2.2.1 kai 2.2.3, gia k�je q � n èqoumehZq(K)(�) � hZn(K)(�)� ��(n+ 1)�(n)2e�(2n+ 1) �1=nmax�hK(�); hK(��)	O suntelest 
 e�nai asumptwtik� �so
 me(2:2:10) 1np2en�2nn ��1=n � 14 np2en � 
ìpou 
 > 0 apìluth stajer�. Dhlad , hZq(K) � 
hK̂ gia k�je q � n. 2Shme�wsh. Ta q-kentroeid  s¸mata èqoun emfaniste� sth bibliograf�a me ènank�pw
 diaforetikì orismì. An jKj = 1 kai 1 � q � 1, to s¸ma �q(K) or�zetaiapì thn(2:2:11) h�q(K)(y) = � 1
n;q ZK jhx; yijqdx�1=q ;ìpou(2:2:12) 
n;q = !n+q!2!n!q�1 :Dhlad , Zq(K) = 
1=qn;q�q(K). H diaforetik  kanonikopo�hsh tou ìgkou epilègetaiètsi ¸ste na isqÔei h isìthta(2:2:13) �q(Bn2 ) = Bn2gia k�je q. Oi Lutwak, Yang kai Zhang (blèpe [45℄) èqoun apode�xei thn ex 
anisìthta gia ton ìgko twn q-kentroeid¸n swm�twn.Je¸rhma 2.2.1 'Estw K èna kurtì s¸ma ìgkou 1 ston Rn . Gia k�je q � 1,(2:2:14) j�q(K)j � 1;me isìthta an kai mìno an to K e�nai elleiyoeidè
 ìgkou 1 me kèntro summetr�a
 to0. 2Pa�rnonta
 up� ìyin th stajer� 
n;q katal goume sto ex 
 sumpèrasma.Prìtash 2.2.1 'Estw K kurtì s¸ma ìgkou 1 ston Rn . Tìte,(2:2:15) jZq(K)j1=n � 
r qngia k�je 1 � q � n, ìpou 
 > 0 apìluth stajer�. 2



352.2.2 Genikeumèno mèso pl�to
 twn q-kentroeid¸n swm�twn'Estw V èna summetrikì kurtì s¸ma ston Rn , kai èstw k � k h nìrma pou ep�gei toV ston Rn . Gia k�je q � 1 or�zoume(2:2:16) Mq :=Mq(V ) = �ZSn�1 k�kq�(d�)�1=q :Oi par�metroi Mq melet jhkan apì tou
 Litvak, Milman kai S
he
htman [44℄.Je¸rhma 2.2.2 'Estw V èna summetrikì kurtì s¸ma ston Rn kai èstw k � k hepagìmenh nìrma. Sumbol�zoume me b th mikrìterh jetik  stajer� gia thn opo�a hanisìthta kxk � bjxj isqÔei gia k�je x 2 Rn . Tìte,(2:2:17) max�M1; 
1 bpqpn � �Mq � max�2M1; 
2 bpqpn �gia k�je q 2 [1; n℄, ìpou 
1; 
2 e�nai apìlute
 jetikè
 stajerè
.Apìdeixh: H sun�rthsh kxk : Sn�1 ! R e�nai Lips
hitz me stajer� b. Apì thsfairik  isoperimetrik  anisìthta (blèpe [48℄) èpetai ìti(2:2:18) ��x 2 Sn�1 : �� kxk �M1 �� > t� � 2 exp(�
t2n=b2)gia k�je t > 0. Epomènw
,ZSn�1 �� kxk �M1 ��q�(dx) � 2q Z 10 tq�1 exp(�
t2n=b2)dt= � bp
n�q 2q Z 10 sq�1 exp(�s2)ds� �C bpqpn �q ;gia k�poia apìluth stajer� C > 0. Apì thn trigwnik  anisìthta ston Lq(Sn�1)èpetai ìti(2:2:19) Mq �M1 � k kxk �M1kq � C bpqpn ;dhlad (2:2:20) Mq � 2max�M1; C bpqpn �:Gia thn arister  anisìthta parathroÔme ìti o 1=b e�nai to el�qisto pl�to
 tou V ,dhlad  up�rqei z 2 Sn�1 tètoio ¸ste V � fy : jhy; zij � 1=bg. 'Epetai ìti(2:2:21) fx 2 Sn�1 : kxk � tg � Ct := fx 2 Sn�1 : jhx; zij � t=bg



36gia k�je t > 0. Aplì
 upologismì
 de�qnei ìti(2:2:22) �(Ct) � 
pn tb exp(�
nt2=b2)gia k�je t � b=3, ìpou 
 > 0 apìluth stajer�. Pr�gmati,�(Ct) = 2In�2 Z �=2" 
osn�2(u)du;ìpou " = ar
sin(t=b) kai Ik = R �=2��=2 
osk(u)du. AfoÔ Ik ' 1=pk (blèpe [48℄),èqoume �(Ct) � 
pn Z "1" 
osn�2(u)du � 
("1 � ")pn 
osn�2("1)gia k�je "1 2 ("; �=2). Epomènw
, an t � b=3 mporoÔme na epilèxoume "1 =ar
sin(2t=b), to opo�o odhge� sthn (2.2.22). Tìte,Mq = �q Z 10 tq�1�(fx : kxk � tg)dt�1=q� �q Z 10 tq�1�(Ct)dt�1=q� s[�(Cs)℄1=q� s�
pnsb �1=q exp(�
nt2=qb2)gia k�je s � b=3, kai epilègonta
 s = bpq=3pn pa�rnoume to zhtoÔmeno. 2Parathr sei
 (a) H metabol  sumperifor�
 th
 paramètrou Mq sumba�nei ìtanq ' n(M1=b)2. H posìthta aut  sundèetai �mesa me to Je¸rhma tou Dvoretzky.Gia suntom�a, ja onom�zoume arijmì Dvoretzky tou V to megalÔtero akèraio k =k(V ) gia ton opo�o�n;k (E 2 Gn;k : (M1=2)jxj � kxk � 2M1jxj gia k�je x 2 E) > 1� kn+ k ;ìpou Gn;k e�nai h pollaplìthta Grassmann twn k-di�statwn upoq¸rwn tou Rn kai�n;k e�nai to Haar mètro pijanìthta
 sthn Gn;k. Dhlad , k(V ) e�nai o megalÔtero
fusikì
 gia ton opo�o h pleioyhf�a twn k-di�statwn kentrik¸n tom¸n tou V e�nai4-Eukle�deie
.(b) E�nai fanerì ìti Mp � Mq � b an p � q. 'Ara, Mq ' b an q � n. Dhlad , miadeÔterh metabol  sumperifor�
 th
 paramètrou Mq sumba�nei sto shme�o q = n.Ja efarmìsoume to Je¸rhma 2.2.2 pa�rnonta
 san V to polikì s¸ma touZq(K). Tìte, b = R(Zq(K)) kai M1 = w(Zq(K)). Gia k�je p; q � 1 or�zoume(2:2:23) wp(Zq(K)) = �ZSn�1 hpZq(K)(�)�(d�)�1=p :



37Tìte, to Je¸rhma 2.2.2 diatup¸netai w
 ex 
.Je¸rhma 2.2.3 'Estw K èna kurtì s¸ma ston Rn me ìgko 1. Gia k�je p; q 2 [1; n℄èqoumemax�w(Zq(K)); 
1R(Zq(K))pppn � � wp(Zq(K))� max�2w(Zq(K)); 
2R(Zq(K))pppn �:An p � n, tìte wp(Zq(K)) ' R(Zq(K)). 2Apì ton akrib  asumptwtikì tÔpo tou Jewr mato
 2.2.3 prokÔptei �mesa ìti oiposìthte
 wq(Zp(K)) sugkr�nontai w
 ex 
.Pìrisma 2.2.2 'Estw K èna kurtì s¸ma ston Rn me ìgko 1. Gia k�je q 2 [1; n℄kai 1 � p � r � n, èqoume(2:2:24) wr(Zq(K)) � 
pr=pwp(Zq(K));ìpou 
 > 0 apìluth stajer�. 22.2.3 Iq(K) kai wq(Zq(K))Sthn x2.1.2 or�same thn posìthta(2:2:25) Iq := Iq(K) = �ZK jxjqdx�1=qgia k�je q > 0. H sqèsh tou Iq(K) me ta q-kentroeid  s¸mata tou K èpetai apìto ex 
 L mma.L mma 2.2.4 Gia k�je q � 1 kai k�je x 2 Rn ,(2:2:26) �ZSn�1 jhx; �ijq�(d�)�1=q ' pqpq + n jxj:Apìdeixh: ParathroÔme ìti(2:2:27) ZBn2 jhx; yijqdy = jBn2 j nn+ q ZSn�1 jhx; �ijq�(d�):



38Apì thn �llh pleur�,ZBn2 jhx; yijqdy = jxjq ZBn2 jhe1; yijqdy= 2jBn�12 j � jxjq Z 10 tq(1� t2)(n�1)=2dt= jBn�12 j � jxjq � � q+12 �� �n+12 �� � q+n+22 � :AfoÔ jBk2 j = �k=2=��k+22 �, pa�rnoume(2:2:28) ZSn�1 jhx; �ijq�(d�) = 1p� n+ qn �� q+12 ���n+22 ���q+n+22 � jxjq :To apotèlesma prokÔptei apì ton tÔpo tou Stirling. 2Prìtash 2.2.2 'Estw K èna kurtì s¸ma ston Rn me ìgko 1. Gia k�je q � 1,(2:2:29) wq(Zq(K)) 'r qq + nIq(K):Apìdeixh: Me apl  efarmog  tou Jewr mato
 tou Fubini pa�rnoumewq(Zq(K)) = �ZSn�1 ZK jhx; �ijqdx�(d�)�1=q= �ZK ZSn�1 jhx; �ijqdx�(d�)�1=q= r qq + n �ZK jxjqdx�1=q ;dhlad  thn (2.2.29). 22.2.4 Arijmo� Dvoretzky twn q-kentroeid¸n swm�twnStajeropoioÔme mia apìluth stajer� � > 0 tètoia ¸ste R2(V ) < �nw2(V ) giak�je summetrikì kurtì s¸ma V ston Rn . Gia k�je kurtì s¸ma K ìgkou 1 stonRn me kèntro b�rou
 to 0, or�zoume mia sun�rthsh mK : [1;1)! (1;1) me(2:2:30) mK(q) = �nw(Zq(K))2R(Zq(K))2 :E�nai fanerì ìti h mK pa�rnei timè
 sto di�sthma (1; �n℄. JewroÔme ta sÔnolaPK = fq 2 [1;1) : q � mK(q)gNK = fq 2 [1;1) : q � mK(q)g



39Parathr ste ìti [�n;1) � PK kai ìti 1 2 NK . H mK e�nai suneq 
 sun�rthshkai ta PK ; NK e�nai mh ken�, epomènw
 up�rqei èna el�qisto stoiqe�o q0 tou PK ,gia to opo�o isqÔei h isìthta mK(q0) = q0.L mma 2.2.5 An p; q � 1 kai p � mK(q), tìte(2:2:31) w(Zq(K)) � 
wp(Zq(K));ìpou 
 > 0 apìluth stajer�.Apìdeixh: Apì thn p � mK(q) èqoume(2:2:32) w(Zq(K)) � R(Zq(K))pp=p�n;kai apì to Je¸rhma 2.2.3 èqoume(2:2:33) 
2R(Zq(K))pp � wp(Zq(K))pn:Sundu�zonta
 ti
 dÔo anisìthte
 pa�rnoume to zhtoÔmeno (h � > 0 e�nai apìluthstajer�). 2Prìtash 2.2.3 Up�rqoun stajerè
 
1; 
2; 
3 > 0 tètoie
 ¸ste: an K e�nai ènakurtì s¸ma ìgkou 1 ston Rn , tìte isqÔoun ta ex 
.(1) An q 2 NK , tìte(2:2:34) mK(q) � 
1mK(2)q :(2) An mK(2) > 1=
2, tìte(2:2:35) [1; 
2pmK(2)℄ � NK :(3) An q 2 PK , tìte(2:2:36) R(Zq(K)) � 
2pnw(Z2(K)):Apìdeixh: (1) AfoÔ q � mK(q), apì to L mma 2.2.5 kai to Pìrisma 2.2.2 pa�r-noume w(Zq(K)) � 
wq(Zq(K)) � 
0r qnIq(K)� 
0r qnI2(K)' pqw2(Z2(K)) � 
00pqw(Z2(K)):



40Apì thn Prìtash 2.1.1 blèpoume ìti(2:2:37) R(Zq(K)) � 
qR(Z2(K)):'Ara,(2:2:38) mK(q) = �nw(Zq(K))2R(Zq(K))2 � 
1�n qw(Z2(K))2q2R(Z2(K))2 = 
1mK(2)q :(2) An q0 = minPK èqoume mK(q0) = q0 kai apì to (1),(2:2:39) q20 � 
1mK(2):'Ara, [1; 
2pmK(2)℄ � NK , ìpou 
2 = p
1.(3) Gia to q0 èqoume w(Zq0 (K)) ' wq0(Zq0(K)), �ra(2:2:40) R(Zq0(K)) =p�nw(Zq0 (K))pq0 � 
pnwq0 (Zq0(K))pq0 ' Iq0(K) � 
I2(K):'Omw
 I2(K) ' pnw2(Z2(K)) � pnw(Z2(K)). 'Ara,(2:2:41) R(Zq0(K)) � 
pnw(Z2(K)):An q 2 PK tìte R(Zq(K)) � R(Zq0(K)), ap� ìpou èpetai to zhtoÔmeno. 2Sthn per�ptwsh pou to K e�nai isotropikì èqoume Z2(K) = LKBn2 , �ra isqÔounoi R(Z2(K)) = w(Z2(K)) = LK kai mK(2) ' n. Epomènw
, h Prìtash 2.2.3pa�rnei thn ex 
 morf .Prìtash 2.2.4 'Estw K isotropikì kurtì s¸ma ston Rn . Tìte,(1) Gia k�je q 2 NK èqoume mK(q) � 
1n=q, ìpou 
1 > 0 apìluth stajer�.(2) [1; 
2pn℄ � NK , ìpou 
2 > 0 apìluth stajer�.(3) Gia k�je q 2 PK èqoume R(Zq(K)) � 
3pnLK , ìpou 
3 > 0 apìluth stajer�.22.3 Tomè
 me uperep�peda se stajer  apìstash apìthn arq  twn axìnwnGia k�je � 2 Sn�1 kai t 2 R or�zoume(2:3:1) E�(t) = fx 2 Rn : hx; �i = tg:



41'Estw K èna kurtì s¸ma ston Rn me ìgko jKj = 1. JewroÔme th sun�rthsh(2:3:2) fK;�(t) = jK \E�(t)j = jK \ (�? + t�)jkai or�zoume fK : [0;+1)! R me(2:3:3) fK(t) = ZSn�1 fK;�(t)�(d�) = ZSn�1 jK \ E�(t)j�(d�):H epìmenh Prìtash d�nei ènan oloklhrwtikì tÔpo gia thn fK (h sugkekrimènhapìdeixh ofe�letai stou
 Bobkov kai Koldobsky [11℄).Prìtash 2.3.1 Gia k�je kurtì s¸ma K ìgkou 1 ston Rn kai gia k�je t > 0,(2:3:4) fK(t) = 
n ZUK (t) 1jxj �1� t2jxj2�n�32 dx;ìpou(2:3:5) 
n = ��n2 �=�p���n� 12 �� ' pnkai UK(t) = fx 2 K : jxj � tg.Apìdeixh: Sumbol�zoume me ��;t to mètro Lebesgue sto uperep�pedo E�(t). Jew-roÔme to mètro(2:3:6) �t = ZSn�1 ��;t�(d�):Tìte, to �t e�nai jetikì mètro ston Rn kai(2:3:7) fK(t) = ZSn�1 ZE�(t) �K(x)d��;t(x)�(d�) = �t(K):H puknìthta tou �t e�nai anallo�wth w
 pro
 orjog¸niou
 metasqhmatismoÔ
, dh-lad (2:3:8) d�tdx = pt(jxj)ìpou pt : [t;+1) ! [0;+1). Gia na broÔme thn pt, upolog�zoume me dÔo trìpou
to �t(B(0; r)), ìpou r > t. Kat� arq n,(2:3:9) �t(B(0; r)) = ZB(0;r) pt(jxj)dx = n!n Z rt pt(s)sn�1ds:



42Apì thn �llh pleur�, afoÔ h tom  th
 B(0; r) me to uperep�pedo E�(t) e�nai mia(n� 1)-di�stath mp�la akt�na
 pr2 � t2, pa�rnoume(2:3:10) �t(B(0; r)) = ZSn�1 ��;t(B(0; r))�(d�) = !n�1(r2 � t2)(n�1)=2:Paragwg�zonta
 w
 pro
 r � t, blèpoume ìti(2:3:11) !n�1n� 12 (r2 � t2)(n�3)=22r = n!npt(r)rn�1;dhlad (2:3:12) pt(r) = (n� 1)!n�1n!n (r2 � t2)(n�3)=2rn�2 :'Ara,(2:3:13) fK(t) = ZUK (t) pt(jxj)dx = (n� 1)!n�1n!n ZUK (t) (jxj2 � t2)(n�3)=2jxjn�2 dx;ap� ìpou èpetai to sumpèrasma. 2H sun�rthsh fK sqet�zetai me to {kentrikì oriakì prìblhma} (blèpe [2℄) toopo�o ja suzht soume sto Kef�laio 4. Gia k�poie
 eidikè
 kl�sei
 isotropik¸nkurt¸n swm�twn, èqei apodeiqje� ìti prosegg�zetai apì thn kanonik  puknìthtapou èqei mèso 0 kai diaspor� L2K (blèpe [17℄ kai [11℄).2.4 	�-s¸mataSe aut  thn par�grafo jewroÔme èna kurtì s¸ma K ìgkou 1 ston Rn . An f : K !R e�nai mia fragmènh metr simh sun�rthsh kai an � � 1, h Orli
z nìrma kfk � th
f or�zetai apì thn(2:4:1) kfk � = inf �t > 0 : ZK exp ((jf(x)j=t)�) dx � 2�:H Orli
z nìrma t�xh
 � th
 f perigr�fetai isodÔnama w
 ex 
.Prìtash 2.4.1 An f : K ! R e�nai mia fragmènh metr simh sun�rthsh kai an� � 1, tìte(2:4:2) kfk � ' sup�kfkpp1=� : p � ��:



43Apìdeixh: An(2:4:3) kfkp � 
p1=�gia k�poia stajer� 
 > 0 kai gia k�je p � 1, tìte(2:4:4) ZK exp ((jf(x)j=
1
)�) dx = 1Xk=0 1k! kfk�k�k(
1
)�k � 1Xk=0 �kkkk!
�k1 � 2an epilèxoume 
1 � (e�)1=�. Dhlad , up�rqei apìluth stajer� 
1 > 0 tètoia ¸ste(2:4:5) kfk � � 
1 sup�kfkpp1=� : p � 1�:Ant�strofa,(2:4:6) kfk�k�kk!kfk�k � � ZK exp ((jf(x)j=kfk �)�) dx � 2gia k�je k 2 N, dhlad (2:4:7) kfk�k � 
k1=�kfk � ;ap� ìpou èpetai ìti(2:4:8) kfkp � 
0p1=�kfk �gia k�je p � �. Autì sumplhr¸nei thn apìdeixh th
 (2.4.2). 2Orismì
. 'Estw � � 1 kai y 6= 0 ston Rn . Lème ìti to K ikanopoie�  �-ekt�mhshme stajer� b� sth dieÔjunsh tou y an(2:4:9) kh�; yik � � b�kh�; yik1:Lème ìti to K e�nai  �-s¸ma me stajer� b� an h (2:4:9) isqÔei gia k�je y 6= 0.Aplì
 upologismì
 de�qnei ìti an to K ikanopoie�  �-ekt�mhsh me stajer� b� sthdieÔjunsh tou y kai an T 2 SL(n), tìte to T (K) ikanopoie�  �-ekt�mhsh me thn �diastajer� sth dieÔjunsh tou T �(y). 'Epetai ìti to T (K) e�nai  �-s¸ma me stajer�b� an kai mìno an to K e�nai  �-s¸ma me thn �dia stajer�.Apì thn Prìtash 2.1.2 èqoume èna pr¸to polÔ genikì apotèlesma.Je¸rhma 2.4.1 Up�rqei apìluth stajer� C > 0 me thn ex 
 idiìthta: gia k�jekurtì s¸ma K ston Rn kai gia k�je y 6= 0,(2:4:10) kh�; yik 1 � Ckh�; yik1: 2



44 Me �lla lìgia, up�rqei apìluth stajer� C > 0 tètoia ¸ste k�je kurtì s¸maK na e�nai  1-s¸ma me stajer� C. Sthn prìtash aut  enswmat¸netai ìlh h plh-rofor�a pou mpore� na ma
 d¸sei h anisìthta Brunn-Minkowski gia ta grammik�sunarthsoeid  se kurt� s¸mata.Sth sunèqeia jewroÔme ìti to K e�nai isotropikì kurtì s¸ma ston Rn kaid�noume k�poia pr¸ta apotelèsmata gia thn  �-sumperifor� twn grammik¸n su-narthsoeid¸n kai th
 Eukle�deia
 nìrma
.Prìtash 2.4.2 K�je isotropikì kurtì s¸ma K e�nai  �-s¸ma me stajer�(2:4:11) b� � 
R(K)1�1=�L1=�K :Apìdeixh: Gia k�je � 2 Sn�1 kai gia k�je p � � èqoumeIp(K; �) = �ZK jhx; �ijp=�jhx; �ijp(1�1=�)dx�1=p� R(K)1�1=�Ip=�(K; �)1=�� R(K)1�1=� �
 p�I1(K; �)�1=�� R(K)1�1=� �
 p�LK�1=�� 
1R(K)1�1=�L1=�K p1=�:Apì thn Prìtash 2.4.1 èpetai ìti(2:4:12) kh�; �ik � � 
R(K)1�1=�L1=�K ;pou e�nai to zhtoÔmeno. 2H epìmenh Prìtash de�qnei ìti den mporoÔme na perimènoume thn Ôparxh  � swm�-twn ìtan � > 2 (h stajer� b� aux�nei anagkastik� sto �peiro me th di�stash).Prìtash 2.4.3 'Estw � > 2 kai èstwK kurtì s¸ma ston Rn me ìgko 1 kai kèntrob�rou
 to 0. An to K e�nai  �-s¸ma me stajer� B, tìte(2:4:13) B � 
n1=2�1=�:ìpou 
 > 0 apìluth stajer�.Apìdeixh: MporoÔme na upojèsoume ìti to K e�nai isotropikì. Tìte,(2:4:14) R(K) � I2(K) = pnLK :AfoÔ to K e�nai  �-s¸ma me stajer� B, èqoume(2:4:15) Iq(K; �) � 
1Bq1=�I1(K; �) � 
1Bq1=�LK



45gia k�je � 2 Sn�1 kai gia k�je q � 1, ìpou 
1 > 0 apìluth stajer�. Apì toL mma 2.2.3 èpetai ìti(2:4:16) R(K) � 
2R(Zn(K)) � 
3Bn1=�LK :Apì ti
 (2.4.14) kai (2.4.16) èpetai �mesa to zhtoÔmeno. 2Pern�me t¸ra se  � ektim sei
 gia thn Eukle�deia nìrma. Apì thn anisìthtatwn Carbery kaiWright (blèpe Prìtash 2.1.3)  , pio apl�, apì to L mma tou Borell(epanalamb�nonta
 ousiastik� thn apìdeixh th
 Prìtash
 2.1.1) èqoume(2:4:17) Iq(K) � 
qI1(K)gia k�je kurtì s¸ma K ìgkou 1 kai k�je q � 1. 'Epetai to ex 
.Prìtash 2.4.4 'Estw K kurtì s¸ma ìgkou 1 ston Rn . An f(x) = jxj,(2:4:18) kfk 1 � 
kfk1ìpou 
 > 0 apìluth stajer�. Eidikìtera,(2:4:19) Prob(x 2 K : jxj � 
I1(K)s) � 2 exp(�s)gia k�je s > 0. 2Sthn per�ptwsh pou to K e�nai isotropikì kurtì s¸ma, o Alesker [1℄ èdeixe ìtih Eukle�deia nìrma ikanopoie�  2-ekt�mhsh.Je¸rhma 2.4.2 'Estw K isotropikì kurtì s¸ma. An f(x) = jxj, tìte(2:4:20) kfk 2 � 
kfk1 � 
pnLK ;ìpou 
 > 0 apìluth stajer�. Eidikìtera,(2:4:21) Prob(x 2 K : jxj � 
pnLKs) � 2 exp(�s2)gia k�je s > 0.Ja apode�xoume èna genikìtero Je¸rhma to opo�o èqei san �mesh sunèpeia thnanisìthta tou Alesker.Je¸rhma 2.4.3 'Estw K kurtì s¸ma ìgkou 1 ston Rn . An 1 � p � q � mK(p),tìte(2:4:22) Iq(K) � 
rqpIp(K);ìpou 
 > 0 apìluth stajer�.



46Apìdeixh: Apì thn Prìtash 2.2.2, h (2.4.22) gr�fetai isodÔnama(2:4:23) wq(Zq(K)) � 
1 qpwp(Zp(K)):Apì thn Prìtash 2.1.3 èqoume(2:4:24) Hq(�) � 
1 qpHp(�)gia k�je � 2 Sn�1. 'Ara,wq(Zq(K)) = �ZSn�1 Hqq (�)�(d�)�1=q� 
1 qp �ZSn�1 Hqp(�)�(d�)�1=q= 
1 qpwq(Zp(K)):'Omw
 q � mK(p), �ra to L mma 2.2.5 ma
 d�nei(2:4:25) wq(Zp(K)) ' wp(Zp(K)) ' w(Zp(K)):Autì apodeiknÔei thn (2.4.23). 2Shme�wsh: To Je¸rhma 2.4.2 prokÔptei apì thn parat rhsh ìti gia k�je isotro-pikì kurtì s¸ma K to Z2(K) e�nai mp�la, �ra mK(2) ' n. 'Eqoume(2:4:26) Iq(K) � 
pqI2(K) = 
pqpnLKgia k�je 2 � q � �n, en¸ gia q � �n h (2.4.26) e�nai profan 
, afoÔ R(K) �(n+ 1)LK .2.5 'Anw fr�gma gia th stajer� isotrop�a
To fr�gma LK = O( 4pn logn) tou Bourgain [8℄ bas�zetai sthn  1-sumperifor� twngrammik¸n sunarthsoeid¸n. H apìdeixh pou d�noume akolouje� thn parous�ash tou[49℄ kai den apaite� th summetr�a tou K (blèpe ep�sh
 [21℄).Je¸rhma 2.5.1 'Estw K isotropikì kurtì s¸ma ston Rn . IsqÔei h anisìthta(2:5:1) LK � 
 4pn logn;ìpou 
 > 0 apìluth stajer�.



47H apìdeixh ja basiste� sto L mma 1.1.2 pou qarakthr�zei ta isotropik� s¸matakai sthn anisìthta tou Pisier. Ja qreiastoÔme akìma dÔo teqnik� ergale�a.1. Mèsh tim  tou maximum grammik¸n sunarthsoeid¸n se kurt� s¸-mataJewroÔme èna isotropikì kurtì s¸ma K ston Rn , to opo�o ikanopoie� thn  �-ekt�mhsh(2:5:2) kh�; �ik � � Bkh�; �ik1 � BLKgia k�je � 2 Sn�1, ìpou � 2 [1; 2℄ kai B > 0 mia stajer�.Prìtash 2.5.1 An �1; : : : ; �N 2 Sn�1, tìte(2:5:3) ZK max1�i�N jhx; �iij dx � CBLK(logn)1=�;ìpou C > 0 apìluth stajer�.Apìdeixh: Apì thn (2.5.2), gia k�je i = 1; : : : ; N kai k�je t > 0 isqÔeiProb�x 2 K : max1�i�N jhx; �iij � t� � NXi=1 Prob (x 2 K : jhx; �iij � t)� 2N exp (�(t=BLK)�) :Gia k�je A > 0 mporoÔme na gr�youmeZK max1�i�N jhx; �iijdx = Z 10 Prob�x 2 K : max1�i�N jhx; �iij � t� dt� A+ Z 1A Prob�x 2 K : max1�i�N jhx; �iij � t� dt� A+ 2N Z 1A exp (�(t=BLK)�) dt:Epilègonta
 A = 4BLK(logN)1=� èqoumeZ 1A exp (�(t=BLK)�) dt = 4BLK(logN)1=� Z 11 exp(�4�s logN)ds� 4BLK(logN)1=� exp(�2 logN) Z 11 e�sds� 4BLK(logN)1=�N�2;ìpou qrhsimopoi same thn(2:5:4) exp(�4�s logN) � exp(�2 logN) � e�s



48h opo�a isqÔei gia k�je s � 1. 'Epetai ìti(2:5:5) ZK max1�i�N jhx; �iijdx � CBLK(logN)1=�;ìpou C = 12. 22. H di�spash Dudley-FerniqueJewroÔme èna kurtì s¸ma K ston Rn . Upojètoume oti 0 2 K kai gr�foume R giathn akt�na tou K. Gia k�je j 2 N br�skoume peperasmèno uposÔnolo Nj tou Ktètoio ¸ste(2:5:6) jNj j = N(K; (R=2j)Bn2 );kai(2:5:7) K � [y2Nj(y + (R=2j)Bn2 ):Tèlo
, jètoume N0 = f0g kai or�zoume(2:5:8) Wj = Nj �Nj�1 = fy � y0 �� y 2 Nj ; y0 2 Nj�1ggia k�je j � 1.L mma 2.5.1 Gia k�je x 2 K kai k�je m 2 N mporoÔme na broÔme zj 2 Wj \(3R=2j)Bn2 , j = 1; : : : ;m kai wm 2 (R=2m)Bn2 tètoia ¸ste(2:5:9) x = z1 + � � �+ zm + wm:Apìdeixh: Estw x 2 K. Apì ton orismì tou Nj , mporoÔme na broÔme yj 2 Nj ,j = 1; : : : ;m, tètoio ¸ste(2:5:10) jx� yj j � R2j :Gr�foume(2:5:11) x = 0+ (y1 � 0) + (y2 � y1) + � � �+ (ym � ym�1) + (x� ym)kai jètoume y0 = 0 kai wm = x � ym, zj = yj � yj�1 gia j = 1; : : : ;m. Tìte,jwmj = jx� ymj � R=2m, kai zj 2 Nj �Nj�1 =Wj . Ep�sh
,(2:5:12) jzj j � jx� yj j+ jx� yj�1j � R2j + R2j�1 = 3R2j :Tèlo
, x = z1 + � � �+ zm + wm. 2Or�zoume Zj =Wj \ (3R=2j)Bn2 . Pa�rnonta
 upìyin ma
 kai thn anisìthta tou Su-dakov (Je¸rhma 1.1.4) mporoÔme na diatup¸soume to akìloujo je¸rhma (di�spashDudley - Fernique).



49Je¸rhma 2.5.2 'Estw K kurtì s¸ma ston Rn , me 0 2 K kai akt�na R. Up�rqounpeperasmèna sÔnola Zj � (3R=2j)Bn2 , j 2 N, tètoia ¸ste(2:5:13) log jZj j � 
n�2jw(K)R �2 ;pou ikanopoioÔn to ex 
: gia k�je x 2 K kai k�je m 2 N mporoÔme na broÔmezj 2 Zj , j = 1; : : : ;m kai wm 2 (R=2m)Bn2 tètoia ¸ste x = z1 + � � �+ zm +wm. 23. Apìdeixh tou Jewr mato
 2.5.1Ja apode�xoume èna genikìtero apotèlesma, to opo�o de�qnei ti sumba�nei me toepiqe�rhma an upojèsoume ìti to K èqei kalÔterh { �-sumperifor�}.Je¸rhma 2.5.3 'Estw K èna isotropikì kurtì s¸ma ston Rn kai èstw B > 0.Upojètoume ìti, gia k�poio 1 � � < 2, to K ikanopoie� thn  �-ekt�mhsh(2:5:14) kh�; �ik � � Bkh�; �ik1 � BLKgia k�je � 2 Sn�1. Tìte,(2:5:15) LK � CB�=2(2� �)��=2n1=2��=4 lognìpou C > 0 apìluth stajer�.Apìdeixh: H anisìthta tou Pisier (Je¸rhma 1.1.9) ma
 exasfal�zei ìti up�rqeisummetrikì
 jetik� orismèno
 T 2 SL(n) tètoio
 ¸ste(2:5:16) w(TK) � 
pn logn:Apì to L mma 1.1.2,(2:5:17) ZKhx; Sxidx = trSn ZK jxj2dxgia k�je S 2 L(Rn ). O T èqei jetikè
 pragmatikè
 idiotimè
 kai or�zousa 1, �ratrT � n. Epomènw
,(2:5:18) nL2K = ZK jxj2dx � trTn ZK jxj2 = ZKhx; Txidx:Gia k�je x 2 K èqoume(2:5:19) hx; Txi � maxy2TK jhx; yij;�ra,(2:5:20) nL2K � ZK maxy2TK jhy; xijdx:



50QrhsimopoioÔme t¸ra th di�spash Dudley-Fernique tou TK. An R e�nai h akt�natou TK, e�dame ìti gia j = 1; : : : ;m, m 2 N up�rqoun peperasmèna sÔnola Zj �(3R=2j)Bn2 tètoia ¸ste(2:5:21) log jZj j � 
n�w(TK)2jR �2 ;kai k�je y 2 TK gr�fetai sth morf  y = z1 + � � � + zm + wm, ìpou zj 2 Zj kaiwm 2 (R=2m)Bn2 . 'Epetai ìtimaxy2TK jhy; xij � mXj=1maxz2Zj jhz; xij+ maxw2(R=2m)Bn2 jhw; xij� mXj=1 3R2j maxz2Zj jhz; xij + R2m jxj;ìpou z to monadia�o di�nusma sth dieÔjunsh tou z. Qrhsimopoi¸nta
 to parap�nw,kaj¸
 kai thn RK jxjdx � pnLK , blèpoume ìtinL2K � mXj=1 3R2j ZK maxz2Zj jhz; xijdx + R2m ZK jxjdx� mXj=1 3R2j ZK maxz2Zj jhz; xijdx + R2mpnLK :Apì thn Prìtash 2.5.1 pa�rnoume(2:5:22) nL2K � mXj=1 3R2j 
00n1=�LK �w(TK)2jR �2=�B + R2mpnLK :To �jroisma sto dexiì mèlo
 fr�ssetai apì(2:5:23) 
1(2� �)LKn1=�w(TK)2=�2m(2=��1)R1�2=�B:LÔnonta
 thn ex�swsh(2:5:24) Bn1=�w(TK)2=�2m(2=��1)R2=��1(2� �) = Rpn2mbr�skoume th bèltisth tim  tou m: prèpei na ikanopoie� thn(2:5:25) 12m = n1=2��=4w(TK)(2� �)�=2R B�=2:Epistrèfonta
 sthn (2.5.22) pa�rnoume(2:5:26) nL2K � 
2(2� �)��=2n1��=4w(TK)LKB�=2;



51kai, afoÔ w(TK) � 
3pn logn, katal goume sthn (2.5.15). 2Shme�wsh: Sthn per�ptwsh pou to K ikanopoie� thn ekt�mhsh (2.5.2) gia � = 2, toparap�nw epiqe�rhma d�nei LK � CB log2 n. Sto epìmeno Kef�laio ja melet soumeta { 2-s¸mata} leptomerèstera.
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Kef�laio 3	2-sumperifor� twngrammik¸n sunarthsoeid¸nsta kurt� s¸mata
3.1 Eikas�a tou uperepipèdou kai s¸mata me mikr di�metroH melèth twn swm�twn me mikr  di�metro èqei san afethr�a thn ex 
 parat rhshsqetik� me to prìblhma th
 stajer�
 isotrop�a
.Prìtash 3.1.1 'Estw K isotropikì kurtì s¸ma ston Rn . Up�rqei isotropikìkurtì s¸ma Q ston Rn me LQ ' LK kai R(Q) � 
pnLQ.Gia thn apìdeixh ja qreiastoÔme mia apl  parat rhsh sqetik� me thn {eust�jeia}th
 isotropik 
 jèsh
.L mma 3.1.1 'Estw K kurtì s¸ma ìgkou 1 ston Rn . Upojètoume ìti gia k�poionL > 0 kai k�poie
 stajerè
 a; b > 0 èqoume(3:1:1) a�2L2 � ZKhx; �i2dx � b2L2gia k�je � 2 Sn�1. Tìte,(3:1:2) 
1a�1L � LK � 
2bL;ìpou 
1; 
2 > 0 apìlute
 stajerè
. 53



54Apìdeixh: JewroÔme to elleiyoeidè
 tou Binet EB(K) pou or�zetai apì thn(3:1:3) k�k2EB(K) = ZKhx; �i2dx:Apì thn upìjesh èqoume(3:1:4) 1=(bL)!1=nn � jEB(K)j1=n � (a=L)!1=nn ;en¸, apì to L mma 1.1.3,(3:1:5) jEB(K)j1=n = L�1K !1=nn :Sundu�zonta
 ti
 (3.1.4) kai (3.1.5) èqoume to sumpèrasma. 2Apìdeixh th
 Prìtash
 3.1.1: To K e�nai isotropikì, �ra(3:1:6) ZK jxj2dx = nL2K :Gia k�je r > 0 or�zoume(3:1:7) Kr = fx 2 K : jxj � rpnLKg:Apì thn anisìthta tou Markov èqoume(3:1:8) jKrj � 1� r�2:Tìte, gia k�je � 2 Sn�1,ZKrhx; �i2dx = ZKhx; �i2dx� ZKnKrhx; �i2dx� L2K � jK nKrj1=2 �ZKhx; �i4dx�1=2� L2K � r�1(4
)2L2K ;ìpou 
 > 0 h stajer� th
 Prìtash
 2.1.1. An epilèxoume r = 32
2, èqoume(3:1:9) (1=2)L2K � ZKr hx; �i2dx � L2Kgia k�je � 2 Sn�1. AfoÔ jKrj � 1 � r�2, mporoÔme na broÔme stajer� a � 1 mean � 
1 := 1=(1� r�2), ètsi ¸ste gia to W = aKr na èqoume jW j = 1. Tìte,(3:1:10) ZW hx; �i2dx = an+2 ZKr hx; �i2dx � L2K=2



55kai(3:1:11) ZW hx; �i2dx � an+2 ZKr hx; �i2dx � 
21L2K ;dhlad (3:1:12) (1=2)L2Kjyj2 � ZW hx; yi2dx � 
21L2K jyj2gia k�je y 2 Rn . Apì to L mma 3.1.1 sumpera�noume ìti LW ' LK .'Estw T 2 SL(n) tètoio
 ¸ste to Q = T (W ) na e�nai isotropikì. Apì thn(3.1.12), gia k�je � 2 Sn�1 èqoume(3:1:13) L2W = ZQhx; �i2dx = ZW hx; T ��i2dx ' jT ��j2L2K :Qrhsimopoi¸nta
 kai thn LQ = LW ' LK , pa�rnoume(3:1:14) 
2 � jT ��j � 
3gia k�je � 2 Sn�1. 'Ara,(3:1:15) R(Q) � kT : `n2 ! `n2kR(W ) � 
3arpnLK � 
4pnLK � 
pnLQìpou 
 > 0 apìluth stajer�. 2Qrhsimopoi¸nta
 aut  thn parat rhsh mporoÔme na d¸soume mia deÔterh apìdeixhth
 ekt�mhsh
 O( 4pn logn) gia th stajer� isotrop�a
. Ja qrhsimopoi soume thnex 
 �mesh sunèpeia th
 Prìtash
 2.4.2.L mma 3.1.2 'Estw Q isotropikì s¸ma me R(Q) � ApnLQ. Gia k�je � 2 Sn�1èqoume(3:1:16) 

 h�; �iLQ 

 2 � 
pA 4pn;ìpou 
 > 0 apìluth stajer�.Apìdeixh: Apì thn Prìtash 2.4.2,(3:1:17) kh�; �ik 2 � 
R(Q)1=2L1=2Q � 
pA 4pnLQ;to opo�o e�nai isodÔnamo me to zhtoÔmeno. 2Je¸rhma 3.1.1 'Estw K isotropikì kurtì s¸ma ston Rn . IsqÔei h anisìthta(3:1:18) LK � 
 4pn logn;ìpou 
 > 0 apìluth stajer�.



56Apìdeixh: Apì thn Prìtash 3.1.1, up�rqei isotropikì kurtì s¸ma Q ston Rn meLQ ' LK kai R(Q) � 
pnLQ. Arke� loipìn na ektim soume thn LQ.Epanalamb�nonta
 to arqikì komm�ti th
 apìdeixh
 tou Jewr mato
 2.5.3,blèpoume ìti gia k�je summetrikì kai jetik� orismèno T 2 SL(n),(3:1:19) nL2Q � ZQ maxy2TQ jhy; xijdx:Apì to L mma 3.1.2 èqoume(3:1:20) 

 h�; yi
1 4pnLQjyj

 2 � 1gia k�je y 6= 0, ìpou 
1 > 0 apìluth stajer�. 'Ara,(3:1:21) Prob(fx 2 Q : jhx; yij � 
1 4pnLQtg) � 2 exp(�t2=jyj2)gia k�je y 6= 0 kai k�je t > 0.JewroÔme thn anèlixh X = (Xy)y2TQ, Xy : Q! R me(3:1:22) Xy(x) = hx; yi
1 4pnLQ :Tìte, gia k�je y 6= z 2 TQ kai gia k�je t > 0,Prob(jXy �Xzj � t) = Prob(fx 2 Q : jhy � z; xij � 
1 4pnLQtg)� 2 exp ��t2=jy � zj2� ;dhlad  h X e�nai upokanonik  w
 pro
 thn Eukle�deia apìstash sto TQ.JewroÔme th sun jh anèlixh tou Gauss Z = (Zy)y2TQ me(3:1:23) Zy(!) = hG(!); yi:Oi X kai Z ikanopoioÔn ti
 upojèsei
 tou Jewr mato
 1.1.6. 'Ara,(3:1:24) E supy2TQXy � C � E supy2TQ Zy;ìpou C > 0 apìluth stajer�. Pa�rnonta
 upìyin kai thn(3:1:25) E supy2TQ Zy ' pnw(TQ);blèpoume ìti nL2Q � 
1 4pnLQ � E supy2TQXy� 
1C 4pnLQ � pnw(TQ);



57dhlad ,(3:1:26) LQ � 
2w(TQ)= 4pn;ìpou 
2 > 0 apìluth stajer�. Thn apìdeixh sumplhr¸nei h anisìthta tou Pi-sier (Je¸rhma 1.1.9): gia k�poion summetrikì jetik� orismèno T 2 SL(n) èqoumew(TQ) = O(pn logn). 23.2 S¸mata me mikr  di�metro3.2.1 Eisagwg H apìdeixh tou fr�gmato
 O( 4pn logn) gia th stajer� isotrop�a
 bas�zetai sthn �-sumperifor� twn grammik¸n sunarthsoeid¸n x 7! hx; �i. Se pl rh genikìthta,to mìno pou mporoÔme na upojèsoume gia èna isotropikì kurtì s¸ma K e�nai h(3:2:1) kh�; �ik 1 � CLK ;ìpou h jetik  stajer� C e�nai anex�rthth apì th di�stash n, apì to s¸ma K,kai apì th dieÔjunsh �. Ta dÔo epiqeir mata pou parousi�same sti
 x2.5 kai x3.1gennoÔn dÔo fusiologik� erwt mata:1. E�nai swstì ìti k�je isotropikì s¸ma ikanopoie�  2-ekt�mhsh me {kal  sta-jer�} gia ti
 perissìtere
 dieujÔnsei
 � 2 Sn�1?2. E�nai swstì ìti gia k�je isotropikì kurtì s¸ma K ta s¸mata Kr := K \(rpnLK)Dn èqoun {kalÔterh}  2-sumperifor�?Sthn per�ptwsh pou k�poio apì aut� ta dÔo erwt mata èqei isqur� jetik  ap�nthsh,mpore� kane�
 na fantaste� mia kalÔterh org�nwsh k�poiou apì ta prohgoÔmenaepiqeir mata, h opo�a ja mporoÔse na odhg sei se kalÔterh ekt�mhsh th
 LK .To pr¸to prìblhma e�nai tele�w
 anoiktì: ex ìswn gnwr�zoume, akìma kai hÔparxh èstw m�a
 kal 
  2-dieÔjunsh
 den èqei epalhjeute� se pl rh genikìthta.K�ti tètoio ja apoteloÔse èna {kat� shme�o an�logo} tou apotelèsmato
 touAlesker (Je¸rhma 2.4.2): An K e�nai èna isotropikì kurtì s¸ma ston Rn kai anf(x) = jxj, tìte(3:2:2) kfk 2 � 
pnLK ;ìpou 
 > 0 apìluth stajer�. Epomènw
,(3:2:3) Prob(x 2 K : jxj � 
pnLKt) � 2 exp(�t2)gia k�je t > 0.



58 Autì e�nai to mìno {genikì  2-apotèlesma} pou up�rqei. Prìsfata, oi Bobkovkai Nazarov melèthsan thn  2-sumperifor� twn grammik¸n sunarthsoeid¸n sta1-un
onditional isotropik� s¸mata. Gi� aut� ta s¸mata mporoÔme na upojèsoumeìti h sun jh
 orjokanonik  b�sh fe1; : : : ; eng tou Rn e�nai 1-un
onditional b�shgia thn k � kK , dhlad (3:2:4) 



 nXi=1 tiei



K = 



 nXi=1 "itiei



Kgia k�je epilog  pragmatik¸n arijm¸n t1; : : : ; tn kai pros mwn "1; : : : ; "n. Epi-plèon, sto Kef�laio 1 e�dame ìti LK � C, ìpou C > 0 e�nai mia apìluth stajer�.To basikì apotèlesma twn Bobkov kai Nazarov (blèpe [14℄) e�nai to ex 
.Je¸rhma 3.2.1 'Estw K èna isotropikì 1-un
onditional s¸ma ston Rn . Gia k�jey 2 Rn kai k�je p � 1 isqÔei h anisìthta(3:2:5) �ZK jhx; yijpdx�1=p � Cpppnkyk1LK :Me �lla lìgia, gia k�je y 2 Sn�1 èqoume(3:2:6) kh�; yik 2 � 
pnkyk1LKìpou 
 > 0 apìluth stajer�. 2To apotèlesma autì d�nei polÔ akribe�
  2-ektim sei
: gia par�deigma, anpny = (�1; : : : ;�1) tìte b2(y) := kh�; yik 2=LK � 
, dhlad  oi {diag¸nie
} dieu-jÔnsei
 e�nai  2. Apì thn (3.2.6) èpetai ìti kat� mèso ìro to K èqei {logarijmik  2-stajer�}:(3:2:7) ZSn�1 b2(�) �(d�) � 
plogn:Ep�sh
, oi Bobkov kai Nazarov (blèpe [13℄) apèdeixan ìti, sthn per�ptwsh twn 1-un
onditional swm�twn, to apotèlesma tou Alesker epidèqetai thn ex 
 belt�wsh.Je¸rhma 3.2.2 Up�rqei apìluth stajer� 
 > 0 tètoia ¸ste: gia k�je isotropikì1-un
onditional kurtì s¸ma K ston Rn kai k�je t � 1,(3:2:8) Prob(x 2 K : jxj � 
tpn	�� � exp ��
tpn� :Parathr ste ìti h anisìthta tou Jewr mato
 3.2.2 e�nai isqurìterh apì thn(3.2.3) gia ìle
 ti
 timè
 tou t � 1: h di�metro
 enì
 isotropikoÔ 1-un
onditionals¸mato
 ston Rn fr�ssetai apì C � n, ìpou C > 0 apìluth stajer�.



593.2.2 S¸mata me mikr  di�metroLème ìti èna kurtì s¸ma K ston Rn me kèntro b�rou
 to 0 èqei {mikr  di�me-tro} an jKj = 1 kai R(K) = �pnBn2 , ìpou h stajer� � e�nai {kal� fragmènh}.Parathr ste ìti èna kurtì s¸ma èqei grammik  eikìna me mikr  di�metro an kaimìno an to polikì tou s¸ma èqei fragmèno lìgo ìgkwn (blèpe x1.1.1). Skopì
ma
 se aut  thn upopar�grafo e�nai na de�xoume ìti ta s¸mata pou èqoun {mikr di�metro} èqoun {kalè
}  2-dieujÔnsei
.L mma 3.2.1 'EstwK èna kurtì s¸ma ston Rn me ìgko jKj = 1 kai kèntro b�rou
to 0. Tìte,(3:2:9) � �� 2 Sn�1 : kh�; �ik1 � 
1� � 1� 2�n;ìpou 
1 > 0 e�nai mia apìluth stajer�.Apìdeixh: JewroÔme to elleiyoeidè
 Binet EB(K) tou K. 'Eqoume(3:2:10) k�kEB(K) = kh�; �ik2 ' kh�; �ik1;kai apì to L mma 1.1.3,(3:2:11) ZSn�1 k�k�nEB(K)�(d�) = jEB(K)jjBn2 j = L�nK :Apì thn anisìthta tou Markov,(3:2:12) � �� 2 Sn�1 : k�kEB(K) � LK=2� � 1� 12n :AfoÔ LK � 
 kai k�kEB(K) ' kh�; �ik1, prokÔptei to sumpèrasma. 2L mma 3.2.2 'EstwK èna kurtì s¸ma ston Rn me ìgko jKj = 1 kai kèntro b�rou
to 0. Upojètoume ìti K � �pnBn2 . Tìte,(3:2:13) ZSn�1 ZK exp� jhx; �ij
2� �2 dx�(d�) � 2;ìpou 
2 > 0 e�nai mia apìluth stajer�.Apìdeixh: Gia k�je s > 0 èqoumeZSn�1 ZK exp� jhx; �ijs �2 dx�(d�) = 1 + 1Xk=1 1k!s2k ZK ZSn�1 jhx; �ij2k�(d�)dx:



60Qrhsimopoi¸nta
 thn RK jxj2kdx � �2knk kai to L mma 2.2.4, blèpoume ìti h te-leuta�a posìthta fr�ssetai apì(3:2:14) 1 + 1Xk=1 1k!s2k � 
 � 2k2k + n�k ZK jxj2kdx � 1 + 1Xk=1�
0�s �2k ;ìpou 
; 
0 > 0 e�nai apìlute
 stajerè
. Gia na oloklhr¸soume thn apìdeixh, pa�r-noume s = 
2� ìpou 
2 = p2
0. 2Me apl  efarmog  th
 anisìthta
 tou Markov pa�rnoume to ex 
.Pìrisma 3.2.1 'Estw K èna kurtì s¸ma ston Rn me ìgko jKj = 1 kai kèntrob�rou
 to 0. Upojètoume ìti K � �pnBn2 . Tìte, gia k�je A > 2 èqoume(3:2:15) � � 2 Sn�1 : ZK exp� jhx; �ij
2� �2 dx < A! > 1� 2Aìpou 
2 > 0 e�nai h stajer� tou L mmato
 3:2:2. 2Je¸rhma 3.2.3 'Estw K èna kurtì s¸ma ston Rn me ìgko jKj = 1 kai kèntrob�rou
 to 0. Upojètoume ìti K � �pnBn2 . Tìte, up�rqei � 2 Sn�1 tètoio ¸ste(3:2:16) �ZK jhx; �ijpdx�1=p � C�pp ZK jhx; �ijdxgia k�je p > 1, ìpou C > 0 e�nai mia apìluth stajer�.Apìdeixh: Epilègoume A = 6. Apì to L mma 3.2.1 kai to Pìrisma 3.2.1 blèpoumeìti an n � 3, tìte me pijanìthta megalÔterh apì 1=2, mia dieÔjunsh � 2 Sn�1ikanopoie� tautìqrona ti
(3:2:17) ZK jhx; �ijdx � 
1 kai ZK exp� jhx; �ij
2� �2 dx < 6:Qrhsimopoi¸nta
 thn anisìthta ez > zk=k! (z > 0), sumpera�noume ìti(3:2:18) ZK jhx; �ij2kdx � 6k!(
2�)2kgia k�je k � 1, �ra(3:2:19) �ZK jhx; �ij2kdx�1=(2k) � 
�p2k � 

1�p2k ZK jhx; �ijdx:Autì e�nai to sumpèrasma tou Jewr mato
 ìtan p = 2k. H genik  per�ptwsh èpetaieÔkola. 2MporoÔme ep�sh
 sqetik� eÔkola na apode�xoume ìti kurt� s¸mata pou èqounmikr  di�metro èqoun meg�le
 (n�1)-di�state
 tomè
 (autì mpore� na epalhjeute�me di�forou
 trìpou
, to epiqe�rhma ìmw
 pou akolouje� d�nei epiplèon k�poiaekt�mhsh gia thn katanom  tou ìgkou twn (n� 1)-di�statwn tom¸n).



61Prìtash 3.2.1 'Estw K èna kurtì s¸ma ston Rn me ìgko jKj = 1 kai kèntrob�rou
 to 0. Upojètoume ìti K � �pnBn2 . Tìte, gia k�je t > 0 èqoume(3:2:20) � �� 2 Sn�1 : jK \ �?j � 
3t�� � 1� 2e�t2 ;ìpou 
3 > 0 e�nai mia apìluth stajer�.Apìdeixh: Efarmìzonta
 thn anisìthta tou Jensen sto L mma 3.2.2, pa�rnoume(3:2:21) ZSn�1 exp��kh�; �ik1
2� �2��(d�) � 2:H anisìthta tou Markov de�qnei ìti(3:2:22) � �� 2 Sn�1 : kh�; �ik1 � 
2�t� � 2e�t2gia k�je t > 0. Apì thn �llh pleur�, to Je¸rhma 1.1.2 de�qnei ìti an to K èqeiìgko 1 kai kèntro b�rou
 to 0, tìte(3:2:23) ZK jhx; �ij dx ' 1jK \ �?jgia k�je � 2 Sn�1. Autì sumplhr¸nei thn apìdeixh. 23.2.3 Efarmog  sta zwnoeid Upenjum�zoume pr¸ta k�poio sumbolismì kai d�noume k�poia basik� stoiqe�a gia tazwnoeid . H sun�rthsh st rixh
 enì
 kurtoÔ s¸mato
 K or�zetai apì thn hK(y) =maxx2Khx; yi gia k�je y 6= 0. To mèso pl�to
 tou K d�netai apì thn(3:2:24) w(K) = ZSn�1 hK(u)�(du):Lème ìti to K èqei el�qisto mèso pl�to
 an w(K) � w(TK) gia k�je T 2 SL(n).'Ena
 isodÔnamo
 orismì
 tou epifaneiakoÔ mètrou �K = Sn�1(K; �) enì
 kur-toÔ s¸mato
 K (pou or�sthke sthn x1.1.1) e�nai o ex 
: gia k�je Borel V � Sn�1jètoume(3:2:25) �K(V ) = �(fx 2 bd(K) : uK(x) 2 V g);ìpou uK(x) e�nai to exwterikì k�jeto di�nusma tou K sto x, kai � e�nai to (n�1)-di�stato epifaneiakì mètro stoK. E�nai fanerì ìti �K(Sn�1) = A(K), h epif�neiatou K. Lème ìti to K èqei el�qisth epif�neia an A(K) � A(TK) gia k�je T 2SL(n).Zwnoeid  lème ta kurt� s¸mata pou e�nai ìria ajroism�twn Minkowski euju-gr�mmwn tmhm�twn me th metrik  Hausdor�. IsodÔnama, èna summetrikì kurtì



62s¸ma Z e�nai zwnoeidè
 an kai mìno an to polikì tou s¸ma e�nai h monadia�a mp�-la enì
 n-di�statou upìqwrou k�poiou q¸rou L1: akribèstera, an up�rqei jetikìmètro � (to mètro st rixh
 tou Z) sthn Sn�1 tètoio ¸ste(3:2:26) kxkZÆ = 12 ZSn�1 jhx; yij�(dy):H kl�sh twn zwnoeid¸n taut�zetai me thn kl�sh twn swm�twn probol¸n. Or�zoumeto s¸ma probol¸n �K enì
 kurtoÔ s¸mato
 K na e�nai to summetrikì kurtì s¸mapou èqei sun�rthsh st rixh
 thn(3:2:27) h�K(�) = jP�(K)j; � 2 Sn�1ìpou P�(K) e�nai h orjog¸nia probol  tou K ep� tou �?. Apì thn oloklhrwtik anapar�stash(3:2:28) jP�(K)j = 12 ZSn�1 jhu; �ij d�K(u)pou epalhjeÔetai eÔkola sthn per�ptwsh twn polutìpwn kai epekte�netai me pro-sèggish se k�je kurtì s¸ma K, blèpoume ìti to s¸ma probol¸n tou K e�naizwnoeidè
 pou èqei san mètro st rixh
 to �K . Epiplèon, an sumbol�soume me Cnthn kl�sh twn summetrik¸n kurt¸n swm�twn kai me Z thn kl�sh twn zwnoeid¸n,to je¸rhma monadikìthta
 tou Aleksandrov de�qnei ìti h apeikìnish tou Minkow-ski � : Cn ! Z me K 7! �K, e�nai èna pro
 èna. Shmei¸noume ep�sh
 ìti h Ze�nai anallo�wth w
 pro
 antistrèyimou
 grammikoÔ
 metasqhmatismoÔ
 (kai m�li-sta, �(TK) = (T�1)�(�K) gia k�je T 2 SL(n)) kai kleist  w
 pro
 th metrik Hausdor�. Gia perissìtere
 plhrofor�e
 sqetik� me ta zwnoeid , blèpe [56℄ kai[12℄.Ja doÔme ìti trei
 fusiologikè
 jèsei
 twn zwnoeid¸n èqoun mikr  di�metro methn ènnoia th
 x3.2. H apìdeixh qrhsimopoie� thn isotropik  perigraf  aut¸n twnjèsewn, h opo�a epitrèpei th qr sh th
 anisìthta
 twn Bras
amp kai Lieb.1. H jèsh tou Lewis: O Lewis [39℄ (blèpe ep�sh
 [4℄) èqei de�xei ìti k�jezwnìtopo Z èqei grammik  eikìna Z1 (h {jèsh Lewis} tou Z) me thn akìloujh idiì-thta: up�rqoun monadia�a dianÔsmata u1; : : : ; um kai jetiko� pragmatiko� arijmo�
1; : : : ; 
m tètoioi ¸ste(3:2:29) hZ1(x) = mXj=1 
j jhx; ujijkai(3:2:30) I = mXj=1 
juj 
 uj



63ìpou I e�nai o tautotikì
 telest 
 ston Rn . Qrhsimopoi¸nta
 thn anisìthtaBras
amp-Lieb, o Ball apèdeixe sto [4℄ ìti, k�tw apì autè
 ti
 upojèsei
,(3:2:31) jZÆ1 j � 2nn! kai Bn2 � pnZÆ1 :H ant�strofh anisìthta Santal�o gia ta zwnoeid  (blèpe [54℄ kai [31℄) de�qnei ìti(3:2:32) jZ1j � 2n kai Z1 � pnBn2 :'Ara,(3:2:33) 2R(Z1) � pnjZ1j1=n:2. H jèsh tou Lowner: Upojètoume ìti h Bn2 e�nai to elleiyoeidè
 el�qistouìgkou pou perièqei èna zwnoeidè
 Z2. 'Estw Z1 h jèsh Lewis tou Z2. Tìte,(3:2:34) jBn2 jjZ2j � jpnBn2 jjZ1j :T¸ra, oi (3.2.32) kai (3.2.34) de�qnoun ìti(3:2:35) 2R(Z2) � 2 � jZ1j1=n � pnjZ2j1=n:3. Jèsh el�qistou mèsou pl�tou
: Upojètoume ìti Z3 = �K e�nai ènazwnoeidè
 ìgkou 1 pou èqei el�qisto mèso pl�to
. Ta apotelèsmata twn [29℄ kai[31℄ de�qnoun ìti to epifaneiakì mètro �K e�nai isotropikì, dhlad (3:2:36) ZSn�1hu; �i2d�K(u) = A(K)ngia k�je � 2 Sn�1, ìpou A(K) e�nai h epif�neia tou K. Epiplèon, èna apotèle-sma tou Petty [51℄ de�qnei ìti to K èqei el�qisth epif�neia. Apl  efarmog  th
anisìthta
 Cau
hy-S
hwarz kai h (3.2.36) de�qnoun ìti(3:2:37) hZ3(�) = 12 ZSn�1 jh�; uijd�K(u) � A(K)2pngia k�je � 2 Sn�1. Ja qrhsimopoi soume mia anisìthta apì to [29℄:L mma 3.2.3 An to K èqei el�qisth epif�neia, tìte(3:2:38) A(K) � nj�Kj1=n:'Epetai ìti hZ3(�) � pn=2 gia k�je � 2 Sn�1. Me �lla lìgia,(3:2:39) 2R(Z3) � pnjZ3j1=n:H suz thsh pou prohg jhke de�qnei ìti ta zwnoeid  èqoun jèsei
 pou èqounmikr  di�metro. H akrib 
 diatÔpwsh èqei w
 ex 
.



64Je¸rhma 3.2.4 'Estw Z èna zwnoeidè
 sth jèsh Lewis   sth jèsh Lowner   sthjèsh el�qistou mèsou pl�tou
. Tìte,(3:2:40) R(Z) � (pn=2)jZj1=n:Pìrisma 3.2.2 'Estw Z èna zwnoeidè
 ston Rn . Tìte, LZ � 1=2. 2'Epetai ìti ta apotelèsmata th
 x3.2.2 efarmìzontai sthn kl�sh twn zwnoeid¸n:k�je zwnoeidè
 èqei  2-dieujÔnsei
 me thn ènnoia tou Jewr mato
 3.2.3.Parat rhsh: Den gnwr�zoume an ta isotropik� zwnoeid  èqoun mikr  di�metro.MporoÔme na elègxoume ìti to mèso pl�to
 tou
 fr�ssetai apì 
pn (èqei th mi-krìterh dunat  t�xh megèjou
):Prìtash 3.2.2 'Estw Z èna isotropikì zwnoeidè
 ston Rn . Tìte, w(Z) � 
pnìpou 
 > 0 apìluth stajer�.Gia thn apìdeixh ja qrhsimopoi soume ènan tÔpo gia ton ìgko twn zwnoeid¸n.L mma 3.2.4 'Estw Z zwnoeidè
 me mètro st rixh
 to �. Tìte,(3:2:41) jZj = 1n ZSn�1 jPx?Zjd�(x);ìpou Px?Z e�nai h orjog¸nia probol  tou Z ston x?.Apìdeixh: Apì ton tÔpo tou Cau
hy èqoume(3:2:42) jPx?Zj = 12 ZSn�1 jhx; �ijd�Z (�);ìpou �Z e�nai to epifaneiakì mètro tou Z. 'Ara,1n ZSn�1 jPx?Zjd�(x) = 12n ZSn�1 ZSn�1 jhx; �ijd�Z (�)d�(x)= 12n ZSn�1 ZSn�1 jhx; �ijd�(x)d�Z (�)= 1n ZSn�1 k�kZÆd�Z(�)= jZj;afoÔ, apì thn (1.1.57), h teleuta�a isìthta isqÔei gia k�je summetrikì kurtì s¸ma.2



65Apìdeixh th
 Prìtash
 3.2.2: Gia k�je x 2 Sn�1 èqoume Z\x? � Px?Z. Apìthn anisìthta Cau
hy-S
hwarz kai apì to L mma 3.2.4,k�k2 � �ZSn�1 jPx?Zj1=2 1jZ \ x?j1=2�(dx)�2� �ZSn�1 jPx?Zj�(dx)� � �ZSn�1 1jZ \ x?j�(dx)�= njZj � ZSn�1 1jZ \ x?j�(dx):To Z e�nai isotropikì, �ra jZj = 1 kai LZ � 1=2 apì to Pìrisma 3.2.2. Epomènw
,1=jZ \ x?j � 
1LZ � 
1=2 gia k�je x 2 Sn�1, ìpou 
1 > 0 apìluth stajer�. Autìde�qnei ìti(3:2:42) k�k � 
2n:Apì thn �llh pleur�,w(Z) = ZSn�1 kxkZÆ�(dx)= 12 ZSn�1 ZSn�1 jhy; xij�(dx)�(dy)� 
3pn ZSn�1 �(dy) = 
3pnk�k:Sundu�zonta
 me thn (3.2.42) oloklhr¸noume thn apìdeixh. 23.3 Isotropik� s¸mata me mikr  di�metroSe aut  thn par�grafo upojètoume ìti K e�nai èna isotropikì kurtì s¸ma stonRn me di�metro R(K) = ApnLK , ìpou A e�nai mia jetik  par�metro
. Dhlad , toK èqei ìgko 1, kèntro b�rou
 to 0, ikanopoie� thn isotropik  sunj kh(3:3:1) ZKhx; �i2dx = L2Kgia k�je � 2 Sn�1, kai jxj � ApnLK gia k�je x 2 K.3.3.1 Ektim sei
 twn basik¸n paramètrwnL mma 3.3.1 Gia k�je q � 1 èqoume(3:3:2) w(Zq(K)) � wq(Zq(K)) � 
1ApqLK ;ìpou 
1 > 0 apìluth stajer�.



66Apìdeixh: H arister  anisìthta e�nai apl  sunèpeia th
 anisìthta
 tou H�older,en¸ gia th dexi� mporoÔme na upojèsoume ìti q � n. Apì thn Prìtash 2.2.2 èqoume(3:3:3) wq(Zq(K)) � 
r qnIq(K) � 
r qnApnLK = 
ApqLK ;afoÔ(3:3:4) Iq(K) = �ZK jxjqdx�1=q � ApnLKgia k�je q > 0. 2L mma 3.3.2 Gia k�je � 2 Sn�1 èqoume(3:3:5) 

h�; �i

 2 � 
2pA 4pnLK ;ìpou 
2 > 0 apìluth stajer�.Apìdeixh: 'Estw � 2 Sn�1. Apì thn Prìtash 2.4.2 èqoume(3:3:6) kh�; �ik 2 � 
2R(K)1=2L1=2K = 
2pA 4pnLKgia k�poia apìluth stajer� 
2 > 0. 2Prìtash 3.3.1 Gia k�je q � 1 èqoume(3:3:7) mK(q) � 
3pn=A2;ìpou 
3 > 0 apìluth stajer�.Apìdeixh: Apì thn Prìtash 2.2.4 up�rqei q1 ' pn me thn idiìthta [1; q1℄ � NK .Apì to L mma 2.2.5,w(Zq1(K)) � 
wq1 (Zq1(K)) ' pq1Iq1 (K)=pn � pq1I2(K)=pn = pq1LK :'Ara, gia k�je q � q1 èqoume(3:3:8) w(Zq(K)) � w(Zq1(K)) � 
pq1LK � 
0 4pnLK :Apì thn �llh pleur�,(3:3:9) R(Zq(K)) � R(K) � ApnLK ;�ra an q � q1 èqoume(3:3:10) mK(q) = �nw(Zq(K))2R(Zq(K))2 � 
pn=A2:



67An q � q1 tìte q 2 NK , opìte p�li apì thn Prìtash 2.2.4 pa�rnoume(3:3:11) mK(q) � 
1nq � 
1 nq1 � 
01pn:Se k�je per�ptwsh èqoume to zhtoÔmeno. 2Tèlo
, de�qnoume ìti h sun�rthsh fK(t) sumperifèretai san thn exp(�t2=L2K).Prìtash 3.3.2 Gia k�je t > 0 èqoume(3:3:12) fK(t) � 
1LK exp(�
2t2=A2L2K);ìpou 
1; 
2 > 0 apìlute
 stajerè
.Apìdeixh: Apì thn Prìtash 2.3.1 èqoume(3:3:17) fK(t) � 
pn ZUK(t) 1jxj �1� t2jxj2�n�32 dx:JewroÔme th sun�rthsh g : [t; ApnLK ℄! R, me(3:3:18) g(s) = 1s �1� t2s2�n�32 :H par�gwgo
 th
 g isoÔtai me(3:3:19) g0(s) = 1s4 �1� t2s2�n�52 � �t2(n� 2)� s2�:An t � 2ALK kai n � 3, tìte h g(jxj) e�nai aÔxousa sun�rthsh tou jxj sto UK(t).Epomènw
, fK(t) � 
pnjUK(t)j � 1ALKpn �1� t2A2L2Kn�n�32� 
ALK exp(�
2t2=A2L2K)� 
1LK exp(�
2t2=A2L2K):Gia k�je t > 0 èqoume fK(t) ' 
=LK , opìte h anisìthta isqÔei tetrimmèna an0 < t < 2ALK . 2Parat rhsh. H anisìthta th
 Prìtash
 3.3.2 antistrèfetai me thn ex 
 ènnoia:gia k�je t � pn2 LK isqÔei h anisìthta(3:3:20) fK(t) � 
3A3LK exp(�
4t2=L2K):



68Gia thn apìdeixh, parathroÔme pr¸ta ìtinL2K = ZK jxj2dx � jUK(pnLK=2)j � A2nL2K + (1� jUK(pnLK=2)j) � nL2K=4;�ra jUK(pnLK=2)j � 3=(4A2). Epomènw
, an 0 < t � pnLK=2 èqoumefK(t) � 
pn ZUK(t) 1jxj �1� t2jxj2�n�32 dx� 
ALK ZUK(pnLK=2) exp(�
4t2=L2K)� 
3A3LK exp(�
4t2=L2K):3.3.2 	2-dieujÔnsei
Sthn x3.2 e�dame ìti an to K èqei ìgko 1, kèntro b�rou
 to 0, kai an K � �pnBn2 ,tìte(3:3:21) �(� 2 Sn�1 : kh�; �ik 2 � 
2�t) � 2tgia k�je t > 0, ìpou 
2 > 0 apìluth stajer�. Se aut n thn upopar�grafo upo-jètoume ìti to K e�nai epiplèon isotropikì, kai èqei akt�na R(K) = ApnLK . JadoÔme ìti h ekt�mhsh tou mètrou sthn (3.3.21) belti¸netai: to sÔnolo twn dieujÔn-sewn me {meg�lh}  2-stajer� èqei {ekjetik� mikrì} mètro.L mma 3.3.3 'EstwK èna kurtì s¸ma ston Rn . Upojètoume ìti gia k�poion R > 0èqoume hK(�) � R gia k�je � 2 Sn�1. Tìte,(3:3:22) �(� 2 Sn�1 : hK(�) � 2(1 + t)w(K)) � exp��
w2(K)t2nR2 �gia k�je t > 0.Apìdeixh: 'Estw m o mèso
 L�evy th
 hK sthn Sn�1. AfoÔ h hK e�nai Lips
hitzsuneq 
 me stajer� R, h sfairik  isoperimetrik  anisìthta (blèpe [48℄) d�nei(3:3:23) �(� 2 Sn�1 : hK(�) � m+ tw(K)) � exp��
w2(K)t2nR2 �gia k�je t > 0. ParathroÔme ìti m � 2w(K), ki autì oloklhr¸nei thn apìdeixh.2



69Je¸rhma 3.3.1 'Estw K isotropikì kurtì s¸ma ston Rn me R(K) = ApnLKgia k�poia stajer� A > 1. Tìte,(3:3:24) �(� 2 Sn�1 : kh�; �ik 2 � 
1A(1 + t)LK) � exp ��
2pnt2=A2� ;ìpou 
1; 
2 > 0 apìlute
 stajerè
.Apìdeixh: Gia k�je q � 2 kai k�je � 2 Sn�1 èqoume(3:3:25) LK � Hq(�) � R(Zq(K)):Apì to L mma 3.3.3 èqoume�(� 2 Sn�1 : Hq(�) � 2(1 + t)w(Zq(K))) � exp��
nw2(Zq(K))t2R2(Zq(K)) �� exp(�
2mK(q)t2)gia k�je t > 0. Apì to L mma 3.3.1 èqoume(3:3:26) w(Zq(K)) � 
1ApqLK ;�ra(3:3:27) ��� 2 Sn�1 : Hq(�) � 2
1(1 + t)ApqLK� � exp(�
2mK(q)t2):Tèlo
, apì thn Prìtash 3.3.1, mK(q) � 
3pn=A2 �ra(3:3:28) ��� 2 Sn�1 : Hq(�) � 2
1(1 + t)ApqLK� � exp(�
4pnt2=A2):Apì to Pìrisma 2.2.1, gia k�poia apìluth stajer� 
5 > 0 èqoume(3:3:29) f� 2 Sn�1 : kh�; �ik 2 � 
5A(1 + t)LK) � n[q=2 Jq ;ìpou(3:3:30) Jq := f� 2 Sn�1 : Hq(�) � 2
1(1 + t)ApqLKg:Qrhsimopoi¸nta
 kai thn (3.3.28) pa�rnoume to zhtoÔmeno gia n � n0(A). 23.3.3 Ta isotropik�  2-s¸mata èqoun mikr  di�metro'Opw
 ja doÔme se aut n thn upopar�grafo, h upìjesh ìti k�poio kurtì s¸ma e�nai 2-s¸ma e�nai polÔ perioristik .



70Je¸rhma 3.3.2 'Estw K èna isotropikì kurtì s¸ma ston Rn . Upojètoume ìti toK e�nai  2-s¸ma me stajer� b2. Tìte,(3:3:31) K � Cb22 log(1 + b2)pnBn2 ;ìpou C > 0 e�nai mia apìluth stajer�.Apìdeixh: AfoÔ to K e�nai  2-s¸ma me stajer� b2, h Prìtash 2.4.1 kai toPìrisma 2.2.1 de�qnoun ìti(3:3:32) 
hK(�)pn � kh�; �ik 2 � b2kh�; �ik1gia k�je � 2 Sn�1. AfoÔ to K e�nai isotropikì, èqoume(3:3:33) kh�; �ik1 � LKgia k�je � 2 Sn�1. O Bourgain [9℄ apèdeixe prìsfata ìti(3:3:34) LK � 
0b2 log(1 + b2):Sundu�zonta
 autè
 ti
 anisìthte
 pa�rnoume thn (3.3.31). 2Shme�wsh: To Je¸rhma 3.3.2 de�qnei ìti ta  2-s¸mata an koun se m�a polÔperiorismènh kl�sh (ta polik� tou
 s¸mata èqoun fragmèno lìgo ìgkwn). 'Enaendiafèron er¸thma e�nai an ta zwnoeid  e�nai  2-s¸mata   ìqi.A
 upojèsoume ìti to isotropikì kurtì s¸ma K ikanopoie� thn kh�; �ik 2 �b2LK gia k�je � 2 Sn�1. Tìte to K èqei mikr  di�metro, opìte h Prìtash 3.3.2ma
 exasfal�zei ìti(3:3:35) fK(t) � 
1(b2) exp(�
2(b2)t2)gia k�je t � 
(b2)pn. H epìmenh prìtash de�qnei ìti aut  kai mìno h upìjeshepib�llei sto s¸ma K na èqei mikr  di�metro.Prìtash 3.3.3 'Estw K èna isotropikì kurtì s¸ma ston Rn . An gia k�poionA > 0 èqoume(3:3:36) fK(t) � 
1LK exp(�t2=A2L2K)gia k�je t > 0, tìte(3:3:37) R(K) � 
2ApnLK :Apìdeixh: Upojètoume ìti isqÔei h (3.3.36). Ja qreiastoÔme to ex 
 l mma.



71L mma 3.3.4 Up�rqei stajer� s 2 (0; 1=2) tètoia ¸ste(3:3:38) Prob(x 2 K : jxj � sR(K)) � sn:Apìdeixh tou L mmato
: Apì thn Prìtash 2.2.2, to Pìrisma 2.2.1 kai to Je¸-rhma 2.2.3,(3:3:39) In(K) ' wn(Zn(K)) ' R(Zn(K)) ' R(K):Up�rqei loipìn apìluth stajer� 0 < C < 1 tètoia ¸ste(3:3:40) ZK jxjndx � CnR(K)n:AfoÔ(3:3:41) ZK jxjndx � jUK(sR(K))jR(K)n + (1� jUK(sR(K))j)snR(K)ngia k�je s > 0, an p�roume s = C=2 blèpoume ìti(3:3:42) jUK(sR(K))j � Cn � (C=2)n1� (C=2)n � (C=2)n = sn:Autì apodeiknÔei to L mma. 2Apìdeixh th
 Prìtash
 3.3.3: Pa�rnoume t = sR(K)=2. Tìte,fK(t) � 
pnZUK (t) 1jxj �1� t2jxj2�n�32 dx� 
pnR(K) ZUK (2t)�1� 14�n�32 dx� 
pnR(K)(3s=4)n � e�
0ngia k�poia apìluth stajer� 
0 > 0. Apì thn upìjesh gia thn fK kai to gegonì
ìti LK � 
 èqoume(3:3:43) 
00 exp(�
2t2=A2L2K) � exp(�
0n):'Ara,(3:3:44) 
0n � s2R(K)24A2L2K ;ap� ìpou èpetai ìti R(K) � 
3ALKpn gia k�poia apìluth stajer� 
3 > 0. 2



72Parathr sei
: Kle�noume aut  thn par�grafo me dÔo aplè
 parathr sei
 gia thsqèsh th
  2-sumperifor�
 tou K me th sun�rthsh mK .(a) Upojètoume pr¸ta ìti to K e�nai isotropikì kai ikanopoie� thn kh�; �ik 2 �b2LK gia k�je � 2 Sn�1. Tìte,(3:3:45) R(Zq(K)) � 
b2pqLKgia k�je q � 1. Eidikìtera,(3:3:46) R(K) ' R(Zn(K)) � 
0b2pnLK :Me to sumbolismì th
 x2.2.4, an q 2 NK tìte(3:3:47) w(Zq(K)) � 
wq(Zq(K)) � 
0pq=nIq(K) � 
0pqLK :Qrhsimopoi¸nta
 kai thn (3.3.45) pa�rnoume(3:3:47) mK(q) = �nw(Zq(K))2R(Zq(K))2 � 
00n=b22:Eidikìtera,(3:3:48) q0 = minPK = mK(q0) � 
00n=b22;opìte, gia k�je q 2 PK èqoume(3:3:49) mK(q) = �nw(Zq(K))2R(Zq(K))2 � �nw(Zq0(K))2R(K)2 � 
nq0L2KnL2K � 
n=b42:Dhlad ,(3:3:50) mK(q) � 
n=b42 gia k�je q � 1:(b) Ant�strofa, a
 upojèsoume ìti R(K) � ApnLK kai ìti mK(q) � �n gia k�jeq � 1. Tìte,(3:3:51) R(Zq(K)) � 
p�w(Zq(K))gia k�je q � 1. 'Omw
,(3:3:52) w(Zq(K)) � wq(Zq(K)) 'pq=nIq(K) � 
pqALK :'Ara,(3:3:53) R(Zq(K)) � 
1Ap�pqLKto opo�o apodeiknÔei ìti(3:3:54) kh�; �ik 2 � 
2Ap� LKgia k�je � 2 Sn�1.(g) Me l�ga lìgia, ta (a) kai (b) de�qnoun ìti èna isotropikì s¸ma K e�nai  2-s¸maan kai mìno an èqei mikr  di�metro kai ikanopoie� thn mK(q) ' n gia k�je q � 1.



733.4 Di�metro
 kai  2-sumperifor� twn grammik¸nsunarthsoeid¸n'Estw C(D) h kl�sh ìlwn twn kurt¸n swm�twn K ston Rn pou èqoun akt�naR(K) � D, ìpou D > 0 doje�sa stajer�. Jètoume
D := maxK2C(D) max�2Sn�1 kh�; �ikL 2 (K):An gia k�poio K0 2 C(D) kai k�poio � 2 Sn�1 ikanopoie�tai h kh�; �ikL 2(K0) = 
D,tìte h summetrikopo�hsh S
hwarz K1 tou K0 w
 pro
 � an kei sthn C(D) kaiikanopoie� thn kh�; �ikL 2 (K1) = kh�; �ikL 2(K0) = 
D:Autì upodeiknÔei ìti an jèloume na prosdior�soume th qeirìterh  2-sumperifor�gia thn kl�sh twn isotropik¸n kurt¸n swm�twn ston Rn pou èqoun akt�na to polÔ�sh me ApnLK , prèpei na koit�xoume ta ek peristrof 
 s¸mata sth dieÔjunsh tou�xon� tou
.StajeropoioÔmeR > 0 kai jewroÔme summetrik� kurt� s¸mata ek peristrof 
,th
 morf 
(3:4:1) K = f(x; t) : jtj � R; jxj � f(jtj)g;ìpou f : [0; R℄! R+ fj�nousa grammik  sun�rthsh. MporoÔme na gr�youme(3:4:2) f(t) = a� bt;ìpou a > 0 kai a� bR � 0, dhlad  0 � b � a=R. Upojètoume ìti jKj = 1, to opo�oma
 d�nei th sunj kh(3:4:3) 2!n�1 Z R0 (a� bt)n�1dt = 1;kai sumbol�zoume me I thn posìthta(3:4:4) I := I1(K; en) = ZK jhx; enijdx = 2!n�1 Z R0 t(a� bt)n�1dt:L mma 3.4.1 Gia k�je Æ 2 [0; 1℄ isqÔei(3:4:5) Z 1�Æ0 t(1� t)n�1dt = 1n+ 1  Z 1�Æ0 (1� t)n�1dt� Æn(1� Æ)! :



74Apìdeixh: Gr�foumeZ 1�Æ0 t(1� t)n�1dt = Z 1�Æ0 (1� t)n t1� tdt= � 1n+ 1 Z 1�Æ0 �(1� t)n+1�0 t1� tdt= � (1� t)ntn+ 1 ����1�Æ0 + 1n+ 1 Z 1�Æ0 (1� t)n+1� t1� t�0dt= �Æn(1� Æ)n+ 1 + 1n+ 1 Z 1�Æ0 (1� t)n�1dt;ap� ìpou prokÔptei h (3.4.5). 2L mma 3.4.2 Up�rqoun apìlute
 stajerè
 
1; 
2; 
3 > 0 me thn ex 
 idiìthta. Anjewr soume to s¸ma K ìpw
 parap�nw, kai an R � 
1I , tìte(3:4:6) 
2 anI � b � 
3 anI :Apìdeixh: Or�zoume Æ 2 [0; 1) apì thn ex�swsh(3:4:7) 1� Æ = bRa :Ep�sh
 jètoume(3:4:8) M := 2!n�1an�1 kai J := Z 1�Æ0 (1� t)n�1dt = 1� Ænn :H (3.4.3) gr�fetai(3:4:9) 1 = jKj =M � ab � J =M � R1� Æ � J;en¸ h (3.4.4), se sunduasmì me to L mma 3.4.1 pa�rnei th morf (3:4:10) I = Mn+ 1 � a2b2 ��J � Æn(1� Æ)� = M(n+ 1) � R2(1� Æ)2 ��J � Æn(1� Æ)�:Apì thn (3.4.9) èqoume(3:4:11) Æn = 1� nJ:Antikajist¸nta
 sthn (3.4.10) kai qrhsimopoi¸nta
 thn (3.4.9), gr�foumeI = 1(n+ 1)J R1� Æ ��J � (1� nJ)(1� Æ)�= nRn+ 1 + R(n+ 1)(1� Æ) � R(n+ 1)J= nRn+ 1 + R(n+ 1)(1� Æ) � MR2(n+ 1)(1� Æ) :



75LÔnonta
 w
 pro
 1� Æ pa�rnoume(3:4:12) 1� Æ = bRa = MR2 �RnR� (n+ 1)I ;dhlad ,(3:4:13) b = anI � MR� 1RI � n+1n :ParathroÔme ìti(3:4:14) M = 2!n�1an�1 = 2jK \ e?n j ' 1I ;opìte, an h stajer� 
1 e�nai arket� meg�lh, èqoume MR ' R=I � 1. Autì ma
exasfal�zei thn (3.4.6) gia k�poie
 apìlute
 stajerè
 
2; 
3 > 0. 2H shmas�a th
 sunj kh
 tou L mmato
 3.4.2 g�netai faner  apì to epìmenoL mma.L mma 3.4.3 JewroÔme èna s¸ma K ìpw
 parap�nw, to opo�o ikanopoie� thn R �
1I . An s � 
0minfR; a=bg, tìte(3:4:15) Prob(jtj � s) � 
4 exp(�
5s=I);ìpou 
0; 
4; 
5 > 0 apìlute
 stajerè
.Apìdeixh: H pijanìthta e�nai �sh meProb(jtj � s) = 2!n�1 Z Rs (a� bt)n�1dt= 2!n�1 annb ��1� bsa �n ��1� bRa �n� :ParathroÔme pr¸ta ìti(3:4:16) !n�1an�1 = jK \ e?n j � 
=I:Pa�rnonta
 upìyin ma
 kai thn b � 
3a=(nI), blèpoume ìti(3:4:17) 2!n�1annb � 
gia k�poia apìluth stajer� 
 > 0. An s � a=2b, qrhsimopoi¸nta
 thn 1�x � e�2xgia x 2 [0; 1=2℄, pa�rnoume(3:4:18) �1� bsa �n � exp(�2bns=a):



76Apì thn �llh pleur�,(3:4:19) �1� bRa �n � exp(�bRn=a):An s� R, tìte(3:4:20) exp(�bRn=a) � 12 exp(�2bns=a):Apì ta parap�nw èpetai ìti: an s � 
0minfR; a=bg, tìte(3:4:21) Prob(jtj � s) � (
=2) exp(�2bns=a) � (
=2) exp(�2
2s=I):'Epetai to zhtoÔmeno, me 
4 = 
=2 kai 
5 = 2
2. 2L mma 3.4.4 JewroÔme to s¸ma K ìpw
 parap�nw. Gia k�je j = 1; : : : ; n � 1èqoume(3:4:22) 
6pna � jK \ e?j j � 
7 n�1pR;ìpou 
6; 
7 > 0 apìlute
 stajerè
.Apìdeixh: Gia to �nw fr�gma qrhsimopoioÔme thn anisìthta tou H�older:jK \ e?j j = 2!n�2 Z R0 (a� bt)n�2dt � 2!n�2 Z R0 (a� bt)n�1dt!n�2n�1 R1=(n�1)= 2!n�2(2!n�1)�n�2n�1R1=(n�1) � 
7 n�1pR;ìpou 
7 > 0 apìluth stajer�. Gia to k�tw fr�gma parathroÔme ìtijK \ e?j j = 2!n�2 Z R0 (a� bt)n�2dt � !n�2a!n�1 2!n�1 Z R0 (a� bt)n�1dt= !n�2a!n�1 � 
6pna ;ìpou 
6 > 0 apìluth stajer�. 2L mma 3.4.5 Up�rqoun a ' pn kai b ' 1=pn tètoia ¸ste to summetrikì kurtìs¸ma ek peristrof 
(3:4:23) W = fy = (x; t) : jtj � a; jxj � a� bjtjgna èqei ìgko 1 kai na ikanopoie� thn(3:4:24) 
8 � ZW hy; �i2dy � 
9gia k�je � 2 Sn�1, ìpou 
8; 
9 > 0 apìlute
 stajerè
.



77Apìdeixh: An r e�nai h lÔsh th
 ex�swsh
 !n�1rn�1 = 1, gia to s¸ma(3:4:25) K = f(x; t) : jtj � r; jxj � r � jtj=pngèqoume(3:4:26) jKj = 2!n�1rn�1 � pnr � 1� �1� 1pn�nn ' 1;afoÔ r ' pn. JewroÔme s > 0 tètoio ¸ste to W := sK na èqei ìgko 1. Tìte,sn ' 1, kai toW gr�fetai sth morf  (3.4.23), ìpou a ' pn kai b = 1=pn. Ep�sh
,(3:4:27) I�1 ' jW \ e?n j = !n�1rn�1sn�1 ' 1;�ra(3:4:28) ZW hy; eni2dy ' I2 ' 1:ParathroÔme ìti to W e�nai summetrikì w
 pro
 tou
 upoq¸rou
 suntetagmènwn,�ra h (3.4.24) isqÔei gia k�je � 2 Sn�1 an èqoume(3:4:29) 
8 � ZW hy; eji2dy � 
9gia k�je j = 1; : : : ; n. Lìgw th
 (3.4.28), arke� na elègxoume thn (3.4.29) giaj � n� 1. Apì to L mma 3.4.4, gia k�je j = 1; : : : ; n� 1 èqoume(3:4:30) 
06 � 
6pna � jW \ e?j j � 
7 n�1pa � 
07;�ra(3:4:31) ZW hy; eji2dy ' jW \ e?j j�2 ' 1:Autì apodeiknÔei to L mma. 2Apì to s¸ma W mporoÔme eÔkola na per�soume se {parìmoio} isotropikì s¸ma.Je¸rhma 3.4.1 Up�rqoun a1; R1 ' pn kai b1 ' 1=pn tètoia ¸ste to summetrikìkurtì s¸ma ek peristrof 
(3:4:32) Q = fy = (x; t) : jtj � R1; jxj � a1 � b1jtjgna e�nai isotropikì.



78Apìdeixh: JewroÔme to s¸maW tou prohgoÔmenou l mmato
. Up�rqei diag¸nio
telest 
 T = diag(u; : : : ; u; v) tètoio
 ¸ste to Q = T (K) na e�nai isotropikì. Hapìdeixh th
 Prìtash
 3.1.1 kai to L mma 3.4.4 de�qnoun ìti u; v ' 1. To Qgr�fetai sth morf  (3.4.16) me R1 = av, a1 = au kai b1 = bu=v. Autì apodeiknÔeito Je¸rhma. 2Ta epìmena dÔo L mmata perigr�foun dÔo {antikrouìmene
} idiìthte
 tou Q.L mma 3.4.6 Up�rqoun apìlute
 stajerè
 
; C > 0 tètoie
 ¸ste(3:4:33) 
pnBn2 � Q � CpnBn2 :Apìdeixh: To prìblhma e�nai ousiastik� didi�stato. Gia k�je y = (x; t) 2 Qèqoume(3:4:34) jyj2 = jxj2 + t2 � a21 +R21 � C2n;ìpou C > 0 apìluth stajer�, giat� a1; R1 ' pn. Autì apodeiknÔei ton dexiìegkleismì. Gia ton aristerì, parathroÔme ìti h akt�na th
 eggegrammènh
 mp�la
tou Q isoÔtai me minfR1; dg, ìpou d e�nai h apìstash tou (0; 0) apì thn euje�ay = a1 � b1t sto R2 . 'Eqoume(3:4:35) d = a1p1 + b21 ' pn;�ra Q � 
pnBn2 gia k�poia apìluth stajer� 
 > 0. 2L mma 3.4.7 Up�rqei apìluth stajer� 
 > 0 tètoia ¸ste(3:4:36) kh�; enik 2 � 
 4pn:Apìdeixh: Gia k�je q � 1 èqoume(3:4:37) Iq := I(Q; en) � 
1qI � 
2q;ìpou 
2 > 0 apìluth stajer�. Ep�sh
, apì thn Prìtash 2.1.4 èqoume(3:4:38) Prob(y 2 Q : jhy; enij � 3CIq) � e�qgia k�je q � 1. An 3C � 
2q � 
0minfR1; a1=b1g ìpou 
0 h stajer� tou L mmato
3.4.3, èqoume(3:4:39) Prob(y 2 Q : jhy; enij � 3CIq) � exp(�3
5CIq=I):Gi� aut� ta q èpetai ìti qI � 3
5CIq , kai afoÔ I ' 1,(3:4:40) Iqpq � 
00pq;



79ìpou 
00 > 0 apìluth stajer�. Dedomènou ìti minfR1; a1=b1g = R1 ' pn, hmègisth tim  tou q gia thn opo�a isqÔei h (3.4.40) e�nai th
 t�xh
 th
 pn. Apì thnPrìtash 2.4.1 èpetai ìti(3:4:41) kh�; enik 2 = sup�kh�; enikqpq : q � 1	 � 
 4pngia k�poia apìluth stajer� 
 > 0. 2Sunoy�zoume sto ex 
 Je¸rhma.Je¸rhma 3.4.2 Up�rqei isotropikì kurtì s¸ma ek peristrof 
 Q ston Rn me ti
ex 
 idiìthte
:(3:4:42) 
1pnBn2 � Q � 
2pnBn2kai(3:4:43) kh�; enik 2 � 
3 4pnìpou 
1; 
2; 
3 > 0 apìlute
 stajerè
. 2Parathr sei
 To Je¸rhma 3.4.2 de�qnei ìti h apl   2-ekt�mhsh tou L mmato
3.3.2 den belti¸netai, akìma kai gia s¸mata pou e�nai omoiìmorfa isomorfik� methn Eukle�deia mp�la. Up� aut n thn ènnoia, h ap�nthsh sto 2o er¸thma th
 x3.2.1e�nai polÔ isqur� arnhtik .MporoÔme ep�sh
 na doÔme ìti h Prìtash 3.3.1 e�nai akrib 
: an thn efarmì-soume sto Q èqoume(3:4:44) mQ(q) � 
4pngia k�je q � 1. JewroÔme to mègisto q0 � 1 gia to opo�o isqÔei h (3.4.40). Tìte,(3:4:45) R(Zq0(Q)) � 
q0kai, apì to L mma 3.3.1,(3:4:46) w(Zq0(Q)) � Cpq0:'Ara,(3:4:47) mQ(q0) = �nw(Zq0 (Q))2R(Zq0(Q))2 � �nC2q0
2q20 � C1n=q0:Dedomènou ìti q0 ' pn, sumpera�noume ìti(3:4:48) infq�1mQ(q) ' pn:



80Me �lla lìgia, ìle
 oi ektim sei
 twn basik¸n paramètrwn pou d¸same sthn x3.3.1gia ta s¸mata me mikr  di�metro,  tan akribe�
.MporoÔme m�lista na d¸soume pl rh perigraf  twn Lq-kentroeid¸n swm�twntou Q qrhsimopoi¸nta
 to ex 
 apotèlesma twn Lutwak, Yang kai Zhang (blèpePrìtash 2.2.1 [45℄).Prìtash 3.4.1 'Estw K kurtì s¸ma ìgkou 1 ston Rn . Tìte,(3:4:49) jZq(K)j1=n � 
r qngia k�je 1 � q � n, ìpou 
 > 0 apìluth stajer�. 2Je¸rhma 3.4.3 'Estw Q to isotropikì kurtì s¸ma tou Jewr mato
 3.4.2. Up�r-qei q0 ' pn tètoio
 ¸ste:1. Gia k�je 1 � q � n, w(Zq(Q)) ' pq:2. An 1 � q � q0 tìte R(Zq(Q)) ' q, kai an q � q0 tìte R(Zq(Q)) ' pn.3. An 1 � q � q0 tìte mQ(q) ' n=q, kai an q0 � q � n tìte mQ(q) ' q.Apìdeixh: Jètoume q0 ton mègisto q � 1 gia ton opo�o isqÔei h (3.4.40).(a) Apì thn Prìtash 3.4.1 kai apì thn anisìthta tou Urysohn, gia k�je 1 � q � nèqoume(3:4:50) w(Zq(Q)) � pnjZq(Q)j1=n � 
pq:Apì thn �llh pleur�, afoÔ R(Q) = O(pn), èqoume(3:4:51) w(Zq(Q)) � wq(Zq(Q)) 'pq=nIq(Q) � 
0pq:(b) Apì thn (3.4.45) èqoume R(Zq0(Q)) ' q0. 'Ara, gia k�je q � q0 èqoume(3:4:52) pn ' q0 ' R(Zq0(Q)) � R(Zq(Q)) � R(Q) ' pn:Gia k�je q � q0 isqÔei h (3.4.40), �ra(3:4:53) R(Zq(Q)) ' q:(g) AfoÔ èqoun prosdioriste� ta R(Zq(Q)) kai w(Zq(Q)) gia ìle
 ti
 timè
 touq 2 [1; n℄, mporoÔme na upolog�soume thn tim  th
 paramètrou mQ(q) apì ta (a)kai (b). 2



Kef�laio 4Sugkèntrwsh tou ìgkou kaikentrikè
 oriakè
 idiìthte
isotropik¸n kurt¸n swm�twn
4.1 Eisagwg To prìblhma me to opo�o ja asqolhjoÔme se aut  thn par�grafo e�nai h sqèshth
 {mèsh
 sumperifor�
} twn grammik¸n sunarthsoeid¸n se èna isotropikì kurtìs¸ma me th sugkèntrwsh tou ìgkou gÔrw apì mia mp�la akt�na
 pnLK .Prìblhma: AlhjeÔei ìti up�rqei sun�rthsh � : N ! R+ me �(n) ! 1 ìtann!1, h opo�a ikanopoie� to ex 
: gia k�je isotropikì kurtì s¸ma K ston Rn(4:1:1) Prob �x 2 K : jxj � 
pnLKt� � exp �� �(n)t�gia k�je t � 1, ìpou 
 > 0 apìluth stajer�?Afethr�a gia th melèth autoÔ tou probl mato
 e�nai èna prìsfato apotèlesmatwn Bobkov kai Nazarov [13℄ sqetik� me thn kl�sh twn isotropik¸n 1-un
onditionalswm�twn.Je¸rhma 4.1.1 Up�rqei apìluth stajer� 
 > 0 tètoia ¸ste: gia k�je isotropikì1-un
onditional kurtì s¸ma K ston Rn kai k�je t � 1,(4:1:2) Prob �x 2 K : jxj � 
tpn� � exp ��
tpn� :Gia to genikì isotropikì s¸ma, ta mìna apotelèsmata autoÔ tou e�dou
 e�naisunèpeie
 tou L mmato
 tou Borell kai tou Jewr mato
 tou Alesker pou èqoume81



82 dh anafèrei. Sthn x2 e�dame ìti an K e�nai èna kurtì s¸ma ìgkou 1 ston Rn , tìtegia k�je q � 1 kai t � 1 èqoume(4:1:3) Prob (x 2 K : jxj � 3CIq(K)t) � e�qtgia k�je s � 1, ìpou C > 0 apìluth stajer�. Eidikìtera, an to K e�nai isotropikìtìte I2(K) = pnLK , opìte(4:1:4) Prob �x 2 K : jxj � 3CpnLKt� � e�2tgia k�je t � 1. SÔmfwna me to Je¸rhma tou Alesker, an K e�nai èna isotropikìkurtì s¸ma kai an f(x) = jxj, tìte(4:1:5) kfk 2 � 
kfk1 � 
pnLK ;ìpou 
 > 0 apìluth stajer�. Eidikìtera,(4:1:6) Prob(x 2 K : jxj � 
pnLKt) � 2 exp(�t2)gia k�je t > 0. An to prìblhma e�qe katafatik  ap�nthsh, tìte ja e�qame isqurìte-rh sugkèntrwsh tou ìgkou gÔrw apì thn akt�na pnLK . H (4.1.1) e�nai isqurìterhapì ti
 (4.1.4) kai (4.1.6) gia mikr� t.Sthn x4.2 parousi�zoume mia pr¸th anagwg : to prìblhma èqei katafatik ap�nthsh an kai mìno an oi ropè
 Iq(K) th
 Eukle�deia
 nìrma
 paramènoun sta-jerè
 gia èna meg�lo arqikì di�sthma tim¸n tou q � 2.Je¸rhma 4.1.2 'Estw �(n) � 2 kai èstw K èna isotropikì kurtì s¸ma ston Rn .Gia k�je 
 � 1 ta ex 
 e�nai isodÔnama:(a) Gia k�je t � 1,(4:1:7) Prob �x 2 K : jxj � 
pnLKt� � exp �� �(n)t�:(b) Gia k�je 2 � q � 
1�(n),(4:1:8) Iq(K) � 
2(
)pnLK ;ìpou 
1 > 0 apìluth stajer� kai 
2(
) ' 
.Qrhsimopoi¸nta
 aut  thn anagwg , sthn x4.3 de�qnoume ìti to arqikì prìblh-ma sundèetai sten� me th sumperifor� th
 sun�rthsh
 fK .Je¸rhma 4.1.3 'Estw �(n) � 2 kai èstw K èna isotropikì kurtì s¸ma ston Rn .Gia k�je 
 � 1 ta ex 
 e�nai isodÔnama:



83(a) Gia k�je t � 1,(4:1:9) Prob �x 2 K : jxj � 
pnLKt� � exp �� �(n)t�:(b) Gia k�je 0 < t � 
1(
)p�(n),(4:1:10) fK(t) � 
2LK exp(�t2=(
3(
)LK)2);ìpou 
i(
) ' 
.Den gnwr�zoume an to prìblhma èqei katafatik  ap�nthsh. Qrhsimopoi¸nta
ìmw
 to Je¸rhma 4.1.3 kai èna prìsfato apotèlesma twn Bobkov kai Koldobsky[11℄, sthn x4.4 pa�rnoume thn ex 
 genik  ekt�mhsh.Je¸rhma 4.1.4 'Estw K èna isotropikì kurtì s¸ma ston Rn . Tìte,(4:1:11) Prob ��x 2 K : jxj � CpnLKt	� � exp �� �(K)t�gia k�je t � 1, ìpou(4:1:12) �(K) = log� n2Var(jxj2)� ;kai C > 0 e�nai mia apìluth stajer�.Sunèpeia mia
 (anapìdeikth
) eikas�a
 twn Bobkov kai Koldobsky e�nai h �(K) 'logn. An autì isqÔei, to Je¸rhma 4.1.3 ma
 d�nei(4:1:13) Prob ��x 2 K : jxj � C1pnt	� � n�t;gia k�je t � 1 kai k�je isotropikì kurtì s¸ma K ston Rn , ìpou C1 > 0 e�nai miaapìluth stajer�.4.2 Anagwg  sta q-kentroeid  s¸mataSe aut  thn par�grafo perigr�foume mia pr¸th anagwg  tou probl mato
. AnK e�nai èna isotropikì kurtì s¸ma ston Rn , tìte o ìgko
 tou K pou br�sketaièxw apì mia mp�la akt�na
 tpnLK pèftei apìtoma me to t an kai mìno an oi ropè
Iq(K) paramènoun stajerè
 kai �se
 me pnLK gia arket� meg�la q � 2.Prìtash 4.2.1 'Estw K èna isotropikì kurtì s¸ma ston Rn to opo�o ikanopoie�thn(4:2:1) Prob �x 2 K : jxj � 
pnLKt� � exp �� �(n)t�



84gia k�je t � 1, ìpou 
 kai �(n) e�nai dÔo jetikè
 stajerè
. Tìte,(4:2:2) Iq(K) � 2
pnLKgia k�je 2 � q � 
1�(n), ìpou 
1 > 0 apìluth stajer�.Apìdeixh: Gr�foumeIqq (K) = ZK jxjqdx = q Z 10 sq�1Prob (x 2 K : jxj � s) ds� q Z 
pnLK0 sq�1ds+ Z 1
pnLK qsq�1 exp(��(n)s=
pnLK)ds= �
pnLK�q +�
pnLK�(n) �q Z 11 qtq�1e�tdt� 
qnq=2LqK �1 +� 
q�(n)�q� ;ìpou 
 > 0 apìluth stajer�. An 
q � �(n), tìte(4:2:3) Iq(K) � 21=q
pnLK ;dhlad  èqoume to zhtoÔmeno gia k�je 2 � q � 
1�(n), ìpou 
1 := 1=
. 2Prìtash 4.2.2 'Estw K èna isotropikì kurtì s¸ma ston Rn kai 
 � 1,  (n) > 2dÔo stajerè
. An(4:2:4) Iq(K) � 
pnLKgia k�je 2 � q �  (n), tìte(4:2:5) Prob �x 2 K : jxj � 

pnLKt� � exp ��  (n)t�gia k�je t � 1, ìpou 
 > 0 apìluth stajer�.Apìdeixh: Apì thn Prìtash 2.1.4 èqoume(4:2:6) Prob (x 2 K : jxj � 3CIq(K)t) � e�qtgia k�je t � 1, ìpou C > 0 apìluth stajer�. Jètonta
 q =  (n) kai qrhsimo-poi¸nta
 thn (4.2.4) pa�rnoume(4:2:7) Prob �x 2 K : jxj � 3C
pnLKt� � exp(� (n)t)gia k�je t � 1, dhlad  to zhtoÔmeno me 
 := 3C. 2Apì thn Prìtash 2.2.2 èqoume wq(Zq(K)) ' pq=nIq(K) gia k�je isotropi-kì kurtì s¸ma K kai k�je q � n. Sundu�zonta
 aut  thn isìthta me ti
 dÔoprohgoÔmene
 Prot�sei
, pa�rnoume to ex 
.



85Je¸rhma 4.2.1 'Estw �(n) � 2 kai èstw K èna isotropikì kurtì s¸ma ston Rn .Gia k�je 
 � 1 ta ex 
 e�nai isodÔnama:(a) Gia k�je t � 1,(4:2:8) Prob �x 2 K : jxj � 
pnLKt� � exp �� �(n)t�:(b) Gia k�je 2 � q � 
1�(n),(4:2:9) Iq(K) � 
2(
)pnLK ;ìpou 
2(
) ' 
.(g) Gia k�je 2 � q � 
3�(n),(4:2:10) wq(Zq(K)) � 
4(
)pqLK ;ìpou 
4(
) ' 
. 24.3 Anagwg  sth sumperifor� th
 fKSe aut  thn par�grafo parousi�zoume mia deÔterh anagwg  tou probl mato
, aut th for� sth sumperifor� th
 sun�rthsh
 fK . KÔrio ergale�o ma
 ja e�nai k�poie
teqnikè
 anisìthte
 pou sundèoun ta genikeumèna pl�th twn q-kentroeid¸n swm�twnme thn fK . Gia eukol�a all�zoume k�pw
 to sumbolismì twn dÔo prohgoÔmenwnKefala�wn.Sumbolismì
. 'Estw K èna kurtì s¸ma ìgkou 1 ston Rn . Gia k�je q > 0 kait > 0 jètoume(4:3:1) Z(q) = wq(Zq(K)) = �ZSn�1 ZK jhx; �ijqdx �(d�)�1=qkai(4:3:2) Z(q; t) =  ZSn�1 ZBK;�(t) jhx; �ijqdx �(d�)!1=qìpou(4:3:3) BK;�(t) = fx 2 K : jhx; �ij � tg:Parathr ste ìti Z(q; t) � Z(q) gia k�je t > 0. Ep�sh
, h Z(q) e�nai aÔxousa kaisuneq 
 sun�rthsh tou q.



86L mma 4.3.1 Gia k�je t > 0 isqÔei h tautìthta(4:3:4) Zq(q; t) = 2 Z t0 rqfK(r)dr:Apìdeixh: E�nai �mesh sunèpeia tou Jewr mato
 tou Fubini:Zq(q; t) = 2 ZSn�1 Z t0 rqfK;�(r)dr�(d�) = 2 Z t0 rq ZSn�1 fK;�(r)�(d�)dr= 2 Z t0 rqfK(r)dr;apì ton orismì th
 fK . 2AfoÔ Z(q) = wq(Zq(K)), h Prìtash 2.2.2 pa�rnei thn ex 
 morf .L mma 4.3.2 'Estw K èna kurtì s¸ma ìgkou 1 ston Rn . Tìte,(4:3:5) Z(q) 'r qq + nIq(K):gia k�je q � 1. 2Gia k�je � 2 Sn�1 kai q � 1 jètoume Hq(�) = kh�; �ikq. To epìmeno l mma de�qneiìti me olokl rwsh th
 sun�rthsh
 jh�; �ijq sth lwr�da BK;�(Hq(�)) ousiastik�pi�noume thn tim  th
 Hqq (�).L mma 4.3.3 Gia k�je � 2 Sn�1 kai gia k�je q; s � 1,(4:3:6) �1� e�qs=2(2C)q�Hqq (�) � ZBK;�(3CHq(�)s) jhx; �ijqdx;ìpou C > 0 e�nai h stajer� sto Je¸rhma 2:1:2.Apìdeixh: H Prìtash 2.1.4 de�qnei ìti(4:3:7) jK nBK;�(3CHq(�)s)j � exp(�qs)gia k�je q; s � 1. Gr�foumeHqq (�) = ZBK;�(3CHq(�)s) jhx; �ijqdx + ZKnBK;�(3CHq(�)s) jhx; �ijqdx� ZBK;�(3CHq(�)s) jhx; �ijqdx + exp(�qs=2)�ZK jhx; �ij2qdx�1=2� ZBK;�(3CHq(�)s) jhx; �ijqdx + exp(�qs=2)(2C)qHqq (�);



87ìpou qrhsimopoi same thn (4.3.7), thn anisìthta Cau
hy-S
hwarz kai thn Prìtash2.1.3 me to q sto rìlo tou p kai ton 2 sto rìlo tou q. 2To basikì teqnikì ergale�o ma
 e�nai h epìmenh prìtash: de�qnei ìti Z(q) ' Z(q; t)ìtan to t g�nei per�pou �so me Z(q).Prìtash 4.3.1 Up�rqei apìluth stajer� � > 0 me thn ex 
 idiìthta: gia k�jekurtì s¸ma K ìgkou 1 ston Rn kai gia k�je q � 1,(4:3:8) Zq(q) � 2Zq(q; �Z(q)):Apìdeixh: Gia k�je t > 0 jètoume Ut = f� 2 Sn�1 : Hq(�) � tZ(q)g. H anisìthtatou Markov de�qnei ìti �(Ut) � t�q . Qrhsimopoi¸nta
 to L mma 4.3.3, gia k�jes � 1 gr�foume(1� e�qs=2(2C)q)Zq(q) � ZSn�1nUt ZBK;�(3CHq(�)s) jhx; �ijqdx�(d�)+ ZUt ZBK;�(3CHq(�)s) jhx; �ijqdx�(d�)� ZSn�1 ZBK;�(3CtsZ(q)) jhx; �ijqdx�(d�)+�(Ut)1=2 �ZSn�1 ZK jhx; �ij2qdx�(d�)�1=2� Zq(q; 3CtsZ(q)) + (2C)qt�q=2Zq(q):Epilègoume t¸ra ta s; t ¸ste na ikanopoioÔn ti
 pt = 8C kai es=2 = 8C. Tìte,(4:3:9) (1� 4�q)Zq(q) � Zq(q; 3CtsZ(q)) + 4�qZq(q):Antikajist¸nta
 ti
 timè
 twn t; s sthn (4.3.9) upolog�zoume thn tim  th
 stajer�
�. 2Shme�wsh: To epiqe�rhma d�nei(4:3:10) �1� (2C)q(e�qs=2 + t�q=2)�Zq(q) � Zq(q; 3CtsZ(q))gia k�je t; s � 1.L mma 4.3.4 'Estw K èna kurtì s¸ma ìgkou 1 ston Rn . H fK e�nai fj�nousasun�rthsh.Apìdeixh: 'Ameso, apì thn isìthtafK(t) = 
n ZUK (t) 1jxj �1� t2jxj2�n�32 dx;h opo�a isqÔei gia k�je t > 0. 2



88Prìtash 4.3.2 Up�rqei apìluth stajer� 
 > 0 me thn ex 
 idiìthta: gia k�jekurtì s¸ma K ìgkou 1 ston Rn kai gia k�je q � 1,(4:3:11) fK(
Z(q)) � 1Z(q) exp(�q):Apìdeixh: Jètoume(4:3:12) G(t) = Z(q; t)q :Apì thn 4.3.10 kai apì ton orismì th
 Z(q; t) èqoume(4:3:12) (1� (2C)q(e�qs=2 + t�q=2))Z(q)q � G(3CtsZ(q)) � Z(q)qgia k�je t; s � 1. Apì to L mma 4.3.1, gia k�je u < v èqoume(4:3:13) G(v) �G(u) = 2 Z vu rqfK(r)dr � 2fK(v)vq+1 � uq+1q + 1afoÔ h fK e�nai fj�nousa. 'Ara, gia k�je t; s � 1 èqoume(4:3:14) fK(6CtsZ(q)) � q + 12 (2C)q(e�qs=2 + t�q=2)(6CtsZ(q))q+1 � (3CtsZ(q))q+1Z(q)q :Epilègonta
 s = 1 kai t = e èqoume(4:3:15) fK(6CeZ(q)) � q + 12q+1 � 1 1Z(q) (3e=2)�qe�q=2 � 1Z(q)e�q ;to opo�o apodeiknÔei to Je¸rhma, me 
 := 6Ce. 2MporoÔme t¸ra na doÔme thn akrib  sqèsh tou probl mato
 pou melet�me me thsumperifor� th
 fK .Je¸rhma 4.3.1 'Estw 
 � 1 kai èstw K èna isotropikì kurtì s¸ma ston Rn . An(4:3:16) Prob ��x 2 K : jxj � 
pnLKt	� � exp �� �(n)t�gia k�je t � 1, tìte(4:3:17) fK(t) � 
1LK exp ��
2t2=
2L2K�gia k�je 0 < t � 
3
p�(n)LK .Pr¸th apìdeixh: Upojètoume ìti n > 3. 'Eqoume(4:3:18) fK(t) = 
n ZUK (t) gt(jxj)dx



89gia k�je t � 0, ìpou h gt or�zetai apì thn(4:3:19) gt(s) = 1s �1� t2s2�n�32sto [t;1). Paragwg�zonta
 thn gt blèpoume ìti e�nai aÔxousa sto [t; tpn� 2℄ kaimet� fj�nousa. Upojètoume pr¸ta ìti 
pnLK � tpn� 2 (autì ikanopoie�tai ant � p2
LK). Tìte, gr�foumefK(t) = 
n ZK\ft�jxj�
pnLKg gt(jxj)dx + 
n ZUK(
pnLK) gt(jxj)dx� 
ngt(
pnLK) + exp(��(n))
ngt(tpn� 2)= 
n
pnLK �1� t2
2nL2K�n�32 + exp(��(n)) 
ntpn� 2 �1� 1n� 2�n�32� 
1LK exp(�
2t2=
2L2K) + 
3LK exp(��(n))� 
4LK exp(�
2t2=
2L2K);an tautìqrona t � 

p�(n)LK (qrhsimopoi same kai thn 
n ' pn).An 0 < t � minfp2
LK ; 

p�(n)LKg, tìte(4:3:20) fK(t) � 
5LK � 
6LK exp(�
7t2=
2L2K);�ra h (4.3.17) isqÔei gia k�je 0 < t � 

p�(n)LK an epilèxoume kat�llhlhapìluth stajer� 
. 2DeÔterh apìdeixh: Apì thn Prìtash 4.2.1 kai to L mma 4.3.2 èqoume(4:3:22) Z(q) = wq(Zq(K)) � 
2
pqLKgia k�je 2 � q �  (n) := 
1�(n).'Estw 
 > 0 h stajer� th
 Prìtash
 4.3.2. H sun�rthsh G : [2;  (n)℄ ! R meG(q) = 
Z(q) e�nai aÔxousa kai suneq 
. AfoÔ G(q) = 
Z(q) � 
3pqLK gia k�jeq � 1, èqoume(4:3:20) G[2;  (n)℄ � [
LK ; 
3p (n)LK ℄:An loipìn 
LK � t � 
3p (n)LK , up�rqei q(t) 2 [2;  (n)℄ tètoio ¸ste 
Z(q(t)) =G(q(t)) = t. Epiplèon, Z(q(t)) � 
2
pq(t)LK , �ra(4:3:23) t � 
4
pq(t)LK :Apì thn Prìtash 4.3.2 sumpera�noume ìti(4:3:24) fK(t) � 1Z(q(t)) exp(�q(t)) � 
t exp �t2=
24
2L2K� :



90AfoÔ 
=t � 1=LK, pa�rnoume(4:3:25) fK(t) � 
5LK exp(�
6t2=
2L2K):H (4.3.25) isqÔei profan¸
 an 0 < t < 
LK , arke� na metab�lloume thn tim  twn(apìlutwn) stajer¸n 
5; 
6 an qreiaste�. 2H ant�strofh kateÔjunsh e�nai sunèpeia th
 Prìtash
 4.3.1.Je¸rhma 4.3.2 'Estw 
 � 1 kai èstw K èna isotropikì kurtì s¸ma ston Rn .Upojètoume ìti � �  (n) < R(K)=LK kai(4:3:26) fK(t) � 
1LK exp ��t2=
2L2K�gia k�je 0 < t � 
 (n)LK . Tìte, gia k�je 2 � q � 
2 2(n) èqoume(4:3:27) Iq(K) � 
3
pnLK :Apìdeixh: Parathr ste ìti Z(2) = LK kai lims!1 Z(s) = R(K). AfoÔ � � (n) < R(K)=LK , up�rqei s � 2 tètoio
 ¸ste �Z(s) = 
 (n)LK . Apì to L mma4.3.1 kai thn Prìtash 4.3.1 pa�rnoumeZs(s) � 2Zs(s; �Z(s)) = 4 Z �Z(s)0 rsfK(r)dr� 4 Z 
 (n)LK0 rsfK(r)dr� 4
1LK Z 
 (n)LK0 rs exp(�r2=
2L2K)dr� 4
1LK Z 10 rs exp(�r2=
2L2K)dr� (

psLK)s:Me �lla lìgia,(4:3:28) Z(s) � 

psLK :Tìte,(4:3:29) Is(K) 'pn=sZ(s) � 

pnLK ;kai apì thn anisìthta tou H�older pa�rnoume(4:3:30) Iq(K) � Is(K) � 

pnLK



91gia k�je q � s. Apì thn �llh pleur�,(4:3:31) s � Z2(s)
2
2L2K =  2(n)
2�2 ;kai h apìdeixh e�nai pl rh
. 2Parat rhsh. To di�sthma � �  (n) � R(K)=LK e�nai autì pou parousi�-zei endiafèron gia thn par�metro  (n). An 0 <  (n) < �, tìte to sumpèrasmatou Jewr mato
 ikanopoie�tai kat� tetrimmèno trìpo. An  (n) � R(K)=LK tìteèqoume thn (4.3.26) gia k�je t > 0. Akolouj¸nta
 to prohgoÔmeno epiqe�rhma,elègqoume ìti In(K) ' Z(n) � 

pnLK . 'Omw
 In(K) ' R(K), kai autì d�nei thn(4.3.27) gia k�je q � 2.Apì ta Jewr mata 4.3.1, 4.3.2 kai apì thn anagwg  tou probl mato
 sthn x4.2èpetai to ex 
.Je¸rhma 4.3.3 'Estw �(n) � 2 kai èstw K èna isotropikì kurtì s¸ma ston Rn .Gia k�je 
 � 1 ta ex 
 e�nai isodÔnama:(a) Gia k�je t � 1,(4:3:32) Prob �x 2 K : jxj � 
pnLKt� � exp �� �(n)t�:(b) Gia k�je 0 < t � 
1(
)p�(n)LK ,(4:3:33) fK(t) � 
2LK exp(�t2=(
3(
)LK)2);ìpou 
i(
) ' 
. 2'Ameso pìrisma sthn per�ptwsh twn 1-un
onditional swm�twn e�nai to ex 
.Pìrisma 4.3.1 Up�rqoun apìlute
 stajerè
 
i > 0 tètoie
 ¸ste: an K e�nai ènaisotropikì 1-un
onditional kurtì s¸ma ston Rn , tìte(4:3:34) fK(t) � 
1 exp(�
2t2)gia k�je 0 < t � 
3 4pn. 2Shme�wsh: MporoÔme na kataskeu�soume parade�gmata 1-un
onditional kai iso-tropik¸n swm�twn ston Rn gia ta opo�a to m ko
 tou diast mato
 sto opo�o isqÔeih anisìthta (4.3.34) den mpore� na èqei t�xh megalÔterh th
 4pn.



924.4 Parathr sei
 sqetik� me to kentrikì oriakìprìblhmaTa teleuta�a qrìnia èqei suzhthje� h eikas�a ìti o (n� 1)-di�stato
 ìgko
 fK;�(t)twn tom¸nK\(�?+t�) enì
 isotropikoÔ kurtoÔ s¸mato
K me uperep�peda k�jetase doje�sa dieÔjunsh � 2 Sn�1, an ton doÔme sa sun�rthsh th
 apìstash
 t � 0twn uperepipèdwn apì thn arq  twn axìnwn, e�nai - me meg�lh pijanìthta - kont�sthn kanonik  puknìthta me mèso 0 kai diaspor� L2K . Aut  h eikas�a mpore� nadiatupwje� akribèstera me polloÔ
 diaforetikoÔ
 trìpou
 (blèpe [17℄, [2℄) kai èqeiepalhjeute� mìno gia k�poie
 eidikè
 kl�sei
 swm�twn. Oi Bobkov kai Koldobsky[11℄ (blèpe ep�sh
 [17℄) je¸rhsan th mèsh tim  p�nw sth sfa�ra(4:4:1) fK(t) = ZSn�1 fK;�(t)�(d�);kai èdeixan to ex 
.Prìtash 4.4.1 An K e�nai èna isotropikì kurtì s¸ma ston Rn , tìte(4:4:2) ����fK(t)� 1p2�LK exp(�t2=(2L2K))���� � C ��KLKt2pn + 1n�gia k�je 0 < t � 
pn, ìpou 
; C > 0 e�nai apìlute
 stajerè
 kai h par�metro
 �Kor�zetai apì thn(4:4:3) �2K = Var(jxj2)nL4K :Qrhsimopoi¸nta
 thn Prìtash 4.4.1 kai to basikì apotèlesma autoÔ tou Ke-fala�ou pa�rnoume eÔkola to ex 
.Je¸rhma 4.4.1 'Estw K èna isotropikì kurtì s¸ma ston Rn . Tìte,(4:4:4) Prob ��x 2 K : jxj � CpnLKt	� � exp �� �(K)t�gia k�je t � 1, ìpou(4:4:5) �(K) ' minflog(n2=Var(jxj2)); logng;kai C > 0 e�nai mia apìluth stajer�.Apìdeixh: 'Estw C h stajer� th
 Prìtash
 4.4.1. Apì thn (4.4.5) èqoume(4:4:6) �(K) = log� n�2KL4K� = 12 log� pn�KL2K� :



93An pC � t � 
p�(K), tìte(4:4:7) e�2t2=
2 � �KL2Kpn ;opìte h Prìtash 4.4.1 d�neifK(t) � 1p2�LK exp(�t2=(2L2K)) + C �KLKt2pn + Cn� 
0LK exp(�
00t2=L2K):(O ìro
 C=n e�nai ki autì
 mikrìtero
 apì ton ekjetikì ìro). Apì thn Prìtash4.4.1 èpetai to sumpèrasma. 2Eik�zetai ìti h par�metro
 �K fr�ssetai apì apìluth stajer� (autì èqei epa-lhjeute� gia ìle
 ti
 `np -mp�le
 apì tou
 Ball kai Perusin�kh [15℄). Den e�nai dÔ-skolo na elègxoume ìti an �K ; LK ' 1 tìte �(K) ' logn, opìte to Je¸rhma 4.4.1d�nei katafatik  ap�nthsh sto arqikì ma
 prìblhma: an K e�nai èna isotropikìkurtì s¸ma ston Rn , tìte(4:4:8) Prob ��x 2 K : jxj � C1pnt	� � n�t;gia k�je t � 1, ìpou C1 > 0 e�nai mia apìluth stajer�.
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Kef�laio 5Topikè
 morfè
 th
 anisìthta
Aleksandrov-Fen
hel
5.1 Eisagwg Se autì to Kef�laio apodeiknÔoume k�poie
 anisìthte
 gia tou
 meiktoÔ
 ìgkou
kurt¸n swm�twn. Oi meikto� ìgkoi or�zontai mèsw tou klasikoÔ jewr mato
 touMinkowski (blèpe x1.1.2 gia mia sÔntomh eisagwg  kai to sumbolismì pou ja qrh-simopoi soume): An K1; : : : ;Km 2 Kn, m 2 N, tìte o ìgko
 tou t1K1+ � � �+tmKme�nai omogenè
 polu¸numo bajmoÔ n w
 pro
 ti � 0 (blèpe [18℄, [56℄). Dhlad ,(5:1:1) ��t1K1 + � � �+ tmKm�� = X1�i1;:::;in�mV (Ki1 ; : : : ;Kin)ti1 : : : tin ;ìpou oi suntelestè
 V (Ki1 ; : : : ;Kin) epilègontai na e�nai anex�rthtoi apì metajè-sei
 twn Kij . O suntelest 
 V (Ki1 ; : : : ;Kin) e�nai o meiktì
 ìgko
 th
 n-�da
(Ki1 ; : : : ;Kin).O tÔpo
 tou Steiner e�nai eidik  per�ptwsh tou jewr mato
 tou Minkowski: anK 2 Kn kai t > 0, tìte(5:1:2) jK + tBn2 j = nXj=0�nj�Wj(K)tj ;ìpou Wj(K) := V (K;n� j;Bn2 ; j) e�nai to j-stì quermassintegral tou K.H anisìthta Aleksandrov-Fen
hel isqur�zetai ìti an K;L;K3; : : : ;Kn 2 Kn,tìte(5:1:3) V (K;L;K3; : : : ;Kn)2 � V (K;K;K3; : : : ;Kn)V (L;L;K3; : : : ;Kn):95



96Eidikìtera, autì shma�nei ìti h n-�da (W0(K); : : : ;Wn(K)) e�nai logarijmik� ko�lh.Sunèpeie
 th
 anisìthta
 Aleksandrov-Fen
hel e�nai h anisìthta Brunn-Minkowskikai h gen�keus  th
(5:1:4) Wi(K + L)1=(n�i) �Wi(K)1=(n�i) +Wi(L)1=(n�i);gia k�je i = 0; : : : ; n� 1.Up�rqei sten  sqèsh an�mesa se anisìthte
 gia ta quermassintegrals kurt¸nswm�twn kai anisìthte
 gia summetrikè
 sunart sei
 jetik¸n pragmatik¸n arij-m¸n   or�zouse
 summetrik¸n pin�kwn. Gia par�deigma, mia anisìthta tou Berg-strom [5℄ de�qnei ìti an A kai B e�nai summetriko� jetik� orismènoi p�nake
 kaiAi; Bi e�nai oi upop�nake
 pou prokÔptoun an diagr�youme thn i-st  gramm  kaist lh tou
, tìte(5:1:5) det(A+B)det(Ai +Bi) � det(A)det(Ai) + det(B)det(Bi) :O Milman r¸thse an up�rqei k�poio an�logo th
 anisìthta
 tou Bergstrom sthjewr�a twn meikt¸n ìgkwn. To prìblhma mpore� na diatupwje� w
 ex 
: gia poiè
timè
 tou i isqÔei ìti(5:1:6) Wi(K + L)Wi+1(K + L) � Wi(K)Wi+1(K) + Wi(L)Wi+1(L)gia k�je zeug�ri kurt¸n swm�twn K kai L ston Rn ? An autì �sque gia k�jei = 0; : : : ; n� 1, tìte èna tupikì epiqe�rhma {arijmhtikoÔ-gewmetrikoÔ mèsou} jaèdine thn (5.1.4).To �dio er¸thma (per�ptwsh i = 0) tèjhke apì tou
 Dembo, Cover kai Thomassto [23℄, ìpou h anisìthta(5:1:7) jK + LjjA(K + L)j � jKjjA(K)j + jLjjA(L)jprote�netai w
 h duðk  th
 anisìthta
 tou Fisher(5:1:8) J(X + Y )�1 � J(X)�1 + J(Y )�1apì th jewr�a th
 plhrofor�a
. Ed¸, A(V ) e�nai h epif�neia tou V , en¸ J(X) e�naih plhrofor�a kat� Fisher tou tuqa�ou dianÔsmato
 X ston Rn .Sthn x5.2 de�qnoume ìti to er¸thma èqei katafatik  ap�nthsh an to èna apì ta dÔos¸mata e�nai mp�la. H per�ptwsh i = 0 autoÔ tou jewr mato
 èqei  dh emfaniste�sth bibliograf�a (blèpe [23℄).Je¸rhma 5.1.1 'Estw K èna kurtì s¸ma kai B mia mp�la ston Rn . Tìte,(5:1:9) Wi(K + B)Wi+1(K +B) � Wi(K)Wi+1(K) + Wi(B)Wi+1(B)gia k�je i 2 f0; : : : ; n� 1g.



97H ap�nthsh ìmw
 e�nai genik� arnhtik . Oi mìne
 timè
 tou i gia ti
 opo�e
 h(5.1.6) isqÔei p�nta ston Rn e�nai oi i = n � 1 kai i = n � 2. Autì to apotè-lesma apodeiknÔetai sto [26℄ (kai ja parousi�soume thn apìdeix  tou gia lìgou
plhrìthta
).Je¸rhma 5.1.2 H anisìthta(5:1:10) Wi(K + L)Wi+1(K + L) � Wi(K)Wi+1(K) + Wi(L)Wi+1(L)isqÔei gia k�je zeug�ri kurt¸n swm�twn K kai L ston Rn an kai mìno an i = n�1  i = n� 2.'Ena endiafèron er¸thma e�nai na qarakthr�sei kane�
 thn kl�sh L twn sum-pag¸n kurt¸n uposunìlwn L tou Rn gia ta opo�a h (5.1.6) isqÔei gia k�je kurtìs¸ma K. Eidikìtera, an ta eujÔgramma tm mata an koun se aut n thn kl�sh, tìtepa�rnonta
 i = 0, L = [��; �℄ gia k�je � 2 Sn�1 blèpoume ìti(5:1:11) A(P�?(K))jP�?(K)j � A(K)jKjgia k�je kurtì s¸ma K ston Rn , ìpou P�? e�nai h orjog¸nia probol  ston �?kai A(�) e�nai h epif�neia sthn kat�llhlh di�stash. OdhgoÔmaste ètsi sto ex 
isoperimetrikì prìblhma:Prìblhma 1: 'Estw A h kl�sh ìlwn twn kurt¸n swm�twn pou h probol  tou
ston E e�nai dedomèno kurtì s¸ma A (aut  e�nai h 
anal 
lass tou A me thn orolog�atou [56℄). E�nai swstì ìti to in�mum twn lìgwn A(K)=jKj p�nw apì ìla taK 2 A{pi�netai} gia ènan kÔlindro {�peirou m kou
} sthn A?Parousi�zoume dÔo prosegg�sei
 se autì to prìblhma. H pr¸th (blèpe x4.3)bas�zetai se mia topik  èkdosh twn anisot twn Aleksandrov-Fen
hel gia ta quer-massintegrals enì
 kurtoÔ s¸mato
. Me autìn ton ìro ennooÔme èna sÔsthmaanisot twn gia ta quermassintegrals tou s¸mato
 kai tuqoÔsa
 (n� 1)-di�stath
probol 
 tou, oi opo�e
 me olokl rwsh sthn kat�llhlh pollaplìthta Grassmannd�noun ti
 klasikè
 anisìthte
 Wi(K)2 � Wi+1(K)Wi�1(K) me to kìsto
 mia
stajer�
. H akrib 
 diatÔpwsh e�nai h ex 
.Je¸rhma 5.1.3 'Estw K èna kurtì s¸ma ston Rn kai èstw E èna
 (n � 1)-di�stato
 upìqwro
 tou Rn . Tìte,(5:1:12) Wi+1(K)2Wi(K) � W 0i (PE(K))W 0i�1(PE(K)) � 2Wi(K)Wi�1(K)gia k�je i 2 f1; : : : ; n� 1g.



98 Sto parap�nw je¸rhma, o tìno
 sto W 0i shma�nei ìti ta quermassintegrals touPE(K) jewroÔntai sthn kat�llhlh di�stash n� 1. H pio endiafèrousa per�ptwshe�nai ìtan i = 1. Tìte, apì to Je¸rhma 5.1.3 blèpoume ìti(5:1:13) A(PE(K))jPE(K)j � 2(n� 1)n A(K)jKj ;gia k�je (n� 1)-di�stato upìqwro E.H deÔterh prosèggis  ma
 (blèpe x4.4), pou e�nai pio stoiqei¸dh
, bas�zetai semia topik  èkdosh th
 anisìthta
 Loomis-Whitney gia ti
 probolè
 enì
 kurtoÔs¸mato
 se upoq¸rou
 suntetagmènwn.Shme�wsh: H ap�nthsh sto Prìblhma 1 e�nai p�li arnhtik . Sto [26℄ apodeiknÔe-tai ìti h stajer� 2(n� 1)=n sto Je¸rhma 5.1.4 e�nai bèltisth. Epiplèon, apodeik-nÔetai h ex 
 gen�keush.Je¸rhma 5.1.4 'Estw K èna kurtì s¸ma ston Rn kai èstw 0 � k � p � n. Tìte,gia k�je p-di�stato upìqwro E tou Rn , an PEK e�nai h orjog¸nia probol  tou Kston E, èqoume(5:1:14) Wk(K)jKj � 1�n�p+kn�p �Wk(PEK)jPEKj = 1Qki=1 �1 + n�pi �Wk(PEK)jPEKj :Oi stajerè
 sto Je¸rhma 5.1.4 e�nai bèltiste
 an kai den up�rqoun peript¸sei
isìthta
.'Ena �llo er¸thma pou sqet�zetai me ta parap�nw e�nai to ex 
:Prìblhma 2: 'Estw K èna kurtì s¸ma ston Rn . Gia k�je t > 0, jewroÔme thnt-epèktash Kt := K + tBn2 tou K. E�nai swstì ìti o lìgo
 jKtj=jKj mei¸netai anprob�loume se tuqìnta upìqwro E tou Rn ?E�nai fanerì ìti katafatik  ap�nthsh sthn per�ptwsh dim(E) = n � 1 arke�gia th genik  per�ptwsh. Autì pou e�maste se jèsh na de�xoume e�nai to ex 
.Je¸rhma 5.1.5 'Estw K èna kurtì s¸ma ston Rn kai èstw E èna
 (n � 1)-di�stato
 upìqwro
 tou Rn . Tìte,(5:1:15) jPE(K) + tBE jjPE(K)j � jK + 2tBn2 jjKj :



995.2 H anisìthta tou Bergstrom sto pla�sio twnquermassintegralsDe�qnoume pr¸ta ìti to arqikì er¸thma autoÔ tou Kefala�ou èqei katafatik ap�nthsh an to èna apì ta dÔo s¸mata e�nai mp�la.Je¸rhma 5.2.1 'Estw K èna kurtì s¸ma kai B mia mp�la ston Rn . Tìte,(5:2:1) Wi(K +B)Wi+1(K +B) � Wi(K)Wi+1(K) + Wi(B)Wi+1(B)gia k�je i 2 f0; : : : ; n� 1g.Apìdeixh: MporoÔme na upojèsoume ìti B = tBn2 gia k�poion t > 0. Gia k�jei 2 f0; : : : ; n� 1g or�zoume fi(s) =Wi(K + sBn2 ). Tìte, apì th grammikìthta twnmeikt¸n ìgkwn blèpoume ìti(5:2:2) fi(s+ ") = fi(s) + "(n� i)fi+1(s) +O("2);gia k�je i � n� 1, �ra(5:2:3) f 0i(s) = (n� i)fi+1(s):Apì thn anisìthta Aleksandrov-Fen
hel èqoume f2i+1(s) � fi(s)fi+2(s) gia k�jei � n� 2. 'Epetai ìtif 0i(s)fi+1(s)� fi(s)f 0i+1(s) = (n� i)f2i+1(s)� (n� i� 1)fi(s)fi+2(s)= f2i+1(s) + (n� i� 1)[f2i+1(s)� fi(s)fi+2(s)℄� f2i+1(s)an 0 � i � n � 2. An loipìn or�soume gi : R+ ! R+ me gi(s) = Wi(K +sBn2 )=Wi+1(K+ sBn2 ), tìte h gi ikanopoie� thn g0i(s) � 1. Dhlad , gi(t) � gi(0)+ tgia k�je t � 0. Autì e�nai akrib¸
 to sumpèrasma tou Jewr mato
.Parathr ste ìti ìtan i = n � 1, tìte to Je¸rhma an�getai sthn anisìthtaWn�1(K+B) �Wn�1(K)+Wn�1(B), h opo�a isqÔei san isìthta gia k�je zeug�rikurt¸n swm�twn. To mèso pl�to
 e�nai grammikì w
 pro
 thn prìsjesh kai tonpollaplasiasmì kat� Minkowski. Autì oloklhr¸nei thn apìdeixh. 2'Amesh sunèpeia th
 apìdeixh
 tou Jewr mato
 5.2.1 e�nai to ex 
:Pìrisma 5.2.1 'Estw K èna kurtì s¸ma ston Rn . Gia k�je 0 � j < i � n� 1, hsun�rthsh(5:2:4) Wj(K + tBn2 )Wi(K + tBn2 )e�nai aÔxousa w
 pro
 t 2 [0;+1). 2



100 'Estw k 2 f1; : : : ; n � 1g. Apì to Pìrisma 5.2.1, blèpoume amèsw
 ìti h su-n�rthsh W0(K + tBn2 )=Wk(K + tBn2 ) e�nai aÔxousa. O tÔpo
 tou Kubota de�qneiìti(5:2:5)ZGn;n�k jPE(K)j�n;n�k(dE) � jKjjK + tBn2 j ZGn;n�k jPE(K) + tBE j�n;n�k(dE)gia k�je t > 0, �ra to prìblhm� ma
 gia ti
 t-epekt�sei
 èqei katafatik  ap�nthshkat� mèso ìro (gia k�je sundi�stash k). Eidikìtera, gia k�je t > 0 èqoume(5:2:6) jK + tBn2 jA(K + tBn2 ) � jKjA(K) :Pern�me sthn apìdeixh tou Jewr mato
 5.1.2. To basikì ma
 l mma e�nai miasunèpeia th
 anisìthta
 Aleksandrov-Fen
hel. Parìmoie
 anisìthte
 kai h istor�atou
 emfan�zontai sto [56℄, x6.4.L mma 5.2.1 'Estw C = (K3; : : : ;Kn) mia (n � 2)-�da sunìlwn Kj 2 Kn. AnA;B 2 Kn, sumbol�zoume to meiktì ìgko V (A;B; C) me V (A;B). Tìte, gia k�jeA;B;C 2 Kn èqoume(V (B;A)V (C;A) � V (B;C)V (A;A))2 � [V (B;A)2 � V (A;A)V (B;B)℄�[V (C;A)2 � V (A;A)V (C;C)℄:Apìdeixh: Apì thn anisìthta Aleksandrov-Fen
hel, gia k�je t; s � 0 èqoume(5:2:7) V (B + tA;C + sA)2 � V (B + tA;B + tA)V (C + sA;C + sA) � 0kai(5:2:8) V (sB + tC;A)2 � V (sB + tC; sB + tC)V (A;A) � 0:Qrhsimopoi¸nta
 th grammikìthta twn meikt¸n ìgkwn, apì thn pr¸th anisìthtakatal goume sthn0 � g(t; s) + t2 �V (C;A)2 � V (A;A)V (C;C)�+s2 �V (B;A)2 � V (A;A)V (B;B)�+2ts (V (B;C)V (A;A) � V (B;A)V (C;A)) ;ìpou g e�nai mia grammik  sun�rthsh twn t kai s. 'Epetai ìti o tetragwnikì
 ìro
e�nai mh arnhtikì
, �ra e�te V (B;C)V (A;A) > V (B;A)V (C;A)   h diakr�nousa(V (B;A)V (C;A) � V (B;C)V (A;A))2 � [V (B;A)2 � V (A;A)V (B;B)℄�[V (C;A)2 � V (A;A)V (C;C)℄



101e�nai mikrìterh   �sh tou mhdenì
.DouleÔonta
 ìmoia me thn (5.2.8), katal goume sthn0 � t2(V (C;A)2 � V (A;A)V (C;C)) + s2(V (B;A)2 � V (A;A)V (B;B))+2ts(V (B;A)V (C;A)� V (B;C)V (A;A)):Autì apodeiknÔei ìti an V (B;C)V (A;A) > V (B;A)V (C;A) tìte h diakr�nousaaut 
 th
 deÔterh
 tetragwnik 
 morf 
 (pou e�nai h �dia ìpw
 prin) e�nai mikrìterh  �sh tou mhdenì
. 2Sunèpeia tou L mmato
 5.2.1 e�nai h ex 
 anisìthta.Prìtash 5.2.1 'Estw C = (K3; : : : ;Kn) mia (n � 2)-�da sunìlwn Kj 2 Kn. Meto sumbolismì tou L mmato
 5.2.1, gia k�je A;B;C 2 Kn èqoume(5:2:9) V (B + C;B + C)V (B + C;A) � V (B;B)V (B;A) + V (C;C)V (C;A) :Apìdeixh: Apì to L mma 5.2.1 kai thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsoupa�rnoumeV (B;A)V (C;A) � V (B;C)V (A;A)� �V (B;A)2 � V (A;A)V (B;B)�1=2�V (C;A)2 � V (A;A)V (C;C)�1=2� 12 � V (C;A)V (B;A)�V (B;A)2 � V (A;A)V (B;B)�+12 � V (B;A)V (C;A) �V (C;A)2 � V (A;A)V (C;C)�:'Ara,(5:2:10) 2V (B;C) � V (C;A)V (B;A) � V (B;B) + V (B;A)V (C;A) � V (C;C):Qrhsimopoi¸nta
 kai th grammikìthta twn meikt¸n ìgkwn blèpoume ìtiV (B + C;B + C) = V (B;B) + 2V (B;C) + V (C;C)� V (B;B)�1 + V (C;A)V (B;A)�+ V (C;C)�1 + V (B;A)V (C;A)� ;  isodÔnama(5:2:11) V (B + C;B + C)V (B + C;A) � V (B;B)V (B;A) + V (C;C)V (C;A) : 2Jètonta
 B = K, C = L kai A = K3 = : : : = Kn = Bn2 , pa�rnoume �mesa to ex 
.



102Prìtash 5.2.2 'Estw K kai L dÔo kurt� s¸mata ston Rn . Tìte,(5:2:12) Wn�2(K + L)Wn�1(K + L) � Wn�2(K)Wn�1(K) + Wn�2(L)Wn�1(L) : 2Sth sunèqeia de�qnoume ìti an 0 � i � n�3, tìte h anisìthta (5.1.6) den isqÔei giaìla ta zeug�ria kurt¸n swm�twn K kai L ston Rn . To epiqe�rhma qrhsimopoie�ta legìmena efaptomenik� s¸mata. 'Estw 0 � p � n� 1. An K kai M e�nai kurt�s¸mata ston Rn kai M � K, tìte to K lègetai p-efaptomenikì s¸ma tou M ank�je (n� p� 1)-akra�o ep�pedo st rixh
 tou K e�nai ep�pedo st rixh
 tou M (pa-rapèmpoume sto [56℄ x2.2 gia perissìtere
 leptomèreie
). Elègqetai eÔkola ìti anp < q � n � 1 tìte k�je p-efaptomenikì s¸ma tou M e�nai q-efaptomenikì s¸matou M . Ta efaptomenik� s¸mata th
 mp�la
 sundèontai sten� me to prìblhmath
 isìthta
 sti
 anisìthte
 Aleksandrov-Fen
hel gia ta quermassintegrals kur-t¸n swm�twn. Ja qreiastoÔme to ex 
 apotèlesma (blèpe [57℄ kai [56℄, Je¸rhma6.6.19).Prìtash. 'Estw K èna summetrikì kurtì s¸ma ston Rn kai èstw 1 � i � n� 1.Tìte,(5:2:13) Wi(K)2 =Wi+1(K)Wi�1(K)an kai mìno an to K e�nai (n� i� 1)-efaptomenikì s¸ma Eukle�deia
 mp�la
.Ja qrhsimopoi soume ep�sh
 thn parat rhsh ìti gia k�je 0 � p < n � 2up�rqoun summetrik� (p + 1)-efaptomenik� s¸mata th
 mp�la
 pou den e�nai p-efaptomenik� s¸mata th
 mp�la
. MporoÔme na kataskeu�soume eÔkola tètoiaparade�gmata pa�rnonta
 thn kurt  j kh th
 mp�la
 kai 2(p+1) kat�llhla epileg-mènwn shme�wn èxw apì aut n (blèpe ep�sh
 ton qarakthrismì twn p-efaptomenik¸nswm�twn sto [56℄, Je¸rhma 2.2.8).L mma 5.2.2 'Estw 0 � i � n � 1. Upojètoume ìti h (5:1:6) isqÔei gia ìla takurt� s¸mata K kai L ston Rn . Tìte, h sun�rthsh(5:2:14) g(t) = Wi(K + tL)Wi+1(K + tL)e�nai ko�lh sto [0;+1) gia k�je K kai L. Eidikìtera, an 0 � i � n� 3, gia k�jekurtì s¸ma K ston Rn èqoume(n� i)Wi+2(K)�W 2i+1(K)�Wi(K)Wi+2(K)�� (n� i� 2)Wi(K)�W 2i+2(K)�Wi+1(K)Wi+3(K)�:



103Apìdeixh: Elègqoume ìtig� t+ s2 � = Wi((K + tL)=2 + (K + sL)=2)Wi+1((K + tL)=2 + (K + sL)=2)� Wi((K + tL)=2)Wi+1((K + tL)=2) + Wi((K + sL)=2)Wi+1((K + sL)=2)= 12 Wi(K + tL)Wi+1(K + tL) + 12 Wi(K + sL)Wi+1(K + sL)= g(t) + g(s)2 :Gia to deÔtero isqurismì, jewroÔme tuqìn kurtì s¸ma K ston Rn , n � 3. Giak�je i � 0 jètoume fi(t) =Wi(K + tBn). Tìte,(5:2:15) f 0i(t) = (n� i)fi+1(t):H par�gwgo
 th
 sun�rthsh
(5:2:16) gi(t) = fi(t)fi+1(t) = Wi(K + tBn)Wi+1(K + tBn)d�netai apì thn(5:2:17) g0i(t) = (n� i)� (n� i� 1)fi(t)fi+2(t)f2i+1(t) ;Apì to pr¸to mèro
 tou L mmato
, h gi e�nai ko�lh. 'Epetai ìti h fifi+2=f2i+1 e�naiaÔxousa sun�rthsh, kai paragwg�zonta
 blèpoume ìti(5:2:18) (n� i)f2i+1fi+2 + (n� i� 2)fifi+1fi+3 � 2(n� i� 1)fif2i+2 � 0sto (0;+1). IsodÔnama mporoÔme na gr�youme(5:2:19) (n� i)fi+2(f2i+1 � fifi+2) � (n� i� 2)fi(f2i+2 � fi+1fi+3):Af nonta
 to t! 0+, oloklhr¸noume thn apìdeixh. 2Prìtash 5.2.3 'Estw 0 � i � n� 3. Up�rqoun kurt� s¸mata K kai L ston Rngia ta opo�a h (5:1:6) den isqÔei.Apìdeixh: Upojètoume to ant�jeto kai pa�rnoume sanK èna summetrikì (n�i�2)-efaptomenikì s¸ma th
 mp�la
. Tìte, W 2i+1(K) � Wi(K)Wi+2(K) = 0 kai toL mma 5.2.2 de�qnei ìti W 2i+2(K)�Wi+1(K)Wi+3(K) = 0. 'Omw
 tìte, to K e�nai(n� i� 3)-efaptomenikì s¸ma th
 mp�la
. AfoÔ gia k�je 0 � p < n� 2 up�rqounsummetrik� (p+1)-efaptomenik� s¸mata th
 mp�la
 pou den e�nai p-efaptomenik�s¸mata th
 mp�la
, katal goume se �topo. 2



104Tèlo
, parathroÔme ìti sthn per�ptwsh i = n� 1 h (5:1:6) e�nai isodÔnamh methn Wn�1(A + B) � Wn�1(A) +Wn�1(B), h opo�a isqÔei san isìthta gia k�jezeug�ri kurt¸n swm�twn (to mèso pl�to
 e�nai grammikì w
 pro
 thn prìsjeshkat� Minkowski). Sundu�zonta
 aut  thn parat rhsh me ti
 Prot�sei
 5.2.2 kai5.2.3 pa�rnoume to ex 
.Je¸rhma 5.2.2 H anisìthta(5:1:20) Wi(K + L)Wi+1(K + L) � Wi(K)Wi+1(K) + Wi(L)Wi+1(L)isqÔei gia k�je zeug�ri kurt¸n swm�twn K kai L ston Rn an kai mìno an i = n�1  i = n� 2.Parat rhsh. Mia endiafèrousa eidik  per�ptwsh pa�rnoume ìtan n = 3 kai i = 1.IsqÔei h anisìthta(5:2:21) A(K + L)w(K + L) � A(K)w(K) + A(L)w(L)gia k�je zeug�ri kurt¸n swm�twn K kai L ston R3 .5.3 Topik  morf  th
 anisìthta
 twn Aleksandrovkai Fen
helGia k�je u 2 Sn�1, gr�foume Ju gia to eujÔgrammo tm ma [o; u℄. Upolog�zonta
ton ìgko tou K + tJu, blèpoume ìti nV (K;n� 1; Ju) = jPE(K)j, ìpou E = u?. Hgrammikìthta twn meikt¸n ìgkwn de�qnei ìti(5:3:1) nV (K1; : : : ;Kn�1; Ju) = VE(PE(K1); : : : ; PE(Kn�1))gia k�je K1; : : : ;Kn�1 2 Kn, ìpou me VE sumbol�zoume tou
 meiktoÔ
 ìgkou
 stonE. Up�rqei m�lista mia gen�keush th
 (5:3:1), h opo�a ofe�letai ston Fedotov (see[18℄):L mma 5.3.1 'Estw E 2 Gn;k kai L1; : : : ; Ln�k sumpag  kurt� uposÔnola touE?. An K1; : : : ;Kk 2 Kn, tìte(5:3:2)�nk�V (K1; : : : ;Kk; L1; : : : ; Ln�k) = VE(PE(K1); : : : ; PE(Kk))VE?(L1; : : : ; Ln�k);ìpou me VE ; VE? sumbol�zoume tou
 meiktoÔ
 ìgkou
 stou
 E;E? ant�stoiqa. 2



105'Estw K èna kurtì s¸ma ston Rn . Gia k�je i 2 f1; : : : ; n � 1g, or�zoume thnpar�metro(5:3:3) di := di(K) = Wi�1(K)Wi+1(K)W 2i (K) :E�nai fanerì ìti di(K) > 0, kai oi anisìthte
 Aleksandrov-Fen
hel de�qnoun ìtidi(K) � 1. 'Opw
  dh anafèrame, sth summetrik  per�ptwsh, o S
hneider [57℄ èqeiapode�xei ìti di(K) = 1 an kai mìno an to K e�nai (n � i� 1)-efaptomenikì s¸mamia
 mp�la
.Je¸rhma 5.3.1 'Estw K èna kurtì s¸ma ston Rn . Gia k�je (n � 1)-di�statoupìqwro E tou Rn kai k�je i 2 f1; : : : ; n� 2g, èqoume(5:3:4) �1�p1� di� Wi(K)Wi�1(K) � W 0i (PE(K))W 0i�1(PE(K)) � �1 +p1� di� Wi(K)Wi�1(K) :[Sumbolismì
: Gr�foume W 0i (PE(K)) gia ton VE(PE(K); n�1� i;DE; i), ìpou VEe�nai o meiktì
 ìgko
 ston E.℄Apìdeixh: 'Estw C h (n � 2)-�da (K;n � i � 1;Bn2 ; i � 1) kai a
 upojèsoume ìtiE = u?, u 2 Sn�1.Sto L mma 5.2.1 jètoume A = K, B = Ju kai C = Bn2 . ParathroÔme ìtiV (Ju; Ju) = 0, opìte(5:3:5) Wi(K)Wi�1(K) � V (Ju; Bn2 )V (Ju;K) � 1Wi�1(K) �Wi(K)2 �Wi�1(K)Wi+1(K))�1=2 ;kai to L mma 5.3.1 d�nei(5:3:6) �1�p1� di� Wi(K)Wi�1(K) � V (Ju; Bn2 )V (Ju;K) = W 0i (PE(K))W 0i�1(PE(K)) :Apì thn (5:3:6) pa�rnoume thn arister  anisìthta tou Jewr mato
. Gia th dexi�anisìthta, epilègoume A = Bn2 , B = Ju kai C = K sto L mma 5.2.1, kai akolou-joÔme ta �dia b mata. 'Eqoume(5:3:7) V (Ju; Bn2 )V (Ju;K) � Wi+1(K)Wi(K) � V (Ju; Bn2 )V (Ju;K) �Wi(K)2 �Wi�1(K)Wi+1(K))�1=2 ;to opo�o mèsw tou L mmato
 5.3.1 d�nei(5:3:8) W 0i (PE(K))W 0i�1(PE(K)) � 11�p1� di Wi+1(K)Wi(K) = �1 +p1� di� Wi(K)Wi�1(K) :Autì oloklhr¸nei thn apìdeixh. 2



106Apìdeixh twn Jewrhm�twn 5.1.3 kai 5.1.5: AfoÔ di(K) � 1 gia k�je 1 �i � n� 1, apl  �lgebra d�nei(5:3:9) Wi+1(K)2Wi(K) � W 0i (PE(K))W 0i�1(PE(K)) � 2Wi(K)Wi�1(K)gia k�je (n � 1)-di�stato upìqwro E tou Rn kai k�je i 2 f1; : : : ; n � 1g. AutìapodeiknÔei to Je¸rhma 5.1.3.Gia thn apìdeixh tou Jewr mato
 5.1.5, efarmìzoume pr¸ta diadoqik� thn(5:3:9) katal gonta
 sthn(5:3:10) W 0i (PE(K))jPE(K)j � 2iWi(K)jKjgia k�je i 2 f1; : : : ; n� 1g, kai katìpin qrhsimopoioÔme ton tÔpo tou Steiner:jPE(K) + tBE j � jPE(K)j = n�1Xi=1 �n� 1i �W 0i (PE(K))ti� jPE(K)jjKj n�1Xi=1 n� in �ni�Wi(K)(2t)i;to opo�o d�nei(5:3:11) jPE(K) + tBE j � jPE(K)jjPE(K)j � n� 1n jK + 2tBn2 j � jKjjKj :H teleuta�a anisìthta e�nai elafr¸
 isqurìterh apì ton isqurismì tou Jewr mato
5.1.5. 25.4 Topikè
 morfè
 th
 anisìthta
 twn Loomis kaiWhitney'Estw K èna kurtì s¸ma ston Rn , n � 2. Gr�foume Pi(K) gia thn orjog¸niaprobol  tou K ston e?i , i = 1; : : : ; n. H anisìthta Loomis-Whitney [42℄ sugkr�neiton jKj me to gewmetrikì mèso twn jPi(K)j:(5:4:1) jKjn�1 � nYi=1 jPi(K)j:Ja de�xoume ìti mpore� kane�
 na ektim sei ton jKj qrhsimopoi¸nta
 mikrìteroarijmì probol¸n:



107L mma 5.4.1 'Estw K èna kurtì s¸ma ston Rn kai i 6= j 2 f1; : : : ; ng. AnPij(K) = Phei;eji?(K), tìte(5:4:2) jPi(K)j � jPj(K)j � n2(n� 1) jKj � jPij(K)j:Gia thn apìdeixh tou L mmato
 5.4.1, ja qrhsimopoi soume mia klasik  anisìthtatou Berwald [6℄:L mma 5.4.2 'Estw A èna kurtì s¸ma ston Rk , kai � : A! R+ mia ko�lh sun�r-thsh. Tìte, gia k�je 0 < p < q,(5:4:3) ��k + qk � 1jAj ZA j�(x)jqdx�1=q � ��k + pk � 1jAj ZA j�(x)jpdx�1=p : 2Apìdeixh tou L mmato
 5.4.1: Qwr�
 ap¸leia th
 genikìthta
 mporoÔme naupojèsoume ìti i = n� 1 kai j = n. Gia k�je x 2 Rn gr�foume x = (y; t; s) ìpouy 2 Rn�2 kai t; s 2 R. Gia k�je y 2 Pij(K) or�zoume ta sÔnola(5:4:4) Ki(y) = fs 2 R : (y; 0; s) 2 Pi(K)g; Kj(y) = ft 2 R : (y; t; 0) 2 Pj(K)gkai(5:4:5) Kij(y) = f(t; s) 2 R2 : (y; t; s) 2 Kg:Tìte, ta Ki(y) kai Kj(y) e�nai oi orjog¸nie
 probolè
 tou Kij(y) stou
 �xone
suntetagmènwn tou R2 , epomènw
(5:4:6) jKij(y)j � jKi(y)j � jKj(y)jgia k�je y 2 Pij(K). Me apl  efarmog  th
 anisìthta
 Cau
hy-S
hwarz blèpoumeìti jPi(K)j � jPj(K)j =  ZPij (K) jKi(y)jdy! ZPij (K) jKj(y)jdy!�  ZPij (K) jKi(y)j1=2jKj(y)j1=2dy!2�  ZPij (K) jKij(y)j1=2dy!2 :Apì thn anisìthta Brunn-Minkowski, h sun�rthsh � : Pij(K) ! R me �(y) =jKij(y)j1=2 e�nai ko�lh. Efarmìzonta
 to L mma 5.4.2 me A = Pij(K), k = n � 2,



108p = 1 kai q = 2, pa�rnoume ZPij (K) jKij(y)j1=2dy!2 � n2(n� 1) jPij(K)j ZPij (K) jKij(y)jdy= n2(n� 1) jKj � jPij(K)j:Sundu�zonta
 ti
 parap�nw anisìthte
, èqoume to L mma. 2Parat rhsh H ekt�mhsh tou L mmato
 5.4.1 e�nai akrib 
 ìtan n = 3, ìpw
 fa�-netai apì to akìloujo par�deigma: 'Estw K = 
onvfQ2;�e3g ìpou Q2 = [�1; 1℄2e�nai to monadia�o tetr�gwno ston R2 . Tìte, jP1(K)j = jP2(K)j = 2, jP12(K)j = 2kai jKj = 8=3.E�maste t¸ra ètoimoi na apode�xoume thn (5:1:13).Je¸rhma 5.4.1 'Estw K èna kurtì s¸ma ston Rn . Gia k�je u 2 Sn�1 èqoume(5:4:7) A(K)jKj � n2(n� 1) A(Pu?(K))jPu?(K)j :Apìdeixh: Apì to L mma 5.4.1 èqoume(5:4:8) jP�?(K)j � jPu?(K)j � n2(n� 1) jKj � jPh�;ui?(K)jgia k�je � sth monadia�a sfa�ra S(u?) tou u?. Oloklhr¸noume ta dÔo mèlh w
pro
 to anallo�wto w
 pro
 ti
 strofè
 mètro pijanìthta
 �u sthn S(u?) kaiqrhsimopoioÔme ton oloklhrwtikì tÔpo tou Cau
hy. To dexiì mèlo
 d�nein2(n� 1) jKj � ZS(u?) jPh�;ui?(K)j�u(d�) = n2(n� 1) jKj � 
n�1A(Pu?(K))= n2(n� 1)
n�1jKj � A(Pu?(K)):ìpou 
n�1 = !n�2=(n� 1)!n�1, kai apì to aristerì mèlo
 pa�rnoumejPu?(K)j ZS(u?) jP�?(K)j�u(d�) = jPu?(K)j � 12 ZS(u?) ZSn�1 jh�; �ij�K (d�)�u(d�)= jPu?(K)j � 12 ZSn�1 ZS(u?) jh�; �ij�u(d�)�K (d�)= jPu?(K)j � 
n�1 ZSn�1p1� h�; ui2�K(d�)� 
n�1jPu?(K)j � A(K):'Epetai ìti jPu?(K)j � A(K) � n2(n� 1) jKj �A(Pu? (K)): 2
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